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PRE-TORSORS AND GALOIS COMODULES OVER MIXED
DISTRIBUTIVE LAWS

GABRIELLA BOHM AND CLAUDIA MENINI

ABSTRACT. We study comodule functors for comonads arising from mixed dis-
tributive laws. Their Galois property is reformulated in terms of a (so-called)
regular arrow in Street’s bicategory of comonads. Between categories possessing
equalizers, we introduce the notion of a regular adjunction. An equivalence is
proven between the category of pre-torsors over two regular adjunctions (N4, R4)
and (Np, Rp) on one hand, and the category of regular comonad arrows (R4, §)
from some equalizer preserving comonad C to NgRp on the other. This general-
izes a known relationship between pre-torsors over equal commutative rings and
Galois objects of coalgebras. Developing a bi-Galois theory of comonads, we show
that a pre-torsor over regular adjunctions determines also a second (equalizer pre-
serving) comonad D and a co-regular comonad arrow from D to NaR4, such that
the comodule categories of C and D are equivalent.

1. INTRODUCTION

In order to generalize Hopf Galois extensions to Galois extensions by coalgebras,
so called entwining structures were introduced in [BrMg]. These are examples of
Beck’s mized distributive laws [Bd], for a monad (—) ®; T induced by an algebra T,
and a comonad (—) ®; C induced by a coalgebra C, on the category of k-modules,
for a commutative ring k.

The basis of the generalization is an observation that a right comodule algebra T
of a Hopf algebra H is entwined with the coalgebra underlying H. Moreover, T is
a comodule for the lifted comonad (=) @t (T ®x H) = (—) ®; H on the category
of T-modules (whose comodules are usually called Hopf modules). Denoting by B
the endomorphism algebra of T as a Hopf module, the H-Galois property of the
algebra extension B C T can be formulated as a Galois property of the functor
(=) ®g T : Mod-B — Mod-T. This latter property means that the canonical
comonad morphism

(=) @r (T T)— (—) @ (T ®, H), m @t d @ a— m &t aola)

is an isomorphism, where o : T — T ®; H denotes the coaction.

Although entwining structures were originally introduced to develop Galois theory
for coalgebras in [BrM4d], this method turned out to have a wider application. Using
mixed distributive laws of a monad and a comonad on the category of modules over
an arbitrary algebra R, also Galois extensions by bialgebroids, and more generally
by corings, over R fit this scenario. By these motivations, the first aim of this paper
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is to study Galois functors for comonads that arise from arbitrary mixed distributive
laws.

A Galois comodule algebra T of a k-Hopf algebra H, for which the Hopf module
endomorphism algebra B of T is trivial (i.e. it contains only multiplication by k), is
called an H-Galois object. As observed by Grunspan [[§] and Schauenburg [Schl],
Bchd, [Schd], faithfully flat Hopf-Galois objects can be described equivalently, with-
out explicit mention of the coacting Hopf algebra H, in terms of torsors. A torsor
means a certain map T — T ®; T ®; T, from which the flat Hopf algebra H can be
reconstructed uniquely up to isomorphism. (For a study of the case when T = H
as algebras, not necessarily faithfully flat over k, see also [BR]). This observation
was generalized to Hopf Galois extensions of arbitrary algebras B (using the notion
of a B-torsor) in [Bchy], to Galois extensions by bialgebroids (using the notion of
an A- B-torsor) in [H] and [BB], to Galois extensions by corings (using the notion
of a pre-torsor) in [BB] and to Galois comodules of corings arising from entwining
structures (using the notion of a bimodule herd) in [BV]].

Note that the definition of a torsor has the symmetry of reversing the order of the
tensor factors in the codomain. This symmetry leads to the interesting fact [Schy]
that a faithfully flat torsor T determines a second flat Hopf algebra H’, such that
T is a left H'-comodule algebra and an H’-Galois extension of k. Moreover, the
Hopf algebras H and H’, coacting on T on the right and on the left, respectively,
are Morita-Takeuchi equivalent, i.e. they have equivalent categories of comodules.

Under sufficiently strong assumptions, the construction of two corings (over re-
spective base algebras A and B) from an A-B pre-torsor or even from a bimodule
herd, has been carried out in [BJ] and [BV], respectively. However, the resulting
corings are not known to be flat, and their comodule categories do not seem to be
equivalent without further, somewhat intricate assumptions, see [BJ, Remark 4.7].
Placing the problem in a more general categorical context, in this paper we give an
explanation of the origin of this difficulty. Namely, we show that a pre-torsor (or a
finitely generated projective bimodule herd) that is faithfully flat as a left module
for both base algebras A and B, determines (uniquely up to natural isomorphisms)
two comonads C and D on the category of A-, and B-modules, respectively, whose
underlying functors preserve kernels. These two comonads have equivalent comod-
ule categories. However, even in the situation when one can associate an A-coring
C and a B-coring D to a pre-torsor or a bimodule herd, as in [BB] or [BV], it is
not guaranteed that the comonads C and ID are induced by these corings C and D.
This holds exactly if the corings C and D are flat left modules over their respective
base algebras, i.e. in the situation discussed in [BB, Remark 4.7].

The paper is organized as follows.

In Section P we recall some results from category theory that we need as back-
ground.

Section [ is devoted to a study of Galois functors (in the sense of [MW], Definition
4.5]) for a comonad arising from a mixed distributive law. The category of Galois
functors (with domain category B) for a comonad arising from a mixed distributive
law (of functors on a category A), is described as a suitable subcategory of a newly



PRE-TORSORS AND GALOIS COMODULES OVER MIXED DISTRIBUTIVE LAWS 3

defined category Arr(A, B). The objects of Arr(A, B) consist of two adjunctions

Na Np

(1.1) A T B,

Ry Rp

together with a comonad C on A and a comonad arrow (R4,&) from C to the
comonad NpRp.

Generalizing pre-torsors in [BB| (thus in particular generalizing Grunspan- Schauen-
burg torsors), in Section ] we define pre-torsors over two adjunctions as in ([L.).
A pre-torsor is a natural transformation RANg — RaNgpRgN RoNg, subject to
compatibility conditions with the units and counits of the adjunctions. We consider
a full subcategory of so called regular pre-torsors that is shown to be equivalent
to a full subcategory of Arr(A,B). Since in Section fJ we describe Galois functors
(of comonads arising from mixed distributive laws) via objects in Arr(.A, B), this
equivalence relates in particular such Galois functors to pre-torsors, provided that
they obey our regularity assumptions. Note that all these regularity assumptions
hold for a (B-)torsor corresponding to a faithfully flat Galois extension B C T by a
Hopf algebra over a field k, i.e. when

NAZ(—)®kT NBZ(—)®BT
A = Vec-k T = Mod-T B = Mod-B .

R a=HomT(T,—) Rp=Homr(T,—)

More generally, these assumptions hold for bimodule herds corresponding to (left)
faithfully flat Galois comodules for entwining structures.

By the equivalences in Section [, we associate in particular two comonads C on
A and D on B to a pre-torsor satisfying our regularity assumptions. Generalizing
the Morita Takeuchi equivalence of two Hopf algebras in a faithfully flat bi-Galois
object, in the final Section ] the two comonads C and ID are shown to have equivalent
comodule categories.

2. PRELIMINARIES

In this section we recall some categorical preliminaries that will be used later on.

2.1. Notations. Throughout the paper, in the 2-category CAT of categories — func-
tors — natural morphisms, the following notations are used. The identity func-
tor on a category C is denoted by the same symbol C. Similarly, for any func-
tor F, the identity natural morphism F — F' is denoted by the same symbol
F. We denote vertical composition by o and horizontal composition by juxta-
position. For three parallel functors F, F',F” : C — D and natural morphisms
a:F — F'and §: F' — F”, for the composite natural morphism F' — F” we
write § o . For consecutive functors F' : C — D and G : D — &, the compos-
ite functor is denoted by GF : C — £. Moreover, for functors F, F’ : C — D
and G,G" : D — &, and natural morphisms o : FF — F', f : G — G, the
Godement product (F'f) o (aG) = (aG') o (F) : FG — F'G' is denoted sim-
ply by aff : FG — F'G’. For a natural morphism « : F© — F’, between functors
F,F": C — D, we denote by aX the morphism in D obtained by evaluating « at
an object X of C.
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The vertical category of CAT, i.e. the category of functors — natural morphisms,
is denoted by Fun.

In any category K, the equalizer (resp. coequalizer) of two parallel morphisms f
and g (if it exists) is denoted by Equ,(f, g) (resp. Coequi(f,g)).

2.2. Equalizers in functor categories. We study equalizers in the category of
functors C — IC, where K is assumed to have equalizers.

LEMMA 2.1. Let C and K be categories, let G,G' : C — K be functors and -,
0 : G — G’ be natural morphisms. If, for every X € C, there exists Equi(v.X,0X),

then there exists the equalizer (E,i) = Equp,,(7,0) in the category of functors.
Moreover, for any object X in C, (EX,iX) = Equc(7X,0X).

Proof. Define a functor £ : C — K with object map (EX,ix) = Eque(vX,0X).
For a morphism f : X — X’ in C, naturality of 7 and 6 implies that (Gf) o iy
equalizes the parallel morphisms vX’ and 6X’. In light of this fact, Ef is defined
as the unique morphism in IC such that iy, o (Ef) = (Gf) o ix. By construction,
¢ is a natural transformation £ — G such that v oi = 6 o4. It remains to prove
universality of i. Let H : C — K be a functor and x : H — G be a natural morphism
such that v o x = 6 o x. Then, for any object X in C, (7X) o (xX) = (6X) o (xX).
Since (FX,iX) = Equ(vX, 0X), there is a unique morphism {x : HX — EX such
that (iX) o &x = xX. The proof is completed by proving naturality of {x in X.
Take a morphism f : X — X’ in C. Since i and x are natural,

(iX)o&xo(Hf) = (XX')o(Hf)=(Gf)o(xX)
= (Gf)o(iX)o&x = (iX) o (Ef)o&x.
Since X’ is a monomorphism, this proves naturality of &. O

In the case when K has coequalizers, the opposite category K has equalizers.
Thus applying Lemma B.J] to the opposite functors C? — K, we conclude that
coequalizers of natural transformations between functors of codomain K exist, and
can be computed ‘objectwise’.

As an immediate consequence of Lemma P.]], we obtain

LEMMA 2.2. Let G,G" : C — K be functors, and let v,0 : G — G’ be natural
morphisms. Assume that every pair of parallel morphisms in K has an equalizer and

let (E,1) = Equgy, (7,0). Under these assumptions, for any functor P : D — C,
Eunun (fyP’ HP) = (EP7 ZP)

LEMMA 2.3. For any adjunction (N, R), with unit n and counit €, the following
diagrams are split equalizers in the category of functors.

nR nRNR
(1) R RNR — RNRNR ;
n
Ny NnRN
(2 N NRN — NRNRN .
n

Proof. By naturality, (nRN) on = (RNn) on, so both diagrams are commutative
forks.
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(1) A natural morphism f : FF — RNR, such that ()RNR)o f = (RNnR) o f,
factorizes uniquely through nR and the morphism (Re)o f. Thus (1) is an equalizer.
It is split by the morphism RN Re, i.e. the identities

(RNRe)o (RNnR)=RNR  and
(RNnR)o (RNRe) o (nRNR) = (nRNR) o (RNRe) o (nRNR)
hold.
(2) A natural morphism f : F' — NRN, such that (NnRN)o f = (NRNn)o f,

factorizes uniquely through N7 and the morphism (e/N)o f. Thus (2) is an equalizer.
It is split by e NRN. U

Consider an adjoint pair of functors (N : K — C,R : C — K) with unit 7
and counit e. Since split equalizers are preserved by any functor, cf. [BW, p 110
Proposition 2|, for any categories D and D" and functors P : C — Dand Q : K — D/,

QnR = Equp,, (QnRNR,QRNnR) and PNn = Equp,,(PNnRN, PNRNn).
LEMMA 2.4. Let IC be a category in which all equalizers exist and let C be any

category. Consider an adjoint pair of functors (N : K — C, R : C — K) with unit n
and counit €. Then

if and only if n is a reqular natural monomorphism.

Proof. 1t (R1]) holds then 7 is obviously a regular natural monomorphism.

Conversely, assume that n is a regular natural monomorphism. Then we deduce
from Lemma that nA is a regular monomorphism in K, for any object A € K.
By [BW], p 115 Lemma 6] we conclude that

(A,nA) = Equg(RNnA,nRN A),
for any object A in K. Equality (R.)) follows by applying Lemma P.1] again. O

Recall from [BW], p 111] that a diagram like in Lemma .3 is said to be serially
commutative if the squares that are bordered by parallel arrows are commutative
with either simultaneous choice of the upper or lower (or left or right) arrows.

LEMMA 2.5. Consider the following serially commutative diagram in an arbitrary
category K.

A B C
g
4
A/ B/ - Cl
b b7
o f//
A// B// C//

Assume that all columns are equalizers and also the second and third rows are equal-
izers. Then the first row is an equalizer too.
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Proof. In order to see that the first row is a fork, note that, by commutativity of

the diagram and fork property of the second row,
d"ofoi=foeoi=foiloe=goiloce=gocoi=€"o0goi.

Since €” is a monomorphism, this proves that the first row is a fork. Take any

morphism = : X — B such that fox = gox. Then

floddox=€"ofox=€e"0ogox =g o€ ou.

Since the second row is an equalizer by assumption, there is a unique morphism

y: X — A’ such that

(2.2) i'oy=¢ouw.

Then i" onoy =i’ om oy and, since i" is monic, n oy = m o y. Since the first

column is an equalizer, there exists a unique morphism z : X — A such that

(2.3) eoz=y.

Then ¢ 0oioz = €' ox and since €’ is monic, 10z = x. Since ¢’ oi =i oe and €, e,

are monic, we deduce that 7 is monic. O

COROLLARY 2.6. Let G,G' : C — K be functors and v, 6 : G — G’ be natural
morphisms. Assume that in K there exists the equalizer of any parallel pair of
morphisms hence there erists (C,i) = Equpy,(7,0), ¢f. Lemma 1. Then the
functor C' preserves equalizers provided that G and G’ preserve equalizers.

Proof. Consider an equalizer (F,e) = Eque(f,g) of morphisms f,¢g : X — Y in C.
The following diagram (in K) is serially commutative by naturality.

Ce cf
CE CcX < cYy
zEl iX l l iy
Ge Gf
GE GX - GY
’YEuOE “/XuOX ’YYuOY
Gle G/f
G'E G'X = G'Y

The columns are equalizers by Lemma .]. The second and third rows are equalizers
by assumption. Thus the first row is an equalizer by Lemma 3. O

2.3. (Co)monads and their (co)modules. We recall some basic facts about mon-
ads and their modules, mainly to fix notation and terminology.

DEFINITION 2.7. (1) A monad on a category K is a triple T = (7', m,u) where
T: K — Kis afunctor and m : TT — T, u : K — T are natural morphisms, called
the product and unit, respectively, such that

mo (T'm) =mo (mT) and  mo (Tu)=T=mo (uT).

(2) A morphism between two monads T = (T, m,u) and T" = (T",m’, ') on the
same category K is a natural morphism ¢ : T — T" such that

pom=m'o(pp) and pou=u"
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(3) A T-module over a monad T = (T, m,u) on K is a pair (M, u) where M is an
object and p : TM — M is a morphism in K such that

po (mM) = po(Tu) and po (uM) =M.
(4) A morphism between two T-modules (M, ) and (M’, i) is a morphism f :
M — M’ in K such that
po(Tf)=fopu
We denote by Kr the category of T-modules and their morphisms.
(5) Corresponding to a monad T = (7', m,u) on K, there is an adjunction

FTZIC—>ICT UTZK']T—>IC,

where Uy is the forgetful functor, with object map (M, u) — M and acting on the
morphisms as the identity map. Fr is the so called free functor, with object map
X — (T'X,mX) and acting on the morphisms as f +— T'f. Note that UpFr = T.
The unit of the adjunction is given by

u: K — U’]I‘F']T =1T.
For a T-module (M, p), the counit of the adjunction is given by
p FrUp(M, p) = (TM,m) — (M, u).

We will use the notation A” for the natural transformation : FrUp — Kr, for which
UT)‘T(M> :u) = M.

(6) A comonad on K is a monad on the opposite category K. That is, a comonad
C consists of a functor C': K — K, and two natural transformations A : C' — CC
and ¢ : C — K, called the coproduct and counit, respectively, subject to coas-
sociativity and counitality constraints. Morphisms, comodules and morphisms of
comodules for a comonad are defined as morphisms, modules and morphisms of
modules, respectively, for the corresponding monad on K. In particular, the cat-
egory of C-comodules is denoted by K®. The forgetful functor U® : K® — K has a
right adjoint F'© with object and morphism maps

N — (CN,AN) and f—=Cf,
respectively. The unit of the adjunction is given by the coaction o : M — C'M, for

any object (M, o) € K® and it will be denoted by v“. That is, Uy“(M, o) = o.
The counit is given by e N : CN — N, for all N € K.

PROPOSITION 2.8. Let KC be a category with equalizers and T = (T, m,u) be a monad

on K. Then any parallel pair of morphisms in Kt possesses an equalizer. Moreover,
the forgetful functor Uy : Kt — K preserves and reflects equalizers.

Proof. Consider two parallel morphisms f,g : (X,z) — (Y,y) in K and denote
(E,i) :== Equi(Ur f,Urg). Since f and g are T-module morphisms, zo(7") equalizes
f and g. So there exists a unique morphism e : TE — FE in K, such that 10e =
x o (T4). By associativity and unitality of the T-action x,

ioeo(Te) = xzo(Ti)o(Te)=xo(Tz)o(TTi)=2z0(mX)o (TTi)
zo(Ti)o(mE)=ioeo(mkE),
ioeo(ulk) = zo(Ti)o(uE)=xo0(uX)oi=1.
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Since i is monic, we conclude that (£, e) is a T-module and i lifts to a T-module
morphism i, such that f ol = gog. It remains to prove universality of i. Consider a T-
module morphism h : (Z, z) — (X, x), such that foh = goh. Then (Urf)o(Urh) =
(Urg) o (Urh), so by universality of i, there exists a unique morphism %k : Z — E in
IC, such that 7 o k = Urh. Since h is a T-module morphism,

ioeo(Tk)=xo0(Ti)o(Tk)=z0(TUrh) = (Urh)oz=1io0koz.

Since ¢ is monic, this proves that k lifts to a T-module morphism (Z,z) — (E, e).
Since Ur is a right adjoint, it preserves equalizers. (Note that it is manifest also
by the above construction of i that Up preserves equalizers.) It follows by the
faithfulness of Ut that it also reflects equalizers. O

From Proposition P.§ and Lemma P, we obtain

COROLLARY 2.9. Let K be a category with equalizers and let T = (T, m,u) be a
monad on KC. Let G,G' : C — Kt be functors, and let v, 6 : G — G’ be natural mor-
phisms. Then there ezists Equg,, (7,0) and UrEqug,, (7,0) = Equg,, (Ury, Urf).

Proof. By Lemma R, there exists (E', () := Equp,, (Ury, Urf). By Proposition B.§
and Lemma P.T], there exists (F,t) := Equg,, (7,0). Moreover, for any object X in
C,

' X = Equp, (UryX, Ur0X) = UrEqug,, (7X,0X) = Ut X,

where in the second equality we used that Ur preserves equalizers. Thus the claim
follows by Lemma P.1]. O

A statement of similar generality does not hold for coequalizers. Instead, we have
the following

PROPOSITION 2.10. Let KC be a category with coequalizers and T = (T, m,u) be a
monad on K such that T preserves coequalizers. Then every parallel pair of mor-
phisms has a coequalizer in Kr. Moreover, Uy preserves and reflects coequalizers.

Proof. For two parallel morphisms f,g : (Y,y) — (Z,2) in Kr, denote (P,7) =
Coequy (Urf,Urg). Since f and g are T-module morphisms, the morphism 7 o z
coequalizes TUr f and T'Urg. Therefore, by universality of the coequalizer (TP, T'w),
there exists a unique morphism v : T'P — P such that

(2.4) vo(Tn)=moz.

By associativity of z, v o (Tv) o (I'Tw) = v o (mP) o (I'T'w). Since T preserves
coequalizers, TT'mw is an epimorphism so we conclude that v is an associative T-
action on P. Similarly, by unitality of z, v o (uP) o m = 7, hence the action v is
also unital. Therefore, there is a T-module morphism 7 : (Z, z) — (P, v), such that
U’]I‘/ﬂ\' =T, cf. (@)

We claim that ((P,v),7) = Coequy, (f,g). Let h: (Z,z) = (W, w) be a morphism
in Cr such that ho f = h o g. Then there exists a unique morphism ¢ : P — W in
IC such that t o m = Urh. Since h is a morphism in Cr,

tovo(Trm)=wo (Tt)o (Tm).
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Thus, since T is epi, t gives rise to a morphism ¢ : (P,v) — (W, w). From the
uniqueness of ¢ in K one obviously gets the uniqueness of ¢ in Kr. It is clear from
the above construction that Uy preserves coequalizers, so we conclude by uniqueness
of a coequalizer and faithfulness of Uy that Ur also reflects coequalizers. O

Proposition has the following immediate consequence. Consider a category
K with coequalizers and a monad T on I such that the underlying functor preserves
coequalizers. Let G and G’ be functors from any category C to Kt and ¢,y : G — G’
be natural morphisms. By Proposition P.I{, for any object Z in C, there exists
(Kz,mz) := Coequy, (pZ,vZ). It follows by the dual form of Lemma PT] that this
construction defines a functor K : C — Kt and a natural morphism 7 : G' — K,
such that (K, 7) = Coequpy, (¥, 7).

DEFINITION 2.11. (1) A left comodule functor for a comonad C = (C,A,¢) on a
category A is a pair (L,1), where L : B — A is a functor from any category B to A
and [ : L — C'L is a natural morphism (called a coaction) satisfying the counitality
and coassociativity constraints

(eL)ol=1L and (AL)ol=(Cl)ol.

(2) Symmetrically, a right C-comodule functor is a pair (R,r), where R : A — B
is a functor from A to any category B and r : R — RC' is a natural morphism
satisfying the counitality and coassociativity constraints

(Re)or =R  and (RA)or = (rC)or.

(3) For two comonads C on .4 and D on B, a bicomodule functoris a triple (Q, [, 1),
where () : B — A is a functor, [ is a left C-coaction and r is a right D-coaction on
@, such that

(Cr)ol=(ID)or.

(4) Module functors for a monad are defined as comodule functors for the corre-

sponding comonad on the opposite category.

THEOREM 2.12. Let A = (A, mA u?) and T = (T, m”,u") be monads on a category
K and o : A — T be a morphism of monads. Then there exists a functor Ry : Kr —
Ka such that

(2.5) UsRy=Ur  and  UgM\*Ry = (UpA\") o (aUry).

Moreover, if there exist coequalizers in KC and T preserves coequalizers, then R4 has
a left adjoint.

Proof. In order to construct a functor R4, note that for (X, z) € Kr, (X, zo(aX)) €
Ka. A morphism f : (X,z) — (X',2') in Kr can be regarded as a morphism
(X, (zoaX)) — (X', o (aX")) in 4. Therefore we introduce the functor R, : Kr
— ICs by setting (23).

Assume now that the category K has coequalizers. We can define a functor
Ny : Ky — Kr as an ‘A-module product’ of the right A-module functor (Fr, (AT Fr)o
(Fra)) and the left A-module functor (U, UgA?). That is, we define N, via the
coequalizer

(2.6) (Na,x) = Coequpy, (A" FrUy) o (FraUy), FrUsAY) .
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It takes a morphism f : (Y, y) — (Y, ') in Ky to the the unique morphism N4 f in
Kt for which

(Naf)o (x*(YV,9) = (x* (Y, ¢/)) o (FrUwf).

Under the assumption that 7" (hence by Proposition P-I{ also Ur) preserves coequal-
izers, we prove next that N4 and R4 are adjoint functors. By the construction of
R4, the morphism AT coequalizes the parallel morphisms (AT FrlUg R4) o (FraUyR4)
and FrUs A4 R4. Thus it follows by universality of the coequalizer x4 R4 (cf. dual
form of Lemma P.2) that there exists a unique natural morphism e NoaRs — Kr
such that
(2.7) et o (Y Ry) = AT,
Since (Urx?) o (uTUy) is an A-module morphism in the sense that

(U’E)\TNA) @) (ozUTNA) ©) (AUTXA) o (AUTUA) = (UTXA) o) (UTUA) e} (UA)\A),

it lifts to a natural morphism n“ : Ky — R4N4 in the sense that

(2.8) Usn® = (Urx™) o (u"Uy).
Note that (B.§) immediately implies
(2.9) (A"N4) o (FrUsn™) = x™.

From (B77) and (2:9) we deduce that (Ure*Na) o (UrNan?) o (Upx?) = Upx?. Since
Urx? is epi and Uy is faithful, this implies (e*N4) o (Nan?) = N,. Similarly,
(UpRae?) o (Usn*Ry4) = UpRy, so by faithfulness of Uy, (Rae?) o (2 R4) = Ra.
Thus we proved that (N4, Ra) is an adjunction. O

Theorem P17 implies, in particular, that (NaRa, Nan?Ra,e?) is a comonad on
Kr and (RyN4, Rye* Na,n?) is a monad on Ky.

For the adjoint functors in Theorem .13, induced by a monad morphism «, we
use also the notation Ny = o* and R4 = a,. Note that, for two monad morphisms
a:A—-Tand ¢ : T —=T, (poa), =a.0p, and (poa)" = ¢*oa*. The identity
functor on any category K is a monad, via the multiplication and unit given by the
identity natural morphism K. Given any monad T = (7', m,u) on K , u gives rise to
a monad morphism I — T and Ur = u, while Fr = u*.

THEOREM 2.13. Let K be a category with coequalizers and let o = A = (A, m*, u?) —
T = (T,m",u”) be a morphism of monads on K. Assume that A and T preserve
coequalizers. Consider the canonical adjunction (N4, Ra), associated to « in Theo-
rem [2.13. Then the Eilenberg-Moore comparison functor K : Ky — (Ka) g, v, s an
1somorphism.

Proof. Denote by U forgetful functor (Ka)p,y, — Ka. Recall that the comparison
functor K has the explicit form

K (X,z) = (Ra(X,2), Rae’(X,2)) = (X, 2 0 (aX)), Rae*(X,2)),
for any object (X, z) of Kr, and K'f = R4 f, for each morphism f in Kr. In what

follows we construct the inverse K of K. A direct computation shows that, for any
object ((X,z),2") € (Ka)r,n,, the morphism (Uyz’) o (Upx*(X,x)) is a T-action
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on X. Moreover, with respect to this T-action, any morphism in (K4)g,n, is a
morphism of T-modules. Thus, for any object ((X,z),2) € (Ka)r,n, We can put

K((X,2),2") = (X, (Usa') o (Urx* (X, 2)))-

For a morphism f in (Ka)r,n,, K f is defined as the unique morphism in Kr
such that UpKf = UpUf. The equality KK = Kr is obvious. The proof of
KK = (Ka)r,n, is slightly longer but straightforward, so it is left to the reader
too. 0

DEFINITION 2.14. Let A = (A, m,u) be a monad and C = (C, A, ¢) be a comonad
on the same category KC. A natural morphism ¥ : AC — CA is called a mized
distributive law (or in some papers an entwining) if

e Vo (mC)=(Cm)o(VA)o (AV¥) and V¥ o (uC) = Cu,
o (AA)o ¥ = (CT)o (UC)o (AA) and (cA) o ¥ = Ae.

THEOREM 2.15. [B]| Let A = (A, m,u) be a monad and C = (C, A, ) be a comonad
on a category KC. There is a bijection between

e liftings of C to a comonadjﬁ on Ky, i.e. comonads C = (5, E,g) on Ky,
such that UAC = CUA, UAA = AUA and UAg: EUA;
e mized distributive laws V : AC — CA.

Proof. It is a standard result due to Johnstone [[J] that a mixed distributive law
AC — C'A determines a functor C': Ky — Ky, with object map

C(X, ) = (CX, (Cx) o (TX))

and morphism map satisfying UyC'f = CUyf, for every morphism f € Ky. It is
proven by a slightly twisted version of Beck’s arguments (cf. W, 5.1]) that it
is a comonad, with the stated coproduct and counit.

Conversely, if C is a lifting of C then a mixed distributive law is constructed as

UsNACF,

AC 2 ACA = U FLULCF, U,CF, = CA.

3. GALOIS FUNCTORS FOR MIXED DISTRIBUTIVE LAWS

In this section we study particular kinds of comonads — those arising from mixed
distributive laws — including the comonads arising from entwining structures of
algebras and coalgebras. Our aim is to reformulate the Galois property of a comodule
functor of such a comonad, in terms of so called regular comonad arrows. Comonad
arrows (not only those corresponding to Galois functors for mixed distributive laws)
will play an important role in later sections: They will be related to pre-torsors.
Together with the results of the current section, this implies a relation between
Galois functors and pre-torsors.



12 GABRIELLA BOHM AND CLAUDIA MENINI

3.1. Galois functors and regular comonad arrows. Under various names, func-
tors that we term Galois functors (following [MW], Definition 4.5]), have been dis-

cussed by several authors, see e.g. [, [KY], [GT], [MW].

DEFINITION 3.1. If; for a left C-comodule functor (L,[), the underlying functor L
has a right adjoint R, then there is a canonical comonad morphism

(3.1) can := (Ce)o (IR): LR — C,

where € denotes the counit of the adjunction, see [K3, Proposition 3.3]. A C-Galois
functor is, by definition, a left C-comodule functor (L, 1), such that the underlying
functor L possesses a right adjoint R and the canonical comonad morphism (B.1]) is
an isomorphism.

The bicategory of (co)monads was introduced in the paper [§]. Its 1-cells, recalled
under the name comonad arrow in Definition B.9, generalize morphisms of comonads.

DEFINITION 3.2. Consider two comonads C = (C,A,¢) and C' = (C",A’,¢’), on
respective categories A and A’. A comonad arrow from C to C’ is a pair (F,¢),
where F' : A" — A is a functor and £ : CF — F(C" is a natural morphism subject to
the conditions

(3.2) (FeYol =¢F and (FA") o & = (£C") o (C€) o (AF).
A comonad arrow (F, &) is said to be reqular provided that & is an isomorphism.
A comonad arrow (F,¢) is termed co-regular if F' has a left adjoint G (with unit
n and counit € of the adjunction) and & := (¢C'G) o (GEG) o (GCn) : GC — C'G is
an isomorphism.

In the following theorem, the functor
An — Ay, (X,z) — (X, z 0 (pX)),

induced by a morphism ¢ : N — N of monads on the category A (cf. Theorem
P.19), is denoted by ¢,.. For an adjunction (L, R), the unit and counit are denoted
by n and €, respectively. For a second adjunction (L', R’), primed symbols 1’ and
¢ are used. The symbol can (resp. can’) denotes the comonad morphism (B.1])
corresponding to a comodule functor L (resp. L’).

THEOREM 3.3. (1) Let N = (N,m"™,u") be a monad and C = (C,A%, %) be a
comonad on a category A. For any category B and any adjoint pair of functors
(L:B — Ay, R : Ay — B), there is a bijective correspondence between the sets of
the following data. N N

(a) Liftings of C to a comonad C on Ay together with a C-Galois functor structure
on L;

(b) reqular comonad arrows (Uy, &) from C to the comonad LR.

(2) Let N and N’ be monads on a category A. Let C and C' be comonads on A,
such that C lifts to a comonad C on An and C' lifts to a comonad C’ on Anr. Let
(L,1) be a C-Galois functor with right adjoint R and (L',1") be a C'-Galois functor
with right adjoint R'. In this setting, for any monad morphism o : N — N and
comonad morphism 6 : C — C', the following groups of statements are equivalent.

(a). RQO* = R/;
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o there is a comonad arrow (., 0) from C to C', such that Uy = 0Uy,
e the natural morphism ¢ := (ep.L') o (L) : L — p.L satisfies (pul') 0 ¢ =
(0L") o (Cp) ol.
(b). RSO* = R/)

o (Uycan’) o (Unep,L'R’) o (UyL'R') = (QUy) o (Uncang,).
Proof. (1) Consider first data as in part (a) and put £ := Uycan™'. Tt is obviously
an isomorphism and the identities (B.9) follow by using that can : LR — C is a
comonad morphism.

Conversely, in terms of the data in part (b), a mixed distributive law NC' — C'N
is given by the natural morphism

Y= (6 Fy) o (Un\YLRFy) o (NEFy) o (NCu™Y).

This proves that C lifts to a comonad C on Ay, cf. Theorem P.I3. Moreover, v
induces an N-action

(CUNAN) o (QﬂUN) : NCUN — CUN

on CUy. It is easy to check that (by naturality and the adjunction relations) & is
an N-module morphism in the sense that

£ o (CUNNY) o (¢Uy) = (UnAYLR) o (N€).

This means that £ gives rise to a morphism E in Ay, such that UNg = £. Since the
forgetful functor Uy reflects isomorphisms, ¢ is an isomorphism in Ay. This enables
us to equip L with a C-coaction by putting

(3.3) l:=(E'L)o(Ly): L — CL.
Using identities (B.d), naturality and the adjunction relations, we find that
(e°UnL) o (Uyl) =UxL  and  (AUyL) o (Unl) = (CUNI) o (Uxl).

Since C is the lifting of C and Uy is faithful, this implies coassociativity and couni-
tality of the coaction I. Moreover, by (B.J), naturality and the adjunction relations,

Uncan = (CUye) o (UnlR) = €7 = Uné .

Thus by faithfulness of Uy, we conclude that can = E ~1 is an isomorphism, hence
(L,1) is a C-Galois functor.

Above constructions are easily checked to yield a bijective correspondence between
the data in parts (a) and (b).

(2) Assume that the conditions in part (a) hold. By (B-]), the second property in
part (b) is equivalent to

(C/UNIE/) o (UN/Z/R/) o (UNQER/) = (HUNI) o (CUNEQP*) o (UNZRQO*),
which is proven by using the third condition in part (a), the identity Unb = 0Uy

and the fact that C is the lifting of C, naturality and definition of ¢, adjunction
relations and finally the first identity in part (a).
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Conversely, assume that assertion (b) holds. The natural morphism 6 is checked
to have a lifting 0 if and only if the mixed distributive laws ¢ and ', that are
responsible for the lifting of C to C and the lifting of C’ to C’ respectively, satisfy

(3.4) Yo () = (Op) o 1.

In order to prove (B.4), note that both N and N’ are left N-module functors, via
the actions provided by the multiplication m” in N, and m"" o (¢N'), respectively.
With respect to these actions, ¢ is an N-module morphism. Hence there exists a
(unique) morphism @ : Fyy — o, Fyv (explicitly given by @ = (AN, Fiy) o (Fyu™'))
such that Uyp = ¢. Moreover, by the definition of the functor ¢,, the identity
(U AN 0 (@Un) = UyAN g, holds. Making use of these observations, (B4) follows
by recalling the form of v and ' from part (1), repeated use of the second condition
in part (b), the monad morphism property of ¢ and naturality. This proves the
existence of #. Since # is a comonad morphism, 6 satisfies (B.9).

The third condition in part (a) follows by (B.J) and the analogous formula for [,
the second condition in part (b), naturality and adjunction relations. O

Theorem B.J can be rephrased as a statement about the existence of a certain
functor, between categories defined below.

DEFINITION 3.4. For any two categories A and B, the category Adj(A, B) is defined
as follows.
Objects are triples (T, (Na, Ra),(Np, Rp)), where T is a category and

(Na:A—=T,Ra:T —A) and (Ng:B—T,Rg:T — B)

are adjunctions. We denote the respective units of the adjunctions by n“ and n”
and the counits by ¢! and €”.

Morphisms (T,(Na, Ra), (Ng,Rg)) — (T', (N, R), (Ng, R}3)) are functors F' :
T' — T such that R4F = R/, and RgF = R;.

Note that a morphism F' in Adj(.A, B) comes equipped with natural morphisms
a:= (e"FN)) o (Nan'1) : Na — FN'y and b := (¢® FNy) o (Npn/'P?) : Ng — FNj
such that the following compatibility conditions hold.

(3.5) (Raa) on = n4 and  (Rgb)on® ="
(FéYo (aR)) =e¢*F and  (FeéP)o (bRy) = €°F.
In fact, a and b are unique natural morphisms satisfying these identities.
An object (T, (Na, Ra),(Np, Rg)) of Adj(A, B) determines two comonads on 7T,

(NaRA, Non"Ra,€”) and (NgRp, NgnPRp,€P).

DEFINITION 3.5. The category Arr(A,B) is defined to have objects of the form
(T,(Na,Ra),(Ng, Rp),C, &), where (T, (Na, Ra), (Np, Rp)) is an object in Adj(.A, B),
C is a comonad on A and (R4, &) is a comonad arrow from C to NgRp.

A morphism in Arr(A, B)

(T? (NAa RA)> (NBa RB)a Ca 5) - (T/> (N,/4> R:4)? (N],Eb RIB)> C/a 5,)
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consists of a morphism F : (T,(Na, Ra),(Np, Rg)) — (T, (N}, R), (Ng, R})) in
Adj(A, B) and a comonad morphism ¢ : C — C’, such that
(3.6) (RabRp) o (§F) =& o (tR)),
where the morphism b was introduced in (B-3).

The full subcategory of Arr(A, B) of objects (T, (Na, Ra),(Ng, Rg),C,§), such
that the comonad arrow (R4, &) is reqular, will be denoted by RArr(A, B).

The full subcategory of Arr(A, B) of objects (T, (Na, Ra),(Ng, Rg),C,§), such
that the comonad arrow (R4, &) is co-reqular, will be denoted by RArr(A, B).

Obviously, composites of morphisms in Arr(.A, B) are again morphisms in Arr(.A, B).
The other category occurring in Theorem B.J is the following.

DEFINITION 3.6. For any two categories A and B, objects of the category Gal(.A, B)
are quintuples (N, C,, L,1), where N is a monad and C is a comonad on A, and
¢ is a mixed distributive law between them. L : B — Ay is a Galois functor, with
coaction [, for the lifted comonad C on Ay, determined by the mixed distributive
law ).

A morphism (N,C,¢, L, 1) — (N, C' ¢/, L')l') is a pair (¢,0), consisting of a
monad morphism ¢ : N — N and a comonad morphism 6 : C — C’, subject to the
conditions in Theorem B3 (2)(b).

COROLLARY 3.7. By Theorem [.3, there is a functor I : Gal(A, B) — RArr(A, B),
that is faithful and injective also on the objects. The object and morphism maps of
I are

(N,C,9, L, 1) — (AN, (Fn, Un), (L, R),C, UNcan_l) and (p,0) — (o4, 0),
where R is the right adjoint of L. Moreover, any object in RArr(A, B) that is of

the form (AN, (Fi, Un), (L,R),(C,g) arises as the image of an (unique) object in
Gal(A, B) under the functor I.

3.2. Examples from bimodules. For an associative and unital algebra A, con-
sider an A-ring T and an A-coring C, that are entwined by 9 : C®, T — T ®a C.
(For a review of these structures we refer to Sections A.1, A.2 and A.4 of [ABM].)

Denote the induced T-coring T @4 C (cf. [EBM, Section A.4]) by C. These data
determine a monad N = (—) ®a T and a comonad C = (—) ® C on the category

A := Mod-A and also a lifted comonad C = (—)®1C = (—=)®4 C on Ay = Mod-T.

Take now a right C-comodule (i.e. entwined module) ¥, and let B be any subal-
gebra of End®(X). Then the functor (—) ®g X, from the category B = Mod-B to
Mod-T, is a C-comodule functor, which is C-Galois provided that ¥ is a (not neces-
sarily finite) Galois comodule. The corresponding object in RArr(Mod-A, Mod-B)
is

(MOd_Tv ((_) ®a T, HomT(Tv _))7 ((_> ®B X, HomT(Ev _))7 (_> ®a C, ﬁ_l)a

where /3 is the natural isomorphism, given in terms of the C-coaction & — xg)®@a x(1)
on X as

Homy (3, —) ®8 X — (—) ®a C, f®a x> f(20) @A 702)-
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In general, objects of the category RArr(A, B) seem to have no interpretation
similar to Corollary B4 Any object (7, (Na, Ra),(Np, Rg),C,&) of RArr(A, B)
determines a natural morphism

b = (RAE_I) o (gNA) : CRANA — RANAC,

where £ = (¢ NgRpN4) o (NsEN,) o (N4Cn?) is an isomorphism by assumption.
In terms of the structure morphisms of the comonad C = (C, A, ¢), this morphism
® satisfies

(RANAA) 0 ® = (®C) o (CP) o (AR4N,)

(RaNae)o ® =ecRAN4

® o (CRAe"Ny) = (Rye*NyC) o (RAN4®) o (PR4N,)
d o (Cn?) =nC.

Although these conditions are reminiscent to Definition P.T4 of a mixed distributive
law, in general ® has no interpretation in terms of a corresponding lifting of C to
the category of modules for the monad R4N,4. (But note that if both ¢ and & are
isomorphisms then so is ® and its inverse is a mixed distributive law in the sense of
Definition P:17.)

However, there are interesting (every-day-seen) examples of objects in RArr(A, B)
that can be interpreted as Galois functors. Namely, for two algebras A and B, an
A-ring T and a B-T bimodule X, such that ¥ is a finitely generated and projective
right T-module, there are adjunctions

(T @4 (=) : A-Mod — T-Mod, T @ () : T-Mod — A-Mod)
(¥* ®g (=) : B-Mod — T-Mod, ¥ @ (—) : T-Mod — B-Mod).
Moreover, for any A-coring C,
(Mod-T, (=) ®a T, (=) @1 T), (=) @B &, (—) @1 &%), (—) ®a C,£ = (=) @1 £T)
is an object of RArr(Mod-A, Mod-B) if and only if
(T-Mod, (T ®4 (=), T®r (), (X" @5 (-), 2@ (-)), C®a (=), €A @1 (-))

is an object of RArr(A-Mod, B-Mod). That is, if and only if ¥* ®pg (—) : B-Mod —
T-Mod is a Galois functor for a lifted comonad C ®4 (—) on T-Mod.

Thus, as objects of the category RArr(A, B) generalize (finite) right Galois co-
modules of corings arising from right entwining structures, objects of RArr(A, B)
generalize, in a sense, finite left Galois comodules of corings coming from left entwin-
ing structures. Objects that belong to both categories RArr(A, B) and RArr(A, B)
generalize dual pairs of finite left and right Galois comodules of the two (isomorphic)
corings arising from bijective entwining structures.

3.3. Examples from monad morphisms. More exotic examples of objects in a
category RArr(A, B) are obtained from Galois extensions of monads by a comonad.

Recall that in an adjunction (L, R) — with unit 7 and counit € —, the right adjoint
R is a right comodule functor for some comonad G, with coaction g : R — RG if



PRE-TORSORS AND GALOIS COMODULES OVER MIXED DISTRIBUTIVE LAWS 17

and only if L is a left G-comodule functor via the coaction
(3.7) g:=(eGL)o (LgL)o (Ln): L — GL.

PROPOSITION 3.8. Consider an adjoint pair of functors (L : K — C,R : C — K),
with unit n and counit € of the adjunction. Assume that (R, g) is a right comodule
functor for some comonad G on C (equivalently, (L,q) is a left G-comodule functor,
with coaction g in (B1)). Then, if there exists the equalizer

(38) (Bvﬁ) = Eunun(gLng)v

then there exists a monad B = (B, mP u®?) on K such that 3 gives rise to a morphism
of monads §: B — RL. Moreover, B is the unique monad with this property.

Proof. By naturality and the adjunction relation, (Rg) o n = (¢gL) on. Thus by the
universality of the equalizer (B-§), there exists a unique natural morphism u? : K —
B, such that S ou? =.

Similarly, (Ge) o (GR) = (eG) o (Lg). With this identity at hand and using the
fork property of (B-§) (twice), one checks that (ReL) o (83) equalizes the parallel
morphisms in (B-§). Hence there exists a unique natural morphism m? : BB — B,
such that 3 om? = (ReL) o (3). Associativity and unitality of the monad B :=
(B,m?P,uP) are obvious by respective properties of the monad (RL, ReL,n). The
morphism [ is compatible with the monad structures by construction. O

Consider a monad T on a category K. We can apply Proposition B.§ to the
associated adjunction (L = Fr, R = Ur), and a comonad G on Kp. Note that the
resulting notion of a G-coaction g on Ur generalizes the notion of a grouplike element
in a coring. In this setting, if there exists the monad B = (B, m®” u?) on K that is
described in Proposition B.§, then it will be denoted by TC(G9) and it will be called
the coinvariant monad of T with respect to G and g. Note that the coinvariant
monad T¢°(9) exists whenever K has equalizers.

PROPOSITION 3.9. Let IC be a category with equalizers and coequalizers. Let T =
(T, m,u) be a monad on K and G = (G, A,€) be a comonad on Ky. Assume that T
preserves coequalizers and that there exists a right G-coaction g : Uy — UrG. Denote
B := T9(G9)  Let (N, Rp) be the canonical adjunction, with unit n® and counit €”,
associated as in Theorem .13 to the canonical inclusion 5 : B — T. Under these
assumptions, Ng can be equipped with the structure of a left G-comodule functor.

Proof. Consider the left G-coaction § = (N'GFr) o (FrgFr) o (Fru®) : Fy — GFr.
Recall that Fr is also a right B-module functor, via the action f := (AT Fr) o (Frf3).
Moreover, the B-action and the G-coaction on Fr commute in the sense that (G f)o
(gB) = go f. This implies that (Gx?) o (gUs) coequalizes the parallel morphisms
(given by the B-actions) in (Np, x*) = Coequp,, (fUs, FrUsA") . So there exists a
unique natural morphism A : Ng — G Np, such that

(3.9) hox” = (Gx") o (gUs).

Coassociativity and counitality of h are obvious by the analogous properties of g. [
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The comodule functor (Ng, h) in Proposition B.9 is a Galois functor provided that
the canonical comonad morphism

(3.10) can := (Ge”) o (hRp) : (NgRp, Ngn"Rp, ") — (G, A¢)
is an isomorphism.

THEOREM 3.10. Let K be a category with equalizers and coequalizers and let « :
A — T and f: B — T be morphisms of monads on K. Denote their canonical
adjunctions (cf. Theorem B.13) by (Na, Ra) and (Ng, Rp), respectively. Assume
that the underlying functors A and T preserve coequalizers. Assume furthermore
that the unit n® of the adjunction (Np, Rg) is a reqular natural monomorphism.
Then there is a bijective correspondence between the following sets of data.
(a) objects (K, (Na, Ra),(Np, Rp),C,&) of RArr(Ky, Kp),
(b) right coactions g : Ur — UG for a lifting of a comonad C on Ky to a
comonad G on Kt = (Ka)r,n,, subject to the following conditions.
o B = TC%9) and B is the canonical inclusion B = T¢(G:9) 5 T,
e the canonical comonad morphism (BIQ) is an isomorphism.

Proof. By Theorem .13, the module categories Kr and (Ky)r,n, are isomorphic.
Hence the data in part (a) are in bijective correspondence with the objects

(3'11) ((ICA)RANAa (NI,LMR;&% (N/B’R/B)acagl)

of RArr(KCy, Kp), where the primed functors are obtained by composing with the iso-
morphism Kt = (Ka)r,n, on the appropriate side. Note that Ry : (Ka)r,n, — Ka
is the forgetful functor corresponding to the monad RN ,4. Therefore, by Theorem
B.3 there is a bijection between the data in (B.11]) and liftings of C to a comonad C
on (Kx)r,n, together with a C-Calois structure on the functor N 5. The isomor-
phism Kt = (Ka)r,n, takes a comonad C on (Ka)r,n, to a comonad G on Kr.

Clearly, Np is a C-Galois functor if and only if N is a G-Galois functor. Thus the
data in part (a) are in bijective correspondence with liftings of C to a comonad G
on Kr together with a G-Galois structure on Npg.

The data in part (b) determine a G-Galois structure on Np by Proposition
B9 Conversely, a G-Galois functor (Ng,h) determines a right G-coaction h :=
(RpGeP) o (RghRp) o (nPRp) on Rp and a right G-coaction ¢ := Ugh = (Ugcan) o
(Ugn®Rp) on Ur = UgRp, where can is the isomorphism (B-I0). It remains to show
that for this coaction g,

(B,B) = Equpg(gFr, (UrA"GFr) o (T'gFr) o (Tu"))
(3.12) = Equp,,((Usn®RpFr), (U AT NgRpFr) o (TUgn® RgFr) o (Tu™)).

Since both Fr and NgFy are left adjoints of Ur = Ug R, there is a natural isomor-
phism v : NgFg — Fr. Clearly, (B:13) is equivalent to

(B, (U']T”y_l) e} 5) =
Equp,, (UrNgRpy™") o (Usn” RpFr) o (Ury)
(3.13) (UrNpRgy™") o (UrA"NpRgpFr) o (TUsn” RpFr) o (Tu") o (Ury)) .
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Using the explicit form of v = (¢” Fr)o(Ng P RpFr)o(Ng Fgu®), it is straightforward
to check that

(Ury™") o 8 = Ugn® Fp,
(UrNgRpy™') o (UBUBRBFT) o (Ury) = Usn® RgNpFg,
(UrNgRpy™) o (UrATNgRgFr) o (TUgn® RgFr) o (Tu”) o (Ury) = UsRgNpn® F.

Thus (B-I3) is equivalent to
(314) (B, U]B’/]BF]B) = Eun‘un (U]BT]BRBNBFB, UBRBNBT]BFB) .

By the assumption that 7% is an equalizer, Lemma P-4 and Lemma P.2, we conclude
that n®Fy is the equalizer of the parallel morphisms n® RpNpFg and RgNgn® Fg.
Since Uy is a right adjoint functor, it preserves equalizers. This proves (B.14) hence
(ETD.

Bijectivity of the constructed maps between the data in part (a) and part (b) is
checked by a straightforward computation, making use of (B.1) and (B.§) . O

4. EQUIVALENCE BETWEEN REGULAR COMONAD ARROWS AND PRE-TORSORS

In this section we study the category RArr(A, B) introduced in Section B (pos-
sessing the subcategory Gal(A,B)). Our main aim is to find a full subcategory
RArr, (A, B) that is equivalent to a full subcategory of the category of pre-torsors,
introduced below. The subcategory RArr,.,(A, B) has some intersection with the
subcategory Gal(A, B) of RArr(A, B). Hence the intersection (let’s denote it by
Gal,ey(A, B)), is equivalent to a subcategory of the category of pre-torsors. Since any
torsor corresponding to a faithfully flat Hopf Galois object belongs to Gal,.,(A, B),
the results of this section not only generalize the relation between faithfully flat Hopf
Galois objects and torsors over commutative rings, but also yield a deeper expla-
nation of it. It is an open question how to interpret those objects of RArr,. (A, B)
that do not belong to Gal(A, B).

4.1. Pre-torsors. In this section we introduce a further key notion of these notes,
pre-torsors over two adjunctions. They provide examples of herd functors in [BV],

Appendix].

DEFINITION 4.1. Objects in the category PreTor(A, B), called pre-torsors, consist of
an object (T, (Na, Ra), (Np, Rg)) of Adj(A, B) together with a natural morphism
7:RANg — Ry4NgRgNsR4Npg, subject to the following conditions.

[ ] (RANBRBEANB) oOT = RANB’/]B,

[ ] (RAEBNARANB) oOT = HARANB,

© (RANgRgNT)oT = (TRgNAsRsNg)oT,
where 7 and e denote the unit and counit of the adjunction (N4, R4) and analo-

gous notations n? and €? are used for (N, Rp).
A morphism of pre-torsors

(T> (NAa RA)> (NB> RB)> T) - (T/a (N,,LD R:4)a (N,Ba RIB)> 7,)
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is amorphism F : (T, (Na, Ra), (Ng, Rg)) = (T, (N}, RY), (Ng, Ry)) in Adj(A, B),
such that

(4.1) (RabRgaRsb) o 7 = 7' o (R4b),
where the natural morphisms a and b were defined in (B.3).

Note that Rab is a natural morphism RyNp — R, Nj and Rpa is a natural
morphism RpNy — Rz N',. We leave it to the reader to check that the composite
of two morphisms of pre-torsors is a morphism of pre-torsors again.

EXAMPLE 4.2. For a commutative ring k, consider k-algebra homomorphisms « :
A — T and B: B — T. Denote by (N4, R4) (resp. (Np, Rp)) the corresponding
‘extension of scalars’ and ‘restriction of scalars’ functors between the module cate-
gories of these algebras. A pre-torsor (a, 3, T), over k-algebras A and B as in [BB,
Definition 3.1], induces a pre-torsor (Mod-T', (N4, Ra), (N, Rp),(—) ®p T) in the
sense of Definition [L.1].

EXAMPLE 4.3. More generally, for two associative and unital algebras A and B,
consider an A-ring T and a B-T bimodule . As we have seen in Section B.3, these
data determine two pairs of adjoint functors:

Ny=(—)®a T:Mod-A — Mod-T R4 = Homp(T, —) : Mod-T — Mod-A
Np = (—) ®p X : Mod-B — Mod-T Rp = Homr (X, —) : Mod-T — Mod-B.
Then RaNp = (—) ®p X. If ¥ is finitely generated and projective as a right T-

module, then RNy = (—) ®4 X%, where the notation >* := Homy (X, T) is used.
Hence a pre-torsor is induced by any B-A-bimodule map

T:2 > X RA X R, z— ®A T(2) OB :):<3>,

(with implicit summation understood), which is subject to the following conditions,
for all x € X..

SL’<1>LL’<2>(—) XB B3 = Idy, ®B = € EHdT(E) XB 2,
M @a 2 (2®) = 2 @4 17 €EX®a T,
20 ® Ty ® 23 g 23 @ ® 236 = 00 5 :L’<1><2> ® V¥ & T ® 23
EXRA Y B X R®a X R 2.

This structure is an example of a bimodule herd, introduced in [BY], Definition 2.4],
over the ring maps A — T and B — Endr(X).

4.2. From regular comonad arrows to pre-torsors. Our next aim is to find
an equivalence between (certain) objects in RArr(.A, B) on one hand, and (certain)
pre-torsors on the other hand. In the same way as it happens with the relation
between Galois extensions by corings and pre-torsors over rings, we will see in this
section that any object in RArr(A, B) (or RArr(B, .A)) determines a pre-torsor. In
the next section we ask about a converse construction and look for conditions under
which a pre-torsor determines an object in RArr(A, B) (or RArr(B,.A)). Our main
result is a category equivalence in Section [I.4.
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THEOREM 4.4. (1) Consider an object (T,(Na, Ra), (Np, Rp),C, &) in RArr(A, B).
Then (T,(Na,Ra),(Np, Rg),T) is a pre-torsor, with pre-torsor map
7= (ENaRaNp) o (Cp* RaNg) o (€' Np) o (RaNun®).

(2) For a morphism

(Fv t) : (Tv (NA7 RA)v (NBv RB)7 (Cu 5) — (T/7 (Nz/47 R:4)7 (N/Bu R/B)7 Cla 5/)
in RArr(A, B), F is a morphism of the corresponding pre-torsors in part (1).
Proof. Part (1) is verified by a direct computation, using the definition of an object
in RArr(A, B), naturality and the adjunction relations. Similarly, to check claim (2),

one has to use the definition of a morphism in RArr(A, 1), together with naturality
and the adjunction relations. 0

Symmetrically to Theorem [.4, we have

THEOREM 4.5. (1) Consider an object (T,(Np, Rg), (N4, R4),D, () in RArr(B, A).
Then (T,(Na, Ra),(Np, Rg),T) is a pre-torsor, with pre-torsor map

7= (RaNpRp() o (RaNgn"D) o (RAZ_I) o (n*RaANB),

where ¢ := (€ NaRaNg) o (Ng(Ng) o (NgDn”).
(2) For a morphism

(F7 t) : (T7 (N37 RB)v (NA7 RA)v ]Dv C) - (T/7 (N/Bv R/B)v (N;h R;&)7 Dl? C/>
in RArr(B, A), F is a morphism of the corresponding pre-torsors in part (1).

In Theorem f.4 we constructed, in fact, a functor from RArr(A, B) to PreTor(A, B)
and in Theorem ] we constructed a functor from RArr(B, A) to PreTor(A, B). In
later sections of these notes we want to see on which objects are these functors
equivalences. The problem will be divided to two steps. In Section .3, we inves-
tigate on what subcategory of the category of pre-torsors we can define functors to
RArr(A, B) and RArr(B,.A). After that, in Section 4, we prove that the func-
tors in Sections [L.] and give rise to inverse equivalences between appropriate
subcategories, indeed.

4.3. From pre-torsors to regular comonad arrows. The aim of this section is
to find criteria on a pre-torsor, under which it determines an object in RArr(A, B3)
(or RArr(B,.A)). The main result of the section is the following.

THEOREM 4.6. Consider two categories A and B both of which possess equalizers,
and an object (T, (Na, Ra),(Np, Rp), ) in PreTor(A, B), such that

o the unit n of the adjunction (N4, Rx) and the unit n® of the adjunction

(Ng, Rp) are reqular natural monomorphisms;

e the functors N, and Np preserve equalizers.

Under these assumptions, the following assertions hold.
(1) The equalizer (C,i) = Equp,, (w',w") of the natural morphisms
w' = (Ry4NpRgNARse®N4) o (TRgN,)  and  w":= RyNgRpNan"

defines a comonad C = (C, A%, %) on A such that the functor C preserves equaliz-
ers.
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(2) There is an object (T,(Na, Ra),(Np,Rp),C,&) € RArr(A,B), where the
comonad C was constructed in part (1).

(3) For a morphism F, between pre-torsors (T,(Na, Ra), (Ng, Rg),7) and (T,
(N, R}), (Ng, Rlg), ') both of which satisfy the conditions in the theorem, there
exists a unique morphism t : C — C' between the comonads in part (1) such that
(F,t) is a morphism between the objects of RArr(A, B) in part (2).

Before turning to prove Theorem [1.6, we give a motivating example of a situation
in which the assumptions of the theorem hold.

ExAMPLE 4.7. Consider an object
(MOd_Tv (_ ®a T7 HOI’IlT(T, _>)7 (_ ®B T7 HOI’IlT(T, _))7 — ®B T)
in PreTor(Mod-A, Mod-B) as in Example [[.9, induced by a pre-torsor (e, 8, T) in
[BB,, Definition 3.1]|. If T" is a faithfully flat left A-module (via o) and a faithfully
flat left B-module (via 3) then all assumptions in Theorem [[.§ hold.
In the more general situation in Example [I.3, the assumptions in Theorem (.4

hold provided that T is a faithfully flat left A-module and ¥ is a faithfully flat left
B-module.

Part (1) of Theorem [.q holds in a more general situation in the following lemma.

LEMMA 4.8. Consider two categories A and B possessing equalizers, and equalizer
preserving functors as in the (non-commutative) diagram

/i\v
RCA Bgs.
N

Q
Let
r:A— R, s:B— 9, w: QP — R, z: PQ — S, T:Q — QPQ
be natural morphisms, subject to the following conditions.
(i) r = Equp,, (rR, Rr) and s = Equp,,(sS,5s);

(ii) (QPT)oT = (TPQ)oT;

(iii) (Qz) o7T = Qs and (WQ) o1 = 1rQ.
Then the following assertions hold.

(1) There is a comonad C = (C, A%, %) on A, such that C preserves equalizers
and Q s a left C-comodule functor;

(2) There is a comonad D = (D, AP eP) on B, such that D preserves equalizers

and Q) 1s a right D-comodule functor;
(3) Q is a C-D bicomodule functor.

Proof. (1) Consider the equalizer of natural morphisms
. wl
(4.2) C—= QP —= QPR,

where w! = (QPw) o (TP) and w™ = QPr. (This equalizer exists by Lemma 21.)
By Corollary P, C preserves equalizers. By assumptions (i) and (iii), (w'Q) o7 =



PRE-TORSORS AND GALOIS COMODULES OVER MIXED DISTRIBUTIVE LAWS 23

(w'®@) o 7. Hence by Lemma P.3, there is a unique natural morphism ¢ : @ — CQ
such that

(4.3) (iQ)oc=rT.
Moreover, use ([.J), assumption (ii), definition of the morphism 7 and naturality to
derive

(iQPR) o (Cw') o (cP)oi= (iQPR) o (Cw") o (cP) 0.
Since iQPR is a monomorphism by Lemma P2, and (' is the equalizer of Cw! and
Cw", this implies the existence of a unique natural morphism A® : C — CC, such
that (Ci) o AY = (¢P) o i. Equivalently,
(4.4) (i1) o A = (TP) 0.
Finally, by the definition of the morphism ¢, assumption (iii) and naturality,

(Rr)owoi=(rR)owoi.

By assumption (i) this implies the existence of a unique natural morphism ¢ : C' —
A such that
(4.5) roe? =woi.

By (E4) and assumption (ii), AY is coassociative. By (f4), () and assumption
(iii) on one hand, and definition of i via ([J) on the other hand, £ is counit of A°.

By ([3), (E4) and assumption (ii), ¢ is a coassociative coaction. By ([3), (EH) and
assumption (iii), it is counital.

Part (2) is proven symmetrically. That is, we define an (equalizer preserving)
functor D as the equalizer

(4.6) D -1~ PQ z:; SPQ,

where §' = (2PQ) o (P7) and 6" = sPQ. The to-be-coaction d : Q — QD is the
unique morphism such that

(4.7) (Qj)od=T.
The coproduct and counit of the comonad D are defined via the respective conditions
(4.8) (jj)o AP = (P1)oj and soeP =207

(3) The identity (Cd)oc = (¢D)od follows by (f£.3), (E.7) and assumption (ii). O
LEMMA 4.9. Under the assumptions and using the notations of Theorem [[.4,
¢ .= (RuNgRpe*) o (iR4) : CRy — RyNpRp
1 a natural isomorphism.

Proof. Tt follows easily by the pre-torsor axioms that
(4.9) (W'RA)o(RANpRpNARse®)o(TRp) = (W Ra)o(RANpRpNsRAc®)o(TRp).

Since the category A has equalizers by assumption, it follows by Lemma B.J that
iR 4 is the equalizer of w'R4 and w"R4. So by its universality there exists a unique
natural morphism &' : R4NgRp — CR4, such that

(4.10) (iR4) 0 & = (RANpRpNAR4e?) o (TRp).
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A direct computation verifies that £ is the two-sided inverse of &. O
We are ready to prove Theorem [L.§, which is the main result of the section.

Proof of Theorem [[.4. (1) The functors R4 and Rp are right adjoints, hence they
preserve equalizers. The left adjoint functors N4 and Np preserve equalizers by
assumption. Hence part (1) follows by substituting in Lemma .§ Q = R4Np, P =
RNy, R=RaN4, S = RgNg, v =n% s =18 w= Rse®N, and z = Rge* Np.

(2) We claim that (7, (Na, Ra), (Np, Rp), C,§) is an object in RArr(A, B), where
C is the comonad in part (1) and & is the isomorphism constructed in Lemma 9.
For that, we need to show that ¢ satisfies conditions (B.3). This is a consequence of
its construction, naturality, (f.4) and ([.3), the pre-torsor axioms and the adjunction
relations.

(3) Take a morphism

F: (T, (NAaRA)a (NBaRB)>T) - (T/’ (N;UR;l)’ (N,B’RlB)aT,)

of pre-torsors, with corresponding natural morphisms a and b in (B.H). For the
morphisms w! and w”, defined for the pre-torsor (7, (N4, R4), (Np, Rg),7) in part
(1), and the analogous morphisms w" and W’ for (77, (N, RYy), (Ng, Rj),7'), we
claim that

(4.11) w" o (RabRpa) = (RsbRpaR sa) o u' and
W o (RabRpa) = (RabRpaR 4a) o w'.

The first identity follows by the explicit form of the morphisms w' and w”, combining
with the fact that I’ is a morphism of pre-torsors. In light of the form of the
morphisms w” and w”, the second identity is a consequence of naturality and the
compatibility of a with the units of the adjunctions (N4, R4) and (N}, R)), cf.
(BH). Composing both identities in (1)) by the equalizer (C,i) := Equp,, (w', w"),
we obtain

w0 (RabRpa) oi = w" o (RabRpa) oi.
Thus by universality of the equalizer (C”, i) := Equp,, (w", w'), there exists a natural
morphism ¢ : C'— C’ such that
(4.12) i' ot = (R4bRpa) o i.

We prove next that ¢ is a comonad morphism. Using definitions (fJ) of the counit e
and (19 of the morphism ¢ together with (B-), one checks that n'4oe® = n'4oc ot.
So by the monomorphism property of n'4, ¢ = £ o t. Using definitions (fE13) of
t and ([E4) of the coproduct A® together with the fact that F is a morphism of
pre-torsors, we deduce that

(i'i) o (tt) o AC = (") 0 AY o't

Since i’ = (RN R); N'yi') o (i'C") is monic, we conclude that (tt) o A = A ot.
Condition (B-f) follows by constructions of & and ¢, and (B). O

Symmetrically to Theorem [I., the following holds.
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THEOREM 4.10. Consider two categories A and B both of which possess equalizers,
and an object (T, (Na, Ra),(Np, Rg),T) in PreTor(A, B), that satisfies the assump-
tions in Theorem [[.4. Then the following assertions hold.

(1) The equalizer (D, j) = Equp,,(0',0") of the natural morphisms

0 := (Rge*'NgRgNsRANg) o (RgNyr)  and 6" :=nPRgN4RsNp

defines a comonad D = (D, AP eP) on B such that the functor D preserves equal-
izers.

(2) There is an object (T,(Np,Rp),(Na, Ra),D,() € RArr(B, A) where the
comonad D was constructed in part (1).

(3) For a morphism F between pre-torsors (T,(Na, Ra),(Np, Rg),7) and (T,
(N, R)), (N, RY),7'), both of which satisfy the conditions in Theorem [[.@, there
exists a unique morphism t : D — I between the comonads in part (1) such that
(F,t) is a morphism between the objects of RArr(B,.A) in part (2).

4.4. The category equivalence. In Section [f.4 we constructed functors from the
categories RArr(A, B) and RArr(B, A) to PreTor(A,B). In Section ] we con-
structed functors in the opposite direction, from an appropriate subcategory of pre-
torsors to the categories RArr(A, B) and RArr(B, A). The aim of this section is to
find subcategories in both categories, in such a way that the functors in Section [£.9
and Section establish equivalences between them.

Motivated by the premises of Theorem [£.6, we impose the following definition.

DEFINITION 4.11. Let A and B be categories with equalizers and let 7 be any
category. An adjunction (N : A — T, R: T — A) is called regular whenever the
following conditions hold.

e The unit 1 of the adjunction is a regular natural monomorphism;
e the functor N preserves equalizers.

An object (T, (Na, Ra),(Np, Rp),T) of PreTor(A, B) is said to be regular if both
adjunctions (N, R4) and (Np, Rp) are regular. We denote the full subcategory of
regular pre-torsors by PreTor,. (A, B).

An object (7, (Na, Ra),(Np, Rp),C, &) of Arr(A, B) is said to be (co)-regular if
(R4, &) is a (co)-regular comonad arrow, both adjunctions (N4, R4) and (Np, Rp)
are regular and the functor underlying C preserves equalizers. We denote the full
subcategories of regular and co-regular objects in Arr(.A, B) by RArr,.,(A, B) and
RATT,.4(A, B), respectively.

By corestriction, Theorem [.§ provides us with a functor I' : PreTor,.,(A, B) —
RAr1,4(A, B). By restriction and corestriction, Theorem (.4 yields a functor € :
RArr, 4 (A, B) — PreTor,.,(A, B). Symmetrically, by Theorem and Theorem
7, we have functors between the categories PreTor,.,(A, B) and RArr,., (B, A).
Our main result states that both pairs of functors are inverse equivalences.

THEOREM 4.12. For two categories A and B with equalizers, the following categories
are equivalent.

(i) PreTor,.4(A, B);

(i) RArr,.(A, B);
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(iii) RAIT,.((B,.A).

Proof. Equivalence of (i)and (ii). Consider the functors I" and €2 in the paragraph
preceding the theorem. First we construct a natural isomorphism RArr,.,(A, B) —
I'Q2. That is, we associate an isomorphism

(T>NAaNBaw) : (T> (NA’RA)>(NB>RB)aCa§)_>
LQ(T, (Na, Ra), (N5, Rp),C.€) = (T, (Na, Ra), (N5, R).C, €)

to any object (T, (Na,Ra), (Ng, Rp),C,§) of RArr, (A, B). The functor C, un-
derlying the comonad C, is defined as the equalizer of the morphisms w! and w" in
Theorem [I.§ (1), associated to the pre-torsor in Theorem [[.4. Equivalently, C' is the
equalizer of
(EINARAN) ow! = (Cp*RAN4) o (€7'N4)  and
('NARANA) o w" = (CRANAn™) 0 ((7'Ny).
On the other hand, by regularity of (7, (Na, Ra),(Ng, Rp),C,£), the functor C
underlying the comonad C preserves the equalizer n*. So we conclude that also

(C,(ENa) o (Cn™)) = Equp,(Cn*RaNa) o (§'Na), (CRANAn") 0 (€' Na))
- Eunun(wl w?“)

Thus by uniqueness of an equalizer up to isomorphism, there exists a natural iso-

morphism w : C' — C’ such that the natural monomorphism 7 : C — RAsNgpRpN4

satisfies
(4.13) GTow = (EN4) o (Cn).

The coproduct A€ of the comonad C is defined as the unique morphism satisfying
(E4), i.e. the equation

(O Cnt) o (w™w™) 0 AC = (Cp*Cpt) 0 AC 0w ™,
Since C preserves equalizers by the regularity assumption, CnACn? is a monomor—
phism. Thus we conclude that (ww) o A¢ = A€ o w. Similarly, the counit £€ of C
is the unique morphism satisfying ([-3), that is, the equality

14 0eC = Aol ow

Therefore, by monomorphism property of n4, it follows that ¢¢ = ¢ ow, so w is an
isomorphism of comonads, as required. N

By ([E13), naturality and an adjunction relation, & = £ o (wR,4). That is,
(T,Na, Ng,w) is a morphism in RArr,.,(A, B).

[t remains to prove that the isomorphism (7, N4, Ng, w) is natural. That is, given
a morphism (F7 t) : (T7 (NA7 RA)7 (NBa RB)v Cv g) - (T/7 (N;h R%)v (Nle RjB)v Cla 5’)
in RArr, . (A, B) (with corresponding natural morphisms a and b in (B.)), the com-
mutativity condition

(4.14) wot=tow

holds, where £ : C' — (' is defined by (F,t) = I'Q(F,t). In order _to prove
(ET4), compose both sides on the left by the canonical monomorphism PO =
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"N R, N',. The resulting equivalent condition follows by the construction of ¢ via
the identity 7 ot = (R4bRpa) o1, (JEIJ) and the fact that (F,¢) is a morphism in
RArr(A, B). This completes the proof of the claim that the functor I'Q2 is naturally
isomorphic to the identity functor RArr,.,(A, B).

In the converse order, we claim that QI' is equal to the identity functor on
PreTor,.,(A, B). For an object (T, (Na,Ra),(Np,Rg),7) in PreTor,.,(A, B), de-
note

(T, (NA, RA), (NB, RB), ?) = QF(T, (NA, RA), (NB, RB), T).
By Theorem (.4 (1) and Theorem [.§ (2),

7= (ENaARANE) o (Cn*RaNg) o (7' Np) o (RaNpn"”),

where ¢ is the isomorphism constructed in Lemma [L.9. Using the explicit form of
¢ and the relation defining its inverse, naturality and the adjunction relations, 7 is
checked to be equal to 7. On the morphisms QI'" obviously acts as the identity map.

Equivalence of (i) and (iii) is proven symmetrically. O

We can apply the equivalence functor obtained between PerTor,.,(A,B) and

RArr,. (A, B) to objects of the subcategory Gal,.4(A, B) of RArr,.4(A, B), cf. Sec-
tion [.

COROLLARY 4.13. (1) Consider a mixed distributive law of a monad N and a
comonad C on a category A and denote the corresponding lifting of C to a comonad
on Ay by C. Let L be a C-Galois functor with right adjoint R. Assume that both

adjunctions (Fy, Uy) and (L, R) are regular and the functor underlying C preserves
equalizers. Then there is a regular pre-torsor

(4.15) (Aw, (Fiv, U), (L, R), 7).

(2) Conversely, consider a monad N on a category A and an adjoint pair of functors
(L: B — An,R : Ay — B). Then any regular pre-torsor of the form (fI9)
determines a comonad C on A such that

e the functor underlying C preserves equalizers,

e C lifts to a comonad C on Ay,

e L carries the structure of a C-Galois functor.

More specifically, we can consider the examples in Section B.3. Consider an en-
twining structure (T, C, 1)) over an associative and unital algebra A. Denote the
induced T-coring T ®a C by C. Then any Galois right C-comodule ¥ determines
a (not necessarily regular) object in RArr(Mod-A, Mod-B), hence by Theorem (.4
also a pre-torsor

(4.16) (Mod-T, ((—) ®a T,Hom(T, —)), () ®s X, Homr (%, —)), 7),

which is regular provided that T is a faithfully flat left A-module and X is a faithfully

flat left B = End®(X)-module. Note, however, that not every (regular) pre-torsor
over the given adjunctions in ([.I6) arises from an entwining structure.

For two algebras A and B, consider an A-ring T and a B-T bimodule . Then
any regular pre-torsor of the form ([.IG) determines a comonad C on Mod-A such
that
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e the functor underlying C preserves equalizers,
e C lifts to a comonad C on Mod-T,
e (—) ®p X possesses a C-Galois functor structure.

However, the comonad C is not known to be induced by a coring (i.e. the underlying
functor is not known to be a left adjoint).

Let us explain here the most important difference between the approaches to the
relation between Galois comodules and pre-torsors in the current paper on one hand,
and in [BY] and on the other hand.

In [BB, Theorem 3.4] pre-torsors of the form ([L.I6) are considered in the particular
case when the B-T bimodule ¥ is a free rank 1 right T-module (hence T is also a

B-ring). More generally, in [BV], Theorem 2.16] the case is discussed when ¥ is a

finitely generated and projective right T-module. Following the methods in [BV],
Theorem 2.16], in the case when X is in addition a faithfully flat right A-module
and T is a faithfully flat left A-module, a pre-torsor of the form ([.If) can be shown
to determine an A-coring C. However, note that the assumptions made on X in
this approach, do not imply the regularity conditions in Definition [L.T]].

On the other hand, following Theorem [-g (1), one can assume that in (1) X
is a faithfully flat left B-module, and T is a faithfully flat left A-module. Under
these assumptions we associated a comonad C on Mod-A to a pre-torsor ([16).
Thus in the cases when both groups of assumptions hold, both the coring C and
the comonad C can be constructed. However, there is no reason to expect that the
comonad C is induced by the coring C: The comonad C is unique (up to a natural
isomorphism) with the property that the underlying functor preserves equalizers —
a property the comonad (—) ®a C is not known to obey (unless C is a flat left
A-module, e.g. because we work with equal commutative base rings A and B and
their symmetrical modules, cf. [BB, Remark 4.7]).

This deviation between the constructions in Section f] on one hand, and in the
works [H], [BB] and [BV] on the other hand, shows that there is a conceptual am-
biguity how to generalize faithfully flat Hopf bi-Galois objects to non-commutative
base algebras. Following the (more conventional) approach in [H], [BF] and [BV],
the coacting symmetry objects can be described by two corings. However, as it was
observed in [BB], Morita Takeuchi equivalence of these corings can not be proven in
general. Here we would like to point out an alternative strategy: One can allow for
the coacting symmetry structures to be two comonads, whose underlying functors
are not necessarily left adjoints but, as a gain, they preserve kernels. As it is proven
in Section [, in this setting Morita Takeuchi equivalence of the two comonads is
easily proven.

5. EQUIVALENCE OF COMODULE CATEGORIES

In Section f] we proved equivalences between three categories RArr,.,(A, B),
RA1T,.4(B, A) and PreTor,., (A, B), for two categories A and B possessing equalizers.
In this way we associated in particular two comonads, C on A and D on B, to any
object of PreTor,.4(.A, B). In this section we prove that the comonads C and D have
equivalent comodule categories, what generalizes the result in [Schl] about Morita
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Takeuchi equivalence of the two Hopf algebras associated to a bi-Galois object. The
proof is presented at the level of generality in Lemma [L.§.

Note that, for any comonad ID on a category B, the forgetful functor UP is a left
D-comodule functor via the coaction UPy” (notation introduced in Definition P77
(6)). In Proposition f-1, a ‘cotensor product’ of UP with a right D-comodule functor
occurs.

PROPOSITION 5.1. Let A and B be categories possessing equalizers, C = (C, A%, %)
be a comonad on A, D = (D, AP £P) be a comonad on B and (Q,c,d) be a C-D
bicomodule functor. If the functor C preserves equalizers, then there is a functor
Ig : B® — A" such that

D

UCly —= QUP QDUP

QUD'YD
1$ an equalizer.

Proof. Since A is assumed to have equalizers, by Lemma P.] there exists the equalizer

D

Iy ——= QUP QDUP .

QUD'YD

We construct I : B® — A® by equipping Iy with a left C-coaction ¢y : Iy — C1y
and putting IoX = (IOX, coX), for any object X in B”, and Iof := Iyf, for any
morphism f.

By naturality, the definition of e and the bicomodule property of (), we conclude
that

(CQUPHP) o (cUP) 0 e = (CdAUP) o (cUP) oe.

Since Ce is the equalizer of CdUP and CQUP~P, its universality implies the existence
of a natural morphism ¢y : Iy — C1 such that

(5.1) (Ce)ocy=(cU”)oe.
Its coassociativity and counitality are immediate by coassociativity and counitality
of c. O

In light of Proposition B.I], a functor () in Lemma [L.§ induces a functor I :
BP — A® for the comonads C and I constructed in parts (1) and (2) of Lemma [,
respectively. Our next task is to construct a ID-C bicomodule functor @ such that
the induced functor Iy : A® — B” yields the inverse of Ig.

LEMMA 5.2. In the setting of Lemma [[.§ and using the notations in its proof, define
functors Q and @/ : A — B via the respective equalizers

oy (0! P)o(Pi) ., (Pwh)o(jP)
Q——=PC——=SPQP and (Q ——=DP PQPR .
(67 P)o(P17) (Pw")o(jP)

The following statements hold.

(1) The functors Q and @/ are naturally isomorphic (hence they can be chosen
equal).

(2) The functor Q can be equipped with the structure of a D-C bicomodule.
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Proof. (1) By construction, (jP) o ¢ equalizes Pw' and Pw”. Thus by universality
of the equalizer Pi, there exists a natural morphism v : @/ — PC such that

(5.2) (Pi)ovy = (jP)oq.

Moreover, since j equalizes #' and 6" by definition, (jP) o ¢’ equalizes 0'P and 6" P.
Therefore (F.3) implies that vy equalizes (6'P) o (Pi) and (6"P) o (Pi). Thus by
universality of the equalizer ¢, there is a natural morphism v : @/ — () such that
qov = 1y. Equivalently,

(5.3) (Pi)ogov = (jP)oq.
By a symmetrical reasoning, there is a morphism v/ : Q — @/, such that
(5.4) (jP)oq oV = (Pi)ogq.

By (B.3) and (£.4), (jP)o¢ ov'ov = (jP)oq'. Since jP and ¢’ are monomorphisms,
this implies v/ o v = @/. A symmetrical reasoning justifies v o v/ = Q.

Since an equalizer is defined up to isomorphism, we may choose Q = @,, resulting
in the identity

(5.5) (jP)oq = (Pi)eq.
(2) By assumption (ii) in Lemma [[.§ and naturality,
(0'PQP)o(PTP) = (SPTP)o(0'P)  and  (0"PQP)o(PTP) = (SPTP)o(0"P).
Together with (5.) and (f.4), this implies
(5.6) (SPQPi)o(0'PC)o(PiC)o(PA%)oq = (SPQPi)o(§" PC)o(PiC)o(PA%)oq.

Since SPQPi is a monomorphism, we conclude by universality of the equalizer ¢C
that there exists a unique morphism ¢ : () — QQC' such that

(5.7) (qC) o= (PA%) oq.

Obviously, ¢ is a coassociative and counital coaction. Symmetrically, a D-coaction
d: Q) — D@ is defined by the condition

(5.8) (D¢')od= (APP)oq.

The C-, and D-coactions on @ commute by (f:4) and the analogous formula for AP
in (§), assumption (ii) in Lemma [[.§ and (p-3). O

THEOREM 5.3. In the setting of Lemma [[.8, consider the C-D bicomodule Q in
Lemma -3 (3) and the D-C bicomodule @) in Lemma [p.3. Then the induced functors
Iy : B” — A% and I : A® — B (¢f. Proposition [f-1) are inverse equivalences.

Proof. Recall that [; =U DIQ fits the equalizer

eUC

(5.9) Iy —=QU° QCU*,

QUCAC

where the C-coaction ¢ on @) was constructed in (7).
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First we construct a natural isomorphism between I5/g and UP and then show
that it lifts to a natural isomorphism between I5/g and the identity functor B°. By

(B9, _

(clo) o (elg) = (Qco) o (€lg),
where the C-coaction ¢y = USy“Ig on I was constructed in (B-I]). Compose both
sides of this equality on the left by (Pe%ie) o (¢Clp), and use (B-1), (F-1) and (£3)
to conclude that

(5.10) (PiQU™) o (ge) o (lg) = (PTU") o (P“QUP) o (ge) o (elg).
By the counit formula in (f.§), (53), fork property of (f.3), naturality, (5.9) again,

fork property of ([E8), (F-) and (f£]), it follows that (sPr)o (ePP)o ¢ = (sPr)o
(Pc%) o q. Since sPr is a monomorphism, this implies
(ePP)oq = (P oq.

These identities, together with (), (EJ) and the analogous formula for ¢ in
(E]) imply that «g := (Pe“QUP) o (qe) o (€lg) equalizes 0'U” and 6"UP. Thus by
universality of the equalizer jUP (cf. Lemma P.2), there exists a natural morphism
a : Iglg — DU such that (jUP) o @ = ap. Note that by (B-I0), (PTU) o g
is a monomorphism. This implies that oy is a monomorphism and hence « is a

monomorphism.
By the coproduct formula in ([.§), (1) and the definition of e, it follows that

(73U7) 0 (APUP) 0 o = (§jU”) o (DUPY) 0 cr.
Since jjUP is a monomorphism and UP~P is the equalizer of APUP and DUP~P,
there exists a natural morphism f : Izl — U”, such that

(5.11) (UPAP) o B = a.

We prove that E is an isomorphism by constructing its inverse. Consider the mor-
phism £ := (PcUP) o (jUP) o (UP~P) : UP — PCQUP. We claim that there exists
a morphism 3 : UP — I5lg, such that (ge) o (€lg) o B = ;. Equivalently,

(5.12) aof=UPP,

This will be verified in three steps. First observe that by (7)), (E3J), assumption
(i) in Lemma [.§ and coassociativity of the D-coaction v : UP — DUP | it follows
that
(PiQjUP) o (PCAU”) o By = (PiQjU”) o (PCQU ) o py.

Since PiQjUP is monic, it follows by universality of the equalizer PCe that there
exists (3 : UP — PCIj such that (PCe) o 3y = B;. Next one checks with similar
steps that [, equalizes (6'Ply) o (Pily) and (6" Ply) o (Pily), hence by universality
of the equalizer qly there exists 85 : UP — QI,, such that (qly) o33 = [o. Finally, 35
is checked to equalize Qcy and €Iy, hence by universality of the equalizer el there
exists 8 : U — I5l, such that (elg) o 8 = (3. This morphism 3 clearly satisfies
(e}

Since both a and UP~” are monomorphisms, (B1]) and (F-13) imply that 3 is
the inverse of E .
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Note that composing both sides of it on the left by the monomorphism PiQUP,
(p-I2) can be written equivalently in the form

(5.13) (PiQU™) o (ge) o (€lg) o B = (PTUP) o (jUP) o (UP4P).

The natural isomorphism Izl = BP is proven by showing that 3 is a D-comodule
morphism, i.e.

(5.14) (doIg) o B = (DB) o (U47),
where the D-coaction dy : I; — DI is defined via the condition
(5.15) (De) ody = (dU) oe.

In order to prove (B.14)), compose both sides of it on the left by the monomorphism

(jPiQUP) o (Dge) o (Delg), and use (519), (FH), (£3), (E]), (F-13), assumption
(ii) in Lemma [.§ and then again ([.§) and (B.13).

The natural isomorphism Il = AC is verified by similar steps: First an iso-
morphism Iylz = U € is constructed, and it is proven to lift to an isomorphism
Ioly = A®. Consider the natural monomorphism vy = (QPe“U®) o (QqUF) o
(Qe) o (elz) : Il — QPUC. Tt is checked to equalize w'U® and w"U®, hence by
universality of the equalizer iU® it determines a monomorphism v : Iylg — CU ¢
such that (iU®) o v = 1. Furthermore, v is checked to equalize A°U® and CUC~C.
Since U%Y is the equalizer of A“U® and CU®~Y, there exists a natural morphism
K Iyl5 — U® such that

(5.16) (U9 ok = 1.

The inverse of % is constructed in three steps. First the morphism x; := (iCU®) o
(ACUC) o (U4Y) is checked to equalize (Q#'PUC) o (QPiU®) and (Q#"PUT) o
(QPiU%), hence by universality of the equalizer QqU®, it determines a morphism
ke 1 UC — QQUF, such that (QqU®) o ky = k1. Next ky is checked to equalize Q¢
and QQU®~. Hence by universality of the equalizer (€, it determines a morphism
k3 1 U® — QIg, such that (Q€) o k3 = ko. Finally k3 is shown to equalize dI7 and
Qdy (where dy : I — DI is the D-coaction). Hence by universality of the equalizer
elg, it determines a morphism  : U ¢ Iy Iz such that (616) ok = k3. Equivalently,

(5.17) vor =UY.

We conclude by (b.16) and (b.17) that £ and k are mutual inverses. By very similar
steps to those used in the case of 3, also k is checked to be a C-comodule morphism,
ie. to satisfy (colg) o k = (Ck) o (U%y“). This proves that « lifts to the stated

isomorphism I l5 = AC. O
The following corollary is immediate by Theorem p.3.

COROLLARY 5.4. Consider an object in PreTor,.,(A, B) and its images in RArt,.4(A, B)
and RArr,., (B, A), respectively, under the equivalences in Theorem [[.13. Then the
occurring comonads C on A and D on B have equivalent categories of comodules.
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The A-B pre-torsors in [BH, Corollary 4.8] induce regular pre-torsors in the sense
of Definition [.TT]. Moreover, the associated comonads on Mod-A and Mod-B are
induced by the corings in [BB, Theorem 3.4]. Therefore, Corollary p.4 extends [BB,
Corollary 4.8].
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