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Abstract

Let A and B be monoidal categories and let R : A — B be a lax monoidal func-
tor. If R has a left adjoint L, it is well-known that the two adjoints induce functors
R = Alg(R) : Alg(A) - Alg(B) and L = Coalg(L) : Coalg(3) — Coalg(A) respectively.
The pair (L, R) is called liftable if the functor R has a left adjoint and if the functor L has a
right adjoint. A pleasing fact is that, when .4, B and R are moreover braided, a liftable pair
of functors as above gives rise to an adjunction at the level of bialgebras. In this note, suf-
ficient conditions on the category A for R to possess a left adjoint, are given. Natively these
conditions involve the existence of suitable colimits that we interpret as objects which are
simultaneously initial in four distinguished categories (among which the category of epi-
induced objects), allowing for an explicit construction of L, under the appropriate hypoth-
eses. This is achieved by introducing a relative version of the notion of weakly coreflec-
tive subcategory, which turns out to be a useful tool to compare the initial objects in the
involved categories. We apply our results to obtain an analogue of Sweedler’s finite dual
for the category of vector spaces graded by an abelian group G endowed with a bicharacter.
When the bicharacter on G is skew-symmetric, a lifted adjunction as mentioned above is
explicitly described, inducing an auto-adjunction on the category of bialgebras “colored”
by G.

Keywords Monoidal categories - Liftable pairs - Initial objects - Weakly coreflective
subcategories - Group graded vector spaces

Mathematics Subject Classification Primary 18MO5 - Secondary 16W50

This article was written while the first and the third author were members of the National Group for
Algebraic and Geometric Structures, and their Applications (GNSAGA-INdAM). They were both
partially supported by MIUR within the National Research Project PRIN 2017. The first author was
partially supported by the research grant “Progetti di Eccellenza 2011/2012” from the “Fondazione
Cassa di Risparmio di Padova e Rovigo”. He thanks the members of the department of Mathematics of
both Vrije Universiteit Brussel and Université Libre de Bruxelles for their warm hospitality and support
during his stay in Brussels in August 2013, when the work on this paper was initiated. The second
named author acknowledges the financial support of an INAAM Marie Curie Fellowship.

The authors would also like to thank Joost Vercruysse and Miodrag C. Iovanov for helpful discussions.
They are also in debt with the Referee for several valuable comments.

< Alessandro Ardizzoni
alessandro.ardizzoni @unito.it
http://sites.google.com/site/aleardizzonihome

Extended author information available on the last page of the article

@ Springer


http://orcid.org/0000-0001-7384-611X
http://crossmark.crossref.org/dialog/?doi=10.1007/s12215-022-00765-4&domain=pdf

1880 A. Ardizzoni et al.

1 Introduction

Let A and B be monoidal categories and let L 4 R : A — B be adjoint functors. It is well-
known that, if L can be endowed with the structure of a colax monoidal functor, then R
becomes a lax monoidal functor, and the other way around. Letting (R, ¢b,, ¢) : A — B
now be a lax monoidal functor, R induces a functor R = Alg(R) : Alg(A) — Alg(B)
between the respective categories of algebra objects. Dually, a colax monoidal functor
(L, yw,, py) © B — Acolifts to a functor L = Coalg(L) : Coalg(8) - Coalg(A) between the
respective categories of coalgebra objects. In the article [18], an adjoint pair of functors
(L, R) between monoidal categories .4 and B such that R is a lax monoidal functor (or,
equivalently, L is colax monoidal) is called liftable if the functor R has a left adjoint, say L,
and if the functor L has a right adjoint, say R. If A and B come both endowed with a braid-
ing, it is shown in loc. cit. that such a liftable pair of functors (L, R) gives rise to an adjunc-
tion between the respective categories of bialgebra objects

R=Alg(R)
Bialg(A) T Bialg(B)
L=Coalg

provided the functor R enjoys the property of being braided with respect to the braidings
of A and B (cf. [18, Theorem 2.7]).

A prototypical example of a liftable pair of functors is obtained by taking B to be the
symmetric monoidal category Vec of k-vector spaces (k a field) where the symmetry is
just the twist. Putting A to be the opposite category Vec® of Vec and taking the vec-
tor space dual X* = Hom,(X,k), one obtains a (covariant) adjunction L4 R : A—> B
with L = (-)* and R = (-)*. The functor R satisfies the necessary conditions to induce
a functor R = Alg(R) : Alg(A) — Alg(B). Explicitly, one obtains that R is the well-
known functor that computes the dual algebra of a k-coalgebra (remark that the functor
L = Coalg(L) : Coalg(B) — Coalg(A) is exactly the same functor). A left adjoint L = (—)°
for R is given by the functor that assigns the so-called finite dual coalgebra A° to a k -alge-
bra A; this construction is originally due to Sweedler, see [33]. Noticing that the very same
construction provides a right adjoint for the functor L, one obtains that the pair (L, R) is
indeed liftable and, applying the above-cited theorem, one recovers the result that the
finite dual induces an auto-adjunction on the category of k -bialgebras (cf. [1, page 87], for
instance). Generalizations of this construction have been studied by different authors, see
e.g. [8, 15,29] and [31].

Let us go back to our general setting of a functor R : A — B as at the beginning of this
introductory section and notice that being liftable really is a condition: there exist examples
of lax monoidal functors R between monoidal categories that have a left adjoint L, but for
which R does not have a left adjoint (cf. [7, Example 4.2]). One aim of this paper is to give
sufficient conditions on the category A for the functor R = Alg(R) : Alg(A) — Alg(B) to
possess a left adjoint L. As we will see, these conditions involve the existence of suitable
colimits that we manage to interpret as objects which are simultaneously initial in four
distinguished categories, among them the category of epi-induced objects, which allows
for an explicit construction of L, under the appropriate hypotheses. This is performed by
introducing a relative version of the notion of weakly coreflective subcategory that allows,
among other things, to identify the initial objects in these categories and that we find is of
independent interest.
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Liftable pairs of functors and initial objects 1881

In the article [7], a context, appeared in [18], where the liftability assumption can be
proved to hold is studied: a so-called pre-rigid braided monoidal category C always allows
for a liftable pair of adjoint functors L 4 R : C°* — C, with L = (-)* and R = (-)*, pro-
vided R has a left adjoint. In the present paper, we consider C to be the category of vector
spaces graded by an abelian group G. When being given a skew-symmetric bicharacter on
G, the lifted adjunction between bialgebras in C can be explicitly computed and provides a
G-graded version of Sweedler’s classical finite dual construction. To the best of our knowl-
edge, this application does not appear elsewhere in literature. Let us sketch in more detail
how we go about this computation.

In Section 2, we start by recalling some of the notions we use in the paper, among
them the one of liftable pair of adjoint functors and its behaviour on braided categories.
Then, in Subsection 1.3, we present sufficient conditions for R to possess a left adjoint,
provided some extra conditions on the category .4 hold (cf. Theorem 2.5). This is obtained
by slightly improving results by Dubuc [16, 17] and by Tambara [34]. An advantage of
our treatment in this section is the fact that the construction of the adjoint L can be given
explicitly by means of a specific colimit in Alg(4). In Section 3, we consider the notion of
weakly coreflective subcategory and we introduce a relative version of it in order to rein-
terpret this colimit as a suitable initial object and obtain an explicit description for L B, for
every algebra B in B. This turns out to be a useful tool to compare the initial objects in the
involved categories. An instance of this fact is Proposition 3.5, where we prove that, if C is
a replete posetal weakly coreflective full subcategory of a category D, then C and D have
the same initial objects, if any. Then we study pullbacks of a relative weakly coreflective
subcategory along relative fibrations. More precisely, in Proposition 3.7, we prove that, if C
is a weakly &-coreflective full subcategory of a category D, then the pullback C' of C along
an E-fibration V : D' — D is a weakly coreflective full subcategory of D'

Cf%)(j IndAlg*(B) —Y5 IndObje(B)
L | i

IndAlg(B) —~— IndObj(B)

These results will be applied in Section 2 to the particular pullback represented in
the diagram above, which involves the categories IndObj(B), IndObj*(B), IndAlg(B) and
IndAlg®(B). We have mentioned that the functor L can be given explicitly in terms of a
specific colimit. First, in Proposition 4.4, we reinterpret this colimit as an initial object in
the category IndAlg(B) of induced algebras of B leading us to Theorem 4.5. Then, under
suitable assumptions, we will see in Theorem 4.21 that IndAIg(B) can be replaced by other
three categories, precisely IndObJ(B) IndObj® (B) and IndAIg (B), that can be more easy
to handle in practice, among them the category IndObj*(B) of epi-induced objects. Then,
in Proposition 4.23, we provide a construction of an initial object in IndObje(E). Putting
together these results we obtain Proposition 4.24 giving an explicit description for L B. By
taking C°? instead of A, we get Proposition 4.26 that will be applied to the main example
we are concerned in Section 5, namely the category Vec of G-graded vector spaces. This
category is a particular instance of a pre-rigid category as it is monoidal closed. This led us
to look for an analogue of Sweedler’s finite dual in the general context of pre-rigid braided
monoidal categories. In [18], a braided monoidal category C is called pre-rigid if for every
object X there exists an object X* and a morphism evy : X* @ X — [such that the map
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1882 A. Ardizzoni et al.

Hom, (T, X*) » Hom; (T ® X, 1) : u > evyo (u® X)

is bijective for every object T in C. In this framework, consider the functor
R :=(=)* : C°® = (. It turns out, see Proposition 5.2 and Lemma 5.5, that the adjunction
(L, R) is liftable, whenever the functor R has a left adjoint. In Proposition 5.7 we present
conditions guaranteeing that this happens. Moreover, in Corollary 5.8 we find a pre-rigid
analogue of [31, Proposition 8].

In Subsection 4.2 we deal with the case when C is taken to be the braided monoidal
category Vecg, of vector spaces graded by an abelian group G, where the braiding depends
on a bicharacter @ : GX G — k\ {0} on G. In case « is skew-symmetric, our theory gives
rise to auto-adjunctions on the categories of bialgebras “colored” by G. As a consequence
of arguments settled in the slightly more general setting in Remark 4.6, the lifted functors
in this example can be described explicitly. The paper concludes with hinting at why one
could expect that explicit descriptions as in case of Vec; could be carried out, more gener-
ally, for the category of comodules over a coquasi-bialgebra.

2 Preliminaries and first results

We begin our exposition by recalling some notions we need in the paper, among them the
one of liftable pair of adjoint functors and its behaviour on braided categories, from [18].
Then we will present sufficient conditions for the functor induced by a lax monoidal right
adjoint at the level of algebras to possess a left adjoint, see Theorem 2.5. This is obtained
by slightly improving results by Dubuc and by Tambara.

2.1 Some notational conventions

When X is an object in a category C, we will denote the identity morphism on X by 1y or
X for short. For categories C and D, a functor F' : C — D will be the name for a covariant
functor; it will only be a contravariant one if it is explicitly mentioned. By id, we denote
the identity functor on C. For any functor F : C - D, we denote Id, (or sometimes -in
order to lighten notation in some computations- just F, if the context does not allow for
confusion) the natural transformation defined by Id,y = 1,y.

Let C be a category. Denote by C® the opposite category of C. Using the nota-
tion of [25, page 12], an object X and a morphism f : X — Y in C will be denoted by
X° and f°P : Y°P — X°P when regarded as object and morphism in C®. Given a functor
F : C - D, one defines its opposite functor F° : C®® — D by setting FPXP = (FX)P
and FOPf°P = (Ff)°P. If @ : F — G is a natural transformation, its opposite a°P is given by
(a®P)yop 1= (ay)°P for every object X.

Throughout the paper, we will work in the setting of monoidal categories. With
respect to the material presented below, it is useful to recall the following notation. Let
(M, ®,1,a,l,r) be a monoidal category. Following [32, 0.1.4, 1.4], we have that M is
also monoidal, the monoidal structure being given by

XPRYP:=(XQ®Y)P, the unit object is 1°°
op
axngmzn = (a5 2) s b = ()T e = ()™

If M is moreover braided (with braiding ¢), then so is M, the braiding being given by
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Liftable pairs of functors and initial objects 1883

1\
CXOp,Yop = (CX,Y> .

Unless explicitly stated, we will assume monoidal categories to be strict from now on. By
Mac Lane’s Coherence Theorem, this does not impose restrictions on the obtained results.
We will moreover consider braided monoidal categories. A basic reference for these
notions is [21], for instance.

Recall (see e.g. [4, Definition 4.1]) that a functor F : A — B between monoidal catego-
ries (A, ®, 1 4) and (B, ®', 1) is said to be a lax monoidal functor if it comes equipped with
a family of natural morphisms ¢,(X,Y) : FX) ® F(Y) > FX®Y), for X,Y € A, and a
B-morphism ¢ : Iz — F(I ), satisfying the known suitable compatibility conditions with
respect to the associativity and unit constraints of .4 and B. Dually, colax monoidal func-
tors are defined.

Also recall that given a lax monoidal functor (F, ¢,, ¢y), then (F°P, ¢2°, ¢P) is a colax
monoidal functor, where we set d)gp(XOP, YP) 1= ¢,(X,Y)P, see e.g. [4, Proposition 3.7].

2.2 Liftability of adjoint pairs

Let (L : B— A,R: A — B) be an adjunction with unit # and counit e. It is known, see
e.g. [4, Proposition 3.84], that if (L, y,, y) is a colax monoidal functor, then (R, ¢,, @) is a
lax monoidal functor where, for every X, Y € A,

NRX@QRY) R(ex ®ey)
—_— R

6 (X,Y) = ( RX ® RY RL(RX ® RY /2" 0% (LRX @ LRY) R(X®Y) ) :

do = (HB&RL(HB)ﬂR(EA))

Conversely, if (R, ¢,, @) is a lax monoidal functor, then (L, y,, y,) is a colax monoidal
functor where, for every X, Y € B

ba (X,Y) = < LX) ) rrx o REY TSN R (X @ Ly) ) LX @ LY > :
H
Lo €I g
v = ( L(0s) 2% LR(L) -1y ). @

Let (R, ¢b,, &) : A — B be a lax monoidal functor. It is well-known that R induces a func-
tor R := Alg(R) : Alg(A) — Alg(B) such that the diagram on the right-hand side in (3)
commutes (cf. [13, Proposition 6.1, page 52]; see also [4, Proposition 4.29]). Explicitly,

R (A, m,u) = (RA, RA®RAZY YR (A0 A) F RA HB&RHAARA).

Dually, a colax monoidal functor (L,y,,y,) : B — A colifts to a functor
L := Coalg(L) : Coalg(B) — Coalg(A) such that the diagram on the left-hand side in (3)
commutes. Explicitly,
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1884 A. Ardizzoni et al.

L(QA@:(LC, e rcer)?Yiwcere, LCHLHBHL\)

The vertical arrows in the two diagrams below are the obvious forgetful functors.

Coalg(B) =510 Coalg(4) Alg(A) — =50 Alg(B)
3) U’:Ugl lU:UA Q:QA\L lQ’:QB
B L A A & B

3

Definition 2.1 ([18 Definition 2.3]) Suppose A and B are monoidal categories and
R : A — Bis alax monoidal functor with a left adjoint L. The pair (L, R) is called liftable
if the induced functor R = Alg(R) : Alg(A) — Alg(B) has a left adjoint', say L, and the
induced functor L = Coalg(L) : Coalg(/3) — Coalg(.A) has a right adjoint, say R.

Notice that being liftable really is a condition: there exist examples of lax monoidal
functors R between monoidal categories that have a left adjoint L, but for which R does not
have a left adjoint. For instance, let k be a field and set S : = MX]  Consider the functor

()
R : Vec! = Vec'; V- S®,V.

In [7, Example 4.2], it is shown that R has no left adjoint.

Liftability for braided monoidal categories. Recall that when a monoidal category is
braided, its algebras and coalgebras inherit the monoidal structure, see e.g. [4, 1.2.2]. Let
A and B now be braided monoidal categories and let R : A — B be a braided lax monoi-
dal functor having a left adjoint L. By e.g. [4, Proposition 3.80], the functor R is lax monoi-

dal too. Explicitly, the lax monoidal functors (R, ¢, ¢y) and (R, ¢,, ¢p,) are connected by
the following equalities, for every A = (A,my,u,),B = (B, mp, uz) € Alg(A)

QR = R°Q, Qs($,(A,B)) = $,(A, B), Qi) = by

Note that R is a braided lax monoidal functor if and only if L is a braided colax monoidal
functor, see e.g. [4, Proposition 3.85]. Moreover, if L is a braided colax monoidal functor
one shows in a similar fashion as above that L is colax monoidal. The colax monoidal func-
tors (L, y,,y,) and (L, v, v, ) are connected by the following equalities for every

C=(C,Acec),D= (D, AD, sD) € Coalg(B)
O 4oL = LoOy, UA< (C D)> =y, (C.D). T =w
As [7, Example 4.2] shows, a pair (L, R), where R : A — B is a (braided) lax monoidal

functor between (braided) monoidal categories .4 and 3, having a left adjoint L, needs not
to be liftable, a priori. But, in case A and B are braided monoidal categories and

"'In general the left adjoint of R is not assumed to be of form Alg(L). In fact we can’t even consider Alg(L)
as L needs not to be lax monoidal. A similar observation holds for the right adjoint of L.
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Liftable pairs of functors and initial objects 1885

R : A — B is a braided lax monoidal functor having a left adjoint L such that the pair
(L, R) is liftable, then, by [18, Lemma 2.4 and Theorem 2.7], there is an adjunction <I:, E)

that fits into the following commutative diagrams (and explains the choice of the -perhaps
somewhat fuzzy- term “liftable”)

L=Coalg(L) R=Alg(R)

Bialg(B) Bialg(A) Bialg(A) ——————— Bialg(B)
N
Alg(B) z Alg(A) Coalg(A) = Coalg(B)

In this diagram, all vertical arrows are forgetful functors.

2.3 An approach to a result by Tambara, inspired by Dubuc

In this subsection, we provide sufficient conditions (Theorem 2.5 together with Proposi-
tion 2.9) for R to have a left adjoint. Under relatively mild assumptions, this is obtained by
considering a result by Dubuc [16, 17] and by using it to provide a result in the spirit of
Tambara’s [34, Remark 1.5], cf. [6, Theorem 2.2.8] for an unpublished proof of this result
(Tambara does not provide his own proof). More precisely, let us compare the following
two diagrams.

idaig(a) id 4
Alg(A) ——————— Alg(A) A A
I R P
AgB) — =B B ———B

e The diagram on the left-hand side. Here A and B are monoidal categories and
it is assumed that the forgetful functor Q : Alg(A) — A has a left adjoint 7. Also,
R : A — B is supposed to be a lax monoidal functor having a left adjoint L. If we are
moreover given that A has colimits and the tensor product commutes with them, [34,
Remark 1.5] states that R has a left adjoint, too.

e The diagram on the right-hand side. Here we are in the setting of [16, Theorem 1]
(see also [17, Theorem A.2]) where, in case the category A has reflexive coequalizers,
the functor K has a left adjoint (U denotes the forgetful functor from the Eilenberg-
Moore category of algebras over the monad Q on B while K is the functor having a
derivable adjoint triangle).

Thus, although the forgetful &' : Alg(B) — B (as above) is neither right adjoint’ nor,
equivalently, monadic (cf. [9, Theorem A.6]), it is still possible to produce a left adjoint

2 1t does if B has denumerable coproducts and they are preserved by the tensor products, cf. [21, Theo-
rem 2, page 172].
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1886 A. Ardizzoni et al.

for R like in the diagram on the right-hand side, where instead U is both right adjoint
and monadic. Moreover, on the right-hand side, just the existence of reflexive coequal-
izers is required not of all colimits.

Inspired by Dubuc’s work, we now present a result in the spirit of Tambara’s. Note
that there is no requirement on Q here (no monadicity, neither left adjoint). As a par-
ticular case we do, however, require that .4 has all coequalizers (not just reflexive
coequalizers).

Proposition 2.2 Consider the following diagram

id

A—"s A
ANK LHR “4)
Alg(B) - B

where B is a monoidal category, QK = R and (L, R) is an adjunction with unit n and counit
€. Given any algebra B .= (B, mg, uB) in B, write KLB in the form (RLB, Mpy g, uRLB) and
assume that the diagram

Lmp Lup

L(B® B) LB L1

erpoLlmprrpoL(nB®nB) erpoLlurLB

®)
has a colimit (AJ_B, kg ! LB — AI_3> (e.g. the category A has coequalizers). This yields a

Sunctor A which is a left adjoint of the functor K. Moreover the morphisms kg define a nat-
ural transformation k . LQ — A such that k = e AoLQy, where 1] denotes the unit of (A, K)

Proof Let B := (B, mB,uB) be an algebra in B. From QK = R, we can write KLB in the
form (RLB, mp, . g, 3 ). By hypothesis, the diagram (5) has a colimit (AB, kz : LB — AB
(in case A has coequalizers, it is obtained by taking the coequalizer (A’ B, KI% : LB —> A'B
of the left-hand side pair and then computing the coequalizer of the pair
(K’EOLMB, K’EoeLBOLuRLB>)' Let f : B — E be a morphism in Alg(13). Then

LOf °€LB°LmRLB°L(’13 ® ’13) = €, p0LRLQf oLmp, p °L(’13 ® ’13)
= €,;0L[QKLQf omypy 5o (nz @ 1) |
= €,z0L[mp, po(RLQf @ RLOf)o(nz ® )]
= eLEOLmRLEOL(WE ® WE)OL(Qf ® Qf),
LQfoLmy = L(Qfomy) = L(mgo(Qf @ Qf)) = LmzoL(Qf ® Qf),
LQfoe goLupp = €, poLRLOfoLug p = €LE°L(QKLQf °“RLB) = e goLlugp,
LQfoLug = L(Qf oup) = Lug

so that the following diagram serially commutes.
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Liftable pairs of functors and initial objects 1887

Lmp Lup
L(B® B) LB L1,
erpoLlmprrpoL(nB®nE) ergoLurrLB
L(Qf®9f)l L(2f) ldrr
Lmpg Lup
L(E®E) LE L1
eppolmprreoL(ne®nEe) eLEoLURLE

As a consequence, there is a unique morphism Af : AB — AE such that
Afoxg = kzoLQf. (6)

Since k7 is an epimorphism, one easily checks that A(f of’ ) = AfoAf’ for all morphisms
f.f"in Alg(B) that can be composed. We thus get a functor A : Alg(B) — A and (6) means
that x_ is natural in the lower argument. Let us check that (A, K) is an adjunction. For every
A € A, consider the diagram (5) for B = KA (hence B = RA) i.e.

Lmpa Lupa
L(RA® RA) LRA I1.

eLrAOLmMRrLrRAOL(NRA®NRA) eLrAOLURLRA

Then it is easily verified that eAO(eLRAOLmRLRAOL(nRA ®71RA)) = €,0Lmp, and that
€40(€,ga0Litg 3) = €40Lutg,, so there exists a unique morphism €, : AKA — A such that

€pO0KgA = €4.

Ifh : A - A’is a morphism in A, we have

- 6) _ _
€, 0AKhok 2 €40k 0LQKh = €4, 0LRh = hoe, = hoe, ok,
and hence €,,0AKh = hoe, which means that €_ is natural in the lower argument. We have
Rxgongomy = R(KE°LmB)°7I(B®B) = R[KEoeLB"LmRLBOL(”IB ® ’13)] °NBeB)
=R [GAB°LRK§°L’”RLB°L(’73 ® ’73)] RU:15Y5))
= Re, 5ong 5oRKzomg 0 (N @ 11p)
= RKE°’”RLB°(’73 ® ’IB)
= myy50 (Ricg ® Rag) o (1 ® 1)
Ricgongoup = R(KEORLMB)OﬂH = R(K§°€LB°L”RL3)°”IU
= RxgoRe pong poUurp = QKKpoUp p = Upyp
so that Rxony induces an algebra map 773 : B — KAB such that
Qnz = Rxzong.

Given a morphism f : B — E in Alg(B), we get
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1888 A. Ardizzoni et al.

Q(ﬁEof) =RkgongoQ)f = R(K‘EOLQf) onp
SR (Aforg)ony = RAfoQiiz = Q(KAforf)

and hence #7zof = KAfonz which means that #_ is natural in the lower argument. We have
that

- — 6) _ —
€,5oANZokg = €, 5ok 5oLy
= €AEOL(RK§onB) = kgoergolng = K,
so that € ,zo Az = Id,3. Moreover,
Q(Ke,onky) = Re,oQigg, = Re,oRKy 0Ny = Reyonpy = Idg, = QlIdy,.
Since Q is faithful, we get that K€, 07z, = Idg,. Thus (A, K) is an adjunction. We compute
€,50LQn% = €, zoLRikzoLng = kzoe goLng = Kp.

|

Remark 2.3 We already observed that, if R : A — B is a lax monoidal functor having a left
adjoint and if .4 has colimits and the tensor product commutes with them, then R is a right
adjoint too. It can be shown that the pair

LmB
L(B® B) LB

erpoLmprreoL(np®nB)

is reflexive if we assume that#; : | = RLIis multiplicative.
Let us fix the following setting we will frequently work in.

Setting 2.4 Let A and B be monoidal categories and let R : .4 — 5 be a lax monoidal
functor with a left adjoint L, unit# : idg — RL and counite : LR — id 4. Assume that the
forgetful functor Q : Alg(A) — A has a left adjoint 7, with unite : id, — QT and counit
Yy 1 TQ — idpggay

Given an algebra B = (B, myg, ug) in B, write

(RQTLB, MRQTLBS “RQTLB) = RTLB, @)

and set y 1= yp 50T eqr goTLmpgr poTL(Rayzong @ Raygzony). Consider the diagram

TLmp TLup
TL(B® B) TLB TL1.

H YrreoTearroT LurarLB
3

The following result provides a sufficient condition for R = Alg(R) to have a left
adjoint for a lax monoidal functor R with a left adjoint.
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Theorem 2.5 In the Setting 2.4, assume that for every algebra B in B the diagram (8) has a
colimit (_L B,k : TLB - LB) (e.g. the category Alg(A) has coequalizers). This yields a

functor L which is a left adjoint of the functor R= Alg(R) : Alg(A) — Alg(B) and the mor-
phisms k3 define a natural transformation x © TLQ — L.

Proof Let (L,R,n,¢€)and (T, 2, a, y) be the adjunctions as in Setting 2.4. Their composition
yields the adjunction

. n RaL TeQ v .
<TL, RQ,idg — RL — RQTL,TLRQ — TQ — 1dA|g(A)>.

Then diagram (5) becomes (8) in our setting as the role of diagram (4) is played by the fol-
lowing diagram

Alg(A) i“ Alg(A)

|

Alg(B) ————B

=|

(
TL lRQ ©)

where Q'R = RQ. The conclusion follows by Proposition 2.2. O

Remark 2.6 Theorem 2.5 provides sufficient conditions for the functor R to have a left
adjoint. This result can be dualized to obtain as well sufficient conditions for the functor L
to have a right adjoint and hence the pair (L, R) to be liftable. In fact, given a colax monoi-
dal functor L : B — A with a right adjoint R, it suffices to apply the original theorem to
the functor L : B® — A% to get a left adjoint for Lo = Alg(L°?) = (Coalg(L))? = (L)°r
namely a right adjoint for L. The corresponding assumptions on B include the existence of
a right adjoint for the forgetful functor U : Coalg(8) — B and of (suitable) equalizers in
Coalg(B).

As a consequence of the previous remark we get the following corollaries.

Corollary 2.7 For monoidal categories A and B, suppose a lax monoidal functor
(R, ¢2,¢0) : A - B has a left adjoint L. If the forgetful functor Q : Alg(A) - A has a
left adjoint, the category Alg(A) has coequalizers, the forgetful functor U : Coalg(B) —» B
has a right adjoint and Coalg(B) has equalizers, then (L, R) is liftable.

Corollary 2.8 For a monoidal category C, suppose a lax monoidal functor
(R, b, ¢0) : C® - C has a left adjoint L. If the forgetful functor G : Coalg(C) — C has a
right adjoint and Coalg(C) has equalizers, then (L, R) is liftable.

The next result collects sufficient conditions for Theorem 1.5 to be applied.
Proposition 2.9 For a monoidal category A, assume that Alg(A) is complete, well-powered

and it has a cogenerating family. Then the category Alg(A) has coequalizers. Moreover,
the forgetful functor Q : Alg(A) — A has a left adjoint T.
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Proof By [14, Proposition 3.3.8], the category Alg(A) is cocomplete. In particular, Alg(.A)
has coequalizers. Moreover, since € creates limits (cf. [26, Proposition 2.5]), it also pre-
serves them so that by the special adjoint functor theorem (cf. [14, Theorem 3.3.4]) it has a
left adjoint 7. a

Example 2.10 Let k be a commutative ring. Let A = k-Mod®® be the opposite of
the category k-Mod. Thus Alg(A) = k-Coalg® is the opposite of the category k-
Coalg = Coalg(k-Mod) of k-coalgebras and their morphisms. By the proof of [12, Theo-
rem 4.1], the category Alg(A) is complete, well-powered and it has a cogenerating family.
Thus Proposition 2.9 applies. As a consequence, by Theorem 2.5, for every lax monoidal
functor R : k-Mod®® — B with a left adjoint, the functor R = Alg(R) : k-Coalg® — Alg(B)
has a left adjoint too.

In Theorem 2.5, the existence of a colimit for diagram (8) plays a crucial role. In Sect. 3
we will reinterpret this colimit as a suitable initial object obtaining an explicit description
for L B, for every algebra B in B, under relevant assumptions. The aforementioned reinter-
pretation is based on the notions of relative weak coreflections and fibrations, which is our
next topic of investigation.

3 Relative weak coreflections and fibrations

In this section we consider the notion of weakly coreflective subcategory and a relative
version of it as a tool to compare the initial objects in the involved categories, obtaining
Corollary 3.3 and Proposition 3.5. Then we study pullbacks of a relative weakly coreflec-
tive subcategory along relative fibrations, see Proposition 3.7. These results will be used in
Sect. 4 in order to prove Proposition 4.12, Proposition 4.15 and Proposition 4.23.

3.1 Relative weak coreflections

Consider a full subcategory C of a category D. By a weak coreflection of an object D € D
in C we mean a morphism rj : D* — D in D with D* € C and such that the function
Homy(C, rp) : Homp(C, D*) — Homy,(C, D) is surjective for all C € C. Given a class £
of morphisms in D, then C is said to be weakly E-coreflective if each object in D has a
weak coreflection rj, € £. If £ is the whole class of morphisms in D we will just say weakly
coreflective, see e.g. [11, Definition 4.5]. Clearly, a weakly E-coreflective subcategory is in
particular weakly coreflective.

Remark 3.1 When & is the class of monomorphisms (resp. epimorphism) one could speak
about weakly mono-coreflective (epi-coreflective), in analogy to the non-weak case, see
e.g. [19]. Anyway, we will not deal with these cases.

Consider a weakly coreflective subcategory C of a category D and let J : C — D be the
canonical embedding. Then the object function (—)* : Obj(D) — Obj(C), D — D*, yields
a weak right adjoint to the functor J, see [20] (where it is called a right adjoint system).
The item 1) in the following result, proved under the further assumption that the category C
is posetal, is an analogue, for this particular weak right adjoint, of the well-known fact that
a right adjoint preserves limits.
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Proposition 3.2 Let C be a posetal weakly coreflexive full subcategory of a category D
and let J : C - D be the canonical embedding. Given a functor F : A — C, the following
assertions holds.

D) If(L,(I4)aca) is a limit of JF, then (L*, (Ly0r; )4c 1) is a limit of F.
2) If (L, (Iy)ae ) is a colimit of JF, then (L*, (I})ac 1) is a colimit of F, for a unique mor-
phism [y : FA — L* in C such that r ol = l,, for every A € A.

Proof 1) Set Iy :=l,or; : L* — FA which is clearly a morphism in C. Given a morphism
a:A—A"in A, we have that Faol} = JFaol,or, = ly,0r, = I}, so that (L*, (I})ac4) is
a cone on F. Given another cone (C,(c4)4c4) On F, it is in particular a cone on JF so
that, since (L, (I4)4c4) is a limit of JF, there is a unique morphism ¢ : C — L in D such
that /,oc = ¢4. Since Homy(C, r;) : Homp(C,L*) - Homp(C, L) is surjective, there is
¢’ 1 C— L* in D such that r,oc’ = ¢. Thus [yoc" = [ or oc" = I oc = c,. Finally, since
C and L* are in C, the morphism ¢’ is in fact a morphism in C and hence it is unique as C is
posetal.
2) Since Homp(FA,r;) : Homp(FA,L*) - Homp(FA,L) is surjective, there is
I¥ : FA — L* in D such that r; ol = 1,. Since FA and L* are in C, the morphism [} is in
fact a morphism in C and hence it is unique as C is posetal. Clearly (L*, (l:) 1e4) 1S auto-
matically a cocone on F as C is posetal. Given another cocone (C, (c4)4c4) On F, it is in
particular a cocone on JF so that, since (L, (I4)4c4) is a colimit of JF, there is a unique
morphism ¢ : L — C in D such that col, = ¢,. Set ¢* := cor; : L* — C. This is a mor-
phism in C whence it is unique as C is posetal. Moreover ¢*oly = cor ol} = col, = c,.
a

The following result will be useful in constructing explicitly an initial object in a
posetal weakly coreflexive full subcategory.

Corollary 3.3 Let C be a posetal weakly coreflexive full subcategory of a category D.
Assume there is a set S consisting of objects in C such that each object in C is isomorphic to
an element of S. If there exists the product [[¢cs S in D, then ([[ g5 S)* is an initial object
in C.

Proof Set D :=[]4.sS € D. By Proposition 3.2, we have that D* € C is the product of
the elements of S in C so that we can consider the canonical projection pg : D* — SinC,
for every S € S. Given C € C, there is S € S and an isomorphism f : S - CinC. Since C
is posetal we get Homq(D*, C) = {fops} and hence D* is an initial object in C. a

Lemma 3.4 Let C be a posetal weakly coreflective full subcategory of a category D. Then,
for every C € C and D € D, there can be a unique morphism C — D in D.

Proof Since C is weakly coreflective, there is a morphism r,, : D* — D with D* € C and
such that the function Homy(C, rj,) : Homp(C,D*) - Homy(C, D) is surjective. Since C
is a posetal full subcategory of a category D, we have that Homy(C, D*) = Hom,(C, D*)
has at most one element so that Hom,(C, D) has at most one element. O
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Proposition 3.5 Letr C be a replete posetal weakly coreflective full subcategory of a cat-
egory D. Then C and D have the same initial objects, if any.

Proof Assume that [/ is an initial object in C and let D € D. By Lemma 3.4, the set
Homy (I, D) has at most one element. Since C is weakly coreflective, there is a morphism
rp : D* — D with D* € C and since [ is initial in C there is a morphism i : I — D* so that
rpoi € Homp (I, D) and hence Homp (1, D) = {rpoi} so that I is initial in D.

Conversely, assume / is an initial object in D. Since [ is a particular instance of colimit,
by Proposition 3.2, we have that /* is an initial object in C. By the foregoing, I* is an ini-
tial object also in D. By uniqueness we get [ 2 I* as objects in D. Since C is replete and
I* € C, we get that I € C. Thus [ is an initial object also in C. O

Let C be a full subcategory of a category D. We can consider the pullback of C along
a functor V : D' — D i.e. the full subcategory C' of D’ whose objects are the D’ € D’
such that VD' € C. Clearly V induces the functor U : C' = C,C' — VC',f' = Vf' which
makes commute the diagram

The instance of this situation we are interested in is the diagram in Remark 4.7.

Lemma 3.6 Let C be a replete posetal full subcategory of a category D. Consider the pull-
back C' of C along a faithful functor V : D' — D. Then C'is a replete posetal full subcat-
egory of D.

Proof Let C' € C' and D’ € D'. Given an isomorphism /4’ : C' — D’ in T, then we get an
isomorphism VA’ : VC' - VD' in D. Since VC’' € C, and C is replete, we get that VD' € C
and hence D’ € C'. Thus D' is a replete full subcategory of C'.

Given morphisms f,g : C' = C"in C, we get that Vf, Vg : VC' — VC" are morphisms
in C. Since C is posetal we get Vf = Vg. Since V is faithful, we get f = g and hence C' is
posetal. a

3.2 Relative fibrations
Let F : A — B be a functor. Recall that a morphism f € A is cartesian (with respect

to F) over a morphism f’ € B whenever Ff = f’ and, when given g € A and h € B such
that Ffoh = Fg, there exists a unique morphism k € A such that Fk = h and fok = g.

FZ .z
L e B e
FXZ rf s FY X2 Y
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Let &£ be a class of morphisms in B. We say that F is an E-fibration if every morphism
f':B— FAin £ thereis f : A’ - Awhich is cartesian over f”, see [10, Definition 5.1].

Proposition 3.7 Let C be a weakly E-coreflexive full subcategory of a category D. Consider
the pullback C' of C along an E-fibration V : D' — D. Then C' is a weakly coreflexive full
subcategory of D'.

Proof Given X € D/, since VX € D, we can consider rvx © (VX)* > VX in €. Since V
is an E-fibration, there is a morphism r;( : X* > X in D' which is cartesian over ryyx. In
particular V(r}) = ryx so that V(X*) = (VX)* and hence X* € C'. We have to check that

Homyy (C', r},) is surjective for all C' € C'.

Homp/ (C’,ry)

HOIHD/(CI7X*) HOmD’(C/7X)
i om c’, T/X J/
Homp (V' V(x*)) 2222 VEVO)) Homp (Ve VX)

Let f € Homy (C',X). Then Vf € Homp(VC', VX). Since Homp(VC', ryy) is surjec-
tive, there is g € Homp(VC', (VX)*) such that r,yog = Vf. Since r;( is cartesian over ryy,
there is a unique morphism g’ € Homyy (C’, X*) such that Vg’ = g and rj0g’ = f. Thus
Homyy (C', r}) is surjective. O

4 The crucial colimit as an initial object

In Theorem 2.5 it is shown that, in the Setting 2.4, the existence of a colimit for the
diagram (8), for every algebra B in B, yields a functor L which is a left adjoint of the
functor R = Alg(R) : Alg(A) — Alg(B). The first aim of this section is to reinterpret this
colimit as an initial object in the category IndAlg(B) of induced algebras of B. This
will lead us to rewrite Theorem 2.5 as Theorem 4.5. Then, under suitable assumptions,
in several steps we will see in Theorem 4.21 that IndAlg(B) can be replaced by three
other categories that can be more easy to handle in practice, among them the category
IndObj*(B) of epi-induced objects. Then we will provide a construction of an initial
object in IndObje(E). Putting together these results we will provide Proposition 4.24
giving an explicit description for LB. By taking C? instead of A we will get Proposition
4.26 that will be used together with Remark 5.6 in the Sect. 4 for our main example.

4.1 Induced objects and algebras

Our aim here is to characterize a colimit for (8) as an initial object in the category
IndAlg(B) of induced algebras of B.
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Definition 4.1 Let (L:B— Ay, y,) be a colax monoidal functor and let
B: (B mg, uB) be an algebra in 3. We say that <A q) is an induced object of B (by L)

whenever A = (A, mA,uA) consists of an object A and morphisms m, : AQA — A,
uy, : 0> Aandg : LB — Ain A such that

LuB

L(B® B) LB LI LB .
in,B) ‘Il ldfo ql
LB® LB — ¢ A A—"4 I— A

A morphism h : (A q) — (/7 q') of induced objects of Bis a morphism £ : A — Al
such that hog = ¢'. In this way we have defined the category IndObj(B) of induced objects
of B and their morphisms. Given (A g) in IndObj(B), if the triple A = (A My, Uy ) is an
algebra in A then (A q) is called an induced algebra of B (by L). Note that A, q ) is an
object in the comma category (LB | Q), see [21, page 47], where Q : Alg(A) — A is the
forgetful functor. Thus we can define a morphism h: (A, q) — (E ,q') of induced algebras
of B to be an algebra morphism h:A— A such that Qhog = ¢'. In this way we have
defined the category IndAlg(B) of induced algebras of B an their morphisms.

Remark 4.2 The two above notions of induced object and algebra already appeared in [31,
Definition 11] with a slightly different terminology.

We now turn to the Setting 1.4. It is well-known that the colimit of a diagram D is
the initial object in the category formed by cocones on D. In particular, we get that a
colimit for diagram (8) is an initial object in the category Cocone(B) whose objects are
pairs (A &), where & . TLB — A is an algebra morphism that coequalizes the pairs in
(8) and whose morphisms (A &) - (A' &) are algebra morphisms f : A — A’ such that
foc=¢.

The next aim is to use the adjunction (7,Q,« : idy — QT,y : TQ — |dA|g(A)) to show
that the category Cocone(B) is isomorphic to the category IndAlg(B) so that the respective
initial objects are in bijective correspondence.

Proposition 4.3 In the Setting 2.4,letB : (B mg, uB) be an algebra in B. Then an algebra
morphism & . TLB — A coequalizes the pairs in (8) if and only f(A Q&oa;p : LB — A>

is an induced algebra of B.Asa consequence we get the category isomorphism
F: Cocone(E) - IndAIg(I_S), (A, &) (A, Q&oa;p), ]_‘ »—»f
whose inverse F~'is given by Fl(A, q) = (A, rzoTq).

Proof Recall that the morphisms mgory s and ugor g are determined by the equality (7) so
that
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Mporip = Rimgrpog,(QTLB, QTLB) and ugorp = Rugrpod

where TLB = (QTLB, mgy, 5, Ugr 5)- By using this fact, we want to rewrite some of the
morphisms in (8) . We have

Yre°T€aris °TLmRQTLB°TL(R0’LB ong @ RO’LBOWB)

= J/TLBoTmQTLBOTEQTLB@QTLBOTL¢2(QTLB’ QTLB)OTL(R“LB ® RaLB)OTL(ﬂB ® ’13)
= ¥118°Tma 50T (a5 ® @;5)0T€; s O TLD, (LB, LB)oTL(ny ® 1)

and

Yre°T€arpoTLugar s = Yrip°T€qrpTLRUGr s TLY,

= rpoTugr poTe;, oTLd,.

Now, let & : TLB — A be some algebra morphism. Then & coequalizes at the same time
both pairs in (8) if and only if

EoTLmy = EoyypoTmar goT (ays @ ayp)oTe; g poTLy(LB, LB)oTL(ng @ np).
§oTLug = EoypgoTugy goTe; oTLe.

These are equalities in Homy, 4 (TL(B ®B).A ) and Homy 4 (TLI],Z > respectively.
Note that, using the adjunction (7', ), one has that the map

DX,Y)
Homy,4)(TX, Y)—— Hom 4(X, QY) : f > Qf oay

has inverse

DX, Yy)™!
Hom 4(X, QY)——— HomA|g(A)(TX, Y): g yyolg

By applying ®(X, Y), the equalities above reduce to

Qéoa;goLmy = Q‘fomngLBO(O‘LB ® aLB)oeLB®LB°L¢2(LB? LB)OL(’?B ® ’73)»

QEoa;goLuy = QEougy o€y, oL,
ie.

Qéoa; goLmy = QEomar po(ayp ® ayp)oyy(B, B),
Q&oa; goLuy = Qfougr goy,
Since & : TLB —A is an algebra morphism, Q&omgrp = myuo(QE @ Q&) and
Q&ougr p = uy so that, if we set g, 1= Q&oa;p : LB — A, the last displayed equalities
above can be rewritten as
gzoLmy =mA°(Q§ ® 615)01//2(3, B),
ggzoLug =u,oy,.

Since, from the very beginning, A = (A, My, U A) is an algebra, the last displayed equalities
mean that (A,q5 is an induced algebra of B. More precisely, an algebra morphism
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¢ :TLB — A coequalizes the pairs in (8) if and only if (A q; : LB > A) is an induced
algebra of B. By the foregoing, we have that F is well-defined on_objects. Moreover If
fi1AE->ALE) is a morphism  in Cocone(B) then Qfog, = QfonoaLB =
Q(fof)oaLB = Q& oq; = qg so that f : (A qz) = (A’,qz) is a morphism in IndAlg(B) and
hence F is well-defined on morphisms too. Let now (A, g) be an object in IndAIg(B) Via
the adjunction (7, €, a,y), we have that g = Q& oa 5 : LB — A where &, 1= yz0Tq. By
the first part of the statement, we have that &, coequahzes (8) so that (A &, ) is an object in
Cocone(B). Thus we can define G : IndAIg(B) - Cocone(B) (A q) — (A E) e f
Note that G is well-defined on morphisms as, given f : (A,q) — (A’ q'), we have
f05q = foygoTq = y70TQf oTq = y70T(&f oq) = }/WOTq’ = fq,. Since (T,Q,a,y) is an
adjunction, it is clear that £ = fqg and g = qe, 30 that we get that FoG and GoF act as the
identity functors on objects. Since they also act as the identity on morphisms, we get
FoG = 1d and GoF = Id. |

As a consequence of Proposition 4.3 and of the observation we made that a colimit
for (8) is nothing but an initial object in the category Cocone(B), we get the following
characterization.

Proposition 4.4 In the Setting 2.4, the following assertions are equivalent for any algebra
B := (B,mg,ug)in B.

(1) (F, p LB QF) is an initial object in the category IndAlg(B) of induced algebras of

@) (P.x 2 TLB = P )is a colimit for (8).

The morphisms p and k correspond to each other through the adjunction (7,Q, a,y) i.e.
p = Qkoa;gand k := ypoTp.
By using Proposition 2.4 we are now able to rewrite Theorem 2.5 in a different form.

Theorem 3.5 In the Setting 2.4, assume that for any algebra B: (B mg, uB) in B there is
an initial object (PB,pB LB — QP*) in the category IndAIg(B) of induced algebras ofB

_ Then R = Alg(R) : Alg(A) — Alg(B) has a left adjoint L defined by LB := ﬁg for any
B as above. Moreover the morphisms pg define a natural transformation p @ LQ — QL
whose naturality completely determines how L acts on morphisms.

Proof Since condition (1) in Proposition 4.4 is satisfied, we know there is a morphism
: TLB — Pf such that <P K% ) is a colimit for (8) . Moreover we have that
Py = Qxgoasp.

By Theorem 2.5, this colimit yields a functor L which is a left adjoint of the functor
R: Alg(A) — Alg(B) and the morphisms k5 define a natural transformation x : TLQ — L.
Explicitly L B := Py and the action of L on morphisms is uniquely determined by the natu-
rality of x. From pgz = Qkgzoa; 3 we get that the morphisms pz define a natural transforma-
tion p : LQ — QL such that p = QkoalQ. Indeed, since we also have ki = y;50Tp5, the
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naturality of k is equivalent to the naturality of p and hence the latter completely deter-
mines the action of L on morphisms as well. O

Theorem 4.5 shows how central is the role played by an initial object in the category
IndAlg(B) of induced algebras of B. Under suitable assumptions, we will see that this cat-
egory can be replaced by three other categories that can be more easy to handle in practice.
One of them is IndObj(B) while the remaining two, namely IndObj®(B) and IndAlg®(B), are
introduced in Sect. 4.2.

4.2 Epi-induced objects and algebras and initial objects

Here we introduce the categories IndObje(l_i) and IndAIge(E) and, in Theorem 4.21, we
show that, under the proper assumptions, the four categories IndObj*(B), IndObj(B),
IndAlg®(B) and IndAlg(B) have the same initial object, if any. This will be done by exploit-
ing the results on relative weak coreflections and fibrations of Sect. 2.

Definition 4.6 By an epi-induced object (or algebra) of B we mean an induced object (or
algebra) (Z, q) of B such that ¢ is an epimorphism.
We denote by IndObje(I_S) the full subcategory of IndObj(E) formed by epi-induced

objects and by IndAIge(E) the full subcategory of IndAIg(E) formed by epi-induced
algebras.

Remark 4.7 Clearly the forgetful functor Q : Alg(A) — A induces the faithful functors

U : IndAlg®(B) — IndObj*(B), (A,q) — (A,q), h— Qh,
V : IndAlg(B) — IndObj(B), (A,q) ~ (A,q), h— Qh,

that make commute the following diagram of functors
IndAlg®(B) —Z~ IndObj¢(B)
4

IndAlg(B) —Y— IndObj(B)
where the vertical arrows are the canonical full embeddings. Note that the category
IndAlg®(B) is the pullback of IndObj°(B) along V meaning that it is the full subcategory of
IndAlg(B) consisting of objects whose image through V belongs to IndObj®(B).

The assumptions we will use, include the notion of (Epi, StrongMono)-factorization.
Let us recall the definition of a strong monomorphism in a category.

Definition 4.8 A monomorphism m is called strong if for every commutative square
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e
_—
w

27 m
_—

o
e
oe<—-0
o<—-0
<

where e is an epimorphism, there is a unique morphism w such that woe = u and
now =v.

For instance, one can easily verify that a regular monomorphism is always strong.

Remark 4.9 Following [23, page 12], recall that a coimage of a morphism g : Q — A in an
arbitrary category C is a pair Coim(q) := (A’,¢’) where ¢’ : Q — A’ is an epimorphism
such that ¢ factors through ¢’ and, if there is another epimorphism ¢” : Q — A” such that
q factors through ¢”, then ¢’ factors through ¢”. In other words Coim(g) is the biggest epi-
induced object of Q that ¢ factors through.

ql/ Q

7
AT A q
o

Now, consider a morphism g : Q — A in C that admits an (Epi, StrongMono)-factori-
zation i.e. g factors as an epimorphism ¢’ : Q — A’ followed by a strong monomorphism
W A" = A,sothatg = I oq'. Then (A’,¢') = Coim(g).

4.3 Comparing the initial objects in IndObj(E) and IndObje(E)

We are going to prove Proposition 4.12 which compares the initial objects in IndObj(l_3)
and IndObj®(B). First we need two lemmata.

Lemma 4.10 Let (L: B — Ay, yw,) be a colax monoidal functor and let

(E, q) € IndObj(B) be such that

e g factors as g = hoq', where h : E' — E is a strong monomorphism and ¢’ : LB — E’
is an epimorphism;
e the morphisms (¢’ ® ¢') oy, (B, B) and y; are epimorphisms.
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Liftable pairs of functors and initial objects 1899

Then E’ becomes an (E q’) IS IndObj(E) and & induces a morphism 4 : (E, q) - (E, q)

in IndObj(B) such that homy, = mgo(h @ h) and houy = uy.
Proof We have

mgo(h @ h)o(q' ® ¢')ow,(B, B) = mpo(q ® q)oy,(B, B) = goLmy = hogq' oLmy

and ugoy, = goLuy = hog'oLuy. Hence we have the following commutative squares

'®q" )oy2(B,B
L(B®B)(%)E’®E’ L]I#]I
q'oLmp mEl e l’l‘nEO(}L®h) q’oLuBi uEl i“E
B = h E E’ A4> h E

Since the morphisms (q’ ®4q )owz(B, B) and y,, are epimorphisms, and / is a strong
monomorphism, there is a unique morphism my such that homy = mgzo(h @ h) and
mE,o(q’ ® q’)olpz(B, B) = ¢'oLmyg, and there is a unique morphism ug such that
houg, = up and wugoy, =q oLuy. Thus (E’,q’) € IndObj(B), where we set
E::(E’,mE,,uE,). O

Lemma 4.11 IndObje(E) is a replete posetal full subcategory ofIndObj(E).
Proof Let (A, p) € IndObj°(B) and (A’, p’) € IndObj(B).

e Given an isomorphism # : (Z, p) — (1? ,P'), we have p’ = hop so that p’ is an epimor-
phism as p. Thus IndObj*(B) is a replete full subcategory of IndObj(B).

e Given morphisms f, g : (Z,p) - (E,p’) in IndObj(I_i’), we get fop = p’ = gop. Since p
is an epimorphism we get f = g. In particular IndObje(E) is posetal.

O
Denote by &(B) the class of morphisms & : (A’,¢") = (A, ¢) in IndObj(B) such that
h : A’ > Ais a monomorphism, hom,, = myo(h ® h) and hou,, = u,.

Proposition 4.12 [n the Setting 4.4, assume that

o If (X, q) € IndObj(B), then g admits an (Epi, StrongMono)-factorization g = hog/,
e the morphisms (¢’ ® ¢’) oy, (B, B) and y, are epimorphisms.

Then, IndObj® (B)isa weakly E(B)-coreflective subcategory of IndObJ(B) Explicitly, given
(A q) (S IndObJ(B) we have that (A Q* = (A’ q') where (A’ ’) Coim(g). As a conse-

quence IndObJ(B) and IndObj® (B) have the same initial objects
Proof Let (A q:LB— A) be an induced object of Bin A. By hypothesis, ¢ admits an

(Epi, StrongMono)-factorization g = hoq’ where h : A’ — A is a strong monomorphism
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and ¢’ : LB — A’ is an epimorphism. Moreover the morphisms (¢’ ® ¢') oy, (B, B) and v,
are epimorphisms. Note that, by Remark 4.9, we have that (A’ ,q ) = Coim(g). We can
apply Lemma 4.10 to deduce that A’ becomes an epi-induced object (A’, ¢’ ) of B and h

induces a morphism 4 : (X’_, q) — (Zlq) of induced objects such that hom,, = m,o(h ® h)
and hou,, = u,. Thus h : (A’,q") - (A, q)is in EB).

We have so proved that, for any <A, q)in IndObj(E), there is @ .q ) in IndObje(E) and
amorphism /2 : (A’,¢') = (A, q) in £B). Given (E, p) in IndAlg®(B), let us check that

Homy g5 (E.p), ) - Homy o, = ((E. p), (A, ¢)) — Homy . ((E. p). (A, 9))

is surjective. Given a morphism f : (E,p) = (A,q) in IndObj(B), we have that
fop =g = hoq so that fop = hoq'. Since h is a strong monomorphism and p is an epi-
morphism, there is a unique morphism w : E — A such that how =f and wop =¢'.

These equalities say we have a morphism w : (E,p) — (A’ q’) whose image through
Hom,, AIg(B)((E p), h) is exactly the starting morphism f. Thus Hom,_, Alg(B)((E p), h) is sur-
jective. Hence IndAIg (B) is a weakly £(B)-coreflective subcategory of IndAlg(B). In par-
ticular IndAlg®(B) is a weakly coreflective subcategory of IndAlg(B). This, together with
Lemma 4.11, implies that we can apply Proposition 3.5 to conclude. O

4.4 Comparing the initial objects in IndAIg(E) and IndAIge(E)

Next aim is proving Proposition 4.15, which compares the initial objects of IndAIg(l_i)
and IndAlg®(B). We first need the following lemmata.

Lemma 4.13 IndAIge(E) is a replete posetal full subcategory ofIndAIg(E).
Proof 1t follows by Remark 4.7 and Lemma 3.6. |

Lemma 4.14 The functorV : IndAIg(E) - IndObj(E) of Remark 4.7 is an S(E)-ﬁbration.

Proof Let (4,q) & IndAlg(B), (4',¢’) € IndObj(B) and let h : (A',¢/) = V(A,q) be a
morphism in £(B). Thus & : A’ - A is a monomorphism such that hom,, = m,o(h ® h)
and hou,, = u,. Since & is a monomorphism, one easily checks that A’ = (A’,m,,, u ) is an
algebra, by using the fact that A = (A,my,u,) is an algebra. Then 4 induces an algebra
morphism 4 : A" — A such that Q7 = h and we get a morphism h: (A’ q) = (A,q) in
IndAlg(B) whose image through Vis 4 : (A’ q)— V(A, ). It remains to check that 4 is
cartesian over h. Given a morphism g : (A”,¢') — (A4, ¢) in IndAIg(B) and a morphism
[: VA", ¢ - VA, q) such that hol=Vg=:g, we have
holom,, = gomyn = myo(g ® g) = myo(h @ h)o(I ® l) = homy,o(l Q 1) SO that
lomyn = myo(l®1) as h is a monomorphism. Similarly holou,, = gousn = uy = houy
and hence lou,, = uy. Therefore there is an algebra morphism [:A” - A’ such that
Ql =1 _Thus [:(A",q")—> A',q) is a morphlsm whose image through V is

D V(A q") = V(A’,q") and such that hol = a
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Proposition 4.15 In the Setting 2.4, assume that

o If (Z, q) € IndObj(E), then g admits an (Epi, StrongMono)-factorization g = hoq/,
e the morphisms (¢’ ® ¢’) oy, (B, B) and y, are epimorphisms.

Then, IﬂdAIge(I_S) is a weakly coreflective subcategory of IndAIg(I_B). As a consequence
IndAlg(B) and IndAlg®(B) have the same initial objects. _
Proof Our hypotheses guarantee that we can apply Proposition 4.12 to get that IndObj*(B)
is a weakly &£(B)-coreflective subcategory of IndObj(B). Moreover, by Lemma 4.14, the
functor V : IndAlg(B) — IndObj(B) is an £(B)-fibration. Therefore, we can apply Proposi-
tion 3.7 to the diagram in Remark 4.7 to get that IndAlg®(B) is a weakly coreflective subcat-
egory of IndAlg(B). This, together with Lemma 4.13 imply that we can apply Proposition
3.5 to conclude. |

4.5 Comparing all of the initial objects

Next aim is to obtain Theorem 4.21, where we compare the initial objects in the categories
IndObj®(B), IndObj(B), IndAlg®(B) and IndAlg(B) altogether. First we need some lemmata.

Given an induced algebra ITZ, q)of E, the next lemma shows that, under mild assump-

tions, Coim(q) = (E’, ¢') becomes an induced algebra of B.

Lemma 4.16 Let (L 1B Aw,, 1//0) be a colax monoidal functor. Let q : LB — A me a
morphism that admits two (Epi, StrongMono)-factorizations q = hoq' and q = W oq"”. We
have that

e (¢’ ®q')ow,(B,B) is an epimorphism if and only if so is (¢” ® ¢") oy, (B, B);
e (¢ ®¢ ®q')o(LB® y,(B,B))oy,(B,B® B) is an epimorphism if and only if so is
(4" ® 4" ®q")o(LB ® y,(B, B)) oy, (B, B ® B).

Proof Denote by P’ the domain of 4 and by P” the domain of #’. By uniqueness of the (Epi,
StrongMono)-factorizations, we have an isomorphism w : P’ — P” such that woq’ = ¢".
Hence (q” ® q”)oujz(B, B =we® w)o(q’ ® q’)oq/z(B, B) from which the first item fol-
lows. Similarly one treats the second one. a

Lemma 4.17 In the Setting 4.4, assume that y, is an epimorphism and let
(A, q) € IndAlg®(B) be such that q admits an (Epi,StrongMono)-factorization g = hoq'.

1) If(4' ® ¢')oy,(B, B) is an epimorphism, then so is (q ® q)oy,(B, B).
2) If (q’ ®Rqd® q’)o (LB ® w,(B, B))olpz(B,B ® B) is an epimorphism, then so is
(g ® q® q)o(LB @ w,(B, B))oy,(B, BQ B).
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Proof We just prove 1), the argument for 2) being similar. Since ¢ is an epimorphism, then
= Idog is (Epi, StrongMono)-factorization. Since (q’ ®q )01//2(3, B) is an epimorphism,
by Lemma 3.16, so is (¢ @ q)oy,(B, B). O

Lemma 4.18 Let (L B> Ay, 1//0) be a colax monoidal functor and let Be Alg(B). Let
(Z,q) and (E, q’) be in IndAIg(I_S). Assume that (g @ q)oy,(B,B) and vy, are epimor-
phisms. Then_any morphism_h : A — A" such that hoq=q' becomes a morphism
h: (A q — (A, q)inIndAlg(B).

Proof We compute

my0(h ® h)o(g ® q)ow, (B, B) =mA'°(q/ ® ql)ole(B’ B) = qloLmB
=hogoLmyg = hom,o(q ® q)oy,(B, B)
hou, oy, =hogoLuy = q'oLuy = u, oy,
so that, in view of the assumptions, we deduce that m,,o(h @ h) = hom, and hou, = uA,

i.e. that & becomes an algebra morphism h 1A — A’ such that Q& = h. Since Qhog = ¢’
we get that hisa morphism in IndAlg(B). O

Lemma 4.19 In the Setting 1.4, assume that

o If (Z q) € IndAlg®(B), then ¢ admits an (Epi, StrongMono)-factorization ¢ = hog/,

e the morphisms (¢’ ® ¢')oy,(B, B) and y, are epimorphisms.

Then the functor U : IndAIge(E) - IndObje(E) of Remark 3.7 is fully faithful.

Proof By construction U is faithful. Let (A,q),(A’,q") € IndAlg®(B) and let
h:(A,q) - (A,p) be a morphism in IndObj°(B). Then hog = p. By Lemma 4.17 1), we
have that (¢ ® g)oy, (B, B) is an epimorphism so that we can apply Lemma 4.18 to get an

algebra morphism 4 such that Qh = h. Therefore Qhog = p and hence we have a morphism
1 (A,q) = (A, p)in IndAlg® (B) whose image through U is h. O

The next aim is to reduce to the case where epi-induced object are epi-induced algebras.

Lemma 4.20 Let (L B - Ay, 1//0) be a colax monoidal functor and let Be Alg(B).

Let (Z, q) € IndObj° (B) be such that (@ ¢ ® q)o(LB ® y,(B, B))owz(B B® B) is an
epimorphism. Then <A q) € IndAlg*(B).
Proof Let (E, q:LB— E) € IndObj*(B). One easily verifies that

mgo(mg; ® E)o(q ® ¢ ® q)o(w,(B, B) ® LB) oy, (B ® B, B) = goLmyoL(myz ® B) and
£o(E®my)o(g ® g ® q)o(LB ® w,(B, B))ow,(B, B ® B) = goLmyoL(B @ my).

Sincemyisassociativeand(y, (B, B) ® LB)oy,(B ® B, B) = (LB ® y,(B, B))oy,(B,B ® B)
and (¢ ® ¢ ® q)o(LB @ w,(B, B))ow,(B, B ® B) is an epimorphism, we deduce that my is
associative too. Note that
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Igo(wo ® q) 0wy (1. B) =lpo(1 ® q)o(wy ® LB) oy, (1, B)
=q01LBO(q/0 ® LB) oy, (I, B) = goLly
and hence, since ¢ is an epimorphism, we deduce that (l[/o ® q) oy,(l, B) is an epimor-
phism too. Using naturality of y,, we have
mgo(up ® E)o(wy ® q)ow, (1, B) = mgo(g ® q)o(Lug ® LB)oy, (1, B)
= q0LmBOL(u3 ® B)
= qoL(lB)
= gol; zo (WO ® LB) oy, (I, B)
= lgo (Wo ® CI) oy, (1, B)

so that mEo(uE ® E) = l. Similarly one proves that mEo(E® uE) = rg. Then E is an
algebra so that <E, q) € IndAlg®(B). O

We are now able to prove the announced result.

Theorem 3.21 In the Setting 2.4, assume that

o if (Z q) S IndObj(E), then ¢ admits an (Epi, StrongMono)-factorization g = hog/,

e the morphisms (¢’ ® ¢')ow,(B, B) and y, are epimorphisms,
e the morphism (q’ Rqd ® q’)o(LB ® y,(B, B))OWZ(B, B ® B) is an epimorphism.

The following assertions are equivalent.

(1) (P,p)is an initial object in IndObj(B).
) (P,p)is an initial object in IndObj*(B).
(3) (P,p)isan initial object in IndAlg(E).
4) (P,p)is an initial object in IndAlg®(B).

Proof (1) & (2). This follows from is Proposition 4.12.

(3) © (4). This follows from is Proposition 4.15.

(2) © (4). By Lemma 4.19, the functor U : IndAIge(E) - IndObje(E) of Remark
4.7 is fully faithful. By construction U is also injective on objects. In order to con-
clude we check that it is also surjective on objects whence a category isomor-
phism. Let (Z, q) € IndObje(E). By Lemma 4.17 and the assumptions, we have that
g®q®q)o (LB_® v, (B, B)) oy, (B, B @ B) is an epimorphism. By Lemma 4.20, we have
(A, g) € IndAlg®(B). |
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4.6 Constructing theinitial objectin IndObje(E)

By Theorem 4.21, under the relevant assumptions, to have an initial object in IndObje(E)
is equivalent to having an initial object in IndAlg(B). By Proposition 4.4, this is equivalent
to having a colimit for (8), yielding then an explicit description L B. For this reason it is
worthwhile to provide a construction of an initial object in IndObj®(B). To this aim we first
need to prove the following result.

Lemma 4.22 Let I be a set and let (E, %) be a family of objects in IndObj(E). Assume
i€

that the family (Ei)iel has a product (E, (ptstel) in A and let q : LB — E be the unique
morphism such that q; = p;oq for every i. Then E induces a tern E = (E, mg, uy) such that

((1_5, q), (p,)lel) is the product of the family (El, qi)ia in IndObj(E).

Proof By the universal property of the product, there are unique morphisms ¢ : LB — E,
mg EQE—E and ug:1—>E such that pjoq=gq; pjomg=mgo(p;®p;) and
pioug = ug, foreveryi € 1. Set E = (E, my, uz). We have

p;oqoLmyg = g;oLmy = mEio(qi ® qi)oyjz(B, B) = mE,o(Pi ®P;)°(CI ® q)ow,(B, B)
= p;omgo(g ® g)ow,(B, B),

piogoLuy = q;oLug = ug oy = p;oupoy,.
By the uniqueness in the universal property of the product, we get that
goLmy = mgo(q @ g)oy,(B, B), goLup = ugoy.

This proves that (E q) belongs to IndObj(E). Let us check it defines the desired product.
From the equality g, =p,0q, we get that p,: E— E, yields the projection
D (7Eq> —>iE,,qt> in IndObj(B). Given, for every t€l, a morphism
h, : (A,p) = (E,.q,) in IndObj(B), by the universal property of (E, (P1),g;)> there is a
unique morphism 4 : A — E such that p,oh = h,. Since p,ohop = h,op = q,, the unique-
ness implies hop = g so that we get a morphism £ : (A,p) — (E, g) that composed by the
projection yields k, : (A,p) — (E,, q,). Its uniqueness follows from the universal property

of (E. (P1) ;) 0

Proposition 4.23 In the Setting 2.4, assume that

o if (Z,q) S IndObj(E), then ¢ admits an (Epi, StrongMono)-factorization g = hog’;
the morphisms (q’ ®q )Olllz(B, B) and y, are epimorphisms; _
there is set Sy of objects of IndObj®(B) such that each object in IndObj®(B) is isomor-
phic to an element in Sg;

e in A there exists the product E of the family (D)(B PR
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Then there is (E, 5C> € Sy which is an initial object in IndObj*(B) such that
(C.6¢) = Coim(6) where & : LB — E is the diagonal morphism of the family
(90) 5., 5
Proof By Lemma 3.11 and Proposition 3.12, IndObj® B)is a replete posetal weakly core-
flective subcategory of IndObj(B). Since the elements in Sy are, in particular objects in
IndObj(B), by Lemma 3.22, the object E := [] D induces a tern E = (E, m, uy) such
_ (D.6p)ES; _

that ((E, 5), (P0)(5 5y, 1 the product of the objects of S in IndObj(B). By Corollary
2.3 applied to the set Sy, we get that (E, §)* is an initial object in IndObj®(B). By Proposi-
tion 3.12, we know that (E,&)* =(F',8') where (E’,5')=Coim(3). Since
(E',6") = (E,6)* € IndObj*(B), there is (C, §.) € Sp such that (E’,§) = (C, §.) as objects
IndObj°(B). Thus also (C, 5.) is an initial object in IndObj*(B) and (C, 5.) = Coim(s).

a

Proposition 4.24 In the Setting 2.4, assume that

the tensor products in A preserve epimorphisms;

W, and the components of y, are epimorphisms in A;

if (E q) € IndObj(B), then g admits an (Epi,StrongMono)-factorization;

there is set Sy of objects of IndObj® (B) such that each object in IndObj* (B) is isomor-
phic to an element in Sg;

e in A there exists the product E of the family D). 5,8y

Then there is (E, 5C> €S, which is an initial object in IndObj*(B) such that
gC ,6¢) = Coim(8) where & : LB — E is the diagonal morphism of the family

%) 5, S)ESy
Finally, if the above assumptions hold for every algebra B in B, then R has a left adjoint
L explicitly given by LB=C.

Proof Proposition 3.23 ensures that there is <E 50) € S, as in the statement, which is an

initial object in IndObj®(B). By Theorem 3.21, this is also an initial object in IndAlg(B). By
Theorem 3.5, we conclude. O

Setting 4.25 For our purposes it is convenient to write Proposition 3.24 in case A = C?
for a covariant functor L : B — C® regarded as a contravariant functor (=) : B — C
such that LB = (B®)°? and Lf = (f°)°P, for a morphism f. To this aim let us rewrite
in C the notion of induced object in A = C® of an algebra B= (B, mg, uB) in B. It con-
sists of a pair (E,e : E—>B<>) , where E = (E, AE,eE) with E an object in C and
Ap i E—>EQE,e; : E— land e morphisms in C such that

(mp)®oe = @,(B,B)o(e ® e)oAp, (10)

(up)oe = @yoep. (11)
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where  @,(B,B) : B°QB° > (B®B)?® and ¢, :0—>10° are determined by
@,(B,B)® = y,(B,B) and ¢ =y, respectively. In this case we will say that
(E,e : E — B®)is a good object of B®in C.

Note that the induced object of B in C® corresponding to (E,e : E — B®) is an epi-
induced object if and only if ¢°? is an epimorphism in C°® that is e is a monomorphism in
C. In this case we will say that (E, e : E — B®)is a good subobject of B® in C. A morphism
of good (sub)objects  : (E,e : E — B®) — (E',¢’ : E' - B®)is amorphism/ : E — E'
such that e’oh = e. This way we get the category of good (sub)objects of B® in C which
turns out to be anti-isomorphic to the category of (epi-)induced objects of B in C.

Proposition 4.26 Let C and 1B be monoidal categories and let R : C°® — B be a lax monoi-
dal functor with a left adjoint L, unit n and counit €. In the Setting 4.25, assume that the
Sfunctor O : Coalg(C) — C has a right adjoint and that

the tensor products in C preserve monomorphisms;
¥, and the components of y, are monomorphisms in C;
if (E,e 1 E— B%) is a good object of B® in C, then the morphism e admits an
(StrongEpi,Mono)-factorization in C;

e there is a set Sy of good subobjects of B® in C such that each good subobjects of B® in C
is isomorphic to an element in Sg;

* in( there exists the coproduct of the family (D), )es,-

Then there is (B, 65 : B¥ — B®) € Sg which is a terminal good subobject of B in C such
that (B*, 0;,) is the sum of the family of subobjects (D, ep)p, \es, Of BC.

Finally, if the above assumptions hold for every algebra B in B then R has a left adjoint
L explicitly given by LB= (B*)°P.

In the next section, we put all of the above developed theory to work to explicitly com-
pute lifted auto-adjunctions on categories of so-called “color bialgebras”.

5 Application: the group-graded case

This section is devoted to investigate the case of group-graded vector spaces. To this aim
we first need to recall some auxiliary results connected to the notion of pre-rigid category.

5.1 Pre-rigid monoidal categories

In order to discuss the examples of liftable functors of our concern, we recall the following
notion which appeared in [18, 4.1.3].

Definition 5.1 A braided monoidal category (C, ®, 1) is called pre-rigid if for every object
X there exists an object X* and a morphism evy : X* @ X — [ (the evaluation at X) with
the following universal property: For every morphism ¢ : T ® X — [ there is a unique mor-
phism /7 : T — X* such that 7 = evyo(¢' ® X). Equivalently the map
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Homg(7, X*) — Hom (T ® X, 1), u— evyo(u @ X)

is bijective for every object T in C.

One has that a (right) closed braided monoidal category is pre-rigid (cf. [7, Proposition
2.5]). Notice that the converse is not true: the symmetric cartesian monoidal category Top
of topological spaces is pre-rigid monoidal [7, Examples 2.17], but not closed.

Given a pre-rigid braided monoidal category, we can construct on it an adjunction that
under relevant assumptions results in a liftable pair of functors. More precisely we have the
following result, which we record here for further use.

Proposition 5.2 (cf. [7, Proposition 4.4]) When C is a pre-rigid braided monoidal cat-
egory, the assignment X — X* induces a functor R=(=)* : C® - C with a left
adjoint L = R® = (=)* : C - C®. Moreover there are ¢,,d, such that (R, (,152,(,150) is
lax monoidal and, the induced colax monoidal structure on L by (1) and (2) is specifi-
cally (d);p,dlgp). Explicitly, ¢, : | = 1* is uniquely defined by eVn°(¢o ® I]) =my; and
Py (XP,YP) 1= ,(X,Y) : X*QY* > XQY) by

Vyoro@ X, ) ® X ® Y) = (evy ® evy)o(X* ® (cyy.)” ® V). (12)

Moreover, for every X in C, the unit ny and the counit €y, = (jX)010 of the adjunction (L, R)
are uniquely defined by the equalities

evyOoCy x» = evy.o(ny ® X*), 13)

evXo(cX*qX)_1 = evX*o(jX ®X*). (14)

Remark 5.3 Let A be a pre-rigid braided monoidal category. Then Proposition 5.2 estab-
lishes that the functor (—)* : A® — A is self-adjoint on the right. One can asks whether
this situation imply that if A satisfies the sufficient conditions of Theorem 2.5, then also
AP does. For instance, it seems unlikely to us that the existence of a left adjoint for the for-
getful functor Q : Alg(A) —» A would imply the existence of a right adjoint for the forget-
ful functor U : Coalg(A) — A, or that the existence of coequalizers in Alg(.A) would imply
the existence equalizers in Coalg(A). However we could not find explicit counterexamples.

Remark 5.4 We have noticed in Sect. 2.2 that a liftable pair induces an adjunction at the
level of bialgebras in case the right adjoint is also braided. In case of Proposition 4.2, the
lax monoidal functor (R, by, d)o) is braided if and only if the following diagram commutes

CR(XO°P),R(Y©°P)

R(XP) @ R(Y*P)

R(YP) @ R(X*P)

¢2(X°"7Y°")l l@(Y("’»X“")

Rcxop yop

R(X°P @ Y°P) R(Y°P @ X°P)

that is if and only if the following diagram commutes
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1908 A. Ardizzoni et al.

CX*,Y*

X*Y* Y*® X*
wz(X,Y)\L \LW(YJO
((171 )*

(X V) v @ X)*

Set f := (c)‘(ly *o@,(X,Y). We compute

eVygxo(f ® ¥ ® X) = evygyo((cy)" ® Y ® X)o(0,(X, V) ® Y @ X)
= evygro((X ® V)" ® ¢iy)o(@,(X, V) ® Y @ X)
= eVyero(@, X, V) @ X @ V)o(X*" ® V' ® c;(’ly
(12) . » . i »
= (eVX ® evy)O(X ® Cxye RY)o X" Q@Y ® Cxy

=evyo(X* ®@evy ® X)

= (evy ® evy)o(Y* ® ¢y, @ X)o(cy! . @ ¥ ® X)

1) :
= evygx (@, (Y, X) ® ¥ ® X)o(cy! . ® Y ® X)

so that f = @, (Y, X)oc;! . ie. (¢} 0@ (X, Y) = (Y, X)ocy! ..

As a consequence, ’(R, b, ‘ﬁo) is a braided monoidal functor if and only if
@y (Y, X)ocy: y« = @, (Y, X)°C;»«l,x* for all objects X, Y in C. Equivalently one has to ask that
@,(Y, X)ocy. y-oCy- x» = @,(¥,X) for all objects X, Y in C. In particular, if ¢, is a mono-
morphism on components, this is equivalent to ask that cy. y.ocy. y« = ly.gy. Which is

quite close to requiring that C is symmetric.

Proposition 4.2 suggests a suitable context to obtain examples of liftable pairs of func-
tors, as the following result shows.

Proposition 5.5 [7, Proposition 4.6] For a monoidal category C, suppose a lax monoidal
functor (R, ¢2,¢0) : C® = C has a left adjoint L = R. If the induced colax monoidal
structure on L by (1) and (2) is specifically (d)gp, (,bgp), then R = (I:)Up. Moreover, if R has a
left adjoint, then (L, R) is liftable.

Remark 5.6 Keeping the hypotheses of Proposition 5.5 and assuming that A = C, the
functor U : Coalg(C) — C has a right adjoint and Coalg(C) has equalizers, then, by Theo-
rem 1.5, the functor R has a left adjoint L which we will now describe. We have

A =C® B=C.

By assumption, (R, b, d)o) is lax monoidal and it has a left adjoint L = R°P. Moreo-
ver, the induced colax monoidal structure (Wz’ ll/o) on L by (1) and (2) is required to be
specifically (d)gp, d)gp). As in the Setting 3.25 we can regard L as a contravariant func-
tor (=) : C — C and define ¢,(B,B) : B° ® B® > (B® B)® and ¢, : | - [° by setting
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@,(B,B)® = y;,(B,B) and " = y, respectively. Note that, in view of the requirement

(w2 wp) = (@57, ¢y ). we also have @, (B, B) := ¢,(BP, B?) and @, = ¢b.
Assume further that

the tensor products preserve monomorphisms in C;

¢y : I = I°is invertible and the components of ¢,are monomorphisms;

for every X, Y € C, any morphism X — Y in C has a (StrongEpi,Mono)-factorization;
for every algebra B in B, there is a set Sy of good subobjects of B® in C such that each
good subobjects of B in C is isomorphic to an element in Sp.

Since ¢, is invertible, (11) rewrites as ez = ¢510(u3)°oe, so that € is completely deter-
mined and can be ignored in the definition of good object. Thus it suffices to consider
terns (E, Ag, e) such that (10) is fulfilled.

All the above assumptions permit to apply Proposition 3.26.

Then there is (B*,0; : B* > B%) € Sy which is a terminal good subobject of B® in C
such that (B¢, 8) is the sum of the family of subobjects (D, €p)p.eyes, Of BO.

Finally R has a left adjoint L explicitly given by L B = (B*)P.

The following proposition will be applied to C = Vecg,.

Proposition 5.7 Let C be a pre-rigid braided monoidal category. Assume that the forgetful
functor G : Coalg(C) — C has a right adjoint. Assume also that Coalg(C) has equalizers.

Then ((—)* :C—>CP (=) 1 CP > C) is a liftable pair of adjoint functors.

Proof Let R=(-)*: A—> B where A:=C® and B:=C. By the assumptions
on C, the category A =C fulfills the requirements of Theorem 1.5 and hence
R = Alg(R) : Alg(A) — Alg(B) has a left adjoint L. We conclude by [7, Corollary 4.7].

O

The following result is a pre-rigid version of [31, Proposition 8]. Note that, given a
closed monoidal category (C, ®, ), the right adjoint [—, [], of the functor (—) ® [ induces
the functor R = [—,1], : C°® — C. The authors therein call R= Alg(R) the dual monoidal
functor and prove it has a left adjoint in case C is locally presentable. Note also that
a closed braided monoidal category is in particular pre-rigid with pre-dual given by

=) =[-1].

Corollary 5.8 Let C be a pre-rigid braided monoidal category. Assume that C is locally pre-
sentable and that the tensor products preserve directed colimits.

Then ((—)* :C—>CP (=) 1 CP > C) is a liftable pair of adjoint functors.

Proof Since C is monoidal and locally presentable and since the tensor products preserve
directed colimits, by the proof of [28, page 8] (which does not use the symmetry assump-
tion present in the definition of admissible category), we have that Coalg(C) is locally pre-
sentable and comonadic over C. In particular the functor O : Coalg(C) — C has a right
adjoint. By [11, Corollary 1.28], the category Coalg(C) is complete so that it has equalizers.
We conclude by Proposition 4.7. a
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Remark 5.9 In the setting of Corollary 4.8, since C is a locally presentable category, it has
(StrongEpi, Mono)-factorization of morphisms. Thus, part of the conditions of Remark 4.6
are automatically satisfied.

Vecg is an example of a locally presentable category by [27, Theorem 10]. Since the
tensor product in Vec; is ®,, it preserves directed colimits. Thus one can also apply
Corollary 4.8 to this category. Indeed locally presentability is even too much to gain the
liftability of the adjunction induced by the pre-dual in Vec; since in the next subsection
we will be able to directly apply the hypotheses of the Proposition 4.7.

5.2 A group-graded version of Sweedler’s finite dual

We now take a closer look at two examples, by first taking C = Vec, then by taking C = Vec
which is our case of main interest.

The vector space case. Let us consider the case of vector spaces, putting C = Vec,
which is a pre-rigid braided monoidal category, the pre-dual of a vector space V being
given by the linear dual V* :=Hom,(V,k). By Proposition 4.2, we have a functor
R=(-)" : C? - C,X — X* with left adjoint L = R°P. The maps ¢, and ¢, of Proposition
4.2 are defined by

PXY)X'Q@Y - XQY), fRgr m(f®g),
by 1 k- Kk, awal,.

Note that all the requirements of Remark 4.6 are satisfied (in particular all epimorphisms
are regular whence strong), where, given an algebra B = (B, mg, uB) in C, we let Sy be the
set of all good subspaces of B* (we will use the word subspace when the monomorphism is
an inclusion). As a consequence, LB= (B°)°P where B° is the sum of all good subspaces of
B*. By [22, pages 19-20] we know that B° is exactly the Sweedler’s finite dual of B.

Remark 5.10 We point out that the functor L = (—)* : Vec — Vec® has not a left
adjoint. Otherwise there should be a contravariant functor (—)° : Vec — Vec such that
Hom(U*,V) = Homk(V", U) for all U, V in Vec. By choosing U = k, we would get that
V =~ Homy (k*, V) = Homk(Vb,k) = (V*)*. Thus, by choosing as V a vector space with a
countable basis, we would be led to a contradiction as the dual of an infinite-dimensional
vector space never has a countable basis. Similarly one gets that R = (—)* : Vec® — Vec
has not a right adjoint.

The group-graded case. Let G be an abelian group, with neutral element e and let Vec
be the category whose objects are vector spaces (over a field k) graded by the group G. For
objects V = @,c5V,, W = B, W, € Vecg, the set of morphisms in Vec (i.e. degree-pre-
serving k-linear maps) will be denoted as Hom(V, W). The category Vec; admits a monoidal
structure, which we now briefly recall. If V, W € Vecg, thenV @ W := P g(®x}'=g V. ® Wy)
becomes an object in Vec;. The unit object is k = k,. Taking associativity and unit constraints
to be trivial, (Vec, ®, k) indeed becomes a monoidal category.

Note that the monoidal category Vec; is (right) closed. In fact we can consider
the right adjoint to the endofunctor (=) ® V of Vec, (tensor product of graded vec-
tor spaces) and denote this adjoint by HOM(V, —). Since G is abelian, we have that
HOM(V, W) = &,.cHOM(V, W), where
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HOM(V, W), = {f € Homy(V,. W) | f(V,,) € W,, forevery h € G},

for any V, W € Vec. As we already mentioned that a (right) closed monoidal category is
pre-rigid, we get that Vec; is pre-rigid. To avoid confusion with the usual (non-graded) lin-
ear dual of a vector space, the pre-dual of a G-graded vector space V = @,V, in Vec; will
be denoted by V0. Thus V¢ := HOM(V, k). We can write explicitly the graduation of V¢ as

(V9), =HOM(V, k), = {f € Hom(V. k) | f(V,,) € ky, for every h € G}
={f € Hom,(V.k) | f(V},) =0 forevery h € G,h # g~'} = Hom (V,1.k) = (V).

In order to discuss braided structures on Vecg, recall that a bicharacter on G is a map
a : GXG - k\ {0} such that

a(gh,l) = a(g, Da(h,l) and a(g,hl) = a(g, h)a(g, D), forall g,h,l € G.

Letting @ be a bicharacter, we can define a braiding ¢* on Vecg, given on homogeneous
objects by
c“"/wWh VW, > W, YV, vRw i alg,h)w Q@ v.

We notice that, in order for ¢* to be a morphism in Vec, we need that G is abelian. Remark
also that ¢ is a symmetry if and only if moreover holds that a(g, h)a(h,g) =1, Vg,h € G.
In this case we say that « is skew-symmetric. We shall denote the thus-obtained braided
monoidal category as Vec..

Since Vecg, is a braided and pre-rigid monoidal category, we can use Proposition 4.2 to
get that

R := (=) : (Vec)™ — Vecg,

is a self-adjoint lax monoidal functor, for any bicharacter a.

Now, using [3, Corollary 4.6] (note that Vec can be regarded as the category of comod-
ules over the group-algebra kG), the forgetful functor O : Coalg(Vec;) — Vec has a right
adjoint. Moreover any parallel pair f,g : C — D in Coalg(Vec) has equalizer given by

{c€C| Y e ®fc) ®cs =D c; ®&ley) ® 3l

where we are using Sweedler’s notation for the comultiplication®.

As a consequence, by Proposition 4.7 we can conclude that the adjoint pair of functors
(L, R) introduced above is liftable. o

Although it does not seem to appear in literature, the left adjoint L of R = Alg(R) -whose
existence is part of the definition of a liftable pair of adjoint functors- can be described
explicitly. It is our purpose here to do so. Indeed, it is shown below that, given an algebra
B = (B mg, uB) in Vecg, the object LB can be identified with the biggest “good” G-graded
subspace of B®. More precisely, LB = (B*)” where

B = {f € B | &4(f) vanishes on some I € f;},

&g @ B® = HOM(B, k) — Hom, (B, k) = B* denoting the canonical injection and lj; being
the set of finite-codimensional G-graded ideals of B.

3 Note that it coincides with the equalizer of the same pair in Coalg(Vec), see e.g. [2, Remark 1.2].
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Remark 5.11 Note that, if we take G to be the trivial group in the above discussion, we
recover the case of vector spaces. When taking G = (g|g? = ), the cyclic group of order
two, and «a trivial everywhere except for a(g, g) = —1, one obtains the super vector space
case; this incorporates [18, Remark 3.1].

Let us proceed with the details of the computation of LB.

Note that, given objects T'and X in Vec, for every morphism¢ : T ® X — k, the map
' 1 T — X of Definition 4.1 is uniquely determined by the equality ¢ = evyo(t' ® X)
i.e. f'(a) =Ha® —) for a € T. Let us start by describing explicitly some of the maps
given in Proposition 4.2.

Lemma 5.12 The map ¢y(X,Y) : X° @ YO — (X ® Y)° is given, for f € (X°) .g € (Y9),,
by p;(X, V) ®¢g) :=ala,b)m(f ® g). The map ¢, : k > k° is given, for A €k, by
the equality ¢o(1) = Al,. In particular ¢, is invertible and the components of @, are
monomorphisms.

Proof By Proposition 4.2, ¢,(X, Y)is given, for f € (Xo)a, g€ (Y 0) »» Dy the equality
-1
DX @ ) = (evx ®evy) (X0 @ (cxyo) " @Y ) @@ ).
Given x € X,y € Y, we have f(x) = J,,f(x) and g(y) = 64,,8(y) so that

DX @ @) =|(evy ®evy)o(X0® (cr) " @) |F R @ @Y

=a(c, b)) f()(Y) = 8.0,00402(c, b)) F(X)8()
=a(a, bf (0)g(y) = ala, bym(f ® g)(x ® ).

Thus ¢, X, Y)(f ® 8) := a(a, b)m(f @ g). On the other hand ¢, is uniquely determined,
for A € k, by the equality ¢y(4) = m, (A ® —) = 11, a

Remark 5.13 We  already noticed that the lax  monoidal  functor
R :=(-)° : (Vec})® — Vecy, induced by the pre-dual is part of a liftable adjoint pair
of functors (L, R). Moreover, by Lemma 4.12 we know that the components of ¢, are
monomorphisms. Thus, in view of Remark 4.4, we have that R is braided if and only if
C;’Y* ocy, x = lrex: for all objects X, Y in C. In particular this holds if ¢* is a symmetry,
which happens if and only if « is skew-symmetric. In this case, we get an induced auto-
adjunction (Z, E) on the category of bialgebras in Vecg,, i.e. “color bialgebras” (in the sense

of [5, Section 1.4] e.g.), for any such a bicharacter a.

Note that all the requirements of Remark 4.6 are satisfied, by the discussion above
where we chose Sy to be the set of all good G-graded subspaces of B (as in case of Vec,
we will use the word subspace when the monomorphism is an inclusion). Thus, given
an algebra B = (B, mg, ug) in C = Vecg, we get that LB can be identified with the big-
gest good G-graded subspace of B®. Explicitly, there is (B, 05 : B* — B°) € Sp, where
05 : B* - BPis the canonical inclusion, which is a terminal good G-graded subspace of
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BO such that (B¢, 6p) is the sum of the family of G-graded subspaces (D, €p)D.eyes, OF
B°. Finally L is given by L B = (B*)°P.

To round off this example, let us further refine the description of (B*, 0p). To this aim
denote by 5’; the set of finite-dimensional good G-graded subspaces of B°.

Lemma 5.14 (B*,0p) is the sum of the family of finite-dimensional G-graded subspaces
(D, eD)(Q,eD)eS; OfBO.

Proof Let (E, AE,e) be a good G-graded subspace of B°, where ¢ : E — B° denotes the
canonical inclusion. Then the right-hand side square in the following diagram commutes
by (10).

(mp)®

C i E < B (B® B)°

CoC EoE— % . pogpe —2PP _peppe

Y&y

Consider a subcoalgebra (C, Ap,eg,y : C— E) Hence the external diagram above
commutes. This means that (C, Ag, eoy) is a good G-graded subspace of B°. This proves
that a subcoalgebra of a good G-graded subspace of B® is a good subspace of B°.

Given (D, e;,) € Sg, we know that D becomes a G-graded coalgebra, cf. the dual result
of Lemma 3.20. Hence we can apply [3, Theorem 4.5] to get that each D is sum of finite-
dimensional G-graded subcoalgebras. Since a subcoalgebra of a good subspace of B¢ is
again a good subspace of B®, we can write (B*, 6p) as the desired sum. a

In order to describe the elements in S’;, we first need the following lemma, which

further specifies other maps involved in Proposition 4.2.

Lemma 5.15 The morphisms ny,jy : X = X% are given, forx € X, f € (Xo)b, by

() = a(a,a)”f(x), forx € X,,f € X°,
Jx@() = ala,a)f (x), forx € X,,,f € X°.

Moreover these ny and jy are both injective.
Proof By Proposition4.2,forxe X, f € (Xo)b, we have
(13) -
ny()(F) = evycy yo(x @ f) = a(a, b)f (x) = 8, ,a(a, b (x) = ala,a)” ' f(x),
. (14) -1 _ _
K = evy(exox)” ®f) = alb,a)” f(x) = 8,,a(b, ) f(x) = ala, a)f ().
Let us check the injectivity. Let x € X, be nonzero. If we complete x to a basis of X we

can consider the map 4, € Hom,(X, k) such that A.(x) =1 and A, vanishes on the other
elements of the basis. By construction 4, € HOM(X,k),i. Thus we can compute
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ny®)(4,) = a(a,a)™" 1,(x) = a(a,a)”" # 0. This proves that (ny), is injective and hence 7y
is injective. Similarly one gets that jy is injective. O

We are now ready to provide the promised description of B¢,

Proposition 5.16 We have that B* = {f € B | &4(f) vanishes on some [ € 17; }, where Zj;

denotes the set of finite-codimensional G-graded ideals of B and &z @ B® - B* is the
canonical injection.

Proof Let (E Ag, e) be a finite-dimensional good G-graded subspace of BP. Since E is
finite-dimensional we have that E® = HOM(E, k) = Hom(E, k) = E* (see [24, Lemma
3.3.2]). Thus in this case ng,j; : E » E® = E**. Since, by Lemma 4.15, these maps
are injective maps between spaces with the same dimension, we deduce that 7, j, are
invertible.

Since (B*,0; : B* — B°) € S is a terminal good G-graded subspace of B, there is a
G-graded coalgebra map f : E — B¢ such that z0f = e. Thus we get the algebra mor-
phism (f)°P : (B*)°P — (E)°P. If we regard (E, e) as the epi-induced object <E°P =E®, e"P)
of B, we can rewrite this morphism as for 1 LB — E° where f°P = (f)°P. Then, if we
recall that the canonical projection p : LB — QLB is just p=0, P and we apply to
f°p : LB — E°P the following adjunction, where AP = B = Vecy,

Homyg 4 <Z§,ﬁ) = Homy, s, (E,Eﬁ) the ﬁh0ﬁ§,

we get the algebra morphism 7 := ﬁ]T’Poﬁf :B— RE. To get a better description of
this morphlsm recall that the unit %7 of (L, R) is given by Qg = R'kgon, where R’ := RQ
and ' := RaLon (see the proofs of Proposition 2.2 and Theorem 2.5). Moreover, by Prop-
osition 2.4, the morphism p : LB — QLB can be written in terms of kg . TLB — LB as
p = Qkgoa; z. Therefore we get

Qnz = RQizoRa gong = Rpong = HgonB : B— RQLB = QRLB = B*,
and hence
75 = Q7 = R(f®)oQifz = foo0ony = (050f) oy = oy : B — E.

Since 7y is a G-graded algebra map, then the kernel of the map 7, say /, is obviously a
G-graded ideal of B. Consider the following exact sequence
iy B

0—>I—>B—-—>7—>O

Since it is a sequence in Vec -which is a semisimple category- applying the contravariant
functor (—)°, we get the exact sequence

o 0
0 (173) NN N (15)

Since I = KCI‘(TB) there is a G-graded algebra injection 4, : = — E? such that
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Aop; =75 = e%onp.

Since E is finite-dimensional, so is E® and hence B/I is, too. This shows that I has finite
codimension whence I € I;. Define the map

oo (E—’ g O () )

Note that yj is surjective as jj is invertible and ()»,)<> is surjective. We compute

(P1)0°ZB = (P1)0°('11)0°jE = (’73)0“%%‘ = (’73)0°j3<>°€ =e

so that the following diagram commutes

From this diagram, since e is an inclusion, we deduce that y; is injective. Since we
already know that y; is surjective, we get that y, is invertible and hence

=Im(e) = Im(pl) This proves, in view of Lemma 4.14, that B* C Zlezf Im(pl)

Conversely, let I € f and let us check that Im(pl) belongs to Sf Note that
@,(B/1,B/I) : (B/I)° ® (B/I)<> — (B/I ® B/I)° is an injective map between spaces with
the same dimension as (B/)® = (B/I)* and (B/I ® B/I)° = (B/I ® B/I)*, B/l being finite-
dimensional. As a consequence @,(B/I,B/I) is invertible. Thus we can define a unique
Ay /10 such that the following diagram commutes

(%)’

(g’
(? \

By using the definition of Ag /10 and the naturality of ¢,, one obtains that

o mp)®
(%)O (pr) B (mp) (B@B)O

A(B/mi l%s@s)o

o o
(?><> ® (?)o (pr)° ®(pr) B BO ¢2(B,B) (B®B)<>
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This means that ((B/I)<> A(B /10> p?) is a good G-graded vector space of B® and hence

Im (pl) is a good G-graded subspace of B°. Thus Im (pl ) becomes an object in 5f Sum-
ming up we proved that B¢ = ) ez, Im ().

In order to arrive at our goal we now give another description of Irn(pl) Let
&y 1 X¢ > X* denote the canonical injection. Note that, by the commutativity of the fol-
lowing diagram

iy
BT o

1770

and the injectivity of &, we get the following alternative description

Im(p?) = Ker (i%) = Ker (&0i%) = Ker (ifo&y) = &' (Ker(if)).

Therefore

B = Z Im(p?) = Z &' (Ker (if Z Ker (i

Ielg IGI; IeIg

e U Ker(it) | =17 € B 1 &0 € | Ker(i7)
IEIZ IGI;

where in (%) we are using that {Ker( ) WES Zf } is a direct set of subobjects of B*
, given I,Jelj;, there is K EZf such that Ker( ) C Ker( ) D Ker( ), namely
K =1nJ,see [30, Theorem 8.6(4)] .
In conclusion, noting that &z(f) € Ker(i’;) if and only if &z(f) vanishes on I, we get

Bt = {f € B | &g(f)vanishes on some I € ng } a

In conclusion, we got an explicit analogue of Sweedler’s finite dual in Vec;. More gen-
erally, having in mind that Vec; can be regarded as the category of comodules over the
group-algebra kG, we expect that one could carry out computations as in Vec for the cat-
egory of comodules over a coquasi-bialgebra.
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