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Abstract

This paper describes a simplified procedure for determining the Poisson’s ratio of
homogeneous and isotropic viscoelastic materials. A cylindrical shaped material is
axially excited by an electromagnetic shaker and consequent displacement waves are
investigated. Using a frequency sweep as an excitation signal, the frequency domain
displacement response is measured upstream and sideways of the sample itself. A plane
cross-section analytical model of the experimental setup is used to estimate Poisson’s
ratio through a minimization-based procedure, applied to radial displacement once the
complex modulus has been directly determined under the assumption of spring-like
behaviour of the axial displacement. The results are presented and discussed for
different materials and compared to well-established quasi-static and finite element

simulations.
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1. INTRODUCTION

Poisson’s ratio can play a relevant role in characterizing the linear dynamic behavior
of viscoelastic materials for noise and vibration control. In addition, this parameter
occurs in several equations to be solved within the context of analytical and numerical
(finite element method, statistical energy analysis, transfer matrix method) simulations.
Poisson’s ratio is defined as the ratio of lateral strain to axial strain in an axially loaded
linear elastic solid, and this ratio is a real number in case of ideal elasticity. In contrast,
in viscoelastic materials, as a result of damping, this ratio can be considered as a
complex number [1-2]. However, several studies [3-4] have demonstrated that a real
valued and frequency-independent Poisson’s ratio can provide reliable results and can
be considered a good enough approximation when the aim is to calculate main vibro-
acoustical indicators (dynamic stiffness, sound absorption, sound transmission loss,
etc...).

In literature several methods (direct and indirect) have been proposed for determining
mechanical parameters of materials for vibration and noise control applications, and a
comprehensive review is discussed in ref. [5]. As stated in ref. [2], while a lot of
research has been proposed for the measurement of complex moduli, fewer
experimental works have focused on determining Poisson's ratio. Recently, methods
based on digital image correlation (DIC) through uniaxial relaxation tests [6] and
empirical correlation between hardness and elastic moduli, along with the usual
instrumented indentation test [7] have been proposed in literature for characterizing the
Poisson’s ratio polymeric and composite materials. Although both methods can give a
reliable estimation of Poisson’s ratio they have been applied to material having an
hardness which is too high if compared with foams used in noise and vibration control
applications.

The aim of this research is to present a method to determine Poisson’s ratio (real valued
and frequency independent), through measuring the radial displacement of a cylinder
of homogeneous and isotropic material at low frequencies, once the complex modulus
has been determined in advance, using a transfer matrix approach, as described in ref.
[8]. In particular, an analytical model for axial and radial displacement, based on the
Mindlin-Hermann two modes theory [9], has been applied and an estimation of
Poisson’s ratio can be easily obtained by minimizing the difference between
experimental and numerical radial displacement in the frequency domain.
Measurement and analyses are limited in a frequency range where all tested samples

are much smaller than the longitudinal wavelength.
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The paper is organised as follows. Section 2 contains a description of methodology. A
description of the experimental set-up and tested materials is provided in Section 3.
Section 4 contains analytical model validation, results obtained using the proposed
methodology, and a comparison of different measurement techniques. The last section

contains concluding remarks.

2. DESCRIPTION OF METHODOLOGY

2.1. Theoretical background

Consider a solid, elastic, isotropic cylinder of finite length L and radius R, as shown in
Fig.1. The cylinder is assumed to be exited in z=0 with a unit displacement in z
coordinate (that is u(z=0, r)=1 and w(z=0, r)=0), and it is free to vibrate elsewhere.
Assuming axisymmetric excitation and therefore, the response of the cylinder and
harmonic dependency on time (i.e. €'Y, the dynamic equilibrium equation can be

expressed in cylindrical coordinates (r, 6, z) as:
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where p [kg/m?] is the material density,  [rad/s] is the angular frequencies and o,
oz, ovsvand o, are the normal and shear components of the stress tensor. Displacement
in a tangential direction can be neglected, due to the axial symmetry of the problem,
meaning that no torsional vibration is present.

According to the Mindlin-Hermann (plane cross-section) theory [9], the axial and radial
displacement can be defined as:

u(r,z)=u,(z
w((r, z)) = ro-(ul)(z) @)

which correspond to the first order approximation of a power series expansion, as

discussed in ref. [10].

Under such assumptions, it is straightforward to demonstrate that functions uo and uy

can be found, by solving the following set of partial differential equations:
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where S = 47R? is the surface area of the cross-section, l.= zR*/2 is the polar moment
of inertia of the cross-section, A and x are the lame coefficients:

Ev E

Faae ") “

E [Pa] and v [-] being the elastic complex modulus and Poisson’s ratio, respectively.
The set of differential equations Egs. (3) can be solved applying the boundary
conditions described here above, that can be expressed in terms of function up and uy
as follows [10]:

Up(z)| =1, u(z)

(/1+2,u)aug—gz)+2/1ul(z)}

z=0
o, (z)
0z

o 0(5)

z=L z=L

The reliability of the proposed analytical model will be verified against finite element

simulations in Section 4A.

2.2. Methodology

In real experimental tests, the material is mounted on an aluminium support plate which
is excited by an electromagnetic shaker, in z direction. Consequently, an imposed
displacement (or velocity) is applied to the bottom side of the material while remaining
surfaces are free to vibrate.

Using a logarithmic sine sweep as the excitation signal, the axial and radial velocity
responses vi(t) in (z, r)=(L, 0) and v2(t) in (z, r)=(L/2, R) are determined using a laser
vibrometer, as shown in Fig. 2.

Assuming time harmonic behaviour of the measured quantities and a unit input
displacement, from the experimental tests it is possible to calculate axial and radial

displacements in the frequency domain as follows:

Uus (@) =52 )
(6)
W, (@) z=Lj2 = Vi (Z))) [m]

where Vi(w)[m/s] and V2(w)[m/s] are the complex frequency spectra calculated by
applying a Fourier transform to velocity signals in the time domain, respectively.

In the simplest case, measurements are limited to those frequencies where all specimen
dimensions are much smaller than the wavelength (Ac [m]). Under such a hypothesis,

the sample can be modelled by a spring [2] and in particular the axial displacement U
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in Eq. (6) can be considered independent from Poisson’s ratio. Consequently, the
measure of the axial displacement allows for the determination of the complex modulus
since, as described in ref. [8]:

2

=cos(k,-L)0 cos{ pé) -L] [-] (7

1
V()
Once the Young’s modulus is known, it is possible to determine Poisson’s ratio by
minimizing the difference between the experimental and numerical radial displacement
in the frequency domain. In particular, the following cost function has been chosen for

minimisation:

(8)

cF - ‘g(mp W, )

The minimisation procedure is based on a bounded nonlinear best-fit scheme [11] and

has been implemented in Matlab®.
To summarise, starting from the experimental measurement of axial and radial
displacements of an axially loaded cylindrical sample, coupled with the use of a

minimisation-based approach, it is possible to determine Poisson’s ratio.

3. MEASUREMENT SET-UP AND TESTED MATERIALS

The experimental setup for measuring the axial and radial sample response consists of
a Data Physics V4 electromagnetic shaker, a B&K Type 2716C power Amplifier, a
Polytec OFV 3001 laser vibrometer (sensitivity 5 mm/s/V), a PC equipped with an NI
USB 4431 acquisition device and Labview® software for signal acquisition and post-
processing. Moreover, a PCB 352C22 accelerometer (sensitivity 9.65 mV/g and weight
1e-3 kg) has been used to normalize velocity responses and verify the condition of unit
displacement applied to the bottom side of the material. A similar calibration
procedure, as described in ref. [8], between the laser vibrometer and accelerometer, has
been applied in experimental tests. In particular, the sample was removed, a transfer
function test was carried out and at each frequency of interest, under such conditions it
was possible to calculate a correction transfer function which was applied to any
successive test.

The displacement of the bottom plate has been chosen of about 0.8 um (rms value). In
addition preliminary tests were carried out increasing the displacement up to 12 um
(this was the upper limit that guaranties non-linear harmonic distortions of the shaker

occurring) and no appreciable differences (lower than 0.01) in terms of Poisson’s ratio
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have been found.

Surely, the use of non-contact sensors for the determination of lateral and longitudinal
displacement allows for a more reliable estimation of such quantities if compared with
traditional uniaxial relaxation tests where usually strain gauges utilized for the
measurement of lateral strain do not guarantee to avoid any disturbance of the vibration
of the specimen. At the same time among possible limitations of the proposed
methodology, the sliding motion of shaker could affect results since a uniaxial
displacement is not guaranteed in advanced. This aspect has been investigated
measuring the accelerometric response of the aluminum plate connected to the shaker
on a regular grid of 16 points. In the frequency range of interest, differences lower than
0.1% have been found between all measurement points, confirming the validity of
uniaxial displacement imposed to the materials.

Tests were carried out on the frequency range between 100 and 300 Hz (step 0.25 Hz)
and a 10 s logarithmic sweep was used as an excitation signal. In order to avoid lateral
sliding of materials during tests, they were fixed to the bottom plates using a thin
adhesive layer.

Experimental tests were carried out on two open cell polymeric materials (reticulated
foam and reconstituted porous rubber) commercially available for noise control
applications, summarized descriptions of which can be found in Table 1. Recently,
same materials have been used for the investigation in terms of acoustical and pore
structure propertiest?. The mechanical behaviour of poroelastic media has been widely
investigated in literature**3. The main assumption is that the fluid phase of the porous
material is usually assumed to play a negligible role in the low-frequency range
(typically frequencies below 50 Hz) so that the material can be considered in ‘‘in
vacuum’’ conditions. At higher frequencies, although Biot’s model requires the use of
mechanical parameters of the porous skeleton ‘‘in vacuum’’, a real measurement of
these parameters in vacuum conditions can induce some difficulties. For example, the
reduction of temperature of the porous frame in vacuum may change the properties of
the frame or the vacuum conditions may destroy the skeleton of some porous foams. In
order to overcome these limitations, tests are carried out under ambient conditions and
the porous medium is considered for small deformations a linear viscoelastic material.
The same assumption has been made for the tests of materials presented in this research.
Fig. (3) depicts the real part of the complex modulus and the damping loss factor for
both materials calculated using Eq. (7). In order to verify the condition 2R « A, the

longitudinal wavelength for both materials was determined, using the direct
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measurement of complex wave number (Eq. (7)). A comparison of test sample

wavelength and diameter is depicted in Fig. (4).

4, RESULTS
In order to investigate the capability of the proposed analytical method (Eqgs. 7-9) of
correctly determining the axial and radial displacement of a cylindrical specimen, a
series of preliminary finite element model (FEM) simulations were carried out and
results in terms of amplitude of axial and radial displacements have been compared to
those obtained using the proposed methodology (Fig. 5). The values of mechanical and
geometrical properties of simulated samples S1-S3 are summarized in Table 2. Finite
element simulations were run using a commercial software, where the solid has been
modeled with quadratic tetrahedron elements (using the criterion of ten elements per
wavelength). The linear systems were solved using the Multifrontal Massively Parallel
Sparse (MUMPS) direct solver, already implemented in the software.
From the comparisons in Fig. (5), it is possible to observe a satisfying agreement
between FEM and analytical simulations, both for radial and axial displacements.
Furthermore, the hypothesis of weak dependency of axial displacement from Poisson’s
ratio has been validated, using the finite element model described above. In particular,
simulations on samples S1-S3 have been repeated, varying the Poisson ratio between 0
and 0.45. It has been found that the relative deviation in both real and imaginary parts
of axial displacement U(w) was lower than 1%, while the relative deviation for radial
displacement W(w) was approximately 50% for any frequency and configuration. On
the one hand, such results confirm the validity of the assumption on axial displacement,
and on the other hand, the strong dependency of radial displacement on Poisson’s ratio.
The assumption of validity of the proposed methodology at frequencies where
specimen dimensions are lower than longitudinal wavelength, were validated by
running a FEM simulation on sample S2 in the frequency range between 2000 Hz and
3000 Hz. Although the value of Poisson’s ratio determined using the analytical
approach (0.17) is comparable to the one fixed as an input value (0.2 in Table 2), the
comparison between finite element model and analytical solution, in terms of amplitude
of both axial and radial displacements, cannot be considered satisfactory, as depicted
in Fig. 6.
The proposed methodology has been preliminary validated by utilizing numerical data
of radial displacement for samples S1-S3. The comparison of Poisson’s ratio from the
proposed method to input data of the FEM models are reported in Table 3.
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Successively, the proposed methodology was applied to materials A and B in order to
estimate their Poisson’s ratio. Each material was also tested by using a quasi-static
method [14], and results are summarized in Table 3. A satisfactory level of reliability
of proposed methodology for the determination of the Poisson’s ratio was observed in
all examined cases, with a maximum deviation of 0.02. Figures 7 and 8 show the
comparison between experimental test and analytical model for radial displacement,
once Poisson’s ratio has been determined using the proposed methodology. The finite
element method results are depicted for both materials in the same graphs. A
satisfactory comparison between the experimental and numerical radial displacement
can be seen in the figures.

Lastly, sensitivity analysis was carried out on radial displacement for materials A and
B. In particular, for each material, analytical model results with different Poisson’s
ratio have been plotted against experimental data, and in all cases an accurate
dependency of radial displacement on the Poisson’s ratio can be observed, determined

by using the proposed approach (Fig. 9).

5. CONCLUSIONS

This paper has presented and discussed a novel method for determining the Poisson’s
ratio value of homogeneous and isotropic viscoelastic materials, by using a simplified
plane cross-section (Mindlin-Hermann) theory for axial and radial displacement, when
the sample is axially excited. Analytical model reliability has been positively validated
against a finite element. The results of the proposed methodology from two different
materials were compared to data from well-established quasi-static data and the

comparison can be considered to be satisfactory.
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Figure 1 — A solid cylinder of length L and radius R. u and w are the axial and radial

components of displacement, respectively.

Figure 2 — Measurement layout.

Figure 3 — Materials A and B. (a) Real part of the complex modulus, (b) damping loss
factor.
Figure 4 — Comparison between wavelength and diameter for both tested materials.

Figure 5 — Validation of analytical model.

Figure 6 — Amplitude of axial and radial displacements at high frequencies.

Comparison between finite element model and proposed methodology for sample S2.

Figure 7 — Radial displacement form material A: (a) Real part, (b) Imaginary part, (c)

Amplitude.

Figure 8 — Radial displacement form material B: (a) Real part, (b) Imaginary part, (c)
Amplitude.

Figure 9 — Sensitivity analysis on materials A and B.
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Table 1. Description of tested materials.

Material A B
Description Reconstituted porous rubber Reticulated foam
(open cells) (open cells)
Density [kg/m?] 325 10
Thickness [mm] 25 24
Diameter [mm] 45 45
Table 2. Description of simulated materials.
Material S1 | S2 | S3
Real part of the complex modulus [Pa] 1e5 | 1e6 | le7
Poisson’s ratio [-] 005|102 |04
Damping loss factor [-] 00502 ]| 05
Density [kg/m®] 10 | 100 | 300
Thickness [mm] 25
Diameter [mm] 45

Table 3. Poisson’s ratio of simulated and tested materials.

Material | FEM / Quasi-static method Proposed methodology
S1 0.05 0.05
S2 0.2 0.21
S3 0.4 0.42
A 0.05 0.05
B 0.21 0.20
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Figure 1 - A solid cylinder of length L and radius R. u and w are the axial and radial components
of displacement, respectively.

Laser vibrometer

vi(t)

Sample

| — Electromagnetic shaker

Figure 2 — Measurement lay-out.
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Figure 3 — Materials A and B. (a) Real part of the complex modulus, (b) damping loss factor.
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Figure 4 — Comparison between wavelength and diameter for both tested materials.
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Figure 6 — Amplitude of axial and radial displacements at high frequencies. Comparison between
finite element model and proposed methodology for sample S2.

Page 15/18



P. Bonfiglio and F. Pompoli

0.05

0.04

0.03

0.02
0.01

0.00 (o ym
-0.01 @ (A danane A

-0.02 @mFxperiment
-0.03 o FEM

Real part of ofradial displacement [m]

-0.04 A Model

-0.05 ‘
100 150 200 250 300

Frequency [HZ]

0.05

0.04

0.03
0.02

0.01

0,00 7y N/ P\ N N L R RN

r =

Imaginary part of ofradial displacement [m]

-0.01 = periment

-0.02 © FEM

-0.03 A Model

-0.04

-0.05

100 150 200 250 300
Frequency [Hz]

0.05
£ @ E xperiment
g 004 © FEM
S
8 A Model
]
S 003
2
K=
g
s 002
o
“
o
8
2 oot Q )
=y
g
< M

0.00 !

100 150 200 250 300
Frequency [Hz]

Figure 7 — Radial displacement form material A: (a) Real part, (b) Imaginary part, (c)
Amplitude.
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Figure 9 — Sensitivity analysis on materials A and B.

Page 18/18




