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Introduction

The Waring problem was first stated as a number theory problem, as a general-
ization of the four-squares theorem. Lagrange proved in 1770 that every natural
number can be expressed as a sum of at most 4 squares. Waring stated that
every number can be decomposed as a sum of 9 cubes, 14 fourth powers, and
so on. This question can be generalized to homogeneous polynomials, asking
when a degree d form f € Clzy, ..., z,]q admits a decomposition as sum of d-th
powers of linear forms, that is if there exist l4, ..., € C[zo,...,x,]1 such that

=0+ +1

Many different questions arise in this context. For instance, given n and d, what
is the minimum r such that all f € C[zo,...,z,]q admit such a decomposition?
And what is the minimum r such that this holds for the general f? These are
called the Little Waring Problem and the Big Waring Problem, respectively.
While the latter was completely solved by Alexander-Hirschowitz in [1], the
former is still unsolved in its generality. Many authors have devoted their time
to different versions of the problems, using a variety of approaches, algebraic,
geometric and computational. A survey of such results can be found in [20,
Section 7).

The set of all decompositions of a given polynomial f naturally has the
structure of an algebraic variety V.SP(f), called the variety of sums of powers
of f. The interest in such varieties greatly increased after Mukai, in [59], gave
a description of the Fano 3-fold V5, as V.SP of a general quartic polynomial in
three variables. Since then many authors investigated this area and generalized
Mukai’s techniques to other polynomials. In [36], Dolgachev presents most of
the strategies used and the results achieved in this direction. With a different
approach, it is also possible to work out some properties of VSP(f) such as
rationality, unirationality, rational connectedness and so on (see for example
[55]).

When the decomposition is unique (that is, when V.SP is a point) the poly-
nomial has a canonical form and it is said to be identifiable. Identifiability is
a desirable feature whenever one wants to “infer the parameters of the model
from the data”, so it has applications in many areas of mathematics. Examples
range from Blind Signal Separation to Phylogenetic and Algebraic Statistic, see
[53] for an account. Even if we always work over the complex numbers, for some
applications it is also interesting to study identifiability over R instead of C, as
suggested in [32] and [4].

Few generically identifiable cases are known, and finding all of them is a
challenging task. A computational approach allowed us to find a new example,



presented in Theorem 3.4. Despite this result comes from a computer-aided
analysis, there is another interpretation of generic identifiability in terms of the
secant variety of the Veronese variety V;, 4. The Waring problem can be stated
for different classes of tensors as well (see for instance [24], [3] and [13]), and
Segre varieties play a similar role in this case. One of the advantages of this point
of view is that the uniqueness of the decomposition implies the birationality of a
certain tangential projection, so in order to disprove identifiability it is enough
to show that the degree of the map is greater than 1. For this reason we work
with the associated linear system. This topic is widely studied, and we could
use different techniques, in particular degenerations.

The study of such degenerations led us to consider flat limits of 0-dimensional
subschemes of P". Unlike the standard specialization approach, we find it con-
venient to also consider the collision of some of the fat points. This yields the
new problem to fully understand and describe such limit scheme. However, once
it is done we have a new possible degeneration which proves useful to pursue
our goal.

This thesis is organized as follows.

Chapter 1 introduces the first definitions about 0-dimensional schemes and
linear systems on P™. Moreover we recall some useful tools we will use to work
with these systems, such as degenerations, the Castelnuovo exact sequence and
few nonspeciality results. We also recall the definitions we need about secant
varieties.

In Chapter 2 we focus on specializations with collapsing points, and we try
to determine the flat limit scheme Zj of a fat points scheme Z C P™. This relies
on ideas developed by Ciliberto-Miranda and Nesci for n = 2, and we attempt
to generalize them to any dimension. The method to compute the multiplicity
of the limit scheme involves the minimum degree k£ of a divisor containing Z.
The base locus of the corresponding linear system gives information on the first
order neighbourhood of Z, so it is necessary to work with linear systems on P"
with assigned singularities. Despite a general description of the limit scheme
seems to be out of grasp, this analysis provides answers for several cases. In
particular we are able to describe the limit of n + 1 collapsing double points in
P", which we will be the key ingredient of the degeneration argument in Chapter
4.

Chapter 3 is a joint work with Elena Angelini, Massimiliano Mella and Gior-
gio Ottaviani which faces the Waring problem for forms, [5]. We give the defini-
tion of Waring decomposition of a vector of homogeneous polynomials, focusing
on identifiability. After a brief review of the state of the art, we present a
new identifiable case. Both the theoretical and the computational approach are
discussed. We also address the simultaneous identifiability of a pair of ternary
forms, and we show that such a pair of degree a and a+1 forms is not identifiable
for a > 3.

We were also able to disprove the existence of new identifiable cases when we
are dealing with only one form. This joint work with Massimiliano Mella, [41]
is the content of Chapter 4. As we mentioned above, we translate the problem
about uniqueness to a question about the degree of a rational map. We work
with the associated linear system and we set up a degeneration involving limits
of double points which allows us to use induction, and therefore to focus on the
planar case.



Chapter 1

Notations and preliminaries

We work over the complex field C. Every scheme will be projective, unless we
specify it is not. For a scheme X and a subscheme Y C X, we will write Zy, x
to denote the defining ideal of Y in X. With abuse of notation, we use the same
symbol to indicate the associated ideal sheaf on X. If no ambiguity is likely to
arise, we will write simply Zy instead of Zy x.

We start by recalling some definitions and facts about 0-dimensional schemes.

Definition 1.1. Let X be a 0-dimensional scheme. The degree, or length, of X,
denoted by deg X, is the dimension of its ring of regular functions as a complex
vector space.

If X is supported on a point p, we define the multiplicity of X, denoted by
mult X, to be the largest natural number k£ such that X contains the k-ple point
supported on p.

Proposition 1.2. Let X be a 0-dimensional scheme.
i) The degree of X is the limit value of the Hilbert polynomial of X.

ii) Let Y C X be a 0-dimensional subscheme. If deg X = degY’, then X =Y.

1.1 Linear systems and degenerations

Since we will deal with linear systems on P™ with assigned singularities and
tangent directions, we now introduce the notations we are going to use.

Notation 1.3. Let pi,...,p, € P". Let {qi1,...,¢;} C P(T,,P") be a set of
tangent directions (infinitely near points) in p;. The linear system

‘Cnyd(ml’ s 7mT)(p1 [{qlv v 7qj}}vp27 s apr) C P(HOOP” (d))

is the projective space of hypersurfaces of P having multiplicities at least m;
at the point p; and whose tangent cone at p; contains {q1,...,q;}. If either the
points p1,...,pr and q1,...,q; are in general position, or no confusion is likely
to arise, we indicate

En,d(ml[j]am% <. 'am?”) = Enyd(mlam% cee 7m7’)(p1[{q17 s 7Qj}]7p27 s apT)



and

Loalmi,...,mp) = Ly a(mi[0],ma,...,my).
Moreover, if m; = ... = my = m, then we indicate
Lna(m? mgir,...,my) = Ly almi,...,my).

Again, if £ is a linear system, sometimes with abuse of notation we will use
the same symbol to indicate the associated ideal sheaf.

Definition 1.4. The virtual dimension of such a linear system is

. ) d+n ~ (mi—1+n j
vdim Ly, a(ma[j], m2, ..., my) = < > ! 72 ( > o
i=1

n n

The expected dimension is defined as
expdim £,, q(m1[j], ma, ..., m,) = max {vdim L, 4(mi[j], m2,...,m,),—1},

where expected dimension —1 indicates that the linear system is expected to be
empty. Note that

dim £, g(m1[j], ma,...,m;) > expdim L,, g(m1[j], ma, ..., m,).

If dim £,, g(m1[j], me,...,my) > dim L, 4(my[j], me,...,m,), then the linear
system is said to be special. Otherwise it is called nonspecial.

The speciality of linear systems has been extensively studied, see [27] for
an account, but very little is known in general. The most studied cases are
linear systems with only double points and linear systems of plane curves. If all
m; = 2, there is the famous Alexander—Hirschowitz’ theorem (see [1]).

Theorem 1.5 (Alexander-Hirschowitz). The linear system £, 4(2") is special
if and only if (n,d, k) is one of the following:

i) (n,2,h) with 2 < h <n,
ii) (2,4,5), (3,4,9), (4,3,7), (4,4,14).

Remark 1.6. Further note that for all special linear systems in Theorem 1.5
ii) the dimension is 0, while the expected dimension is negative.

In order to compute the dimension of a linear system, degeneration is a
useful tool. Since we are going to use degeneration arguments to work with
such linear systems, we give here the necessary definitions.

Definition 1.7. A degeneration is a morphism 7 : V — A, where A 50,1 is a
complex disk, V' is a smooth variety and 7 is proper and flat. For any ¢t € A,
we denote by V; the fiber of w over ¢t. Let o; : A — X be sections of 7 and let
Z be a scheme with Z.q = |J; 0:(A). For t # 0, let Z; := Z|x,, and let Zy be
their flat limit. We say that Zy is a specialization of Z;.



Construction 1.8 (Specialization without collisions). Let X be the blow-up of
P™ at the point py, with exceptional divisor E, V := X x A, and 7 : V — A the
canonical projection. Fix j disjoint sections 7y, ..., 7; such that 7,(A) C Ex A,
and r — 1 disjoint sections os, ..., o, such that o;(A) N (E x A) = &. Let

r J
Z = U o (A)™ U U Th(A)
i=2 h=1

be the scheme supported on the sections with multiplicity m; along o;(A). Let

Ln,d(ml[j],mg, R ,mr)(pl[{ﬁ, e ,Tj}],0'27 e 70’,«)

be the linear subsystem on V" associated to degree d divisors having multiplicities
at least m; along o;(A), my in p; and whose tangent cone contains 7;(A). Then,
for any t € A, the linear system

Ly.a(miljl,me,...ome)(pil{m, .., 7} 02, 00y,
is
Ly = Ly a(maljl,me,...,mp)(pi[{m1(t), ..., 7 ()}, 02(1), ..., 0:(1)).
By semicontinuity we have
Vo, Lo) = h°(Vi, Ly).

Therefore to prove the nonspeciality of £; it is enough to produce a specialization
having Ly nonspecial.

Remark 1.9. Let H C P" be a hyperplane containing the point p; and let
Z1 = {pgnz, A ’p;ns} U {tl, A ,tj}

be a 0-dimensional scheme as in Construction 1.8. Furthermore, assume that
D2,...,pn € H and t1,...,t; € T, H. A classical way to study the speciality of
a linear system is via the Castelnuovo exact sequence, that in this case reads

0= Lyag-1((mi—1[j—1,me—1,....mp — 1, mpy1,...,mg) —
— Emd(ml[j],mg, . ,ms) — ﬁn_l,d(mﬂl],mg, . ,mh).

Therefore the nonspeciality of the linear systems

Loa-1((mi—1j—=1,me—1,...,mp —1,mpy1,...,ms)
and
Lp—1,a(mi[l],ma,...,mp)
implies the nonspeciality of £, 4(m1[j], ma,...,ms).

It is also possible to modify Construction 1.8 and to allow the specialized
points to collapse.



Construction 1.10 (Specialization with & collapsing points). Let V = A" x A
and let 7 : V' — A be the canonical projection. Fix a point ¢ € A™ x {0} and
h general sections o1, ..., 0y such that 0;(0) = ¢. Let Z :=J, 0;(A)™ and let
v:V — A" be the projection.

Let X — V be the blow-up of V' at the point ¢, with exceptional divisor W.
Then we have natural morphisms vx : X — A", a degeneration mx : X — A,
and sections ox; : A — X. The fiber X; is given by W U Vj, where 1} is
A™ blown up at one point and W = P". Let R = W NV = P*! be the
exceptional divisor of this blow-up. We want to stress that, since the sections
o;’s are general, {ox,;(0)} is a set of general points of W.

With these notations, we say that Zj is the flat limit of h collapsing points
of multiplicity mq,...,mp. One of our problems will be to describe Zy. This
is in general quite hard and we only have partial solutions. Nonetheless, once
we understand the limit, we may study the speciality of a linear system via
its specializations with collapsing points, using the same technique described in
Construction 1.8 and Remark 1.9.

1.2 Some nonspeciality result

Interpolation theory studies the dimension of linear systems. The problem to
characterize special system has a long history, but there is still much we do not
know. Later we will review some of the known results on this topic. Now we
want to state some nonspeciality results about certain linear systems, which we
will use in this thesis.

We start with the following well known fact.

Lemma 1.11. Let £ be a linear system on a smooth projective variety X and
let C' C X be a positive dimensional subvariety. Let s := codim/ |£ ® Z¢|. If
T1,...,Ts € C are general points, then x1, ...,z impose independent conditions

to L.

We apply the above remarks to prove the nonspeciality of some linear systems
we will use along the proof of Theorem 4.1. The next result is about systems
with a triple point and a bunch of double points.

Proposition 1.12. Let n > 3 and d > 4. Define

")
[ ) -‘ —n—1 if either n # 3 or (n,d) = (3,4),

r(n,d) :=

[(dﬁﬂ ~5  ifn=3

The linear system L, 4(3,2%) is nonspecial if a < r(n,d).

Proof. We prove the statement by induction on d. It is clear that it is enough
to prove it for a = r(n,d). The first step of induction is d = 4 and it is the
content of [68, Lemma 2.4].



Assume that d > 5. Let Z; := {¢*,p?,...,p?} be a 0-dimensional scheme.
Fix a hyperplane H not containing q. Let Zy be a specialization without colli-

sions of Z; with
d+n—1
h — ( n—1 ) _ 1
' n
points on the hyperplane H. Since ¢ ¢ H, the Castelnuovo exact sequence reads
0— Lna-1(3,2°7"1") = £,,4(3,2%) — L,—1.4(2"),

where the simple base points are all on the hyperplane H. Since d > 5, the
linear system on the right is nonspecial by Theorem 1.5. Therefore to conclude
it is enough to prove that £, 4_1(3,297" 1") is nonspecial.

Claim 1.13. We have expdim £,, 4_1(3,2%~",1") > 0.

Proof. Assume first that n > 3. Then

d—1 2
vdim £, 4_1(3,297 ", 1") = <"+ ) - <”; ) —(n+1)a+nh—1
n

Zn2<n;2>120.

Assume that n = 3. Then
d+2
vdim L3 4-1(3,2°7",1") = ( J?: ) —10—4a+3h—1>16—14 > 0,

as desired. |

We start by proving that the simple base points impose independent condi-
tions. The points are general in H, therefore, by Lemma 1.11, we have to check
that

dim £,, 4-2(3,2°7") <0.

This is clear for d = 4. For d > 5 we want to apply Theorem 1.5. Checking also
the special cases, we have

dim £, 4-2(3,2°7") < dim £,, 4_2(2°7"+1)
- ("”‘ ) D (a—h+1). (1.1)

For n = 3, this reads

S

dim £, 4 2(3,297") < (

for every d > 7. We check the rest of the cases by a direct computation.



(n,d) = (3,5) In this case a = 9, h = 6 and the linear system L3 3(3,2?) has a unique
element.

(n,d) = (3,6) In this case a = 16 and h = 9. An element of the linear system L3 4(3,27)
has to contain all quadrics passing through the 8 singular points. This
shows that L3 4(3,27) is empty.

For n > 3, inequality (1.1) yields

n n+d—1
dim £, 4-2(3,2°7") < (n+d_2> —(n+1) G( :d)w - P n )w n+1> -1

n n+1 n
d—2 d d—1\ (!
S(nJr >(n+ )+(n+ >+("_1)+n2+n1
n n n—1 n
n+d—1
d—2
:_<n+ )+(T‘1)+n2+n_1
n—1 n
(n+d—2)! (n+d-1)! 9
=— -1
m-Did-Dl " @ T
(n+d—2)! n+d—1 9
SRR S 24 S [ B -1
n—DI(d—1) nd | T
_(nt+d=2 -(1_n)(d_1)+n2+n—1.
n—1 nd
The latter decreases as d increases, so
d—2 1-— d—1
dim £, 4_2(3,2¢7") < m -%—i—rﬁ—kn—l
’ n—1 nd
4/m+3\ 1-n 9
< = . -1
5( A ) — +n’4n
—n? —5n3 4+ 25n2 4 35n — 24
= 30 <0

for every n > 3.
To conclude, we prove the nonspeciality of £,, 4—1(3, 2“_h). For this observe

that

(n-l—d) (d+n—1) (n-&-d—l)

n—1

— h— d—1)< =2~ — — n 2
@ r(n, )_n+1 n n+1 +
1 n+d d+n—1 n+d—1
= — - 1 — 2
o (") e () ()
(")
=" 4192<1.
n(n—l—l)+
Therefore we apply the induction hypothesis. O

In the degeneration we will use to prove Theorem 4.1, we will deal with
systems with simple base points in special position. We conclude this Section
by proving a Lemma that will prove useful to handle such situation.



Lemma 1.14. Let b,d € N such that d > 4 and

d+3
1§b<%—1.

Fix ¢ € II C P" a linear space of dimension 3 and b general points on it, say
Z1,...,Tp. Then the linear system

‘Cn,d(Qay 1b)(q,P1, <oy Pa—1,T1, - 7xb)

is nonspecial if

a<a(n,d) = \‘(”:‘l)—b—lJ — max{0,n — 4},

n+1

where the p; are general points. For the special case (d,b) = (4,5) we prove a
better estimate

() =5-

1
T J —max{(n—7),1}

a(n,4) = {
Proof. Note that, since b > 1, d > 4 and the virtual dimension is non negative,
Ly,.4(2%) is nonspecial by Theorem 1.5. Therefore we have only to care about
the simple points.

For n = 3 the statement is immediate. For n = 4, by Lemma 1.11, it is
enough to check that dim £y 41 (2%*9)~1 1) < 0. By Theorem 1.5, it is enough
to check that vdim £4,d,1(2“(4’d)_1, 1) < 0. The latter is a simple computation.

Next we prove the statement by induction on n. For n =i+ 1 > 5, fix a
general hyperplane H D II and consider a degeneration with a(i,d) points on
H. By Castelnuovo exact sequence, we only need to prove the nonspeciality of

Ei’d(2a(i,d)7 1b) and ‘CiJrl,dfl(2a(i+1’d)_a(i7d)7 1a(l,d))
The former is nonspecial by the induction step. For the latter note that

i+l+dy _p itdy g
Gt Ld) — alid) > it () —b-1

i+ 2 B i+ 1 -2
(L —b-1 (1) -b-1
i+2 i+2
(), (Y
i+ 2 = 42

For d > 5, the linear system Ly q_o(200+1d)=a(d)) is empty by Theo-
rem 1.5. For d = 4, it is easy to see that

a(i+1,4) — a(i,4) > 1,
and again L; (20014 =e(4)) is empty. Let

itdy g
a(i,d) = {WJ — af(i).

141

10



Then a(i + 1) = a(i) + 1, and we have

VdimLH_Ld_l(2a(i+1,d)fa(i,d)’ la(i,d))
> (i+2)a(i+1) = (i+1)(a(i) +1)) 1> 0. (1.2)

Lemma 1.11 proves that the linear system EiH,d,l(2“(i+1’d)_“(i’d), 1“(i’d)) is
non special to conclude this case.

Assume that d = 4 and b = 5. We first prove that £5 4(2'%,1°) is nonspecial.
Observe that, by degenerating 12 double points on a hyperplane, Castelnuovo
exact sequence decomposes L5 4(2'%) into £44(2'?) and L5 3(27,112). It is easy
to check that these two systems are nonspecial and dim L5 3(27,112) = 1. The
linear system £4,3(211) is empty, therefore there is at most a pencil of divisors
in L54(2') that contains a given P? through a double point. By hypothesis,
vdim L5 4(2'9,1°) > 1, hence this linear system is nonspecial. To conclude the
statement for d = 4, we then argue exactly as in the first part of the proof,
checking Equation (1.2) case by case for n < 8 and then conclude as in the
general case. O

1.3 The secant construction

Secant varieties play a very important role in different areas of mathematics.
Here, we are interested to the fact that they naturally give a geometric meaning
to the decomposition of a polynomial or a tensor as a sum of powers. We now
recall the basic definitions concerning secant varieties.

Let Grig—1 = Gr(k — 1, N) be the Grassmannian of (k — 1)-linear spaces in
PY. Let X C PN be an irreducible variety of dimension n and let

(X)) C X x...x X xGrg_q,
be the closure of the graph of
a: (X x...xX)\ A = Gri_q,

taking (z1,...,2k) to [(x1,...,zk)], for a k-tuple of distinct points. Observe
that I'y(X) is irreducible of dimension kn. Let my : I'p(X) — Gri_1 be the
natural projection. Denote by

Sk(X) = Wz(rk(X)) C Gry_1.
Again Si(X) is irreducible of dimension kn. Finally, let
I = {(@,[\]) |2 € A} € PY x Gry s,

with natural projections p; onto the factors. Observe that ps : I, — Gri_; is a
PF—1-bundle on Gry_;.

Definition 1.15. Let X C PV be an irreducible variety. The abstract k-Secant
variety is
Seck(X) = p{l(Sk(X)) C Iy

and the k-Secant variety is

Secy,(X) := p1(Secy (X)) c PV.

11



It is immediate that Secy(X) has dimension kn+k — 1 and it has a P*~!-bundle
structure on Si(X). One says that X is k-defective if

dim Secg (X) < min{dim Secy(X), N}
and calls k-defect the number
d = min{dim Secy (X), N} — dim Secy (X).

Remark 1.16. Let us stress that in our definition Sec;(X) = X. A simple
but useful feature of the above definition is the following. Let A; and As be
two distinct k-secant (k — 1)-linear spaces to X C PN. Let Ay and A2 be the
corresponding projective (k — 1)-spaces in Secy(X). Then we have A\ Ny = @.

Here is the main result we use about secant varieties.

Theorem 1.17 (Terracini Lemma, [77, 23]). Let X C PV be an irreducible
projective variety. If pq,...,pr € X are general points and z € (p1,...,px) is a
general point, then the embedded tangent space at z is

T, Seck(X) = (Tp, X, ..., Tp, X).

If X is k-defective, then the general hyperplane H containing T, Sec(X) is tan-
gent to X along a variety X(p1,...,px) of pure, positive dimension, containing

VAPRRREY S
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Chapter 2

Limits of fat points

A standard approach to study the speciality of linear systems £, 4(mq,...,m;)
is via degeneration. This is accomplished by using a flat family in which the
involved points specialize in some special configuration, for instance by sending
some of the points on a hyperplane to apply induction arguments. However,
sometimes it can be useful to allow points not only to be in special position, but
also to collide to the same point. In other words, sometimes it is convenient to
apply a degeneration as defined in Construction 1.10. Like every degeneration
technique, this one is useful only if the specialized system is easier to deal with
than the original one, so we want to understand what the limit scheme is. This
leads to a fairly natural question, which is interesting in itself.

Question Let n,h,mq,...,m;, € N. What is the flat limit scheme of h
colliding points of multiplicities my,...,mp in P"?

Despite the question is easy to formulate, the answer is far from being simple.
Work by Ciliberto-Miranda ([30]) and Nesci ([62]) show that there is not a
definite and clean solution to this problem, even in the planar case n = 2.

We will use the notations of Chapter 1, in particular those of Construction
1.10. As a warm-up, we start with a very easy result that completely describes
all collisions of fat points in P*.

Proposition 2.1. Let my,...,my € Nand let m = mq + ...+ mp. The limit
of h collapsing points of multiplicities my, ..., my is an m-ple point.

Proof. 1t is enough to observe that the only scheme of length m supported on
a point is the m-ple point. O

Now that the case n = 1 is settled, we assume n > 2 and we try to move to
some more interesting cases in higher dimension. In order to understand what
Zy is, the first problem to tackle is to compute its multiplicity. We will show
that mult Zy does not depend on the choice of the sections o;, and we will give
a method to compute it.

The following result was proved in [62, Theorem 2.6].

Lemma 2.2. The multiplicity of the limit scheme Zj is at least the minimum
integer j such that the linear system L, j(m1,...,my) is not empty.

13



Proof. Set 1 = multy Z. Then we have multZy > u. Let Zx z be the ideal
associated to Z on X. Then Ix zjw ~ Ly ,.(ma,...,my). Since the ideal Tx 2
is globally generated, the linear system P(Zx, zy) has to be nonempty. O

We aim to show that the value predicted by Lemma 2.2 is actually achieved
with equality.

Proposition 2.3. Define k = min{a € N | H°Zz, (a) # 0}. Then mult Zy = k.
In particular, the multiplicity of the limit scheme does not depend on o;, as long
as they are general.

Proof. Thanks to Lemma 2.2 it is enough to show that mult Zy < k.

For ¢t # 0, set I = dimZg, (k). Since the base points of Z; are in general
position, [ does not depend on ¢, and by hypothesis we know that [ > 1. Fix
P1,--.,p—1 general points on A; = A™, and define Z; = Z; Upy U...Up;_1.
Observe Z; D Z, for every t, and there is a unique degree k divisor D; C A; such
that D; D Z]. Let f; be the polynomial defining D; as a divisor in A;. If we

regard it as a polynomial in C[xy,...,x,,t], f; defines a divisor D of A" x Al
which has degree k with respect to z1,...,z,. Then fy defines a divisor Dy
of Ay which is the flat limit of the D;’s. The degree of f; is at most k and
Dy D Z} D Zy, so mult Zy < k. O

In some special cases the multiplicity is enough to compute the limit scheme.

Example 2.4. Let us collapse 7 double points in P2. The scheme consisting of
those points has length 21. Since h®Op2(5) = 15, they can not lie on a quintic
curve by Theorem 1.5. On the other hand, they lie on a sestic, so the limit
scheme contains a 6-ple point by Proposition 2.3. Since a 6-ple point in P? has
length 21, the limit scheme is a 6-ple point by Proposition 1.2.

When the scheme we are specializing does not have the degree of a multiple
point, this analysis is not enough to determine the limit scheme.

In the notations of Construction 1.10, consider the limit scheme Z, C A”™.
Let

h
Yx = U ox,i(A)
=1

be the smooth scheme associated to strict transform Zx of Z on X. Let X — X
be the blow-up of the ideal sheaf Ts; , with exceptional divisors &1, ..., &, and
let ¢ : X = A be the degeneration onto A. Note that this blow-up is an
isomorphism in a neighbourhood of Vj. The central fiber is

Xy = @71(0) = P UV,

where P is the blow-up of W in h general points. As before, let R = P N Vj.
The linear systems we are interested in are £ := Ox(—)_,2& — pP) and its
restrictions Lp, Lg, to P and R. The linear system L is complete and we aim
to understand when its restrictions stay complete.

Let us start with an instructive example ([62, Example 2.10]).

Example 2.5. In the case of 3 colliding double points in P?, the limit has
multiplicity 3. On the other hand, the starting scheme Z; deg Z; = 9 while
a triple point has degree 6, therefore the limit is not only the triple point.

14



There are 3 more linear conditions the linear system has to satisfy. In order to
understand them, observe that a plane cubic with 3 double points in general
position is a union of 3 lines. These lines intersect the divisor R in 3 points, and
the missing linear conditions are exactly the passage through those 3 points. In
particular, the linear system Lp is not complete.

Uunlike L, the system £ p is always complete, as proved in [62, Lemma 2.11].
Lemma 2.6. The linear system Lp is complete.

Proof. Consider the exact sequence
0—L(-P)—=L— Lp—0.

To prove the claim, it is enough to show that h'(£(—P)) = 0. To this end, note
that the sheaf L(—P) ~ O(}_, 28 — (1 + 1) P) is the pull-back of the ideal sheaf
U, Z2,(a) Umy ™! on A" x A. Hence we have

HY(L(-P))=H"! (UI«?«A) U m§+1> =0,

as desired. O

Before we move to the first results on limits, it is important to have clear
in mind what kind of characterization we want. In general it will be way too
complicated to determine what the limit is up to isomorphism. For instance,
consider 14 collapsing simple points in P2. They lie on a unique quartic C,
so mult Zy = 4. BsL34(1'%) = C, so its restriction to the exceptional line R
consists of 4 simple points. Since

deg(fourtuple point) +4 = 10 + 4 = 14 = deg 74,

the limit is a fourtuple point with 4 infinitely near simple points. However,
notice that if we change the sections o1, ...,014, then we will have different
tangent directions to the limit. Recall that two 4-tuples of points in P! are not
projectively equivalent in general, so the limits do not need to be isomorphic.
Nonetheless we will be satisfied to say that the limit is a fourtuple point with 4
infinitely near simple points.

We also want to stress that our analysis works as long as we make all points
collide at once. If we collide some of them to a limit scheme Z; and then
we collide the others and Zl, we are not guaranteed to obtain the same limit
scheme as if we collide all of them at once. As an example, let Z; be the scheme
consisting of a double point and 3 simple points in P2. If we make them collide,
the multiplicity of the limit scheme Z; is 3 by Proposition 2.3. On the other
hand, we could collide the 3 simple points to a double point, but the limit of 2
colliding double points has multiplicity 2.

It is time to move to the first description of the limit Zy. The next Section
is devoted to collisions of simple points.
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2.1 Simple points

In this section we assume mj = ... = my = 1. When the number of colliding
simple points is small compared to the dimension of the ambient space, we have
enough information to understand the limit. The following Proposition gives a
description of Zy for h <n + 1.

Proposition 2.7. 1. If h < n, then the limit of h collapsing simple points
in P” is a simple point together with A — 1 linear conditions on its tangent
cone.

2. The limit of n 4+ 1 collapsing simple points in P” is a double point.

Proof. 1. Since general simple points always give independent linear condi-
tions, mult Zy = 1 by Proposition 2.3. Bs L, ;(1") = P"~! consists of
the linear space generated by the h points. Its intersection with R is an
infinitely near (h — 2)-dimensional linear space. This imposes h — 1 linear
conditions on the first infinitesimal neighbourhood of the limit. In order
to conclude, it is enough to observe that this candidate limit scheme has
length 1 +h—1=h=degZ;.

2. As before, the simple points give independent conditions, so mult Zy = 2
by Proposition 2.3. Since a double points has length n 4+ 1 = deg Z;, Zy
is a double point. O

When h > n + 2, the situation gets more involved. As shown in [30, Propo-
sition 3.1], the data we have on the tangent cone are not enough to define the
limit.

Example 2.8. Let Z; = {p1, p2,p3,p4} C P? be a scheme consisting of 4 simple
points, and let Zy be the scheme obtained by colliding those 4 simple points.
Then deg Z; = 4 and mult Zy = 2 by Proposition 2.3. Since a double point
has length 3, there is one condition left to find. L22(1%) has no base locus
beside the 4 fixed points. The general element of L3 »(1*) meets the exceptional
divisor R = P! in 2 points, but the choice of the first one identifies the other
one. In other words, £22(1*)r C P(H°Og(2)) = P2 More precisely, there
is no element of L5 2(1*) containing R, so £2’2(14)|R = P! is a hyperplane in
P(H°ORr(2)). If we call ¢ the involution sending each point x € R into the
other intersection of the only conic through x,pi,...,ps with R, then the last
condition defining Zy is that P(HZz,(2)) = L2,2(1*)| is the space of quadrics
of R made by two points x,y such that y = ¢(x).

In higher dimension we need a more refined argument. Indeed, £, 2(1"*1) 5
is not defined by an involution. We will define the variety parametrizing such
hyperplanes, and later we will study it in low dimension.

Proposition 2.9. The limit of n 4+ 2 collapsing simple points in P™ is a double
point with the additional condition that HZz,(2) is a specific hyperplane in
HOpx (2).

Proof. Let p1,...,pn+1 € P™ be the coordinate points and let

M = En,2(1n+1)(p17 e >pn+1)-
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It is immediate that M is nonspecial of dimension ("'2"2) —n — 2. Define

a: M — P(H°OR(2))

to be the restriction to R. Since there are no quadrics containing pi,...,Ppt1
and R, « is surjective. Moreover observe that dim M = dimP(H°Og(2)), so «
is an isomorphism. Call o* the induced isomorphism between the duals.

For p € P", define H, = L, 2(1""2)(p1, ..., pn+1,p). If p is general, then H,
has dimension (”;2 —-n—3= (";1) — 2. This means that H, is a hyperplane
in M, and therefore «(H,) = Hy g is a hyperplane in P(H°Og(2)). Hence the

association p — [Hpr] defines a rational map

On P s P(HYOR(2))*. (2.1)

If prq is the rational map associated to M, then the diagram

commutes, because

a*(prm(p)) = & (Lo 21" ) (D1, - -, Pns1, )
=L 2(1")(p1, ..., Put1,D)|R
= ¢n(p)

for a general p € P".

The limit Zy has multiplicity 2 by Proposition 2.3, so we are studying
L,2(1"*2). Up to projectivity, we can assume the n + 2 simple points are
D1y, Pnt1,Z. Since a double point has length n+1, there is only one condition
left and such condition is the following. Once we blow-up the limit point, in the
exceptional divisor R, H°Zz,(2);r & H°ORg(2) does not contain all quadrics,
but only those coming from restriction to R of quadrics of W = P". More
precisely HZz,(2)|g = Hyr = a(H,) = ¢(x). O

It is natural to ask what are the quadrics in the ideal of the limit. This leads
to studying the map ¢,,, which is interesting in itself.

The map ¢,

Let Zy be the limit of n + 2 collapsing simple points in P". We proved that
hOIZO (2) = (”;2) — 1, that is the quadrics containing Z; are a hyperplane of
quadrics of P™. In order to better describe Zy, we want to understand which
hyperplanes of P(H°Opx(2)) arise as Zz,(26), meaning that we want to give
more information about the H,’s, when x € P" is general. In other words, we
want to say more about the map ¢, and its image.

Lemma 2.10. Let ¢, be the rational map (2.1) and let Y,, = ¢, (P?). Then

1. the indeterminacy locus of ¢,, consists of the n 4+ 1 coordinate points,
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. degY, =2" —n—1,
. (p is birational onto Y,,, in particular Y,, is rational,
. Y is dominant < n = 2,

. for n > 3, the system of quadrics of P(H°Op~(2)) containing Y, has
dimension at least 2(" ).

Proof. In Proposition 2.9 we noticed that, up to isomorphism, ¢,, is de-
fined by the linear system M = £, (1" ") (p1,...,ppt1). Then the inde-
terminacy locus of ¢, is BsM = {p1,...,pn+1}. Moreover the degree of
Y,, can be computed as the self-intersection of M, so degy,, = 2" —n —1.

In order to prove the birationality, let  be a point in the generic fiber.
Since r(z) = L, 2(1"72)(p1, ..., Pui1, ) has no base points except the
imposed ones, there are no points in the fiber other than x.

Note that the map s is associated to the linear system £ 2(1%), so it is
the standard quadratic Cremona map, which is dominant. On the other
hand, for n > 3 we have n < dim P(H°Op»-1(2))*, so ¢, is not dominant.

For the last part, the structure exact sequence of Y,, gives

0— IYTL(Q) — OP(HOOR(Q))* (2) — Oy" (2) — 0,

SO
h°Zy, (2) = h°Op(r1004(2))- (2) — h°Oy, (2) + h'Zy, (2)
s(n?+n—2)+42
> <2(n —|—’l7,2 )+ > o dim(ﬁn,4(2”+1)) +1
n2+n+2
s +4
CP)C1)eem)
To conclude, observe that the latter equals 2("11). O

A family of hyperplanes of P(H°Og(2)) is made by those defined by the con-

tainment of a given point. Such hyperplanes are parametrized by the Veronese

variety V,,_12 C P(H°Og(2))* = P(ngl)_l, and we want to determine how Y,,

and
some other special subvarieties of Y,,.

Lemma 2.11. Assume n > 3. Let X = Bl,,

Vi—1,2 are related. The next Lemma shows that V,,_; o C Y;, and describes

(P™) and let

----- Pn+1

X

N

“w

L
be the resolution of indeterminacy of ¢,,, with exceptional divisors E1, ..., Ey 1.
Set I;; = (pi,p;), let I;; be its strict transform on X and let II; = (p; | i # ).
Then
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1. @n g is the 2-Veronese embedding of R = P"~! in P(H°Og(2))*, in par-
ticular V,,_12 = ¢, (R) C Y,

2. Y1, = @1 for every i € {1,...,n+1}, in particular Y;, contains n + 1
copies of Y,,_1,

3. ®,, contracts l;j to a point y;; € V,,—1,2 N Sing Yy,
4. ©,(E;) = (yi; | j #1) for every i € {1,...,n+ 1}.

Proof. 1. Tt is enough to observe that ¢, g is defined by

(1) = Ln2(1")(p1, ..., Pug1,7)|r = Ln—12(1)(r)
for every r € R.

2. Assume for instance that j = n + 1. ¢, is associated to the linear

system Ly, 2(1"" ) (p1, ..., Prs1) s that is £,_12(1")(p1, - .., pn), and
thus it coincides with ¢, 1.

3. Let x € Lij\{p1,---,Pn+1}. Thenl;j C Bs L, 2(1"")(p1,...,Pn+1,2) and
therefore ¢, () is the hyperplane of quadrics of R passing through RN;;.
Hence ®,, contracts l;j to a point y;; = @ (RNj) € op(R) = Vi—1,2.
Notice that codiml;; =n —1 > 1, so Y}, is singular at y;;.

4. Since p; has multiplicity 1 as a base point of M, E; = P"~! is embedded
with degree 1, so it is a linear space of dimension n — 1. Moreover l;;
contains p;, So l;j and F; meet. Thus ®,(E;) > y;; for every j # i.
Finally observe that the p;’s are general, hence the [;;’s are general and
therefore the same holds for the y;;’s. This means that {y;; | i # j} are n
general points of ®,,(F;) = P"~! and so they span it. O

Quadrics containing the limit of n+ 2 simple points in P” form a hyperplane
in P(H°Op(2)), but it is interesting to point out that if + € P" is general
then that hyperplane is not defined by a tangent direction. Indeed, a tangent
direction is an infinitely near point, so such hyperplane is defined by the con-
tainment of a point of R. This is equivalent to require ¢, (x) € @, (R) = Vi1 2.
Since dimY,, > dimV,,_1 2, in general the hyperplane ¢, (z) is not defined by
a tangent direction. However, the previous Lemma shows this can happen not
only for € R, but also for other points, for instance when x € [;;.

If we fix py = [1,0,...,0],...,pns1 = [0,...,0,1] the coordinate points and
R = P"! the hyperplane of P defined by x, = x¢ + ... + 5,1, then it is

possible to give explicit equations for ¢,,. Let ¢ = [qo, - .., qn] € P be a general
point. A quadric @ C P” containing py,...,p,+1 has equation
Z Qi T;T5 = 0. (22)
0<i<j<n

Since q is general, we may assume qg, g1 7 0. By imposing ¢ € @) we get

apl = — Z 9id; Qjj - (23)

0<i<j<n qoq1
(1,5)#(0,1)
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By substituting the equation of R in equation 2.2, we see that Q| is defined by

0= E aijxixj

0<i<j<n
n—1
= E Qi LT + E An LTy
0<i<j<n—1 k=0
n—1
= E ai;x;x; + g apn@r (o + ...+ Tp_1)
0<i<j<n—1 k=0
n—1
2
= E (@ij + Qin + ajn)xiz; + g A T
0<i<j<n—1 k=0

Fix the canonical basis {z;z; | 0 <i < j < n} on H°Og(2). If we call \;; the
coefficient of z;z;, then the hyperplane ¢, (q) satisfies

Aii = Qin, for every i € {0,...,n — 1}

Ao1 = @o1 + Gon + A1n

Xij = @ij + ain +ajn,  forevery 0<i<j<n-—1,0(i75) #(0,1).
By elimination process we get

n = Ai; for every i € {0,...,n — 1}
Qi; = >\ij — Nii — Ajj for every 0<i1<j<n-—1, (Z,j) # (O, 1)
Ao1 = o1 + Gon + a1n

By substituting equation 2.3 in the third line, we get the defining equation of
the hyperplane of H’Og(2) corresponding to ¢, (q) as

Aol = ao1 + aon + a1n
q:q;
= aop + A1n — E Qij

o<icj<n 1090
(1,5)#(0,1)
:(1 QOQn> a +<1_q1qn)a1n_ ) g5, qzqn o
qoq1 qoq1 0<i<j<n CIOCI1 5 dod1
(4,3)#(0,1)
_ (1 qe%) ot (I_QIQ'rz)/\H_ ) 945 (s i QZQn A,
qoq1 qoq1 0<i<j<n qoq1 5 dod1
(4,5)#(0,1)
_ (qun qo% 1— q1qn quq] A1
QOQ1 qoq1 qoq1
+ _Q2Qn Z 49295 Ao + . _4n-14n an 195 At
qo0q1 0<;<n qoq1 qoq1 =0 qoq1
772
_ Z Qz% )\”
o<icy<n 091
(1,5)#(0,1)
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Up to multiply by gogqi, the coefficient of ¢, (q) with respect to the (i, j) element
of the canonical basis of P(HYOg(2))* is

—qiq; for0<i<j<n
(pn(Q)ij: C
@i (=G + Dpzin Gk for 0 <i=j<n.

Now, for 1 < a < b < n + 1, we want the coordinates of the singu-
lar points yap. Since yap = ©n((Pa,s)), We can compute its coordinates as
©n(0,...,0,1,0,...,0,1,0,...,0), where the 1’s are in the (a—1)-th and (b—1)-
th slots. First assume that b = n+1. Then the coordinate of ¥4 41 correspond-
ing to the element X;; of the basis is

( )i = -1 ifi=j=a-1
Yamt1)ij = 0 otherwise.

In particular y, ,,+1 is a coordinate point of P(H°Og(2))*, corresponding to the
element X,_; o—1 of the basis. Assume now that b <n. Then

—1 i (i) = (a—1,b—1)
(yab)ij: 1 le:J:a_lor’L:j:b—l
0 otherwise.

Once we have the y,;’s, we can get the equations of the images of the n + 1
exceptional divisors as @,,(E;) = (y;; | j #4). This is useful to study Y, for
some small values of n.

Example 2.12. Let us consider the case n = 3. By Lemma 2.10, Y3 C P’ is
a rational threefold of degree 4, contained in at least a pencil of quadrics, so it
follows that Y3 is the complete intersection of two quadric hypersurfaces in P?.
We can give an explicit expression of the map.

w3([a, b, c,d]) = [ab + ac — ad, —ab, —ac, ab + bc — bd, —be, ac + be — ed].

We compute

y12 = ¢2([1,1,0,0]) = [1,-1,0,1,0,0],
y13 = 2([1,0,1,0]) = [1,0,-1,0,0,1],
Y14 = ¢2([1,0,0,1]) = [-1, O 0,0,0 O},
y23 = ¢2([0,1,1,0]) =[0,0,0,1,—1,1],
y24 = ¢2([0,1,0,1]) =[0,0,0,—1,0, 0},
ysa = 2([0,0,1,1]) = [0,0,0,0,0, —1].

Therefore the ideal of the planes ®3(E1),. .., P3(FEy) are

Toy(Ey) = (24,71 + 23,72 + 5),
Toy(By) = (T2, 20 + 21,24 + 25),
To,(By) = (T1,%0 + T2, 23 + 74) and
Loy (By) = (21,22, 74).
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We want to find the equations of the two quadrics generating the ideal of Y3. It
is known that

2 2 2
Ty, , = (vox3 — 7, T4 — T1T2, L5 — T3, T1T4 — T2T'3, T1T5 — ToLg, TIT5 — Tj)

is the ideal of V2 o C Y3. The quadrics Q1 = (zor4— 122+ 2124 — 2223 = 0) and
Q2 = (124 — X223 + 125 — T2x4 = 0) contain V5 o and all the planes ®3(E;).
An explicit computation shows that p3(p) € Q1N Q- for every p € P3, hence Y3
is the complete intersection of 1 and Q2. By computing the determinant, we
get det(AQ1 + pQ2) = N2u? (A +p)?, so there are exactly three singular quadrics
in the pencil defining Y3, and they all have rank 4. If we set @3 to be the quadric
defined by the sum of the two polynomials defining Q)7 and @2, then the three
rank 4 quadrics are @1, singular along the line (y12, y34), @2, singular along the
line (Y14, yo23), and Qs, singular along the line (y13,y24)-

Although Y3 is a complete intersection, in general the same does not hold
for Y,,. By Lemma 2.10, for instance, degY; = 2% — 5 = 11 is a prime number,
so Yy can not be a complete intersection. However, quadrics containing Yy play
a central role in understanding its equations.

Example 2.13. Let us work out the case n = 4. By Lemma 2.10, Y; C P?°
is a degree 11 rational fourfold, and it is contained in a system of quadrics of
dimension at least 10. By the same argument as in Example 2.12, we can explic-
itly write the ideals Zv; ,, Zo,(£,), - - - » Lo, (E5)- By using the software Macaulay2
[43], we observe that the intersection ideal has exactly 10 degree two generators.
The ideal of those 10 quadrics defines a variety of dimension 4 and degree 11,
thus Y} is defined by the 10 quadrics containing Vi o U ®4(E71) U... U ®4(Es).

In a similar way, Y5 C P is a degree 26 rational 5-fold, contained in a system
of quadrics of dimension at least 30. The ideal Zy, , NZg, (g,) N .. NZa, (k) has
30 degree 2 generators. Those 30 quadric define a variety of dimension 5 and
degree 26, so Y5 is defined by those 30 quadrics.

Proposition 2.9 characterizes the quadrics in the limit ideal. In order to fully
describe the limit Zy of n + 2 collapsing simple points, it would be enough to
show that it is defined by quadrics. Unfortunately this is not true in general.

Example 2.14. Consider the collision of 4 simple points in the affine plane. In
the notations of Construction 1.10, we consider the sections

Then an explicit computation with the software Macaulay2 shows that H OIZO’ A2
is not generated by quadrics.

Despite the previous Example, the ideal of Z; is always generated in low
degree. Moreover, we can completely describe it if we make a mild assumption
on the sections o;.
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Proposition 2.15. Let V be a n-dimensional variety, and ¢ € V a smooth
point. Let U = A™ be an open affine neighbourhood of g in S. Let

00y ,0nt1 : A= UXA

be sections as in Construction 1.10, and let Zy be the corresponding limit of
n + 2 collapsing simple points onto q.

1.
2.

Ty, is generated in degree at most 3.

If 0,,41(t) is the barycenter of o¢(t),...,o,(t) for every t € A\ {0}, then
1z, is generated by quadric.

If V.= P", then 7y, is generated by quadrics. In particular, Proposition
2.9 describes the limit of n + 2 collapsing points in P™.

Proof. 1. In order to prove that Zz, is always generated by cubics, it is

enough to show that hz,(2) = degZy. Let p: X = Bl;A — A be the
blow-up of the limit point. Recall that Xg = W UV, where W = P” is
the exceptional divisor and V' = Bl,; Ag. Let [H] be the hyperplane of
P(H°Og(2)) defining Zz,(2). A quadric Q C Ap contains the limit Zg if
and only if Q‘R € H. Since mult Zy = 2, @ is singular and therefore a

cone. Qg is a quadric of R = P"~!, hence it is determined by (";1) -1

points of R, that is by ("}') — 1 tangent direction to the limit point.
Those tangent directions are (";‘1) — 1 lines of ) through ¢, and they cut
the same number of points on a general hyperplane L of A", defining a

quadric D of L. So @ = Cy(D) is uniquely determined by ¢ and Q|g, and
hZz,(2) = dim H = h’Og(2) — 1 = ("J') — 1. Thus

2 1
hzy(2) = h0Opn (2) — 1T, (2) = ("; )-(”; )+1:n+2:degZO.

. Up to an isomorphism of U, it is not restrictive to assume that

U”(t) = (0’ e 70,fn(t))

Then o,11(t) = (f1(t),..., fu(t)) by hypothesis. In the general fiber Ay,
the ideals of the n 4+ 2 points are

Io(t) = (.’1,‘1,. . .,J}n),
Il(t) = (1’1 - fl(t)’x%“'vxn)v

In(t) = (1'1, ceesIp—1,Tn — fn(t))
In+1(t) = (1‘1 - fl(t)w'wxn - fn(t))

The set of n 4 2 points has ideal Z(t) = Zo(t) N Z1(t) N ... N Z,(¢). Notice
that x;(z; — fi(t)) € Z(t) for every i and for every t. Then the limit ideal
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Z(0) = Iz, contains z3,...,22 ;. By Proposition 2.9, Z,(2) contains all
quadrics of the basis but one, and we checked that no square monomial
is absent. It is easy to observe that such a set of quadrics generates any
cubic.

3. In P™ every (n + 2)-tuple of points is equivalent, so we can assume that
on+1(t) is the barycenter of og(t),. .., 0, (t). O

Before moving to higher multiplicity collisions, let us remark that the prob-
lem of collisions of h > n + 3 simple points in P™ is still open. It is possible to
argue as in the case of n+2 points, but it is much more difficult to understand the
rational map and the associated linear system. Nevertheless, Ciliberto-Miranda
([30]) and Nesci ([62]) provided partial answers for the case n = 2.

2.2 Double points

In this section we assume that all the collapsing points have multiplicity 2. First
we can easily generalize Example 2.4.

Proposition 2.16. Let m > 2, (n,m) ¢ {(2,3),(2,5), (4,4),(4,5)}. Define

n+m-—1
h = ( T ) If h € N, then the limit of h colliding double points in P™ is an

m-ple point.

Proof. First we check that

n+m-—1

vdim £n7m_1(2h) = (
n

>1(n+1)h1,

while

n+m

dim £, ,,, (2") > vdim £, . (2") = ( ) —1—(n+1)h>0.

n

By our numerical assumption, together with Theorem 1.5, £,, ,,—1(2") is non-
special and therefore empty. By Proposition 2.3, Zy has multiplicity m. Then
it is enough to check that the degree of an m-ple point is the same as deg Z;
and conclude by Proposition 1.2. O

As we already noticed, in most cases the limit is not just a point with
multiplicity. As Example 2.5 shows, once we understand the minimum degree
k of a divisor containing Z;, we need informations on the base locus of such
divisors.

Dealing with double points, it is convenient to work in the case h > n.
Indeed, under this assumption we have mult Zy = 3, at least for n big enough,
and the base locus of cubics with assigned double points is very well understood.
On the other hand, h < n yields mult Zy = 2, and £,, 2(2") has a nonreduced
base locus and it is more difficult to describe the conditions it gives to the limit
linear system.

First we need a technical result.
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Lemma 2.17. Let n > 2, let A ={ay,...,a;} be a set of [ general points in P"
and let R be a hyperplane such that AN R = &. Let

B:{plj = <al,a]>ﬁR|1§z<j§l}

Assume that [ < n+2. Then £,,_12(B) and £,,_1 3(B) are non special, that is
the points of B impose independent conditions to quadrics and cubics.

Proof. 1t is enough to prove the claim for [ = n + 1 for quadrics and [ = n + 2
for cubics.

First assume that [ = n+1. In this case B is a set of (";1) points, therefore it
is enough to prove that there are no quadrics containing B. We prove the claim
by induction on n. For n = 2 it is easy. Let II; = (a1,...,di,...,an+1) N R. By
induction, there are no quadrics in II; containing IT; N B. Therefore any quadric
containing B has to contain the hyperplanes II; for any ¢. This is enough to
conclude, because n + 1 > 3.

Now assume that | = n + 2. We prove that the points of B are general for
cubics by induction on n. It is easy to check that the thesis holds for n = 2, so
we assume n > 3. Specialize a1, ...,a,41 on a general hyperplane L = P"~ 1.
Define

By ={pij|1<i<j<n+1}and By = {p1,nt2,--+Pnt1,n+2}

Observe that the points of By are in general position on R, and B = By U Bs.
Let H = LN R =P" 2. Castelnuovo exact sequence reads

0— IB%R(Q) — 1373(3) — IBl,H(?’) — 0.
Since By is a set of general points of R, h'Zp, r(2) = 0. If we set

Al = {al,...,an+1}7

then A is a set of general points in L and H is an hyperplane of L such that
A; N H = @. By induction hypothesis, h'Zg, ;(3) = 0. Hence h'Zp z(3) = 0
and so B imposes independent conditions on cubics of R. O

Remark 2.18. Note that even if B imposes independent conditions, the points
of B are not in linear general position. Indeed there are ("F') linear spaces of
dimension ¢ — 2 each containing (%) points of B. For every choice of ¢ points of
A, their span is a P!~1, so the corresponding (3) points of B lie on a P!~2.

The next two Propositions completely solve the cases h = n+1 and h = n+2.

Proposition 2.19. The limit of n+ 1 collapsing double points in P™ is a triple
point with ("‘2"1) tangent directions. The infinitely near simple points are in the
special position described by Remark 2.18.

Proof. There are no quadrics singular along n + 1 general points of P", while
L, 3(2"*1) has non negative dimension, so the multiplicity of the limit scheme
is 3 by Proposition 2.3. Note that the degree of a triple point is (";2)

The base locus of cubics in P with n+1 general double points consists of the
(";1) lines joining the points. Each of them cuts a simple point on R = P"~ 1.
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By Lemma 2.17 these points impose independent conditions to cubics. A simple
computation shows that

2 1
(19 ()i

Hence the triple point, together with (";1) tangent directions, is the limit
scheme. O

Proposition 2.20. Let Z; be the limit of n + 2 collapsing double points.

1. If n = 2, then Zj is a 4-ple point with the involution described by Ciliberto-
Miranda in [30].

2. If n =3, then Zj is a 4-ple point.

3. If n > 4, then Zj is a triple point with (";2) tangent directions. In this
case the infinitely near simple points are in the special position described
by Remark 2.18.

Proof. For n = 2, see [30, Proposition 3.1].

The length of Z; is (n + 1)(n + 2). For n = 3, there are no cubics singular
at 5 general points, so Z; contains a fourtuple point. Since deg Zy = 20, and
since a 4-ple point in P3 has degree 20, we conclude by Proposition 1.2.

For n > 4, the linear system L, 3(2""2) has positive dimension, hence
mult Zy = 3 by Proposition 2.3. It is easy to see, via reducible cubics, that
the base locus of £, 3(2""2) consists of (";2) lines joining the points. FEach line
cuts a simple point on R = P!, and they impose independent conditions by
Lemma 2.17. In order to conclude we check

T

Again the thesis follows by Proposition 1.2. O

Despite the previous results, the limit scheme can be more complicated than
a fat point with a bunch of infinitely near points. Such problems may occur
even in low dimension and when all the multiplicities are 2.

Example 2.21. Exceptions of Theorem 1.5 always yield a 0-dimensional linear
system. In these cases it is easy to compute the multiplicity, but we can not
argue as before to describe the limit. For instance, the limit of 5 colliding double
points in P? is described in [30, Proposition 3.1] as a fourtuple point with a pair
of infinitely near tacnodal points.

We could try to apply the argument of Propositions 2.19 and 2.20 to an
higher number of colliding double points. Anyway, we can not expect the same
proof to work. One of the reasons is that Lemma 2.17 does not hold for I > n+3

Example 2.22. Consider a set A = {ay,...,a7} C P* of general points. As in
the setting of Lemma 2.17, let R be a hyperplane such that AN R = @ and

B = {pij = (ai,a;) NR |1 <i < j<T}
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Indeed in that case B = 21 and h®Og(3) = 20. We know there is exactly one
cubic C singular at a1,...,a7. C contains all the lines joining pairs of points of
A, so in particular C|r D B. Moreover, consider the Castelnuovo exact sequence

0— £4’2(27) — [,4’3(27) — IB,R(S) — 0.

Since L£42(27) has no global sections, the restriction L£43(27) — Zp r(3) is
injective and therefore £43(27) C Zp g(3). This means there is at least one
cubic of R containing B. Since hOO]pe,(?)) = 20, the 21 points of B impose
at most 19 independent conditions on cubics of R. An easy software-aided
computation shows that B actually imposes exactly 19 independent conditions.

More generally, let Z; be a scheme of n + 3 double points, with n > 5.
Observe that deg Z; = (n + 1)(n + 3) and mult Zy = 3. It is easy to see that
Bs L, 3(2"*3) consists of the double points and of the (";3) lines joining the
pair of points. Then we have (”42'3) simple points infinitely near to the limit
triple point. However, these simple points are not independent. Indeed, if they
were, deg Zy > (";2) + (”;5) =n?+4n+4 =1+ deg Z,. Hence those (”;“3)
simple points impose at most ("3%) — 1 conditions on Zy. On the other hand,
at least (”‘2"2) of the simple points impose independent conditions by Lemma
2.17.

Remark 2.23. Let Z be an m-ple point with an infinitely near simple point,
and let [ be the line through Z corresponding to the infinitely near point. The
restriction of Z to a general line is an m-ple point, while Z); has multiplicity
m-+ 1. This suggest a possible description of the limit of n+ k collapsing double
points. Assume that mult Zy = 3, and let Iy, .. .,l(n;—k) be the base lines, all

passing through the limit point g. Let S# be the multiplicity 4 subscheme of
l; supported at gq. We know that Z; contains the union of the S}’s, and we
conjecture that they coincide. Now we want to precisely formulate the problem
and to provide a solution for small k.

Union of fourtuple schemes

Definition 2.24. Let n,m > 2, and let I1,...,l; be t lines in A™ meeting at
the origin. Let S]" be the O-dimensional degree m subscheme of /; supported at
the origin, and let Z,, sm be the ideal defining S;* is A". Define Z,(ly,...,l;)
to be the union scheme defined by the ideal

In(lla . ,lt) = In,S{” n... mIn,S,Z"'~
If Iy, ...,l; are general lines and m = 4, then we define
Zn,t = Zn(ll, ceey lt) and In,t = In(ll, e 7lt).

When mult Z,, ; = 3 we can think of this scheme as a triple point with ¢ infinitely
near simple points, representing the directions corresponding to Iy, ..., ;.

Remark 2.25. Consider n + k colliding double points in A™ and assume the
limit has multiplicity 3. Then the limit triple point has (";‘k) infinitely near
simple points, in special position, giving possibly dependent conditions on cubic.
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Nevertheless, the restriction of the limit scheme to one of the (";k) correspond-

ing lines Iy, ...,1 ("% has degree strictly greater than 3. In particular the limit

scheme contains Z,, (11, .. .,l(nM)). So if we prove that they have the same
2

degree, then we get an explicit description of the limit scheme.

We aim to identify the limit of a bunch of colliding double points with a
scheme of the form Z(ly,...,1;). For this reason, our next task is to study such
schemes. First we compute the multiplicity of the scheme Z,(I1,...,1;).

Lemma 2.26. Let R = A"~! be a general hyperplane in A", and p; = [; N R.
Define P = {py,...,p:} and set

k =min{m € N | Zp gr(m) # 0}.
Then mult Z(l4,...,1;) = min(4, k).

Proof. First note that mult Z,,(l1,...,l;) is nondecreasing with respect to t.
Moreover, mult Z,, (I3, ...,1l;) < 4 by construction. Indeed, once multiplicity 4 is
reached, the restriction to any line has degree at least 4, so by adding another
S# we do not change anything. Now let D C R be a degree m divisor containing
P1,---,P:- The cone C over D with vertex the origin is a degree m divisor in
A™ containing [1,...,l;, and therefore C D S{ U...U S} Hence the ideal of
Zn(l1,...,1;) contains a generator of degree m and so mult Z,,(l1,...,l;) < m.
This implies mult Z,,(l1, ..., 1) < min(4, k).

On the other hand, if mult Z,(l1,...,;) = 4 > min(4, k), then there is
nothing else to prove. Suppose that m := mult Z,(ly,...,l;) € {1,2,3}. Then
it is contained in a degree m divisor C' C A™. Since it has an m-ple point, C' is

a cone. Moreover the restriction of Z,(l1,...,l;) to each l; has degree 4 > m so
C contains each [;, and in particular C|r is a degree m divisor in R containing
D1y Pt O

Corollary 2.27. Let t € N and let R = A"~! be a general hyperplane in A",
Set
k =min{m € N | h’Or(m) > t}.

If l;,...,l; are general lines, then mult Z,, ; = min(4, k).
Proof. Apply Lemma 2.26 in the case p1,...,p; € R are general. O
Now we want to determine the length of Z,,(l1,...,1;). The next Lemma

provides a way to compute it inductively.

Lemma 2.28. Let n > 2. Then
1. deg Z, (1) =4,
2. deg Z,, (I, ..., lt, liy1) = deg Z, (14, ..., 1) + 4 — deg (Zn(ll, e lt)‘ltﬂ),
3. deg Zp, 141 = deg Z, p +4 —mult Z,, ;.

Proof. 1. The length of Z,,(11) does not depend on the immersion. Regarding
Zn(ly) = St as a divisor in I; = P!, it has degree 4 by construction.
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2. Let p = deg (Zn(ll7...,lt)ut+l). Of course Zy(ly,...,1;) D Si 4, so
Zn(li,... L) =StU...US =STU...US USE .

Hence the difference deg Z,, (I1,...,1l;,li11) — deg Z,,(l1, ..., ;) coincides
with the difference deg S¢, | — deg St =4 — p.

3. When [y,...,l;,l;41 are general, the restriction of Z, ; to l;1 has degree
equal to mult Z, 4, so it is enough to apply (2).
O

Example 2.29. Corollary 2.27 and Lemma 2.28 allow us to compute multiplic-
ity and degree of the scheme Z,, ; for every n and ¢. As an example, here is the
table for n = 2.

t deg Z5; | mult Z5;

1 4 1

2 7 2

3 9 3
t>4 10 4

Now we consider what happens when the lines are not general, in particular
when they have the configuration described in Remark 2.18.

Definition 2.30. Let {l;; | 1 < i < j < m} be a set of ('}) lines in A"
meeting at the origin, such that l,p, lpe and I, lie on the same plane for every
{1 <a<b<c<m}. Define Zn() =Z,(li; |1 <i<j<m).

2

Remark 2.31. Let n,m > 2. The following simple observations will be useful.
b2 3) =% (3)
2. Zn,l = Z271 and ng = 2273.
3. More generally, if n > m, then (ll,...,l(m)) = A™ ! This implies
2
mult Zn7(7;) - ]. and Z7L7(7;L) - Z’VVL—l,(”L)'

2

We are now ready to compute the multiplicity and degree of Zn (m)- By
N2
Remark 2.31, we know the multiplicity and degree of 22 () from Lemma 2.28.
\ 2

Now we tackle the cases n = 3 and n = 4.

Lemma 2.32. The next table shows the values of deg 23(7;) and mult 23(7;)

m t deg Z3yt mult Zg’t

2 1 4 1

3 3 9 1

4 6 16 3
m>5|t>10 20 4

Degrees and multiplicities of Z 4 () are presented in the following one.
2
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m t deg Z4¢ mult 24715

2 1 4 1

3 3 9 1

4 6 16 1

5 10 25 3

6 15 30 3

7 21 34 3
m>8|t>28 35 4

Proof. We already observed that Zn’l = Zy,1 has multiplicity 1 and degree 4 for
every n.

If (n,m) = (3,3), then we have 3 coplanar lines meeting at the origin. Let
R be a general plane and let p;; = RN;;. Then p12, p13, p23 are collinear, hence
mult 2373 = 1 by Lemma 2.26. To compute the degree, observe that 23,3 =733,
so deg 23,3 = 9. By Remark 2.31.3, 24,3 = 23,3, so the first two lines of both
tables are filled.

Consider now (n,m) = (3,4), with 6 lines through the origin. Let R be a
general plane. Then {p;; | 1 < i < j < 4} are 6 points in P? in the special
position described by Remark 2.18. By Lemma 2.17, they lie on a cubic but
they do not lie on a conic, hence mult 23,6 = 3 by Lemma 2.26. To compute
the degree, observe that mult Z3(l12,l13,1l23) = 1, so

deg Z3(l12, 113,123, l14) = 3 + deg Z3(l12, 113, l23) = 12
by Lemma 2.28. But now mult Zg(l127 l137 l237 l14) = 2, SO

deg Z3,6 = deg Z3(l12, l13, l23, 114, loa, I34)
= 2+ deg Z3(l12, 113, l23, 114, l24)
=2+ 2+ deg Z3(l12, 113, 123, 14) = 16.

In a similar way we deal with the case m = 5. By Lemma 2.17, the 10 points
lie on a quartic but they do not lie on a cubic, hence mult 23710 = 4. More
precisely, Z1 is the whole fourtuple point and so Z () is the fourtuple point for
every m > 5. In particular, it has degree 20.

Now we consider n = 4. By Remark 2.31.3, deg 2476 = deg 23,6 = 16 and
mult 2473 = mult 24)6 = 1, so the third line is filled. Moreover by Lemma 2.26
and Lemma 2.17, mult 24_,10 = mult 24,15 = 3. The case m = 7 is an exception
of Theorem 1.5. Notice that 24721 is a subscheme of the limit of 7 colliding
double points in P4, which has multiplicity 3 by Proposition 2.3. Therefore
mult 24721 =3.

Note that 24710 is obtained from 2476 C A3 = H by adding Si;, ..., Si.
When we add St5, by Lemma 2.28 the degree increases by 3 because Sty ¢ H;
the resulting scheme 24,6 U Sts has multiplicity 2. When we add S35, the degree
increases by 2 unless deg(Zy6 U S15) 155 = 2, i.e. unless Z46 U S}y contains the
infinitely near point corresponding to lo5. This would imply that all quadrics of
R through {p;; | 1 <1i < j <4}U{p15} contain pss, and this is false by Lemma
2.17. Repeating this argument we see that all the lines increase the degree by 2
and so deg Zy 10 = 16 + 3+ 2+ 2+ 2 = 25.

The same observations allow us to conclude that adding each Sj increases
the degree of Z10 by 1 and then deg 24,15 = 25+5 = 30. Now we focusonm = 7.
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By Example 2.22; the 21 points impose exactly 19 independent conditions. This
means that each S} we add increases the degree by 1, except for the last two,
so deg 24721 = 30 + 4 = 34. Finally, when we add Si; the degree jumps to 35,
SO 24’28 is the whole fourtuple point. O

Remark 2.33. If we look at Zg ¢ and Zg 10, we see that their multiplicities and
degrees are consistent with the cases of 4 and 5 collapsing double points in A3,

In the same way, the numbers we found about Z4 10 and Z4 15 are consistent
with the case of 5 and 6 colliding double points in AL,

We will try now to find a general statement about the degree and the mul-
tiplicity of Z, () The situation is easy when m < n.
'\ 2

Proposition 2.34. Let n > 2. If 3 < m < n, then mult Zn (m) = 1 and
o\ 2
2

deg Zn (m) =m-.
o\ 2
Proof. If m < n, then mult Z () = 1 by Remark 2.31.3.
2
We prove the statement about the degree by induction on m. We saw that
deg Z, 3 =29. Let us assume deg Z () = m? and let us compute deg Zn (Y-
2 ’ 2

Zn (") is obtained from Z () C A™ = H by adding S} el - L, 8E 1

) 2
Observe that St m+1 € H, so it increases the degree by 3; the resulting scheme
is contained in some P = A™*! and by adding S} PETP S Lmi1s We

remain inside P. As a subscheme of P, Zn (") has multiplicity 2, because
2
there are only ( ) +m—1<h’O4n-1(2) lines. But we know that, even if they

are in special position, they are general for quadrics, so each new addition of
53 mi1s- - Sm.mi1 increases the degree by 4 — 2 = 2. Hence

degZ (m+1)—degZ (7 >+3+2( —=m?+2m+1=(m+1)2
and therefore the thesis holds. O

Before we move to the more interesting case m > n > 5, we need some
technical results. We already observed that Lemma 2.17 does not hold in the
case of more than n + 2 points in P™, so our next goal is to understand what
happens with larger numbers of points. In particular, we are looking for a
suitable generalization of Lemma 2.17.

Lemma 2.35. For r € N, let Ay, = {a1,...,a,} C P" be a set of r general
points, and let R be a hyperplane such that A, "R = &. Let

B, = {{ai,a;) N R}ijeq1,...r}-
Now fix k£ € N and define

(nJrS)
n

Assume that B,,, 11 imposes ("k; k) — (k ;1) independent conditions to cubics

of R. Then B, impose exactly (”'ﬁ) — (kgl) independent conditions to cubics
of R for every n > ny.



Proof. We prove the statement by induction on n > ny. The first step of
induction is granted by hypothesis. In order to lighten the notation, throughout
this proof we will write A and B instead of A, and Bj1k.

Suppose that n > ny. Specialize ai,...,a,4%_1 on L = P! Define
By ={pij |1 <i<j<n+k—1} and By = {p1,ntks-- - Pntk—1nt+k}- Let
H = LN R=P" 2 When we restrict to H, Castelnuovo exact sequence reads

0— 13273(2) — IB,R(3) — IBl,H(3) — 0.
First observe that the points of By are general on R, so

n+1

h'Zp, r(2) = ( N

) —(n+k—1) and h'Zp, r(2) =0.

Now we want to compute the dimension of the right hand side of the sequence.
Note that Ay := {a1,...,a,k_1} is a set of general points in L = P"~! H is a
hyperplane of L with AiNH = @ and By = {{a;,a;)NH |1 <i<j <n+k—1},
so by induction hypothesis

T (3) — <n;1> B <n+12<:—1> . (k;l)
h'Zp r(3) = h°Zp, r(2) + h’Zp, u(3)
_ (n;—l) et k1) + (n—3|—1> B (n-i—/;—l) N (k;l)
_ (n;?) B (n;k) N <k‘21>'
nk) (k-1

2 2
tion, they impose at least (”;rk) - (k_l

Therefore

Since points of B impose ( ) conditions in this specialized configura-

) conditions in the original configuration.
k—1
2

2

We already noticed they can not impose more than ("$*)—(*7) conditions. [

Lemma 2.35 provides an inductive way to prove that B imposes the suitable
number of conditions on cubic of R. However, in order to apply it we need
the first step of induction for every k. While we are not able to prove this
first step in general, we believe this is the right way to compute the number of
independent conditions imposed by B.

n+3
Conjecture 2.36. Assume k < (nil) —n. Let A= {ay,...,antr} be a set of

n + k general points in P and R a hyperplane such that AN R = &. Let

B = {{ai,a;) "R} jeq1,...ntk}-

n+k) _ (k71

M 5 ) independent conditions to

Then the points of B impose exactly (
cubics of R.

It is quite easy to prove that Conjecture 2.36 holds for k € {0,1,2}, and in
this way we recover some of the results of Lemma 2.17. Moreover, the software
Macaulay?2 allows us to prove the first step for k < 4 as well.

When Conjecture 2.36 is true, then we have a way to compute degree and
multiplicity of Zn(r;) for every n and m.
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Proposition 2.37. Let n 2 and assume that Conjecture 2.36 holds. If

>
n+3 -
1<k< (nil) —n and (n,k) # (4,3), then

mult Zn ("F) = 3 and deg Zn ("iF) = (n+1)(n+k).
o 2

Proof. By our assumption we can forget about exceptions of Theorem 1.5. Ob-
serve that Z (") > Z, ("5 for every k > 1. By Lemma 2.26 and Lemma
2 2

2.17, mult Zn (") = 3, hence mult Zn (") > 3. In order to see it can not be 4,
(2 2

it is enough to recall that, by Remark 2.23, Z ("£%) is a subscheme of the limit
of n + k double points in A™, which has multiplicity 3 because by hypothesis
(n+k)(n+1) < ("$?).

Now that we know the multiplicity is 3, we compute the degree by induc-
tion ok k. If k = 1, we can argue as in Proposition 2.34. Z (") is obtained

2
5 5

tiplicity 1 and degree n?. By adding an 11 the degree increases by 3 and the
multiplicity becomes 2. Moreover the multiplicity stays 2 until we add Sfm i1

because (3) +n—1< h%.-1(2). So

from Zn( ) by adding an—&-lv ey Sf,l7n+1. By Proposition 2.34, Zn( ) has mul-

deg Zn7(n;»1) =n’4+3+2n—-1)=(n+1)>~%

Assume then k£ > 2. Zn (e is obtained from Zn () by adding the
) 2 N2
schemes S}, 1. .., Sp oy nike1- By induction hypothesis mult Z, (retr) =

3, so every S;{n 4k41 increases the degree by at most 1. More precisely, it in-
creases the degree if and only if the corresponding point p; ,4x+1 is not a base
point for the cubics of R containing {p;; | 1 < j <! < n+k}. We want to under-
stand how many of them give their contribution. By Conjecture 2.36, the (";‘k)

points {p;; | 1 <j <l <n+k} give ("'QH“) — (kgl) conditions on cubic. On the

other hand, all the (”H;H) points {p;; | 1 < j <! < n+k+1} give (”H;H) - (g)
k—1

2):k—lamong

independent conditions. This means that exactly (g) — (
St miki1r- s Smikmini1 crease the degree, so

deg Zn,(wgﬂ) = deg Zn7(7142rk) +n+k—(k-1).
By induction hypothesis, the latter equals
m+k)n+D)+n+k—-k+1=mn+k+1)(n+1).
O

Finally, we can give a description of the limit scheme of n+k colliding double
points in P".
(")
Corollary 2.38. Let n > 2 and let 1 < k < =35 —n, with (n, k) # (4,3). If
Conjecture 2.36 holds, then the limit of n + k collapsing double points in P is
Z’VL, (n;k) .

Proof. The limit scheme has degree (n + 1)(n + k), and by Proposition 2.37 it
coincides with deg Z ("1*)- In Remark 2.23 we observed that the limit scheme
2

contains Zn’(n;—k), so we conclude by Proposition 1.2. O
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Before we move on, we want to remark a few important facts. First, we know
Corollary 2.38 holds for small values of k. In particular, it improves Propositions
2.19 and 2.20. However, this approach only works in the range

("3%)
1<k<-—=%—n. 2.4
Sk< g n (2.4)
When k < 0, the limit scheme has multiplicity 2. As we already pointed out, the
linear system £, 2(2"**) has nonreduced base locus, and this makes it difficult
to understand the first order neighbourhood of the limit point. On the other

n+3
hand, when k +n > (nil), the limit scheme has multiplicity at least 4 and the
base locus may not give us information. It is enough to consider (n,k) = (3,3)
to bump into the linear system L3 4(2°%), which has no base locus outside the
imposed singularities. Our work on infinitely near points gives us no clue in this
type of cases.

One could argue in a similar way with higher multiplicities, and hope to
find other cases in which there are base lines. For instance, we could work with
triple points, and we know that the lines joining a pair of triple points are in
the base locus of quintics. Unfortunately, this strategy works only if we know
the degree of the linear system we are dealing with. By Proposition 2.3, this is
equivalent to compute the smallest degree of a divisor in P™ containing a bunch
of general multiple points. This is a hard problem, and the answer is unknown
in its generality even in the planar case. For n € {2, 3}, there are partial results,
and we will deal with them in Section 2.3.

It is also worth mentioning that we can not produce any scheme X C P"
made by a triple point with ¢ tangent direction as a limit of double points.
Indeed, first we need that t = (":k) for some k in the range (2.4). Moreover,
the tangent directions have to be in the special position described in Remark
2.18. It is legitimate to wonder if there are more conditions to be met in order to
express X as a limit of double points. In other words, can we lift X to a bunch
of double points in such a way that X is the limit of those colliding points,
under the previous assumptions? We will now give an answer to this question.

Lifting problem

Remark 2.18 describes the configurations of the points in the exceptional divisor
and suggests the following definition.

Definition 2.39. Let n > 2,t > 3. Define
Wn,t = {(xij)1§i<j§t € (Pn)(;) | Tpe € <$ab,$ac> Vi<a<b<ce< t} .

Fixed a hyperplane R = P" not containing any of the points z;;, there is a
rational map

Tt - (Pn+1)t N ot C (Pn)(g)

defined by sending (p1,...,p:) to (@ij)1<i<j<t, Where x;; is the intersection of
the line (p;,p;) with R.

For k < 4, we know that the limit of n+k double points in P" is a triple point
with (ngk) infinitely near simple points. The simple points form a (";k)—tuple
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(ij)1<i<j<ntk € Wantr. We want to understand whether all such schemes
can be obtained as limits of double points. This is equivalent to ask if m, 541
is dominant, and our next task is to give a positive answer, by proving the
following result.

Theorem 2.40. T, ; is dominant for every n > 2 and every ¢t > 3. The general
fiber has dimension n + 2.

Let us start with some simple observations.

Observation 2.41. 1. We have dim W,, ; = n(t—1)+t—2. Indeed, one can
choose freely t—1 general points z19, ..., z1; € P". Then, fori € {3,...,t},
it is possible to choose the t—2 points x9; general on (x12, x1;). After that,
for 3 < j < k <'t, the other points x;, are defined by (z1;, z1x) N (25, Tak)-

2. Assume that n > 3 and let (Sl?ij)1§i<jgt € Wpt Forl <a<b<c<t,
let l4pc be the line containing x,p, Tee, Toe- Note that lgpe and lp.q meet
at xp., so they span a plane containing l,.q and l,pq as well. This plane
therefore passes through the 6 points {z;; | 4,5 € {a,b,c,d},i < j}. By
the same argument, for every choice of m indexes 1 < iy < ... <y, <t

the () points {z;; | 1 <1 < ... < in <t} lic on the same P™ 2,

3. In particular, if £ < n + 1, then py,...,p; € P"*! lie on a linear subspace
L =P*~!. Hence the (;) points (p;, p;) N R all lie on LN R =P'~2. Then
Wht = Wi_ay, and m, ¢ restricts to m_oy : Lt = (P71 -—» W;_o ;. For
this reason, from now on we will assume t > n + 2.

Next Lemma is the first step towards the proof of Theorem 2.40.

Lemma 2.42. 7, 42 @ (P"T1)"*2 ——5 W, 42 is dominant for every n. The
general fiber has dimension n + 2.

Proof. Let © = (5)1<i<j<nt2 € Whnta be general. For i € {1,...,n+ 2},
let Ly = (i | j,k # i) be the dimension n — 1 linear subspace of R = P™ ob-
tained by choosing all indexes except i. Let II; C P"*! be a general hyperplane
containing L;. For j € {1,...,n + 2}, define the point

i#]
If k,h € {1,...,n+2} and h # k, then p; and py are distinct points of the line
ﬂi;ﬁk,h IL;, so
(propr)NR= (| TNR= () L,
i#k,h i#k,h

which is one of the z;;’s. Then, up to reorder, (p1,...,pn+2) is a preimage of
($¢j)1§i<j§n+2-

To determine the dimension of the general fiber, we can either note that
for each of the n 4+ 2 points p; we chose a hyperplane II; in the pencil of those
containing L;, or we can compute the difference dim(P"*1)"*2—dim W), ,,42. O

It is worth to note that one could give the definition of W1 ; and 7y + as well.
However, we are computing limits under the assumption that n = 2. Moreover,

35



Wi,+ coincides with (]P’l)(;)7 so the case n = 1 is not very interesting for our
purpose.
We are now ready to prove the result we claimed.

Proof of Theorem 2.40. As we noticed in Observation 2.41, we may assume that
t > n + 2. We argue by induction on t. The case t = n + 2 is the content of
Lemma, 2.42, so we focus on the case t > n + 2.

Let (x5)1<i<j<t € Wy, be general. By induction hypothesis exist ¢ — 1
general points pi,...,pr—1 € P! such that (p;,p;) N R = z;;. Define

e = (1, 1) N (P2, Tot).

In order to conclude, we have to make sure that (p;, p;) meets R at x;; for every
i€{3,...,t —1}. First observe

(14, 1) = (p1, T14, 1¢) N R = (p1,ps, pt) N R,

because p; € (p1,z1:) by construction. Hence

(pi>pe) N R = ({p1,pi, pt) N (P2, pi, Pt)) N R
= ({(p1,pi,pt) N R) N ({p2,pi,pt) N R)

= (14, T12) N (T2s, T2t) = Ty
The general fiber has dimension dim(P"™1)! — dim W,, ; = n + 2. O

In terms of collision, this means that if t € {n +1,...,n + 4}, then every
scheme in P™ made by a triple point with (;) infinitely near simple points x;;
such that (z;;)1<i<;<¢ is a general point of W, ; can be obtained as a limit of ¢
collapsing double points in P**!. If Conjecture 2.36 is true, the same holds for
the collision of ¢ points, where

("3")
n+1<t < —-=.
= n+1

2.3 Homogeneous collisions in low dimension

Degenerations are widely used in interpolation theory to compute the dimension
of linear systems. The most studied cases are dimension 2 and 3, where there are
conjectures about the reasons why a linear system is special. For n € {2, 3}, all
known special linear systems £ = L, q(m1, ..., m,) have a base locus containing
a particular variety, with precise properties. Roughly speaking, what those
conjectures state is that the only known geometric reason for a linear system
to be special is the existence of such a special effect variety in its base locus.
The precise definition about special effect varieties can be found in [11] and [12].
Some examples of special effect varieties are known, see [14] and [15], and the
hard problem is to classify all of them.

In this Section we will not look into special effect varieties, but we will exploit
part of the results of interpolation theory in low dimension to try to describe
some limits of colliding multiple points.
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Collisions in P?

For linear systems of plane curves there is a very precise conjecture about spe-
ciality. Since we are going to use some of its known cases, we collect here the
necessary notation and statement.
Let p1,...,p, € P? be general points, and let P? be the blow-up of P? at
Diyeeey Pre Set
L= £2,d(m1a s 7mr)(p17 ey Dr)-

We put a tilde to indicate the strict transform of curves on P2.

Definition 2.43. A (—1)-curve C C P? is a curve such that C' is a smooth
rational curve with self intersection —1.
The linear system £ on P? is (—1)-reducible if

k
£=ZN¢O¢+M7

i=1

where N; € N, Cy,...,C} are (—1)-curves, M-Ci=0foralli=1,...,k, and
vdim(M) > 0.

The system L is called (—1)-special if, in addition, there exists an index
i €{l,...,k} such that N; > 1.

The leading conjecture for linear systems of plane curves was first formulated
by Segre in [75]. Later on, other versions of the conjecture were proposed by
Gimigliano ([42]), Harbourne ([45]) and Hirschowitz ([48]). Forty years after
Segre’s first formulation, Ciliberto-Miranda showed in [29] that all previous
versions are in fact equivalent, so now we can present the statement of the
celebrated SHGH conjecture. It basically predicts that, for n = 2, the special
effect varieties are the (—1)-curves.

Conjecture 2.44 (Segre-Harbourne-Gimigliano-Hirschowitz). A linear system
of plane curves Ly, g(m1,...,m,) is special if and only if it is (—1)-special.

While this conjecture was proven true in a number of cases, and most experts
believe it is true, a complete proof still seems to be out of grasp. However, we
will use some of the known cases to describe limits of fat points in the plane.
First we need a definition.

Definition 2.45. A linear system L3 4(ma,...,m,) is called homogeneous if
all the multiplicities are the same, i.e. if m; = ... = m,.. It is called quasi-
homogeneous if all the multiplicities but one are the same, i.e. if mo = ... = m,..

We collect now some results about Conjecture 2.44.

Proposition 2.46. Let £ := L3 4(m1,...,m,). Let gz be the geometric genus
of L. Conjecture 2.44 holds in the following cases:

1. r <9 (Castelnuovo [21], Nagata [61], Gimigliano [42], Harbourne [44]),
2. r = h? is a square (Evain [40]),
3. r = 4! is a power of four (Evain [39]),

4. vdim £ > 0 and g, < 4 (Mignon [58]),
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5. m; <11 for every i € {1,...,r} (Dumnicki-Jarnicki [38]),
L = Lo 4(m") is homogeneous and m < 42 (Dumnicki [37]),

L = L3 4(m") is homogeneous and r > 4m? (Roe [73]),

® N>

L = Ly 4(n,m") is quasi-homogeneous and m < 5 (Ciliberto-Miranda [28],
Laface [50], Laface-Ugaglia [51]).

Since homogeneous (—1)-special systems have been classified (see for in-
stance [27, Theorem 4.9]), Conjecture 2.44 has a simpler form for homogeneous
systems with more than 9 points.

Conjecture 2.47. If r > 10, then £5 4(m") is nonspecial.

With these tools, we can consider the scheme Z; made by r points of multi-
plicities my,...,m,. Under the assumption that they satisfy one of the known
cases listed in Proposition 2.46, we can compute the multiplicity d of the limit
of the collision of such points via Proposition 2.3. However, in general this is
not enough to completely determine the limit scheme. Usually we need infor-
mation on the base locus of Lo g(ma,...,m,), and in some cases even that is
not enough. Hence this method can not give a general and unified degeneration
working for every linear system, but rather it can provide concrete degenera-
tions in many specific cases. As an example, we can easily extend Proposition
2.16 to higher multiplicity.

m+1
Proposition 2.48. Let m,n < 42, let h = ((?H)) If h € N and h > 10, then
2

the limit of h collapsing n-ple points in P? is an m-ple point.

Proof. First observe that Lo ,,,_1(n") is a homogeneous system whose multiplic-
ity does not exceed 42, so it satisfies Conjecture 2.44 by Proposition 2.46. Since
all multiplicities are the same and h > 10, L',g,m,l(nh) is nonspecial. Note that
it has virtual dimension (m;rl) —-1- h(”;rl) < 0, so it is empty. By Proposi-
tion 2.3, the limit has multiplicity m. To conclude we observe that the scheme
made by h n-ple points has length h("}'), which is the same as the length of a
m-~tuple point. O

Collisions in P3

Now we consider systems of surfaces in P3. Before we state the main conjecture
about the speciality of such systems, we need a definition.

Definition 2.49. A linear system L3 4(m1,...,m,) is Cremona reduced if
2d > my, +...+my, for every {i1,...,ia} C{1,...,7}.

This means the degree of the system can not be decreased by applying a Cre-
mona transformation.

The following conjecture about the speciality of linear systems in P? was
stated by Laface-Ugaglia in [52, Conjecture 4.1].
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Conjecture 2.50 (Laface-Ugaglia). A Cremona reduced linear system
L=2L3qa(my,...,my)
is special if and only if either
i) there exists a line [ through two base points such that [ - £ < =2, or
ii) there exists a quadric @ such that Q- (£ — Q) - (Kps — Q) < 0.

Like Conjecture 2.44, Laface-Ugaglia conjecture was proven true in several
cases.

Proposition 2.51. Let £ := L3 4(mq,...,m,). Conjecture 2.50 holds in the
following cases:

1. my =... =m, <5 (Ballico-Brambilla-Caruso-Sala [8]);
2. r < 8 (De Volder-Laface [34]);
3. r <9 and m < 8 (Brambilla-Dumitrescu-Postinghel [15]).

By exploiting some of this known cases, we can prove a result which is the
analogous of Proposition 2.48 in dimension 3.

Proposition 2.52. Let n,m € N such that n < 5 and m > 2n + 1. Define

m-+2
h= ((niz)) = ”;((7::11))((7?;?) If h € N, then the limit of h collapsing n-ple points
3

in P3 is an m-ple point.

Proof. By hypothesis L3 ,,(n") is not empty. By Proposition 2.3, in order to
prove mult Zy; = m we need to show that £37m_1(nh) is empty. Since it has
negative virtual dimension, it is enough to prove it is nonspecial. By hypothesis
m > 2n+1, hence it is Cremona reduced, and since n < 5 it satisfies Conjecture
2.50. Now we will check the cases.

(n=1) L3,,-1(1") is clearly nonspecial.

(n =2) We only have to observe that the only exception of Theorem 1.5 in P?3 is
m+2
h = 9. But there is no m such that % =9.
(n=3) heNem=0,3,4,8,10, 14,15, 18,19 mod 20. Since m > 7, either m =

8 or m > 10, and in this range Conjecture 2.50 predicts that L3 ,,,—1(3")
is nonspecial.

(n =4) By hypothesis m > 9. Moreover, m can not be 9, otherwise h ¢ N. So
m > 10 and in this range Conjecture 2.50 predicts that L3,,_1(3") is
nonspecial.

(n =5) By hypothesis m > 11, and in this range Conjecture 2.50 predicts that
L3 —1(3") is nonspecial.

Now we know mult Zyo = m. In order to conclude, it is enough to note that an
m-ple point in P3 has length (m;rz) = deg Z;. O
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Observe the assumption m > 2n + 1 is necessary. Indeed, if we consider
n =4, m =8 and h = 6, then by applying Cremona transformations we can
check L3 7(4%) = L35(4%,2%) = L3 3(2%) is not empty, so mult Zy = 7.

Our approach relies on a length counting, and therefore it needs a good
behaviour of the numbers involved. This makes difficult to prove general results.
However, there are other specific examples in which it is easy to compute the
limit.

Example 2.53. 1. Let Z; C P2 be the scheme consisting of 4 fourtuple
points p1,...,ps. Then deg Z7; = 80. We want to prove that mult Zy, = 6.
Let Hi, ..., Hy be the planes generated by three of our four points. Since
there are no plane quintics through three general fourtuple points,

L35(4%) =Hy +...+ Hy+ L31(1%)

is empty. On the other hand, h’Ops (6) = 84, so mult Zy = 6. The
base locus of L3 6(4*) consists of the 6 double lines (p;,p;), which cut 6
double points on R, in special positions as described in Remark 2.18. Our
candidate limit scheme is a 6-ple point with these 6 infinitely near double
points. It is easy to show that the latter impose independent conditions
on sextics of R, for instance we can pick a line [ containing three of them
and use Castelnuovo exact sequence by restricting our systems to [. Then
our candidate scheme has lenght (5J§3) +6-4 = deg Z;. Since the degrees
coincide, this is the limit scheme.

2. Let Z; C P3 be the scheme consisting of 5 points p1,...,ps of multiplic-
ity 5. Then deg Z; = 175. We want to prove that mult Zp = 9. Let
H,,...,Hy be the planes generated by three of our five points. Since
there are no plane 8-ics through three general points of multiplicity 5,
L3 5(5%) should contain the 10 planes, and that is not possible. On the
other hand, ho(’)]pa(9) = 220, so mult Zg = 9. The base locus of L3 ¢(5%)
consists of the 10 lines (p;, p;), which cut 10 simple points on R, in special
positions as described in Remark 2.18. Anyway, those 10 simple points
impose independent conditions on 9-ics of R by Lemma 2.17. Since

8+ 3 5
( 3 >+ <2> =175 = deg 71,

the limit scheme is a 9-ple point with 10 infinitely near simple points.

2.4 Other collisions

Up to now we focused on homogeneous collisions, but of course there are many
other cases in which we can try to determine the limit Zj.

When one of the collapsing points has multiplicity much larger than the
others, it is easy to compute the limit scheme.

Proposition 2.54. Let m,mq,...,m; € N, and assume L,,_1 y(m1,...,ms)
is not empty. Then the limit scheme of s 4+ 1 collapsing points of multiplicity
m,mi,...,Mg is an m-ple point with s infinitely near points of multiplicity
mi,...,Mg.
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Proof. Clearly Ly, m—1(m, mq,...,ms) is empty. On the other hand,
»Cn,m(mvmla cee ams) = Cnfl,m(ml, ey ms)

is not empty by hypothesis, so mult Zy = m by Proposition 2.3. The base locus
of Ly, m(m,myq,...,ms) contains the s lines joining the m-ple point with each
of the others, counted with multiplicities m1,...,ms. They cut s points on R,
of multiplicities m1,...,ms. To conclude, observe that the scheme made by an
m-ple point with s infinitely near points of multiplicity m., ..., m, has the same
length as Z;. O

The next two Propositions will deal with the quasihomogeneous case of a fat
point colliding together with a bunch of low multiplicity points.

Proposition 2.55. Let m,n > 2 and let s = (”+:l“71). Then the limit of s
simple points and a point of multiplicity m colliding in P™ is a (m+ 1)-ple point.

Proof. By our assumption on s, L, ,,(m,1") is empty while £, ,,,+1(m,1") is
not, so mult Zy = m + 1 by Proposition 2.3. To conclude, observe a (m + 1)-ple

point has degree ("1™) = deg Z1, so Zy is a (m + 1)-ple point. O

Proposition 2.56. Let m,n > 3 and (m,n) ¢ {(4,3),(3,5)}. Suppose s =
m+n—1
(”7;1) € N. Then the limit of s double points and a point of multiplicity m

colliding in P™ is a (m + 1)-ple point with s infinitely near simple points.

Proof. By hypothesis

(n+m+1)! (n+m-—1)

“nl(m+1)! nl(m—1)!  (n—1m!  min!
_ (n4+m-—1) {(n—&—m—i—l)(n—&—m)_l_l_l]
(n—1D!(m—1)! (m+ 1)mn n m mn
_ (n+m—-1)! [n®+mn—m-—1
_(n—l)!(m—l)![ (m? +m)n } 0

hence £,, j41(m, 2°) is not empty. On the other hand

n+m-—1 n+m-—1 m+n—1
—sn = — =0,
n—1 n—1 n—1

80 Lym(m,2%) = L1, (2°) is expected to be empty. The latter is nonspecial
by Theorem 1.5, so mult Zy = m + 1 by Proposition 2.3. The s lines joining
the m-ple point and one of the double points are contained in the base locus of
Ly m+1(m,2%), and they cut s general simple points on R. The candidate limit
scheme is a (m + 1)-ple point with s infinitely near simple points, which has
length ("“:_1) + s = deg Z;. O
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When we use limits to specialize a linear system, the most effective result
would be a description of Z; as a fat point of some multiplicity. Unluckily,
we saw many examples showing that this is often impossible, but the following
result will be useful in such applications.

Proposition 2.57. Let n > 2, mi,my € N. Then exist h,m € N, depending
on n,mi,mg, such that the limit of 2 points of multiplicity m; and ms and h
simple points in P™ is an m-ple point.

Proof. Define

m :=m(n,my,ma) =mq +mg + 1 (2.5)
and
—1 —1
h:zh(n,ml,...,ms):(m+n)—<m1+n >_<m2+n )—1. (2.6)
n n n

By construction expdim £,, ,, (m1, ma, 1") > 0, hence Lym(mi, ma, 1") is not
empty. Since an m-ple point has degree equal to the length of the starting
scheme, it is enough to show that L, ,,—1(m1,ma, 1) is nonspecial, and there-
fore empty. Since the h simple points always give independent conditions, it
suffies to prove that L, ., (m1,m2) is nonspecial. By [14, Corollary 4.8], such
system is linearly nonspecial, so we just need to observe that there are no base
linear cycles, and so it is nonspecial. O]

2.5 First applications of limits

Proposition 2.3 shows that, in order to determine the multiplicity of the limit,
we need to understand the speciality of the systems of divisors containing the
starting scheme Z;, or equivalently its Hilbert function hz,. If we want to get
the first clues about what the limit is, we must study the interpolation problem
for linear systems L, 4(mi,...,mp). Indeed, in Section 2.3 we used known
results in interpolation theory to provide such clues. Therefore it is just fair to
try to return the favour, using the limits we constructed as tools to specialize
linear systems in order to prove their nonspeciality or nonemptiness.

In Proposition 2.46 we recalled some of the known cases of Conjecture 2.44.
Now we aim to provide further examples in which it holds. We can exploit
Proposition 2.48 to prove the following result.

Proposition 2.58. Let m,ny,...,ns € N. Fori € {1,..., s}, set h; = %

Assume h; € N and h; > 10 for every ¢ € {1,...,s}. If m,ny,...,ns < 42, then

Lo q(mF nitht . ntshs) is nonspecial.

Proof. By Proposition 2.48, we can collapse hy of the ni-ple points into an m-ple
point, thereby degenerating Lo 4(m*, ntllhl, o,mtshe) to

k+1 , (ti—1)hy tshs)
, .

£27d(m nq N 1]

By performing ¢; of these collisions, we obtain the system

k+tr ta2h tohs
Lo g(m T ni™?, ... ).
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Then we apply Proposition 2.48 again to collapse hy of the ns-ple points into
an m-ple point. By performing ¢y of these collisions, we specialize the system
to

kttitts  tah tohs
Lo g(mi T2 pi3lte o nglts).

We iterate the argument till the s-th step. At the end we are dealing with the
specialized system Ly q(m*+tit-+t) The latter is nonspecial by Proposition
t1hq
1

2.46, and this implies Lo 4(mF, ni" ... nt: ) is nonspecial. O

The next results shows how collisions can prove nonspeciality when the sys-
tem has a very large expected dimension.

Proposition 2.59. Let d,m,k € N be such that k¥ > m and

(d-;3) > ((m+1)(a;8)+k+4>+8<m;—2).

Then £ := L3 4(k,m*) is nonspecial.

Proof. If a < 7, then Conjecture 2.50 is known to be true for L. First observe
that £ is Cremona reduced. Since there are only 8 imposed singularities, there
can not be a special effect quadric. Moreover our assumption implies d >
max{2m — 1, k} so there are no special effect lines. Hence £ is nonspecial.

If a = 8, then L is nonspecial by [15, Theorem 3.1], because d > 2m and
k> m.

Assume then a > 9. Now we can no longer rely on Conjecture 2.50, and
we will exploit the large expected dimension of L. First observe that, for every
h € N, it suffies to show that £ := L3 4(k,m®, 1") is nonspecial. Set Lo = L,
ko =k and ky = k+ m + 1. By Proposition 2.57, exists

ot~ (%) (13) (1)

such that the limit of an m-ple point, a k-ple point and hy simple points is a k1-
ple point. We need expdim L3 4(k, m?®) > hg to guarantee £ := L3 4(k, m®, 1)
is not empty, that is

(d;?,) > <k0+§1+4>+(a—1)(m;2>.

If so, by Proposition 2.57 we can degenerate L{, to L1 := L3 4(k1,m*"*). Then
we apply the same argument to £1. Set ko = k1 +m + 1, we know there exists

wmmimn= (47%)-(73) - (57)

such that we can make a ki-ple point, an m-ple point and h; simple points onto
a ko-ple point. This time we need

(d;:a) > <k1+;n+4) +(a_2)(m;—2)
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to guarantee £} := L3 4(k,m®,1"0) is not empty. If so, by Proposition 2.57 we
can degenerate £} to Lg := L3 4(k2, ma=2). We keep iterating until we are left
with less than 9 points. At the i-th step we require

(d—?i)—?») - (ki—l +3m * 4) + (a—1) (m; 2). (2.7)

The most restrictive among all the requirements (2.7) is the last one, that is

d+3 ko_og+m+4 m+ 2
>
(572 () (")

((aS)(m+1)+k+4>+8<m+2).

3 3

After a — 8 steps we obtain the specialized linear system £,_g = L3 4(ko—g, m®)
which again is nonspecial by [15, Theorem 3.1]. O

The bound provided by Proposition 2.59 is far from being sharp. Anyway,
combinations of the results in Section 2.4 may prove more effective.
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Chapter 3

On the number of
decompositions of generic
polynomials

The content of this Chapter comes from a paper written in collaboration with
Elena Angelini, Massimiliano Mella and Giorgio Ottaviani, now published as

[5].

We will address the Waring problem for polynomials. After giving the main
definitions about identifiability and recalling some of the known results in this
topic, we will present the geometric interpretation of general identifiability. Next
we move to what we call the Nonabelian Apolarity lemma, which will allow us
to prove the existence of a new identifiable case. Then we consider the software-
aided computational approach, and we show how it was useful in the search of
identifiable polynomials. Finally, we work out the decompositions of a general
pair of ternary forms of degrees a and b, and we prove that there can not be
identifiability if b = a + 1, unless (a,b) = (2, 3).

Let f1, fo be two general quadratic forms in n + 1 variables over C. A
well known theorem, which goes back to Jacobi and Weierstrass, says that fi,
f2 can be simultaneously diagonalized. More precisely there exist linear forms
lo,...,l, and scalars Ag,..., A, such that

h = Z?:oliz
fo = YN}

An important feature is that the forms Il; are unique (up to order) and their
equivalence class, up to multiplication by scalars, depends only on the pencil
(f1, f2), hence also the scalars \; are uniquely determined after f1, fo have been
chosen in this order. The canonical form (3.1) allows us to write easily the basic
invariants of the pencil, like the discriminant which takes the form [, (A —
;)% We call (3.1) a (simultaneous) Waring decomposition of the pair (f1, f2).
The pencil (f1, f2) has a unique Waring decomposition with n + 1 summands if
and only if its discriminant does not vanish. In the tensor terminology, (f1, f2)
is generically identifiable.

(3.1)
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We generalize now the decomposition (3.1) to r general forms, even allowing
different degrees. For symmetry reasons, it is convenient not to distinguish f;
from the other f;’s, so we will allow scalars A] in the decomposition of each
fj, including f;. Throughout this Section, sometimes it will be convenient to
identify the vector space of degree d homogeneous polynomials

with the d-th symmetric power of C, that is, with the space

SymCntt,
To be precise, let f = (f1,..., fr) be a vector of general homogeneous forms of
degree ay,...,a, in n+1 variables over the complex field C, i.e. f; € Sym®C"+!
for alli e {1,...,r}. Let us assume that 2 < ay <... < a,.

Definition 3.1. A Waring decomposition of f = (fi,..., f;) is given by linear
forms l1,...,l; € P(Clzo,...,z,]1) and scalars (\],...,A\}) € C¥\ {0}, with
j€{l,...,r}, such that

fi= M0+ ALY (3.2)
for all j € {1,...,r} or, in vector notation,
k
F= 0 (NN (33)
i=1

The geometric argument in Section 3.1 shows that every f has a Waring
decomposition. We consider two Waring decompositions of f as in (3.3) being
equal if they differ just by the order of the & summands. The rank of f is
the minimum number k of summands appearing in (3.3). This definition coin-
cides with the classical one in the case r = 1 (the vector f given by a single
polynomial).

Due to the presence of the scalars )\f , each form I; depends essentially only
on n conditions. So the decomposition (3.2) may be thought of as a nonlinear
system with 3°7_, (“ ") data (given by f;) and k(r + n) unknowns (given by
kr scalars )\g and k forms ;). This is a very classical subject, see for example
[70, 54, 72, 74, 78], although in most of classical papers the degrees a; were

assumed equal, with the notable exception of [72].

Definition 3.2. The space Sym™ C"*t! @ ... @ Sym* C"*! is called perfect if
there exists k € N such that

T

§:<%:n>kﬁ+n% (3.4)

i=1
i.e. when (3.2) corresponds to a square polynomial system.

The arithmetic condition (3.4) means that r + n divides >/, (“*"). In
particular, the number of summands & in the system (3.2) is uniquely deter-
mined.
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The case with two quadratic forms described in (3.1) corresponds to
r=a=ay=2and k=n+1,

and it is perfect. The perfect cases are important because, by the above di-
mension count, we expect finitely many Waring decompositions for the generic
polynomial vector in a perfect space Sym™ C"*t' @ ... ® Sym*C"*1.

It may happen that general elements in perfect spaces have no decompo-
sitions with the expected number k& of summands. The first example, besides
the one of a single plane conic, was found by Clebsch in the XIX century and
regards ternary quartics, where r = 1, a; = 4 and n = 2. Equation (3.4) gives
k = 5 but in this case the system (3.2) has no solutions and indeed 6 summands
are needed to find a Waring decomposition of the general ternary quartic. It is
well known that all the perfect cases with » = 1 when the system (3.2) has no
solutions have been determined by Alexander and Hirschowitz, while more cases
for r > 2 have been found in [19], where a collection of classical and modern
interesting examples is listed.

Still, perfectness is a necessary condition to have finitely many Waring de-
compositions. So two natural questions, of increasing difficulty, arise.

Question 1 Are there other perfect cases for aq,...,a,,n, beyond (3.1),
where a unique Waring decomposition (3.3) exists for generic f, namely where
we have generic identifiability?

Question 2 What is the number of Waring decompositions (up to order of
summands) for a generic f in any perfect case?

The above two questions are probably quite difficult, but we feel it is worth-
while to state them as guiding problems. While Question 2 is open even in the
case r = 1 of a single polynomial, limits of fat points will allow us to provide an
answer to Question 1 for r = 1, see Chapter 4. This improves previous results
in [56, 57]. The birational technique used in these papers has been generalized
to our setting in Section 3.4. In the case r = 1, some numbers of decomposi-
tions for small a; and n have been computed (with high probability) in [46] by
homotopy continuation techniques, with the numerical software Bertini [9].

Before stating our contributions, we need to review other known results on
this topic.

In the case n = 1 (binary forms) there is a result by Ciliberto and Russo
[31] which completely answers our Question 1.

Theorem 3.3 (Ciliberto-Russo). Let n = 1. In all the perfect cases there is a
unique Waring decomposition for generic f € Sym™C?2 @ ... @ Sym® C? if and

only if
> i (@i + 1).

1>
atlz r+1

Note that the fraction % equals the number k of summands.

We will provide an alternative proof of Theorem 3.3 by using Apolarity, see
Theorem 3.12.

As widely expected, for n > 1 generic identifiability is quite a rare phe-
nomenon. It has been extensively investigated in the XIX century and at the
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beginning of the XX century, and the following are the only discovered cases
that we are aware of:

(i) (Sym2C™)®2 rank n, Weierstrass [79], as in (3.1),

(ii)  Sym’C3, rank 7,Hilbert [47], see also [71] and [66],

(iii) Sym>C*, rank 5, Sylvester Pentahedral Theorem [76], (3.5)
(iv)  (Sym?C3)®* rank 4,

(v)  Sym>C® @ Sym>C3, rank 4, Roberts [72].

The interest in Waring decompositions was revived by Mukai’s work on 3-
folds, [59, 60]. Since then, many authors have devoted their energy to un-
derstand, interpret and expand the theory. Cases (i) and (4i%) in (3.5) were
explained by Ranestad and Schreyer in [69] by using syzygies, see also [55] for an
approach via projective geometry and [63] for a vector bundle approach (called
in this paper “Nonabelian Apolarity”, see Section 3.2). Case (v) was reviewed
in [65] in the setting of Liiroth quartics. (iv) is a classical and “easy” result,
there is a unique Waring decomposition of a general 4-tuple of ternary quadrics.
There is a very nice geometric interpretation for this latter case. Four points
in P? define a P2 that cuts the Veronese surface in 4 points giving the required
unique decomposition. See Remark 3.8 for a generalization to arbitrary (d,n).

Our main contribution with respect to unique decompositions is the following
new case.

Theorem 3.4. A general f € Sym*C3®Sym3C?@Sym*C? has a unique Waring
decomposition of rank 7, namely it is identifiable.

The Theorem will be proved in the general setting of Theorem 3.12. Besides
the new example, we think it is important to stress the way it arose. We adapted
the methods in [46] to our setting, by using the software Bertini [9] and also the
package Numerical Algebraic Geometry [49] in Macaulay?2 [43], with the generous
help of Jon Hauenstein and Anton Leykin, who assisted us in writing our first
scripts. The computational analysis of perfect cases of forms on C? suggested
that the Waring decomposition is unique for Sym3C? & Sym>C? @ Sym*C3.
Then we proved it via Nonabelian Apolarity, with the choice of a vector bundle.
This kind of technique has many advantages. For instance, we can give a unified
proof of almost all cases with a unique Waring decomposition via Nonabelian
Apolarity with the choice of a vector bundle F, see Theorem 3.12.

Also, we borrow a construction from [55] to prove, see Theorem 3.15, that
whenever we have uniqueness for rank k, the variety parametrizing Waring
decompositions of higher rank is unirational.

For » = 2 and n = 2, the space Sym®C? & Sym is perfect if and
only if a = 2t is even. All the numerical computations we did suggested that
identifiability holds only for a = 2 (by Robert’s Theorem, see (3.5) (v)). Once
again this pushed us to prove the non-uniqueness for these pencils of plane
curves. Our main contribution to Question 2 regards this case and it is the
following.

Theorem 3.5. A general f € Sym®C? @ Sym®*C? is identifiable if and only
if @ = 2, corresponding to (v) in the list (3.5). Moreover f has finitely many
Waring decompositions if and only if @ = 2¢ and in this case the number of
decompositions is at least

a+1(cg

Bt—=2)(t—-1)

1.
9 +
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We know by equation (3.5)(v) that the bound is sharp for ¢ = 1 and we
verified with high probability, using [9], that it is attained also for ¢ = 2. On the
other hand we do not expect it to be sharp in general. Theorem 3.5 is proved in
section Section 3.4. The main idea, borrowed from [56], is to bound the number
of decompositions with the degree of a tangential projection, see Theorem 3.19.
To bound the latter we use a degeneration argument, see Lemma 3.21, that
reduces the computation needed to an intersection calculation on the plane.

3.1 Secants to a projective bundle

We show a geometric interpretation of the decomposition (3.2) by considering
the k-secant variety to the projective bundle

X =P(Opn(a1) @ ... ® O (a,)) C P (H (®;0pn (a;))) = PV,

where N = >, (ai:") — 1. We denote by 7: X — P" the bundle projection.
Note that dimX = r +n — 1 and the immersion in PV corresponds to the
canonical invertible sheaf Ox (1) constructed on X ([45, II, Section 7]).

Indeed X is parametrized by

(A(l)lal, . A(”z%) € éHO (Opn () ,
i=1

where A\() are scalars. X coincides with polynomial vectors of rank 1, recall
Definition 3. It follows that the k-secant variety to X is parametrized by

(A, AT
=1

k
where )\g are scalars and [; € Clxog, ..., x,]1. This construction appears already
in [33] in the case a; = i for ¢+ = 1,...,d. Since X is not contained in a
hyperplane, it follows that any polynomial vector has a Waring decomposition
as in (3.3). Thus, the number of decompositions by means of k linear forms of
fi,-.., fr is equal to the k-secant degree of X.

Ifa; =aforalli € {1,...,r}, then we deal with P"~! xP" embedded through
the Segre-Veronese map with O(1,a), as we can see in Proposition 1.3 of [35]
or in [7]. Moreover, we remark that perfectness in the sense of Definition 3.2 is
equivalent to P(Opn (a1) @ ... D Opn(a,)) being a perfect variety, i.e. (n+1r)|N.

With this language, Theorem 3.3 has the following reformulation (compare
with Claim 5.3 and Proposition 1.14 of [31]):

Corollary 3.6. If (3.4) and a; + 1 > k hold, then P(Op1(a1) ® ... ® Op1(a,))
is k-identifiable, i.e. its k-secant degree is equal to 1.

Remark 3.7. A formula for the dimension of the k-secant variety of the rational
normal scroll X for n = 1 has been given in [22, pag. 359] with a sign mistake,
corrected in [31, Proposition 1.14].

Remark 3.8. Consider the Veronese variety Vg, C P<dtn)_1, and let

5 —1=codimVyy,.
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Then s general points determine a unique P~ that intersects V., in d™ points.
The d™ points are linearly independent only if d” = s, that is, either n = 1 or
d = n = 2. This shows that a general vector f = (f1,...,fs) of forms of
degree d admits (ds) decompositions, see the table at the end of Section 3.3
for some numerical examples. On the other hand, from a different perspective,
dropping the requirement that the linear forms giving the decompositions are
linearly independent, this shows that there is a unique set of d™ linear forms that
decompose the general vector f and span a linear space of dimension s—1. Note
that this time only the forms and not the coefficients are uniquely determined.
We will not dwell on this point of view here and leave it for future work.

3.2 Nonabelian Apolarity and Identifiability

Let V be a complex vector space of dimension n + 1 and let f € Sym?V. For
any e € 7Z, Sylvester constructed the catalecticant map

Cy: SymV* — Sym?=°v,

which is the contraction by f. Its main property is the inequality rk C'; < rk f,
where the rank on the left-hand side is the rank of a linear map, while the rank
on the right-hand side has been defined in the Introduction. In particular the
(k + 1)-minors of Cy vanish on the variety of polynomials with rank bounded
by k, which is Secy (V).

The catalecticant map behaves well with polynomial vectors. If

T
fe @ Sym®V,
i=1
then for any e € Z we define the catalecticant map

,
Cy: SymV* — @Sym‘”_e‘/

i=1

which is again the contraction by f. If f has rank one, this means that there
exists [ € V and scalars AV such that f = (A(M7@, ... A(Djer). Tt follows
that rk C'y <1, since the image of C is generated by ()\(1)[“1’6, cee )\(T)l“"'*e),
which is zero if and only if a, < e. Linearity implies the basic inequality

rkCy <tk f.

Again the (k+ 1)-minors of Cy vanish on the variety of polynomial vectors with
rank bounded by k&, which is Secg(X), where X is the projective bundle defined
in Section 3.1.

A classical example is the following. Assume V = C3. London showed in [54]
(see also [74]) that a pencil of ternary cubics f = (fi, f2) € Sym3V @ Sym3V
has border rank <5 (the border rank of f is the smallest number k such that f
is in the Zariski closure of the set of polynomial vectors in Sym®V & Sym3V of
rank k) if and only if det C; = 0 where C: Sym?V* — V@V (see [19, Remark
4.2] for a modern reference). Indeed det Cy is the equation of Sec;(X), where
X is the Segre-Veronese variety (P' x P?, Ox(1,3)). Note that X is 5-defective
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according to Definition 1.15 and this phenomenon is pretty similar to the case
of Clebsch quartics recalled in the introduction.
The following result goes back to Sylvester.

Proposition 3.9 (Classical Apolarity). Let
f=1+.1¢eSymiv

and let Z = {l;,...,ly} C V. Let Cy: Sym°V* — Sym?=°V be the contraction
by f. Assume the rank of Cy equals k. Then

Bs (ker(Cy)) 2 Z.

Proof. The Apolarity Lemma (see [69]) says that Iz C f*, which reads in degree
e as H(Iz(e)) C ker(Cy). Look at the subspaces in this inclusion as subspaces
of HO(P™,O(e)). The assumption on the rank implies that

codim H°(Iz(e)) < k =1k Cy = codim(ker(C})),
hence we have the equality H%(Iz(e)) = ker(C}). It follows that
Bs(ker (C})) =Bs H(Iz(e)) 2 Z.
O

Classical Apolarity is a powerful tool to recover Z from f, hence it is a
powerful tool to write down a minimal Waring decomposition of f.

The following Proposition (compare with [63, Proposition 4.3]) is a further
generalization and it reduces to classical apolarity when (X, L) = (P(V), O(d))
and E = O(e) is a line bundle. The vector bundle E may have larger rank
which explains the name of Nonabelian Apolarity.

We recall that the natural map H(F) @ H°(E* ® L) — HY(L) induces the
linear map H°(E)® H°(L)* — H°(E* ® L)*, then for any f € H°(L)* we have
the contraction map Ay: HO(E) — H°(E* ® L)*.

Proposition 3.10 (Nonabelian Apolarity). Let X be a variety, let L € Pic(X)
be a very ample line bundle. If we set W = HY(X,L)*, then L gives the
embedding X C P(W). Let E be a vector bundle on X. Let f = Zle w; €W
with z; = [w;] € X, let Z ={z,...,2,} CP(W) and let

Ay HY(E) - HY(E* ® L)*
be the induced map. Assume that rk Ay = k- rk E. Then Bs(ker(Ay)) 2 Z.

In all the cases that we apply the Proposition, we will compute separately
I"kAf.

Nonabelian Apolarity enhances the power of Classical Apolarity and may
detect a minimal Waring decomposition of a polynomial in some cases when
Classical Apolarity fails, see Proposition 3.11. Our main examples start with
the quotient bundle @ on P* = P(V). It has rank n and it is defined by the
Euler exact sequence

0—-0(-1)-0V"—Q—0.
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Let L = O(d) and E = Q(e). Any f € Sym?V induces the contraction map

Ap: H(Q(e)) — H(Q*(d — )" = HY(Q(d — e — 1))". (3.6)

The following was the argument used in [63] to prove cases (i) and (i) of
(3.5).

Proposition 3.11. Let X be a variety, let L € Pic(X) be a very ample line
bundle and let E be a vector bundle on X with rk £ = dim X and ¢,k g(E) = k.

Let [f] be a point in P(HO(L)*), k = 2080 ang

Ap: HY(E) - HY(E* ® L)*

the contraction map. Assume that for general f, rkAy = k- rkE, and there
is some f such that the base locus of ker Ay is given by k points. Then the
k-secant map

7k : Secy(X) — P(HO(L)*)

is birational. The assumptions are verified in the following cases, corresponding
to (ii) and (iii) of (3.5).

(X,L) HO(L) [ rank E
(P2,0(5)) | Sym°C® | 7 | Qe2(2)
(P3,0(3)) | Sym®C* | 5 | Q5(2)

Specific f’s in the statement may be found as random polynomials in [43].
In order to prove also cases (iv) and (v) of (3.5), and moreover our Theorem
3.4, we need to extend this result as follows.

Theorem 3.12. Let X =5 Y be a projective bundle, L = Ox (1) as in Section
3.1 which we assume to be very ample and embeds the fibers of 7 as linear
spaces. Let F' be a vector bundle on Y and let E = 7n*F. Let [f] be a point in

P(HO(L)*), k = 2261 anq

Ay HY(E) — HY(E* ® L)*
the contraction map. Let a = % be an integer and (¢,xpF)* = k. Assume
that X is not k-defective and that rkAy = k - rkE for general f. Furthermore
assume that there is some f such that the base locus of ker Ay is given by k
fibers of w. Then the k-secant map

T - Seck(X) — P(HO(L)*)

is birational. The assumptions are verified in the following cases.

X H(L) rank = k F a
P (Opn(2) ® Opn(2)) | (Sym>Crt1)™? n+1l | Qe(1) |1
{REmomD et smec Eialet) | 0,06 |1
P (Op2(2)*) (Sym?>C3)®4 4 Op2(2) | 2
P (Op2(2) ® Op2(3)) | Sym?C? @ Sym3C? 4 Op2(2) | 2
P (Op2(3)2 @ Op2(4)) | (Sym®C3)™* @ Sym*C? 7 Qe2(2) | 1
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Proof. Let Z be as in Proposition 3.10. We get Z C Bs(ker Af), where the
base locus can be found by the common zero locus of some sections sy, ..., S,
of E which span ker A¢. Since E = n*F and H°(X, E) is naturally isomorphic
to HY(Y, F), the zero locus of each section of E corresponds to the pullback
through 7 of the zero locus of the corresponding section of F'. By the assumption
on the top Chern class of F, we expect that the base locus of ker Ay contains
k = deg Z fibers of the projective bundle X. The hypothesis guarantees that this
expectation is realized for a specific polynomial vector f. By semicontinuity,
it is realized for the generic f. This determines the forms I; in (3.3) for a
generic polynomial vector f. It follows that f is in the linear span of the fibers
7 1(m(l;)), where Z = {l1,...,l;}. Fix representatives for the forms I; for
i =1,...,k. Now the scalars A} in (3.3) are found by solving a linear system.
By assumption we have that X is not k-defective (note that this assumption
is satisfied in the setting of Proposition 3.11, since otherwise the base locus of
ker A; should be positive dimensional). In particular, the tangent spaces at
points in Z, which are general, are independent by the Terracini Lemma. Since
each m-fiber is contained in the corresponding tangent space, it follows that
the fibers 71(1;) corresponding to I; € Z are independent. Therefore that the
scalars A/ in (3.3) are uniquely determined and we have generic identifiability.
We checked that the assumptions are verified in the cases listed with random
polynomials, with the aid of Macaulay2 package [43]. O

Remark 3.13. In all the cases listed in Theorem 3.12, by the projection for-
mula, we have the natural isomorphism H(X, E* ® L) = H'(Y, F @ m.L).

Note that the second case in the list of Theorem 3.12 corresponds to Theorem
3.3 of Ciliberto-Russo. In this case H°(E) = Sym”C? has dimension k + 1,
H(E*®L) = Sym™ *C?@®. ..®Sym® ~*C? has dimension __, (a;—k+1) = k
(if £ < a1 + 1) and the contraction map Ay has rank k, with one-dimensional
kernel.

The last case in the list of Theorem 3.12 corresponds to Theorem 3.4. A
general vector f € (Sym?’(C?’)692 @ Sym*C3 induces the contraction

Ap: H(Q(2)) — H(Q) @ H°(Q) ® H*(Q(1))

with one-dimensional kernel. Each element in the kernel vanishes on 7 points
which give the seven Waring summands of f.

Moreover, observe that (P (Op2(2)*) ,Ox (1)) coincides with the Segre-Veronese
variety (P? x P2, O(1,2)).

Remark 3.14. The assumption a; + 1 > k in 3.3 is equivalent to

T

Z(%Jrl) <a +1,

i=1

r+1

which means that the a; are “balanced”.

We conclude this section by showing how the existence of a unique decompo-
sition determines the birational geometry of the varieties parametrizing higher
rank decompositions. The following is just a slight generalization of [55, Theo-
rem 4.4].
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Theorem 3.15. Let X C PV be a unirational variety such that the k-secant
map 7y : Sec(X) — PV is birational. If codim X > h > k, then the variety
7, ' (p) is unirational for a general point p € PV. In particular, it is irreducible.

Proof. Let p € PV be a general point. For h > k, we have
dimm, '(p) =h-dimX +h—1— N = (h— k)(dim X +1).

Note that, for ¢ € PV general, a general point z € wgl(q) is uniquely associated
to a set of h points {z1,...,7,} C X and a h-tuple (A1,...,\s) € C" with the
requirement that

q= Z ;.

Thus the birationality of 7, allows us to associate, to a general point g € PV,
its unique decomposition in sum of k factors. That is, 7, '(q) = (g, [Ar(q)])
for a general point ¢ € PV, where [A1(q)] € Gry_; is such that ¢ € Ag(q) (see
Section 1.3). Via this identification we may define a map

U s (X x PHPE s (p)
given by
(1, Ay T A—k) = (0, (@1, - Tk, A(D — M1 — oo = Ak Th—i))])-

When codim X > h, Ap(q) intersects X in exactly h points by the Trisecant
Lemma, see for instance [23, Proposition 2.6]. Hence the map 1y, is generically
finite, of degree (2)7 and dominant. In a similar way, if codim X = h, then vy,

is generically finite of degree (deix ) This is sufficient to show the claim. O

Theorem 3.15 applies to all decompositions that admit a unique form.

Corollary 3.16. Let f = (f1, ..., f») be a vector of general homogeneous forms.
Assume f has a unique Waring decomposition of rank k. If

(n—’_al>—|—...—|—<n+ar>—7ﬂ—n>h>k7
n n

then the set of rank h decompositions of f is parametrized by a unirational
variety.

Remark 3.17. Let’s go back to our starting example (3.1) and specialize

n
fi=) a?
=0

to the euclidean quadratic form. Then any minimal Waring decomposition of
f1 consists of n + 1 orthogonal summands, with respect to the euclidean form.
It follows that the decomposition (3.1) is equivalent to the diagonalization of f,
with orthogonal summands. Over the reals, this is possible for any f; by the
Spectral Theorem.

Also Robert’s Theorem, see (v) of (3.5), has a similar interpretation. If
fi=a¢+x?+2dand fo € Sym>C3 is general, the unique Waring decomposition

54



of the pair (f1, f2) consists of four representatives of lines {l1, . ..,l4} and scalars
A1, ..., A4 such that
4
il

foo= LN
Denote by L the 3 x 4 matrix whose ¢-th column is given by the coeflicients of
l;. Then the first condition in (3.7) is equivalent to the equation

LL'=1. (3.8)

h

(3.7)

This equation generalizes orthonormal bases and the columns of L make a
Parseval frame, according to [18] Section 2.1. So Robert’s Theorem states that
the general ternary cubic has a unique decomposition consisting of a Parseval
frame.

In general a Parseval frame for a field F is given by {l,...,l,} € F¢ such
that the corresponding d x n matrix L satisfies the condition LL! = I. This is
equivalent to the equation

n

2
d d
_ 2
D | 2ty | =D at
1 i=1

i=1 \j=

and again this corresponds to a Waring decomposition of the euclidean form in
F¢ with n summands. This makes a connection between this Chapter and [64],
which studies frames in the setting of secant varieties and tensor decomposition.
For example equation (7) in [64] defines a solution to (3.8) with the additional
condition that the four columns have unit norm. Note that equation (8) in
[64] defines a Waring decomposition of the pair (f;,7). Unfortunately, the
additional condition about unitary norm does not allow the results of [64] to be
directly transferred to our setting, but we believe this connection deserves to be
pushed further.

It is interesting to notice that the decompositions of moments My and Mj
in [2, Section 3] are (simultaneous) Waring decompositions of the quadric Mo
and the cubic M3.

3.3 Computational approach

In this section we describe how we can face Question 1 and Question 2 from the
point of view of computational analysis.

With the aid of Bertini [9, 10] and Macaulay2 [43] software systems, we can
construct algorithms, based on homotopy continuation techniques and mon-
odromy loops, that, in the spirit of [46], yield the number of Waring decompo-
sitions of a generic polynomial vector

f — (f17 . ~;fr) c Symm(CnJrl D...0 Symar(cn+1

with high probability. Precisely, given n,r, ay,...,a,, k € N satisfying (3.4) and

coordinates xg, . . ., T, we focus on the polynomial system
fi=AMIT 4 A

: (3.9)

fr= A+ AL
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where f; € Sym®C"T! is a fixed general element, while

l; ::E0+Zlflsch € P(Clxo,...,2n)1) and X €C
h=1

are unknown. By expanding the expressions on the right hand side of (3.9) and
by applying the identity principle for polynomials, the j-th equation of (3.9)
splits into (‘”I") conditions. Our aim is to compute the number of solutions of

Fgypy ([ I M AT [ N ]

the square non linear system of order k(r+n), arising from the equivalent version
of (3.9) in which in each equation all the terms are on one side of the equal sign.

In practice, to work with general f;’s, we assign random complex values Z;, XZ
to l}'l, X! and, by means of F,,....s), we compute the corresponding fiveeos fo
the coefficients of which are so called start parameters. In this way, we know a
solution
-1 - - —k - -
([ T X [ T R 2] ) € e

of F(?l T i.e. a Waring decomposition of f = (f;,..., f,), which is called
a startpoint. Then we consider F; and Fs, two square polynomial systems of
order k(n + r) obtained from F 7 ) by replacing the constant terms with

3

random complex values. We therefore construct 3 segment homotopies
H; : CHr+m) 5 [0, 1] — CRO+m)

for i € {0,1,2}: Hy between F(?u-w?r) and Fy, H; between Iy and Fy, Hy be-
tween F5 and F, FrvF) Through Hy, we get a path connecting the startpoint
to a solution of F, called endpoint, which therefore becomes a startpoint for
the second step given by Hi, and so on. At the end of this loop, we compare
the output Waring decomposition with the starting one. If they are equal, this
procedure suggests that the case under investigation is identifiable, otherwise
we iterate this technique with these two startingpoints, and so on. If at a certain
point, the number of solutions of F(le--wﬁ) stabilizes, then, with high proba-
bility, we know the number of Waring decompositions of a generic polynomial
vector in Sym® C"* @ ... @ Sym*Cnt+L.

We have implemented the homotopy continuation technique both in the soft-
ware Bertini [9], in conjunction with Matlab, and in the software Macaulay2,
with the aid of the package Numerical Algebraic Geometry [49)].

Before starting with this computational analysis, we need to check that
the variety P(Opn(a1) ® ... ® Opn(a,)), introduced in Section 1.3, is not k-
defective, in which case (3.9) has no solutions. In order to do that, by us-
ing Macaulay2, we can construct a probabilistic algorithm based on Theorem
1.17, that computes the dimension of the span of the affine tangent spaces to
P(Opn(a1)®...H Opn(a,)) at k random points and then we can apply semicon-
tinuity properties.

In the following table we summarize the results we are able to obtain by com-
bining numerical and theoretical approaches. Our technique is as follows. We
first apply the probabilistic algorithm, checking k-defectivity, described above.
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If this suggests positive k-defect &5, we do not pursue the computational ap-
proach. When §y, is zero, we apply the homotopy continuation technique. If the
number of decompositions (up to order of summands) stabilizes to a number,
#1, we indicate it. If homotopy technique does not stabilize to a fixed number,
we apply degeneration techniques like in Section 3.4 to get a lower bound. If
everything fails, we put a question mark. Bold degrees are the ones obtained
via theoretical arguments.

r n (ala"'var) k 5](? #k
2 2| (45 9]0 3

2 | 2| (6,6) 1410 > 2
2 |21 (6,7) 16 | 0 >8
2 | 3| (2,4) 9 | 2

3 121(226) 8 | 4

3021 (3,34) 710 1
3|21 (3,4,4 8|0 4
3|21 (55,6) 14| 0 205
313333 0] 0 56
41202244 | 7|2
41212333 |60 2
402 @....4 |10]|0 ?
502 (5,...,5,6) | 16| 0 ?

6 121](2....23) | 5|3

6 |4|(@....20 | 9]0 45
713 (@2...,2) | 7]o0 8

s 2]@B,....3 |s8]o 9

8 l20(@2...,26 | 7|7
11]4](@2...,2 [11]0 4368
132 (4,...,4 [13]0 560
15| 2| (4,...,46) | 14| 6

17131 (3,...,3) 171 0 8436285
192 (,...,5) [19] 0| 177100
26 | 2| (6,...,6) |26]| 0 | 254186856

3.4 Identifiability of pairs of ternary forms

In this Section we aim to study the identifiability of pairs of ternary forms. In
particular, we study the special case of two forms of degree a and a+ 1, focusing
on

X = P(Opz (Cl) (&) O]PZ (Cl + 1))
Note that X can also be seen as a special linear section of
Seg(P? x P2, O(a,a + 1)).
Our main result is the following.

Theorem 3.18. Let a > 2 be an integer. A general pair of ternary forms of
degree a and a+1 is identifiable if and only if a = 2. Moreover there are finitely
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many decompositions if and only if a = 2t is even, and in this case the number
of decompositions is at least

(3t — 2)(t — 1)

1.
9 +

The Theorem has two directions: on one hand we need to prove that a = 2
is identifiable, on the other we need to show that for ¢ > 2 a general pair is
never identifiable. The former is a classical result we already recalled in (ii7) of
(3.5) and in Theorem 3.12. For the latter, observe that dim Secy(X) = 4k — 1,
therefore if 4k — 1 # N, then the general pair is never identifiable. We are left
to consider the perfect case N = 4k — 1. In this case we may assume that X
is not k-defective (we will prove that this is always the case in Remark 3.27),
otherwise the non identifiability is immediate. Hence the core of the question is
to study generically finite maps

7 ¢ Seck(X) — P,

with 4k = (a + 2)2. This yields our last numerical constraint, namely, that
a = 2t needs to be even.

The first step is borrowed from [56, 57], and it is a slight generalization of
[56, Theorem 2.1], see also [31].

Theorem 3.19. Let X C PV be an irreducible variety of dimension n. Assume
that the natural map
71+ Secy(X) — PV

is dominant and generically finite of degree d. Let z € Seci_1(X) be a general
point. Consider the projection ¢ : PV --s P" from the embedded tangent space
T, Seck—1(X). Then

ox X - P"

is dominant and generically finite of degree at most d.

Proof. Choose a general point z on a general (k—1)-secant linear space spanned
by (p1,..-,pe_1). Let f:Y — P¥ be the blow-up of Sec;_1(X) with excep-
tional divisor E, and fiber F, = f~!(z). Let y € F, be a general point. This
point uniquely determines a linear space I of dimension (k — 1)(n + 1) that
contains T Secy_1(X). Then the projection | x : X --» P" is generically finite
of degree d if and only if (IT \ T, Secy_1(X)) N X consists of just d points.

Assume that {z1,...,2,} C (I \ T,Secr_1(X)) N X. By the Terracini
Lemma, Theorem 1.17,

T, Seci—1(X) = (Tp, X, ..., Tp,_, X).
Consider the linear spaces A; = (x;,p1,...,pk—1). The Trisecant Lemma yields
A; # Aj, for i # j. Let AY and IIY be the strict transforms on Y. Since
z € (p1,...,pk—1) and y = Y NF,, A contains the point y € F,. In particular
we have
AV NAY # 2.

Let m; : Secy(X) — PY be the morphism from the abstract secant variety,
and p: U — Y the induced morphism, where U = Secy(X) xp~ Y. Then there
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exists a commutative diagram

Secy(X) PN

Let \; and AV be the strict transforms of A; in Secy,(X) and U respectively.
By Remark 1.16 A; N \; = &, so that

AV NAY =o.

This proves that #71(y) > a. But y is a general point of a divisor in the
normal variety Y. Therefore deg y, and henceforth degmy, is at least a. O

To apply Theorem 3.19 we need to better understand X and its tangential
projections. Recall that a divisor D is a monoid if it is irreducible and it is
singular in a point with multiplicity deg D — 1. By definition we have

X =P((Op2(—1) @ Op2) ® Op2(a +1).

Then X C PV can be seen as the embedding of P? blown up in one point g
embedded by monoids of degree a + 1 with vertex ¢. In other words, if we let

L=P(Zp(a+1)) and Y =Bl P?

then we have
X = (Y)C PV,

It is now easy, via the Terracini Lemma (Theorem 1.17), to realize that the
restriction of the tangential projection ¢jx : X --» P3 is given by the linear
system

H = P (Iq“UprfU.A.Upiil(a’ + 1))

on P3. We already assumed that X is not k-defective, that is, we work under
the condition
dimH = 3. (3.10)

Remark 3.20. It is interesting to note that for a = 2 the map ¢|x is the stan-
dard Cremona transformation of P3, given by (o, ...,23) — (1/x9,...,1/x3).

We need to degenerate the linear system # in the sense of Construction 1.8,
and so we want to understand what happens to the degree of the associated
rational map under specialization.

Lemma 3.21. Let A be a complex disk around the origin, X a variety and
Ox (1) a base point free line bundle. Consider the product V = X x A, with
the natural projections, m; and mo. Let V; = X x {t} and Oy (d) = 7 (Ox(d)).
Fix a configuration pq,...,p; of [ points on V; and let o; : A — V be sections
such that 0;(0) = p; and {o;(t)}i=1,...; are general points of V; for ¢ # 0. Let

P= Uai(A) and P, =PNV,.

=1
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Consider the linear system H = P(H°(Ov (d) ® Zp2)) on V, with H; := H,y,,
and assume that

dim Ho = dim H; = dim X for every t € A.
Let d(t) be the degree of the map induced by H;. Then d(0) < d(t).

Proof. If ¢4, is not dominant for ¢ # 0, then there is nothing else to prove.
Let t # 0 and assume that ¢y, is dominant. Then 4, is generically finite and
deg o3, (X) = 1. Let

w:ZxA—=V

be a resolution of the base locus, and let Vz, = p*V; and Hz = p;'H be the
strict transform linear systems on Z. Then Vg, is a blow-up of V; = X and
Vz, = py *Vo + R, for some effective (possibly trivial) residual divisor R. By
hypothesis H, is the flat limit of H;, for ¢t # 0. Hence flatness forces

d(t) — H%imx A VZt _ %(élmX . (N;l% +R) > H%imX . u*—l% — d(O)
O

Lemma 3.21 guarantee that when we specialize, the degree can not increase.
Therefore it allows us to work on a degenerate configuration to study the degree
of the map induced by the linear system

P(Zpeupzu..upz_ (a+1)) CP(H Ops(a+1)).

Lemma 3.22. Fix the numbers

:7t(t—|—3) and c:= t(t+1).

b:
2 2

Let H C P3\ {q} be a plane, B := {p1,...,pp} C H a set of b general points,
and C := {x1,...,2.} C P\ ({¢} UH) aset of ¢ general points. Let a = 2t and
let

H = P(Ian02U32 (a —+ 1))
be the linear system of degree a + 1 monoids of P? with vertex ¢ and double
points along B U C'. Let @3 be the associated map. Then dim H = 3 and

(3t —2)(t—1)

d >
g P 9

Proof. Note that the lines (g, p;) and (g, z;) are contained in the base locus of H
by construction. Let us start computing dim H. First we prove an intermediate
result.

Claim 3.23. There is a unique element in H containing the plane H.

Proof of Claim 3.23. Let D € H such that D D H. Then D = H + R, with
deg R = a. It follows that R is a cone with vertex ¢ over a plane curve I' C H.
Moreover R is singular along C and has to contain B. This forces I' to contain
B and to be singular at (g, 1) N H. In other words T is a plane curve of degree
2t with ¢ general double points and passing through b general points. Note that

2t + 2
( ;_ )3061.
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It is well known, see for instance [1], that the ¢ points impose independent
conditions on plane curves of degree 2t. Clearly the latter b simple points do
the same, therefore there is a unique plane curve I' satisfying the requirements.
This shows that R is unique and the claim is proved. O

We are ready to compute the dimension of H.

Claim 3.24. dim#H = 3.

Proof of Claim 3.24. The expected dimension of H is 3. Consider Castelnuovo
sequence
O0—=-H-H—->H—>Hgg—0.

By Claim 3.23, it is enough to show that dim#H,; = 2. Observe that Hy is a
linear system of plane curves of degree 2t + 1 with b general double points and ¢
simple general points. As in the proof of Claim 3.23, we compute the expected

dimension ) 3
( t; ) —3h—c=3,

and conclude by [1]. O

Next we want to determine the base locus scheme of H|. Let € : S — H be
the blow-up of B and (g, ;) N H, with Hg the strict transform linear system.
We will first prove the following.

Claim 3.25. The scheme base locus of Zg2 (2t + 1) is B2
Proof. Let Li; := P(Ip\(p, p,},u(t)). Then

t+2

dln’lE”:< 9 )—b—2—1:2.

By the Trisecant Lemma we conclude that
Bs Lij = B\ {pi, p;}-
Let I';,I'; € L;; such that I'; > p; and I'; > p;. By construction, we have
Dij =T+ T+ (pi,p;) € H.

Let D;js, Li;s be the strict transforms on S. Note that I';, belongs to a pencil of
curves in Ly for any k. These pencils do not have common base locus outside
of B since L;;s is base point free and dim £;; = 2. Therefore the D;;s have no
common base locus. O

Claim 3.26. Hg is base point free.

Proof. To prove the Claim it is enough to prove that the simple base points
associated to C impose independent conditions. Since C' C P? is general this is
again implied by the Trisecant Lemma. O
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Then we have

3t—2)(t—-1
degps =Hg = (2t +1)° —db—c = (fw
To conclude, observe that, by the same argument as the claims, we can prove

that ¢y g is generically finite. Therefore

3t—-2)(t—-1
deg py > deg oy g = degpy, = (2t 4 1)> —4b— ¢ = %

O

Remark 3.27. Lemma 3.22 proves that deg ¢4 is finite. As a byproduct, we
get that condition (3.10) is always satisfied in our range. That is X is not
k-defective for a = 2t.

Proof of Theorem 3.18. We already know that the number of decompositions is
finite only if @ = 2¢t. By Remark 3.27, we conclude that the number is finite
when a = 2¢t. Let d be the number of decompositions for a general pair. By
Theorem 3.19, we know that d > degy where ¢ : X --» P3 is the tangen-
tial projection. The required bound is obtained combining Lemma 3.21 and
Lemma 3.22. O
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Chapter 4

The Waring problem for
general polynomials via
limits

The content of this Chapter is a joint work with Massimiliano Mella, now pub-
lished as [41].

As a further application of the techniques presented in Chapter 2, we exploit
limits of fat points to give new results about Waring decompositions. Namely
we will prove that the only generically identifiable cases for n > 1 are (i) and
(#i7) in list 3.5. The precise statement is the following.

Theorem 4.1. Let f be a general homogeneous form of degree d in n + 1
variables. Then f has a unique Waring decomposition with » summands if and
only if

(n,d,r) € {(1,2k — 1,k),(3,3,5),(2,5,7) }.

Like in Section 3.4, the starting point is [56, Theorem 2.1], where it is proved
that identifiability forces a particular tangential projection of the Veronese va-
riety to be birational. Since this projection is associated to a linear system
with imposed singularities, our main result is a consequence of the following
statement about Cremona modifications of P™, which is of interest in itself.

Theorem 4.2. Let £, 4(2") be the linear system of degree d divisors of P"
with h double points in general position, and ¢, 4,5 the associated rational
map. Then ¢, 4, is a Cremona transformation, i.e. dim £, 4(2") = n and
@n,dn - P* --» P" is birational, if and only if

-n=1,d=2k+1,and h =k,
-n=2,d=>5and h =6,
-n=3,d=3and h =4.

The main difficulty in proving Theorem 4.2 is to control the singularities and
the base locus of the linear system L, 4(2"). The first task is accomplished in
[56, Corollary 4.5]. It is proved that, for d > 4, the singularities of £,, 4(2") are
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only the double points imposed. The degree 3 case was recently completed in
[25]. This allowed to conclude in the mentioned range. Unfortunately, if d < n,
then it is necessary to control not only the singularities but also the base locus of
these linear systems to bound the degree of the map. In [57] some special cases
were proved assuming a divisibility condition on the degree. Here we approach
the problem from a different perspective. Instead of trying to bound directly
the degree of the map associated to L, 4(2"), we produce a degeneration of
the imposed singularities in such a way that the limit linear system admits a
hyperplane on which the restricted map is still expected to be non birational.
We then proceed by induction trying to bound the sectional genus of the linear
systems we are considering.

This reminds of the techniques of interpolation. Indeed the linear systems
we are interested in were studied for the interpolation problem and we profit
both of Alexander—Hirschowitz’ paper [1] and of more recent approaches due
to Postinghel [68] and Brambilla-Ottaviani [16]. The proof of Theorem 4.2 is
done by induction on n. The induction step is done via a careful choice of
numbers. This numerology is the core of the (differentiable) Horace method in
[1], where a double induction on both degree and dimension is played. We are
not able to control the sectional genus along these specialization, therefore we
have to develop a different approach based only on dimension induction. We
let some double points collapse into a triple point with tangent directions. The
latter allows us to make induction work and to study the restriction of the linear
system to a hyperplane.

This leads us to study the standard interpolation problems for linear systems
with one triple point, with tangent directions in general position, and a bunch of
double points. The first step of induction is the study of planar linear systems.
Here we benefit from the theory developed around Conjecture 2.44. In particu-
lar, we use the results Proposition 2.46.8 about quasi-homogeneous multiplicity.
As usual in interpolation problems, for low degrees d < 5 and in particular for
cubics, we need special arguments. Once we work out the case with tangent
direction in general position, we extend it to the set of tangent direction arising
in the flat limit described in Proposition 2.19, thereby concluding the proof.

First we need a definition.

Definition 4.3. The sectional genus of a linear system is the geometric genus
of a general curve section.

We will prove that the linear systems we are interested in have positive sec-
tional genus, and this will imply the associated linear map can not be birational.
For this purpose the following remark is extremely useful.

Remark 4.4. The genus of any curve of an algebraic system of algebraic curves
is not greater than the genus of the generic curve of the system, [26]. Therefore,
in order to prove that a linear system £ has positive sectional genus, it is enough
to exhibit a curve of positive genus in some algebraic family of curves whose
general member is a curve section of L.

We now reduce Theorem 4.1 to Theorem 4.2 following [56]. Let n,d be
integers. Then a general polynomial f € Clxo, ..., 2z,]s admits a unique decom-
position

f=1+...+1
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with I; € Clzg,...,zp]1 for i € {1,..., s}, if and only if the s-secant map
s : Secs(Van) — PN

of the Veronese variety is dominant and birational, where N = (") — 1. In

Section 1.3 we noted that dim Secs(Vy,,) = s(n + 1) — 1, hence, in order for
to be birational, the number

d+n
k(n,d) := 7(11 3 (4.1)

has to be an integer. Now let Secy(V}, q4) be the embedded s-secant variety.
For a general point z € Secyn,ay—1(Va,a), let o : PN -5 P be the projection
from the embedded tangent space T, Secy(,,q4)—1(Vn,a). As we did in Section
3.4, we can apply Theorem 3.19 to conclude that ¢y, , is birational whenever
Th(n,d) 1s. Again, by Theorem 1.17, this map is associated to the linear system
En,d(2’“(”’d)_1). Therefore the morphism 7, 4) is birational only if the map
associated to L’n,d(Qk("’d)_l) is birational. It follows that Theorem 4.1 is a
consequence of Theorem 4.2.

4.1 The induction step

In this section we develop the induction argument we need to prove Theorem 4.2.
Thanks to [56] we may assume that n > d. Since linear systems of cubics with a
triple point and double points are always special, a different strategy is needed
for d = 3, so we also assume that d > 4.

Fix a point ¢ € P™ and a general linear space II 3 ¢, of dimension 3. Let Z,
be a scheme having:

e multiplicity 3 in ¢ together with (”;Ll) — 5(3,d,n) general tangent direc-

tions in ¢ and s(3,d,n) tangent directions on II,

e k(n,d)—n—2—h(3,d,n) general double points, h(3,d,n) general double
points on II.

We will define the integers h(3,d,n) and s(3,d,n) later on.
At the linear system level let

L,(d) :=P(Zz, pn(d)).

We aim to prove the nonspeciality of £,,(d). For this purpose, we degenerate the
scheme Z,, as follows. Fix a general hyperplane H C P" containing IT. Let ZHX
be a specialization of Z,, such that H contains h(n — 1,d,n) double points and
s(n —1,d,n) tangent directions, at the point ¢. Let £Z(d) be the specialized
linear system.

By Construction 1.8, the nonspeciality of £,,(d) is implied by the nonspecial-
ity of £ (d). For the latter we can use the Castelnuovo exact sequence. Hence
we are left to prove that the restricted linear system

£n,1’d(3[s(n — ]_7 d7 TL)L 2h(n—1,d,n))
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and the kernel of the restriction map
£n,d—1(2[5(n7 d, ’I’L) _ s(n —1, d, n)], 2k(n,d)fn727h(n71,d,n), lh(nfl,d,n))

are nonspecial, where the base points are in the described special position. To
prove the nonspeciality of these linear systems, we set up an induction argument
choosing a sequence of integer in such a way that the first linear system has a
unique divisor, and then use induction for the latter. Let us introduce the
following notation.

Definition 4.5. Let s(i,d,n) and h(i,d,n) be non-negative integers. Assume
n > d > 4. Fix a general flag of linear spaces

H,cCH3;CHyC...CH, ,CH,=P",

with H; =2 P!, H3 =1l and q € Hy. For i € {2,...,n}, consider a O-dimensional
scheme Z; C H; such that:

Z;—1 is a flat limit of Z; g, |,

e Z; has multiplicity 3 in ¢ together with s(i,d,n) infinitely near points,
s(i — 1,d,n) of which are tangent directions supported in H;_1,

for every ¢ € {3,...,n}, Z; has h(i,d,n) double points, h(i — 1,d,n) of
which are supported in H;_1,

Z5 has h(2,d,n) double points.

Finally, set

In order to define s(i,d,n) and h(i,d,n) in such a way we can argue by in-
duction on n, we will need a few technical results. The first step is the following.

Lemma 4.6. Assume that for any n > i > 2 there are integers
h(i,d,n) > h(i—1,d,n) and s(i,d,n) > s(i —1,d,n)
such that
i) expdim £ (d) =i,
it) dim £H | (d) =i — 1,

iii) expdim £H(d) — H;_; = 0,

v) there is at most one divisor D € £ (d) with mult,D > 3,

vi) LB (d)in = L£3,4(3[s(3,d,n)], 2/ dn)) for every i > 3,

i)
i)
i)
iv) dim £ (d) — 2H, , <0,
)
i) £
i)

—h( 1,d,n) —h(3,d,n)+ s(i,d,n) —s(i —1,d,n) > (i —4)(i + 1) for
i>5and d > 5,

- h(i—1,4,n)—h(3,4,n)+s(i,4,n)—s(i—1,4,n) > (i+1) for 5 < i <8,

vii
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- h(i—1,4,n) — h(3,4,n) + s(i,4,n) —s(i —1,4,n) > (i = 7)(i + 1) for
12> 9.

Then
1. dim £H(d) — H;—1 = 0,
2. the divisor in £H (d) — H;_; does not contain II,
3. LH(d) is nonspecial,

4. LE(d)n = L£3,4(3[s(3,d,n)], 2M34™) for every i > 3.

d+3
Proof. By assumption i), h(3,d,n) < # — 1, the linear system £7 (d) — H;_,
is
Lia-1(2s(i,d.n) = s(i = 1,d,m)], 2" =HE=Ldn) gh(E=Ldm),

and it has non negative expected dimension by iii). For ¢ = 4, by using
Lemma 1.11, it is easy to check that the simple points on II impose independent
conditions and the general element in £ (d) — IT does not contain IT. By vii)
and Lemma 1.14, for ¢ > 4, the simple base points on II impose independent
conditions and the general element in £(d) — H;_; does not contain IT. This
shows (2).

By assumption iv) and Lemma 1.11, the other simple base points on H;_1
impose independent conditions to £i7d_1(2h(i’d’”)_h(i_17d*")+1).

Similarly assumption v) and Lemma 1.11 ensure that the tangential direc-
tions in ¢ impose independent conditions to Eivd_l(Qh(i’d’”)*h(iﬂ’d’”)“). There-
fore we are left to prove that Ci’d,l(2h(i7d’”)’h(i’17d’")“) is nonspecial. The lat-
ter is a linear system with only double points and positive expected dimension.
Then by Theorem 1.5 we know it is nonspecial, keep also in mind Remark 1.6.
This proves (1).

Then from the Castelnuovo exact sequence and assumption ii) the linear

system L£(d) is non special. To conclude observe that the nonspeciality of
L7 (d), (1) and vi) yield (4). O

To apply Lemma 4.6, we have first to produce the sequences of integers
h(i,d,n) and s(i,d,n).

Proposition 4.7. Fix integers n > d > 4, and let ¢ € {3,...,n}. Assume
that the number k(n,d) defined in formula 4.1 is an integer. Then there are
sequences {h(i,d,n)}iera,... ny and {s(i,d,n)}ieq2,... .n} such that

1. expdim £; g_1(2[s(i,d,n)—s(i—1,d, n)], 2"Edn)=h(i=1dn) 1h(i-Ldn)y — (
2. expdim £;_1 4(3[s(i — 1,d,n)], 2"~ 1dm)) = — 1

and the following properties hold:
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i) we have

2
h(3,d,n) < (d'g ) _4,

h(n,d,n) =k(n,d) —1—mn—1,

d—1 n+d
— — > —
h(n,d7 n) h(n 1, d, n) (n 2)(n 1) < n ) 3> O,

_ , d—1 [i+d
— > —
Mi+1,d,n) h@ink—u+mu+n( i) 2>0

for every i € {2,...,n — 2},

ii) s(n,d,n) = ("3') and

i?—3i—2 i2—i—4
2 PA) 2 )

s(i—1,d,n) e{

)>s(i—1,d,n) for every i € {4,...,n — 1},

v) s(i,d,n) —

- h(i—1,d,n) = h(3,d,n)+ s(i,d,n) —s(i—1,d,n) > (i —4)(i+ 1) for
i>5and d > 5,

- h(i—1,4,n)—h(3,4,n)+s(i,4,n)—s(i—1,4,n) > (i+1) for 5 < i <8,

- h(i—1,4,n) = h(3,4,n) +s(i,4,n) —s(i —1,4,n) > (i = 7)(i+ 1) for
1 >9.

)

iv) s(i,d,n
) , s(i—1,d,n) < (i‘gl) for every i € {3,...,n},
)

Proof. In order to simplify the notation, we set for the moment k := k(n,d),
s; = s(i,d,n) and h; := h(i,d,n). Set s, = (”;1) and h, =k —-1—-n—1. For
i1 €{3,...,n}, define

. _ 1 . .2
a; :=: a(i,d) := (Z_;d 1 ) 3

The linear system 'Cqu (2[si—si_1], 2"~ "i-1 1hi-1) has expected dimension

d—1+i
exp; ‘= < i +Z> —1- (Z+1)(h1 7hi_1 +1) — (Si 781‘_1) 7h¢_1.

Then assumption (1) reads exp,, = 0 and yields

(d_ 1 +n> 1=+ 1) (k—n—2—hp 1 +1)=h,_s — ((n_;_l) - Sn—1> =0

n

This implies

d—1 1
nmh1+&h1:—( n+n>+2+«n+nk—0r+mm+a)+n+(n; )

z—(d_;H?+a+(":6—4n+nm+®+n+(n;v

=(”:iil>+2“”+1Xn+2y+n+<";1>

= ay,.
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Therefore h,,_1 and s,_; satisfy the equation

Nhp_1+ Sp—1 = an.

Note that
n?—n—-4 n?-3n-2
2 2 =n-1
therefore there is a unique t € ”2_3”_2, U "2_2”_4} such that a, —t is a

multiple of n. Call s,,_1 that number and define

Ap — Sp—1
-

hp—1 =
This also settles (2), for i = n, since by construction
expdim £, 4(3[s(n, d,n)], 2MmEm)) = p,
Hence
n = exp,, + expdim £,, 1 4(3[s(n — 1,d,n)], 2"~ 1dm)y 4 1,

In a similar fashion exp,,_; = 0 gives

n+d—2 n? n
—1h,— n_9 = —— ——+1l=a,_1.
(n—1)hp—2 + sn—2 (n2) 5 2+ an—1
As before
n?>—3n—2 n2—5n—|—2_ 9

n-—az
2 2
n275n+2 n?—3n—2
5 ey S
multiple of n — 1 Call s,_2 that number and define

and there is a unique t € { } such that a,—1 —t is a

Gp—1 — Sp—
hn—2 _on 1 n—2 )

n—1
We iterate the argument, defining s;_1 to be the only natural number in

{i273i72 i2—i—d
=,

} such that ¢ | a; — s;—1. Hence we have
Z.hi,1 + 8,1 =a; (42)

and conditions ii) and iv) are satisfied.
Next we check s(2,d,n) > 0. By definition, s(2,d,n) > —1. Assume by
contradiction that s(2,d,n) = —1. Then

(d+1)(d+2)
2

so (d+1)(d+2) =6t+4 =1 (mod 3), and this is impossible because 1 is
irreducible in Zjz. Therefore condition iii) holds.
Let us check condition v). Assume first that ¢ < n. Then

a(3,d) = —9= -1 (mod 3)

2(s(i,d,n) —s(i —1,d,n)) < (i +1)% —i—5—i* +3i +2
=4i—2< (i+1)i
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for ¢ > 3. Assume that ¢ = n. Then

n+1
2

=4dn+2<n(n+1)

2(s(n,d,n) — s(n — 1,d,n)) sz( ) —n2 4+ 3n+2

for n > 4.
Next we focus on condition i).

Claim 4.8. Set i > 2. Then

d—1 n+d
hy —hpg > ——o—— -3>0
' <n+2><n+1>( n )

and

d—1 i+d
hiv1 —hi > —~—
+ (z+2)(z+1)(

Proof of Claim 4.8. First assume that ¢ = n — 1. Then we have, by Equa-
tion (4.2),

. )—2>0foreveryi<n—2.
i

n+d .
hn_hnilzﬁ_n_g_u
n+1 n
S I iy B
T n+1 n

= [P e ()]
Sl )

The case i < n — 1 is similar but a bit more painful. Keeping in mind Equa-
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tion (4.2), we have
Ait+2 — Si41 Qi1 — S
1+ 2 t+1
. 2 . . 2_ i _
- (i+1)ai+2—(i+1)'(”2)%_6—(1'—#2)%“—%(@'4—2)- (i+1) i;)( +1)-2
- (1+2)(i+1)
(i + 1)ai+2 — (Z + 2)CLZ‘+1 324+ T7i+6

hiv1 —hi =

(i +2)(i+ 1) 26 42)(i+1)
_ 4 g. g GFDBI+)
_(r+mu+1ﬂ@+1m”2 (04 2)ais] DS

2
~armer () ()
3

oo (9] -5

- 1 [, (+d) (14 ad)! _(i+d)!}_2i+4_1
S+ 26+ ' GrDd—0 T Gr)ld—1nl i it 2
B (i + d)! i 1 1]
_i!(i+2)(i+1)(d—1)!L’+1+i+1 d} 3

i+ d)l(d-1)
S ildl(i+2)(i+ 1)

for every ¢ > 2. Note that h;;1 — h; increases as d does. For d = 4, we have

3 i+4_3_ﬂ+n—m
(i+2)(i+1)\ 4 B 8

h(i+1,4,n) — h(i,4,n) > >0

for every ¢ > 2. O

Claim 4.8 proves i), so we are left with vi). Assume first that ¢ > 5 and
d > 5. Then

h(i—1,d,n) —h(3,d,n) +s(i,d,n) —s(i—1,d,n) — (i —4)(i + 1)
>h(i—1,d,n) —h(3,d,n) — (i —4)(1 +1)
a(i,d) —s(i—1,d,n) a(4,d)—s(3,d,n)

= ; — 1 —(@—-4)(E+1)
i+d—1 3i 2 i2—i—4 d+3
) — 2 L —14-1
> ( i—1 ) 2 . 2 2 . ( 3 ) 7(1*4)(Z+1)
) 4
The latter increases as d does, so
i+d—1 3i i i2—i—4 d+3
) — 2 L === —14-1
( 1—1 ) 2 : 2 2 _ ( 3 ) 4 —(’L—4)(’L+1)
)
i+4 3i i2 i2—i—4 8
) -2t L —14-1
)
i® 4 10i* — 85¢% 4 29072 — 8467 + 240
= g >0
1202
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for every i > 5. Now assume that d = 4. For 6 <1 < 8 we have

h(i —1,4,n) — h(3,4,n) + s(i,4,n) — s(i — 1,4,n) —i — 1

=h(i—1,4,n) + s(i,4,n) —s(i—1,4,n) —i — 6
>h(i—1,4,n)—i—6
a(i,4) —s(i—1,4,n) p
B i
(z+3) U A e
Z 4 2 2 2 —i—6

i* 4+ 6i% — 37i2 — 162i + 48
- >0
243

For i = 5 we have
h(4,4,n) — h(3,4,n) + s(5,4,n) — s(4,4,n) =6 =9—-54+9—-5—-6> 0.
Finally suppose that ¢ > 9. Then

h(i —1,4,n) — h(3,4,n) + s(i,4,n) —s(i — 1,4,n) — i+ 1)( —T7)
a(i,4) —s(i —1,4,n)

5 (i+1)(i—7)

i St R P

i* — 18 + 13142 + 30i + 48
- >
241

v

0. O

Remark 4.9. There is an interesting consequence of Proposition 4.7. The
sequences h(i,d,n) and s(i,d,n) do not vary with n, as long as ¢ < n. This is
crucial for all the computations we are going to do and opens also interesting
generalizations of our arguments that we will explore in the future.

Example 4.10. Here we present the computation in a specific case. Assume
that n = 5 and d = 4. By definition k(5,4) = 21 € N. Following the proof of
Proposition 4.7, we set s(5,4,5) = (3) = 10 and h(5,4,5) = 21 — 2 — 5 = 14.
Next we compute

1 2
““Q‘G);;‘m’
7
a(4,4) = <3) —6-8=21,

= (5)-3-3-s

Now s(4,5,4) is the only natural number ¢ € {4,...,8} such that 5 | 50—¢. This
means that s(4,5,4) = 5 and therefore we have h(4,5,4) = 2%=2 = 9. In the
same way s(3,5,4) is the only number ¢ € {1,...,4} such that 4 | 21 —¢. Again
this implies that s(3,5,4) = 1 and h(3,5,4) = 2.=1 = 5. Finally, s(2,5,4) is
the only number ¢ € {0, 1} such that 3 | 6 —¢, so we conclude that s(2,5,4) =0
and h(2,5,4) = 3.
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From now on we fix the sequences of integers h(i, d, n) and s(i, d, n) of Propo-
sition 4.7. The following proves that assumption iv) of Lemma 4.6 is satisfied
for this choice of integers.

Lemma 4.11. Assume that n > d > 4 and (n,d) # (4,4). Then £H (d)—2H;_,
is empty for every i € {3,...,n}.

Proof. By definition, £ (d) — 2H;_ is
Lig—2(1[s(i,d,n) — s(i — 1,d,n)], 2" Edm)=hG=Ldn)y

First assume that d = 4 and n > 5. Consider i = 3. A direct computation
shows that h(3,4,n) =5 and h(2,4,4) = 2, hence h(3,4,n) — h(2,4,n) > 3 =i.
Consider 7 € {4,...,n — 1}. By i) in Proposition 4.7, we have

. .2 ¢_1
h(i,4,m) — h(i — 1, 4,n) > — <H3)—2—Z+5Z 0>

G+1)i\ 4 8 ="

Consider i = n > d = 4. By i) in Proposition 4.7 we have

2
-1
h(n,4,n) —h(n—1,4,n) > 3 (n+3)_3:n—|—5nS>

(n+1)n\ 4 8 =

for n > 6. If n = 5, we compute h(5,4,5) — h(4,4,5) =14 -9 =5 =4. In
all these cases the linear system we are interested in is contained in £, »(1,2"),
which is empty. Next we consider exceptions in Theorem 1.5 with d > 4. In our
notation these are the cases (i,d) € {(3,6), (4,6),(4,5)}. A direct computation
shows that h(i,d,n) — h(i — 1,d,n) is greater than the exceptional value of
Theorem 1.5.

Assume that n > d > 4. By hypothesis, £; 4_o(2/(Hdm)=h(i=1.dn)) i non-
special. Then, by i) in Proposition 4.7, for i < n we have

vdim £; 4—2(1[s(¢,d, n) — s(i — 1,d, n)], oh(i,d,n)—h(i— ldn)>
(d+l 2) h(i,d,n) — h(i —1,d,n))
d-‘rl 2 —1 [(i+d—1
( ) E+1) [z—l—l)z( i—1 >_2}

i—2)! — _

(Czilgtl 2?. B il'((j_dl)!;!) +2(i+1)
(i+d—2)! (i4+d—1)! ,
v e R T
(i+d—2) i+d—1 ,
:M_z)!{l—(d—l)~d(d_l)}+2(z+1)

=(22d52)-1d_l+2(i+1).

Note that the latter is decreasing with respect to d. For d = 5 we get

<0

1—4/i+3 —i* — 5% — 532 + 65i + 66
200 +1) <
5 ( 3 >+ (i+1)< 30
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for every i > 3.
To conclude, assume that ¢ = n. Then the virtual dimension is bounded as
follows

vdim£L,, 4—2(1[s(n,d,n) — s(n — 1,d,n)], 2h(”’d’")7h("71’d’"))
l-n/n+d-—2
(M) )

As before it decreases as d increases. For d = 5, we have

—n* —5n% — 5m? + 95n + 96 <

0
30

1—n<n—|—3

— 3 )+3(n+1):

for every n > 5. O
We are in a position to state and prove the induction step we described.

Proposition 4.12. Assume that n > d > 4 and (n,d) # (4,4). Let i €
{3,...,n}, and suppose that

a) LI ,(d) is nonspecial,
b) there is at most one divisor D € LX | (d) with mult,D > 3.

Then £ (d) is nonspecial and there is at most one divisor D € £ (d) with
mult, D > 3.

Proof. Recall that ¢ € H;_;. First we check that the conditions i), ii), iii), iv),
vii) in Lemma 4.6 are satisfied. Point i) is (2) in Proposition 4.7, ii) is a) and
(2) in Proposition 4.7, iii) is (1) in Proposition 4.7, iv) is Lemma 4.11, and vii)
is vi) in Proposition 4.7.

We are left to prove that there is at most one divisor D € £ (d) with
mult,D > 3. All divisors D € £ (d) with mult,D > 3 either contain H;_,
or restrict to divisors Dy, , € £,(d) with multyD|s, , > 3. On the other
hand, by assumption b), if there is a pencil of these divisors, then the unique
divisor in £ (d) — H;_; has multiplicity at least 4 in q. Therefore to conclude
it is enough to prove that mult,D = 3 for the divisor D with D D H;_;. The
divisor D — H;_1 is in

ﬁi,d71(2[8(7;7 d7 n) _ S('L _ ]-7 d, n)], 2h(i,d,n)—h(i—1,d7n), 1h(i—l,d,n)).

A straightforward computation shows that

(41
; Chi—1 AN VAN IR
h(i,d,n) —h(i—1,d,n) < { 1 “ t—1,

so by Proposition 1.12 the system £; 41 (3, 2M(5dm)=h(i=1.dn)) js nonspecial. By
Lemma 4.11,
Lia_1(2[s(i,d,n) — s(i — 1,d,n)],2"Edm=h(i=Ldn)y _

is empty and so L;4_1(3, 204 =h(=1dn)y _ [, | is empty as well. Hence,
arguing as in Proposition 4.6, we use Lemma 1.14 and Lemma 1.11 to ensure
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that the simple points on the hyperplane impose independent conditions and
the linear system £¢’d,1(372h(“d’")_h(’_1’d’”),1h(1_1’d’")) is nonspecial. Point
(1) in Proposition 4.7 gives

expdim L;.g_1(2[s(i,d,n) — s(i — 1,d,n)], 2h(i7d,n)—h(i—l,d,n)7 lh(i—l,d,n)) —0.
Point v) in Proposition 4.7 gives s(i,d,n) — s(i — 1,d,n) < (‘1'). Then

vdim Ez d—1(37 2h(i,d,n)7h(i71,d,n), 1h(i71,d,n)) <
< vdim £; 41(2[s(i,d,n) — s(i — 1,d,n)], 2"Hdm)=h(E=1dn) h(i=1.dn)y _ o,

Since L; q_1(3,2M0dn)=h(i=Ldn) 1h(i=1.dn)) js nonspecial, it is empty and any
divisor in £; g_1(2[s(i,d,n) — s(i — 1,d,n)], 2B =h(i=1dn) hG-1.dn)) hag 5
double point in q. O

The next proposition proves the first step of our induction argument.

Proposition 4.13. Assume that n > d > 4 and (n,d) # (4,4). Then the linear
system L 4(3[s(2,d, n)], 2"(>4)) is nonspecial and there is at most one divisor
D € L£54(3[s(2,d,n)], 2"247) with mult,D > 3.

Proof. A simple check of the list in [28, Lemma 7.1] shows that the linear sys-
tems Lo 4(3,2"2%™)) and Ly 4(4,2"2%™) are nonspecial for d > 5, for the
former one can also check Proposition 1.12, while a direct computation shows
that Lo 4(3,2"2%™)) is nonspecial and dim Ly 4(4,2M?>%7)) = 0. In particular
Lo q(4,2M24) is empty for d > 5 and has dimension 0 for d = 4.

We are left to study the s(2,d,n) tangent direction. If s(2,d,n) = 0, we are
done. Suppose now that s(2,d,n) = 1. This is possible only for d > 5. Since
Lo 4(4,2"2d1)) is empty and Ly 4(3, 224" has positive dimension, we con-
clude that Ls4(3[s(2,d,n)],2"2%™)) is nonspecial by Lemma 1.11. Moreover,
for d > 5 any divisor in Ly 4(3,2">%™)) has multiplicity 3 in g, while there is a
unique divisor with multiplicity 4 in £ 4(3, 2h(2’4’")). O

We conclude this Section with the nonspeciality result we were looking for.
Proposition 4.14. If n > d > 4 and (n,d) # (4,4), then
i) the linear system L£X(d) and L, (d) are nonspecial,
ii) there is at most one divisor D € £ (d) with mult,D > 3.

Proof. By Proposition 4.13, L5 4(3[s(2, d, n)], 2"(24)) satisfies i) and ii). Then,
by Proposition 4.12, £ (d) satisfies i) and ii). We already observed that £, (d)
is nonspecial if £ (d) is nonspecial. O

4.2 The genus bound

The aim of this Section is to bound from below the sectional genus of the linear
systems L (d). We start from Ls 4(3[s(2,d,n)], 2"Z%m).

Proposition 4.15. The sectional genus of L5 4(3[s(2,d,n)],2"Z%™) is 0 for
d =4,5 and it is positive for d > 6.
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Proof. The general element in L 4(3[s(2, d,n)], 2"(>%™)) has a triple point at ¢
by Proposition 4.13, and double points at the remaining assigned points by [28,
Theorem 8.1].

Claim 4.16. If d > 8, then the general element D € Ly 4(3[s(2, d,n)], 2M24m)
is irreducible.

Proof of Claim 4.16. Assume that the general element
D € Ly4(3[5(2,d,n)], 2"Zdm)
is reducible. Then D = D; + D, set
bi=degD; €{1,...,d—1}

and, by monodromy, m; := mult,, D;. Hence mi + mg = 2 so, up to order,
there are two possibilities: either m; = 0 and mo = 2, or m; = mo = 1.
Assume first that my = 2, that is, we are assuming that Lo, (2/(2%™) is
not empty. We work under the hypothesis d > 8, so h(2,d,n) > 12. Therefore
this linear system is nonspecial by Theorem 1.5, and its virtual dimension is

(bgf) 3h(2,dn) — 1= <b22+2> —a(3,d) +s(2,d,n) — 1.

A straightforward computation shows that this is non negative only for d < 8.

Assume now that m; = mg = 1. Then there are plane curves D; of degree
b; through pi,...,pp2.d,n), that is D; € Loy, (1M24™)). We may assume that
by < by. The virtual dimension of Ez,bi(lh@’d’”)) is

(b” ; 2) —h(2,dn) -1,

and this is non-negative only if
302 + 9b; > d* + 3d — 22.

Therefore

307 + 9by > b} + b3 + 2b1by + 3by + 3by — 22

203 + 6by > b3 + 2b1by + 3by — 22 > b7 + 2b7 + 3by — 22 (4.3)

b3 —3b; — 22 <0,
so by < 6. But then by (4.3) we have
207 + 6by > b3 + 2b1by + 3by — 22 > b3 + 2b7 + 3by — 22
6b1 > b3 + 3by — 22 > b3 + 3by — 22
b3 < 3bp +22 < 18422 =40

and we conclude by < 6.

Since h(2,8,n) = 12, we have b; > 4. Therefore the only possibilities are
by =4 and 10 > d > 8, by =5 and 11 > d > 10 or by = 6 and d = 12.
A simple computation gives: h(2,8,n) = 12, h(2,9,n) = 15, h(2,10,n) = 19,
h(2,11,n) = 23 and h(2,12,n) = 27. The divisor D has a triple point at q.
Therefore the divisor D7 has to belong to one of the following linear systems:
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) L£24(2,1'%),

) L24(1%),

=10) either £54(1'9) or L2 5(2,1'9),

=11) L£25(1%3),

=12) L26(2,1%7).

An easy check shows that they are all empty. O

Set d > 8. Since the general element is irreducible, the map 3 4 is dominant.
Assume by contradiction that the geometric genus of D is 0 and, beside the
singularities we imposed, there are [ singular points of multiplicity m; and ¢
simple base points. Then we get

(d—1)(d—2) l mlml—l
O:f—?)— (2,d,n) Z

=1

and
l

1< d?>—9—4h(2,d,n) - s(2,d,n) —t =Y _m].

(2

This yields

l
0 <d® —10 — 4h(2,d,n) — s(2,d,n) —t — > _m;

d—1)(d—-2 L omg(my — 1
—<( )2( )—3—h(2,d,n)—27( )>

and, recall Equation (4.2),

l

d* +3d m;(m; + 1)
0<— —8—3h(2,d,n)—s(2,d,n)—t—zf

=1
a2 +3d Lo
= —8—a(2,d) —t— E = 7

i=1

therefore [ = 0 and ¢ = 0. To conclude we compute the genus.

0=2g(D)=(d—1)(d—2)—6—2h(2,d,n) =d* —3d — 4 — 2h(2,d,n)
2

2
>d*>—3d—4—Za(2,d) = 3

3 (d? — 6d +2).

This contradicts the assumption d > 8.
Assume that d = 7. Then h(2,7,n) =9 and s(2,7,n) = 0. Consider a cubic
Cl S [:273(1,18) through q and {pl,...,pg}, and let Cg S 52,4(2,17,2) be a
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quartic singular at ¢ and pg and passing through {pi,...,ps}. The reducible
curve D = (1 + Cy is an element of positive genus in Lo 7(3, 29), so we conclude
by Remark 4.4.

Assume that d = 6. In this case h(2,6,n) = 6 and s(2,6,n) = 1. Consider
two curves Cy € £53(2,1°) and Cy € L5(1[1],1°). Then D = C; + Co is a
reducible element in Lo 6(3[1],2%). The curve Cy is not rational, therefore the
sectional genus of £ 6(3[1],2°) is positive by Remark 4.4.

For d =4 and d = 5 it is an easy computation to see that the movable part
of Lo.4(3[s(2,d,n)],2M>4m) is given respectively by L22(1%) and £ 3(2,1%),
which have genus 0. O

For d € {4,5}, we bound the genus of £3 4(3[s(3,d,n)], 2" &),

Proposition 4.17. If n > 4, then L3 5(3[s(3,5,n)],2"35™)has positive sec-
tional genus.

Proof. A direct computation gives s(3,5,n) = 2, h(3,5,n) = 10, s(2,5,n) =0
and h(2,5,n) = 4. Let H + S € L& (5) be the unique divisor containing H. By
Remark 4.4, it is enough to prove that L3 5(3[s(3,5,n)], 2"35™) ¢ has positive
sectional genus.

The surface

S S ‘63,4(2[2]) 267 14)(q[t17t2]7p1a ey D6y Ry ey 24)

is a quartic in P3, the points p; are general and the points z; are general on
H. By [56, Theorem 4.1], £3 4(27) is nonspecial and the general element has
7 ordinary double points as unique singularities. The points z; are in general
position on H, therefore the general element in

£3,4(277 14)((],]917 ey D6y By ey 24)

has only 7 ordinary double points. The linear system L3 4(3,2°)(q,p1,...,ps) is
nonspecial of dimension 4 by Proposition 1.12 and L3 3(2,2°) is empty, therefore

£3,4(37255 15)(q7p17 <y P5,P6, %1, - - '524)

and henceforth L3 4(3,2%,1%) are empty. This shows that for a general choice
of 2 tangent directions the surface

S S ‘63,4(2[2]) 267 14)(Q[t1>t2]7p17 ey D6y Ry ey 24)

has 7 ordinary double points as unique singularities. In particular S is a (sin-
gular) K3 surface and it is not uniruled. Therefore L3 5(3[s(3,5,n)], 2h(3>5’”))|5
has positive sectional genus. O

Proposition 4.18. If n > 4, then L3 4(3[s(3,4,n)],2"34m) has positive sec-
tional genus.

Proof. Our choice of integers is s(3,4,n) = 1, h(3,4,n) = 5, s(2,4,n) = 0
and h(2,4,n) = 2. Let S + H be the unique element in £ (4) containing the
hyperplane H. Then

S € L£33(2[1],2%,1%)(q[t], p1,p2. P3, P4, P5)
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is a cubic surface with 4 double points. It is easy to prove, with reducible
elements, that the scheme base locus of £4(4) is given by the assigned singu-
larities and the lines spanned by ¢ and {p1, p2, ps}. Hence the fixed component
of LH (4)s is given by the 3 lines spanned by ¢ and py, p2, and p3. Then the
general element in the movable part of £ (4)|s has a triple point in p; and a
double point in p4, and therefore positive genus. This is enough to conclude by
Remark 4.4. O

We conclude the section by collecting all the results we need.

Proposition 4.19. The sectional genus of £3 4(3[s(3,d, n)], 2"3%™) is positive
for every n,d > 4.

Proof. For d = 4,5 this is the content of Propositions 4.18 and 4.17. For d > 6,
observe that by construction a general curve section of L3 4(3[s(2,d, n)], 2"(24™)
is a curve section of £ (d), hence the sectional genus of L3 4(3[s(3, d,n)], 2M34m)
is bounded by the sectional genus of L2 4(3[s(2,d,n)],2"*%™). Thus we con-
clude by Proposition 4.15. O

4.3 Cubics and proof of Theorem 4.2

Fix a pair (n,d), with n > d > 4, a linear space II = P? and a point ¢ € II.
Let Zy be the 0-dimensional scheme obtained as a limit of k(n,d) — 1 double
points, n + 1 of which collapse to the point ¢ with s(3,d,n) tangent directions,
and h(3,d,n) double points on II. Such a degeneration always exists since
s(3,d,n) < 4. Let

Lo(n,d) = P(Zz, 0 (d))

be the associated linear system.

Lemma 4.20. If n > d > 4 and (n,d) # (4,4), then the linear system Lq(n, d)
is non special and its sectional genus is positive.

Proof. Thanks to Proposition 4.14, for the nonspeciality we have only to worry
about the tangent directions. Let T be the set of (”;'1) tangent directions.
Set T; := {y1,...,y;} C T, a subset of i tangent directions. Assume that
L,,.4(3[i],2") is nonspecial and £,, 4(3[i+1],2") is special for a general choice of h
double points. Let ¢ be the map associated to the linear system £,, 4(3[i], 2"~ 1).

Since the set T imposes independent conditions on cubics, we may assume
that y; € Bs L, 4(3[i],2"~1) for j > i. The speciality of £, 4(3[i + 1],2") forces
©(y;) to be a vertex of ¢(P") for j > i. Hence the general D € L,, 4(3[i +1],2")
is singular at y; for j > i. By a monodromy argument, the general divisor in

n—+1

L’md(?)[(”;rl)],Qh) is singular along T. Since Ln_173(2( 2 ))(T) is empty, this

yields
1
na(3[(*1)] ) < a2

and contradicts Proposition 4.14 ii) for h < k(n,d) —n —2.
We are left to bound the sectional genus of Lo(n,d). Let T; a set of (";U —i
general tangent directions. Let

L(T;) = Ln.a (3 [(n ;— 1>} ,Qk(n’d)nz) (q [T1 U T’zi| D1y apk(n,d)—n—2) .

79



By definition, we have £(Ty) = L (d). Fix Dy,...,D,_3 € LH(d) general divi-
sors containing IT and Y1, Ys € L2 (d) general divisors. By Lemma 4.6 (2), IT is
an irreducible component of Dy -...-D,,_3 and, by Lemma 4.6 (4), an irreducible
component of Y;-Yo-D;-...-D,,_3 is a curve section of L3 4(3[s(3, d,n)], 2M3dm)).
Hence, by Proposition 4.19 and Remark 4.4, the claim is true for ¢ = 1.

To conclude, we increase i recursively. Fix Dq,..., D, _3 € L(T;+1) general
divisors containing IT and Y7, Y> € £(T;+1) general divisors. By construction, we
have s(3,n,d) > 0 and therefore we may assume that £(T;1) is a specialization
of L(T;) moving a tangent direction in II. In this degenerations all sections
in £(T;) containing IT are also sections of £(T;4+1). This shows that II is an
irreducible component of Dy -...- D,_3. Next we may consider £(T;11) as a
specialization of £(T;) moving a point outside II. Via this degeneration we prove
that £(Ti41);n = £(Ti)jn and therefore an irreducible component of Y7 -Y5 - Dy -

..»D,,_3 is a curve section of L3 4(3[s(3,d, n)], 2"3%™)). Then Proposition 4.19
and Remark 4.4 allow us to conclude. O

The case d =3

The argument we used for forms of degree d > 4 does not work for cubics.
Linear systems of cubics with a triple point and at least a double point are
always special. This forces us to apply a different strategy to study the degree
of the map associated to L, 3(2%). This is inspired by the proof of Alexander—
Hirschowitz’ Theorem in [16] and [68]. Note that we are interested in integers

n such that
n+3>

. ("3
k(n) :=k(n,3) = i
is an integer. This is equivalent to say that n = 0,1 (mod 3). This property is
preserved by codimension 3 linear spaces. This simple observation suggests the
following induction procedure.

Assume that k(i) is an integer. Let Z; C P! be a 0-dimensional scheme
of k(i) — 1 general double points. Fix a general codimension 3 linear space
IT C P! and let Zy be a specialization of Z; with k(i — 3) — 1 double points on
1. Therefore the linear system £; 3(2¥()~1) specializes to a linear system Ly
and we may split Ly as a direct sum of

L and L;_33(2"0=3-1)

where £ is the system of cubics containing IT and singular in i+1 = k() —k(i—3)
general points of P? and in k(i — 3) general points of II. The linear system L
is known to be nonspecial by [16, Proposition 5.4], see also [68, subsection 5.2],
and Ei_3,3(2k(i_3)_1) is nonspecial by Theorem 1.5. Let g; be the sectional
genus of £;3(2¥M~1) for i = 0,1 (mod 3). Let Dy, Dy, D3 be three general
cubics containing II. Considering the spaces P3 spanned by 4 double points, it
is easy to check that II is an irreducible component of D; - Dy - D3, hence

9i 2 gi-3 (4.4)

for i > 6.
We are left to prove that cubics in P% and P7 do not define a birational map.
In particular, we will show that gg and g7 are positive.
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Lemma 4.21. We have gg > 0.

Proof. The number k(6) is 12. Let Zy = {p1,...,ps, 21, 22,23} C P be a spe-
cialization with the points p; on a hyperplane H and the points z; general. Then
Lg,3(2'") specializes to a linear system L'y = £+L5 3(2%,1%), with dim £§; = 6.
It is easy to see that dim£ =1 and £ = H + A, with A a pencil of quadrics of
rank 4 with vertex (z1, 22, z3). Then M := Bs A is a cone over a normal elliptic
curve in P2, In particular M is not rationally connected and therefore Egg has
positive sectional genus. Then, by Remark 4.4, we conclude that gg > 0. O

Lemma 4.22. We have g7 > 0.

Proof. The number k(7) is 15. Let Zy = {p1,...,p11,21,22,23} C P7 be a
specialization with the points p; on a hyperplane H and the points z; general.
Then L73(2'") specializes to a linear system ./35{3 = L + L3(2",13), with
dim E%’S = 7. It is easy to see that dim £ = 3 and £L = H + A, with A a linear
system of quadrics of rank 5. Then M := BsA is a union of 16 P? meeting in
<2’1,22723>. Let Hl = <Zl,2’2,23,pi>. Then Hl n Hj = <Zl,2’2723> and Hz Cc M.
By construction, we have 071{,3\111' C L33(2*). On the other hand, specializations
can only increase the dimension of a linear systems, therefore

dim (L), > dim L73(2') 1, = 4,

where the last equality is proved in [68, Section 5.4]. Let Dy, Dy € L;{S be two
general elements. Then (D; - D), contains a twisted normal curve passing
through {z1, 22,23,p;}. Let Q1,...,Q4 € A be general elements. Then the 1-
cycle Q1 N...NQ4N Dy N Dy contains rational curves intersecting in {21, 22, 23}
and it has positive genus. This, by Remark 4.4, shows that g7 > 0. O

We collected all the results we need to prove Theorem 4.2.

Proof of Theorem 4.2. By [56, Theorem 4.3, Proposition 2.4] and [6, Theorem
3.2], we may assume that d < n and n > 4. If d = 2 and dim £,, »(2") = n, then
the map associated to £,, 4(2") is always of fiber type.

Ifd=3,n2>6and n=0 (mod 3), then Theorem 1.5 forces h = k(n) — 1.
Then, by Equation (4.4) and Lemma 4.21, the sectional genus of £, 3(2") is
positive. If d =3, n > 7 and n = 1 (mod 3), then we conclude as before via
equation (4.4) and Lemma 4.22 that the sectional genus is positive. It is known
that L43 (26) induces a fiber type map that contracts the rational normal curves
through the 6 points. This analysis proves the theorem for d < 3.

Assume that n > d > 4. By Theorem 1.5, h = k(n,d) — 1. It n = d = 4,
then h = 13. There is a pencil of quadrics in P* through 13 general points,
so L£44(2'3) admits a linear subsystem of reducible divisors with base locus in
codimension 2, hence the associated map can not be birational. Suppose then
that (n,d) # (4,4). By Lemma 4.20, Lo(n,d) is a specialization of £,, 4(2")
and it has positive sectional genus. This shows that £,, 4(2") does not define a
Cremona transformation. O
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