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NON-SECANT DEFECTIVITY VIA OSCULATING PROJECTIONS

ALEX MASSARENTI AND RICK RISCHTER

ABsTRACT. We introduce a method to produce bounds for the non secant defectivity of
an arbitrary irreducible projective variety, once we know how its osculating spaces behave
in families and when the linear projections from them are generically finite.

Then we analyze the relative dimension of osculating projections of Grassmannians, and as
an application of our techniques we prove that asymptotically the Grassmannian G(r,n),
parametrizing r-planes in P", is not h-defective for h < (%)Llog?(’””‘ This bound im-
proves the previous one h < 7= + 1, due to H. Abo, G. Ottaviani and C. Peterson, for
any r > 4.
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INTRODUCTION

The h-secant variety Secp(X), of an irreducible, non-degenerate n-dimensional variety
X C PV, is the Zariski closure of the union of the linear spaces spanned by collections of
h points on X. Secant varieties are central objects in both classical algebraic geometry

[CCO1], [Za93], and applied mathematics [Lal2|, [LM04], [LO15], [MR13].

The expected dimension of Secy(X) is
expdim(Secy, (X)) := min{nh +h —1,N}.

However, the actual dimension of Secy, (X)) might be smaller than the expected one. Indeed,
this happens when trough a general point of PV there are infinitely many (h — 1)-planes
h-secant to X. According to a definition by F. Zak [Za93| we will say that X is h-defective
if

dim(Secy, (X)) < expdim(Secy, (X)).
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In this paper we introduce a method to produce bounds for the non secant defectivity
of an arbitrary irreducible projective variety, based on the behavior of its osculating spaces
and of the corresponding osculating projections. Then, with these techniques, we study
the dimension of secant varieties of the Grassmannian G(r,n) parametrizing r-planes in
P™. Grassmannians together with Veronese and Segre varieties form the triad of varieties
parametrizing rank one tensors. Hence, a general point of their h-secant variety corresponds
to a tensor of a given rank depending on h. For this reason, secant varieties of Grassmanni-
ans, Veroneses and Segres are particularly interesting in problems of tensor decomposition
[CMo96], [CGLMOS|, [Lal2|, [Me06], [Me09], [GM16].

Furthermore, secant varieties have been widely used to construct and study moduli spaces
for all possible additive decompositions of a general tensor into a given number of rank one
tensors [Do04], [DK93], [Mal6], [MM13], [RS00], [TZ11], [BGILI].

The problem of determining the actual dimension of secant varieties, and its relation with
the dimension of certain linear systems of hypersurfaces with double points, have a very long
history in algebraic geometry, and can be traced back to the Italian school [Ca3T7], [Sc08],
[Sev01], [Teld].

Since then the geometry of secant varieties has been studied and used by many authors in
various contexts [CCO1], [CRO6], [IR0§|, [Ru08|, and the problem of secant defectivity has
been widely studied for Veroneses, Segres and Grassmannians [AH95|, [AB13], [AOP09al,
[AOPO9D), [Borld], [CGGO3],|[CGGO5], [CGG11], [LP13], [BBC12], [BCC1I].

Despite the long history of this subject, only in 1995 J. Alexander and A. Hirshowitz
[AHO5) classified secant defective Veronese varieties. Indeed, they proved that, except for
the double Veronese embedding which is almost always defective, the degree d Veronese
embedding of P™ is not h-defective, with the following exceptions:

(d,n,h) €{(4,2,5),(4,3,9),(3,4,7), (4,4,14) }.

Later on, K. Baur, J. Draisma, W. A. de Graaf proposed a conjecture on secant defectivity
of Grassmannians in the spirit of Alexander-Hirshowitz result [BDdGO7].

It is well-known that the secant variety Sec,(G(1,n)), that is the locus of skew-symmetric
matrices of rank at most 2h, is almost always defective. Therefore, throughout the paper
we assume r > 2. Only four defective cases are known then, and we have the following
conjecture.

Conjecture. [BDdGO7, Conjecture 4.1] If r > 2 then G(r,n) is not h-defective with the
following exceptions:

(r,n,h) € {(2,7,3),(3,8,3),(3,8,4),(2,9,4)}.

In [CGGO5] M. V. Catalisano, A. V. Geramita, and A. Gimigliano gave explicit bounds
on (r,n,h) for G(r,n) not to be h-defective. Later, in [AOP09b] H. Abo, G. Ottaviani,
and C. Peterson, improved these bounds, and showed that the conjecture is true for h < 6.
Finally, in [Borl3| A. Boralevi further improved this result by proving the conjecture for
h <12.

To the best of our knowledge, the best asymptotic bound for Secy,(G(r,n)) to have ex-
pected dimension was obtained by H. Abo, G. Ottaviani, and C. Peterson using monomial
techniques.
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Theorem. [AOP09D, Theorem 3.3] If r > 2 and

n—r

h < +1

then Secy,(G(r,n)) has the expected dimension.

Our starting point, in order to study the dimension of Sec,(G(r,n)), is a result due to
L. Chiantini and C. Ciliberto [CCO1, Proposition 3.5 relating secant defectivity with the
dimension of the general fiber of a general tangential projection. Given z1,...,zp € X C PV
general points, we may consider a general h-tangential projection of X

TXh P X c PV -5 PMn

that is the linear projection with center (T, X,...,T,, X). Then, by [CCO1, Proposition
3.5] if T7x p, is generically finite then X is not (h + 1)-defective.

Our approach consists in considering linear projections from higher order osculating
spaces. If p € X C PV is a smooth point, the m-osculating space "X of X at pis
essentially the linear subspace of PV generated by the partial derivatives of order less or
equal than m of a local parametrization of X at p, see Definition 2.1

Given p1,...,p; € X general points, we denote by

the corresponding (ki + --- + ky)-osculating projection, that is the linear projection with
center <T§11X, . ,TlfllX>.

When X = G(r,n) we manage to control the dimension of the general fiber of osculating
projections from the span of a certain number of general osculating spaces. Indeed, in Corol-
lary we prove that, under suitable numerical hypothesis, such an osculating projection
is birational.

Then, in Section M we construct flat degenerations of general tangential projections to
linear projections which factor through suitable osculating projections. Since, by Propo-
sition .8 the dimension of the general fiber can only increase under specialization, the
birationality of a certain osculating projection yields that the general tangential projection
degenerating to it is generically finite.

However, we are not able to check if the degree of the map is preserved, that is if the
general tangential projection is birational as well. In order to do this, one needs to achieve
a good control on the indeterminacy locus of the relevant tangential projection.

On the other hand, by [CC01l, Proposition 3.5] knowing that a general tangential projec-
tion is generically finite is enough to conclude that, under the numerical hypothesis ensuring
the birationality of the corresponding general osculating projection, G(r,n) is not defective.
As a direct consequence of our main results in Theorem [5.4] we get the following.

{n—i—lJ

o =

r+1

and write r = 2M 4 - £ 2% Lo with Ay > Ao > - > A\, > 1, e € {0,1}. If either

- h§(Oz—l)(oz)‘l_1+..._|_a>\s—1)_|_1 or
-n>r243r+1landh<oM+ - +aM +1

Theorem. Assume that r > 2, set
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then G(r,n) is not h-defective.

Note that the bounds in our main result gives that asymptotically the Grassmannian
G(r,n) is not (%)UO&(’")J-defective, while [AOP0O9b, Theorem 3.3| yields that G(r,n) is
not g-defective. In Section 5.l we show that Theorem 5.4l improves [AOP09D], Theorem 3.3
for any r > 4. However, H. Abo, G. Ottaviani, and C. Peterson in [AOP09b| gave a much
better bound, going with n?, in the case r = 2.

We would like to mention that, as remarked by C. Ciliberto and F. Russo in [CR06], the
idea that the behavior of osculating projections reflects the geometry of the variety itself
was already present in the work of G. Castelnuovo [Ca37, Pages 186-188|.

Finally, we would like to stress that the machinery introduced in this paper could be
used to produce bounds, for the non secant defectivity of an arbitrary irreducible projective
variety, once we know how its osculating spaces behave in families and when the projec-
tions from them are generically finite. Indeed, in a forthcoming paper we will apply these
techniques to Segre-Veronese varieties.

The paper is organized as follows. In Section [I] we recall some notions on secant vari-
eties and tangential projections. In Section Bl we compute explicitly the osculating spaces
of Grassmannians, and in Section [§] we study the relative dimension of general osculating
projections. In Section @] in order to extend our results on osculating projections to tan-
gential projections, we investigate how rational maps degenerate in a 1-dimensional family.
Finally, in Section Bl we take advantage of these techniques to prove our main result on the
dimension of secant varieties of Grassmannians.

Acknowledgments. We would like to thank Ciro Ciliberto for his useful comments, par-
ticularly about Section 4.1l We would also like to thank Ada Boralevi, Luca Chiantini and
Giorgio Ottaviani for helpful discussions. Finally, we thank Carolina Araujo for carefully
reading and helping us improving a preliminary version of the paper.

The first named author is a member of the Gruppo Nazionale per le Strutture Algebriche,
Geometriche e le loro Applicazioni of the Istituto Nazionale di Alta Matematica "F. Severi"
(GNSAGA-INDAM). The second named author would like to thanks CNPq for the financial
support.

1. SECANT VARIETIES

Throughout the paper we work over the field of complex numbers. In this section we recall
the notions of secant varieties, secant defectivity and secant defect. We refer to [Ru03| for
a nice and comprehensive survey on the subject.

Let X C PV be an irreducible non-degenerate variety of dimension n and let

M(X)cXx--xXxGh-1,N)
be the closure of the graph of the rational map
a: X x-+xX--5»G(h—1,N),

taking h general points to their linear span (x1,...,x3). Observe that I',(X) is irreducible
and reduced of dimension hn. Let mg : I'y(X) — G(h — 1, N) be the natural projection. We
denote

Sp(X) :==m((Th(X)) € G(h—1,N).
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Again §p,(X) is irreducible and reduced of dimension hn. Finally, let
Tn = {(z,A\) |z € A} c PN x G(h — 1, N)
with natural projections 7, and vy onto the factors. Furthermore, observe that vy : Z;, —

G(h —1,N) is a P"~1-bundle on G(h — 1, N).

Definition 1.1. Let X C PV be an irreducible non-degenerate variety. The abstract h-
secant variety is the irreducible variety

Sech(X) = (¢h)_1(3h(X)) C Iy.
The h-secant variety is

Secp(X) := mp(Secp (X)) € PV,
It immediately follows that Secy,(X) is a (hn+h—1)-dimensional variety with a P*~*-bundle
structure over Sp(X). We say that X is h-defective if

dim Secy,(X) < min{dim Sec,(X), N'}.
The number
0n(X) = min{dim Sec (X ), N} — dim Sec (X)

is called the h-defect of X. We say that X is h-defective if op(X) > 0.

Now, let z1,...,2, € X C PN be general points, and let T,,X be the tangent space of
X at x;. We will call the linear projection

Txp: X CPY s PN
with center (T, X,...,T,, X) a general h-tangential projection of X. Finally, let X =

Tx,n(X). We will need the first part of the following result due to L. Chiantini and C.
Ciliberto.

Proposition 1.2. [CCO1, Proposition 3.5] Let X C PN be a irreducible, non-degenerate,
projective variety of dimension n.
- If dim(X},) = dim(X), that is Tx, : X --+ X}, is generically finite, then X is not
(h + 1)-defective.
- If N —dim((T,, X, ..., Ty, X)) —1 > n and dim(X},) < dim(X), that is 7xp, : X --»
X}, has positive dimensional general fibers, then X is (h + 1)-defective.

For instance, let vy : P" — PN be the 2-Veronese embedding of P?, with N, =
%(n—l—2)(n+1) —1, X = Vj* C PV» the corresponding Veronese variety, and 1, ...,z € VJ
general points, with h < n — 1. The linear system of hyperplanes in P* containing

(T, V', ..., Ty, V") corresponds to the linear system of quadrics in P whose vertex contains
A= (vy Y1), .. vy 1(a;h)>. Therefore, we have the following commutative diagram
V’n
P ——— V§ C PV
A | X
v ,/;l—h v

]Pm—h SN ‘/‘2”1_’1 C ]P)Nn—h

where 7p : P --» P?~ is the projection form A. Hence Tx,, has positive relative dimension,
and Proposition yields, as it is well-known, that V3" is h-defective for any h < n.
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2. OSCULATING SPACES OF GRASSMANNIANS

Let X C PV be an integral projective variety of dimension n, p € X a smooth point, and

6: UCC' — cN
(tl,...,tn) — ¢(t1,...,tn)

with ¢(0) = p, be a local parametrization of X in a neighborhood of p € X.

For any m > 0 let O;" X be the affine subspace of CY passing through p € X, and whose
direction is given by the subspace generated by the vectors ¢;(0), where I = (iq,...,iy) is
a multi-index such that |I| < m and

ollg
1 = - .
M 1= m o

Definition 2.1. The m-osculating space T)' X of X at p is the projective closure in PN of
the affine subspace O)'X C CcN.

For instance, T;S)X = {p}, and TplX is the usual tangent space of X at p. When no
confusion arises we will write r instead of X.

Osculating spaces can be defined intrinsically. Let £ be an invertible sheaf on X, V =
P(HY(X, L)), and A C X x X the diagonal. The rank ("/™) locally free sheaf

I (L) = (75 (L) ® Oxwx /IR ™)
is called the m-jet bundle of L. Note that the fiber of J,,(£) at p € X is
I (L) = HY (X, L ® (’)X/mpm+1)

and the quotient map
Jmp 2 V = HY(X, L ® Ox /m)"t1)

is nothing but the evaluation of the global sections and their derivatives of order at most m
at the point p € X. Let

Jm V@ Ox — Jn(L)

be the corresponding vector bundle map. Then, there exists an open subset U,, C X where
Jm is of maximal rank r,, < "jﬂm )

The linear space P(j,,(V)) = T,"X C P(V) is the m-osculating space of X at p € X.
The integer 7, is called the general m-osculating dimension of £ on X.

Note that while the dimension of the tangent space at a smooth point is always equal
to the dimension of the variety, higher order osculating spaces can be strictly smaller than

expected even at a general point. In general, we have

2) dim (T X) = min { <” i m) 1 N}

n

where 0y, is the number of independent differential equations of order less or equal than
m satisfied by X at p.

Projective varieties having general m-osculating dimension smaller than expected were
introduced and studied in [Seg07], [Tel2], [Boml19], [To29], |[To46], and more recently in
[PT90], [BPT92|, [BF04], [MMRO13|, [DiRJLI5].
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In particular, these works highlight how algebraic surfaces with defective higher order
osculating spaces contain many lines, such as rational normal scrolls, and developable sur-
faces, that is cones or tangent developables of curves. As an example, which will be useful
later on in the paper, we consider tangent developables of rational normal curves.

Proposition 2.2. Let C,, C P" be a rational normal curve of degree n in P", and let
Y,, CP" be its tangent developable. Then

dim(7,"Y,) = min{m + 1,n}
for p €Y, general, and m > 1.

Proof. We may work on an affine chart. Then Y,, is the surface parametrized by

6 A2 — A"
(t,u) —  (t+u,t?+ 2tu,. .. 1"+ nt" " lu)

Note that
_9"  _,
otm=kouk
for any k£ > 2. Furthermore, we have
om ¢ om ¢ am+1 ¢

otm  otm—lou L otmou

for any m > 1.
Therefore, for any m > 1 we get just two non-zero partial derivatives of order m, and one
partial derivative is given in terms of smaller order partial derivatives. Furthermore, in the

notation of (2) we have 6, ), = M —1for any 1 <m < n—1, where p € Y, is a general
point. O
From now on we will assume that n > 2r + 1. We will denote by eq, ..., e, € C**! both

the vectors of the canonical basis of C"*! and the corresponding points in P* = P(C"*1).

Throughout the paper we will always view G(r,n) as a projective variety in its Pliicker
embedding, that is the morphism induced by the determinant of the universal quotient
bundle Qg(y.ny on G(r,n):

Orm:  G(r,n) — PN :=PA\TCMY)
(Voy -y Up) — [vg A+ A vy

where N = (Zill) — 1. Now, let
A:={IcH{0,....,n},|I|=r+1}.

For each I = {ip,...,ir} € A let e € G(r,n) be the point corresponding to e;, A---Ae;, €
/\7‘+1 Ccntl

Furthermore, we define a distance on A as
a(r,J) = [I| = [InJl=[J| = [InJ]

for each I,J € A. Note that, with respect to this distance, the diameter of A is r + 1.
In the following we give an explicit description of osculating spaces of Grassmannians at
fundamental points.
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Proposition 2.3. For any s > 0 we have
T2 (G(r,n)) = {es [d(I,J) < s) = {ps =0 d(I,J) > s} S P
In particular, TS (G(r,n)) = PN for any s > r+ 1.
Proof. We may assume that I ={0,...,r} and consider the usual parametrization of G(r,n) :
¢ : CUTVO=T) 5 G(r,n)
given by
1 ... 0 apgr+1  --- Qon
A=(aig)=[: -+ o 0| (det(A)))sea
0 ... 1 arpq1 ... app

where A is the (r + 1) x (r + 1) matrix obtained from A considering just the columns
indexed by J.

Note that each variable appears in degree at most one in the coordinates of ¢. Therefore,
deriving two times with respect to the same variable always gives zero.

Thus, in order to describe the osculating spaces we may take into account just partial
derivatives with respect to different variables. Moreover, since the degree of det(A;) with
respect to a; ; is at most r + 1 all partial derivatives of order greater or equal than r + 2 are
zero. Hence, it is enough to prove the proposition for s < r + 1.

Given J = {jo,..-,Jr} €{0,...,n}, k€{0,...,r},and k' € {r +1,...,n} we have

ddet(Ay) {0 itk ¢ J

day (~D)HFE det (A pn)  if K =g

where A - denotes the submatrix of A; obtained deleting the line indexed by %k and the
column indexed by &’. More generally, for any m > 1 and for any

J={j0,---,Jr} <{0,...,n},
K ={K,....k,} Cc{r+1,...,n},
K:{k‘l,...,k’m}C{O,...,T‘}

we have
(9”” det(AJ) . (Zl:l) det(AJ,(kl,k'l),...,(km,k,’n)) if K,CJ and |K|=|K’|:m S d
aakl,kﬁ . Oag,, k. o otherwise

where d = d(J,{0,...,r}) = deg(det(Ay)). Therefore
{il if J=K'U({0,...,r\K)

0 otherwise

o det(AJ)
80,]{17]{/1 cee 8akm7k4n

(0) =

and
"¢
aakl’kll ce aak"“k;n
Note that d (K’ U ({0,...,7}\K),{0,...,7}) = m, and that any J with d(J, {0,...,7}) =m
may be written in the form KU ({0,...,7}\K).

(0) = *erru(o,... i P\K)-
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Finally, we get that

1|
<§1a.¢, 0) | 1] = m> = (ey | d(J,{0,...7}) =m)

Z?]

which proves the statement. O
Now, it is easy to compute the dimension of the osculating spaces of G(r,n).
Corollary 2.4. For any point p € G(r,n) we have
dim T;G(r,n) = i: (T —; 1> (n l_ T>
=1
for any 0 < s <r, while T;G(r,n) = PN for any s > r+ 1.

Proof. Since G(r,n) C PV is homogeneous under the action the algebraic subgroup
Stab(G(r,n)) C PGL(N + 1)

stabilizing it, there exists an automorphism a € PGL(N + 1) inducing an automorphism
of G(r,n) such that a(p) = e;. Moreover, since « € PGL(N + 1) we have that it induces
an isomorphism between 7,;G(r,n) and T¢,G(r,n). Now, the computation of dim G(r,n)
follows, by standard combinatorial computations, from Proposition 2.3l O

3. OSCULATING PROJECTIONS

In this section we study linear projections of Grassmannians from their osculating spaces.
In order to help the reader get acquainted with the ideas of the proofs, we start by studying
in detail projections from a single osculating space.

Let us denote by (pr)rea the Pliicker coordinates on G(r,n), let 0 < s < r be an integer,
and I € A. By Proposition 2.3] the projection of G(r,n) from T, is given by

Iz - G(r,n) --» PNs
(pr)ren = (PJ)Je | d(1,0)>s
Moreover, given I'={i,...,i,} C I with |I'|=s+ 1 we can consider the linear projection
7 Py PRl
(z:) = (Ti)iego,..n 1"
which in turn induces the linear projection
Iy : G(r,n) --» G(r,n — s — 1)
V] [rp (V)]
(pr)rea = (ps)gen | Jnr=o
Note that the fibers of 11/ are isomorphic to G(r,r + s + 1). More precisely, let y €

G(r,n—s—1) be a point, and consider a general point = € II;,' (y) C G(r,n) corresponding
to an r-plane V, C P". Then we have

Hl_,l(y) =G (7‘, <Vﬂc7€i67 . ,e,vs>> C G(r,n).
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On the other hand, a priori it is not at all clear what are the fibers of HTesI' In general
the image of HTesI is very singular, and its fibers may not be connected. In what follows we
study the general fiber of the map HTesI by factoring it through several projections of type
;.

Lemma 3.1. If s =0,...,r and I' C I with |I'| = s+ 1, then the rational map I} factors
through HTESI, Moreover, HTer-I = II;.

Proof. Since JNI'=0 = d(I,J) > s the center of Ilzs in contained in the center of Il
Furthermore, if s = then JNI =0 < d(I,J) > r. O

Now, we are ready to describe the fibers of HTESI for0<s<r.
Proposition 3.2. The rational map HTesI 1s birational for every 0 < s <r —1, and
Mgy G(r,n) --» G(r,n —7r —1)
is a fibration with fibers isomorphic to G(r,2r + 1).

Proof. For the second part of the statement it is enough to observe that HTg-I = II;. Now,
let us consider the first claim. Since HTSI factors through Il s-1 it is enough to prove that
€I

II;r-1 is birational. By LemmaB.Ilfor any I; = I'\ {i;}, there exists a rational map 7; such

that the following diagram is commutative

where W = Il+—1(G(r,n)). Now, let € W be a general point, and F' C G(r,n) be the
er
fiber of IL;r—1 over z. Set x; = 7j(x) € G(r,n —r), and denote by F; C G(r,n) the fiber of
er

I1;; over z;. Therefore
T

(3) Fc()F
5=0

Now, note that if y € F' is a general point corresponding to an r-plane V,, C P" we have
Fj = G(T, <Vy,6i0, .. .,e/i;,. .. ,6i7,>)

and hence
ﬂ F’] = ﬂ G(T, <Vyyeio7' e 7657 s 7eir>) = G(T, Vy) = {y}
=0 =0

The last equality and ([3) force F' = {y}, and since we are working in characteristic zero
I r—1 is birational. H
€I
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Our next aim is to study linear projections from the span of several osculating spaces.
In particular, we want to understand when such a projection is birational as we did in
Proposition for the projection from a single osculating space.

Clearly, there are some natural numerical constraints regarding how many coordinate
points of G(r,n) we may take into account, and the order of the osculating spaces we want
to project from.

First of all, by Proposition the order of the osculating spaces cannot exceed r — 1.
Furthermore, since in order to carry out the computations, we need to consider just coordi-
nate points of G(r,n) corresponding to linearly independent linear subspaces of dimension
r+ 1 in C"*! we can use at most

{n + 1J
o=
r+1
of them.

Now, let us consider the points ey, ..., e, € G(r,n) where
(4) L ={0,....r},.... I, ={(r+ 1)(a—1),...,(r+1a—1} € A.

Again by Proposition 23] the projection from the span of the osculating spaces of G(r,n)
of orders sq,...,s; at the points ey, , ..., ey, is given by

HTsl ,,,,, 5] G(T‘, TL) ——> ]P)N‘51 """ Sl
ery s eIl

(Pr)1ea = (PJ)Jen | d(1,0)>s1,d(T ) >0
whenever {J € A |d(I1,J) <sjor ... ord(I;,J) <s}#A, and [ < a.
Furthermore, for any I{ = {ij,...,iL,} C L,....I] = {ab, ... ,iil} C I; we consider the
projection

l
Ty g P oo PRl
-

(@i)i=0,...n = (Ti)ig(o,... n}\(1jU--UI))

where [ < aandn —1 — zll s; > r+ 1. The map LI in turn induces the projection

Uy 1:G(rn)--»G <7"a” 1= 32‘)
Ve [rr (V)]
(pr)1en = (P1) sen | an(rju-u1)=0
Lemma 3.3. Let Iy,...,1, be as in (4), I, s1,..., 5 be integers such that 0 < s; < r—1, and

0 <! <min{a,n—r—1=>".s;}. Then for any I} ={i},... it YT L,.... I]={il,...,iL } C

s bsy s by

factors through the former.

Proof. Note that JN(I7 U ---UI]) =0 yields d(I1,J) > s1,...,d(I;,J) > s;. Note also that
the I;’s are disjoint since the I’s are. Furthermore, since 3 3(s; +1) =1+ si <n—r—1
and n > 2r + 1, there are at least r +2 elements in {0,...,n}\ (I{U---UI)). If ky,..., kryo
are such elements, then

Kji={ki,... kj,... kot € {J e N d(I;,J) > s, 5=1,...,10}
forany j=1,...,7+ 2 forces {J € A|d(I1,J) <syor ... ord([;,J) <s;} #A. O
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Now, we are ready to prove the main result of this section.
Proposition 3.4. Let I1,...,I, be asin (), [, s1,...,s; be integers such that0 < s; < r—1,
and 0 <l <min{a,n —r —1—=>",5;}. Then the projection ILps1...s, is birational.
er

Proof. For any collection of subsets I! C I; with |I/| = s; + 1 set I’ = |J, I]. By Lemma
there exists a rational map L, fitting in the following commutative diagram

where W = HTs1 44444 s (G(r,n)). Now, let x € W be a general point, and F' C G(r,n) be

,,,,, e,
the fiber of Ilys1s over x. Set o’ =77 () € G(r,n—1— le si), and denote by
Ter) e,
Fli’ W C G(r,n)
the fiber of HIL...,I{ over x’. Therefore
(5) FC ( Fu..z
I,...0]

19

where the intersection runs over all the collections of subsets I C I; with |I/| = s;+ 1. Now,
if y € F' is a general point corresponding to an r-plane V,, C P" we have

Frp.p =G (r,(Vy,ej1j 1))
and hence
(6) (N Frep= (1 G Ve 15 € 1) =C0n V) = )
.0 I

where again the first intersection is taken over all the subsets I} C I; with |I]| = s; + 1.
Finally, to conclude it is enough to observe that (Bl and (@) yield F' = {y}, and since we
are working in characteristic zero Ilpsi..s is birational. O
EI €

In what follows we just make Proposition B.4l more explicit.

1
Corollary 3.5. Set a := {n::-_lJ and let I, ..., I, be as in ({f). Then HTT Lor—1 148
T I

r=lyer—1 1s birational.
€Il

Now, setr’ :=n—2—ar andr" := min{n—3—a(r—1),r—2}. If2r+1 <n <r?+3r+1
then
-r=1>¢r">0andII

birational. Furthermore, if n > r? 4+ 3r + 1 then I

eIl ,,,,, ery_1°¢In

- " >0 and HTT 9o 18 birational.
611
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Proof. First we apply Proposition B4l with I =a —1 and s =+ = s,_1 = r — 1. In this
—r—1
case the constraint isa — 1 <n—r—1—(a—1)(r — 1), that is a < BZT7° 41 Note
r
that this is always the case since
1 —1 —r—1
a< n—+ < n _n-r ey
r+1 r T
Ifl=«aand sy =--- = s, = r — 1 the constraint in Proposition B4lis a <n—r —1—
n—r—
a(r — 1), which is equivalent to « < ————. Now, it is enough to observe that
r
1 —r—1
n <n ! <:>n2r2+37‘+1.

r+1 7 r

n+1 <n—r—1.
r+1 7 T
Now assume that n < 72 + 3r + 1. First we check that v’ =n — 2 — ar < r — 1, that is

a > Ll_r That follows from
r

If n > 72 + 3r + 1, then the claim follows from the inequalities o <

n+1 1 n—r>n—r—1

“r+1 0 r+1° r
whenever n > 2r + 1. Next we check that 7/,7” > 0. If 2r +1 < n < 3r + 2 then a = 2, and
r=n—2-—2r>0. If n > 3r 4+ 2 we have
n+1 <n+1<n—2
|r+1] " r+1 "~ r

o =

and then ' = n — 2 — ar > 0. Furthermore, note that

n+1 <M +1 <= 3
|r+1] " r+1 " r-1
and then " =n—3 —a(r—1) > 0.

Now, we apply Proposition B4 with | = a,sy = - = s4_1 =7 —1and s, = '. In
this case the constraint in Proposition Blis « <n —r —1— (o — 1)(r — 1) — 7’ that is
r<n-—2-ar.

Finally, if | = o, 81 = -+ = 84_1 = r — 2 and s, = ", then the constraint in Proposition
Bdisa<n—-r—1—(a—1)(r—2)—7r" thatis " <n—-3—a(r—1). O

o =

4. DEGENERATING TANGENTIAL PROJECTIONS TO OSCULATING PROJECTIONS

In this section we construct explicit degenerations of tangential projections to osculating
projections. We begin by studying how the span of two osculating spaces degenerates in a
flat family of linear spaces parametrized by P!.

We recall that the Grassmannian G(r,n) is rationally connected by rational normal curves
of degree r + 1. Indeed, if p,q € G(r,n) are general points, corresponding to the r-planes
Vp, Vg € P, we may consider a rational normal scroll X C P" of dimension r + 1 containing
Vp and V;. Then the r-planes of X correspond to the points of a degree r+1 rational normal
curve in G(r,n) joining p and q.

The first step consists in studying how the span of two osculating spaces at two general
points p, g € G(r,n) behaves when g approaches p along a degree r+ 1 rational normal curve
connecting p and q.
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Proposition 4.1. Let p,q € G(r,n) C PV be general points, ki, ks > 0 integers such that
ki + ke <7r—1, and v : P! = G(r,n) a degree v + 1 rational normal curve with v(0) = p
and vy(o0) = q. Let us consider the family of linear spaces

ki rpk 1
T, = <Tp1,T,Y(2t)>, t e P\{0}

parametrized by P'\{0}, and let Ty be the flat limit of {T;},epr\(oy in G(dim(T};), N). Then
Ty C T15€1+k2+1_

Proof. We may assume that p = ej,,q = ey,, see @), and that v : P! — G(r,n) is the
rational normal curve given by

Y([t : s]) = (seg + tery1) A=+ A(sep + teariq).

We can work on the affine chart s = 1 and set ¢ = (¢ : 1). Consider the points
€0,y CnyCh =€+ teri,....e =e, +tegr+1,ef,+1 =eri1,...,6h =e, € P”
and the corresponding points of PV
eI:eiO/\---/\eir,,eﬁ:ego/\---/\efr, IeA.

By Proposition 2.3 we have

T, = <€] | d(I, 1) < ky; € |d(I, 1) < k2>, t#0
and

Tpthett = (er |d(I, 1) < k1 + ko + 1) = {pr = 0] d(I,I1) > ky + ko + 1}.

Therefore, in order to prove that Ty C T§1+k2+1 it is enough to exhibit, for any index I € A
with d(I,I;) > k1 + ko + 1, a hyperplane H; C PV of type

pr+t|{ D fMraps] =0

JEN, JHI

such that T; C Hy for ¢t # 0, where f(t); s € C[t] are polynomials. Clearly, taking the limit
for t — 0, this will imply that Ty C {p; = 0}.
In order to construct such a hyperplane we need to introduce some other definitions. We
define
AL ={I\J)U(J+r+ )| JCINI, |J|=1}CA
for any I € A, [ > 0, where L + X := {i + \; i € L} is the translation of the set L by the
integer A. Note that A(I,0) = {I} and A(I,1) = for [ big enough. For any [ > 0 set

A(I, =) :=={J| T € A(J,1)} C A;
s7 = max{A(L 1) # 0} € {0,...,r + 1}

sy = ?fgc{A(I, =) #0}e{0,...,r+1};

A=A = A, ;

0<i 0<i<sf

A=A, - =] Aad, -,

o<l 0<i<sy
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Note that 0 < s < d(I,1;),0 < s}' <r+1-d(I,I), and for any [ we have
JeA(Ll) = d(J,I)=|l|,d(J, 1) =d(I, 1)+ 1,d(J, I3) = d(I,I) — .

In order to get acquainted with the rest of the proof the reader may keep reading the
proof taking a look to Example where we follow the same lines of the proof in the case
(r.n) = (2,5).

Now, we write the e}’s with d(I 1) < kg, in the basis ey, J € A. For any I € A we have

e =er+t Z sign(J)e 4t Z sign(J -+ tsfz (sign(J)ey)
JEA(I,1) JEA(I,]) JEA(I,s})
st
= Z tt Z sign(J)ey | = Z (td(l"]) Sign(J)eJ)
1=0 \ JEA(L1) JEA(I)+

where sign(J) = £1. Note that sign(J) depends on J but not on I, hence we may replace
ey by sign(J)ey, and write
o= 3 D

JEA(I)T
Therefore, we have
Tt:<e,|d(1,11) <k; Y (tdW ) (I, 1) <I<:2>.
JEA(I)*

Next, we define

A={Ildi,n) <k} J| U a@t|cA

d(1,I1)<k2

Let I € A be an index with d(I,1;) > ki + ko + 1. If I ¢ A then T; C {p; = 0} for any
t # 0 and we are done.

Now, assume that I € A. For any etK with non-zero Pliicker coordinate p; we have
I € A(K)™, that is K € A(I)~. Now, we want to find a hyperplane H; of type

(7) F] = Z td(LJ)CJpJ =0
JeA(I)~

where ¢y € C with ¢; # 0, and such that Ty C Hy for t # 0. Note that then we can divide
the equation by ¢y, and get a hyperplane Hy of the required type:

t _
pr+— Z t1 D ps | =0
JEA(I)~, JAI

In the following we will write s; = s for short. Since

\—ZIA —l|—1+s+<2>+---+<8i1>+1:25

in equation (7)) there are 2° variables c¢;. Now, we want to understand what conditions we
get by requiring T3 C {F; = 0} for t # 0.
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Given K € A(I)™ we have s} > d(I, K) and

st d(I,K)
R -F Y (v ) ) —r (S (0 al]-r[ X (¢ «
LEA(K)* 1=0 \ LEA(K,) 1=0 \ LEA(K,])

@ Z pl1LK)=d(IE) . (td(J,K)> _ (LK) Z .
JEA(D)~NA(K)+ JEAI)~NA(K)+
that is
Fi(ebl) =0Vt #0 < Y e=o.
JEA(D)~NA(K)*
Note that this is a linear condition on the coefficients c;, with J € A(I)~. Therefore,

(8) T; C {Fr =0} fort#O@{FI(eL)ZO VL € A(I)” N B[, k1]

FI(e}():OVt;éO VKGA(I)_QB[Il,kQ]
c, =0 VLEA(I)_QB[Il,k’l]
& Y e; =0 VK eAI)TNB[L,k)

JEA(I)"NA(K)T

where B[J,u] := {K € A|d(J, K) < u}. The number of conditions on the c;’s, J € A(I)~
is then
c:= |A(I)” N B[, k]| + |A()” N B[, k]| .
The problem is now reduced to find a solution of the linear system given by the ¢ equations
[®) in the 2° variables c¢;’s, J € A(I)~ such that ¢; # 0. Therefore, it is enough to find
s + 1 complex numbers ¢; = ¢y # 0, ¢y, .. ., ¢s satisfying the following conditions

c;j =0 Vi=s,...,d— ki

9) d(I,K)
> AT NAE, D] ey )1 =0 YK € A(I)™ N B, kol
=0

where d = d(I,1;) > k1 + k2 + 1. Note that (@) can be written as

CjZO Vj:S,...,d—kl
L
Z< k‘)Ck:O Vj=s, yd — ko
k=0 M T
that is
cs =0 (©)es + ()es—1+-+ () + (Do =0
(10) ¢ :
oty =0 { (") eans + (1) carar 4 (L7 )er + (7750 =0
Now, it is enough to show that the linear system (I0) admits a solution with ¢g # 0. If
s < d — ko, the system (I0) reduces to ¢s = --+ = cq—, = 0. In this case we may take
co =1,c;1 = ...,cs = 0. Note that d — k; > ko +1 > 1 and we can use the hyperplane

pr=0.
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From now on assume that s > d — k. Since ¢ = -+ = ¢4_, = 0 we may consider the
second set of conditions in (I0) and translate the problem into checking that the system
(1) admits a solution involving the variables co, c1, ..., ¢4—k, +1 With ¢o # 0. Note that (I0])
takes the following form:

s s s s o
(s—(d—kﬁ-l))Cd_kl"‘1 + (s—(d—kﬂ)cd_kl teee (s—l)cl + (S)CO =0
(11)
d—k d—k d—k d—k
(b 1) Ca—ta1 T (o) Catr + o+ (4,20 )er + (G252) co = 0

Therefore, it is enough to check that the (s —d + ks + 1) x (d — k1 + 1) matrix
(s—(d—skl-l—l)) (s—(ds—kl)) o (sil)
(kld—_lksz) (li_—klfz) o (dﬁ;f ’ 1)

has maximal rank. Note that s < dand d > k1 + ko +1yield s—d+ ko +1<d— ki +1.
Then it is enough to show that the (s —d + k2 + 1) x (s — d + k2 + 1) submatrix

(12) M=

(8—(S—ds+k‘2+l)) (s—(s—sd—i-kg)) e (sil)
M/: . .
( (d kd—i—k:z-i—l)) (d—kzil@kfd-i-kz)) e (dikzkzl)
(d ) (d—skz) (sil) (s+1—sd+k2) (s—ds—i-kz) (i)
(m_;ﬁ;"is_l) (a2z-s) (2w (ridie) (L) (59

has non-zero determinant. Since the determinant of M’ is equal to the determinant of the
matrix of binomial coefficients

M// o Z
’ j) ) d—ka<i<s

1<j<s+1—d+k2
it is enough to observe that since d — ko > k1 + 1 > 1 by |[GV85, Corollary 2| we have
det(M’") = det(M") # 0. O
In the following example we work out explicitly the proof of Proposition .11

Example 4.2. Consider the case (r,n) = (2,5). Then I = {0,1,2},1o = {3,4,5}. Let us
take
I'={0,1,2},1* = {0,1,3},1° = {0,4,5}.

Then we have

A1 1) ={{1,2,3},{0,2,4},{0,1,5}} A(I%1) = {{3,4,5}}
A(I',2) = {{0,4,5},{1,3,5},{2,3,4}} A(I3,-1) = {{0,1,5},{0,2,4}}
( ) = {{37475}} A(I37 _2) = {{07 172}}
A(1%,1) = {{0,3,4}}

and A(I7,1) = ) for any other pair (j,1) with 1 < j < 3 and [ # 0. Therefore

— - _ — - + - _
311 =3,sp —O,SI2 =15 =0,s;3=1,8;3=2
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while
d(I', 1) = 0,d(I*, 1) = 1,d(I®,I}) = 2.
Let us work out the case k1 = 0, k9 = 1. Here Tfl is just the point egio and the generators

k
of T«,é) are

t t t t t t t t t t
€012, €123 €0245 €015, €124 €1255 €023, €025 €013 €014
We can write them on the basis (er)ea as

ehia = eor2 + t(er2s + eoaa + eo15) + ¥ (s + €135 + €234) + tlesas
(13) ei123 = e123 +t(e135 + e234) + tz€345
€ooq = €024 + t(€oas + €234) + toe345
ehis = eots + teous + e135) + t2ezas
and
eloy = eio + teiss
elgs = €125 + tegss
(14) e§23 = eg23 + teoss
€pa5 = €025 1+ teass
€o13 = €013 + teo
by = €o14 + tei

Now, given I € A with d(I,I) > 2 = ki + ky + 1 we have to find a hyperplane H; of type

crpr +t Z cips+t° Z cpy +t° Z cips =0
JEA(I,~1) JEA(I,~2) JEA(I,~3)

such that ¢y # 0, and Ty C Hy for every ¢ # 0.

In this case it is enough to consider I = {3,4,5}. Note that es45 appears in (I3]) but does
not in (I4)). In the notation of the proof of Proposition A1l we have d = s = 3,d — k1 =
3,d — ko = 2, and we are looking for

co = c3a5 # 0,¢1 = Coa5 = €135 = Ca34, C2 = C123 = C024 = C015, C3 = €012
satisfying the following system:

c3=0
(15) (o)es +
(o)ez +

Note that the matrix , ,
= )= 2

has maximal rank. Therefore, there exist complex numbers c¢; = ¢g # 0, ¢1, ¢o, c3 satisfying
system (I3]). For instance, we may take cg = 3,¢1 = —2,¢9 = 1, ¢c3 = 0 corresponding to the
hyperplane

3psas — 2t(poss + 135 + p2sa) + 7 (P23 + Po2a + po1s) = 0
and taking the limit for ¢ — 0 we get the equation psg4s = 0.
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Essentially, Proposition I Ilsays that two general osculating spaces of G(r,n) behave well
under degenerations. We formalize this concept as follows.

Assumption 4.3. Let X C PV be an irreducible projective variety, p,q € X be general
points, and k1, ko > 0 integers. We will assume that there exists a smooth curve v : C' — X,
with y(tg) = p and Y(teo) = q such that the flat limit Ty, in G(dim(T;), N) of the family of
liner spaces

k
T = (T, T3 ) t € C\{to}
parametrized by C\{to}, is contained in T§1+k2+1,

For our applications to Grassmannians we will always choose C' = P!. Moreover, we
would like to stress that there exist varieties, with small higher order osculating spaces, not
satisfying Assumption 3]

Example 4.4. Let us consider the tangent developable Y,, C P" of a degree n rational
normal curve C,, C P" as in Proposition

Note that two general points p = ¢(t1,u1), ¢ = ¢(t2,u2) in Y, can be joined by a smooth
rational curve. Indeed, we may consider the curve

f(t) = (t1+t(t2—t1)+u1+t(u2—ul), R (tl+t(t2—tl))"+n(t1+t(t2—t1))"_1(u1 +t(ug—uq)))

Now, let v : C' — Y}, be a smooth curve with v(t9) = p and v(tx) = ¢, and let Ty, be the
flat limit of the family of liner spaces

Ty = <TP7Tfy(t)>7 te O\{t(]}

Now, one can prove that if n > 5 then 7,,Y,,NT,Y;, = () by a straightforward computation, or
alternatively by noticing that by [Ba05] Y;, is not 2-secant defective, and then by Terracini’s
lemma [Ru03, Theorem 1.3.1] T,,)Y,, N T,Y,, = 0. Now, T,Y,, N T,Y, = { implies that
dim(7}) = 5 for any t € C. On the other hand, by Proposition 2.2 we have dim(7}Y,) = 4.
Hence, T3, Q TSYn as soon as n > 5.

Now we are ready to prove a stronger version of Proposition E.11

Proposition 4.5. Let py,...,pa € G(r,n) C PV be general points with o = L’T‘IH, k<

(r—1)/2 a non-negative integer, and v; : P — G(r,n) a degree r + 1 rational normal curve
with ;(0) = p1 and vj(00) = pj, for every j =2,..., . Let us consider the family of linear
spaces

_ k k k 1
T, — <Tp1,T72(t),...,T%(t)> .t e PN\ {0}

parametrized by PY\{0}, and let Ty be the flat limit of {T }epry oy i G(dim(T;), N). Then
To C T2HHL.

Proof. If a = 2 it follows from the Proposition L1l Therefore, we may assume that a > 3,
pj = e, (@) and that ~; : P! — PV is the rational curve given by

’yj([t 8]) = (860 + te(r—i—l)(j—l)) VANRERIVAN (Ser + te(r+1)j_1) .
We can work on the affine chart s = 1 and set ¢ = (¢ : 1). Consider the points

gt it gt _ b n
€0y -y Cny € = €0+ te(ry1)(jm1)s- -1 € = €r Fte(rp1)j—1, €41 = Erily... 60 =e€p €P
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and the corresponding points in PY

— .77t_ .77t .77t — y >
er =eig N Nej,ep =ep Ao Aep, I ={ig, ... 0} €A,

for j = 2,...,a. By Proposition 2.3 we have

T, = <efyd([,11) <k &' d(I, 1)) gk,j:2,...,a>, t+£0
and

Tort = er [d(I, 1) < 2k + 1) = {pr = 0] d(I, ) > 2k + 1}.

Therefore, as in Proposition [£.]], in order to prove that Ty C Tgkﬂ it is enough to exhibit,
for any index I € A with d(I,I;) > 2k + 1, a hyperplane H; C PV of type

pr+t|{ > fraps]| =0

JEN, JHI

such that T3 C Hj for t # 0, where f(t)r; € C[t] are polynomials. The first part of the
proof goes as in the proof of Proposition [L.1l Given I € A we define

AT = {(I\JUT+ G- D)+ 1)J cIn,|J| =1} c A

forany I € A, > 0,5 = 2,...,, where L + X := {i + \;i € L} is the translation of the
set L by the integer X. Note that A(,0); = {I} and A(I,1); = 0 for [ big enough. For any
I >0 set
AL =) = {J| T € A(J,1);} C A
s(I);r = I}l;ig({A([, ); #0} €{0,...,r+1};

s(D = max{A(1, =D); # 0} € {0,....r+ 1;

A=A ;= | ACTD;;

0<! 0<i<s(D)f
A=Al -0, = |J AC, -1,
0<i 0<i<s(I);

Note that 0 < s(I); < d(I,11),0 < s([)j <r+1-d(I, 1), and for any [ we have
JeALl);=dJ,I)=|l|,d(J, ) =d(I, )+ 1,d(J,I;) =d(I,1I;) — L.
Now, we write e]I"t, d(I,17) < k, in the basis ey, J € A. For any I € A we have
ejl"t = Z (td(I"]) sign(J)eJ)
JeA()T

where sign(J) = 1. Since sign(J) does depend on J but not on I we can replace e; by
sign(J)ey. Then, we may write
e'} = Z (td(I"])eJ).
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and

T, = <€I ld(I, L) <k > (td”v‘”ej) |d(I,I;) <k, 2<j< a> :
JeA(D

Next, we define

A:{Id([,[1)<k}U< U U ao|ca

2<j<ad(I,[)<k

Let I € A be an index with d(I,I;) =: D > 2k + 1. If I ¢ A then T; C {pr = 0} for any
t # 0 and we are done. Now, assume that I € A, and I € A(K7y,11)2()A(K2,l2)s with

d(Ki,1),d(Kq, 1) < k.
Consider the following sets
I:=1In1
=In(Ki+(r+1)Cl
PPi=10(Ky+2(r+1)CIs
rPo=1\(Iurtur?
Then |I'| = I1,|I?| = lo. Set u := |I3|, then
AL, L) =l +l+u<li+lp+2u=dK, L) +dKy 1) <2k
contradicting d(I, ;) > 2k + 1. Therefore, there is a unique j such that
re J awmt.
d(J,I1)<k
Note that A(I,—s(I);) has only one element, say I'. Then
k+1-=D+s(I); =k+1—d(I,L)+dI,I')=k+1—d(,I')>0.
Now, consider the set of indexes
[={T}UA(,-1);U---UA(I,—(k+1-D+sD);));= |J AU-D);cA
0<I<k+1-D+s(I);

Our aim now is to find a hyperplane of the form

(16) Hy = {Z 10D eypy = o}

Jer

such that T3 C Hy and ¢y # 0.
First, we claim that

(17) JeT=J¢ (J | am;.
2§;§a d(I,1,)<k
17]

Indeed, assume that J € A(Z, —1); N A(K,m); for some K € A with
d(K,1) <kandi#j0<I<k+1-D+s(I);,m=>0.
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Since J € A(Z, —1); then
JNL|=[INL]—-1>s(I); —1>D—(k+1)>k
On other hand, since J € A(K, m); with j # ¢ we have
[JNILj|= KN <d(K, L) <k
A contradiction. Now, (7)) yields that the hyperplane H; given by (I8 is such that

<eI ld(I, L) <k >t e pes |d(ILL) <k, i=2,... 0, 7éj> C Hy,t #0.
Jea(nt

Therefore

T, C Hy,t #£0 < < >t e; 1d(1,1) < k:> C Hy,t #0.
JeA)T

Now, arguing as in the proof of Proposition @Il we obtain

(18) T,CHLt#0< Y  c¢;=0 YK e A(I); NB[L,k
JEA(K) T

and the problem is now reduced to find a solution of the linear system given by the |A(1 )J_ N
Bl[I, k]| equations (I8]) in the ]A(K);r NT| variables ¢y, J € A(K)f NT, such that ¢; # 0.
We set ¢; = ¢q(r,7) and, as in the proof of Proposition BT} we consider the linear system

k+1—D+s(1);

(19) > <Dl:fi>cl:0 Vi=D—s(I);,....k

=0

with k 4+ 2 — D + s(I); variables co, ... »Crp1—pys(ry- and k+1—D + s(I); equations,

where D = d(I,I;). Finally, arguing exactly as in thej last part of the proof of Proposition
4.1 we have that (I9) admits a solution with ¢y # 0. O

We conclude this section with the definition of m-osculating reqularity which essentially
will be a measure of how many general osculating spaces of order k we can degenerate to
an osculating space of order 2k + 1.

Definition 4.6. Let X C PV be an irreducible projective variety. We say that X has
m-osculating reqularity if given py,...,p, € X general points, and an integer k > 0, there
exist smooth curves ; : €' — X with v;(to) = p1 and v;(te) = p; for j = 2,...,m such
that the family of linear spaces

k k k
n = <Tp1’T’\/2(t)’ “e 7T’Y7n(t)>’ t 6 C\{to}

parametrized by C'\{to} has flat limit 7}, contained in Tgkﬂ.

Note that by Proposition 4.5l the Grassmannian G(r, n) has a-osculating regularity, where

a= 35
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4.1. Limit linear systems. Let X C PY be an irreducible rational variety of dimension
n, p1,...,pm € X general points. We reinterpret the notion of m-osculating regularity in
Definition in terms of limit linear systems and collisions of fat points.

Let H C |Opn(d)| be the sublinear system of |Opn(d)| inducing the birational map iy :
P* --» X C PV, and ¢; = z;ll(pl)

Then X has m-osculating regularity if and only if there exists smooth curves ~; : C' — P,
i = 2,...,m, with v;(to) = q1, Vi(teo) = q; for ¢ = 1,...,m, such that the limit linear
system Hy, of the family of linear systems H; given by the hypersurfaces in H having at
least multiplicity s + 1 at q1,72(t),...,ym(t) contains the linear system ’Hgf+2 of degree d
hypersurfaces with multiplicity at least 2s + 2 at ¢;.

Indeed, if p; = iy(g;) for i = 1,...,m then the linear system of hyperplanes in PV
containing

T = (B Thyatoy - Tiomt®))

corresponds to the linear system #;. Similarly, the linear system of hyperplanes in PV
containing Tgf“ corresponds to the linear system %gf”.

Therefore, the problem of computing the m-osculating regularity of a rational variety can
be translated in terms of limit linear systems in P™ given by colliding a number of fat points.
This is a very hard and widely studied subject [CM98], [CMO00], [CMO05], [Ne09].

4.2. Degenerating rational maps. In order to study the fibers of general tangential
projections via osculating projections we need to understand how the fibers of rational
maps behave under specialization. We refer to [GD64] for the general theory of rational
maps relative to a base scheme.

Proposition 4.7. Let C' be a smooth and irreducible curve, X — C' an integral scheme flat
over C, and ¢ : X --+ P{ be a rational map of schemes over C. Let dy = dim(¢|Xt0 (X))

with tg € C. Then for t € C' general we have dim(¢|x,(X¢)) > do.
In particular, if there exists to € C' such that ¢\Xt0 : Xy, ——» P" s generically finite, then
for a general t € C' the rational map ¢x, : X¢ --» P" is generically finite as well.

Proof. Let us consider the closure Y = ¢(X) C P{ of the image of X through ¢. By taking
the restriction my : Y — C of the projection 7 : P, — C we see that Y is a scheme over C.

Note that since Y is an irreducible and reduced scheme over the curve C' we have that Y is
flat over C'. In particular, the dimension of the fibers 71‘;,1 (t) =Y is a constant d = dim(Y})
for any t € C.

For t € C general the fiber FB} (t) = Y; contains ¢ x,(X;) as a dense subset. Therefore,
we have d = dim(¢|x, (X)) < dim(X;) for t € C' general.

Then, since @|x, (Xi) € Yy, we have dim(¢x, (Xy,)) < d = dim(¢)x, (Xy)) for t € C
general.

Now, assume that dim(Xy,) = dim(¢|x, (X)) < d. Therefore, we get
that yields d = dim(Xy,) = dim(X;) for any ¢ € C. Hence, for a general t € C' we have

dim(X;) = dim(¢x, (X))
that is ¢|x, : X¢ -+ @ x,(X¢) C P is generically finite. O
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Now, let C' be a smooth and irreducible curve, X C PV an irreducible and reduced pro-
jective variety, and f : A — C' a family of k-dimensional linear subspaces of P parametrized
by C.

Let us consider the invertible sheaf Opn (1), and the sublinear system |Ha| C |Opnyxc(1)]
given by the sections of Opnyc(1) vanishing on A C P" x C. We denote by 7y xxc the
restriction of the rational map mp : P* x C' --» P"*=1 x ' of schemes over C induced by
|HAl

Furthermore, for any ¢t € C' we denote by A; = P the fiber f~1(t), and by A, x the
restriction to X of the linear projection my, : P™ --» P"—*—1 with center A;.

Proposition 4.8. Let dy = dim(my, | x (X)) forto € C. Then

dim(y, x (X)) = do
fort e C general.
Furthermore, if there exists tg € C' such that TAlX X —-» P"F=1 s generically finite
then mp,1x + X ——» Pr—k=1 s generically finite for t € C general.

Proof. The rational map mp|xxc : X x C' --» P?—k=1 » C of schemes over C is just the
restriction of the relative linear projection ma : P* x C' --» P*~%~1 x C with center A.

Therefore, the restriction of mp|xxc to the fiber X3 = X of X x C over t € C induces
the linear projection from the linear subspace A4, that is

TAIX: = TAX

for any t € C'. Now, to conclude it is enough to apply Proposition 7] with ¢ = TAlxxc- U

Essentially, Propositions [1.7] and .8 say that the dimension of the general fiber of the
special map is greater or equal than the dimension of the general fiber of the general map.
Therefore, when the special map is generically finite the general one is generically finite
as well. We would like to stress that in this case, under suitable assumptions, [AGMO16]
Lemma 5.4| says that the degree of the map can only decrease under specialization.

5. NON SECANT DEFECTIVITY VIA OSCULATING PROJECTIONS

In this section we use the techniques developed in Section M to study the dimension of
secant varieties of Grassmannians. Our first step consists in reinterpreting Proposition [L2]in
terms of osculating projections. In order to do this, we need to describe how many tangent
spaces we can take in such a way that the flat limit of the span of them is contained in a
higher order osculating space.

First, given an irreducible projective variety satisfying Assumption B3] and having m-
osculating regularity, we introduce a function h,, : N>o — N> counting how many tangent
spaces we can degenerate to a higher order osculating space.

Definition 5.1. Given an integer m > 2 we define a function
hm : N>¢g — N>
as follows: h,,(0) = 0. For any k > 1 write
k+1=2M42% ... p2h e
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where A > Ay > -+ > N > 1, ¢ € {0,1}, and define
hm (k) = mM—1 + mi2—1 NI mM— L

In particular huy(2k) = hun(2k — 1) and ho(k) — Vf—; 1J .

Example 5.2. For instance
B (1) = hn(2) = 1, hn(3) = my hin(5) = m + 1, by (7) = m?, k(9) = m? + 1
and since 23 =16 + 4 +2+1 =24+ 22 + 2! + 1 we have h,,,(22) = m3 +m + 1.

Theorem 5.3. Let X C PV be an irreducible projective variety satisfying Assumption [.3
and having m—osculating reqularity, p1,...,p; € X general points, ki,...,k; > 1 integers,

and set
l
hi=Y " hn(k
j=1
If HTkl ,,,,, k, 1s generically finite then X is not (h + 1)-defective.
Plreens 1J]

Proof. Let us consider a general tangential projection Il where
_ 1 1 1 1
T= <Tpi"" ,Tp,;m(kl),... ’szl’ e ’Tpl”m(k”>

and p% = Di,... ,pl1 = p;. Our argument consists in specializing the projection Il several
times in order to reach a generically finite projection. For seek of notational simplicity along
the proof we will assume [ = 1. For the general case it is enough to apply the same argument
[ times.

Let us begin with the case k1 +1 = 2. Then hm (k1) = m*~L. Since X has m-osculating
regularity we can degenerate Ilp, in a family parametrized by a smooth curve, to a projection
IT;7, whose center Uy is contained in

— 3 3 3
Vi = <Tp%,TpT+1, . ,Tp,ln“m“>.

Again, since X has m-osculating regularity we may specialize, in a family parametrized by
a smooth curve, the projection Ily; to a projection Il;z, whose center Us is contained in

_ 7 7
V2 — <T 17T 2+1""’Tp11’n)‘1m2+1> .

Proceeding recursively in this way in last step we get a projection IIy;, |, whose center Uy_;
is contained in

Vi =15
When k; + 1 = 2* our hypothesis means that IT kl is generically finite. Therefore, Iy, | is

generically finite, and applying Proposition [£.8] recurswely to the specializations in between
II7 and IIy;, , we conclude that Il is generically finite as well.
Now, more generally, let us assume that

ki +1l=2M 4. 4 2% 4
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with e € {0,1}, and Ay > Ay > --- > Ay > 1. Then
B (k) = mM L 4oL

By applying s times the argument for k1 + 1 = 2" in the first part of the proof we may
specialize II7 to a projection Il whose center U is contained in

_ 22 —1 2721 2As —1
e <Tp% B Y
1

Finally, we use Assumption .3l s —1 times to specialize IIy to a projection II;;» whose center

! . . .
U is contained in
’ Moo 9Xs
1% :T21 BN

Note that T2 T2l Tkl1 if e =0, and T2A1+ H2e-1 Tk1 L T ife=1. In
any case, smce by hypothesis H gk 18 generlcally ﬁmte again by applylng Proposmon 48

1
recursively to the specializations i 1n between Il and II;;» we conclude that I is generically

finite. Therefore, by Proposition .2 we get that X is not (3 j=1 hn(kj) + 1)-defective. [

Now, we are ready to prove our main result on non-defectivity of Grassmannians.

Theorem 5.4. Assume that r > 2, set

{n + 1J
o=

r+1
and let hy, be as in Definition[5 1. If either

-n>7r24+3r+1and h < aho(r —1) or

-n<r?4+3r+1, 7 is even, and h < (o — V)ho(r — 1) + ho(n — 2 —ar) or

-n<r?43r+1,ris odd, and b < (@ —1)he(r —2) + ho(min{n —3 —a(r —1),r—2})
then G(r,n) is not (h + 1)-defective.

Proof. Since by Propositions £l and the Grassmannian G(r,n) satisfies Assumption 3]
and has a—osculating regularity, it is enough to apply Corollary B.5]together with Theorem
10.0) U

Note that if we write
(20) r=2M 420 42N e
with Ay > Ao > -+ > Ay > 1, € € {0,1}, then
hao(r—1) = oM oL
Therefore, the first bound in Theorem (4] gives
h<aM 4. 4ok

Furthermore, just considering the first summand in the second and third bound in Theorem
B4l we get that G(r,n) is not (h + 1)-defective for

h<(a—1)(aM 4. +ar1).
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Finally, note that (20) yields A\; = [logs(r)]. Hence, asymptotically we have hq(r — 1) ~
alle2()]=1 "and by Theorem 5.4 G(r,n) is not (h + 1)-defective for

h < qllosa(] — <n + 1> llogs ()] |

r+1

Example 5.5. In order to help the reader in getting a concrete idea of the order of growth
of the bound in Theorem [5.4] for n > 72 + 3r 4+ 1 we work out some cases in the following

table:

r|rr+3r+1]h

1 29 ("% 41

6] m ()

8 89 (27 +1

10| 131 ("1—+11)2+ (%) + 1

12 181 (”1—§1)d+ ("1—21)2+1

14 239 (”1—?)4+ ()" + (&) +1
16 305 ()" +1

Thanks to Theorem [5.4! it is straightforward to get a linear bound going with 7.

Corollary 5.6. Assume that r > 2, and set
B {n + 1J
r+1
If either

-n>r24+3r+1 andhﬁ{%Ja—l—l or

1
-n<r243r+1, ris even, and h < {n—i— J—%or

2
-1 -1
-n<r?+3r+1,ris odd, (mdhgmin{TTa—kl, LgJ _T 5 }
then G(r,n) is not h-defective.
. k+1 . r
Proof. Since a > 2 we have hy (k) > ho(k) = — | In particular, hy(r — 1) > bJ and

r—1

ha(r —2) >
Now, it is enough to observe that

r n—2—ar—+1 n+1
—(a—1 _ 1= —
S S s A el

r
2

for r even, and

r;l(a_1)+{n—3—a;r—1)+1J+1:LgJ_r;l

for r odd, and to apply Theorem .41 O
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5.1. Comparison with Abo-Ottaviani-Peterson bound. Finally, we show that Corol-
lary GG strictly improves [AOP09b, Theorem 3.3| for r > 4, whenever (r,n) ¢ {(4,10), (5,11)}.
For r > 4,n > 2r 4+ 1 we define the following functions of r and n:

ai= 2] mﬂ’ J = V;lJ N L = “J

First we show that a > b. Indeed, if r > 2 is even then

r|in+1 >7’ n—r>n—7‘> n—r b
a = — — . =
2| 1r+1 2 r+1 3 =

and if » > 5 is odd then
a:T—l {n—l-lJ >7‘—1.n—r>n—7‘> {n—rJ b
2 r+1 2 r+1 3 = 3
Furthermore, if r = 5 we write n = 6\ + ¢ with e € {—1,0,1,2,3,4}. Then we have

a:2{6)\+6€+1J o s 2h 4 r;w _ {6A+3e—5J iy

Now, we assume that n < 72+ 3r + 1 and we show that a’ > b if 7 is even and (r,n) #
(4,10), and that a” > b if r is odd and (n,r) # (5,11). Note that a’(4,10) = a”(5,11) =
b(4,10) = b(5,11) = 2. If r is even

o — n—1 r>n—1 1 r_n—r—3>n—r_b
L2 2 2 2 2 3
whenever n > r + 9. Similarly, if 7 is odd and n > r + 9 we have
" n r+1 _n r+1 n—-r—-3_n-—-r
@ =[3]-5>3 2 E

Now, if r > 8 thenn > 2r+1=n>r+9. A finite number of cases are left, namely
(r,n) € {(r,n); r =4,5,6,7,8 and r* +3r+1>r+9>n>2r+1}

These cases can be easily checked one by one.
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