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Abstract

In this work we present a conservative WENO Adaptive Order (AO) reconstruction operator applied to an explicit
one-step Arbitrary-Lagrangian-Eulerian (ALE) discontinuous Galerkin (DG) method. The spatial order of accuracy
is improved by reconstructing higher order piecewise polynomials of degree M > N, starting from the underlying
polynomial solution of degree N provided by the DG scheme. High order of accuracy in time is achieved by the
ADER approach, making use of an element-local space-time Galerkin finite element predictor that arises from a one-
step time integration procedure. As a result, space-time polynomials of order M + 1 are obtained and used to perform
the time evolution of the numerical solution adopting a fully explicit DG scheme.

To maintain algorithm simplicity, the mesh motion is restricted to be carried out using straight lines, hence the old
mesh configuration at time tn is connected with the new one at time tn+1 via space-time segments, which result in space-
time control volumes on which the governing equations have to be integrated in order to obtain the time evolution of
the discrete solution. Our algorithm falls into the category of direct Arbitrary-Lagrangian-Eulerian (ALE) schemes,
where the governing PDE system is directly discretized relying on a space-time conservation formulation and which
already takes into account the new grid geometry directly during the computation of the numerical fluxes. A local
rezoning strategy might be used in order to locally optimize the mesh quality and avoiding the generation of invalid
elements with negative determinant. The proposed approach reduces to direct ALE finite volume schemes if N = 0,
while explicit direct ALE DG schemes are recovered in the case of N = M.

In order to stabilize the DG solution, an a priori WENO based limiting technique is employed, that makes use
of the numerical solution inside the element under consideration and its neighbor cells to find a less oscillatory
polynomial approximation. By using a modal basis in a reference element, the evaluation of the oscillation indicators
is very easily and efficiently carried out, hence allowing higher order modes to be properly limited, while leaving the
zero-th order mode untouched for ensuring conservation.

Numerical convergence rates for 2 ≤ N,M ≤ 4 are presented as well as a wide set of benchmark test problems for
hydrodynamics on moving and fixed unstructured meshes.

Keywords: Arbitrary-Lagrangian-Eulerian (ALE), PN PM schemes, reconstructed DG schemes, WENO-AO
reconstruction, ADER time discretization, high order of accuracy in space and time, moving unstructured meshes,
local rezoning, hyperbolic PDE, Euler equations

1. Introduction

This work is concerned with the application of a reconstruction operator to the discontinuous Galerkin (DG)
method on unstructured moving meshes. The idea of improving the accuracy of the DG scheme by performing a
reconstruction step was first proposed in [31, 32], where the reconstruction was used as a post-processing technique.
On the contrary, in [43] the reconstruction operator was applied for the first time at the beginning of each time step
in the computation, thus increasing the formal order of accuracy of the underlying DG method. In [97] the diffusion
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equations have been discretized by means of a DG scheme combined with a reconstruction algorithm, while nonlinear
reconstruction operators of WENO-type have been used as limiters for DG schemes in [60, 3, 102, 89, 88]. Recent
contributions to reconstructed DG schemes can be found in [28, 25, 75].

In [44] a linear reconstruction operator has been used in the context of DG schemes for the solution of hyperbolic
balance laws on unstructured meshes. Specifically, a unified framework for finite volume (FV) and DG methods has
been developed and the reconstruction step has been used for generating a new family of algorithms called PN PM

schemes, that embed as special cases both FV and DG methods. The DG solution is given in terms of piecewise
polynomials of degree N, whereas M denotes the degree of the reconstruction operator employed for enhancing the
overall accuracy of the scheme. Therefore, if N = 0 finite volume methods are recovered, otherwise fully DG schemes
are constructed in the case of N = M. In [44] no limiters were used for the DG scheme, hence using N = 0 when
shocks or strong discontinuities were present in the large suit of test cases run in that work. For 1 < N < M new
classes of PN PM schemes were found in [44] whose accuracy was comparable to that of DG schemes; i.e. the PN PM

schemes. This finding confirmed ones intuition that most of the significant variation in a DG scheme is carried by the
lower moments, and usually by the first moment [3], with the result that the higher moments could be reconstructed
at the beginning of each time step to retrieve the high formal order of accuracy. A von Neumann stability analysis of
PN PM schemes showed that they could operate stably with a limiting CFL that was closer to that of PN PM schemes.
Since PN PM schemes can have limiting CFL numbers that are substantially larger than PN PM schemes when N � M,
this represented a major increase in permitted time steps with minimal sacrifice of accuracy. Recently, Balsara and
Käppeli [8, 9] have presented PN PM schemes for constraint-preserving MHD and CED and the same finding with
respect to accuracy and time step stability was re-confirmed for this very different class of schemes. This recent work
significantly enlarges the finding in [44].

DG schemes have also gained interest in the field of Lagrangian algorithms, where the mesh moves with the fluid
flow. A lot of research has been carried out for devising moving mesh algorithms, because of the excellent properties
achieved by these numerical methods in the resolution of moving material interfaces and contact waves. Finite element
algorithms for Lagrangian hydrodynamics and the equations of nonlinear elasto-plasticity have been presented in
[84, 91, 40, 38, 39], while Lagrangian DG methods have been proposed for the first time in [78, 54, 52, 53, 70]. A
Taylor basis was used in [58] for the development of a discontinuous Galerkin spectral finite element method. In
[54, 52, 53, 74] a so-called total Lagrangian approach is adopted, in which the governing equations also account for
the time evolution of the the Jacobian matrix associated to the transformation from the Lagrangian coordinates to
the reference coordinates related to the initial configuration of the flow. Consequently, the mesh is kept fixed, and
the information about the grid motion is contained in the mapping. Recently in [101], an updated Lagrangian DG
scheme has been developed for hydrodynamics, where the mesh physically moves with the fluid flow. Lagrangian DG
methods can also be found in [81, 73], while reconstructed DG algorithms for compressible flows have been presented
in [99, 86]. An ALE formulation which is based on a reconstructed DG scheme for the solution of hydrodynamics
equations has been recently forwarded in [98].

Arbitrary-Lagrangian-Eulerian (ALE) methods [90, 12, 67, 71, 66, 11] also belong to the category of moving
mesh algorithms, and they are characterized by more flexibility in the choice of the mesh velocity. Indeed, in the ALE
context the grid velocity can be chosen independently from the local fluid velocity, hence recovering fully Eulerian
algorithms on fixed grids, in the special case where the mesh velocity is set to zero. In [18] a direct ALE DG scheme
was proposed, with the mesh motion taken into account directly in the numerical flux computation. This approach
derives from previous contributions in the field of finite volume schemes [14, 13, 20].

In this paper we propose to develop PN PM schemes in the framework of direct ALE methods on unstructured
meshes. The nonlinear WENO Adaptive-Order (AO) reconstruction [7, 6] will be employed for obtaining higher ac-
curacy within the reconstruction operator applied to the DG solution, while a WENO limiter for DG is used following
the work presented in [106]. Unlike the a posteriori finite volume limiters designed in [51, 49, 92, 35, 18], an a
priori WENO limiter is employed for the first time in the context of direct ALE. We use the flattener detector [5] as
troubled cell indicator in order to mark the elements that need to be limited, then the shifting polynomial technique
devised in [6] allows the WENO limiting to be carried out on the basis of the piecewise DG polynomials defined on
each computational cell. The WENO AO reconstruction operator is then performed on the top of the limited DG so-
lution, thus generating a reconstructed DG approximation of the numerical solution of higher accuracy. The stability
of the DG scheme is ensured via our novel a priori WENO limiter, while the nonlinear WENO AO strategy makes
the reconstruction polynomial also stable. Therefore, the ALE PN PM method proposed in this work can be used for
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running computations involving shocks and other discontinuities on both moving and fixed unstructured meshes. To
our best knowledge, this is the first time that the PN PM method (also known as “reconstructed DG”) is used for the
development of high order schemes on moving computational domains.

PN PM schemes combine the well-known high resolution properties of DG schemes with the robustness of a re-
construction operator that is commonly used in the finite volume framework. Thus, such methods can achieve higher
resolution compared to finite volume schemes while being computationally less expensive than DG algorithms. More-
over, we aim at developing an ALE numerical scheme which can handle both fixed and moving computational do-
mains within the same framework, hence allowing more flexibility for general applications. Specifically, a direct ALE
method will be derived, that grants the computational mesh to be moved with more freedom compared to fully La-
grangian approaches. In this way, any remapping step is avoided, hence saving computational time, and reducing any
further numerical dissipation coming from the projection of the numerical solution from the Lagrangian grid to the
remapped mesh. This can only be possible if one considers a fully space-time discretization of the governing equations
that automatically takes into account the geometry changes in the definition of the space-time control volumes. As
such, ADER time stepping is likely to be used, because it provides a one-step time discretization of the PDE system,
starting from a high order spatial data representation obtained at the aid of the WENO-AO operator. Furthermore, the
direct ALE approach permits to directly insert a mesh optimization or rezoning procedure within the mesh motion
step, thus improving the robustness of the method.

The outline of this article is as follows: all the details regarding the numerical method are contained in Section 2,
including the WENO limiter presented in Section 2.1.1 as well as the WENO AO reconstruction which is described
in Section 2.1.2. Section 3 shows numerical convergence rates from third up to fifth order of accuracy in space and
time for a smooth problem as well as a wide set of benchmark test problems considering the Euler equations of
compressible gas dynamics. Finally, we give some concluding remarks and an outlook to possible future work in
Section 4.

2. The PN PM method on moving unstructured meshes

The governing equations are given by nonlinear hyperbolic conservation laws which can be written in space-time
divergence form as

∇̃ · F̃ = S, x ∈ Ω(t) ⊂ Rd, t ∈ R+
0 , Q ∈ ΩQ ⊂ R

ν, (1)

where ∇̃ =
(
∂
∂x ,

∂
∂y ,

∂
∂z ,

∂
∂t

)T
denotes the space-time divergence operator, F̃ = (f, g, h, Q) is the space-time flux tensor

and S = S(Q) represents an algebraic source term. In the ALE framework the computational domain Ω(t) is dependent
on time t and is defined in d ∈ [2, 3] space dimensions by the spatial coordinate vector x = (x, y, z). Then, (f, g, h)
is the purely conservative flux tensor that contains the flux vectors for each spatial component (x, y, z), respectively,
while the term Q represents the vector of conserved variables defined in the space of the admissible states ΩQ ⊂ R

ν.
At any time level tn, the computational domain is discretized by a total number of NE non-overlapping simplex

control volumes T n
i that constitute the current mesh configuration T n

Ω
, that is

T n
Ω =

NE⋃
i=1

T n
i . (2)

Furthermore, let T̃i = T n
i × ∆t be the space-time control volume related to cell Ti, which is nothing but the time

evolution of Ti over one time step ∆t = tn+1 − tn. As depicted in Figure 1, the space-time control volume T̃i is
bounded by a space-time surface ∂T̃i that involves a total number of d + 2 space-time faces: the bottom and the top
surfaces are given by the cell configuration T n

i at time tn and T n+1
i at time tn+1, respectively, while the volume is closed

laterally by considering the remaining space-time faces, that involve the Neumann neighborhood Di, which is the
set of directly adjacent neighbors T j that share a common face ∂Ti j with element Ti. Finally, ñ denotes the outward
pointing space-time unit normal vector that is defined on the space-time surface ∂T̃i.

Within each control volume, the numerical solution for the state vector Q in (1) is expressed as

uh(x, tn) =

N∑
l=1

φl(ξ) ûn
l x ∈ T n

i , (3)
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Figure 1: Space-time evolution of element T n
i within one time step ∆t. The space-time surface ∂T̃i involves the old (black) T n

i and the new (blue)
T n+1

i element configuration, and the lateral faces (red) ∂Ti j which are shared with each Neumann neighbor T n
j . The outward pointing unit normal

vector ñi j is also drawn for face ∂Ti j.

where uh(x, tn) denote piecewise polynomials defined in the spaceUh. φl(ξ) is a set of spatial basis functions used to
span the spaceUh up to degree N and ûn

l are the corresponding expansion coefficients, whose total numberN depends
both on N and d, and is explicitly given by

N = H(N, d) =
1
d!

d∏
m=1

(N + m). (4)

The basis functions depend on a reference coordinate system with vector ξ = (ξ, η, ζ), where also the reference element
TE is defined, see Figure 2. The mapping from the physical to the reference space as well as the definition of TE will
be detailed later (see Eqn.(15)). Analogously, let us define a reconstruction solution wh(x, tn) that is the result of the
PM operator, thus it constitutes a piecewise polynomial approximation of degree M ≥ N of the numerical solution
uh(x, tn). It reads

wh(x, tn) =

M∑
l=1

ψl(ξ) ŵn
l x ∈ T n

i , (5)

with the total number M of expansion coefficients ŵn
l computed again using (4) with polynomial degree M, i.e.

M = H(M, d). Finally, a space-time representation of the numerical solution within the space-time control volume T̃i

is provided by piecewise polynomials qh(x, t) as

qh(x, t) =

L∑
l=1

θl(ξ̃) q̂l (x, t) ∈ T̃i, (6)

where θl(ξ̃) are space-time basis functions of degree M with a total number of L expansion coefficients q̂l. They are
also defined in a space-time reference coordinate system given by ξ̃ = (ξ, η, ζ, τ). The number of degrees of freedom
L is evaluated via (4) with L = H(M, d + 1), since time counts as an additional dimension. Both basis functions φl

and ψl in (3) and (5) are chosen to be a modal basis of degree N and M, respectively, while a nodal basis is used for
qh(x, t) in (6) with θl(ξ̃). Explicit definitions of the basis functions up to degree 3 are detailed in Appendix A.

The reconstruction polynomials wh(x, tn) are the result of a high order WENO-type reconstruction procedure that
is presented in Section 2.1, while the space-time polynomials qh(x, t) arise from an element-local predictor step that
is based on a weak formulation of the governing PDE (1) and will be briefly illustrated in Section 2.2.

An explicit discretization of the PDE (1) with a DG method derives from a multiplication by a test function φk and
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a subsequent integration over a space-time control volume T̃i, hence obtaining∫
∂T̃i

φkF̃ · ñ dS dt −
∫
T̃i

∇̃φk · F̃ dxdt =

∫
T̃i

φk · S dxdt, (7)

after application of Gauss’ theorem. Inserting the definitions (3) and (6), the above formulation becomes
∫

T n+1
i

φkφl dx

 ûn+1
l =


∫
T n

i

φkφl dx

 ûn
l −

∫
∂T̃i

φk G
(
q−h ,q

+
h

)
· ñ dS dt +

∫
T̃i

∇̃φk · F̃(qh) dxdt+
∫
T̃i

φk · S(qh) dxdt, (8)

where G represents an Arbitrary-Lagrangian-Eulerian numerical flux function that provides the coupling between
neighbor elements. It depends on the high order boundary-extrapolated data (q−h ,q

+
h ) coming from the left and right

piecewise polynomials (6) defined in T̃i and T̃ j, and it is projected in space-time normal direction ñ. The Riemann
solver G makes use of the eigenstructure of the system of hyperbolic PDE, thus let us introduce the ALE Jacobian
matrix in space normal direction AV

n(Q), which reads

AV
n(Q) :=

(√
ñ2

x + ñ2
y + ñ2

z

) [
∂F
∂Q
· n − (V · n) I

]
, n =

(ñx, ñy, ñz)T√
ñ2

x + ñ2
y + ñ2

z

. (9)

I is the identity matrix and V · n denotes the local normal mesh velocity, while n is the spatial part of the space-time
normal vector ñ. A simple and robust ALE Rusanov-type scheme [16] is given by

G
(
q−h ,q

+
h

)
· ñ =

1
2

(
F̃(q+

h ) + F̃(q−h )
)
· ñi j −

1
2

smax

(
q+

h − q−h
)
, (10)

with smax representing the maximum eigenvalue of AV
n (Q), while the less dissipative Osher-type numerical flux func-

tion [85, 50, 17] is written as

G
(
q−h ,q

+
h

)
· ñ =

1
2

(
F̃(q+

h ) + F̃(q−h )
)
· ñi j −

1
2


1∫

0

∣∣∣AV
n(Ψ(s))

∣∣∣ ds

 (q+
h − q−h

)
. (11)

The left and the right state across the discontinuity is assumed to be connected by a straight-line segment Ψ(s) =

q−h + s
(
q+

h − q−h
)

with s ∈ [0, 1]. The absolute value of the dissipation matrix in (11) is evaluated as usual as

|AV
n| = R|Λ|R−1, |Λ| = diag (|λ1|, |λ2|, ..., |λν|) , (12)

with R and R−1 representing the right eigenvector matrix and its inverse, respectively. A novel numerical flux function
based on the FORCE scheme [94, 95] has been recently developed in [20], in which the dissipation matrix only
depends on geometric quantities, hence no information about the eigenstructure of the governing system is required
any more.

High order of accuracy in space and time is granted by the scheme in one single time step ∆t, that is computed
under a classical Courant-Friedrichs-Levy number (CFL) stability condition, i.e.

∆t = CFL
1

(2N + 1)
min

T n
i

hi

|λmax,i|
, ∀T n

i ∈ Ωn, (13)

where hi denotes a characteristic element size, either the incircle or the insphere diameter for triangles or tetrahedra,
respectively, while |λmax,i| is taken to be the maximum absolute value of the eigenvalues computed from the current
solution Qn

i in T n
i . The CFL number has to obey the condition CFL ≤ 1

d in multiple space dimensions on unstructured
meshes.
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Remark. If the mesh velocity is set to zero, i.e. V = 0, then an Eulerian scheme on fixed grid is recovered. In this
case, the space-time control volume T̃i is simply given by the extrusion of each element T n

i over the time step ∆t,
hence generating an space-time control volume which is orthogonal w.r.t. time, so that ñt = 0 and ñx,y,z = nx,y,z.

2.1. WENO limiter and WENO Adaptive-Order reconstruction for PN PM schemes
The ALE PN PM scheme (8) is composed of three main building blocks, namely the numerical solution uh of

order N + 1, the spatial reconstruction solution wh of order M + 1 and the space-time predictor solution qh of order
M + 1. If high order of accuracy is used within the proposed scheme, i.e. N > 0 and M ≥ N > 0, according
to Godunov theorem [56], Gibbs phenomena at shock waves or other discontinuities typically occur while solving
nonlinear hyperbolic systems of the form (1). To avoid such oscillatory behavior, a nonlinear hybridization must be
introduced in the algorithm, so that a so-called limiter has to be employed for stabilizing both the DG solution uh and
the reconstruction solution wh. That is not needed for the predictor solution qh because it consists in a local evolution
of the PDE which starts from wh as initial condition, which is supposed to be non-oscillatory and already limited.

The modal basis functions ψl used for the expansions (3) and (5) are the orthogonal Dubiner-type basis functions
[41, 62, 30], which constitute a hierarchical tensor-type basis. They are derived as a product among two or three
principle functions (in 2D or in 3D, respectively) expressed in terms of the Jacobi polynomials. The modal basis
functions ψl are then defined on the reference element TE , thus ψl = ψl(ξ), with ξ = (ξ, η, ζ) representing the reference
coordinate system. The reference element is depicted in Figure 2 and is either the unit triangle in 2D or the unit
tetrahedron in 3D with nodes

ξe
1 = (ξe

1, η
e
1) = (0, 0)

ξe
2 = (ξe

2, η
e
2) = (1, 0)

ξe
3 = (ξe

3, η
e
3) = (0, 1)

 TE ∈ 2D,

ξe
1 = (ξe

1, η
e
1, ζ

e
1) = (0, 0, 0)

ξe
2 = (ξe

2, η
e
2, ζ

e
2) = (1, 0, 0)

ξe
3 = (ξe

3, η
e
3, ζ

e
3) = (0, 1, 0)

ξe
4 = (ξe

4, η
e
4, ζ

e
4) = (0, 0, 1)

 TE ∈ 3D. (14)

Figure 2: Physical element T n
i with position vector x = (x, y, z) and reference element TE with position vector ξ = (ξ, η, ζ) in 2D (top) and in 3D

(bottom).

The mapping from the reference coordinate system ξ to the physical coordinate system x reads

x = Xn
1,i +

(
Xn

2,i − Xn
1,i

)
ξ +

(
Xn

3,i − Xn
1,i

)
η +

(
Xn

4,i − Xn
1,i

)
ζ, (15)
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where Xn
k,i = (Xn

k,i,Y
n
k,i,Z

n
k,i) represents the vector of physical spatial coordinates of the k-th vertex of element T n

i .

2.1.1. WENO limiter for PN

If N > 0 the numerical solution uh must undergo a process of limiting, in order to produce a stable and essentially
non-oscillatory solution at the new time level tn+1 via the PN PM scheme (8).

Recent efforts have been put in the development of finite volume type limiters [51, 103, 49, 92, 35], which make
use of a finite volume scheme at a subgrid level for updating the numerical solution across discontinuities. Specifically,
in a posteriori limiters [51, 103, 49] a candidate solution is first computed by running the DG scheme without any
limiting. Then, such solution is verified against a set of physical and numerical detection criteria, such as the positivity
of pressure and density, the absence of floating point errors (NaN) and the satisfaction of a relaxed discrete maximum
principle (DMP) in the sense of polynomials. If a cell does not satisfy at least one of the above criteria, it is flagged as
troubled and its numerical solution is recomputed on a finer subgrid with a robust finite volume scheme. Such limiter
has also been successfully applied in the context of high order ALE DG numerical schemes on unstructured meshes
[18]. On the other hand, in [92, 35] the troubled cells are flagged a priori, hence without computing any candidate
solution. In those cells the DG polynomial uh is projected onto a sub-domain composed of subcells and the solution is
then updated with a finite volume scheme. Once the discontinuity has passed away, the DG polynomial is recovered
from the subcell averages of the finite volume scheme by a standard conservative finite volume reconstruction operator.

In our approach no finite volume scheme is applied, but we use the algorithm discussed in [106], where the
entire polynomials of the DG solutions from the troubled cell and its Neumann neighbors are used in a WENO-type
procedure, in order to compute a convex combination based on oscillation indicators and nonlinear weights like in
classical high order finite volume schemes [59, 4, 104, 48, 47, 93, 96]. Differently from what is presented in [106],
such a priori WENO limiter is used on moving meshes with a set of basis functions defined in a reference system,
which will simplify the procedure of shifting the neighbor polynomials to the troubled cell in the computation of the
oscillation indicators.

In the following, two goals will be pursued: the first goal is to describe a flattener function that identifies troubled
cells, whereas the second goal is to explain how the “DG-like” coefficients in Eqn. (3) are to be limited.

The first objective is to detect troubled cells, i.e. those regions of the computational domain Ω(t) which are
characterized by strong shocks. The flattener variable described in [5] is used as shock indicator, hence yielding an
a priori limiter. According to [5], a shock can be identified by comparing the divergence of the velocity field ∇ · vn

with the minimum of the sound speed cn
i,min obtained by considering the element T n

i itself as well as its Neumann
neighborhoodDi. Thus,

∇ · vn =
1
|T n

i |

∑
T n

j ∈Di

|∂T n
i j|

(
vn

j − vn
i

)
· nn

i j, cn
i,min = min

T n
j ∈Di

(
cn

i , c
n
j

)
, (16)

with |∂T n
i j| denoting the surface shared between elements T n

i and T n
j , while |T n

i | is the volume of cell T n
i . The associated

sound speeds (for hydrodynamics and ideal equation of state) are evaluated as cn
i, j =

√
γpn

i, j

ρn
i, j

and are a function of the

pressure and the density, with γ being the ratio of specific heats of the gas. The divergence of the velocity field is
estimated from the cell-averaged states Qn

i, j which correspond to the zeroth order expansion coefficients ûn
1 in (3).

The flattener variable f n
i is evaluated as done in [5] as

f n
i = min

1,max
0,−∇ · vn + k1cn

i,min

k1cn
i,min

, (17)

with the coefficient k1 that is set to the value of k1 = 0.1 for all our computations. For the sake of safety, even those
elements that are about to be crossed by a shock, but have still to enter the wave, should be marked as troubled by the
flattener. Therefore, according to what already done in [17], we also compute a node based flattener f̃ n

k by considering
the Voronoi neighborhoodVk of node k:

f̃ n
k = max

j∈Vk

f n
j . (18)
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Then, the node based flattener is gathered back into a cell based flattener simply by taking again the maximum value
among the set Ki of the vertices that define the element T n

i , i.e.

f n
i = max

k∈Ki

f̃ n
k . (19)

Here, the flattener variable is interpreted as an indicator, therefore the cell is flagged as troubled if f n
i > 0. Note

that in the case of rarefaction waves, where the divergence of the velocity field is positive in (17), and when shocks
of modest strength occur, that is −k1cn

i,min ≤ ∇ · v
n ≤ 0, the flattener variable is f n

i = 0. Thus, the high order DG
polynomial remains untouched and those cells are not limited.

Now we will discuss the details related to the second objective, which is to limit the polynomials in the troubled
elements using a WENO technique along the line of [106]. The WENO stencil Si for cell Ti is composed of the
element itself and its Neumann neighbors T n

j , that is

Si = T n
i ∪

(
T n

j ∈ Di

)
. (20)

Let uh,i and uh, j be the (N + 1)-th order numerical solution in T n
i and T n

j , respectively. To ensure conservation,
the integral average of all polynomials belonging to Si must be equal to the integral average of cell T n

i , as usually
required by finite volume reconstruction techniques. Because of the use of hierarchical basis functions ψl on the
reference system TE , the following relation holds:

1
|T n

i |

∫
T n

i

uh,i dV = ûn
1,i, (21)

and all the remaining higher order modes vanish. As a consequence, the neighbor polynomials uh, j can be shifted to
the cell T n

i simply by substituting their cell averages with the one of the troubled cell and leaving untouched the higher
order modes. Such modified polynomials are denoted by ũh, j, they have the same mean value of T n

i and are expressed
in terms of the expansion coefficients as

ũn
l, j = ûn

l,i if l = 1
ũn

l, j = ûn
l, j if l ∈ [2,N]

}
∀T n

j ∈ Di. (22)

To be consistent with the notation, let us also define ũn
h,i = ûn

l,i, so that all shifted polynomials which are used in the
WENO limiter have the symbol .̃ The limited DG solution uh for cell Ti is computed by weighting the above-defined
stencil polynomials ũh in a nonlinear way, where the nonlinearity is introduced in the WENO weights ωs

ω̃s =
λs

(σs + ε)r , ωs =
ω̃s∑
q ω̃q

, (23)

through the oscillation indicators σs with s ∈ [1,Di + 1]. The oscillation indicators are computed in the reference
system as

σs = Σlm,s ũn
l,s ũn

m,s, l,m ∈ [2,N], (24)

with the oscillation indicator matrix

Σlm =
∑

1≤α+β+γ≤N

∫
T j

E

∂α+β+γφl(ξ, η, ζ)
∂ξα∂ηβ∂ζγ

·
∂α+β+γφm(ξ, η, ζ)
∂ξα∂ηβ∂ζγ

dξdηdζ, (25)

which does not depend on the mesh, but only on the reconstruction basis functions. As such, it can be conveniently
precomputed once in a pre-processing stage, and used throughout the entire computation. This holds for moving
meshes as well, since the reference element does not change. Finally, the volume of the element does not need
to be taken into account in (25) because scaling is already taken out of the problem thanks to the formulation in
the reference system. The integral appearing in (25) is evaluated on element T j

E , which is defined by the reference
coordinates ξ(T n

i ) of element T n
i mapped with respect to element T n

j in (15), as explained in Figure 3. In other words,
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Figure 3: Reference configuration for the computation of the oscillation indicator matrix. Element T n
j is mapped to the reference element TE , then

the oscillation indicator matrix corresponding to the DG solution ũh, j is evaluated over the mapped reference element T j
E , which is nothing but

element T n
i mapped w.r.t. element T n

j .

the oscillation indicators are computed by shifting the DG solution from element T n
j to element T n

i , which means that
the DG polynomial ũh, j is extended over cell T n

i for computing the oscillation indicators in (25).
Here, we use ε = 10−12, r = 4, and the linear weights

λs = 1 −
(
10−2 · Di

)
if s = 1,

λs = (1 − λ1) · D−1
i if s ∈ [2,Di + 1],

(26)

thus ensuring
∑

s λs = 1. The final nonlinear DG-limited polynomial uh at time tn is then given by

uh(x, tn) =

Di+1∑
s=1

ωs ũh, j. (27)

2.1.2. WENO Adaptive-Order reconstruction for PM

Once the DG polynomials uh have passed the WENO limiting procedure previously described, two different set
of cells can be identified. Those cells, which have not been detected as troubled, have been left with its unlimited
numerical solution, while the remaining ones, for which the flattener detector has been activated, have been limited
by a WENO-type technique. Thus, at this point the current numerical solution uh can be assumed as valid within each
control volume, that is all elements are given a non-oscillatory polynomial.

According to [44], on the top of these data a reconstruction operator is applied in order to achieve an even higher
order of accuracy for the spatial discretization at time tn. Such reconstruction polynomials wh are of degree M ≥ N
and will constitute the starting point in the local predictor step (presented in next Section 2.2) for achieving a complete
space-time accurate discretization of the numerical solution qh.

The reconstruction procedure is carried out through the following steps:

• definition of the reconstruction stencils that count one big central stencil and other sectorial stencils which span
all space directions around a cell;

• computation of an unlimited high order reconstruction polynomial for each stencil;

• estimation of the oscillation of each polynomial in order to seek the less oscillatory polynomial;

9



• computation of the nonlinear weights which depend on the oscillation indicator of each polynomial;

• hybridization of the stencil polynomials that results in the final limited (WENO-AO) reconstruction polynomial.

The goal of this Sub-section is to describe how the higher order coefficients in Eqn. (5) are obtained. In other
words, since the basis functions ψl(x) in (5) extend the set of basis functions φl(x) in (3), we wish to describe how the
additional expansion coefficients of the extended basis functions are obtained. In this work we use a slightly modified
version of the WENO Adaptive-Order (AO) reconstruction [7], recently extended to fixed and moving unstructured
meshes in [6] for finite volume numerical schemes. The reconstruction polynomial is computed as a nonlinear hy-
bridization between a large, centered, high accuracy stencil and a lower order WENO scheme in order to provide
stability. Physically meaningful extrema can be nonetheless captured and such schemes are computationally less ex-
pensive than the WENO reconstruction algorithms developed in [46, 48, 47], where a total number of six (in 2D) or
nine (in 3D) stencils with polynomial degree M have to be computed. A similar approach has also been proposed in
[69, 33, 34, 45] with Central WENO (CWENO) schemes, which make use of one central high order accurate stencil
and a total number of Di lateral second order accurate stencils which are then nonlinearly hybridized for stabilizing
the reconstruction scheme. Due to the compactness of the reconstruction stencils and to their high robustness, such
CWENO finite volume schemes have also been used as a posteriori subcell limiters for DG schemes in [23]. A central
ENO scheme is presented in [24] for computing a reconstruction polynomial of order M on tetrahedral meshes, that
can be seen as a P0PM method.

The starting point of the reconstruction is the computation of an optimal polynomial Popt of degree M with a
total number of unknown expansion coefficientsM, according to (4). Such a polynomial is expressed using again the
Dubiner-type basis functions ψl in the reference system ξ on TE , thus

Popt(x, tn) =

M∑
l=1

ψl(ξ) p̂n
l,i, (28)

where the mapping to the reference coordinate system is given by (15) and p̂l,i denote the unknown expansion coef-
ficients. The reconstruction procedure is based on L2-projection, thus leading to a conservation property due to the
choice of hierarchical orthogonal basis functions. Indeed, Popt is evaluated by imposing that the first N expansion
coefficients match exactly those ones of element T n

i , so that the underlying DG solution uh is conserved in cell T n
i

even by the higher order polynomial Popt of degree M. As a consequence, the unknowns are the remainingM− N
degrees of freedom which must be determined to define Popt. To this purpose, a central reconstruction stencil S0

i
is built, which contains a total number of elements ne, that should theoretically be equal to the smallest number M

N

needed to reach the formal order of accuracy M + 1. However, in [10, 83, 63] it has been shown that this choice is not
appropriate for unstructured meshes. Therefore ne is typically taken to be ne = d · M

N
and the central stencil is then

defined as

S0
i =

ne⋃
k=1

T n
j(k), (29)

where j = j(k) denotes a mapping from the set of integers k ∈ [1, ne] to the global indices j of the cells in the mesh.
The first element in the stencil S0

i is always the element itself T n
i , hence j(1) = i, while the remaining elements

are added in a recursive manner until the desired number ne is reached. The unknown degrees of freedom p̂n
l,i for

l ∈ [N + 1,M] are determined by solving the following overdetermined linear system, since ne >
M

N
:

Popt = argmin
p∈Pi

∑
T n

j ∈S
0
i

 1
|T n

j |

∫
T n

j

uh(x)dx −
1
|T n

j |

∫
T n

j

p(x)dx
2

, with

Pi =

p ∈ PM :
1
|T n

i |

∫
T n

i

uh(x)dx =
1
|T n

i |

∫
T n

i

p(x)dx

 ⊂ PM , (30)

with PM representing the set of all polynomials of degree at most M. The polynomial Popt must recover exactly the
cell average on the cell T n

i (which corresponds to the first degree of freedom in the expansion (3)), and it matches all
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the other cell averages in the stencil in the least-squares sense. The integrals in (30) are computed using Gaussian
quadrature rules of suitable order and the reconstruction matrix arising from system (30) is entirely defined in the
reference system ξ, so that ill-conditioning due to scaling effects is prevented. A constrained least-squares technique
(LSQ) is employed for the solution of (30), following [47].

The WENO Adaptive-Order technique requires the computation of an additional third order accurate polynomial
evaluated on a smaller central stencil and a total number of Di sectorial polynomials of the same degree Ms = 2.
Therefore, a total number of Np = (Di + 1) additional polynomials has to be determined by considering Np stencils
S s

i with s ∈ [1,Np]. Each sectorial polynomial is again defined in the reference system with the Dubiner-type basis
functions ψl(ξ), counting a total number of degrees of freedomMs, evaluated according to (4) with Ms. Thus, stencil
S s

i is recursively filled with a total number of n̂e = d · M
s

N
elements and includes again the central cell T n

i as first
element. The lateral stencils contains only those elements whose barycenter lies in the open cone defined by one
vertex and the opposite face of element T n

i , as done in [6, 45]. Then, for each stencil S s
i a third order polynomial

Ps ∈ P2 is computed by solving an analogous constrained linear system of (30).
As done in [6], a set of linear weights λs is defined in such a way that

∑
s λs = 1. Specifically, we set

λs = 1 −
(
10−2 · Di

)
if s = 0,

λs = (1 − λ0) λLo if s = 1,
λs = (1 − λ0) (1 − λLo) · D−1

i if s ∈ [2,Di + 1],
(31)

with λLo = 0.95. λ0 refers to the central high order stencil, λ1 refers to the central smaller third order stencil and the
remaining λs weights are used for the lateral third orderDi stencils. Let us define a polynomial P0 as

P0 =
1
λ0

Popt −

Np∑
l=1

λlPl

 ∈ PM , (32)

so that the polynomial Popt is exactly recovered by a linear combination of the polynomials P0, . . . ,PNp . The recon-
struction polynomial wh(x, tn) for cell T n

i is computed in a standard WENO-type manner by nonlinearly hybridizing
all polynomials Ps with s ∈ [0,Np] as

wh(x, tn) =

Np∑
l=0

ωsPs(x). (33)

The nonlinear weightsωs are given by (23) with the same choice of the parameters ε = 10−12 and r = 4. The oscillation
indicators are given by (24) with the oscillation matrix evaluated with (25) on the reference element TE (not on the
shifted reference element T j

E) for each polynomial Ps. In smooth regions where ωs ' λs the optimal polynomial Popt

is recovered, i.e. wh ' Popt, while if high oscillatory behavior is detected by the oscillation indicators, then ωs ' 0 and
the non-oscillatory property is granted to the reconstruction polynomial wh(x, tn) by using only the least oscillatory
sectorial lower order polynomials Ps.

If the mesh is fixed, then all reconstruction matrices in (30) are pre-computed and stored once and for all in the
preprocessing stage, while in the ALE context they must be assembled and inverted on-the-fly at each time step for
the solution of the associated linear systems. Nevertheless, the use of a WENO Adaptive-Order strategy reduces the
number of reconstruction stencils as well as the number of elements contained in each stencil if compared to standard
WENO reconstruction techniques [46, 48, 47, 93, 96, 14, 17]. Another reconstruction strategy is given by the a
posteriori MOOD paradigm [29, 36, 37, 76, 22, 21, 13], which has proved to be very efficient because it only requires
one reconstruction stencil for both 2D and 3D computational grids.

Eqns. (32) and (33) describe the smallest/simplest nonlinear hybridization that can be made between a higher
order reconstruction polynomial and a set of lower order polynomials. However, other alternatives have been recently
suggested that would allow the reconstructed polynomial to achieve a sequence of orders. To that end, please see
Section from [7] and also [105, 1, 68]. In this work we content ourselves with the simplest nonlinear hybridization
because it provides a simple strategy that works. It can, indeed, be upgraded to a more sophisticated adaptive order
WENO formulation if one is willing to incorporate more computational complexity in the numerical scheme. In
[6] the computational efficiency of the WENO-AO reconstruction is compared against a standard WENO procedure,
showing the superior performance of the WENO-AO approach.
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2.2. Local space-time Galerkin predictor in the ALE framework

The reconstruction polynomials wh(x, tn) are now used as starting point for a local evolution over one single time
step ∆t of the numerical solution within each space-time control volume T̃i. The result will then be stored as piecewise
space-time polynomials qh(x, tn). This strategy has been first introduced for the Eulerian framework in [44, 46], and
subsequently extended to ALE schemes on moving meshes in [16, 17, 14]. It is based on a local weak formulation of
(1), that is ∫

T̃i

θk
∂qh

∂t
dx dt +

∫
T̃i

θk ∇ · F(qh) dx dt =

∫
T̃i

θk · S(qh) dx dt, (34)

where θk(x, t) is a space-time basis function which is chosen to be equal to the one used for the expansion of the
predictor solution qh in (6). The nodal basis is composed by Lagrange interpolation polynomials passing through a
set of space-time nodes that are explicitly defined in [44]. Specifically, the firstM degrees of freedom are defined at
time tn and coincide with the ones of the reconstruction polynomials, therefore

q̂l = ŵl ∀l ∈ [1,M], ∀Ti ∈ Ωm. (35)

The remaining L − M unknown degrees of freedom in the approximation (6) must be determined by solving the
nonlinear system (34) with Picard iterations.

In the ALE context, the mesh motion has also to be taken into account when integrating the weak formulation (34)
over a space-time moving control volume. To this purpose, the geometry of T̃i is evolved together with the numerical
solution qh by considering the trajectory equation

dx
dt

= V(x, t), (36)

with V(x, t) = (U,V,W) being the local mesh velocity. The same basis functions θl used for the solution qh are also
adopted for approximating the mesh velocity, hence yielding

Vh(x, t) =

L∑
l=1

θl(x, t) V̂l (x, t) ∈ T̃i. (37)

In this way an isoparametric approach is used, where the space-time control volume T̃i is allowed to involve curved
boundaries in both space and time for tn+1 ≤ t < tn. The ODE for the mesh velocity (36) is solved together with
the nonlinear system for the numerical solution (34) iteratively, until the residuals of the two systems are less than a
prescribed tolerance tol (typically tol ≈ 10−12). From numerical experiments it turned out that at most d · (M + 1)
iterations are needed to reach convergence. A complete and fully detailed description about the local space-time
predictor on moving meshes can be found in [14].

Since no neighbor information is taken into account at this predictor stage, the element volume T n+1
i might also

lead to an overlapping or discontinuous mesh configuration T n+1
Ω

.

2.3. Mesh motion

The mesh motion procedure aims at defining a valid mesh configuration T n+1
Ω

at the new time level, which means
that the grid must be always conforming and continuous. This is why the element-local space-time configurations
obtained by the predictor strategy with the local evolution of the geometry (36) are not acceptable, but must be
corrected in such a way that the final mesh is valid.

As a consequence, a nodal solver is typically adopted for moving mesh schemes [79, 55, 26], whose task is the
definition of a unique velocity vector V̄k that must be assigned to each vertex k of the mesh. Then, the old xn

k and the
new xn+1

k vertex position are simply connected by the following relation

xn+1
k = xn

k + V̄n
k · ∆t. (38)
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In this work we rely on a mass weighted nodal solver, that follows the work done in [26, 72, 27]. The nodal
velocity is evaluated as a mass weighted average velocity among the Voronoi neighborhoodVk of node k:

V̄n
k =

1
µk

∑
T n

j ∈Vk

µk, jV̄k, j, (39)

with
µk =

∑
T n

j ∈Vk

µk, j, µk, j = ρn
j |T

n
j |. (40)

The local velocity contributions V̄k, j are given by the integration over the time step ∆t of the high order vertex-
extrapolated velocity coming from the local predictor solution, that is

Vk, j =

tn+1∫
tn

θl(xk, t) V̂l, j dt, (41)

where the expansion (37) has been used for the mesh velocity. Finally, µk, j in (40) denotes the mass of the Voronoi
neighbor T j, given by multiplying the cell density ρn

j by the cell volume |T n
j |.

If the new vertex location xn+1
k yields a bad quality element configuration, i.e. a highly stretched or compressed

or twisted element shape, a rezoning [65, 55] algorithm might be applied in order to improve the local mesh quality.
Here, for severe test cases with strong shock waves or complex flow patterns, we rely on the local rezoning strategy
proposed in [65] and used in the context of direct ALE schemes in [17].

For a comparison on different nodal solvers the interested reader is referred to [19], while the use of genuinely
multidimensional Riemann solvers for the definition of the mesh velocity is presented in [15].

Once a unique velocity vector has been computed for each node of the entire computational mesh, the new mesh
configuration T n+1

Ω
is known and it is connected by straight lines with the old mesh configuration T n

Ω
. Therefore, the

space-time control volumes T̃i can be constructed and the PN PM scheme (8) can be run to perform one time evolution
of the numerical solution up to the next time level un+1

h .
Because the scheme belongs to the category of Arbitrary-Lagrangian-Eulerian (ALE) methods, we underline that

the space-time order of accuracy of the scheme is not spoiled by handling the mesh motion with straight segments.
Indeed, a pure Eulerian configuration is achieved by setting V̄n

k = 0 at each node k, hence assuming that T n+1
i = T n

i ,
i.e. simplex elements remain as such even at the new time level, and performing a time-orthogonal mesh motion,
where again the old and new element configurations are connected by straight lines. Similarly, if the mesh moves, the
same procedure applies, with the only difference that the mesh motion is no longer orthogonal to the time coordinate.
Nevertheless, the PN PM scheme (8) is not assigned any modification and the mesh motion is directly taken into account
in the space-time integration of the governing equations over volume T̃i (see Figure 1) as well as in the Jacobian matrix
of the system (9). In other words, the mesh motion is independent from the numerical scheme (8), which can easily
adapt to any arbitrary grid velocity.

3. Numerical results

We present a set of benchmark test problems in order to validate the accuracy and the robustness of the high order
ALE PN PM (“reconstructed DG”) schemes discussed in this work. To this purpose, let us consider the Euler equations
of compressible gas dynamics, which can be cast into form (1) with the following definitions:

Q =


ρ
ρu
ρv
ρw
ρE

 , f =


ρu

ρu2 + p
ρuv
ρuw

u(ρE + p)

 , g =


ρv
ρuv

ρv2 + p
ρwv

v(ρE + p)

 h =


ρw
ρuw
ρvw

ρw2 + p
w(ρE + p)

 , S = 0. (42)
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The system is closed by the following equation of state for an ideal gas:

p = (γ − 1)
(
ρE −

1
2
ρ(u2 + v2 + w2)

)
, (43)

with γ representing the ratio of specific heats. The fluid density and pressure are denoted by ρ and p, respectively,
while the fluid velocity vector is v = (u, v,w). The total energy density is given by ρE and the sound speed reads
c =

√
γp
ρ

. If not specified, we will use the ALE Rusanov-type flux (10) and the initial condition will be expressed in

terms of primitive variables U = (ρ, u, v,w, p). All test cases are run in a quasi-Lagrangian setting, i.e. with V̄ = v,
apart from the double Mach reflection problem and the forward facing step problem, where we have set V̄ = 0. The
mesh velocity is computed by means of the nodal solver (39).

3.1. Numerical convergence studies
The numerical convergence of the new ALE PN PM schemes is studied on a smooth isentropic vortex test case

[57], that is concerned with a hydrodynamic vorticial flow which is furthermore convected with constant velocity
vc = (1, 1, 0). The initial computational domain is the box Ω(0) = [0; 10]d, with periodic boundaries, and is discretized
with a sequence of refined unstructured meshes composed of triangles and tetrahedra. The initial condition is given
as a homogeneous background field on the top of which some perturbations are added, thus

U = (1 + δρ, 1 + δu, 1 + δv, 0, 1 + δp), (44)

with the perturbations for temperature δT , density δρ, velocity (δu, δv) and pressure δp that read

δT = −
(γ − 1)ε2

8γπ2 e1−r2
, δρ = (1 + δT )

1
γ−1 − 1,(

δu
δv

)
=

ε

2π
e

1−r2
2

(
−(y − 5)

(x − 5)

)
, δp = (1 + δT )

γ
γ−1 − 1. (45)

The simulation is run until the final time t f = 0.1 and the exact solution is given by the time-shifted initial
condition, i.e. Ue(x, t f ) = U(x − vct f , 0). The characteristic mesh size h(Ω(t f )) is assumed to be the maximum
diameter of the circumcircles among all the elements of the final grid configuration Ω(t f ). Tables 1 and 2 contain
the errors in L2 norm referred to the fluid density from third up to fifth order of accuracy. The correct convergence
behavior is observed for all schemes spanning from P2P2 to P4P4. For comparison purposes, we also report in Table
3 the total computational time per element update τEU for each simulation run in two and three space dimensions.
Unlike what discussed in [44], the convergence studies carried out here show the behavior of general PN PM schemes
when nonlinear hybridization is included. High order finite volume schemes (P0PM) are less accurate than mixed
PN PM schemes, even though the formal order of accuracy is always achieved. Furthermore, one can note that for
N < M with N close to M, the errors are almost of the same magnitude as the pure DG scheme, especially for the
two-dimensional case. However, the gain in terms of efficiency is not negligible. Indeed, the PN PM scheme is much
more efficient: for example, the P3P4 and P4P4 schemes in 2D with h = 1.63 · 10−1 need approximately 7.2 · 103 and
10.2 · 103 seconds of computational time, for obtaining the same accuracy.

3.2. The Kidder problem
The Kidder problem considers the isentropic compression of a portion of a shell filled with an ideal gas. This is a

benchmark for Lagrangian schemes because it allows to verify whether the scheme produces spurious entropy during
the isentropic compression, or not. The initial computational domain is bounded by ri(t) ≤ r ≤ re(t), with r =

√
x2

representing the generic radial coordinate, ri(t) and re(t) being the time-dependent internal and external radius of the
shell, respectively. At the initial time t = 0 we set ri,0 = 0.9 and re,0 = 1.0, and the gas is initially assigned a uniform
entropy s0 =

p0

ρ
γ
0

= 1 with the adiabatic index γ = 2 in 2D and γ = 5/3 in 3D and the initial condition

 ρ0(r)
v0(r)
p0(r)

 =


(

r2
e,0−r2

r2
e,0−r2

i,0
ρ
γ−1
i,0 +

r2−r2
i,0

r2
e,0−r2

e,0
ρ
γ−1
e,0

) 1
γ−1

0
s0ρ0(r)γ

 . (46)
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Table 1: Isentropic vortex test case in 2D. Numerical convergence results for the two-dimensional compressible Euler equations using the direct
ALE PN PM schemes from first up to fifth order of accuracy. The errors are evaluated in L2 norm and refer to the variable ρ (density) at time t = 0.1.

h(Ω(t f )) εL2 O(L2) εL2 O(L2) εL2 O(L2) εL2 O(L2) εL2 O(L2)

O1 P0P0

6.71E-01 7.12E-02 -

3.26E-01 3.23E-02 1.1

2.48E-01 2.27E-02 1.3

1.63E-01 1.56E-02 0.9

O2 P0P1 P1P1

6.71E-01 3.22E-02 - 2.67E-02 -

3.26E-01 9.75E-03 1.7 7.13E-03 1.8

2.48E-01 5.82E-03 1.9 4.06E-03 2.0

1.63E-01 3.19E-03 1.4 1.77E-03 2.0

O3 P0P2 P1P2 P2P2

6.71E-01 7.60E-02 - 1.55E-02 - 4.75E-03 -

3.26E-01 1.05E-02 2.7 2.05E-03 2.8 6.03E-04 2.9

2.48E-01 4.06E-03 3.4 7.63E-04 3.6 2.56E-04 3.1

1.63E-01 1.29E-03 2.8 2.09E-04 3.1 7.04E-05 3.1

O4 P0P3 P1P3 P2P3 P3P3

6.71E-01 3.99E-02 - 1.21E-02 - 2.55E-03 - 8.47E-04 -

3.26E-01 2.62E-03 3.8 8.06E-04 3.7 1.47E-04 4.0 5.39E-05 3.8

2.48E-01 8.81E-04 4.0 2.36E-04 4.5 4.73E-05 4.1 1.63E-05 4.3

1.63E-01 1.92E-04 3.7 4.86E-05 3.8 9.80E-06 3.8 3.68E-06 3.6

O5 P0P4 P1P4 P2P4 P3P4 P4P4

6.71E-01 4.90E-02 - 4.79E-03 - 1.67E-03 - 5.27E-04 - 2.41E-04 -

3.26E-01 2.60E-03 4.1 2.04E-04 4.4 7.80E-05 4.2 4.02E-05 3.6 2.95E-05 2.9

2.48E-01 6.15E-04 5.2 4.58E-05 5.4 2.22E-05 4.6 1.35E-05 4.0 1.04E-05 3.8

1.63E-01 9.84E-05 4.4 6.28E-06 4.8 3.01E-06 4.8 1.61E-06 5.1 1.30E-06 5.0
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Table 2: Isentropic vortex test case in 3D. Numerical convergence results for the three-dimensional compressible Euler equations using the direct
ALE PN PM schemes from first up to fifth order of accuracy. The errors are evaluated in L2 norm and refer to the variable ρ (density) at time t = 0.1.

h(Ω(t f )) εL2 O(L2) εL2 O(L2) εL2 O(L2) εL2 O(L2) εL2 O(L2)

O1 P0P0

1.01E-00 2.19E-01 -

5.92E-01 1.35E-01 0.9

3.62E-01 9.21E-02 0.8

2.13E-01 6.47E-02 0.8

O2 P0P1 P1P1

1.01E-00 1.50E-01 - 1.56E-01 -

5.92E-01 5.25E-02 2.0 4.84E-02 2.2

3.62E-01 2.36E-02 1.6 2.09E-02 1.7

2.13E-01 1.23E-02 1.5 9.30E-03 1.8

O3 P0P2 P1P2 P2P2

1.01E-00 3.10E-01 - 1.86E-01 - 4.46E-02 -

5.92E-01 7.43E-02 2.7 1.98E-02 4.2 8.15E-03 3.2

3.62E-01 1.98E-02 2.7 5.45E-03 2.6 2.04E-03 2.8

2.13E-01 5.51E-03 2.9 1.59E-03 2.7 5.78E-04 2.8

O4 P0P3 P1P3 P2P3 P3P3

1.01E-00 2.31E-01 - 8.17E-02 - 3.52E-02 - 1.40E-02 -

5.92E-01 3.48E-02 3.5 9.07E-03 4.1 3.39E-03 4.4 1.29E-03 4.4

3.62E-01 5.92E-03 3.6 1.64E-03 3.5 6.24E-04 3.4 2.04E-04 3.7

2.13E-01 1.15E-03 3.7 3.16E-04 3.7 1.13E-04 3.8 3.36E-05 4.0

O5 P0P4 P1P4 P2P4 P3P4 P4P4

1.01E-00 2.27E-01 - 5.98E-02 - 2.43E-02 - 1.09E-02 - 4.18E-03 -

5.92E-01 2.76E-02 3.9 4.28E-03 4.9 1.60E-03 5.1 6.50E-04 5.2 2.29E-04 5.4

3.62E-01 3.37E-03 4.3 4.83E-04 4.4 1.74E-04 4.5 7.53E-05 4.4 2.63E-05 4.4

2.13E-01 4.15E-04 4.7 6.49E-05 4.5 2.28E-05 4.5 1.01E-05 4.5 3.26E-06 4.7
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Table 3: Isentropic vortex test case. Computational time per element update for PN PM schemes in 2D and 3D with [N,M] ∈ [0, 4].

2D τEU 3D τEU

O1

P0P0 P0P0

3.23E-03 1.23E-03

9.64E-04 5.01E-04

3.18E-04 3.52E-04

1.89E-04 3.26E-04

O2

P0P1 P1P1 P0P0 P1P1

3.42E-03 2.33E-03 5.61E-03 6.88E-03

8.46E-04 7.80E-04 1.82E-03 3.12E-03

3.97E-04 5.93E-04 1.54E-03 2.71E-03

2.31E-04 3.58E-04 1.52E-03 2.51E-03

O3

P0P2 P1P2 P2P2 P0P2 P1P2 P2P2

3.64E-03 3.48E-03 7.34E-03 1.29E-02 2.14E-02 2.53E-02

1.18E-03 1.97E-03 3.35E-03 7.51E-03 1.07E-02 1.27E-02

6.18E-04 1.15E-03 1.48E-03 5.06E-03 9.91E-03 1.22E-02

3.93E-04 8.31E-04 1.23E-03 7.72E-03 1.27E-02 1.38E-02

O4

P0P3 P1P3 P2P3 P3P3 P0P3 P1P3 P2P3 P3P3

4.25E-03 6.77E-03 1.03E-02 1.45E-02 3.35E-02 1.12E-01 1.14E-01 1.37E-01

1.54E-03 4.55E-03 4.72E-03 4.80E-03 1.71E-02 6.46E-02 6.51E-02 7.72E-02

9.58E-04 3.09E-03 3.36E-03 3.65E-03 1.61E-02 6.29E-02 1.88E-02 2.26E-02

6.81E-04 2.76E-03 2.90E-03 3.26E-03 1.47E-02 6.23E-02 1.81E-02 2.21E-02

O5

P0P4 P1P4 P2P4 P3P4 P4P4 P0P4 P1P4 P2P4 P3P4 P4P4

5.93E-03 2.22E-02 2.64E-02 2.22E-02 2.42E-02 9.91E-02 6.92E-01 6.93E-01 7.13E-01 8.77E-01

2.58E-03 1.76E-02 1.75E-02 1.85E-02 1.99E-02 5.86E-02 4.28E-01 4.08E-01 1.34E-01 1.59E-01

1.67E-03 1.22E-02 1.25E-02 1.29E-02 1.40E-02 5.57E-02 4.23E-01 1.37E-01 1.31E-01 5.35E-01

1.30E-03 1.17E-02 1.18E-02 1.22E-02 1.33E-02 5.05E-02 4.20E-01 4.10E-01 4.43E-01 5.13E-01
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The initial values of density read ρi,0 = 1 and ρe,0 = 2, defined at ri,0 and re,0, respectively. According to [64],
the final time is evaluated as t f =

√
3

2 τ with the focalisation time τ2D = 0.217944947177 and τ3D = 0.254345722569.
A self-similar analytical solution R(r, t) has been provided in [64], with the exact location of the shell at the final
time bounded by 0.45 ≤ R ≤ 0.5. Consequently, the absolute error |err| between analytical and numerical solution
is easily computed and reported in Table 4, while L1, L2 and L∞ norms are shown in Table 5. Sliding wall boundary
conditions have been set on the lateral faces, while on the internal and on the external frontier a space-time dependent
state is assigned according to the exact analytical solution R(r, t). Figure 4 shows the density distribution and the
mesh configuration at the initial and final time of the simulation as well as the evolution of the internal and external
frontier. In Figure 5 a scatter plot of density is depicted for the two-dimensional simulation at output times t = 0.09
and t = 0.18, while for the three-dimensional case at output times t = 0.11 and t = 0.22. A P2P4 scheme with the
Osher-type (11) numerical flux has been used in 2D, whereas in 3D we set N = M = 3, hence recovering a pure DG
scheme. No cells are affected by the WENO limiter because the Kidder problem does not involve any discontinuity.

2D P2P4

rex rnum |err|
0.450000 0.44999 6.6E-6
0.500000 0.50007 7.7E-5

3D P3P3

rex rnum |err|
0.450000 0.44730 2.7E-3
0.500000 0.50076 7.6E-4

Table 4: Kidder problem. Absolute error for the internal and external radius location between exact (rex) and numerical (rnum) solution.

2D P2P4 L1 L2 L∞
ρ 1.2386E-4 6.4975E-4 7.2564E-3
u 5.1999E-5 3.0618E-4 1.7031E-2

3D P3P3 L1 L2 L∞
ρ 3.3686E-6 3.2567E-5 3.7945E-3
u 5.8022E-7 6.2654E-6 1.6739E-3

Table 5: Kidder problem. L1, L2 and L∞ norms for density ρ and horizontal velocity u.

3.3. The Saltzman problem

A rectangular channel Ω(0) = [0; 1] × [0; 0.1] is filled with a perfect gas with γ = 5
3 . The left side of the com-

putational domain is a piston which moves with velocity vp = (1, 0, 0) towards the right direction, thus compressing
the gas. A strong shock wave is then generated, traveling faster than the piston. According to [42], the computational
mesh is composed by NE = 2000 right triangles, that have been drawn as follows:

• first a Cartesian mesh with 100 × 10 square elements is built [79, 72];

• each square element is then split into two right triangles;

• finally, the uniform grid, defined by the coordinate vector x = (x, y), is skewed with the mapping

x′ = x + (0.1 − y) sin(πx),
y′ = y, (47)
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Figure 4: Kidder problem in 2D (top row) and in 3D (bottom row). Left: initial and final computational domain with density distribution. Right:
evolution of the internal and external radius of the shell and comparison between analytical and numerical solution.
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where x′ and y′ represent the deformed coordinates, respectively. We impose sliding wall boundary conditions on all
sides, except for the piston, where a moving slip wall boundary condition is considered. The gas is initially at rest,
with density ρ0 = 1 and pressure p0 = 10−4 [72]. A fifth order scheme P2P4 is used to run the Saltzman problem. A
scatter plot of the cell density and velocity is plot in Figure 6 at the final time t f = 0.6, together with a comparison
against the exact solution, which is given by a one-dimensional infinite strength shock wave with a post shock density
of ρe = 4.0 and the shock front located at x = 0.8, see [16]. The shock wave is precisely identified by the troubled
cell indicator, as shown in Figure 6, while the mesh configuration is of reasonably good quality thanks to the rezoning
strategy [55, 14]. Furthermore, we show the map of troubled cells, the density distribution and the mesh configuration
at output times t = 0.6, t = 0.75 and t = 0.9 in Figure 7: the shock is again properly identified by the flattener
indicator, even for times beyond t = 0.6. Specifically, at time t = 0.75 the shock wave has reached the final wall of
the domain, hence being reflected towards the piston, which is hit at time t = 0.9.
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Figure 6: Saltzman problem in 2D with P2P4: scatter plot of the cell density (left) and horizontal velocity (right) as a function of cell horizontal
coordinate x versus the exact solution.

3.4. The Sedov problem
The Sedov problem involves the evolution of a blast wave with cylindrical symmetry. The initial computational

domain is a circle of radius R0 = 1.2 with transmissive boundaries, which has been discretized with a total number of
NE = 11482 triangles. This test case constitutes a benchmark in literature [79, 80, 77] since it allows the algorithm
to be tested against strong element compressions produced by the diverging shock wave. The initial condition in
primitive variable simply reads U0 = (1, 0, 0, 0, p0), where the initial pressure is p0 = 10−6 everywhere except for the
cells cor containing the origin O = (x) = (0) of the domain where we assign

por = (γ − 1)ρ0
Etot

Vor
with Etot = 0.979264. (48)

The total energy density is Etot and induces the shock wave, while Vor is the volume of the cells that share the origin.
The ratio of specific heats is γ = 1.4 and the final time of the simulation is set to t f = 1. The exact solution based
on self-similarity arguments has been computed in [61] and consists in a shock wave with a density peak of ρ = 6
located at radius R =

√
x2 = 1. A fifth order P2P4 scheme is employed with the Rusanov-type flux (10). For the

three-dimensional case, a cubic domain Ω(0) = [0; 1]3 with a total number of NE = 40000 tetrahedra is considered,
with symmetric boundary conditions on the internal walls and transmissive boundaries elsewhere. In 3D we set
Etot = 0.851072 and a P2P2 scheme is used with the Rusanov numerical flux (10). Figure 8 plots a scatter plot of cell
density and a map of the troubled cells, which are only detected across the shock wave. Furthermore, the symmetry of
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Figure 7: Saltzman problem in 2D with P2P4: map of troubled cell indicator (left), density distribution (middle) and final mesh configuration
(right) at output times t = 0.6 (top), t = 0.75 (middle) and t = 0.9 (bottom).

the cylindrical shock wave is very well preserved, without spreading the numerical solution, as evident from the cell
density plot.

3.5. The Noh problem

The Noh problem [82] allows any Lagrangian scheme to be validated in the regime of strong shock waves. The
initial computational domain is given by Ω(0) = [0; 1]2 and the characteristic mesh size is h = 1/40. The compu-
tational grid is composed quadrilateral elements that have been split into two triangles each. Thus, the total number
of simplex control volumes counts NE = 3200. A gas with γ = 5/3 is initially assigned with a unity density ρ0 = 1
and a unity radial velocity which is moving the gas towards the origin of the domain O = (0, 0). The initial velocity
components are initialized with

u0 = −
x
r
, v0 = −

y
r
, (49)

with r denoting the radial position r =
√

x2 + y2. The pressure is initially set equal to p = 10−6 everywhere. As time
advances, an outward moving shock wave is generated which travels with velocity vsh = 1/3 in radial direction. The
final time is t f = 0.6 according to [82, 79, 80], so that the shock wave is located at radius R = 0.2 and the maximum
density value is ρ f = 16, which occurs on the plateau behind the shock wave. We impose no-slip wall boundary
conditions on all sides of the domain which contains the origin O = (0, 0), while moving boundaries have been used
on the remaining sides.

Figure 9 shows the final mesh configuration with the map of troubled cells as well as a scatter plot of the final
density distribution compared with the exact solution. A P2P4 scheme with the Rusanov-type numerical flux (10) has
been used to run the Noh problem. The rezoning strategy proposed in [55] has been adopted in order to maintain a
good mesh quality. The entire region before the shock frontier is marked as troubled, since condition (17) is always
verified in that zone of the computational domain, due to the initial velocity field (49) which gives rise to a strong
compression.

3.6. 2D Taylor-Green vortex

The Taylor-Green problem consists of a smooth vortex, hence representing a vortical flow problem for which an
analytical solution is available [54]. The computational domain is defined by the square Ω(0) = [0; 1]× [0; 1] and it is

22
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Figure 8: Sedov problem in 2D with P2P4 (top row) and in 3D with P2P2 (bottom row). Left: mesh configuration at the final time t f = 1 with map
of troubled cell indicator. Right: scatter plot of cell density and comparison against the exact solution.
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Figure 9: Noh problem in 2D with P2P4 (top row) and in 3D with P2P3 (bottom row). Left: two-dimensional mesh configuration at the final time
t f = 0.6 with map of troubled cell indicator. Right: scatter plot of cell density and comparison against the exact solution.

filled with a gas with γ = 1.4. The initial flow field reads

U(x, 0) =


ρ0 = 1
u0 =

[
sin(πx) cos(πy)

]
v0 =

[
− cos(πx) sin(πy)

]
p0 = 1

4
[
cos(2πx) + cos(2πy)

]
+ 1

. (50)

In order to satisfy the total energy equation of the Euler system (42), an additional source term has to be defined for
the last equation, hence obtaining

SE =
π

4(γ − 1)
[
cos(3πx) cos(πy) − cos(3πy) cos(πx)

]
. (51)

We impose Dirichlet boundary conditions everywhere and we study the numerical convergence of the P2P3 and P2P4
schemes on a sequence of refined meshes with characteristic mesh size h = 1/10, h = 1/20, h = 1/30. Tables 6, 7, 8
collect the convergence studies at output times t = 0.2, t = 0.4 and t = 0.6, showing that the formal order of accuracy
is retrieved for density, horizontal velocity and pressure in L2 norm. Figure 10 displays the mesh configuration as well
as the pressure distribution on each mesh at the final time t f = 0.75, highlighting the strong deformation induced by
the vortical motion.

3.7. Double Mach reflection problem
This challenging test case involves a very strong shock wave moving along the x−direction of the computational

domain, where a ramp with angle α = π
6 is located. The shock Mach number is Ms = 10, thus small-scale structures

arise from the interaction between the shock with the ramp. The computational domain Ω(0) is discretized with a
characteristic mesh size of h = 1/200, yielding a total number of NE = 672680 triangles. According to [100], the
initial condition is given in terms of primitive variables and reads

U(x, 0) =

{
(8.0, 8.25, 0, 116.5) , if x < x0,
(1.4, 0, 0, 1.0) , if x ≥ x0,

(52)

with the initial discontinuity located at x0 = 0. Transmissive boundaries are set on the left and right side of the domain,
whereas sliding wall boundary conditions have been imposed on the upper and the lower edges. The ratio of specific
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P2P3
h(Ω(t f )) ρL2 O(ρ) uL2 O(u) pL2 O(p)
8.02E-02 5.03E-05 - 4.55E-05 - 6.20E-05 -
3.91E-02 5.63E-06 3.1 4.92E-06 3.1 7.36E-06 3.0
2.77E-02 1.33E-06 4.2 1.32E-06 3.8 1.72E-06 4.2

P2P4
h(Ω(t f )) ρL2 O(ρ) uL2 O(u) pL2 O(p)
8.02E-02 4.55E-05 - 3.46E-05 - 5.68E-05 -
3.91E-02 5.46E-06 3.3 4.51E-06 2.8 7.14E-06 2.9
2.77E-02 8.62E-07 5.4 8.40E-07 4.9 1.10E-06 5.4

Table 6: 2D Taylor-Green vortex. Convergence rates for density ρ, horizontal velocity u and pressure p at time t = 0.2.

P2P3
h(Ω(t f )) ρL2 O(ρ) uL2 O(u) pL2 O(p)
8.43E-02 8.85E-04 - 1.12E-04 - 1.17E-04 -
4.04E-02 9.01E-06 3.1 1.24E-05 3.0 1.37E-05 2.9
2.97E-02 2.39E-06 4.3 3.58E-06 4.0 3.81E-06 4.1

P2P4
h(Ω(t f )) ρL2 O(ρ) uL2 O(u) pL2 O(p)
8.43E-02 5.24E-05 - 7.87E-05 - 1.07E-04 -
4.04E-02 3.92E-06 3.5 5.73E-06 3.6 7.38E-06 3.6
2.97E-02 8.34E-07 5.0 1.21E-06 5.1 1.44E-06 5.3

Table 7: 2D Taylor-Green vortex. Convergence rates for density ρ, horizontal velocity u and pressure p at time t = 0.4.

P2P3
h(Ω(t f )) ρL2 O(ρ) uL2 O(u) pL2 O(p)
9.13E-02 2.46E-04 - 3.31E-04 - 3.31E-04 -
4.27E-02 4.55E-05 2.2 5.65E-05 2.3 5.52E-05 2.4
3.25E-02 1.36E-05 4.4 1.91E-05 4.0 1.87E-05 4.0

P2P4
h(Ω(t f )) ρL2 O(ρ) uL2 O(u) pL2 O(p)
9.13E-02 2.40E-04 - 3.53E-04 - 4.50E-04 -
4.27E-02 2.42E-05 3.0 3.70E-05 3.0 5.11E-05 2.9
3.25E-02 4.47E-06 6.2 6.55E-06 6.3 8.41E-06 6.6

Table 8: 2D Taylor-Green vortex. Convergence rates for density ρ, horizontal velocity u and pressure p at time t = 0.6.
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Figure 10: Taylor-Green vortex in 2D with P2P3 (top row) and P2P4 (bottom row). Mesh configuration and pressure distribution at time t = 0.75
for characteristic mesh size h = 1/10 (left column), h = 1/20 (middle column) and h = 1/30 (right column).
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heats is γ = 1.4 and the simulation stops at time t f = 0.2. The computation is run using a P2P4 scheme on a fixed
mesh and the results are depicted in Figure 11: the troubled cell indicator correctly identifies only the cells crossed by
shock waves and substructures are captured by the high order scheme.

Figure 11: Double Mach reflection problem with P2P4 at final time t f = 0.2. Top: map of troubled cell indicator. Bottom: zoom on the roll-up of
the Mach stem with 20 equally spaced density contour lines from 1.5 to 22.

3.8. Forward facing step problem

We consider a two-dimensional tunnel of dimension Ω(0) = [0; 3] × [0; 1], in which a step of length L = 0.2
is located at position x0 = 0.6, see [100] for details. The characteristic mesh size is h = 1/200 and we impose
transmissive boundary conditions at the left and right side of the domain, while reflective wall boundaries are set
elsewhere. The initial condition is given by a perfect gas with γ = 1.4 with Mach number Ms = 3 and the simulation
is run until the final time t f = 2.5 with a P2P4 scheme with Rusanov-type flux (10). Even in this case the mesh velocity
is set to zero, hence recovering a standard Eulerian algorithm. As shown in Figure 12, a bow shock wave is generated
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and it spreads towards the upper wall boundary of the computational domain. As a result, a normal shock and a slip
surface are emanated by the reflecting wall and the interaction among all waves yields a triple point structure in the
flow. Physical instabilities and roll-up of the contact line are well recovered by our fifth order scheme and the WENO
limiter is active only where needed, as depicted in the troubled cell indicator map of Figure 12.

Figure 12: Forward facing step problem with P2P4 at final time t f = 2.5. Top: map of troubled cell indicator. Bottom: 20 equally spaced density
contour lines from 0.5 to 6.5.

4. Conclusions

In this work we have presented a new family of PN PM in the framework of direct Arbitrary-Lagrangian-Eulerian
(ALE) methods on moving unstructured multidimensional meshes. A conservative nonlinear WENO Adaptive Order
(AO) reconstruction operator is applied to a one-step explicit DG scheme, based on a high order space-time predictor
computed relying on the ADER methodology. The WENO-AO strategy is performed by means of the shifting poly-
nomial technique, which becomes easier in our approach because the entire reconstruction procedure is carried out
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on a reference system. A WENO limiter is used for stabilizing the DG solution and a novel indicator for identifying
troubled cells is proposed for the first time in the context of ALE DG algorithms.

Convergence studies demonstrate the space-time accuracy of the new schemes up to fifth order of accuracy and a
wide range of benchmark test cases have been run, in order to assess the validity and the robustness of the method for
both Eulerian and quasi-Lagrangian simulations.

Future work will regard the extension of the presented scheme to non-conservative systems and stiff source terms,
thus considering multi-phase flows with Baer-Nunziato model [2] as well as nonlinear hyperelasticity in the framework
of [87]. The ideal and resistive equations of magnetohydrodynamics (MHD) are also planned to be solved using the
proposed approach supplemented by a constraint preserving scheme for ensuring a divergence free magnetic field at
the discrete level.
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Appendix A. Basis functions

The modal basis functions φl and ψl used in (3)-(5) as well as the nodal basis functions θl adopted in (6) are
explicitly written up to degree 3 for both triangles and tetrahedra.

Modal basis functions in space.
The orthogonal Dubiner-type basis functions [41, 62, 30] are used for φl and ψl, which constitute a hierarchical tensor-
type basis. They are defined on the reference element TE shown in Figure 2, therefore they depend on the reference
coordinate system defined by the vector ξ = (ξ, η, ζ), i.e. φl = φl(ξ) and ψl = ψl(ξ). The basis functions φl are listed
hereafter for degree N = 0, N = 1, N = 2, N = 3.

The modal basis functions φl of degree N on triangles (2D) write as follows:

• N = 0

φ1 = 1

• N = 1

φ1 = 1
φ2 = 2ξ − 1 + η

φ3 = −1 + 3η

• N = 2

φ1 = 1
φ2 = 2ξ − 1 + η

φ3 = −1 + 3η
φ4 = 1 − 2 ∗ η + η2 − 6 ∗ ξ + 6 ∗ ξ ∗ η + 6 ∗ ξ2

φ5 = 5η2 + 10ξη − 6η − 2ξ + 1
φ6 = 1 − 8η + 10η2
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• N = 3

φ1 = 1
φ2 = 2ξ − 1 + η

φ3 = −1 + 3η
φ4 = 1 − 2 ∗ η + η2 − 6 ∗ ξ + 6 ∗ ξ ∗ η + 6 ∗ ξ2

φ5 = 5η2 + 10ξη − 6η − 2ξ + 1
φ6 = 1 − 8η + 10η2

φ7 = −1 + 3η + 12ξ − 3η2 − 24ξη − 30ξ2 + η3 + 12ξη2 + 30ξ2η + 20ξ3

φ8 = 7η3 − 15η2 + 42ξη2 − 48ξη + 42ξ2η + 9η + 6ξ − 6ξ2 − 1
φ9 = 21η3 + 42ξη2 − 33η2 − 24ξη + 13η − 1 + 2ξ
φ10 = −1 + 15η − 45η2 + 35η3

The modal basis functions φl of degree N on tetrahedra (3D) write as follows:

• N = 0

φ1 = 1

• N = 1

φ1 = 1
φ2 = 2ξ − 1 + η + ζ

φ3 = −1 + 3η + ζ

φ4 = −1 + 4ζ

• N = 2

φ1 = 1
φ2 = 2ξ − 1 + η + ζ

φ3 = −1 + 3η + ζ

φ4 = −1 + 4ζ
φ5 = ζ2 − 2ζ + 2ηζ + 1 − 2η + η2 − 6ξ + 6ξη + 6ζξ + 6ξ2

φ6 = 5η2 + 10ξη + 6ηζ − 6η + ζ2 + 2ζξ − 2ζ − 2ξ + 1
φ7 = 1 − 2ζ + ζ2 − 8η + 8ηζ + 10η2

φ8 = −η + 6ηζ − 2ξ + 12ζξ + 6ζ2 − 7ζ + 1
φ9 = 6ζ2 − 7ζ + 18ηζ + 1 − 3η
φ10 = 1 − 10ζ + 15ζ2
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• N = 3

φ1 = 1
φ2 = 2ξ − 1 + η + ζ

φ3 = −1 + 3η + ζ

φ4 = −1 + 4ζ
φ5 = ζ2 − 2ζ + 2ηζ + 1 − 2η + η2 − 6ξ + 6ξη + 6ζξ + 6ξ2

φ6 = 5η2 + 10ξη + 6ηζ − 6η + ζ2 + 2ζξ − 2ζ − 2ξ + 1
φ7 = 1 − 2ζ + ζ2 − 8η + 8ηζ + 10η2

φ8 = −η + 6ηζ − 2ξ + 12ζξ + 6ζ2 − 7ζ + 1
φ9 = 6ζ2 − 7ζ + 18ηζ + 1 − 3η
φ10 = 1 − 10ζ + 15ζ2

φ11 = −1 + 3η + 12ξ − 3η2 − 24ξη − 30ξ2 + η3 + 12ξη2 + 30ξ2η + 20ξ3 − 6ηζ + 3ζη2

+ 3ζ2η + 3ζ − 3ζ2 + 12ζ2ξ − 24ζξ + 24ζηξ + ζ3 + 30ζξ2

φ12 = 7η3 − 15η2 + 15ζη2 + 42ξη2 + 48ζηξ + 42ξ2η + 9η + 9ζ2η − 48ξη − 18ηζ − 3ζ2

+ 6ζξ2 − 6ξ2 + ζ3 + 6ζ2ξ + 6ξ − 1 − 12ζξ + 3ζ
φ13 = 21η3 + 33ζη2 − 33η2 + 42ξη2 + 13ζ2η − 26ηζ + 13η + 24ζηξ − 24ξη + 3ζ − 4ζξ + 2ζ2ξ − 1 − 3ζ2 + 2ξ + ζ3

φ14 = −1 + 15η − 45η2 + 35η3 − 30ηζ + 45ζη2 + 15ζ2η + 3ζ − 3ζ2 + ζ3

φ15 = −η2 + 8ζη2 + 2η − 6ξη + 16ζ2η − 18ηζ + 48ζηξ + 8ζ3 − 54ζξ − 6ξ2 + 6ξ − 1 + 10ζ + 48ζ2ξ + 48ζξ2 − 17ζ2

φ16 = 40ζη2 − 5η2 + 80ζηξ − 54ηζ + 48ζ2η − 10ξη + 6η + 16ζ2ξ + 10ζ − 1 + 8ζ3 + 2ξ − 17ζ2 − 18ζξ
φ17 = 8ζ3 − 17ζ2 + 64ζ2η + 10ζ − 72ηζ + 80ζη2 − 1 − 10η2 + 8η
φ18 = η − 14ηζ + 28ζ2η + 56ζ2ξ + 28ζ3 + 15ζ − 1 − 28ζξ + 2ξ − 42ζ2

φ19 = 28ζ3 − 42ζ2 + 84ζ2η + 15ζ − 42ηζ − 1 + 3η
φ20 = −1 + 18ζ − 63ζ2 + 56ζ3

Nodal basis functions in space and time.
The space-time basis functions θl(ξ̃) are given by the Lagrange interpolation polynomials passing through a set of
space-time nodes ξ̃ = (ξ, η, ζ, τ). These nodes are explicitly defined in [44] on a reference space-time element T̃E ,
which simply results in TE × [0, 1] with the reference time coordinate τ ∈ [0, 1]. The space-time nodes ξ̃l and the basis
functions θl are listed hereafter for degree N = 0, N = 1, N = 2, N = 3.

The nodal degrees of freedom ξ̃l and the associated basis functions θl of degree N on space-time triangles (2D)
write as follows:

• N = 0

ξ̃1 = (1/3, 1/3, 1)

θ1 = 1

• N = 1

ξ̃1 = (0, 0, 0)
ξ̃2 = (1, 0, 0)
ξ̃3 = (0, 1, 0)
ξ̃4 = (0, 0, 1)
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θ1 = 1 − τ − ξ − η
θ2 = ξ

θ3 = η

θ4 = τ

• N = 2

ξ̃1 = (0, 0, 0)
ξ̃2 = (1/2, 0, 0)
ξ̃3 = (1, 0, 0)
ξ̃4 = (0, 1/2, 0)
ξ̃5 = (1/2, 1/2, 0)
ξ̃6 = (0, 1, 0)
ξ̃7 = (0, 0, 1/2)
ξ̃8 = (1, 0, 1/2)
ξ̃9 = (0, 1, 1/2)
ξ̃10 = (0, 0, 1)

θ1 = 2ητ − 3τ − 3ξ − 3η + 4ηξ + 2τξ + 2η2 + 2τ2 + 2ξ2 + 1
θ2 = 4ξ − 4ηξ − 4ξ2

θ3 = 2ξ2 − 2τξ − ξ
θ4 = 4η − 4ηξ − 4η2

θ5 = 4ηξ
θ6 = 2η2 − 2ητ − η
θ7 = 4τ − 2ητ − 2τξ − 4τ2

θ8 = 2τξ
θ9 = 2ητ
θ10 = 2τ2 − τ

32



• N = 3

ξ̃1 = (0, 0, 0)
ξ̃2 = (1/3, 0, 0)
ξ̃3 = (2/3, 0, 0)
ξ̃4 = (1, 0, 0)
ξ̃5 = (0, 1/3, 0)
ξ̃6 = (1/3, 1/3, 0)
ξ̃7 = (2/3, 1/3, 0)
ξ̃8 = (0, 2/3, 0)
ξ̃9 = (1/3, 2/3, 0)
ξ̃10 = (0, 1, 0)
ξ̃11 = (0, 0, 1/3)
ξ̃12 = (1/2, 0, 1/3)
ξ̃13 = (1, 0, 1/3)
ξ̃14 = (0, 1/2, 1/3)
ξ̃15 = (1/2, 1/2, 1/3)
ξ̃16 = (0, 1, 1/3)
ξ̃17 = (0, 0, 2/3)
ξ̃18 = (1, 0, 2/3)
ξ̃19 = (0, 1, 2/3)
ξ̃20 = (0, 0, 1)
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θ1 = (45ητ)/4 − (11τ)/2 − (11ξ)/2 − (11η)/2 + 18ηξ + (45τξ)/4 − (9ητ2)/2 − (27η2τ)/4 − (27ηξ2)/2 − (27η2ξ)/2
− (27τξ2)/4 − (9τ2ξ)/2 + 9η2 − (9η3)/2 + 9τ2 − (9τ3)/2 + 9ξ2 − (9ξ3)/2 − (27ητξ)/2 + 1

θ2 = 9ξ − (45ηξ)/2 − (27τξ)/4 + 27ηξ2 + (27η2ξ)/2 + (27τξ2)/4 − (45ξ2)/2 + (27ξ3)/2 + (27ητξ)/4
θ3 = (9ηξ)/2 − (9ξ)/2 − (27τξ)/4 − (27ηξ2)/2 + (27τξ2)/4 + 18ξ2 − (27ξ3)/2 + (27ητξ)/4
θ4 = ξ + (9τξ)/4 − (27τξ2)/4 + (9τ2ξ)/2 − (9ξ2)/2 + (9ξ3)/2
θ5 = 9η − (27ητ)/4 − (45ηξ)/2 + (27η2τ)/4 + (27ηξ2)/2 + 27η2ξ − (45η2)/2 + (27η3)/2 + (27ητξ)/4
θ6 = 27ηξ − 27ηξ2 − 27η2ξ

θ7 = (27ηξ2)/2 − (9ηξ)/2 − (27ητξ)/4
θ8 = (9ηξ)/2 − (27ητ)/4 − (9η)/2 + (27η2τ)/4 − (27η2ξ)/2 + 18η2 − (27η3)/2 + (27ητξ)/4
θ9 = (27η2ξ)/2 − (9ηξ)/2 − (27ητξ)/4
θ10 = η + (9ητ)/4 + (9ητ2)/2 − (27η2τ)/4 − (9η2)/2 + (9η3)/2
θ11 = 9τ − 12ητ − 12τξ + 9ητ2 + 6η2τ + 6τξ2 + 9τ2ξ − (45τ2)/2 + (27τ3)/2 + 12ητξ
θ12 = 12τξ − 12τξ2 − 12ητξ
θ13 = 6τξ2 − 9τ2ξ

θ14 = 12ητ − 12η2τ − 12ητξ
θ15 = 12ητξ
θ16 = 6η2τ − 9ητ2

θ17 = (3ητ)/2 − (9τ)/2 + (3τξ)/2 − (9ητ2)/2 − (9τ2ξ)/2 + 18τ2 − (27τ3)/2
θ18 = (9τ2ξ)/2 − (3τξ)/2
θ19 = (9ητ2)/2 − (3ητ)/2
θ20 = τ − (9τ2)/2 + (9τ3)/2

The nodal degrees of freedom ξ̃l and the associated basis functions θl of degree N on space-time tetrahedra (3D)
write as follows:

• N = 0

ξ̃1 = (1/4, 1/4, 1/4, 1)

θ1 = 1

• N = 1

ξ̃1 = (0, 0, 0, 0)
ξ̃2 = (1, 0, 0, 0)
ξ̃3 = (0, 1, 0, 0)
ξ̃4 = (0, 0, 1, 0)
ξ̃5 = (0, 0, 0, 1)

θ1 = 1 − τ − ξ − ζ − η
θ2 = ξ

θ3 = η

θ4 = ζ

θ5 = τ
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• N = 2

ξ̃1 = (0, 0, 0, 0)
ξ̃2 = (1/2, 0, 0, 0)
ξ̃3 = (1, 0, 0, 0)
ξ̃4 = (0, 1/2, 0, 0)
ξ̃5 = (1/2, 1/2, 0, 0)
ξ̃6 = (0, 1, 0, 0)
ξ̃7 = (0, 0, 1/2, 0)
ξ̃8 = (1/2, 0, 1/2, 0)
ξ̃9 = (0, 1/2, 1/2, 0)
ξ̃10 = (0, 0, 1, 0)
ξ̃11 = (0, 0, 0, 1/2)
ξ̃12 = (1, 0, 0, 1/2)
ξ̃13 = (0, 1, 0, 1/2)
ξ̃14 = (0, 0, 1, 1/2)
ξ̃15 = (0, 0, 0, 1)

θ1 = 2ητ − 3τ − 3ξ − 3ζ − 3η + 4ηξ + 4ηζ + 2τξ + 2τζ + 4ξζ + 2η2 + 2τ2 + 2ξ2 + 2ζ2 + 1
θ2 = 4ξ − 4ηξ − 4ξζ − 4ξ2

θ3 = 2ξ2 − 2τξ − ξ
θ4 = 4η − 4ηξ − 4ηζ − 4η2

θ5 = 4ηξ
θ6 = 2η2 − 2ητ − η
θ7 = 4ζ − 4ηζ − 4ξζ − 4ζ2

θ8 = 4ξζ
θ9 = 4ηζ
θ10 = 2ζ2 − 2τζ − ζ
θ11 = 4τ − 2ητ − 2τξ − 2τζ − 4τ2

θ12 = 2τξ
θ13 = 2ητ
θ14 = 2τζ
θ15 = 2τ2 − τ
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• N = 3

ξ̃1 = (0, 0, 0, 0)
ξ̃2 = (1/3, 0, 0, 0)
ξ̃3 = (2/3, 0, 0, 0)
ξ̃4 = (1, 0, 0, 0)
ξ̃5 = (0, 1/3, 0, 0)
ξ̃6 = (1/3, 1/3, 0, 0)
ξ̃7 = (2/3, 1/3, 0, 0)
ξ̃8 = (0, 2/3, 0, 0)
ξ̃9 = (1/3, 2/3, 0, 0)
ξ̃10 = (0, 1, 0, 0)
ξ̃11 = (0, 0, 1/3, 0)
ξ̃12 = (1/3, 0, 1/3, 0)
ξ̃13 = (2/3, 0, 1/3, 0)
ξ̃14 = (0, 1/3, 1/3, 0)
ξ̃15 = (1/3, 1/3, 1/3, 0)
ξ̃16 = (0, 2/3, 1/3, 0)
ξ̃17 = (0, 0, 2/3, 0)
ξ̃18 = (1/3, 0, 2/3, 0)
ξ̃19 = (0, 1/3, 2/3, 0)
ξ̃20 = (0, 0, 1, 0)
ξ̃21 = (0, 0, 0, 1/3)
ξ̃22 = (1/2, 0, 0, 1/3)
ξ̃23 = (1, 0, 0, 1/3)
ξ̃24 = (0, 1/2, 0, 1/3)
ξ̃25 = (1/2, 1/2, 0, 1/3)
ξ̃26 = (0, 1, 0, 1/3)
ξ̃27 = (0, 0, 1/2, 1/3)
ξ̃28 = (1/2, 0, 1/2, 1/3)
ξ̃29 = (0, 1/2, 1/2, 1/3)
ξ̃30 = (0, 0, 1, 1/3)
ξ̃31 = (0, 0, 0, 2/3)
ξ̃32 = (1, 0, 0, 2/3)
ξ̃33 = (0, 1, 0, 2/3)
ξ̃34 = (0, 0, 1, 2/3)
ξ̃35 = (0, 0, 0, 1)
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θ1 = (45ητ)/4 − (11τ)/2 − (11ξ)/2 − (11ζ)/2 − (11η)/2 + 18ηξ + 18ηζ + (45τξ)/4 + (45τζ)/4 + 18ξζ − (9ητ2)/2
− (27η2τ)/4 − (27ηξ2)/2 − (27η2ξ)/2 − (27ηζ2)/2 − (27η2ζ)/2 − (27τξ2)/4 − (9τ2ξ)/2 − (27τζ2)/4 − (9τ2ζ)/2
− (27ξζ2)/2 − (27ξ2ζ)/2 + 9η2 − (9η3)/2 + 9τ2 − (9τ3)/2 + 9ξ2 − (9ξ3)/2 + 9ζ2 − (9ζ3)/2
− (27ητξ)/2 − (27ητζ)/2 − 27ηξζ − (27τξζ)/2 + 1

θ2 = 9ξ − (45ηξ)/2 − (27τξ)/4 − (45ξζ)/2 + 27ηξ2 + (27η2ξ)/2 + (27τξ2)/4 + (27ξζ2)/2 + 27ξ2ζ − (45ξ2)/2
+ (27ξ3)/2 + (27ητξ)/4 + 27ηξζ + (27τξζ)/4

θ3 = (9ηξ)/2 − (9ξ)/2 − (27τξ)/4 + (9ξζ)/2 − (27ηξ2)/2 + (27τξ2)/4 − (27ξ2ζ)/2 + 18ξ2 − (27ξ3)/2
+ (27ητξ)/4 + (27τξζ)/4

θ4 = ξ + (9τξ)/4 − (27τξ2)/4 + (9τ2ξ)/2 − (9ξ2)/2 + (9ξ3)/2
θ5 = 9η − (27ητ)/4 − (45ηξ)/2 − (45ηζ)/2 + (27η2τ)/4 + (27ηξ2)/2 + 27η2ξ + (27ηζ2)/2 + 27η2ζ − (45η2)/2

+ (27η3)/2 + (27ητξ)/4 + (27ητζ)/4 + 27ηξζ
θ6 = 27ηξ − 27ηξ2 − 27η2ξ − 27ηξζ
θ7 = (27ηξ2)/2 − (9ηξ)/2 − (27ητξ)/4
θ8 = (9ηξ)/2 − (27ητ)/4 − (9η)/2 + (9ηζ)/2 + (27η2τ)/4 − (27η2ξ)/2 − (27η2ζ)/2 + 18η2

− (27η3)/2 + (27ητξ)/4 + (27ητζ)/4
θ9 = (27η2ξ)/2 − (9ηξ)/2 − (27ητξ)/4
θ10 = η + (9ητ)/4 + (9ητ2)/2 − (27η2τ)/4 − (9η2)/2 + (9η3)/2
θ11 = 9ζ − (45ηζ)/2 − (27τζ)/4 − (45ξζ)/2 + 27ηζ2 + (27η2ζ)/2 + (27τζ2)/4 + 27ξζ2 + (27ξ2ζ)/2

− (45ζ2)/2 + (27ζ3)/2 + (27ητζ)/4 + 27ηξζ + (27τξζ)/4
θ12 = 27ξζ − 27ξζ2 − 27ξ2ζ − 27ηξζ
θ13 = (27ξ2ζ)/2 − (9ξζ)/2 − (27τξζ)/4
θ14 = 27ηζ − 27ηζ2 − 27η2ζ − 27ηξζ
θ15 = 27ηξζ
θ16 = (27η2ζ)/2 − (9ηζ)/2 − (27ητζ)/4
θ17 = (9ηζ)/2 − (9ζ)/2 − (27τζ)/4 + (9ξζ)/2 − (27ηζ2)/2 + (27τζ2)/4 − (27ξζ2)/2 + 18ζ2 − (27ζ3)/2

+ (27ητζ)/4 + (27τξζ)/4
θ18 = (27ξζ2)/2 − (9ξζ)/2 − (27τξζ)/4
θ19 = (27ηζ2)/2 − (9ηζ)/2 − (27ητζ)/4
θ20 = ζ + (9τζ)/4 − (27τζ2)/4 + (9τ2ζ)/2 − (9ζ2)/2 + (9ζ3)/2
θ21 = 9τ − 12ητ − 12τξ − 12τζ + 9ητ2 + 6η2τ + 6τξ2 + 9τ2ξ + 6τζ2 + 9τ2ζ − (45τ2)/2 + (27τ3)/2

+ 12ητξ + 12ητζ + 12τξζ
θ22 = 12τξ − 12τξ2 − 12ητξ − 12τξζ
θ23 = 6τξ2 − 9τ2ξ

θ24 = 12ητ − 12η2τ − 12ητξ − 12ητζ
θ25 = 12ητξ
θ26 = 6η2τ − 9ητ2

θ27 = 12τζ − 12τζ2 − 12ητζ − 12τξζ
θ28 = 12τξζ
θ29 = 12ητζ
θ30 = 6τζ2 − 9τ2ζ

θ31 = (3ητ)/2 − (9τ)/2 + (3τξ)/2 + (3τζ)/2 − (9ητ2)/2 − (9τ2ξ)/2 − (9τ2ζ)/2 + 18τ2 − (27τ3)/2
θ32 = (9τ2ξ)/2 − (3τξ)/2
θ33 = (9ητ2)/2 − (3ητ)/2
θ34 = (9τ2ζ)/2 − (3τζ)/2
θ35 = τ − (9τ2)/2 + (9τ3)/2
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[84] A. López Ortega and G. Scovazzi. A geometrically–conservative, synchronized, flux–corrected remap for arbitrary Lagrangian–Eulerian

computations with nodal finite elements. Journal of Computational Physics, 230:6709–6741, 2011.
[85] S. Osher and F. Solomon. Upwind difference schemes for hyperbolic conservation laws. Math. Comput., 38:339–374, 1982.
[86] A. Pandare, C. Wang, H. Luo, and M. Shashkov. A Reconstructed Discontinuous Galerkin Method for Compressible Multiphase Flows in

Lagrangian Formulation. AIAA, 0595, 2018.
[87] I. Peshkov and E. Romenski. A hyperbolic model for viscous Newtonian flows. Continuum Mechanics and Thermodynamics, 28:85–104,

2016.
[88] J. Qiu and C.W. Shu. Hermite WENO schemes and their application as limiters for Runge-Kutta discontinuous Galerkin method II: two

dimensional case. Computers and Fluids, 34:642–663, 2005.
[89] J. Qiu and C.W. Shu. Runge-Kutta discontinuous Galerkin method using WENO limiters. SIAM Journal on Scientific Computing, 26:907–

929, 2005.
[90] S.K. Sambasivan, M.J. Shashkov, and D.E. Burton. A finite volume cell-centered Lagrangian hydrodynamics approach for solids in general

unstructured grids. International Journal for Numerical Methods in Fluids, 72:770–810, 2013.
[91] G. Scovazzi. Lagrangian shock hydrodynamics on tetrahedral meshes: A stable and accurate variational multiscale approach. Journal of

Computational Physics, 231:8029–8069, 2012.
[92] M. Sonntag and C.-D. Munz. Shock capturing for discontinuous galerkin methods using finite volume subcells. Springer Proceedings in

Mathematics and Statistics, 78:945–953, 2014.
[93] V.A. Titarev, P. Tsoutsanis, and D. Drikakis. WENO schemes for mixed–element unstructured meshes. Communications in Computational

Physics, 8:585–609, 2010.
[94] E.F. Toro and S. J. Billet. Centered TVD schemes for hyperbolic conservation laws. IMA Journal of Numerical Analysis, 20:44–79, 2000.
[95] E.F. Toro, A. Hidalgo, and M. Dumbser. FORCE schemes on unstructured meshes I: Conservative hyperbolic systems. Journal of Compu-

tational Physics, 228:3368–3389, 2009.
[96] P. Tsoutsanis, V.A. Titarev, and D. Drikakis. WENO schemes on arbitrary mixed-element unstructured meshes in three space dimensions.

Journal of Computational Physics, 230:1585–1601, 2011.
[97] B. van Leer and S. Nomura. Discontinuous Galerkin for diffusion. In Proceedings of 17th AIAA Computational Fluid Dynamics Conference

(June 6–9 2005), AIAA-2005-5108.
[98] C. Wang, H. Luo, and A. Kashi. Reconstructed Discontinuous Galerkin Methods for Compressible Flows in ALE Formulation. AIAA, 0596,

2019.
[99] C. Wang, M. Shashkov, and H. Luo. A Reconstructed Discontinuous Galerkin Method for Compressible Flows in Lagrangian Formulation.

Journal of Computational Physics. submitted.
[100] P. Woodward and P. Colella. The numerical simulation of two-dimensional fluid flow with strong shocks. Journal of Computational Physics,

54:115–173, 1984.
[101] T. Wu, M. Shashkov, N. Morgan, D. Kuzmin, and H. Luo. An updated Lagrangian discontinuous Galerkin hydrodynamic method for gas

dynamics. Computers and Mathematics with Applications, 2018.

40



[102] X.Zhong and C-W.Shu. A simple weighted essentially nonoscillatory limiter for runge-kutta discontinuous galerkin methods. J. Comput.
Phys., 232(1):397–415, January 2013.

[103] O. Zanotti, F. Fambri, M. Dumbser, and A. Hidalgo. Space–time adaptive ADER discontinuous Galerkin finite element schemes with a
posteriori sub–cell finite volume limiting. Computers and Fluids, 118:204–224, 2015.

[104] Y.T. Zhang and C.W. Shu. Third order WENO scheme on three dimensional tetrahedral meshes. Communications in Computational Physics,
5:836–848, 2009.

[105] J. Zhu and C.W. Shu. A new type of multi-resolution WENO schemes with increasingly higher order of accuracy. Journal of Computational
Physics, 375:659 – 683, 2018.

[106] J. Zhu, X. Zhong, C.W. Shu, and J. Qiu. Runge-Kutta discontinuous Galerkin method using a new type of WENO limiters on unstructured
meshes. Journal of Computational Physics, 248:200–220, 2013.

41




