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VARIETIES OF SUMS OF POWERS AND MODULI SPACES OF
(1,7)-POLARIZED ABELIAN SURFACES

MICHELE BOLOGNESI AND ALEX MASSARENTI

ABSTRACT. We study the geometry of some varieties of sums of powers related to the
Klein quartic. This allows us to describe the birational geometry of certain moduli spaces
of abelian surfaces. In particular we show that the moduli space Az(1,7)5,m of (1,7)-
polarized abelian surfaces with a symmetric theta structure and an odd theta characteristic
is unirational by showing that it admits a dominant morphism from a unirational conic
bundle.
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1. INTRODUCTION

Varieties of sums of powers, VSP for short, parametrize decompositions of a general ho-
mogeneous polynomial F' € k[xg, ..., Z,]q as sums of powers of linear forms. They have been

widely studied from both the biregular [IR01], [Muk92], [RS00] and the birational view-

point [MM13], [Mas16], and furthermore in relation to secant varieties [COV17a), [COV1TD],
[Mel06], [Mel09].

The relation of A3(1,7), the moduli space of abelian surfaces with a polarization of type
(1,7) and a (1,7)-level structure, with the variety of sums of powers of the Klein quartic
dates back to the work of S. Mukai [Muk92].

In this paper we investigate the birational geometry of some moduli spaces of abelian
surfaces related to A2(1,7). In particular, if we endow the abelian surfaces in Ay(1,7)
with a symmetric theta structure and a theta characteristic (odd or even), we obtain two
new moduli spaces, As(1,7)g,,, and Ax(1,7)7,,, that are finite covers of degree 6 and 10

respectively of As(1,7). For a general introduction to these spaces see [BMI16l Sections
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6.1.1]. We introduce also the moduli space Ay(1,7;2,2) parametrizing abelian surfaces
with a polarization of type (1,7), a (1,7)-level structure and a (2, 2)-level structure.

Furthermore, we introduce new types of varieties of sums of powers and showcase rational
maps between them and our moduli spaces of abelian surfaces. The first variety of sums of
powers we take into account is a variety where we also allow ourselves to fix an order on
the linear forms that make up the decomposition of the polynomial. Let v} : P" — PN (n.d)
with N(n,d) = (":lrd) — 1 be the degree d Veronese embedding of P", and let V' = v7(P")
be the corresponding Veronese variety.

Definition 1.1. Let F' be a general polynomial of degree d in n 4 1 variables. We define
VSPoa(F,h)° := {(L1, ..., L) € (P | F € (L4, ..., L{) C PNOud} C (prx)h
and VSP,,.q(F, h) := VSP,,.q(F, h)° by taking the closure of VSP,,.q(F, h)° in (P™)".

Then we consider the natural action of the symmetric group Sy, on VSP,,4(F, h) and two
related variations on the classical definition of VSP.

Definition 1.2. Consider the rational action of S,_1 on VSP,,.4(F,h) given by permuting
the linear forms (La, ..., Lp). The variety VSP,(F, h) is the quotient

VSPh(F’ h) = VSPord(Fa h)/Sh—l-

If h = 2r is even, we consider the rational action of S, x S, on VSP,.4(F,h) such that
the first and the second copy of S, act on the first and the last r linear forms respectively.
Let X3,(F) = VSPy.q(F,h)/S, x S,. This space comes with a natural Sy-action switching
{Li,...,L;} and {Ly41,...,Lp}. We define

VSP"(F,h) := X,,(F)/S>.
The first main result of this paper is the following.

Theorem 1.3. The moduli spaces Az(1,7)5,,, and Ax(1,7)3,,, are birational to the varieties
VSPg(Fy,6) and VSPS(Fy,6) respectively, where Fy € k[xo,x1,12]4 is the Klein quartic.
Furthermore, the moduli space A2(1,7;2,2) is birational to VSP,,.q(Fy,6).

The apolarity theory developed in [DK93] allows us to produce in Section 2] a 3-fold
conic bundle dominating VSP¢(F},6), and to conclude that it is unirational. In Section [
we develop some birational geometry of the moduli spaces of abelian surfaces that we are
considering. In particular, as a consequence of the above result, we get the following.

Theorem 1.4. The moduli space As(1,7)g,,, is unirational, and hence its Kodaira dimen-

ston 18 —00.

At the end of the paper we also propose some open questions on the birational geometry
of Ay(1, 7);rym and Ay(1,7;2,2). Throughout all the paper we will work over the complex
field.

Acknowledgments. The authors are members of the Gruppo Nazionale per le Strutture
Algebriche, Geometriche e le loro Applicazioni of the Istituto Nazionale di Alta Matematica
"F. Severi” (GNSAGA-INDAM). The first named author is member of the GDR ” Géométrie
Algébrique Géométrie Complexe” of the CNRS.
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2. ORDERED VARIETIES OF SUMS OF POWERS

Let v} : P" — PN with N(n,d) = ("gd) — 1 be the Veronese embedding induced by
Opn(d), and let V' = v}}(P") be the corresponding Veronese variety.

Definition 2.1. Let F € k[xg, ..., z,]q be a general homogeneous polynomial of degree d.
Let h be a positive integer and Hilby (P™*) the Hilbert scheme of sets of h points in P™*.
We define

VSP(F,h)° := {{L1, ..., L,} € Hilb,(P"™) | F € (L}, ..., L%) c PN(™D} C Hilby, (P™)},
and VSP(F,h) := VSP(F, h)° by taking the closure of VSP(F, h)° in Hilb, (P™*).

Assume that the general polynomial F' € PN ig contained in a (h — 1)-linear space
h-secant to V'. Then, by [Dol04, Proposition 3.2] the variety VSP(F,h) has dimension

dim(VSP(F,h)) = h(n+ 1) — N(n,d) — 1.
Furthermore, if n = 1,2 then for F varying in an open Zariski subset of PN(4) the variety
VSP(F, h) is smooth and irreducible.

In order to apply these objects to the study of abelian surfaces, we need to construct sim-
ilar varieties parametrizing decomposition of homogeneous polynomials as sums of powers
of linear forms and admitting natural generically finite rational maps onto VSP(F, h).
Definition 2.2. Let F € PN(4) he a general point. We define

VSPora(F, h)° i= {(L1,...,Ly) € (P™)" | F € (LY, ..., L{) C PNDY C (Pl
and VSP,,.q(F, h) := VSP,,.q(F, h)° by taking the closure of VSP,,.q(F, h)° in (P™)".

Note that VSP,.q(F,h) is a variety of dimension h(n + 1) — N(n,d) — 1. Furthermore,
two general points of VSP,,.4(F, h) define the same point of VSP(F,h) if and only if they

differ by a permutation in the symmetric group Sy. Therefore, we have a generically finite
rational map

op 2 VSPoq(F,h) --» VSP(F, h)
of degree h!
Remark 2.3. Arguing as in the proof of [Dol04, Proposition 3.2], with (P™*)" instead of

the Hilbert scheme Hilby, (P™*), we can show that if n = 1,2 for a general polynomial F the
variety VSP,.q(F, h) is smooth and irreducible of dimension A(n + 1) — N(n,d) — 1.

Definition 2.4. Consider the rational action of Sy_1 on VSP,,.4(F,h) given by permuting
the linear forms (La, ..., Lp). The variety VSP,(F, h) is the quotient

VSP,(F, h) = VSPoa(F, h)/Sp_1.

If h = 2r is even consider the rational action of S, x S, on VSP,.q4(F,h) where the first
and the second copy of S, act on the first and the last r linear forms respectively. Let
Xn(F) = VSP,.q(F,h)/S, x S,. Therefore

Xh(F) = {({Lla s 7L7"}7 {Lr+17 R 7Lh}) ’ (L17 cee 7Lh) S VSPord(F7 h)}
comes with a natural Se-action switching {L1,...,L,} and {L,41,...,Ly}. We define
VSP"(F,h) = X,,(F)/Ss.
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Note that VSP,(F, h) admits a generically finite rational map
Xn : VSP(F,h) --» VSP(F, h)

of degree h, and that the h points in the fiber of yj over a general point {Li,...,Ly} €
VSP(F, h) can be identified with the linear forms Ly, ..., Lj, themselves. Similarly VSP"(F, h)
has a generically finite rational map

X" : VSP"(F, h) --» VSP(F, h)
of degree

h!
2(r!)2

The variety VSPy,(F, h) can be explicitly constructed in the following way. Let us consider
the incidence variety

(2.5) J ={({L1,....,Lp}) | L € {L1,...,Lp} € VSP(F,h)?} C P™ x VSP(F, h)°.
Then VSPy,(F, h) is the closure J of J in P™ x VSP(F,h).

Remark 2.6. In [Muk92] Mukai proved that if F' € k[xg, x1,z2]4 is a general polynomial
then VSP(F,6) is a smooth Fano 3-fold Va2 of index 1 and genus 12. In this case we have
a generically 720 to 1 rational map ¢g : VSP,.q(F,6) --» VSP(F,6), a generically 6 to
1 rational map xg : VSPg(F,6) --» VSP(F,6), and a generically 10 to 1 rational map
X% : VSPS(F,6) --» VSP(F, 6).

By [GP01), Corollary 5.6], under the same assumptions on F', the moduli space A3(1,7)
of (1, 7)-polarized abelian surfaces with canonical level structure is birational to VSP(F,6).
As already observed in [MS01, Theorem 4.4] the Klein quartic

(2.7) Fy = 23z + 23xy + zox

is general in the sense of Mukai [Muk92], hence the variety VSP(F},6) is isomorphic to the
variety of sums of powers obtained for any other general quartic curve.

Let V be a complex vector space of dimension n + 1, choose coordinates xg,...,z, in
V and the dual coordinates &,...,&, in V*. Let F € k[xg,...,z,]q be a homogeneous
polynomial of even degree d = 2m, and consider the basis of k[xg, ..., zy]m given by

m ° m
(28) B:{<m0’...7mn>ﬂ)xtt’mo—l—-..—|—mn:m}

where (, ™ )= —ml_ The m-th catalecticant matrix Cat,,(F) of F' is the (m -+ 1) x
0yeeesMin, mo!..mp!

(m + 1) symmetric matrix whose lines are the order m partial derivatives of F' written in

the basis B (2.8) in lexicographic order. The matrix Cat,,(F') induces a symmetric bilinear

form

Qp 2 kl€os -, &nlm X Ko, - - - &nlm — .
For our purposes the following result will be fundamental.

Lemma 2.9. [Dol04], Proposition 3.8] Let F' € k[xq, ..., zy]q be a homogeneous polynomial
of even degree d = 2m and assume that F' can be decomposed as

F=L"4...4Lm
and the powers LI are linearly independent in k[zo, ..., Tn|m. Then QF(L’;“,L?) =0 for
any 1,5 =1,...h.
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We refer to [Dol04], Section 2.3] for further details on the bilinear form Qp.

Example 2.10. The variety of sums of powers VSP(Fy, 6) of the Klein quartic will play a
central role in the rest of the paper. The second catalecticant matrix of Fy is given by

0 30000

300 0 00O
000 O0O0 3
CataF) =14 9 0 0 3 0
000 3 00
00 3 000
and hence if Fy = L} +--- + L}, where L; = ;70 + bjz1 + ¢;z2 by Lemma 20 we have that
(210) QF4 (LZQ, LJQ) = ajbja? + a?aibi + c?aici + bjCij2 + b?bzcl + (ZjCjCZ2 = 0.

Definition 2.11. For any s = 1,...,6 we define the variety P, as the subvariety of (P?*)
cut out by the conditions QF4(L22,L§) =0forany i,j5 =1,...,s with ¢ #£ j.

Proposition 2.12. We have that Py C (P?*)? is a smooth unirational 3-fold conic bun-
dle defined by a polynomial of bidegree (2,2), and P3 C (P**)3 is an irreducible complete
intersection 3-fold defined by three polynomials of multidegree (2,2,0),(2,0,2) and (0,2,2).

Proof. Let [a; : b; : ¢;] be the homogeneous coordinates in the i-th factor P? of (P2*).
Therefore, a point in IF’? with homogeneous coordinates [a; : b; : ¢;] corresponds to the
linear form L; = a;xg + b;x1 + c;xs.

By (2.10) we have that if two general linear forms L;, L; appear in a decomposition of F'
then they must satisfy the following equation

Dl}j = ajbja? + a?aibi + c?aici + bjcjbl2 + b?bici + Cchch2 =0.
Note that the hypersurface D;; = 0 is a divisor in (P?*)* of multidegree (dy,...,ds) with
d; = d; =2 and d, = 0 for any r # i,j. Therefore, Po C (P?*)? is cut out by the equation
(212) DLQ = alblag + Q%QQbQ + C%GQCQ + blclb% + b%bQCQ + alclcg =0.

Considering the nine standard affine charts covering D; > we can prove that D1 o is smooth.

Note that any of the two projections onto the factors induces on Ps a structure of conic
bundle over P2. If we choose for instance the projection on the first factor then (ZI2)) yields
that the discriminant of the conic bundle is the smooth sextic given by

C = {a1b + aje; — 5a3b3¢3 + by} = 0} C P*.
Now [Mell4l Corollary 1.2] implies that Py is unirational.
Let us consider the case s = 3. We have that P3 C (P?*)3 is the complete intersection
3-fold defined by the equations
Dy 2 = a1bia3 + aasbs + cascy + breib3 + bibacs + ajcic3 = 0,
(2.13) D173 = a1b1a§ + a%agbg + C%agcg + blclbg + b%bgCg + alclcg = O,
D2,3 = agbgag + a%agbg + C%agcg + bQCng + b%bgCg + CIQCQCg =0.

Finally, by a standard Macaulay2 [Mac92] script we can show that Ps is irreducible. O
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Proposition 2.14. For s = 2,3 there exist generically finite dominant morphisms
fs : VSPoq(Fy,6) — Ps
of degree 24 and 6 respectively. Furthermore, there is a morphism
g3 : Py — P?

whose general fiber is a smooth curve of general type. Finally, there exists a generically
finite rational map

aFp, : Py --» VSP(}(F4, 6)
of degree 5. In particular VSP¢(Fy,6) is unirational.

Proof. By Lemma [2.9] the image of the restriction of the projection fs := mvsp, ,(Fi6) :
VSP,,q(Fy,6) — (P?*)% is contained in Ps. Let L, M be two general linear forms appearing
in a decomposition of Fy, and assume that

Fy=L*4+M*+L{+ -+ L} =al*+bM* + My +--- + M,.

Set Gi = Fy — L* — M*, Gy = Fy — aL* — bM*, and consider the subspaces H& C
P(k[xo, z1,z2]2) generated by the second partial derivatives of G; for ¢ = 1,2. Note that
Hgl - <L%, . ,L?1>, HgQ - <M12,...,Mf>. Furthermore, since L?, M? appear in the six
derivatives of G and also in the six derivatives of G2 we get that Hg1 and Hg2 must
intersect in a 3-plane. Hence

0 0
HG =(L%,...,L3}) = HQ, = (M{,....M}).
Consider two general elements C7, Cs in the pencil of conics determined by the hyperplanes
in P(k[zo, 21, 22]2) containing HZ . Then

L;,M; € CinNCy

for i = 1,...,4. Since the L;’s are general C; and C5 do not have a common irreducible
component and hence {L1,..., Ly} = {My,..., My}.

This means that a general decomposition of Fy can be reconstructed just by knowing
two of the linear forms appearing in it. In particular fs, and a fortiori f3, are generically
finite onto their images. On the other hand, by Proposition we have that Py and Ps
are irreducible 3-folds, and this yields Im(fs) = Ps when s = 2, 3.

Furthermore, since a point in a general fiber of f; is determined up to a permutation
of 6 — s points we conclude that fs : VSP,.4(Fy,6) — Po is a generically finite dominant
morphism of degree 24, and f3 : VSP,.4(F;,6) — P3 is a generically finite dominant
morphism of degree 6.

Let g3 : P3 — P2 be the restriction to P3 C (P?*)? of any of the projections, say the
first one. A standard Macaulay2 [Mac92] computation shows that the fiber of g3 over
[a; : by : 1] = [1 :1: 1] is a smooth connected curve in (P?*)2. Therefore a general
fiber T' of g3 is a smooth connected curve as well. Note that by @I3) I' C (P?*)? is a
smooth complete intersection defined by three polynomials of bi-degree (2,0), (0,2),(2,2)
respectively. By adjunction we get that the canonical sheaf of I' is given by

wr=0r(-3+2+0+2,-3+0+2+2)=0r(1,1)

and hence wr is ample.
Now, consider the case s = 2. Let (L, M) € P2 be a general point. By the first part of
the proof we know that L, M determine a unique set of four linear forms {Lq,..., L4} such
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that {L, M, L1,..., L4} gives a decomposition of Fy as sum of six powers of linear forms.
Therefore, keeping in mind (Z3]) we may define a dominant rational map
aF, Po -=> VSPg(Fy,6)

(L,M) +— (L, {L,M,Lq,...,L4})

of degree 5. Finally, since by Proposition 2121 P, is unirational we conclude that VSP¢(Fy, 6)
is unirational as well. O

3. MODULI OF POLARIZED ABELIAN SURFACES WITH LEVEL STRUCTURE

In this section we recall a couple of very specific results from [BM16] that are needed here,
and construct two new moduli spaces of abelian surfaces by introducing new arithmetic
subgroups of Sp4(Z). For general results see [BL0O4], [GPO1], [Bol07] or the first four
sections of [BMI6]. Since all the abelian surfaces we will deal with will be endowed with
a polarization of type (1,7), we will not mention any more this datum in the rest of the
paper. Let Hy be the Siegel half space of abelian surfaces.

3.0. Arithmetic subgroups and quotients of Hy. Let M, (Z) be the space of n x n
matrices with integer entries and let D(1,7) € Ms(Z) be the diagonal 2 x 2 matrix

1 0
b= (1)
We define the subgroup I'( 7y C My(Z) as:

(3.0) Tag = {R € My(Z) | R <—D?1,7) D(%)’ 7)> R = (-D?M) D((l), 7)> }

and the subgroup I'(; 7)(1,7) C I'( 7) as

(3.0) Tan(1,7) :z{(é ]I?,)> €lq7|A-I=B=C=D-71=0 mod D(l,?)},

where M =0 mod D(1,7) if and only if M € D(1,7) - Ma(Z). See also [BL04, Section
8.3.1] for further details on this kind of groups.

Thanks to [BLO4, Section 8.2] and the Baily-Borel theorem [BBG66], since I'¢; 7y is a
congruence arithmetic subgroup of the Siegel modular group, the quasi-projective variety
A7) = Ha/T'(17) is the moduli space of abelian surfaces endowed with a polarization of
of type (1,7) (the reader may see also [KH93, Proposition 1.21]). Moreover, by [BL04,
Section 8.3] and [BB66], the quasi-projective variety A 7)(1,7) = Ha/T'(17)(1,7) is the
moduli space of abelian surfaces with a polarization of type (1,7) and a canonical level
(1,7) structure.

On such an abelian surface, there exists 16 symmetric line bundles representing the
polarization. Let us denote by A[2] the Z/27Z-vector space of 2-torsion points of A, and let
H € NS(A) be a polarization. We define a symmetric bilinear form ¢ : A[2]x A[2] — {£1}
as ¢ (v, w) := exp(miE(2v,2w)), where E is the imaginary part of the Hermitian form of
the polarization.

Definition 3.1. A theta characteristic is a quadratic form g : A[2] — {£1} associated to
H
g, ie.
q(2)a(y)alz +y) = ¢" (z,y),
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for all z,y € A[2].

In the following we will denote the set of theta characteristics by ¥(A). To every sym-
metric line bundle L we can associate a theta characteristic.
Definition 3.2. Let L € Picf’(A) be a symmetric line bundle, and = € A[2]. We define
el (x) as the scalar 8 such that ¢(x) : L(z) = (+*L)(z) = L(x(z)) = L(x) is the multiplica-
tion by S.

Alternatively, let D be the symmetric divisor on A such that L = O4(D), the quadratic
form e can be defined as follows:

(3.2) el (x) = (_1)mu1tx(D)—mult0(D).

From [BL04, Lemma 4.6.2] we observe that the set of theta characteristics on an abelian
surface is a torsor under the action of A[2], therefore it has cardinality 16. In the case of a
(1, 7)-polarization there are 10 even and 6 odd line bundles [BL04, Section 4.7].

Recall that a theta structure induces in a natural way a canonical level structure, and that
different theta structure may induce the same level structure. The (1,7) case is peculiar, in
this sense. In fact, we have the following lemma, which is a consequence of [BM16l Lemmas
2.6 and 4.1].

Lemma 3.3. Let A be an abelian surface with a canonical (1,7)-level structure 1. There
exists a unique symmetric theta structure VU that induces the level structure 1.

Hence the datum of a level structure is equivalent to that of a symmetric theta structure.
We will now study the action of the arithmetic subgroups previously defined on the set of
symmetric line bundles, that admit a symmetric theta structure. In our particular case,
by [BLO4l Section 6.9] and [BM16) Section 2] each symmetric line bundle admits a unique
symmetric theta structure.

The set of symmetric theta divisors is in bijection with the set (3Z2/Z?) of half-integer
characteristics ([BLO4) Sections 4.6 and 4.7] or [Igu64] Section 2]). The action of a symplec-
tic matrix M € Spy(Z) on Hy induces an action on characteristics given by the following
formula, for a,b € (3Z2/Z):

s (3)=(5 W) () (e )

Lemma 3.4. [Igu64], Section 2| The action of 'y on half-integer characteristics defined by
formula (3.3) has two orbits distinguished by the invariant

e(m) = (—1)* e {+1}.

We will say that m = (a,b) € £Z*/Z* is an even (resp. odd) half-integer characteristic
if e(m) =1 (resp. e(m) = —1), and this notion of parity corresponds to those defined on
symmetric theta divisors (or symmetric line bundles) and on theta-characteristics. Hence,
in the following with a slight abuse of language we will call e.g. an odd (symmetric) line
bundle the line bundle corresponding to an odd theta characteristic.

The modular group Spy(Z) acts on the set of theta characteristics through reduction
modulo two, hence via Spy(Z/2Z). Moreover, we have the following short exact sequence
[BM16, Lemma 4.2]

1T 7)(2,14) = Ty (1,7) 2, Spa(Z)27) — 1
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where 7y is in fact the reduction modulo two map. Let O, (Z/2Z) C Sps(Z/2Z) be the
stabilizer of an odd quadratic form. There is an isomorphism Sp4(Z/27Z) = S, where Sg
is the symmetric group. Under this isomorphism Sp4(Z/27Z) operates on the set of odd
quadratic forms via permutations. Therefore, for the stabilizer subgroup of an odd theta
characteristic we also have O, (Z/2Z) = S5 C S.

Definition 3.5. We denote by I'y(1,7)~ the group
Iy(1,7) =105 (Z/2Z)) C T'17)(1,7)
that fits in the exact sequence
1= T (2,14) = To(1,7)” 2 05 (Z/2Z) — 1.
More explicitly
y(1,7)” ={ZeTun1,7)|Z mod (2) =%, ¥ € Oy (Z/2Z)} .

Hence, we have I'( 7)(2,14) C I'2(1,7)~ C I'(17)(1,7). Moreover, note that I 7(1,7) :
T(1.7(2,14)] = 6! and |Ta(1,7)" : T(1.7(2,14)| = 5! imply that [T1.7(1,7) : Ta(1,7)7| = 6.

Since I'9(1,7)” is a congruence arithmetic subgroup of Sp4(Z), thanks to the Baily-Borel
theorem [BB66], we obtain that the quotient

“42(1’ 7);ym = HQ/FQ(L 7)7

is a quasi-projective variety. The variety Az (1, 7),,, is the moduli space of (1, 7)-polarized
abelian surfaces (A, H) with an odd symmetric line bundle L € Pic(A) and a (1, 7)-level
structure (or, which is the same, a symmetric theta structure for L). The degree of the
morphism 7 : A2(1,7)5,,, — A7) (1,7) that forgets the odd line bundle is [Ty 7(1,7) :
I'y(1,7)"| =6.

The same arguments hold, with slight modifications, if we want to construct moduli
spaces for polarized abelian surfaces with level (1,7) structure (or a symmetric theta struc-

ture) and an even line bundle in Pic? (A).
Let O (Z/27) C Spa(Z/27) be the stabilizer of an even quadratic form.

Definition 3.6. We denote by I's(1,7)" the group
Dy(17)* 1= 13 (O (Z/22)) € Ty 7)(1,7)
that fits in the middle of the exact sequence
1= T (2,14) = To(1, 7)Y 2 0f (2/22) — 1.

The stabilizer subgroup Of (Z/27) C Spa(Z/2Z) of an even quadratic form is of order
|Of (Z/27Z)| = 72 and Ty (1,7) : To(1,7)"| = 10. Using once again the Baily-Borel
theorem [BB66], we have that the quotient

“42(1’ 7):ym = H2/F2(1’ 7)+

is a quasi-projective variety. It is the moduli space of (1, 7)-polarized abelian surfaces (A, H)
with (1, 7)-level structure and an even theta characteristic. Analogously to the odd case,
the morphism f* : Aa(1,7),,, — Aq7(1,7) forgetting the even theta characteristic has
degree [Ty 7y(1,7) : T2(1,7)%] = 10.

These ideas are summarized in the following statement.
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Proposition 3.7. There exist arithmetic subgroups T'o(1,7)" and T'y(1,7)~ such that there
are quasi-projective moduli spaces

./42(1, 7);27” = Hg/rg(l, 7)+ and ./42(1, 7)8_ym = Hg/rg(l, 7)_
that parametrize abelian surfaces with a (1,7)-structure, or equivalently a symmetric theta

structure, and respectively an even or an odd theta characteristic.

Definition 3.8. We define

A B 2 0
P(1’7)(1’7;2’2)::{<C D)€F(177)(1,7)’A—IEBECED—IEO mod (0 2>}

By [BB66] and [BL04, Section 8.3], the quasi-projective variety
A2(17 72, 2) = HQ/F(177)(17 72, 2)

is the moduli space of abelian surfaces with a polarization of type (1,7), a level (1,7)-
structure and a level (2, 2)-structure.

In the rest of the paper, while we will not change notation, all the moduli spaces con-
sidered will be non-singular models of suitable compactifications of the quasi-projective
ones.

3.8. Theta-Null maps. Let us now recall shortly how to construct theta-null maps for
moduli spaces of (1,7)-polarized abelian surfaces, with a level structure and a theta-
characteristic.

As we have explained in the preceding section, we identify theta-characteristics with
symmetric line bundles, representing the polarization. Hence, we start from the datum
(A, H, L,v) of an abelian surface with a (1,7)-polarization H, a level structure ¢ and a
symmetric line bundle L € Pic(A) representing the polarization. As we have seen there exist
16 symmetric line bundles, 10 even and 6 odd, inside the variety Pic? (A) parametrizing
line bundles that induce the polarization H.

Let us pick the unique normalized linearization [Mum66, Section 2] on L for the canonical
involution +7d on A, and call H°(A, L)* the corresponding eigenspaces. From Lemma [3:3]
we know that the datum of a symmetric theta structure is equivalent to that of a level
structure. The upshot is the following:

- if L is even, the symmetric theta structure yields an identification U+ between
P(H°(A, L)")* and an abstract P3. Similarly, we identify P(H°(A,L)™)* with an
abstract P?;

- if L is odd, the symmetric theta structure yields an identification ¥~ between
P(HY(A,L)")* and an abstract P2. In a similar way, we have an identification of
P(HY(A,L)™)* with an abstract P3.

The abstract projective spaces appearing in the preceding lists are all eigenspaces of
involutions acting on the Scrodinger representation of the appropriate Heisenberg groups
(see [BM16), Section 5] for details).

Let (A, L, 1) be a polarized abelian surface A, with an even (respectively odd) line bundle
L representing the (1, 7)-polarization, and a symmetric theta structure .



VARIETIES OF SUMS OF POWERS AND MODULI SPACES OF (1,7)-POLARIZED ABELIAN SURFACES 11
The Theta-Null maps (see [BMI6l, Section 5.1] for details and definitions) for abelian

surfaces with a theta characteristic are defined as follows.
Thiy 7y A1)y — P3

A Ly) = TT(01,7(0))
)sym - Pz

A L Ib) — \I/_(@lj(()))

where ©1 7(0) stays for the evaluation of global sections of L at the origin. We remark that
global sections that are anti-invariant with respect to the canonical involution on A vanish
at the origin. This is basically why we want to consider only invariant spaces of sections
via the symmetric theta structure.

(
Thi ./42(
(

4. BIRATIONAL GEOMETRY OF MODULI SPACES OF (1,7)-POLARIZED ABELIAN SURFACES

Recall that a proper variety X over an algebraically closed field is rationally connected
if two general points 1,22 € X can be joined by an irreducible rational curve.

In [BMI6, Theorem 2] we proved that the moduli space A3(1,7)g,,, of abelian surfaces
with a symmetric theta structure and an odd theta characteristic is rationally connected.

Clearly, rationality implies unirationality, which in turns implies rational connectedness.
If X is a smooth algebraic variety over an algebraically closed field of characteristic zero
and dim(X) < 2 these three notions are indeed equivalent [Har0I, Remark 1.3].

On the other hand, it is well known that a smooth cubic 3-fold X C P? is unirational
but not rational [CG72|]. It is a long-standing open problem whether there exist varieties
which are rationally connected but not unirational [Har0O1l, Section 1.24].

In this section, by using the techniques developed in Section 2] we will prove that

As(1,7)5,m is unirational.

Theorem 4.1. Let Ax(1,7)5,,, and Ax(1,7)%,,, be the moduli spaces of abelian surfaces
with level (1,7)-structure, a symmetric theta structure and an odd, respectively even theta
characteristic.

The moduli spaces A2(1,7)5,,, and Az(1,7)%,,, are birational to the varieties of sums
of powers VSPg(Fy,6) and VSPS(Fy, 6) respectively, where Fy € k[xg, x1,x2]s is the Klein
quartic. Furthermore, the moduli space As(1,7;2,2) is birational to VSP,.q(Fy,6).

Proof. Let Ax(1,7) be the moduli space of abelian surfaces with a (1, 7)-level structure. Re—
call from [BMI16l Section 6.1.1] that there exists a Theta-Null map Thy, ./42(1 T)sym —
P2,

By [MS01] and [GP01l, Proposition 5.4 and Corollary 5.6] there exists a birational map « :
As(1,7) --» VSP(Fy, 6) mapping a general (A4,1) € As(1,7) to the set {Lq 4,...,Lea} € A
of the odd 2-torsion points of A, that are naturally mapped to P? by the Theta-Null map.
The six points {L1 4, ..., Lg.a} of P? give a decomposition in VSP(Fy, 6).

Each of the 6 odd 2-torsion points correspond to a choice of an odd theta characteristic
via Th(1 7" Now, consider a general point (A, 1, ) of As(1, 7)Sym over (A,v) € Ax(1,7).
We may define a rational map 5 : Az(1,7), -» VSPg(Fy,6) sending (A,, L) to the
linear form in xg'({L1.4, ..., Ls.a}) that corresponds to Th 7 (A,9, L) € P?, where xg is

sym
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the map in Remark To conclude it is enough to observe that since « is birational the
map S : A2(1,7)5,, -+ VSPs(Fy,6) is birational as well.

In particular, since the generic abelian surface is Jacobian, odd theta characteristics
correspond to the Weierstrass points of the corresponding curve. It is a classical fact that
even theta characteristics correspond to partitions of the Weierstrass points into two 3-
elements sets, see for example [DOSS, Chapter 8]. This directly implies that Ax(1,7){,,, is
birational to VSPS(Fy, 6).

Finally, recall that a (2,2)-level structure for a Jacobian abelian surface corresponds to
a complete ordering of the Weierstrass points [DO88, Chapter 8]. This in turn implies that
the moduli space As(1,7;2,2) is birational to VSP,,q(Fy,6). O

We summarize the situation in the following diagram, where the superscripts on the
arrows indicate the degrees of the respective maps.

bir
VSPord(F47 6) = AQ(L 7; 27 2)

<~ 5l
3l 4% Ta

S

4 5 bir

P3 e P2 - > o~ —
| 1w \\\\V§0P6(F4’6) A2(L,7) 5ym
12| 6
v Ty Sy v
6 bir 10 bir
VSPP(Fy,6) = Ao(1, )8y ~ 7777777770 " VSP(Fy,6) = Ay(1,7)
Theorem 4.2. The moduli space As(1,7)g,,,, is unirational, and hence its Kodaira dimen-

sion 1S —00.

Proof. Since by Proposition [ZT14] VSPg(Fy,6) is unirational the claim follows from Propo-
sition .11 O

Remark 4.3. The moduli space A3(1,7;2,2) admits a rational fibration over P? whose
general fiber is a curve of general type.

Indeed, the fibers of the restriction to VSP,,4(Fy, 6) of the first projection 7| vsp,, ,(Fy.6) :
VSP,,q(Fy,6) — P? are mapped by f3 : VSP.q(Fy,6) — P3 onto the fibers of the morphism
g3 : P3 — P2.

By Proposition 2.14] the general fiber of g3 is a curve of general type. Hence the general
fiber of 7| vsp,, ,(Fy,6) is of general type as well, and by Proposition L1l 7 ysp,, ,(Fy,6) induces
a rational fibration of As(1,7;2,2) over P2 whose general fiber is a curve of general type.

4.3. Questions. We close the paper with some open questions on the birational type of
the moduli spaces A3(1,7;2,2) and Ax(1,7)F  or equivalently of the varieties of sums of

sym
powers VSP,,.q(Fy, 6) and VSPS(Fy, 6).
Question 4.4. Are A3(1,7;2,2) and As(1,7)f .., varieties of general type?

sym
We would like to mention that the analogous problem for the variety of sums of powers
VSP,.q(F5,4) where F3 € k[xo,z1,22]3 is a general cubic polynomial, has been studied in
[RR93]. Indeed, by [RR93l Theorem 8.3] we have that VSP,,.4(F3,4) is of general type.
Note that by Proposition Z.14] we have a finite morphism

f3: VSP,,.q(Fy,6) — P3 C (P?*)3
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where P3 C (P?*)3 is a complete intersection irreducible 3-fold cut out by equations of
multi-degree (2,2,0), (2,0,2) and (0,2,2). Therefore, by adjunction the dualizing sheaf of

Ps is

Wpg = Op3(1, 1, 1).

We checked using Macaulay2 [Mac92| that P is singular along a curve.

Question 4.5. Are the singularities of the 3-fold Pz at worst canonical?

Note that a positive answer to this last question would imply that P3, and hence
VSP,.q(Fy,6), are of general type.

[BB66]
[BLO4]
[BM16]
[Bol07]
[CGT72]
[COV17a]
[COV1TD)
[DK93]
[DOS]
[Dol04]
[GPO1]
[Har01]
Tgu64]
[IRO1]

[KH93]

[Mac92]
[Mas16]
[Mel06]
[Mel09]

[Mel14]

REFERENCES

W. Baily and A. Borel, Compactification of arithmetic quotients of bounded symmetric domains,
Ann. of Math. (2) 84 (1966), 442-528.

C. Birkenhake and H. Lange, Complex abelian varieties, Grundlehren der Mathematischen Wis-
senschaften, A series of Comprehensive Studies in Mathematics, vol. 32, 2004.

M. Bolognesi and A. Massarenti, Moduli of abelian surfaces, symmetric theta structures and theta
characteristics, Comment. Math. Helv. 91 (2016), no. 3, 563—608. MR 3541721

Michele Bolognesi, On Weddle surfaces and their moduli, Adv. Geom. 7 (2007), no. 1, 113-144.
MR 2290643

C. H. Clemens and P. A. Griffiths, The intermediate Jacobian of the cubic threefold, Ann. of
Math. (2) 95 (1972), 281-356. MR, 0302652

L. Chiantini, G. Ottaviani, and N. Vannieuwenhoven, Effective Criteria for Specific Identifiability
of Tensors and Forms, SIAM J. Matrix Anal. Appl. 38 (2017), no. 2, 656-681. MR 3666774

, On generic identifiability of symmetric tensors of subgeneric rank, Trans. Amer. Math.
Soc. 369 (2017), 4021-4042. MR, 3624400

I. V. Dolgachev and V. Kanev, Polar covariants of plane cubics and quartics, Adv. Math. 98
(1993), no. 2, 216-301. MR 1213725

I. Dolgachev and D. Ortland, Point sets in projective space and theta functionsi, Asterisque, vol.
165, Société Mathématique de Franc, 1988.

I. V. Dolgachev, Dual homogeneous forms and varieties of power sums, Milan J. Math. 72 (2004),
163-187. MR 2099131

M. Gross and S. Popescu, Calabi-Yau threefolds and moduli of abelian surfaces. I, Compositio
Math. 127 (2001), no. 2, 169-228. MR 1845899

J. Harris, Lectures on rationally connected varieties, EAGER Advanced School in Algebraic
Geometryin Levico Terme, Trento, September 2001. Notes by J. Kock, 2001.

Jun-ichi Igusa, On the graded ring of theta-constants, Amer. J. Math. 86 (1964), 219-246.
MR 0164967

A. Tliev and K. Ranestad, K3 surfaces of genus 8 and varieties of sums of powers of cubic
fourfolds, Trans. Amer. Math. Soc. 353 (2001), no. 4, 1455-1468. MR 1806733

S. Weintraub K. Hulek, C. Kahn, Moduli spaces of abelian surfaces: compactification, degener-
ations, and theta functions, de Gruyter Expositions in Mathematics, Walter de Gruyter & Co,
Berlin,, vol. 12, 1993.

MacAulay2, Macaulay2 a software system devoted to supporting research in algebraic geometry
and commutative algebra, http://www.math.uiuc.edu/Macaulay2/, 1992.

A. Massarenti, Generalized varieties of sums of powers, Bull. Braz. Math. Soc. (N.S.) 47 (2016),
no. 3, 911-934. MR 3549076

M. Mella, Singularities of linear systems and the Waring problem, Trans. Amer. Math. Soc. 358
(2006), no. 12, 5523-5538. MR 2238925

, Base loci of linear systems and the Waring problem, Proc. Amer. Math. Soc. 137 (2009),
no. 1, 91-98. MR 2439429

, On the unirationality of 3-fold conic bundles, https://arxiv.org/abs/1403.7055, 2014.



http://www.math.uiuc.edu/Macaulay2/
https://arxiv.org/abs/1403.7055

14
[MM13]
[MSO01]

[Muk92]

[Mum66]
[RR93]

[RS00]

MICHELE BOLOGNESI AND ALEX MASSARENTI

A. Massarenti and M. Mella, Birational aspects of the geometry of varieties of sums of powers,
Adv. Math. 243 (2013), 187-202. MR 3062744

N. Manolache and F-O. Schreyer, Moduli of (1,7)-polarized abelian surfaces via syzygies, Math.
Nachr. 226 (2001), 177-203. MR 1839408

S. Mukai, Fano 3-folds, Complex projective geometry (Trieste, 1989/Bergen, 1989), London
Math. Soc. Lecture Note Ser., vol. 179, Cambridge Univ. Press, Cambridge, 1992, pp. 255-263.
MR 1201387

D. Mumford, On the equations defining abelian varieties. I, Invent. Math. 1 (1966), 287-354.
MR 0204427

B. Reichstein and Z. Reichstein, Surfaces parameterizing waring presentations of smooth plane
cubics, Michigan Math. J. 40 (1993), no. 1, 95-118.

K. Ranestad and F-O. Schreyer, Varieties of sums of powers, J. Reine Angew. Math. 525 (2000),
147-181. MR 1780430

MICHELE BOLOGNESI, IMAG - UNIVERSITE DE MONTPELLIER, PLACE EUGENE BATAILLON, 34095
MoONTPELLIER CEDEX 5, FRANCE
E-mail address: michele.bolognesi@umontpellier.fr

ALEX MASSARENTI, UNIVERSIDADE FEDERAL FLUMINENSE, RUA MARIO SANTOS BRAGA, 24020-140,
NITEROI, R10 DE JANEIRO, BRAZIL
E-mail address: alexmassarenti@id.uff.br



	1. Introduction
	2. Ordered varieties of sums of powers
	3. Moduli of polarized abelian surfaces with level structure
	4. Birational geometry of moduli spaces of (1,7)-polarized abelian surfaces
	References

