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Abstract

As an extension of the multivariate location-basadking approach proposed by Arboretti et al.
(2014), we present in this work a novel nonparaimetnd permutation-based method for ranking of
multivariate populations concerning with the saatigpect. Besides the methodological novelty of the
approach, it has a practical relevance given thetet are many real problems where the need of
ranking several multivariate treatments/conditietts/regarding an overall variability criteriontise
natural goal. Finally, two real case studies infibkls of biomedical research and industrial gyali
management are introduced, i.e. a cytoarchitectstidy of the cerebral cortex and a search for the
best storing condition in the leather industry.

Keywor ds: multivariate ranking problem; nonparametric comborg permutation tests.

1. Introduction

The need of defining an appropriate ranking of sv@opulations of interest, e.g. diseases, dosaiges
treatment, processes, products/services, is venynom within many areas of applied research sutifes
Sciences, Pharmacology, Engineering, etc. Theadfleanking in fact occurs more or less explicittyya
time when in a study the goal is to determine at-pos ordering among several input
conditions/treatments with respect to one or margpuis of interest when there might be a "natural
ordering". From a location-oriented point of viethis happens very often in the context of bio-maldic
problems where population elements can be patia, cultures, tissue samples, etc. and the
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conditions/treatments to be ranked are for exantiplgnosis groups or different levels of exposursdde
which are put in relation with some suitable bicdinal endpoints such as survival data, gene express
or proteomic data.

Several times the populations of interest are waultite in nature, and when the underlying popartati
distributions are not specified we are actuallysiaering the ranking problem from a nonparametwiatp

of view. Following the multivariate location-basednking approach proposed by Arboretti et al.
(2014), we present a novel nonparametric and petiontbased method for ranking of multivariate
populations with respects to the scatter aspechisnvork we consider a scatter-oriented functiafia
the empirical distribution functiofr of the population distribution, specifically a doimation of the
univariate directional permutatigavalues using the squares of the original obseveédes which can be
viewed as a scatter non-metric "distance measum@ing multivariate distributions. Therefore, the
combination methodology (Pesarin and Salmaso, 2@18)useful tool since it allows us to reduce the
dimensionality of the multivariate problem in ordey compare and rank the populations under
investigation. Given two multivariate random valésy; and Yy, if Y; dominatesY, from the dispersion

point of view then the significance level functiatated to the combined test statidiic suitable for testing

the null hypothesis of equality in distribution uga the alternativey;<Z.,;s.r-Yn is stochastically larger
under the alternative that under the null hypothasequality in distribution.

2. Formalization of the problem and per mutation solution

Let us assume that data are drawn f@multivariate populationBl,,..., ¢ (i.e. items/groups/treatments),
C>2, by means of a sampling procedure, so that terimiierence on their possible equality and in cdise
rejection of this hypothesis to classify those pafens in order to obtain two relative rankingsnfr the
'best’ to the 'worst' according to two pre-spettifreeaningful criteria, one related to the locaspect and
the other to the scatter aspect. We use thertdative rankingbecause we want to underline that it is not
an absolute ranking but a kind of ordering thahity refereed to th€ populations at hand.

With reference to the so-called one-way MANOVA layolet us formalize the problem within a
nonparametric framework: 1& be the continuoug-dimensional response variable representedpas a
vector of the observed data from populatiband let us assume, without loss of generality, lHrge
values of each univariate asp&atorrespond to a better marginal location-perforeeaiso that when
comparing two populations the possible marginatlsastic dominance of one population over the
other should result in a high ranking positionpther words, we are assuming the location criterion
“the larger the better”. As usual in the most oflrapplications regarding the scatter-aspect, we
assume also without loss of generality that moratteed values of each univariate asp¥ct
correspond to a worst marginal scatter-performasoethat when comparing two populations the
possible marginal stochastic dispersion domina@me population over the other should result in a
low ranking position, in other words, we are assupthe dispersion criterion “the lower the better”.
We recall that our goal is to classify and rankihg..., ¢ multivariate populations with respectio
marginal variables whe@ samplesy,,..,Y ¢ are drawn fronC populations, wherg; is the number of

observationsj=1,...C. We are looking for two estimateg,..f () and r(M ) of the rank

ocation’ (IM;) @ndscaref (M;), i.€. the relative location and scatter stockastderings of each population
when compared among all other populations, i.e enfmmally

scatter

d d . .
location(j = Iocationr(rlj) =1 +Zj¢h|(Yj <Yh ): 1 +{# YJ- <Yh ,h=1,...C, j?‘-'h},J:l,...C, (1)

d
scatel] = scattef (M) = 1 +Tjen (Y, sc%teth)z 1+{#Y, 2> Yoo h=1,...C, j#h}, j=1,...C, (2)
where I(-) is the indicator function and # means the numbk times (see also Gupta and
Panchepakesan, 2002 and Hall and Miller, 2009)e Mwit definitions (1) and (2) are derived by using
the concept of stochastic dominance and pairwisgtarg how many populations are stochastically
larger (for location) and smaller (for scatter)rihbat a specific population.
Let us consider an alternative definition of popaflaranking,
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Iocationrj =1 +{# (C - Zj¢h|(Yj ;Yh )) > (C - Zj';thI(Yj. ;Yh)), j':].,...C, j';tj},j:].,...c. (3)

d . T
scatefj = 1 +{# (C = Ypan (v, Sgnervh ) > €= Zpanl(y; < Y, ))=1,..C 0} =1, C. (4)

Definitions (3) and (4) are derived by using theaapt of stochastic dominance and simply pairwise
counting how many populations are stochasticallglin (for location) and larger (for scatter) thean
given population. Note that both definitions do \pde exactly the same ranking, i.e. (3)-(4) are
upward ranking procedure from the worst to the la@st (1)-(2) from best to worst in a downward
fashion. This is because starting from either that ér last position and then moving to the lower
higher positions respectively, necessarily protltte same ordering (for more details see Arboretti e
al., 2014).

It is worth underlying that in definition (1) an&)(no a priori knowledge or assumption on the true
ordering is considered at all sincgis simply obtained by counting how many populadicare
stochastically location and/or scatter larger omléen than thg-th population. Accordingly, for the
existence of the multivariate rankimg{rs,...r;....rc} we need that inequalitieg>?Yy, Y;<?Y,, and

d d
Y, <Y, Y, >Y, are consistently defined. To this end, it is wartiing that in the literature there

) scatter scatter
are several formal definitions of multivariate $tastic ordering which are usually extensions from t
univariate concepts of location-based stochastmim@nce and stochastic dispersion ordering (Shaked
and Shanthikumar, 2007).
Under the hypothesis of distributional equalitytioé C populations, all true ranks would necessarily
be equal to one, hence they would be in a fulleyda situation, that is

d . d . .
Iocationr(nleO) = { 1+ #YJ- <Yh ’ h:]-.---p, J;th} =scatter(r|j|H0) ={1+ #Yj sc;teth ! h=1,...C, J;th} = 1' O J
This situation of equal ranking where all populaidelong to just one ranking class may be formally
represented in a hypotheses testing framework wherbypotheses of interest are:
d d d
HO:Y1=;(2:...:YC . )
H,:OY;#Y,,j,h=1...C,j# h

In case of rejection of the global multivariate bilpesisHy, that is when data are evidence that at least
one population behaves differently from the othéris of interest to perform inferences on paimvis
comparisons between populations, i.e.
d
Hoiy DY =Y
0(jh) Jd h . (6)
Hign Y #Y0,,h=1..,C j# h

Note that a rejection of at least one hypothétjg) implies that we are not in an equal ranking
situation, that is at least one multivariate popafahas a greater ranking position than some pther
more formally

DIocationr(l_lj) % Iocationr(l_I h) and/orQd scatterr(nj) % scattelr(nh)a j,h:].,...C, J¢h

As usual in the framework dE-sample inference, the rejection of the global mylpothesis is not
informative on the specific alternative has caubedejection so that post-hoc analysis is neealémbk

for which alternative is more likely. In order toake inference on which marginal variable(s) that
inequality is mostly due to, it is useful consideriinferences on univariate pairwise comparisons
between populations, defined as:
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Hoi(in - Yic

d
Y > (7)
X scatter

o (00U 2 6 1.2 0

i,h=1...C jzhk=1.,p

because whery, ;t\@k is true, then one and only one betweqpi Y, andy, i\@k and
ij <gcatter th a‘ndek >(sjcatter th
Looking at the univariate alternative hypothésig;,, we are mostly interested in deciding whether a
population is either location and/or scatter gneatesmaller than another one (not only establiglifin
they are different). Hence, we can take into acteeparately of the directional type alternatives,
namely those that are suitable for testing bothsdded alternatives (see Pesarin and Salmaso, 2010,
p. 163; Bertoluzzo et. all, 2013). Then expresgircan be reformulated as

is true, i.e. they cannot be jointly true.

d
Hogny 1Y = Y5

d d
Hyny :(YJ. <thU(Yj >thU(

d
Y, <Y,

scatter

J

d
Y, >,

scatter

j,j,h:L...,C,j Zh

(7bis)

Let us focus on the scatter ranking aspect an@ilgt, and Py, be the marginal permutation-based
directional p-value statistics related to the scatter stochasferiority or superiority alternatives

d
+ . -
Hlk(jh) 'ij > th and H

scatter

d
Y, <Y

1k(jh) jk

scatter

hk ?

respectively (for more details on the permutabased

scatter inference see the references to the sedcaillti-aspect problem in Pesarin and Salmaso,
2010). Since by definitio;,, =1= B = P ;. NOte that all one-sided inferential results kdatio
the hypotheses (5) can be represented as follows:

+ 4 + i + + 7
- Piway Py Pic ) - Bey Basy B«
+ + + + +
P2y Piz3) Pizx ) B 2y B @3 B )
pr=| - L - L |®

+ 4 + + + 4

Pic-11y  Pic-12) - Pic- ) Pc1y Poc12) Py c-1c)
+ + + + + +

| Picy Pic 2 Picc | | Ppcy Poc.2) Poc.e ]

Finally, let be p;, the directionalp-value statistic calculated via nonparametric coration
methodology (see Pesarin and Salmaso, 2010a) dakdeto the multivariate scatter stochastic

d
superiority alternative$i,,,: Y; =Y, In IS). eCx(C-1) pP.(jn Can be represented as 1ollows:
periority alternative$iy,, : Y, >Y, in (7bis). All theCx(C-1) P be rep ted as foll

+ 4 +
- P.azy Pas R ac)
+ 4 +
P.cy SIEE) R () ©)
P = -
+ 4 +
P.caiy P - Recoicy
+ 4 +
| Pcy P Reccy |

Note thatp-value statistics in expression (9) indicate eitifethere is significant global scatter
dominance between each pairs of populations andhith global direction this dominance can
actually exist. It is worth noting that, on the tany to what happens for the marginal directiomal

value statistics, the constraint of summing uprie does not hold in this case, iR 1= Py,
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Now, let a be the chosen significanae-level and letS be theCxC matrix which transforms the
adjusted (by multiplicity)p-values p.; . into 0-and-1 scores where each elengnt takes the

value of 0 if Pl e >a/2, and 1 otherwise (i g <al2), i.e.

Sy [y o Sic)|
Sey T K2y - Rec)
S=|Ss1  Ss2 Sac) |- (10)
_S(C,l) %C,Z) ce %C,C—l)

In practice,Sis nothing more than a synthetic representatiorestilts from all multivariate scatter
directional pairwise comparisons suitable for eatimg the possible pairwise dominances. If we
consider the sum of thg ;) 0-1 scores along tHeth column or thg-th row, then we are respectively
counting the number of populations which, at thesem significancer-level, are considered to be

stochastically larger or smaller. Hence, we arenitef an estimatg .../ (M) and ../ (M ) of

the rankscaref (Mn) OF scaref (M), i.€. the relative stochastic ordering of eacpypation when compared
with all other populations by referring to the rarkdefinitions (1) or (2), i.e. more formally

scatter

C
scatterft?: 1+ Zs(j’h) ,h=1,...C, (11)
=L
r C C M . . .
scatterrljJ =1+{#(C- zs(j,h)) > (C- Zs(j',h))’f:]-"”p, i'#},i=1,...C, (12)
h=1 h=1

whereD andU stands for downward and upward rank estimatescésply. According to the ranking

definitions (1) and (2), we note that the rankiatineatorsdefined in (9) and (10) are deriving by counting,
on the basis of empirical evidence, of how manyufaijpns are significantly scatter stochastically
larger/smaller than thiethjj-th population at the chosen significanedevel. The two estimated rankings

watel - @nd .. 7 of the true rank..q.r are intentionally denoted with a different notatin order to

highlight that sometimes they could provide diffénenk estimates for the same population becéibe o
intransitivity issugfor details see Arboretti et al., 2014).

The same arguments from (8) to (12) can be aplitite location-based multivariate ranking probberd

can be found in Arboretti et al. (2014). It is wortoting that the estimation process of populataorks

is performed by means of multivariate directionailrywise comparisons and it could be affected by the
so-called intransitivity problem (Dayton, 2003k.ia possible inconsistency arising from pairwise
results (for more details see Arboretti et al.,£01

3. Applicationsto biomedical research and industrial quality management

The idea of ranking occurs more or less explidthy time when in a study the goal is to determine a
post-hoc ordering among several input conditioeatments with respect to one or more outputs of
interest when there might be a "natural orderihg'this section we introduce two real case studies
the fields of biomedical research and industrialiqy management, i.e. a cytoarchitectonic study of
the cerebral cortex and a search for the besngtaondition in the leather industry.

As about the first real case study, with the gdahorease insight into the effect of estradidt2 on
differentiation of neural growingn vitro, the effects of estrogens on neuritic developmeme evaluated
with or without 17B estradiol 100nM added to the medium componentseb@ttar neurones from
sexually segregate bovine fetuses were culturéminriolg an established laboratory protocol (Peretfal.
2008). This study is focused on understanding the troghitons of E2 on the growth of neurons in
primary cultures obtained from fetal bovine cerkimal On a total of 829 identified neuron, in our asay
the following morphological endpoints have been suezd: the whole area and the whole perimeter of
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neuronal and glial cells (somata); the possiblegmee of cells with primary and secondary brandhes;
total number of each order of dendritic branchesaedl; the total branch length (i.e. the sum df al
dendritic segments) per hierarchic order per neuhentotal branch diameter (i.e. the sum of afichigic
diameters) per order per neuron. The main rankingl@gm was to find out if both male and female E2-
exposed primary cell cultures show a location arglfatter significant trophic effect when companith

the corresponding control group.

The second real case study is focused on an lgatal@nalysis of the skin dermal components inri@v
hides stored under different conditions (Montdlliak, 2015). Leather industries are interesteevioid
post-mortem alterations of the skin componentsesotegeneration of the dermal structures composing
raw hides decreases the quality of leather soahstatter-based multivariate ranking can be useful
choose the desired curing and timing conditionsniploy during refrigeration or salt-based treatnmént
the skins.

4. Conclusions

In this paper we proposed a novel nonparametriog@tion and combination-based approach aimed at
ranking of multivariate populations from the saafieint of view. The proposed solution requiresegt k
element: a general hypothesis testing procedurdifectional multivariate alternatives by meandhef
nonparametric combination of dependent permutatists using suitable dispersion-sensitive tegsttat
(Pesarin and Salmaso, 2010). This approach progidesact solution for whatever sample size, ig ver
low demanding in terms of assumptions and finalguite flexible and it may be extended in theritu
either for the ordered categorical response vagabither for the mixed case, i.e. the jointly pnes of
mixed response variables, i.e. numeric, binary @xéred categorical even in the presence of any non
informative or informative missing data (missingrgaetely at random or not at random). Furthermore,
thanks to a family-wise error rate control by ctbsesting methods (Pesarin and Salmaso, 2010, mve ca
easily and effectively control for multiplicity wibut the need to refer to traditional but very eowative
methods such as the Bonferroni correction.
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