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Abstract: In this paper we define jump set and approximate limits for BV functions on Wiener spaces and
show that the weak gradient admits a decomposition similar to the finite dimensional case. We also define
the SBV class of functions of special bounded variation and give a characterisation of SBV via a chain rule and
a closure theorem. We also provide a characterisation of BV functions in terms of the short-time behaviour
of the Ornstein-Uhlenbeck semigroup following an approach due to Ledoux.
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1 Introduction

In this paper we continue the investigation of the properties of functions with bounded variation in infinite
dimensional spaces, that is the setting of abstract Wiener spaces. The theory started with the papers [14], [15]
where essentially a probabilistic approach was given and has been subsequently developed in [17], [5] with a
more analytic approach.

Motivations for considering functions with bounded variation come from stochastic analysis, see e.g.
[18], [28], [24], [25]; recently, in [23], properties of sets with finite Gaussian perimeter have been linked to
some application in information technology. We point out also [26], for an application of BV functions to
Lagrangian flows in Wiener spaces.

The aim of this paper is twofold; in Section 3 we give an equivalent characterisation of functions with
bounded variation following an approach suggested by Ledoux in [19] and subsequently generalised in Eu-
clidean spaces in [22]. In addition, in Section 4, following [6], [2], [3], we discuss the decomposition of the
gradient of a BV function into absolutely continuous, jump and Cantor part.

We close the paper by introducing the notion of special function of bounded variation: the definition
coincides with the original one given by De Giorgi and Ambrosio in [11]. We also give the characterisation
based on the chain rule proposed by Alberti and Mantegazza [1]; such characterisation turns out to be very
useful when giving closure and compactness results. We point out that for the compactness theorem, the
only difference with respect to the Euclidean case, is that we have to assume a priori some convergence of the
sequence, for instance the convergence in measure, from which we deduce the separate weak convergence of
the two parts of the total variation measure. Given a set E C X with finite perimeter, we deduce from this result
the compactness w.r.t. the weak topology of L? (E, ~) of bounded and closed subsets of the Sobolev H P (E, ~),
1 < p < 0. This Sobolev space, defined in (5.4) below, consists of all L? (E, v) functions whose null extension
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to X\ E belongs to SBV(X, ) and has absolutely continuous part of the derivative in L? (E, v; H). This is related
to the general problem of extension and traces of weakly differentiable functions defined on subsets of the
Wiener space, see also [8], [10].

2 Notation and preliminary results

Let us describe our framework. X is a separable Banach space endowed with a Gaussian probability measure
~ = N(0, Q) on B(X), the Borel g-algebra of X. We assume that ~ is nondegenerate (i.e., all closed proper
subspaces of X are y-negligible) and centred (i.e., |, y xd~ = 0). We denote by X" the topological dual of X and
by H the Cameron-Martin subspace of X, that is

H=1< [ fOxdy(x): fed,,
{X/ x)xd~y(x }

where K is the closure of X" in L2(X, v) and, for h € H, we denote by h € H the Fomin derivative of ~ along
h, namely the function h verifying

/ opedy = —/ﬁ(pd'y V@ e FCh(X).
X X

Here and in the sequel & Cll,(X) denotes the space of continuously differentiable cylindrical functions in X,
bounded and with a bounded gradient, i.e., the functions ¢ : X — R such that thereare m € Nand v €
C3(R™) such that p(x) = v((x, x}), ..., (X, X)) for some x7, ..., xm € X ; the space FC;(X, H) is the space
of cylindrical C}, functions with values in H and finite dimensional image. The space H is endowed with the
inner product [, -]g and the norm | - |5 such that the map h s h is an isometry with respect to the L2(X, ~)
Hilbert structure. Notice that the embedding H — X is compact. This framework has been introduced by L.
Gross, see [16] and P. Malliavin, see [20] and also [7]. A summary of what we need here can be found in [21].
With a slight abuse of notation, we consider X as a subset of H, the subset of vectors of the form

*

/(x,x*>xd7(x), x eX,
X

which is a dense (even w.r.t. to the Hilbertian norm) subspace of H. For h = x* € X", the corresponding his
precisely the map x — (x, x").

A relevant role in the sequel is played by the Ornstein-Uhlenbeck semigroup T;, pointwise defined for
u € LY(X, ~) by Mehler’s formula

Tiu(x) = /u (e'tx +v1- e*ny) dv(y), t>0. 2.1)
X
Given an n-dimensional subspace F c X, we frequently consider an orthonormal basis {h1, ..., hn} of F

and the factorization X = F @ ker(mg) , i is the continuous linear map

n
X5 xw ap(x) = > hi(0h; € F.
i=1
The decomposition x = mg(x) + (x — 1p(x)) is well defined because 7r o 71p = 7 and so x — 1p(x) € ker(mp); in
turn, this follows from fli(hj) = §;;. Thanks to the fact that |h;|5 = 1, this induces a factorization v = vr ® E,
with ~r the standard Gaussian in F (endowed with the metric inherited from H) and ~# Gaussian in ker(rr)
with Cameron—Martin space F. Let us define the space of functions of bounded variation in X. First, let us
recall the definition of the Orlicz space L logl/ 2L(X, v):

Llogl/zL(X, v) = {u : X — R measurable : A /,(AJul) € LY(X,~) forsomeA >0 },
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endowed with the Luxemburg norm

t
ullp 10g121(x ) = Inf {}l >0: /Al/z(\u\/)l) dy < 1}, Aypp(t) = /logl/z(l +s)ds.
X 0

Givenh e Hand f € C %,(X), beside the directional derivative of f along h, denoted 9;f, we define the formal
adjoint differential operator a;f = onf - ﬁf and, for ¢ € F Cll,(X , H), we define the divergence as follows:

divye = 33; 03,95, ¢ = (9, hjlu.

Definition 2.1. A function u is said to be of bounded variation, u € BV(X, ), ifu € L logl/ 2L(X, ~) and there
exists Dyu € M(X, H) (the space of H-valued Borel measures in X with finite total variation) for which

/ udivypdy = - / lp,dDyuly, Vo € FCHX, H).
X X

If we fix h € H, we denote by uj, the measure [Dyu, hly defined as
Un(B) = [Dyu(B), hly.

If in particular u = g is the characteristic function of a measurable set E and u € BV(X, v) we say that E has
finite perimeter and set Py(E, -) = |Dgul|(-).

The study of BV (X, ~) functions has been mainly developed so far for finite perimeter sets, see [17], [6],
[2], [3], [9] and the first question that has been addressed is the identification of the subset of the topological
boundary of E where the perimeter measure is concentrated. It is known that

\Duxe| = 85 1L O%E = 8= 1 LEY?, (2.2)

Let us explain the meaning of the above symbols. For an n-dimensional subspace F ¢ X" as before, and for
y € Ker(mtp), we denote by
By:={z€F: y+zeB} (2.3)

the section of B C X. Moreover, denoting by
Gn(2) := (2m) ™ exp(-|z|*/2)

the n-dimensional Gaussian kernel, we take advantage of the above described decomposition and define the
pre-Hausdorff measures in X induced by F setting

$=1(B) i / /Gn(z)dS"'l(z)dyﬁ(y) VB C X. (2.4)

Ker(rr) By

Fixing an increasing family F = {Fy},1 of finite-dimensional subspaces of X", whose union is dense in H,
we define the (co — 1)-dimensional spherical Hausdorff measures S‘;"l, basically introduced in [13], see also
[17], [6], by setting:
85! =supSg .
n

In the same vein, if E is a set with finite perimeter, we define the cylindrical essential boundary J%E in the
first equality in (2.2), by
O5E = | J () 9R.E> (2.5)

neN k=n

where, with the usual notation,

OpE := {y+z: y € Ker(nig), z € a*Ey}



DE GRUYTER OPEN Some Fine Properties of BV Functions on Wiener Spaces = 215

and 0”Ey is the essential boundary of the section Ey in finite dimensions. The measure $=! is defined by
taking the supremum of 83>~ when F runs along all the finite dimensional subspaces of X". For a comparison
of the two approaches we refer to [2, Remark 2.6]. The set EL/2 of points of density 1/2 is defined in [2] by using
the semigroup T; introduced in (2.1). Let (¢;) | 0 be such that >, \/f; < e and

- 1
Z/’TtiXE_ 5‘ d|DpxE| < oo.
i1 %

We denote by E'/2 the set

EY? - {x € X: lim Ty xg(x) = 1},
i—oo 2

where we apply the semigroup T to the Borel representative of the set E, still denoted by E. Notice that the

representation in the last term in (2.2) has the advantage of being coordinate-free. Thanks to (2.2), in all the

statements that hold up to |Dgy| negligible sets we may use both representations indifferently. Let us recall

the main result of [3]. For h € H, we define the halfspace having h as its “inner normal” by
Sp={xe€X:h(x) >0}

and for E with finite perimeter we write Dgxg = Vg|DgxE|. Then, see [3, Theorem 1.1], we can state the follow-
ing result.

Theorem 2.2. Let E be a set of finite perimeter in X and let S(x) = S, ) be the halfspace determined by vg(x).
Then

tim [ | xste s V1= 9) - 50000 d20) d D 00 -
X X
Let us draw a consequence that is useful later.
Corollary 2.3. Given two finite perimeter sets E, F, the equality vg = +vp holds 8~ !-a.e. in d5E N 05F.

Proof. If E C F then this is an easy consequence of Theorem 2.2. Indeed, for $°"-a.e. x the rescaled sets

E - E-e'x _ F-e'x
YU VI—e M Vioen

converge in L?(X, ~) to two halfspaces S;(x), S,(x) respectively; the inclusion Ey ¢ C Fy ¢ implies that
Y(S100) \ S2(x)) = lim v(Ex,¢ \ S2(x)) < lim y(Fy,¢ \ S2(x)) = 0,
t—0 t—0

so that S;(x) C S»(x) and then S;(x) = S>(x) for 8= *-a.e. x € 95 EN 9 F. Since each halfspace is determined
by the normal unit vector we get the thesis.
For the general case, notice that
d5E C 05(EUF) U d5(F N ES),
whence, using the equality 0% G = 05(G), we deduce
d5ENd5F € (35(EUF)Nd5F) U (05(FNE) N A5F) = (95(E UF) N d5F) U (95(E U F) N 95 FF).

Therefore, if x € 05 EN 0% F then either x € 05 (EUF) or x € 05(EUF®).Since E, F ¢ EUFand E, F° ¢ EUF®
in both cases the equality vg(x) = vr(x) (up to the sign) follows from the case E C F. O

Remark 2.4. Notice that, by definition, if E has finite perimeter and x € a}E then there is n € N such that
X € a}kE for all k > n. Conversely, if there is n € N such that x € a}kE for all k > n, then, by monotonicity,
x € 05 as well. Therefore,

ifu e BV(X,~)and x € X, theset Jy = {t € R: x € d5{u > t}} is a real interval.

Indeed, if s < t, s, t € Jx then there is n € N such that x € o, {u > s} N 0, {u > t} for every k > n. But then
X e a}k{u > 7} forevery 7 € [s, t] and k = nand x € 0%{u > 7}, which proves that Jx is an interval. We denote
by u”(x) < u¥ (x) the endpoints of Jx.
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3 Functions of bounded variation and short time behaviour of the
semigroup

The following characterisation of BV (X, v) functions in terms of the short-time behaviour of T; is by now
well-known:

ucBV(X,y) <= uc Llogl/zL(X, ~) and 1imsup/ Vg Tiulg dy < oo.
t—0
X

In this Section we present a second way to characterise sets and functions of bounded variation in terms of
the semigroup; this approach was suggested, using the heat semigroup, by Ledoux [19] and subsequently
investigated in [22]. Even though the results in this section are not necessary in the sequel of this paper, they
seem to be worth presenting here, also in view of different applications, see e.g. [23]. If E C X has finite
perimeter, then

lim \/§/ Tixp()d(x) = Py(E, X). (€XY)
EC

In addition, if
.. 1
1IItlll(l)‘lf 7 / Texp(x)dv(x) < +oo,
EC

then E has finite perimeter and the limiting formula (3.1) holds. We notice that we can equivalently write

1 1 _
/TtXE(X)d’Y(X) = §|\TtXE - XEllLix,) = 5 / Xe(e™x + V1 - e2ty) - xp(x)|dy ® y(x, y); (3.2)
Ec XxX

let us also define the function

t
_ 2 e’ _ 2 /m _ . —t _ 2 —t
Ct= ’/E b/ 1_767%511' = ’/E (E arcsin(e )) = \/Earccos(e ). (3.3)

Since
2

lim <t = 2
t—0 \/f ﬁ ’
the characterisation (3.1) of sets with finite perimeter following the Ledoux approach is a consequence of
Theorem 3.2 below. In the proof we need some properties of the conditional expectation and of the semigroup
that are likely known. We prove them for the convenience of the reader, as we did not find a reference.
We denote by 77, : X — R™ and IT,, = 7y x 71y : X x X — R2" the finite dimensional projections and by F,,
and Fn x Fy, the induced o-algebras. By p; : X x X — X and p} : R" x R" — R" we denote the projections on
the first components and by Ry : X x X — X x X and R} : R" x R" — R" x R" the rotations

(6, y) = (e fx+V1-e2ty,-/1-e2x+ely). (3.4)

Lemma3.1. Let y, IIn, Fn and Fn x Fn be as before; then
1) forany F e L'(Xx X,y ® ),
E(FoRe|Fax Fn) = E(F|FaxFn) o Ry

2) forany f € LY(X,~),
E(fop1|3'"n X?n) =E(f‘9:n> op1.

In addition, if T>" and T? denote the Ornstein-Uhlenbeck semigroups on R?" and R" respectively, then
3) forany F € LY(R*"™, v2p),
TS"(F o RY) = T"(F) o RY;
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4) forany f € LY(R™, v) and any (x, y) € R?" there holds
T"(f o pD)(x, y) = TS (),

where indeed the function T2"(f o p}) depends only on the first n variables in R*".

Proof. 1) We fix A € Fn x Fp, thatis A = IT;*(A,) with A, C R?"; since R¢(A) = IT,' (R} (An)) € Fn x Fn, We
obtain

/E(FoRt|5tnx?n)d'y®'\/=/Foth'\/®'y
A A

=/Fd7®v= /E(F’ffnxffn)d’y@’y
Ri(A) Ri(4)

=/E(F|:ﬂ, xfr"n) o Redy @ 7.
A
2) Wetake A x B € Fn x Fn with A = mn(An), B = m; (Bn), An, Bn C R™. Then
[E(fopafsaxga)dren= [ fopsdyan=2d) [ far
A

AxB AxB ;
=’Y(B)/]E(f|37n)d7= / E(f|?n) oprdy®7.
A AxB

The general statement follows since the sets of the form A x B form a basis for the o—algebra F, x Fy.
3) Fix F € LY(R?", v,p), then

Te"Fo R} (x,y) = / FoRH e (x,y) + V1-e2(x,7))dvan(X,7)

R2n
= / F(e"t(e"sx +V1-e %) +/1-e2(ey+\/1-e27),
R2n

—V1-e2(eSx+V1-e =0 +e ey +V1- e—ZSy)) (%, 7)
= / F(e"s(e"’x +V1- e2ty) + V1- e 25(e”'x + /1 - e 2ty),

R2n

eS(-V1-e2x+ely)+/1-e25(-\/1-el 2z + e"t)'/)> d(x,y)
= / F(e's(e"x +V1-e2y,—\/1-e2x+ely)+V1-e2(x, )7)) dv(x,7)

RZn
=T2"(F) o Re(x, ).

4) Let f € LY(R", yn); then

T2(f o p7)(x, ) = / fopie(6,y) + V1 - e X, P)dram(, 7)
]RZn

= / flex+V1-e25x)dyan(x,y) = / fle™x+V1-e25x)dyn(x) = Ts (/).
R2n Rn

O
Theorem 3.2. Let u € BV(X, ~) and c; defined in (3.3); then for any t > 0
/ |u(e"tx +v1-e2ty)—u(x)|dy ® y(x,y) < c¢|Dyu|(X). (3.5)

XxX
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Conversely, givenu € L logl/ 2L(X, ), if there exists C > O such that

/ u(e tx +v/1 - e2y) — u()|dy @ (6, y) < Cee, Ve > 0, (36)
XxX
then u € BV(X, ). In addition, the following limit holds
.1 _
fim 2 [ (e /1= ey) - u(ldy ©(0x,) = [DyulCD). 67)

XxX

Proof. The first part of the proof is based on [2, Lemma 2.3]. We start by considering a function v € CllJ (R™);
then denoting by v» and ~,, the standard Gaussian measures on R" and R>" respectively, and using the
rotation invariance of the Gaussian measure, that is the fact that R4, = v2n, where Ry : R — R2" is the
map defined in (3.4) and R,y is the push-forward operator, we obtain the following estimate:

t

[ et Vi-em - violdanten = [ | [ gove e Viz ey draney)
R2n

R2n |0
t

[ s

VveTTx+vV1-e2Ty) - (-V1-e2Tx + e Ty)dt| dvn(x, y)

RZn
= )Vv(e X+V1-e2Ty)-(-v/1-e2Tx+e” y)‘dyz,l(x y)dt (3.8)
/\/1 e? RZ
=//\/%dr\w()()-y}dvzn(x,yﬁct/IVV(X)Ian(X)-
R2n O -€ R~

Here we have used the equality fRn [VV(X) - y|dy(y) = |[Vv(x)|/2/7. Notice that taking a sequence of F C})
functions that converges in variation, i.e., vy — v in L1(X, ) such that |Dyv,|(X) — |[Dyv|(X), the above
estimate holds for every v € BV(X, ). We now show that

lim / v(e X + VI - e 2y) - V()| dyznx, y) = / V(0 d (). (39)

t—0C
Rzrx

Indeed, the linear functionals on C;,(R?")

L= / (%, Y)(v(e~x + /1 - e-2y) — v(x)dyan(x, y)

]RZn

have, thanks to (3.8), norm uniformly bounded by

ILell = [ [Vv()ldya(x).
/

In addition

lim L¢g = lim CEPE V1- e2ty, V1-e2tx+ e " Y)dTVv(x) - ydvyon(x, y)

t—0 t—>0/ Ct/\/l e—21

- / P06, V)TV - Ydran(x, ) = Log.

Then the functionals L; weakly” converge to the functional Lo and

ILoll = [ [9v01du00) < liminf Ll < [ 19v00ldn(o)
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If now u € BV(X, ~), we can consider a cylindrical approximation u; = v; o 7, with v; € C},(R"i )and 7 :
X — R" a projection induced by orthonormal elements hy, ..., hn; € H; the cylindrical approximation can
be chosen in such a way that

lim |[u; - ul|p1(x,4) = O, ]_l_i>r+nw/ |Vuujlpdy = |Dgul(X).

j—r+oo

The convergence in L!(X, ~) implies that

[ e VI e ) - utldy sacy) = tim [ e s V=) - w@idy @ 4(x,)

XxX XxX

hm /|v](e X+ V1 -e2ty) - vj(0)|dyan(x, y)

<ct, hm /|Vv} )| dyn; (x)
R"Y

=ct lim /\VHuj(X)\Hd’Y(X) = c¢|Dyu|(X),
]J—+oo
X

which proves the inequality in (3.5).
Letnow fixu e L logl/ 2L(X, v) and assume (3.6), that we can rewrite as

/ [uopioRix,y)—uopilx,y)dy®~(x,y) < Cct,
XxX

where p; : X x X — X is the projection p,(x, y) = x and R; is the rotation defined in (3.4). Then, if F, is the
o-algebra induced by the projection 71, : X — R™ and F, x ¥, the o—algebra induced by IT,, : X x X — R?",
In(x,y) = (7mn(x), n(y)), we have that

/|uoploRt—uop1|dfy®y=/E(|uop1oRt—uop1||3"n><3"n)dv®'y
XxX XxX

> / ‘E(u op1 oRt—uop1|37n ngn)
XxX

dy®~y

= / ‘E(u|3"n) op1 oRt—E(u|rfn) op1‘ dy ®7,
XxX

where we have used the properties (1), (2) of the conditional expectation stated in Lemma 3.1. So we may
assume thatv € L logl/ 2L(R", ~n) is a function such that

/ ‘V op1 ORt —V0p1|d’\/2n < CCt
R2n

and we prove that v € BV(R", vn). If we denote by (T?)s and (T2")s the Ornstein—Uhlenbeck semigroups on
R" and R?" respectively, then since they are mass preserving, we have that

/|Vop1 oRt—Vopl\d’YZn=/T§n\VOp1 oR¢—vop|dyan
R2n

S / IT2"(v o py o R) - T2'(v o p1)|dvan
]RZn

=/|T§I(V)Op1 o Rt - T¢(v) o p1|dvan.
RZn



220 —— Luigi Ambrosio, Michele Miranda Jr., and Diego Pallara DE GRUYTER OPEN

Thanks to the previous arguments, we obtain that

/ VTv]dn < C,

Rn

which implies v € BV(R", vx) with

|Dgnv|(R") < ligr:iglf/ |VTsv|dyn < C.
RH

The same conclusion holds foru € L logl/ 2L(X ,7), by taking conditional expectations. The limiting formula

.1
|Dgu|(X) = lim — / [uopyoRt—uopildy®7, Yu € BV(X, v),
t—0 C¢
XxX
follows from the inequalities

/|uoploRt—uop1|d7®'yz/\unoploRt—unop1|d'y®72/|T§lvnoploRt—Tgvnop1|dfy2n,
XxX XxX R2n

where up = E(u‘?n) = vy o 7y Indeed

.1
h?L%‘fa / |T$vn o p1 o Rt — Tevn o p1|dyan =/\VT§’vn|d7n =/|VHTsun\d7
R2" Rr X

which is true for any n € N and s > 0; the result then follows by letting n —+ +oc and s — 0. O

Proposition 3.3. For every E C X such that 0 < v(E) < 1 the following isoperimetric type inequality holds:

Pu(E,X) | 2V2

—_— 2 —. 3.10
Y(EW(ES) (310
Moreover, equality holds if and only if E is a halfspace with O € OE.
Proof. Starting from (3.2) and (3.5) we get
[ Tited < S Py, x), (1)

Ec

whence, taking into account that

lim ¢, = \/? lim Toxs(0) = 1(B),
t—+oo 2 t—+oo

we deduce (3.10) by taking the limit as t — oo in (3.11). Let us prove that the only set attaining equality in
(3.10) is a halfspace
El={h<a}, heH,

with a = 0. Indeed, by Ehrhard symmetrisation, if E is a set with finite perimeter, then
PH(E’ X) 2 PH(ESy X)y

where E® is a halfspace with v(E) = v(E®); in addition, equality holds in the last estimate if and only if E is

equivalent to a halfspace. Then
Py(E,X)  Puy(E'.X) _2V2
YENWES) ~ A(ESH((ES)S) — vm -~
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The first inequality is an equality if and only E is a halfspace; for the second inequality, if we take ES = E!
with |h|g = 1, then an explicit computation yields

Py(ER, X) V2me . Fla.

2

YEDVED) [ eat [ e Tat

We have then shown that F(a) > % ; a direct computation shows that the only solution of the equation

F(a) = &

N
isa=0. O

Remark 3.4. For the halfspace Eq = ER, |h|y = 1, the following equality holds:
c
[ Tite, 0900 = SPuEo, ), veo.
£

Moreover, it is the only set with finite perimeter with this property.
First, let us explicitly compute the quantity

/ Tots, 0y (0).
s

Using the fact that the y-measurable linear functional x — h(x) has Gaussian law, by writing yg, (x) =
X(=os,0)(h(x)), we may write

1 _tp _pn
/TtXEo(X)d’Y(X) =E//X(,w,o)(€ th(X) +4v1-e2th)e 5 db
Eg B R

@242
:% /X(O,+oo)(a)x(—oo,0)(e_[a +V 1- e*th)e_deadb = %PH(EO’X)s
R2

as claimed. For the uniqueness, if E is such that
[ Ty = §putE 0, veso,
EC

passing to the limit as t — +oo, we find that E is such that

Py(E,X) _2V2
Y(EW(E)  Va

and then E = Eﬁ for some h € H. Analogously, if a function u satisfies

/ |u(e'tx +1V1-e2ty) —u(x)|dy @ v(x, y) = ct|Dyu|(X), vt > 0,

XxX

then by coarea formula, for almost every T € R, the sets E; = {u > 7} are sets with finite perimeter such that

/TtXE,dW = %PH(E‘UX), vt > 0,
E;

andthenu =a+ bXEg forsomea,b c Rand h € H.
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4 Decomposition of the gradient and chain rule

In this section we discuss a few finer properties of a function u with bounded variation. If we fix h € H, recall
that we are denoting by p;, the measure [Dyu, h]g defined as

Up(B) = [Dyu(B), hly.

The measure Dyu can be decomposed into an absolutely continuous part Dfu with respect to -, whose den-
sity is denoted by Vyu, and a singular part Df;u, as follows

Dyu = Dfu + D{u = Vyuy + DGu. (4.0)
In this way the measure pj admits the Radon-Nikodym decomposition
Hn = OpUy + M,

where uj = [Dfu, hlg L v and we have used the equality o,u = [Vyu, hly.
We recall also that if we write X = F @ F- with F = span{h} and F = kermy, then by defining uy(t) =
u(y + th) we have that for v -a.e. y € F*, uy € BV(F, y5); we define

Bp ={y € F* : uy € BV(F, yp)},
with v7(Bf) = 1. For all y € Br we write
Druy = uyyp + DFuy.

We recall the formula

[Duu, hli = (v LBr) ® Druy (4.2)
(a simple consequence of Fubini’s theorem) and we analyse in the next lemma the effect of the decomposition
in absolutely continuous and singular part.

Lemma 4.1. Let u € BV(X, ) and h € H; then, forvj-a.e.y € F*,

uf = (vF LBp) ® (uyyp) (4.3)
and

U9 = (v# LBp) ® (D%uy). (4.4)
As a consequence, for wﬁ-a.e. y € F+ there holds uy(2) = (Opu)y(2) for vg-a.e. z € F.

Proof. Obviously, (v# LBf) ® (ujyr) < 7. Let us prove that (v# L Br) ® (D%u,) L ~. Notice that for vz -a.e.
y € F* the measure DZuy is singular with respect to ~r, so that we may define the yx-negligible Borel set

A = {teR: lim PwE=rt+1) =+<>o},
r—0 r

and we have DZuy(B) = D%uy(Ay N B), see [4, section 3.2]. Setting Ay = Rify € F\ B, define
A={x=y+z,ycF', zc Ay}

and observe that
@)= [ randE) -o.
FL
Since 7 (B) = u7 (BN A), we deduce that uj L ~. By (4.2) and the uniqueness of the Radon-Nikodym decom-
position we get that uf and u are given by (4.3), (4.4). The fact that uj, = (0,u)y +# -a.e. for 7 a.e.y € Fl s
then an easy consequence. O
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Lemma 4.2. Let {A, : h € H} be a family of signed measures on X linear in h, i.e., such that Agp,.pn, =
alp, + bAy,, and continuous, i.e., for every € > O there is 6 > O such that |h|y < 6 implies |A,|(X) < . Assuming

Vo A = sup{z A (4] = X =|_JAj, (4)) pairwise disjoint, |k;| = 1} < oo, (4.5)
j=1

{Ihla=1} j=1

for every orthonormal basis (h;) of H the set function
ABB) = Ay (B)h;
j=1

belongs to M(X, H). In particular, the families of measures

h— X(B) = / Diuy(By) dvi(y), B e BX) (4.6)
hi

h— AR(B) = / Dfuy(B))dv#(y),  Be BX) (4.7)
hL

define two H-valued measures denoted by Dﬁu and DGu.

Proof. Notice that

IA|(X) = sup{z [ABj)|g: X = UB]-, (B;) pairwise disioint}

j=1 j=1
N oo
= sup{ lim Z [ABj)|g : X = UB]-, (B;) pairwise disjoint};
N—oo =) i
but by the linearity if (B;) is a countable partition of X such that A(B;) # 0 for all j € N, setting k; = %,
/)

for every N € N we have

N N N
Z |A(B))|g = Z I[A(B)), kjlmkj|s = Z MBI <\ Ap(X) <o
j=1 j=1 j=1 {Ihln=1}

It follows that A(B) € H for any B € B(X), that A belongs to M (X, H) and the definition is independent of the
basis.

Let us show that the set functions defined in (4.6), (4.7) verify the hypotheses of linearity and continuity with
respect to h and also the boundedness assumption (4.5). The linearity of N, }lg follows basically arguing as
in [5, Proposition 4.8], see also [4, Theorem 3.108]. Indeed, take h € F = span{hy, h,}. Then,

X.(B) = / Duy(B,) dvit(y) = / [D-uy (By), Rlgdyit(v)
hi FL

by the finite dimensional result. Moreover, the boundedness follows from

VA4,V ASX) < Daul(X) < .

{lh|n=1} {lhlu=1}
O
According to Lemma 4.2, we define the jump and the Cantor parts of Dyu as
D=3, by, “.8)

j=1

Dfu =" A hj, (4.9)
j=1
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so that DGu = Dj,u + Dfu and
Dyu = Dfu + Dfu = Dfu + Dju + Diju. (4.10)

In the sequel, we use the notation DId{u = Vyudy + D,C{u for the part of the measure Dgzu out of the jump
set. The next goal is to identify the sets where such measures are concentrated. Indeed, the jump part is
concentrated on a set which is o-finite with respect to the $°°~! measure (the discontinuity set), whereas the
Cantor part is concentrated on a bigger set.

Lemma 4.3. If B C X is a Borel set with $=°~1(B) < oo then |D§,u|(B) =0.

Proof. Fix h € H and write
Dfu(B) - [ Diuy(By) di ) =0
hL
because By is a locally finite set for y-a.e. y € h' and Duy(By) = 0 by the analogous one-dimensional
property. O

Let us consider the jump part. In the following definition we think of F as a fixed increasing sequence of finite
dimensional subspaces of X", as explained in Section 2.

Definition 4.4. Letu € BV(X, v) andlet D C R be a countable dense set such that {u > t} has finite perimeter
forallt € D. Define the discontinuity set of u as

S(u) = U (a}{u >s}nog{u> t}).

s, teD, s#t
By definition, S(u) is o-finite with respect to $>°71. Let us show that D{qu is concentrated on S(u).

Theorem 4.5. Let u € BV(X, v). Then, the measure D{qu is absolutely continuous with respect to $=71 L S(u)
and there is a Dyu-measurable unit vector field v, on S(u) such that

D}u(B) = / W’ (x) - u" ))vu(x) dS=1(x) (4.11)
BNS(u)
for all B € B(X), where u"(x) and u”(x) are defined in Remark 2.4. Moreover, if v € BV(X,~) then vy = vy
$>="L.a.e. on S(u) N S(v) (up to the sign).

Proof. Notice that there is a |Dyu|-measurable unit vector field v, on S(u) such that the equality v,(x) =

V{usey (%) holds 8="1-a.e. on S(u) N o5 {u > t}, for all t such that {u > ¢t} has finite perimeter. Indeed, this is

an obvious consequence of the inclusion {u > t} C {u > s} for t = s € D and Corollary 2.3.

Fixed h € H \ {0}, for every y € h™ the equality

U (a*{uy >syn o {uy > t}) = ( U (a;{u >synoy{u> t}))
s,teD

b
s, teD,s#t y

holds, hence S(uy) = (S(u))y and for every B C X\S(u) we have B,N(S(u))y = ByNS(uy) = 0. Asa consequence,
foranyh € H
D, k1) = [ 1Dhuy (B it ) = 0
hl
and therefore |D§Iu|(B) = 0. Finally, by the coarea formula and Corollary 2.3, for every Borel set B we have

Du(B) = Dyu(B N Sw)) = / DirX puey (B 1 S@)) dt = / dt / Xot, oy 0OV a0 457 ()
R R BNS(u)

_ / 4s™1(x) / Xor, sty 0V sy 00t = / ¥ () - u" ()vulx) dS™1(x).
R

BNS(u) BNS(u)
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Let now u, v € BV(X, 7). For x € S(u) N S(v) there are s, t € D such that x € 95-{u > t} N d5{v > s}, the unit
vector fields v, and vy coincide $=~!-a.e. on S(u) N S(v) (up to the sign) again by Corollary 2.3. O

Lemma 4.6. Let u € BV(X,~). Then, for |Dgu|-a.e. x € X \ S(u) there is a unique t = ii(x) € R such that
x € dg{u >t}

Proof. The coarea formula and [6, Theorem 5.2] yield

|Dyu|(B) = /PH({u > t}, B)dt = /s""*l(a;{u >t} N B)dt
R R

for every Borel set B. Therefore, for
By = {x € X\S(u): At € Rsuchthatx e a;{u > t}} (4.12)

we get |[Dyu|(By) = 0 and the existence of ii(x) for |[Dyu|-a.e. x € X\ S(u). Let us prove the uniqueness: if there
were s # t € Rsuch that x € 05{u > t} N d5{u > s} then the set Jx of such numbers, according to Remark
2.4, would be an interval containing a pair s’ # ¢’ € D, whence we would get the contradiction x € S(u). O

According to Lemma 4.6, for [Dgu|-a.e. x € X \ S(u) we may define
i(x) =t, (4.13)

where t € R is the unique value such that x € a}{u > t} and we call it(x) the approximate limit of u at x.

Proposition 4.7. Let u € BV(X, ~). For every { € C1(R) N Lip(R), the function i o u belongs to BV(X, v) and
the equality
Dy( o u) = ' (@) Vyudy + ' @DGu + (h(u") - P Dvus8™ "' L S() (4.14)

holds.

Proof. Let us first show that v = 1 o u belongs to BV(X, ~). To this end, notice first that v has at most a linear
growth, hence it belongs to L logl/ 2L(X , 7). Moreover, if u, are the canonical cylindrical approximations of
u we have that ) o um € BV(X, ), ¥ o um — vin L*(X, ~) and

IDgv|(X) < liminf [Dg (W o um)|(X) < |[1'||o lim inf | Dgrum |(X)
m-—oo m—oo

by lower semicontinuity.

Next, we prove that S(v) ¢ S(u). Indeed, if x € S(v) then there are s,t € D, s < t, such that x € a;{v >
s} N d5{v > t}. By definition of cylindrical essential boundary, there are two finite dimensional subspaces
F1, F, € F such that for any G € 7 containing both F; and F, we have x € d3{v > s} N dg{v > t}. For every
such G we may write x = y + z, with y € kerng and z € 0"{v > s}, N 0"{v > t},. By the finite dimensional
case, see [4, Theorem 3.96], z € S(v)y implies z € S(u)y, and therefore x = y + z € S(u).

Let B ¢ S(u) and assume that i is increasing. In this case, [v"'(x), vV (x)] = [Yu" (), Y (x))] for any
x € S(u) and by the coarea formula we get

Dy o w)|(B) = / Pu({p() > £}, B) dt,

R
but then, if we set t = (s), we get {p(u) > t} = {u > s}, and thus
u¥ (0

IDp(Y o w)|(B) = [ ¥'(s) Pg({u > s}, B)ds = P'(s)ds ds™ ' (x)
f []

B un(x)

- / W’ (0) - Y () ds™ 1 (x).
B
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In particular, |Dgyv|(S(u) \ S(v)) = 0 and Dyv = DLV inS(v).If Bc X\ S(u)and x € B, thenx € a}{u > t}
only if t = &i(x), see Lemma 4.6 and (4.13), and then arguing as before we find

D o W)|(B) = [Du(h o w)|(B) = /PH({IIJ ou>t}, B)dt= /IP'(S)PH({M > s}, B)ds
R

R

- [ [ W @edDuxeg 0 ds - [ /@ diDgul.
R B

B

Finally, for € C(R)NLip(R), if we fix L > ||1}’||, We may apply the previous result to the strictly increasing
function ¥(t) + Lt. O

A useful consequence of Lemma 4.6, Lemma 4.5 and Proposition 4.7 is the following Leibniz rule for the
derivative of the product of two bounded BV functions.

Proposition 4.8. Letu, v € BV(X, v)NL*(X, ~); then, uv € BV(X, v)NL*>(X, v) and there is a pair of functions
it, v such that it (resp. V) coincides with the approximate limit of u (resp. of v) \Dﬁu\-a.e. (resp. \Dg,v\-a.e.) in
its domain such that the following formula holds:

Dy(uv) = aDFv + vDFu + () - (uv)")v8™ L (S(w) U SO)). (4.15)

Here v = vy, on S(u) and v = vy on S(v), which is well defined in view of Lemma 4.5. In particular, if E C X has
finite perimeter then uyg € BV(X, v).

Proof. Possibly adding a constant which is irrelevant for our purposes, we may assume that u, v are positive.
Set w = uv and define the positive measure A = \D}‘gu\ + |Df{v|. Since Dg,u, Df,v < A there are Borel functions
f, g such that Df,u =fA, Df,v =gland |f| + |g| = 1 A-a.e. in X. Notice also that by definition the approximate
limit Ww(x) exists and coincides with ii(x)7(x) wherever the approximate limits of u and v exist. Moreover,
setting

E={x e X: min{[f(x])], [gX)[} >0},

the measures A, Dflu, D,‘i{v are all equivalent in E, hence w exists and coincides with iV A-a.e. in E. In the
following computation we fix a pointwise defined Borel function W that coincides with the approximate limit
of w wherever it exists. By the chain rule (notice that the function log is Lipschitz continuous on the range of
u and v, which are supposed to be positive and bounded) we get

d
D{/fv = D%(log w) = D%(log u) + D%(log v) =

d d
%+M=(£+§)/L
it v u v

on Borel subsets of E, whence
Dw = (¥f + iig)A = VD%u + 1Dy on Borel subsets of E.

If we consider the sets E; = {f = 0} n{g > 0} and E, = {g = 0} N {f > 0}, the same computation gives
Dflw/ W = gA/V on Borel subsets of E; and D}i{w/ w = fA/ii on Borel subsets of E,. Therefore, we may define
it =w/vonE;and Vv = w/it on E,. Then, (4.15) follows from the decomposition of the gradient of general BV
functions. O

5 Special functions of bounded variation

In this section we introduce the space of special functions with bounded variation and investigate some of
their properties; in particular, we give a characterisation of them in terms of the chain rule and study the
closedness under the weak convergence in BV.
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Definition 5.1. A function u € BV (X, ~) is called a special function of bounded variation, u € SBV(X, ), if
ID%u| = 0, i.e., the equality Dyu = Vgudy + (u" - u)vy8="*LS(u) holds.

Remark 5.2. A BV(X, v) function u is SBV(X, ~) if and only if

/\VHu\ dvy = inf{|DHu|(X\K) . K compact, 81 (K) < oo}.
X

Indeed, the equality
IDEu|(X) = [Dyu|(X \ S@)) = inf{|DHu|(X\K) : K compact, = 1(K) < oo}.

follows from Theorem 4.5 and the o-finiteness of S(u) with respect to 871 Therefore, if u € SBV(X, ) the
statement is obvious. The opposite implication follows from Lemma 4.3.

SBYV functions can be characterised by using the chain rule (4.14) as well. To this end, let us fix an in-
creasing concave function 6 : [0, +o0) — [0, +o0) such that

lim @=

1
t—0+ t oo 1)

and the class of related test functions

e(6) = {cp € G : [l = ti%%#t% < oo}.

Proposition 5.3. Consider u € BV(X,~) and 0 as in (5.1); then, if there is a measure A € M(X, H) with
|A|(S(u)) = 0 and a positive functional A € (Cp(X))' s.t.
IDg®(u) - @' (@A < ||D||pA, Vo e C(0),

then A = D%u and
Az 0w’ () - u"(x))$= L S(w). (5.2)

Inparticular, u € SBV(X, ~) if and only if there is g € L' (X, ~; H) such that

IDp®W) - @' (W)gH] < [|DllgA, VP < C(6).

Proof. We want to show that the measure u = D%u~A vanishes, i.e., |u|(X) = 0. First, notice that [u|(S(u)) = 0,
as |D}1{u|(X) = |A|(S(u)) = 0. Therefore, setting B = X \ S(u), we have |u|(X) = |u|(B) and the measures u and
$>~1_S(u) are mutually singular. In particular, the relationship

@' (@] = |@' (@)DFu - @' (@WA| = x50y D PW) - @ (@A

holds. It follows that
/|<D'(ﬂ(X))IdIH|(X) < [Dp@(u) - ' (@)A|(X) < ||D|[pA(1)
X

for any @ € C(6). Taking now @ ((t) = sin(t/e) and @, ((t) = cos(t/¢) in the previous inequality and sum-
ming up, as |sin t| + | cos t| = 1 we get

1|(X) < &(||@1,e]lg + || DP2,e][9)A(D).

Letting € — 0 and applying [4, Lemma 4.10], we deduce that |u|(X) = 0. It then follows from Proposition 4.7
that
(@) - DU WuS™ L SW)| = [D(® o u) - D' (@A < ||]pA

for all @ € €(0). Therefore, taking into account that by [4, Lemma 4.11] we have

|D(s) - (D)) }

8(s - t]) =
(s - ) = sup{ =g
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where 6 is a countable dense setin {® ¢ €(0) : @' € C.(R), @ non constant}, and using also [4, Remark
1.69] we deduce (5.2):

A \/ Mg‘*ﬂ_s(u)

oe6 [|Dllg
= {sup |20) - )| $= L S(u) = (O - u™)S™ 1L S(u).
®co |Pl[q

The following closure-compactness theorem follows.

Theorem 5.4. Let i : [0, +o0) — [0, +oo] and 0 : (0, +o0) — (0, +oo] be two continuous and increasing

functions such that

lim M = +oo, lim @ = 400,
t—+oco t—0

and let (u)x C SBV(X, v) be a sequence such that sup; ||ug||e < oo and

Sup{/l/)(IVHule)dv+ / Oy - uﬁ)ds“"l} < +oo.
keN
X S(ur)

If uj, — u in measure, then u € SBV(X, ~), Vyuy converges to V yu weakly in L*(X, v; H) and Dﬁuk weakly”
converges to Dgu in M(X, H). Moreover, if Y is convex and 6 is concave, then

[ w0l < timint [ (gl 53
X X

and
/ O’ —u™)ds™" <liminf [ O(u) —up)ds='.
k—>+o0
S(u) S(u)
Proof. Possibly considering 6 A M = min{8, M} in place of 6, we may suppose that 6 is bounded. First,
notice that the functions Vyu,; are equi-integrable, so that, up to subsequences which we don’t relabel, they

weakly converge in L(X, v; H) to some g € L1(X, ~; H). For @ € €(6), let us show that @' (u;)V yu; converges
to @' (u)g weakly in L1(X, v; H). To this aim, consider f € L>°(X, v; H) and notice that

kl_iglw @' (u) If, Viuludy =kEIP°° (/((P’(uk) - @' W)If, Vauglgdy +/‘1’/(u)[f, VHuk]Hd’Y)
X X X

- lim. / W, Vrdndy = / @' W, gludy
X X

because | @' (uy(x)) — @' (u))||Vaur(x)|g £ 2||@ ||| VHUK(X)|z and the functions Vuy, are equi-integrable,
so that we may apply Vitali theorem (see e.g. [12, Theorem II1.6.15]) and deduce

< |Iflles / 1@ (uy) - ' W)[|V g s dy — 0.

| [(@ w0 - @), Ty
X X

From (4.14) we infer that Dy ®(u;) weakly” converges to Dy@(u) in the duality with respect to C,,(X), and
then
kgIP (DHCD(Uk) - (Dl(uk)VHukV) =Dy @) - @' (u)gn.

Moreover, the measures
Ui = 0y — up)S™ L S(uy)



DE GRUYTER OPEN Some Fine Properties of BV Functions on Wiener Spaces = 229

have bounded total variation, hence, up to subsequences again, they are weakly” converging in the duality
with C,(X) to a positive functional A on C;(X). Since @ € €(0), we get

Dy @(uy) - @ (u) Viugy| < || Dok
and letting k — oo, by the lower semicontinuity of the total variation,
IDp@(u) - @' (W)gy| < ||D||pA,

hence by Proposition 5.3, u € SBV(X, v) and Vyu = g. By the previous argument, V zu; weakly converges to
Vyu and as a consequence Dguk — Dgu. O

If E C X is a set with finite perimeter, for every u : E — R we define u” : X — R the zero extension of u out of
E, and for 1 < p < oo the space

HYP(E, 5) = {u € LP(E,7): u' € SBV(X,7), Vyu' € I(X,~), |D§u’|(X \ 05E) = 0}, (5.4)

endowed with the norm
[ullgirEy) = U lp + [[VEU [|p-

As an application of the previous result, we deduce a compactness theorem for the space HP(E, ~), in the
spirit of [27, Chapter 5, Section 3].

Theorem 5.5. The bounded closed subsets of H*P(E, ~), 1 < p < oo, are weakly compact in LP (E, ~).

Proof. Let (u) be a bounded sequence in H*P(E, ~). Since a function u belongs to SBV(X, ~) if and only if
all its truncations ug = (u A K) v (-K) are SBV, we may suppose that the u;, are equibounded. Eventually,
a diagonal argument allows us to remove this hypothesis. By the boundedness in L?(E, +) we infer that a
subsequence (which we don’t relabel) is weakly converging to a function u in LP(E, v). Let us show that u ¢
HYP(E, ). To this aim, notice first that by Mazur’s lemma a suitable sequence (v;) of convex combinations of
the (u;) converges strongly to u in L? (E, ~) and that the null extensions v, still belong to H'? (E, ~) because,
as for the (uy), D%v;(X \ 05E) = 0. Therefore, we may apply Theorem 5.4 to the sequence (v;) ¢ SBV(X, )
with (t) = |¢|P and 6(¢) = 1 and conclude that u” € SBV(X, ). Finally, since D%u"(X \ 05E) = 0 by the weak
convergence of D/v; and Vyu" € LP(E, ~) by (5.3), the proof is complete. O
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