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Short abstract

The Higgs boson discovery carries with it the possibility to study the Standard
Model up to the edge of its validity, deciding whether the actual configuration
of the theory is absolutely stable or metastable, with the appearance of a second
vacuum that could be more or less energetic, respectively, than the the electroweak
one.

We provide an accurate up-to-date analysis, taking advantage of the updated
experimental data, of the Standard Model stability, wondering if, by means of
different configurations within and beyond the Standard Model (anyhow keeping
the extensions on a minimal ground), the Higgs field could play the role of the
inflaton in the early Universe.

Keywords: Standard Model, Higgs boson, Stability, Criticality, Top Mass, Cosmology, Inflation,
Planck, Inflection point, Non-minimal coupling, B-L.







SOMMARIO

La scoperta del bosone di Higgs a LHC e la determinazione del valore della sua
massa ha aperto la possibilita di studiare il Modello Standard fino ad alte energie,
rendendo possibile la verifica della consistenza della teoria e del suo range di validita,
dal momento che lo consideriamo come un modello effettivo.

In questo scenario, facendo uso dei dati sperimentali piti aggiornati, molto interesse
e stato riposto nello studio della stabilita del vuoto elettrodebole del Modello Stan-
dard e le sue particolari implicazioni sia nella fisica delle particelle che, soprattutto, in
cosmologia.

II nostro lavoro[1] si inserisce in questo contesto con un doppio fine: da un lato,
proviamo a raffinare i pitt recenti calcoli dei vincoli di stabilita, alla luce dei dati spe-
rimentali e degli approcci teorici piti aggiornati, soprattutto relativi alla tecnica del
potenziale effettivo; mentre, dall’altro lato, usiamo i risultati di questa analisi per stu-
diare e porre vincoli ad alcune realizzazioni di inflazione cosmica nel contesto del puro
Modello Standard e di sue estensioni minime.

In particolare, abbiamo studiato alcune osservabili gauge-indipendenti legate a due
configurazioni stazionarie del potenziale del Modello Standard, estrapolato ad alte
energie grazie all’approccio che fa uso del potenziale effettivo e delle equazioni del
gruppo di rinormalizzazione, nella loro forma pit aggiornata, vale a dire il NNLO:
il valore della massa del quark top in corrispondenza del quale si ha la stabilita dle
vuoto elettrodebole (criticality) e il potenziale valutato nel suo punto di flesso.

Dimostrata 1'indipendenza dalla scelta del gauge di queste osservabili, sono state
stimate le incertezze relative. Il primo risultato rilevante, in accordo con[2] e, con
qualche piccola discrepanza, con[3, 4], & che la stabilita assoluta del Modello Standard
non & completamente esclusa, data l'attuale finestra sperimentale: ¢, in linea di prin-
cipio, possibile assumere il Modello Standard valido fino alla scala di Planck, dove ci
aspettiamo che l'interazione gravitazionale cominci a diventare rilevante, senza alcuna
inclusione di nuova fisica a basse scale energetiche (“desert scenario”).

Partendo da questo punto, abbiamo provato a spiegare la fase inflazionaria primor-
diale allinterno del puro Modello Standard, sfruttando la configurazione del punto
di flesso. Tuttavia, mostriamo che diventa in questi casi molto difficile riprodurre gli
attuali vincoli sul rapporto tensore/scalare.

Vista la necessita di introdurre nuovi gradi di liberta per includere nella teoria un
ragionevole meccanismo per l'inflazione cosmica e, in maniera consistente, una stabi-
lizzazione per il potenziale del Modello Standard, proviamo a passare in rassegna le
principali caratteristiche di una delle possibili estensioni minime al Modello Standard,
attraverso una simmetria globale U(1)g_1, e a porre dei vincoli ai parametri propri
del nuovo modello, in maniera tale da riuscire a raggiungere entrambi gli obiettivi.
Lo scalare extra associato alla rottura di questa nuova simmetria, oltre a garantire la
stabilizzazione mediante un effetto di soglia al tree-level, sarebbe responsabile della
generazione della massa di un neutrino right-handed, che, a sua volta, fornisce, attra-
verso il meccanismo see saw di tipo I, le masse dei neutrini di bassa energia. In questo
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contesto, troviamo la finestra dei parametri accessibile sia per una fase inflazionaria
funzionale, guidata dallo stesso scalare massivo, che per la stabilizzazione del model-
lo: confermiamo i risultati riportati in letteratura[5, 6, 7], nonostante i lavori rilevanti
svolgono le loro analisi o in configurazioni leggermente differenti, oppure raffrontano
i loro risultati con vincoli sperimentali pit1 datati, giungendo poi dunque a conclusioni
diverse. Ad ogni modo, il risultato globale sembra essere perfettamente compatibile:
facendo riferimento allo stato dell’arte attuale dal punto di vista sperimentale, questa
semplice realizzazione di estensione con nuova fisica del Modello Standard sembra
non essere sufficiente, evidenziando le difficolta a voler risolvere i nostri due obiettivi
primari in un solo colpo.

L’altra modifica al Modello Standard che consideriamo & basata sull’inclusione di un
accoppiamento non minimale tra il campo di Higgs, che ancora una volta ricopre il
ruolo di inflatone, e la gravita: questa idea era stata proposta diversi anni fa ed & anco-
ra molto discussa. Qui proviamo a porre qualche vincolo sul rapporto tensore/scalare
nel modello di Higgs inflation originario, in questo rivisto alla luce dei recenti sviluppi
sulla scelta della prescrizione di rinormalizzazione: in maniera tale da aggirare le diffi-
colta intrinseche della teoria a livello di unitarieta, analizziamo lo spazio dei parametri
relativo ai bassi &, sfruttando la gia citata configurazione di punto di flesso. I nostri
risultati, oltre a confermare la robustezza delle predizioni inflazionarie del modello al
variare delle correzioni radiative, gia mostrata nel recente passato [8], mostrano qual-
che problema a spingere 1’accoppiamento non minimale verso valori piccoli, lasciando
invariate le altre osservabili ormai ben note. Queste conclusioni non aggiungono nulla
a quanto noto dalla letteratura pit1 recente [si veda ancora, ad esempio [8]].



ABSTRACT

The discovery of the Higgs boson at LHC and the determination of its mass value
have opened up the possibility to study the SM up to very high energies, in order to
probe the consistency of the theory and its range of validity, considering the model as
an effective one.

In this framework, equipped with the latest experimental data, a lot of interest has
been devoted to the study of the stability of the Stardard Model electroweak vacuum
and the peculiar implications both in particle physics and, mostly, in cosmology.

Our work [1] fits in this scenario with a two-fold aim: on one side, we try to refine
the latest calculations of the stability bounds, in the light of updated experimental
data and new theoretical approaches in the improved effective potential technique;
while, on the other side, we take advantage of this analysis in order to investigate and
constrain some realisation of the primordial inflationary phase within the pure SM and
its some minimal extensions.

In particular, we studied the gauge-independent observables related to two inter-
esting stationary configurations of the SM potential, extrapolated up to high energies
by means of the state-of-the-art RGE-improved effective potential approach, namely
the NNLO: the value of the top quark mass which ensures the electroweak vacuum
stability (criticality) and the potential evaluated at the inflection point.

Proved the gauge independence of these observables, there were estimated in detail
the uncertainties related. The first main result, in agreement with [2] and, with some
minor discrepancies [3, 4], is that the SM absolute stability is not completely excluded,
given the current experimental data: it is possible to assume the theory valid up to
the Planck scale, at which we suppose that the gravitational interaction starts to be
relevant, without any inclusion of new physics at low energy (“desert scenario”).

Starting from this point, we tried to explain the inflationary phase embedded in a
pure SM scenario, exploiting the inflection point configuration. However, we showed
that it turns out to be impossible to reproduce the most recent bounds on the primor-
dial tensor-to-scalar-ratio in the sight of SM inflection point models.

Being necessary the introduction of new degrees of freedom, in order to include a
reasonable inflationary expansion and, consistently, the stabilisation of the SM poten-
tial, we try to review the main features of a minimal extension of the SM, through a
global U(1)g_1 symmetry and try to constrain its parameters so as to achieve both
our goals. The extra scalar singlet associated with the breaking of this new symmetry,
granting the stabilisation through an induced tree-level threshold effect, would be re-
sponsible of the generation of the right-handed neutrino mass, which in turn would
provide, via the type I see-saw mechanism, the masses of the low-energy neutrinos.
In this framework, we found the parameter window attainable for both a successfully
inflationary phase, driven by the same heavy scalar, and the stabilisation of the model:
we confirm the results reported in the literature[5, 6, 7], although the related works
carry out the analysis in slightly different setups and often comparing the results to
different experimental bounds, leading to different conclusions. However, the overall
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outcome is perfectly compatible: sticking with the current experimental state-of-the-art,
this very simple realisation of new-physics extension of the SM seems to be insufficient,
and we stress the troubles which arise if we try to achieve our initial tasks in one single
shot.

The other modification of the SM that we consider deals with the inclusion of a non-
minimal coupling between the Higgs field, still playing the role of inflaton, and gravity:
this proposal was made years ago and it is still much debated. Here, we put some con-
straints on the tensor-to-scalar-ratio in the original Higgs inflation model, here revised
up to the present developments on the renormalisation prescriptions choice: in order
to evade the intrinsic unitarity issues of the theory, we investigate the low-¢ param-
eter space, taking advantage of the above-mentioned inflection point configuration.
Our results, as well as confirm the robustness of the inflationary predictions of the
model against radiative corrections, already shown in the recent past[8], display some
problems to push the non-minimal coupling towards small values, keeping unchanged
all the other well-established observables. These conclusions add nothing to what is
known from the very recent literature [see, for instance, again [8]].



I would rather have
questions that can’t be answered
than answers that can’t be questioned.

— Richard P. Feynman
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INTRODUCTION

The discovery of the Higgs boson at the Large Hadron Collider (LHC) [9, 10] has
sanctioned the triumph of the Standard Model (SM) as a successful theory of funda-
mental interactions in Nature. This particle was the only one, among the explicitly
predicted by the model, without an experimental feedback: its revelation and the lack
of signals of physics beyond the SM so far, has opened a new era for the investi-
gation in particle physics and even beyond, with the chance to explain fundamental
problems, only in terms of the SM, and their connection to other fields of study, e.g.
early-Universe cosmology.

The precise determination of the Higgs mass gives us all the properties of the SM
Higgs boson [11], such as its production cross section and decay widths, and provides
an estimation of its quartic coupling A in the SM. In particular, the study of the be-
haviour of this coupling, and more generally of the Higgs potential at high energies,
proved to be quite interesting because of the fact that A, depending on the other SM
parameters, can in principle become negative at some high-energy scale A1, below the
Planck scale, where the gravitational effects are supposed to became relevant. This
suggests a possible instability of the SM electroweak vacuum. In this case, the Higgs
potential may become unbounded from below or it might develop a second minimum ,
which now would become the true one, for very large field values. In the first scenario
or, if the decay time from the electroweak vacuum towards the true one turns out to
be smaller than the age of the Universe, we talk of absolute instability, otherwise, if
that tunnelling rate is greater than the age of the Universe, we say that we are in the
metastable configuration. Thus, from a cosmological point of view, the question is:
why Nature, in early Universe, should favour the electroweak minimum rather than a
less energetic one at large field values?

The vacuum stability problem is deeply connected with these issues and it can be
addressed only after a careful analysis of the behaviour of the SM up to high energies,
in order to be sure to be able to discriminate between a stable or unstable (metastable)
scenario [see the well-known works [3, 4, 12, 2]]. This study turns out to be heavily tied
up with the precise determination of the top quark mass: small variation in its value
could push the electroweak vacuum towards the stability or instability region. If the
electroweak vacuum reveals itself as metastable (as the current central values of the top
mass, along with the Higgs mass and the strong coupling, currently better constrained
from experiments, seem to suggest), the electroweak vacuum is intended to decay into
the less energetic true one, with a lifetime that exceeds the age of the Universe.

In this case a possible solution may be the introduction of new physics in-between
the electroweak and the instability scale, given the inability of the SM of handling some
still unexplained observations, like neutrino masses, the dark universe and the baryon
asymmetry, just to name a few. Indeed, the presence of an instability at an intermediate
scale might be seen as a sign of a threshold of physics beyond the SM around Aj;: this
could be the reason for a matching condition A ~ 0 at a scale near A1, which is going
to drive some of our considerations.

xitt
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The task we try to address in this thesis is to perform a careful extrapolation of the
SM up to high energies, at the present state of the art, namely the Next-to-Next-to-
Leading Order (NNLO) [see our work[1] and the Chap. 3, based on it], taking advan-
tage of the most updated tools in dealing with:

the running of the couplings, via the Renormalisation Group Equations (RGE);
the matching conditions at the different regimes;

the effective potential expansion, including new theoretical approaches in ad-
dressing some peculiar issues related to this approximation.

We stress that the whole analysis is carried out at zero temperature and assum-
ing the SM valid up to the Planck scale: the inclusion of gravitational effects, finite-
temperature effects and, in general, new physics could spoil the entire framework [for
more details, see the discussion drawn in the partial conclusions of Chap.3]. In any
case, the electroweak vacuum stability imposes severe constraints on possible SM ex-
tensions: any physics beyond the SM should reproduce it as a low-energy effective
theory.

Beyond the stability issue, our goal is to investigate also its interplay with the early-
Universe physics, with a particular interest in the inflationary framework.

Inflation, as it is well known, is, so far, the most elegant and reliable mechanism,
although without a “smoking gun” proof of its existence yet, which can explain the
flatness and the homogeneity on large scales of our Universe we measure today. The
fact is that it needs a scalar field able to drive this explosive expansion and, at the same
time, to generate the correct amount of primordial curvature perturbations survived
until today.

Up to now, the Higgs boson is the only elementary scalar known in Nature so far,
thus, it seems natural (and tempting) to wonder if it could be involved actively in the
primordial inflationary phase of the very early Universe.

Originally, it was common to assume that the Higgs field remains inert during infla-
tion, being its vacuum expectation value fixed at the very low value of v = 246 GeV:
inflation should proceed through slow roll along a potential which extend in an an-
other field direction, confining the Higgs to the role of mere spectator of the dynamics.

In models where the Higgs is not playing any role, the inflationary process might
be anyway affected, because a violent quasi-exponential expansion, like inflation, can
generate large fluctuations of the Higgs field, inducing a possible destabilisation. As-
suming “desert” up to the Planck scale and believing in metastability, the instability
region could be easily reached by the Higgs during inflation, posing the bothersome
issue of how the Higgs is not ended in its true minimum [see, for instance[13]. Of
course, post-inflationary physics and reheating need to be taken into account for such
an analysis [14]: we know for sure that the matter content of the Universe started form-
ing when inflation ended, so, if the inflationary framework is the right one, a sort of
coupling between the inflationary sector and the SM Higgs must exist [15].

Even the first attempts to explore the possibility of the SM Higgs as the inflaton
failed, due to the insufficient e-folds gained in the parameter space related, or, if this
last constraint was satisfied, due to the inability to achieve the correct primordial cur-
vature perturbations given by the measured power spectrum [see, for instance [16], for



a recent review about this possibility]. This failure is imputable to the Higgs potential
behaviour, which grows too fast: possible solutions are connected to some mechanisms
able to flatten the potential at large field values.

The first try, which we discuss also in this thesis in Chap. 4, consists in setting up a
plateau arising for tuned values of the top quark mass, finding the so-called inflection
point in the SM Higgs potential [12].

Related to this possibility, is the case of Higgs false vacuum inflation [17, 18, 19], in
which a tuning of the top mass could allow the appearance of a shallow false vacuum
at high energies, able to drive inflation. In this scenario the Higgs is not necessarily
dynamical during inflation, but essential in setting up the energy scale. Unfortunately,
the inflationary expansion gained in this case, in order to came to an end and re-
produce the correct amount of scalar perturbations, needs new dynamical degrees of
freedom, able to provide an additional escape way for the inflaton (via some specific
mechanisms) and maybe to generate the curvature perturbations.

Another popular approach is based on a non-minimal coupling of the Higgs field
to gravity [20]. We will review all the aspects of the original model and some of its
developments, stressing both the simplicity of the idea and also its difficulties, related
to the very large value of the non-minimal coupling required, from which some con-
cerns about the consistency of the theory descend. In the context of effective theories,
the model suffers of unitarity issues and it turns out to be difficult to find a viable
ultraviolet (UV) completion [see Chap. 5 and references therein].

In this thesis we investigate, besides the inflection point configuration, which is
still in the pure SM framework, two additional scenarios, characterised by minimal
extensions to the SM.

The first relies on a model, known for a long time, which aspires to give a reasonable
explanation in one single shot to inflation, electroweak stability and neutrino masses
(with some possible hints related to dark matter and leptogenesis). It deals with an
additional global gauge symmetry, based on the conservation of the quantum number
B — L (“baryon number minus lepton number”): here the heavy Higgs of this new
symmetry is supposed to play the role of the inflaton, while the SM Higgs is involved
only in the post-inflationary phase. From the symmetry breaking of the large gauge
group, the right-handed neutrinos are generated, responsible, through the type I see-
saw scheme, of the low-energy neutrino masses.

The second follows the path of the non-minimally coupled scheme, called here Higgs
&-inflation, in which we try to lower the non-minimal coupling value in some critical
configurations, such as the inflection point pattern.

The thesis is organised as follows.

cHAPTER 1 We provide a self-consistent introduction to the SM of fundamental inter-
actions, focussing on the spontaneous symmetry breaking via the Higgs mecha-
nism and on the full Lagrangian of the theory, setting up conventions, symbols
and framework.

cHAPTER 2 The chapter is devoted to the extrapolation of the SM up to very high ener-
gies: we look over the effective potential expansion, the running of the couplings
and the matching conditions. Furthermore, we remember that the value of the
Higgs mass is also connected to the high-energy cutoff of the theory, where the

XV



xvi | Introduction

SM is supposed to break down (unitarity bound), along with another high-scale
theoretical property, known as triviality. At the end of the chapter, we try to
present the hierarchy problem and some possible solutions proposed in litera-
ture.

CHAPTER 3 We introduce the vacuum stability problem and propose our own analysis,
focussing on motivations, methodologies and results. The final section is based
on possible gauge-dependence issues which can be encountered in the proposed
calculation.

CHAPTER 4 All the main aspects of the inflationary model are reviewed. Then, we
outline our inflection point analysis. The results have been compared to the
current experimental data.

CHAPTER 5 We move away from pure SM and we analyse the above-mentioned U(1)g_1
model, starting from its formulation. Then, we try to scan the viable parameter
space in order to achieve a suitable inflationary expansion, taking into account
the electroweak stability constraints.

CHAPTER 6 We try to review the main ideas related to the Higgs &-inflation theory.
Our contribution concerns a numerical analysis of the lower bound of the non-
minimal coupling in the inflection point configuration and a simple calculation
of the inflationary observables, taking into account the radiative corrections. A
final summary on the unitarity issues of the theory is provided at the end of the
chapter.

concrusioNs Lastly, some overall conclusions and possible future developments are
drawn.

ApPENDIX A All the RGE for each different model and regime studied are contained.
APPENDIX B It is shown the formal matching procedure.

APPENDIX C It is displayed the two-loop effective potential used in our calculations.



1 THE STANDARD MODEL OF
FUNDAMENTAL INTERACTIONS

The aim of this chapter is to summarise, briefly, the main features of the Standard
Model of elementary particles and fundamental interactions (as a reference point,
see the three seminal works by Sheldon L. Glashow, Steven Weinberg and Abdus
Salam [21, 22, 23]), which is, up to now, the most satisfactory theoretical framework
for the description of all the matter constituents and their fundamental interactions,
excluding gravity. For this short review we will vaguely follow, as a matter of choice,
the introductory textbook [24].

Throughout this work, the Greek indexes go from o to 4, while the Latin ones from
1 to 3. The y matrices in the Dirac equation satisfy the anticommutation relations

yryYY Yyt =297, (1)

where g" is the metric tensor. The representation used is

v°=<(1) _01> vi:v=<_06 g) (2)
1 - 1
Y ) () e

are the usual Pauli matrices and 1 stands for the 2 x 2 unit matrix. A recurrent combi-
nation is

where

0 1
Y =wyly Yy =vs = (1 0) : (4)

In terms of the adjoint spinors, we define { = {Ty°.

1.1 ELECTROWEAK GAUGE THEORY: THE WEINBERG—SALAM MODEL

In order to write down the complete SM Lagrangian, it is needed to determine
the adequate gauge symmetry for electroweak interactions. Let us present the full
Lagrangian first, in order to explain later all the contributions:

L=Lg+Ly+ Ly, (5)
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where, respectively, we have a gauge sector, in which are described the vector bosons
and fermions interactions; a Higgs part, which triggers electroweak symmetry break-
ing and a Yukawa sector, which account the coupling between the Higgs field and the
fermions, giving rise to SM flavour physics. Let us inspect all of these in turn.

GAUGE SECTOR. The strong, electromagnetic and weak interactions are all embedded
in a gauge theory established on the group symmetry

SUB)e x SU(2)r x U(T)y. (6)

From now on we will neglect the SU(3) colour part, decoupled from the electroweak
sector and beyond the scope of this work. We recall the QED Lagrangian, displaying
explicitly the charge operator' in order to comprise also all the quarks and lepton
fields:

- - 1
LQED :ll)(n/pau_m)ll)‘i‘elbyuQAull)_ ZFLWFHV/ (7)
where the second term can be recast in the usual U(1).,, interaction term
- 1€j§m/\u = _ie(ll_)Vqul))Au . (8)

If we want to incorporate the weak processes too, we should replace (8) with

—ig]* - W, = —1gxiy*T - Wouxe SU(2) |, (9)
!

. - .Y
7B, = 9"y S VB, uf)y], (10)

where T and Y are the generators of the groups SU(2); and U(1)y respectively. The
left-handed fermions are isospin doublets X1, while the right-handed ones are isospin
singlets Pr. Quarks, differently from neutrinos®, have a non-zero mass and hence have
both right- and left-handed components.

The interaction (8) is contemplated in both (9): the generators of the three groups
involved satisfy the Gell-Mann-Nishijima formula

1 1
Q=To+3Y, sothat j¥y =Ji+5iY, (1)
this means that the electromagnetic current is a combination of the two neutral currents
present in the second relation of (11). Hence the two neutral gauge fields A, and Z,, are
orthogonal combinations of W3 and By, ruled by a mixing angle 6y, called Weinberg
angle and whose updated experimental value is sin? Oy = 0.23126 + 0.00005 [see table
10.2 of [25]%]. Finally, the neutral interaction can be rewritten in terms of only physical
fields:
! e

— lg]gW& T 1%j$BH = —1ej gmALL — lEM []g — Sinz eW] gm] ZPL ’ (12)

H
]NC

1 The local gauge transformation from which the Lagrangian is obtained is 1(x) — e'?(*)Qq.
2 Remaining in the SM framework, neutrinos are massless, although oscillations experimental data state

3

quite the contrary. We will come back to this point in Chap. 6.
Note that this experimental value, as the following masses below, are given in the MS scheme. Where
present, the last digits in parenthesis after the values stands for the 1 o uncertainties.
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Figure 1: The potential V(¢$) = %uzcbz + 21—4?\c])4, with A > 0 and p? > 0 (left panel, a self-
interacting field of mass p), u? < 0 (right panel, the same potential with two degener-
ate minima).

where J\ ¢ is the global neutral current. All the couplings are forced to satisfy the
fundamental SM relation
e = gsinOy = g’ cos Oy, (13)

where e = 1.602176565(35) x 10~'? C is the electric charge [25].
Lastly, we can write down the definitive gauge part of the full Lagrangian (5), ob-
tained, as usual, imposing the invariance under the group symmetry SU(2)p x U(1)y:

1= ~ 1
Lg=—7 Wiy W — B B (14a)
_ 1T .Y
+ Ly" 16H—92T-W}1—9 EB“ L (14b)
_ Y
+Ry* (10, —g EB” R, (14¢)

where in (14a) are displayed the W+, Z° and photon kinetic energies and self-interactions:

in particular, they are defined as

Wuv = auW\, — W — QWu x W, (15)
B,v =0,Byv—0.By, (16)

where, the last term in the first equation, as in the simple QCD case, is due to the
non-Abelian character of the symmetry group, because the Ts do not commute with
each other. In(14b) and (14c) we have respectively the left-handed and right-handed
quarks and leptons kinetic energies and interactions with gauge bosons. Note that
we represented the left-handed fermion doublet with L, while R stands for the right-
handed fermion singlet.

This Lagrangian is a singlet under the transformation of each gauge group: verifying,
for example, the invariance under U(1)em will led to charge conservation. Up to now
the model is completely massless, because any mass term can not be added, because it
would break gauge invariance: as we already know, we need the Higgs mechanism.

3
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Figure 2: The “mexican hat” potential V(H) = W2 HTH + %(%TZH)Z, with A > 0 and p?2 < 0
(circle of minima). For the definitions of the axes, see (18).

HIGGS SECTOR. Repeating the spontaneous symmetry breaking procedure, illus-
trated in Fig. 1 for a general scalar field with quartic potential, now for the SU(2); x
U(1)y group, we will led to a gauge invariant Lagrangian

2

Ly = —V(30), (172)

L Y
<1au—gT-Wp—g’EBu> H

1 A
V(H) = —zmﬁuzf}ﬂﬂ{ + g(gm)a (17b)

where the squared modulus is intended as the product between the hermitian conju-
gate of the argument and the argument itself. J{ is the complex Higgs doublet [26, 27],
made of four real fields Hi, i = 1,2, 3,4, that must belong to SU(2); x U(1)y multiplets.
The minimal choice in this sense is to arrange these fields in an isospin doublet with
weak hypercharge Y = 1:

H = e H+IO:L(H +1H, 4) (18)
Ho ) = 1,3 2,4)- 1
V(H) is the usual “mexican hat” Higgs potential [see Fig.2] on which we will focus
throughout the thesis: to generate gauge boson masses we put ourselves in the case
A > 0 and p? < 0; choosing one vacuum configuration for 3 and expanding about it,
we have

1 0
gﬂ)zﬁ(\)-i—(b]-[(x))' (19)

It can be shown that the vacuum expectation value v is related to the Fermi con-
stant G ~ g2 /m%,v by the relation 1/ (2v?) = Gu/ V2 and so, its value is fixed at
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v ~ 246.221 GeV [25], where G, is the Fermi constant from muon decay: G, =
1.1663787(6) x 107> GeV—2. All the other H; are the Nambu-Goldstone bosons and are
“eaten up” by the combinations of gauge bosons W+ and Z°, which get masses* [25]

1
mw = Egv = 80.385 + 0.015 GeV, (20)
1
myz = EV\/ g2 +g'?= con;gw =91.1876 £ 0.0021 GeV . (21)

The photon remains massless, as required by the residual unbroken U(1)¢m symme-
try: the breaking is done by means of the neutral part of the Higgs field (eigenvalue of
zero electric charge) to guarantee invariance. This is the main reason for the choice (19):
in other words, due to the conservation of the electric charge, only neutral scalars are
allowed to acquire a vacuum expectation value. The last scalar degree of freedom sur-
vived corresponds indeed to the Higgs boson. Its mass m# = —2p? = 2A\v? is a free
parameter of the theory and must be determined by experiments: more on this in the
following chapters.

The same Higgs isospin doublet is the one suitable for the generation of fermion
masses, as we are going to see, in the so-called “Higgs mechanism” [26, 27].

YUKAWA SECTOR. As stated before, in the Lagrangian(14) a fermion mass term is
forbidden by gauge invariance. However, exactly the same Higgs doublet which gives
rise to gauge bosons masses is also enough to generate masses for quarks and lep-
tons: through a Yukawa interaction, we have to couple left-handed doublets and right-
handed singlets. In other words, we need a SU(2); singlet with Q =Y = 0: the Higgs
doublet considered previously has the required SU(2); x U(1)y quantum numbers to
couple to a LR pair.

For example, to generate the electron mass, we should include the following term in
the global SM Lagrangian:

+
£1$ptons = —ge [(\_/e é)L < ]]—_l[O >eR—|—éR (H_ ]:[0) < Vee > ] ’ (22)
L

where ey, is the electron right-handed singlet, coupled 4 Iz Yukawa to the electron left-
handed lepton doublet by the Higgs doublet. g is the generic coupling to be fixed in
order to define the electron mass [see just below].

Further details on the derivation of these formulae and the mixing between the gauge fields can be found
in any introductory particle physics textbook, for instance [24].

5
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Then we spontaneously break the symmetry via the usual procedure (19). After the
substitution, the electron part(22) becomes®

leptons 1 _ _ 1 - =
L = ———=(¢V (€1 er +€ERe1)— — eLer + ere
Y ﬁge (érer + €rer) \/de(LR rer) dn
_ Me _ ) geV
= — - — , th = .
meée " eedny wi Me /2 (23)

It is worth mentioning that the electron mass is not a prediction of the model, due to
the arbitrariness of the electron coupling g.. Furthermore, the last term turns out to
be very small, since v is of order O(10% GeV).

For the quarks masses the prescription is the same: the only difference is in the
generation of the mass of the upper member of the doublet, for which we have to
construct a suitable Higgs doublet from J:

_ * _HO 1 v+ q)H (X)
He = -20TLH" = ( e ) — \ﬁ ( 0 . (24)
I has the same transformation properties of J (but has opposite weak hypercharge,
Y = —1)°, hence it looks perfect to build a gauge-invariant contribution for the full
Lagrangian:
_ H+ _ _HO
= -—mgdd — m,tiu— %adqm — %uudm . (25)

Obviously the expression can be extended to the other quark flavour eigenstates.

The Higgs coupling does not spoil the flavour conservation, but, also in this case,
all the masses generated can not be predicted, because they depend on arbitrary cou-
plings.

Merging (23) and (25), the global flavour contribution can be synthesised in the fol-
lowing form:

Ly = —GiLHR— GoLH R +he.. (26)

Putting together (14), (17) and (26), we obtain the full SM Lagrangian (5).

The introduction of the Higgs field, besides the generation of the heavy boson
masses, is required also to guarantee renormalisability: when we consider, for example,
the scattering of W bosons, we found that each individual diagram diverge as s2/ m(‘,v,
where s is the growing energy. Although we can introduce neutral processes mediated

The implied step for the second equality is

1 1
—me (erer +erer) = —mee (5(1 +V5)§(1 +V5)) e
1

=—meé (%(1 —v2) + E(] +y5)) e = —Meée.

JH is an element of SU(2), which can be proven to be the universal covering group of SO(3), ie. a
simply-connected group, homomorphic to SO(3), which does not contain any simply-connected subgroup
homomorphic to SO(3). This means that the element H, result of a particular rotation, has the same
transformation properties of the SU(2) doublet. For a pedagogical review, see[28].
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by the Z°, which diverge in a more gentle way ~ s/m%,, the sum of all diagrams still
diverge as s/m%,: seen that heavy leptons can not help, the only solution is to intro-
duce a scalar particle which cancels these residual divergences: just the Higgs boson.
Already conjectured by Weinberg and Salam, this feature was rigorously proven by
Gerald "t Hooft in 1971 [29, 30]. Further details on this issue are drawn in Sec. 2.2.1.

The first Large Hadron Collider (LHC) run has confirmed that the Higgs boson does
exist[9, 10], produced via the gluon-fusion process and decayed in the ¢y — ZZ,
éH — WW and ¢y — vy channels, and it is surprisingly light: the most updated
mass measurement, coming from a combined analysis of the Atlas and CMS collabora-
tions [31], gives the following value

my = 125.09 £0.21(stat) £ 0.11(syst) GeV . (27)

Measurements on this new neutral resonance showed also that its dominant spin and
parity, and its SM-like couplings to fermions and bosons were compatible within avail-
able statistics with expectations of the Standard Model Higgs boson [11] and opens up
several questions regarding the Higgs sector, the Higgs potential and more fundamen-
tal issues related to the SM structure, consistency and reliability.

7






2 STANDARD MODEL AT HIGH ENERGIES:
EXTRAPOLATION AND PROPERTIES

In this chapter we want to introduce the mathematical and conceptual tools used in
our analysis[1], contextualising the extrapolation of the SM to high energies: we are
going to eviscerate the standard technique for the evolution of the SM couplings up
to the Planck scale via the RGE as long as the matching between the initial conditions
of the theory and its high-energy regime. We emphasise the crucial role covered by
the quantum radiative corrections to the SM potential, giving rise to the RG-improved
effective potential, exploited up to two loops. Some gauge-dependence issues are also
discussed.

In this framework, we mention, at the end of the chapter, some important scale-
dependent properties of the SM, able to weakly constrain the Higgs mass. Few words
on the well-known hierarchy problem are also drawn in the last part.

2.1 EFFECTIVE POTENTIAL

Resuming Sec. 1.1, we write the potential for the physical Higgs field ¢, already
presented in a general form in (17b), which is given, at tree level, by

2\ 2
Volor) = 2¢ (13- ) =~ 2o, &

where H = (0 (¢ +v)/v2)T is the Higgs doublet, introduced previously in (18) and,
in unitary gauge, in (19). The superscript T stands for the transposition operator, while
v is the usual Higgs vacuum expectation value introduced before. u will be, from
now on, if not specified differently, the renormalisation scale: here we emphasised the
u-dependency of A, in order to underline its running nature with energy. The approx-
imation in the second equality holds when considering large field values, regime that
will prove of interest to us: as we are going to see in Chap. 3, when one is interested in
studying the shape of the potential at large values of the classical field, the quadratic
term can be ignored, because of its monotonic damping when the energy scale grows
beyond the instability scale.

According to our normalisation, the physical Higgs mass satisfies the tree-level rela-
tion
mzH = Av?/3. In addition, the mass of a generic fermion f reads, at tree level, ms =
h¢v/v/2, where hy denotes the associated Yukawa coupling.



10

1.0
0.8
I
0L T ——
g 06T T e T
; SN 11
)
=
8 04
=
wn
02)
Ag
0.0k mmm eI e, i
i
1
1 L L ! L ; l ‘
4 6 8 01246 i
LOglO M [GCV]

Figure 3: Three-loop RG evolution in the MS scheme, of the SM gauge couplings, the top
Yukawa coupling and the Higgs quartic coupling, from the Fermi scale to the Planck
scale. The instability scale A (the energy at which A crosses zero, evaluated for

central experimental values of the strong coupling constant cxgs) = 0.1181, the Higgs
boson mass mp = 125.09 GeV and the top quark mass m¢ = 173.34 GeV) and the
quantum gravity regime (the shaded area beyond the Planck scale) are also pointed
out. The figure, done by the author, is inspired to the corresponding one in [4].

In order to extrapolate the behaviour of the Higgs potential at very high energies,
we adopt the mass-independent subtraction scheme, i.e. the MS scheme and consider
the RG evolution for the relevant couplings which, in addition to the Higgs quartic
coupling A, are the gauge couplings g, g’, g3, the top Yukawa coupling h; and the
anomalous dimension of the Higgs field 'y, which we are going to define in a while.

Each time we will present our specific analyses, we will particularise the precision
and the loop-order we are working at. Normally, throughout this work, we perform
the calculations according to the present state of the art, namely the NNLO.

2.1.1  RGE and B-functions

It is customary to introduce the dimensionless time parameter t = In(pt/m¢), where
u stands for the renormalisation scale and m; is used as a conventional reference scale.

The RGE for the relevant couplings can be written as a sum of contributions with
increasing loop numbers:

d
dt

where k = 1/(16m?) and the apex on the B-functions represents the loop order.
We are interested in the RGE-dependence of the couplings A = g,9g’, g3, h, A, y. See
Fig.3 for the running of the SM couplings and, in particular, for the Higgs quartic

1 2 3
M) =kpy ) + k2B 3B L (29)
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coupling behaviour in Fig. 4, where we also show the effect on A of varying the most
relevant input parameters, i.e. the strong coupling constant, the Higgs and top quark
mass.

The one-loop and two-loop expressions for the 3-functions are well known and can
be found, for instance, in[32] [see also [33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46,
4711

The complete three-loop B-functions for the SM have been computed quite recently:

e as for the SM gauge couplings, they have been presented by Mihaila, Salomon
and Steinhauser in [48]";

e as for the leading three-loop terms in the RG evolution of A, hy and the Higgs
anomalous dimension have been computed by Chetyrkin and Zoller in [50]°.

The dominant four-loop contribution to the running of the strong gauge coupling
has been computed quite recently, see[56, 57]. In our NNLO analysis, we include all
these contributions, neglecting the four-loop contribution to the Higgs self-coupling,
anomalous dimension of the Higgs field and top Yukawa B-functions, calculated very
recently by Chetyrkin and Zoller [58]. A numerical estimate of these terms by the
same authors leads to the conclusion that they are negligible with respect to the other
sources of uncertainty.

For the sake of completeness, the expressions of the 3-functions up to three loops
and four loops for the strong gauge coupling are collected in App. A.2.

2.1.2 Matching

We present here the general updated matching procedure for the gauge couplings,
the top Yukawa coupling and the quartic coupling that could be found in literature. In
our analysis, as we are going to see in Chap. 3, we used directly the inputs given in a
recent work by Bednyakov et al. [2]. For all the details, go to Sec. 3.2.1.

GAUGE COUPLINGS’ MATCHING AT Mz AND RUNNING UP To m¢. The matching of
the running gauge couplings is usually done at the Z boson pole mass, mz [see (20)].
The procedure is the following one.

Exploiting the MS scheme all orders relations

a(p) = e?(w)/4n,  e(p) = g(p)sinOw, (30)

Another work by the same authors appeared later [49]: results are compatible with [48] because the new
contributions considered, due to the others Yukawa couplings not taken into account previously, are
sub-dominant.

Also in this case a more updated reference by the same authors appeared later [51]. The new full three-
loop expression here is the same of[50] in the limit g/, g, hy, he — 0: from a numerical estimate by
the same authors, it has been proved that the only dominant contributions are due to gs, hy and A,
confirming the goodness of the approximation used. Next to these works, some papers by Bednyakov,
Pikelner and Velizhanin [52, 53, 54, 55] came out, with some negligible correction to the Chetyrkin and
Zoller expressions.

1"
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30 regions for
m=173.3420.76 GeV (grey)
mp=125.09+0.24 GeV (blue)

as(mz)=0.1181+£0.0013 (orange)

m;=171.06 GeV

Log;o u [GeV]

Figure 4: Three-loop RG evolution of the Higgs quartic coupling A, accounting for the variation
by £3 o of the top mass m (grey), of the Higgs mass my (blue) and of the strong
coupling «s (orange). Again, the instability scale and the quantum gravity regime
are emphasised. The figure, done by the author, is inspired to the corresponding one
in[4].

where the Weinberg angle value is given in Sec. 1.1 and the experimental value for the
fine structure constant at my is cxem(mz)f] = 127.944 + 0.015 [see [25]], we obtain

4t (myz)
= -—-———_—- . ] i .
g(mz) Sy 0.65171 4 0.00001, (31)
g’(mz) = g(myz)tan By, = 0.35745 + 0.00004 . (32)

Crucial for the sake of our calculation is the strong coupling constant «s, whose
current world average at mz, where there are just five quark flavours, is [59]

ol® (my) = 0.1181 +0.0013. (33)

It has been recognised that the error displayed in the above formula is nearly doubled
with respect to the old value given in the Particle Data Group (PDG) database [25],
because of a previous underestimation of the uncertainty in the lattice results. This
will be one of our driving motivations in the forthcoming analyses.

From the strong coupling constant at mz, displayed in (33), we get

5> (mz) = \/4nal® (mz) = 12182+ 0.0067 . (34)

The errors shown are obtained by the simple error propagation formula.

Then one should perform the running of the SM gauge couplings from mz to m¢
by means of the 3-functions in the presence of five flavours. The updated running
has to be done by including the full three-loop -functions[49, 48] and the pure QCD
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dominant term for the four-loop contribution[33, 34]. All these B—functions can be
found in App. A.1.

Thus, the five-flavour strong coupling constant has to be matched with the six-
flavour one at m¢. When the fraction of number n¢ of the quark flavours is considered
light (mq < w), the remaining n; = n¢ — 1 heavier quark flavours decouple from the
theory: for this reason, it is recommended to relate the coupling for the effective theory
with n¢ + 1 light flavours to that with n¢. In particular, it is needed a matching relation
between the strong coupling in the nf = 6 scenario, «!®) and the same coupling in
presence of ny = ng — 1 =5 flavours, namely o), decoupling the top quark from the
theory. This decoupling equation is given in a general form in the most updated PDG
review on QCD [59] or, for instance, in the review [60]) [see the App.B.1]: we show
here a simplified version, written up to the two-loop matching

2
02 = a0 |14 er0al) e ol 12 1n 2
t
2
(5)(.2y)° (5),2y\ 2 1 M
+c20 (st (p )) + 21 (Oés (p )) nmiﬁ
2 2
+c22 (ocgs)(uz)) In? Hz] (35)
my
where the first ¢,y coefficients? are:
1
clo=0, =,
7 19 5 1
pr— 71 pr— 7, pr— = — . 6
€20 =5, 5 €21 =5, 5 €22 =11 = (g2 (36)

Full terms up to c4m can be found in[61, 62].

In a previous work [12] the six-flavour running was considered: the correction that
came out by running with five flavours up to the top mass is very small and could
be neglected at the time, as discussed in[63]. But now that the value of the strong
coupling constant is better known, it is worth considering it. The effect is that o¢s(m)
gets smaller with respect to the previous analyses, which goes in the direction of desta-
bilising the Higgs potential. More on this in Chap. 3.

It is customary to write the gauge couplings at the top mass value, using the three-
loop RG running up to m; and matching the theory with five or six flavours. For the
strong coupling, we obtain [2]:

(5)
B s ' (mz)—0.1181 _ me
g3(my) = 1.2182+0.0134< S ) o.ooo46( ey 173.34) . ()

MATCHING OF A. To match the MS running quartic coupling A(p) with the Higgs
pole mass my, one requires to exploit an expansion

2
m
M= Y AN =372 (145 W+ 8P W+ (38)
n=1,2,3,...

The index n stands here for the loop order: for our purposes a two-loop matching is enough. The m-index
runs from 0 to n.

13
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which is known at present at NLO: &E”(u) is the one-loop O(«) result of Sirlin and
Zucchini [64], while &Ez) (p) is the recently calculated two-loop result, composed of a
QCD contribution of O(xwx3)[63, 3, 65] and a Yukawa contribution [3]. More details
can be found in App. B.2.

As it is well known, there is some arbitrariness in the choice of the matching scale
uin Eq. (38), which introduces a “theoretical" error in the RG procedure. In this work,
we choose to perform the matching of the Higgs quartic coupling A at the scale p =
m¢. The theoretical uncertainty will be estimated by performing the matching also at
different scales and by evolving A(p) via RG running until u = m¢. The spread in the
numerical values obtained for A(m¢) can then be used to infer the magnitude of this
theoretical error. See Sec. 3.2.1.

MATCHING OF hy. It is common to extrapolate the MS top Yukawa coupling hi(p)
from the matching condition with the running top mass m¢(p) [66, 12] and the top pole
mass mi:

he() 75 = me(u) = me (14+8c (W), 8e0) = 8 (W +8°P (0 +83P (W), (39)
where 6)V + SSED represent the electroweak contribution, which is known at one-
loop [67], while 68CD is the QCD one. The QCD one-loop result is known since many
years [67]; the QCD two-loop and three-loop results as a function of the matching scale
u are given for instance in[68, 69, 70]. We also include the four-loop result, follow-
ing [71, 72].

There is also a strong-weak mixed contribution, known at two-loop [73] and evalu-
ated at my: its effect is of order of the three-loop contribution.

The updated reference values for the top quark mass and its uncertainty are those
of the first joint Tevatron and LHC analysis[74], m{ ¥ = 173.34 GeV and Am{*? =
0.76 GeV. However, since the top mass is extracted by fitting Monte Carlo (MC) com-
puted distributions to experimental data, what is really measured is a MC parameter,
mMC and this could be source of further uncertainties.

According to some authors [75], although it is common to identify the top quark pole
mass m; with mi\/‘c, the uncertainty in the translation from the MC mass definition
to a theoretically well-defined short distance mass definition at a low scale should
currently be estimated to be of order of 1 GeV [76]; if this were the case [66, 12, 2], the
customary confidence ellipses with respect to mi‘/lc and my [more on this in Sec. 3.2.2]
should be taken with a grain of salt.

Other authors[77, 78] argued that measurements relying on the reconstruction of
top-decay products yield results which are actually close to the top quark pole mass,
although there are theoretical uncertainties due to the approximations contained in the
MC shower models, namely missing loop and width corrections and colour-reconnection
effects. The discrepancy between MC and pole masses was estimated in [79], by iden-
tifying the MC mass as a SCET (Soft Collinear Effective Theory) jet mass, evaluated
at a scale given by the shower infrared cutoff, i.e. O(1 GeV), in eTe™ — tt collisions.
As discussed in[78], such a discrepancy amounts to about 200 MeV. In addition, the
renormalon ambiguity affecting the pole mass, was recently estimated [77] as the size
of the last converging term in the MS/pole relation, obtained extrapolating to higher
orders the four-loop computation in[71], and amounting to less than 100 MeV. The
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p| t W Z b X
N, | =12 6 3 13
Cp| 3/2 5/6 5/6 3/2 32

kp | h2/2 g%/4 (g*>+g’%)/4 3N A

Table 1: Coefficients for Eq. (42) in the Landau gauge.

four-loop correction was also obtained in semi-analytical form in[72], finding agree-
ment with [71].

The matching is usually done at the top pole mass scale and the theoretical error
associated with the arbitrariness of the matching scale can be estimated as said before,
namely by comparing the values of h{(m¢) obtained with different matching scales.
For all the details see App. B.3, while, for our results, go to Sec. 3.2.1.

2.1.3 RG-improved effective potential

In order to carefully study the shape of the Higgs potential at high energy, one
should consider the renormalisation improved effective potential, which is a truncated
expansion, starting from the tree-level SM potential (28), that consider the quantum
radiative corrections at some order, having in mind that all the couplings and running
parameters of the theory have to be evolved by means of the RG equations, from
App. A. We will follow here our work[1]. As already stressed, t can be chosen in
such a way that the convergence of perturbation theory is improved. Without sticking,
for the time being, to any specific choice of renormalisation scale y, the RG-improved
effective potential at high field values can be rewritten as [80]

Aett (P, t)
24

where Ag(dr, t) can be thought as a sum of tree-level plus increasing loop contribu-
tions:

Vege (P, t) = o, (40)

Neir(@r,t) = MO +A (@, ) 2D (G, )+ - (41)

In particular, the one-loop radiative correction, induced by the SM fields, take the
well-known Coleman-Weinberg form [81]:

2T (t) 4.2
kplte Do —Cp> ’ (42)

A (P, t) = (42)2 D Npka(t) <10g Kp O
o)

where p(t) = e'p and, generically, p runs over the top quark, W, Z, Higgs and Gold-
stone bosons contributions. The coefficients N, C;,, kp are listed in the Table 1 in the
Landau gauge [see e.g. Table 2 of [82] for a general Rg gauge].

Due to the wave function renormalisation for the Higgs field, the following replace-
ment have to be considered:

dn — e Py, (43)
where .
Mt = —vat’)) dv, (44)
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and y(A) = —d In ¢y /d In u is the anomalous dimension of the scalar field ¢. This
redefinition results in a e*"(t) overall factor in front of (41).

In order to minimise the logarithms effect from higher-loop corrections it is common
to consider the identification*

u(t) = o dult), (45)

where here « represents the theoretical uncertainty in the choice of the renormalisation
scale. Usually, for simplicity, this constant of proportionality is chosen to be 1: in
Chap. 3 will be studied its variation and the related effects on physical observables.

The two-loop contribution A2 (P, t) was originally derived by Ford, Jack and Jones
in[32] and, in the limit A — 0, was recast in a more compact form in [3] and later in [4],
see App. C. We verified, consistently with these works, that the error committed in this
approximation is less than 10% and can thus be safely neglected.

The Higgs and the Goldstone part are heavily suppressed in the instability region
(A ~ 0) and so we can neglect them. Actually, there is a deeper argument thank to
which we should discard these two terms from the analysis.

There are a couple of issues related to a general effective potential.

i. An effective potential is not gauge-invariant[83]. The traditional approach is
based on a Landau gauge treatment with the strong assumption that all the ap-
proximations used are self-consistent: in other words, the physical quantities
extracted from the effective potential have to be gauge-invariant. We know from
the Nielsen identity [84]

0 0
(e3¢ +Clo 8 ) Vioe) =0, 4®)
(where & is a gauge parameter, C(¢$, &) a calculable function and V(¢, &) the
effective potential under exam) that the value of the scalar field ¢, if we exclude
the values taken at the extrema, can never be physical: any rescaling of the field
can be compensated for by a gauge-change. Furthermore, the value of V at an
extremum in ¢ is gauge-invariant.

ii. The other issue is related to the scale-dependence of the effective potential. We
know that the effective potential satisfies the so-called Callan-Symanzik equa-
tion [81]

0

¢

The dependence on a renormalisation scale p can be compensated for by a rescal-

ing of the couplings A; of the theory according to their 3-functions 3; and the

rescaling of the field ¢ according to its anomalous dimension y (RGE). Physical
quantities extracted from V should be independent of field rescaling: the addi-
tional freedom of choosing p tells us that even in a fixed gauge, field values are

) )
<uu—vd> +Bia}\i>V=0- (47)

4 A result in Quantum Field Theory states that it is always possible to formulate and Effective Field Theory,

where only one logarithm term remains relevant in the effective potential, while the others decouple,
resulting only in an unphysical shift in the definition of the parameters of the theory. For a high-energy
analysis like ours, the fruitful strategy to minimise this term is to consider the renormalisation scale
proportional to the scalar field, which is going to assume high values and hence, to dominate on the
remaining particle content.
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still unphysical. It can be said that V at any extremum is both gauge-invariant
and independent of the scale where it is calculated.

Usual loop expansion turns out to be inappropriate for effective potential near
quantum-generated vacua [85]: for instance, a classical potential like Vo ~ Adp* can

only turn over due to one-loop corrections like Vi ~ Aggd? = ( 49712)21’1(1)4. Since A ~ h,
each factor of A in a diagram changes its effective loop order: this approach may still be
correct, but another complication is present. There could be terms scaling with inverse
powers of h, so, since A counts as h, they contribute to loop order terms which could

be of order lower than expected.

Including all relevant terms according to this modified power counting, truncating
the expansion to order h, we obtain a leading-order gauge-invariant effective poten-
tial [86], which takes into account both tree- and one-loop contributions and has the
form of the sum between (28) and (42). However, the Higgs and Goldstone part are no
more present, because they contribute to higher-order corrections: for the NLO, one
contribution comes from the h? terms in one-loop potential and another from the A°
and In A terms in two-loop potential. Finally, there is the contribution from three-loop
and higher, proportional to inverse powers of A: now the potential at each extremum
is gauge invariant. Furthermore in Landau gauge some parts of the NLO contribution
vanish, leaving an expression compatible with the formula given in App.C.

2.2 THEORETICAL ISSUES: BOUNDS AND SCALE-DEPENDENT
PROPERTIES

The light Higgs boson mass (27) observed at LHC raises some concerns about the
consistency of the theory: the electroweak scale turns out to be many orders of mag-
nitude lower than the very next physical regime, the one which marks the beginning
of the quantum gravity non-negligible influence. This discrepancy, which goes under
the name of naturalness problem, will be addressed in Sec.2.2.3. Together with that,
we mention a couple of theoretical bounds which can be put on the Higgs mass, here
considered as a free parameter. They rely on some interesting structure features of the
SM,, i.e. the unitarity (Sec.2.2.1) and triviality (Sec. 2.2.2) arguments.

2.2.1  Unitarity bound

As we already sketched in the end of Sec.1.1, the introduction of the Higgs field
is theoretically motivated by the cancellation of the divergences in some kind of pro-
cesses. Starting from this point, we are going to see that it is possible to obtain a Higgs
mass bound, in order to preserve the unitarity of the theory, following broadly the
lecture [87].

Let us consider a process involving the W and Z bosons: this would possibly led
to cross sections which increase indefinitely with the energy, and violate probability

17
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conservation at some stage. We can see that decomposing the scattering amplitude M
into partial waves a, of orbital angular momentum ¢, we obtain

M =16m) (20+1)P¢(cos0)ay, (48)
(=0
where the P are the Legendre polynomials and 6 the scattering angle. Calling s the
centre-of-mass energy, the simple cross section for a 2 — 2 process is

1 do M| 16m &
o=—

= 2 .
2ntd(cos0)  64m2s (2E+ 1) lad (49)

(=0

From the conservation of probability it is possible to derive the so-called optical theo-
rem, which relates the cross section with the forwards scattering amplitude

a:%me:om, (50)

from which

lae = Hag) = (Rah)? + (ae)? = Hag)
2
— (Ra)? + <3{ag}— ;) _1

- R{agl < 5. 51

If we consider the longitudinal components of W and Z, for instance, it can be shown
that the related longitudinal polarisation, after a boost in that direction, becomes pro-
portional to the boson momentum, so at very high energy the longitudinal amplitudes
will dominate, growing possibly to infinite. The unitarity condition (2.2.1) drawn be-
fore is hence badly violated by the quartic interaction of the longitudinal part of the
gauge boson W:

WL
WL g2s2
Moo 2 = s Smiy, (52)
% Mw
Wi

that is, as we anticipated before, partly cured by adding other SM gauge neutral
interactions, i.e. Z and 7y contributions, from which

WL Wi Wi WL

+ z Mocmg S VS T,
z Ty

(53)
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where also the diagrams mediated by the photon, instead of the Z, are understood.
The issue is fully addressed with the inclusion of Higgs interactions:

AN NN
WL WL Wi | W
|
| 2.2
——_——— + I H M gmg — mpy < 875 GeV,
H ! 32mmy,,
|
WL WL W, ' Wp
’V\/\AMA/

(54)

Considering all the possible contributions to this process, involving couplings to
other neutral channels, e.g. Z1 Z;, HH, ZiH, or charged ones, e.g. W{L H, WZ, the
unitarity constraint weakens up to my < 710 GeV. As we are going to see, this bound
is widely conservative: other theoretical arguments will lead us to narrower value
windows.

2.2.2 Triviality bound

The triviality argument [88] states that the SM must be a perturbative theory at all
energy scales: all coupling constants must remain small (less than unity) up to high
energies. The issue, as a matter of fact, rely on the finiteness of the running of the
self-coupling A(u) at very high energies. From the RGE

dA

. /
dlnufﬁk(glg /93/ht/A/--')/ (55)

for very large values of the Higgs mass (and consequently of A), it can be obtained the
following approximate solution for a generic high-energy scale A:

Ba </\2)]] A(Ho)
AA) = A 1— In{ — ~ , 6
(A) = Alio) [ Aio) n3 1— 225A(1o) In (—Qg) (50)

taking the -function as a constant and pp < A as a reference scale, e.g. the vacuum
expectation value v. As the energy grows, the quartic coupling becomes larger and,
possibly, infinite, regardless the initial condition for A: in this case, we will say that the
running A(n) has a pole at the scale Ay, called Landau pole:

Alpp)

Ao
AL = poe 2P . (57)

For energies u 2 Ar the theory can not be described perturbatively any more. The
scalar sector of the SM is a d)4—theory, hence to remain perturbative at all scales, one
needs to have all zero couplings, which means a massless Higgs boson, thus making
the theory non-interacting, i.e. trivial.

Fixing the Higgs mass and using the RGE evolution, it is possible to establish the
energy domain up to which the SM is valid, i.e. the cut off A below which the self-
coupling A remains finite; or, alternatively, fixing the scale A and determine the bound
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Figure 5: The triviality bound (upper red) and the stability one (lower green, see Sec.3.1) on
the Higgs boson mass as a function of the cut off scale A, with a nominal fixed top
quark mass m¢ = 1754+ 6 GeV and os(mz) = 0.118 = 0.002. Figure taken from [89],
in agreement with [9o].

on the Higgs mass for the theory to be still perturbative. For instance, if we assume
A ~ 10" GeV, the upper bound for the Higgs would be my; < 145 GeV at pp = v: this
constraint evolve with the cut off scale as Fig. 5.

Since the measured Higgs mass at the electroweak scale is not too large [see27],
there is no problem with the triviality bound for any value of the cut off A < Mp:
actually, from a rough estimation, we infer that A} > 1038 GeV. This gives us freedom
of choosing the energy scale where new physics can occur, or, alternatively, consider no
new physics at all up to the Planck scale, giving rise to the so-called “desert scenario”.

2.2.3 Hierarchy problem

For this section, we are going to follow the approach adopted in[91].

The lightness of the observed Higgs boson remains unexplained. In the SM, as
we said, the mass terms for fermions and vectors are not allowed by the symmetry
SU(2)r x U(1)y, so they must vanish when the symmetry is restored. This means that
all the masses are proportional to the Higgs vacuum expectation value v, also including
higher orders in perturbation theory, because the renormalisation procedure leaves the
symmetries unbroken. So we will say that any gauge boson or fermion masses are
protected by symmetry: in other words, the point m = 0 is stable under quantum
corrections. In general, if we have an enhanced symmetry for a point in the parameter
space, this would be stable under renormalisation group evolution.

This property is no longer valid for scalar particles: for instance, the Higgs boson
mass my is a free parameter of the theory, unprotected by any symmetry, which im-
plies a tower of radiative corrections proportional to the mass of any particle which
the Higgs is coupled to. It is said that the point my = 0 is UV-unstable.
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Driven by the motivation according to which some new physics has to appear at least
at the Planck scale®, where gravity effects become relevant, we are now supposed to
modify the SM at some scale Agsap > Asm, where conventionally we take Asp ~ my.
If the Higgs boson is coupled to the new physics sector, then it has to face corrections
also due to these new heavy particles, quadratic in their mass M ~ Agsyp. Any UV-
completion of this kind would be problematic for the predictability of the Higgs mass.
In other words, this means that the Higgs particle, in order to preserve its light mass,
has to accommodate many fine-tuned cancellations between unrelated physical observ-
ables, giving rise to the well-known hierarchy® or naturalness problem [92].

It is possible to quantify the amount of fine-tuning required, fixing the boundary
conditions for the RGE at the scale Agsm, where the UV-completion intervenes in the
determination of the masses and couplings [93]:

2 2 2 BSM BSM
mi (A =mi (A )—CA In ( ) — 0~ ’ 8
H(Asm) HU/ABSM BSM Asm ZASM (58)

where C is a generic function of the coupling constants and & stands for the precision
to which the initial conditions at the high scale must be fixed, in order to obtain the
low-energy phenomenology. An arrangement of about 34 digits is required in case the
new physics appear at the Planck scale, for example, in order to have an Higgs mass
of 125 GeV. Of course, the lower the fine-tuning, the smaller the new physics scale:
as reference numbers, an arrangement of percent level implies a new physics scale of
order of TeV.

There exists a certain number of attempt in order to solve or, at least, soften the
issue. Trivially, if we trust the SM as the complete description of Nature, without any
new effects to take into account, then there would be no hierarchy problem: the (renor-
malised) Higgs mass remains an observable that must be determined by experiments
only, unpredicted by the theory, which can provide only lower and upper bounds.
The lack of naturalness in the ratio of the relevant physical scales is then relegated
to a merely eesthetic matter. Another philosophical attitude counts on simply ignor-
ing the problem and accept the SM as a fine-tuned model, as many other models in
Nature: naturalness would be substituted by another guiding principle, for example,
following [3, 4], the near-criticality of the Higgs quartic coupling (and of its 3-function),
between the stable and metastable configuration, or, alternatively, between the broken
and unbroken electroweak phases [94].

Turning to actual solutions proposed, we have to mention first the supersymmetric
approach: the power-law divergences of the radiative corrections to the Higgs mass
could be removed if we have to consider, above the scale of supersymmetry-breaking
particle mass, also the contributions coming from the superpartners of the SM particles,
which carry the most important corrections to the Higgs mass[95]. In this way, due
to the spin-statistic correlation, we have an opposite sign which gives rise to an exact
cancellation of the ill-defined terms, making this solution the most attractive one. Cur-

There are many indirect hints of new physics coming from different fields of research: just to mention a
few of that, we have dark matter observations, baryon asymmetry of the Universe, smallness of neutrino
masses, hierarchies in flavour physics, inflation and dark energy puzzles.

By extension, the hierarchy problem is also referred to the large discrepancy between the strength of the
weak force and gravity, 1032 times weaker than the former.
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rently, supersymmetry and its effects are being tested at LHC, although no evidence
in any direction has been found so far.

In a no-supersymmetric scenario, limiting us in a pure SM background, another
solution to the hierarchy problem has been proposed: since that the uncontrolled ra-
diative correction on renormalisation is referred to the quadratic Higgs term, it can
be supposed that Higgs field has initially no mass, in order to avoid the problem.
Then, an alternative method has to be found in order to recover the dynamical gener-
ation of the electroweak scale, via a non-null vacuum expectation value. The original
method, known as Coleman-Weinberg mechanism [81], takes advantage of the confor-
mal anomaly in order to introduce a mass scale from a symmetry breaking, induced
by radiative corrections. However, the Higgs mass obtained in this way is far too small
than the accepted experimental value.

Less minimalistic models, involving, for instance, extended supersymmetric scenar-
ios (e.g.[96]), a cosmological Higgs-axion interplay as a source of electroweak sym-
metry breaking[97], a R? curvature correction responsible of dimensional transmuta-
tion [98], a conformal conspiracy cancellation [see [93] and related more recent works]
and composite Higgs models [99] are now under scrutiny. In composite models, in
particular, the Higgs is a resonance of some new sector: in this case, there is no point
in considering the Higgs particle itself above its compositeness scale, and so it is auto-
matically protected from any UV-corrections. Again, no experimental hints so far give
us any confidence on these hypothesis.

Also several extra-dimensions approaches were taken to tackle the problem: for in-
stance, it can be shown that the fundamental Planck mass (obtained in n-dimensional
scenario) could be actually small, compensating the strength of the gravitational inter-
action by the number of extra dimensions and their size. These theories are currently
severely constrained by LHC.

Obviously, the Higgs mass could be protected from UV-effects through some un-
known mechanisms: any phenomenon below the Planck scale can be sufficiently de-
coupled from the SM to make its correction irrelevant.



3 ELECTROWEAK VACUUM STABILITY

The main aim of this chapter is to study the vacuum absolute stability conditions for
the SM, starting from the knowledge of the behaviour of the Higgs quartic coupling A
up to high-energy scales. Relying on the current central experimental data, we are led
to a negative value of A at a scale Ay ~ 1010 GeV [100, 3, 63, 66, 12, 4], which means
that, for central values of the input parameters, the electroweak vacuum of the theory
is metastable. A more refined study, as we are going to see, leaves some room (within
few os) for absolute stability, avoiding dangerous tunnellings of the theory towards
possible less energetic true vacua.

3.1 STABILITY AND METASTABILITY

The study of the scale-dependent properties of the Higgs effective potential with no
new physics at sub-Planckian regimes can shed light on some very interesting features
of the SM, revealing intriguing effects on the early-universe physics[101, 102]. On one
hand, the SM can be considered valid up to some energy scale only if the electroweak
minimum is stable, or, at least, metastable. On the other hand, the shape of the Higgs
potential at high energy could have some impact on cosmology, e.g. on the inflationary
dynamics or the reheating stage.

Adopting the usual RG-evolution of the Higgs quartic coupling, we can infer, for
energies higher than the electroweak scale, the behaviour of the SM vacuum, whose
stability is put under pressure by the current central values of the Higgs and top quark
masses, along with the strong coupling constant value. A naive extrapolation would
led to a negative value for the Higgs quartic coupling at some energy scale below the
Planck mass, making the Higgs potential metastable. We already saw that, according
to the Higgs mass measured value, we are in a parameter window in which the SM can
be safely extrapolated up to the Planck scale, avoiding any consistency issue: the fact
that an instability could arise anyway, make a high-precision analysis for the vacuum
stability compulsory.

With the correct estimation of all the experimental and theoretical errors which
plague such a precision analysis, and considering the inclusion of the three-loop RG
equations and two-loop matching conditions, the instability scale, for the central val-
ues of the strong coupling and the top and Higgs masses, occurs at A ~ 10'! GeV
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Figure 6: The instability scale A at which the Higgs quartic coupling becomes negative as a
function of the Higgs boson mass my (left panel) and of the top quark mass my (right
panel). The values used are displayed in the diagrams. Figure taken from [4].

(see Fig. 4), meaning that, at that scale, a non-trivial tunnelling probability to the true
minimum which arise could appear (metastability) [100, 14].

The guiding assumption throughout the work is that new physics possibly shows
up only at a very high-energy scale, at least the Planck scale. Despite the presence
of this new contributions, we assume that they would be suppressed, which implies
that the possible tunnelling rate in the metastable scenario can be calculated from SM
interactions only [4]. Another opposite approach [103, 104, 105] relies on the fact that
any stability analysis would be ineluctably spoiled by the eventual Planck-scale physics
beyond the SM. We will spend few words on that in the partial conclusions at the end
of the chapter.

The SM, as we are going to see in detail, seems to lie on the border between the abso-
lute stability and the metastability regimes, in the so-called near-criticality scenario [4],
where the coupling A and its B-function (3, seem to vanish around the Planck scale.
However, as stated in[4], the smallness of 3 might be due to an accidental cancella-
tion between different large contributions, making the near-criticality scenario a matter
of coincidence. We can wonder if the fact that the Higgs potential is so close to a con-
figuration with two degenerate vacua is telling us something deep [pointed out for the
first time by [106], and resumed, among the others, for instance, by [14]: maybe, the
SM proximity to the critical border may be the most important thing we have learnt so
far from experimental data on the Higgs particle, in the absence of any new physics
hint at low-energy.

The very peculiar value of the Higgs boson mass revealed experimentally could be
explained, in alternative, as the outcome of a threshold relation related to some more
fundamental high-energy theory at the Planck scale: thus it is needed a model able to
drive A(Mp) (and its B-function) to zero [4].
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Figure 7: Different configurations for the second minimum that arises at the Planck scale. Left
panel: the absolute stable potential, where the second vacuum is more energetic than
the electroweak one. In this case we can safely extrapolate the SM up to the Planck
scale. Central panel: critical scenario, in which the two vacua are degenerate in en-
ergy. Right panel: metastable configuration. The second minimum is less energetic
than the low-energy one, and hence a non-zero tunnelling probability appears. The
instable configuration can be imagined by a potential unbounded from below: any
extrapolation in this case is forbidden. Figure taken from [63].

3.1.1  Metastability scenario

We saw that the RG-improved effective potential might develop a second minimum
at ¢, > v: depending on the SM parameters, this new vacuum can be more or less
energetic than the electroweak one [see Fig. 7]. In the first case, the electroweak vacuum
is said to be stable, otherwise it is metastable’, and then turns out to be useful to
consider the lifetime of the false electroweak vacuum T and compare it to a known
time scale. It happens that nucleation of bubbles of true vacuum within the space of
our Universe should lead to a decay of the electroweak vacuum to the state of lowest
energy. If T results very large, even though the electroweak vacuum is not the true
one, our Universe would be steady stable on a metastable minimum. This is the main
difference with the absolute instability configuration, which would led to a dreadful
sudden breakdown of the theory.

Following[91, 4], we can infer that in semi-classical approximation, the quantum
tunnelling rate T, i.e. the quantum probability per unit time, has been computed [107]:

L Ae B4 Om)] ~ Ae St (59)
dv
where dV is the space volume and §({g) is the Euclidean action of the bounce against
the barrier, of size Rg = {3, evaluated in the saddle-point approximation at the solu-
tion of the classical field equation

d’¢y  3dh

—H L2V (dy) =0. 60
2 Vi(en) (60)
1 When the two vacua are degenerate, we found ourselves in the critical configuration, which delimits the
border between the stable and metastable scenarios.

0, 0%pH — V' (dn) =
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Top pole mass M, in GeV

Higgs pole mass My in GeV

Figure 8: SM phase diagram in the m vs. my plane, obtained in [3], divided into the absolute
stability, metastability and absolute instability regions of the electroweak vacuum
and the regime of non-perturbativity of the Higgs quartic coupling. The dashed
lines represent the instability scale in GeV.

The spatial coordinate r runs from the false vacuum v up to the true one. The prime
stands for the first derivative of the effective potential with respect to ¢ . The bound-
ary conditions are

$14(0) =0, dH(oc0) =v—0. (61)

The analytical solution, for negative A, to obtain the tree-level bounce is

~[2 Rg
Pn(r) = \/%RZB T2 (62)

The bounce action is hence given by

872 1
Slte) = R

(63)

At tree level, the theory is function of the only quartic coupling and is scale invariant,
with an arbitrary size of the bounce. This scale is evaluated when I'/dV is maximised:
this means that A({g) has to be minimised, condition satisfied when 3, ({g) = 0. The
degeneracy is broken when we consider the radiative corrections, going to the one-
loop action: the RG flow breaks scale invariance, then the coefficient A can be calcu-
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lated [108]: it is equal to Tu(’,‘é, where Ty ~ 13.8 Gyr is the age of the Universe, used as
reference time scale®. The one-loop tunnelling rate becomes

r 1 TﬁS(fB) —S(EB} _AS[I)
—_— = 7 6
av ~ Pty ( RE© > e (64)

where AS(1) is the one-loop correction to the bounce action. Substituting the solu-
tion (62) in Eq.(64) and constraining the probability to be less than one, we obtain
a lower bound for A, which can be translated in a lower bound for the Higgs mass,
approximately given by [110]

mu > 117 GeV 4+ Amy + A +0.11n <1(>1Télyr) . (65)

This metastability constraint, along with the other theoretical bounds mentioned in
Sec.2.2.1 and in Sec.2.2.2, helps to build the global stability phase diagram [for the
well-known result from Degrassi ef al. [3], see Fig. 8]: the differences between this work
and ours [1] are going to be discussed in the next sections. The instability-metastability
line is drawn imposing T = Ty dealing with the bound above, while our interests are
focussed on the stability-metastability line.

As long as {g < Mp, the analysis is independent on gravitational effects. When
we take into account also gravitational corrections (namely whenever {g > Mp), it
is possible to obtain a lower bound on the tunnelling probability by setting A({g) =
A(Mp). The results, beyond the scope of this thesis, are contained in[111].

It is possible to evaluate the total probability of vacuum decay I'/dV integrating
Eq. (59) over space-time of our past light-cone, to know if it have occurred up to now
(in a matter-dominated cosmology) and in a cosmological constant-dominated scenario,
in order to have a feeling of how much the false vacuum is likely to decay in the
future. The first result is that the probability is independent of the early cosmology
history: I'/dV is very small, as a consequence of the near-criticality regime of the SM
parameters [4]. In the other case, the electroweak vacuum is again likely to survive for
times hugely longer than the age of the Universe.

The smallness of 3, at high energies allows to assume no-physics thresholds around
the instability scale and hence the SM to be valid beyond A1 and up to the Planck scale,
since tunnelling probability remains small.

3.2 STATIONARY CONFIGURATIONS OF THE SM: VACUUM STA-
BILITY ANALYSIS

Two stationary configurations of the SM Higgs potential turn out to be particularly
relevant: the case of two degenerate vacua[106], that is the condition for electroweak
vacuum stability, and the case of a rising inflection point at high energy[19], close
to the Planck scale, which is going to be detailed in Chap. 4, where we are going to
present our analysis [1].

Our goal is to perform a detailed and updated study of the gauge-independent
observables associated with such stationary configurations, building on the recent

2 This number is extrapolated from the latest Planck data[109].
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progress made in both the theoretical and the experimental sides. We extrapolate the
SM Higgs potential up to high energy according to the present state of the art, namely
the NNLO, and study in particular:

i. the value of the top mass ensuring the stability of the SM electroweak minimum,;
ii. the value of the Higgs potential at the rising inflection point.

We examine in detail and reappraise in a critical way the experimental and theoretical
uncertainties which plague their determination.

The inputs necessary to carry out the extrapolation are: the low energy values of the
three gauge couplings, the top quark and the Higgs masses. Since the discovery of the
Higgs boson, a lot of work has been done in the direction of refining the calculation
of the RGE-improved Higgs effective potential at high energy. We use now the tools
presented in Chap. 23, together with a better understanding of how to extract gauge-
invariant observables [82, 14] from the (gauge-dependent) effective potential.

On the experimental side, we already mentioned the crucial improvements in the
measurements of the top and Higgs mass, as long as the updated determination of the
strong coupling constant.

Taking into account all these developments, we update the analyses[3, 63, 4, 66, 12,
112, 2], reappraising in a critical way the experimental and theoretical uncertainties
which plague the determination of the top mass value ensuring the stability of the SM
electroweak minimum.

3.2.1  Ciriticality: Calculation

The state of the art of the NNLO stability analyses in the SM involves the RGE of
all coupling constants up to three-loop level and the threshold corrections at the weak
scale up two-loop order. The reason for that is that we are working with the improved
effective potential and, as it was proved in [113], the L-loop effective potential improved
by (L + 1)-loop RGE resums all the L'"-to-leading logarithm contributions. Therefore,
for the vacuum stability analysis at L-loop, the threshold value at L-loop also will be
needed. The first point is achieved by imposing the renormalisation group equation to
the effective potential in an appropriate choice of coordinates, defined in the space of
fields and parameters. By imposing the RG equation to the new parametrised version
of the effective potential, one is able to reconstruct the full potential since the leading
logarithms have coefficients determined by the tree-level potential and the one-loop
result for the 3- and y-functions. An analogous approach is intended for the sub-
leading logarithms. The crucial point is that the improved potential is obtained in
terms of running parameters in the fields space. For the last point we consider the
improved effective potential, in which, for large fields, A.¢ has the same loop order of
the effective potential as of its threshold value.

In order to derive the values of the relevant parameters (g, g’, g3, ht, A) at the top
pole mass m¢, at which the boundary conditions we use are given, we exploit, in our
work [1], the results of one of the most recent analyses about the matching procedure,

As concerns the matching, although the full theoretical procedure has been presented, we only use, as
anticipated, the inputs from [2].
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performed by Bednyakov et al. [2]. This paper uses as input parameters at mz those
from the 2014 release of the PDG [25]. Such parameters are evolved in the context of
the SM as an effective theory with five flavours, and then matched to the six-flavours
theory at m;. The procedure is carried out by including corrections up to (‘)(océm),
O(ctemas), O(ad), as in general explained in Sec. 2.1.2. The theoretical uncertainties in
the results due to unknown higher-order corrections are estimated considering both
scale variations and truncation errors. The matching is thus carried out at the NNLO
(actually even slightly beyond, because of the strong gauge coupling contribution).

Although in our analysis we use the complete results of [2] (see in particular their
Eq. (6) and tableI therein), we provide here some simplified expressions which capture
the dominant dependences and sources of uncertainty. It is well known that, for the
sake of the present calculation, the most significant uncertainties are those associated
with the determination of gz(m¢), A(m¢), he(m¢), while uncertainties in the matching
of g(m¢), g’(m¢) are negligible. Let us consider the former three couplings in turn,
updating the work above, when necessary, by means of the latest (September 2015)
release of the PDG [59].

GAUGE COUPLINGS. The uncertainty in the value of g3(m) is mainly dominated by
the experimental error on the !’ value, the strong coupling constant at mz in the SM

with five flavours:

(5) _ (5.exp)

~ 3% %
gz(m¢) ~ 1.1636 +5.8 x 10 AagS'eXp) , (66)
where the present world average experimental value, already given in (33), is och’eXp) =

0.1181, and its associated 1o error Aoch’eXp) = 0.0013 have been used as reference

values. Notice that in[2] it is used instead as reference value ocgs’eXp) = 0.1185, with
1 o error given by Aa&S’eXp) = 0.0006 [25]; previous analyses like e.g.[3, 63, 4], used
oc§5'e”’) = 0.1184, with 1 o error given by Aoch’eXp) = 0.0007 [114].

HIGGS QUARTIC COUPLING. The uncertainty on A(m¢) is dominated by the exper-
imental uncertainty on the Higgs mass my and by the theoretical uncertainty asso-
ciated with the matching procedure (scale variation and truncation, here added in
quadrature)

___exp
A(my) ~ 0.7554 + 2.9 x 1073 % +48x1073, 67)
H

where we used as reference values the most recent ATLAS and CMS combination#, as
anticipated in (27), my;" = 125.09 GeV, with 1 ¢ error given by Am;;P = 0.24 GeV [31].
Notice that in Eq. (67) the theoretical error is pretty large, being equivalent to a 1.6 ¢
variation in my. In the previous literature there is some difference about the size of the
theoretical error: for instance, the theoretical error of the recent analysis by Bednyakov
et al. [2] is about the half of the one quoted in the well-known analysis by Degrassi et

Again, we update the result of [2] by using the most recent LHC data, instead of my|? = 125.7 GeV and
AmilXp = 0.4 GeV, quoted in the 2014 version of the PDG [25]. Notice also that within our normalisation
the value of A is six times the one of [2].
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al. [3], due to the inclusion of all corrections up to O(cxém), O(cemts), O(oc‘s‘). On the
other hand, Buttazzo et al. [4] quote an error which is five times smaller than the one
of [3]. According to another previous similar analysis[12], the upper error is as small
as the one of [4], but the lower error is indeed consistent with [3]. Clearly, it would be
worth assessing and further refining the present error in the matching of A.

TOP YUKAWA COUPLING. The uncertainty on h{(m) is essentially affected by the
experimental error on the top pole mass m, itself, but also the theoretical uncertainty
associated with the matching procedure (scale variation and truncation, here added in
quadrature) is sizable

— mEP

e (me) =~ 0.9359 + 4.4 x 1073 "”Amiexp +14%1073, (68)
t

where we used as reference value for the top mass m; ¥ = 173.34 GeV, with an error
Am{*? = 0.76 GeV. The theoretical uncertainty in Eq. (68) is consistent with the one
of 3, 4.

It is clear that when A(t) becomes negative, the Higgs and Goldstone contributions
in Eq. (42) are small but complex, and this represents a problem in the numerical anal-
ysis of the stability of the electroweak vacuum. Indeed, in[3, 4] the potential was
calculated at the two-loop level, but setting to zero the Higgs and Goldstone contribu-
tions in Eq.(42). In[12] it was decided to calculate the potential only at the tree-level
because, for the sake of the analysis of the electroweak vacuum stability, the numerical
difference with respect to the previous method was negligible.

As clarified, in general, at the end of Sec.2.1.3, some authors [115, 86] recently
showed that the procedure of[3, 4] is actually theoretically justified when A is small
(say A ~ h): in this case, the sum over p does not have to include the Higgs and Gold-
stone’s contributions, which rather have to be accounted for in the two-loop effective
potential, which practically coincides with the expression derived in[3, 4].

For the stationary configurations we are interested in — two degenerate minima and
a rising point of inflection — it happens that A is small (and could be negative): we thus
adopt the procedure outlined in [86].

3.2.2 Criticality: Results

As discussed in the previous section, once my and oc£5) have been fixed, the value of
the top mass for which the SM displays two degenerate vacua, mg, is a gauge-invariant
quantity. This value is however plagued by experimental and theoretical errors, which
we now discuss in turn.

The experimental error is the one associated with the precision at which we know
the input parameters at the matching scale m{. The uncertainty on m{ due to varying
ol inits 1o range is £0.37 GeV, while the uncertainty due to varying my inits 1o
range is £0.12 GeV. This can be graphically seen in Fig.9, where m{ is displayed as

The latter quotes an error on the matching of h¢ which is three times smaller than the one in Eq. (68), but
includes an error of O(Agcp), i.e. about 0.3 GeV, in the definition of m, to account for non-perturbative
uncertainties associated with the relation between the measured value of the top mass and the actual
definition of the top pole mass, issue already discussed in Sec. 2.1.2.
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Lines for which the Higgs potential develops a second degenerate minimum at high

energy. The solid line corresponds to the central value of ocgs) ; the dashed lines
are obtained by varying ocgs) in its experimental range, up to 3 0. The (red) arrow
represents the theoretical error in the position of the lines. The (green) shaded re-
gions are the covariance ellipses obtained combining mM¢ = 173.34 4 0.76 GeV and
mﬁqD = 125.09 £ 0.24 GeV; the probability of finding mi\/lc and my inside the inner
(central, outer) ellipse is equal to 68.2% (95.5%, 99.7%). The shaded area at the bot-
tom of the figure is the parameter space where absolute stability takes place. The
figure is contained in[1].

),' in particular, the solid line refers to its

central value, while the dotted, short and long dashed lines refer to the 10, 20 and
3 o deviations respectively. In the region below (above) the line the potential is stable
(metastable).

Theoretical errors come from the approximations done in the three steps of the cal-

culation:

sion.

As

matching at m¢, running from m¢ up to high scales, effective potential expan-

already seen in Sec. 3.2.1, the theoretical error in the NNLO matching (scale

variation and truncation) of A is equivalent to a variation in my by about 1.6 ¢
(£0.38 GeV), which in turn means an error on m{ of about £0.19 GeV. The
theoretical error in the NNLO matching (scale variation and truncation) of h; is
equivalent to a variation in m¢ by about 0.3 o, which translates into an uncertainty
of about +£0.25 GeV on m{. Combining in quadrature, the theoretical uncertainty

on

m¢ due to the NNLO matching turns out to be about +£0.32 GeV: this means
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Figure 10: Dependence of m{ on «, for the increasing level of the effective potential expansion.

We choose the central values for my and ocg5). The figure is contained in [1].

that the position of the straight lines in Fig. 9 can be shifted up or down by about

0.32 GeV, as represented by the (red) arrow for the central value of ol

The theoretical uncertainty associated with the order of the -functions in the
RGE can be estimated by adding the order of magnitude of the unknown subse-
quent correction. For the NNLO, it turns out that the impact of the subsequent
four-loop correction on m§ is of order 107> GeV, thus negligible.

A way to estimate the theoretical uncertainty on m{ associated with the order of
the expansion of the effective potential is to study its dependence on «. In Fig. 10
we show this dependence by varying « in the interval 0.1 — 10, while keeping the
other parameters fixed at their central values. For comparison, we display the
dependence obtained by performing the calculation of the effective potential at
the tree- (long-dashed), one-loop (short-dashed) and two-loop (solid) levels. A
few comments are in order here. The renormalisation scale 1(t) depends on « via
Eq. (45) so that, at the tree level, the Higgs potential does not depend explicitly
on p(t), but only implicitly via the dependence of the running couplings; for this
reason, in Fig. 10, the dependence on « for tree level is negligible, and we find
m{ ~ 171.02 GeV. At one-loop the dependence on « is explicit, but the variation
is anyway small, being about 0.05 GeV. The two-loop order further improves the
independence on «: we can conclude that the error on m§{ at the NNLO is very
small, £0.005 GeV.
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Figure 11: Lines for which the Higgs potential develops a second degenerate minimum at high

energy. The solid line corresponds to the central value of ocgs) ; the dashed lines are

obtained by varying ocgs) in its experimental range, up to 3 0. The (red) arrow rep-
resents the theoretical error in the position of the lines. The (green) shaded regions
are the covariance ellipses obtained combining m{MS = 172.38 + 0.66 GeV [116] and
my; P = 125.09 +0.24 GeV. Again the shaded area at the bottom of the plot is the
absolute stability region. The figure is contained in[1].

Summarising, the theoretical error that mostly affects the NNLO calculation of m§
is the one in the matching, while those in the truncation of the loop expansion in the
B-functions and in the effective potential expansions are negligible.

We can conclude that the result of the NNLO calculation is

m{ =171.08 £0.37, £0.121,, £0.32¢1, GeV, (69)

where the first two errors are the 1 o variations of ocgs) and my.

Our results for the value of m¢ update and improve® and, modulo the doubling of
the experimental error in oc£5), are essentially consistent with, those of the most recent
literature [3, 63, 66, 12, 4, 2].

The above value of m{ has to be compared with the experimental determination of
the top pole mass, m;. The present value of the MC top mass is mMC = 173.34 +

0.76 GeV [74] and would imply a difference with m¢ at the level of about 1.7 0. This

6 The calculation of the theoretical error associated with the truncation at the two-loop order has (to our
knowledge) not been shown so far.
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can be graphically seen in Fig. 9, where the (shaded) ellipses are the covariance ellipses
for a two-valued Gaussian density, obtained by combining the present experimental
values of the MC top mass and Higgs mass, so that the probability of being inside the
smaller, central and larger ellipses, is respectively 68.2%, 95.5% and 99.7%. However,
as discussed in Sec. 3.2.1, the uncertainty in the identification between the pole and
MC top mass is currently estimated to be of order 200 MeV [77, 78] (or even 1 GeV)
for the most conservative groups[75]): this would further reduce the difference, say
at the 1.50 level. Statistically speaking, a tension at the 1.5 o level supports stability
and metastability at the 14% and 86% C.L. respectively. Physically speaking, in our
opinion, it is even too strong to use the term “tension”in such a scenario.

CONCLUSIONS. As a result, the updated calculation of the experimental and theoret-
ical uncertainties on mg, in addition to the uncertainty in the identification of the MC
and pole top masses, lead us to conclude that the configuration with two degenerate
vacua is at present compatible with the experimental data.

Our conclusions agree with those of [2]. Previous claims that stability is disfavored
at more than the 95% level [3, 4] are due, in our opinion, to the previous underestima-
tion of two uncertainties — the experimental one in the determination of «!>) and the
theoretical one in the identification of the MC and pole top masses —, together with
a less conservative interpretation (with respect to ours) of the significance of the re-
sults. For the same reasons, we do not feel confident in strongly excluding stability, as
claimed in other works like [13, 117].

It is clear that, in order to discriminate in a robust way between stability and metasta-
bility, it would be crucial to reduce the experimental uncertainties in both m and oc£5).
A reduction of the theoretical error in the matching would also be welcome.

As a final remark, notice that a recent measurement of the top pole mass by the
CMS Collaboration suggest a value of m{MS = 172.38 4+ 0.66 GeV [116]. The shaded
ellipses in this case would change as shown in Fig. 11, and the discrepancy with m¢
would thus further decrease, at less than 1 0. It will be very interesting to see if such a
low value will be confirmed by future LHC data. Also some more rumors about some
refined recent Higgs mass measurements, amounting to slightly lower values with
respect the current central one, seem to suggest a tenuous shift towards the stability
regime. Official future data are welcome.

Throughout this analysis we assumed the SM to be valid all the way up to the Planck
scale” and we noticed how the stability of the SM can be very sensitive to the higher-
order radiative corrections. Near the cutoff of the theory, large Planckian effects are
possible, but without a satisfactory comprehension of quantum gravity effects (with a
reliable UV-completion of the theory) there is no hope to calculate them. The usual
approach in this sense is to consider a tower of a non-renormalisable operators sup-
pressed by the cutoff in an effective theory scenario below Mp [103, 104, 105, 118, 119,
14], leading to a modification of the SM Higgs potential, e.g.:

Ae ¢° | Ag 9° '

The scale at which gravitational effects become non-negligible is conventionally assumed to be the Planck
scale, as we are going to do throughout this thesis, but some recent works has shown that this energy is
model dependent.
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Without any protecting symmetry, these corrections have to be taken into account. In
this way, assuming O(1) values for the new unknown couplings, here represented
by A¢ and Ag, treated as free parameters, it is in principle possible to estimate the
impact of gravitational physics. The effects of these higher-order operators turn out
to be heavily dependent on the choice of the free couplings towards both stability
and instability: it is not clear why gravitational physics should make the potential
more unstable or vice versa. The theory, when predictions happen to depend on a
number of parameters larger than the number of predictions themselves, ceases to be
predictive. This philosophical attitude (see [103, 104, 105] and related works) is actually
based on the belief according to which a high-precision vacuum stability analysis, as
the one performed here, is, by its nature, not conclusive, because severely limited by
our ignorance about the physics beyond the SM. The approach of Eq. (70) has however
raised some concerns[120], as the method is based on an effective theory expansion
that breaks down when ¢ ~ Mp. The use of an effective theory close to its cutoff
might not be fully reliable.

3.3 GAUGE (IN)DEPENDENCES

In order to deal with the two particular stationary configurations considered, we
have to handle the well-known gauge dependence of the RGE-improved effective po-
tential. For instance, we know that the value of the top mass corresponding to the
stability bound does not suffer from this issue [4]. We want to provide a general proof
of this result, generalising it also to any stationary point in the potential.

Let us start from the argument presented by Di Luzio and Mihaila [82] for the case
of two degenerate vacua (here we focus on m¢ instead of my).

We assume that all the parameters of the SM are precisely determined, except for
the top mass. After choosing the renormalisation scale p, the RGE-improved effective
potential (2.1.3), Veg(d, my; &), is a function of ¢, the top mass m¢, and the gauge-fixing
parameters, collectively denoted by &. my is actually a free parameter, whose variation
modifies the shape of the effective potential, as sketched in Fig.12 for the Landau
gauge. Starting from top to bottom, the shape of the Higgs potential changes, going
from stability to instability by increasing the top mass.

The absolute stability bound on the top mass can be obtained by defining a critical
mass top mass my, for which the value of the effective potential at the electroweak
minimum ¢, and at a second minimum, ¢, > .y, are the same:

O Vst _ OVesr
ad) d)ew/m(t: ad)
Slightly lowering my, one finds another particular value of the top mass, m?c, such that
the Higgs potential displays an inflection at ¢i > $en:
OVt _ OVegs _ 02 Vet
0 $ew,mi 0 bi,mi , o2 $bi,mi
Due to the explicit presence of & in both the conditions, it is not obvious a priori

which are the physical (gauge-independent) observables which we could work out in
the analysis.

=0, Vett(Pew, mi; &) = Ves(de, mi;€) =0 (71)

(bc/mg

=0. (72)
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Figure 12: Sketch of the shape of SM effective potential at high energy in the Landau gauge,
for increasing values of the top mass, from top to bottom. Two peculiar stationary
configurations can be identified: two degenerate vacua (criticality) and a rising
point of inflection, associated respectively with the values m¢ and mt. The figure is
contained in[1].

The guideline in capturing the gauge-invariant content of the effective potential, is
given by the Nielsen identity (46), where we leave the correlator C(¢, &) undefined,
because it will not be needed for our argument. The identity tells us that Vig(d, &) is
constant along the characteristics of the equation, which are the curves in the (¢, &)
plane for which

&
Cld, &)
In particular, we can conclude that the effective potential is gauge independent

where it is stationary. Due to the fact that the value of the effective potential at any
stationary point ¢ (as it is the case for ¢ew, $c and ¢;) is gauge invariant

d§ =

do. (73)

OVer(, ) R OVere( D, &)

= =0,
a(b bs,my aE’ bs,my (74)

its value at the extremum can be calculated working in any gauge, e.g. the Landau
gauge
Veit(ds, me; €) = Vert(bg, me; 0), (75)

where d)% is the field evaluated at a stationary point, in Landau gauge.

We want to check explicitly that, contrary of ¢, the particular values of m ensuring
the criticality m¢, and an inflection point m!, are gauge independent. Let us call them
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collectively m$ (s = ¢, 1), and denote by V; the associated value of the effective potential
in the Landau gauge:

veff((bs/ mi; E») = veff((bg/ mizo) = \75 . (76)

Inverting Eq. (76) (together with the stationary condition) would yield gauge-dependent
field and top mass values: ¢s = ¢(&) and m§ = mg(&). We apply a total derivative
with respect to & to Eq. (75) and obtain

O Ve
0¢,

O Vg

omg N OVesf s
pom; Ot

poms 06 0 g me 0L

0, (77)

where the third and first terms in the left-handed side (lhs) vanish because of the sta-
OVest

tionary condition and the Nielsen identity, respectively. Since in general 7+ o
szm*?

0, we obtain that

omg
0¢,

We can conclude that the peculiar values of m; ensuring the stationary configurations,
like two degenerate vacua or an inflection point, are gauge independent.

Notice that the above argument can be easily generalised to the case in which we
treat as free parameters not only the top mass, but all other input parameters entering
in the calculation of the effective potential, as, for instance, the Higgs mass and «;. Let
us call them f = (m¢, My, &s, ...), so that Veg (b, f: £). In this case, the generalisation of

Eq. (77) is simply:

OVege
¢,

=0. (78)

OVege
of;

0ds

of? n O Ve
¢.,F 08

¢, 06 00

=0. (79)

bs, F5

As before, the last and the first terms in the lhs vanish because of the stationary con-

dition and the Nielsen identity, respectively. Since in general % . # 0, we obtain
g, f

¢
again %]z = 0. Hence, the result remains valid for any input parameter.

Working in the Landau gauge is thus perfectly consistent in finding the value of the
effective potential at a stationary point, Vs, or the value of the top mass which ensures
it. Nevertheless, one has to be aware that the truncation of the effective potential loop
expansion at some loop order, introduces an unavoidable theoretical error both in V;
and in m§. For this sake, as shown explicitly in Sec.3.2.2 and in the next chapter 4.2,
we studied the dependence of Vi and m§ on the o parameter, introduced in (45). From
Fig. 10, the higher the order of the loop expansion, the less the dependence on . In
the next chapter, we are going to study in detail the case of another stationary point
of interest: a rising inflection point at high energies, in the context of a pure SM
inflationary scenario.
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4 THE INFLATIONARY FRAMEWORK: THE
INFLECTION POINT CONFIGURATION

Besides the critical configuration in the stability analysis of the SM, performed in
the previous chapter, we want to repeat the calculation for another stationary point
in the pure SM scenario. The Higgs potential, tuning properly the top quark mass,
being fixed the Higgs mass value, could develop an inflection point at high energy:
it is tempting to take advantage of this feature for a possible realisation of an infla-
tionary phase[19, 18, 17, 121]. The Higgs boson, here playing the role of the inflaton,
rolls down gently along its well-shaped high-energy potential, giving us some hope
in providing a suitable amplitude of scalar perturbation and a long enough expansion
phase, in order to solve the early Universe issues related to its initial conditions.

This inflationary model has to face, obviously, the experimental constraints on the
cosmological observables, introduced in the first part of the present chapter.

In Sec. 4.1 we will review the main aspects of inflation, included its historical de-
velopment, introducing all the relevant physical quantities and their related current
experimental windows. When all the useful tools are settled, in the last part of the
chapter [Sec. 4.2] we will propose a detailed analysis of the inflection point configura-
tion, reappraising all the experimental and theoretical errors which have to be taken
into account in the proper determination of this stationary point[1]. The final attempt
to build inflation on this shape of the SM potential will be given then at the end of the
chapter, including some partial conclusions.

4.1 GENERAL NOTES ON INFLATION

We recap here the most important concepts related to the inflationary framework,
starting from the motivations for its introduction, following the approach used in [122]:
in Sec. 4.1.1 we summarise briefly the two most problematic issues of the early stages
of the Universe, the flatness and horizon problems, and try to solve them with an
inflationary phase [Sec.4.1.2], characterised by a slow-roll dynamics [Sec.4.1.3]. In
the second part of the section we define the fundamental inflationary observables,
outlining the experimental state of the art [Sec. 4.1.4].
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4.1.1 Issues of the Standard Cosmological Model:
flatness problem and horizon problem

Despite its astonishing success, the Standard Cosmological Model (SCM) has some
problematic aspects. Some of them are related to the present era, as the dark matter
and the dark energy puzzles (which are beyond the scope of this thesis), and others are
referred to the very early universe. We will focus on the latter, intimately connected to
the inflationary model.

FLATNESS. The first problem, called “flatness problem”, refers to the spatial curva-
ture scale and its evolution in the SCM. Let us consider the ratio

o(t) = spatial curvature Lu(t) vk

_= = — 8
space-time curvature L.(t) aH (80)

where Ly (t) = [H|™' is the proper length associated with the Hubble radius and con-
trols the space-time curvature, and L«(t) = (|x[/ a?)~1/? is the proper length which
controls the radius of the three-dimensional space part of the Friedmann-Lemaitre-
Robertson-Walker (FLRW) metric (the inverse of curvature). a is the scale factor of the
universe evolution, k the curvature parameter and H the Hubble parameter, defined as
H = a/a. We can notice that

K

2 _ _
p(t) _QK_WI

(81)

where Q is the usual symbol to identify the spatial curvature contribution to the total
energy density of the Universe, in unit of critical density. Experimentally, from the
updated PDG data[25], we know that 0 < k/(apoHp) < 0.012 (the subscript stands for
the epoch in which the quantity is measured: “0” defines the current era) and this
means that the current spatial curvature is less than the space-time one: py < 0.1. If
we try to extrapolate the ratio p(T) down with the past, it is easy to obtain that, within
the SCM, it has to be smaller and smaller, leading to highly non-symmetric initial state
for our Universe. At the Planck time (about 1044 GeV), for instance, when Hp = Mp
(Planck epoch), according to the SCM, we know that the evolution laws for radiation
and matter are, respectively

radiation: a~t'"3 ~H""2, matter: a~t?/3~H2Z/3, (82)

from which

tp aoHo  agHoGeqHeq < Ho >1/3 (Heq>”2

= = 8

where with the subscript “eq” is intended as the radiation-matter equilibrium epoch.
Substituting the experimental values [25]

Ho~32hx 10718 s T ~87h x 107®"Mp, with h=0.673+0.006,  (84)

336m2\ /% T2
Heq = [ & %4 ~1.8x107>°Mp, with Teq =147 x10* K~ 13 eV,
90 Mp
(85)



Figure 13: Space-time diagram in which the evolution of the Hubble horizon H~! (dashed
lines) and the scale factor a (solid lines) are shown. The vertical axis is the time
dimension, while the horizontal plane represents a bi-dimensional section with t =
const. The inflationary phase goes from t; to t¢, the standard one from t¢ to ty and
the shaded areas are the causally-connected regions at different epochs. Today, at
to, the observable portion of Universe is contained in the Hubble radius H:', but,
at the beginning of the standard phase t¢ that region was larger than the horizon
Hf_]: the solution to this paradox resides in the fact that the causally-connected
area was born from a initial portion of space completely contained in the Hubble
horizon H;] and so, causally connected at the beginning of inflation. Figure taken
from [122].

we obtain

pp ~1073%, < 10737 (86)

Thus, the SCM requires very fine-tuned initial conditions, with a spatial curvature
incredibly suppressed with respect to the space-time one.

A possible solution is the introduction of a special initial phase, inflation, in which
p(t) decreases (instead of growing) with time. Then it is possible to start from natural
initial conditions, i.e. p ~ 1, and suppress p in order to match the initial stage of the
subsequent standard evolution.
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HORIZON. A very similar issue, which could be solved by an inflationary phase, is
the so-called “horizon problem”. We consider again a ratio p(t), now defined as

o(t) = - horizon radiu.s _ H! _ l B 0. (8)
inner space radius a a t—0

For the SCM (a ~ tP, t > 0 and 0 < § < 1), there is a particle horizon of radius dp(to),
defined as the spherical surface centred in the observer position at present time. This
particle horizon divides the unobserved space regions from the already observed ones:
the points outside, with d > d,(to), are not causally connected with the origin at the
time to, but they may become so at later stages t > to.

It can be shown that, still within the SCM, dy, (to) ~ RH~'/(1 —B), while the inner
portion of space has a volume which scales as a3. These are the reasons according
to which the ratio (87) becomes smaller and smaller, going towards the early universe.
Follows that the portion of space currently inside our observational area was much
larger, in the past, than the horizon dp: it contained for sure space regions not causally
connected.

The initial conditions that emerge from this scenario push us to wonder why the
portion of Universe we observe today is so homogeneous and isotropic, or, equivalently,
why the cosmic radiation temperature is nearly the same in every point of the space.
According to the SCM, the different space regions which we can observe today were
unable to interact and thermalise in such a uniform way.

The solution, again, could be found in a trend inversion in the evolution of the ra-
tio (87), putting by hand an inflationary phase before the standard one: if p(t) decreases
in time during inflation, the space portion contained initially in the particle horizon
would expand faster than the horizon itself and, at the end of the inflationary phase,
the causally-connected region is much larger than the horizon radius at that epoch. In
other words, we restored the apparently non-natural initial conditions required by the
following standard evolution [see Fig. 13].

4.1.2 Solving the issues: Hubble flow and amount of inflation

The basic idea is to assume an accelerated phase (d > 0), which implies that the
Universe was filled with some kind of vacuum energy of negative pressure, satisfying

p+3p <0, (88)

where p and p are the energy density and the pressure of the dominant cosmic fluid,
respectively. This new field should suppress the contribution of radiation and matter
at very early times, fact that is not in contrast with the SM, due to the very high
energy regime. In order to solve this two problems, mentioned in the previous section
(along with others, less relevant), the inflationary phase has to last for a sufficient
period, in which the expansion has to be efficient enough: during inflation, the ratio
p should decrease from an initial value p; up to a final value ps < p;i, large enough
to accomplish the subsequent increase from p¢ to pp, due to the standard phase. The
necessary condition is

ne
i
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pr o pr |ne|
o

, 8
Pi  Po (89)




4.1 GENERAL NOTES ON INFLATION \

where it is shown the same relation expressed in terms of the conformal time 1, in
which the ratio p is linear'. The absolute values of the two fractions are taken, because
the inflationary parameters are usually parametrised as power of the conformal time
on a window of negative values (co <1 <1¢ < 0).

The acceleration condition implies

d>0—>i(aH)1<O—>l(e1—1)<0, with €1E_}i:d(11r]l\jH’ (90)
where N is the e-fold number, defined as
dN =dIna = —Hdt. (91)

Then, inflation takes place as long as €7 < 1. When this €; parameter reaches one,
inflation must end in order to give rise to the standard cosmological evolution. The
condition (89) can be expressed as

1/2
ar Qeq ap Tf ) 1 <Teq)
N=In{—|ZIn|— (— =1In +=In , 2
<Gi> [ ar (aeq> ] (Teq 2 To (92)
where the behaviour of the temperature T is given by the relation T ~ a~!, and the
numerical values are in Eq.(84) for Teq and Tp = 2.73 K. The only unknown term is
related to the epoch of transition between the inflationary expansion and the standard

evolution. Taking for T¢, as a reference value, a typical temperature of the grand
unification scale, of order T ~ 10'® GeV, from the Eq. (92), we have the constraint

N >1n10% ~62, (93)

which is the minimal value that the e-fold parameter must assume in order to solve
the flatness and horizon problem. Indeed, such a phase allows the largest scale we
observe today to be inside the horizon at early times. In general, a total number
N 2 50 — 60 is enough to explain the thermalisation of the largest observational scale at
present. The flatness problem is faced by means of the same mechanism: a decreasing
comoving Hubble radius (aH)~ " drives Qy to unity: after inflation, the curvature will
start diverging, as it happens in a universe filled with ordinary matter. Notice that the
same amount of inflation needed to solve the horizon problem is needed to retrieve
the flatness we measure today.
A second important parameter which controls the amount of inflation is

dlne;q
2=y (94)

We can see that the condition |e;| < T implies a small variation of e;, guaranteeing
enough duration for the process.

In principle, it is possible to construct an infinite number of these Hubble flow func-
tions e, taking iteratively the logarithmic derivate of the (i — 1)-Hubble function [123].

The conformal time is related to the usual (cosmic) time via the relation dt = a(n)dn, and so a ~ 1P and

da/dn = /7. In the radiation-dominated epoch hence we have a ~ 1, while in the matter-dominated era
2

a~n-.
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The first of these quantities is conventionally taken as the Hubble parameter itself:
€0 = H.

The first proposal of inflationary model[124] relies on a perfect fluid as a source
of the expansion, with equation of state p = —p. From the equation of motion of
the standard cosmology p + 3H(p +p) = 0, we obtain p = 0, from which p = —p =
—A = const., where A can be identified with the cosmological constant. For this type
of source, the Friedmann equation® has an exact solution, called de Sitter solution,
according to which the scale factor satisfies the following evolution rule

1/2
alt) = M, with Ha = (A2> - (95)
3M2

valid for any value of the cosmic time and in the case of flat space-time (k = 0). This
solution gives an expanding universe with constant acceleration

H=H,, H=0, ngZA, (96)

which admit an event horizon of radius H™'. The condition of enough inflation, in this
case, leads to a lower bound for the e-fold number: N = IneHaltr—t) — H, At > 62,
from which we notice the huge exponential growth of the scale factor in a time interval,
relatively small with respect to the evolution scale H ;' of that epoch.

4.1.3 Slow-roll dynamics

The de Sitter model, however, is not satisfactory from a phenomenological point of
view: the inflationary phase must stop at some stage and there should be, already
included in the model, a transition to the standard cosmological phase. According
to de Sitter, in fact, inflation is eternal[125], and the attempts in order to permit a
“graceful exit” have not proven themselves convincing.

Much more success is reserved to inflationary models in which the expansion is
only quasi-exponential, the curvature is not constant, but slightly decreasing and the
scalar field, source of the metric, rolls down slowly along a stretch of a gently sloping
potential, instead of remain trapped in a minimum. These models, called slow-roll
inflationary models, are capable of sustain an accelerated expansion phase and, simul-
taneously, to lead the system towards the standard cosmological phase. The scalar
tield which drives the accelerated phase is also called inflaton.

Starting from the Einstein equations of General Relativity and limiting to FLRW geometries, we found:

. 2 K _
2H +3H* + Py i —8nGyp,
along with the energy conservation already used

p+3H(p+p) =0.
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Figure 14: The inflaton slowly rolls down and stops at ¢+, starting from ¢en g, al lest around
60 e-folds before the end, giving rise to a quasi-exponential expansion. When the
scalar field reaches the minimum, inflation ends and the standard evolution starts
to dominate.

It is easy to verify that a slow evolution of the scalar field and of the geometry lead
to an efficient inflationary phase. Let us suppose that the variation of the first Hubble
function €7 is small and constant, such that

H .
er=ry <1, €1 ~0. (97)
We have that e;dt = —dH/H? — €1t ~ H! = a/q, from which, integrating again,

1
a(t)~t'/€1,  where - > 1. (98)
1

Hence, this scale factor describes a power-law inflationary phase. Eq.(97) is named
slow-roll condition.

Let us now better characterise the slow-roll model, obtaining the constraints on the
scalar field ¢ and its potential V(¢). The action of a scalar field minimally coupled to
gravity is

4 Mlz) 1 TR
§=|d"xv—g —— R+39 0. $p0vd — V()| , (99)
where g stands for the determinant of the metric g*Y. The variation of the action

with respect to the metric gives the field equations, while, with respect to ¢, gives the
equations of motion for the scalar field:

V.V +V' =0, (100)
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where V|, is the covariant derivative in General Relativity (GR)?, from which we can
define the covariant divergence V,V*$p = V. (g"v0 ).

Finding solutions embedded in a FLRW metric ds?> = dt? — a(t)?|dX|* , spatially
flat, we assume that the inflaton is homogeneous: the components of the energy-
momentum tensor T, are

T8 =plt) = 562 +V(0), T =—p(sl =5} (302 V(@) . Gon)

For a constant field ¢ = 0, we retrieve the de Sitter solution p = —p = —V = const.
Manipulating the Friedmann equations [see footnote n.2 of this chapter], we obtain,
from (100), the equation of motion for the inflaton

d+3HP+V' =0. (102)
A slow evolution implies the following conditions:
H < H?,  [dI<HPl, d*< VI, (103)

from which we can work out two fundamental approximated relations

_v
M3’
3Hp = —V'. (105)

3H? (104)

The goal is to relate the €1 parameter with the slope of the potential: taking the deriva-
tive with respect to ¢ of (104) and dividing by 3H?, we have

H 1V H' ¢ 1V
W26 9T THH T IVH (106)
Furthermore, dividing by 3H? Eq. (105), we have
LR
=My (107)
from which, putting together with Eq. (106), we can define
N 2
€1~ e= ZM% <\\//) , (108)

called (first) slow-roll parameter, only approximately equal to the Hubble function €1:
the main difference is that the former relies on the specific form of the inflationary
potential, while the latter is simply proportional to the Hubble parametert. In any

In general, for a generic four-vector A", it is defined Vo AM = 04AH + I"“B AR while for a scalar

field Vo (AFA L) = 0x(AFAL). With FOCB " we represent the Christoffel connection of the metric, i.e. a
combination of derivatives of the metric.

Strictly within the slow-roll approximation, the slow-roll parameters are related to the Hubble flow func-
tions through the relations

o~ (V/3)1/2, e1~e, ey~—4e+2n.



case, the logarithmic variation of the potential must be very small on scales of order of
the Planck length, equal to the reciprocal of the Planck mass, in natural units.

It is customary to introduce a second slow-roll parameter 1 (not to be confused
with the conformal time: unfortunately, following the usual conventions, they are both
indicated by the same symbol) which controls the second derivative of the potential

A%
"
n=M3 <V> . (109)

The conditions ¢, [n| < 1 guarantee that the inflaton acceleration ¢ is small with respect
to the inertial term 3Hg, due to the gravitational interactions. When this term start to
be dominant, the two slow-roll parameters become of order one and inflation stops.

It is useful to define also a third slow-roll parameter:

CEM% (V V> . (110)

\%

One of the first simple slow-roll model proposed, considers a generic power-law
behaviour for the potential V(¢$) ~ ¢™, with n > 0. In this case the slow-roll conditions
for ¢ and n are satisfied if

d)z/Mlzg > 1. (111)

If n = 2, the model is quadratic in the potential and it was originally proposed as a
typical example of slow-roll inflation [126]. It is known as “chaotic” model, because it
deals with a primordial cosmological system in which the starting values of the inflaton
are casually distributed in different regions of space. Only in the space portions where
the condition ¢2 > M3 is satisfied, the universe inflate and slow-roll takes place.

The success of these models resides in the fact that the condition(111) assures a
duration long enough for solving the horizon and flatness problem simultaneously: if
we compute the number of e-folds in the framework described above, we obtain

(v )
=— L——, (112)
2n \M3 M3

we see that the condition of sufficient inflation N >> 1 is easily achieved (the smaller n,
the better).

The other strength point of this way of thinking refers to the fact that ¢ and n are
not constant here, but grow slowly during inflation ¢ ~ 1 ~ ¢ 2, as long the inflaton
goes towards the minimum of the potential. Near the minimum, the velocity increases
and the slow-roll conditions are no more valid: inflation ends and the effective mass
term V" becomes comparable to H2. This means that the solution for ¢ turns out to
be suddenly oscillating: physically speaking, in a process call reheating [for a review
see [127]], the inflaton can, in principle, decay, producing the SM particle and radiation,
which are going to become dominant in the following standard evolution.

4.1.4 Inflationary observables

The discovery of the Cosmic Microwave Background (CMB) in 1965 [128], began a
new scientific era, where (almost) all speculations about the Universe and its evolution
found scientific validation.
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Figure 15: CMB angular power spectrum of temperature anisotropy measured by Planck, in
the 2015 release [109]. As we can see, the SCM fits extraordinarily the experimental
data, and so, from every peak in the spectrum we can extrapolate a lot of informa-
tion about our Universe evolution. { stands for the angular coordinate: an angle 0
in the sky is identified as 7/{, so low { means large scales and viceversa. The quan-
tity DLTT in the plot is defined as DeTT =L+ 1)C¢/(27), where the coefficients Cy
stands for the proper angular power spectrum and they are basically a variance, i.e.
a sum of the difference in temperature in different directions.

The CMB is the farthest surface we can push our observations to: beyond this
isotropic snapshot, nothing can directly reach our measurement instruments. The
homogeneity and isotropy of CMB, together with its peculiar temperature spatial
anisotropy [see Fig. 15], makes us think of inflation as a period that goes beyond this
last scattering surface, reaching the very first instants of life of our Universe, where
the space and time started to exist (the usual estimation is that inflation lasted from
1073¢ s after the initial singularity, to sometime between 10733 s — 1032 s after the
singularity itself).

However, through CMB measurements, we have indirect stringent constraints on
the inflationary dynamical mechanism: fluctuations produced during inflation freeze
outside the horizon, providing a link between two separated moments in time [see
Fig.13 and 16], from which we can extrapolate restrictions on the form of the scalar
potential V().

We skip all the procedure which would lead to the extrapolation of these information
from the CMB temperature power spectrum [for an introductory proper treatment see,
for instance, the textbook [129]]: in few words, we can say that the spectrum contains
all the details of the evolution of the initial fluctuations from the moment they re-enter
the horizon at the decoupling, and then, of their projection in the sky. The result is the
theoretical prediction (red line) in Fig. 15. The large damping of the spectrum at small
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Figure 16: The causal-connected region changes with time, because of the variation of the
comoving Hubble radius (aH) for all typical scales. Inflation is then needed to
explain the thermalisation of furthest points, which, in principle, would not have
been in contact in the past. With k is represented a generic mode of quantum
fluctuations produced during inflation, which exits the horizon, freezes and then re-
enters when the standard evolution has began, after the reheating stage, sourcing
acoustic oscillations of the cosmic fluid. At decoupling time, CMB photons come
towards us through free streaming: we can measure their power spectrum in the
CMB window, denoted here by the grey shaded area. The figure, done by the author,
is inspired to the corresponding one in[132].

angular scales reflects the fact the we are able to probe just a very small window of the
inflationary era.

Inflation generates a scalar perturbation density, responsible for the growth of large
scale structures. From the theory of cosmological primordial perturbations and their
evolution after inflation [see the seminal work of Mukhanov et al.[130, 131]] we can
work out the related scalar power spectrum

H* 1V

Ac(k)? = — ~ —,
("= 1252 = e (113)

where the second approximated equality is valid in the slow-roll regime and evaluated
at horizon crossing.

Inflation, besides scalar quantum fluctuations, excite tensor perturbations as well,
from which it would be generated the primordial gravitational waves background. The
dimensionless power spectrum, in this case, turns out to be

2
An(k)? =2 x (%) , (114)

where the factor 2 is due to the two photon polarisations.
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These two power spectra of perturbations are obtained in a perfect de Sitter and
massless approximation (H ~ const., V/ & 0), but, as we know, during inflation, the
energy scale controlled by H, has to change slightly with time and the inflaton mass is
non-zero. In order to parametrise the deviation from scale invariance, it is customary
to define the scalar and tensor spectral index, respectively

dInA? dInAZ
1= ¢ 1= h
S e ™ ke (115)
which means that, with a pivot scale k. and stopping at the first order of scale depen-
dence: ]
k™ k™
2 (K 2 (&
s~ (£) 7 a0~ () (116)

In terms of slow-roll parameters, we can rewrite the spectral indexes in the following
way:

ng—1=2n—6¢, ng = —2¢. (117)
Finally, the tensor-to-scalar ratio is defined as
_ Ah(k*)z

T:m2168, (118)

and stands for the suppression of the tensor perturbations with respect to the scalar
ones.

Lastly, it is customary to consider the running of the spectral index, which is related
to the slow-roll parameters by the following relation

dng
dlnk

All the slow-roll parameters must be evaluated at the field value assumed at the
beginning of inflation ¢..

=24¢? —16en+20°. (119)

EXPERIMENTAL STATE OF THE ART. The Planck mission has scanned all the sky
with unprecedented accuracy [109, 133]: in particular, we have, up to now, stringent
constraints on the inflationary parameters [for a collection of the inflationary predic-
tions of the most important inflationary models, compared with the Planck constraints,
see Fig. 17].

The experimental value for the amplitude of scalar perturbations, measured at the
pivot scale k, = 0.05 Mpc™' is

Ac(k)? =(214+0.1) x 1077, (120)

As concerns the scalar spectral index, Planck[133] and, later on, the Planck and
BICEP2/Keck Array collaborations joint analysis [134] provided the value

\ ns = 0.968 & 0.006 (68%CL), (121)

while for the tensor-to-scalar ratio, due to lack of direct or indirect revelation of B-
modes for the CMB polarisation’® (the only way, up to now, to reveal a tensor contribu-
tion from the cosmic relic radiation), we have only an upper bound. The most updated

5 The claim of direct detection of B-modes by the BICEP2 collaboration [135] did not survive on the subse-

quent validation tests: the signal observed was mainly due to dust polarisation [134].
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Figure 17: Spectral index and tensor-to-scalar ratio from the 2015 release of the Planck col-
laboration, evaluated for the pivot scale k. = 0.002 Mpc™"*[109, 133]. A bunch of
popular inflationary models predictions are also displayed.

one is that given by the BICEP2/Keck Array collaboration, which added the 95 GHz
channel and used the Planck public data as an external dataset[136] [see Fig. 18]:

T <008 (95%CL).| (122)

It is well known that the detection of a primordial gravitational wave signal would
directly determine the height of the potential V and its slope at the moment of hori-
zon crossing of the relevant scales during the expansion phase. Furthermore, such a
detection would also infer that the inflaton field excursion A¢ during inflation is at
least of order of the Planck scale, satisfying the so-called Lyth bound [137] (valid for a
detectable tensor-to-scalar-ratio)

Apz P (12
In general, considered 0.08 a reference value for r, the bound says that
Ad 1/ 1 \1/2
W =2 (a0s) (124)

Since we have observed, so far, a non-vanishing scalar spectral index but no tensor
homologous, we can convince ourselves to have discovered a new hierarchy, this time
related to the slow-roll parameters: ¢ < 1. Considering the ongoing quest for pri-
mordial gravitational waves by CMB experiments (both in space and ground-based),
as long as persists this lack of evidence for tensor modes, the upper bound on r gets
stronger and this hierarchy becomes more evident. Sometimes this regime ¢ < 7
is called inflationary conformal limit: it describes all viable single-field and slow-roll
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Figure 18: Improved constraints on the spectral index and the tensor-to-scalar ratio from the BI-
CEP2/Keck Array collaboration, using the public Planck data as an external dataset,
for the pivot scale k, = 0.002 Mpc™"[136].

models. For instance, a model with a sub-Planckian excursion A¢ < Mp is a specific
example of the hierarchy mentioned before:

2
5 (32) mrsqEan (12
where it was used the Lyth bound (124) and, assuming N ~ 60, the relationn ~ T —ns.
The formal treatment of the conformal symmetry classification for the inflationary
models goes beyond the scope of this work.

The running of the scalar spectral index turns out to be compatible with zero, sup-
posedly, tinily negative [133]:

dng
dlnk

= —0.008 + 0.008 . (126)

A useful parametrisation allows us to get an estimate of the value of the inflationary
potential energy at horizon crossing:

1/4
V1/4 ~1.93 % 1016 (O%) GeV. (127)




We can see that inflation should have taken place at very high energies (around the
10 GeV), and, also for very small values for r, the decrease in energy is still not
relevant.

4.2 INFLECTION POINT ANALYSIS

We wonder now if the SM Higgs boson, the only scalar particle revealed in Nature
so far, could play the role of the inflaton, taking advantage of the shape of its potential
at high energy, and, at the same time, generate the anisotropies in the scalar power
spectrum, seeding the large scale structures we see nowadays.

The answer is probably already known [138] and it deals with the unlikely eventual-
ity of the Higgs boson responsible of both the tasks we mentioned. The basic issue is
that we need enough e-folds of inflation and this is reflected on a need of a adequate
flatness of the SM potential: this requirement seems to be in conflict with the hope
of generating the correct amount of scalar anisotropies, thought as being produced by
the quantum fluctuations of the Higgs field. The height of the SM Higgs potential in
its flat regime can not be freely adjusted in order to match the correct value of A% and
this put a hard constraint on the idea of a Higgs boson as a single actor in the play.

An interesting approach, developed in[139], lowers the ambition of an unified de-
scription of the phenomenon, investing the Higgs field with the only role of source of
the scalar perturbations (also known as “curvaton”), thinking to another singlet scalar,
which would drive the inflationary phase. The scenario turns out to be robustly viable.
Here, we limit ourselves to a phenomenological analysis, trying to study the situation
in which we have a very shallow false vacuum near the Planck scale and understand to
what extent it could be relevant for inflation. This is a pure SM scenario, in which the
Higgs boson returns to play both the roles, but now in a tuned, featured configuration
of its potential at high energies.

We assume, as usual, that the potential at the electroweak minimum is zero.

It is worth mentioning that, defined as p; the renormalisation scale where the Higgs
potential has an inflection point, both the conditions

Alui) =0, Balui) =0, (128)

have to be fulfiled [12]. As we anticipated, such a configuration could be relevant for
the class of models of primordial inflation in which the Higgs is trapped in a shallow
false minimum [19, 18, 17, 121]: in particular, the height of the effective potential at an
inflection point, let us call it V;, could be directly linked to the tensor-to-scalar-ratio r,
via the slow-roll relation

1 2 T
where the amplitude of scalar perturbations is shown in Eq. (120). It is thus important
for models of primordial inflation to assess the size of the experimental and theoretical
errors in the calculation of V;.

Experimental uncertainties on V; can be estimated as follows, as done in[1]. We let
)

2 1/4
\VALR (37[ A%) Mp, (129)

my vary in its 3 o experimental range and, for fixed values of oc£5 , we determine m%,
the value of the top mass needed to have an inflection point (which is so close to m§
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Figure 19: Dependence of \711 /* on mpy, for fixed values of oc£5). The (red) arrow and solid

lines show the theoretical error due to the matching of A (positive contribution to A
for the upper line, negative for the lower one). The right vertical axis displays the
associated value of the tensor-to-scalar ratio r, according to Eq. (129). The figure is
contained in [1].

that one can read it from the stability line of Fig.9). We then evaluate the effective
potential at this point, Vi. The result is displayed in Fig.19: one can see that \7-11 /4
spans one order of magnitude, as it varies from 2 x 10'® GeV up to 2 x 10'7 GeV, for
decreasing values of «l’); the dependence on myy is less dramatic but still relevant,

being about 50%.

We divide the theoretical errors in three categories, as done before in Sec. 3.2.1.

The theoretical errors associated with the matching of A at NNLO have an impact
on m{ of about £0.19 GeV (see Fig. 9 in Sec. 3.2.2) and an impact on

logm(\_/i] /4 /GeV) of about +0.08, namely a 20% variation of \711 /% As for the
NNLO matching of h¢, the impact on m{ is of about £0.25 GeV, but there is
no significant impact on Vi. As a consequence of the theoretical error in the
matching, the lines in Fig. 19 could be shifted up or down by about 0.08; for the
central value of o!’), this is represented in Fig. 19 by the (red) arrow and solid
lines. The theoretical error due to the NNLO matching is thus slightly smaller
than the experimental error due to the 1 ¢ variation of «(%).
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Figure 20: Dependence of \73 /% on «. For definiteness, «!’) and my are assigned to their

central values. The figure is contained in[1].

The order of magnitude of the theoretical errors associated with the 3-functions
at NNLO can be estimated by studying the impact of the subsequent correction;

it turns out that \7; /4 changes at the per mil level. Such error is thus negligible.

The theoretical uncertainty associated with the fact that we truncate the effective
potential at two-loop can be estimated by studying the dependence of V; on .
We fix o>’ and myy at their central values and display in Fig.20 the resulting
value of \_/i1 /4 by means of the solid line; for comparison, we display also the
dependences obtained at tree-® (long-dashed) and one-loop (short-dashed) levels.
Notice that the dependence of V; on « at the tree-level is implicit’, but signifi-
cant: the tree-level calculation of Vg /% is uncertain by more than one order of
magnitude. The one-loop corrections flattens the dependence on « so that the
uncertainty on \7; /4 gets reduced down to about 20%; this uncertainty is compa-
rable to the theoretical one due to the matching. The two-loop correction further
flattens the dependence on « and allows to estimate \73 /* with a 5% precision
[for the explicit shape of the potential at inflection point and its dependence on
«, see also Fig.21].

Summarising, the theoretical error that mostly affects the calculation of V; at the
NNLO is the one associated with the matching. The theoretical error in the truncation

6 We checked that our results for the tree level with « = 1 agree with those obtained in[12, 121]. In these
works, the potential was indeed calculated only at the tree-level, without providing any estimate for the

theoretical uncertainty because of neglecting higher loops.
7 Indeed, Ve o A lIn(ady /mei)].
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Figure 21: Explicit shape of the potential V!/# at inflection point and its dependence on o at
tree level (left panel) and two loop (right panel). Again, for definiteness, ocgs) and mpy
are assigned to their central values. As we can see, the higher the loop order, the

less the dependence on « of the inflection point position.

of the effective potential is smaller than the theoretical error in the matching only
including the two-loop correction to the effective potential.
We can conclude that the result of the NNLO calculation is

-1/4

log,,V," =1677+0.11 y, £0.05:,, +0.08¢1, GeV, (130)

where the first two errors refer the 1o variations of oc£5) and my respectively, while
the theoretical error is essentially dominated by the one in the matching.

As anticipated, a precise determination of V; is important for models of inflation
based on the idea of a shallow false minimum [19, 18, 17, 121] as, in these models, V;
and 1 are linked via Eq.(129). In view of such application, the right axis of Fig. 19
reports the corresponding value of r. Notice that the dependence of r on «!”) and
my is extremely strong: when the latter are varied in their 3 o range, r spans about
four orders of magnitude, from 0.1 to 1000. In addition, the theoretical error in the
matching implies an uncertainty on r by a factor of about 2.

According to the 2015 analysis of the Planck Collaboration, the present upper bound
on the tensor to scalar ratio is v < 0.12 at 95% C.L.[133], as also confirmed by the
recent joint analysis with the BICEP2 Collaboration [134]. Due to Eq. (129), this would
translate into to the bound log;, \_/i1 /* <16.28 GeV at 95% C.L.; this implies a tension
with Eq. (130) at about 3 o.

This can be graphically seen in Fig.22, where the contour levels of r in the plane

(my, <x£5)) are shown. Even invoking the uncertainty due to the matching (red-dashed

lines), a value for r as small as 0.12 (red-solid line), could be obtained only with oc£5) in

its upper 3 o range, while the values of myy, and also m (see Fig.9), could stay inside
their 1o interval. This tension, was, in a more qualitative way, already pointed out
in [16].

coNncLusioNs. A value for r close to 0.2, as claimed by BICEP2 in 2013 [135], would
have been compatible at about 2 o with a model based on a shallow false minimum.
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figure is contained in[1].

However, as we know, that reference value is now ruled out by observations[134].
With the inclusion of the theoretical error and the slight changes in the central values
of the input parameters, the present calculation supersedes the results obtained in the
previous paper [121], where the calculation of the effective potential was done only at
tree level (due to the yet unsolved problem of the inclusion of the one-loop correction
when A turns negative [86]).

The present results have to be compared with those of the most recent detailed anal-
ysis on the inflection point configuration, performed by Ballesteros et al. [7]. The latter
includes the two-loop correction to the Higgs effective potential but, to our understand-
ing, do not include the theoretical error in the matching (which is actually, according to
us, the dominant one). This may justify their stronger exclusion of the inflection point
configuration. Apart from this detail, the results of the two analysis are in substantial
agreement. The even stronger exclusion of the inflection point configuration found
in[140], might be also due to an underestimation of the theoretical errors, together

with the previous underestimation of the experimental uncertainty on ol

Lastly, the shallow false minimum idea seems in trouble: in order to embed inflation
in a SM-like framework, new physics has to be introduced. Two minimal extension to
the SM are then presented here in turn: first, a U(1) extension of the SM gauge group,
in order to take into account, together with inflation and stability, the small neutrino
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masses [see Chap.6]; second, the very well-known path of a non-minimal coupling
between the Higgs field and gravity [see Chap. 5].

The inclusion of new physics beyond SM appears mandatory also in the metastable
scenario [see, for instance[14]]. The electroweak vacuum stability during (or after)
inflation is threatened by the field fluctuations 6¢, which are proportional to

VN
Spu~H=—~H, (131)

approximately comparable to a scale of order 10'* GeV.

When the field reaches values above the instability scale, the Higgs evolves to the
true minimum at high energy®: after inflation, the Higgs field is spread in causally-
disconnected space regions, with values either above or below the scale of the second
minimum. The consequent evolution of the field should lead to observable effects like
the appearance of bubbles or domain walls. For this reason it would be better, in
the case of metastable vacuum, to think at some new physics beyond the SM able to
stabilise the potential. We will try to pursue this task, albeit without any ambition in
formulating a complete unified theory, following two different paths in the last two
chapters.

8 In this scenario, at the (p)reheating stage, the high temperature thermal effects could become relevant.

For instance, it was proposed a scenario with the Higgs driving inflation in a metastable vacuum thanks
to thermal correction to the effective potential: a symmetry restoration after inflation due to high temper-
ature effects could lead to the (temporary) disappearance of the vacuum at Planck values of the Higgs
field [141]. For a pedagogical review on finite temperature field theory, see [142].



5 U(1)g_r EXTENSION OF THE STANDARD
MODEL: STABILITY AND INFLATION

The SM, as we saw in Chap. 1, is based on the gauge symmetry SU(3)¢c x SU(2)y x
U(1)y, and it is, by far, in excellent agreement with the current experimental results.
Nevertheless, we have, among the others which we are going to ignore in this work, at
least three unambiguous observational evidences of new physics beyond SM: neutrino
masses, the baryon asymmetry and the dark Universe (dark matter and dark energy).

Furthermore, according to the updated electroweak vacuum stability analysis, pre-
sented in Chap. 3 and based on[1], a new-physics extension of the SM is needed, in
principle, to stabilise the SM Higgs potential below the Planck scale (in case the up-
coming experimental data will lead us towards a metastable scenario) and, for sure,
give a reasonable physical realisation of the inflationary phase, for example in order
to eradicate the tension between the false vacuum-based inflationary models and the
current experimental data [see Chap. 4].

One of the examples of a minimal extension of the SM is the inclusion of a B—L
global gauge symmetry (baryon number minus lepton number, which is a conserved
quantum number), introducing three singlet fermions (right-handed neutrinos), an ex-
tra gauge boson, known as Z’ in phenomenology, and an extra singlet scalar, in the
role of a heavy Higgs field. With such an extension, it could be possible, in princi-
ple, to stabilise the potential and provide an inflationary scenario, generating, in the
same framework, the low-energy neutrino masses through the type I see-saw mecha-
nism [143, 144, 145], accounting, possibly, for the baryon asymmetry of the Universe
through leptogenesis. Citing Weinberg, “a neutral vector boson somewhat heavier than the
Zy and coupled to B — L seems like the most plausible addition to the SM” [146].

This is, of course, not a new idea. First attempts of constraining the Higgs mass in
scenarios of type I see-saw, in which the neutrino masses are dynamically generated,
can be found in[147], together with various applications of the B — L extension of the
SM [148, 149, 100, 150, 151, 152, 12, 153, 154], in which also some SM stability analyses
were performed. The general theoretical framework of these kind of models is well
summarised in[155] and, with particular care to the Z’ phenomenology, in[156, 157,
158]. The effects of the inverse see-saw [159] and type II see-saw mechanism on the
stability of the electroweak vacuum, with some forecasts on the value of the Higgs
mass [152, 160], go beyond the scope of our work.

The inflationary dynamics in B — L extended scenarios was also widely studied [see,
for example [161, 5, 6]]: we try here to review and update these results. Although there
are also some analyses in non-minimal coupled scenarios, in which the B — L scalar,
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playing the role of the inflaton, presents a non-minimal coupling to gravity [162, 163],
we will focus here on the minimally-coupled case. Some overviews on the status of
the phenomenological and experimental state of the art in the search of the Z’ can be
found in[164, 165].

Starting from the mentioned state of the art, we provide here our simple study of the
viable parameter window for both stabilisation and primordial inflationary expansion
in the so-called B — L scenario, in the light of the updated experimental bounds from
cosmology.

First, in Sec.5.1, we are going to introduce the model in its minimal formulation,
focussing on the stability issue of the full potential, compared to the pure SM one.
Then, in Sec. 5.2, we actually try to address the stabilisation mechanism, introducing
the relevant physical scales and providing the analytical tree-level threshold relations
generated from the inclusion of the new scalar singlet [see, in particular, Sec.5.2.1],
along with the modified RGE [see Sec. 5.2.2], relevant for our analysis. In Sec. 5.3 we are
going to look over the inflationary phase, driven by the heavy extra scalar singlet, with
the SM Higgs field acting as a spectator, giving rise to a simple single-field inflationary
model, currently favoured by data. Few words are spent also on the reheating phase
[Sec. 5.5]. The final qualitative joint analysis of the parameter window, putting together
the viable parameter space from stability and inflation, is carried out in Sec. 5.4, and
afterwards, in the last part of the chapter, we are going to draw the conclusions of our
reanalysis, in agreement with the literature, with some possible studies that could be
done in the future.

51 THE MODEL

We introduce here the Abelian extension to the SM by the U(1)g_1 group, in order
to try to stabilise the electroweak vacuum of our particle physics model and build a
reasonable connection with the inflationary phase. For this theoretical snapshot of the
model, we follow [6, 155]

The extended full-symmetry group can be represented by

S =SU(3)c x SU2)L x U(1)y xU(1)p_r, (132)
———
Standard Model Extension

which contains one extra gauge boson C, (also denoted by Z’ in phenomenology),
in order to ensure the invariance of the full Lagrangian under this gauge symmetry.
Besides the usual SM content, we have also three singlet fermions, identified with
three right-handed neutrinos and denoted from now on by V}Q, i=1,2,3, to cancel
all the gauge and gravitational anomalies, making the U(1)g_1 group anomaly-free.
In this framework, the breaking scale of this global B — L symmetry could provide a
natural identification to the so-called see-saw scale[143, 144, 145].
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SU)c SU(2)r Uy | U(l)g_t
qi 3 2 +1/6 +1/3
ub 3 1 +2/3 +1/3
dy 3 1 -1/3 +1/3
Lt 1 2 -1/2 -1
vh 1 1 0 -1
Rt 1 1 -1 -1
H 1 2 -1/2 0
X 1 1 o] +2

Table 2: Quantum numbers of the particles in the B — L model. Besides the well-known SM
particle contents, the right-handed neutrinos v}a, where i = 1,2,3 is the generation
index, and the B — L scalar singlet X are also listed.

The Lagrangian of the B — L sector is given by:

Lp-1 = WUDLY'L+1RDyyH*R+1WrDyyHve +

= - 1
- (hfLiCDHR +h¥jLLi¢HVRj + Ehivjkw‘/ﬁixv;gj +h.c.> +

1
+(D¥o1) (Dyudn) + (D*x)T(Dyux) — 7wy =Vidnx),  (133)

where C, = 0,C, —0,C, is the field strength tensor of the U(1)g_1, whose kinetic
term is given by the last but one term in (133) and L, R are the usual SM lepton doublet
and right-handed singlet, respectively. We are going to identify all the terms in this
Lagrangian throughout the section.

The covariant derivative D, is now generalised in the following way:

T
Dy =0, +197aWS +19'YBy +1gg_1 Y+ 9_1Ye—L)Cy, (134)

where gg_1 is the U(1)g_r gauge coupling constant, the Yg_1 charge is the B — L
quantum number and g;_; the gauge coupling which identifies the Abelian mixing at
tree level. For the values of the Yg_1 number for quarks, leptons and scalars, see the
Table 2. It is possible to define an effective coupling Y. and an effective charge gesf, so
that geffYerr = g1 Y+ 9gB—1 YB_1: in the following we will assume a generic mixing
between the U(1)y and U(1)g_1 gauge groups, where the new C,, boson couples to
one such linear combination. Usually it is customary to impose a tiny mixing between
Z' and Z° (small g§; ), giving rise to the so-called “pure” B — L model. We will follow
this path, although some g |-dependent terms emerges in the RGE [see App. A.3].
The h€, h"t and h'R refer to the 3 x 3 Yukawa coupling matrices.

As concerns the scalar sector, the model contains one SU(2); singlet complex scalar
X, which is a singlet under the SM, that, carrying a non-zero B — L charge, once it has
acquired a vacuum expectation value (x) = v//v/2, whose value is not fixed, it can
spontaneously break the U(1)g_r symmetry, possibly just above the inflationary scale.
In our scenario, after the symmetry breaking, it is obtained X = x/v2 +V/, where
the phase part leading to Goldstone modes has been neglected. The real part of X,
denoted by X, can be decomposed in a background contribution x(®), which will be
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Figure 23: Sketch of the two-field potential (135) after the two symmetry breakings, in which
are clear the B — L and electroweak symmetry breaking minima.

identified with the inflaton, and a fluctuation part 6x, responsible for the production
of primordial perturbations during inflation. The other scalar of the model J is the
usual SM Higgs SU(2)1 doublet, which guarantees the electroweak symmetry breaking
down to U(1)em at the measured vacuum expectation value (¢pn) = v/ V2 ~ 246 GeV.
In total we have six scalar degrees of freedom: after both the symmetry breakings, four
of them are eaten by the Z’, Z°% and W= bosons and two of them (¢, X) remain as
physical degrees of freedom.

After the B — L breaking, the scalar potential V(J{,x) of this extended theory is given

by:
A 2 A A

from which mi = AV 2/6is the B—L singlet mass, while Ag,,,, Ay and Ay, are the
SM Higgs quartic coupling, the B — L singlet self-coupling and the portal coupling
between ¢ and ¥, respectively. The SM Higgs mass term and the v contribution are
not taken into account in this formula yet, because, with Ay, > 0, it is possible to
generate a non-zero vacuum expectation value v/, while v = 0: this means that the two
phases of symmetry breaking happen at very different energy scales v/ > v.

We can notice that we have now three new terms in the scalar part of the Lagrangian:
Aprx V' 2HTH redefines the Higgs mass parameter, A, v/ Hx(®) makes viable the
decay of the inflaton into two SM Higgs fields during reheating [see Sec.5.5] and
Aprx HTHx (@)% (©) takes into account the scattering between the SM Higgs and the
inflaton during the inflationary phase. From now on, if not specified, the “(0)” super-
script for the background part of the scalar field x(°) will be dropped.
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The potential (135) must be stable: in other words, in order to be bounded from
below, the following condition’ must be satisfied at first (in the Ay, > 0 case):

7\¢HX > % ’ 7\¢H,>\X > 0. (136)
Furthermore, as in the usual Higgs mechanism, the vacuum expectation values v and
v/ cannot be non-zero unless negative square mass mi < 0 is assumed. In addition,
we do not want a local minimum in (¢) = (X) = 0, so we have to require another
condition on the quartic couplings: }\%bHX < 4Ap, Ax. It should be noticed that, if we
reduce the problem to an additional real singlet instead of a complex one, the Abelian
symmetry has to be replaced by a Z, symmetry, under which the SM fields are even
and x is odd: in this way all the linear and cubic terms in x are prevented to appear, so
the field x is stable and can not decay into SM particles, preserving the well-established
low-scale SM phenomenology.

Below the electroweak symmetry breaking scale, as we already said, the Higgs field
is redefined, in unitary gauge, as H = (0 v+ d)H)T /v2 and the scalar fields get
mixed. The physical light and heavy fields (¢ and ¢n, respectively) are obtained
diagonalising the mass matrix:

Ay V2 AWV’
2 _ b 2 dHX
M (d)H/X) ( %}\q)HXVV/ )\X\)lz > ’ (137)

which gives:

1
milr‘bh = 2 (AdJHvZ + )‘lez + \/O‘dJHVZ - )\XV/Z)Z + AéHXVZ\)'Z) . (138)

It is possible to parametrise the mass eigenstate fields ¢ and ¢y, in the following way:

dr ) [ cos® —sin6 dn
( bn >_< sin® cos© ) < X ) (139)
where the mixing angle is given by

P\dmx‘wl

tan20 = ———~—— |
an Ap V2 — Av'2

(140)
Clearly, with Ay, = 0 there is no mixing and we recover the expressions given before.
For Ag,,x # O, the light Higgs mass becomes smaller than the SM prediction.

After the B — L symmetry breaking, the gauge boson Z’ acquires a mass m2, ~
g% _v'2. It might be useful to stress that, given the possible tree-level mixing men-
tioned earlier, Z° and Z’ may be not mass eigenstates. However, no hints, so far, have
been revealed by LHC in relation to the existence of a TeV particle compatible with this
scenario [for a related recent work, see, for instance [165]].

The second line in (133) takes into account the relevant contributions for the see-saw
mechanism, involving, apart from the SM fermions, the three right-handed neutri-
nos: the second term in the parenthesis generates the Dirac neutrino mass term after
electroweak symmetry breaking, while the third one gives rise to the right-handed

1 See Sec. 5.2.1 for further details.
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neutrino Majorana mass term, related to the B — L gauge symmetry breaking. These
are the only allowed gauge invariant terms, being Y§ | = 2. The ¢}y operator stands
for 10, ¢y, being o, the second Pauli matrix. The h, xVvgrVgr term in the Lagrangian,
appeared after the U(1)g_1 symmetry breaking, leads to a right-handed neutrino mass
My, = hy,V'/v/2, while the electroweak symmetry breaking implies a Dirac neutrino
mass term mp = hv. The condition m,, > mp is typical of a type I see-saw scenario,
automatically implemented in this model, characterised by a mass matrix

M2 ~ < 0 mo ) , (141)

mp My,

where the first row and the first column are referred to the left-handed neutrino vp,
while the others to the right-handed component vg. Being aware of the see-saw condi-
tion, we can diagonalise the matrix and obtain the light and heavy mass eigenstates:

~ —1..T —1,TY ~
My, light = —MpMm,, , Mp = hvhyR hyw ’ My, heavy = My - (142)

Different parametrisations of the mass matrix are obviously allowed.

The relation (142) accounts for small neutrino masses of order O(10~') eV. In our
analysis, for simplicity, we consider only a one-generation neutrino see-saw scheme:
if the right-handed neutrinos corresponding to the two lighter neutrinos have masses
lighter than the one we take into account m,,, the associated h, are consequently
smaller with a negligible effect in the stabilisation mechanism of Ay,,, as we are going
to stress later. The B — L scale and hence m,, remain anyway arbitrary: it is common,
for instance, to put m., ~ 10> GeV in order to reproduce the correct pattern of light
neutrino masses, sticking with the atmospheric and solar neutrinos data [166].

5.2 STABILISATION OF THE POTENTIAL

For this introduction on the relevant physical scales, we take inspiration from the
very detailed work by Ballesteros and Tamarit[7] and the subsequent papers, by the
same authors (with others) [168, 169].

In the pure SM, for the central values of the top quark mass and the Higgs bo-
son mass (along with the strong coupling), adopting the procedure of[1], we ob-
tain the scale at which the potential becomes negative, also called instability scale:
A1 ~ 10'° GeV, already defined in Chap.2. This scale is approximately the one iden-
tified when the Higgs quartic coupling Ag,, crosses zero (from now on the pure SM
parameters will be denoted by a tilde, in order to distinguish them from the extended
model ones). We said “approximately”, because of the RGE-improved effective poten-
tial approach: anyway we will assume A as the physically meaningful one, following
the definition of absolute stability as the one related to the positiveness of the potential
everywhere.

The scalar and the mixing couplings are not involved in this effect, not having in
their 3-functions the top-Yukawa contributions which bring the running down towards
negative values, besides the high-energy contribution due to right-handed neutrinos.

The inclusion of a high-scale U(1)g_1 gauge symmetry is aimed, for now, to make
the quartic couplings of the theory bounded from below at all energy scales, restoring
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Figure 24: Running of the Higgs quartic coupling as a function of the energy scale, from the
SM to the model with a scalar singlet (with positive portal coupling Ag,,, > 0), here
assumed to have mass m, = 108 GeV, up to the full model, including also the right-
handed neutrino, supposed to set in at a mass scale m, = 10'* GeV. The tree-level
threshold shift at © = m, helps the quartic coupling to remain positive beyond the
instability scale Ay, here at ~ 10'° GeV, as the analysis related to the central values
of the top quark mass, the Higgs mass and the strong coupling suggests. When
the Yukawa coupling of the heavy neutrino becomes relevant in the 3-functions, for
I > My,, the running is pulled down towards the negative region. As usual, the
shaded area represents the quantum-gravity regime. The first figure of this kind of
running was shown in [167].

the sufficient condition of vacuum stability all the way up to the Planck scale. At a first
glance, giving the big difference in energy of the two symmetry breakings considered
(the low energy effective theory, which is just the SM and the U(1)g_1 gauge extended
SM), one might think at a manifestation of a sort of “decoupling theorem”, according to
which the effect of the new heavy physical states would not affect the behaviour of the
quartic coupling at lower scales, dominated by the SM only. Actually, as already stated
in[167], the presence of a heavy scalar does influence also the physics at lower scales,
generating a tree-level threshold effect in the evolution of the Ay,, quartic coupling:

< Az
App = Ay T 9% : (143)
X

This helps in the stabilisation of the electroweak vacuum, as long as, as we naively
expect, the mass scale of the heavy scalar is lower than the instability scale, typically
around 10'° GeV [see Fig. 24].
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The threshold correction would be effective in the stabilisation if A1 < A, where

9A . . . . .
the scale A2 ~ 27\¢¢HH7i<x ‘mf(‘ is the one associated with the extra singlet scalar, keeping

all the factors in front of the dimensionless couplings®. This coincides with the mass
scale of the scalar, which gives the limit of validity of the SM, only if all the couplings
are the of the same order 2A4,, Ay ~ 9A4,,, but if they are not, the factors should be
kept: it means that At represents here the regime in which the stability condition is

2
A¢HX

given by Ag,, > 9 x, s instead of the SM condition Ag,, > 0, which turns out to be
restored again for high-field values, or, in other words, for energies much higher than
At. Summarising: if Ay, > O, the instability region near the scale introduced by
the new scalar singlet is raised up till the threshold correction value contained in (143),
then it decays rapidly to the usual SM condition of positiveness of the Higgs quartic
coupling. If the scale Ap is larger enough than Ay, the relevant stability condition
would be the simple SM one.

Let us give a closer look to the threshold effect structure: a big threshold inevitably
can cure the instability problem and this could be accomplished pushing the values
of Ag,x and Ay, towards very small positive values, keeping the ratio unchanged.
Apparently, the only important thing is that instability occurs beyond the scale At. In
this way the new physics term would be actually decoupled from the SM theory, but,
at the same time, the stabilisation issue would be unexpectedly solved. Furthermore,
if we consider Ay, — O, at some point the At will then become larger than the
instability scale, making the stabilisation impossible. This means that the mixing term
is essential in the mechanism and it can not be made small indefinitely.

Another relevant scale could be retrieved if we analyse the potential obtained after
we integrate out the x field, now dependent only on ¢: it reproduces the SM potential
and the consequent stability condition, i.e. Ag, > 0, is reliable for the field range
P <2 ‘mi‘ /Apyx, that could be redefined as new scale Af. This range represents
the scales for which the valley of minima for x does exist. Asking that 9V/dx = 0, the
tree-level solution is

)\XXZ + 3?\¢,HX¢ZH — 6m)2< =0 (x-minima), (145)

from which we have the constraints 0 < x? < 6m)2< /Ay and 0 < d)%[ < Zmi /Ay, which
is the scale AT.
The global stability condition can thus be written in the following way:

AL Z A, (146)

where A stands for the greatest scale among At and A7, related between each other
through the factor 97\3be /AN Ay,
Thus, the condition (146) is violated as well in the case in which the instability scale

.. . . 1/2
is intermediate between the singlet mass scale and At: A1 < A1 < }mﬂ / . Here the

If we consider the full potential (135) along the x = 0 direction, we can determine for which values of the
Higgs field it becomes zero (the criticality limit). Solving for d)ZH, we find

W(]i ]M>

2
2A¢HAX 9A¢HX

bf = (144)

for instance, for very small Ay, as it the case, we retrieve the scale /\%.
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correct hierarchy is A ~ AT > Aj, making stabilisation impossible again. Summarising,
stabilisation is not achievable (remaining in the perturbative regime) whenever }mf(‘ 2
A2,

5.2.1 Tree-level threshold relations

Being the singlet decoupled at low energies, we need the matching conditions be-
tween the two regimes and, in this brief section, we try to summarise all the tree-level
threshold equations obtained, useful to determine the relation between the parameters
in the extended model and in the pure SM. As shown in[7], the tree-level description
is sufficient to describe the inflationary dynamics.

We start from the potential (135), considering only the real part of the B — L scalar
(after the symmetry breaking) and neglecting the field-independent pieces of the func-
tion:

vwax)zTnﬁ(mﬂH)—fT§x2+A¢H(mTH)Z+AXx4+A¢HX(ﬁﬁH)X2, (147)

6 24 2
where m2 < 0.
It is possible now to integrate out the field x through its equation of motion?:
aV(j'C, X) 2 6 2
— =0 x> =— (M2 —Agp,x (HTFH)) . (148)
aX X=Xmin (3) )\X ( X " ( )>

The new potential, in terms of the SM parameters, is given by

vwaxyzmﬁ(ﬁﬂﬂ)+x?*CHWQZ+vb,1ﬁﬁ<o, (149)

3A . Aj 1w my
M2 = md X2 X = Ay, —9meX vy = o [ 3TX ) (50
Ao A\

Vo stands for the cosmological constant, irrelevant for our studies. We can see that
we retrieve the threshold effect(143) mentioned earlier. Notice that the value of the
Higgs mass m?, in the full model can become quite different from its homologous
in SM M7, given the correction proportional to [my|> > m#. This shift in the mass
value is compatible with the Higgs properties, experimentally observed: the matching
conditions make possible the emergence of the electroweak scale through an adequate
value for the portal coupling Ay, -

As concerns the stability condition (136), after the electroweak symmetry breaking

as well, it can be obtained finding the minimum of the potential in the x-valley:

Vot =0 gy = 35002 (151
el GH=PH, min(X) )\‘bH

from which, substituting in the original potential, we find the sought condition.

The full high-energy potential of the extended model along the line of minima of the field x, reduces itself
as the SM one. This is of course valid neglecting higher-order non-renormalisable terms.
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Finally, we can extract the vacuum expectation values of the two scalar fields, which
are

~2
2 my 2 6 Aprx ~2 z)
Vie=—6—, V= 3—/Smy + . 152
X Ay < X H T My (152)
These relations have been useful in the determination of the range of values reached
by the scalar fields during the inflationary phase, constraining the parameters of the
model.

5.2.2 RGE

The inclusion of a new scalar field and neutrinos modifies the renormalisation group
evolution of the SM couplings. All the relevant RGE above the scale m, up to two
loops can be found in[167, 170, 171] and are given in detail within our normalisation
in App.A.3. As it can be seen, stopping at one loop in this case, we added the addi-
tional terms coming from the specific U(1)g_1 model we are studying, i.e. the terms
involving the g | and gg_1 gauge couplings and the right-handed neutrino Yukawa
coupling hy, (only one generation has been considered). Also their own running is
displayed. The impact of h, and h,, in the running is not negligible, in principle, due
to the high U(1)g_1 breaking scale. Besides the tree-level threshold effect mentioned
before, these new contributions in the RGE represent another source of stabilisation
for the potential, preventing the Ay, quartic coupling from becoming negative [see
the green line in Fig.24, which appears less steep than the running of the SM Higgs
quartic coupling, and would show a growing behaviour at high energies]. Neverthe-
less, it must be said that this effect is sub-dominant and that the right-handed neutrino
contribution in the -functions, dominated by its Yukawa coupling, goes against sta-
bilisation, pulling down the running of the Higgs quartic coupling. A threshold effect
strong enough is required to win over these terms [see the partial conclusions at the
end of the chapter].

5.3 INFLATION

Let us focus now on dynamics. We start again from the scalar potential (135), bearing
in mind that we are now in the inflationary regime, so we have to take into account that
v < v and Ay, < 1: it emerges a simple single-field inflationary scenario, in which
the heavy singlet plays the role of the inflaton, as already anticipated. See Sec.5.4
for further motivations on the actual “decoupling” of the high-scale physics from the
electroweak regime. Following [161], in order to take into account quantum corrections
to the tree-level potential, at leading-log order, we can rewrite V with a parametrisation
in which the renormalisation scale is chosen to be fixed at v’:

1 /
V(x) = Ay ﬁ(x2 —v'%)2 + alog (\%) x4] , (153)

where the parameter a = [S;L) /(1 67127\X) takes into account the right-handed neutrino
effect on the quartic coupling and estimates the relevance of the Coleman-Weinberg
log-correction to the tree-level potential: in other words, it determines whether the



U(1)g_1 symmetry is broken by the radiative logarithmic term or simply by the tree-
level potential. Neglecting the sub-leading contributions, the a parameter is approxi-
mately given by [see App. A.3 for the full expression]

1 10 4
QR <127\in + ?7\3( + gxth,R — 48\ g% | —5769%_ | — 6h4VR> . (154)
X

It will be seen that this running is dependent only on the right-handed neutrino

Yukawa coupling and the value of gg_, 3 g\:{) ~ 9%—]_ — hf,R, given that Ay, < hy,, gg—1

[see the results shown at the end of the section].

As already seen in Chap. 4, the inflationary phase happens when the inflaton slowly
rolls down along the potential towards the minimum for a period long enough to solve
the early-cosmology issues in the SCM.

Here we have two possibilities, in which the scalar field can travel from “above”
the vacuum expectation value of the heavy scalar (x > v’) or from “below” (x < Vv’).
In general, the analysis is accomplished picking out time after time a value for v/ in
Planck units and find a suitable value for the quartic coupling A,, in order to reproduce
the correct amount of primordial scalar perturbations A¢ (k. )?.

At this stage, h., and consequently the quantum parameter a should be estimated.
We will return on this referring to each particular scenario.

Inflation ends conventionally when one of the slow-roll parameters reaches the unity,
then, enforcing this condition, it is possible to determine the end-value for the inflaton
Xend- Thus, the field value x. at the pivot scale has to be calculated, imposing the
desired number of e-folds, i.e. N = 50 —60. Finally, at X, the potential and all the
primordial inflationary observables can be inferred.

Summarising, we have to fit five physical observables (A;(k.)?, ns, T, % and m.)
with four free parameters (v/, A, hy and a), related to each other. Sticking with the
inflationary constraints on A (k.)? and on the duration of the expansion phase, we
can infer that the predicted values of ng, r and Cﬂ% depend on the parameter a (i.e.
hy,) and the vacuum expectation value v’ of the heavy scalar.

The followed approach consists in looking over two regimes, in which v’ is either
super-Planckian or sub-Planckian. Let us consider this two limits in turn.

v/ > Mp. In this regime the Majorana Yukawa coupling, in order to reproduce the
correct order of magnitude for the low-energy neutrino mass, is heavily suppressed:
fora v/ ~ 103Mp, corresponds h,, ~ 10°. For this reason, in this case the quantum
corrections are negligible and the whole analysis can be carried out only on the tree-
level potential, from which it is possible to draw simplified relations for the inflationary
observables, starting from the number of e-folds

1 1 2 12
N ~ M3 <2x v 10gx> , (155)

and ending with the slow-roll parameters

8Mpx2 AME (3xF V") - 96Mp X3 (156)
R N I RO

The inflationary parameters are obtained using (117), (118) and (119).
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Figure 25: (r,n) plane in this B — L framework. The v/ > Mp case, in which the radiative

corrections can be neglected, is shown with solid lines: the blue branch refers to
the solutions above the vacuum expectation value of the scalar singlet, for N = 60.
Just below we have the green one, representing the points obtained in the case
of the inflaton rolling down from below, again for N = 60. The orange and
the red branches are again for the x > v/ and x < v’ cases, respectively, but
this time for a number of e-folds equal to N = 50. The region in between the
two corresponding branches is filled with all the allowed points for the case un-
der examination. We see how, for a fixed number of e-folds, both branches con-
verge towards the quadratic inflation predictions, i.e. (r,ns) = (0.967,0.13) for
the N = 60 case. The small black points on each branch, starting from the top
downwards, indicate the values v//Mp = 1,5, 10, 20,50, 100,500, 1000 for the upper
branch (the last two points are nearly superimposed), and, starting from below up-
wards, v//Mp = 13,15,16,17,18, 20, 25, 26, 29, 30,40, 50, 200, 500, 1000 for the lower
branch, with an increased density of points analysed where the curve bends (the
first two points exceed the plot range). The contours are the 10 and 2 o allowed
regions, from the latest constraints put by the joint analysis of the Planck and BI-
CEP2/Keck Array collaborations [134]: it is clear that it is possible to have viable
values for r and ng for sufficiently low v’ in the so-called “hilltop” configuration.
For comparison, also the v/ < Mp case is shown, by the dashed line: it is obtained
varying the a parameter in the window [—0.011,—0.013] for N = 60. It is clear that
the radiatively corrected quartic potential, although very popular at the time of the
BICEP2 claim [135], does not fit the current experimental constraints. It is worth-
noting that the quantum corrections contribute to deviate from the standard quartic
inflationary potential predictions (the big grey point in the upper part of the plot),
to which both the branches converge. The analysis broadly follows the one did for
a slightly different scenario in [5].



As concerns the quartic coupling, it is not involved in the dynamics, but it must
satisfy the condition on the amplitude of primordial perturbations, which reads, in
this case:

N Ax(Xi _V/2)4

Ap(ky) e 2X2% _— ° _215%x10°7.
¢ (ky) 7687IMEx2 X (157)

The values obtained are in the range A, ~ 1077 — 10~14, which justifies the approxi-
mation used for Eq. (154).

In Fig. 25 are displayed the results for the predicted values of the tensor-to-scalar
ratio and the spectral index, represented by the solid lines and obtained varying the
vacuum expectation value of the heavy scalar and fixing the number of e-folds at N =
50 and N = 60. In both cases we display some particular values for v/, seen as small
black points and the two different scenarios, which we told about earlier, related to the
starting position of the inflaton in its rolling: x < v’ when it rolls from smaller to larger
values until it reaches its minimum at v’ (where, in principle, the field is at rest and the
universe reheats) and the opposite, where the field rolls down along the steeper part of
the “Mexican hat” potential towards the vacuum. Both branches converge towards the
predictions of the standard quadratic inflationary model, (ns,r) = (0.967,0.13) [126].
For v/ ~ Mp, instead, the predictions go towards the big grey circle, which stands for
the quartic inflation potential (ng,r) = (0.951,0.26). The results are compared with the
current experimental bounds put by the joint analysis of the Planck and BICEP2/Keck
Array collaborations [134]: it seems clear that the “hilltop” configuration* is preferred
(x < V'), with a B-L scalar vacuum expectation value of order v/ ~ 20Mp —30Mp, with
respect to the standard chaotic quartic model, which gives too large values for r, as
already expected. Nevertheless, it can be seen that a lower bound for r emerges: if
future experiments will be able to detect a tensor-to-scalar ratio smaller that r < 0.03,
this model would be in trouble. In Fig. 26 are also displayed the running of the spectral
index and the dependence of r on the vacuum expectation value: very tiny negative
values for C{jﬁl‘sk are correctly predicted and suitable predictions on r are achieved in
the window v/ ~ 20Mp — 30Mp.

v/ < Mp. The sub-Planckian configuration, in the large v/ ~ Mp limit, converges to
the quartic potential scenario. Going down with v/, the radiative corrections are now
relevant, given that h,, can become large: the coupling between the heavy scalar and
the right-handed neutrino, as already said, estimates the departure from the standard
textbook predictions. The result, for N = 60 is displayed in Fig. 25 as a dashed line: it
is obtained fixing gg_1 =~ 10> [6] and by varying a in the range [—0.011,—0.013] (for
larger values of a the potential becomes unbounded from below): it shows predictions
quite distant from the experimental contours. The radiatively corrected scenario could
be suitable for a high-r detection [5, 6], but now seems to be a ruled out possibility. We
report it as a comparison.

4 Configuration proposed for the first time in [172].
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Figure 26: Left panel: running of the scalar spectral index (here denoted by the common symbol
o= f;sk) vs. the spectral index itself. For all the details see the caption of Fig. 25.
Right panel: tensor-to-scalar ratio as a function of v/ in the case x < v’. Again, for
the graphic representation details see the caption of Fig.25. The curve is obtained
for a constant N equal to 60 and shows how values of r compatible with data are
achieved for v/ < 30Mp. For higher-field values, v converges to the quadratic
inflation prediction, by now excluded by observations. The figures are unpublished,
done by the author.

5.4 STABILITY VS INFLATION

We have seen that the stabilisation through the threshold mechanism could be effec-
tive only if the condition ‘mf(‘ < /\% is satisfied. Actually, in our scenario, the mass of
the scalar singlet is not a free parameter, but is fixed in order to reproduce a suitable
inflationary phase. As we found in Sec. 5.3, inflation is viable for a vacuum expectation
value of the inflaton of order v/ ~ 20Mp and the correct amount of primordial scalar
perturbations is reproduced thanks to a very tiny quartic coupling A, ~ 10~ '4. Collect-
ing this parameter estimations, we can say that the required mass scale for the inflaton
is

1
]mi‘ = gkxv'z ~10%° GeV?, (158)

larger than the instability scale A? ~ 102° GeV?, found in Chap. 2 for the central values
of top and the Higgs masses. The threshold effect turns out to be useless for stability
at this level.

Another constraint could come from the portal coupling Ay, wondering if the
quantum fluctuations generated during inflation would cause Higgs instability, or, in
other words, if the Higgs field, during the inflationary phase, acquires values that
trespass in the instability region, being comparable with /\%. We investigate now the
values reached by the field ¢y in its valley of minima, whose maximum is obtained
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in the x = 0 case (Ag,,x > 0 and ¢y, x = 0). The procedure is similar to that used for
Eq. (145), now requiring % = 0. The tree-level solution is:

1 ..
Ay DT + §7‘¢HXX2 +6my =0 (¢-minima),
2
br=0  0<x< M
A¢HX
6 2
x =0: 0<¢2H<—mH, (159)
)\d)H
Taking the mass threshold relation (150), we have
3A 3A 1
mZH _ m]a N Ppnx m2 ~ — fbHXmZ _ 777\¢HXV/2’ (160)

A XD A, X 2

where the SM Higgs mass has been neglected and the mass formula for the heavy
scalar has been used. Now, from (159), the highest value reachable by the Higgs field
is

A

b3 < 350X 2 (161)

)\d)H
and so, if we want that it remains much smaller than A, the condition approximately
becomes

< A?
Aprx < Apy 3\)’12 ~10717, (162)

given that at the electroweak scale Ag,, =~ Ag,, =~ 0.27. The identification of the Higgs
quartic coupling in the SM with the one in the extended model is safe, being valid
the threshold relation (150) and }‘in a higher-order correction. In presence of values
of the portal coupling larger than about 1077, for the central values for the top and
Higgs masses, the inflationary trajectory could be spoiled and the Higgs field could
fall into the (less energetic) true vacuum. Furthermore, even with a very tiny portal
coupling, fluctuations of the Higgs field during inflation have to be taken into account,
of order of the Hubble parameter, could in principle forbid inflation [14].

Thus, if the top Yukawa coupling leads to an instability for the Higgs field, in any
case (even for not too small values for Ay, ) the model has to be stabilised in the
extended model, even not taking care of quantum fluctuations of the Higgs during
inflation.

The only chance, at this stage, is to consider values for m{ lower than its central
values, in order to push the instability scale towards higher values (at least of order
of the heavy scalar singlet mass scale) and make the stabilisation possible via the
threshold mechanism.

Taking the heavy singlet mass at m, ~ 3.16 x 10'2 GeV and the scalar quartic cou-
pling A, ~ 10~ as required by inflation, we see that the scale A depends now only
on Ay, x [see(146). Ignoring the bound (162), we impose a weaker constraint from re-
heating, that will be clear in the following section, A,y S 10~°, from which we can
infer the new minimum instability scale ~ 10'® GeV, needed to have a stabilisation
from the threshold mechanism. Assuming the central values for the Higgs mass and
the strong coupling in the SM background, this configuration is accomplished for a
m{ ~ 171.10 GeV.
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Seen that the critical top mass m{ which ensures absolute stability is given by
m¢ ~ 171.08 GeV [see Eq.(69)], our viable window m§ < my < m{* turns out to
be extremely narrow, making vain almost all our hopes to find a comfortable parame-
ter space, in which inflation and stability could cohabit. Thus, if the SM parameters, in
the light of more precise future measurements, are such that the SM potential will ap-
pear to be metastable, the threshold mechanism for stabilisation is not compatible with
our inflationary scenario for almost all the parameter window. All these results are in
agreement with [7] and [6, 5], although these two last works are driven in their conclu-
sions by the BICEP2 claim, ending with different considerations. Further extensions or
a change of perspective will be needed.

5.5 REHEATING

After the inflationary phase, any scenario, in order to be successful, should guaran-
tee a transition to the well-known Standard Model phenomenology: when the inflaton
starts oscillating around its minimum, produces the decay products which can reheat
the universe. This particular era in the history of the Universe, if inflation is the cor-
rect framework to deal with, is characterised by a very complicated phenomenon, not
fully understood yet. Here, we limit ourselves to few words about reheating in our
particular scenario at a basic level’, just to mention the calculability, in principle, of the
reheating temperature Tg. For all the details on the reheating process, see, for instance,
the review [127].

The inflaton starts oscillating with a frequency of order of its mass. The portal
coupling Ay, between the inflaton and the SM Higgs field allows the decay of our
scalar singlet into a pair of SM Higgs. The rate of this process can be computed via the
usual standard field theory tools and is given by [161]

AG, V"

r = oHX 16
X—=dHbH 327me ( 3)
Taking into account the expansion of the Universe, this particle decay emerges as an
additional friction term in the inflaton equation of motion® besides the standard gravi-
tational term 3Hy [see footnote n.2 of Chap. 4]:

X+ 3Hx +Tx+mix =0. (164)

The reheating phase is considered complete when the Hubble expansion rate H
drops below T. At that time the energy density is p(tgr) = 3M3T? (tr identifies
the reheating epoch). We assume that we are in thermodynamic equilibrium (or that
it can be reached quickly), so we can finally relate the decay rate to the reheating
temperature:

g,
90

g,
30

—-1/2
p(tr) = Tp > TE = ( ) MpTl~03MpT, (165)

Concepts as parametric resonance or Bose-Einstein enhancement of the reheating process go beyond the
scope of this work and were discarded.
This naive approach has however raised some concerns, for the details see[173].



where g, ~ 100 is the number of effective degrees of freedom for relativistic particles
at that time”. From big-bang nucleosynthesis, a model-independent lower bound on
Tr can be taken, given by Tr 2 1 MeV [174]. If also the CMB is taken into account, the
limit is a bit higher: Tg 2 4.7 MeV [175].

Thus, the reheating process is made possible in this case thanks to the portal cou-
pling Ay, between the SM Higgs and the scalar singlet, assumed small from previous
considerations. Given the smallness of the inflaton quartic coupling too, the decay to
SM particles naturally prefers to happen through the mixing Ay, In our case

T = 9.5x 10 Mp A, V2. (166)

We have seen that an estimation of A, and m, is affordable under the assumption
of small Ay, y: although we have some suitable values for v/, coming from inflationary
constraints, we only dispose of an upper bound for Ay, related to stability arguments.
In principle, relying on observations, the portal coupling could even be zero, but, if we
want to build a reasonable mechanism of exit from the inflationary phase, its presence
turns out to be obligatory, if there are no other fields in the game. Obviously, any hope
to probe this coupling by means of a particle physics experiment is vain, since the low-
energies signatures of the heavy scalar singlet behave as mz,/ m)2<, which is practically
Zero.

However, just to have a feeling of the numbers involved, and bearing in mind that
we can evade the bound (162) considering a lower value for m{ and pursuing the
stabilisation in the extended case, we could simply demand that the dominant decay
rate I, ¢,,¢,, is at least smaller than the inflaton mass, in order to avoid instability of
the inflaton during inflation, which means, from (163), that }‘%be < 32mA. Taking as a
reference a value a portal coupling of order ~ 10~°, we obtain

Tr ~1.3x10'3 GeV. (167)

Another possibility is that the inflaton decay into two heavy right-handed neutrinos,
whose rate Iy_,,vy is proportional to h2 m,. For not too small Ag,,y, this process
is suppressed compared to the two-Higgs decay: it would yield a lower reheating
temperature, and thus we consider this process as a sub-dominant one.

coNcLusioNs. We analysed a possible minimal extension of the SM, adding a U(1)
global gauge symmetry, related to the conservation of the B — L quantum number,
with an additional gauge boson, three right-handed neutrinos and a new scalar singlet,
responsible of the symmetry breaking at a scale not far from the inflationary one.

In principle, this model, already proposed some years ago, could account for the
masses of the low-energy neutrinos through the minimal type I see-saw mechanism
and act as a reasonable framework for an inflationary scenario, in which the real part
of the additional scalar (also known as “majoron”® in literature [176]) plays the role of
the inflaton.

Here, we tried to address a simple combined analysis of the viable parameter space
taking into account both the stability of the SM electroweak vacuum in the extended

7 For any details on this formulee see any introductory cosmology textbook, e.g. [122].
8 Actually, the “majoron” term was attached to the Goldstone boson related to the U(1)g_ symmetry
breaking. It is common, however, to find this name in relation to the real part of the scalar singlet.



76

\ Ll(])b 1 EXTENSION OF THE STANDARD MODEL: STABILITY AND INFLATION

model and the inflationary constraints coming from every possible configuration with
the fields at our disposal and the values which the couplings can acquire.

Inflation, now compatible with a single-field realisation, turns out to predict infla-
tionary observables within the current experimental bounds in the “hilltop” config-
uration, in which the field starts rolling down from values lower than its vacuum
expectation value, which reaches super-Planckian values, in relation to which, radia-
tive corrections can be safely neglected. In the window v/ ~ 20Mp — 30Mp, with a
scalar self-coupling of order Ay ~ 107'7 —10~"* we can have a suitable inflationary
expansion, which lasts enough to solve the early-cosmology problems and reproduces
the correct amount of primordial scalar perturbations.

Unfortunately, while adopting a value for the portal coupling which takes into ac-
count the constraint Ay, < 10718, coming from the highest value reachable by the
Higgs field during inflation, safely lower than the instability scale Ay, for the central
values of the strong coupling and the top and the Higgs masses, the SM potential can
not be stabilised through a threshold mechanism as long as the mass scale of the heavy
scalar singlet appears beyond Aj.

A lower m; than its central value seems necessary, in order to push the instability
scale towards higher values and make the stabilisation possible. Remaining above the
m¢ which ensures absolute stability [see Chap. 3], we can rely only on an extremely
narrow window.

Due to the narrowness of the feasible parameter space, a very accurate numerical
analysis of stability and running of the couplings is required, taking into account every
source of uncertainty, which could in principle spoil the scenario. We then conclude
that a minimal extension, like the one treated in this chapter, seems not completely
satisfying in describing a reasonable inflationary phase, compatible with the stability
requirements of the electroweak vacuum.

This conclusion is common to any other model in which the radiative corrections do
not interfere with the shape of the inflationary potential (like in our viable branch v/ >
Mp and x < Vv’). Instead, if the sub-Planckian regime v < Mp, in which the radiative
corrections are responsible of the symmetry breaking, had provided good inflationary
predictions, stabilisation would have been possible, due to the coupling of the inflaton
with the fermions (right-handed neutrinos) and the new gauge field. Unluckily, this
scheme overproduces primordial gravitational waves, and, more subtly, is exposed
to the risk of an instability on the inflaton direction, because of the dependence of
the potential on Ay. Our results are in agreement with the related literature, e.g. [7]
and [6, 5], net of final certain considerations connected to the experimental state of the
art at the time these works were written i.e. BICEP2 claim [135].

The model may also provide a possible dark matter candidate and act as a good
backdrop for a leptogenesis scheme. For the former, there exists some suggestions in
which the B — L scalar singlet could be seen as a viable dark matter candidate [177],
giving some signatures in the CMB temperature power spectrum [178] and acceptable
decaying schemes for adequate mass ranges[179], e.g. considering, for the low values
of hy, and Ay, freeze-in[180].

As concerns leptogenesis, the presence of right-handed neutrinos, directly coupled
with the inflaton, could be a good starting point in building feasible scenarios [181].
We dot not deal with these two possibilities here.
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Starting from this minimal set up, it may be interesting a further investigation of the
connection between inflation and neutrino masses, seeing for instance the dependence
of the Majorana Yukawa coupling on the vacuum expectation value of the inflaton, for
a given Dirac coupling. Furthermore, it can be possible to extend the analysis done
in the last section of [12] in this new scenario: from the requirement of electroweak
stability after the inclusion of the see-saw, to what extent the upper bound on the
right-handed neutrino mass m,, as a function of the top quark mass, can be influ-
enced by the presence of an extra scalar singlet? Moreover, it could be left as a future
investigation the estimation of the m., required to retrieve the inflection point configu-
ration studied in the pure SM scenario in Chap. 4, now in presence of the heavy singlet
scalar, generalising the analysis done in[12]. As a last idea for a further development,
the non-minimal coupling between both the scalars and gravity can be embedded in
the U(1)g_r scenario, in order to perform a full numerical analysis for stability and
inflation [see, for instance [162]].
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HIGGS E-INFLATION

The first minimal extension to the SM we look over is the well-known Higgs infla-
tion model, initially proposed by Bezrukov and Shaposhnikov some years ago [20]: it
is based on considering a non-minimal coupling & between the Higgs field, again play-
ing the role of inflaton, and gravity. This coupling should be required in a complete
renormalisable model and can make the Higgs potential suitable for an inflationary
phase. The model, in its tree-level version, is briefly presented in Sec. 6.1.

This model, along with Starobinsky inflation’ [182, 183], is one of the most attractive
either on the motivation side, seen that it does not involve any physics beyond the SM,
either on the phenomenological side, because of its standard predictions for the CMB
inflationary parameters, well within the latest experimental bounds. We will review,
at the end of Sec. 6.3, the main differences and similarities between the model in exam
and Starobinsky inflation, including the theoretical reasons driving their degeneracy
in the predictions.

The value of & required for reproducing the amplitude of scalar perturbations in the
original model turns out to be very large, and have some problematic implications for
the unitarity of the theory. We will reappraise this issue in Sec. 6.4.

In order to consider a lower value for &, we will analyse some critical configurations
of the effective potential, in order to probe the viability of the inflationary phase and
its dependence on the renormalisation scale.

First, we are going to consider quantum corrections, starting from the RGE in the
extended case [see Sec.6.2.1 and App. A.4] and then we will obtain the effective poten-

The Starobinsky model relies basically on a modification of gravity, in which it is considered the quadratic
term of the scalar curvature in the perturbation expansion:

2
S :Jd“x\/?g <NZLPR+C1R2> , (168)
where ¢ is the Wilson coefficient related to the mass of the hidden scalar, sometimes called “scalaron”
(which can be made manifest in the so-called linear representation), through the relation ¢y = 1/ (6M?2).
In order to reproduce the correct value for A, it should be c¢1 ~ 107 (equivalent to M ~ 10°). Going to
the Einstein frame, one can get the scalar field version of the model. The theory leads to inflation with
the following scalar index and tensor-to-scalar ratio:

2 12
ng—ls—— rwm. (169)

The additional 1/N suppression on 1 helps to produce a tiny amount of primordial gravitational waves.
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tial [see Sec. 6.2.2]. After that we will study its dependence on the o parameter, at each
loop order.

In Sec.6.2.2 we will outline the issue related to the renormalisation prescription,
ie. the procedure of quantisation of the effective action, deciding in which frame
(the Jordan or the Einstein one, in which the field is respectively non-minimally and
minimally coupled to gravity, related via a conformal transformation with each other)
should be done. We will try to solve the question in a non-ambiguous analytical way,
showing the underlying equivalence of the two approaches.

Following the literature, putting an upper bound for the height of the potential in
relation to the experimental upper bound on the tensor-to-scalar ratio, we can rule out
some values for &. At the same time, we are going to provide the inflationary predic-
tions for the model, including all the quantum corrections, confirming the robustness
of the tree-level results. This analysis will be carried out in Sec. 6.3.

6.1 NON-MINIMAL COUPLING

We consider a model with a non-minimal gravitational coupling & between the SM
Higgs doublet H{ and the scalar curvature R[20]*. In general, § is a free parameter of
the model: no direct measurements so far have been provided and the discovery of the
Higgs boson, as the expected last SM particle, implies only a very weak upper bound
£ < 2.6 x 10'>[185]. There exists one preferred value & = —1/6, related to conformal
invariance, but, so far, no hints connected to conformal symmetry as a symmetry of
Nature were revealed. The general action is given by:

MZ
S = Jd4x\/7—g [LSM — TPR — EG{TJ{R] , (170)

where L is the full Standard Model Lagrangian (5).
The relevant part of the action (170), from a cosmological point of view, is:

8y :Jd“x\/?g {(auﬂfﬁ (a“%)-NZL‘%R—aJ{TJ{R—V} , (171)

where V = % (J—CT.‘J{ —V? /2)2 is the SM potential (17b) and the subscript | means that
the action is evaluated in the frame where physical distances are measured and the
inflationary model is defined, called Jordan frame.

In order to remove the non-minimal coupling, we introduce a conformal (Weyl) trans-
formation:

: HIH
Juv = Juv :-O-zguv/ with Q% =1 +2aw- (172)
P
The resulting action is:
Se = [d'y/g |2y (0,507 (4 Mg
E = X*QQz(u)( )*T
3¢? \4
0y (HTF) oM (HTHC —}, (173)
O*M3 ( ) ( ) Q4

2 A term like this is required by the renormalisation properties of the scalar field in a curved space-time

background [184].
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where R is calculated from the metric § and the subscript E denotes that now we are
in the Weyl-transformed frame, called Einstein frame.

If we consider the unitary gauge, like the original choice made in (19), in which the
only scalar field is the radial mode ¢n

1 0
H=— , 1
7 ( dm) (174)
we can simplify the (173) in the following way:
\
Jd“ X/ — [ —PR4+ = auq)Ha 0] Q4] , (175)
where
Alw)

K= (0% +6e%97)) /Q", V=" "(0f —v)?, O =T+&bfi.  (176)

The bar over the fields indicates, from now on, that they are defined in Planck units:
du = %

It is useful to get rid of the non-canonical kinetic term for the Higgs field in (175) by
a redefinition of the fields: ¢y = b (x), where x is a new scalar, which satisfy the
following relation:

dyx _ Q2 + 6502,

don Q4 ’

One can obtain also a closed analytical relation between the two fields:

x(dn) = Mp\/]ff sinh~ <V +6“’“)

—v/6Mp tanh ™’ V6EDH . (178)
VME + &1+ 6807,

The final expression for the Einstein frame action is:

dHl(x =0)=0. (177)

1 M3
Sg = Jd4x\/ =3 [zauXaHX - TR U(x )} (179)
where the potential is given by

_ V) AW (dr(x)? —v?)?
U= 0007 = 24 (1+ednt0?)?” (180)

and the last equality holds only at tree level. We can notice that the potential is expo-
nentially flat for large field values and can in principle provide a slow-roll inflationary
phase, driven by the Higgs field itself.

6.2 ADDING QUANTUM CORRECTIONS

Now we turn on quantum corrections. This will take into account both the running
of the couplings (now including also the running of the non-minimal coupling &, see
in particular App. A.1 and A.4) and loop corrections to the effective potential.
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6.2.1 RGE

In the small field regime the running of the couplings is described by the usual SM
RGE, used in the analyses of the previous chapters. However, as we evaluate the field
¢H in the Einstein frame with a canonical gravity sector, we notice that the kinetic
sector is non-canonical. On a spatial hypersurface, the canonical momentum of ¢ is

7T :ﬂ—‘/_”'(”uvn a (b )<d.>(>2 (181)
H = a(I)H - 9 g nYv H d(bH 7

where n,, is a time-like vector. So, imposing standard commutation relations for ¢

and the canonical momentum 71, we obtain [186]:

[Pr(%), dr(G)] =hs(dn) 8% (x—1), (182)

with e
_ + &1
010 = e (183)

For small field values ¢y < Mp/&, s =~ 1, recovering the SM case, while in the infla-
tionary regime ¢ > Mp/E, we see a suppression in the commutator: then, quantum
loops involving the Higgs field are heavily suppressed and hence the RG equations
differ from those of the SM. For this reason, the prescription adopted is to introduce
a s(¢n) factor for each off-shell Higgs that runs in a quantum loop in the RG equa-
tions’? [188, 189] [see App. A.4 for more details].

6.2.2 Effective potential

Following the approach adopted in Sec. 2.1.3, the total RG-improved effective poten-
tial is given by
Uett = U +Uy +Up +..., (184)

where Up, Uy, U, are the tree-, one-loop and two-loop contributions, respectively, with
the running of all the couplings involved, evaluated at some renormalisation scale ,
conveniently chosen in order to minimise the effect of the logarithms, as done in the
pure SM case.
The tree-level RGE-improved SM potential in the Einstein frame in the large field
regime? is:
M) et

Uo(bn) = S0 i where Q2 =1+ &e?TW ¢, (185)

Renormalisation prescriptions

There exist two inequivalent options for the quantisation of the classical theory and,
for this reason, the effective potential can not be defined unambiguously [190].

This is not the only method of dealing with this effect: another one[187] is to view the effect as a
suppression of the effective Higgs coupling to other SM fields and, for large &, neglect the physical Higgs
field in the region ¢ 2 Mp/E&. The resulting theory with a frozen radial Higgs mode, known as chiral
electroweak theory, gives slightly different results.

4 The v?-term in the potential does not play any role during inflation and can be safely neglected.
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One can compute quantum corrections to the potential after the transformation (172),
in the Einstein frame (prescription I)[20, 187] or before, directly in the Jordan frame
and then go to the Einstein one (prescription II)[191]. Even if the two frames are
related through an harmless conformal transformation, it is not universally accepted
that they describe the same physics. Furthermore, without a satisfying UV completion
of the theory at the Planck scale, in principle it is not clear which prescription should
be used [192]: the first has been connected to a possible quantum scale invariance in
an interesting hierarchy problem solution [193, 194, 195, 196]; the second is thought to
be preferable simply because the Jordan frame is the “natural” one, free of possible
trouble sources originated by the conformal transformation [191].

Nevertheless, for sufficiently large A, in a large & scenario, the choice of renor-
malisation prescription should be irrelevant from a practical point of view, as stated
in[190, 3].

The equivalence of the two frames was made explicit in a certain number of works,
e.g. considering, in the action, only dimensionless quantities, invariant under confor-
mal transformation [197], or works essentially based on case-by-case checks, involving
the curvature perturbation during inflation [198], or the on-shell effective action[199].
Unfortunately, the issue is not completely clarified, leaving the choice of the renormal-
isation scale still confusing.

We try here to review a careful step-by-step calculation, in order to show that no
ambiguities should arise when the two frames are considered, reaching the same con-
clusions of [197, 200]. In addition, we remark that the recent findings on how to deal
with the one- and two-loop corrections to the effective potential mentioned before [see
again Sec. 2.1.3] imply that the two prescriptions are de facto equivalent [8].

We assume that we stop at the first loop order in quantum perturbations and that we
want to end up always in the Einstein frame, for simplicity, regardless the prescription
used.

PRESCRIPTION I.  We go in the Einstein frame and then we turn on the quantum
corrections to the potential U:
I Vo
Vo= U then Ugy =Uo +l = 57 +1Us, (186)

where the one-loop correction induced by the SM fields takes the usual Coleman-
Weinberg form

1 3myy, mi, 5 3m% mZ 5 4 m? 3
Wb = G [ 2 (1“ TR 6> T (I“uz— 6) —Imy (1%2 - z>
4 2 4 2
my, my 3 3mg mg 3
+—4 <ln 2 2) + 1 (ln 2 2)| (187)

The particle content is computed expanding the Higgs doublet (including the Nambu-
Goldstone bosons o) in the full expression for the tree-level potential to quadratic order
in the fields, giving, in Landau gauge [201]:

o gzezr(”)cﬁ%{ o (gz+9/z> ezr(u)(ﬁ%[ o h%ezr(“)d_)%l
W= T A3 zZ = ’ t— 7 502 7
402 40?2 20?2
w2 SONTER (1SR e TR
H 204 1+80%,) d 604
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So, in general, all the mass scales (including the Planck mass, cutoff scale and renor-
malisation scale) are rescaled by a Q) factor:
my — Mg = % , (189)

Besides the conformal factor at the denominator, using the asymptotically flat tree-
level potential to determine the particle masses, rather than the Jordan-frame potential,
leads also to the appearance of additional factors in the physical Higgs and Nambu-
Goldstone boson masses, responsible of a suppression of these two contributions (with
respect to the W, Z and t ones) to the effective potential during inflation. This is in
agreement with the reasons exposed in Sec. 2.1.3 in the treatment of the RG-improved
effective potential [86].

The two-loop radiative correction U, can be found in the same way, operating on the
explicit form given in App.C.

PRESCRIPTION II. We add the Coleman-Weinberg correction to the Jordan-frame
potential and then go in the Einstein frame:

Vo Vi

I
Vo + Vi %ugﬁ)_§+@.

(190)

Following one of the two paths, will lead, in principle, to different results: this is
because degrees of freedom that are fixed in one frame become dynamical in the other
and viceversa.

Looking at (187) and focussing on the top quark term, for instance, we notice that
the logarithm will be minimised for pg = my g. This is the renormalisation choice for
prescription I: in the Higgs inflation scenario this is translated in the usual approach
according to which the renormalisation scale is chosen to be exactly the typical energy
scale involved in the process, i.e the field value.

In the prescription II approach, the condition for the minimisation of the logarithms
is by = my,j. Expressing it in Planck units and using (189), we obtain

By omyy  Omee e
Mp,;  Mp,; OMpe Mpg’

(191)

hence, it is the same prescription as in the Einstein frame: there is no ambiguity in the
choice of the renormalisation scale, which is correctly given by prescription I. Even the
expression of the potential turns out to be the same: the conformal factors arising from
the Jordan-frame masses in the Coleman-Weinberg piece compensate the ones in the
denominators of the Einstein frame expression, so u =y,

We will use, coherently with the choice (45):

o adu(t)
MY = Senw, 8 (192)

Dependence on o

As showed for the pure SM case in Sec. 3.2.2 and in Sec. 4.2, also in this case, when
we include all the loops corrections, there is independence of the effective potential on
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Figure 27: Dependence of the tree-level potential U on the renormalisation scale through the
o parameter. With the light blue, blue and purple lines are represented the shapes
of the effective potential at the inflection point for ¢ = 0.3, « = 1 and a = 10,
respectively. Fixing the non-minimal coupling to the reference values & = 1 (min-
imally coupled scenario), & = 102 and & = 10, we can notice the emergence of
the plateau for high field values, one for each « value: the lines are pretty much
indistinguishable.

the « parameter. Again, two loops are enough to enlight this behaviour and to make
the errors on the predictions small: we can rely on the effective potential expansion,
providing a description which is robust enough.

To this extent it is useful to look at the variation with « of the RG-improved effective
potential for particular values of m and & (central for my and o) for each loop order.

In Fig. 27 we display the scale dependence of the tree-level Einstein frame potential U,
for three particular values of the non-minimal coupling: & =1, £ = 10?2 and & = 10%. As
done before, for clarity, we put ourselves in a stationary configuration, i.e. the inflection
point configuration, tuning adequately the top mass: for comparison, together with
the potentials in the non-minimally coupled scenario, also the pure SM curves are
displayed, one for each reference value for o: o = 0.3 (light blue), « = 1 (blue) and
o = 10 (purple). We can easily notice that the curves related to the different values of
o are practically indistinguishable.

Going further with the loop corrections, we display in Fig. 28 the same configura-
tion for the one-loop (first row, long-dashed curves) and two-loop (second row, short-
dashed curves) effective potential. With the solid lines are described the tree-level
results. The plot columns are obtained for & =1, § = 100 and & = 1000, respectively.
It is now more evident that as long as we increase the loop order, the less is the de-
pendence on the renormalisation choice, confirming what inferred in Sec.3.2.2 and in
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Figure 28: Dependence of the effective potential, up to the two-loop radiative corrections, on
the o parameter at the inflection point configuration. In the first row are showed the
one-loop results (long-dashed curves), while in the second row the two-loop ones
(short-dashed curves). The first column is obtained for & = 1, the second for & = 100
and the third for & = 1000. The solid lines represent the tree-level results. The
higher the loop order considered, the less the dependence on the renormalisation
scale, almost regardless the non-minimal coupling value.

Sec. 4.2. The result seems to be insensitive to the particular value of the non-minimal

coupling chosen.

63 NUMERICAL ANALYSIS: INFLATIONARY OBSERVABLES

For the same values of m, s and my, we now vary ¢ in order to have a better
understanding of the magnitude of U, working at two loop in the effective potential,
trying to bear in mind a reasonable order of magnitude for the inflationary energy
scale.

In Fig. 29, we show the height of the potential in relation of the three reference values
of & considered before, for fixed values of m; (tuned to ensure stability), s and my.
With the thick red line we represent the upper bound on U, coming from the current
experimental bound on the tensor-to-scalar ratio, v < 0.08 [see (122)]. Inflation would
take place at the “knee” of the curves, so that small values of &, say below 102, seem
to be not allowed for the considered values of m¢, &g and my.

In order to have a more detailed picture of the situation, we have to scan also over
my, &g and my. This is done in Fig. 30, taking, as an example, & = 50. Fixing « =
1, we let vary m¢, o and my in their experimental ranges (pink, green and blue
curves, respectively, among which the long-(short-)dashed ones stand for the highest
(lowest) value allowed), bearing in mind that we are still using a lower mass for the
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Figure 29: Ensuring stability with a low-valued top quark mass (sticking with the current cen-
tral experimental values for the Higgs mass and the strong coupling constant), we
try to put a weak constraint on the non-minimal coupling in relation to the tensor-
to-scalar ratio, dependent in turn on the height of the potential at the inflationary
scale. We display with the thick red line the current upper bound on U, coming, via
Eq. (127), from the current limit on the detection of r, already mentioned in (122):
within our NNLO analysis, wee see that a low value for &, namely & < 102, seems
not suitable to explain the current lack of experimental detection of the primordial
tensor background.

top quark with respect to its central value: the tuned value used here is, in particular,
my = 171.16 GeV. Our feeling is confirmed here: the knees of the curves, where
inflation should take place, are all above the upper limit imposed by the experimental
searches of the tensor modes, getting the low-¢£ scenario (here represented by a ~ 10
non-minimal coupling) into trouble. The interesting feature developed for the m¢ +
Amy curve disappears soon as we vary a little bit the parameters in the game: a proper
numerical analysis for such a fine-tuned configuration seems not so reliable to us.

PARTIAL CONCLUSIONS. Summarising, although the plateau position does change a
lot, small values of & seem to be not allowed, because they would give, assuming to
reproduce the correct amount of density perturbations, too large values for r, sticking
with the current experimental state of the art.

Models with large values for 7, reacting to the detection, later disproved, of a B-
mode polarisation signal by the BICEP2 collaboration [135], were proposed, in order
to take into account small values for & [202] (the motivations for such an investigation
will be clear later): we did not manage to find a viable parameter window to match
the critical configuration analysed therein. These results are in agreement with the
detailed work [8], appeared during the carrying out of this analysis, which is focussed
on the analysis of inflation along potential shapes which deviates from plateau.
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Figure 30: For a fixed & = 50 scenario and considering, for simplicity, « = 1, we let vary
m¢, my and o in their experimental ranges, referring to the updated numerical
values used in Sec.3.2.1: in this case, for the top mass, it was used a value which
would have ensured stability, m; = 171.16 GeV. Note that in this figure it was
not imposed the constraint coming from the experimental value of the amplitude
of scalar perturbations. In red are displayed two particular upper bounds for the
potential, related to two peculiar values for m: r = 0.1 and r = 0.05, reading from
top to bottom. In pink we show the variation on my, in blue the variation on
my and in green the variation on «s. Also in this case, we notice that a value
for & of order & ~ 10 would not be allowed, giving rise to a too large amount of
primordial gravitational waves. An intriguing feature in the potential is developed
in correspondence of the highest edge of our parameter window for m;: maybe
this critical configuration might rely on a low-¢ scenario, reproducing the correct
amount of scalar perturbations, but the room of variation of the parameters turned
out to be too narrow to carry out a proper numerical analysis.

Now we turn to the explicit derivation of the inflationary observables for the model
in exam, wondering if the value for r would be affordable for the near-future CMB
experiments (both from the space and the ground): is the (near-future) detection of
a sizable tensor-to-scalar ratio a direct motivation for the death of the non-minimally
coupled Higgs inflation model?
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A tree-level analysis in the slow-roll approximation can be performed for the field x
and the potential U(x). We recall that the slow-roll parameters are defined as in (108),
(109) and (110):

_ M3 /du/dx)?
€ = 2( U > , (193)
d*U/dx?
n o= M2 (1/1 X > , (194)
_ e [ dudu
¢ = Mp (uz & dx | (195)
In the limit §7, > 1/&, & > 1, they are given by":
4
€ ~ 36250 (196)
4 72
n = m(]—&bH) (197)
LGS S

Slow-roll ends when € ~ 1 or [n| ~ 1, and this occurs, seen (196), at a field value

Gri,end = (4/3)V4/VE. (199)

The time duration of the inflationary phase is represented by the number of e-
folds (91), given by [204]:

N_J%,* don U < dx >2~3 M—i—ln 1+ £ ena
drma Mp dU/dbr \dbr /) 4 M3 /& T+&bf . )|

(200)

The number of e-folds is fixed independently by the post-inflationary phase of the

universe, i.e. a matter dominated epoch. The radiation dominated epoch starts at an
effective temperature 3.4 x 10'3 GeV < T, < 1.1 x 10'* GeV. N is given by [204]:

k 10]6 GeV u1/4(XO) 1 u1/4(Xend)
N = 62—In —In = —In - _,1n71 7
aOHO u / (XO) u / (Xend) 3 p / (Tmax)
1 Xer
~ 6041 1
60 n woHo 6 n o’ (201)

where p(Tmax) is the energy density at the beginning of the hot stage, Xcr = \/2/3Mp/¢,
is the critical stage at which the reheating phase ends (here the potential is essentially
quadratic) and, for x < Xcr the radiation-dominated epoch starts. At 3.7(A/0.25) 125 r <
Xr < 40(A/0.25)xcr the matter-radiation transition happens. Considering also the spa-
tial curvature k =~ 0, it is found N =~ 59, from which we can say that

b, = 9.14/V/E. (202)

Exact expressions can be found, for instance, in [203].
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It is worth-mentioning that the the value of ¢y eng turns out to be quite insensitive
to the particular value of ¢ or 1 when they approach 1.

The perturbation modes of pivot scale k. = 0.002/Mpc left the horizon during infla-
tion when the field value equals ¢, . At this field value, the potential, in order to
generate the correct amount of density perturbations, should satisfy the normalisation
condition [133]:

U/e = 242 A, M} ~ (0.0269Mp)* . (203)

This relation, along with the determination of the number of e-folds, fixes the re-
quired value of £ at tree level, which turns out to be of order & ~ O(10%).

The tree-level predictions for inflationary observables[124, 205] (spectral index ng,
tensor-to-scalar ratio r and the running of the spectral index dn/d Ink) for this model,
in function of the number of efolds, are given by:

2 1 1
N’ T_12<1+(5£>Nz' (204)

where large values of &, as already said, are required to match the amount of scalar
perturbations. In this limit (§ — oo) the predictions are quite the same of the Starobin-
sky model [see footnote 1 in this chapter]. Numerically, in the slow-roll approximation,
we obtain:

ng~1—

ng ~ 1—6e+2n>~0.967, (205)
r ~ 16e~0.0031 (206)

dns 2 2 —4
TInk 24e” —16en+20° ~54x 1077, (207)

where the slow-roll parameters are evaluated at ¢y, .. These values are well within the
1 0 border of the allowed region of inflationary parameter space, provided by the most
up-to-date analyses[134, 136].

Going beyond the tree-level analysis, the procedure adopted for the numerical cal-
culation of the inflationary observables consisted in solving the RGE, with the initial
conditions given by the known matching procedure and then in the extrapolation of
the physical quantities of interest from the improved effective potential. The first step
is to choose a reasonable initial value for & and then adjust the top quark mass in or-
der to have the right behaviour of the Higgs quartic coupling at the inflationary scale.
Next, we evolve the couplings in the potential up to high energies via the RGE and,
from U(x), for prescription I, we obtain the inflationary parameters at a field value
corresponding to N =~ 60 e-folds before the end of inflation. We repeated the steps for
different initial values of & until the correct normalisation (203) was achieved. Finally,
we computed the spectral index ns, the tensor-to-scalar ratio r and the running of the
spectral index dngs/d Ink.

The numbers obtained, displayed in the usual (ns, r) plane in Fig. 31, are compatible
with the tree-level results (205) and very stable with respect to quantum corrections, in
agreement with all the existing literature. Furthermore, we verified that the predictions
are quite insensitive to any variation of m. As we can notice from the figure, the
Higgs inflation outcomes are well within the updated experimental constraints given
by Planck and BICEP2/Keck Array collaborations: among the plethora of (minimal)
inflationary models, together with Starobinsky, Higgs inflation provides the lowest
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Figure 31: Predictions for inflationary observables (ns,r): in red are displayed the standard
tree-level outcomes for a Starobinsky model, while in yellow the Higgs &-inflation
model, including quantum corrections. The small (large) point represents the result
for N =50 (N = 60). In the background we display the 10 and 2 o contours of the
latest constraints put by the joint analysis of the Planck and BICEP2/Keck Array
collaborations [134].

values allowed for 1, hence a detection of tensor modes in the very next years, given the
sensitivity expected for the upcoming CMB experiments, would rule out this approach,
pushing the theory community to focus on less minimal constructions.

As briefly anticipated, Higgs inflation and the Starobinsky model are nearly degen-
erate in predictions: this could be explained investigating the fundamental nature of
these two constructions.

The Higgs and Starobinsky models of inflation are attractive because, as we antic-
ipated, are well within the SM physics and they do not need of any new physics
extension.

The degeneracy in the inflationary predictions of these two models, which we no-
ticed are in extraordinarily agreement so far with the latest experimental data, is proba-
bly due to both their intimate theoretical [206] and phenomenological [207] connection:
along with the more general universal attractors models, they share the same nature,
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which can be unveiled through some considerations about their large-field behaviour,
resumable as a plateau-like configuration.

As we saw in Sec. 4.1.3, during inflation the kinetic terms (very different in our case)
are sub-leading with respect to potentials and can be ignored in a first approximation.
In this case, the scalar field in Higgs inflation could be treated just as an auxiliary
tield, which can be integrated out, giving rise to Starobinsky inflation. We can say that
Higgs inflation is a sort of descendant of the Starobinsky model, behaving dynamically
in exactly the same way during the inflationary phase: their predictions are slightly
different, but such differences® turn out to be not measurably in the next future and
furthermore, the two models display different UV cutoffs, because of their dissimilar
small-field behaviour. This last point could be interesting because of the unitarity
issues related to the Higgs inflation model [for more details, see Sec.6.4]: the cutoff
in this model, dependent on the non-minimal coupling, seems to be lower than Mp,
while in the Starobinsky theory it is simply the Planck scale, so that inflation can be
safely trusted. The reason, again, resides in the role played by the kinetic energy.

For a nice analytical proof of the connection between the two models, see [206].

In a Higgs &-inflation scenario, it was pointed out that Starobinsky inflation could be
induced by quantum effects related to the large non-minimal coupling: when quantum
corrections are taken into account, a large coefficient for the R? term can be generated
in early Universe. In this way, the problem of a possible metastable vacuum could be
escaped, the Higgs field is not forced to have large initial values and the Starobinsky
potential would be free of destabilisation sources [208].

6.4 UNITARITY

The non-renormalisable character of gravity could represent a serious issue in the
formulation of a self-consistent inflationary model: when we consider a process com-
puted at the lowest order in perturbation theory in the field theory under construction,
we usually find an energy A at which the cross section of the process hits the unitarity
bound [see Sec.2.2.1]. This UV cutoff, at which the perturbation theory breaks down,
inform us that the theory under analysis is not a fundamental theory, but an effective
one, valid for momenta up to A. Then the fundamental Lagrangian has to be mod-
ified by adding all the possible higher-dimensional operators allowed by symmetry,
suppressed by the scale A: if the coefficients of these operators are of order one, these
can spoil the high-energy behavior of our inflationary potential. In this case the real-
isation of inflation is said to be “unnatural”, while if one finds some mechanism that
keeps the undesired higher-dimensional operators effect smaller and negligible, then
it is said that the phenomenon is “natural”.

Coming back to Higgs inflation, in the large non-minimal coupling regime, the above
mentioned cutoff scale is of order of [209, 210]:

M
An ~ TP ~10" GeV, (208)

The main phenomenological difference relies on the reheating process after inflation, which results in a
10—3 discrepancy in the spectral index and in a variation of one or two units of the e-fold number [207].



0.4 UNITARITY |

lower than Mp, where unitarity would be anyway expected to be lost, and comparable
to the scale set by the height of the inflationary potential. This means that new physics,
expected to contain new particles and new interactions that affect the potential in an
uncontrollable way, should show up at relatively small energies in order to restore
unitarity, statement in strong tension with current experimental searches’. Hence, in-
troducing a large non-minimal coupling in order to burden the Higgs field also with
the role of inflaton, lowers the unitarity cutoff to a value that, in principle, obstructs
the predictivity of the model and undermines its self-consistency. In other words, seen
that inflation takes place for field values ¢ ~ Mp/VE > Mp/E, above the regime of
validity of the theory, the inflationary predictions should depend in a sensitive way on
the coefficients with which these operators appear[209, 188, 211, 210].

The dependence of the observables on the RG flow (and so, indirectly, on the higher-
order operators) could be considered twofold: from an optimistic point of view, it helps,
in principle, to remove the possible degeneracy in the predictions of all these single-
field inflationary models, which provide a very tiny amount of primordial gravitational
waves. Obviously, this dependence on the unknown UV physics deprives us of all the
predictive power of the model under consideration.

A recent analysis [8] stated that the Higgs inflation predictions turn out to be ro-
bust in this sense: the threshold corrections induced by the new physics® unavoidably
modify the running of the couplings and consequently the shape of the inflationary
potential, but the CMB parameters, due to a precise cancellation, remains almost unaf-
fected.

Obviously, the issue could be simply addressed through a sensible reduction of the
coupling & and hence pushing the scale of perturbative unitarity violation towards
the inflationary scale [189]: however, we saw in Sec. 6.3 that, trying to keep a viable
inflationary scenario, this configuration is extremely hard to achieve, even though one
can consider very critical featured potential configurations.

Another approach, widely followed, is based on a revisited calculation of the cutoff
scale: it is found that the domain of validity of the effective theory does depend on the
background value of the scalar field ¢y and that the value (208) it is an upper bound
at ¢ = 0, becoming higher for larger background values of the scalar field [212]. The
unitarity cutoff is then dependent on the field regime:

AHIN{]\/;/ d)HI ]://lzp}, (210)

Another possibility relies on the idea that the model would be strongly interacting at A1, with no need
of new degrees of freedom. However, the predictiveness of the model would be lost in any case.

In the work mentioned are considered also the higher-order operators that affect the effective potential at
loop level, leaving the tree-level expression unaltered: this is achieved by adding only the operators that
are really necessary for the consistency of the theory. At dimension six, are allowed only operators of the
form

MY 04
£D Z CiATHIOi , (209)
i

where the c; are the unknown Wilson coefficients and the sum is over all the dimension four operators
invariant under the SM symmetries. These operators are relevant around the scale ¢y ~ Mp /& and hence
they do not affect the tree-level potential, but only the running of the couplings. According to the authors,
this choice is not critical to their results and other parametrisation could be used.
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where, respectively, we have the value for the small, mid and large field regimes. The
tield dependence of the cutoff can be understood from integrating out heavy fields
with a field-dependent mass. In particular, it is showed that the cutoff, during inflation,
coincides with the Planck mass (in the Einstein frame), which is much higher than the
Hubble rate at that stage, allowing a semi-classical treatment of the model.

We outlined here the very essential lines of the unitarity problem in Higgs inflation:
the full treatment of this issue constitutes a field of research in itself and it is still much

debated in literature. All the subtleties and recent developments go beyond the scope
of our work.



CONCLUSIONS

At the current stage, the particular near-criticality configuration suggested by ex-
perimental data remains unexplained, but the belief that it might be trying to tell us
something deep about Nature is perhaps stronger than before. The special nature of
the Higgs potential and its stability seem a very good reason to investigate further,
both from the experimental and the theoretical side, with particular interest in the de-
termination of the top quark mass, the main parameter in the game, able to control
how close we are to the edge.

In Chap. 3, we provided an updated calculation at NNLO of the experimental and
theoretical uncertainties on m{, the value of the top mass which ensures absolute
stability of the electroweak vacuum. In addition to the uncertainty in the identification
of the MC and pole top masses, our results lead us to conclude that the configuration
with two degenerate vacua is at present compatible with the experimental data.

Our conclusions are in broad agreement with the previous analyses in literature,
where, actually, a light preference in favour of metastability is verifiable. We stressed
the technical reasons of the small discrepancies, related mainly to an underestimation
of two uncertainties: from the experimental side, in the determination of ocgs) and from
the theoretical one, in the identification of the MC and pole top masses. These two,
together with a less conservative interpretation (with respect to ours) of the significance
of the results, leaves us not so confident in strongly excluding stability.

It is clear that, in order to discriminate in a robust way between stability and metasta-

bility, it would be crucial to reduce the experimental uncertainties for both m and ol

A reduction of the theoretical error in the matching would also be welcome.

Throughout our analysis we assumed the SM to be valid all the way up to the Planck
scale, albeit we are aware how the stability of the SM can be very sensitive to the higher-
order corrections. Near the cutoff of the theory, large Planckian effects are possible, but
without a satisfactory comprehension of the UV-completion of the theory there is no
hope to evaluate them. The effects of these higher-order operators is dependent on
the choice of the free couplings: it is not clear why and how gravitational physics
should make the potential more unstable or vice versa. The theory, in addition, when
predictions happen to depend on a number of parameters larger than the number of
predictions themselves, ceases to be predictive. Furthermore, the use of an effective
theory close to its cutoff might not be fully reliable. For these reasons, we choose to
ignore the super-Planckian physics and make our studies in minimal frameworks.

In Chap. 4, after a brief introduction of the concept of primordial inflation, we tried
to investigate the feasibility of an inflationary model, in which the expansion is driven
by the only scalar known so far in Nature: the Higgs field. Being impossible to have
inflation in the pure SM framework, we analysed the possibility of a featured SM po-
tential at high energies, in which an inflection point configuration appears in relation
to a particular value of the top mass m!. In this way, being in the stability regime, the
Higgs scalar could in principle roll down along the potential, passing through a very
shallow false vacuum and ends its run in the electroweak minimum. A value for the
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tensor-to-scalar ratio r close to 0.2, as claimed by BICEP2 in 2013, would have been
compatible at about 2 o with a model based on a shallow false minimum. However,
as we know, that detection was mainly related to interstellar dust, and thus, that refer-
ence value is now ruled out by observations. With the inclusion of all the theoretical
errors and the slight changes in the central values of the input parameters, the present
calculation supersedes the results obtained in literature, highlighting the lack of viabil-
ity of this scenario, sticking with the current experimental state of the art. Thus, the
shallow false minimum idea seems in trouble: in order to embed inflation in a SM-like
framework, new physics beyond the SM has to be introduced.

The closeness to the stability line can be of course spoiled if we bear in mind that
other contributions, besides the SM, are expected in order to explain, among the others,
dark matter, dark energy, neutrino masses and the matter-antimatter asymmetry. If
new physics beyond the SM appears below Mp, the running of A could be heavily
modified: the stability could be worsened, it could remain unaffected, or it can be
cured.

Two minimal extension to the SM are then considered here in turn: first, a U(1)
extension of the SM gauge group, in order to take into account, together with inflation
and stability, the small neutrino masses [see Chap.6]; second, the very well-known
path of a non-minimal coupling between the Higgs field and gravity [see Chap. 5].

The inclusion of new physics beyond SM appears mandatory also if the metastable
scenario will be confirmed. The electroweak vacuum stability during (or after) inflation
is threatened by the field fluctuations, and so, when the field reaches values above the
instability scale, the Higgs evolves to the true minimum at high energy. The consequent
evolution of the field should lead to observable effects like the appearance of bubbles
or domain walls. For this reason it would be better, in the case of metastable vacuum,
to think at some new physics beyond the SM able to stabilise the potential.

We tried to pursue this task, considering in Chap. 6, a possible minimal extension of
the SM, adding a U(1) global gauge symmetry, related to the conservation of the B—L
quantum number, with an additional gauge boson, three right-handed neutrinos and
a new scalar singlet, responsible of the symmetry breaking at a scale not far from the
inflationary one.

This is a type I see-saw example, which can be a good representation of the three pos-
sible scenarios listed before: the neutrino Yukawa couplings behave like ~ m,,m, /vz,
so, with a heavy right-handed neutrino (of order m,, ~ 10'> GeV) the effect is desta-
bilising and stability is worsened. If m,, is lower than the previous estimation, the
Yukawas are too small to interfere with the running of A and their presence turn out
to be irrelevant. Embedding this framework in a larger theoretical background, i.e. the
U(1)g—1r gauge symmetry extension, the see-saw scenario could cure the Higgs po-
tential instability, with the well-known threshold mechanism due to the heavy scalar,
coupled to the SM Higgs through a portal coupling, with a non-zero vacuum expecta-
tion value, which breaks this larger global symmetry.

Along with this possible source of stabilisation, we wondered if the model could
account as a reasonable framework for an inflationary scenario, in which the real part
of the additional scalar plays the role of the inflaton. We addressed an analysis of the
viable parameter space taking into account both the stability of the SM electroweak



vacuum in the extended model and the inflationary constraints coming from every
possible configuration.

The single-field inflationary model we deal with predicts observables within the
current experimental bounds in the configuration in which the field starts rolling down
from values lower than its vacuum expectation value, which can reach super-Planckian
values. In this case, radiative corrections can be safely neglected. In the window
v/ ~ 20Mp —30Mp, with a scalar self-coupling of order Ay, ~ 10717 — 10" 1% we can
have a suitable inflationary expansion, which lasts enough to solve the early-cosmology
problems and reproduces the correct amount of primordial scalar perturbations.

Unfortunately, for the central values of the strong coupling and the top and the Higgs
masses, the SM potential can not be stabilised through a threshold mechanism as long
as the mass scale of the heavy scalar singlet (jm,|? ~ 102> GeV?) appears beyond AZ.

We tried to consider a lower value for my, in order to push the instability scale
towards higher values and make the stabilisation possible. Remaining above the m{
which ensures absolute stability [see Chap. 3], we can rely only on an extremely narrow
window, and so, a very accurate numerical analysis of stability and running of the
couplings is required. Every source of minimal uncertainty could in principle spoil
the whole scenario. We then conclude that a minimal extension like this seems not
completely satisfying in describing a reasonable inflationary phase, compatible with
the stability requirements of the electroweak vacuum. These results turn out to be
compatible with the related literature.

Other stabilisation mechanisms in less minimal scenarios seem necessary to solve
the issue.

As concerns the non-minimally coupled scenario of Chap.s5, after reviewing the
model and all the latest developments related (above all renormalisation prescriptions
and UV completion of the model), we focussed on the attempt to lower the & cou-
pling value, in order to evade the intrinsic unitarity issues of the theory. We did it
in the inflection point configuration, trying to put ourselves in very critical configura-
tions. Summarising, although the plateau position does change a lot, small values of
& seem to be not allowed, because they would give, assuming to reproduce the correct
amount of density perturbations, too large values for r: we did not manage to find a
viable parameter window to match the critical configuration analysed. This result is
in agreement with the very recent literature on this subject. Lastly, we obtained the in-
flationary predictions and confirmed their already known robustness against radiative
corrections.
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A FORMULA FOR THE RG RUNNING AT
NNLO

A1 THE SM GAUGE COUPLINGS -FUNCTIONS FOR My =5

We list here the expressions for the full 3-functions for the SM gauge couplings up
to three loops for five flavours: referring to the eq. (5) in[49], we consider ng = 5/2,
n¢ = 0 and the rescaling of the definitions of the couplings according to the relation
oy = 912 /(4m), for i = 1,2,3. In particular, the following convention is adopted: g1 =
\/5%9’. For each coupling we write dx/dt = 3, where t =In(u/mz).

At one loop we have:

By = g,

103
By = 590,

Bot) = —Zgs(1)3,

At two loops we have:
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At three loops we have:
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We provide also the pure QCD term, which is the leading one, of the four-loop con-
tribution for g3, again in the five-flavours scenario, initially proposed by [33] and [34]:

598391 352864
1458 93 81

(t)3g’(t)*.

By = (1) 3g3(t)7,

where (3 = ((3) ~ 1.20206.
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| FORMULA FOR THE RG RUNNING AT NNLO

A2 THE SM [3-FUNCTIONS FOR My = 6

Here we provide the full expressions for the -functions up to three loops for the
Higgs quartic coupling A, the top Yukawa coupling h, the gauge couplings g, g’ and
g3, the Higgs anomalous dimension v, see eq.(29) and, in addition, for the squared
Higgs boson mass m?, and the non-minimal coupling &. All of these are given in the
6-flavours scenario.

At one loop they are given by [32]:
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The complete three-loop B-functions for the gauge couplings are [49]:
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The leading terms in the three-loop 3-functions of A and h; are [50]:
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The three-loop contribution for the -function of the Higgs anomalous dimension y
is given by [51]:
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Finally we provide the four-loop 3-function for g3, obtained by Zoller in [56]:
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This expression is in agreement with [33] for the pure QCD part and with [57] for the
top-Yukawa and self-Higgs contributions.

A.3 THE B-FUNCTIONS IN THE U(1)p_1 EXTENSION

Here we provide the full expressions for the 3-functions up to two loops for the
Higgs quartic coupling A, the scalar singlet quartic coupling Ay, the portal coupling
Apy, the top Yukawa coupling hy, the Dirac neutrino Yukawa coupling h, and the
gauge couplings g, g’ and g3, with all the relevant terms[167, 170, 171]. All of these
are given in the six-flavours scenario. In red we add the relevant contributions (at one
loop only) related to the specific U(1)g_1 model, studied in Ch. 6, including the gg_1,
g1 gauge couplings and the Majorana neutrino Yukawa coupling h., [213, 6].
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Two loops:
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F222 902 (02 + 3605 (1R (02+ 52 g/ (1) (12— 120 (1)
15 5 ;.2 2 9 2 2 9 4
F2 000y (12 4 g (7R (12 — The(0)hy (02 = Thy (1)
—2h (t)2A(t) + %A(t)z + %7\¢X(t)2,
B2 = ) (-5e0* - Jolv2g' (2 + 190"
P2 g2 Re(1)? + 20051 (02 + S/ (12 ()% — 6he(1)*
165 5 .5 51, 27 5 .
F2(02hy (17 4+ 2/ (02 (17 — 2 e (1) (12 = 30 (1)

1

—2A(t)hy ()% + %)\(t)z + 4>\¢X(t)4> ,
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1
B = (0 (12030 + g7+ 3907~ St - (v
44 9 199 17 1
By = 9'(V)° (393(t)2+29(t)2+mg’(t)z—Ght(t)z—zhv(t)z),
11
B = 0a(t)® (Jal0)? — 260s(0)% + 5 o'(t] - 2he(0)?)

A4 THE SM B—FUNCTIONS WITH THE SUPPRESSION FACTOR

s(d)

In this section we list the RGE for the couplings A, h, g, g/, g3, & and v in the
MS scheme with one suppression factor s = s(¢) for each off-shell physical Higgs
propagator (see section 6.2.1)". This procedure was done up to two loops: inserting the
suppression factor in the three-loop expressions would mean considering a correction
smaller than the uncertainty in the RG equation in the inflationary regime [189]. The
SM RG equations of appendix A.2 can be recovered with s = 1.

At one loop we have:

B = g+ 20 1)7g(1)? ~ N1 + /(1) — 36n (1)*
+(1+3s(d))A(t)2 —3g”(1)A(t) + 12he (t)ZA(L),

(1) 23 2 3 9 2 2 17 r(+)2

Br, = <6+3s(d>)> hy(t) —Zg(t) he(t) —8g3(t) ht(t)_ﬁg (t)he(t),
39—

B = Iy,

ply = S,

o = 79,

D 702 = 2 g )% 4 3ne(1)?

YT g 49 e

Bl = (£+;) <_;9’(t)2—zg(t)2+6ht(t)2+(1+S(d>))7\(t)>~

1 The suppression factor s(¢$) was written in terms of u by inverting the relations between the field and the
renormalisation scale, depending on which prescription was used.
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At two loops we obtain:

By = 6hi(1)°(38—8s(d))
+% (9(t)2g’(t)*(—560 + s(d)) + g’ (1)°(—380 + s(d)) + g(t)* g’ (£)*(—290 + s())
+39(1)°(304 +5(d))) —he(t)* (19293 (t)* + 169" (1)* + 3A(t) (4 — 39s(d) + 365(d)?))
—éht(t)z (81g(t)* +171g’(t)* — 859" (t)2A(t) — 27g(t)(14g’ (t)* + 5A(t))
F12A(t)(—40g3 (1) + 3A(t) + 9A(t)s(d)?))

2]4 Nt) (369/ (VPN (1 + ()% +39/ (1) (181~ 545(8) + 1625(6)?)
)4 (90 +377s(db) + 162s(d)?)

+8?\ )% (=4 —24s(d) +27s()* —52s(db)> +27s(d)?)

+18g(t)% (6A(1)(1+s(d))* + g’ (1) (1 —6s(d) + 18s5($)?))) ,

Bl = me(t) [_]OSQS(t)4+99(t)293(t)2+];gl(t)zg.’)(t)z+363(¢)ht(t)293(t)2
3, 23 1187, A(t)2
g - Zowt+ U g 12600l + 5022
#e(0)? (J2s(0lg(0? + T3 s()g’ 07 - 25001 ) |
By = gt (1293() +6g(t)2+ig’(t)z—zs(d»)ht(t)Z),
44 9 199 17
By = g'(t) <3gs.(t)2+zg(t)2+18 ’(t)2—6s(d>Jht(t)2>
B = 0a(0® (Jal0)7 ~ 2603(02 + 5 /(1) 25(Ie(0)?)
271 9 31
B = 2 gl + g0/ (02 + sl (1)’
509 , 17, )
+5 (Fo(2 + 5907 489002 )
27 1
— SO+ 2s(@)°A)?,
1 199 27 3 9
8 = (e+g) [(~Te + Fsto) st + (=5 + 5500 o029’ (02
3 485 45 85
+(3+ s et (G2 + 5002 44002002 ) he(v)?

(18— 623s(¢J) ()% 4+ (14 5(6)) (369(1)% +120/(1)% — 36, (1) AV
1

3¢ (108 +1265(() —144s(P)? + 663(9)°) )\(t)z] :
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B.14 STRONG COUPLING MATCHING

Considering the general form of the equation (35):

(m) (ns)

o™ (1) = €& (ko™ (W), mp))oxs™ (),

with n¢ =6, ny = n¢ —1 =5 and for the decoupling relations:

(o'} (ng)
Z o i (1)
Cé = ] + — d1 8’17_[ 7

we list the coefficients d; up to three loops[61, 62]:

1 2

i
4 = —in—t,
‘ 6" m(u)?
11 1 (2 1.5, u?
dy = = —— L
2 72 24 nm(u)2+36 n m(p)2’
564731 8204 955 2 5 2 2
d; = 3 3&3—711’1}174-7311’12 i —L 3_H

124416~ 27648°% 576 " m(w2 ' 576 | m(w? 216 " m(u)?

2633 67 1? 1., u?
(22 2 in—— — —1In
31104 576 m(n)?2 36 m(p)?

The mass m(u) in the previous equations is the (running) heavy quark mass in the MS-
scheme (in our case it corresponds to the top quark mass) and p, as usual, represents
the renormalisation scale.

B.2 HIGGS QUARTIC COUPLING MATCHING

We recall the relation (38):

2
m
M= Y A =371 (148 W+ (W + )
n=1,23,...

where
(2) _ <(2) (2)
8¢ (M) = 835D, tead. (M) + Oyukawa, tead. (W) -+ -
According to Sirlin and Zucchini [64], the one-loop matching is given by:
_ Gum%

822

(Ef1(u)+fo(u)+ “;”) ,
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2
_ myg : : _ nw
where & = ma and, introducing ¢ = e

_ 3 2 p? 111 2l 9/25 =
fi(p) = Zln(é)—ln(c)+6ln<m}2{>—22[£]—z[a]+2<9_\[3>,

foln) = —ln(z)—HZlncz(cz)—l— “m(E +4c?Z ¢ ]—5(20 +1)
0 s2 §—c? c? g 2
2 2 2 2 2
o= n () -5 (m () 22 g )
ms ms ms ms mZE

2 4 2
4 4 2 451€ 4 4m u8
foq(p) = 8(2c*+1)—12c*In(c”) —12¢ Z[a}—FG(ZC — m4t+1)ln(mz>

1 24 4 2 2
L] () +2 el )
Z z
{ z) arctan AEZ> if z>%

AlZ)In (fE) if z< ]

Alz) = VI1—4.

We compute the QCD and the Yukawa contribution to A2 (), following the ex-
pressions of [3] (multiplied them by a factor 6 to compensate for the different defi-
nition of the quartic coupling). The top QCD contribution is an evaluation of the
relevant diagrams via a Taylor series in xj1 = m#,/m? up to fourth order (from now
on Ly = ln(mg(/uz)):

6G,m{
Sep() = gy NeCras(w)? [16(—4 —6Ly +314)
2m? ) 61 5 1223, 43123
+XHt <35—3+12LT—]2LT)+XHt]35+ Ht6300+XHt]323000

where N and Cf are colour factors (N. = 3 and C¢ = 4/3). This equation is in
agreement with the respective equation in[63]: the numerical difference for a Higgs
mass ~ 125 GeV turns out to be negligible.
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The Yukawa contribution is:

3.,4,6
5 (2) ( ) _ 6\/ZG Hmt
Yukawa \M (47-()4

+xne((14+4Bo(me, meg, my) —2L7) (1 —2L7))]

{Ni [16Bo(mt,mt,mH)(—1 +2L7)

8
N, [16 + gnz +32Bo (M, myy, my) (1 +2L7) — 48L7 + 4012

929 16
—XHt <6 + ?7'[ +48Bo(mpy, mpy, mpy) — 16LH (1 —Ly)
76 190
+Bo(me, mp, M) <3 + 32LT> +3 L+ 53L%>
17629 8 2
? <27O gﬂfz—gLH+Bo(mH,mH,mH)(27—]8LT)—|—4OLT

13
+10LTLyy + 1212 + Bo(my, myy, my) <3 +4LT>>

59
1y

HxFie — + 5 Bo(mu, my, my) + %0

s (1181 6l
900 2 ' 30

2 68
--B
35 o(me, mp, my) — 63LT>}

X341 |:1Z]7T2 (729 _ 185 37r> S, — 1111y +36L%,

2 4

i (—225\@ . 18\/§LH> L 754720

4 4

where
Bo(my, my, my) = 2—Ly—m/V3,

2
Bo(m¢, my, mpy) = 2———,/4mZ —m# arctan (
my

- LT 7
\/AmE —m#,
1
Bo(m¢, mpy, my) = —— {Zm% + M 4 /4m% — m,ﬂ arctan (nm)
my 2 2
2
t

mi, —2m
—TMH 4 /4mf — m]ﬁ arctan ( H
\/4mZ —m?,

1
+m# Inmy — mf Inmy 4+ 2m? Inm + m? In HZ] ,

and S, =4/(9v/3)Cly(7/3) ~ 0.26043, where Cl,(x) is the Clausen function [214].

B.3 TOP YUKAWA MATCHING

The matching between the top pole mass and the MS Yukawa is given by:

H = 23/4\/G7pmt(] +6¢(1))
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where
5 () = 8P () + 8V (1) + 6P ().

Here 8}V (n) + 6?ED(p) represent the one-loop electroweak contribution and is given by

[67]:
E(p) ()
8 () + 8P (W) = === + Ry () + Is (W) — 55,
w
where
(Xem(mZ) 7 2 mzz
2 2
Oem (M m m
Zu() + Zslw) = emimz) [(6—m§> a?—4Q? - (mg +4> 2
t t
2 2
2 mz mz 2 2 2
+ - - 9 —"_2 F 7 4
<4 (4 58) - (R 2) i ot i i
3 (mi-mg 2,2 2 1 m?
_|:882< m%v +] _3(Qt+vf_af)+@ ln F
1 5m2 1 m? + mZms, —2md
Tim 2 [4 %_Tb—i_i( W= mi) ° bzm\gv -
t
1
+5 ((mg +mE)miy + (m¢ —m)? —2myy ) Fmg, mg, miy )
t
2 1 2
+ <2mf - m{‘) F(mZ, mZ, mf,) + <m%v +5mg —3m%,)) In (:I;)
b
T 5 m, mg 1 2 2\ 4 4.2
+5miy <3 — 2m%> In <“1121 + ) (3(mg +my)myy, +4mimiy,
2 243 6 mg
+(mt — mb) —zmw) In P
z
i 2) ] )
f 4 2 4 2 ’
2my{  mg 2my ms
_ Sem(mzmiy [ 7 17 3mj my ) mi
41t 8c 4 4(mg, —mi,) mi, dmy,,
117N\, o (] m2,
2.2 2 1 2
g 6 ) (1 (3]
4ts my —mg mg 2 o
1 m?
2 t
m (3 ()]
with
Aoy o ocosh (J—*’Z‘jﬁ_gz) if x<(Vy—vz)?
F(x,y,z) = _M arccos (%L—%) if (VI—v2)2<x<(WV+va)?
M [m— arccosh (’Z}J&Z)} if x> (\y—+vz)?
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and

Axy,z) =x% +y2 422 = 2(xy —zy +xz),

mi mw 2 1 2s 1
=,/1- X = — == = — = —
s ms’ mz’ Q 3’ "= 4sc3c U= e

Concerning the QCD contribution to 0, we have (see [67] for the one-loop correc-
tion, [68, 69] for two-loop and three-loop corrections and [71, 72] for the four-loop con-
tribution):

QCD,(1) o [as(w) 3. m?
o (W) = ( 57_[ >CF <411'1u2t— ,
2
s () = ("‘Sﬂ”) (cz FF(W) + CrCaziA )+CFTmlnTz () + CpTzEH( )),
3 2
0.8 m
2P = () (00m) + G () + CROAZIA () + CETmaIn T2l )

2
FCETZETM (1) + CrCAZFAM (1) + CECATny In ut Zre (W) + CrCATz M (W)
2

6?CD’(4)(}1) _ (OCS(IJ-)>4 <Z£i)(m)> ,

7T

m2 m2
+CeT?n? In? utzFLL( w) + CrT?ny In Ht ZFEH( )—i—CFTZz;HH(u)) ,

where ny represent the number of light quark flavours, CA = N, = 3 and Cf =
(N2 —1)/(2N.) = 4/3 are the Casimir operators of the adjoint and fundamental repre-
sentation. The trace of the normalisation of the fundamental representation is T = 1/2.
The indexes F, A and L shall remind the colour factors C¢, Ca and Tny respectively. H
stands for the colour factor T.

The two-loop contributions are:

i (n) = %—*Cz—*CVi—%zlnz 21 m%+3921 2]::2%'
MW = —%%—%Cz—kgé Czln2+19865 T:z%—;llzzz%f
Zit(n) = % ECZ ]3 m% ;121::%

2w = ];63 Cz—gl m% ;1 21::2%
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The zfﬁ) (m) coefficient reads [215]:

3) _ATEI3 55 61201 587 44 6l
mim) =~ T 2t Tas T 2+27ln 2)62—556G
375 1439 1975 220 246643 1 4
T G Ty @G T gty [23328 T2
967 22 4 241 305 8
+<108 725z 2> 725 7 108% 27“4]

z *Cz—*

a2l 2353 7 G
L| 23328 54 54 217

where a4 = Lis(1/2) >~ 0.517479, (4 = ((4) ~ 1.08232 and (5 = ¢(5) ~ 1.03693.
While the other three-loop corrections are:

9 mZ 27 m? 489 45 9 m?
FFF 7 3my s/ omy [ 467 my
Zn (W)= gl e g e < 512+32C Czln” 6% )m W2’
33 . 3m¢ 109, ,mf (5813 53 m2
FFA - 271 3 T -~ 2" 297 i 1 2_7 e 2
Zm (1) g0 2 + o n uz 1536 Cz Cz n (3 Hz ’
3 m? 7 m2
ZHL(H) = _371 3F_7 <384+ Cz ZCZIHZ_ C3> lit
FFH 3. 3mg n2 mt m%
Zo (W) = —3—21n F—— +2C2—2C21n2—*C3 HZ /
121 mZ 2341 m? 13243 11 m?
FAA 3 Mg 2 Mg t
= ¥ 2 (2 — 2 -t
Zm (1) 576 2 11521“ 2 < 1728 JWZC2 4(:Zln T )m 2
1. smZ 373 m? 869 7 1 m?
FAL - e 27 (227, 1 — —t
mo(n) = 721n 2 +288ln uz (216+12C2+Czln2+2C3)ln 2
11 m2 373, ,m? 583 13 1 m?
FAH _ 3 My my _ b ! my
Zm (W = 721 +288 2 (108 C2+C21n2—|-2C3> In P-Z ,
1 m2 m? 89 m?
ZTFT{_L(M = —3¢ r13p—2t——12 —t ( 216 3 )lnzt,
1 m? m? 143 m?
anHL(H) = —ﬁln‘%rzt—*l 2 t < 108+ C2> rzt,
1. 3m 197 2 m{
FHH _ _rty3mp 1S t
e L (i) m
where ¢, = ((2) ~ 1.64493.
The four-loop contribution is:
m? m m i

2 (m) = 859.96 + 328.941n —L 2 +50.8561In? PT+649221n LT+0332031n



C TWO-LOOP EFFECTIVE POTENTIAL

The two-loop correction, in the approximation A = 0, is given by [4]:

1 1
Aéfzf) = [89 h(3rf —8r +9) + Ehﬁ(—emw — 312 4487 — 6T — 69 — 71)

(47r)2
3hig*
16

hZ g 14 h2 92 g 12
+ t4 R (27r2 — 541tz — 681y — 2817 +189) + — 3 (912 — 1871z + 4 +44r7 —57)
6
]99 5 (36rerz + 542 — Aldryrz + 6913y + 12641y + 15612 + 63217 — 1441 — 2067 + 907)
949 12
192

2 .14
+ 9= (132rmz — 6617 + 306Tyyrz — 15313y — 361w + 92475 — 408077 + 4359 + 2187)
16
2= (672 (34r + 3ryy —470) — 10217 — 91y + 708r3 + 2883 + 2067
hit 12 2 B 2 o § 6 4,2 . 972
+ (49" “(3rf —8r¢ +9) =99 (re —rw + 1)) + 2 (g’® —3g*h? + 4h®)Li, 52
t

hg (9> +g"” 4212 4 2 2 2, _64d’
ag" <2hz 79" —6979" + 179" + 2 (79"~ 739"+ 7 5

+g" 484°
+Z ll)<g gg ><]8929/2+gl4_51g4_9 g 2):| ,

+ (8rw+4rz—3rf—6rtrz—12rt+12rtw+15+2712)

+ (12r¢rz — 612 — 61w (5317 +50) + 21313, + 417 (5717 — 91) + 817 4 467?)

where!

and

Tz

Il
—_
o}
N
(o]
)
+
(o]
N
~_
+
N
-

Tt

Ml
5
N
N[
~_
+
N
=

Ttw

Il

-y

o+

|

—*

S
—Y

5
N
N |2

|
»[Q,
N—

+

N
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1 Lij is the dilogarithmic function, which can be defined by the sum Liy(z) = > %K% k=1,2,... [214].
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