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Abstract

The study of thermodynamics of topological defects is an important challenge to understand their
underlying physics. Among them, magnetic skyrmions have a leading role for their physical
properties and potential applications in storage and neuromorphic computing. In this paper, the
thermodynamic statistics of magnetic skyrmions is derived. It is shown that the skyrmion free energy
can be modelled via a parabolic function and the diameters statistics obeys the Maxwell-Boltzmann
distribution. This allows for making an analogy between the behavior of the distribution of skyrmion
diameters statistics and the diluted gas Maxwell-Boltzmann molecules distribution at
thermodynamical equilibrium. The calculation of the skyrmion configurational entropy, due to
thermally-induced changes of size and shape of the skyrmion, is essential for the determination of
thermal fluctuations of the skyrmion energy around its average value. These results can be employed
to advance the field of skyrmionics.



I.  INTRODUCTION

Magnetic skyrmions have been gaining an important role in studies of low-dimensional magnetic
systems due to their suitable physical properties and potential applications [1-4]. Skyrmions can be
considered as quasi-particles with topologically-protected magnetization texture, characterized by an
integer skyrmion number [1,4]. Although skyrmions can be stabilized by the interplay between
exchange and dipolar interactions (so called “bubble skyrmion” [1]), much of the interest is devoted
to systems where the Dzyaloshinskii—Moriya interaction (DMI) plays a role in this stabilization [5,6].
The DMI is a chiral exchange interaction due to lack or breaking of inversion symmetry in bulk
crystalline lattices (bulk DMI) [7-9] or at the interfaces in magnetic multilayers (interfacial DMI
(IDMI)) [10-13]. While other types of DMI can exist (for instance, in D2d structures) [14,15], in this
work we focus on the IDMI. This because it promotes the formation of small Néel skyrmions [1,2,4],
which are stable at room temperature as isolated skyrmions, and can be nucleated [16-18],
manipulated [12,19-21] as well as detected [22—24] by electrical currents. Therefore, Néel skyrmions
have become promising for technological applications [25-33]. Fundamentally, because of thermal
fluctuations, Néel skyrmions are subject to (i) internal deformations [10,12,34,35], that are
responsible for the loss of the circular symmetry; (ii) thermal drift [18,34,35], which leads to a random
skyrmion motion throughout the film plane; (iii) thermal breathing modes [35,36] that can induce
non-stationary expansion and shrinking of the skyrmion core, i.e. a time-evolution of the skyrmion
size. Hence, the effect of thermal fluctuations should be considered for a proper design of skyrmion-

based devices and applications [32,35], especially at room temperature.

In this work, we show that the thermal fluctuations promote the existence of a number of skyrmions
characterized by the same energy, but having different shapes and diameters. This aspect allows us
for the definition of a skyrmion configurational entropy by using a statistical thermodynamic analogy
between the skyrmion diameter population and the non-interacting molecules of an ideal gas [37,38].
This approach is based on the analytical formulation previously developed [35] considering region of
parameters where the two following hypotheses are verified: (i) the skyrmion energy can be well
approximated by a square function of the skyrmion diameter near the minimum, and (ii) the skyrmion
diameter distribution is well-described by a Maxwell-Boltzmann (MB) function. The validity of those
two hypotheses is checked by taking advantage of full micromagnetic simulations for different
combinations of temperature and external field. The skyrmion average diameter and its standard
deviation, as well as the skyrmion entropy, can be analytically derived. In addition, the developed
model can also be extended to the description of further magnetic textures, such as bubbles and

vortices.



From a theoretical point of view, the knowledge of the skyrmion configurational entropy allows us
to construct the proper thermodynamics for determining the fluctuations for many important
quantities, such as the free energy. We show that a distribution of skyrmion diameters can be
described in a canonical ensemble characterized by fluctuations of energy that are much smaller than

the skyrmion average energy.

Up to date, the skyrmion entropy has been estimated from the experimental data, and it has been used
to characterize the type (first- or second-order) of magnetization phase-transition around the transition
temperature in bulk B20 compounds [39,40], and as a corrective term to the Arrhenius law, to explain
the discrepancy between experimental and theoretical calculations of the lifetime of a skyrmion
lattice [41]. However, no direct dependence of the entropy on the physical parameters, temperature
and geometrical characteristics of the skyrmion has been expressed. This work will fill this gap giving

a simple analytical model to be used as a support for the experimental works at finite temperatures.

Il.  NUMERICAL MODEL

We start by performing micromagnetic simulations at finite temperature to generate the data to be

analyzed. We consider a circular nanodot of diameter 2R, =400 nm of a ferromagnetic material (we
consider Cobalt here) with a thickness of 0.8 nm assumed to be coupled with a thin layer of heavy
metal giving a sufficiently-large IDMI, i.e. Platinum. We perform systematic micromagnetic
simulations to calculate the skyrmion sizes as a function of the out-of-plane external field zoHex: and
temperature T, by integrating the Landau-Lifshitz-Gilbert equation for the reduced magnetization
m=M/M, [42-48] (M, is the saturation magnetization, see note 1 in the Supplemental Material). At
T=0 K, we used the following material parameters: m =600 kA/m [12], A =20 pJ/m [49], D=3.0
mJ/m? [50,51], K,=0.60 MJ/m?® [12,52], and Gilbert damping e =0.1 [53], while for T>0 and the
analytical model, we used the parameters as calculated from the scaling relations [35]
A(m)=A(0)m**, D(T)=D(0)m(T)"*. and K, (T)=K, (0)m(T)**.

For the micromagnetic simulations, the thermal effects are included in the LLG equation as a

stochastic term h,, added to the deterministic effective magnetic field in each computational cell

h,, =(X/ MS)\/Z(aKBT ! 1h7,AV M At), with K, being the Boltzmann constant, T temperature

of the sample, , the vacuum permeability, y, the gyromagnetic ratio, 4V the volume of the

computational cell, A¢ the simulation time step, and yx a three-dimensional white Gaussian noise with
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zero mean and unit variance [47,48]. The thermal fields, in each computational cell, are uncorrelated.
The discretization cell size used is 2.5x2.5x0.8 nm?® [42] (see note 1 in the Supplemental Material for
more details).

The effective diameter is calculated by assuming that the area of the skyrmion core (here it is the

region where the z-component of the magnetization is negative) is equivalent to a circle [54].

Figure 1(a) shows the time dependence of the total micromagnetic energy E[m] = I dVg(m) of the

ferromagnet ( €(m) is the energy density) as calculated by micromagnetic simulations from the spatial

distribution of the magnetization m :
g(m)=A(Vm)*+D[m,(V-m)—(m-V)m, |+ K, (1-m?)-0.5Mm-H —Mm-H,, (1)

where M, is the magnetization z-component, H_ is the magnetostatic field, and H,, is the external

magnetic field.
It can be observed that there exist skyrmion configurations with different shape and size (Figs. 1(b)-
(e)), but characterized by the same energy (5.6 x 107 J in Fig. 1(a)). These results suggest that a

skyrmion configurational entropy can be introduced as the number of different skyrmions having the
same energy.
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Fig. 1: (a) Total micromagnetic energy as a function of time for one of the simulations (T=300 K, and
LoHexx=25 mT). The four green circles indicate an example of time instants at which different

skyrmions have the same energy. (b)-(e) Snapshots of the skyrmion at the time instants indicated in

(@).



I11.  ANALYTICAL MODEL
A. Skyrmion energy
The computation of the configurational entropy is based on the determination of the skyrmion energy.

The skyrmion magnetization texture in cylindrical coordinates can be written in the form
m(xy)=sind(p)cosg, p+sind(p)sing, p+cosd(p)2 where @(,) is  the  radially  dependent
magnetization distribution angle and ¢ is an azimuthal angle. Setting ¢ =0, we get the outwardly

directed radial Néel skyrmion texture, m(x,y)=siné(p)p+cosd(p)Z . In the present study, we have
considered an outwardly radial Néel skyrmion with a negative core, that is characterized by a
skyrmion number Q = -1, a cylindrical symmetry with respect to the out-of-plane direction (z-axis),
and it is stabilized in a magnetic circular dot. The results derived for Néel skyrmion can indeed be

generalized to other magnetic textures.

The skyrmion energy E is calculated as a volume integral of the skyrmion energy density

t/i2 2z Ry

E(ry)= j (r,ry)dV = j dzjd;/ﬁj e(r.ry ) pdp. For the Néel skyrmion, we use the following trial

-t/2 0

equilibrium magnetization distribution through the ansatz 90(r)=2arctan[rsTk (517, with rsk =Rsk/lexch

the dimensionless skyrmion radius, I, :JZA//JOMSZ is the exchange length, with A the material

exchange stiffness, t the dot thickness and p = r/ lexen [35,55]. This skyrmion ansatz has been
previously shown to have an excellent agreement with direct micromagnetic simulations [35,56]. The

skyrmion energy density ¢ =« +&,om + Eani + €

ani ext

contains all the relevant contributions. In particular,
Eaen = A(VM)’ is the exchange energy density, &pwm =|D|[m, (V-m)—(m-V)m, | is IDMI energy
density and D the DMI strength, ,, =K, (1- mf)+%y0M§mf is the anisotropy energy density with

Ku the uniaxial anisotropy constant, and &x = —Ms B m; is the Zeeman energy density, with B =0
Hext being the amplitude of the external bias B parallel to the z-axis. The magnetic parameters A, D
and Ky at non-zero temperature are scaled from their zero temperature values, by using the scaling

laws shown in the Section I1I.

The first hypothesis of our analytical approach is that the skyrmion energy near the minimum can be
described via a parabolic potential of the form E, ~ a(DSky — Dy gy )2 +b. In the parabolic potential,
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the coefficient a [J/m?] is proportional to the parabola curvature, a = %2 d ?Esy/dDsky?, Dsky is the

generic skyrmion diameter ranging from 0 to 2R,, D,,, is the equilibrium diameter corresponding to

0 sky

the energy minimum Egy for every T, and b [J] is b= Eg . The equilibrium skyrmion diameter

depends on the temperature via the scaled values of the magnetic parameters, therefore, both a and b
are temperature-dependent coefficients, a (T) and b(T). Figure 2(a) shows, in fact, how the coefficient
a changes with temperature, for three values of the external field. The general trend is a linear
dependence of a on the temperature and a decreases with increasing temperature marking a
broadening of the potential well due to thermal effects. Moreover, at fixed temperature, a increases

with increasing the external field amplitude indicating its narrowing effect on the potential well.

Figure 2(b) and (c) show that the parabolic curve fits well the analytical skyrmion energy when
0<T <200 K at zero external field, while, at T=300 K (Fig. 2(d)), the matching is less accurate. We
ascribe this difference to the change of the energetic stability of the skyrmion when it is becoming
the ground state (see Fig. 3 in Ref. [35]). In particular, for the parameters used in this study, the
skyrmion is a metastable state when either0<T <200 K for any external field, or 0<T <300 K for
toHex>5 mT, while it becomes stable outside these intervals. As was explained in Ref. [35] with
details, during this transition the skyrmion radius is very sensitive to small variations of external

parameters.
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Fig. 2: (a) Fitting parameter a as a function of T for gwHex= 0 mT, 25 mT, 50 mT. Profile of the
skyrmion energy close to the energy minimum (black curve) together with the parabolic fit (red curve)

for tHex= 0 mT and (b) T = 100 K, (c) T=200 K, and (d) T=300 K.

B. Skyrmion diameter distribution

The fact that the energy of the skyrmion is, as a first approximation, well-described by as a quadratic
function of the skyrmion diameter leads us to suppose that the skyrmion diameter distribution can be
treated as the particles of an ideal gas, at least from a statistical thermodynamics viewpoint. Therefore,
the second step of our analytical approach is to check if the population of the skyrmion diameters

follows a Maxwell-Boltzmann distribution function:

dn
dD

sky

— Csky D2 e*ﬂa(Dsky*Dosky) , (2)

1
where Csy is the normalization constant, and ﬂ:ﬁ with kg = 1.38 x 102 J/K the Boltzmann
B

constant [42] (see note 2 in the Supplemental Material). Analogously to the ideal gas, the skyrmion
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energy is comparable with the thermal energy in the range of temperatures 50 +300 K, thus ensuring
a displacement effect of the maximum of the distribution [37].

In order to prove this hypothesis, we compare the distribution of skyrmion diameter as computed
from micromagnetic simulations with Eq. (2). Figure 3 shows such a comparison at T = 100, 200 and
300 K, respectively, for an applied field goHext = 25 mT. The agreement between the analytical and
the micromagnetic results is excellent. Similar good agreements are also obtained for the other
temperature/external field combinations in the region of metastability.

Since we have shown that the skyrmion energy can be considered as a quadratic function of the
skyrmion diameter and that the skyrmion diameter population obeys to the MB distribution, we can
make the analogy between the behavior of skyrmion diameter population and the one of non-

interacting molecules of an ideal gas. Let us examine in depth the point later in the text.
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Fig. 3: Skyrmion diameter distribution for (a) T = 100 K, (b) T =200 K, and (c) T = 300 K when 1
H =25 mT. The histograms represent the results from micromagnetic simulations with thermal fields,

while the blue curve is the analytical MB distribution as calculated from Eq. (2). In the analytical

calculations, we used the scaled values of the magnetic parameters A, D, and Ky for each



temperature [35] and obtained the following parameters: at T = 100 K, a = 9.67 x 10 J/m? and Do sky
=26.83nm, at T =200 K, a=7.33 x 10° J/m? and Dosky = 32.03 nm and at T = 300 K, a = 5.32 x 10-
% J/m? and Do sky = 39.64 nm. (d) Standard deviation as a function of temperature, for three values of
the external field. The continuous lines with symbols represent the analytical calculations by means
of Eq. (3), while the dashed lines with symbols indicate the results from micromagnetic simulations

with thermal stochastic fields.

In Table 1, we strengthen this analogy considering a skyrmion diameter statistics and an ideal gas of
N non-interacting molecules. Straightforwardly, the skyrmion diameter Dsky replaces the velocity v
of the gas molecule, while the fitting parameter a, proportional to parabolic energy curvature, plays
the same role as the constant 2 m depending on the mass m of the molecule in the gas. In this way,
the MB distribution reproducing the statistical behavior of skyrmion diameters maps into the well-

known MB distribution of velocities in a diluted gas [37].

Table 1. Analogy between an ideal gas of molecules and a magnetic skyrmion diameter population
with Cq = 47N (m/(2z ks T) )%2.

Ideal gas Skyrmion diameters
\% Dsky
Yo m a

I~ ¢, v2exp(—1/2 mv2/kgT)

dv

_ 2
dDsky Coy DSZky exp(—a (DSky — Dy sky) /kgT)
C. Average skyrmion diameter

Thanks to the aforementioned analogy, we can calculate the average skyrmion diameter

2

@ 3 _ﬂa(Dsky_DOSky>

|, dD,,Diye _ _
>= ~at a given temperature, in the same way as the average

< Dy, (T)

sky

particle velocity in an ideal dilute gas:

10



3keT +2a D¢, 3)
0% kT +2aD?

0 sky

<Dy, (T)>~D

D. Standard deviation of the skyrmion diameter distribution

The skyrmion average diameter is crucial to compute: 1) the standard deviation o > of the

diameter distribution and 2) the skyrmion configurational entropy S. First, we calculate

j stky( sy~ <Dy >) ngy #2(P 40Py with < DSky >=< DSky (T)> as an integration over the MB

sky sky

distribution, obtaining:

O
<Dsky>

3k.T+2a<D_>°
(T):J T %o (4)

2a kT +2a <Dy, >*
In Fig. 3(d), we compare the standard deviation as obtained from micromagnetic simulations and Eqg.

(4), observing that they match well in the region of energetic metastability.

E. Configurational entropy

We now outline the computation of the skyrmion configurational entropy that represents one of the
key results of this study. We wish to remind that the source of this entropy is mainly due to the
skyrmion internal deformations and thermal breathing mode [35,36]. We employ the definition of the
Boltzmann order function Ho for a dilute ideal gas [38], that represents a measure of order and it is
proportional to the MB distribution, that is the solution of the Boltzmann equation at thermodynamic
equilibrium. Indeed, Ho is a quantity defined as the opposite of the entropy S at equilibrium, namely
Ho = —S/ks [38], with Ho < 0. S gives the direct connection between the canonical ensemble and
thermodynamics. In the continuous case applied to our framework, where minor changes of the
skyrmion size occur along the radial direction, Ho can be written as a functional integral representing
the statistical average < In fo > over all spatial directions:

f,In f,, ()

sky ~“sky

:%!:dD D2
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with 1,-c, & "))

i being the Gaussian distribution of the skyrmion diameters at

thermodynamic equilibrium, that has the meaning of a probability density in statistical mechanics.

The skyrmion configurational entropy turns out to be (S= —kg Ho):

3 1
(keT)z +2(kyT)za< Dy, >> | 1(3k,T +2a< Dy, >’

S ~Kkg|In +—£ } +S,, (6)
ag <D,, >t 4{ kT +2a< Dy, >’

with s, =%kB In z a constant (see Appendix A for the details of the calculations leading to Eq. (6)).

As expected, the configurational entropy has a geometric, thermal, and magnetic parameters
dependence. S depends on the size of the skyrmion via < Dsky >, confirming the link with the

thermal breathing mode (Fig. 1(b)-(e)), decreases with decreasing temperature, denoting the strict
connection with temperature effects until a minimum temperature close to 1K (see the next section
for more details), as well as depending on the magnetic parameters via the coefficient a. Note that
Eq. (6) is a general result since it is independent of the chosen skyrmion distribution texture. Indeed,
different skyrmion distribution texture would lead to energy profiles again reproducible in the

neighborhood of the minimum by means of a parabolic dependence.

However, as T—0, we get, from Eq. (6), S — —oo apparently contradicting Nernst’s theorem or third
principle of thermodynamics according to which entropy of a crystalline body equals zero at absolute
zero temperature. This result is not surprising and agrees with the well-known one of the Sackur-
Tetrode entropy equation for an ideal gas [37]. Indeed, in both cases the derivation is classical,

resulting from the application of the classical MB statistics.

Figure 4(a) shows the skyrmion configurational entropy, calculated according to Eq. (6), as a function
of temperature for three different external fields (0, 25 and 50 mT). The entropy increases with
increasing temperature and its increase is more remarkable in the absence of an external bias field.
This behavior reflects the higher disorder due to the larger deformations and thermal breathing mode
of the skyrmion at room temperature [35]. This disorder is partially reduced by the ordering effect of

the external bias field.

Figure 4(b) illustrates the trend of the configurational entropy as a function of the external field at
fixed temperature (T = 300 K). It is evident the entropy decreases due to the external bias field that

leads to a reduction of the disorder of the system.
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FIG. 4. Configurational entropy as a function of (a) temperature for goHext=0 mT, 25 mT and 50 mT,
as indicated in the legend, and (b) the external field at T = 300 K.

F. Behavior of <Dsky>, obsky, and S at low temperature

It is interesting to derive the low-temperature behavior of the average skyrmion diameter. We
assume, for the whole range of temperatures studied (0 + 300 K) a(T) =ao — ¢ T (see Fig. 2(d)) with

a = a (T = 0 K) and ¢ a coefficient expressed in J/m? K, and, at low temperatures,

Dogy (T)=Dygq (T =0K)+d T, with d a coefficient expressed in m/K.

For T-»0 K, we get, from a numerical calculation, that <D, (T—>0K)> =Dy, (T=0K). At low

temperature, the expansion of Eq. (3) to first order, via <D, (T »0K)> =Dy, (T=0K), yields:
<Dy (T)>r0% Dy (T=0K)#| ——2 4|7, @)
Y - / 3 Dygy (T=0K)

with a,=a(T =0K).
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Eq. (7) expresses, in the regime of low temperatures, a linear dependence of the average skyrmion
diameter on temperature, as it can be observed in Fig. 5(a) for different combinations of low

temperature and external field.

At low temperatures (T — 0), via a series expansion to the first order and taking into account the

abovementioned assumptions on a and DOSky, the standard deviation turns out to be:

KT
24,

)z

(8)

o
<Dsky >(T-0

Hence, at low temperatures the standard deviation has a square root proportionality on temperature,
as shown in Fig. 5(b).
In the same way, the configurational entropy for, T — 0, reads

1
2(kT 2| [3 K c
S ~ko|In| =| 22— [+|= B + T |+S
(T>0) — 78 t( a ] [4 3, <Dy, > ZaJ ! ©)

with Slsz[%lnﬂ+%j-

The first term on the second member has a logarithmic dependence on T, hence giving the divergence
of S for T = 0 K. On the other hand, the second term expresses the linear dependence of Son T

resulting from the expansion of both terms.

Figure 5(c) shows Svs. T for 1 < T <50 K. It is evident the deviation from the linear behavior is due
to the logarithmic dependence on T of the first term. This trend is similar also in the presence of an

external field and is also present at higher temperatures as shown in Fig. 4(a).
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FIG. 5. Low-temperature behavior of (a) average skyrmion diameter, as obtained by Eq. (7), (b)
standard deviation of the skyrmion diameter distribution, as obtained by Eg. (8), and (c)

configurational entropy, as obtained by Eg. (9).

G. Energy Fluctuations

The skyrmion configurational entropy is crucial to determine: 1) the magnetization distribution as a
function of temperature at fixed external field in the presence of skyrmions and 2) the skyrmion

fluctuations of energy around the average energy <E>.
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The evaluation of the mean square fluctuations of the skyrmion energy is based on the calculation of

. S 2 . 2 2 2
the partition function yielding < SE? >~ kBT3(22_.IS_+T %J with <OE">= <E°>-<E>" and <E >

being the average energy. The key result is that skyrmion mean fluctuations of energy have an

entropic dependence. By using Eq. (6), we get < §E? >:%(kBT )2, namely a proportionality to the

square of the temperature (see the Appendix B for the details). This result is general and does not
depend on the external bias field. The factor %2 is consistent with the fact that, unlike the case of the
ideal gas where particle velocity is a vector with three degrees of freedom, here there is one degree

of freedom represented by the skyrmion.

In Fig. 6, we display the mean square fluctuations of the energy of the skyrmion diameter distribution
as a function of temperature. One notes that there is a quadratic increase of < SE? > with temperature,
thus showing a behavior similar to that of the mean square fluctuations of energy of gas particles in

a canonical ensemble.

To establish whether the skyrmion fluctuations of energy are relevant, we compare their order of
magnitude with that of the average energy calculating the fractional mean square fluctuation of the

energy: < oSE? >/<E >? :%(kBT )2/< E >2. For the system studied and the range of temperatures

<SE*>

considered, looking at Fig. 5 on average < SE* >~10*J%. As <E >*~10"*J* we get
<E>

1077

resulting in fluctuations of energy that are about three orders of magnitude smaller than the average

energy, V<OE*> << <E>.In principle, the skyrmion diameters distribution is supposed in contact
with a heat reservoir forming a canonical ensemble and the average energy is determined by the
temperature of the heat reservoir itself. In a canonical ensemble, the total energy is not conserved
and, therefore, for this special case, the skyrmion diameter population exhibits fluctuations of energy.
However, due to the high number of degrees of freedom represented by the skyrmions population
with different diameters, we can suppose that the fluctuations of energy are very small treating, in a
first instance, the ensemble in the same way as a microcanonical ensemble. This hypothesis is
confirmed by the calculation of the energy fluctuations that are very small if compared to the average

energy as shown above.

Analogously to what occurs to the number of non-interacting molecules of an ideal gas, that varies
continuously as a function of velocity and possess only translational kinetic energy, also the skyrmion

diameters, during thermal annealing, fluctuate independently along the radial direction, leading to
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continuous and infinitesimal changes of skyrmion size. Another common property is represented by
confinement. Like gas molecules obeying MB statistics are confined in a box, magnetic skyrmions

of different diameters are formed in a confined magnetic system.

0.0}
50 100 150 200 250 300
T (K)

Fig. 6: Mean square fluctuations of energy of the average skyrmion energy as a function of

temperature.

IV. CONCLUSIONS

In summary, we have shown that it is possible to describe the statistical behavior of the skyrmion
diameter in presence of thermal fluctuations by using a statistical thermodynamic analogy with the
non-interacting molecules of an ideal diluted gas. This analogy is valid in the region of energetic
metastability for the skyrmion where the following hypotheses are verified: (i) the skyrmion energy
close to the minimum exhibits a parabolic profile and (ii) the skyrmion diameter population follows
a MB statistical distribution. We confirmed those hypotheses with the results of micromagnetic
simulations. Therefore, we have developed an analytical model able to describe the statistical
behavior of the skyrmion diameter (average value, standard deviation, and distribution) as well as to
calculate the configurational entropy of a skyrmion linked to the thermal breathing mode and internal
deformations. In the low-temperature limit, the average skyrmion diameter has a linear dependence
on T, while the configurational entropy shows a deviation from the linear behavior. From the
calculation of the partition function, we have expressed fluctuations of energy as a function of entropy
only. Those results can be used to study phase transitions involving skyrmions and their relaxation

properties.
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APPENDIX A: CALCULATION OF THE CONFIGURATIONAL ENTROPY

We recall Eq. (5) of the main text:

H, = %Istknyky f,In f,. (A1)
0
The computation of the integral yields:
C 3
~ _sky T )P
H, ~ 2 (E] {(1+2ﬂa< Dy, > )In(Csky <V >)——(3+2ﬂa< Dy, > )} (A2)
where <V > =Y 7 < DSky >? t is the average skyrmion volume. We get the constant C,, via a
51\1
normalization condition [Istknyky - [ Dy <D sy )}] resulting in
. 1
a |2 kT . . . .
C, ~4 B . We substitute Cg, into Ho, via #=——, gettin
o [nkBTj keT +2a< Dy, > o ’ kT 99
C

H, ~

3

2| (k. T+2a<D, >* 3kT +2a< D, >
il (”kBT jz d 0 In(Cyy <V >)—— - . (A3)
4 a KT Y 4 KT

The skyrmion entropy at the thermodynamic equilibrium is calculated as S= —kg Ho after substituting
Cand <V >:
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3 1
k.T)2+2(k.T)2a<D,. > 3k.T+2a<D, >°
Sng |n ( B ) ( B ) sky 1[ B sky ] -I-SO,

3 +Z k.T+2a<D, >°
a? <Dy, >t B sky

with s, :%ks Inz. EQ. (A4) is Eq. (6) of the main text.

APPENDIX B: CALCULATION OF THE MAGNETIZATION DISTRIBUTION AND OF THE
ENERGY FLUCTUATIONS

The skyrmion entropy is crucial to determine: 1) the magnetization distribution as a function of
temperature at fixed external bias field and 2) the skyrmion fluctuations of energy around the average

energy <E>.

The calculation of the magnetization distribution is based on the hyperbolic law expressing the
average skyrmion diameter as a function of B=oHex: at fixed T as observed by Romming for T = 4.2
K et al. [57] and confirmed by our model at larger temperatures:

B0
<D
B+B, %"

0

<Dy, (B)>= >, (B1)

with B expressed here in J (B—>uo Hext Ms V) and Bo a parameter also expressed in J that can be

obtained from a fit to experimental data [57].

First, we calculate the entropy dependence on the bias external field at fixed temperature. Substituting

Eq.(B1) into Eq.(6) we get the skyrmion entropy dependence on B at fixed T:

2
3 1 B B 2
[(kBT)Z + z(kBT)Z a( 5 +OBO < Dsky B=0 >j ] 1 SkBT +2a[B+OB < Dsky B=0 >j (Bz)
S(B)ﬁkB In > +Z 0 ) +SU'
3( B B
(a)2 [ 5 +OBo <Dyy 5.0 >J t ke T +2a( 5 +OBo <Dyy g0 >j

S M
We immediately find, using Maxwell’s relation (8_] = (a—j :
oB ), T J;

oM (B+By)(ksT (B+B,)’ +3a< Dyyp5 > B

(—j = 2M, | KZT? i
aT Jg (kBT(B+BO)2+2a< Dy 50 > Bj)

, (B3)
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witha=a (T). For B =0J (oHex= 0 mT), the magnetization distribution as a function of temperature
at different T is:

(ﬂj oMl er keT +3a < Dy 5y >° (84)

ot By | ° (kBT +2a< Dy g > )2

We immediately get the asymptotic behavior of the magnetization distribution for very high

temperatures, lim, Kaa_'\_l/_'j }z . I\éls _
B=0 0

The integration over T in the interval [0, Tr] with Tr the reference temperature gives the magnetization

at the temperature Tr in the absence of an external bias field:

kT, +a<D kT, +2a<D
T SyB=0 ~ _—y DB:o <2 In skyBZO ’ (B5)
KoTg +2@ < Dy gy > 2a<Dyyp>

The magnetization depends on two contributions and both of them are functions of the relevant

M(To),, =25* [k

parameters characterizing skyrmion energy, a and < DB:O >. We now outline the calculation of 2),

the skyrmion fluctuations of energy. Let us start from the thermodynamic relation linking the average

energy with the partition function Z, < g >=_ ag‘ﬂz This implies that< E > [aétlgz} We now

express the average of the square of the energy as a function of the partition function. We write the

average of the square of the energy in the continuous limit as:
£ 5= [[E ()] e, (86)
Z

where C is a normalization constant and x is a generic variable. We cast Eq. (S19) in the form

C. & 107 _#mz [1faz * oz (omzY
<E?>= j (e ))dx { (—H = +( j Hence, we get

o Z08° opf op o>\ op

2 2 2 2
<E?s_<ps220INZ (0InZY (OInz3 O0'InZ pe square fluctuations of energy take
op? op op op?

the general form:

62 InZ

2

<O0E* >

(B7)

being <E’ >=<E’>-<E>’,
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To get an explicit expression of the fluctuations of energy, we write down the partition function of
the system that can be regarded as a controlling function able to determine the average energy of the

system itself. In the continuum limit, we write the partition function as an integral over Boltzmann
factors, Z :CNje‘ﬂE(X)dxwhere E(x) is the energy depending on the general continuous variable x
and Cy is a normalization constant. As stated above, in principle the system under study represented
by the ensemble of skyrmion diameters is a canonical ensemble with a very high number of degrees

of freedom whose fluctuations of energy are thus very small. This allows assuming that E(X) is very

close to the average energy <E>. This corresponds to treat the partition function of a canonical

. . . : ~p<E
ensemble as that of a microcanonical one. Hence, without loss of generality, we express Z =W e pee

where W is the statistical multiplicity of the energy level having value <E>and < g >= — aé;Z . This
allows for writing, via S =kg InW | the simple relation:

InZ=i—<E>.
ke kg

(B8)

We now derive the mean square fluctuations of energy < SE? > around the mean value <E> that,
for a microcanonical ensemble, are very small if compared to the average energy. Taking into account
Eq. (S15) and EQ.(S16) and expressing the mean square fluctuations of energy as a function of T
yields:

oS _ 0°S 45 O°<E>

<§E2>= kBTs[Za—T-f—Tﬁj—kBT T2

O<E>

2KeT KT <E>. (B9

Simple considerations allow us to simplify Eq. (§17). Indeed, the average energy is linear in T so that

its second derivative equals zero. Furthermore, the three terms proportional to k; proportional to the

average energy and its first and second derivatives with respect to temperature are much smaller than

the first term and can be safely neglected. Hence:

8S _ 0°S j (B10)

<OE >k TP 2—=4T—
oT oT

Mean fluctuations of energy around the mean energy of the skyrmion diameters population depend

on entropy. By replacing the entropy expressed in Eqg. (S8), we get:

573 T4 a<D,, >*kiT® a< Dy, > kgT* Bl1l
<5E2>:1k;T2+2 kBTZ - keT S +2 w8 .2 o & ( )
2 2a<Dyy >* +kgT (2a<Dy, > +k,T ) (2a<Dy, >*+k,T ) (2a< Dy, > +kyT )
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The first term on the second member is much larger than the other terms so that:

< SE? >:%k§T2. (B12)
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Supplementary note 1

The micromagnetic computations are performed by a state-of-the-art micromagnetic solver which
numerically integrates the Landau-Lifshitz-Gilbert (LLG) equation by applying the time solver
scheme Adams-Bashforth [1]:

(1+aé)(:j—n;:—(mxheﬂ)+aGm><(m><heff) (s1)

where « is the Gilbert damping, m=M/M, is the normalized (reduced) magnetization, and
7 =y,M.t is the dimensionless time, with y, being the gyromagnetic ratio, and M, the saturation
magnetization. h,, is the normalized effective magnetic field, which includes the exchange,
magnetostatic, anisotropy and external fields, as well as the interfacial DMI and the thermal field.

The interfacial DMI contribution h,,, is obtained from the functional derivative of the DMI energy

density &g,y = D[ M,V-m—(m-V)m, | under the hypothesis of thin film [%—m = Oj [2,3] as
z

2D
Fp— v:m)2-v
DMI ,LlOMS I:( m) z mz] ’ (82)

with D being the parameter taking into account the intensity of the DMI, m_  the out-of-plane

z

component of the normalized magnetization, g, the vacuum permeability, and Z the unit vector

along the out-of-plane direction. The DMI affects the boundary conditions of the ferromagnetic

. . dm D i .
sample in the following way o ﬁ(z xn)xm, where n is the unit vector normal to the edge,

and A is the exchange constant.



Supplementary note 2

In this section, we derive the most probable value of skyrmion diameter population at a given
temperature Dsky taking into account the analogy with the statistical behavior of an ideal gas that was

discussed in the main text. For this latter, it is customary to define the most probable speed of a
molecule by the value of speed v at which the Maxwell-Boltzmann (MB) distribution attains a

maximum. According to our model the skyrmion energy is fitted via a parabola

E =a(D “fb with a = % d?E/dDsky? proportional to the energy curvature, Do sky the

sky

DO sky)
equilibrium diameter at a given temperature, Dyg, =Dy, (T), and b= Esky(Dsky = DOSky)
corresponding to the energy minimum ES’}‘(;‘ at a given temperature. In our model, both a and b are

temperature-dependent coefficients a (T) and b(T).

Eqg. (1) of the main text expressing the skyrmion diameter distribution reads:

dn _ C 2 ’ﬂa(Dsky’DOSky)z
dD — Msky = sky !

(S3)

sky

1
where C is the normalization constant, f :ﬁwith ks = 1.38 x 102 J/K the Boltzmann constant

B

and T the temperature.

From the minimization of Eq. (S3), one gets the displacement law of the diameter with the

m 1 [ 4k T
DSK)Fj (T):E(DOSKy + D%)sky +f:} (84)

Where the superscript “mp” stands for “most probable” corresponding to the maximum of the

temperature, namely:

distribution and Dy (T) is the most probable value of the skyrmion diameter. This law expresses the
displacement of the maximum of the distribution as a function of T. It can be noted that the diameter
Dy (T) depends on the equilibrium diameter DOSky(T) at a given T and that, at low temperatures

expanding to the first order, DJ}(T) has a linear dependence on T assuming D, (T)

D

b (T) = Doy (T =0K)+d T (both via an analytical and a micromagnetic check) with d a coefficient

expressed in m/K.



Straightforwardly, setting D}? (T)=v,,(T) (v,,,(T) is the most probable speed), Dy, =0 anda =% m

(m the mass of a gas molecule), we get the well-known result v, (T )=/2k,T/m.

D, (T . . . .
Note that 1<%<1_1 with <D, (T)> a ratio depending weakly on temperature with
sky
<Dy, (T)>
DP T)

sky

—1 as T —0. This result is slightly different from that of gases where the ratio

<V(T)>

Vo (T)

=1.13 for each temperature with <v(T)> the average velocity.
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