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Introduction

Though the theory of gravitational waves was developed formally by Einstein in 1916

[1], the idea of a gravitational field traveling through space dates back to Maxwell and

Poincaré [2, 3]. In his memorable book “ Sur le Principe de la Gravitation Univeselle”

of 1776, Pierre Laplace had considered the problem of an orbital damping force arising

from a finite speed of propagation of the gravitational interaction. He was seeking for

an explanation for the observed decrease of the Moon’s orbital period with respect to

ancient eclipse observations. The energy loss of a system due to emission of gravitational

radiation was first suggested in 1908 by Poincaré [4]. His suggestion was that planetary

orbits must slowly lose energy to wave emission in the gravitational field and pointed

out that such an effect is too small to explain the perihelion shift of the Mercury planet.

The theory of gravitational waves has a longer history of disputes, false dawns and

setbacks. Many theorists doubted, at one time or another, whether they existed at all.

Albert Einstein himself, who founded the theory of gravitational waves in 1916 , num-

bered himself amongst the doubters on at least two occasions. In a letter to his friend

Max Born, probably written sometime during 1936, Albert Einstein reported

Together with a young collaborator, I arrived at the interesting result that gravita-

tional waves do not exist, though they had been assumed a certainty to the first approx-

imation. This shows that the non-linear general relativistic field equations can tell us

more or, rather, limit us more than we have believed up to now (Born 1971, p. 125)

The letter which Einstein sent to Born was based on his work with his young collab-

orator Nathan Rosen under the title “ Do Gravitational Waves Exist ?”. In that paper they

apparently showed that according to their calculations, gravitational radiation does not

exist but it is just an artifact of Einstein’s theory and nothing else. Einstein convinced

also Leopold Infield who was a new at Princeton, that according to Einstein’s recent

results gravitational waves do not exist. Once an idea has been putted forward on the

table and accepted by the community, there is nothing more difficult than saying that it

should be erased because is wrong! In fact not everyone after Einstein-Rosen paper was

easily convinced on that. Shortly after their paper was sent to the Physical Review for

publication it was returned to him with a critical referees report, accompanied by the ed-

itors mild request that he “ would be glad to have your reaction to the various comments

and criticisms the referee has made.” (John T. Tate to Einstein July 23, 1936). Einstein
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reaction was immediate and he wrote to the editor

Dear Sir,

We (Mr. Rosen and I) had sent you our manuscript for publication and had not autho-

rized you to show it to specialists before it is printed. I see no reason to address the - in

any case erroneous - comments of your anonymous expert. On the basis of this incident

I prefer to publish the paper elsewhere.

respectfully,

P.S. Mr. Rosen, who has left for the Soviet Union, has authorized me to represent him in

this matter.

Soon after, Tate replied to Einstein saying that he regretted Einstein’s decision to

withdraw the paper and that he would not set aside the journal’s review procedure. How-

ever, despite Tate’s letter Einstein from that incident never sent papers to publish to the

Physical Review. Einstein-Rosen paper was subsequently accepted for publication by

the Journal of the Franklin Institute of Philadelphia.

Einstein always had been not sure on the reality of gravitational waves which he

derived 1916 where for the first time the famous “quadrupole formula” was found. To-

gether with Rosen he was looking for exact solutions to the field equations of general

relativity which described plane wave gravitational waves. What they found was that

to do so was not possible without introducing singularities into the components of the

metric describing the wave and as a result they showed that no regular periodic wave-

like solutions were possible. However, in July of 1936, the relativist Howard Percy

Robertson who was already known for his studies on the metric of a homogeneous and

isotropic space which latter was coined the Robertson-Walker metric, discussing with

Infeld (whom Einstein convinced on the non existence of gravitational radiation), he

told to him that hid did not believe to Einstein’s results. Once, Robertson showed to

Infeld the errors contained in the Einstein-Rosen paper, Infeld was again convinced this

time by Robertson and he rapidly communicated to Einstein the errors found in his pa-

per. Einstein quickly contacted the Franklin Journal and made changes in the proof of

the paper. The new title of the paper was “On Gravitational waves” [5]. The errors

contained in the Einstein-Rosen paper were the same which the referee of the Physical

Review pointed out! This little piece of story regarding the nature of gravitational waves

learn us an important lesson, namely that the referee opinion and critics are always very

important.

The just mentioned episode on the non existence of the gravitational radiation is one

of many other episodes in the history of gravitational waves. In his 1922 famous paper

[6], Sir Arthur Stanley Eddington one the most leading astrophysicist of that time re-

marked that gravitational waves do propagate with “the speed of thought”. Eddingtons

outlook on gravitational waves expressed in his paper has earned him a reputation as the

first skeptic of gravitational waves. However, this does accurately reflect his skeptical

attitude towards the analogy with electromagnetic waves, although he was emphatically

not one of those who concluded that gravitational waves did not exist. On the infi-
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nite speed of gravitational radiation, Eddington was arguing only that certain classes of

gravitational waves the “longitudinal-longitudinal” and “transverse-longitudinal” were

unphysical. He also showed that the transverse-transverse waves (today are called TT

waves) could carry energy and corrected an erroneous factor two in the Einstein’s previ-

ous quadrupole formula.

Starting from 1938, Einstein with his task force composed by Leopold Infeld and

Banesh Hoffman started developing the post-Newtonian approach to the general prob-

lem of motion in general relativity. This method consist on expanding the equations of

general relativity in powers of the gravitational field strength and in powers of v{c where

v ! c is the source velocity. This method of attacking the general problem of motion in

general relativity today is know as the EIH method and so far is on of the most influen-

tial. Inspired by the EIH method, in 1946 the Chinese student of the California Institute

of Technology (Caltech) Ning Hu addressed the EIH method to the gravitational radia-

tion to binary systems. His results were rather surprising since he found disagreement

with the quadrupole formula for the case of two equal masses orbiting around each-other.

However, Hu shortly after corrected his results already published where he found that

the binary system gain energy instead of loosing energy as e result of gravitational wave

emission. In the same period Infeld and his student Scheidegger found that the system

does not present damping effects at all!

At the Bern conference of 1955, Rosen re-emerged again his skepticism on grav-

itational radiation but this time focusing on the energy that it carries. In fact during

the conference he emphasized that gravitational waves maybe do not carry energy, con-

clusion which Infeld and Scheidegger arrived few years ago. Rosen arguments were

based on the fact that the energy is non-localizable in general relativity where the energy

conservation is expressed as the covariant derivative of the energy momentum tensor.

He showed that both Einstein and Landau-Lifshitz pseudo tensors of gravitational wave

which are not invariant quantities under coordinate transformations, do not carry energy

in cylindric coordinates according to his paper with Einstein of 1937.

Despite of too many years of speculations on the nature of gravitational waves, we

can safely say that today the gravitational wave science has become a reality. How all

this happened? How it is possible that a field of research such as gravitational waves

which has been debated for too many years, nowadays has become one of the most

founded in the history of science with several ambitious projects being built around the

globe for their detection? All these changes have not been instantaneously but it took too

many years of intensive studies and contemporarily a lot of efforts on the construction

of the first gravitational wave detectors. If gravitational waves really do not exist or do

not carry energy was one of the most important problems related to the field. However,

another realistic problem was that there were no available sources in order to test even

what was then known. The only theoretical argument which could be compared with

experimental results was only the quadrupole formula which Einstein found in 1916.

In order to apply this relation to physical systems one must have a physical source of
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gravitational waves and moreover the predicted signal at Earth was too small that people

even wondered if it was possible to detect it.

Apart from some false claims made by Weber in 1960 that he had detected gravita-

tional waves, an important point in the history of gravitational waves was the discovery

of the first binary system of pulsars PSR B1913+16 by Hulse and Taylor in 1975 [7].

The discovery crystalized the excitement in the field providing the first test bed for strong

fields effects of general relativity, although there were explicit doubts at first that the sys-

tem would exhibit measurable orbital damping effects [8]. However, doubts went away

in 1980 when after several years of observations Taylor and McCulloch announced the

orbital decay in the period of the binary system PSR B1913+16 in good agreement with

the prediction of the quadrupole formula with an accuracy of 20% [9]. Since then and

mostly due to works of Thorne [10] and Damour [11] gravitational radiation has been

an object of intensive studies. The general consensus today see gravitational waves as

fluctuations in the curvature of space-time, which propagate as waves, traveling outward

from the source.

Roughly speaking there are two groups of possible sources of gravitational radiation

which may be registered by gravitational wave detectors either on the Earth or by space

missions. The first group includes energetic phenomena in the contemporary universe,

such as emission of gravitational waves by black hole or compact star binaries, super-

nova explosions, and possibly some other catastrophic phenomena. The second group

contains gravitational radiation coming from the early Universe, which creates today

an isotropic background usually with rather low frequency. Such gravitational radiation

could be produced at inflation, phase transitions in the primeval plasma, by the decay or

interaction of topological defects, e.g. cosmic strings, etc.

The graviton (gravitational wave) production in the Friedmann-Robertson-Walker

metric was first considered by Grishchuk [12], who noticed that the graviton wave equa-

tion is not conformal invariant and thus such quanta can be produced by conformal flat

external gravitational field. Generation of gravitational waves at the De Sitter (inflation-

ary) stage was studied by Starobinsky [13]. The stochastic homogeneous background of

the low frequency gravitational waves is now one of the very important predictions of

inflationary cosmology, which may present test bed for inflationary models.

The structure of this thesis is as follows: In chapter 1 we discuss the basic the-

ory of gravitational waves. We start from the Einstein field equation and after expand

them around the Minkowski metric arriving at the end at the quadrupole formula. After

that we define the plane gravitational waves and expand a general gravitational wave

in the TT gauge. The last part of chapter 1 concern the energy of gravitational waves

and their energy-momentum tensor. In chapter 2 we introduce some basic quantities

and definitions regarding gravitational wave detectors. We start by defining the detector

signal and sensitivity and how this quantities are related to the gravitational wave detec-

tor signal. Next we discuss the main noise sources concerning both interferometer and

resonant bars. We discuss the many difficulties which people have to face in order to
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reduce the detector noise and how to distinguish it from the gravitational wave signal.

We then conclude with an overview on the status of the present and future gravitational

interferometers such as Virgo, LIGO etc. In chapter 3 we begin with the definition of

several quantities of a stochastic background of gravitational waves such as its energy

density, density parameter, amplitude etc. Next we proceed to discussion on the phe-

nomenological bounds on the density parameter of gravitational waves. We conclude

with an overview (not complete) on the most important models of gravitational wave

generation in the early Universe. In chapter 4 and chapter 5 we review the gravitational

wave production by light primordial black holes and their detection. This mechanism of

gravitational wave production will introduce an additional expansion regime in the early

Universe where a large amount of gravitational waves is produced. In connection with

that we study the mechanism of graviton to photon transition in the post recombination

epoch which presents an alternative way on looking for gravitational waves [14, 15].





Chapter 1

General theory of gravitational

waves

Special relativity has been one of the most important achievement in the last century, re-

moving from the mainstream of theoretical physics the concept of absolute time. In his

seminal paper of 1905, Einstein showed for the first time that the laws of physics should

be changed and the old Galileo transformation should be replaced with the Lorentz trans-

formation. Despite the success of the theory of special relativity, it lacks an important

key ingredient in order to explain the macroscopic physics, the gravity.

General relativity is the theory which unify the theory Special relativity with gravity,

where gravity manifest itself as curvature of the space-time. On of the most important

achievements of this theory is that it admits wave-like solutions of the field equations

where waves do propagate outward from the source with the velocity of light. In this

chapter we present a simplified derivation of the field equations in vacuum and most

important properties of gravitational radiation. In deriving our results we closely follow

those in [16, 17, 18]. In this thesis we work in the natural units c “ ~ “ kB “ 1.

1.1 Weak field approximation

The weak field approximation is a powerful method used to solve the Einstein field equa-

tions in regions where the gravitational field is weak and the space-time perturbations

are small. The Einstein field equations are given by

Rµν ´
1

2
gµνR “ 8πGTµν, (1.1)

where gµν is the metric tensor, Tµν is the energy-momentum tensor, Rµν is the Ricci

tensor and R is the Ricci scalar. The Ricci tensor is defined in terms of Riemann tensor

as Rµν “ Rαµαν where the Riemann tensor is given by

Rαβµν “ BµΓαβν ´ BνΓαβµ ` ΓαµρΓ
ρ
βν
´ ΓανρΓ

ρ
βν
, (1.2)

9
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with Γασρ being the Christoffel symbols which are expressed in terms of the metric tensor

as follows

Γασρ “
1

2
gαβpBσgβρ ` Bρgβσ ´ Bβgσρq. (1.3)

The similarities of Einstein’s theory of gravitation with the Maxwell theory of elec-

tromagnetism are enough such we should not be surprised that, like the electromagnetic

field which has wave properties even the gravitational field itself has such property. As a

first step to understand the radiative properties of the gravitational field, we start by ex-

panding Einstein’s equations around the flat space-time metric. Let us suppose that the

metric under investigation is very close to the Minkowski metric ηµν “ diagp´1, 1, 1, 1q
and write the general metric tensor as

gµν “ ηµν ` hµν, |hµν| ! 1. (1.4)

To linear order in hµν, the Riemann tensor becomes

Rαµβν “
1

2
pBµBβhαν ` BαBνhµβ ´ BαBβhµν ´ BµBνhαβq (1.5)

and the Ricci tensor is given by Rµν “ gαβRαµβν

Rµν “
1

2
pBµBαhαν ` BβBνhµβ ´2hµν ´ BµBνhq. (1.6)

The Ricci scalar is R “ gµνRµν

R “ BαBβhαβ ´2h (1.7)

Inserting Equation 1.6 and Equation 1.7 into the Einstein field equations, Equation 1.1

we get the linearized Einstein field equations

2hµν ` BµBνh´ BµBαhαν ´ BνBβhµβ ` ηµνBαBβhαβ ´ ηµν2h “ ´16πGTµν. (1.8)

Having chosen a particular reference system given by Equation 1.4 breaks down

the invariance under general coordinate transformation in general relativity. This allows

us to get rid of spurious degrees of freedom of the theory and understand the physical

content of the chosen reference system. In order to see this, let us make an infinitesimal

coordinate transformation of the kind

xµ Ñ x1µ “ xµ ` ξµpxq. (1.9)

Then
Bx1µ

Bxν
“ δ

µ
ν ` Bνξµ, (1.10)

and applying the transformation of the metric tensor under general coordinate transfor-

mation

gµνpxq Ñ g1µνpx1q “
Bxα

Bx1µ
Bxβ

Bx1ν
gαβpxq (1.11)
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we get the general transformation of the gravitational field tensor hµν

hµνpxq Ñ h1µνpxq “ hµνpxq ´ pBµξν ` Bνξµq. (1.12)

In complete analogy with the electromagnetic counterpart the transformations given by

Equation 1.12 are called gauge transformation for the fields hµν. We may notice that

the only requirement is that |Bµξν| » |hµν| and is not necessary to require that |ξµ| are

themselves small. The second order corrections to the right hand side of equation Equa-

tion 1.12, OphBξq and OpBξBξq have been neglected. Moreover, we can easily see that

requiring |Bµξν| ! 1 implies that the transformed gravitational tensor is small, |h1µν| ! 1

and both the Ricci tensor Equation 1.6 and the Ricci scalar Equation 1.7 are gauge in-

variant quantities under general transformations given by Equation 1.12.

As in electrodynamics we can impose further conditions in order to fix gauge trans-

formations. It is convenient at this stage to define the new variables h̄µν as

h̄µν “ hµν ´
1

2
ηµνh, (1.13)

where indices are raised and lowed by the flat space-time metric ηµν and h “ ηµνhµν. We

can observe that h̄ “ ηµνh̄µν “ h´ 2h “ ´h and

hµν “ h̄µν ´
1

2
ηµνh̄. (1.14)

Inserting Equation 1.14 into Equation 1.8, the linearized Einstein field equations in terms

of variables h̄µν read

2h̄µν ` ηµνBαBβh̄αβ ´ BαBµh̄να ´ BαBνh̄µα “ ´16πGTµν. (1.15)

Equation 1.15 will reduce to a wave equation if we use the gauge freedom Equation 1.12

to chose the Lorentz or Hilbert or harmonic gauge, namely

Bνh̄µν “ 0. (1.16)

Equation 1.16 gives four conditions that reduces the 10 independent component of hµν

to 10-4=6 independent components. Using the general coordinate transformation given

by Equation 1.9, the field variables h̄µν would transform as

h̄µν Ñ h̄1µν “ h̄µν ´ Bµξν ´ Bνξµ ` ηµνBαξα, (1.17)

and then using Equation 1.16 we get

Bνh̄µν Ñ pBνh̄µνq1 “ Bνh̄µν ´2ξµ. (1.18)

It follows that coordinate transformation, Equation 1.9, will transform Equation 1.18 in

the Lorentz gauge for the variables h̄1µν if we choose the additional condition

pBνh̄µνq1 “ 2ξµ. (1.19)
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So if for example the initial field configuration is such that Bνh̄µν “ fµpxq, Equation 1.19

will reduce on finding the solutions of equation

2ξµ “ fµpxq. (1.20)

Using the Lorentz gauge given by Equation 1.16, the linearized Einstein field equations,

Equation 1.15, for the variables h̄µν become

2h̄µν “ ´16πGTµν. (1.21)

The linearized equations Equation 1.21 are the most important equations derived from

Einstein field equations since they allow us to calculate the gravitational radiation in

different situation in both vacuum and inside a given source. Here the bodies acts as

source of GWs when they move in flat space-time and the curvature caused by them is

neglected where in general the Newtonian dynamics is appropriate to determine their

motion.

1.2 Vacuum solutions and the TT gauge

In this section we look for vacuum solutions of Equation 1.21 in regions where the

energy-momentum tensor is Tµν “ 0. The equation of motion given by Equation 1.21

outside the source, reduce to

2h̄µν “ 0. (1.22)

As we saw in section 1.1 coordinate transformation Equation 1.9 do not fix the Lorentz

gauge Equation 1.16 uniquely since under Equation 1.9, Bνh̄µν transforms as in Equa-

tion 1.18. As a consequence the Lorentz gauge Equation 1.16 remains invariant under

Equation 1.9, if the ξµ satisfy the wave equation

2ξµ “ 0. (1.23)

Solutions of Equation 1.23, namely the four functions ξµpxq, can be used to further re-

duce the number of six independent components of h̄1µν in Equation 1.17 to just only two

independent components which are physically significant. We can choose for example

the functions ξ0 and ξi in such a way that the trace h̄ “ 0 and h0i “ 0 and applying the

Lorentz gauge Equation 1.16 we get the following conditions on the fields hµν

B jhi j “ 0, hi
i “ 0, h0µ “ 0. (1.24)

Equation 1.24 defines the so called transverse traceless gauge or TT gauge which is valid

only outside the source.

Let us now turn on possible solutions of Equation 1.22. We consider first plane wave

solutions because they are very important in many physical situations and because the

retarded wave solutions of Equation 1.21 approache to plane wave solutions as far as
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the distance from the source goes to infinity, r Ñ 8. In the TT gauge the plane wave

solutions are of the form

hTT
i j pxq “ ℜtei jpkqeikxu, (1.25)

where ei jpkq is called the polarization tensor andℜt..u means˚ that we should consider

only the real part of Equation 1.25. If we consider a single plane wave propagating in

the direction n̂ “ k{|k| and take into account that we are in the TT gauge we have that

the trace of hµν is zero and the wave is transverse, nihi j “ 0. In this case if we chose the

propagation direction along the z axis, the general form of the spatial components of hµν

in the TT gauge is

hTT
i j pz, tq “

¨

˚

˝

h` hˆ 0

hˆ ´h` 0

0 0 0

˛

‹

‚
¨ cosrωpt ´ z{cqs, (1.26)

where ω is the gravitational frequency, t is the time and h`, hˆ are the amplitudes asso-

ciated with the plane wave. A general GW can be expanded into plane waves of GWs

(Fourier components) in complete analogy with other wave phenomena. In this case the

general form of the wave is given by

hTT
i j pxq “

ż

d3k

p2πq3
´

ei jpkqeikx ` e˚i jpkqe´ikx
¯

, (1.27)

where e˚
i j

is the complex conjugate tensor of ei j and k is the wave wave-vector. The TT

gauge conditions for the expansion, Equation 1.27, give ei
i
pkq “ 0 and kiei jpkq “ 0.

Another important wave decomposition is through energy Fourier components, namely

hTT
i j px, tq “

1

2π

ż 8

0

dω
´

h̃i jpx, ωqe´iωt ` h̃˚i jpx, ωqeiωt
¯

, (1.28)

where h̃i jpx, ωq are the Fourier components of hTT
i j

. These kind of decomposition is

important especially when we are interested in the GW at the detector position, where

the spatial dependence on x can be completely neglected.

As we have seen for a GW propagating along the z axis, the only non zero compo-

nents are hTT
xx “ ´hTT

yy and hTT
xy “ hTT

yx . So it is very convenient to write a general GW

as a superposition of plane GWs with given polarization states, h` and hˆ. Again in

complete analogy with electromagnetic waves which have two polarization states eλpkq,
the polarization tensor corresponding to the two polarization states of the GWs is given

by

eλi jpkq “ pe`i e`
j
´ eˆ

i
eˆ

j
qδλ` ` pe`i eˆ

j
` eˆ

i
e`

j
qδλˆ, (1.29)

where λ is a polarization index and e`, eˆ are two unit vectors perpendicular to each-

other and to the direction of propagation. Choosing a frame when the propagation direc-

tion n̂ is along the z axis and e` “ x̂, eˆ “ ŷ, the form of the polarization tensor in this

˚From now we explicitly omit the symbolℜt..u from our equations, however always keeping in mind

to consider the real part at the end of our derivations.
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frame is

e`
i j
“

˜

1 0

0 ´1

¸

, eˆ
i j
“

˜

0 1

1 0

¸

. (1.30)

Still in the TT gauge a general gravitational wave can expanded in terms of polarization

states and it energy Fourier components

hTT
i j px, tq “

ÿ

λ“`,ˆ

ż

d4k

p2πq4 hλpk, ωqeλi jpkqe´iωpt´k¨xq, (1.31)

where d4k “ dω d3k{c and defined hλpk,´ωq “ h˚λpk, ωq.

1.3 Energy-momentum of gravitational waves

In this section we want to discuss the energy and momentum carried by GWs and find an

explicit expression for their energy-momentum tensor. To start with we first study how

a test particle with a mass m reacts when it interacts with a GW? In general equation of

motion of a test particle of mass m, under the influence of a gravitational field is given

by

D2ξµ

Dτ2
“ ´R

µ
ναβ

ξα
dxν

dτ

dxβ

dτ
, (1.32)

where ξpτq is called the geodesic deviation and τ is the proper time which each geodesic

is parametrized. The solution of Equation 1.32 is shown to be [16]

:ξipτq “ 1

2
:hTT

i j ξ
jpτq. (1.33)

This equation implies that, in the proper detector frame, the effect of GWs on a test

particle with mass m can be described in terms of a Newtonian force with strength

Fi “
m

2
:hTT

i j ξ
jpτq, (1.34)

where the detector response can be simply analyzed in Newtonian physics without any

other reference to general relativity. Since the interaction of a GW with a test mass

particle can be described in terms of a force Equation 1.34 acting on the particle it is

interesting to see how the particle position changes with time when it interacts with a

GW.

Let us assume to have a ring of test particles at rest at given coordinate system and

located in the px, yq plane. Consider then that the GW do propagates along the z axis,

so the only non zero components of hTT
i j

are those for i “ 1, 2 or j “ 1, 2. According

to Equation 1.34 a particle which is at rest at z “ 0, will also remain at rest during

its interaction with the GW and the motion will take place only in the px, yq plane. In

this case it can be easily shown that by writing the geodesic deviation of the particle

as ξiptq “ px0 ` δxptq, y0 ` δyptqq where px0, y0q are the coordinates of the equilibrium
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Figure 1.1: Time evolution of GW polarization states, h`(top panel) and hˆ (bottom

panel) when they do interact with a ring of test mass particles.

position of the particle and δxptq, δyptq are the displacement induced by the GW, the time

evolution of δxptq and δyptq for the ` polarization state are given by

δxptq “ h`

2
x0 cosωt, δyptq “ ´h`

2
y0 cosωt, (1.35)

and for the ˆ polarization state

δxptq “ hˆ

2
y0 cosωt, δyptq “ hˆ

2
x0 cosωt. (1.36)

The resulting deformation of a ring of test particles located in the px, yq plane is shown

in Figure 1.1.

With the argument considered above, GWs interacting with test masses make them

move as a result of a force applied on them which implies that GWs do indeed carry en-

ergy and momentum where the kinetic energy carried by GWs goes to the test particles.

In order to quantify this energy is important to note that any form of energy contributes

to the space-time curvature, so in principle we should expect that even GWs themselves

contribute to the space-time curvature. In section 1.1 we derived equations of motions,

Equation 1.21, for the field hµν in the approximation where the background metric was

the Minkowski flat metric ηµν. It is clear that in this case we are completely neglecting

the possibility that GWs contribute to the space-time curvature. To take into account it

we must allow the background metric to have a dynamical structure where GWs can be

viewed as perturbations over a generic curved space-time rather than a flat space-time.

In this case we can write the total metric tensor gµνpxq as follows

gµνpxq “ gB
µνpxq ` hµνpxq, |hµνpxq| ! 1. (1.37)

In general the separation given by Equation 1.37 do not tell us which part can be con-

sidered the background and which part is the GW. An analogy with this situation can be
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made by considering water waves or gravity waves on the surface of the sea. We can

not say with a precision which part belong to the wave (vertical movements) and which

part belong to the unperturbed sea or background which is originated by the incoherent

superpositions of different modes.

A natural way where we can remove the ambiguity in Equation 1.37 is only possible

when there is a clear separation of scales. With this we mean that given a reference

system, a background with curvature radius RB and small perturbations with reduced

wavelength Ż “ 2π{λ, we require that

Ż ! RB, (1.38)

or equivalently

f " fB, (1.39)

where f is a characteristic peak frequency of a GW and fB is the background peak fre-

quency. The separation of the kind Equation 1.38, namely the short wave expansion

[19, 20] includes most cases of GWs at far distance from the source where the back-

ground space-time is almost almost flat. In this context we separate the Ricci tensor

as

Rµν “ R
pBq
µν ` R

p1q
µν ` R

p2q
µν ` ..., (1.40)

where R
pBq
µν is the background Ricci tensor and R

p1q
µν ,R

p2q
µν contains respectively first and

second order terms in hµν. The explicit expression for R
p1q
µν is

R
p1q
µν “

1

2
p∇µ∇αhαν ` ∇β∇νhµβ ´ ∇α∇αhµν ´ ∇µ∇νhq, (1.41)

where we made use of Equation 1.6 and have replaced Bµ Ñ ∇µ with ∇µ being the

covariant derivative which is constructed with the metric tensor g
pBq
µν

∇αhµν “ Bαhµν ´ Γ
β pBq
µα hβν ´ Γ

β pBq
να hβµ. (1.42)

Calculations for R
p2q
µν are rather tedious and we here present only its final form

R
p2q
µν “

1

2
g
αβ

pBq
g
ρσ

pBq

„

1

2
∇µhαρ∇νhβσ ` p∇ρhανqp∇σhβµ ´ ∇βhσµq ` hραp∇ν∇µhσβ `

∇β∇σhµν ´ ∇β∇νhµσ ´ ∇β∇µhνσq ` p
1

2
∇αhρσ ´ ∇ρhασqp∇νhµβ ` ∇µhνβ ´ ∇βhµνq



,

(1.43)

where indices are raised and lowered with the background metric tensor g
pBq
µν .

Our next step is to separate the Einstein’s field equation Equation 1.1 in low and high

frequency terms. Writing

Rµν “ 8πG

ˆ

Tµν ´
1

2
gµνT

˙

, (1.44)



1.3. ENERGY-MOMENTUM OF GRAVITATIONAL WAVES 17

where T “ gµνTµν and inserting Equation 1.40 into Equation 1.44 we get the following

scale separation

R
pBq
µν “ ´R

p2q
µν ` 8πG

ˆ

Tµν ´
1

2
gµνT

˙

, Low frequency

R
p1q
µν “ ´R

p2q
µν ` 8πG

ˆ

Tµν ´
1

2
gµνT

˙

. High frequency (1.45)

Here we are in the regime given by Equation 1.38 and h ! 1 where h is the typical

value of GW amplitude. In this case R
pBq
µν contains by definition terms which are of low

frequencies since Bαg
pBq
µν À 1{RB and Bαhµν À h{Ż. Moreover, we may notice that R

p2q
µν

contains parts which are both low and high frequency. The low frequency equation indi-

cates that GWs and matter contribute to the background curvature and the high frequency

equation takes into account the propagation of GWs on the background space-time. To

see more closely the meaning of Equation 1.45 let us specialize in vacuum, namely in

regions where Tµν “ 0. In this case we have

R
pBq
µν ` R

p2q
µν ` Oph3q ` ... “ 0, Low frequency

R
p1q
µν ` R

p2q
µν ` Oph3q ` ... “ 0. High frequency (1.46)

From Equation 1.43 we get the order of magnitude of R
p2q
µν „ pBhq2 which from Equa-

tion 1.46 implies R
pBq
µν „ pBhq2. The background Ricci tensor is constructed with the

second derivatives of g
pBq
µν and its order of magnitude estimate is

R
pBq
µν „ B2g

pBq
µν „ 1{R2

B. (1.47)

On the other hand we have pBhq2 „ ph{Żq2, so we get the following condition

h À Ż

RB

. (1.48)

Equation 1.48 gives a condition for the GW amplitude in order to contribute to the space-

time curvature. If we consider a region where Tµν ‰ 0, then the matter contribution to

the curvature will dominate the GW contribution and we have h ! Ż{RB.

In the case of a flat space-time, the curvature RB is infinite and Equation 1.48 breaks

down for any value of h ! 1. Summarizing, we conclude that the concept of GW has

meaning if and only if condition Equation 1.48 is satisfied. In fact as we saw above, we

can talk about GW only where is a clear separation of scales as given in Equation 1.38

but if h „ 1 according to Equation 1.48 Ż „ RB and Equation 1.38 is not satisfied

anymore. So the concept of GW is valid only when its amplitude is small compared to

unity.

After having discussed how GWs contribute to the space-time curvature and have

seen the validity of GW concept let us now turn on evaluation of the effective energy-

momentum tensor of GWs. After straightforward manipulations, the low frequency part
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of Einstein field equations, Equation 1.45 can be written in the form

R
pBq
µν ´

1

2
g
pBq
µν RpBq “ 8πGxTµν ` tµνy, (1.49)

where we define the quantity tµν as

tµν “ ´
1

8πG
xRp2qµν ´

1

2
g
pBq
µν Rp2qy, (1.50)

x...y denotes a spatial average over many reduced wavelengths Ż or a temporal average

over several periods 1{ f . The spatial average basically is done by introducing a length

scale l where Ż ! l ! RB and averaging over a volume of side l [19, 20]. If we

consider a region where xTµνy “ 0 only tµν contributes to the background metric g
pBq
µν , so

it represents the contribution of the gravitational field itself to the background curvature

and we define tµν as the effective energy-momentum tensor of GWs.

Let us now compute the energy-momentum tensor of gravitational waves at far dis-

tance from a given source where the space-time is almost flat. The starting point is

Equation 1.50 where we make use of the fact that the space-time is asymptotically flat

and we can replace, ∇ Ñ B in Equation 1.43. Moreover we use the Lorentz gauge,

Equation 1.16 in order to take into account of only physical degrees of freedom and get

rid to spurious degrees of freedom. In this case Equation 1.43 reads,

xRp2qµν y “ ´
1

4
xBµhαβ Bνhαβ, y (1.51)

where it can be easily shown that xRp2qy “ 0. Inserting Equation 1.51 into Equation 1.50

we get an important expression for the energy-momentum tensor of GWs for asymptot-

ically flat space-time

tµν “
1

32πG
xBµhαβ Bνhαβy. (1.52)

An important property of Equation 1.52 is that it is gauge invariant under coordinate

transformations Equation 1.9 and we can replace hαβ Ñ hTT
αβ in Equation 1.52 since it

takes into account only physical degrees of freedom.

1.3.1 Energy density and flux of GWs

In the previous section, we derived an important expression for the energy-momentum

tensor of GWs, tµν. In this section we want to evaluate expression for the energy density

and flux of GWs. In the Lorentz gauge B jhi j “ 0, expression for the energy density of

GWs, ρgw is given by t00

ρgw ” t00 “
1

32πG
x 9hTT

i j
9hTT

i j y, (1.53)

where we used Bt “ B0 and hi j “ hi j. Writing hTT
i j
“

ř

λ hλeλ
i j
pkq and using the property

of the polarization tensor eλ
i j

eλ
1

i j
“ 2δλλ1 we get the following expression for the energy

density

ρgw “
1

16πG
x 9h2
` ` 9h2

ˆy. (1.54)
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Let us now calculate the energy flux of GWs. In order to do this we intuitively

should expect that the total energy-momentum tensor of matter plus GWs is a conserved

quantity. In fact, this can be easily seen by applying the covariant derivative on the left

hand side of Equation 1.49, where we get the following conserved quantity

∇µpTµν ` tµνq “ 0. (1.55)

Equation 1.55 implies that instead of conservation of each quantity separately, what is

conserved is the sum of energy-momentum of matter plus radiation as we expected! So

there is a exchange in energy and momentum between matter and GWs.

If we limit our considerations far away from the source where Tµν Ñ 0 and ∇µ Ñ Bµ
we get Bµtµν “ 0. Integrating over a volume V bounded by a surface S we get the

following relation
ż

V

d3x
`

B0t00 ` Bit
i0
˘

“ 0. (1.56)

Equation 1.56 implies

dE

dt
“ ´

ż

V

d3x Bit
i0 “ ´

ż

S

dA nit
i0, (1.57)

where EV “
ş

V
d3x t00 and we made use of Gauss theorem with ni is a vector normal

to the surface S . In general if S is a surface with a spherical symmetry, every direction

will be the same and we can write nit
i0 “ r̂tr0 “ tr0. At large distances from the source,

hi jpr, tq is almost a plane wave and Brhi j “ B0hi j ` Op1{r2q which implies tr0 “ t00. In

this case we have
dE

dt
“ ´

ż

S

dA t00, (1.58)

where the minus sign in front of Equation 1.58 means that energy is being subtracted

to the source and that the energy flux carried by GWs is positive. Thus we obtain an

important expression for the energy flux carried by GWs

Fgw “
dE

dA dt
“ 1

16πG
x 9h2
` ` 9h2

ˆy. (1.59)

Thus the energy flux of gravitational waves at far distance from the source is simply

proportional to the square of time derivative of the GW polarization state, averaged over

several wavelengths. The flux in units of a given frequency is given by

Fgwp f q “ dE

dA d f
“ π

2G
f 2p|h2

`p f q| ` |h2
ˆp f q|q, (1.60)

where hλp f q are the Fourier components of hi j. The total energy per unit area contained

in the GW is calculated by integrating Equation 1.60 over the physical frequencies f ą
0.
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1.4 Generation of gravitational waves

As we saw in section 1.1 the weak field Einstein’s equation are given by Equation 1.21

in the Lorentz gauge, Bµh̄µν “ 0. One possible solution of Equation 1.21 is given trough

the Green function

h̄µνpxq “ ´16πG

ż

d4x1Gpx´ x1qTµνpx1q, (1.61)

where Gpx´ x1q is the Green function which satisfies equation

2xGpx´ x1q “ δ4px´ x1q. (1.62)

Just as in the case of electromagnetic theory the appropriate choice of the Green function

for radiative processes is the retarded Green function

Gpx´ x1q “ ´ 1

4π|x´ x1|δpx
0
ret ´ x10q, (1.63)

where tret “ t´|x´x1|. Inserting Equation 1.63 into Equation 1.61 we get the following

equation for the retarded potential

h̄µνpx, tq “ 4G

ż

d3x1
1

|x´ x1| Tµνpx1, t ´ |x´ x1|q. (1.64)

The dependence of the energy-momentum tensor through the combination t ´ |x ´ x1|
emphasize the fact that gravitational effects propagate with the speed of light. Equa-

tion 1.64 automatically satisfies the Lorentz gauge, Equation 1.16 because of the conser-

vation of the energy-momentum tensor in flat space-time, BµT µν “ 0. However, outside

the source we can choose a reference system where we can put the potential h̄µν in the

TT gauge, Equation 1.24. This can be achieved by introducing the projector operator

Λi j,klpn̂q which projects a general solution of Equation 1.21 into the TT gauge

Λi j,klpn̂q “ δikδ jl´
1

2
δi jδkl`

1

2
nknlδi j`

1

2
nin jδkl`

1

2
nin jnknl´n jnlδik´ninkδ jl, (1.65)

where n̂ “ x̂ “ k̂ “ k{|k| “ k{ω. Therefore in the TT gauge Equation 1.64 reads

hTT
i j px, tq “ 4GΛi j,klpn̂q

ż

d3x1
1

|x´ x1| Tklpx1, t ´ |x´ x1|q. (1.66)

Let us suppose to observe the source radiation in the wave zone r “ |x|, namely at a

distance larger than its physical dimension d, r " d. In this case we can expand |x´ x1|
as follows

|x´ x1| » r ´ x1 ¨ n̂, (1.67)

where |x| “ r. If we are interested in the wave at spatial infinity r Ñ 8 we may

approximate |x´ x1| » r, thus Equation 1.66 becomes

hTT
i j px, tq “

4G

r
Λi j,klpn̂q

ż

d3x1 Tklpx1, t ´ r ` x1 ¨ n̂q. (1.68)
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If we write Tkl in Fourier components such as

Tklpx, tq “
1

p2πq4
ż

dω d3k Tklpk, ωq e´ipωt´k¨xq (1.69)

and inserting it into Equation 1.66 after some straightforward calculations we get

hTT
i j px, tq “

4G

r
Λi j,klpn̂q

ż 8

´8

dω

2π
Tklpk, ωqe´iωpt´rq. (1.70)

Using the fact that the energy emitted by a source per unit solid angle Ω is given by

dE

dΩ
“ r2

32πG

ż 8

´8
dt 9hTT

i j
9hTT

i j , (1.71)

where we used Equation 1.53 and using the expansion Equation 1.70 we get

dE

dΩ
“ G

2π2
Λi j,klpn̂q

ż 8

0

dωω2 Ti jpk, ωqT˚klpk, ωq. (1.72)

Equation 1.72 gives the energy emitted per solid angle in terms of the Fourier com-

ponents of the energy momentum tensor. The problem is thus solved once we have

calculated the Fourier transform of Equation 1.69.

1.5 Low velocity expansion and the quadrupole radiation

Hitherto the derived results of the previous section were general in the sense that the

only approximation used there was that we considered the observation distance of the

wave front at spatial infinity where the wave can be considered as a plane wave. In this

section we make a further approximation and assume that the source size d is smaller

than the wavelength Ż “ 1{ω

ω d ! 1 ðñ Ż " d. (1.73)

Since the typical velocity of motion inside the source is v „ ωd, the above conditions

is valid as far as the source velocity is non relativistic v ! 1. In this case we don’t need

to know the internal composition of the source but only some macroscopic parameters

such its mass, velocity through space etc. In the non relativistic regime the Fourier com-

ponents Tklpk, ωq of the energy momentum tensor are maximal around some particular

frequency ωs and satisfy ωsd ! 1. Taking also into account that the integration region

is limited by |x1| ! d we have that in general ω x1 ¨ n̂ ! 1 and thus we can expand the

energy momentum tensor in Equation 1.68 at the point px1, t ´ rq as

Tklpx1, t ´ r ` x1 ¨ n̂q » Tklpx1, t ´ rq ` ni x1i Bt Tkl `
1

2
ni n j x1i x1 j B2

t Tkl ` ... (1.74)
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At this stage is very convenient to define the multipoles of the energy-momentum tensor

Ti j as follows

S i jptq “
ż

d3xT i jpx, tq, (1.75)

S i j,kptq “
ż

d3x xk T i jpx, tq, (1.76)

S i j,klptq “
ż

d3x xk xl T i jpx, tq, (1.77)

where the indexes k, l after the comma in the above equations reflect the fact that they

belong to the k-th and j-th direction xk and x j. Using the above multipole expansion into

Equation 1.74 and then inserting it into Equation 1.68 we get the following expansion

for the retarded potential evaluated at the retarded time tret “ t ´ r

hTT
i j px, tq “

4G

r
Λi j,klpn̂q

„

S kl ` na
9S kl,a ` 1

2
nanb

:S kl,ab ` ...



. (1.78)

Equation 1.78 in general can be casted in a more convenient way if we write the

corresponding momenta respect to the energy density of the matter T00 and linear mo-

mentum T0i. Let be M,Mi,Mi j,Mink respectively the monopole, dipole, quadrupole and

octupole momenta of the energy density defined as follows

M “
ż

d3xT 00px, tq, (1.79)

Mi “
ż

d3xT 00px, tqxi, (1.80)

Mi j “
ż

d3xT 00px, tqxix j, (1.81)

Mi jk “
ż

d3xT 00px, tqxix jxk, (1.82)

and the linear momentum momenta defined as follows

Pi “
ż

d3xT 0ipx, tq, (1.83)

Pi, j “
ż

d3xT 0ipx, tqx j, (1.84)

Pi, jk “
ż

d3xT 0ipx, tqx jxk. (1.85)

Important relations between the energy density momenta and linear momentum mo-

menta together with their time derivative can be obtained by considering that we are still

working in the flat space-time background metric where the energy-momentum tensor

satisfies the conservation law BµT µν “ 0. One can easily get from the conservation of

the energy-momentum tensor the following relations for the energy density momenta up
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to the octupole

9M “ 0, (1.86)

9Mi “ Pi, (1.87)

9Mi j “ Pi, j ` P j,i, (1.88)

9Mi jk “ Pi, jk ` P j,ki ` Pk,i j, (1.89)

and the following relations for the momenta of the linear momentum

9Pi “ 0, (1.90)

9Pi, j “ S i j, (1.91)

9Pi, jk “ S i j,k ` S i,k j. (1.92)

The above sets of relations between various momenta of the energy density and linear

momentum allows us to express the various momenta of S i j etc. in terms of the sets

composed by tM,Mi,Mi j, ...u and tPi, Pi j, ...u. For example an important relation can

be obtained by taking the time derivative of 9Mi j which gives

:Mi j “ 9Pi, j ` 9P j,i, (1.93)

and using the fact that 9Pi, j “ S i j with S i j symmetric respect to the indexes i, j we get

S i j “ 1

2
:Mi j. (1.94)

Using similar relations between various momenta we can also easily get the next leading

momenta for S i j which reads

9S i, jk “ 1

6

...
M

i jk `1

3

`

:Pi, jk ` :P j,ik ´ 2 :Pk,i j
˘

. (1.95)

However at the moment we are interested only in the first moment of the set tS i j, S i, jk...u
because the other moments give smaller contributions to Equation 1.78 which in this case

becomes

hTT
i j px, tq “

2G

r
Λi j,klpn̂q :Mklpt ´ rq. (1.96)

At this point is more convenient to express the tensor :Mkl as follows

:Mkl “
ˆ

:Mkl ´ 1

3
δklM

j

j

˙

` 1

3
δklM

j

j
, (1.97)

where M
j

j
is the trace of the tensor Mkl and the term with the brackets is traceless. Let

us denote with Qi j the traceless part

Qi j “ Mi j ´ 1

3
δi jMk

k “
ż

d3x ρpx, tqpxix j ´ 1

3
r2δi jq, (1.98)
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where ρ “ T00. By noting that Λi j,klM
kl “ Λi j,klpn̂qQkl we get the following relation for

the retarded potential

hTT
i j px, tq “

2G

r
Λi j,klpn̂q :Qklpt ´ rq. (1.99)

Equation 1.99 is of fundamental importance since it allows us to find the energy

emitted by a moving source. Since it depends on the quadrupole tensor Qi j which is

derived from Mi j it is also referred as the quadrupole retarded potential. By noting

that the power emitted per unit solid angle is dP{dΩ “ r2ρgw where ρgw is given by

Equation 1.53, we get following expression for the quadrupole emitted power per unit

solid angle
dP

dΩ
“ G

8π
Λi j,klpn̂q x

...
Qi j

...
Qklyret (1.100)

The total power emitted by the source is obtained by integrating Equation 1.100 over

the solid angle where the angular dependence is encoded on the projector operator Λi j,kl.

Integration over the angles can be done by first noting that

ż

dΩ ni1 ...ni2l
“ 1

p2l` 1q!!pδi1δi2 ...δi2l´1i2l
` ...q (1.101)

Using the above result, the integration over angles of the projection operator reads

ż

dΩΛi j,klpn̂q “
2π

15
pδilδ jk ` 11δikδ jl ´ 4δi jδklq (1.102)

Inserting Equation 1.102 into Equation 1.100 we get the following expression for the

total power emitted by the source in the quadrupole approximation

Pquad “
G

5
x
...
Qi j

...
Qklyret (1.103)

Equation 1.103 is a very important result in the theory of gravitational waves which was

first derived by Einstein in 1916. It allows to compute the total power emitted by a given

source by just knowing its spatial distribution which is encoded in the quadrupole tensor

Qi j. It is important to emphasize that there is no general consensus on the definition

of the quadrupole tensor, Equation 1.98 in the literature where in several cases these

definitions do not coincide with our notations such as in the Landau e Lifshitz Vol. 2.

As a result in many cases the total power emitted by a source with a given quadrupole

tensor may differ from one textbook to the other by a numerical factor of the order of

unity.

In general the quadrupole formula is widely used in the context of two point masses

in circular or elliptic orbit and in isolated systems such as neutron stars and black holes.

The first case include calculation of the total power emitted by compact objects orbit-

ing around each other such as binaries of neutron stars and black holes. In fact, the

quadrupole formula was first applied to the binary system PSR B1913+16 by Hulse

and Taylor in 1975 and found that the secular approach of the system is in good agree-

ment with the experimental data and was one of the first indirect prove of the existence
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of gravitational waves. On the other hand the quadrupole formula can be applied di-

rectly to isolated systems with known quadrupole tensor where the source must have

non-spherical geometry in order to emit gravitational waves as stated in the Birkhoff’s

theorem.





Chapter 2

Gravitational waves astronomy

Gravitational waves detectors are divided in two classes: resonant mass detectors and

beam detectors. The former class is based in the fact that gravitational waves can carry

energy and it can be extracted from the wave. In fact, if two masses connected with a

spring are stretched apart and after compressed by a gravitational wave, potential en-

ergy is transferred to the spring. If the wave peak frequency is close to the resonance

frequency of the detecting system, the system response is magnified with possible en-

ergy enhancement. Based on this simple principle, Joseph Weber [21, 22] was the first

person ever to built a laboratory detector to detected gravitational waves. He built two

cylindrical aluminum bar detectors, the Weber bars and attempted to find correlated dis-

turbances that might have been caused by a passing gravitational wave. After his claims

on detection of gravitational waves, other bar detectors of better sensitivity were built

which never verified his claims.

The basic idea of gravitational wave interferometer dates back to Gertsenshtein and

Pustovoit [23]. It can be comparable with a right angle Michelson laser interferometer

where gravitational waves interact with a beam of electromagnetic radiation and eventu-

ally induces a phase difference between the light returning from the arms of the detector.

The phase difference increases with time that follow the passage of gravitational wave

causing the redshifted light a longer round trip in the arm than the blue shifted light, see

Figure 2.2

In this chapter we discuss the underlying working mechanisms of GW detectors,

introduce some general concepts which characterize most of GW detectors, discuss main

detector noise sources and overview the present status of GW detectors.

2.1 Detector signal and sensitivity

Independently of what kind of detector is being used for the detection of gravitational

waves (resonant or interferometer), the output which the detector generates is in general

27
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Figure 2.1: Joseph Weber working on the first resonant mass detector at the University

of Maryland.

Figure 2.2: General design of a gravitational wave interferometer.
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the sum of the true gravitational wave signal plus noise arising from the detector itself.

Both the input and the output of the detector are scalar quantities while gravitational

waves are tensor quantities, namely hi j. So, in general the total output of the detector

has the form

sptq “ hptq ` nptq, (2.1)

where nptq is the noise , hptq is the total output in GW due to the detector and sptq is the

total output of the detector. The GW output hptq is in general expressed as

hptq “ Di jhi jptq, (2.2)

where the spatial dependence of hi j has been omitted because we are considering the

origin at the detector position, x “ 0 and the quantity Di j is called detector tensor which

depends on the detector geometry.

In general for a stationary noise, the different Fourier components of the noise np f q
where f is the frequency are uncorrelated. Thus, in this case the ensemble average of

the noise is

xn˚p f qnp f qy “ δp f ´ f 1q1
2

S np f q, (2.3)

where S np f q is a function of frequency f and has the physical dimensions of Hz´1. For

uncorrelated noise components, an important assumption which is usually made is that

the ensemble average of the noise is zero xnptqy “ 0. However, the mean square value

of the noise is different from zero and is usually expressed through

xn2ptqy “
ż 8

´8
d f d f 1xn˚p f qnp f qy “ 1

2

ż 8

´8
d f S np f q “

ż 8

0

d f S np f q, (2.4)

where the function S np f q is called the noise spectral density or the noise power spec-

trum. With the ensemble average of the noise equal to zero, we can equivalently charac-

terize the noise of a detector as

h f ”
b

S np f q, (2.5)

where h f is called spectral strain sensitivity or simply strain sensitivity and has the

dimension of Hz´1{2.

As we saw in the previous chapter, a general gravitational wave in the TT-gauge can

be expanded as in Equation 1.31. If we look for GW at the detector position and consider

GW with reduced wavelength larger than the detector size, k ¨ x{Ż ! 1 we get

hi jptq “
ÿ

λ“`,ˆ

hλptqeλi jpkq. (2.6)

Introducing Equation 2.6 into Equation 2.2 we can write the GW signal, hptq as

hptq “
ÿ

λ“`,ˆ

hλptqFλpkq, (2.7)

where the functions Fλ are called detector pattern functions and are defined as

Fλpkq “ Di jeλi jpkq. (2.8)
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The pattern functions Fλ depend on the arrival direction of the GW, k “ pθ, φq and

implicitly on a rotation angle ψ of the plane of the wave respect to the wave incidence

direction.

In order to compare the noise with the GW signal, we need an expression for the

mean square root of the GW signal. In fact, by using Equation 2.7 we get

xh2ptqy “ F

ż 8

0

d f S hp f q, (2.9)

where

F “
ż

d3k

4π

ÿ

λ“`,ˆ

Fλpk, ψqFλpk, ψq. (2.10)

The factor F is a measure of the detector sensitivity loss due to GWs coming from

all directions compared to the sensitivity which can be obtained if GWs come from an

optimal direction, kopt. The function S hp f q is called the square spectral signal sensitivity

and has the dimensions of Hz´1. By imposing that the signal is above the noise threshold

hptq ą nptq we get

S hp f q ą S np f q
F

. (2.11)

Equation 2.11 gives a condition for GW the signal to manifest itself as an excess of

noise and eventually detectable. This condition emphasize the role of the factor F on

the detectability of the GW signal and therefore an appropriate choice of the detector

geometry can minimize the overall noise of the detector.

Each type of detector has different factors F depending essentially on its geometry

and on the direction of the propagation of the wave. If we choose for example the wave

vector k to have polar coordinates

k “ psin θ sin φ, sin θ cos φ, cos θq, (2.12)

and using the fact that ê` ¨ êˆ “ 0, the coordinates for ê`, êˆ are given by

ê` “ p´ cos θ sin φ,´ cos θ cos φ, sin θq, êˆ “ p´ cos φ, sin φ, 0q. (2.13)

The detector tensor for the case of interferometers with arms along the directions û and

v̂ can be written as

Di j “
1

2
pûiv̂ j ´ v̂iû jq. (2.14)

With the basis vectors given by Equation 2.13 and the propagation direction given by

Equation 2.12 the pattern function are given by [24]

F`pθ, φ, ψq “ ´ cos θ sin 2φ sin 2ψ` 1

2
p1` cos2 θq cos 2φ cos 2ψ (2.15)

Fˆpθ, φ, ψq “ cos θ sin 2φ cos 2ψ` 1

2
p1` cos2 θq cos 2φ sin 2ψ. (2.16)
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After some lengthy calculations, the factor F for interferometers with perpendicular

arms reads

F “
ż

d3k

4π

ÿ

λ“`,ˆ

Fλpk, ψqFλpk, ψq “ 2{5. (2.17)

If the arms of the detector form an angle α the factor F changes as

F “ 2

5
sin2 α. (2.18)

This means that the best sensitivity for an interferometer is achieved only when the arms

of the detector form a right angle α “ π{2.

In the case of Weber bars or cylindrical bars, the detector tensor can be written as

follows

Di j “ ûiv̂ j. (2.19)

In this case the detector pattern functions can be calculated as in [24]

F`pθ, φ, ψq “ sin2 θ cos 2φ, (2.20)

Fˆpθ, φ, ψq “ sin2 θ sin 2φ. (2.21)

Therefore for Weber bars the detector form factor is F “ 8{15. Comparison between

the form factors of interferometers and Weber bars shows that interferometers are more

sensitive for GW detection, reason why (as we will see in the next sections) they are

more used for GW detection than Weber bars.

2.2 Noise sources

The Interaction of a GW with a detector is different for resonant mass detector and

interferometer. The mean differences are incorporated first in the working mechanism

of each of them and second on the materials being used for their construction. This

differences lead to different sensitivity levels due to the fact the noise in one group may

be further reduced respect to the other. However, there are some noise sources which

are common to both groups and in this section we want to discuss the most important of

them.

2.2.1 Resonant detectors

The working principle of resonant bars or Weber bars is based on the principle of energy

conservation, namely that the energy is transferred to the detector by the GW and we can

think of a Weber bar as an energy detection device. A typical Weber bar is composed of

aluminum with a typical length of l » 3 m, a narrow resonant frequency band between

f „ 400 Hz and f „ 1.5 kHz and a mass of the order M „ 103 kg.

One of the most important source of noise is the thermal noise which arises from the

random motion of atoms in the material used. Since a bar can be approximated as an one
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dimensional object, the equipartition theorem tells us that the average thermal energy

for one mode is simply kBT where T is the bar temperature and kB is the Boltzmann

constant. If we treat the bar as just as simple harmonic oscillator with constant k and

denote with δl the deviation from its normal length l due to thermal noise, the expected

RMS value of amplitude of vibration is

xδl2y1{2
th
»

ˆ

kBT

4π2 f0M

˙1{2

, (2.22)

where we made use of p1{2qkδl2 “ p1{2qMω2 “ p1{2qkBT with ω “ 2π f0 and f0

is the bar fundamental oscillation frequency. The most recent resonant detectors such

as Auriga or Nautilus are ultra cryogenic and work at T “ 100 mK and a frequency

of f0 “ 1000 Hz. At this temperature its RMS vibration amplitude is of the order

„ 6 ¨ 10´18 m. This is far larger than the GW amplitude expected from astrophysical

sources. Fortunately, the fact that resonant bars are deliberately designed with high

mechanical quality factors Q allows much better sensitivity than this naive calculation

suggest. In fact, if the material has a high Q, the impulse imparted by a passing GW

is dissipated over a timescale τ „ Q{ f0, so for Q „ 106, τ „ 103 s. This means that

a high Q changes the thermal amplitude of vibration of the bar in a random walk with

very small steps, taking a time τ „ 103 s. Hence by measuring over many cycles of

the resonance, one can reduce the effective noise by a factor comparable to
?

Q “ 103.

This would change the vibration amplitude

xδl2y1{2
th
»

ˆ

kBT

4π2 f0MQ

˙1{2

„ 6 ¨ 10´21m. (2.23)

Since the expected amplitude of GW at earth is about hg » 10´20 (δlgw “ hgl), ultra

cryogenic bars can approach the GW detection level despite thermal noise.

Hitherto we neglected additional sources of noise such as the sensor noise. Such a

noise arises due to the non triviality of measuring the deposited GW energy. Modern

bars, use transducers at the end of the bar in order to convert the bar mechanical en-

ergy into electrical energy which after is amplified and recorded. However, amplifiers

introduce additional noise which make the weak signal of a GW even harder to detect.

If are used transducers with an intrinsic resonant frequency close to the bar resonance

frequency, the amplitudes of vibration of the coupled system are largest near f0, hence

the amplifier noise limits the detector sensitivity in a band near f0.

A fundamental role plays the quantum noise due to zero point vibrations of the bar.

From simple quantum mechanical arguments the vibration amplitude due to quantum

noise is given by

xδl2y1{2quantum »
ˆ

~

4π2 f0M

˙1{2

» 4 ¨ 10´21m. (2.24)

We can see that as far as better sensitivity is obtained by reducing the thermal noise

there is always present a quantum noise which is not possible to overcome due to the
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uncertainty principle. In this direction it has been proposed that by exploiting quantum

squeezing one can somehow improve in sensitivity [25, 26].

2.2.2 Interferometers

In the previous section we saw that due to different noise sources, most of resonant mass

detectors have great difficulty on achieving a vibration sensitivity of the order of„ 10´21

m. Due to this limitation other detection methods have been proposed during the last 30

years, offering better detection sensitivity. However, resonant mass detectors remain still

the favorable method of searching for narrow frequency bandwidths and high frequency

GWs.

Ground based interferometers such as Virgo and LIGO use laser light to measure

changes in the difference between the lengths of two nearly perpendicular arms. If we

consider for example a GW with a characteristic amplitude of hg „ 10´21 the length

change of the detector as a response of the GW is δlgw “ hl “ 4 ¨ 10´18 m, where we

took l “ 4 km. As in the case of resonant mass detectors, thermal noise is still present

for interferometers too. In fact, as we can see from Figure 2.2, the mirrors used for the

light reflection do not completely reflect it and part of the light is absorbed by them.

Moreover, the beam splitter suffers the same problem and as consequence the splitter

and the mirrors by absorbing part of the light, increase their internal temperature and

changes in the index of refraction. Due to thermal-refractive noise, the lensing system

undergoes to random fluctuations which influence the detection efficiency of the detector.

Other consequence of thermal noise is that it causes vibrations of the mirrors and to the

suspending pendulum which can mask GWs. In the case of the pendulum suspensions,

thermal noise vibrations are active near the frequency of few Hz and the mirrors have

thermal vibrations frequency of the order of kHz. Due to this limitations arising from

thermal noise, detection frequency band of interferometers is limited in the frequency

range of few Hz up to few kHz.

Thermo-noise effects limit the amount of laser power used in the detector and since

photons used for this scope are quantum wave packets, the laser light undergoes to ran-

dom fluctuations which can mimic the GW signal causing the so called shot noise. In

fact, by increasing the number of photons the laser beam can be described as an almost

classical field where quantum fluctuations are negligible. This suggest that the shot noise

improves by increasing the photon number N. The accuracy expected in this case would

simply be δlshot » Ż{
?

N. However, by increasing N, the radiation pressure would in-

crease as
?

N, so one should find a good compromise in the number of photons being

used but also by increasing the mass of the mirrors. For this purpose, Advanced LIGO

is going to use mirror bars of 40 kg against 11 kg used for initial LIGO, in order to cope

with the increased laser power („ 10 W). With the present laser power is still difficult

to reduce the shot noise below δl „ 10´16 m so the only escape is still via quantum

squeezing.

Other important noise sources for interferometers can all be classified as mechanical
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Figure 2.3: Virgo design sensitivity curve with all sources of noise included (courtesy of

the Virgo collaboration.)

noise which derive from such as external mechanical vibrations of the detecting system,

bounce back and forth of the light used and local changes of the Newtonian gravitational

field. The last one can cause tidal forces on the detector as the GW itself does but even

more important, it causes gravity waves (seismic waves) due to its inhomogeneity. An

important consequence of global mechanical noise is that it decreases with increasing

GW frequency by limiting the possibility of detection of the low part of the GW spectrum

below few Hz. This is the main reason why looking for lower frequencies one is obliged

to go to space for their detection.

2.3 Ground based interferometers

During the last 30 years have been a great effort devoted to the construction of resonant

mass detectors and large scale interferometers. In the previous section we discussed

the principal sources of noise and saw that the path for detection of GWs is one of the
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most challenging in modern science. The principal reasona are due to the weak signal

of GWs expected on earth, typically smaller than hg „ 10´21 and to the physical limits

of the detection system which are of quantum origin. In this section we discuss about

GW detectors around the globe, including first generation of large interferometers and

planned space interferometers.

2.3.1 Virgo

The Virgo interferometer is a Michelson laser interferometer, built in 2003 in Cascina,

near Pisa in Italy Figure 2.4 as a collaboration between the Italian INFN and French

CNRS. It consist of two perpendicular arms of 3 km each and uses multiple reflections

between mirrors located at the extremities of each arm in order to extend the effective

optical length of each arm up to 120 kilometers.

Figure 2.4: The Virgo interferometer located in Cascina, Pisa, Italy.

The frequency range of Virgo extends from 10 Hz up to 6 kHz. This range as well

as the very high sensitivity should allow detection of gravitational radiation produced by

supernovae and coalescence of binary systems in the Milky Way and in outer galaxies,

for instance from the Virgo cluster. In Figure 2.3 is shown the planned sensitivity of

Virgo before its construction and in Figure 2.5 is shown its last run in September 5,

2011, namely Virgo Science Run 4 (VSR4). In May 2008 started the first Virgo upgrade

with new technologies, Virgo+ and performed two science runs VSR3 and VSR4 before

its end in November 2011.

During VSR4, Virgo reached finally its design sensitivity of nearly h f „ 10´22

Hz´1{2 in the frequency range from 100 Hz up to few kHz. Virgo+ will still work until

its design sensitivity is reached as shown in Figure 2.5. Meanwhile, Virgo is pointing

to more ambitious project on significantly upgrading the existing Virgo+ detector and

at the end October 2011and after they plan starting installation of the Advanced Virgo

detector. Its goal is to gain sensitivity of two orders of magnitude with respect to the
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Virgo initial design over the frequency band 10 Hz-10 kHz, Figure 2.6, and at the end

2014 starting taking data.

Figure 2.5: Virgo last plot with all sensitivities curve since the first Virgo commissioning

run (courtesy of the Virgo collaboration.)

2.3.2 LIGO

The Laser Interferometer Gravitational-Wave Observatory ( LIGO) is a joint project of

Calthec and MIT aiming to detect GWs of astrophysical and cosmological origin. It

consist of two widely separated interferometers located in Hanford (LIGO, Handford),

Washington and in Livingston, Luisiana (LIGO, Livingston)

Each observatory support two orthogonal arms of 4 km length and started taking

data in September 2002. At the Hanford Observatory, a second interferometer operates

in parallel with the primary interferometer. This second detector is half the length at 2

kilometers, and its Fabry-Pérot arm cavities have the same optical finesse and thus half

the storage time. With half the storage time, the theoretical strain sensitivity is as good

as the full length interferometers above 200 Hz but only half as good at low frequencies.

After 5 years of science runs, LIGO reached its design sensitivity goal (over h f „ 10´21

Hz´1{2) at the end of 2005, Figure 2.8 in a frequency bandwidth of 100 Hz. The fifth

science run S5 ended on 30 September 2007.

As its companion Virgo, after the completion of Science Run 5, initial LIGO was up-

graded with certain Advanced LIGO technologies that resulted in an improved-performance

configuration dubbed Enhanced LIGO. Its aim was a best-effort goal of achieving twice

the sensitivity of initial LIGO by the end of the run. Enhanced LIGO started its science
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Figure 2.6: Advanced Virgo design sensitivity curve (courtesy of the Virgo collabora-

tion.)

Figure 2.7: LIGO, Livingston, Luisiana (courtesy of the LIGO collaboration.)
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run S6 in July 2009 and it concluded in October 2010. The strain sensitivity for S6 is

shown in Figure 2.9.

From November 2010, Enhanced LIGO was disassembled and immediately work

proceeded on construction of Advanced LIGO. It will take at least four years for its

construction and it is scheduled start running from 2014. Advanced LIGO is a result

of an international collaboration between, the LIGO Laboratory funded by the National

Science Foundation with contributions from the GEO 600 Collaboration, Adelaide Uni-

versities in Australia and with participation by the LIGO Scientific Collaboration. This

new detector is designed to improve the sensitivity of initial LIGO by more than a factor

of 10, and is currently being installed at both LIGO Observatories, replacing the original

detectors. Advanced LIGO design strain sensitivity is shown in Figure 2.10. Advanced

LIGO is suppose to detect GWs from in spiraling neutron stars (NS) and black hole (BH)

binaries, BH+BH mergers and ring downs, supernovae, Gamma ray-bursts, neutron star

spinning and stochastic background.
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Figure 2.8: Strain sensitivity h f as a function of frequency for LIGO since runs S1-S5

interferometers (courtesy of the LIGO collaboration).

2.3.3 GEO 600

GEO 600 is a gravitational wave interferometer located near Sarsted, Germany. It has

two perpendicular arms of 600 m each and was built in 2001 as a collaboration between

Max-Panck institute für Quantenoptik in Garching and the University of Glasgow. In
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Figure 2.9: Strain sensitivity h f as a function of frequency for LIGO S6 interferometers

(courtesy of the LIGO collaboration).

Figure 2.10: Advanced LIGO strain sensitivity curve (red color) as a function of fre-

quency (courtesy of the LIGO collaboration).
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2006, GEO600 has reached the design sensitivity, but up to now no signal has been

detected. The next aim is to reduce the remaining noise by another factor of about 10,

until 2014.

Figure 2.11: GEO600 land area, Sarsted, Germany (courtesy of GEO600 collaboration).

GEO 600 can not match the sensitivity of LIGO or Virgo but it has pioneered sev-

eral innovations to be used in Advanced LIGO. In fact, since its first run in 2001, LIGO

has been collaborating with GEO 600 and both pool and analyze their data jointly. Since

2007 Virgo and LIGO started pooling and analyzing data jointly with the LIGO scientific

collaboration even though Virgo is not part it. GEO 600 provides a rather good opportu-

nity to change the spectral characteristics of the detector response, especially due to the

shot noise limitation, therefore in the high frequency range of the available bandwidth.

GOE 600 scope is to detect GWs from BH binaries, supernova and stochastic back-

ground. Its strain sensitivity is shown in Figure 2.12 and it can be clearly seen that it

is very sensitive in the frequency range 50 Hz up to 1.5 kHz. During the enhancement

period of Virgo and LIGO, GEO 600 has been the only high sensitive interferometer run-

ning in order to detect any possible GW signal from nearby galaxies. At present time,

it is operating at high duty factor in AstroWatch mode, primarily in case of a nearby

galactic supernova, as the Virgo and LIGO detectors undergo to major upgrades.

2.4 Space based interferometers

As we discussed in section 2.2 one of the most important noise sources at frequencies be-

low 1 Hz is due to changes in the Newtonian gravitational potential (Gravity Gradients)

on the timescale of the measurements and to seismic noise, see for example Figure 2.6.

Most of astrophysical sources of GWs are likely to emit a continuos spectrum of GWs

that extends below 1 Hz and since their amplitude at earth is much smaller than gravity

gradient noise, their detection at earth would be impossible. For this reason during last

20 years have been proposed several space based interferometers such as LISA, DE-
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Figure 2.12: GEO600 land area, Sarsted, Germany (courtesy of GEO600 collaboration).

CIGO, BBO, eLISA/NGO etc. In this section we discuss their characteristics and their

possible outcomes.

2.4.1 LISA

The Laser Interferometer Space Antenna (LISA) is a joint ESA-NASA project to develop

and operate a space-based gravitational wave detector sensitive at frequencies between

0.03 mHz and 0.1 Hz. It was first proposed to ESA in 1993, in the framework of ESA’s

long term space science program Horizon 2000. Due to fundings reasons in regard of

LISA launch time, ESA proposed to NASA a joint collaboration in order to accelerate

the construction processes and launching time. However, after many years of discussions

about its launching time, remain still unknown when it will be launched with probable

launch time between 2018-2026.

LISA will consist of three free-flying spacecrafts arranged in an array that orbits

the sun at a distance of 1 AU, about 20˝ behind the earth in its orbit. It would have

arms of 5 ¨ 106 km long and that would be longer than half wavelength for any GWs

above 30 mHz. LISA arms form an equilateral triangle in a plane tilted at 60˝ to the
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ecliptic Figure 2.13 and its orbit around the sun preserves this arrangement with the

array rotating backwards once per year as the spacecraft orbit the sun. In each arm there

is light passing from one array to the other, thus forming a Michelson interferometer and

each array can measure the GW polarization directly.

Figure 2.13: LISA spacecraft in orbit (courtesy of ESA).

Being in space, LISA in not free from source noises such as forces from the sun

which include both solar radiation pressure and the solar wind. These effect are min-

imized by using drag-free technology. The two main categories of gravitational-wave

sources for LISA are the galactic binaries and the massive black holes (MBHs) expected

to exist in the centre of most galaxies. In order to detect these GWs, LISA main goal is to

reach a strain sensitivity of h f “ 4 ¨ 10´21 Hz´1{2 at f “ 1 mHz, see Figure 2.14. LISA

best sensitivity is between 3 Hz and 30 mHz. Above 30 mHz, the sensitivity degrades

because the wavelength of the GW becomes shorter than twice the arm length of 5 ¨ 106

km. At low frequencies instead, the noise curve rises because of spurious forces on the

test masses.

On April 8, 2011 it was announced that NASA would likely be unable to continue

participating in the LISA project due to funds cuts from US government. Revised mis-

sion concepts from the New European Gravitational Observatory (NGO) have been con-

sidered in a selection process commencing in February 2012 and the initial LISA project

has been informally re-named eLISA/NGO [27]. Fortunately found cuts from NASA

does not seem to have impact on eLISA performance, so what we discussed above about

LISA performance and sensitivity still remain valid for eLISA.

2.4.2 DECIGO/BBO

The Deci-hertz Interferometer Gravitational Wave Observatory (DECIGO) [28, 29, 30]

is a proposed space-based Japanese interferometer that will bridges the gap between the

ground based interferometers (Virgo, LIGO...) and LISA. It can play a role of follow-up
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Figure 2.14: Gravitational wave amplitude as a function of frequency for the space-based

interferometer LISA (courtesy of ESA).

for LISA by observing inspiral sources that have moved above the LISA band, and can

also play a role of predictor for terrestrial detectors by observing in-spiral sources that

have not yet moved into the terrestrial detector band. The goal of DECIGO is to detect

various sources of gravitational waves mainly between 0.1 Hz and 10 Hz and open a new

window of observation for gravitational wave astronomy.

DECIGO consist of three three drag-free spacecrafts separated by arm length of 1000

km each. Each arm consist of a differential Fabry-Perot Michelson interferometer and

mass mirrors of mass of 100 kg and mirror diameter of 1 m, see Figure 2.15.

As in the case of LISA, the sensitivity of DECIGO is limited by radiation pressure

and solar winds for frequencies below 0.15 Hz. For frequencies above 0.15 noise is

dominated by the shot noise. The strain sensitivity curve is shown in Figure 2.16. After

three years of corelations in orbit, DECIGO aim is to reach a sensitivity of the order of

h f „ 10´25 Hz´1{2. Other ambitious programs for DECIGO is to reach a very high

sensitivity of the oder h f „ 10´27 Hz´1{2 after 5 years of data correlation [28]. This

project is dubbed the Ultimate DECIGO.

Another post LISA follow on mission which has been proposed to the NASA is

the Bing Bang Observer (BBO) [31]. The BBO will be an extremely sensitive antenna

that is designed to detect the Gravitational Wave Background (GWB) left by the Big
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Figure 2.15: DECIGO conceptual design (courtesy of DECIGO collaboration).

Bang. BBO should be able to provide information about the earliest moments in the

history of the Universe. The ambitions goal of BBO is to detect GWs left from an early

inflationary epoch. As DECIGO, BBO will fill the gap between the Avanced Virgo,

LIGO and LISA. It aim to detected GWs in the frequency band of 100 mHz up to 10 Hz

and reach a sensitivity of a factor 100 respect to LISA.

The BBO will consist of 3 drag-free masses of 10 kg each and arms of 5 ¨ 107 m.

It will be launched at a distance 1 AU from the sun with a tilted angle of 60˝ respect to

the ecliptic. BBO schedule is dived into two stages where the first one will consist of

three spacecrafts and will be launched probably around 2025 with five year long mission.

The second stage will consist of twelve spacecrafts and three constellations and will be

launched around 2029. At the time of writing there is no ongoing BBO research and it

remain more an idea than a project.



2.4. SPACE BASED INTERFEROMETERS 45

Figure 2.16: Sensitivity curve as a function of frequency for DECIGO (courtesy of DE-

CIGO collaboration). Is also shown for comparison sensitivity curves for LIGO and

LISA.
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Figure 2.17: Sensitivity curve as a function of frequency for BBO generated with (LISA

curve generator) (courtesy of LISA collaboration) and with BBO technical parameters

given in Tab. II of [32].





Chapter 3

Stochastic backgrounds of GWs

from the early universe

In the previous chapter we presented very fundamentals concepts regarding GW detec-

tors and their present status. Among their target sources of GWs such as compact objects

like neutron stars, BH, white dwarfs and supernovae, there is a stochastic background

of GWs from the early Universe. This expected background of GWs as will see in the

next sections, should not be a surprise since a very well known predicted and detected

background from the early Universe is the Cosmic Microwave Background (CMB). In

fact, as we will see various models of the early Universe predict different backgrounds of

GWs and their detection would have profound impact on the early Universe cosmology

and on high energy physics. Such a background would give us a temporal snapshot of

the early Universe at the time of their emission because it would reach us completely

virgin due to the weak interaction of gravitons with the cosmological plasma. In fact,

as far as thermodynamic equilibrium is concerned the interaction rate of gravitons with

each other Γg has to be greater than the Hubble parameter H, Γg ą H. In general for a

species in thermal equilibrium the interaction rate given by Γg “ nxσvy where n „ T ,

v “ 1 with T being the plasma temperature. By pure dimensional reasons the scattering

cross section for gravitons is σ „ GxEy2 „ GT 2 and since the Universe after the Bing

Bang is believed to have been radiation dominated, the Hubble constant in this epoch

would simply be H „ T 2{mPl where G “ 1{m2
Pl

with mPl being the Planck mass, see

Appendix A. Requiring that the expansion rate H is equal to the interaction rate Γg the

decoupling temperature for the graviton is below the Planck mass or Planck scale

Γg{H » pT{mPlq3. (3.1)

Equation 3.1 tells us that after the Bing Bang gravitons are completely out of equilibrium

with matter and their spectrum would remain completely unchanged by the Universe

expansion, making them very appealing to detect.

47



48 CHAPTER 3. STOCHASTIC BACKGROUNDS OF GWS

In this chapter we are going to discuss very fundamental quantities related to the

stochastic background such as its energy density, strain amplitude, its GW amplitude

etc. Moreover we discuss the most important models of graviton production in the early

Universe and their possible detection.

3.1 Intrinsic quantities of the stochastic background

Most sources of GWs from the early universe and present day universe are uncorrelated

with each other. Furthermore their emission of GWs can be regarded as a random pro-

cess over time, so in general a GW would be an incoherent superposition of GWs emitted

from different sources. However, there are also other mechanisms such as vacuum fluc-

tuations during the inflationary epoch which can not be characterized as emitted from

different sources. In any case in both processes their GWs background is characterized

by random processes of emission and such a background is called stochastic.

In order to see more closely what we do mean with a stochastic background, let us

recall that in the TT gauge a general GW can be written as follows

hi jpx, tq “
ÿ

λ“`,ˆ

x
dω dn̂ hλpω, n̂qeλi jpn̂qe´ipωt´k¨xq (3.2)

where k “ kn̂ with n̂ being the direction of wave propagation. The wave amplitudes

hλpω, n̂q are random variables and are characterized statistically by their ensemble aver-

age. In general, when dealing with a stochastic background one assumes few hypothesis

which characterize it. Such a background is assumed to be homogeneous, Gaussian,

isotropic and unpolarized. Homogeneity means that the two point correlation functions

must depend only to the time difference and not to the absolute values of time, namely

xhλptq hλ1pt1qy9δpt ´ t1q or in Fourier space

xhλp f q h˚λ1p f 1qy9δp f ´ f 1q. (3.3)

A Gaussian background is characterized by the fact that all N-point correlation functions

can be decomposed as a sum and product of the two point function xhλptq hλ1pt1qy. This of

course is valid only when the number of stochastic variables is very large N Ñ8, while

for a limited number of variables (GW sources) this approximation do not hold anymore

and higher point correlators are needed. Another important hypothesis is concerned with

the isotropy of the GW background. As in the case of the CMB which is very isotropic

with deviation from it of the order of „ 10´5, we can expect that even a stochastic

background of GWs (SBGWs) can be isotropic. In this case the two point correlation

function at two different directions is proportional to

xhλp f , n̂q h˚λ1p f 1, n̂1qy9δpn̂´ n̂1q, (3.4)

where the proportionality constant must not depend on the propagation direction, n̂. The

last hypothesis concerns the polarization of SBGWs which we assume to be unpolarized.
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In this case the two point function xhλp f , n̂q h˚
λ1
p f 1, n̂1qy9δλλ1 with the proportionality co-

efficient independent of the polarization index λ. In general under the above hypothesis

we must have for the two point correlation function

xhλp f , n̂q h˚λ1p f 1, n̂1qy “ δp f ´ f 1q δλλ1
δpn̂, n̂1q

4π

1

2
S hp f q, (3.5)

where S hp f q is called the spectral density or power spectrum of GWs. It has the dimen-

sion of Hz´1 and satisfies S hp f q “ S hp´ f q. Using both Equation 3.2 and Equation 3.5,

the two point correlation function for hi jpx “ 0, tq is given by

xhi jptq hi jptqy “ 4

ż 8

0

S hp f q. (3.6)

Next step is to relate the GWs power spectrum S hp f q whith the GWs energy density

ρgw, Equation 1.53. Let Ωgw be the GW density parameter which is defined as

Ωgw ”
ρgw

ρc

, (3.7)

where ρc “ 1.878 ¨ 10´29h2
0

g/cm3 is the critical energy density Equation A.42, where

we wrote the present Hubble parameter as H0 “ 100h0 km/s/Mpc with h0 » 0.70 a

parameter which arises due to the uncertainty on the Hubble parameter, H0 [33]. The

spectral distribution of ρgw can be written as follows

ρgw “
ż 8

0

dplog f q
dρgw

d log f
. (3.8)

Making use of Equation 3.8, Equation 3.7 can be written as

Ωgw “
ż 8

0

dplog f qΩgwp f q, (3.9)

where Ωgwp f q is called spectral density parameter or density parameter as a function of

frequency

Ωgwp f q “ 1

ρc

dρgw

d log f
. (3.10)

Using the ergodic theorem, we can replace the time average in Equation 1.53 with its

ensemble average and get

ρgw “
1

8πG

ż 8

0

dplog f q f p2π f q2 S hp f q. (3.11)

Comparing Equation 3.8 with Equation 3.11 and using Equation 3.10 we get

Ωgw “
4π2

3H2
0

f 3S hp f q. (3.12)
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Equation 3.12 gives an important relation between the density parameter of GWs and

their power spectrum. In complete analogy with Equation 2.4 we can define the charac-

teristic amplitude of a SBGWs as

xh2
i jptqy “ 2

ż 8

0

dplog f q h2
gp f q, (3.13)

where we made use of Equation 3.2. hgp f q is the amplitude of SBGWs and should be

not confused with detector output hptq Equation 2.7 due to the interaction of the GW

with the detector. By comparing Equation 3.13 with Equation 3.6 we get the following

relation between the power spectrum S h and the GW amplitude hg

h2
gp f q “ 2 f S hp f q. (3.14)

Inserting into Equation 3.12 we get the following important relation between hg and Ωgw

hgp f q “ 1.263 ¨ 10´18

ˆ

1Hz

f

˙

b

h2
0
Ωgw. (3.15)

We may note that the GW density parameter is written as a combination of h0 and Ωgw,

namely h2
0
Ωgw. This is a standard way of writing the density parameter in GW astron-

omy. This way of writing the density parameter˚ get rid of the uncertainty arising in

ρc since it is expressed through the Hubble parameter. Equation 3.15 can be used to

evaluate the minimum density parameter which a single GW detector can reach. In fact,

by using Equation 2.11 and both Equation 2.5 and Equation 3.1 we get

hgp f q ě
b

2 f {F h f (3.16)

Using Equation 3.16 into Equation 3.15 we get the following relation

h2
0Ω

min
gw p f q ě 1.25 ¨ 10´8

F

ˆ

f

1Hz

˙3 ˆ

h f

10´22Hz´1{2

˙2

. (3.17)

Equation 3.17 gives the minimum density parameter detectable by a single detector. It

depends essentially on the detector strain sensitivity and on the form factor F.

3.2 Phenomenological bounds on the stochastic background

of GWs

In this section we discuss some (not all!) phenomenological bounds on the density

parameter in GWs in different frequency bands. This bounds are extremely important

since they can constrain various GWs models and also new theories which predict new

particles at the early stages of the universe, such as supersymmetry etc. In the next

sections we are going to discuss the WMAP bound which is based essentially on bounds

on the CMB anisotropies and the BBN bound which is based on the number of neutrino

families present at nucleosynthesis time.

˚From now with density parameter we mean h2
0
Ωgw instead of Ωgw.
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3.2.1 WMAP bound

CMB observations can be used to bound the number density of relic gravitons present

at the time of decoupling. In fact, at our current understanding, CMB presents small

temperature anisotropies of the order of δT{T „ 10´5 in different directions in the

sky. These anisotropies may arise due to various effects such as, our peculiar velocity

respect to the cosmic fluid (the so called dipole anisotropy), the peculiar velocity of the

matter that might have scattered the CMB, inhomogeneities in the Newtonian potential

at recombination, intrinsic homogeneities of the CMB at recombination time, geodesic

deviation of photons from the time of recombination up to present epoch the so called

Sachs-Wolfe effect and maybe due to re-ionization of the universe.

All the above mentioned processes operate on different length scales. For example,

let us assume that inhomogeneities in the gravitational potential at recombination vary

on a length scale l. The angle subtended by this length scale on the sky at present would

be

θ “ l

dApzq
, (3.18)

where dApzq is the angular diameter distance. In the case when z " 1 the angular distance

is given by [34]

dApzq “
2H´1

0

zΩ
, (3.19)

where Ω is the total density parameter, see Appendix A. Thus the angle subtended by

the length scale l today would be

θ »
˜

lz

H´1
0

¸

ˆ

Ω

2

˙

. (3.20)

Taking the length scale l “ H´1ptrecq “ H´1
0
pΩ zrecq´1{2z´1

rec, the angle subtended on

the sky by the recombination epoch would be

θrec “ 0.87˝Ω1{2

ˆ

1090

zrec

˙1{2

. (3.21)

So, the angle about θ „ 1˝ on the sky correspond to the horizon size at recombination

epoch. The microphysical processes took place at small angular size θ ă 1˝ while the

macro physics took place at large scales θ ą 1˝.

Before going to the WMAP bound on the present day density parameter, let us esti-

mate the frequency range of GWs that could create CMB anisotropies. All modes that

crossed the horizon starting from recombination till present epoch could create CMB

anisotropies. In fact, CMB observations show a peak in the power spectrum correspond-

ing to an angle in the sky of θ „ 1˝, namely at recombination time. Since GWs once

enter inside horizon would decay due to universe expansion, hg „ 1{a, their strongest

contribution is expected to come from long tensor modes which enter horizon after re-

combination or shortly before it. However, in principle even GWs which enter horizon
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before recombination could lead to CMB anisostropies but also other mechanism are

more likely to produce these anisotropies such as adiabatic perturbations, density per-

turbations etc. So, in principle CMB anisotropies on large scales θ ą 1˝ are exclusively

produced by GWs which enter horizon after recombination. Present day GW modes

which are entering horizon would have a frequency f » H0 “ 3 ¨ 10´18 Hz. On the

other hand a mode which entered horizon at recombination time would have a frequency

at recombination frec “ Hptrecq “ H0p1` zrecq3{2. Its present frequency would be

f À H0 z
1{2
rec » 10´16Hz. (3.22)

So the frequency range to look for large scale CMB anisotropies is in the interval

3 ¨ 10´18Hz À f À 10´16Hz. (3.23)

Based on the above discussion, the amplitude of a GW crossing the horizon at t “ trec

and scale kpθq with θ being the angle subtended on the sky by the GW wavelength, is

given by

hgptrec, kpθqq “
ˆ

δT

T0

˙

θ

. (3.24)

Let us now derive the expression for the density parameter for GWs entering inside

horizon at a time thor. The amplitude of these GWs today would be

hgp f , t0q “
apthorq
apt0q

hgp f , trecq, (3.25)

where apthorq is the scale factor at horizon entering. Writing apthorq{apt0q “ apthorq{aptrecqzrec

and taking into account that during matter domination the scale factor goes as a9t3{2 we

can easily get the following expression for the GW amplitude at present epoch

hgp f , t0q »
ˆ

H0

2 f

˙2 ˆ

δT

T0

˙2

, (3.26)

where T0 is the present day CMB medium temperature. Inserting Equation 3.26 into

Equation 3.12, we get

Ωgwp f q »
ˆ

H0

f

˙2 ˆ

δT

T0

˙2

. (3.27)

Taking δT{T0 „ 10´5 (WMAP) at large angular scales we get the following bound

Ωgwp f q ă 10´10

ˆ

H0

f

˙2

p3 ¨ 10´18Hz ă f ă 10´16Hzq. (3.28)

The WMAP bound is shown in Figure 3.1
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3.2.2 Bing Bang Nucleosynthesis bound

CMB observations severely constraint the density parameter at long wavelengths as we

saw in the previous section and can be used as a probe for different GW models. How-

ever, another important bound which constrain the number density of gravitons produced

before Bing Bang Nucleosynthesis (BBN), is the so called BBN bound on gravitational

waves. This bound relies on the fact that any new relic particle present at the time of

BBN could contribute to the energy density of the universe and thus, could have modi-

fied its evolution and have impact on nucleosynthesis of light elements.

An important role on the BBN bound is played by the effective number of massless

degrees of freedom g˚ at BBN. Roughly speaking more effective particles present at

BBN in comparison to the standard model would have impact on the freeze out temper-

ature and on the production of 4He. The abundance of 4He is strictly connected with

the number density of neutrons at BBN. The number density of neutrons to the number

density of protons in thermal equilibrium is expressed through

n

p
“ expp´Q{T q, (3.29)

where Q “ mn ´ mp “ 1.3 MeV is the mass difference. Thermal equilibrium is main-

tained by the weak interactions

n Ø p` e´ ` ν̄, (3.30)

e` ` n Ø p` ν̄, (3.31)

ν` n Ø p` e´, (3.32)

as far as the interaction rate is greater than the Hubble parameter, Γint ą H. Once the

temperature reaches the value of freeze out T f , the interaction between the particles can

not compete anymore with the universe expansion and therefore the ratio of neutrons to

protons would freeze at the temperature T f with ratio n{p “ expp´Q{T f q. Estimation of

the freeze out temperature can be calculated by requiring that Γint “ H, where for T " Q

the weak interactions rate is approximately Γint „ G2
F

T 5. In this case we can take the

Hubble parameter as in Equation A.29 with the energy density given by Equation A.57

and get the following estimate for the freeze out temperature

T f »
ˆ

8π3g˚

90

˙1{6
˜

1

G2
F

mPl

¸1{3

. (3.33)

We can see that apart from some constant factors, the freeze out temperature goes like

T f9g
1{6
˚ and more effective massless particles at BBN would eventually lead to an in-

crease of T f . An increase of the freeze out temperature would increase the number

density of free neutrons leading to an overproduction of 4He. Since BBN prediction on

the abundance of primordial 4He is in good agreement with the observed abundance, the-

oretical predictions on the abundance of 4He can be used to constrain different models

which predict additional degrees of freedom at BBN.
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One of the most important features of BBN is that the freeze out temperature cal-

culated above is in reality smaller than the binding energy of light nuclei. For a given

atomic specie the binding energy is BA “ Zmp`pA´Zqmn´mZ where Z is the atomic

number, A is the mass number. In the case of 4He the binding energy is 28.3 MeV and

the temperature which the mass fraction of 4He is of the order of unity is 0.28 MeV.

Due to this reason nucleosynthesis took place mostly for temperatures T ă 1 MeV. At

this temperatures the only relativistic particles are 3 species of neutrinos, 3 species of

antineutrinos, e˘ and the photon. Let Nν denotes the number of neutrino or antineutrino

species in thermal equilibrium at temperature Ti “ T . The effective number of degrees

of freedom would be Equation A.59

g˚pNνq “ 2` 7

8
p4` 2Nνq, (3.34)

where the factor 2 takes into account of the two polarization or helicity states of the

photon, the factor 4 takes into account those of the electron and the positron and the

factor 2 takes into account the neutrino and the antineutrino species. In the standard

model of particle physics, the number of neutrino families are 3, thus the effective

number of degrees of freedom accounts for g˚p3q “ 43{4. If there is an extra specie

at BBN it is likely to decouple before the temperature reaches the value of T „ 1

MeV, so the particle temperature is small in comparison to the photon temperature

at BBN. If for example a specie decouples at TD ą 300 GeV, we would have that

g˚pTDq ą 106.75. The ratio of the specie temperature to the photon temperature at BBN

would be pTi{T q4 ď p10.75{106.75q4 “ 0.047, thus this new specie would have very

small contribution to the effective degrees of freedom at BBN. Now, let us suppose that

these extra specie(s) exist at BBN, then the effective number of degrees of freedom at

T „ 1 MeV would be

g˚ “ g
pS q
˚ `

ÿ

i“new bosons

gi

ˆ

Ti

T

˙4

`
ÿ

i“new fermions

gi

ˆ

Ti

T

˙4

, (3.35)

where g
pS q
˚ “ 2 ` 7{8p4 ` 2Nνq is the number of degrees of freedom of the standard

model with Nν “ 3. With a fourth generation of neutrino specie Nν ď 4 at the same

temperature as the photon Ti “ T , we would have that g
pS q
˚ ď g˚pNν ď 4q where the

contribution of the other extra species (apart a fourth generation of neutrinos) is small

as we already discussed. Denoting with N the number of effective neutrino species, the

bound g˚pNq ě g
pS q
˚ gives

ÿ

i“new bosons

gi

ˆ

Ti

T

˙4

`
ÿ

i“new fermions

gi

ˆ

Ti

T

˙4

ď 7

4
pN ´ Nνq. (3.36)

Let us assume that the only extra Bosonic specie is the graviton with gi “ 2 and

pTi{T q4 “ ρgw{ργ. Then we get the following bound on the energy density at BBN

ρgwptBBNq ď
7

8
ργptBBNqpN ´ Nνq. (3.37)
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Since both energy density of photons and gravitons goes with the scale factor as „ 1{a4

and making use of Equation A.64 and Equation 3.37 we can easily get the graviton

energy density at present time t “ t0

ρgwpt0q ď 0.22 ργpt0qpN ´ Nνq. (3.38)

From CMB observations the total density parameter in photons at present is given by

[34]

h2
0Ωγpt0q “ 2.47 ¨ 10´5, (3.39)

and using the definition of the total density in GWs, Equation 3.7, we get the bound on

the present total density parameter in GWs,

h2
0Ωγpt0q ď 5.7 ¨ 10´6pN ´ Nνq. (3.40)

It is important to note that Equation 3.40 is a bound on the density parameter integrated

over all frequencies which were already inside horizon at BBN. In fact, BBN took place

roughly speaking at t „ 1 s and T „ 1 MeV. The lowest frequency at that time would

be equal to the Hubble parameter at BBN, f˚ „ Hpt˚q “ 1{2t˚ for a RD universe

and t˚ “ tBBN . So the lowest frequency (the longest wavelength) at BBN, would be

for t˚ „ 1 s, f˚ „ 0.5 Hz. Using the fact that the entropy per co-moving volume is

conserved, the lowest frequency at BBN would have a present day value of

f “ f˚

ˆ

a˚

a0

˙

„ 10´10 Hz, (3.41)

where we made explicit use of Equation 4.26 with g˚pT˚q “ 10.75 and g˚pT0q “ 3.36.

Thus, the bound, Equation 3.40, is valid in the present day frequency range of 10´10 Hz

À f ă 8. A plot of the BBN bound on GWs is shown in Figure 3.1.

3.3 Models of relic graviton production

Stochastic background of relic gravitational waves can be produced by several mecha-

nisms. The theoretical predictions are model depended due to the uncertainties in the

cosmological framework and on the values of the redshift from the production epoch.

Below we briefly describe some of the production scenarios. For a more detailed review

on stochastic background of GWs production mechanisms and their spectra the reader

can be found in [35, 36, 37].

3.3.1 Boguliobov transformation and vacuum amplification

It was established long ago that gravitational waves could be produced in cosmology

due to an amplification of vacuum fluctuations by external gravitational field (quantum

particle production). It was first studied in [12] and first applied to an inflationary model

in [13]. The gravitational waves could be quite efficiently produced at inflation. Their
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spectrum at large wavelengths is independent on the details of inflationary models. The

frequency band of these gravitons today is quite wide and the associated density param-

eter is very low.

First calculations of the GW power spectrum from inflationary models treated the

quantum mechanical two-point function as two-point statistical average of an ensemble

of classical fields where the fields evolve according to the classical equations of motions.

However, such a mixed treatment raised some subtle questions since it was not clear to

what extend one could apply them in order to derive the power spectrum [38]. A full

quantum mechanical treatment was derived in [39]. Before going to the De Sitter epoch

we first show how gravitational waves are created in FLRW universe and discuss how

amplification of quantum fluctuations arises.

We start by specializing in the FLRW metric Equation A.1 and write it as

ds2 “ a2pηqp´dη2 ` δi j dxidx jq, (3.42)

where we consider a flat space-time with curvature k “ 0 and introduced the conformal

time τ which is defined as

dτ “ dt{aptq. (3.43)

Tensor perturbations in a spatially-flat FLRW universe are described by the line element

ds2 “ a2pηqr´dη2 ` pδi j ` hi jq dxidx js, (3.44)

where hi j are tensor perturbations in the FLRW metric. Here we still work in the TT

gauge and expand the tensorial perturbations in Fourier integral as follows

hi jpx, ηq “
?

8πG
ÿ

λ“`,ˆ

ż

d3k

p2πq3
?

2k
hλpk, ηqeλi jpkq eik¨x, (3.45)

where x,k are respectively the co-moving coordinate and the co-moving wave-vector.

The normalization coefficient in front of expansion, Equation 3.45 has been chosen ap-

propriately in order to match with the Einstein-Hilbert action for the fields hλ.

The Einstein field equations in vacuum for the fields hi j are given by Equation 1.21

where in the TT gauge hi j “ h̄i j and the d’Alambert operator in curved space-time is

given by

2hi j “ ∇µ∇µhi j. (3.46)

Introducing the expansion Equation 3.45 into Equation 3.46 we may notice that the po-

larization tensor depend only on the propagation direction and the operator (2) acts only

on hλ (which is a scalar field) and on the exponential term. In curved space-time the

wave equation for a general scalar field φ reads

2φ “ 1?´g
Bµp

a

´ggµνBνqφ “ 0, (3.47)

where g is the metric determinant. Taking into account of the line element Equation 3.42

the metric tensor has the form gµν=diag p´a2, a2, a2, a2q and
?´g “ a8. After some
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straightforward calculations the wave equation for the fields hλpk, ηq or Lifshitz equa-

tions [40] are given by

h2λpk, ηq ` 2
a1pηq
apηq h1λpk, ηq ` k2hλpk, ηq “ 0, (3.48)

where the (1) symbol indicate a derivative respect to conformal time η. Lifshitz equation,

Equation 3.48, can be written in a more fashionable way by writing the fields hλpk, ηq in

terms of the functions φλpk, ηq as

hλpk, ηq “
1

apηqφλpk, ηq. (3.49)

Inserting Equation 3.49 into the Lifshitz equation, it becomes

φ2λpk, ηq `
ˆ

k2 ´ a2

a

˙

φλpk, ηq “ 0. (3.50)

Equation 3.50 is a Bessel-Riccati differential equation and its general solution can be

written as

φλpk, ηq “ apkqξpkηq ` a1pkqξ˚pkηq, (3.51)

where ξ is a function of kηwhich is in general expressed in terms of the Hankel functions

of the first and second kind and p˚q denotes complex conjugate. Imposing that φ are real

functions, substituting k Ñ ´k we get that a1p´kq “ a:pkq. Here apkq and a:pkq are

respectively the annihilation and creation quantum mechanical operators. Taking into

account of Equation 3.49, the mode expansion for the fields hi j, Equation 3.45, is

hi jpx, ηq “
?

8πG
ÿ

λ“`,ˆ

ż

d3k

p2πq3
?

2k

1

apηq
”

aλpkqξpkηqeλi jpkq eik¨x

` a
:
λ
pkqξ˚pkηqeλi jpkq e´ik¨x

ı

,

(3.52)

where we used the fact that eλ
i j
pkq “ e˚λ

i j
pkq.

Let us now go one step further on calculating the amount of gravitons produced in

different epochs during the universe expansion. Suppose that tapkq, a:pkqu, tbpkq, b:pkqu
are respectively the annihilation and creation operators which enters expansion, Equa-

tion 3.52, for two different cosmological regimes. The two sets of annihilation operators

are related through the Bogoliubov transformation

apkq “
ÿ

q

rαpk,qqbpqq ` β˚pk,qqb:pqqs, (3.53)

where α, β are two complex numbers. Since we are dealing with gravitons (bosons), we

have that

rapkq, a:pqqs “ δpk´ qq, rbpkq, b:pqqs “ δpk´ qq. (3.54)
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Inserting Equation 3.53 into the first commutator Equation 3.54 we get the following

relation between the coefficients α, β for k “ q

|α|2 ´ |β|2 “ 1. (3.55)

After some straightforward manipulations we can express the annihilation operator bpkq
as a linear combination of tapkq, a:pkqu

bpkq “
ÿ

q

rα˚pk,qqapqq ´ β˚pk,qqa:pqqs. (3.56)

Let us assume that tapkq, a:pkqu are the annihilation and creation operators during

inflation and tbpkq, b:pkqu are the annihilation and creation operators during the radia-

tion dominated (RD) epoch. The number operator in the RD epoch is given by

Nbpkq ” b:pkqbpkq “ Napkq ` 2|β|2
„

Napkq `
1

2



´ αβ˚pa:q2 ´ α˚βpa2q. (3.57)

Consider for example that the universe during the inflationary epoch was in a state |φay
with particle number Na. In order to have a physical insight on vacuum amplification

let us consider two kind of perturbations during the inflationary epoch. There are per-

turbations with physical wavelength λphy " H´1 and λphy ! H´1 where H´1 is the

Hubble horizon. A sudden change in the universe expansion is accompanied with a sud-

den change in the Hubble parameter since it governs the dynamics of the expansion.

Consequently, physical wavelengths which are inside the Hubble radius would see the

dynamic change as adiabatic while wavelengths greater than the Hubble radius would

see it as a sudden transition. In the latter case the state of the universe |φay would not

change for those wavelengths because they are very few affected, however during the

transition would change the creation and annihilation operators. Thus, in the latter case

we would have for state of the universe

|φay, before transition |φby “ |φay, after the transition. (3.58)

Taking the expectation value of Equation 3.57 on the state |φay and using the fact that it

does not change for long wavelengths, the number of particle creation during the transi-

tion is given by

Nb “ Na ` 2|β|2
„

Na `
1

2



. (3.59)

Equation 3.59 is an important result since it gives the number of particle creation during

changes in the Hubble parameter. We may also notice that even in the case when Na “ 0

(total absence of particles during inflation) the half vacuum fluctuations are amplified

through the factor β. This mechanism of particle creation (gravitons in this case) is

called amplification of vacuum fluctuations.
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3.3.2 de Sitter universe

The mechanisms of graviton production by a time depended gravitational field is very

important for GW generation during various inflationary models. Due to amplification of

vacuum fluctuations, we saw that long wavelengths which enter horizon during changes

in the Hubble parameter are amplified and shorter wavelengths change adiabatically with

time with no further amplification. In this section we want to compute the density pa-

rameter of GWs generated during the transition from a de Sitter epoch to the RD epoch.

The de Sitter solution of Einstein field equations is a particular solution which the

matter and energy content of the universe is completely neglected. However, into the

Einstein field equations is included a cosmological term Λ which is assumed to be con-

stant. Introduction of a cosmological constant would modify the Friedemann equation,

Equation A.29, in the following way

H2 “ 8πGρ

3
´ K

a2
` Λ

3
. (3.60)

In the de Sitter universe K “ 0, ρ “ 0 and the dynamics of expansion is governed by

the cosmological constant Λ with a Hubble parameter constant in time

H “
b

Λ{3. (3.61)

The scale factor in this case is given by

aptq “ aptiqeHt. (3.62)

where ti is the initial time when expansion startes. Therefore we can realize that the de

Sitter universe is a universe which scale factor a increases exponentially. In terms of the

conformal time η, the scale factor in the de Sitter universe reads

apηq “ ´ 1

Hη
, (3.63)

where ´8 ă η ă η1 with η1 being the cosmological time of transition from the de

Sitter universe to the RD universe. In the RD universe the scale factor is aptq9t1{2 and

in terms of conformal time it reads

apηq “ 1

Hη2
1

pη´ 2η1q, (3.64)

where η1 ă η ă ηeq with ηeq being the equilibrium time between the RD epoch and the

MD epoch.

With the scale factors given by Equation 3.63, Equation 3.64 we solve Equation 3.50

in the de Sitter universe and in the RD universe. The general solution of Equation 3.51

in the de Sitter universe with a2{a “ 2{η2 is given by

φpk, ηq “ e´ikη

ˆ

1´ i

κη

˙

, ´8 ă η ă η1, (3.65)
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and in the RD epoch a2{a “ 0 we get

φpk, ηq “
“

αpkqe´ikη ` βpkqeikη
‰

, η1 ă η ă ηeq. (3.66)

Requiring that both φ and φ1 are continuous function during the transition at η “ η1 we

get the following expression for the Boguliobov coefficients [36, 39]

αpkq “ 1´ 1

kη1

´ 1

2k2η2
1

, βpkq “ 1

2k2η2
1

. (3.67)

If we assume that during the de Sitter expansion gravitons were missing, na “ 0, the

number of produced gravitons after transition would be

nb “ |β|2 “
1

4k4η4
1

. (3.68)

Further we can connect the density parameter at present with the number density of the

produced gravitons. Let npx,kq be the number density of gravitons per cell of the phase

space. In the case of an isotropic and homogeneous universe it depends only on the

graviton energy or frequency, npx,kq “ npωq where ω is the graviton energy. For Bose

particles, the energy density is

ρgw “
2

p2πq3
ż

d3k npωqω “ 16π2

ż 8

0

dplog f q f 4 np f q, (3.69)

where the factor 2 in front of the integral takes into account that the graviton is a spin 2

particle and ω “ 2π f . The density parameter at present as a function of the frequency

and the graviton number density is given by

h2
0Ωgwp f q » 3.5 ¨ 10´19

´

n

1030

¯

ˆ

f

1Hz

˙4

. (3.70)

Now we need to express the graviton number density as a function of present day

frequency f . First we may note that the term in the denominator in Equation 3.68,

namely kη is roughly speaking the ratio of the horizon size at the end of the de Sitter

epoch to the physical wavelength aptq{k. In fact, we can write

k|η1| “ kphyspt0qapt0q|η1| “ 2π f apt0q|η1| “
2π f

H

apt0q
apt1q

. (3.71)

Using Equation 4.26 and Equation 4.27 we get

k|η1| “ 10´11
´

mPl

H

¯1{2
ˆ

f

1 Hz

˙

. (3.72)

Inserting Equation 3.72 into Equation 3.68 we get the following expression for the gravi-

ton number density at present

nb » 2.5 ¨ 1043

ˆ

H

mPl

˙2 ˆ
1 Hz

f

˙4

, (3.73)
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and inserting Equation 3.73 into Equation 3.74 we get the following expression for the

present density parameter of GWs produced during the transition from the de Sitter

epoch to RD epoch

h2
0Ω

dS
gwp f q » 8.75 ¨ 10´6

ˆ

H

mPl

˙2

. (3.74)

We can see from the above result that the density parameter does not depend on the

graviton frequency but it only depends on the value of the Hubble constant at the de

Sitter epoch. As far as we know from the present theory of inflation, it ended roughly

speaking at an energy scale or temperature of Tb „ 10´4mPl, so the present day density

parameter in GWs would be h2
0
ΩdS

gwp f q » 10´13. We may also note that Equation 3.72

can be written as k|η1| “ f 4
b
{4 f 4 where fb is a cut-off frequency in the GHz range

fb “ 1011

ˆ

H

mPl

˙1{2

Hz. (3.75)

The above calculations hold only during the transition from the de Sitter to the RD

epoch but the same amplification of the graviton number happens even during the tran-

sition from the RD to the MD epoch. Here we do not show the calculations because

they are similar to those done for the transition from the de Sitter to the RD epoch but

we do present only the final result. Typical scales which are amplified in this case are

those with wavelength of the order of the horizon size at the time of the RD and the MD

equilibrium, since after that time the universe became MD. It is interesting at this stage

to find the frequency of modes which entered horizon at t “ teq. Therefore one can find

the following relation between the Hubble parameter at equilibrium and the equilibrium

time [41]

teq “ 4p
?

2´ 1q{3Heq (3.76)

The condition for a mode to enter horizon is Żeq » H´1
eq implies a equilibrium frequency

at present feq “ Heq{2πp1 ` zeqq. Knowing that 1 ` zeq “ 2.32 ¨ 104 ph2
0
Ωq and teq “

4.4 ¨ 1010 ph2
0
Ωq´2 s we get the value of the equilibrium frequency at present

feq » 10´16 ph2
0ΩqHz. (3.77)

On the other hand the lowest part of the graviton spectrum which would have been

amplified corresponds to modes which are entering inside horizon at present epoch with

wavelength Ż » H´1
0

. The frequency of these modes is f “ H0{2π “ 3 ¨ 10´18 Hz.

Consequently, the frequency range of gravitons which are created during the RD to the

MD epoch is 3 ¨10´18 Hză f ă 10´16 ph2
0
Ωq Hz. The corresponding density parameter

at present is given by [12, 39]

h2
0Ω

RD´MD
gw p f q » 10´5

ˆ

feq

f

˙2 ˆ

H

mPl

˙2

. (3.78)

Both Equation 3.74 and Equation 3.78 give the density parameter in two different fre-

quency ranges which are complementary to each other, namely Equation 3.74 is valid

for 10´16 ph2
0
Ωq Hz ă f ă 109 Hz and Equation 3.78 being valid for 3 ¨ 10´18 Hz

ă f ă 10´16 ph2
0
Ωq Hz.
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3.3.3 Gravitons from the slow-roll inflation

A near scale-invariant spectrum over a wide range of frequencies is a key prediction of

the standard inflationary model [42, 43]. The relative amplitude of GWs spectrum to

density perturbations spectrum is usually expressed in terms of the ratio, r, of tensor to

scalar perturbations. From observations of WMAP, the current limit on B-mode of the

CMB polarization demands r À 0.22 which rule out some models of inflation [44, 45].

The spectrum of GWs can be expressed in terms of the tensorial spectral index, nt, and

is almost flat in the frequency range 2ˆ 10´15 Hz ă f ă fmax » 1010 Hz. The density

parameter is proportional to a power of the frequency:

h2
0ΩGWp f q9 f nt . (3.79)

Since the tensorial spectral index is negative, nt ă 0, the spectrum is decreasing rather

than flat. Depending on inflationary model the value of the tensorial spectral index

changes and there are some models which predict r „ 10´3.

3.3.4 Pre-heating phase

At the end of inflation the energy of the inflaton field φ is spent to generate new particles

and heat the Universe. The first estimate of the density parameter of GWs during the pre-

heating phase was done in [46] who found the density parameter of the order h2
0
ΩGW „

10´11 for the gravitational waves with the present day frequency f „ 106 Hz, in the

models with quartic potential, λφ4. Later, this mechanism was reconsidered in [47, 48]

who studied the models with the potentials of the form λφ4 and m2φ2. The authors have

found numerically that h2
0
ΩGW „ 10´10 in the frequency range f „ 108 ´ 109 Hz.

3.3.5 First order phase transitions

At the end of inflation, first-order phase transitions could have generated a large amount

of gravitational waves. At such transitions the bubble nucleation of true vacuum states

and percolation can occur accompanied by the bubble collisions. In a series of pa-

pers [49, 50, 51, 52] the energy of gravitational waves generated from bubble collisions

at strongly first-order phase transitions was estimated and the results were later extended

to the electroweak first-order phase transitions. The amount of GWs from strongly first-

order phase transition at its end is of the order 1.3 ¨10´3pτ{Hq, where τ is the duration of

the phase transition, H is the Hubble constant, and the peak frequency is ω
peak
˚ “ 3.8{τ.

The present day density parameter of GWs produced at the electroweak first-order phase

transition was found to be of the order ΩGW „ 10´22 with characteristic frequency

f „ 4 ¨ 10´3. Since later it has been found out, that there is no first order electroweak

phase transition in the standard model [53], the mechanism was reconsidered in [54].

The authors estimated the GW production in the temperature range 100 GeV-107 GeV.

The spectrum of the GWs today in this temperature range extends from 10´3 Hz to 102
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Hz. The associated density parameter was found to be quite large, h2
0
ΩGWp fpeakq „ 10´9

depending on the parameters of the model.

3.3.6 Topological defects and cosmic strings

Practically in all inflationary models the gravitational wave spectrum is almost flat in

the frequency range from 10´15 Hză f ă fmax » 1010 Hz with some variations com-

ing from pre-heating and reheating phases for which the frequency is peaked near GHz

region. There are other mechanisms of GWs production e.g. by cosmic strings which

predict almost flat spectrum in a wide range of frequencies. Many of the proposed ob-

servational tests for the existence of cosmic strings are based on their gravitational inter-

actions [55, 56]. Particularly interesting are GWs produced by closed string loops which

oscillate in relativistic regime. The spectrum of the GWs produced by such relativistic

oscillations is almost flat in the region 10´8 Hză f ă fmax » 1010 Hz with a peak at low

frequency near f „ 10´12 Hz. The density parameter in the frequency range f " 10´4

Hz, according to [57], is equal to:

h2
0ΩGWp f q » 10´8

ˆ

Gµ

10´8

˙1{2
´ γ

50

¯1{2 ´ α

0.1

¯1{2
, (3.80)

where Gµ, α and γ are respectively the string tension, the initial loop size as a fraction of

the Hubble radius and the radiation efficiency. From the pulsar timing data the authors of

[58] constrained the density parameter of GWs from the cosmic strings in the frequency

range f " 10´6 Hz and put the limit

h2
0ΩGWp f q À 10´8. (3.81)

It is generally assumed that at the end of inflation the inflaton oscillates and eventually

decays. If non-topological solitons, the so called Q-balls, are produced at the inflaton

decay, such Q-balls could be a source of GWs. According to the calculations of [59] the

density parameter of such GWs would be of the order of h2
0
ΩGW „ 10´9 with a peak

frequency f „ 1010 Hz.
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Figure 3.1: logrh2
0
ΩGW(f)] vs. log(f [Hz]) for different models of production of stochas-

tic background of GWs as given in [60].



Chapter 4

Relic gravitons from primordial

black holes

In this chapter we discuss one more source of gravitational wave (GW) in the early

Universe, namely, the interaction between primordial black holes (PBHs). We consider

relatively light PBH, such that they evaporated before BBN and so they are not con-

strained by the light element abundances. Cosmological scenario with early formed and

evaporated primordial black holes producing gravitons was considered in [61]. Here we

will remain in essentially the same frameworks and study in addition the GW emission

in different processes with PBH.

Not taking into account the gray body factor, the life-time of evaporating black hole

with initial mass M, is equal to [62, 63]:

τBH “
10240 π

Ne f f

M3

m4
Pl

, (4.1)

where the Planck mass is mPl “ 2.176 ¨10´5 g and Ne f f is the number of particle species

with masses smaller than the black hole temperature:

TBH “
m2

Pl

8πM
. (4.2)

To avoid a conflict with BBN the black holes should had been evaporated before cosmo-

logical time t « 10´2 s [64] and thus their mass would be bounded from above by

M ă 1.75 ¨ 108

ˆ

Ne f f

100

˙1{3

g. (4.3)

The temperature of such PBHs should be higher than 3 ¨ 104 GeV and correspondingly

Ne f f ě 102. On the other hand, as is discussed in what follows, the PBH mass is

bounded from below e.g. by Equation 4.16. This is the mass range of PBHs considered

65
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here. Such PBH are not constrained by any astronomical data, which are applicable to

heavier ones [64, 65].

Primordial black holes should interact in the early Universe creating gravitational

radiation. Below we estimate the efficiency of GW emission in several processes with

PBH. In section 4.1 some mechanisms of PBH production and PBH evolution in the

early Universe are briefly described. We stress, in particular, a very important role played

by the clumping of PBH due to gravitational instability at the matter dominated stage.

In section 4.2 we consider the initial interaction between the PBHs when they started to

”feel” each other and accelerate with respect to the background cosmological expansion.

In section 4.3 the quantum bremsstrahlung of gravitons at PBH collisions is discussed,

which is quite similar to the electromagnetic bremsstrahlung at Coulomb scattering of

electrically charged particles. Next, in section 4.4 we consider the classical emission of

GW at accelerated motion of a pair of BHs in their mutual gravitational field. In sec-

tion 4.5 we evaluate the energy loss of PBHs due to their mutual interaction. It may be

relevant to the estimation of the probability of formation of PBH binaries. The gravita-

tional radiation from PBH binaries in high density clusters is discussed in section 4.6.

In section 4.7 we calculate the present day energy density of gravitons produced at PBH

evaporation.

4.1 Production and evolution of PBH in the early universe.

Formation of primordial black holes from the primordial density perturbations in the

early Universe was first considered by in [66] and later in [67, 68]. PBHs would be

formed when the density contrast, δρ{ρ, at horizon was of the order of unity or, in other

words, when the Schwarzschild radius of the perturbation was of the order of the horizon

scale. If PBH was formed at the radiation dominated stage, when the cosmological

energy density was ρptq “ 3m2
Pl
{p32πt2q, and the horizon was lh “ 2t, the mass of PBH

would be:

Mptq “ m2
Plt » 4 ¨ 1038

´

t

sec

¯

g (4.4)

where t is the time elapsed since Big Bang.

The fraction of the cosmological energy density of PBH produced by such mecha-

nism depends upon the spectrum of the primordial density perturbations. We denote this

fraction Ωp and take it as a free parameter of the model. The data on the large scale

structure of the Universe and on the angular fluctuations of the cosmic microwave back-

ground radiation (CMB) show that the spectrum of the primordial density fluctuations is

almost flat Harrison-Zeldovich one. For such spectrum the probability of PBH produc-

tion is quite low and Ωp ! 1. However, the flatness of the spectrum is verified only for

astronomically large scales, comparable with the galactic ones. The form of the spec-

trum for masses below 1010 g is not known. Inflation predicts that the spectrum remains

flat for all the scales but there exist scenarios with strong deviation from flatness at small

scales. In particular, in ref. [69, 70] a model of PBH formation has been proposed which
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leads to log-normal mass spectrum of the produced PBH:

dN

dM
“ C exp

«

pM ´ M0q2
M2

1

ff

, (4.5)

where C, M0, and M1 are some model dependent parameters. Quite naturally the central

value of PBH mass distribution may be in the desired range M0 ă 109 g. In this model

the value of Ωp may be much larger than in the conventional model based on the flat

spectrum of the primordial fluctuations. We will not further speculate on the value of

Ωp and on the form of the mass spectrum of PBH. In what follows we assume for an

order of magnitude estimate that the spectrum is well localized near some fixed mass

value and that Ωp is an arbitrary parameter. Different mechanisms of PBH production

are reviewed e.g. in [71, 72].

We assume that PBHs were produced in radiation dominated (RD) Universe, when

the cosmological energy density was equal to

ρR “
3m2

Pl

32πt2
. (4.6)

If we neglect the PBH evaporation and possible coalescence, their number density would

remain constant in the co-moving volume, nBHptqa3ptq “ const. In what follows the

instant decay approximation for evaporation is used. The cosmological evolution of

PBHs with more realistic account of their decay was studied in [73].

Since the black holes were non-relativistic at production, their relative contribution

to the cosmological energy density rose as the cosmological scale factor, aptq :

ΩBHptq “ Ωp

ˆ

aptq
ap

˙

, (4.7)

where ap is the value of the scale factor at the PBH production and at RD-stage aptq{ap “
pt{tpq1{2. The moment tp of the black hole production is connected with the PBH mass

through Equation 4.4. Hence

tp “
M

m2
Pl

. (4.8)

Thus if PBHs lived long enough, they would dominate the cosmological energy density

and the Universe would become matter dominated at t ą teq, where

teq “
M

m2
Pl
Ω2

p

“ rg

2Ω2
p

, (4.9)

and rg “ 2M{m2
Pl

is the gravitational (Schwartzschild) radius of a black hole. In what

follows we assume that all PBHs have the same mass M, but the results can be simply

generalized by integration over the PBH mass spectrum. Evidently at RD stage the

number density of PBHs drops as:

nBHptq “ np

ˆ

ap

aptq

˙3

“ np

ˆ

tp

t

˙3{2

, (4.10)
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while at MD stage

nBHptq “ np

ˆ

tp

teq

˙3{2 ˆ

teq

t

˙2

. (4.11)

Cosmological mass fraction of BH as a function of time behaves as

ΩBHptq “
nBHptqM

ρc

“ 16π

3
rgt2nBHptq , (4.12)

i.e. ΩBH „ t1{2 at RD stage. After the onset of the PBH dominance, ΩBH approached

unity and remained constant till the PBH evaporation when ΩBH quickly dropped down

to zero and the universe became dominated by relativistic particles produced by PBH

evaporation. All relics from the earlier RD stage would be diluted by the redshift factor

pteq{τBHq2{3. In particular the energy density of GWs produced at inflation would be

diminished by this factor with respect to the standard predictions. Such dilution may

cause problems with baryogenesis. However, these problems may be resolved if baryo-

genesis took place at the process of PBH evaporation through the mechanism suggested

in [74] and quantitatively studied in [75, 76]. Somewhat similar model of baryogene-

sis by heavy particle decay (e.g. by bosons of GUT) created at PBH evaporation was

considered in [77, 78, 79, 80].

To survive till equilibration the PBHs should live long enough so that their evapora-

tion time tev would be larger than teq or τBH ą teq ´ tp which can be translated into the

bound on the PBH mass:

M ą
ˆ

Ne f f

3.2 ¨ 104

˙1{2

mPl

˜

1

Ω2
p

´ 1

¸1{2

» 5.6 ¨ 10´2

ˆ

Ne f f

100

˙1{2
mPl

Ωp

(4.13)

where Ωp ! 1 and M is mass of PBHs at production ˚. Both constraints, Equation 4.3

and Equation 4.13 would be satisfied if

Ωp ą 0.7 ¨ 10´14

ˆ

Ne f f

100

˙1{6

. (4.14)

For example, if Ωp “ 10´10, the black holes should be heavier than 1.2 ¨ 104 g.

When the Universe became dominated by non-relativistic PBHs, primordial density

perturbations, ∆ “ δρ{ρ, should rise as the cosmological scale factor. They could reach

unity at cosmological time t1 satisfying the condition:

∆in

ˆ

t1

teq

˙2{3

„ 1 , (4.15)

˚In fact in equation (4.13) there must be the PBHs mass at the equilibrium time, Mpteqq. Due to

evaporation the PBH mass as a function of time is given by Mptq “ Mptpqp1 ´ t{τBHq1{3 and it is easy to

see that for τBH ą teq it gives M “ Mptpq » Mpteqq, so hereafter we refer to M as the mass of PBH at

production.
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where ∆in is the initial magnitude of the primordial density perturbations. To be more

accurate, the evolution of density perturbations depends upon the moment when they

cross horizon, see below, Equation 4.19. For the moment we neglect this complication

to make some simple estimates.

The initial density contrast is usually assumed to be of the order of ∆in „ 10´5 ´
10´4 which is not necessarily true at small scales and may be much larger, especially in

the model of [69, 70]. Evidently the BH life-time, τBH , must be long enough, so that the

density fluctuations in BH matter would rise up to the values of the order of unity. The

condition tev ą t1 or equivalently τBH ą t1 ´ tp leads to the following restriction on the

PBH mass:

M ą Mlow “
ˆ

Ne f f

3.2 ¨ 104

˙1{2
mPl

Ωp∆
3{4
in

» 1.2 ¨ 103 g

ˆ

10´6

Ωp

˙ˆ

10´4

∆in

˙3{4 ˆ
Ne f f

100

˙1{2

.(4.16)

We can see that Equation 4.16 puts a stronger lower limit on PBHs mass than Equa-

tion 4.13. The limits are comparable only if ∆in « 1. Using Equation 4.16 and (4.3) we

get a stronger than Equation 4.14 restriction on Ωp:

Ωp ą 0.7 ¨ 10´11

ˆ

10´4

∆in

˙3{4 ˆ
Ne f f

100

˙1{6

. (4.17)

After ∆ reached unity, the rapid structure formation would take place and high density

clusters of PBHs would be formed. As we see in what follows, generation of gravita-

tional waves would be especially efficient from such high density clusters of primordial

black holes.

Let us assume that the spectrum of perturbations is the flat Harrison-Zeldovich one

and that a perturbation with some wave length λ crossed horizon at moment tin. The

mass inside horizon at this moment was:

Mbptinq “ m2
Pltin. (4.18)

It is the mass of the would-be high density cluster of PBHs. This initial time is supposed

to be larger than teq Equation 4.9, i.e. the horizon crossing took place already at MD-

stage. For flat spectrum of perturbations density contrast, ∆ “ δρ{ρ, at horizon crossing

is the same for all wave lengths. After horizon crossing the perturbations would continue

to grow up as the scale factor, ∆ptq “ ∆inpt{tinq2{3. Such rise would continue till moment

t1ptinq such that:

∆rt1ptinqs “ ∆inrt1ptinq{tins2{3 “ 1 or t1ptinq “ tin∆
´3{2
in

. (4.19)

The radius of the PBH cluster rose almost as the cosmological scale factor till t “
t1ptinq. After the density contrast has reached unity the cluster would decouple from the

common cosmological expansion. In other words, the cluster stopped to expand together

with the universe and, on the opposite, it would begin to shrink when gravity takes over
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the free streaming of PBHs. So the cluster size would drop down and both nBH and ρb

would rise. The density contrast would quickly rise from unity to ∆b “ ρb{ρc " 1, where

ρc and ρb are respectively the average cosmological energy density and the density of

PBHs in the cluster (bunch). It looks reasonable that the density contrast of the evolved

cluster could rise up to ∆ “ 105 ´ 106, as in the contemporary galaxies. After the size

of the cluster stabilized, the number density of PBH, nBH , as well as their mass density,

ρBH , would be constant too. But the density contrast, ∆b would continue to rise as pt{t1q2
because ρc drops down as 1{t2. From time t “ t1 to t “ τBH the density contrast would

additionally rise by the factor:

∆pτBHq “ ∆pt1q
ˆ

τBH

t1

˙2

“ ∆ptiq
ˆ

M

Mlow

˙4

, (4.20)

where t1 and Mlow are given by Equation 4.15 and Equation 4.16 respectively.

The size of the high density clusters of PBH would be

Rb “ ∆
´1{3
b

t
2{3
1

t
1{3
in

(4.21)

and the average distance between the PBHs in the bunch can be estimated as:

db “ pM{Mbq1{3 Rb “ ∆
´1{3
b

t
2{3
1

r
1{3
g “ 2´2{3∆

´1{3
b

∆
´1
in
Ω
´4{3
p rg . (4.22)

It does not depend upon tin. Here Equation 4.15 and Equation 4.9 have been used. The

virial velocity inside the cluster would be

v “
d

2Mb

m2
Pl

Rb

“ 21{2∆
1{6
b
∆

1{2
in
« 0.14

ˆ

∆b

106

˙1{6 ˆ
∆in

10´4

˙1{2

. (4.23)

So PBHs in the cluster can be moderately relativistic. Later, when t “ τBH , black holes

would decay producing relativistic matter and the Universe would return to the normal

RD regime. However, the previous history of the earlier RD stage would be forgotten.

For the future discussion it is convenient to introduce the average distance between

the PBHs at arbitrary time, d “ n
´1{3
BH

, where nBH “ ρBH{M is the number density of

PBHs. Since

Ωp “
ρp

ρc

“
32πt2

pMnp

3m2
Pl

“ 32π

3

ˆ

tp

dp

˙3

, (4.24)

the average distance between PBHs at the production moment is equal to

dp “ p4π{3q1{3rgΩ
´1{3
p . (4.25)

When the mutual gravitational attraction of PBH may be neglected, d rises as cosmolog-

ical scale factor, aptq.
Gravitational waves produced in the early universe will be hopefully registered in

the present epoch. The sensitivity of GW detectors strongly depends upon the frequency
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of the signal. The frequency f˚ of GW produced at time t˚ during PBH evaporation, is

redshifted down to the present day value, f , according to:

f “ f˚

„

apt˚q
a0



“ 0.34 f˚
T0

T˚

„

100

gS pT˚q

1{3

, (4.26)

where T0 “ 2.725 K [81] is the temperature of the cosmic microwave background ra-

diation at the present time, T˚ ” T pt˚q is the plasma temperature at the moment of

radiation of the gravitational waves, and gS pT˚q is the number of species contributing to

the entropy of the primeval plasma at temperature T˚. It is convenient to express T0 in

frequency units, T0 “ 2.7 K “ 5.4 ¨ 1010 Hz.

The temperature of the primeval plasma after the PBH evaporation can be approxi-

mately found from:

ρ “
m2

Pl

6πt2
“ π2g˚pT˚qT 4

˚

30
, (4.27)

where g˚pT˚q « 102 is the contribution of different particle species to the energy density

at temperature T˚ and t1 ă t ă tev. For relativistic plasma g˚pT q “ gS pT q. Since

tev “ τBH ` tp » τBH , we obtain from Equation 4.27 at time t˚ “ τBH:

T˚pτBHq “
„

30

6π3gS pT˚q

1{4 ˆ Ne f f

3.2 ¨ 104

˙1{2 m
5{2
Pl

M3{2
. (4.28)

Substituting the numbers we find:

T˚pτBHq « 0.011mPl

„

100

gS pT˚q

1{4 ˆNe f f

100

˙1{2
´

mPl

M

¯3{2
. (4.29)

For comparison at the PBH production moment the temperature of the primeval plasma

was:

Tp « 0.2mPl

´

mPl

M

¯1{2
. (4.30)

Using Equation 4.26 and Equation 4.29, we find that the present day frequency of the

GWs, emitted at T˚, Equation 4.28 with frequency f˚, would be equal to:

f “ 1.7 ¨ 1012Hz

„

100

gS pT˚q

1{12 ˆ
100

Ne f f

˙1{2 ˆ
f˚

mPl

˙ˆ

M

mPl

˙3{2

. (4.31)

If we take the maximum frequency of the emitted gravitons fmax˚ « r´1
g “ m2

Pl
{2M, the

GW maximum frequency today would be:

fmax « 8.6 ¨ 1011Hz

ˆ

M

mPl

˙1{2

“ 5.8 ¨ 1016 Hz

ˆ

M

105g

˙1{2

. (4.32)
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4.2 Onset of GW radiation

Once PBHs enter inside each other cosmological horizon: they start to interact and thus

to radiate gravitational waves due to their mutual acceleration. The corresponding time

moment th is determined by the condition 2th “ dpthq and remembering that it happened

still at RD stage, we find

th “
1

2

ˆ

4π

3

˙2{3

rgΩ
´2{3
p . (4.33)

For t ą th, the curvature effects can be neglected and the PBH motion is completely

determined by the Newtonian gravity:

:r “ ´ MBH

m2
Pl

r2

r

r
(4.34)

with the initial conditions ri ” |ri| “ dptiq and | 9ri| “ Hptiq|ri|, where r is the position

vector of PBHs. For ti “ th their relative initial velocity 9|ri| “ vi “ 1 and non-relativistic

approximation is invalid. To avoid that we should choose ti ą th such that vi ! 1. The

solution of the equation of motion demonstrates that the effects of mutual attraction at

this stage and production of GW are weak.

After PBHs enter inside each other horizon and Newtonian gravity can be applied,

their acceleration toward each other becomes essential when their Hubble velocity drops

below the capture velocity. The corresponding time moment, tc, when it happened, is

determined from the condition:

1

2
v2ptcq ”

1

2
rHptcqdptcqs2 À

MBH

m2
pl

dptcq
. (4.35)

If it took place at the RD regime, the corresponding time moment would be equal to:

tc “
8π2

9

rg

Ω2
p

, (4.36)

and the density parameter of PBHs at t “ tc would be

ΩBHptcq “ Ωp

ˆ

tc

tp

˙1{2

“ 4π

3
ą 1 . (4.37)

Thus at t “ tc the universe is already matter dominated and we have to use the non-

relativistic expansion law, a „ t2{3, starting from the moment t “ teq, Equation 4.9.

Accordingly the average distance between BHs, when t ą teq, grows as:

dptq “ dp

ˆ

teq

tp

˙1{2 ˆ

t

teq

˙2{3

. (4.38)

:The cosmological horizon is the distance which PBHs started interacting with each other exchanging

gravitons and should not be confused with the black hole event horizon.
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Now we find that the condition that the Hubble velocity, vH “ p2{3tcqdc is smaller than

the virial one, for average values, reads:

4d3
p

9rgt
3{2
p t

1{2
eq

ă 1 . (4.39)

One can see that this condition is never fulfilled. However, this negative result does

not mean that the acceleration of BHs and GW emission are suppressed, because of the

mentioned above effect of rising density perturbations.

4.3 Bremsstrahlung of gravitons.

PBH scattering in the early Universe should be accompanied by the graviton emission

almost exactly as the scattering of charged particles is accompanied by the emission

of photons. The cross-section of the graviton bremsstrahlung in particle collisions was

calculated in [82] for the case of two spineless particles (here black holes) with masses

m and M under assumption that m ! M. In non-relativistic approximation, p2 ! m2, the

differential cross section reads:

dσ “ 64M2m2

15m6
pl

dξ

ξ

«

5
a

1´ ξ ` 3

2
p2´ ξq ln

1`
a

1´ ξ

1´
a

1´ ξ

ff

, (4.40)

where ξ is the ratio of the emitted graviton frequency, ω “ 2π f , to the kinetic energy

of the incident black hole, i.e. ξ “ 2mω{p2. We will use Equation 4.40 for an order

of magnitude estimate assuming that it is approximately valid for arbitrary m and M, in

particular, for m „ M.

The energy density of gravitational waves emitted at the time interval t and t ` dt in

the frequency range ω and ω` dω is given by

dρGW

dω
“ vreln

2
BHω

ˆ

dσ

dω

˙

dt , (4.41)

where nBH is the number density of PBH and vrel is their relative velocity. The en-

ergy emitted in the frequency interval ω P r0, ωmaxs per unit time is proportional to the

integral

Ipωmaxq “
p2

2m

ξmaxw

0

dξ

«

5
a

1´ ξ ` 3

2
p2´ ξq ln

1`
a

1´ ξ

1´
a

1´ ξ

ff

. (4.42)

The maximum value of the frequency of the emitted gravitons should be smaller

than either the kinetic energy of the colliding BHs, Ekin “ p2{p2Mq or the BH inverse

gravitational radius, 1{rg “ m2
Pl
{2M, depending on which of the two is smaller. Their

ratio is Ekinrg “ M2v2{m2
Pl

, so for M ă mPlv
´1 the maximum frequency would be the

PBH kinetic energy and in this case ξmax “ 1. It corresponds to the situation when PBH
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is nearly captured. It looses practically all its kinetic energy, which goes to the graviton.

For PBHs in the high density clusters, when v „ 0.1, the maximum frequency would be

ωmax „ 1{rg for all PBHs heavier than 10mPl. In this case ξmax “ pmPl{Mvq2.

The first, rather exotic case, when M ă mPl{v can be realized only if Ωp ě 0.01,

see Equation 4.13. If ξmax “ 1, then ωmax „ p2{2m and the integral can be taken

analytically:

Ipωmax “ p2{2Mq “ 25

3

p2

2m
“ 25

3
ωmax. (4.43)

In this case the energy taken by GWs is of the order of the kinetic energy of PBH and

correspondingly ΩGW „ Mnbhv2{ρBH “ v2.

Below we will consider more natural situation when M ą mPl v´1. Integral Equa-

tion 4.42 in the limit of small ξmax is

Ipωmax “ 1{rgq “
p2

2M
ξmax r8` 3 lnp4{ξmaxqs (4.44)

This expression is accurate within 30% up to ξmax “ 1. So in what follows we will

use this result as Ipωmaxq « 25ωmax{3, keeping in mind that normally ωmax “ 1{rg !
p2{2M.

The fraction of the cosmological energy density of the emitted gravitational waves

which has been produced during time interval t and t ` dt, which is smaller than or

comparable to the cosmological time t1 À t À tev » τBH , can be obtained by the

integration of Equation 4.41 over ω from 0 to ωmax taking into account that the energy

density of GWs goes with the redshift as p1`zq´4, and the integration over cosmological

time, t, which is connected with the redshift by the relation;

dt “ ´ dz

H˚ p1` zq rΩBH˚p1` zq3 `Ωr˚p1` zq4s1{2
, (4.45)

where H˚, ΩBH˚, and Ωr˚ are respectively the Hubble parameter, the matter density

parameter, and the radiation density parameter evaluated at cosmological time t˚ “ τBH ,

just before the PBH decay. Recall that we use the instant decay approximation, so the

Universe at t “ τBH was still at MD stage. In this case all quantities such as H˚ and ρc

are taken at this stage: H˚ “ 2{3t˚, ρc “ m2
Pl
{6πτ2

BH
, ΩBH˚ “ 1, and Ωr˚ “ 0.

We need to calculate the energy density of GWs at the moment of the PBH evapo-

ration. The rate of GW production is given by Equation 4.41. To take into account the

redshift of the energy density of the gravitational waves we have to divide dρGW{dω by

p1` zq4, to substitute ω “ p1` zqω˚, where ω˚ is the GW frequency at t “ τBH , and to

express time through the redshift as dt “ p3{2qτBHp1` zq´5{2dz. As a result we obtain

at t˚ “ τBH:

dρGWpτBHq “
32M2vrel

5m6
Pl

rρpclusterq
BH

s2τBHp1` zq´13{2 f rω˚pz` 1qsdrp1` zqω˚sdz .(4.46)

;In this paper we consider flat space with curvature k “ 0 and neglect cosmological constant, Λ “ 0.
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Here ρ
pclusterq
BH

is the energy density of the PBHs in the cluster (which is denoted above

as ρb). Note that ρ
pclusterq
BH

“ const before the PBH decay. We parametrize this quantity

as ρ
pclusterq
BH

“ ρ
pcq
BH
pτBHq∆pτBHq, where ρ

pcq
BH
pτBHq “ m2

Pl
{p6πτ2

BH
q is the average cos-

mological energy density of PBH and ∆pτBHq is given by Equation 4.20, see also the

discussion above this equation. Function f pωq is the function of ξ “ 2mω{p2 in the

square brackets of Equation 4.40.

To find the cosmological energy fraction of GWs at t “ τBH we need to integrate the

expression above over frequency, using Equation 4.43, and over redshift and to divide it

by the total average cosmological energy density ρ
pcq
BH
pτBHq “ m2

Pl
{p6πτ2

BH
q. Since we

have to average over the whole cosmological volume, one factor ∆ disappears and we

remain with the first power of ∆. So the cosmological energy fraction of GWs would be:

ΩGWpωmax, τBHq « 16Q

´

vrel

0.1

¯

ˆ

∆

105

˙ ˆ

Ne f f

100

˙

´ωmax

M

¯

. (4.47)

Here coefficient Q reflects the uncertainty in the cross-section due to the unaccounted

for Sommerfeld enhancement [83, 84]. Note that ∆ may be considerably larger than 105.

With vrel “ 0.1, ∆ “ 105, Q “ 100, and fmax “ r´1
g the fraction of the cosmological

energy density of the GWs emitted by the bremsstrahlung of gravitons from the PBHs

collisions, when the Universe age was equal to the life-time of the PBH, could reach:

ΩGWpτBHq „ 3.8 ¨ 10´17

ˆ

105 g

M

˙2

. (4.48)

It looks that for very light PBH, M ă 50mPl , the fraction of GW might exceed unity,

which is evidently a senseless result. However, one should remember the lower bound on

the PBH mass Equation 4.16 and that mPl{M ă Ωp{20 and mPl{M ă 10´7pΩp{10´6q.
It may be interesting to calculate the contribution to ΩGWpτBHq from the earlier

period before the cluster formation. The mass density of PBHs at that stage was equal to

the cosmological energy density but since it was quite high and the effect is proportional

to the density squared, the contribution from this period might be non-negligible. The

result can be obtained from Equation 4.46, where ρBH is taken equal to the average

cosmological energy density. Since ρc evolves with time we need to insert into the

integral over dz the factor p1 ` zq6 where the redshift is taken from some initial time,

presumably ti “ teq, down to the moment of the cluster formation, t1. So the energy

density of gravitational waves produced by bremsstrahlung from t “ teq, Equation 4.9,

till t “ t1, Equation 4.15 would be:

dρ
p1q
GW
“ 32M2vrel

5m6
Pl

rρpcq
BH
pt1qs2t1p1` zq´1{2 f rω˚pz` 1qsdrp1` zqω˚sdz , (4.49)

where ρ
pcq
BH
“ m2

Pl
{p6πt2

1
q and p1 ` zq runs from 1 up to pt1{teqq2{3. We have introduced

an upper index p1q to indicate that this is the energy density of GWs generated before

the cluster formation time t “ t1. The integration over z gives the enhancement factor



76 CHAPTER 4. RELIC GRAVITONS FROM PRIMORDIAL BLACK HOLES

p1 ` zmaxq1{2 “ pt1{teqq1{3. According to Equation 4.9 and Equation 4.15, this ratio is

∆
´1{2
in

„ 102. Another enhancement factor comes from a larger cosmological energy

density ρpcqpt1q “ ρpcqpτBHqpτBH{t1q2. The other factor ρ
pcq
BH
pt1q disappears in the ratio

ΩGW “ ρGW{ρpcq. On the other hand, ΩGW is redshifted by pτBH{t1q2{3. Correspond-

ingly

Ω
p1q
GW
pτBHq

ΩGWpτBHq
“

11∆
´1{2
in

∆pτBHq
v
p1q
rel

vrel

ˆ

τBH

t1

˙1{3

, (4.50)

where the coefficient 11 came from the ratio of the integrals over z of Equation 4.46 and

Equation 4.49 and

ˆ

τBH

t1

˙1{3

“
ˆ

32170

Ne f f

˙1{3

Ω
2{3
p

ˆ

M

mPl

˙2{3

. (4.51)

The ratio of relative velocities of PBHs before and after the cluster formation, v
p1q
rel
{vrel,

is tiny, according to the estimates of section 4.2, and this introduces another strong sup-

pression factor to the production of GWs at an earlier stage. In accordance with Equa-

tion 4.20 the density contrast rises as ∆ “ ∆pt1qpτBH{t1q2, where ∆pt1q is supposed to be

large, say, 104 ´ 105 due to the fast rise of density perturbations at MD stage after they

reached unity. Thus the generation of GWs in high density PBH clusters is much more

efficient than at the earlier stage.

The density parameter of the gravitational waves at the present time is related to

cosmological time t˚ as:

ΩGWpt0q “ ΩGWpt˚q
ˆ

apt˚q
apt0q

˙4 ˆ
H˚

H0

˙2

, (4.52)

where H0 “ 100h0 km/s/Mpc is the Hubble parameter and h0 “ 0.74 ˘ 0.04 [33, 85].

Using expression for redshift Equation 4.26 and taking the emission time t˚ “ τBH we

obtain:

ΩGWpt0q “ 1.67ˆ 10´5h´2
0

ˆ

100

gS pT pτBHqq

˙1{3

ΩGWpτBHq . (4.53)

Now using both equations Equation 4.48 and Equation 4.53 we find that the total density

parameter of gravitational waves integrated up to the maximum frequency is:

h2
0ΩGWpt0q « 0.6 ¨ 10´21 K

ˆ

105 g

M

˙2

, (4.54)

where K is the numerical coefficient:

K “
´

vrel

0.1

¯

ˆ

∆

105

˙ ˆ

Ne f f

100

˙ ˆ

Q

100

˙ ˆ

100

gS pT pτBHqq

˙1{3

. (4.55)

Presumably K is of order unity but since ∆ may be much larger than one, see Equa-

tion 4.20, K may also be large.
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4.4 GW from PBH scattering. Classical treatment.

Classical radiation of gravitational waves by non-relativistic masses is well described in

quadrupole approximation, see e.g. books [17, 16, 86]. However, as we have seen, in

high density clusters of PBH, their relative velocity could be high, see Equation 4.23, and

relativistic corrections may be non negligible. This problem was studied by Peters [87],

who considered emission of the GWs by two bodies with masses M and m, where the

former is supposed to be heavy and at rest and the latter, lighter one, moves with velocity

v. For non-relativistic motion, when v ! 1, and the minimal distance between the bodies

is larger than their gravitational radii, the energy of gravitational waves emitted in a

single scattering process is equal to:

δEGW “
37π

15

M2m2v

b3m6
Pl

, v ! 1 , (4.56)

where b is the impact parameter.

For the relativistic motion, 1´ v2 ă 1, the emitted energy is:

δEGW “
M2m2

b3m6
Pl
p1´ v2q3{2

. (4.57)

The frequency of the emitted gravitational waves in this process is peaked near ω „
2π{δt, where δt is the transition time which, for non-relativistic motion is δt “ b{v
according to ref. [87], while for the relativistic one it is equal to δt „ bp1 ´ v2q1{2. For

an order of magnitude estimate let us take M „ m, then the radiated energy, as a function

of frequency, would be:

δEGWpωq «
M4

m6
Pl

ω3 . (4.58)

This and the previous equations are true for sufficiently large impact parameter, b "
rg for which the space-time between the scattered PBHs may be considered as flat and

their gravitational mass defect can be neglected. The energy loss in a single scattering

event cannot be larger than

δEmax “
p q

M
, (4.59)

where p “ Mvrel is the relative momentum of two scattered PBHs and q is the momen-

tum transfer which by an order of magnitude is q “ 1{b. Here and in what follows we

use non-relativistic approximation. So equations Equation 4.56 and Equation 4.57 can

be true only for

b ą bmin “
c

37π

15

M2

m3
Pl

. (4.60)

For smaller impact parameters the radiation of gravitational waves would be consider-

ably stronger but the approximation used becomes invalid. For the (near) “head-on”
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collision of black holes a bound state of two BH (a binary) or a larger black hole could

be formed and the energy loss might be comparable to the BH mass due to gravitational

mass defect. However, we are interested in gravitational waves at the low frequency part

of the spectrum, such that they could be registered by existing or not-so-distant-future

GW detectors. For such low frequency gravitational waves the approximation used here

is an adequate one.

The differential cross-section of the gravitational scattering of two PBHs in non-

relativistic regime, q2 ! 2M2, can be taken as:

dσ “ M2

m2
Pl

dq2

q4
“ 2M2

m2
Pl

bdb . (4.61)

The differential energy density of GWs emitted at time and frequency intervals rt, t`dts
and rω, ω ` dωs respectively can be calculated as follows. The rate of the energy

emission by GWs is

d 9ρGW “ dσn2
BHvrelδEGW , (4.62)

where we take for δE non-relativistic expression Equation 4.56. We assume that the

impact parameter is related to the radiated frequency as ω “ 2πvrel{b, as is discussed

below Equation 4.57. With bdb “ b3dω{p2πvrelq we find:

dρGW “
74πvrel

15
ρ2

BH

M4

m8
Pl

dω

2π
dt . (4.63)

The energy density parameter of GW at the moment of BH evaporation can be obtained

integrating this expression over time and frequency. Thus we obtain:

ΩGWpτBHq “ 2 ¨ 10´10
´

vrel

0.1

¯2
ˆ

∆b

105

˙ ˆ

Ne f f

100

˙ ˆ

105 g

M

˙

. (4.64)

If we do not confine ourselves to the impact parameter bounded by condition Equa-

tion 4.60 and allow for b „ rg, the energy density of GWs at the moment of PBHs

evaporation might be comparable to unity.

Let us now take into account the redshift of GWs emitted at different moments during

the the life-time of the high density clusters. The energy density of GWs emitted at some

time t is redshifted to the moment of BH decay as 1{pz ` 1q4. The frequency of GW is

redshifted as ω “ pz` 1qω˚, where ω˚ is the frequency of GWs at t “ τBH . Integration

over time or redshift is trivial and we find from equation Equation 4.63 that the energy

density parameter of gravitational waves per logarithmic interval of frequency or the

spectral density parameter, Equation 3.10, at time t “ τBH is equal to:

ΩGWp f˚; τBHq « 8.5
´

vrel

0.1

¯

ˆ

∆b

105

˙ ˆ

Ne f f

100

˙

˜

M

m2
Pl

¸

f˚ . (4.65)
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Figure 4.1: Log-log plot of density parameter today, h2
0
ΩGW , as a function of expected

frequency today in classical approximation for Ne f f „ 100, gS „ 100, ∆b „ 105, and

vrel „ 0.1 for different values of PBH mass M „ 1 g (solid line) and M „ 105 g (dashed

line).

Now using Equation 4.31 and Equation 4.53 we can calculate the relative energy density

of GWs per logarithmic frequency at the present time:

h2
0ΩGWp f ; t0q « 1.23 ¨ 10´12α1

ˆ

f

GHz

˙ ˆ

105 g

M

˙1{2

, (4.66)

where α1 is the coefficient at least of order of unity:

α1 “
´

vrel

0.1

¯

ˆ

∆b

105

˙ˆ

Ne f f

100

˙3{2 ˆ
100

gS pT pτBHqq

˙1{4

. (4.67)

It may be much larger if ∆b " 105.

As we mentioned above, the classical approximation is valid if the impact parameter

is bounded from below by Equation 4.60. Since the frequency of the radiated GWs is of

the order of v{b, the maximum present day frequency of GWs, produced at cosmological

time t “ τBH , for which the classical non-relativistic approximation is still valid, would

be:

fmax „ 9 ¨ 105Hz
´

vrel

0.1

¯

ˆ

100

gS pT pτBHqq

˙1{12 ˆ
100

Ne f f

˙1{2 ˆ
105 g

M

˙1{2

. (4.68)

For M “ 105 g the minimum impact parameter is bmin « 10´13 cm. The frequency of the

order of 1 Hz today corresponds to the impact parameter 6 orders of magnitude larger.
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If we demand that the impact parameter should be smaller than the average distance

between PBHs in the clusters, then using equations Equation 4.22 and Equation 4.60 we

find that it can be true if the following condition is fulfilled:

Ωp ă 1.8 ¨ 10´6

ˆ

105g

M

˙3{4 ˆ
105

∆b

˙1{4 ˆ
10´4

∆in

˙3{4

. (4.69)

4.5 Energy loss of PBHs

We calculate here the total energy loss of PBHs in the high density clusters, in order

to understand how probable could be the formation of the PBH binaries. First, let us

estimate the total energy loss of PBHs due to the graviton bremsstrahlung. The loss of

the kinetic energy per unit time due to the graviton emission is:

´
ˆ

dEkin

dt

˙

brem

“ nBHvrel

ωmaxw

0

dωω

ˆ

dσ

dω

˙

brem

, (4.70)

where ωmax is defined in section 4.3. The total loss of kinetic energy of a single PBH

during the time interval equal to the PBH life-time, δEkin “ ´ 9EkinτBH , normalized to

the original kinetic energy of the PBH can be estimated as

δEkin

Ekin

“ 6 ¨ 104κ2

´

mPl

M

¯2

, (4.71)

where

κ2 “
ˆ

0.1

vrel

˙ ˆ

∆b

105

˙ ˆ

Ne f f

100

˙ ˆ

Q

10

˙

. (4.72)

Clearly the energy loss is essential for very light PBHs which could form dense clusters

only if Ωp is sufficiently high, see Equation 4.16.

The energy loss due to classical GW emission might be somewhat more efficient.

According to the previous section the energy loss by a single PBH per unit time is:

∆ 9Eclass “ nBHv

8w

bmin

db

ˆ

dσ

db

˙

class

δEpbq , (4.73)

where δEpbq and bmin are given respectively by Equation 4.56 and Equation 4.60.

Taking the integral over b and time we find for the fractional energy loss of PBH due

to classical emission of the gravitational waves:

∆Eclass

Ekin

“ 0.9 ¨ 103 ∆b

105

Ne f f

100

mPl

M
. (4.74)

One should remember however that this energy loss comes from the PBHs scattering

with rather large impact parameter b ą bmin. For smaller b, when the simple approxima-

tion used in this work is inapplicable, the energy loss might be much larger. Moreover,
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according to Equation 4.9, Equation 4.15 and Equation 4.20 the density amplification

factor ∆b may be much larger than 105:

∆bpτBHq “ 104 ∆pt1q∆3
inΩ

4
p

ˆ

100

Ne f f

˙2 ˆ
M

mPl

˙4

, (4.75)

where we may expect e.g. that ∆pt1q „ 105, ∆in „ 10´4, and Ωp „ 10´6.

PBHs in the high density clouds could also loose their energy by dynamical friction,

see e.g. book [88]. A particle moving in the cloud of other particles would transfer

its energy to these particles due to their gravitational interaction. However, one should

keep in mind that the energy redistribution in the case of dynamical friction is essentially

different from the energy loss due to gravitational radiation. In the latter case the energy

leaks out of the system cooling it down, while dynamical friction does not change the

total energy of the cluster. Nevertheless a particular pair of black holes moving toward

each other with acceleration may transmit their energy to the rest of the system and

became gravitationally captured forming a binary.

For an order of magnitude estimate we will use the Chandrasekhar’s formula which

is valid for a heavy particle moving in the gas of lighter particles having the Maxwellian

velocity distribution with dispersion σ. The deceleration of a BH moving at velocity

vBH with respect to the rest frame of the gas is given by

d

dt
~vBH “ ´4πG2

N MBH ρb lnΛ
~vBH

v3
BH

„

er f pXq ´ 2X expp´X2q?
π



, (4.76)

where X ” vBH{p
?

2σq, erf is the error function, ρb is the density of the background

particles, and lnΛ « lnpM˚{MBHq is the Coulomb logarithm, which is defined as in

[88]:

lnΛ “ ln
bmaxm2

Pl
σ2

MBH ` m
.

Here bmax is the maximum impact parameter, σ2 is the mean square velocity of the gas

and m is the mass of particles in the gas. Numerical simulations show that bmax can

be assumed to be of the order the radius of the cloud, Rb, which is given by equation

Equation 4.21. Since σ2 „ Mb{pm2
Pl

Rbq, a reasonable estimate of Λ is Mb{MBH .

Equation 4.76 was solved in [89] in two limits v ą σ and v ă σ. In both cases the

characteristic dynamical friction time was of the order of:

τDF “
σ3m4

Pl

4πMBHρb lnΛ
«

´ σ

0.1

¯3
„

25

lnp10´6{Ωpq

ˆ

100

Ne f f

˙ˆ

M

1 g

˙ˆ

106

∆

˙

τBH .(4.77)

For PBH masses below a few grams dynamical friction would be an efficient mechanism

of PBH cooling leading to frequent binary formation. Moreover, dynamical friction

could result in the collapse of small PBHs into much larger BH with the mass of the

order of Mb, Equation 4.18. This process would be accompanied by a burst of GW

emission.



82 CHAPTER 4. RELIC GRAVITONS FROM PRIMORDIAL BLACK HOLES

4.6 Gravitational waves from PBH binaries

Binary systems of PBH could be formed with non-negligible probability in the high den-

sity clusters. As we have seen in the previous section, PBHs could loose their energy due

to emission of gravitational waves and due to dynamical friction [88]. As a result they

would be mutually captured. Determination of the capture probability is a complicated

task, which could probably be solved by numerical simulation. Since it is outside of the

scope of the present work, we simply assume that the mass or number fraction of PBH

binaries in the high density bunches of PBH is equal to ǫ, where ǫ is a dimensionless

parameter which is hopefully not too small in comparison with unity.

Gravitationally bound systems of two massive bodies in circular orbit are known

to emit gravitational waves with stationary rate and fixed frequency which is twice the

rotation frequency of the orbit. In this approximation orbital frequency, ωorb, and orbit

radius, R, are fixed. Luminosity of GW radiation from a single binary in the stationary

approximation is well known, see e.g. book [17]:

Ls ” 9E “
32M2

1
M2

2
pM1 ` M2q

5R5m8
Pl

“ 32

5
m2

Pl

˜

Mc ωorb

m2
Pl

¸10{3

, (4.78)

where M1, M2 are the masses of two bodies in the binary system and Mc is the chirp

mass which is defined as

Mc “
pM1 M2q3{5
pM1 ` M2q1{5

(4.79)

and

ω2
orb “

M1 ` M2

m2
Pl

R3
. (4.80)

In the case of elliptic orbit with large semi-axis a and eccentricity e the luminosity

is somewhat larger (if R “ a):

Le “
32M2

1
M2

2
pM1 ` M2q

5a5m8
Pl
p1´ e2q7{2

ˆ

1` 73e2

24
` 37e4

96

˙

. (4.81)

The emission of GWs costs energy which is provided by the sum of the kinetic

and potential energy of the system. To compensate the energy loss the radius of the

binary system decreases and the frequency rises making the stationary approximation

invalid. As a result the system goes into the so called inspiral regime. Ultimately the

two rotating bodies coalesce and produce a burst of gravitational waves. To reach this

stage the characteristic time of the coalescence should be shorter than the life-time of

the system. In our case it is the life-time of PBH with respect to the evaporation.

In the inspiral regime the initially circular orbit may remain approximately circular

if radial velocity of the orbit, 9R, is much smaller than the tangential velocity, ωorbR. This

regime is called quasi-circular motion and is valid as long as (see e.g. book [18]):

9ωorb ! ω2
orb. (4.82)
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Equation 4.82 can be translated into the lower bound on the radius of the orbit:

R " r
pe f f q
g “ M1 ` M2

m2
Pl

, (4.83)

which is the condition of the validity of the Newtonian approximation. It was shown

by Peters [90] that the orbits with initial e0 “ 0 would remain quasi-circular as far as

condition Equation 4.82 is fulfilled, while for the orbits with e0 ‰ 0 the eccentricity

rapidly approaches zero due to back reaction of the gravitational radiation.

Most probably binaries are formed in elliptic orbits with high eccentricity. However

in the calculation of the GW emission by binaries we assume for simplicity that all orbits

are circular. The result would be a lower bound on GW emission, hopefully not too far

from the real case.

In what follows we will consider both stationary and inspiral regimes since they both

might be realized for different values of the parameters. We will use the instant decay

approximation, when the PBH mass is supposed to be constant till t “ τBH and then

BH would instantly disappear. The case of the realistic decrease of PBH mass will be

considered elsewhere.

The stationary orbit approximation is valid if time of coalescence, τco, is much

larger than the BH life-time, τco ą τBH . The former can be found as follows (see e.g.

book [17]). According to the virial theorem the total (kinetic plus potential) energy of

the system is E “ ´M1M2{p2Rm2
Pl
q. Since luminosity, Equation 4.78 is Ls “ ´dE{dt,

the radius varies with time according to

9R “ ´64M1M2pM1 ` M2q
5R3m6

Pl

. (4.84)

Correspondingly

Rptq “ R0

ˆ

t0 ` τco ´ t

τco

˙1{4

, (4.85)

where R0 is the initial value of the radius, t0 is the initial time, and the coalescence time

is given by:

τco “
5R4

0
m6

Pl

256M1M2pM1 ` M2q
. (4.86)

The condition τco ą τBH can be translated into the lower bound on R (for M1 “ M2):

R ą Rmin “ 4.6 ¨ 105

ˆ

100

Ne f f

˙1{4 ˆ
M

105 g

˙1{2

rg . (4.87)

Keeping in mind that the frequency of GWs emitted at circular motion of the binary is

twice the orbital frequency, fs “ ωorb{π we find from Equation 4.80 that lower bound,

Equation 4.87 leads to the following upper bound on the GW frequency:

fs ă ωmax{π « 2 ¨ 1024Hz

ˆ

Ne f f

100

˙3{8 ˆ
105 g

M

˙7{4

. (4.88)
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On the other hand, the radius of the binary orbit should be smaller than the average

distance between PBHs in the cluster, Equation 4.22 and probably quite close to it. Using

Equation 4.22 and Equation 4.87 we find:

Rmin

db

“ 1.3 ¨ 10´5

ˆ

∆b

105

˙1{3 ˆ

∆in

10´4

˙ ˆ

Ωp

10´6

˙4{3 ˆ

M

105g

˙1{2

. (4.89)

So it seems natural that Rmin ! db and the PBH binaries should be mostly in the quasi-

stationary regime. Rmin would be equal to db roughly speaking for quite large mass

fraction of the produced PBHs, Ωp ą 10´3. The condition Rmin “ db gives a lower

bound on orbital frequency, ωorb:

ωorb ą ωmin « 9.4 ¨ 1017sec´1

ˆ

∆b

105

˙1{2 ˆ
∆in

10´4

˙3{2 ˆ Ωp

10´6

˙2 ˆ

105 g

M

˙

. (4.90)

During the inspiral phase, for which τco ă τBH , we expect that binaries emit GWs in the

frequency range:

2 ¨ 1024Hz

ˆ

Ne f f

100

˙3{8 ˆ
105 g

M

˙7{4

ă f ă 0.6 ¨ 1033Hz

ˆ

105 g

M

˙

. (4.91)

The upper bound corresponds to ω „ 1{rg.

The frequency spectrum of the gravitational waves in inspiral but quasi-circular mo-

tion can be found in the adiabatic approximation as follows. Since the gravitational

waves are emitted in a narrow band near twice the orbital frequency, the spectrum of the

luminosity, Equation 4.78, can be approximated as:

d 9E “
32M2

1
M2

2
pM1 ` M2q

5R5ptqm8
Pl

δ pω´ 2ωorbpRqq dω (4.92)

To find the energy spectrum we have to integrate this expression over time from initial

time, tmin “ t0, to maximum time tmax “ minrτBH ` tp, τco ` t0s, where t0 and tp are

respectively the time of the binary formation (it may be different for different binaries

but here we neglect this possible spread) and the time of PBH formation (it is different

for PBH with different masses). Note that the coalescence time, τco is also different for

binaries with different initial radius R0.

Using Equation 4.80 and Equation 4.84 and the expression for the differential time

dt “ pdR{dtq´1pdR{dωorbqdωorb, we find:

dE

d lnω
“ 21{3ω2{3

3

M1M2

m
4{3
Pl
pM1 ` M2q1{3

(4.93)

in agreement with [18] and [91]. This expression is valid for the frequencies in the

interval determined by Equation 4.80 with Rmax “ R0 and Rmin “ Rptmaxq.
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In Equation 4.93 we have not taken in account the redshift which is different for dif-

ferent frequencies and thus this leads to spectrum distortion. According toEquation 4.80

and Equation 4.85, frequency ω is emitted at the time moment:

tpωq “ t0 ` τco

„

1´
´ωmin

ω

¯8{3


, (4.94)

where

ωmin “ 2

˜

M1 ` M2

m2
Pl

¸1{2

R
´3{2
0

(4.95)

is the minimal frequency emitted at initial moment t “ t0. To the moment of the PBH

evaporation the frequency of the GWs emitted at t “ tpωq is redshifted by the frequency

dependent factor:

ω˚ “
ω

1` zpωq “
„

tpωq
tp ` τBH

2{3

ω, (4.96)

where ω˚ is the frequency of GWs at t “ tp ` τBH . This equation implicitly determines

ω as a function of ω˚.

The spectrum of the gravitational waves at PBH evaporation can be obtained from

Equation 4.93 dividing it by p1 ` zq (the redshift of the graviton energy, E) and with

substitution ω “ pz` 1qω˚. Correspondingly

dω “ z` 1

1´ ω˚pdz{dωq dω˚ (4.97)

As a result we find:

dE˚

d lnω˚
“ 21{3ω

2{3
˚

3

M1M2

m
4{3
Pl
pM1 ` M2q1{3

r1´ ω˚pdz{dωqs´1

p1` zq1{3
. (4.98)

Here zpωq should be taken as a function of ω˚ according to Equation 4.96 and ω˚ varies

between ωmin and ωmax divided by the corresponding red-shift factor. In particular,

ω˚pminq “ ωminrt0{ptp ` τBHqs2{3. Note that R0 enters explicitly into Equation 4.98),

while in Equation 4.93 it enters only through the limits in which ω varies. Because of

that the frequency spectrum depends upon the distribution of binaries over their initial

radius, R0. As is shown below, it is especially profound in the case of long coalescence

time when the frequency spectrum of a single binary with fixed R is close to delta-

function.

In the stationary approximation, when the change of the orbit radius can be ne-

glected, we expect that a single binary emits GWs in a narrow band of frequencies close

to twice the orbital frequency. However the distribution of binaries over their initial ra-

dius, dnBIN “ FpR0qdR0 spreads up the spectrum. Here dnBIN is the number density of

binaries with the radius in the interval rR0,R0 ` dR0s. Since in this approximation the
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radius is approximately constant we do not distinguish between R and R0. The cosmo-

logical energy density of the gravitational waves emitted per unit time is equal to:

d 9ρ
pstatq
GW

“ 2FpRqR

3

nc
BH

nb
BH

dω

ω
Ls , (4.99)

where nb
BH

is the number density of PBH in the high density bunch (cluster), nc
BH

is the

average cosmological number density of PBH, R “ Rpωorbq according to Equation 4.80,

and we used the relation dR “ ´2pR{3q pdω{ωq. Distribution, FpRq, is normalized as:

ż

dRFpRq “ nBIN “ ǫnb
BH . (4.100)

We assume for simplicity that FpRq does not depend upon R in some interval rR1, R2s
and vanishes outside it. So FpRq “ ǫnb

BH
{pR1 ´ R2q.

A more realistic fit to the PBH distribution over radius could be a Gaussian one:

FpRq “ 1?
2πσ

ǫnBH exp
”

´pR´ xRyq2{2σ2
ı

, (4.101)

where σ is the mean-square deviation of R from the average value xRy.
The small factor nc

BH
{nb

BH
enters Equation 4.99 because we are interested in the cos-

mological energy density of GWs averaged over the whole universe volume. The cos-

mological number density of PBH is expressed through their energy density as nBH “
ρBH{M “ ρcptq{M. The number density of binaries in the cluster is parametrized ac-

cording to:

nBINptq “ ǫptq nb
BHptq “ ǫptq ρcptq∆ptq{M , (4.102)

where, we remind, ρcptq is the total cosmological energy density and ∆ptq “ ρb{ρc " 1

is the density contrast of the cluster. The time dependence of nb
BH

disappears when

the cluster reaches the stationary state, see discussion in section 4.1, and ∆ptq evolves

according to Equation 4.20. When the stationary orbit approximation is valid, ǫ remains

constant.

Collecting all the factors and integrating Equation 4.99 over time with an account

of the frequency redshift, ω “ ω˚p1 ` zq and the total redshift of the energy density of

GWs, ρGWpt˚q “ ρGWptq{p1` zq4, we find:

dρ
pstatq
GW

pω˚q “
27{3

5

«

nc
BH
pτBHq

nb
BH

ff

pM2
1

M2
2
qpτBH ` tpq

pM1 ` M2q1{3m
16{3
Pl

FpRqω5{3
˚ dω˚

1w

xmin

x11{6dx,

where x “ aptq{apt˚q “ 1{p1 ` zq, xmin “ apt0q{apt˚q, t0 is the time moment of binary

formation and we make use of equation Equation 5.49. Dividing this result by the critical

energy density just before PBHs complete evaporation, nBHpτBHq « ρcpτBHq{M, we

find the cosmological fraction of the energy density of GWs at t “ τBH per logarithmic
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interval of frequency f “ ω{p2πq (below we assume that all BHs have equal masses,

M):

Ω
pstatq
GW

p f˚; τBHq “
3 ¨ 217{3

85

ǫ ¨ ptp ` τBHq
R1 ´ R2

˜

π f˚M

m2
Pl

¸8{3

r1´ x
17{6
min
s (4.103)

where for the sake of a simple estimate we assumed that FpRq “ const. We assume also

that all the binaries are formed at the same time, t0 ! τBH and so xmin ! 1. Note that the

frequency of GWs coming from the binaries with radii between R1 and R2 is confined

according to Equation 4.80.

To make an order of magnitude estimate of the fraction of the energy density of GWs

at the moment of PBH evaporation we take pR1´R2q „ R1 „ Rpωq, where Rpωq is deter-

mined by equation Equation 4.80 and take into account that the stationary approximation

is valid if the radii of the binaries are bounded from below by Equation 4.87. Hence, if

the stationary regime is realized, the spectral density parameter today would be:

h2
0Ω
pstatq
GW

p f ; t0q « 10´8ǫ

„

Ne f f

100

2{3 „
100

gS pT pτBHqq

1{18 „
M

105 g

1{3 „

f

GHz

10{3

(4.104)

Figure 4.2: Log-log plot of density parameter today h2
0
ΩGW as a function of expected

frequency today for PBHs binaries in the stationary approximation for β „ 1, ǫ „ 10´5,

Ne f f „ 100, gS „ 100, PBH mass M „ 107 g (solid line) and M „ 1 g (dashed line).

The expected range of the present day frequencies of the GWs from the binaries in

the stationary approximation is given by Equation 4.90 and Equation 4.88. The emitted
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frequency is determined by the binary radius, so a single binary emits GWs with a very

narrow spectrum. However, the distribution of binaries over their radius could lead to

a significant spread of the spectrum. In principle the frequencies emitted may have any

value in the specified above range. The minimal present day frequency of such GWs

today can be found by plugging Equation 4.90 into Equation 4.31:

f ě 4.3 Hz β

ˆ

105 g

M

˙1{2

, (4.105)

where β is given by

β “
ˆ

∆b

105

˙1{2 ˆ
∆in

10´4

˙3{2 ˆ Ωp

10´6

˙2 ˆ
100

gS pT pτBHqq

˙1{12 ˆ
100

Ne f f

˙1{2

. (4.106)

For binaries formed with R ą Rmin, see Equation 4.31, Equation 4.87 and Equation 4.88,

the frequency of emitted GWs today is bounded from above by:

f ď 5.7 ¨ 107 Hz

ˆ

100

gS pT pτBHqq

˙1{12 ˆ
100

Ne f f

˙1{8 ˆ
105 g

M

˙1{4

. (4.107)

Let us estimate now the energy density of GWs in the inspiral case, when τco ă τBH

and the GW emission from a single binary proceeds in a wide range of frequencies due

to shrinking of the binary radius. The radiation frequency spans from fs,min, which is

the GW frequency at the initial PBH separation, to fs,max which corresponds to GWs

emitted at R „ rg. The energy spectrum of GWs is given by Equation 4.93 where, in

what follows, we change to cyclic frequency, f “ ω{2π.

After the cluster evolution was over, the number density of PBHs in high density

clusters remained approximately constant till the PBH evaporation, but in the inspiral

phase the fraction of binaries, ǫptq, decreased due to their coalescence. So the tail of

the distribution function at small initial R0 is eaten up, and the average value of R drops

down. In distribution function, FpR0q, we have to substitute instead R0 its expression

through R and time according to

R0 Ñ
«

R4 `
˜

256M1M2pM1 ` M2q
5m6

Pl

¸

pt ´ t0q
ff1{4

(4.108)

with the corresponding change of R3
0
dR0 Ñ R3dR.

To calculate the cosmological energy fraction of GWs at the PBH evaporation mo-

ment we can proceed along the same lines as we have done deriving Equation 4.98

introducing additional factor FpR0qdR0 which depends upon time according to Equa-

tion 4.108. However, at the level of calculations in the present model with many un-

known parameters it can be sufficient to neglect such subtleties and to use a simplified

estimate:
dρGW

dplog fsq
“ ǫconc

BHptq
dEGW

dplog fsq
, (4.109)
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where ǫco is the fraction of binaries with coalescence time shorter or equal to PBH life-

time. For an estimate by an order of magnitude we assume also that the number of

binaries is independent on the redshift. To some extend the decrease of the binary num-

ber may be compensated by their continuous formation. We neglect possible difference

of binary masses and take M1 “ M2. We approximately take the redshift into account

from the moment of the coalescence to the PBH decay, pzco ` 1q « pτBH{τcoq2{3. This

corresponds to the assumption that the binaries radiated all GWs only at the moment of

τco. So the f˚ “ f p1` zcoq. Thus we obtain as an order of magnitude estimate:

ΩGWp f˚, τBHq “
ǫco

3

˜

π f˚M

m2
Pl

¸2{3

pzco ` 1q´1{3 . (4.110)

Using Equation 4.31 and Equation 4.53, we find that the energy density parameter of

gravitational waves today is equal to:

h2
0ΩGWp f q « 5 ¨ 10´9ǫco

ˆ

100

gS pT pτBHqq

˙5{18 ˆNe f f

100

˙1{3 ˆ
f

1012Hz

˙2{3 ˆ
105 g

M

˙1{3

,

(4.111)

where we neglected possibly weak redshift dilution of GWs by the factor pτco{τBHq2{9.

If the system goes to the inspiral phase, then according to equation Equation 4.91

we would expect today a continuous spectrum in the range from fmin „ 0.9 ¨ 107 Hz to

fmax „ 3 ¨ 1014 Hz. However if we take into account the redshift of the early formed

binaries from the moment of their formation to the PBH decay, the lower value of the

frequency may move to about 1 Hz.

4.7 Gravitons from PBH evaporation

In the previous sections we have considered only gravitational waves emitted through

mutual acceleration of PBHs in the high density clusters. On the other hand PBHs could

directly produce gravitons by evaporation. This process in connection with creation of

cosmological background of relic GWs was considered in [61] and later in [92]. In the

last reference a possible clumping of PBHs at the matter dominated stage was also con-

sidered. Though such clumping does not influence the probability of the GW emission

by PBHs, it may change the mass spectrum of PBHs due to their merging.

The PBHs reduce their mass according to the equation:

Mptq “ M0

ˆ

1´ t ´ tp

τBH

˙1{3

, (4.112)

where M0 is the initial mass of an evaporating BH and tp is the time of BH produc-

tion after Big Bang. Equation 4.112 shows that the BH mass can be approximately

considered as constant till the moment of the evaporation and may be approximated as

θpt´tp´τBHq. Due to evaporation a BH emits all kind of particles with masses m ă TBH
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and, in particular, gravitons. The total energy emitted by BH per unit time and frequency

ω (energy) of the emitted particles, is approximately given by the equation (see, e. g.

book [93]):
ˆ

dE

dtdω

˙

“ 2Ne f f

π

M2

m4
Pl

ω3

eω{TBH ´ 1
, (4.113)

where T is the BH temperature Equation 4.2. Due to the impact of the gravitational field

of BH on the propagation of the evaporated particles, their spectrum is distorted [63] by

the so called grey factor gpωq, but we disregard it in what follows.

Let us now estimate the amount of the gravitational radiation from the graviton evap-

oration. After their production PBHs started to emit thermal gravitons independently on

the PBH clustering. Hence the thermal graviton emission depends only on PBH number

density, nBH . The energy density of gravitons in logarithmic frequency band emitted in

the time interval t and t ` dt is

dρGWpω; tq
dω

“ 10´2nBHptq
ˆ

dE

dt dω

˙

dt , (4.114)

where factor 10´2 takes into account that about one percent of the emitted energy goes

into gravitons. The density parameter of GWs per logarithmic frequency interval at

cosmological time t˚ “ τBH can be obtained by integrating Equation 4.114 over redshift

with an account of the drop-off of the graviton energy density by p1 ` zq´4 and the

redshift of the emitted frequency so that at t˚ “ τBH: ω “ ω˚p1 ` zq. Note that in the

instant decay approximation the BH temperature remains constant. One has also to take

into account that the number density of PBH behaves as nBHptq “ npptpqp1 ` zq3, so

if we normalize our result to nBHpτBHq, the integrand should be multiplied by p1 ` zq3.

Finally we obtain:

dρGWpω˚, τBHq
d lnω˚

“ 0.03Ne f f Mω4
˚

πm4
Pl

p3τBHq ρBHpτBHq I

ˆ

ω˚

TBH

˙

, (4.115)

where

I

ˆ

ω˚

TBH

˙

”
zmaxw

0

dz p1` zq1{2
exp rpz` 1qω˚{TBHs ´ 1

, (4.116)

and

1` zmax “
ˆ

τBH

teq

˙2{3 ˆ teq

tp

˙1{2

“
ˆ

32170

Ne f f

˙2{3 ˆ
M

mPl

˙4{3

Ω
1{3
p , (4.117)

where the effective time of integration is equal to 3τBH because of the instant decay

approximation. One can check that in this case the total evaporated energy would be

equal to the PBH mass.

The spectral density parameter of GWs at t “ τBH is equal to:

ΩGWpω˚; τBHq «
2.9 ¨ 103M4ω4

˚

πm8
Pl

I

ˆ

ω˚

TBH

˙

. (4.118)
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The spectrum is not a thermal one, though rather similar to it. It has more power at small

frequencies due to redshift of higher frequencies into lower band and less power at high

ω˚. The spectral density parameter reaches maximum at ω
peak
˚ {TBH “ 2.8. Accordingly

the maximum value of the spectral density parameter when PBHs completely evaporated

is equal to:

Ω
peak

GW
pωpeak
˚ ; τBHq « 3.8 ¨ 10´3 . (4.119)

Figure 4.3: Log-log plot of the density parameter per logarithmic frequency,

h2
0
ΩGWp f ; t0q, as a function of frequency today, f , for the case gS „ 100, Ne f f „ 100,

black hole mass M “ 1 g (solid line) and black hole mass M “ 105 g (dashed

line). We can see that the spectrum has a maximum which is sharp and of order

h2
0
ΩGWp fpeakq „ 10´7.

Integrating Equation 4.118 first over ω˚ and then over redshift, we find that the total

fraction of energy of GWs is 0.006 which is reasonably (in view of the used approxima-

tions) close to the expected 0.01. At BBN the energy fraction of such GWs would be

about 0.005. So the total number of additional effective neutrino species would be close

to 0.045, where 0.03 comes from neutrino heating by e`e´ annihilation and 0.01 comes

from the plasma corrections (see e.g. review [94]). Of course the GWs produced by the

considered mechanism are safely below the BBN bound [60]. Using Equation 4.53 and

taking into account the redshift from t “ τBH to the present time, we find that the total

density parameter of GWs today due to PBH evaporation would be about 10´7.

The total energy density of GWs from the PBH evaporation is quite large but it

is concentrated at high frequencies. According to Equation 4.31 the redshifted peak
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frequency emitted at time t˚ “ τBH becomes today:

f ppeakq “ 2 ¨ 1015 Hz

ˆ

gS pT pτBHqq
100

˙1{12 ˆ

100

Ne f f

˙1{2 ˆ
M

105 g

˙1{2

. (4.120)

The energy density of GWs at small f drops down in accordance with Equation 4.119.

The spectral density today can be calculated from Equation 4.118 with an account of the

redshift to the present day:

h2
0ΩGWp f ; t0q “ 1.36 ¨ 10´27

ˆ

Ne f f

100

˙2 ˆ
105 g

M

˙2 ˆ
f

1010 Hz

˙4

¨ I
ˆ

2π ¨ f

T0

˙

, (4.121)

where we used ω “ 2π f and T0 is the BH temperature redshifted to the present time:

T0 “
„

apτBHq
apt0q



TBH “ 4.53 ¨ 1015 Hz

ˆ

100

gS pT pτBHqq

˙1{12 ˆ
100

Ne f f

˙1{2 ˆ
M

105 g

˙1{2

.

(4.122)



Chapter 5

Mixing of gravitons with photons

in the post recombination epoch

In chapter 4 we discussed some GW production mechanisms by PBH. These different

mechanisms produce a spectrum which extends from few Hz up to 1018 Hz creating a

rather substantial background of GWs of high density parameter Ωgw. The lover part of

the spectrum („ 1 Hz) is potentially detectable by the future space interferometers DE-

CIGO/BBO, see subsection 2.4.2. However, the high frequency part of the spectrum (BH

evaporation) is not covered by any present day interferometer but different prototypes of

high frequency GW detectors are under construction (at very initial stage), which in the

future may reach an adequate sensitivity at these high frequencies.

In this chapter we discuss an alternative way on detecting the high frequency part of

the spectrum which does not look very difficult due to the process of GW transformation

into photons in external magnetic field. In pioneering paper [95] the inverse process

of photon to graviton transformation in magnetic field was studied. It followed by sev-

eral works dedicated to graviton to photon transition [96, 97, 98, 99, 100]. Below we

calculate the probability of GWs transformation into electromagnetic radiation in the pri-

mordial magnetic field after the hydrogen recombination and argue that the registration

of this radiation might be feasible. The calculations presented in the following sections

regarding the intensity of the electromagnetic radiation closely follow those described

in [101].

This chapter is organized as follows. In section 5.1 we derive equations of motions

for the graviton-photon system in static magnetic field in the case when the graviton

wavelength is smaller than the magnetic field coherence length. In section 5.2 we de-

rive the mixing probability for graviton to photon oscillation using the wave function

approximation. The oscillation probability is analogous to oscillation between neutrinos

with different flavors. In section 5.3 we calculate oscillation probability at a qualitative

level using the wave function approximation at various stages during the cosmological

93
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history, namely at recombination and the contemporary epoch. In section 5.4 we do

the same thing as in section 5.3, using the density matrix approach in order to take into

account coherence breaking due to scattering of photons in plasma. In section 5.5 we

discuss observable effects of graviton to photon conversion at the present time and in

section 5.6 we discuss the graviton to photon oscillation in the resonant case.

5.1 Equations of motions of the graviton-photon system

The total action describing gravitational and electromagnetic fields is given by the sum

of two terms:

S “ Sg ` Sem, (5.1)

where Sg is the usual Einstein-Hilbert action equal to:

Sg “
1

κ2

ż

d4x
a

´gR (5.2)

and Sem is the action of the electromagnetic field minimally coupled to gravity:

Sm “ ´
1

4

ż

d4x
a

´g gµρgνσFµνFρσ `
α2

90m4
e

ż

d4x
a

´g rpFµνF
µνq2 ` 7

4
pF̃µνF

µνq2s .
(5.3)

The first term above is the Maxwell action and the second quartic one is the Heisenberg-

Euler contribution [102, 103] originating from the electron box diagram. This term de-

scribes nonlinear corrections to the classical electrodynamics in the limit of low photon

frequencies, ω ! me. As we will see below the second term gives the photon an effective

refraction index in vacuum with external magnetic field. Using this expression for the

action confines the validity of the results presented here to sufficiently low frequencies.

However, they can be easily generalized to higher ω.

The essential quantities are defined as follows: κ ”
?

16πG, G ” 1{m2
Pl

is the

Newton constant, mPl “ 1.2 ¨ 1019 GeV˚ , α “ e2{p4πq is the fine structure constant

and me is the electron mass. Fµν is the electromagnetic field strength tensor and F̃µν ”
p1{2qǫµνρσFρσ is its dual. The metric tensor of a weak gravitational wave propagating in

flat space-time can be written as follows:

gµν “ ηµν ` κhµνpx, tq, (5.4)

where ηµν is the flat Minkowski metric tensor and hµν are small perturbation around

flat space-time, |hµν| ! 1. Considering terms up to the second order in hµν we rewrite

gravitational action Equation 5.2 as

Sg “ ´
1

4

ż

d4x rBµhαβBµhαβ ´ BµhBµh` 2BµhµνBνh´ 2BµhµνBρhρνs (5.5)

˚In the literature another notation is often used, namely, κ “ 8πG.
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and electromagnetic part Equation 5.3 becomes:

Sem “ ´
1

4

ż

d4x FµνF
µν ` κ

2

ż

d4x hµνT
µν ` α2

90m4
e

ż

d4x rpFµνF
µνq2 ` 7

4
pF̃µνF

µνq2s,
(5.6)

where Tµν is the electromagnetic energy-momentum tensor, T em
µν “ FµρF

ρ
ν´ηµνFαβFαβ{4.

Total Lagrangian density Equation 5.1 is given by the sum of linearized actions Equa-

tion 5.5 and Equation 5.6.

The Euler-Lagrange equation of motion for fields hµν and Aµ are obtained by taking

the variation of the total action with respect to these fields with usually imposed the

Traceless Transverse (TT) gauge condition: h0µ “ 0, B jhi j “ 0, hi
i
“ 0. The equations of

motions determined by S g`S em are the coupled Einstein-Maxwell equations of motion:

2hµν “ ´κT em
µν , (5.7)

Bµ
ˆ

Fµν ´ α2

45m4
e

r4F2Fµν ` 7pF ¨ F̃qF̃µνs
˙

“ κBµrhµβFν
β ´ hνβF

µ
β
s , (5.8)

where we made use of the fact that the electromagnetic field tensor is traceless and

defined F2 ” FµνF
µν and F̃F ” F̃µνF

µν, the indices here are raised by flat metric tensor

ηµν.

In Equation 5.8 the electromagnetic field tensor, Fµν, is the sum of the free field

(incident wave) tensor fµν and the static external field tensor F
peq
µν , Fµν “ F

peq
µν ` fµν,

where |Fpeqµν | " | fµν|. At this point one can see that the second and the third terms (the

Heisenberg-Euler ones) in Equation 5.8 modify the usual vacuum Maxwell equations

creating refraction indexes in external magnetic field, which give rise to birefringence

effects [104, 105]. For the transverse and parallel modes these indexes are equal to

n2
1 ´ 1 “ 4ρB2

e sin2 φ , transverse mode , (5.9)

n2
2 ´ 1 “ 7ρB2

e sin2 φ , parallel mode,

where Be is the strength of the external magnetic field, e is the electron charge, φ is the

angle between the incident wave and the direction of the external magnetic field Be, and

ρ is defined as,

ρ “ pα{45πqpe{m2
eq2. (5.10)

Deviation of the refraction index from unity destroy equality of the photon momentum,

k, and frequency, ω, and gives rise to effective photon mass, m2
γ “ ω2 ´ k2 ‰ 0, as one

can see from the solution of the homogeneous part of Equation 5.8.

Since we are working in the TT gauge the spatial parts of Equation 5.7 and Equa-

tion 5.8 describing propagating waves now read

2hi j “ ´κT em
i j , (5.11)

“

2´ m2
γ

‰

A j “ κBirhikF
peq j

k
´ h jkF

peqi
k
s , (5.12)
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where in the r.h.s. of Equation 5.11 we took into account only terms which are bilinear

in Fµν and fµν, see below Equation 5.14.

Let us consider now plane gravitational wave propagating through a region with

magnetic field vector Be assuming the latter to be homogeneous at the scale of the grav-

itational wave length. We expand as usually the gravitational wave tensor in its Fourier

components:

hi jpx, tq “
ÿ

λ“ˆ,`

hλpxqeλi je
´iωt, (5.13)

where λ denotes the GW polarization index and ei j is the gravitational wave polariza-

tion tensor, Equation 1.29. The energy-momentum tensor of the electromagnetic wave

generated in the process of the graviton-photon transformation is given by:

T
j

i
“ EiE

j
e ` BiB

j
e ´

1

2
δ

j

i
pE2 ` B2q, (5.14)

where lower index e refers to the external electromagnetic field.

Let us introduce vector potential, A j, of the electromagnetic wave:

A j “ i
ÿ

λ

eλj pk̂qAλe´iωt, (5.15)

where eλ
j

is the photon polarization vector and the magnetic field of the propagating

electromagnetic wave is given by Bk “ p∇ ˆ Aqk “ ǫi jkB jAk. Now plugging Equa-

tion 5.13 and Equation 5.15 into equations Equation 5.11 and Equation 5.12 we obtain

the following system of equations:

pω2 ` B2
xqhλ “ ´iκBxAλpxqBT , (5.16)

pω2 ` B2
xqAλ ` pk2 ´ ω2qAλ “ ´iκBxhλpxqBT , (5.17)

where BT is the strength of the transverse external magnetic field.

The system of Equation 5.16 and Equation 5.17 is not easy to handle but one can

simplify the work assuming that the coherence length of the background magnetic field

λB is much greater than the photon wavelength λp: λB " λp. Under this assumption the

operator ω2`B2
x can be expanded as ω2`B2

x “ pω` iBxqpω´ iBxq » 2ωpω` iBxq where

p´iBxq “ k is the momentum operator and we assume that refraction index n slightly

differs from unity, |n´ 1| ! 1, and ω` k » 2ω with ω satisfying the general dispersion

equation k “ ωn. In this case the system of Equation 5.16 and Equation 5.17 becomes

pω` iBxqhλ » ´
κ

2
AλpxqBT , (5.18)

pω` iBxqAλ ` ωpn´ 1qAλ » ´
κ

2
hλpxqBT , (5.19)

where n is the total refraction index. It includes respectively the QED effects due to

vacuum polarization, the plasma effects due to refraction of the photon in the medium

and birefringence effects such as the Cotton-Mouton effect,

n “ nQED ` nplasma ` nCM . (5.20)
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Here the plasma refraction index is given by

nplasma “ ´
ω2

plasma

2ω2
, (5.21)

where the plasma frequency is as usually ω2
plasma

“ nee2{m with e2 “ 4πα, and ne is the

number density of free electrons.

The refraction indices for two polarizations states of photon, n1 and n2, are given by

equation (5.9) and in the case of weak magnetic field they can be approximated as

n` “ 1` 4

2
ρB2

e sin2 φ , transverse mode , (5.22)

nˆ “ 1` 7

2
ρB2

e sin2 φ , parallel mode,

where n1 “ n` and nˆ “ n2. The Cotton-Mouton effect arises when the photons travel

through gas-like medium and as a consequence the difference between the two refraction

indices is given by

n`
CM
´ nˆ

CM
“ CλpB2

e , (5.23)

where C is the Cotton-Mouton constant.

The system of equations Equation 5.18 and Equation 5.19 can be written in the

matrix form:
»

—

—

—

–

pω` iBxq `

»

—

—

—

–

ωpn´ 1q` BT {mPl 0 0

BT {mPl 0 0 0

0 0 ωpn´ 1qˆ BT {mPl

0 0 BT {mPl 0

fi

ffi

ffi

ffi

fl

fi

ffi

ffi

ffi

fl

»

—

—

—

–

A`pxq
h`pxq
Aˆpxq
hˆpxq

fi

ffi

ffi

ffi

fl

“ 0 ,

(5.24)

which will be the starting point of the next section.

5.2 Graviton-photon mixing

In the previous section we have derived the equations of motion for the graviton-photon

system in presence of an external magnetic field. In order to solve Equation 5.24 it

is necessary to make some assumption on the nature of the magnetic field. The sys-

tem of Equation 5.24 was derived in the approximation of a background magnetic field

with coherence length much larger than the photon or graviton wavelength. System

Equation 5.24 can be further simplified by making some reasonable assumptions on the

nature of the background magnetic field. In this section we assume that the background

magnetic field is homogeneous on a sufficiently large coherence length λB.

In order to solve the system of equations Equation 5.24 notice that there is no mixing

between the photon or graviton states ` and ˆ. Correspondingly system (5.24) of four

equations decouples into two independent systems of two equations each:
«

pω` iBxq `
«

M` 0

0 Mˆ

ffff«

Ψ̂`pxq
Ψ̂ˆpxq

ff

“ 0, (5.25)
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where we have defined

Ψ̂`pxq ”
«

A`pxq
h`pxq

ff

, Ψ̂ˆpnq ”
«

Aˆpxq
hˆpxq

ff

, (5.26)

M` ”
«

m` mgγ

mgγ 0

ff

, Mˆ ”
«

mˆ mgγ

mgγ 0

ff

, (5.27)

and

m` “ ωpn´ 1q`, mˆ “ ωpn´ 1qˆ, mgγ “ BT {mPl. (5.28)

Since there is no mixing between + and ˆ states, we can concentrate on one of the

reduced matrices, M`, where from now we drop index +. In this case the Schrödinger-

like equation of motion, to be solved, has the form

pω` iBxqΨ̂pxq ` MΨ̂pxq “ 0. (5.29)

Equation 5.29 can be solved using the unitary transformation of field Ψ̂pxq:

Ψ̂1pxq “ UΨ̂pxq, (5.30)

where U is the unitary matrix with the entries:

U “
«

cos θ sin θ

´ sin θ cos θ

ff

. (5.31)

In the new basis the equation of motion reads

pω` iBxqΨ̂1pxq ` M1Ψ̂1pxq “ 0, (5.32)

where M1 is the diagonal matrix, M1 “ diagrm1,m2s and m1 and m2 are the eigenvalues

of matrix M:

m1,2 “
1

2
rm` ˘

b

m2
` ` 4m2

gγs. (5.33)

The formal solution of Equation 5.32 is given by

Ψ̂1pxq “ expti
ż x1

0

pω` M1qdx1uΨ̂1p0q . (5.34)

Now we can go back to the old basis by multiplying the left hand side of Equation 5.34

by UT and obtain

Ψ̂pxq “ expti
ż x1

0

UT M1U dx1uΨ̂p0q , (5.35)

where common phase eiω|x| was absorbed in field Ψ̂. The explicit expressions for photon

field, A, and graviton field, h, are

Apxq “ pcos2 θeim1|x| ` sin2 θeim2|xqAp0q ` sin θ cos θpeim1|x| ´ eim2|x|qhp0q , (5.36)

hpxq “ sin θ cos θpeim1|x| ´ eim2|x|qAp0q ` psin2 θeim1|x| ` cos2 θeim2|x|qhp0q , (5.37)
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where θ is the graviton-photon mixing angle defined as:

tan 2θ “ 2mgγ

m`
. (5.38)

At this point one can easily calculate the probability of the graviton conversion to

photon by assuming that initially there are only gravitons and no photons, that is, hp0q “
1 and Ap0q “ 0:

PgÑγ “ |xhp0q|Apxqy|2 “ sin2p2θq sin2p
b

m2
`{4` m2

gγ ¨ |x|q . (5.39)

Equation 5.39 gives the oscillation probability of a graviton to convert into a photon

and vice-versa. We can also notice that the expression for the oscillation probability

is completely analogous to the oscillation probability between neutrinos with different

flavors [106].

5.3 Mixing strength: qualitative description

In the previous section we have calculated the probability of graviton to photon transfor-

mation and in this section we study various regimes of Equation 5.39. For an order of

magnitude estimate, we neglect for the moment the absorption or scattering of the pho-

tons in the surrounding medium, the expansion of the Universe, and the Cotton-Mouton

effect.

In order to estimate the oscillation probability we present the numerical values of the

three terms in the right hand side of Equation 5.20. The plasma effects are included in

term mplasma “ ´ω2
plasma

{2ω and its numerical value is::

mplasma “ ´3.5 ¨ 10´17

„

1eV

ω



”

ne

cm´3

ı

cm´1, (5.40)

where ne is the electronic number density. The QED effects are included in the term

mQED
; which reads:

mQED “
” α

45π

ı

„

BT

Bc

2

ω, (5.41)

where Bc “ m2
e{e “ 4.41 ¨ 1013 Gauss and the numerical value of mQED is:

mQED “ 1.33 ¨ 10´27
” ω

1eV

ı

„

BT

1G

2

cm´1. (5.42)

The mixing term is mgγ “ BT {mPl and it is equal to:

mgγ “ 8 ¨ 10´26

„

BT

1G



cm´1. (5.43)

:From now on we omit index + in m`
;In fact the expression for mQED should include the factor 2 or 7/2 depending on the mode considered in

the calculations. Here we omit these factors since in the case considered below the plasma effects dominate

over the QED effects and the contribution from these factors are not essential
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Equation 5.39 has different limiting forms, depending on the value of mixing angle θ.

a) Weak mixing

In this case θ ! 1 which corresponds to mgγ ! m (remind that m is either m` or mˆ).

Equation 5.39 in this case becomes

PgÑγp|x|, θq “ 4θ2 sin2

„

m|x|
2



“ 4θ2 sin2

„

π|x|
losc



, (5.44)

where the oscillation length is defined as losc “ 2π{m. Now if the oscillation length is

greater than path |x|, the oscillation probability is given by the simple expression:

PgÑγp|x|, θq » pmgγ|x|q2. (5.45)

It is interesting to see when the weak mixing condition is fulfilled during the evolution

of the Universe. In other words we need to check when mgγ ! m that is:

8 ¨10´26

„

BT

1G



!| 1.33 ¨10´27
” ω

1eV

ı

„

BT

1G

2

´3.5 ¨10´17

„

1eV

ω



”

ne

cm´3

ı

| . (5.46)

Evidently the l.h.s. of this relation vanishes at the frequency equal to:

ωres “ 1.6 ¨ 105 eV

ˆ

1G

BT

˙

´

ne

cm´3

¯1{2
. (5.47)

This is the so called resonance frequency when the mixing angle is close to π{4.

Let us see whether the mixing could be weak or strong in the present day universe. To

this end we need to know three parameters which are the strength of magnetic field, BT ,

the frequency of gravitons, ω, and the electronic density, ne. Large scale magnetic fields

are constrained by the CMB observations since they can create an anisotropic pressure

which in turn requires an anisotropic gravitational field in order to maintain equilibrium.

Gravitational instabilities in the post recombination era, created by the magnetic fields

generate fluctuations in the CMB spectrum due to the Sachs-Wolfe effect [107]. In

[108] the authors, using the 4-year Cosmic Background Explorer (COBE) microwave

background isotropy measurements infer an upper limit on large scales magnetic field

strength Bpt0q§
Bpt0q » 5ˆ 10´9 f 1{2pΩ0h2

70q1{2 G . (5.48)

where f is a shape factor of the order of unity. Recent limits based on the WMAP 7 year

and South Pole Telescope (SPT) data, allow to conclude that the primordial magnetic

field on scales, λB ă 1 Mpc is bounded by Bpt0q À 3 nG at 95% (CL) [109, 110, 111].

Primordial magnetic field also induces the Faraday rotation of the linear polariza-

tion of CMB and can induce non zero parity odd cross correlations between the CMB

temperature and B-polarization anisotropies. The authors of [112] put upper limits on

the amplitude of the large scale magnetic field in the range 6 ¨ 10´8 G to 2 ¨ 10´6 G.

§From now we omit index ”T” in BT , where the magnetic field strength refers to the transverse part.
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More stringent constraints on large scale magnetic fields at the present day wave length

λB „ 0.1 Mpc come from BBN bound on gravitational waves. If primordial magnetic

field was generated before BBN, it would create an anisotropic stress in the l.h.s. of the

Einstein equations which in turn would create perturbations in the curvature of space-

time, namely GWs. The authors of [113, 114] argued that the large scale magnetic fields,

produced at the electroweak phase transition must be weaker than B À 10´27 G and the

magnetic field produced at inflation weaker thanB À 10´39 G. These results were criti-

cized in [115]. Here we assume validity of the CMB bounds on the large scale magnetic

fields, quoted above.

At the present epoch the free electron number density is not a well known quantity

and just for an order of magnitude estimate we take it equal to its upper bound, assuming

that almost all matter is ionized

nept0q À nBpt0q “
3H2

0
ΩB

8πGmp

“ 1.123 ¨ 10´5ph2
0ΩBq cm´3 » 2.47 ¨ 10´7 cm´3 , (5.49)

where according to WMAP 7 years measurements [33] H0 “ 100h0 km/s/Mpc with

h0 » 0.7; h2
0
ΩB » 0.022 is the present day baryon density parameter and mp is the

proton mass. More accurate estimates are presented below.

According to Equation 5.46, the validity of the weak mixing condition depends upon

the photon frequency. As a guiding example let us take ω “ 103 eV, Bpt0q » 5 ¨ 10´9 G

and nept0q » 2.47 ¨ 10´7 cm´3 and obtain:

losc “
2π

|mplasma|
» 7.26 ¨ 1026cm, (5.50)

where clearly the plasma effects dominates over QED effects and m » |mplasma|. So for

the path of the graviton of the order of the present day Hubble radius |x| “ H´1pt0q »
1.32 ¨ 1028 cm, the oscillation probability today would be:

PgÑγ » 2 ¨ 10´15. (5.51)

Here we used Equation 5.38, Equation 5.40, Equation 5.43 and Equation 5.44. Equa-

tion 5.51 shows that for the present day value of the magnetic field Bpt0q equal to its

upper bound Equation 5.48, nept0q determined by Equation 5.49, and for the gravitons

with frequencies ω ă me the condition for the weak mixing regime is satisfied. Thus the

probability of graviton transition to photon is small but not negligible, which can lead to

some observable effects.

It is instructive to estimate the graviton-photon transition probability at different pe-

riods of the cosmological evolution. Before the matter-radiation decoupling at z » 1090,

one might expect that the magnetic field was larger than that at the recombination be-

cause under condition of the magnetic flux conservation the field strength evolves as the

inverse scale factor squared. This would be true if the cosmological magnetic field was

generated at some earlier epoch, before recombination.
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If magnetic field was generated before the BBN era, its strength could be constrained

by the observed abundances of light elements. In particular, an impact of magnetic field

on the cosmological expansion, an increase of the decay rate of neutrons, and other phe-

nomena, described e.g. in [116, 117], would change the abundances of light elements.

In the pioneering papers [118, 119, 120] the upper limit on the field strength at BBN

was derived: B À 1012 G. In more recent studies of the effect of magnetic field on the

abundances of light elements, especially of 4He, somewhat weaker bound, B À 1013

G, was inferred [121, 122, 123, 124]. So huge magnetic fields are formally allowed at

BBN.

On the other hand, the electronic number density increases with decreasing scale

factor as nepaq „ a´3 „ T 3. This leads to an increase of the plasma effects, so they

dominate over the QED effects. Thus in this case the weak mixing condition is real-

ized, as one can see from Equation 5.46. The very small mixing angle gives negligible

transition probability of gravitons to photons with frequencies ω ! me.

Things start to change near recombination when the plasma temperature was T »
0.26 eV. The electronic density (plasma density) can be parametrized as

neptrecq “ Xe nBpt0qpT{T0q3, (5.52)

where nB is the total baryon density, nB “ np ` nH , with np and nH being respectively

the free proton and neutral hydrogen densities, Xepzq is the red-shift dependent ionization

fraction, defined as Xe “ np{nB. The condition of electric neutrality, ne “ np “ XenB,

is of course assumed. Since the present day baryon number density is given by Equa-

tion 5.49, we obtain

neptrecq » 1.123 ¨ 10´5Xep1` zq3ph2
0ΩBq cm´3 , (5.53)

where T{T0 “ 1` z is substituted. Ionization fraction, Xepzq, can be calculated by solv-

ing the out of equilibrium Saha-like non linear differential equation. Near recombination

time, the solution is well approximated by the expression [125, 126]:

Xepzq “ 7.2 ¨ 10´3
ph2

0
ΩMq1{2

h2
0
ΩB

ˆ

1` z

1090

˙12.75

, p800 ă z ă 1200q, (5.54)

where h2
0
ΩM is the present day matter density parameter. Inserting Equation 5.54 into

Equation 5.53 we get

neptrecq » 104.71 pΩMh2
0q1{2

ˆ

1` z

1090

˙15.75

cm´3 p800 ă z ă 1200q. (5.55)

Since according to WMAP 7 year data the redshift at recombination is 1` z “ 1090 and

the matter density parameter is ΩMh2
0
» 0.15, the free electron density at recombination

would be neptrecq » 40.5 cm´3.
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Assuming that the observed contemporary magnetic field originated from primordial

magnetic field seeds without much dynamo effects, one finds that on the horizon length

at the recombination time, the field strength was:

Bptrecq » Bpt0qp1` zq2 “ 3 ¨ 10´3 G, (5.56)

where we took Bpt0q » 3 ¨ 10´9.

Taking Bptrecq „ 3 ¨10´3 G and ne „ 40.5 cm´3, we find that the ratio of the plasma

term to the QED term at recombination:

r “
|mplasma|

mQED

“ 2.63 ¨ 1010

„

1eV

ω

2 „
1G

B

2
”

ne

cm´3

ı

(5.57)

is larger than unity for all frequencies below ω À 3.4 ¨ 108 eV. Recall that the approxi-

mation used here is valid only for ω ! me.

With these values we estimate the oscillation probability at the recombination epoch

when the Hubble radius was equal to:

Hptrecq´1 “ H´1
0
{rΩΛ `ΩMp1` zq3s1{2 » 6.7 ¨ 1023cm, (5.58)

where H´1
0
“ 1.32 ¨ 1028 cm, ΩΛ » 0.7 and ΩM » 0.3. The oscillation length in this

case reads

losc “
2π

|mplasma|
„ 4.43 ¨ 1020 cm, (5.59)

which is 3 orders of magnitude smaller than the Hubble distance at recombination. Tak-

ing Bptrecq » 3 ¨ 10´3 G, neptrecq » 40.5 cm´3, and graviton initial energy ωi » 105 eV

and using Equation 5.38, Equation 5.40, Equation 5.43 and Equation 5.44, we find that

the oscillation probability is

PgÑγ » 10´15

ˆ

ωi

105 eV

˙2 ˆ

Bi

3 ¨ 10´3 G

˙2 ˆ

40.5 cm´3

ne

˙2

. (5.60)

One can see that probability Equation 5.60 depends on the frequency of the graviton

and noticeable amount of high energy photons can be produced if the original graviton

spectrum is not cut-off at high frequencies [14].

b) Resonance

At the resonance r “ 1, Equation 5.57, and thus m “ 0, so the mixing angle becomes

large, θ “ π{4. In this case the expression for the oscillation probability is

PgÑγ “ sin2pmgγ ¨ |x|q. (5.61)

If the resonance is wide the complete transition of graviton into photon is possible. Note

that near the resonance the two regimes of weak mixing and maximum mixing have the

same expression for probability, Equation 5.45, in the case when the oscillation length

is larger than the path. However, the excitation of resonance depends upon the effects of
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damping and loss of coherence and so its proper treatment demands the density matrix

formalism. This is done in the next section.

Even if the resonance is not excited, as is the case when ω ă me, the density ma-

trix formalism leads to an essential enhancement of the photon production because the

photons loose coherence due to scattering on electrons and do not oscillate back. This

happens if the coherence loss rate is faster than the Universe expansion rate.

5.4 Oscillations: density matrix description

In the previous section we have calculated the probability of the graviton-photon os-

cillations in the wave function approximation. Graviton conversion into photons in the

present day universe in the wave function approximation was also considered in [127]

but their results are significantly different from ours as we will see below. This approx-

imation is sufficiently accurate if the loss of coherence due to non-forward or inelastic

scattering of the participating particles (i.e. of the photons in the considered case) may be

neglected. This is realized if the mean free path with respect to such scattering is greater

than the oscillation length. In the opposite case the graviton-photon system becomes

open (i.e. not self-contained) and the density matrix formalism should be applied. The

corrections to the wave function approximation are especially important in the resonance

situation when the oscillation length becomes large:

losc “
2π

b

m2{4` m2
gγ

Ñ 2π
b

m2
gγ

, (5.62)

where m “ 0 at resonance.

Generally speaking the density matrix operator the is 4 ˆ 4-matrix describing tran-

sitions between photon and gravitons with different helicity states:

ρ̂ ” |A`, h`, Aˆ, hˆy b xA`, h`, Aˆ, hˆ|, (5.63)

where the C-valued density matrix ρ̂i j is obtained by averaging the matrix elements over

medium, ρ “ xρ̂y. However, since there is no mixing between states |`y and |ˆy the

density matrix is reduced to two independent 2ˆ 2-matrices separately for |`y and |ˆy
states having the form

ρ̂ “ Ψ̂Ψ̂:, (5.64)

where Ψ̂ is two-dimensional column describing the graviton and photon states Ψ “
rΨg,ΨγsT of either polarization |`y or |ˆy. Here upper index ”T” means transposition.

The density matrix operator satisfies the Liouville-von Neumann equation:

i
dρ̂

dt
“ rĤ , ρ̂s (5.65)

where H is the total Hamiltonian of the system. If the system is open the total Hamil-

tonian is not Hermitian and the anti-Hermitian part of the Hamiltonian describes coher-

ence breaking due to scattering and absorption. In general case it is expressed through
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the collision integral modified to include the matrix structure of the process. For the

case of neutrino oscillations the equation for the density matrix was derived in [128], see

also [129, 130]. It is a non-linear integro-differential equation due to presence of com-

plicated collision integrals. However, for an an order of magnitude estimate the equation

can be linearized in the usual way¶:

i
dρ

dx
“ rM, ρs ´ itΓ, pρ´ ρextqu, (5.66)

where M is given by Equation 5.27, ρext is the density matrix of the corresponding

particles in the medium, the time derivative has been replaced with derivative respect to

position in space, d{dt “ d{dx for c “ 1 and Γ is the damping factor which in our case

has the form:

Γ “
«

Γγ 0

0 0

ff

(5.67)

where Γγ is the inverse mean free path due to Thompson scattering} of photons on elec-

trons Γγ “ σT ne with σT “ 6.65 ¨ 10´25 cm´2 being the Thompson cross section. The

damping of gravitons is neglected due to weakness of their interactions. We also neglect

ρext, assuming that the medium is not populated by photons. The latter can be easily

taken into account.

In the previous section we estimated the oscillation probability at various stages dur-

ing the evolution of the Universe, namely at the present time and at the recombination

but the universe expansion was not explicitly accounted for. To do that in the cosmolog-

ical FRW metric we notice that for a given function f pp, tq the total derivative is given

by:

d f

dt
“ B f

Bt
` 9p

B f

Bp
“ B f

Bt
´ Hp

B f

Bp
. (5.68)

Here we have taken into account the redshift, 9p “ ´Hp, where H “ 9a{a is the Hubble

parameter and a is the cosmological scale factor. Hence Equation 5.66 can be rewritten

as

iHa
Bρ
Ba
“ rM, ρs ´ itΓ, ρu, (5.69)

where we made use of the fact that in the FRW metric Bx “ HaBa.

Let us write the off-diagonal density matrix elements as: ργg “ ρ˚gγ “ R` iI, where

R is the real part and I is the imaginary part. The diagonal components ρgg and ργγ

are the number densities of gravitons and photons, respectively, so they are real and

non-negative. Thus after the split between the real and imaginary parts we obtain the

¶As usually r, s denotes the commutator between two operators a and b and t, u denotes the anti-

commutator.
}The photoelectric effect on the neutral matter is another damping effect which reduce the number of

produced photons. However, for the frequencies considered in this chapter this effect is not too large and

we neglect it.
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following system of differential equations:

ρ1γγ “ ´2mgγI ´ Γγ ργγ

Ha
, (5.70)

ρ1gg “ 2mgγI

Ha
, (5.71)

R1 “ mI ´ ΓγR{2
Ha

, (5.72)

I1 “ ´mR´ ΓγI{2´ mgγpρgg ´ ργγq
Ha

, (5.73)

where prime means derivative with respect to a and the initial conditions are taken at

the initial value of the scale factor a “ ai as: ρgpaiq “ 1, ργpaiq “ 0, Ipaiq “ 0, and

Rpaiq “ 0. To solve this system of equations we need to know how parameters m,mγg,

and Γγ (in units cm´1) depend on the scale factor:

mγgpaq “ 8 ¨ 10´26

„

Bi

1G



”

ai

a

ı2

, (5.74)

Γγpaq “ 2.12 ¨ 10´22Xepaq
”

ai

a

ı3

, (5.75)

mpaq “ 1.33 ¨ 10´27

ˆ

Bi

1G

˙2
´ ωi

1eV

¯´

ai

a

¯5

´ 1.12 ¨ 10´14Xepaq
ˆ

1eV

ωi

˙

´

ai

a

¯2

,

where initial values Bi and ωi are taken at the cosmological recombination time, ti “ trec

and we expressed nepaq “ XepaqnBptrecq with nBptrecq “ nBpt0qp1 ` zq3 » 320 cm´3.

The ionization fraction is governed by the following differential equation [34]:

dXe

da
“ ´αnB

Ha

ˆ

1` β

Γ2s ` 8π{λ3
αnBp1´ Xeq

˙´1 ˆ
S X2

e ` Xe ´ 1

S

˙

, (5.76)

where H is the Hubble parameter, Γ2s “ 8.22458 s´1 is the two-photon decay rate of 2s

hydrogen state, λα “ 1215.682 ¨ 10´8 cm is the wavelength of Lyman α photons, αpT q
is the case B recombination coefficient and S pT q is the coefficient in the Saha equation,

Xp1 ` S Xq “ 1. Both α and S depend on temperature T which can be expressed in

terms of scale factor a as follows:

T “
ˆ

g˚S pTiq
g˚S pT q

˙1{3
´

ai

a

¯

Ti (5.77)

where g˚S pT q is number of the entropy degrees of freedom. Generally it depends on

temperature but after recombination the only effective massless particles in the standard

model are 3 neutrino species and the photon. Thus the number of the degrees of freedom

is constant which is equal to g˚S pT q “ 3.91. In this case the temperature drops down

as T “ Ti{a where Ti “ p1 ` zrecqT0γ “ 2970.25 K. In what follows we take ai “ 1

corresponding to recombination time, ti “ trec. Coefficient α depends on the scale factor

as [131, 132]:

αpaq “ 1.038 ¨ 10´12a0.6166

1` 0.352a´0.53
, (5.78)
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while S paq is equal to

S paq “ 6.221 ¨ 10´19e53.158aa´3{2. (5.79)

Coefficient β which is also a function of temperature can be expressed through α as

follows

βpaq “ 3.9 ¨ 1020a´3{2e´13.289aα. (5.80)

With the these parameters Equation 5.76 was solved numerically. Some values of

the ionization fraction Xepaq as a function of the scale factor are presented in Table 5.1

and plots of Xepaq and XepT q are shown in Figure 5.1 and Figure 5.2. Below we solve

numerically equations describing evolution of the mixed graviton-photon density matrix

together with Equation 5.76 introducing into them a factor describing reionization of the

cosmic plasma.

a Xepaq
1 0.13

1.04 0.0813

1.18 0.0160

1.23 0.00947

1.5 0.00171

2 0.000731

4 0.000373

10 0.000278

30 0.000246

51.9 0.000239

136.25 1

1090 1

Table 5.1: Ionization fraction Xe as a function of the scale factor for h2
0
ΩM » 0.15 and

h2
0
ΩB » 0.022 calculated from eq. (5.76). We have also presented two additional pieces

of data for a “ 136.3, which correspond to the period of reionization, and to the present

day a “ 1090 where the intergalactic medium is almost fully ionized with constant

ionization fraction, Xe » 1

The resonance condition, mpaq “ 0, is fulfilled at

ω “ 2.9 MeV X
1{2
e paq

ˆ

1G

Bi

˙

a3{2 . (5.81)

The ratio of the oscillation length to the mean free path in this case is

l
presq
osc

l f ree

“ 2π ¨ Γγ
mgγ

“ 1.66 ¨ 104

„

1 G

Bi



. (5.82)

In this case the resonance frequency at recombination would be about 10 MeV for

Bi » 10´1 G. For possibly larger Bi resonance shifts to smaller ω. Even out of the
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Figure 5.1: Ionization fraction Xe as a function of cosmological scale factor a. The plot

is shown in the interval starting from recombination, a “ 1, till a “ 51.9 corresponding

to the beginning of re-ionization.
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Figure 5.2: Ionization fraction Xe as a function of temperature T in Kelvin. The temper-

ature T changes in the interval T “ 2970.25 K corresponding to recombination time to

T “ 57.22 K corresponding to onset of of re-ionization.
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resonance inequality losc ě l f ree may remain true and use of the density matrix formal-

ism is obligatory.

We need to mention however, that very energetic gravitational waves with energy

ω " me would create photons whose scattering on electrons is weaker than the Thomp-

son one, roughly speaking, by pme{Eq2. This effect would diminish the damping factor

Γγ by the same amount and can be easily taken into account. However, in this chapter we

consider graviton energies smaller than the electron rest mass, ω ă me. In the process of

the cosmological expansion the graviton-photon transition could pass through resonance

if their frequency satisfies resonance condition, Equation 5.81. However, since we con-

sider graviton energies, ω ă me, the resonance condition Equation 5.81 is not satisfied

in the post-recombination epoch.

Next we need to evaluate factor Ha. Since, we are interested in the cosmological

epoch just after recombination till the present time, when the Universe is dominated

by nonrelativistic matter, the Hubble constant as a function of the redshift is given by

Equation 5.58. In terms of the scale factor, the product Ha is given by

Ha “ Hptiq rΩM{a`ΩΛa2s1{2. (5.83)

For redshift z ą 1 we can neglect the contribution of the cosmological constant into

the energy density of the Universe since it becomes important only for z À 1. We

take ΩM » 1 and 1{Ha “ 6.7 ¨ 1023a1{2 cm for the former case and 1{Ha “ 6.7 ¨
1023r0.3{a ` 0.7a2s´1{2 cm for the latter case. According to our notations the redshift

z “ 1 corresponds to the scale factor a “ 545 with respect to the recombination time.

For 7 ă z ă 11 the universe is re-ionized by the first generation stars. According to

[133] if the universe went into a sudden complete ionization, the re-ionization redshift

zreion “ 6 is excluded at 99% (CL) in favor of zreion “ 11. Using the WMAP 5 year

data the authors of [133] suggest that the universe underwent an extended period of

partial re-ionization starting at z „ 20 and ending with a complete ionization for z „ 7

instead of a sudden re-ionization. For z „ 20 the value of the scale factor with respect

to recombination is a “ 51.9 and for z “ 7, a “ 136.25.

In Figure 5.3, Figure 5.4, Figure 5.5, Figure 5.6, Figure 5.19 and in Figure 5.8 the

probability of photon creation, ργγ is presented as a function of the cosmological scale

factor for various values of the initial background magnetic field and for graviton energy

ωi “ 105 eV. For such ω, the resonance does not occur but still the probability is much

higher than the simple estimate in the wave function formalism. We can see that in

all Figure 5.3, Figure 5.4, Figure 5.5, Figure 5.6, Figure 5.19 and in Figure 5.8 the

oscillation probability rapidly increases for a ă 20 and remains almost constant for

a ą 20 until onset of the period of re-ionization at a » 52. The rapid increase of

ργγ for a ă 20 is due to two reasons: a quick drop of the ionization fraction from its

value at recombination and sharp decrease of the oscillation frequency. For 20 ă a ă
52 the ionization fraction practically remains constant with ργγ slowly rising. From

beginning of the reionization period at a » 52 till a » 545 or z » 1, ργγ slowly
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decreases with superimposed oscillations of decreasing amplitude. For a ą 545 the

vacuum energy density dominates over the matter energy density. At this period the

photon creation probability remains almost constant. The oscillation probability drops

from a » 100 up to a “ 1090 roughly speaking by 20-30 %. The value of the magnetic

field at recombination has been evaluated by the anti-redshift of the present day large

scale magnetic field as given in [109, 112].
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Figure 5.3: Probability Pgγ “ ργγ of photon production by graviton as a function of

cosmological scale factor a in the interval 1 ď a ď 200 for graviton initial energy

ωi “ 105 eV and background magnetic filed Bi » 3 ¨ 10´3 G .

5.5 Models of an early production of high frequency gravi-

tons.

In section 5.5 we calculated the probability of graviton-to-photon transition taking into

account both redshift and coherence breaking in plasma and found that for graviton

energy of the order of ω » 0.1 MeV the oscillation probability is quite large, Pgγ »
10´11 for B » 10´3 G up to 10´5 for B » 1.2 G. The number density of the produced

photons, which could be directly observed as X-ray background, is proportional to the

initial density of the gravitons. The amount of GWs at present time is usually expressed

through the density parameter in gravitational waves which is defined in Equation 3.10.

Since we are interested in GWs of cosmological origin, we consider here only those

emitted before BBN.

The abundances of light elements produced at BBN depend upon the energy density

of relativistic species at t „ 1 ´ 100 sec, see e.g. book [41]. According to the recent

data [134] an additional energy density at BBN, equal to that of one massless neutrino is
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Figure 5.4: Probability Pgγ “ ργγ of photon production by graviton as a function of

cosmological scale factor a in the interval 200 ď a ď 1090 for graviton initial energy

ωi “ 105 eV and background magnetic filed Bi » 3 ¨ 10´3 G . For a ą 200, the

production probability remains almost constant.
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Figure 5.5: The same interval for the scale factor as in Figure 5.3 and for graviton initial

energy ωi “ 105 eV and for background magnetic field Bi » 1.2 ¨ 10´1
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Figure 5.6: The same interval for the scale factor as in Figure 5.4 and for graviton initial

energy ωi “ 105 eV and for background magnetic field Bi » 1.2 ¨ 10´1
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Figure 5.7: Probability Pgγ “ ργγ of photon production by graviton as a function of

cosmological scale factor a À 200 for initial magnetic field Bi » 1.2 G and graviton

energy ωi “ 105 eV.
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Figure 5.8: Probability Pgγ “ ργγ of photon production by graviton as a function of

cosmological scale factor a ą 545 for initial magnetic field Bi » 1.2 G and graviton

energy ωi “ 105 eV. We can clearly see an almost constant ργγ with a slowly variation

with the scale factor

allowed and even desirable, N´Nν ď 1. The particles which carry this additional energy

are not known. They are called generically dark radiation. At BBN the energy density

of one neutrino species (that is of neutrino plus antineutrino with vanishing chemical

potential) is approximately equal to that of photons. However after e`e´-annihilation

the ratio of neutrino to photons energy densities dropped down approximately by factor

four. The density parameter of additional degrees of freedom at BBN is bounded above

by Equation 3.40 and it would be interesting if N ´ Nν « 1 is explained by primordial

GWs.

The oscillation probability strongly depends on the graviton frequency and spectrum.

The models of primordial GW production mostly predict low frequency of stochastic

background of GWs, mainly concentrated at the present day frequencies of GWs near

f À 1 Hz. For example, as we saw in chapter 3 inflationary models predict an al-

most scale invariant spectrum at large wavelengths, and their density parameter depends

mainly on two factors, the GW frequency and the Hubble parameter H at inflation. In

the frequency range f “ 10´15 Hz up to f » GHz the density parameter is very low,

h2
0
Ωgwpt0q „ 10´15. Other post inflationary models such as pre-heating phase [47, 48],

first order phase transitions [54], and topological defects [59], in particular, cosmic

strings [57, 58] predict in the high frequency range f „ GHz the density parameter

of the order h2
0
Ωgwpt0q À 10´8.

All the above mentioned GWs production models, though predict a substantial den-

sity parameter, have maximum frequency today not more than 10´5 eV. We calculated

numerically the graviton-photon oscillation probability for frequencies f „ 10´5 eV

and found that it is of the order, 10´30. With this low value of the probability the total
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density parameter in photons of most of post-inflationary GWs models at the maximum

frequency f „ GHz would be

h2
0Ωγpt0q “ h2

0Ωgwpt0q ¨ ργγ » 10´38. (5.84)

Such a small value of the density parameter makes improbable observations of photons

from these GWs. However, as we saw in chapter 4 the GW emission could exceed that

produced by other mechanisms. Among the mechanisms considered there, we single out

the graviton evaporation, where the emitted peak frequency of quasi-thermal gravitons

would be in the range from f „ keV up to f „ MeV today. The peak frequency in this

model depends on the BH mass which turns out to be in the interval from the Planck

mass, up to À 108 g.

Let us consider, for example, gravitons with the initial energyωi “ ωptrecq “ 105 eV.

Their frequency today would beω “ ωi{p1`zrecq “ ωi{1090 “ 91.7 eV and they would

produce photons with the same frequency. The value of the graviton density parameter

at this frequency according to the above quoted scenario, could be h2
0
Ωgwpt0q » 5 ¨10´8.

And so the corresponding density parameter of the produced photons could be in the

interval(or even two orders of magnitude higher):

h2
0Ωγpt0q “ h2

0Ωgwpt0q ¨ Pgγ » 3 ¨ 10´18 ´ 4 ¨ 10´13, (5.85)

where Pgγ » 5.5 ¨ 10´11 ´ 9 ¨ 10´6 is the probability of graviton to photon conversion.

The energy flux of such photon background at the present time would be

Fγ “
ˆ

dEgw

dA dt

˙

¨ Pgγ “ c T
gw

00
¨ Pgγ “ c h2

0Ωgw ρc ¨ Pgγ, (5.86)

where T
gw

00
“ ρgw is the 00 component of the GW energy-momentum tensor and we

restored the light velocity in order to express the photon flux in the standard units

(erg/cm2 s). Taking the present day photon energy ωph „ 0.1 keV, c “ 3 ¨ 1010 cm/s

and ρc “ 1.878 ¨ 10´29 gr/cm´3 we obtain the energy flux

Fγ » 1.5 ¨ 10´15 ´ 2 ¨ 10´10 rerg/cm2 ss, (5.87)

which is comparable to the energy flux of most AGNs in the soft X-ray spectrum [135,

136] and even higher.

5.6 Resonant mixing at higher energies

In the previous sections we limited our considerations to the case of gravitons with en-

ergy smaller than the electron rest mass, ω ! me. In this section we abandon this restric-

tion and consider resonance graviton-photon transformation. In the resonance case it is

possible for the gravitons to reach an analogue of the MSW resonance in complete anal-

ogy with neutrino oscillation in matter. As we saw at the beginning of this chapter the
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Euler-Heisenberg effective Lagrangian is valid in the limit of low photon energy, when

the kinematic variables s “ pk1 ` k2q2 and |t| “ |pk1 ´ k3q2| are much smaller than m2
e .

Here k1 and k2 are 4-momenta of the initial photons and k3 and k4 are the final ones. It is

essentially means that the Euler-Heisenberg approximation is valid for sufficiently low

photon energy, ω ! me in the center of mass. For the photon scattering in external (mag-

netic) field, which we consider in what follows, the restriction is much milder, ω may

be much larger than me in the laboratory frame.The amplitude of the graviton-photon

transformation depends upon the photon refraction index which in turn is proportional

to the amplitude of the forward scattering of photons in the medium. We assume that

the external magnetic field is homogeneous at macroscopically large scale λB and slowly

varying in with characteristic time tB. It means that the energy and momentum of the

external field can be estimated as 1{tB and 1{λB. The momentum and energy transfer to

the incoming photon are respectively 1{λB and 1{tB. Correspondingly the characteristic

value of effective kinematical variable s is of the order of s „ pω{λB`ω{tBq, so even for

ω " me the Euler-Heisenberg effective Lagrangian would be valid. Thus for the calcu-

lations of the graviton-photon transformation we can apply equations used in section 5.2

in the Euler-Heisenberg approximation. This approximation is valid for a wide range of

frequencies as far as ω ! p2me{3qpBc{Bq [137, 138, 139] and depends essentially on the

strength of the background magnetic field. In fact, if the strength of the magnetic field

is a few ¨10´9 G we have that Equation 5.9 is valid for present day graviton energies of

ω ! mPl. This emphasize the fact that the Euler-Heisenberg Lagrangian and vacuum

refraction indexes Equation 5.9 are valid for almost desired graviton energies as far as

we deal with large scale cosmological magnetic fields.

The relevant terms contributing to the damping depend essentially on the energy

of the formed photon through the mechanism of graviton to photon oscillation. The

most important interactions of photons with matter in the energy range from few eV

up to 100 GeV are the photoelectric effect, Compton scattering on electrons and pair

production in the field of atomic nuclei. The photoelectric effect is the most important

effect of absorption of photons from atoms in the energy range from few eV up to few

keV. In the energy range from few keV up to few MeV the Compton scattering is the

dominant process of photon interaction with matter. For higher energies it turns that pair

production on atomic nuclei is the dominant process starting from few MeV up to 100

GeV. However, as we shall see in the next section we limit our consideration for present

day energy range of from keV up to 100 keV. At the recombination time which is our

starting point on studying the graviton to photon oscillations, the interval 1-100 keV

correspond to an energy range at recombination (roughly) 1-100 MeV, where 1` zrec “
1090. Evidently in this case the photoelectric effect is completely irrelevant because we

consider an energy range on which this effect is completely negligible [140] for present

day energiesω „ 1´100 keV and for higher energies this effect is completely negligible

in comparison to Compton scattering. The absorption of γ-rays by heavy elements at

later stage due to photoelectric effect might be important but the cosmological density
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of heavy elements is low, so for this reason we neglect it [141]

Expression for the differential cross section due to Compton scattering is given by

the Klein-Nishina formula [142]

ˆ

dσ

dΩ

˙

lab

“ r2
e

2

ˆ

ω1

ω

˙2 „
ω

ω1
` ω1

ω
´ sin2 θ



, (5.88)

where re is the classical electron radius, ω1 is the photon energy after scattering and

ω1{ω “ me{rme ` ωp1 ´ cos θqs with θ being the scattering angle. The total cross

section due to Compton scattering is given by integrating Equation 5.88 over all angles

and it reads

σKN “
3

4
σT

„

2` xp1` xqp8` xq
x2p1` 2xq2 ` px

2 ´ 2x´ 2q logp1` 2xq
2x3



, (5.89)

where x is the ratio of the photon energy to the electron rest mass energy, x “ ω{me.

The total cross section due to pair production is not an easy task to find for almost

all elements, however, for photon energies in the range 1 ! x ! 1{αZ1{3 there is an

approximate expression which reads [140]

σpp “
αZpZ ` 1q

π
σT

„

28

24
lnp2xq ´ 218

72



. (5.90)

In the case of ultra-relativistic energies of all particles participating in the process and

complete screening by atomic electrons, x " 1{αZ1{3 the total cross section due to pair

production is

σpp “
αZpZ ` 1q

π
σT

„

28

24
lnp183{Z1{3q ´ 1

36



. (5.91)

In the case of ultra-relativistic energies we can clearly see that the total cross section

is independent of the photon energy but it depends essentially on the atomic number

Z. Both Equation 5.90 and Equation 5.91 take into account the cross section of pair

production in the nuclei field and in the electron field. Contribution from only atomic

nuclei is proportional to 9Z2 while if we take into account also pair production in the

electron field one has to replace Z2 Ñ ZpZ ` 1q.
Taking into account all damping terms due to interactions of photons with the medium,

the damping matrix Γ with elements, Γλλ1 “ xΨλ|Γ̂|Ψλ1yδλλ1 which enters Liouville-von

Neumann equations is given by Γ “ diagrΓγ, 0s. The damping term for photons, Γγ is

given by

Γγ “ neσKN `
ÿ

i

niσ
i
pp, (5.92)

where ne is the free electron number density, ni is the number density of the i-th atomic

specie, σKN is the total cross section due to Compton scattering and σpp is the total

absorption cross section due to pair production. The damping term due to Compton

scattering is given by (in units of cm´1)

ΓC
γ paq “ 1.6 ¨ 10´22XepaqFpa;ωiq

”

ai

a

ı3

, (5.93)



5.6. RESONANT MIXING AT HIGHER ENERGIES 117

where Fpa;ωiq “ Fpxq with Fpxq being the expression within the square brackets in

Equation 5.89. However, in what follow we take Xepaq “ 1 in the case of Compton

scattering. In fact, in the energy range ω ą me, the energy of the formed γ-photons is

very high so they are very penetrating and as a result these photons will scatter not only

the free electrons in the plasma but even the atomic electrons of the hydrogen and helium.

The total damping term which arises due to pair production is the sum of damping on

hydrogen and helium nuclei. By noting that for hydrogen the atomic number is Z “ 1

and for helium Z “ 2 we can easily see that σ
pHeq
pp “ 3σ

pHq
pp . The total number density

per co-moving volume of hydrogen atoms is nH » nB and the total number density of

primordial atomic helium is nHe » YpnB{4p1 ´ Ypq where Yp “ 4nHe{p4nHe ` nHq is

the fractional abundance by weight of primordial helium. Taking this into account, the

damping term due to pair production on hydrogen and helium atoms is given by (in units

of cm´1)

Γ
pp
γ » 9.85 ¨ 10´25

ˆ

1` 3

4

Yp

Yp ´ 1

˙

Gpa;ωiq
”

ai

a

ı3

, (5.94)

where Gpa;ωiq “ Gpxq is the function within square brackets in Equation 5.90. In

Figure 5.9 are shown ΓC
γ and Γ

pp
γ due to Compton scattering and pair production. We

can see that for initial graviton energy ωi “ 109 eV, Γ
pp
γ (red dashed color) is larger than

ΓC
γ (red color) for a ă 10, here we use the normalization ai “ 1 at recombination time

and Yp » 0.24. For a ą 10 ΓC
γ takes over Γ

pp
γ which goes to zero at the beginning of

re-ionization epoch. In the case of graviton initial energy ωi “ 108 eV, Γ
pp
γ „ ΓC

γ for

a ă 5 and for a ą 5, Γ
pp
γ rapidly decreases to zero when the photon energy is below

the threshold of pair production ωpaq ă 2me. Therefore, Γ
pp
γ due pair production is

important only for photon energies above 108 eV and completely negligible for lower

photon energies.

As in section 5.5, here we solve equations of motions for the elements of the density

matrix ρ in the case of ω ą me in the post-recombination epoch. In the energy range

ω ą me and for some particular value of the graviton energy the oscillation of gravitons

into photons is in resonance and an enhancement of the oscillation probability occurs.

The resonance is reached when there is a level crossing between the QED effects due

to vacuum polarization and plasma effects. In this case there is a maximum mixing

between the graviton and the photon. Level crossing occurs, when mpaq “ 0 and in this

case the resonance energy as a function of the scale factor is given by Equation 5.81.

Given a graviton with energy as a function of the scale factor ωpaq “ ωi{a, its energy

would eventually cross the resonance energy when ωrespaq “ ωpaq. Since the resonance

energy depends on the ionization fraction and due to the fact that an analytical form of

the last is unknown, in Figure 5.10 we present a graphical solution of ωrespaq “ ωpaq.
We can clearly see that the resonance is crossed in general relatively early respect to the

recombination epoch and in some cases it is crossed twice as in the case of gravitons

with initial energy ωi “ 107 eV and initial value of magnetic field Bi “ 3 ¨ 10´3 G.

The background of GWs at recombination epoch is assumed to be unpolarized and

isotropic and therefore the following initial conditions ργγpaiq “ 0, ρggpaiq “ 1{2,Rpaiq “
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Figure 5.9: Plot of ΓC
γ and Γ

pp
γ as a function of the scale factor a. For initial graviton

energy ωi “ 109 eV it is shown ΓC
γ (in red color) and Γ

pp
γ (in red dashed color). For

initial graviton energy ωi “ 108 eV it is shown ΓC
γ (in blue color) and Γ

pp
γ (in blue

dashed color).
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Figure 5.10: Plot of the resonance frequency ωres and graviton frequency ω as a function

of the scale factor a. In black color and in black dashed color are presented respectively

the the graviton energies as a function of a for initial graviton energies ωi “ 108 eV and

ωi “ 107 eV. In red color and in red dashed color are presented the resonance energies

respectively for initial value of magnetic field Bi “ 3 ¨ 10´3 G and Bi “ 1.2 G.
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0 and Ipaiq “ 0 are imposed on solutions of Equation 5.70. The factor 1{2 in the initial

conditions for the graviton probability takes into account the statistical weight of the

polarization state λ. However, since we are working on the reduced density matrix of

the system, namely we solve its equation of motion for a given polarization state λ, at

the end we should multiply ργγ by a factor two in order to take into account that the

initial background of GWs is composed by two independent polarization states. In Fig-

ure 5.11 and Figure 5.12 it is shown the photon survival probability as a function of the

scale factor a starting from recombination epoch until the present epoch. In deriving our

results we took into account the universe re-ionization. In Figure 5.11 and Figure 5.12 it

can be clearly seen that once the onset of re-ionization starts a „ 52 the photon survival

probability starts contemporarily oscillating and decreasing until the universe start being

dominated by the vacuum energy at a „ 545 where afterwards the probability remains

practically constant.
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Figure 5.11: Plot of photon survival probability as a function of the scale factor for initial

graviton energy ωi “ 107 eV and initial value of magnetic field Bi “ 3 ¨ 10´3 G.

The photon production probability depends on several factors such as the energy of

initial gravitons and the matter content in the post recombination epoch. In fact we can

see in Figure 5.11 and Figure 5.12 a rapid increase on the oscillation or survival proba-

bility starting from relatively early a ă 10 in the case of initial value of magnetic field

Bi “ 3 ¨ 10´3 G where the resonance is crossed twice and an increase that starts from

a „ 50 in the case of Bi “ 1.2 G. Such rise is partly explained by a rapid decrease of

the ionization fraction which starts to grow at a » 1 and approaches asymptotically a

constant value at a » 20. Another factor leading to an increase of the production prob-

ability is the resonance effect due to a decrease of the graviton energy. In Figure 5.13,

Figure 5.14, Figure 5.15, Figure 5.16 are shown the photon production probabilities at
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Figure 5.12: Plot of photon survival probability as a function of the scale factor for initial

graviton energy ωi “ 107 eV and initial value of magnetic field Bi “ 1.2 G.

present epoch as a function of photon energy. We can clearly observe that the probability

is quite high in comparison with the non resonant case with a difference of three orders

of magnitude. The peak of the production probability depends essentially on the initial

value of magnetic field at recombination. For Bi ą 1 G the peak probability is reached

in the frequency range 1 ´ 10 keV and for B1 ă 1 G it is reached approximately for

energies of 100 keV.
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Figure 5.13: Probability Pgγ “ ργγ of photon production by graviton as a function of

photon energy at present a “ 1090 for initial value of magnetic field Bi » 3 ¨ 10´3 G.
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Figure 5.14: Probability Pgγ “ ργγ of photon production by graviton as a function of

photon energy at present a “ 1090 for initial value of magnetic field Bi » 0.12 G.
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Figure 5.15: Probability Pgγ “ ργγ of photon production by graviton as a function of

photon energy at present a “ 1090 for initial value of magnetic field Bi » 1.2 G.

In section 5.6 we discussed several mechanisms of GWs production in the early uni-

verse and calculated probability of the graviton-photon transformation in the high energy

part of the graviton spectrum. The production probability of photons as a consequence

of transformation of gravitons into photons resulted completely negligible for most of

models apart from the model proposed in [14] where the amount of GWs produced by

PBHs is substantial and concentrated in frequency range of eV or keV. Here we present
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Figure 5.16: Probability Pgγ “ ργγ of photon production by graviton as a function of

photon energy at present a “ 1090 for initial value of magnetic field Bi » 2.37 G.

detailed calculations about the spectrum of formed photons for higher energies, namely

in the energy range of few keV. As discussed in chapter 4 a black hole emits a wide

spectrum of particles with mass m ă TBH and reduces its total energy E according to

Equation 4.113. Taking into that the emitted gravitons as a result of BH evaporation

accounts for roughly 1% of the total energy, the flux of GWs emitted by a BH with mass

MBH at present is given by using Equation 4.121

Fgwpω; t0q “ 8.35 ¨ 1010
´ ω

1keV

¯4
ˆ

105gr

M

˙2 ˆ
Ne f f

100

˙2

I

ˆ

ω

TBH0

˙ „

keV

cm2 s



, (5.95)

where TBH0 is the present day temperature of an evaporating BH in the instant decay

approximation and we use the fact that for a stochastic background of GWs the energy

flux is given by Fgw “ cT
gw

00
“ cρcΩgw with T

gw

00
being the energy momentum tensor

of GWs and ρc » 5.27 keV/cm3 is the critical energy density. In Figure 5.17 and Fig-

ure 5.18 it is shown the energy flux in photons at present epoch Fγpωq “ ργγpωq¨Fgwpωq
as a result of graviton to photon oscillation in the case of PBHs with mass MBH » 108

g, Ne f f „ 100 and Ωp “ 10´3. We can clearly see a substantial contribution to the

CXB in the case of initial value of magnetic field Bi » 2.37 G which corresponds to

present day field of Bpt0q » 2 ¨ 10´6 G. The maximum of the spectrum is approximately

ωmax » 2.8 TBH0 and correspond to the photon energy ωmax » 2.25 keV and a flux of

Fγ » 18 keV/cm2 s´1. In the case of Bi “ 3 ¨ 10´3 G the peak of the flux is several

orders of magnitude smaller and has a value of approximately Fγ » 3 ¨ 10´5 keV/cm2

s´1.
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Figure 5.17: Plot of photon energy flux Fγ by transformations of gravitons into photons

as a function of photon energy ω at present a “ 1090 for initial value of magnetic field

Bi » 3 ¨ 10´3 G
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Figure 5.18: Plot of photon energy flux Fγ by transformations of gravitons into photons

as a function of photon energy ω at present a “ 1090 for initial value of magnetic field

Bi » 2.37 G.
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CHAPTER 5. MIXING OF GRAVITONS WITH PHOTONS IN THE POST

RECOMBINATION EPOCH

Figure 5.19: Energy flux of the extragalactic X-ray background spectrum from 0.2 to

400 keV as given in [143]. Most of the energy flux is concentrated in the energy band of

10-100 keV where the spectrum presents a peak at 30 keV with flux of approximately of

40 keV/cm2 s´1.



Results

In this thesis we have analyzed the formation and evolution of light primordial black

holes in the early Universe which created a transient matter domination regime in con-

trast to the present standard cosmology, where the early Universe after inflation was

normally radiation dominated. PBHs with masses less than M „ 108 g evaporated be-

fore primordial nucleosynthesis leaving no trace. Thus the fraction of the energy density

of such PBHs, Ωp, in this case is a free parameter of the model, not constrained by any

existing observations.

At MD stage the PBHs could form high density clusters which would be efficient

sources of the primordial GWs. PBHs could have dominated the Universe for a short

time of the order of their lifetime, τBH , generating relic gravitational waves by various

mechanisms of their mutual interactions as well as due to their evaporation. In the former

case we have shown that production of GWs is most efficient after BH density started

to dominate over radiation. After that moment, high density clusters of PBHs could

have been formed, leading to an efficient production of GWs. To survive till cluster

formation the PBH mass at production must be bounded from below by M „ 4 ¨ 10´5

g Ω
´1
p ∆

´3{4
in

N
1{2
e f f

, Equation 4.16, which leads to a lower bound Ωp ą 10´14∆
´3{4
in

N
1{2
e f f

.

According to the standard cosmology the amplitude of primordial density perturbations

is of order of„ 10´4, which in our case leads to a lower bound on the density parameter

of PBHs, Ωp Á 10´11.

In this context we have calculated the density parameter of GWs today from scat-

tering of PBHs in both classical and quantum regime, GWs emission from binaries,

and from black hole evaporation. We have shown that a substantial amount of grav-

itational waves has been emitted by all mechanisms considered here. In the case of

scattering of PBHs we considered only scattering between them neglecting the possibil-

ity of PBHs merging, which results in an underestimate on h2
0
ΩGW . Even in this case

the density parameter is substantial at high frequencies reaching values of the order of

h2
0
ΩGW „ 10´9 at f „ GHz for classical scattering, Equation 4.66 and the total density

parameter h2
0
ΩGW „ 10´10 for very light primordial black holes. In the low frequency

limit the density parameter in the classical case is of the order of h2
0
ΩGW „ 10´17´10´20

in the frequency range f „ 10´1 ´ 102 Hz which falls into the detection band of DE-

CIGO/BBO.

125



126 RESULTS

The number of PBHs that form binaries after cluster formation is subjected to un-

certainties and in this paper we parametrized it through factor ǫ. The exact value of this

parameter could be calculated elsewhere by numerical calculations. Since the density in

such clusters is very high we expect that ǫ is not very small in comparison with unity.

In Figure 4.2 the expected value of the density parameter of gravitational waves today

is presented. We can see that a large amount of gravitational waves has been emitted in

the high frequency regime with h2
0
ΩGW „ 10´14 ´ 10´12 at frequency f „ 1010 Hz,

Equation 4.104, on the BH initial mass.

In the low frequency part of the spectrum the spectral density parameter is utterly

negligible making it impossible to detect GWs produced by this mechanism at present

and probably in the near future. In our derivation we have considered both stationary and

inspiral phases of binaries leading to a wide range of the frequencies emitted. We have

considered only binaries in circular orbits and the problem with elliptical orbits will be

treated later. If elliptical orbits were frequent, the amount of GWs will be presumably

higher over a wide range of frequencies. We assumed that all binaries are formed with

initial radius less than the average distance between PBHs and greater than the gravita-

tional radius rg. In this case the frequency spectrum has a cutoff in both low and high

frequency bands of the spectrum.

Another mechanism of graviton productions considered here is the PBHs evapora-

tion. This mechanism is independent on the structure formation during the PBH domi-

nation. In Figure 4.3 we show the density parameter as a function of frequency for BH

masses 1 g and 105 g. Having a near blackbody spectrum, the frequency of the emit-

ted gravitons can have any value, but unfortunately the GWs spectrum has a peak in the

high frequency region which today make a substantial contribution into the cosmological

energy density of the order of h2
0
ΩGWp fpeakq „ 10´7, Equation 4.121.

The mechanisms considered in this paper could create a rather high cosmological

fraction of the energy density of the relic gravitational waves at very high frequencies

and gives an opportunity on investigating the high GWs spectrum by present and future

detectors. Unfortunately at the lower part of the spectrum ΩGW significantly drops down.

Still the planned interferometers DECIGO/BBO could be sensitive to the predicted GWs.

It is noteworthy that the mechanism of GWs generation suggested here kills or noticeably

diminishes GWs from inflation by the redshift of the earlier generated GWs at the PBH

(MD) stage.

In connection with the high frequency part of the GW spectrum emitted by PBHs as

thermal gravitons, we have shown that the non-resonant probability of the graviton-to-

photon transition in large scale cosmological magnetic field after recombination epoch

could be in the range Pgγ „ 10´10 ´ 10´5 at frequencies in 0.1 keV range (in the

present day values). An efficient oscillations between graviton and photon could exist

at higher frequencies too, but here we limit only at energies below the electron mass.

For smaller frequencies, e.g. 1 eV, the transition probability would be smaller, by about

2-3 orders of magnitude. The oscillation probability strongly depends on the external
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magnetic field and the graviton energy. For higher values of these parameters, as our

numerical calculations show, the oscillation probability can increase by several orders of

magnitude.

The photons produced by such mechanism could make considerable contribution to

cosmic electromagnetic background if the density of the original gravitational waves,

h2
0
Ωgw, is sufficiently high. We have estimated efficiency of the photon production in

various models of primordial GW generation discussed in the literature. Mostly, in the

considered inflationary and post-inflationary models the density of photons produced by

the GWs is quite low and is not observable at the present time.

The mechanism discussed here gives a large number of photons (for fixed values of

the magnetic field) only for high frequency gravitons. We think that given the present

GWs production models the only mechanism before BBN that could generate a measur-

able flux of photons is the graviton production by primordial black holes. Since PBH

emit thermal gravitons (if one neglects gray body corrections) the spectrum of the GWs

today would be rather close to the original one with some distortion induced by the

different cosmological moments of GW creation.

After hydrogen recombination the plasma density drops down and the interaction

of the photons, created by the graviton-photon transition, with electrons becomes much

weaker in complete analogy with the CMB photons. Such photons could make observ-

able contributions to the cosmological electromagnetic background, in particular, to X-

rays or extragalactic light. If we consider a conservative present day density parameter

h2
0
Ωgwpt0q » 10´7´ 10´8, the energy flux in X-rays by the proposed mechanism would

be of the order Fγ » 10´10´10´15 erg/cm2/s, Equation 5.87, where the flux upper limit

is 10 percent less than the observed energy flux in the soft X-rays [144, 145, 146]. If we

assume that the total density of the gravitational waves reaches its upper bound allowed

by BBN (and explains the possibly observed dark radiation), h2
0
Ωgwpt0q À 10´5, and

that their frequency is close to 0.1 keV, the energy flux today would be in the range,

Fγ » 10´8´10´13 erg/cm2{ s. This energy flux could a possible explanation of the low

part spectrum of the cosmic X-ray background being its dominant part without requiring

any obscured AGN.

In the case of gravitons with energy ωi " me the calculated photon production prob-

ability is quite high in comparison with the non-resonant case where the conversion

probability is by several orders of magnitude smaller. Even in this case the effective La-

grangian which takes into account non linear terms of QED reduces to the well known

Euler-Heisenberg Lagrangian where the energy of gravitons can be several orders of

magnitude higher than the electron mass. In this limit the resonance oscillation is possi-

ble whenever the term m “ 0 Equation 5.70 is zero which corresponds to the resonance

energy given by Equation 5.81. Once the resonance is crossed the graviton-photon mix-

ing is maximum with a mixing angle θ “ π{4 and a complete transition is possible. A

clear evidence of resonance transition can be seen in Figure 5.11 and Figure 5.12 where

a rapid increase occurs relatively early after recombination where the increase in the
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transition probability is also due to a rapid decrease of the ionization plasma. The prob-

ability of photon production apart on depending on the factors mentioned above it also

depends on the mechanism of produced gravitons before recombination time, namely

graviton production by PBH evaporation. In Figure 5.13, Figure 5.14, Figure 5.15 and

Figure 5.14 we show photon production probability by graviton to photon oscillation as

a function of photon energy at present time where the probability reaches high values

such as ργγ „ 10´3. In Figure 5.17 and Figure 5.18 we show the spectrum of produced

photons in the case of PBHs with mass of MBH „ 108 g.

Depending on the value of the magnetic field at recombination and on the PBH mass,

the produced photons in the resonant case could also make an important contribution to

the extragalactic background light as in the non-resonant case. In fact, if the PBH mass

is about MBH „ 108 g and Bi „ few ¨ G the produced spectrum of electromagnetic

radiation is the dominant component of the CXB in the the energy band of 0.1´ 10 keV,

Figure 5.17, Figure 5.18 and Fig. 5.19. In the case of Bi „ few ¨10´3 and MBH „ 108 g

the contribution to the CXB is smaller but still comparable with the flux of some AGN

averaged over all sky. In the case of lower PBH mass (for example MBH „ 105´ 107 g)

the spectrum is shifted to the lower part of CXB and in the ultraviolet and the oscillation

probability in this energy range is several orders of magnitude smaller than the resonant

case. In fact, the peak energy is proportional to the PBH temperature essentially through

the combination ωmax9TBH9pM{Ne f f q1{2 keV1{2 due to the redshift of the graviton

energy from the evaporation moment to the present time. So in principle heavier is the

BH the greater is the peak energy where the energy flux is maximal. If one assume that

the contribution to Ne f f comes only from the standard model with Ne f f „ Op102q and

requiring that PBHs evaporate before BBN, the maximum mass of PBH allowed is about

108 g with a spectrum of produced photons given in Figure 5.17 and Figure 5.18. On the

other hand if extra contribution beyond the standard model are taken into account with

Ne f f ě 103 the allowed PBH maximum mass by BBN can be higher than 108 g. Since

the redshifted PBH temperature is TBH » 0.2pMBH{105gq1{2N
´1{2
e f f

keV and knowing

that the PBH mass is bounded from above MBH À 3.88 ¨ 107N
1{3
e f f

g and that TBH À
4 N

´1{3
e f f

keV, one can conclude that higher is the effective number of particle species the

smaller should be the PBH temperature in order to evaporate before BBN. Consequently

higher is the number of particle species, smaller is the redshifted PBH temperature at

present TBH0. So, if we assume for example that, Ne f f „ 105 the maximum value of

the PBH mass from BBN is about M „ 109 g and the ratio of MBH{Ne f f is smaller

in comparison with the case of a PBH with a mass of M „ 108 g and Ne f f „ 100.

This would imply that for a BH with a mass of MBH „ 109 g the spectrum of produced

photons is shifted to the lower part of CXB and ultraviolet. This is a consequence of the

BBN bound on the maximum PBHs mass.

Thus what we have been discussing so far can be also used to constrain several pa-

rameters if others are known. In fact from observation of CXB, observation of other

energy bands where the graviton to photon conversion is efficient and based on the pre-
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dicted energy flux of this mechanism, it is possible to constrain either the magnitude of

cosmological magnetic field B or the PBH mass and its density parameter production

Ωp.
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Appendix A

Basics of cosmology

A.1 Cosmological Principle and FLRW metric

Today we know very well that the earth is not the center of our Universe. Moreover, our

solar system, our galaxy or our local group of galaxies does not occupy a special position

in the Universe. This would suggest that all positions in the Universe are equivalent, in-

dependently where the observer is located. In fact, a large portion of modern cosmology

is built on the Cosmological Principle, which states that on large scales our universe is

homogeneous and isotropic. Homogeneity here applies only to large scales of the order

of kpc where we consider a portion of universe averaged on large scales and doesn’t

apply to the universe in detail because on galactic scales our universe is inhomogeneous

rather than homogeneous. However, homogeneity on large scales doesn’t guarantees

that the entire Universe is smooth, but we can safely assume as a work hypotheses that a

region at least as large as our Hubble volume is smooth.

The Cosmological Principle should be putted in a mathematical framework in order

to describe the evolution of the Universe. The first step to be done in this direction, is

to choose a coordinate system equivalent for all observers and this can be achieved by

choosing a spatial coordinate xi with origin xi “ 0 at earth or on our Milky Way. Having

fixed the origin of our coordinate system, we can choose the axes directions in such a

way that the coordinate direction is fixed by the line of sight from the earth to some

typical object or galaxy and with a scale distance defined by the apparent luminosities

of distant galaxies. The time coordinate can be defined by using the Universe evolution

as a standard clock. From CMB observations we know that its temperature has been

monotonically decreasing since the last scattering time, so we can choose for example

the CMB temperature Tγ and define the time event as a function of the temperature tpTγq.
The chosen coordinate system px, tq so defined is called the cosmic standard coordinate

system.

The metric for a space which obeys to the Cosmological Principle is the maximally-
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symmetric Friedemann-Robertson-Walker (FRW) metric which reads

ds2 “ ´dt2 ` a2ptq
ˆ

dr2

1´ Kr2
` r2dθ2 ` r2 sin2 θdφ2

˙

, (A.1)

where aptq is the scale factor which is defined as xptq “ aptqr with xptq being the proper

distance, pt, r, θ, φq are called comoving coordinates, K is the spatial curvature which can

have the values `1, 0,´1 respectively for spaces of constant positive, negative, or zero

curvature. Here we will considerer only an Euclidean space with flat spatial geometry,

namely K “ 0 and Equation A.1 becomes

ds2 “ ´dt2 ` a2ptq
`

dr2 ` r2dΩ2
˘

, (A.2)

where dΩ is the differential solid angle.

It is interesting to consider the geometrical properties of the metric given by Equa-

tion A.1 which has the following metric components

g00 “ ´1, grr “
a2ptq

1´ Kr2
, gθθ “ a2ptqr2, gφφ “ a2ptqr2 sin2 θ. (A.3)

Maximally-symmetric spaces have the property that the Riemann tensor can be simply

written as

Rµναβ “ Kpgανgµβ ´ gβνgµαq, (A.4)

and with the help of metric components given by Equation A.3 the non zero spatial

components of the Riemann tensor, Ricci tensor and Ricci scalar are given by

3Ri jkl “
K

a2ptqpgikgl j ´ gilg jkq, 3Ri j “
2K

a2ptqgi j,
3R “ 6K

a2ptq . (A.5)

A.2 Cosmological redshift

The Friedmann metric Equation A.1 is non static because of the time dependence of the

scale factor aptq. Since aptq multiplies the spatial coordinates, any proper distance dptq
will change with time in proportion to aptq

dpr, tq “ aptq
ż r

0

dr?
1´ Kr2

. (A.6)

In the case of an Euclidean space, we have a flat geometry with K “ 0 and the proper

distance is simply given by dptq “ aptqr.

In order to establish if the scale factor aptq is a decreasing, increasing or constant

function, is important to see how the electromagnetic radiation propagates in the FLRW

metric. Since electromagnetic radiation (photons) propagates on null geodesics, their

line element in any space is ds2 “ 0. If we consider the electromagnetic radiation

coming toward the origin (us) in the radial direction, the condition ds2 “ 0 gives

dt “ ˘aptq dr?
1´ Kr2

. (A.7)
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Thus, if the light ray leaves the souce located at the co-moving coordinate r1 at the proper

time t1 it will reach the origin r “ 0 at the time t0 given by

ż t0

t1

dt

aptq “
ż r1

0

dr?
1´ Kr2

. (A.8)

Differentiating Equation A.8, we get the following relation between the interval δt1 of

two departure signals and δt0 of their arrival intervals

δt1

apt1q
“ δt0

apt0q
. (A.9)

Since δt1 and δt0 are respectively the times between two successive wave crests of the

emitted and detected light, the corresponding wavelength of the emitted and detected

light pλ “ 1{δtq is related to the scale factor apt1q and apt0q as follows

λ1

λ0

“ apt1q
apt0q

. (A.10)

If aptq is increasing (decreasing) this led to a redshift (blueshift) of the light from the

source. Thus, the change in the scale factor in cosmology is defined through the term

1` z which is defined as

1` z “ f1

f0
“ λ0

λ1

, (A.11)

where f is the light frequency. In the case of redshift z is positive and in the case of

blueshift z is negative. If a source is located near to us we can expand the scale factor

aptq in power series and get

aptq “ apt0q ` 9apt0qpt ´ t0q ` ... “ apt0qr1` H0pt ´ t0q ` ...s, (A.12)

where the coefficient H0 is called the Hubble constant

H0 “ Hpt0q “
9apt0q
apt0q

. (A.13)

A.3 Friedmann equations

With the metric components given by Equation A.3 let us now derive the Friedemann

equations and see how the Universe evolve with time. The dynamics of the Universe is

governed by Einstein field equations which we can write in a convenient form

Rµν “ 8πG pTµν ´
1

2
gµνT q. (A.14)

First of all we need to calculate the Ricci tensor which is given by

Rµν “ BρΓρνµ ´ BνΓρρµ ` Γ
ρ
ρσΓ

σ
νµ ´ Γ

ρ
νσΓ

σ
ρµ, (A.15)
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where the Christoffel symbols are given by Equation 1.3. We need to calculate only R00

and Ri j. We don’t need to calculate Ri0 because its a three vector and must vanish in the

FRW metric. Before calculating the components of Rµν let us see which components of

the affine connection are different from zero. Thus we have

Γ0
i j “ a 9a hi j, (A.16)

Γi
0 j “ a

9a
δi j, (A.17)

Γi
jk “ 1

2
gilpBkgl j ` B jglk ´ Blg jkq, (A.18)

where gi j “ a2ptqhi j and δi j being the Kronecker symbol. The non zero components of

the Ricci tensor now read

R00 “ ´B0Γ
i
0i ´ Γ

j

0k
Γk

0i “ ´3
d

dt

ˆ

9a

a

˙

´ 3

ˆ

9a

a

˙2

“ ´3
:a

a
(A.19)

Ri j “ 2 9a2hi j ` a:ahi j ` 3Ri j “ p2 9a2 ` a 9a` 2kqhi j (A.20)

R0i “ 0. (A.21)

Next step is to have an expression for the energy-momentum tensor which satisfies the

requirements of isotropy and homogeneity. This means that the components T0i “ 0

and the most general form of the energy momentum tensor is that of a perfect fluid

characterized by a time dependent energy density ρptq and pressure pptq. The expression

for the energy- momentum tensor of a perfect fluid is given by

T µν “ pgµν ` pp` ρquµuν, gµνu
µuν “ ´1, (A.22)

where the fluid four-velocity is normalized in such a way that uµ “ p1, 0, 0, 0q. The

components of Tµν are given by

T00 “ ρptq, T0i “ 0, Ti j “ a2ptqpptqhi j. (A.23)

Let us define S µν “ Tµν ´ gµνT{2, then the S 00 and S i j components read

S i j “ Ti j ´
1

2
hi ja

2pT k
k ` T 0

0 q “
a2

2
pρ´ pqhi j (A.24)

S 00 “ T00 `
1

2
pT k

k ` T 0
0 q “

1

2
pρ` 3pq (A.25)

S 0i “ 0. (A.26)

Now we have all needed quantities in order to solve the Einstein field equations, Equa-

tion A.14, which gives the following equations for R00 and Ri j

:a

a
` 2

9a2

a2
` 2

K

a2
“ 4πGpρ´ pq (A.27)

´3:a

a
“ 4πGp3p` ρq. (A.28)
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We can sum together Equation A.27 and Equation A.28 by multiplying first Equa-

tion A.27 by a factor three. As a result we get the following Friedmann equation

H2 “ 8πGρ

3
´ K

a2
. (A.29)

In order to have a complete set of equations for the dynamics of the Universe we

miss an equation describing the conservation of energy in the FLRW metric. We can

get such an equation by simply writing down the conservation of the energy-momentum

tensor in the FLRW metric. Since the space-time is curved, the conservation of energy-

momentum tensor in general relativity reads

∇µT µν “ 0. (A.30)

Since we are interested in the energy conservation, Equation A.30 for the components

T 0µ gives

∇µT 0µ “ BtT
00 ` Γ0

i jT
i j ` Γi

i0T 00 “ 0. (A.31)

Taking into account both Equation A.16 and Equation A.17 and introducing into Equa-

tion A.31 we get the following equation

9ρ` 3Hpp` ρq “ 0 (A.32)

The energy conservation, Equation A.32 and Equation A.29 are the two fundamental

equations in cosmology which can completely describe the dynamics of the Universe

once we know how the pressure p is related with the energy density ρ. The most simplest

relation between the two is the equation of state p “ wρ, where w is a constant. In this

case the solution of Equation A.32 for a flat geometry, K “ 0, is simply given by

ρ9a´3p1`wq. (A.33)

The most important cases in cosmology are respectively for matter, radiation and vacuum

domination energy density which correspond to pw “ 0, ρ{3,´1q respectively. For

matter dominated Universe the energy density scales as

ρptq “ ρpt0q
ˆ

apt0q
aptq

˙3

. (A.34)

Introducing Equation A.34 into Equation A.33 we get the following solution for the scale

factor

aptq9t´2{3, (A.35)

which gives the following relation of the Hubble parameter with cosmological time,

H “ 2{3t. (A.36)

Combining Equation A.36 with Equation A.29 we get the following relation of energy

density with time for the Einstein-de Sitter model

ρptq “ 1{6πGt2. (A.37)
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For an Universe dominated by radiation (RD) the energy density scales with the scale

factor as

ρptq “ ρpt0q
ˆ

apt0q
aptq

˙4

, (A.38)

and the scale factor scales with the cosmological time as

aptq9t1{2. (A.39)

In this case the relation of the Hubble parameter with time is H “ 1{2t which gives the

following relation of the energy density with time

ρptq “ 3{32πGt2. (A.40)

In the FLRW metric the connection between the curvature and the energy density is

given by Equation A.29. This equation can be written in a more convenient form such

as
K

H2a2
” Ω´ 1, (A.41)

where Ω is called the density parameter which is defined as

Ω “ ρ

ρc

, ρc “
3H2

8πG
, (A.42)

where ρc is called critical energy density. From Equation A.41 we can easily see that if

K “ 1, ρ ą ρc then Ω ą 1 which implies that the geometry of the Universe is closed

and it will contract up to a singularity at a “ 0. For K “ 0 the geometry of the Universe

is flat (Euclidean) and Ω “ 1. In this model the Universe will expand forever since

aptq ą 0. In the case of hyperbolic geometry (open Universe) K “ ´1 and Ω ă 1 and

the Universe will eventually expands forever.

In general the energy content in the Universe is a mixture of non-relativistic matter,

relativistic matter and vacuum energy, namely ρ “
ř

i ρi, where ρi is the contribution

from the i-th mixture. One can obtain very useful relations by expressing the total energy

density ρ as a function of the density parameter of the i-th mixture. In general by an ar-

bitrary constant curvature K and using Equation A.42 we obtain the following important

expression for the total energy density as a function of time

ρptq “ ρcpt0q
„

ΩM

´

a0

a

¯3

`ΩR

´

a0

a

¯4

`ΩΛ



, (A.43)

where ΩM is the present epoch density parameter of matter, ΩR is the present epoch

density parameter of radiation and ΩΛ is the present epoch density parameter associated

to the vacuum energy. Still using Equation A.42 we can define a density parameter

associated the curvature of the Universe, which at present is ΩK “ ´K{a2
0
H2

0
where the

total density parameter satisfies the relation

ΩM `ΩR `ΩΛ `ΩK “ 1. (A.44)
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By introducing Equation A.43 into Equation A.29 and after some algebraical manipula-

tions we get the following equations for the differential time

dt “ ´ dx

H0x
a

ΩΛ `ΩK x´2 `ΩM x´3 `ΩRx´4
, (A.45)

where x “ a{a0 “ 1{p1 ` zq. Integration over time gives an important relation of the

cosmological time as a function of redshift

tpzq “ 1

H0

ż 1{p1`zq

0

dx

x
a

ΩΛ `ΩK x´2 `ΩM x´3 `ΩRx´4
. (A.46)

A.4 Thermodynamics in the FLRW metric

As we saw in the previous section, the universe has been expanding since its formation

and passed different stages of cosmological evolution. Despite, the fact that thermo-

dynamic equilibrium is not maintained in an expanding universe, CMB observations

suggest that during its early stages, the particles composing the early plasma can be con-

sidered to a good approximation in local thermodynamic equilibrium with each other.

For a particle in local thermodynamic equilibrium the number density, energy density

and pressure are given by

n “ g

p2πq3
ż

d3 p f p|p|q, (A.47)

ρ “ g

p2πq3
ż

d3 pEp|p|q f p|p|q, (A.48)

p “ g

p2πq3
ż

d3 p
|p|
3E

f p|p|q, (A.49)

where g is the is the number of degrees of freedom, p is the particle momentum and

f p|p|q is the equilibrium distribution function which in the FLRW metric depend only

on the scalar momentum, p “ |p|. If the considered particles are in kinetic and chemical

equilibrium, their distribution function can be written as

f pEq “ 1

epE´µq{T ˘ 1
, (A.50)

where E “
a

p2 ` m2, µ is the chemical potential which satisfies
ř

i µi “ 0, T is the

plasma temperature and the sign ˘ takes into account for the different statistics satisfied

by bosons (-1) and fermions (+1). Inserting Equation A.50 into Equation A.47 we get

the following expressions for the particle number density, energy density and pressure

n “ g

2π2

ż 8

m

dE
EpE2 ´ m2q1{2

exprpE ´ µq{T s ˘ 1
, (A.51)

ρ “ g

2π2

ż 8

m

dE
E2pE2 ´ m2q1{2

exprpE ´ µq{T s ˘ 1
, (A.52)

p “ g

6π2

ż 8

m

dE
pE2 ´ m2q3{2

exprpE ´ µq{T s ˘ 1
. (A.53)
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Let us assume that the i species under consideration have mass, mi and temperature

Ti not necessarily in thermal equilibrium with the other particles. Let also T “ Tγ be

the temperature of photons in the plasma, then the total energy density and pressure of

all particles in equilibrium with the i species would be

ρ “ T 4
ÿ

i

ˆ

Ti

T

˙4
gi

2π2

ż 8

xi

du
u2pu2 ´ x2

i
q1{2

exprpu´ yis ˘ 1
, (A.54)

p “ T 4
ÿ

i

ˆ

Ti

T

˙4
gi

6π2

ż 8

xi

du
pu2 ´ x2

i
q3{2

exprpu´ yis ˘ 1
, (A.55)

where we have defined u “ E{T, xi “ mi{T and yi “ µi{T. If the species in considera-

tion are relativistic T " m, then from Equation A.51 we get the following expressions

for the energy density for bosons and fermions

ρ “ π2

30
gT 4 (bosons), ρ “

ˆ

7

8

˙

π2

30
gT 4 (fermions). (A.56)

In the primordial plasma most of the particles were relativistic, T " m and since the

energy density and pressure of non relativistic particles scale with energy as9pmT q3{2 expr´pm´
µq{T s, their contribution to the energy density of the plasma can be safely neglected. In

this case to the energy density and pressure would contribute only the relativistic parti-

cles and the expressions for the energy density and pressure read

ρr “ π2

30
g˚pT qT 4 (A.57)

pr “ ρr{3 “
π2

90
g˚pT qT 4, (A.58)

where g˚pT q is the total number of effectively massless (mi ! T ) degrees of freedom

and is a function of the temperature

g˚pT q “
ÿ

i“bosons

gi

ˆ

Ti

T

˙4

` 7

8

ÿ

i“ f ermions

gi

ˆ

Ti

T

˙4

. (A.59)

During the evolution of the universe g˚ changes with temperature and as a results its

value at different epochs is important since it tells us the number of effectively massless

species contributing to the plasma. In fact, for T ą 300 GeV according to the standard

model of particle physics the number of relativistic particles is made of 3 generations

of quarks (u, d, t) and leptons pe, µ, νq, 8 gluons, 3 vectorial bosons and 1 complex

Higgs doublet. In this case the effective numbers of degrees of freedom accounts for

g˚ “ 106.75. For 1 MeVă T ă 100 MeV would contribute to the plasma the photon, 3

species of neutrinos and e˘ and g˚ “ 10.75. For temperature T !MeV the only species

contributing to the plasma would be 3 neutrino species and the photon which account

for g˚ “ 3.36.
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As as far as local thermal equilibrium is concerned, a quantity which remains con-

stant during the universe expansion is the entropy per co-moving volume. It can be

derived by starting from the second law of thermodynamics in an expanding universe

dE “ TdS ´ pdV where S is the entropy and V9a3ptq is the co-moving volume. By

writing E “ ρV and S “ sV where s is the entropy density, the second law of thermo-

dynamics reads

dρ “ pT s´ ρ´ pqdV

V
` Tds. (A.60)

Using the fact that the energy density depends only on the temperature ρ “ ρpT q, the

first term on the right hand side of Equation A.60 must vanish. Thus we get the following

expression for the entropy density s,

s “ p` ρ

T
. (A.61)

Both the energy density and the pressure are dominated by the relativistic particles, so

intreating both Equation A.57 into Equation A.61 we get

s “ 2π2

45
g˚S T 3, (A.62)

where g˚S is the effective number of relativistic particles for conserved entropy

g˚pT q “
ÿ

i“bosons

gi

ˆ

Ti

T

˙3

` 7

8

ÿ

i“ f ermions

gi

ˆ

Ti

T

˙3

. (A.63)

Comparison between Equation A.59 and shows that as far as the temperature of rela-

tivistic species is the same there is no difference between g˚pT q and g˚S . Conservation

of the entropy in a co-moving volume, S “ a3s “ constant implies that

g˚S a3T 3 “ constant, (A.64)

and therefore T9g
´1{3
˚S

a´1. If g˚S is constant we get the familiar result T91{a but

whenever the factor g˚S enters Equation A.64 the temperature of the universe evolve

differently in comparison with the familiar result T91{a. Physically this means that

whenever a particle disappears or does annihilate its entropy is transferred to the other

particles in the plasma and therefore its conserved. This does happen for T ! MeV

where the electron and positron do annihilate and transfer their entropy to the photons

and neutrinos. Equation A.64 is an important result and is widely used throughout this

thesis.
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