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Abstract: Many physical and biological phenomena are characterized by time asymmetry,
and are referred to as irreversible. Time-reversal symmetry breaking is in fact the hallmark
of systems operating away from equilibrium and reflects the power dissipated by driving
the system away from it. Time asymmetry may manifest in a wide range of time scales;
quantifying irreversibility in such systems thus requires methods capable of detecting time
asymmetry in a multiscale fashion. In this contribution we review the main algorithmic
solutions that have been proposed to detect time irreversibility, and evaluate their per-
formance and limitations when used in a multiscale context using several well-known
synthetic dynamical systems. While a few of them have a general applicability, most tests
yield conflicting results on the same data, stressing that a “one size fits all” solution is still
to be achieved. We conclude presenting some guidelines for the interested practitioner, as
well as general considerations on the meaning of multiscale time irreversibility.

Keywords: irreversibility; time-reversal symmetry breaking; multiscale

1. Introduction

Time-reversal symmetry is the symmetry under the time flow transformation ¢ — —t¢
of a physical law or of its realizations. Processes which are invariant under this transfor-
mation look the same as the flow of time is reversed and are called reversible, while those
which are not are said to be irreversible. Reversible processes and their time-reversed
version are indistinguishable, at least in a statistical sense. Conversely, the larger the differ-
ence between a process and its time-reversed version the easier it is to distinguish them.
Thus, time-reversal symmetry quantifies the extent to which it is possible to distinguish a
preferred time direction of a time-ordered realisation of a stationary stochastic process [1].
Irreversibility is a characteristic feature of systems, e.g., living or more generally active
matter, operating away from equilibrium [2]. These systems use free energy to perform
work or to store energy. For instance, in biological systems mechanochemical reactions at
microscopic scales use free energy through metabolism to drive large-scale rearrangements
and functions [3]. Thus, thermodynamic irreversibility is a key property of non-equilibrium
systems, crucial for maintaining the complex spatio-temporal structure and functions that
they support. According to the second law of thermodynamics this transformation is asso-
ciated with an irreversible increase in entropy of the environment, usually associated with
dissipated heat. The thermodynamic rate at which entropy is produced can be understood
in terms of asymmetry of temporal disorder, whereby the probability distribution of the
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forward path decays slower than the corresponding time-reversed path [4,5]. For non-
equilibrium steady state systems, the entropy production is proportional to the difference
between the Kolmogorov-Sinai entropy of the forward and backward paths, reflecting
the fact that forward paths are more ordered than their time-reversed correspondent [4,6].
Thus, measuring irreversibility is in some sense tantamount to quantifying the extent
to which a system operates far from equilibrium. Moreover, the higher the entropy lost
to dissipation, the more conspicuous the time asymmetry, suggesting that time-reversal
symmetry can be used not only as an indicator of whether a system is at equilibrium or not,
but also as a quantifier of its distance from such a condition [7]. It is worth noting that while
the same basic definition of time-reversal symmetry applies to purely time series and to
physical contexts, profound context-dependent differences may arise in the way this may be
ascertained. In the former approach, time reversal results from the time-reversal operator
itself, and what is evaluated is typically a local function; in the latter, time reversal results
from an experimental protocol inversion, and this implies some practicalities, related to the
fact that what is evaluated is a probability distribution.

There are various ways in which one can, in principle, determine whether a system
lies far from equilibrium and quantify the distance from such a condition [2]. For instance,
at thermal equilibrium, the average power spectrum of fluctuations in the unperturbed
system is related to the linear response function through the fluctuation-dissipation theo-
rem [8], a condition typically violated in a system operating away from equilibrium, such as
neural populations [9-13]. However, this approach requires perturbing the system, which
may often not be possible. Moreover, equilibrium fluctuations obey detailed balance of
the probability fluxes, meaning that the net current between any pair of states vanishes
at long enough times [14-16]. Broken detailed balance entails asymmetric transition rates
between pairs of microstates, breaking time-reversal symmetry and allowing cycles in the
phase space.

From a time series viewpoint, it is important to characterize the properties underlying
stochastic processes associated with the time-reversal symmetry and its breakdown [17-19]
(see [20] for a review). It has been shown that reversibility implies stationarity [18] and that
linear Gaussian random processes and static non-linear transformations of such processes
are reversible, whereas time irreversibility implies non-linear dynamics, linear or non-linear
non-Gaussian processes as possible generative processes [17-19]. Indeed, memory breaks
time-reversal symmetry, acting as a dissipative force, whereas noise results in a loss of
irreversibility [21]. Thus, estimating the degree of irreversibility of a time series implicitly
quantifies the degree of non-linear dependences.

One important question has to do with the temporal scale or characteristic time at
which time-reversal symmetry emerges [22]. In general, characteristic times provide an
order of magnitude of the speed of a process. This is often thought of as a measure
of how fast that process approaches equilibrium after some perturbation. To illustrate
how a process can be endowed with time scales one may consider a dissipative dynamic
process describing the motion of a diffusing macroscopic particle in a configuration space
subject to a viscous friction, changing with a time scale 7;;, and to an additive random
force #(t) drive having a characteristic time 7. If the noise has fast vanishing Gaussian
delta-correlated fluctuations, and 7, < Ty;, the temporal autocorrelation of macroscopic
velocity fluctuations C(7) decays as exp(—t/ Ty ). T is unique and is called characteristic
time. The characteristic time 7, the corresponding correlation time, i.e., the integral of the
autocorrelation function over its support, and the correlation length, i.e., the value ¢ such
that C(t = ) = 0, endow a given process with a temporal scale and can be understood as
measures of how fast the system loses memory of its own past [9].
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Various systems are inherently multiscale, i.e., important features appear at multiple
scales of time and/or space. Multiscaleness can arise in different contexts and for different
reasons. For complex systems, such as macroscopic phenomena, it may be the result of the
interplay of multiple processes evolving at different time scales. For instance, biological
systems can in general be thought of as driven non-equilibrium systems with chemical
reaction networks, each having a characteristic time scale given by its kinetic reaction
constant. In other cases, multiscaleness may reflect qualitatively different behaviours at
different time scales. A typical example is viscoelasticity, which shows elastic properties
at short time scales, and viscosity at long ones. Multiscaleness may also be understood
in terms of the relationship between the fluctuations of an unperturbed system and the
relaxation properties of that system following a perturbation. For a system at equilibrium,
the autocorrelation function in the unperturbed system and the response to an external field
conjugate to some observable are related through temperature. In an equilibrium system,
any thermometer coupled to a part of the system reads the same temperature [8]. In out-of-
equilibrium systems, thermalization happens at widely different time scales simultaneously,
within the same region of space [23]. Remarkably, a system may be at equilibrium on one
scale and out of equilibrium on another [23]. In such systems, irreversibility may present
non-trivial scale-dependence [24,25]. For instance, irreversibility may be undetectable at
microscopic scales and appear at mesoscopic ones [14] and vanish again at macroscopic
ones [24]. Indeed, complex biological systems such as the brain [26,27] or the heart [28]
exhibit scale-dependent time-reversal symmetry breaking. Thus, in a multiscale system,
irreversibility defines a relationship between the system’s dissipation time scales and the
system’s nonequilibrium activity. As in the single scale case, detailed information about the
time scales of nonequilibrium fluctuations could in principle be revealed in various ways,
e.g., through departures from the fluctuation-dissipation theorem; however, this usually
requires prior information about the mechanisms. In practice, methods designed to detect
and quantify time-reversal symmetry breaking resort to coarse-graining procedures that
are independent of the intrinsic structure of the system, so that ultimately the system is
understood to be irreversible if time-reversal symmetry is broken not only in the original
time series but also in coarse-grained versions of the same [29].

While not as widespread as the analysis of the single-scale version, various ways
to quantify multiscale irreversibility have been applied in fields ranging from biological
systems, including heart rates and dynamics [30-34] and cell metabolism [25], to financial
markets [35,36], gas and fluid dynamics [37,38], and technological systems [39].

It is important to note that, from a time series analysis viewpoint, time scales typically
take two meanings. On the one hand, when exploring the space of possible time scales
ranging from the smallest time unit (sampling rate in an experimental setting) to the
observation time, a time scale simply corresponds to a convenient fraction of the latter
measured in units of the former. The process through which the space is explored is named
coarse-graining. Down-sampling is a particular coarse-graining procedure. On the other
hand, an intrinsic time scale of the studied process is the part of the scale space at which
a given property features. In the specific case of interest in this paper, it is the particular
scale at which the system shows time-reversal symmetry. Note that, while coarse-graining
degrades the estimate of a property featuring at a given scale (this is for instance the case of
entropy production estimates, which are quantitatively less accurate though, importantly,
not qualitatively distorted), it also allows for highlighting multiple scales at which a process
can feature a given property.

In the remainder, we test 15 existing algorithmic procedures for detecting irreversibility
in time series and quantify their performance in a multiscale context, using several synthetic
dynamical systems of well-understood properties and their coarse-grained versions. This
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work is thus complementary to and expands on Ref. [20], where the same tests were
evaluated in a single-scale context. We start by introducing the basic methods, including the
irreversibility tests (Section 2.1) and the algorithms for coarse-graining (or downsampling)
the time series (Section 2.2). We then present in Section 3 a synthetic model able to generate
time series of tuneable irreversibility at specific time scales, thus allowing us to perform a
first comparison of the considered tests. Next, we move to some well-known dynamical
systems, including the Lorenz dynamical system (Section 4), the asymmetric Weierstrass
function (Section 5), two Brownian motion models (Section 6), and two unidimensional
discrete chaotic maps (Section 7). This is complemented in Section 8 by an analysis of the
multiscale irreversibility of a real-world system, specifically the evolution of Bitcoin prices.
In each case we present a review of the evolution of the irreversibility as a function of the
considered time scale 7, in addition to other analyses when relevant; full results are also
included in Supplementary Material. Finally, in Section 9 we discuss the main results and
draw some general conclusions.

2. Methods
2.1. Irreversibility Tests

For the sake of completeness, in what follows we briefly describe the 15 irre-
versibility tests considered in this work, presented in alphabetical order. The inter-
ested reader can find further information in the provided references, as well as in
a previous review on the topic [20]. A synthesis of the tests, with basic references
and default parameters, is additionally reported in Table 1. The software implemen-
tation of all tests corresponds to the one available at (Irreversibility Tests Library at
https://gitlab.com/MZanin/irreversibilitytestslibrary (accessed on 20 December 2024)).

e BDS. Brock, Dechert and Scheinkman [40-42] proposed a test for low-dimensional
chaos based on the calculation of the statistics:

wy(r,T)=VT o T) , 1

with x(t) being a time series of T observations, Cy, (7, T) is the sample correlation
integral at embedding dimension m and scaling parameter r, and y,(r, T) is the
estimated standard deviation of the statistic under the null hypothesis of independent
data. Under such hypothesis, w, is distributed asymptotically as N (0,1). Note that
this null hypothesis implies both the absence of low-dimensional chaos, and, relevant
for this work, of time asymmetrical dynamics.

*  COP. Continuous Ordinal Patterns [43] (COPs in short) are an evolution of permutation
patterns (which will be described below) that allow the seamless integration of the
amplitude of the time series into the analysis, hence addressing one of the main
limitations of the latter ones [44,45]. Given a COP and a sub-window of the time
series, a distance ¢ between both is calculated. When this process is repeated over
the whole time series, the distributions of ¢ for the original and time-reversed time
series are expected to be the same in the case of time reversible processes; hence,
irreversibility can be tested, e.g., through Kolmogorov-Smirnov two-samples test on
the two distributions.

*  Costa Index. This test was originally proposed as a description of heartbeat dynamics,
but later found general applicability [46]. It is based on the comparison of the number
of instances in which the time series increases or decreases, i.e., x(t) > x(t+ 1) vs.
x(t) < x(t+ 1), which are expected to be similar in a time series that is time-reversible.
A p-value is obtained by comparing the difference in the number of such instances
with that expected in surrogate versions of the original time series.
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DFK. This test, introduced by Daw, Finney, and Kennel (hence the acronym) [47], is
based on partitioning the time series in n equiprobable regions, with each one repre-
sented by a symbol, for then mapping each time series’ value into one of them. Next,
groups of L consecutive symbols are merged together to create “words”. Irreversibility
is finally assessed by comparing the probability of appearance of each word in the
original and time-reversed time series, normally using a x test.

Diks. The Diks’ irreversibility test is based on evaluating whether two sets of vectors,
extracted from the original and time-reversed time series, correspond to the same
multi-dimensional probability distribution [48]. Specifically, vectors representing
subsets of the original time series are extracted, usually non-overlapping sub-windows
of embedding dimension m and with an embedding delay t; afterwards, the distance
between these and their time-reversed counterpart is evaluated. As a final step,
the resulting distances are compared with an unbiased estimator under the null
hypothesis of independence.

Local CC. Along with the Visibility Graph method (see below), this test is based on
representing time series as complex networks [49], i.e., graphs composed of nodes that
correspond to individual data points, pairwise connected when the underlying values
fulfil some geometrical rules [50]. In the simplest case, links can be created whenever
the line connecting the values corresponding to two nodes is not obstructed by another
intermediate point; in other words, when values “can see each other”. The result
is called directed Horizontal Visibility Graph (dHVG) [50]. Once such a network is
created, it can be analysed in several ways. As proposed in Ref. [51], a possibility is to
compare the retarded and advanced local clustering coefficients, i.e., the propensity
of the network to form triangles, respectively, backward and forward in time. These
two sets of values are then transformed into a p-value using a Kolmogorov-Smirnov
two-samples test.

MS Trends. This test is based on micro-scale trends, i.e., the slopes of linear fits (or
the highest-degree coefficients in polynomial fits) obtained for small overlapping
sub-windows of the original time series [52]. As reversing the arrow of time of a
series results in a change in the sign in the slope, i.e., from & to —a, a sufficient
requirement for time irreversibility is to observe a probability distribution of the
slopes not symmetrical with respect to zero. This can easily be tested through a
Kolmogorov-Smirnov test. The parameters of the analysis are the length 6 of the
sub-windows, and the degree d of the polynomial fit.

Permutation patterns. Family of tests based on the symbolisation of a time series using
permutation patterns, i.e., the rank sequences corresponding to short sub-windows
of size D of the original series [53-55]. The resulting symbol frequencies are then
analysed to detect time asymmetries, or deviations with respect to what is observed in
the surrogate time series. Many similar tests have been proposed, mostly varying in the
way the statistical significance is calculated [56-60]. We here specifically consider what
is proposed in Ref. [56], involving the calculation of the difference in the frequencies
of each pattern and of its time-reversed version, and the evaluation of the statistical
significance of such a difference through a binomial test.

Pomeau. One of the first tests proposed to detect irreversibility in a time series (see
also [17,61]) was introduced by Yves Pomeau in 1982 [1]. It is based on calculating a
time-asymmetric function on the data, defined as follows:

() = x(t)[x(t +271) — x(t + 7)](x + 37), ()
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with T being a lag constant here, set to 1. The obtained value of ¥ is then compared
to what was obtained in a large set of surrogate time series, in order to obtain an
approximated p-value.

Ramsey. James B. Ramsey and Philip Rothman proposed a test for irreversibility based
on the comparison of the method-of-moments estimators of two sample bicovari-
ances [62], respectively, given by the following:

T
Boi(k) =(T—k)™" Y xfx;y
P
. T
Bip(k) = (T—k)™' Y xixf
P

Here, T is the total length of the time series, and k is a parameter defining the lag—
i.e., not dissimilar from the T in the Pomeau’s test. When the time series under
analysis is time-reversible, the difference between B, 1 (k) and B » (k) tends to zero;
hence irreversibility can be evaluated using a t-test.

Skewness. This test, initially proposed by Demetris Koutsoyiannis in Ref. [63] and
subsequently extended in Ref. [64], is based on considering the original time series
x(t) and its differenced version %(t) = x; — x;_1. The skewness (i.e., the degree of
asymmetry in the distribution) of these two time series is calculated, respectively
denoted as Cs and C;; finally, a time-irreversibility index is defined as a = Cs/Cs.
As discussed by the authors, a large positive value of a denotes a large time asymmetry.
This index is further compared to what obtained with a large set of surrogate time
series to obtain a p-value.

Ternary Coding. Conceptually similar to several other tests here discussed, most notably
the Permutation Patterns’ one, this test is based on symbolising the values of the time
series, for then evaluating the difference in their frequency under a time-reversal
operation [30]. Specifically, a time series x(t) is differentiated as d(t) = x(t +1) — x(t),
and transformed according to:

1, ifd(t) >«
s(t) =< —1, ifd(t) < —a 3)

0, otherwise.

Note that here « is calculated from the data distribution through its percentile; hence,
a value of & = 10 implies that the 10% largest values are encoded with a 1 symbol.
The full test is performed by splitting the original time series into D non-overlapping
segments, and by evaluating if the frequency of the 1 and —1 symbols is statistically
different across them.

TP Length. This test leverages the idea of trend patterns [65], i.e., sequences of con-
secutive values in the time series with a monotonous trend—either increasing or
decreasing. Given a time series, this can be divided in trend patterns, and subse-
quently their length can be encoded in a probability distribution. As a final step,
the length distribution of the original and time-reversed time series are compared,
as these should be equal in a time reversible dynamics.

Visibility Graph. Original irreversibility test [66] based on the analysis of the directed
Horizontal Visibility Graph (dHVG) [50]—see the description for the local CC. In this
case, a time series is classified as irreversible if the distributions of the number of links
arriving at and departing from nodes (known, respectively, as the in- and out-degrees)
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are different in a statistically significant way, e.g., according to a Epps-Singleton
test [67].

*  Zumbach. In the original Ref. [68], Gilles Zumbach proposed several tests to detect
time irreversibility in a financial time series; in spite of the very field-specific initial
definition, they have been found useful outside their initial scope. The one considered
here starts by transforming the original time series into a time series of returns,
ie, %(t) = logx(t)/x(t —1). Next, at each time f, two volatilities are calculated: a
first one, called historical, with over all values between t — Jt and t; and a second one,
called realised, in the future data from t + 7 (y being called the granularity) to t 4 6t.
The volatility is simply defined as the sum of the square of values in the considered
time window. Note that, from the point of view of a value at time point ¢, these
correspond to the past and future volatilities, and should therefore be equal under
a time-reversal operation. Such equality, for all values of ¢, is finally tested using a
two-sample Kolmogorov—Smirnov test.

Table 1. Synthesis of the irreversibility tests here considered, along with basic references and
default parameters.

Test Name Reference Parameters
BDS [40,41] m=2,r=15
cor [43] D=3

Costa Index [46] -

DFK [47] n=3L=3
Diks [48] m=6rT1=1
Local CC [51] -
MS Trends [52] 6=20,d=2
Permutation patterns [56] D=3
Pomeau [1] T=
Ramsey [62] k=
Skewness [63] -
Ternaty Coding [30] a=10
TP Length [65] -
Visibility Graph [66] -
Zumbach [68] 0t=20,v=3

2.2. Downsampling Algorithms

Some of the previously mentioned tests have some form of multiscale capability
already included in their definition, which involves performing the analysis using non-
consecutive data points. Specifically, permutation patterns, Pomeau’s, and Ramsey tests
include an embedding lag parameter (respectively called D, 7, and k). Others could be
trivially adapted; for instance, Costa Index could be modified to detect increments as
x(t) > x(t + 7), as opposed to x(t) > x(t + 1). Still, many tests were not designed with
multiscale analyses in mind.

In order to provide a homogeneous test bed for all of the above tests, we here opted
to pre-process the time series, as is frequently performed in the literature. Hence, given a
time series x(t) and a scale parameter T, the former is transformed into a new one through
two downsampling algorithms:

e 1:N downsampling: £(t) = x(tt), i.e., one every T elements are retained.
e Average downsampling: %(t) = Z]-Tit;l)
correspond to the average of non-overlapping windows of size T of the original

x(j)/T. As the name implies, the new values

time series.
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As in the case of irreversibility tests, the software implementation of these two down-
sampling methods corresponds to the one available in (Irreversibility Tests Library at
https:/ /gitlab.com/MZanin/irreversibilitytestslibrary (accessed on 20 December 2024)).
As a last note, all time series used in what follows are constructed to have the same length
irrespective of T. Thus, unless otherwise specified, we here consider time series £(t) of
length 10%, which have been obtained from raw time series x(t) of length 10*t. This is
necessary, as the p-value obtained by any test changes as a function of the quantity of input
data; therefore, the latter has to be kept constant throughout the different values of 7.

2.3. Evaluating Statistical Significance

In the analyses that follow, the previously described tests will be applied to time series
generated with different dynamical systems, in order to evaluate whether they are time
irreversible and the intensity of such irreversibility. The software implementation of the
tests always yields a p-value—see the above description and the online documentation
for details about how this is obtained. Given a set of parameters, including for instance a
given value of 7, each test is applied to a large set of synthetic time series and the resulting
p-values are synthesised in two metrics: (i) the fraction of time series whose p-value is
smaller than a threshold « = 1073; and (ii) the median of the p-values.

The first metric is equivalent to what a practitioner would do when evaluating the
statistical significance for a single time series, and assesses the probability of obtaining a
significant value. Note that, in the ideal case and given a set of parameters, one would
expect all generated time series to be either time reversible or irreversible; yet, due to the
stochastic nature of the generation process, and in some cases of the tests themselves, inter-
mediate situations are frequently found. On the other hand, the second metric measures the
average intensity of the irreversibility, using the p-value as a proxy for it. While individual
p-values are the result of a formal statistical test, the corresponding median is not to be
understood as such, but only as a quantitative proxy of the intensity.

3. A Synthetic Model for Multiscale Irreversibility

In order to illustrate how irreversibility can emerge in a time series in a multiscale
way, we here consider two simple discrete and univariate models. The first one is defined
as follows:

3 I *
() = U,1) ift = k”.f , @
[x(f—1) —u] mod1 otherwise,

withk e N,0 < u <1/t*,andU(0,1) an independent random number is drawn from a
uniform distribution between zero and one. As illustrated in the top left part of Figure 1,
this model creates time series with a block structure of length 7*. Within each block, the first
value (see solid circles) is drawn at random, while subsequent ones are equal to the previous
value shifted by y. In other words, T* defines the scale of the irreversibility through a reset
process. Finally, note that the shifted (i.e., non-random) values are kept in the range [0, 1]
by means of the modulus operator.

It is simple to visualise how and when irreversibility emerges in this model. When
T* = 2, one of every two values is random, with the intervening ones being a function of
the previous points. If the raw time series is analysed, this is clearly irreversible, as x(t) is
generally smaller than x(t — 1) for even values of . The time series is thus non-stationary,
except for the hard resets introduced at fixed intervals. On the other hand, let us suppose
that the time series is downsampled by a factor of two, i.e., one of every two points is
retained. In this case, the resulting time series is either a set of random values (if even ts
are retained), or a set of random values shifted by yu (if odd ts are retained): in both cases,
the time series is completely stochastic and hence time-reversible. Let us next move to
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the case 7" = 3. Similarly to the previous case, the raw time series are irreversible due
to the trend introduced by y; yet, here the time series created by discarding one every
two points is also irreversible, as the trend will be visible for some ts—for instance, in the
top example of Figure 1, the first and third points will be retained, hence creating an
irreversibility. In short, this first model should be detected as irreversible only if T < 7%,
and time-reversible otherwise.

An additional variation of this model is also illustrated in the bottom part of Figure 1,
and is defined as follows:

U,1) ift mod (7" +1) < 7,
x(t) = . ©)
[x(t—1")—u] mod1 otherwise.

In this case, blocks of T* random values are generated; next, a data point  is added,
defined as the value at time t — ¥, further modified by u. Let us again analyse what the
result of an irreversibility evaluation should be. First of all, when considering the raw
time series (i.e., T = 1), no irreversibility should be detected; note that, while one of every
T* + 1 points is a function of a previous one, such a signal is very weak and is obfuscated
by all the other random values. A trend is only included in the downsampled time series
when the two corresponding points are sampled, i.e., the data points at time ¢ and f + 7*.
In other words, this second model should be detected as irreversible only when T = 7%,
and time-reversible otherwise.

The right part of Figure 1 reports when each irreversibility test yield statistically
significant results, for the two models of Equations (4) (top) and (5) (bottom); and as a
function of the model time scale 7%, and the downsampling factor 7. In all cases, 200 time
series of length 10* were analysed, and with # = 0.05. Results are generally as expected,
with most test detecting time irreversibility for T < 7* in the former case, and for T = 7*
in the latter case. At the same time, some differences between tests start to emerge: to
illustrate, the Ternary Coding test is more effective in the first case, while the DFK test
detects irreversibility only in the second model. Also, Pomeau’s and Zumbach's tests fail in
both cases. These differences will further be explored in the next sections.

Beyond the differences between tests, these two synthetic models illustrate two com-
plementary ways in which the multiscale nature of irreversibility can emerge. The first one,
represented by the model of Equation (4), is through the loss of memory: the dynamical
system is irreversible, but such a property depends on the memory of the past dynamics,
which is lost due to the hard reset imposed at the time scale defined by 7*. The resulting
time series are thus irreversible up to that time scale, but appear as stochastic above it.
Some examples of this will include the geometric Brownian motion with stochastic reset-
ting, presented in Section 6; and classical chaotic maps, see Section 7. The second one,
represented by the model of Equation (5), consists of systems for which the irreversibility
only manifests when one (or multiple) specific time scale(s) is (are) analysed, while the
dynamics is time-reversible at all other scales. When analysing the evolution of the test
significance as a function of 7, for instance through the evolution of the p-value, this will
manifest as local minima. The clearest example of such behaviour will be seen in the next
section, with the Lorenz dynamical system.
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Figure 1. Synthetic models of multiscale irreversibility. The top and bottom parts correspond to the
models described, respectively, in Equations (4) and (5). The left images graphically represent how
the time series are created—see the main text for in-depth explanations; the detected irreversibility is
reported in the right part. Specifically, each bar reports the evolution of the median p-value yielded
by each test, as a function of the downsampling 7, as calculated over 200 independent realisations.
Colour intensities indicate the p-value, from 1.0 (light shades, not irreversible) to 0.0 (dark shades,
irreversible). From bottom to top, bars in each set correspond to different values of T, from 2 to 6.

4. The Lorenz Dynamical System

We then move to the analysis of synthetic time series generated by the Lorenz dy-
namical system, which was chosen as it presents richer multiscale dynamics. For the sake
of clarity, in what follows the main figures represent a synthetic version of the results,
and specifically the evolution of the average p-value obtained by each test as a function of
the time scale 7. This is represented through bars, with the colour intensity depicting the
p-value—dark shades indicate more statistically significant results. At the same time, the
complete results are reported in Supplementary Material, both in terms of the evolution of
the p-value and of the fraction of the statistically significant tests as a function of .

The Lorenz dynamical system, introduced in 1963 as a minimal model for weather
forecast [69], is one of the first systems known to exhibit a chaotic behaviour. It is defined
as the following set of three differential equations:

dx

E—a(y—x)
dy _
E—X(P—Z)—y
@

i xy — Pz.
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We here consider the parameters ¢ = 10, p = 28, and = 2.667, thus in the chaotic
regime; time series are generated by integrating with a time step of 6t = 0.01. In what
follows we specifically focus on the evolution of z, although similar results can be obtained
with the two other variables.

Due to the auto-correlation structure in the time series, the result is also a struc-
ture in the obtained irreversibility—note that this was already illustrated in previous
works [52,56,70]. As previously explained, the main results are synthesised in Figure 2,
while complete results are presented in Figures S1 and S2. The multiscale structure is
clearly visible, as indicated by the dark bands inside each bar of Figure 2. At the same
time, several interesting facts ought to be highlighted. First of all, the average downsam-
pling (blue bars and lines) generally yield smaller p-values than the 1:N downsampling
strategy—something that will be common, but not constant, throughout other time series
types. Secondly, the multiscale structure can only be really appreciated when considering
the evolution of the p-value, as e.g., in Figures 2 and 51; conversely, measuring the fraction
of irreversible time series yield almost always a 100%, irrespectively of T, for the average
downsampling, see Figure S2.
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Figure 2. Evolution of the irreversibility for the Lorenz dynamical system. Each bar reports the
evolution of the median p-value yielded by each test, as a function of the downsampling 7. Black
bars correspond to a 1:N downsampling, blue bars to the average downsampling. Colour intensities
indicate the p-value, from 1.0 (light shades, not irreversible) to 0.0 (dark shades, irreversible). Results
correspond to 200 independent realisations. See Figures S1 and S2 for full results.

Using the same dynamical system, we explore two additional characteristics of the
considered irreversibility tests. Firstly, in Figure 3, we report the evolution of the median
p-value yielded by a subset of the tests when varying their main parameters—see also
Table 1 for default values. In most cases, varying these parameters has a minor impact on
the results. The major exception is the DFK test, for which larger values of #n (the number
of partitions in which data values are grouped) seem to be needed to detect irreversibilities
for large ts. The importance of correctly tuning the parameters of this test will also be
confirmed below for other dynamical systems—see Figures S5 and 57.
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Secondly, Figure 4 reports the evolution of the median p-value yielded by the same
six irreversibility tests, this time for different time series lengths. Here, the results are as
expected, with longer time series being associated with smaller p-values in an almost linear
fashion. Most importantly, the same multiscale structures appear across all time series
length, indicating that this is not a defining aspect in the analysis.
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Figure 3. Evolution of the median p-value for the Lorenz dynamical system, when time series are
downsampled using the 1:N approach, as a function of the main parameter of each test. Results
correspond to 200 independent realisations.

copP DFK
04 o 0 1 ) 04 o TE e ——
= = ol
~100 A 2 -100+ $ -100
Q Q
—200 A g —200 1 S —200 1
g g
—300 - = =300 A = =300 A
0 100 200 300 0 100 200 300 0 100 200 300
Time scale T Time scale T Time scale T
MS Trends Ternary Coding
0 v =Y ALV A A
3 =
—100 - S -100 - S -100 -
& <Y
—200 1 o —2001 — 625 5000 o —200 1 — 625 5000
= 1250 10,000 6‘\ = 1250 10,000 CII_; = 1250 10,000
—300 A 2500 —— 20,000 o —~300 - 2500 —— 20,000 o —300 A 2500 —— 20,000
0 100 200 300 0 100 200 300 0 100 200 300
Time scale T Time scale T Time scale T

Figure 4. Evolution of the median p-value for the Lorenz dynamical system, when time series are
downsampled using the 1:N approach, as a function of the length of the final (i.e., downsampled)
time series (see colour code in legends). Results correspond to 200 independent realisations.

As a final issue, it may be tempting to assume that all tests are detecting the same
fine multiscale irreversibility structure, albeit with different intensities. A closer look
nevertheless depicts a more complex situation. Specifically, Figure 5 shows a zoomed in
fraction of the time series detected as significant for T between 120 and 180, and focusing
on four tests. It can be appreciated how all four tests display some minima for some values
of T, but that the specific value is seldom the same. For instance, Diks and MS Trends
find a lack of irreversibility for T = 140, but not BDS (which finds it for T < 130) nor
Ternary Coding (130 < T < 140). Similarly, only BDS presents drops between 150 and 170;
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and detects all time series as irreversible for T > 170, as opposed to the other three tests.
These results highlight the fact that the multiscale structure identified by a test does not
necessarily correspond to the real multiscale structure of the system—a topic that will be
discussed in Section 9.

1.0 4
-
C
©
S
=
C
D05 A
2]
[
o
5
O
E 0.0 -

— BDS —— Diks —— MS Trends —— Ternary Coding
120 140 160 180

Time scale T

Figure 5. Zoom of the evolution of the irreversibility for the Lorenz dynamical system. The plot
reports the evolution of the fraction of time series identified as irreversible in a statistically significant
way (p-value < 10_3) by four tests (see legend), for 120 < 7 < 180. Time series have been processed
with the 1:N downsampling strategy, and thus correspond to the black lines of Figure S2. All results
correspond to the median over 200 independent realisations.

5. The Asymmetric Weierstrass Function

We next move to the analysis of the asymmetric Weierstrass function; in spite of being
less well-known than the Lorenz model, it presents the advantage of having specifically
been created to generate time series with multiscale irreversibility [29]. The starting point
is the classical Weierstrass function, an example of a continuous but nowhere differentiable
function, defined as W(x) = Y5, a" cos(b"7tx) [71]. Note that, since this function is a
composition of cosine waves, it is also perfectly time-reversible. This can be changed by
substituting the cosine function with an asymmetric sawtooth as follows:

Nmax

Wa(x) =Y FHs@rfftw). (6)
n=0

Here, f is the minimum frequency, and H is the scaling (or Hurst) exponent (here set
to 1). w € [0,1] is the asymmetry parameter that determines the relative position of the
maximum within the sawtooth function S; unless otherwise specified, we consider w = 0.2.
Additionally, 1max is the maximum number of harmonics included in the time series, here
set to 50.

The results presented in Figure 6, and further confirmed in Figures S3 and 54, suggest
that the obtained time series are always irreversible, even though most tests struggle to
detect such irreversibility for small values of 7. This is due to the the maximum number
of harmonics included in the time series, i.e., #max, Which limits the irreversibility content
in very short time scales. Such gradual evolution to irreversibility is especially clear for
some tests, e.g., Diks, Ramsey, TP Length, and Zumbach. Notably, these same tests present
spikes in the evolution of the p-value, when the time scale T matches the frequency of the
sawtooth components—see Figure S3.

As previously discussed, the asymmetric Weierstrass function includes a parameter w
defining the asymmetry of the sawtooth components, and hence the irreversibility of the
time series. Figure 7 reports the evolution of the irreversibility, specifically of the median p-
value, as detected by five tests. As expected, most of them present a bell-shaped evolution,
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with no asymmetry detected for w = 0.5, which corresponds to a symmetric triangular
wave. The specific shape, and hence the sensitivity to changes in w, is nevertheless not
equal, with the COP test being the one requiring less variations in this parameter. It is also
interesting to see the case of the Zumbach test, which still detects a minor irreversibility for
w = 0.5; this suggests that this test is also describing some other characteristics of the time
series beyond time irreversibility.
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Figure 6. Evolution of the irreversibility for the asymmetric Weierstrass function. Each bar reports
the evolution of the median p-value yielded by each test, as a function of the downsampling 7. Black
bars correspond to a 1:N downsampling, blue bars to the average downsampling. Colour intensities
indicate the p-value, from 1.0 (light shades, not irreversible) to 0.0 (dark shades, irreversible). See
Figures S3 and 54 for full results. See also Figure S5 for results yielded by the DFK test for different
parameters’ combinations.
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Figure 7. Evolution of the irreversibility as a function of the asymmetry parameter w of the asymmetric
Weierstrass function. The plot reports the evolution of the median p-value yielded by five tests
(see legend), T = 110. Time series have been processed with the 1:N downsampling strategy,
and thus correspond to the black lines of Figure S4. All results correspond to the median over
200 independent realisations.
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The natural question that may be asked at this stage is whether the 15 considered tests
yield similar, or at least compatible, results across the 2 dynamical systems described up to
here. In other words, are the tests that are most sensitive in the case of the Lorenz system
also the most sensitive in the asymmetric Weierstrass one? This is an open problem in the
assessment of irreversibility in real-world time series: due to the generality of the definition,
different tests have been shown to perform heterogeneously in different problems [20].
The attentive reader will probably have already detected a similar scenario in the multiscale
case here considered, with some tests behaving differently when analysing the two types
of time series. To illustrate, the DFK and Ramsey tests detect irreversibility in the case of
the Lorenz system (see Figure 2), but fail in the case of the asymmetric Weierstrass (see
Figure 6); notably, the opposite behaviour can be seen for the Zumbach test. In order to
better compare the 15 tests, Figure 8 reports the correlation between the p-values obtained
by each of them as a function of 7, for the Lorenz (left panel) and asymmetric Weierstrass
(right panel) dynamical systems. While positive correlations are generally observed, some
exceptions stand out, as e.g., the cases of the DFK and the BDS tests for Lorenz time series.

Lorenz Asymmetric Weierstrass
Zumbach 1.0 Zumbach + . . 1.0
VG - VG - .
TP Length + TP Length + .
TC A TC A
Skewness - Skewness -
Ramsey - Ramsey - .
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Figure 8. Correlation between tests. The two plots report the rank correlation coefficients between the
p-value obtained by each test, for the Lorenz dynamical system (left) and the asymmetric Weierstrass
function (right). p-values have been obtained using the 1:N downsampling, with T ranging from 1 to
300. White rows and columns indicate cases in which the rank correlation could not be calculated,
for instance for including p-values constant with respect to 7.

6. Brownian Motion Models
6.1. Fractional Brownian Motion

The first type of Brownian motion here considered is a fractional Brownian motion
(fBM), a generalization of the classic Brownian motion in which a parameter H, called
the Hurst exponent, controls the increments’ correlation. Specifically, when H > 0.5
(respectively, H < 0.5), consecutive increments are positively (negatively) correlated;
the classical, uncorrelated Brownian motion is recovered for H = 0.5. We here use an
implementation of the generation algorithm proposed by Davies and Harte [72].

As a first point, it is interesting to discuss the irreversibility of a fBM process from a
theoretical viewpoint. Note that this should not be confused with the associated process
of the residuals, which is known as fractional Gaussian noise, a time-reversible correlated
noise. A fBM process with Hurst exponent H has an expected value of zero, and its variance
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grows as 12H,

it has to be noted that the variance appears when several time series are considered at the

as such, it is not stationary, and consequently irreversible. At the same time,

same time, but that this aspect is more difficult to detect in a single realisation of the process.
Still, time irreversibility also manifests in the persistent behaviour obtained for H > 0.5,
i.e., the time series either increase or decrease with time; this is another form of non-
stationarity, and hence of irreversibility. These considerations make the detection of this
property more challenging. To illustrate, Figure 9 reports the evolution of the log,, p-value
as a function of H, with T = 10; irreversibility is only detected when considering values of
H above 0.7, and not across the full domain, as theoretically expected. In other words, even
when considering single-scale versions of this property, tests can only rely on the presence
of constant trends.
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Figure 9. Evolution of the irreversibility, for time series generated by a fraction Brownian motion
process, as a function of the Hurst exponent H. The plot reports the evolution of the median p-value
yielded by four tests (see legend), with T = 10. Time series have been processed with the average
downsampling strategy. All results correspond to the median over 200 independent realisations.

In spite of these limitations, the results obtained by the different tests as a function
of T, for H = 0.75, are quite interesting. As shown in Figure 10 (see also Figure S6 for
details), even though only a few tests are able to detect the long-scale correlations in the
data, the scale parameter does not affect the results. This is in line with what was expected,
being the {BM a self-similar process; hence, its irreversibility is constant independently of
the considered time scale.

6.2. Geometric Brownian Motion with Stochastic Resetting

As a second type, we consider the Geometric Brownian Motion model with stochastic
resetting (stGBM for short). This model, recently proposed in [73], consists of a classical
geometric Brownian motion in which the dynamics is randomly reset to the initial value,
in order to better mimic the behaviour of real systems like financial markets and biological
populations. Most importantly, while a standard GBM is non-stationary and hence irre-
versible, the presence of the stochastic reset tends to make the resulting time series both
stationary [73] and time-reversible [74]. More in details, the dynamics is defined as follows:

dx(t) = (1 — Zs)x(t)[6dt + cdW] + Z¢[xo — x(t)], x0 >0, )

where x(f) is the evolution of the system with respect to time. The Wiener increment
of the process dW is characterised with zero mean (dW) = 0 and correlation function
(dWrdWs) = §(t — s)dt. o further denotes the drift amplitude, o the standard deviation,
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and xp > 0 the initial value of x(t), x(0) = x¢. The resetting is introduced with a random
variable Z; which takes the value 1 when a resetting to the initial position takes place, and 0
when there is no resetting. Note that the two aforementioned forces, i.e., the drift and the
stochastic resetting, push the resulting time series, respectively, towards irreversibility and
reversibility [74].

As can be appreciated in Figure 11, most tests detect a structure: the time series
move from being irreversible for low values of 7, to time irreversible. When observing
more in details the results in Figure S8, it can be seen that a maximal irreversibility is
generally obtained in the range 1 < 7 < 100. The threshold at which this transition occurs
changes depending on the drift (see individual bars in each panel of Figure 11, and lines in
Figure S8).
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Figure 10. Evolution of the irreversibility for the fractional Brownian motion process with H = 0.75.
Each bar reports the evolution of the median p-value yielded by each test, as a function of the down-
sampling 7. Black bars correspond to a 1:N downsampling, blue bars to the average downsampling.
Colour intensities indicate the p-value, from 1.0 (light shades, not irreversible) to 0.0 (dark shades,
irreversible). See Figure S6 for full results. See also Figure S7 for results yielded by the DFK test for
different parameters’ combinations.

The reason for this multiscale irreversibility can be understood when considering the
processes that make the time series reversible or irreversible. Initially, the original time
series (i.e., for T = 1) are by construction time irreversible, due to the drift in the generative
process; yet, such drift may be too small to be reliably detected by the tests. When introduc-
ing a small downsampling (well below the reset probability), the result is interpreted as
a similarly constructed time series, but with a drift increased by a factor 7; consequently,
the irreversible nature of the dynamics is more easily described. Finally, for large values of
T, the resetting mechanism dominates over the Brownian motion dynamics, yielding time
series akin to random ones—and hence time reversible.
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Figure 11. Evolution of the irreversibility for the srGBM dynamical system. Each bar reports the
evolution of the median p-value yielded by each test, as a function of the downsampling 7. Groups
of bars report results as a function of the drift, from 6 = 5- 104 (top)tod =5- 103 (bottom).
Colour intensities indicate the p-value, from 1.0 (light shades, not irreversible) to 0.0 (dark shades,
irreversible). See Figure S8 for full results.

Most importantly, these results suggest that an observed increase in irreversibility
(through, for instance, a decrease in the p-value) does not necessarily imply a change in the
underlying dynamics of the system. In this case, the irreversibility is the same for T = 1
and larger values; tests have nevertheless less problems in detecting such properties in the
latter case.

7. Chaotic Discrete Maps

As a final point, we explore the multiscale irreversibility of two classical chaotic
and dissipative (hence, time irreversible) maps. The first is the logistic map, defined as
Xp+1 = rxp(1 — xp,); it displays a chaotic dynamic for r = 4, with Lyapunov exponent
A = In2. Next, the Henon map, a bidimensional map defined as x,;1 = 1 — ax% + Yu,
Yn+1 = bx,1. We consider only the time series generated by the x variable, in the chaotic
window (largest Lyapunov exponent A ~ 0.419) defined by a = 1.4 and b = 0.3.

The motivation for studying these maps is that, given their chaotic nature, their
predictability is lost in a time scale proportional to the inverse of the Lyapunov exponent
(also called the Lyapunov time); hence, for T > 1/A, the time series by them generated
become effectively random and therefore time-reversible. This is confirmed by the results
presented in Figures 12 and 13, for, respectively, the logistic and Henon maps. Note
how irreversibility is almost lost for A > 2 in the former, and for A > 3 in the latter,
as theoretically expected.
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Figure 12. Evolution of the irreversibility for the Logistic map. Each bar reports the evolution of the
median p-value yielded by each test, as a function of the downsampling 7. Black bars correspond to a
1:N downsampling, blue bars to the average downsampling. Colour intensities indicate the p-value,
from 1.0 (light shades, not irreversible) to 0.0 (dark shades, irreversible). See Figures S9 and S10 for

full results.
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Figure 13. Evolution of the irreversibility for the Henon map. Each bar reports the evolution of the
median p-value yielded by each test, as a function of the downsampling 7. Black bars correspond to a
1:N downsampling, blue bars to the average downsampling. Colour intensities indicate the p-value,
from 1.0 (light shades, not irreversible) to 0.0 (dark shades, irreversible).
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8. Real-World Data: Bitcoin Price Evolution

Before moving to the discussion of the main results here obtained, we comple-
ment what previously reported with an analysis of the multiscale irreversibility of a
real-world system. We specifically consider the evolution of Bitcoin prices; this finan-
cial asset presents several interesting characteristics that deviate from those of more
traditional instruments, including a high volatility [75,76] and lower efficiency [77,78].
Data for the Bitcoin—US Dollar pair have been obtained from (CryptoDataDownload at
https:/ /www.cryptodatadownload.com/data/gemini/, accessed on 12 January 2025),
and include the evolution of closing prices with a 1-minute time resolution between years
2015 and 2024, both included. As in previous cases, the length of time series has been kept
constant irrespective of the value of 7; hence, the analyses below are based on randomly
drawn subsets of the time series, of length 1037.

Figure 14 reports the evolution of the irreversibility as a function of the time scale
T, for the four tests yielding the most interesting results; full details are also included in
Figure S11. Results are reported by years, from 2015 (bottom bar of each panel) to 2024
(top bar), as the Bitcoin market has undergone a significant evolution in its capitalisation—
as also previously seen in studies focusing on its single scale time irreversibility, see
Refs. [65,79,80]. A rich multiscale structure, and its evolution, can be observed. Specifically,
three out of four tests indicate that Bitcoin prices were irreversible at all time scales in
their initial years. More recently, this has evolved into an irreversibility only in short
time scales (see COP and Permutation patters), or to a weaker irreversibility (Costa index
and Skewness). This is aligned with the idea that the Bitcoin market has been increasing
its capitalisation, resulting in a more efficient and random (hence, less time-reversible)
dynamics. On the other hand, as partial reversal of this dynamics can be observed for
year 2023, with a minor increase in the irreversibility; yet, except for the introduction of
Non-Fungible Tokens (NFTs) in the blockchain [81], nothing major happened that year to
explain such behaviour.

Costa Index
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Figure 14. Evolution of the irreversibility in the Bitcoin price data. Each bar reports the evolution of the
median p-value yielded by four tests (see name of top of panels), as a function of the downsampling
7. Additionally, each bar depicts the result for one year of data, from bottom (2015) to top (2024).
Colour intensities indicate the p-value, from 1.0 (light shades, not irreversible) to 0.0 (dark shades,
irreversible). Results for all tests are reported in Figure S11.
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9. Discussion and Conclusions

We evaluated the ability of some of the main algorithmic procedures to detect the
multiscale time irreversibility of several well-known synthetic dynamical systems. Most
tests yielded a somehow comparable picture of the general evolution of irreversibility across
scales. This was especially true for BDS, COP, Costa Index, Permutation Patterns, Skewness,
TP Length and Visibility Graph. Other tests, especially Zumbach, DFK, and Ternary Coding,
are more context-dependent, i.e., they may or may not detect irreversibility. In particular,
most methods turn out to be able to identify systems that are, respectively, irreversible up
to some scale, at some scales or at all scales, the latter case reflecting self-similarity of the
underlying process. In some cases, irreversibility is detected only above a given temporal
scale; this is related to the fact that some tests cannot incorporate information over long
time scales, and therefore they only analyse local noise. Tests struggle with fBM, as they
tend to only focus on local patterns of the time series. Hence irreversibility was detected
only for large enough values of H, for which the self-similar nature of the process was
correctly identified.

On the other hand, different tests yielded profoundly different results in terms of
irreversibility’s finer structure. This point is illustrated in Figure 5, where minima appear for
different T depending on the test, leading to an apparent negative correlation between them,
see Figure 8. This result suggests that while often used for the same purpose of detecting
time-reversal symmetry, these methods constitute filters highlighting at least partially
different properties of the phenomenon generating a given time series. In particular,
these methods may differ in terms of sensitivity to particular signal properties, such as
nonlinearity, or to the way the system is coarse-grained.

More generally, the differences in time scales yielded by different measures invite a
discussion on the issue of time scales, their significance, and the way the chosen method
of data analysis may affect their estimation. Any method designed to detect time series’
irreversibility could in principle reveal intrinsic time scales of the underlying process and,
as a result, allow reconstructing the temporal structure of nonequilibrium system’s activity.
Coarse-graining procedures are designed to lower the resolution in order to reduce in an
“acceptable” way the information contained in the system. This involves transformations of
the way a system is described at various scales, which involve in a way or another down-
sampling. While incomplete information and coarse-graining affect entropy production
estimates, the relative entropy associated with a finite coarse-grained continuous trajectory
provides reasonably accurate lower bounds for the dissipation, even with only a small
number of measurement points [82-85]. For instance, it has been conjectured that the rela-
tive entropy obtained from n measurements approaches the exact value of the dissipation
as 1/n? for n large [83]. On the other hand, each method of data analysis comes with its
own set of characteristic scales. The effective time scales of the system ultimately coincide
with those allowed by the methods of data analysis, which in turn should neither introduce
spurious scales nor conceal genuine ones [9]. For instance, the particular downsampling
procedure affected estimates of time-reversal symmetry and its time scales. On this topic,
our results suggest that downsampling by averaging usually provides better results than
the 1:N strategy in terms of lower p-values. Note that this may sometimes be a drawback,
as e.g., a fine multiscale structure can be more visible when using the 1:N approach, as there
is less saturation.

Altogether, our results suggest that while various algorithms can detect irreversibility
at various time scales, care should be taken in choosing the particular procedure, including
the specific algorithm and the coarse-graining procedure. Whenever information about
the analysed system’s dynamics is available, this ought to be taken into account, possibly
through the use of tailored (and potentially simpler) irreversibility tests [46,68,86]. In short,
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care is required in the evaluation of the results, particularly in terms of intrinsic time scales
of the underlying system.
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