CONTINUITY OF SOLUTIONS TO A NONLINEAR
FRACTIONAL DIFFUSION EQUATION

LORENZO BRASCO, ERIK LINDGREN, AND MARTIN STROMQVIST

ABSTRACT. We study a parabolic equation for the fractional p—Laplacian of order s, for p > 2 and 0 < s < 1.
We provide space-time Holder estimates for weak solutions, with explicit exponents. The proofs are based on
iterated discrete differentiation of the equation in the spirit of Moser’s technique.
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1. INTRODUCTION

1.1. The problem. In this paper, we study the regularity of weak solutions to the nonlinear and nonlocal
parabolic equation

(1.1) O+ (—Ap)°u =0,
where 2 < p < 00, 0 < s < 1 and (—A,)® is the fractional p-Laplacian of order s, i.e. the operator formally
defined by

u(@) — u(@ + h)[P~*(u(z) — u(z + h))

RET dh.

(1.2) (—Ap)°u(x) :=2P.V.
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2 BRASCO, LINDGREN, AND STROMQVIST

Here P.V. denotes the principal value in Cauchy sense. The operator (—A,)® arises as the first variation of the
Sobolev-Slobodeckii seminorm (see Section 2.1)

UH// [u@) = wl@”
RN xRN [T —y|[NFep

This operator can be seen as a nonlocal (or fractional) version of the p—Laplace operator,
—Apu = —div (|Vul|P~*Vu),

since, as s goes to 1, solutions of (—A,)*u = 0 converge to solutions of —A,u = 0, once suitably rescaled. See
for instance [3, Section 1.4] and [20].

Remark 1.1 (Homogeneity and scalings). It is important to notice that equation (1.1) is not homogeneous,
i.e. if u is a solution, then A u does not solve the same equation. Rather, it solves

Opu+ A27P (—A,)*u = 0.

On the other hand, solutions are invariant with respect to the natural scaling (x,t) — (Az, A*P¢), for any A > 0.
In other words, if u is a solution of (1.1), then the rescaled function

ur(z,t) =u Az, N3Pt),
is still a solution. By combining the last two facts, we also get that
Ux,p :,uu()\x,,upfz )\Spt), for A\, u >0,
still solves (1.1). We will make a repeated use of this simple fact.

In this paper, we are concerned with the Holder regularity for weak solutions of (1.1). More precisely, we
prove that local weak solutions (see Definition 3.1 below) are locally §—Hélder continuous in space and y—Holder

continuous in time, whenever
-1
— ifs< =, 1, 1f5<L,
p—1 p p
0<d<O(sp):= and 0<~vy<D(s,p):=
-1 1 -1
1 1fs>p—, _ 1fs>p—.
p sp—(p—2) p
To the best of our knowledge, our result is the first pointwise continuity estimate for solutions of this equation.

sp p—1

)

1.2. Background and recent developments. In recent years there has been a surge of interest around the
operator (1.2), after its introduction in [20]. In particular, equation (1.1) has been studied in [1, 25, 26, 31, 33, 34]
and [35]. References [26], [25] [33] and [34] dealt with existence and uniqueness of solutions, together with their
long time asymptotic behaviour. Similar properties for (1.1) with a general right-hand side in place of 0 are
studied in [1]. In [35], some regularity of the semigroup operator generated by (—A,)°® was studied. In [31], the
local boundedness of weak solutions of (1.1) is proved.

Recently, in [17], a weaker pointwise regularity result was obtained for wviscosity solutions of the doubly
nonlinear equation

1.3 OulP2 0+ (—=A))%u =0,
p

by using completely different methods. This equation and its large time behavior is related to the eigenvalue
problem for the fractional p—Laplacian. A crucial difference between this equation and (1.1), is that the former
is homogeneous, a feature which is not shared by our equation, as already observed in Remark 1.1. Moreover,
the nonlinearity in the time derivative in (1.3) makes the notion of weak solutions less useful. It is not clear
whether the methods in [17] can be adapted to the present situation or not.

In the linear or non-degenerate case, corresponding to p = 2, the literature on regularity is vast. We mention
only a fraction of it, namely [7, 8, 9, 29, 30] and [32]. However, we point out that none of these results apply
to our setting.
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The stationary version of (1.1), i.e.,
(=4p)"u =0,
has attracted a lot of attention, as well. The regularity of solutions has been studied for instance in [3, 4, 6, 14,
15, 19, 18, 21, 22, 23, 24, 27] and [35]. In particular, the regularity result proved in the present paper can be
seen as the parabolic version of that obtained by the first two authors and Schikorra in [4] for the stationary
equation.
The local counterpart of (1.1) is the parabolic equation for the p—Laplacian

0w — Apu = 0.

This has been intensively studied and only in the last decades has its theory reached a rather complete state.
We refer to [12] and [13] for a complete account on the regularity results for this equation and some of its
generalizations. At present, the best local regularity known is spatial C1®—regularity for some o > 0 (see [12,
Chapter IX]) and C%'/2—regularity in time (see [2, Theorem 2.3]). None of these exponents is known to be
sharp. However, due to the explicit solution

p—1

P
|71,

u(z,t) =Nt —

it is clear that solutions cannot be better than C*/(=1 in space.

1.3. Main result. The main result of our paper is the following Holder regularity for local weak solutions of
(1.1). Here, we use the following notation for parabolic cylinders

QRr,r(x0,t0) = Br(xo) X (to — 1, to],

with B,(x0) denoting the N—dimensional ball of radius r centered at the point xg. For the precise definition
of local weak solution, as well as of the spaces C3 . (2 x I) and C}10e(Q x I), we refer the reader to Sections
3.1 and 2.3, respectively.

Theorem 1.2. Let 2 C RY be a bounded and open set, I = (to,t1], p>2 and 0 < s < 1. Suppose u is a local
weak solution of

u + (=Ap)*u =0, in Qx I,
such that
(1.4) u € LS, (I; L°(RY)).
Define the exponents
_ -1
sp’ ifs<pil, 1, ifs<L,
p—1 P p
(1.5) O(s,p) := and T'(s,p) =
-1 1 -1
17 ZfSZL, T T o\ ZfSZL
D sp—(p—2) b
Then
u € Cg,IOC(Q x I)NCY 1 (2 x ), for every 0 < § < O(s,p) and 0<y <TI(s,p).

More precisely, for every 0 <6 < O(s,p), 0 <y <TI'(s,p), R>0, xg € Q and Ty such that
Q2r,2rs» (x0,To) € QA X I,
there exists a constant C = C(N, s,p,d,v) > 0 such that

§
|21 — 23]
uter,m) = ulea, ) < € (=i wenaomy + 1) (5

(1.6)

_ |7'1—7'2‘ K
+ O (=@ sy + 17707240 (22l)

for any (x1,71), (v2,72) € Qrya,rer /a(20, T0).
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Remark 1.3 (Comment on the time regularity). The regularity in time is almost sharp for sp < (p — 1).
Indeed, our result in this case gives Holder continuity for any exponent less than 1. The following example from
[9] shows that solutions are not C'! in time in general. Let

ol t) = 0, ift<-—1/2,
L C(1)24t) + 1B, (), ift>—1/2,
where C # 0 is chosen so that v is a local weak subsolution (see Definition 3.1) in By x (—1,0]. Then, if u is
the unique solution (given by Theorem A.3) of

Ou+ (—Ay)*u = 0, in By x (—1,0],
u = v, on (RY\B)x(-1,0],
u(,0) = 0, onQ,

by Proposition A.6 we get u > v in By x (—1,0]. Moreover, by Proposition A.4, w = 0 in By x (—1,—-1/2).
Therefore,
u(z,—1/2+h) —u(x,—1/2 —h) > Ch,
for h > 0 and =z € B;. Hence, u cannot have a continuous time derivative.
Remark 1.4 (Comments on the assumption). We have chosen to assume the global boundedness (1.4) of our

weak solutions, in order to simplify the presentation. Actually, the estimate (1.6) could be proved under the
weaker assumption

(1.7) u € Liso(I; Lig. (),
and
(1.8) u € Lise(I; LE, (RY),

where the tail space L?,*(RY) is defined by
-1
p—1 /Ny _ p—1/ Ny . |ul?
Ly, (R )—{ueLloC (RY) = /RN 71+‘m|N+Spdx<+oo .

We point out that by [31, Lemma 2.6], condition (1.8) is a natural one in order to guarantee the local boundedness
(1.7). However, it is not known apriori if the quantity (1.8) is finite whenever w is a weak solution. Indeed, even
if u solves the initial boundary value problem

ou+ (—Ay)*u = 0, inQxI,
u = g, on(RV\Q)xI,
u = wug, onQx{t=ty},

with the boundary data g satisfying
—1 /N
g9 € Lig (I, LY, (RY)),
it is not evident that this is sufficient to entail (1.8). For this reason, and to not overburden an already technical
proof, we have chosen to assume the simpler condition (1.4). For completeness, in Appendix A we give some

sufficient conditions assuring that our weak solutions verify (1.4), see Corollary A.5 below.

1.4. Main ideas of the paper. The idea we use to prove Theorem 1.2 is very similar to the method employed
in [4] for the elliptic case: we differentiate equation (1.1) in a discrete sense and then test the differentiated
equation against functions of the form

Spu "8
ﬁ ﬁ, where dpu(z,t) ;== u(x + h,t) — u(z, ).
For suitable choices of ¥ > 0 and § > 1, this gives an integrability gain (see Proposition 4.1) of the form
T 2 q+1 a+3-p T || 52 q
) t opu(-, T 0 t
ag [ [led o+ | ) S B R
—14p |h| La+1(By 5) |h| " at3=r -1 Al La(By)

Lat3=P(By3)
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for —1/2 < T < 0 and an arbitrary p > 0. By first fixing 7' = 0 and ignoring the second term in the left-hand
side of (1.9), this can be iterated finitely many times in order to obtain

5hu
|h]*

e LI([-1/2,0]; L{ ), for every ¢ < oo, uniformly in |h| < 1.

We can then use the second term in the left-hand side of (1.9), so to get

5hu(-, T) c Lq

1
e e for every ¢ < oo, uniformly in |h| < 1 and — 3 <T<0.

Thus, by using a Morrey-type embedding result, we can conclude that u € Cfi)c spatially for any 0 < § < s.
After this, we prove Proposition 5.1, which comprises a refined version of the scheme (1.9). Namely, an

estimate of the form

B—1+p B+1 A
T 2 T 2
0 t opu(-, T 0 t
(1.10) / @t at + || 1) < / Spu(, ) dt.
—1+u || |h]| PP L6140 (B, 2) |h| 7+ LAHI(By ) 1| |h|7? LA (BY)

Also (1.10) can be iterated, where now both the differentiability ¥ and the integrability 5 change. The result is
that

u € Cf, spatially, for every 0 < 6 < O(s,p),

again uniformly in time. The last part of the paper, where we obtain the regularity in time, is quite standard
for this kind of diffusion equations (see for example [10, page 118]). It amounts to using the already established
spatial regularity and the information given by the equation. However, due to the fractional character of the
spatial part of our equation, some care is needed in order to properly handle the time regularity. In particular,
we have to treat the cases

-1 -1
s < L and s> L,
p p
separately. This is done in Proposition 6.2 and it yields the y—Hdlder continuity in time for any
1
V= Sp 5
L (p-2)

given that the solution is §—Holder continuous in the x variable. In particular, by the possible choice of §, this
yields that we may choose any v < I'(s, p), where the latter exponent is the one defined in (1.5).

1.5. Plan of the paper. The plan of the paper is as follows. In Section 2, we introduce the expedient spaces
and notation used in this paper. In Section 3, we define local weak solutions and justify that we can insert
certain test functions in the differentiated equation (see Lemma 3.3 below). This is followed by Section 4, where
we prove that weak solutions are almost s—Holder continuous in the spatial variable. In Section 5, we improve
this result up to the exponent O(s,p) defined in (1.5). This result is then used in Section 6, where we prove the
corresponding Hoélder regularity in time. Finally, in Section 7 we prove our main theorem.

The paper is complemented by an appendix, where for completeness we prove existence and uniqueness of
weak solutions for the initial boundary value problem related to our equation. A comparison principle is also
presented.

Acknowledgements. We thank Eleonora Cinti for drawing our attention on the papers [8, 9]. E. L. is supported
by the Swedish Research Council, grant no. 2012-3124 and 2017-03736. Part of this work has been done during
a visit of L. B. to Uppsala and a visit of E. L. to Bologna and Ferrara. The paper has been finalized during the
conference “Nonlinear averaging and PDEs” | held in Levico Terme in June 2019. The hosting institutions and
the organizers are kindly acknowledged.
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2. PRELIMINARIES

2.1. Notation. We denote by B,.(zg) the N—dimensional open ball of radius r centered at the point xg. The
ball of radius r centered at the origin is denoted by B,.. Its Lebesgue measure is given by
|B,(z0)| = wn ™.
We use the following notation for the parabolic cylinder
Qr.r(xo,to) = Br(zo) X (to — 7, 7].

Again, when o = 0 and ¢y = 0, we simply write Qg .
Let 1 < p < oo, we denote by p’ = p/(p — 1) the conjugate exponent of p. For every 8 > 1, we define the
monotone function Jg : R = R by

Js(t) = [t|°~2t, for every t € R.
For a function 7 : RY x R — R and a vector h € R, we define
Un(@,t) =v(x+ht), on(z,t) =n(z,t) —d(2,1),
and

() = on(Onp(x, 1)) = o p (@, 1) + P(x,t) — 24, t).
It is not difficult to see that the following discrete Leibniz rule holds

On(@ ) = Vp dne + @ op.

2.2. Sobolev spaces. We now recall the main notations and definitions for the relevant fractional Sobolev—type
spaces throughout the paper.
Let 1 < ¢ < oo and let ¢ € LI(RY), for 0 < 8 < 1 we set

)
[w]Nﬁ’Q(RN) ‘= sup Llé) )
e |h]|>0 |h| La(RN)
and for 0 < 8 <2
824
[¢] 5. = sup || .
B4 (RN) B0 |h|ﬁ La(RN)

We then introduce the two Besov-type spaces

NESRY) = {p € LURY) & []ypas, < +00},  0<B<1,
and

BAARYN) = {1/) € LIRY) : Wlypagn < +oo} . 0<fB<2
We also need the Sobolev-Slobodeckii space

WHIRN) = {¢ € LYRY) : Wlwsamny < +oo, 0<B<1,

where the seminorm [- ]y 5.4~y is defined by

q 2
[¢WB(1(RN :<//]RN><RN |JL‘— |N-i(-ﬁ)q| dx dy) .

We endow these spaces with the norms
||7v[}||/\/’l’ I(RNY) T ||¢||Lq ®N) + W]N&q(ﬂw)a

191l ge.a gy = 1Vl La@ny + [¥] 5,0 vy
and
U]l ws.a@yy = 19l La@yy + Wlws.a@yy-
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A few times we will also work with the space W#:4((Q) for a subset Q C R,
WAUQ) = {1 € LUQ) : [Wlwoae < 400},  0<B<1,

oo = (f] g e dy>;‘

The space Wéj "9(Q) is the subspace of W54(R™) consisting of functions that are identically zero in the comple-
ment of Q.

where we define

2.3. Parabolic Banach spaces. Let I C R be an interval and let V' be a separable, reflexive Banach space,
endowed with a norm || - ||yy. We denote by V* its topological dual space. Let us suppose that v is a mapping
such that for almost every ¢t € I, v(t) belongs to V. If the function ¢ — ||v(¢)||v is measurable on I and
1 < p < oo, then v is an element of the Banach space LP(I;V) if and only if

/ (@) |[2.dt < +oo.

I

By [28, Theorem 1.5], the dual space of LP(I; V') can be characterized according to
(LP(I; V) = L' (I; V™).

We write v € C(I; V) if the mapping ¢ — v(t) is continuous with respect to the norm on V. We say that w is
locally a— Holder continuous in space (respectively, locally B—Hélder continuous in time) on Q x I and write

u € Cp 1o (2 x 1), (respectively, u € CﬁlOC(Q X I)) ,

if for any compact set K x J C Q x I,

sup[u(-, t)]ce (k) < 400, <respectively, sup [u(w, )]s () < +oo) .

teJ ze€K
That is, if u € C2(K x J) (respectively, u € CF (K x J)).
2.4. Tail spaces. We recall the definition of tail space

N Ny . |ul?

LI(RY) = {uELfOC(R)./RNde<+oo}, g>1and a>0,

which is endowed with the norm

1
|U|q q
lalliay = ( [, s )

For every o € RV, R > 0 and u € LL(RY), the following quantity

q q
Ra / %dm ,
RN\Bp(zo) T — %ol

plays an important role in regularity estimates for solutions of fractional problems. We recall the following
result, see for example [4, Lemmas 2.1 & 2.2] for the proof.

Taily o (u; o, R) =

Lemma 2.1. Leta >0 and 1 < g<m < oo. Then:
e we have the continuous inclusion

Ly(RY) C LL(RY);
o for every 0 <r < R and xo € RN we have

uly q R N+a )
R*  sup / ||)IL+ady < (Rr) Tail, o (u; o, R).

z€B,(z0) RN\ BR(z0) |z —
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3. WEAK FORMULATION
3.1. Local weak solutions. In the following, we assume that Q C RY is a bounded open set in RY.
Definition 3.1. For any tg,t; € R with ¢y < t;, we define I = (¢, t1]. Let

f € LY (L (W ())").
We say that u is a local weak solution to the equation
(3.1) O+ (—Ap)°u = f, in Qx1I,
if for any closed interval J = [Ty, Ty C I, the function u is such that

we DP(J;WEP(Q)) 0 D=2 (T3 LI RY)) 0 C (T L (Q)),

and it satisfies

_/J/Qu(x’t) (1) dde/;//nmm Tp(ue, t) — u(y, 1)) (§(x,t) — 6y, 1)) da dy dt

|z —y|NHsr

(3.2) :/Qu(z,To) (;S(:E,To)dxf/Qu(x,Tl)d)(x,Tl)d:c
+ [ (0.0

for any ¢ € LP(J; W*P(2)) N C*(J; L*(Q)) which has spatial support compactly contained in Q. In equation
(3.2), the symbol (-, -) stands for the duality pairing between W*?(Q) and its dual space (W*P(Q))*.

We also say that u is a local weak subsolution if instead of the equality above, we have the < sign, for any
non-negative ¢ as above. A local weak supersolution is defined similarly.

Remark 3.2. We observe that L>°(RY) c L2, *(R"). This in turn implies that
L=(J;L(RY)) € LPH(J; L, (RY)).
We will use this fact repeatedly.

3.2. Regularization of test functions. Let ( : R — R be a nonnegative, even smooth function with compact
support in (—1/2,1/2), satisfying [, ((7)dr = 1. If g € L*((a,b)), we define the convolution

(3.3) c =1 /f; ¢ (t - 6) gyae=1 / ¢ (g) g(t —o)do,  forte (a,b),

e 15 19 £
2

2

where 0 < ¢ < min{b —¢t, t — a}. The following result justifies that we may take powers of differential quotients
of a solution, as test functions. This is needed in the sequel. Here and in the rest of the paper, we will use the
abbreviated notation

dzx dy
dp(w,y) = W-

Lemma 3.3 (Discrete differentiation of the equation). Assume that u is a local weak solution of (3.1) with
f =0 in By x (—2,0], such that
u € L*([-1,0] x E), for every E € Bs.

Let i be a non-negative Lipschitz function, with compact support in By. Let T be a smooth non-negative function
such that 0 <7 <1 and
T(t) =0 fort <Ty, T(t)=1 fort>1Ty

for some —1 < Ty < Ty <O0.
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Then, for any locally Lipschitz function F : R — R and any h € RN such that 0 < |h| < dist (suppn, 0Bs)/4,

we have
L (tuntant) = un) = aler) = (s )
To RN xRN
(3.4) % (F(un(e,t) = ule, ) n(@)” = Flun(y,t) = uly, ) ny)” ) 7(t) dyudt

+ F(opu(x,T1)) pdac—/ f(Shuanxdt
Bs

where F(t) = fot F(p)dp.

Proof. Let ¢ € LP((—1,0); W*P(Bg)) N C1((—1,0); L*(Bz)), whose spatial support is compactly contained in
Bs, uniformly in time. This means that

(3.5) ho =, (mf )dlst(supp ¢(-,1),0B2) >0
e —

We then fix J = [Ty, T1] C (—1,0). We want to use the time-regularization ¢° as test function in (3.1). For
this, we take

1
O0<e<eg:= 5 Hlin{—Tl,To + 1,7y — To}

Then, we preliminary observe that from elementary properties of convolutions, Fubini’s Theorem and integration
by parts, we have

—/TOT1 /B2 u(x,t) 8t¢5(x,t)dacdt:—/32/ ) (0r9)° dt dx
_ R (e, 1) 00w, 0 ¢ (=L drdrdz
Juts /_ (=)

£
2

Tl—f
‘/ / (@, 0) Op(x, €) Al da
By JTo+35
To+5 1 0+5 0+
_/32/ iy (5 /TO U(x,t)C<€) dt) De(x, ) dl dx
R 0t
_/BQ/TI_ (8 /e_ u(m,t)C< E )dt> (. 0) dl da

£
2

— / /T1—2 Opus (z,0) ¢(z,0) dl dz + 3(¢)
Bo

To+5

- f [ en-5) o (ohi-5) v (T 5) 6 (070 5)] o

To+5 1 045 /¢

_/32 /TO_ (E /TO u(z,t) ¢ (5) dt) Od(, 0) dl da
Ti+5 1 T /¢

_/32/ B (E /ef U(%t)C(g) dt) Od(, 0) dl da.

For simplicity, we have set
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Thus from (3.2) it follows that for 0 < € < eq
/ A u(e,t) — u(. 1)) (6 (@.0) — 6°(0.1)) dp(ar.y) dt
]RNXRN
Ti—%
+/ / Ous (x,t) ¢(x,t) dt de + X(e)
(36) By JTo+5

[, s ote. 1)~ (0734 5) o (570 + 5]
o b = 5) o s 5) —ute ot 1]

Before proceeding further, we observe that by using an integration by parts, the term () can be rewritten as

z(e)=—/32 (i /Tj°+su<x7t><(TOE_t+;) dt) o (r10+ ) do
S (e () ) s
f (1 [" e (B0 dt>¢(x I
- 2 | " ( / e (T) dt) o, 0) de de,

5
where we also used that ¢ has compact support in (—1/2,1/2). By further using a suitable change of variables
we can also write

Se=- [ (/ u(eTy—cp+) <<p>dp> o (2. T+ 5) da
+/Bz/_é (/ u(e,ep+T—20)¢ () do> Olr.2p+ To) dpda
- */Bz (/“( Ti—ep-3) <<p)d,o>¢(x T - 5) do
L

/ wx,ep+Ty —ea)( (o) da) ¢(x,ep+Tr)dpdx
P

By testing (3.6) with ¢_p(x,t) = ¢(x — h,t) for 0 < |h| < ho/4 (recall the definition (3.5) of hg), and then
changing variables, we get

/TT //RNXRN (Founa ) = un(w,0)) (6% () = & (5, 1)) dia(a, ) dt
(3.8) + /B /Tl_ dus, ¢ dt dz + X (e)
= /B2 [uh(1'7To) o(x,Tp) — uj, (1-7T0 + g) ) (w,TO + %)} de
+ /32 {U‘}i (1',T1 - g) o} ((E,T1 - %) — uh($,T1)(j)(x7T1)} dz.
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The quantity X () is defined as in (3.7), with uy, in place of u. We subtract (3.6) from (3.8), so to get

/ //RNX]RN p(un(z,t) —un(y,t) — Jp(u(z,t) — u(y,t))) <¢E(m,t) - ¢8(y7t)> dpdt

+/ O(uf, —u®) pda dt + (Zp(e) — X(e))
To+5 /B2

“J,

[
/ [ (m T, — ) ¢<;v,T1 - %) —5hu(x,T1)¢(x,T1)} iz,

(3.9)
u(z, Ty) ¢(x, Tp) — dpu’ (m,To—i—%) (/)(x,To—i-%)} dx

for every ¢ € LP((—1,0); W*P(Bz)) N CY((—1,0); L?(By)), whose spatial support satisfies (3.5). We take F as
in the statement and use (3.9) with the test function

¢ = F(uj, —u®)n? 7. = F(opu®) P 7e,
where
T — 1Ty €
=710 (t—T 7) T
Te(t) T(Tl—To—s( 1+35)+ 1>,

and 7 and 7 are as in the statement. By observing that
€ €
T-(t) = 0, fort§T0+§, T(t) = 1, fortle—i,

we get

L bttt = a0 = )

< (PO @) ) 0@y — (Fow . 0) () n()") dudt

+ / o Ot (0pu®) F(opu®) nP(x) 7-(t) dx dt + (En(e) — X(g))
To+5 /B2

(3.10)

= [, [ (1= 5) F (500" (573 = 5)) —Suu 0 T F 61 ()] o

Observe that we used the properties of 7.. In order to deal with the integral containing the time derivative of
dpu®, we first observe that

8,5((5;,116) F((Shus) = at]-"(éhus),

since F(t) = fg F(p)dp. Thus we can use an integration by parts, which yields

Tlfé
/ Ot (dpu(x, 1)) F(dpu®) nP (z) -(t) de dt = / F (5hu (x - = )P dx f/ ]-' (8pu®) P 7l dx dt.
B2

To+5 /B2
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By inserting this into (3.10), we get

/T | //RNXRN (Jp(uh(x’t) —up(y,t)) — Jp(u(z,t) — U(y,t)))
g «me&(x’t)) Ts(t))e @)’ = (F(‘shua(%t)) Ts(t))e ﬂ(y)p) dp dt

(3.11) +/32f(5hu5 (x,T1 - g)) n(z)? dx

_/Tl ] F(pus) P 7l da dt + (Sh(e) — S(e))

T
0

= [, [ (1= 5) F (500" (573 = 5)) ~Suu 0T F 61 ()] o e

We recall that this is valid for

ho

0<|h|<z and 0 <e<ep.

Before taking the limit as £ goes to 0, we first observe that for t € [Ty — /2,71 +¢/2] and & € Ba_s), we have

A

G (2,1)] < - / ¢(2) nutet o)) do

3

2

= ) C(U) |5hu(xvt - 50)| do < ||5hu||L°°([To—6oyT1+6o]><B272h)‘
-2

This shows that we have the uniform L estimate

ho

(3.12) ||5hu5||Loo To—£.Ti+5]xBaon <2 Hu||LOo([T07€O}T1+EO]XBQ_h)7 for0<e<egg, 0< |h| < —.
([1o-5 5] ) 4

Finally, we pass to the limit in (3.11) as € goes to 0. We start from the right-hand side: by using the local
Lipschitz regularity of F' and (3.12), we have

’5hu5 (:aTl — %)F (5hu5 (x, T — %)) —opu (x,Th) F (0pu® (z,T1)) ‘n(x)p

< C ([onu (2.7 = 5) = (@, 1) + [ (2, 72) = Sy (2. 71) | ) ey

€

<C (uE ($+h,T1—§)—u(x+h,T1)‘+

u® (x+h,T1) — u(z + h, Tl)D n(x)?

+C (‘us (x,Tl — %) —u(x,Tl)‘ + ’us (z,T1) —U(JU,T1)D n(z)?,
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where C' > 0 does not depend on e. Thus, by using that hy = dist(suppn,dBz) and that 0 < |h| < ho/4, we
get from the last estimate (after a change of variable)

),

Opus (m,Tl — %) F ((5hu5 (w,Tl — E)) —pu(z,Th) F (6pu’ (z,T1)) ‘77(3;)” dx)

2
<C - (‘ue (a:,Tl - %) - u(x,Tl)’ + ‘ue (x,Th) — u(a?,Tl)D dx
<C s i_/—ZC(Z) [u(m,Tl—g—a)—u(x,Tl)} do| dx
+C é /_i( (g) [u(z,Th — o) —u(z,Th)] do| dx

u(amTl - g —5,0) —u(x,Tl)‘ d;v) dp

+C _§ C(p) (L ‘u(val _5p)_u(va1)| dx) dp

<C sup / |u (2, Ty —t) — u(z,T1)| dx.
Ba_2p

The constant C is still independent of 0 < & < ¢. If we now use that u € C((—2,0]; L .(B2)), we get that the
last quantity converges to 0, as € goes to 0.

For the term
/132 F (Jhua (x,Tl - g)) n(z)? dz,

we proceed similarly as above. We observe that for 0 < |h| < hg/4, by using the local Lipschitz regularity of F
and (3.12), we get

/32 F (5hu€ (z,Tl - E)) n(x)? dx — F(opu(z,Th)) n(x)? dx

2 B,
<c |
By

< /BZM (i /_i ¢ (g) ‘(5hu (x,Tl . — g) —5hu(x,T1)‘da> dx

2

<C sup /
—e<t<eJBs_op

We can now use again that u € C((—2,0]; L
to 0.
As for the term

opu’ (x,Tl - %) - Jhu(x,Tl)’ n(z)? dx

Spu(x, Ty —t) — dpu(z, Tl)’ dx.

2
loc

(Bz2)) and obtain that the last quantity converges to 0, as € goes

T
- / F(Opu®)n? 7l dz dt,
Ty JBs
we can proceed exactly as before, we omit the details. In a similar fashion, we can also show that
lim ¥p () = lim X(e) = 0.
e—0 e—0

This is still similar to the previous limits. It is sufficient to use the expression (3.7), the uniform L estimate
(3.12) and the fact u € C((—2,0]; L2 .(B2))], in order to apply the Lebesgue Dominated Convergence Theorem.

loc
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Finally, the convergence of the double integral requires quite lengthy computations and thus we prefer to
postpone them to Appendix B below. O

Remark 3.4. We observe that the global L* bound on the weak solution is not needed in the previous result.
It is sufficient to know that the weak solution is locally bounded. We refer to [32, Theorem 1.1] for local
boundedness of weak solutions.

4. SPATIAL ALMOST C*-REGULARITY

The following result is an integrability gain for the discrete derivative of order s of a local weak solution.
This is the parabolic counterpart of [4, Proposition 4.1], to which we refer for all the missing details.

Proposition 4.1. Assume p > 2 and 0 < s < 1. Let u be a local weak solution of uy + (—A,)°u = 0 in
By x (—2,0]. We assume that

llull oo m™ x[—1,0)) < 1,

and that, for some ¢ > p and 0 < hy < 1/10, we have

Ty
/ sup
To 0<|h|<ho

for a radius 4 hyg < R <1 —35hg and two time instants —1 < Ty < Ty < 0. Then we have

524 ||
If};ﬁ dt < +o0,

L3(Br+4hg)

q+3—p
7 62 || 7 opu(-,T1)
sup h dt + ———  sup _—
P (a+2=p)s
To+p 0<[|h|<ho |h|9 Lat1(Br_ang) Q+3_p0<|h‘<h0 ‘h| q;:—s_pp La+3=P(Br_ang)
T 2. 114
< 1 sup 5L1: +1|dt,
To 0<|h|<ho |h| L9(BRr+ang)

for every 0 < u < Ty —Ty. Here C = C(N,s,p,q,ho,pt) >0 and C 7 +00 as hg \( 0 or p 0.

Proof. We divide the proof into seven steps.

Step 1: Discrete differentiation of the equation. We take for the moment 77 < 0, then we will show at
the end of the proof how to include the case 71 = 0. We already introduced the notation

dx dy
du(z,y) = [ —yir
For notational simplicity, we also set
r=R—4 ho.

Let § > 2 and ¥ € R be such that 0 <1+ 98 < 8, and use (3.4) for 0 < |h| < hg, where:
o F(t) = Jgy1(t) = [t|°~1t, which is locally Lipschitz for 3 > 1;

e 7 is a non-negative standard Lipschitz cut-off function supported in B(g4.,)/2, such that

C C
! on an Vil S 55 = 1
e T is a smooth function such that 0 <7 <1 and
C
7=1 on [Ty + p,+0), 7=0 on (—oo,Tpl, 7| < =.
1

Here p is as in the statement, i.e. any positive number such that p < T7 — Tj.
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Note that the assumptions on 7 imply

omn| . €
|h ho
After dividing by |h|1+195 we obtain from Lemma 3.3,

b (2,8) = un(y, 1)) = Jy(ul,t) = u(y. 1))
/ //RNXRN |h|1+19ﬁ

% (T (una.8) = (1) m(@)” = T (un(y,£) = u(y, ) n(y)p)T(t) dpdt

1 |opu(z, Ty)|PH 1 n |5hu\5+1

The triple integral is now divided into three pieces:

Ty
L::/ L)t d, i=1,2,3,

To
where
o (un() = un(y)) = Jp(u(w) = u(y)))
//BRXgR B[
% (T (una) = u(@)) (@) = T (un(y) = u(y)) n(v)* ) di,
(Jpun(@) = un(®) = Jp(ulz) - u(y))) )
I2<t) ::‘//BRJ” (RN\BR) |h|1+195 JBH(“h(fU)—“(x))??(x) dp,

and

() = wn ) = Ty(u(x) — u(y)) ,
Is(t) = — //(RN\BWBW DB Jp+1(un(y) —uly)) n(y)” du,

where we used that 7 vanishes identically outside B(gy,)/2. We also suppressed the {—dependence inside the
integrals, for notational simplicity. We also have the term in the right-hand side

. |5hu|ﬂ+1 ’
Iy = ﬂ+1/ /32 |h|1+196 nP 7' dx dt.

By proceeding exactly as in Step 1 of the proof of [4, Proposition 4.1], we get the following lower bound for
7 (1)

P
opul P dpu
Ii(t) > c [|h|w 1

|h|" > Ws:»(Bg)

-C //BRXBR (|Uh(x) - u;;,(y)|p*§2 + |u(z) — u(y)|T)2 ‘77(13)% Mk

() — w(E) P+ () — )
- e o

o) [ouy)
—¢ //B «B ( |h|1t+9 8 + |h[1+9 8 In(z) —n(y)” du,
R R
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where ¢ = ¢(p,8) > 0 and C = C(p, ) > 0. We use that

~ - 1 |6pu(z, Th)|P T v
Il +IQ+I3+ﬂ+1/;2 |h|1+19'6 Ui dl‘:I4,

and the estimate for Z; (¢). This entails that

s-1 P
Ty |5hu| 7 dpu d 1 |5hu(val)‘ﬂ+l P4
o5 T H‘ﬁJrl DEEZ
(4.2) To |h| ™ Wer(Br) B

Sc(fn +f12+\f2|+\f3|) +1y, for C=C(p,pB) >0,

where we set Z;; = ij;l Ty rdt, Iis = ij;l Z1o T dt and

(4.3)

p—2

2 [onu(@)| "+ + [nuly) |

Tuy = [ () @) 4 ) —u) ) o) ) s dn,
and

w(x)|B—1+p w(y)|B—1+p
(4.0 zo = (Pt + 2 ) o)~ )l

Step 2: Estimates of the local terms 511 and i-lg. Here we can follow the same computations as in Step
2 of the proof of [4, Proposition 4.1], so to get

Baq
(S q—p+2 52 q
|Z1:| < C / % dx + sup Ll: +11,

Br |h| B 0<|h|<ho |h| L4(BRriang)

and
Ba -
(5h’LL a—p+
‘Ilg| S C —if95 dx +1 s
Br ||h| P
for some C' = C(N, ho,p, s,q) > 0. If we now use these estimates in (4.2), we get
(4.5)
i B=1 p B+1
/ |(5hu| p 5hu dt—|— 1 / |5hu(x,T1)| pd
n T nar
To ‘h|1+§ﬁ Ws:P(BR) p+1 B |h|1+19/8
Ba
T q—p+2 2 q
! Spu u
<C / 1h7+9/a dx + sup # +1 ) 7dt
Ty Br |h| B 0<|h|<ho | | L9(BRrang)

+ O (|2l + 1Tl + 1),
with C' = C'(hg, N, p, s,q,3) > 0.

Step 3: Estimates of the nonlocal terms fg and fg. These two terms can be both treated in the same
way. We only estimate Z, for simplicity. We can use that |u| < 1 on RY x [~1,0] to infer that

(Jp(un(z) — un(y)) — Jp(ulz) — u(y)) Jﬂ+1(5hu(fﬂ))‘ < C (1 lun() P~ + Ju()P~") Shu(z)]?
< 3C|6hu(x)|5,
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where C' = C(p) > 0. We observe that for © € B(ry)/2 we have B(g_,)/2(x) C Br. This entails

1 1
/RN\BR |z —y|N+sp RN\B g, (z) T — YN TP

Hence, we obtain

/3q+2

q—p

5hu
1498

1]

— — T |(5hu|ﬁ T
(4.6) Lol + T3] < C rdedt < C 1+
|h|1+19,3
To JBryr Ty Br

by Young’s inequality. Here C' = C(hg, N, s,p,q,3) > 0 as before.
Step 4: Estimates of Z;. By using that |u| < 1in RY x [~1,0] and the properties of 7, we get

|5hu|ﬂ+ p /
| = ﬂJrl / / |h|1+193 7 dx dt

T 6 B8 C T
/ |'ﬁ|ﬁﬁddt<—/ 1+/
o JBRrir |h| o JTy Br
2

|Z4

Ba
a—p+2

Onu dz | dt.

In the last inequality we further used Young’s inequality. By inserting the estimates (4.6) and (4.

using that 7 is non-negative and such that 7 = 1 on [Ty + p, T1], we obtain

P
/T1 |6hu\ 6hu it + 1 / |6, Ty)|PHT p g
S Ty -
To+p |h| 1+;:19[3 WS*T’(BR) /8 + 1 ‘h|1+19ﬁ
9 . 2 ¢
! ) e )
<C / % de+ sup |22 +1 | dt.
To Br |h‘ 0<|h|<ho ‘h| La(BRr+ang)

dx | Tdt,

7) in

17

(4.5),

This is the parabolic counterpart of [4, equation (4.10)]. Observe that the constant C' now depends on p, as

well, and it blows-up as p 0.

Step 5: Going back to the equation. In this step, we can simply reproduce Step 4 of the proof of [4,

Proposition 4.1], so to obtain for any 0 < [£],|h| < ho

B—1+p }7[32

Se6nu 16l 7 (Ghu) Spu |7
(4.9) ||p§1+w <O\ ——=5 — +C / 1108
€173 R F=3%0 || psmain g, g Wer (B(R)) Br|[hl 7

dr +1

)

with C = C(N, hg,s,8) > 0. This is the analogous of [4, equation (4.15)]. We then choose £ = h, take the

supremum over h for 0 < |h| < ho and integrate in time. Then (4.9) together with (4.8) imply

B—1+p
E (5%u
sup m dﬂ?dt
To+p 0<|h|<ho /B, | |h| #-T+p
1 |6pu(z, Th)|P T
4.1 +—— sup / —— = Pdr
(4.10) B+ 1 o<inj<ho JBr |h|1+08
T qﬁ+2 ) 4
1 Spu |T7F 52u
<C sup / % dx + sup —h_
T 0<|h|<ho J/ B |h| 0<|h|<ho |h| 4(BR+4hg)

+1

dt,
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where C' = C(N, ho,p, ¢, 8,6, 1) > 0. Since (149 5)/8 < 1, we can replace the first order difference quotients
in the right-hand side of (4.10) with second order ones, just by using [4, Lemma 2.6]. This gives

B—1+p
h 52u 1 |0 Ty)[P+t
h hu(mv 1)| D
sup / —_— drdt+ —— sup / ————nPdx
/Toﬂt 0<|h|<ho J B, | |h| 1t s B+ 1 ocini<ho J Br |h[1+08
(4.11) a8
T §2qy | 52 ||?
<C / sup / #w dr + sup LS + 1| dt,
To 0<|h|<ho J Br \h| B 0<|h|<hg |h| L3(BRryang)

for some constant C = C(N, ho,p,q, s, 3, ) > 0.
Step 6: Conclusion for 77 < 0. As in the final step of the step of [4, Proposition 4.1], we now fix

— 2)s—1
B=q—p+2 and ﬁz—(q p+2)s

)

q—p+2
where g > p is as in the statement. These choices assure that
1+sp+9p3 S
= + 57
B—14+0p q+1
qp
— 1 + = + 17 = dq,
B P=q —pra ¢
and
149
1+98=(¢g—p+2)s, 5628.
Then (4.11) becomes
+3—
7 §2u o+t 1 opu(z,Ty) e
sup T s dt + ? sup T lat2=p)s
To+p 0<|h|<ho || || THT Lat1(B,) g+ 93 =D o<|hl<ho |h| aF5=r Lata—»(B,)
T1 52 q
<C sup Lz: +1]dt,
7o \o<Inl<ho 1121° | La(Bryany)
where C' = C(N, ho,p,q,s) > 0. Up to a suitable modification of the constant C, we obtain in particular
q+3—p
T 52 17Ft Spu(-,Th)
h
sup T dt + T3, T tz—p)s
To+p 0<|h|<ho |hl La+1(Br_sn) q+ P o<|h|<ho |h| 5> La+3=p(Br_an )
Zang
T1 62 q
<C sup Ll: +1)dt,
To 0<|h|<ho |h| L(BRyang)

as desired. Observe that we also used that » = R — 4 hg.

Step 7: Conclusion for 77 = 0. In this case, the previous proof does not directly work because it relies on
Lemma 3.3, which needed T7 < 0. However, the constant C' in (4.1) does not depend on T, we can thus use a
limit argument. By assumption, we have that for some g > p and 0 < hg < 1/10, it holds

0
/ sup
To 0<|h|<ho

52 q
ﬁ% dt < +oo,

Li(Br+4hg)
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for a radius 4hg < R < 1 —5hg and a time instant —1 < Ty < 0. We fix 0 < u < —Tp, then for every T < 0
such that p 4+ Ty < T we have from Step 6

q+3—p
T 82u att 1 opu(-,T)
sup ||= dt + ———— Sh )
|h‘s q_|_3_p (g+2—p)s
(4 1 ) To+p 0<|h|<ho Lat+1(Br_ang) 0<|h|<ho ‘h| q+3—p La+3-p(Bp_sny)
0 2 114
oru
<(C sup LS +1 | dt.
To \0<|h|<ho |h| L(BRryang)
‘We then observe that
T 2. 19+1 0 2. nat+i
oru oiu
(4.13) lim sup # dt = / sup ;{S dt,
T—07 JTo4p 0<|h|<ho | | Lat1(Br_ang) To+p 0<|h|<ho | | La+Y(Br_qng)

by the monotone convergence theorem. As for the second term on the left-hand side, we know by definition of

local weak solution that
(5hu(~, t)
(g+2—-p)s ?
|h‘ q+3—p

is a continuous function on (—2,0], with values in L?*(Bgr_4p,), for every fixed 0 < |h| < hg. Thus

. 5hu(-,T) 5hu(~, 0)
Tli{g, (¢+2-p)s (g+2—p)s =0.
|h‘ q+3—p |h| aF3—p L2(Br_angy)
This in turn implies that!
q+3—p q+3—p
| Onu(,T) dnu(-,0)
(414) lim Hif (a+2—p)s (g+2—p)s ’
T—0 |h| q+3—p |h‘ q+3—p

Lat3=P(BRr_ang) La+3=P(BRr_4ang)

for every 0 < |h| < ho. By using (4.13) and (4.14) in (4.12), we get the desired conclusion for T} = 0, as
well. O

As in [4, Theorem 4.2], by iterating the previous result, we can obtain the following regularity estimate.

Theorem 4.2 (Spatial almost C*® regularity). Let  C RN be a bounded and open set, I = (to,t1], p > 2 and
0 < s < 1. Suppose u is a local weak solution of

ur+ (—Ap)°u=0 inQx 1,
such that u € L (I; L°(RN)). Then u € C9

loc

loc(Q2 X 1) for every 0 < 4§ < s.
More precisely, for every 0 < 6 < s, R >0 and every (xqg,Ty) such that

Q2r,2rs» (20, T0) € QA X I,
there exists a constant C = C(N,s,p,d) > 0 such that

C
sup  [u( )]s (Bra(eo)) < T5 (lullioe @y ximy—rev 2o +1)

tG[T()fR;p,TO]
C - N To p
* ﬁ <R /1:07 RSP[U}WS’Z)(BR('TO)) d
8

IWe use the following standard fact: if {fn}nen converges to f in L®(E), then

(4.15)

=

11{2101? ||fn||L/3(E) 2 ”f“Lﬂ(E):

for any 8 # a.
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Proof. We assume for simplicity that zo = 0 and Ty = 0, then we set

=

0

Mg = |Jul| Lo (mN <[~ Ror,0)) + (RN /

_ T Rsp
s R

[ulfyen (B2 dt) + 1.
Let a € [~R*P(1 — M3 ?),0] and set

1 1
URo(x,t) = —u| Rz, —— R*’t+a ], for x € By, t € (—2,0].
R, ( ) MR < M%_Q ) 2 ( ]

By taking into account the scaling properties of our equation (see Remark 1.1), the function ug . is a local

weak solution of
Ug + (—Ap)su = 07 in BQ X (—2, 0]7

and satisfies

0
(4.16) funaliessirop ST [ [unalfyoss, dt <1

7
H
We will prove that ug . satifies the estimate

sup  [up,a(t)]cs(s, ) < C,
te[—1/2,0]
for C = C(N,s,p,0) > 0 independent of «. By scaling back, this would give

C
sup [u(~,t)}cs(BR/2) < ﬁ./\/lg.
a—3iM% P ReP<t<a

Since a € [~R*P(1 — M% ?),0] and M% P < 1, this in turn would imply

P

0
P
[u]W-ﬁvP(BR(Ig))dt> +1/,

C _
sup - [u(,t)]os(Bg a0 S T | Ntllee @y xi-rer 0 + (R N/

te[-B52 0] —IRer
which is the desired result. In what follows, we suppress the subscript R, o and simply write « in place of ug q,
in order not to overburden the presentation.
We fix 0 < § < s and choose i € N\ {0} such that
2+ 1 N
S — .
34+i 3+is

0 <

Then we define the sequence of exponents
¢ =p+i, 1=0,...,%00-

We define also

1 7 7 241
g m=g 4@+ Dho=g -3 ori =0,

ho

We note that .
R0+4h0:§ and Rioo_174hO:Rioo+4h0:

Z e w

By applying Proposition 4.1 (ignoring the second term in the left-hand side of (4.1)) with?

T, =0, To = —R; — 4 ho, p = 8hg,

2We observe that by construction we have
4ho < R; <1—5hy, fori =0,...,%00 — 1.

Thus these choices are admissible in Proposition 4.1.
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and
R=R; and q=q;,=p+1, fori=0,...,i0 — 1,
and observing that R; — 4 hg = R;11 + 4 hg, we obtain the iterative scheme of inequalities:
e fori=0
0 2 2, ||P
oru oiu
/ sup || - dt < C / sup ’ % +1]dt
—(R144ho) 0<|h|<ho |hl® L (BRry t4ng) —£ 0<|h|<ho [ho] Lr(Bz/s)
o fori=1,... 000 —2
0 2 qi+1 2 q
o u o;u
/ su LS dt < C / sup ’ Lt +1]dt,
—(Rit1+4ho) 0<|h|<ho I Lt (BR,  q+4ng) —(Ri+4ho) 0<[h|<ho |h]* L% (BR;+4ng)

e finally, for i =i, — 1

0 62 Qico 0
u
/ sup # dt = / sup dt
—3 o<ini<ho LA Laice (B,,) oo +4ho) 0<||<hg Lrtics (B, _tang)

+ico—1
(SZU PTleo
<C/ sup ’ h
(Rigo —1+4ho) 0<|h|<ho

AT + 1| dt.
‘h| LP+'ioo*1(BRioo_1+4ho)
Here C = C(N,4,p,s) > 0 as always. We note that by using the relation

92 ||Ptico
Opu

|h[*

5,%u = dopu — 20pu,

and then appealing to [3, Proposition 2.6], we have

0 2 P
0 1)
/ sup hu dt<C / sup Ll: dt

—Z 0<|h|<ho |hl® Lr(Bzg) —Z 0<|h|<2ho || L?(Br/g)

0 0
P
(4.17) <C (/_;[U]Ws,p(37/8+2 no) dt + /_g ||u||L°°(B7/8+2h0) dt)
0 0
<c( [ syt [l s, dt) < C0550)

-3 ~%

where we also have used the assumptions (4.16) on u. Hence, the iterative scheme of inequalities leads us to

0 6,%u
sup
—32 0<]|h|<ho

|h]*
It is now time to exploit the full power of Proposition 4.1: we apply it once more, with

3 1
2 _l<m< —8h
4a 9 = 1_07 12 80a

q=Gi., R+4hy=3/4 and R—4hy=3/4—8hy >5/8.
We obtain (ignoring the first term in the left-hand side of (4.1), this time)
Qico +3—p

Spu(:,T1)
sup W <C’/3 sup
1

0<|h|<h P w—— 0<|h|<h
i<t | b ST | vma, st

Qioo
dt < C(N,6,p,s).
Liico (B3/4)

Ty =—

Qico

|h|®

+ 1) dt <C(N,d,p,s).

Lo (Bg/a)

Since this is valid for every —1/2 < Ty < 0, this in turn implies that

Qine +3—D
5hu
(418) sup sup W S C’(]\/v7 5,p, S)

t€[—1/2,0] 0<|h|<ho |hlw

Lo T30 (By /)
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Take now x € C§°(By/16) such that
In particular, we have for all 0 < |h| < hg

% sC.
|h| w77
We also recall that
Sn(ux) = Xn Onu + udpx.
Hence, for 0 < |h| < ho and any t € [-5/8,0]

Xh Onu i uopX
(25, +2—p)s
|h| Qjoo +3—P

S (ux) <C
(95,0 +2—p) s — (4 +2—p)s

i ¥3— P
|h| it LYoo+3—p (RN) || e mr Liico+3-» (RY) Liteo+8-p (RN)

5hu
(4.19) <C | |—w=r + l[ull Ltice+3-5 (By 164 )

Qi T3—P .
|h| = L%oo+3=r(Bg/164 ()

5hu
BT
|h|W

<C

+ ||UHL%‘0¢+37;D(B5/S) < C(N,(S,p,s),

L%ioo+3=p (Bs/s)

by (4.18). Finally, by noting that thanks to the choice of i, we have
(¢, +2—p)s N
i +3—P G +3-D
we may invoke the Morrey-type embedding of [4, Theorem 2.8] with
(¢, +2—p)s
Qi +3—p

s(gi,+2—p)>N and 0 <

8= , a=90 and q=qi,+3—0p.

Thus we obtain

agt+N (B—a)g—N

Baq —
[u(,)]cs (B, ) = [uX]os (B, ,,) < C ([UX('J)]NQCI(RN)) (lu(.t) Xl parry) 7 < C(N,6,p,s),
for any ¢t € [—1/2,0], where we used (4.19). This concludes the proof. O

Remark 4.3. Under the assumptions of the previous theorem, a covering argument combined with (4.15)
implies the following more flexible estimate: for every 0 < o < 7/8

C
sup [U('at)]CJ(BC,R(zo)) < i (HUHLC’C(RNX[TO—RSP,T()]) + 1)

te[To—o R® P, Tp)
1
C - N To p '
+ ﬁ (R /ﬂlgRszo[U}Ws’p(BR(mO))dt ’

with C' now depending on o as well (and blowing-up as o * 7/8). Indeed, if 0 < 1/2 then this is immediate.
If 1/2 < 0 < 7/8, then we can cover Qu g or=r(Zo,Tp) with a finite number of cylinders

sp
Q2,750 /2(Ti, ) = By ja(wi) X (tj - 7“2,?53'] ; for 1 <i<k,1<j<m,

where
x; € Byr(2o), To —o R°? < t; < Ty,



NONLINEAR FRACTIONAL DIFFUSION 23

and r = R/Cy s, > 0 is a suitable radius, such that
Br(xl) C BR(I()), Bgr(zi) S Q,
and
7 sp 7 sp sp
tj_ér ,tj C TQ—gR ,To) [tj—2r ,tj}@].
By using (4.15) on each of these cylinders and the fact that r = R/C, 5, we get

1
P

C _ t
sup  [u(,t)]os (B, jo(ai)) < 3 [l oo @Y xft, —rop e,y + 1+ <T N/t_J 8p[“]€V5~P(Br(:m))dt>

te[t; — =55 t5] T8
c N [T ’
o - P
< g5 | Mullzoe @y xipo-rorzo) + 14 | R LOZRSP[“}WS’v<BR(zo>> dt

By taking the supremum over 1 < < k and 1 < j < m, we get the desired conclusion.

5. IMPROVED SPATIAL HOLDER REGULARITY

Once we know that solutions are locally spatially d—Holder continuous for any 0 < 6 < s, we can obtain the
following improvement of Proposition 4.1. The latter provided a recursive gain of integrability. In contrast, the
next result provides a gain which is interlinked between differentiability and integrability.

Proposition 5.1. Assume p > 2 and 0 < s < 1. Let u be a local weak solution of uy + (—A,)°u = 0 in
By x (—2,0], such that

0
HUHLOQ(RNX[,LO]) <1 and / [u]ZI;Vs,p(Bl) dt <1

Assume further that for some 0 < hg < 1/10 and 9 < 1, 8 > 2 such that (14+98)/8 < 1, we have

i 5}2#
/ sup —it9B dt < +OO,
To 0<|h|<hg \h| B LE(Brian)
0

for a radius 4 hg < R <1 —5hgy and two time instants —3/4 < Ty < Ty < 0. Then it holds

B—1+p B+1
7 §2u 1 dpu(-,Ty)
sup T itspivd dt + m sup 1393
To+p 0<|h|<ho ‘h| p=tte LA=14+P(Br_4n,) 0<lhl<ho |h| o LA+Y(Br—ang)
(5.1) 0 0
Ty 52u B
<(C sup % + 1] dt.
To 0<|h|<ho |h|® LA (Brsang)

for every 0 < u <1y —Ty. Here C depends on N, hg, s, p, i and (3.

Proof. This is analogous to the proof of [4, Proposition 5.1]. As above, we will refer to [4] for the main
computations and only list the major changes.

We first notice that it is sufficient to prove (5.1) for T} < 0, with a constant independent of T7. Then the
same argument of Step 7 in Proposition 4.1 will be enough to handle the case 77 = 0, as well.

We go back to the estimates in the proof of Proposition 4.1. The acquired knowledge on the spatial regularity
of u permits to improve the estimate on the term Zy;(¢) defined in (4.3). From Theorem 4.2 and Remark 4.3,

we can choose
. 1-s
0<e<ming2—-—, sy,
p—2
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such that

sup [U('vt)]CS*E(BRMO) < C(N, hg,p, s).
te[To,T1]

Using this together with the assumed regularity of 1, we have for z,y € Br and t € [Ty, T4]

2 P P2
Ju(e,t) — u(y{ 2l |N|fs(f) LW a2,
r—y

Thanks to the choice of €, the last exponent is strictly larger than — N and we may conclude

/ [, t) — uly, )72 |n(2)% —n(y)5|”
Br

|z —y|NHep

dy S C(Na hOapa S),

for any € Br. A similar estimate holds for the other term of Z;;(t) containing |up (x,t) — un(y,t)|. Therefore,
by suppressing as before the t—dependence for simplicity, we have the estimate

|5hu ‘BJrl
|Ill |<C/ |h|1+"95 ———dx

6hu 5hu
§C||u||Loc(BR)/ ||h1+79ﬁ dx <C/ ||h1+79ﬁ dx, for some C = C(N, ho,p,s) > 0.

As for 714, by going back to its definition (4.4) and using the properties of the cut-off function 7, we get

) B 1+p )
|Z12(t) |<C/ | h7h|1i195 dac<C/ ||lzli+195 dx, for some C = C(N, hg,p, s) > 0,

where we used the local L> bound on u, as above. In addition, from the first inequality in (4.6) together with
the properties of the cut-off function 7, we have

T 5
|Iz|+|13|<C’/ / ||Zti+19/3 dx dt, for some C = C(hg,p,s) > 0.

By combining these new estimates with (4.7) and (4.2), we can reproduce the last part of [4, Proposition 5.1]
and arrive at

B—1+p A+1
T, 52 1 pu(-,Th)
sup W dx dt—’—i]_ sup T 1498
To+u \ 0<|h|<ho /B, ||h| 77 B Locinicno || [n] 75 LA+1(BR_an,)
Cang
B
! Spu
<C sup / % dx | dt,
Ty \0<|hl<ho/Bg ||h| "7

for some C' = C(N, hg,p, s, ) > 0. By appealing again to [4, Lemma 2.6] and using that

149
+95 <1,
B
we may replace the first order differential quotients in the right-hand side by second order ones. This leads to
B—1+p B+1
g §2u 1 opu(-,Ty)
sup W d.’I} dt + 71 up T~ it9s
To+u \ 0<|h|<ho \h| ﬁ“r 0<|h|<ho |h| B+1 LA+Y(Br_4ny)
Th 52w
SC’/ sup / %M dr+ 1| dt,
To \ 0<|h|<ho /Br+4aho ||h| ?

for some C'= C(N, hg,p, s,8) > 0. By recalling again that r = R — 4 hy, we eventually conclude the proof. O

We are now ready to prove the claimed Holder regularity in space.



NONLINEAR FRACTIONAL DIFFUSION 25

Theorem 5.2. Let Q be a bounded and open set, let I = (to,t1], p > 2 and 0 < s < 1. Suppose u is a local
weak solution of
u + (—Ap)*u=0 inQx 1,

such that uw € LS (I; L°(RYN)). Then u € C2 1, (2 x I) for every 0 < & < O(s,p), where ©(s,p) is defined in
(1.5).
More precisely, for every 0 < § < ©(s,p), R >0, ¢ € Q and Ty such that

Q2r,2rer (20, To) € Q x I,
there exists a constant C = C(N,s,p,d) > 0 such that

C
sup [, )]s (Brs(ao)) < e (lull oo (@™ x (70— o # 07y + 1)

tE[To—#vTo]
1
C _N To p '
+ ﬁ (R /To—7 RSP[U]WS’p(BR(wO))dt '
8

Proof. By the same scaling argument as in the proof of Theorem 4.2, it is enough to prove that

sup  [u(-,)]cs(B, ,5) < C(N,p,s,9),
te[—1/2,0]

(5.2)

under the assumption that v is a local weak solution of
u + (—Ap)*u=0, in By x (—2,0],
which satisfies (4.16). Define for ¢ € N, the sequences of exponents
Bi=p+i(p—1),

and
_ 1 ViBitsp pt+i(p—1) sp
Jo=s8——, Vip1 = =1; . , :
P Bit1 p+(E+Dp-1) p+(i+1L(p-1)
By induction, we see that {1;};cn is explicitely given by the increasing sequence

1 P spi )
192': s — — s + . ) ZGN?
( p> p+i(p—1) p+i(p—1)

and thus

1—00 p—l

The proof is now split into two different cases.
Case 1: sp<(p—1). Fix0<d <sp/(p—1) and choose i, € N\ {0} such that
1+ Bi. N

6 < — .
Bi, +1 Bi, +1

This is feasible, since

lim B; = +oo, lim ¥; = °P and 0 < °P_
i—00 i—00 p—1 p—1
Define also
1 7 7 2i+1
ho i R; 3 (20+1) ho 8 160 or1=0,...,%%0

We note that ; 3
Ro+4h0:§ and Rim—1_4h0:1-
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By applying® Proposition 5.1 (ignoring the second term of the left-hand side of (5.1)) with

. 3
Ty =0, p = 8 ho, Tg:—z—i—z’,u,
and
R =R;, 9 =1; and B=p;, fori=0,...,i0 — 1,
and observing that R; — 4 hg = R;11 + 4 hg, that TSH = T¢ + p and by construction

1+sp+9:8; 14V Bipa

Bi+-1) Bi+1 ’
we obtain the iterative scheme of inequalities:
e fori=0
B1
0 52 0 2. ||P
U o u
/ sup lﬁiﬂlﬁl dt<C / sup ‘ # + 1| dt;
T3 0<Ihi<ho || |h] ™2 |l 1oy gy ) ~3 0<lni<ho \ll Pl L?(Bz/s)
1 0
e fori=1,... 00 —2
0 9 ﬂi«i»l
6iu
h
) Sup 1+9,118; dt
/T5+1 0<|h|<ho \h|# N
LPH1(BR, | 1any)
Bi
0 62
U
<C - sup % + 1] dt;
T 0<|h|<ho |h|7ﬁi L8 (Brran)
7 0
e finally, for i =i — 1
Bioo
0 5u
sup T—i—ﬁ dt
7% 0<‘h|<ho |h Bioo i Lﬁioo (B3/4)
o Bioe—1
2u
h
<C /| . sup . P +1 | dt.
Ty~ " 0<|h|<ho |h|T

LBiOO_l(BRiOO—1+4hO)

Here C = C(N,p,s,d) > 0 as always. As in (4.17) we have

0 2, 1P
) onu
sup

-3 0<|h|<ho

|h|®
Hence, the previous iterative scheme of inequalities implies

0 Bico
/ sup
—32 0<|h|<ho

Now we apply Proposition 5.1 once more, this time with

) 1
Ty=—= ——<T1 < =4h
0 87 2* 1f07 M 05

dt < C(N,5,s,p).

LP(B7/g)

2
dpu

— dt < C(N,6,p, s).
e (N, 0,p, )

LPics (Bs))

ﬂ:ﬂim, 19:191‘00, R+4hg = and R—4h0:3/4—8h0>5/8.

o

3Note that in this case we will always have 1+ 19;8; < B, so that the proposition applies.
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We obtain (now ignoring the first term in the left-hand side of (5.1))
Biso +1

Spu(-, T 0 52 Piee
N == <o [ Lo ], 1] escmano
|h| " Fiee® LPico T (Bg g) ® | LPico (By/4)
Since this is valid for every —1/2 < Ty < 0, we obtain
Biso +1
B, | < C%6..0),
’ [ Pree® | Loiac 41 (g )

From here, we may repeat the arguments at the end of the proof of Theorem 4.2 (see (4.19)) and use the

Morrey—type embedding of [4, Theorem 2.8], with
poptelE asA+l md asd

to obtain

sup [u('7t)]C5(Bl/2) < C(N> 57107 8)7
te[—1/2,0]

which concludes the proof in this case.

Case 2: sp> (p—1). Fix 0 < § < 1. Let i, € N\ {0} be such that

1+Yi -1 Bi— 1+9, B
* oclﬁ°°1<1 and MZI.
Biso—1 Bise
Observe that such a choice is feasible, since
lim L0 sp oy
1—>00 ﬂ’i p— 1
Now choose j so that
oot N
5 < Bitioo 7
Bicetioo t1 Bintjo +1
and let N
vy=1-g¢, for some 0 < € < 1 such that § < (1 —¢) Biocrtion .
Bietion 1 Bitjoo T1
Define also
1 7 7 2141
hgo=—————  Ri=-—4Q2i4+)hg==——o" " fori=0,..., i + joo-
07 64 (ioo + joo) O L e TG o oo

We note that . 5
Ro+4hg = 3 and R tju)—1 —4ho = 1

By applying? Proposition 5.1 with

and
R:Ri, ’19:191' and 6:61" fOFiZO,...,iOO—l,
and observing that R; —4hg = R;4+1 + 4 hg, that TSH = T4 + p and that
L+sp+9; i 1+ 81

Bi+(p—1) Bit1 ’

4Note that for i < ico — 1 we have 1+ 9; B; < B;, so that the proposition applies.
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we arrive as in Case 1 at

0 524 |15
U
/ , sup Lﬁ dt
—Ty%° 0<|h|<ho |h| LPico (Br,__ +4hg)
0 82u Pree
S / sup Tw dt S C(N75,p,5),
Tl =1 0<|h|<ho |h|Pise i

LPiso (Br;__ +ahg)
since v <1< 1/8;._ + ;. We now apply Proposition 5.1 with
1

R=R;, B=048 and ﬁ:ﬁizy—g fOT 1 = G, - - oo + joo — 1.
i
Observe that by construction we have
1+ 9; B;
M:% for i = in, ... iso + joo — 1,
Bi
and using that sp > (p — 1)
1+sp+0: 8 _ p+0;Bi Bi(y—1) o . .
=14+ —<> for t = 4o, -+, 000 + —1.
Bi+p—1 Bi+p—1 Bitp—1_ " porsreo oo T o
This gives the following inequalities:
o for i =ine,..., 000 + Jjoo — 2
0 2. 1Bi+1 0 2. 15
1 1)
/‘ sup OnY dtﬁC’/ sup ‘hu + 1] dt,
o |h|<ho |h"y L/3i+1(BRi+1+4h0) T¢ 0<|h|<ho |h|'y LPi(BRr,+ang)

o for i =i + joo — 1

0 524, ||Piootioo
/ sup Ot dt
—2 0<|h|<ho |h|7 LBico+ico (Bs/a)
0 2 Bioo+joo—1
1)
<C sup Ont + 1| dt.
Tgoo‘f']oc—l 0<|h‘<h0 |h|'Y Lﬁim+j°07l(BRtoo+joo—1+4h0)
Hence, recalling that v =1 — ¢, we conclude
0 2 Bioo+ioo
)
/ sup % dt < C(N,6,p,s).
—2 0<|h|<ho |h LPico+ico (Bg)4)
Now we apply Proposition 5.1 again, with
5 1
Th=—- ——<T1<0 =4h
0 8’ 9 = 1>Y 14 05
B=p 0 R+ 4h 3 and R —4h 3 8h>5
= . . s = — , = — 11 — = — — —.
oo tjoo Y ﬂioo+joo 0 1 0 1 0 8
We obtain (ignoring again the first term in the left-hand side)
Bioo+ioo 1
5hu
sup sup cr— < C(N,4,p,s).
t€[—1/2,0] 0<|h|<ho W(I%)W

LPisotico T (B3 5)
Once we land here, as before we can repeat the arguments at the end of the proof of Theorem 4.2 and use the
Morrey-type embedding, this time with

Bioo+i
=(1—-¢) —=—=— =0 4 +1 and a=4.
B ( )ﬂzoo+]oo +1 q ﬁoo+]oo
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This gives

sup [u<"t)]c5(31/2) < C(N7 67p7 8)7
te[—1/2,0]

and the proof is concluded. (I
6. REGULARITY IN TIME

In this section, we prove Holder regularity in time using the previously obtained regularity in space. This
approach uses energy estimates to control the growth of local integrals which yields a Campanato—type estimate.
For u € L'(Bgr(z)), we will use the notation

Uz R = ][ udz.
Br(zo)

When the center z is clear from the context, we often simply write ug. For u € LY (Qg.(7o,t0)), we set

U(zg,t0),Ryr = ][ udx dt.
QRr,r(xo,to)

Again, when the center (xg,%o) is clear from the context, we simply write Tg, .
The following simple Poincaré-type inequality will be useful.

Lemma 6.1. Let 1 < p < oo and let B, = B.(x¢). Suppose that w € W*P(B,.), then for any nonnegative
n € C§°(B,) such that 7, = 1, there holds

oN+sp u(y)|”
6.1 / u— (u Tpdx<( - ) // dx dy.
(61) u=um), I 5, e

T

Proof. By using the fact that [, ndz = |B,| and Jensen’s inequality, we obtain

/ ju — Tun), P dz = v)) n(y) dy

||77||Lo<> Lo (B,) //
< —u(y)[P dz dy
|B | B, X B,

. p
B LR // [ul@) =)l 4, 4,
|B | B, xB, |1‘ - ‘ Fop

p

dr

This concludes the proof. ([
Proposition 6.2. Let p > 2 and suppose that u is a local weak solution of
Ou+ (—Ap)°u =0, in By x (—2,0],
such that
HUHL”(RNx[fl,O]) <1,
and
(6.2) sup  [u(-, )]s (B, ) < Ko, for any s < § < O(s,p),
te[—1/2,0]
where O(s,p) is the exponent defined in (1.5). Then there is a constant C' = C(N, s,p, Ks,0) > 0 such that
|’U/(I7t) - U(Jj,T)' <C |t - T|'y) fO?“ every (x?t)v (l‘,T) € Q%,ia
where
v 1
=5
2 p-2
5 -2

In particular, uw € C{(Q1 1) for any v < T'(s,p), where I'(s,p) is the ezponent defined in (1.5).

11
41
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Proof. We take (x9,to) € Q1/4,1/4 and choose
1 1
O<r<= 0<f<-.
8’ 8

Consider the parabolic cylinder
Qr.0(xo,t0) = Br(zo) x (to — 0, 10).

Observe that by construction we have
1
Qr,@(xmto) CB% x| —=,0].

Let n € C§°(B,/2(x0)) be a non-negative cut-off function, such that

= 1Q

N = nllL=(B, a0 o0 Brra(zo), M, =1 and IVNllLo(B, ja(z0)) <

for some constant C' = C(||nl|L=(B, 4(z0)), V) > 0. Observe that, thanks to the condition on its average, we
have

Br(zo)|
1722 B, 200 = 521 / nde <
B2 =B, i(x0)] s, 4w0) [Be/aleo)l ™

Thus the constant appearing in (6.1) will only depend on N, s and p.
We now write

ue,t) =g = (ule,t) = wn), () + (n), g — o) + (), (6) = (wn), ).

=4V,

where we have set

Then

][ (i, £) — Ty g da dt < ][ u(a, 1) — (), (1) de s
Qr,0(zo0,t0) Qr,0(z0,t0)

+f

Qr.6(xo,to)

+f
Qr0(z0,t0)

=: A; + Ay + As.

dz dt

ﬂ”“ye - (’LL 77)7",0

(un)

o = (), (8)] dot

We first note that

][ (u(m,t) — (un), 9> dx dt
Qr,0(xo,to) ’

(63 <f e =T 0 s

+f
Qr,0(z05t0)

=A; + As.

(un), o — Wr(t)‘ dx dt

)
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Thus it suffices to estimate A; and As. In view of Lemma 6.1, we have
1
_ P P
A < f ‘u(x,t) - (un)r(t)‘ dz dt
Qr0(z0,t0)

sp to _ t P P
|Qr0(z0,t0)| Jeo—0 M B, (z0)x By (o) [T —y[NT5P

for some C' = C(N, s,p) > 0. Recalling that 6 > s and using the spatial Holder continuity of u, we find that
(6.4) Ay <C K570, for some C = C(N, s,p) > 0.

Indeed, by observing that for every x € B,.(x) we have B,(xo) C Ba,(x) C By /2, we get

t) — t)|P
// |U(1‘7 ) ]’légrysv )| dr dy < K(;;) / / |$—y|(5_s)p_N dy dr
B, (z0)xBr(zg) 1T — Y[V TP B, (z0) \J B2, (2)

_ K2 |B,(a0)|
(0—s)p
where we used spherical coordinates to compute the last integral. Observe that the width 6 of the time interval

does not come into play here.
We now turn to As and first note that

Nuwy (2r)0=3)7,

]é, ot )Wr,e—(un)r(t)\ dmdt:f” \Wr,a—wm\ dt

0o—0
fto
to—0

<" A (@, -G, ara,
to—6 Jto—6

£ o - o] ar

0o—0

thus
(6.5) Ag< sup ), (1) = wn), (71)]

To,T1 €(to—0,t0)

If Ty, Th € (tg — 0, to) with Ty < T3, we use the weak formulation (3.2) with ¢(z,t) = n(z) and f = 0, to obtain

| B, (x0)] WT(TO) —@T(Tl)’ = /B( )U(I,Tg) n(z) dz:f/ u(z, Th) n(x) dz

B,- (wo)

T
=[] tutr) = ule.) () ~ 0(w) ) dr
To RN xRN

(6.6) n
= ~/To /]l;r(xo)XBr(ro) JP(U(J;’T) B u(y’T)) (77(3?) - 77(2/)) dﬂ('ra y) dr
T
2 Jp(u(z, 7) —uly, 7 ) du(z, y) dr
" /To //<RN\BT<IO))XBT/2<M) (u(z, 7) — uly, 7)) n(z) dp(z, y)
=J; + Jo.

In order to control Jz, we claim that for t € [-1/2,0], x € B,.(z¢) and y € RY,
(6.7) lu(z,t) — u(y,t)] < C |z —1yl°, for some C' = C(Kjs,6) > 0.
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Indeed, if y € By/y this follows directly from the assumption. On the other hand, if y € RY \ By /3, then by

construction
_ _ 89
|z —yl” >87°>8"° llull Loo (mN x[-1,0) = -5 lu(z,t) — u(y,t)].

Additionally, if y € RN \ B,(z0) and © € B, /2(20), we have

r 1
|517*y|2\y*$0|*|$*$0|2\’y*xo|*§2§|y*$0|-

Thus, by using this and (6.7), we get

lu(z, t) — u(y, )P~
Jo <2(Th — To) |l p= (s, sup // dy dz
(Br/a(#0)) te[=1/2,0] J RN\ B, (20)) x B, 2 (20) lx —y|Ntsp

§C’9// |x—y|(”_1)5—N_8pdydas
(RN\B(20)) X Br./2(z0)

SC@TN/ R
RN\ B, (z0)
< CQTNM(pfl)fsza7

for some C' = C(6, N, s,p, Ks) > 0. Observe that we used that § (p — 1) — sp < 0, in order to assure that the
integral on RY \ B,.(z() converges.
As for Jy, we have for § > s

p—1

p

to
Jl < [n]WS»P(BT(mo)) / (// |u(x, t) - U(y, t>|p d/L(.’lﬁ, y)) dt
to—0 Br(xo)XBr(£0)

p—1
1N o
< CKPI A / //
to—0 B, (z0) X
-1

|z — y|°? du(z,y) dt
BT(zO)
B S

<CKp g (pVHOmIr) TR
= CKf;_l grN—spto(p=1)

for some C = C(N, s,p,0) > 0. By recalling (6.5) and using the estimates on J; and J3 in (6.6), we have thus
shown that

A3 <C(1+ Kf;il) oo P=D=sp for some C' = C(§, N, s,p) > 0.
Hence, by also using (6.4) and (6.3), we get
(6.8) A+ Ay + A3 <O Ksr® + CKEHgroP=D=sp,

We now have to distinguish two cases:

e Case sp > (p—1). We choose 6 as follows

g— Lpsp-im-2)

8
Observe that since sp > (p — 1), then O(s, p) = 1 and we always have®
(6.9) sp—3d(p—2)>1.

5Indeed, observe that
spz(p-1)=rP-2)+1>0(p-2)+1,
thanks to the fact that 0 < § < 1. This in turn implies (6.9).
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We thus obtain from (6.8)

][ lu—Tngldedt < Cr®,  for some C = C(6, K5, N, 5,p) > 0.
Qr,0(x0,to)

By the characterization of Campanato spaces on RV *! with respect to a general metric (see [11, Teorema 3.1]
and also [16, Theorem 3.2]), this implies that u is 0—Holder continuous in Q14,14 With respect to the metric

—~ 1
d((z,11), (y,72)) = [z —y| + |11 — 12| 775 F2.

By keeping (6.9) into account, we can infer that d is a true metric. Thus, in particular, we have the estimate

1
sup |u(xz, 1) —u(z, )| < C|r — |7, for v = 5P ,
TEDB1 /4 T - (p - 2)
where C'= C(4, Ks, N, s,p) > 0. Observe that the continuous function
1
0 e5—, for 0 <0 < 1,
w2
1)
is increasing and that
1
lim = .
51 % —(p-2) sp—(p-2)
Thus for every 0 < v < 1/(sp — (p — 2)), there exists s < § < 1 such that
1
T=%5p o o
P p_o
5 -2

The proof is over in this case.
e Case sp < (p—1). In this case, we revert the hierarchy between time and space and choose r as follows
(8 T)sp*(p*2)5 -0

1
, ie. r=—-070w-27,
8

Observe that the exponent on 6 is positive: indeed, for p = 2 this is straightforward, while for p > 2 we use that

%(p—2)<sp.

d(p—2) < P
We further notice that now
(6.10) sp—(p—2)0 <1,
up to choose § sufficiently close® to s p/(p — 1). This time, we obtain from (6.8)

][ ‘u_ﬂwmxdtgcem, for some C' = C(0, K5, N, s,p) > 0.
Qr,0(z05t0)

Again by the Campanato—type theorem of [11, Teorema 3.I], this shows that w is (6/(sp — (p — 2) 0))—Holder
continuous in Q) /4,1/4 With respect to the metric

(fiv((val)a (y7T2)) = |I - y|Sp7(p72)§ + |Tl - 7—2|-

6More precisely, it is sufficient to take

with 0 < e < s/(p — 1) such that

Such a choice is feasible, since now sp < (p — 1).
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Observe that this is indeed a metric, thanks to (6.10). In particular, we have the estimate

1
sup |u(xz, ) —u(z, )| < C|n — |7, for v= ) E—
©€B 4 5 (p—2)
where C' = C(0, K5, N, s,p) > 0. We now use that the continuous function
1
St 0<i< 2
— (-2 p—1
1)
is increasing and that
lim ——=1.
075 2P (p-2)
0
Thus, for every v < 1, there exists s < 0 < sp/(p — 1) such that
1
Y Sp
2E _(p-2
5 (P2
This concludes the proof in this case, as well. O

7. PROOF OF THE MAIN THEOREM

Before proving our main result, we will need the following lemma, which allows us to control the parabolic
Sobolev-Slobodeckii seminorm of a local weak solution u in terms of its L norm.

Lemma 7.1. Let Q C RN be a bounded and open set, I = (tg,t1], p > 2 and 0 < s < 1. Let u be a local weak
solution of

Ou+ (—A,)°u =0, in Qx1I,
such that
u € LS, (I; L*°(RY)).

Then for every xo € Q and Ty € I such that Q2 g2 rer(To,To) € Q x I, we have

1
(R_N /TO . (U5 e (B (o)) dt) ” <C (HU||L°°(RNx[TofRsv,TO}) + 1)7
To—Z R
for some C = C(N,s,p) > 0.
Proof. Without loss of generality, we may suppose that xo = 0 and Ty = 0. Let us set
k= |lull poo ¥ x[=Row,0)) + 1 and u=u+k.

Then 7 is still a local weak solution in Q x I and % > 1 in RY x [-R*P? 0]. For all ¢(z,t) = n(z) ¥ (t) with

Y e C™ such that Y(t)=0fort <—R°? and (0)=1,
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and n € C§°(Ba r), we get from a slight modification of [31, Lemma 2.2]
o P 0 _ _ P
/ [u(7t> ¢(7t)} dt < C/ / max {U(i&t), u(y7t>} |(]5(£C,t) - ¢(y7t)|p dﬂdt
—RsP We:P(Br) —Rs? JJBopxBag

+C| sup / > (/ / u(z, t)? ¢(x, t)P dedt
(mEsuan RN\Bz R |.’L‘ - |N+sp RsP JBa g
0 -1
£) )P
+ C’/ sup / % dy / u(x,t) ¢z, t)P dx | dt
—Rs» \z€suppn JRN\B; g |x—y| P Bar

/ / (8¢ > dxdt—i—/ u(x,0) dz.
RsP BzR ot + Bar

n=1 in Bg, |V77|§% and n=0 inRN\B%R7

We choose 7 such that

and v such that
C
Rsp’

7
w=1 in {—8R”’,O} and || <
It is then a routine matter to show that

0 0
/ (4] o A = / @l dt < CRN (k" + k* + k) < CRN &k,
7 Rsp

,% RsP Wep( We:r(BR)
where C' = C(N, s,p) > 0 and we used that p > 2 and k > 1. This proves the claimed estimate. O
We are now in the position to prove Theorem 1.2.

Proof of Theorem 1.2. The continuity in space is contained in Theorem 5.2, thus we only need to prove the
continuity in time. We take for simplicity Ty = 0. If u is a local weak solution as in the statement, we obtain
from (5.2)

C
sup [u("t)]Cf‘(BR/z(xo)) < RS (Hu||L°°(RN><[—R”’70]) + 1)
te[— 232 0]
C _N 0 p
+ ﬁ (R /—Z RSP[U]WS’:D(BR(‘TO)) di
8

C
(7.1) sup  [u(, )] o5 (B a(z0)) < 7 (lull oo @™ x[=Rev,01) + 1) -
e[ B2 o]

D=

An application of Lemma 7.1 gives

We set
Nr = |lull oo @V x [ Rov,0)) + 1,
then for a € [~R*P(1 — N7 7),0], we define the rescaled function

1 S
URa(z,t) = NR (Rx J\/’ﬁ_z R pt—i—oz) .

This is a local weak solution in Bs(xzg) X (—2,0] satisfying the hypothesis of Proposition 6.2. Indeed, by
construction

lur.allLoes @y x[—1,0) < 1,
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and the estimate on the spatial Holder seminorm (6.2) of ug , follows from (7.1). From Proposition 6.2 we
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obtain

for every 0 < v < I'(s,p). The claimed result follows by scaling back and varying « as in the proof of Theorem

4.2.

In

sup [ur,a(z,-)]cv(=1/4,0) < C,
z€B1/4

APPENDIX A. EXISTENCE FOR AN INITIAL BOUNDARY VALUE PROBLEM

order to give the definition of weak solution for an initial boundary value problem, we need to define a
suitable functional space. We assume that Q € @ C RY, where € is a bounded open set in RY. Given a

function

¥ € WP (Q) N LI (RY),

we define as in [21] (see also [4, Proposition 2.12]) the space

XpP(0,Q) = {foe WP Q)N LEYRY) 1 v =4 on RV \ Q}.

When 9 = 0, the boundedness of £’ entails that

We endow the space X5 (£2, ) with the norm W#5P?(Q'), then this is a reflexive Banach space. Thanks to the

XgP(,9) ={ve WHP(Q)n LY (RY) :v =0 on RV \ Q} c WHP(Q).

previous inclusion, we also have that

Definition A.1. Let I = [to,t1] and p > 2. With the notation above, assume that the functions ug, f and g

(WHP(Q))" C (X5 (92, 2))".

satisfy

ug € L* (),
e LY (I (X3P (9,9)),
g € LP(LWSP(Q)) N LP~Y(I; Lf;;l(RN)) and 0,9 € LP (I; (W*P(V))*).

We say that u is a weak solution of the initial boundary value problem

(A.1)

ou+ (—Ay)%u = f, nQxI,
u = g, on(RN¥\Q)xI,
U(',to) = Uo, on Qa

if the following properties are verified:

o we IP(I; o) 0 (15 L2 (RY)) 1 O L2(9);
e uc X;’(’Z)(Q, ) for almost every ¢ € I, where (g(t))(z) = g(x, t);
o limy 4, [|u(-,t) — uollz2(0) = 0;

e for every J = [Ty, T1] C I and every ¢ € LP=(J; X5P(Q,9Q)) N C (J; L*(2))
J, (u(x, t) — u(y7 t)) (¢($, t) — ¢(y7 t))
_/J/Qu(:mt)at¢($7t)dmdt+/J//]RNx]RN L |:C_,y|N+sp dz dydt

:/u(z,To) qﬁ(z,To)dmf/u(z,Tl)gb(x,Tl)dx
Q Q

+ / (- 0), 6, ) dt.
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The starting point for proving the existence of weak solutions is an abstract theorem for parabolic equations
in Banach spaces. Before stating the theorem, we will briefly explain its framework. Let V' be a separable
reflexive Banach space and let H be a Hilbert space that we identify with its dual, i.e. H* = H. Suppose that
V is dense and continuously embedded in H. If v € V and h € H, we identify h as an element of V* through
the relation”

(A.2) (h,v) = (h,v)q.

Here (-,-) denotes the duality pairing between V and V* and (-,-)g denotes the scalar product in H. Let I be
an interval and 1 < p < oco. By [28, Proposition 1.2, Chapter III], we have
(A.3) W,(I) :={ve LP(I;V): v € LY (I;V*)} c C(I; H),
and J
for v € Wp(I), t i |lu(t)||% is absolutely continuous %Hv(t)H%{ =2 (t),v(t)).

More generally, by [28, Corollary 1.1, Chapter III], for every u,v € W,(I) the scalar product ¢ — (u(t),v(t))n
is an absolutely continuous function and there holds

(A4) %(u(t),v(t))H = (' (t),0(t)) + (V'(),ut)),  forae tel

We recall that an operator A : V — V* is said to be
e monotone if for every u,v € V,
(A(u) — Aw),u—v) > 0;
e hemicontinuous if the real function A — (A(u + Av),v) is continuous, for every u,v € V.

Theorem A.2. Let V be a separable, reflexive Banach space and let V = LP(I; V), for 1 < p < oo, where
I = [to,t1]. Suppose that H is a Hilbert space such that V is dense and continuously embedded in H and that
H is embedded into V* according to the relation (A.2). Assume that the family of operators A(t,-) : V. — V*,
t € I satisfies:

(1) for every v € V, the function A(-,v) : I — V* is measurable;

(ii) for almost every t € I, the operator A(t,-) : V. — V* is monotone, hemicontinuous and bounded by

1A, )|lv- < C (||v||PV—1 + k(t)), forveV and ke LV (D),
(iii) there exist a real number 3> 0 and a function £ € L'(I) such that
(A(t,v),v) +L£(t) > B lv]|} fora.e.t€l andv e V.

Then for each f € V* = LP (I;V*) and uo € H, there exists a unique u € W,(I) satisfying
u'(t) + Alt,u(t)) = f(t), in V¥, u(ty) = ug in H.
This means that uw € V, v’ € V* and
[ .o+ [Acuwomya= [Goomia praoey.

Proof. The existence of a unique solution u € V is contained in [28, Proposition 4.1, Chapter III]. The condition
(1) is slightly different here, due to the presence of the function £(¢), but the proof of [28, Proposition 4.1,
Chapter III] goes through with minor changes. ([

In order to prove existence for our problem (A.1), we will use Theorem A.2 with the choice V = X% (2, ).
This is the content of the next result, which generalizes [25, Theorem 2.5]. The latter only deals with the case

f=g=0.

"With these identifications, we have V C H C V*. This is sometimes called in the literature Gelfand triple.
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Theorem A.3. Letp > 2, let I = [tg,t1] and suppose that g satisfies
g € LP(LW*P(Q) N LP(I; L2 (RY)),  Oug € LY (I; (W*P())*),
lim ||g(-,t) — goHL2(Q) =0, for some gg € L2(Q).

t—to
Suppose also that

f e LV (I (X37(92,2)%).
Then for any initial datum ug € L*(SY), there exists a unique weak solution u to problem (A.1).

Proof. We denote by g the mapping g : I — W5P(Q)'), given by (g(t))(z) = g(x,t). For almost every t € I, we
define the operator

A X38(2.9) = (WHP(2))",

_ Ip(v(z) —v(y)) (#(z) — 6(y)) , () = gy, 1) élx)
(b)_//'xﬂ/ |z —y[Ntep ¢ dy+2//(2><(]RN\Q') |z —y|N+sp dz dy.

It is easy to check that A:(v) € (W*P(Q))* whenever v € X )(Q ). Additionally, A; is a monotone operator,
see [21, Lemma 3]. We now define A : X7 (Q,Q) x I — (stp(Q ))* to be the operator defined by

A(v, t) = Ay(v + g(t))-

by

Observe that this is well-defined, since

P
v+g(t) € X))

We next show that the operator A, together with the spaces
V= XP(0,9), V= LP(I; X3P (Q,Q)) and H = L*(Q),

(Q,9Q), for every v € X;P(, ).

fits into the framework of Theorem A.2. Since p > 2 and ' is bounded, X" (€2, ') is dense and continuously
embedded in L2(2). This follows from Hélder’s inequality and the fact that smooth compactly supported
functions are dense in both spaces. Note that A inherits the property of monotonicity from A; since

(A(u, ) = A(v,1),u — v) = (Au, 1) = A(v,1),u + g(t) — (v +8(t)))
= (Ai(u+g(t) — Ai(v +g(t), u+g(t) — (v+g(t))) = 0.

We next claim that

(A.5) [(A(v, ), 9)| < C”'U”Wsp(g/) lpllwse@y +C (Ilg( ][ @ T lls(t )IILP ! RN)) [llwer(qr)-
We have
- _ //,m, Jp(v(z) —v(y) + (gixltzi';ffg,t))) (6(x) — 6w) "
A6
Jp(v(@) +9(z,t) —9(y,1)) $()
2 //QX(RN\Q’) |z —y|N+sp der g,

The first term on the right-hand side of (A.6) can be bounded by

C (I012s ) + IO ) Nl o

using Holder’s inequality. For the second term we observe that, when z € Q and y € RV \ (/,

1 R S o
C 1 fyNror = o —y[Nter = 14 [y|Nter’
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where C' > 1 depends only on the distance between  and €. Since 1/(1 + |y|V5P) € LY(RY), the second
term in the right-hand side of (A.6) can be estimated by

¢ [ (1v@p=" + gt ") lofe)] o+ € ( / o o O d ) | 1otz

< C (ol + 18Oty ) 181100y + IE@IESE ) 1912100

< O (Il ) + 1By + 18O ) 6 lwner
where we used the continuous inclusion W#P(Q)) C LP(€2). This finally shows (A.5). Observe that
¢ )L+ 802, belonss to L7 (1),

thanks to the assumptions on g. Thus in order to verify (i7) of Theorem A.2; we are left with proving hemicon-
tinuity. For this, fixed ¢ € I and A\, \g € R, we consider

(A(u+ Av,t),v) — (A(u+ A v, t), v), for u,v € X5*(Q, Q).
In order to show that this differences goes to 0 as A goes to Ag, it is sufficient to write
(A(u+ A, t),v) — (A(u+ Ao v, t),v) = (A(u + Av,t) — A(u + A v, 1), v)
= (A(u+g(t) + Av) — A(u + g(t) + Ao v),v)

and then use [21, Lemma 3|. This proves that A is hemicontinuous for almost every ¢ € I.
Finally, as for hypothesis (iii) of Theorem A.2, we observe that if v € XP(€,€’), then by using Poincaré
inequality we have
[vllwer @y = lvllzo@r) + [lwer@) < Clwes@),
for a constant C = C(N,p,s,Q,Q') > 0. Additionally, using Holder’s inequality and Young’s inequality, we
obtain

(A, 1)) > e[y — OI8O By — O IO -
By combining this with the previous estimate, hypothesis (iii) of Theorem A.2 is checked. According to (A.3),
g € C(I; L3(2)) and we may define go = g(to) in L?(Q2). From Theorem A.2, for every uy € L?(§)) we obtain a
unique solution
veW, (D) = {p e X Q) + ¢ € 1 (1 (X)) ).
to the problem

V(1) + A(t), 1) = —g/() + F(B) in DV (1 (XP,Q))),  with olto) = uo — go.
Observe that again by (A.3), we also have v € C(I; L?(£2)). Since v is a solution, we have
t1

[ @ g@omds [ (A +eo).om)d= [ .00 a

to to to
for every ¢ € LP(I; X" (22,Q')). Upon setting u = v + g, we find that

we C(I; L2 (Q) NIP(I X5 (Q,9)) N LP (1 LY (RY)), - with dyu € LP (15 (X5 7(Q,2))7),

and it verifies .
1

/ (), (1)) dt + / (An(u(t)), (1)) dt = / (1), 6(2)) dt,

to to to
for every ¢ € LP(I; X;5*(Q,€)). In particular, if we take J = [Tp,T1] C I and ¢ € LP(J; X7 (2,8)), by
extending ¢ to be 0 outside J we get
T

/ (), B(e)) di + / (A(ut)), B(e)) dt = / (1), (1)) dt

To To To
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If now the test function ¢ is further supposed to belong to LP(J; XoF(2,Q)) N C1(J; L?(£2)), by using (A.4)
we can integrate by parts

I T: T:
| wwswyar= [ S oo d— [ .o d

To To To
= (u(Th), 6(T1)) 2(ey — (u(To), 6(To)) (e — /T ult), o/ (1)) dt
T
:/Qu(x,Tl)d)(J;,Tl)dx—/Qu(x,To)qb(x,To)dx—/To (u(t), & (£)) dt.

Thus we obtained

/Q u(, Ty) ¢z, Tr) de — /Q w(zr, To) $(, To) der — / (ult), (1)) dt + / (Au(u(t)). ¢) dt = / (1), 6(8)) dt.

J
for every J = [Ty, T1] C I and every ¢ € LP(J; XyP(Q,)) N CY(J; L?(£2)). By recalling the definition of A,
this shows u is a weak solution of (A.1). O

Proposition A.4 (Comparison principle). Let p > 2, let I = [to,t1] and suppose that g satisfies
g€ LP(L;W*P(Q) N LP(I; LB Y RY)),  Og € LY (I; (W*P('))*),
lim [|g(-, %) — gollL2(0)=o0> for some go € L*(Q).

t—to

Given an initial datum ug € L?(Q), we consider the unique weak solution u to the initial boundary value problem

O+ (=Ap)*u = 0, inQxI,
u = g, on RN\ Q) x I
u(-,to) = wug, on €.

If there exists M € R such that
ug < M in Q and ggMinRNXI,

then we also have

u(x,t) < M, in RY x I.
Proof. We take J = [Ty, T € (to, 1), by proceeding as in the first part of Lemma 3.3, we obtain

/ // 2.t) —uly.0))) (¢°(e.t) = 6°(9.1)) dp(a.y) dt
/ /Tl_ Opus (x,t) p(x,t) dt dw + X(¢)
To+5
- /Q [u(x’T()) d(x, Tp) — u® (QT,TO + %) o] (x,To + %)} dx

[ (75 oot ) -ty )]

for every ¢ € LP((—1,0); X57(Q, ) NCH((—1,0); L*(Q)). We still use the notation ¢° and u® for the convolu-
tion in the time variable, as defined in (3.3). Moreover, we still indicate by X(g) the error term (3.7). We now
take the test function®

o, 1) = (u (2, 1) — M)

8By construction, for z € RN \ Q and ¢ € J we have

us(x,t)zé/iC(g) u(:c,t—o)da:é/% C(g) g(z,t —o)do < M,
—s _

£
2

for e < 1. Thus (u(-,t) — M)y € X5P(Q,Q).
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Observe that this function is only Lipschitz in time, but it is not difficult to see that Lipschitz functions are
still feasible test functions (by a simple density argument). This gives

// atu x,t) ¢z, t) dtdx—// ou(x,t) (uf(x,t) — M)y dt dx
To+% To+5

//Tl (e t) = M) o
To+5 2

:5/9( (:c T - ;)M)idx;/32<u5(x,To+;>M)idx.
On the other hand

/Q [u(x,To) o(x, Tp) — u® (m,Tg + %) 1) (x To + )} dx
+/Q :ue (CU,Tl - %) @ (m,Tl — g) —u(z,Ty) d)(x,Tl)} dx
= [t To) o) = M = (54 5) (o8 (070 5) = ) | o
—i—/Q :uE (ale — %) (ua (m,Tl - g) - M>+ —u(z,T1) (v (x,Th) — M)Jr] dz.

By taking the limit as € goes to 0, we thus get

/ //RNX]RN u( 1) = u(y’t))> ((“(w’t) = M) = (u(y, 1) - M)+) dp(z, y) dt

1

2 1 2
+§/Q(U(5E,T1)*M)+ d:lcfi/Q(u(sc,To)fM)Jr dx = 0.

By using that (see [5, Lemma A.2])
Jp(a—b) ((a— M)y — (b= M)4) = [(a— M)y — (b— M) P,
we thus get

T
1 1 1
/ [(w = M) ]G vy At < 5 / (u(z,Tp) — M) da — 3 / (u (2, T) — M) da.
To Q @

This is valid for every tg < Ty < 11 < t1. By using the Monotone Convergence Theorem on the left-hand side
and the fact that u € C(I; L?(2)) on the right-hand side, we can pass to the limit as T goes to to and obtain

OS/ ! [(U—M)+]€Vs,p(RN)df§%/Q(UO(QJ)—M)i dm—%/ﬂ(u(m,Tl)—M)i dx

to
1
=3 /Q(u(x,Tl)—M)i dz.

We used that ug < M on 2, by assumption. This implies that
u(z,Th) < M, for a.e. x € Q.
Since T3 is arbitrary, we finally get that
u(z,t) < M, fora.e. x€Q, fortel.

This concludes the proof. O

As a straightforward consequence of the previous result, we get the following
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Corollary A.5 (Global L estimate). Under the assumptions of Proposition A.4, assume further that
g € L°>(I; L= (R™)) and ug € L=(Q).
Then
lull oo rv x 1y < N0l oo () + 191l Loo (mY x1)-
Proof. By using Proposition (A.4) with
M = [lug||le= (o) + |9/l Lo @~ x 1)

we get u < M. To get the lower bound, it is sufficient to observe that —u solves the initial boundary value
problem for the same equation, with data —g < M and —uo < M. By Proposition (A.4) again, we get —u < M,
as well. 0

We also include the following comparison principle with bounded subsolutions.

Proposition A.6 (Comparison with subsolutions). Letp > 2, I = [to,t1] and suppose that v € L>°(I; L= (RY))
18 a local weak subsolution in ) x I satisfying

ve LP(LWSP(Q)NC(I; LA(Q), ow < L”,(I; (W=P(Q'))*),

th%rglo lv(-,t) —vollL2(q) = 0, for some vy € L*(Q).

Consider the unique weak solution u to the initial boundary value problem

O+ (—Ap)’u = 0, mn Q x I,
= v, onRN\QxI,
u(,t) = wvg, on Q.
Then
u(z,t) > v(z,t), in RN x I.

Proof. The proof is almost identical with the proof of Proposition A.4. We give some details below. Take
J = [To, T1] € (to,t1). Again, as in the first part of Lemma 3.3, we obtain

/TT // (o) = vy, 1) = Jy(ule,t) = uly, 1)) (6°(@,8) = 6°(y,1)) dpa, y) dt
73
0 - ) ol e + ()

To+5

< /Q [(v(x,To) —u(z,To)) oz, Tp) — (va (x,TO + %) —u® (x,To + %)) 10) (ZL',T(] + %)} dx

[0 (0ni=5) = (01=5)) 6 (0T - ) = (0l Ty) = (e T2) 6.7 do

for every non-negative ¢ € LP((—1,0); X;7(Q,Q")) N C*((—1,0); L*(Q)). The quantity 3(e) is still defined in
(3.7), with v — u in place of u. Observe that now we have an inequality, since v is merely a subsolution. Take
the test function

¢(x,t) = (v°(2, 1) — u(z, 1)) 1.
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This gives

//T+ o () — (2, 7)) 6 ztdtdx_//ToTjrz o) —
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(z,t)) (v (z,t) —u(x,t))4 dt dx

-/ /T+ at(” ()
= [t (=1 -3)

ut (z,t))% dt da

—u® (a:,Tl — %))i dx

1 R € - £\\2
_2/32 (U (.’E,T0+§>—U ((E7T()+§>>+d$

As before, the terms

/Q [(v(x,TO) — e, To)) dz, To) — (vE (x,To n %) o (x,TO +2

16 Eng) - n ) oo ) et

go to zero, as € goes to 0. Therefore, by taking the limit as € goes to 0, we

/TT //RNXRN (Jp(v(:c,t) —v(y, 1)) — Jp(u(z,t) — u(y,t))) ((v(x,t) —u(z, t)

2
By [4, Lemma A.3], we have

(Jola =)= Jple—d)) ((a= )y = (b—d)) = Cla—b—(c—

) el )]

—u(x,T1)) ¢(x,Ty) dw} dz,

arrive at

)i = (0(y ) = u(y,0) ) dpa, ) dt

+1/SZ(U($,T1)—U($,T1))1 dx—%/B (v(z,To)—u(x,TO))i dz < 0.

P (@ =)+ — (b—d)4]

2 Cla—c)y = (b—d)y ),

for some C' = C(p) > 0. Then

To
for every tg < Ty < T1 < t1. We can now let T converge to ty and obtain

T

1
0<C [(v— u)+]€vs,p(RN) dt < —3 /Q(’U (z,Ty) —

to
This implies
u(z, Ty) > v(z,Ty), for a.e. x € Q.

Since T is arbitrary, this entails the desired result.

T
C [ 0= 0B @t < 5 [ 0@ —u@ T do =5 [ @@ T) —u@ 1)} do

u(x, Tl))2+ dx.

APPENDIX B. SOME COMPLEMENTS TO THE PROOF OF LEMMA 3.3

We keep on using the same notation of Lemma 3.3. For every 0 < |h| <

A= / // o (Do) = un ) = (e t) -

% ((FGw (1) 7 <t>)e 1@ — (F(onue (1) (¢

ho/4 and 0 < & < &g, we set
uly 1))
)) n(y)p) dpdt,
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A= / Lo —un(y, 1) = Jplulz, ) — u(y, 1))

< (PO, )7 <t>) n(a) - ( (Gruly, 1) (1)) n(y)” ) dp.

and

Then

A — A = (pun(@,8) = un(y. 1) = Jy (ua. 1) = u(y.1)))

RN xRN
x ((( (9nu° (@"J))Ts(t)) —F<5hu<x,t>>r<t>) n(a)”
— (PO, ) 7(0) = Fl6uuty,0) (1)) nlw)” ) dyudt].

We need to show that
lim |A. — A] =0.
e—0

We start by splitting the integral as follows

/ //RN RN p(un(z,t) —un(y,t)) = Jp(u(z,?) *U(%t)))

< (PO @) m(®) = Fonule,) 7(1)) nia)”
— (PO 0) 7(0)) = Fnuly, 0) 7)) n(w)?) dyudt

T1
-1 (o) = 1)) — Ty (e 1) — (o, 1))
To By _pXBa_p

< (((Fow @) n(0) = Fouut, ) 7)) nw)?
~ ((FOw () 7)) = Fonuly, ) 7)) n(y)”) dudt

2 | T Lo v (et =, 0) = Jy (o) 1)
x ((F(éhue(x,t)) TE(ze))s — F(dpu(z, 1)) T(t)) n(@)? dudt =: ©;(e) + Os(c).

We used that 7 vanishes on RV \ Ba_25. We now observe that

/T : [(FEwure.tnm) w] I
<ol [ (P t>>n-<t>)5}” z

W (Ba_zp)

FCIwal~ Il [ | (Fot o e

HL o

where we used the properties of convolutions, the fact that F' is locally Lipschitz and the uniform L°° bound
(3.12). Thus, up to extracting a subsequence, we can infer weak convergence in

LP([To, Tv]; WP (Ba—21)),
of
(P (@) 7(0)) o,
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to the function
F(opu(z,t)) 7(t) nP.
By definition, this is the same as saying that the function

(FOm @) (1) ) — (Fnu (. 0) 7 ®) 0y

o —y| 7+

)

weakly converges in LP([Ty, T1]; LP(Ba—2p X Ba_2p)). This permits to conclude that
;1_r>r(1) ©1(e) =0,

thanks to the fact that
Ip(un(@,t) — un(y,t)) — Jp(ulz,t) — uly,t))

o — gl @Y ’

belongs to Lpl ([:ZWO7 Tﬂ; Lp/(BQ,Q n X Bo_o h))
For ©3(e) we use a similar argument. More precisely, we observe that if we set

J u x’t —Uu yvt
S(x,t) = /RN\B P( }|13(g _?)J|N+5,E ) dy, for a.e. € By_ap, t € [Tp, T1],
2—h
we have
t)|p—1 H)p—1
13 (2, 1)| gch/ lup ()] +N|zi;:(y, ",
RN\By_p, 14 \y| sp

< Cn (lun(a, P+ 100, O )

By using the definition of local weak solution, this implies that § € L!([Ty,T1] x B2_25). On the other hand,
for t € [Ty, T1] and « € Ba_oj we have

<lnlte [ o) PO (2t — o)) do

_1
2

(P ) 7)) ()

<Clall [° <) loru(at ~ 20 do

< C Il I3 e (15715 5] 00
By recalling (3.12), this implies that
g
(Fonus(@,0) 7-(0))

is uniformly bounded in L>°([Ty, T1] X Ba—2p). The last two facts implies that

lim ToTl //B e (Jp(uh(w,t)—uh(y,t))) (F(dhua(x,t))Ts(t))en(w)pdudt

e—0 :
= / // (Jp(uh(l’,t) - un(y,t))) 1 ((5hu(x,t)) n(m)p dpdt,
To Bo_sp X (RN\Ba_y,)

up to extracting a subsequence. In the exact same way, we can show that

iy TZIJO;QQhX(RN\BQh)(J;<u<x7t>—-u<y,w>) (P (e, ) 7 (0) ) du s

_ / " // (Fotaute,£) = uly, 0))) F (G, ) m(a)? dye .
To BQ,Q;LX(]RN\BQ,;I)

This in turn permits to infer that ©2(e) goes to 0, as well. This concludes the proof of Lemma 3.3.
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