GLOBAL COMPACTNESS RESULTS FOR NONLOCAL PROBLEMS

LORENZO BRASCO, MARCO SQUASSINA, AND YANG YANG

ABSTRACT. We obtain a Struwe type global compactness result for a class of nonlinear nonlocal
problems involving the fractional p—Laplacian operator and nonlinearities at critical growth.
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1. INTRODUCTION

1.1. Overview. In the seminal paper [21], M. Struwe obtained a very useful global compactness
result for Palais-Smale sequences of the energy functional
1 A N -2 2N
I(u) = 5 A |VU’2dx + § /Q |u‘2d$ - W o |U‘1\2’]_V2 dx, u e D(1)72(Q)

where Q C RY is a smooth open and bounded set, N > 3, A € R, and the space D(l)’2(Q) is
defined by

DL2(Q) = {u e L¥2(RV) : / IVu|?dz < +00, u=0in RV \ Q} .
RN

The functional above is naturally associated with the semi-linear elliptic problem with critical
nonlinearity

(1.1)

—Au+ Au = |ulﬁ u in Q,
u=0 on 0f2,

in the sense that critical points of I are weak solutions of (1.1). Due to the presence of the term
with critical growth in its definition, the functional I does not satisfy the Palais-Smale condition.
In other words, sequences {uy,}nen C Dé’Q(Q) of “almost” critical points of I with bounded
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energy are not necessarily precompact in D(l]’2(Q). Struwe’s result gives a precise description of
what happens when compactness fails at an energy level c¢. Roughly speaking, in this case there
exists a (possibly trivial) solution v° to (1.1) and k profiles v* solving the purely critical problem
on the whole space

_4 . N
(1.2) — Au = |[u|¥2u, in R™.
such that the sequence {un}neN can be “almost” written as a superposition of 00, ..., v¥. More
precisely, there exist {2/ }nen € RY and {\,},.eny C R, converging to 0 as n — oo, with
k i
. 2_-N . - —Z X
uy ~ 00 + Z()\;) z o ( X ”> , in Dé’Z(RN),
i=1 n
and
(1.3) c=I(0°) + Lo (v") + -+ + Lo ("),

where I, is the energy functional associated with equation (1.2), i.e.

1 N -2 2N
Tao(u) = /RN Vil de = S5 [l
This kind of result is very useful to study the existence of ground states for nonlinear Schrodinger
equations, Yamabe-type equations or various classes of minimization problems.

Since then, several extensions of Struwe’s result appeared in the literature for semi-linear
elliptic problems. We refer the reader to [12, Lemma 5] for the case of the bilaplacian operator A2
with both Navier or Dirichlet boundary conditions and to [18, Theorem 1.1] for nonlocal problems
involving the fractional Laplacian (—A)® for s € (0,1). However, the linearity of the operator
does not seem essential in the derivation of this type of results. In fact in [16, Theorem 1.2] (see
also [1,25]) a similar result was obtained for signed Palais-Smale sequences of the functional
associated with the problem

~Apu+aluP2u=pluP"2u inQ
u =0 on 0f2,

where a € LN/P(Q), 1 > 0, A, is the p—Laplacian operator and p* = N p/(N — p).

Applications of these results are provided to constrained minimization problems, to Brézis—
Nirenberg type problems (see [16]) and to Bahri—Coron type problems (see [15]), namely the
existence of positive solutions to the purely critical problem

—Apu = pu|ulP "2, in Q,
when the domain 2 has a nontrivial topology. For the aforementioned results in the semi-linear

case p = 2, we also refer to the monograph [24].

1.2. Main results. Let 1 < p < oo and s € (0,1). The aim of this paper is to obtain a
global compactness result for Palais-Smale sequences of the C' nonlocal energy functional
I:DyP(2) — R defined by

1 — p ]_ *
(1.4) I(u) :=— / M dx dy + — / alulP dx — ﬁ* / |ulPs dx,
p Jren |w —y[VEEP P Jry Ps JrN

where a € LN/*?(Q) and p > 0 (see Section 1.3 below for the relevant definitions). We recall that
{un}nen C Dy*(Q) is said to be a Palais-Smale sequence for I at level c if

lim I(u,) =c, lim I'(uy,) =0 in D_s’p,(Q)a
n—oo

n—o0
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where D~%P'(Q) denotes the topological dual space of D (Q). Critical points of (1.4) now solves
(in weak sense)

—A)S p—2, _ pi—2 in Q
) (At alul = plu i~ n 0,
u=0 in RV \ Q,
where (—A)7 is the fractional p— Laplacian operator, formally defined by
_ p—2 _
e\0 JrRM\ B, (2) |z —y|NEsp

A function u € Dy?(2) is a weak solution of (1.5) if

/ Ju(z) — u(y)P~* (u(x) — u(y)) (v(z) — v(y))
R2N

|z — y|N+sp

dx dy + / alulP~?uvdx
RN

= ,u/RN s 2uvdr, Vo€ DYP(Q).

Likewise, if # is the whole RY or is a half-space in R¥, the critical points u of the functional
I : D{P(H) — R defined by

1 u(z) —u(y) p / .
1.6 I = — " drdy — — Psq
(1.6) o) p /Rw o —yVrsr YT fon uff*de.
are weak solutions to

(1.7)

—A)ju=p lulPs~2u  in H,
u=0 in RV \ H.

(NA) Nonexistence Assumption. If # is a half-space, then (1.7) has the trivial solution
only.

Our main result is the following

Theorem 1.1. We assume hypothesis (NA). Let 1 < p < oo and s € (0,1) be such that
sp < N. Let @ CRY be an open bounded set with smooth boundary. Let {u,}nen C Dy" () be
a Palais-Smale sequence at level ¢ for the functional I defined in (1.4).

Then there exist:

e a (possibly trivial) solution v° € D3P (Q) of

(&)t aluPtu= iy, i
e a number k € N and v',v?--- ,vF € DFP(RN)\ {0} solutions of
(~Au=plufiu, iRV

e a sequence of positive real numbers {)\%}neN C Ry with A\, — 0 and a sequence of points
{28 neny C{z € Q @ dist(x,0Q) > AL}, fori=1,... k;

such that, up to a subsequence,

& .
. .0 NN — 2y _
(1.8) nh_{rgo tn = V7= (A\,) 7w ( i )] =0,
i=1 " DsP(RN)
k .
(19) nli_{go[un]%s,p(RN) = Z[UZ]IZ)SW(RN)’

=0
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(1.10) 1)+ I (') =c.

By recalling that for every u € Dé’p (RV) we have
_ P
lim(1 — s) / M dedy =C |Vul|P dz,
s 1 R2N ‘l’ — y‘ +sp RN
for a constant C' = C(N,p) > 0, original Struwe’s result formally corresponds to p =2 and s =1

in Theorem 1.1.

Remark 1.2 (About the Nonexistence Assumption). The nonexistence of solutions to prob-
lem (1.7) for half-spaces is already changelling in the local case, for p # 2. Indeed, without sign
hypothesis on the solution, this is still open for the p—Laplacian. The situation is made unclear
due to absence of a suitable Pohozaev type identity for p # 2, as well as of a unique continuation
result up to the boundary. On the contrary, if we assume solutions to have constant sign, in
the local case then this has been proved in [16, Theorem 1.1]. For 0 < s < 1 and p = 2, the
non-existence of signed continuous solutions was obtained in [10, Corollary 1.6].

Next we formulate the global compactness result for radially symmetric functions in a ball
B c RY. Due to the geometric restrictions, the final outcome is more precise and free of
Assumption (NA).

Theorem 1.3 (Radial case). Let N > 2,1 <p < oo and s € (0,1) be such that sp < N. Let

B C RY be a ball centered at the origin and assume that a € Lf\;{fp(B). Let {un}nen C DgP ((B)
be a Palais-Smale sequence for I at level c. Then there exist:

e a (possibly trivial) solution vo € DJ* |(B) of
(AP u+aluf?u=p luP>"2u, in B,
e a number k € N and v',v?--- vk € D3P |(RM)\ {0} solutions of

(—A)su=pluf*2u, inRY,

e a sequence {\! }pen C Ry with A, — 0, fori=1,... k;

such that, up to a subsequence, we have

k
: A B _
(1.11) nlggo un—vo—Z(An) ) (/\Z>] =0,

i=1 n DsP(RN)

and conclusions (1.9) and (1.10).

Remark 1.4 (Radial case for N = 1). The previous results guarantees that, under the standing
assumptions, a radial Palais-Smale sequence can concentrate only at the origin. This is due to
the fact that functions in Dngad verify some extra compactness properties on annular regions
Ary.r, = {z : Ro < |z| < R1}, which go up to the exponent p} (and even beyond). More
precisely, we have compactness of the embeddings

Dgzlr)ad(B) — Lq(ARo,Rl)v p: <g< ps#,

where pf is the critical Sobolev exponent in dimension N = 1. As for N = 1 we have p} = pf,

compactness ceases to be true for sp < N = 1 (see Proposition 4.1 and Remark 4.2). In the
one-dimensional case, in Theorem 1.3 one would need (NA) as above.
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We point out that, contrary to [16,24], on the weight function a we merely assume it to be in
LN/sP(Q), avoiding an additional coercivity assumption (see [24, condition (B), p.125]) which
was used in [16,24] to get the boundedness of the Palais-Smale sequence {uy, }nen.

The proof by Struwe in [21] is essentially based upon iterated rescaling arguments, jointly
with an extension procedure to show the non-triviality of the weak limits. The latter seems hard
to adapt to the nonlocal cases, namely when s > 0 is not integer. Thus we prove Theorem 1.1
by basically following the scheme of Clapp’s paper [7]. A delicate point will be proving that
the weak limits appearing in the construction are non-trivial. As a main ingredient, we use a

Caccioppoli inequality for solutions of (—=A)ju = f (see Proposition 2.9 below).

Remark 1.5 (The case p = 2). In the Hilbertian setting, namely for p = 2 and 0 < s < N/2,
Theorem 1.1 has been recently proved in [18] by appealing to the so-called profile decomposition
of Gerard, see [13]. The latter is a general result describing the compactness defects of general
bounded sequences in DS’Z(]RN ), which are not necessarily Palais-Smale sequences of some energy
functional. See also [17, Theorem 1.4], where some improved fractional Sobolev embeddings
are obtained. We point out that for p # 2 such an approach does not seem feasible. Indeed,
the paper [14] suggests that the decomposition (1.8) should not be expected for a generic
bounded sequence in Dy (RY) (see [14, page 387]). We also observe that some form of the
global compactness result of [18] was also derived in [20] in the study of Coron-type results in
the fractional case.

Remark 1.6. We also consider a version of the above theorem stated for Palais-Smale sequences
with sign, namely Palais-Smale sequences {u, }nen with the additional property that the negative
parts {(un)_ Ynen converges to zero in LPs. This is particularly interesting if ¢ is a minimaz type
level (i.e. with mountain pass, saddle point or linking geometry). Indeed, in this case it is often
possible to obtain a Palais-Smale sequence with sign at level ¢ via deformation arguments of
Critical Point Theory, see [24, Theorem 2.8].

1.3. Notations. For 1 < p < oo we consider the monotone function J, : RY — RY defined by

Tp(€) =[¢PP2¢, ¢ eRY.
We recall that this satisfies
& —nlP, if 1 <p<2,
(1.12) [Tp(§) = Jp(n)] <
Cp (IE] + P2 1€ —nl, ifp>2.

We denote by B,(xg) the N—dimensional open ball of radius r, centered at a point zog € R". The
symbol || - || »(q) stands for the standard norm for the LP(Q2) space. For a measurable function

w: RN 5 R, we let
_ [u@) — ()P, N
[U]DS,p(RN) = (/]R2N ‘CL' — y‘N—I—Sp dxdy

be its Gagliardo seminorm. For sp < N, we consider the space
Np
N —sp’
endowed with norm |- ] Dsp(RN)- If @ ¢ RY is an open set, not necessarily bounded, we consider
DyP(Q) :={u € DZP(RY) 1w =0 in RV \ Q},

If 2 is bounded, then the imbedding Dy?(2) < L"(£) is continuous for 1 < r < p* and compact
for 1 < r < p%. The space Di?(€2) can be equivalently defined as the completion of C§°(Q2)

DyP(RY) == {u € LP5(RY) [u] ps.r(rivy < 00}, where p! =
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in the norm [-]ps.p@ny, provided 92 is smooth enough. Finally, we shall denote the localized

Gagliardo seminorm by
[u(z) — u(y)l? )”p
u| ps, = ————dzdy :
o= ([, e
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2. PRELIMINARY RESULTS

2.1. Brézis-Lieb type properties. We first recall the following result (see [6, Theorem 1]
and [16, Lemma 3.2]).

Lemma 2.1. Let 1 < ¢ < 0o and let { fn}nen C LI(R¥) be a bounded sequence, such that f, — f
almost everywhere. Then

JTim (| fallTa ey = 1o = Flagmry ) = 110
) )

Furthermore,

(2.1) lim [ |Jy(fa) = Jo(fn — £) = Jo()|* dz = 0.

n—oo Rk
The previous result implies the following splitting properties.

Lemma 2.2. Let {uy}neny C DyP(RY) be such that u, — u in Dy¥(RY) and u, — u almost
everywhere, as n — oco. Then:

(1) [Un]pps,p(RN) — [un — u]pps,p(RN) = [u]%s,p(RN) + on(1);
(i2) Ty (un) = Jps (up — ) — Jps (u), in LPD'(RN);
(i3) it holds

Tp(un(2) = un(y))  Tp((un(w) —u(x)) — (unly) —u))) | Jp(u(@) —uly) . (R2V).

N+sp N+sp N+sp
[z —y| ¥ [z —yl ¥ |z —yl ¥

Proof. Statement (i1) follows by Lemma 2.1 by choosing

Up(T) — un(y ulr) —uly
fn:Lj\us(p)7 f:LNfsp)v q=Dp, k=2N.
lz—y > [z — |

With the same choices, we can also obtain (i3) from (2.1). Statement (i3) directly follows from
(2.1) with the choices

fn:una f:ua q:p:7 k=N

once we recalled that a weakly convergent sequence in Dy (RY) weakly converges in LPs (RY) as
well, thanks to Sobolev inequality. This concludes the proof. O
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Let I and I be the functionals defined by (1.4) and (1.6). We recall that I € C1(Dy"(Q2)),
I € CY(D§P(H)) and

(). ) = /Rw Jp(u(z) —‘xuiy;)‘ ](Vsi(sf';) —vW) . dy

—1—/ alulP~?upds — u/ lulPs=2 u o da, Vo € Di*(Q),
Q Q

(I (). ) = /Rm Jp(u(z) —‘xuiy;)‘ ](Vsi(si) —¢W) . dy

- u/RN [ulPs 2w da, Vo € DyP(H).

In the following, we repeatedly use the inclusion Dg? () < DgP(RY).

Lemma 2.3. Let a € LV/*P(Q), assume that {u, }nen is bounded in LPs(Q) and that u, — u
almost everywhere in 2. Then

Tima (Jy(un) = Ty () Hm@’(m -
Proof. Let us set
*\/ N — N
pi=la0) e10(@),  witho = 2P s

sp
and
bn 1= |Tp(un) — Jp(w)| P € L1(Q).

It is not difficult to see that {¢,}ney is bounded in L7/(“~1(Q) and converges to 0 almost
everywhere in Q, thanks to the assumptions on {uy },en. Thus we obtain

: ®)" 5 1
nh_)ngo/ﬂ ‘a (Jp(un) — Jp(u))| dx = nh—{go/gwd)n dz,
and the last limit is zero. Indeed, by Young inequality and Fatou Lemma for every 0 < 7 < 1,

1 1 — 1 _o
/ Y7 dx < liminf/ [ — V7 + 7 Tén ' — 1/“2571] dx
Q QloT? o

oro-1 n—00

1 o c—1 25 .

o Y7 dx + T (sup | ¢n  dx | —limsup [ ¥ ¢, dx.
ogT Q g neNJQ n—oo JQ

1 o
0< limsup/ Y o da < 7 T <sup/ on ! dx> ,
9) o 9)

n—o00 neN

and by the arbitrariness of 7 > 0, we get the conclusion. O

<

This proves

Next we produce a Palais-Smale sequence for I, from a Palais-Smale sequence for I.

Lemma 2.4. Let {up}nen C Dy*(Q) be a Palais-Smale sequence for I at the level c. Assume
that

(2.2) up —u in DyP(Q) and Up —> U a.e. in K.

Then, passing if necessary to a subsequence, {vy fnen := {up —utnen C DG (Q) is a Palais-Smale
sequence for the functional I at the level ¢ — I(u). Moreover, we have

(2'3) [vn]]l))s,p(RN) = [un]%s,p(RN) - [U]Il))s,p(RN) + On(l)‘
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Proof. We first observe that (2.2) readily gives that I'(u) = 0, i.e. u is a critical point of I. By
definition and hypothesis (2.2), we have that {|v,[P},en is bounded in LPs/P(Q) and v, — 0 a.e.
on Q. Thus it follows that |v,|? converges weakly in LP5/P(Q) to 0. Since a € L¥:/P)(Q), we can
infer

lim [ al|v,|Pdz = 0.
n—oo Q

A similar argument, shows that

/a|un|pd:13 = / aluPdz + o,(1).
Q Q
By (i1) of Lemma 2.2 we also get
[unﬁ)s,p(RN) - [U’I’L]%s,p(RN) = [u]%s,p(RN) + On(1)7
which is (2.3). By using the three previous displays and Lemma 2.1 for LPs (), we have
Io(vyn) = I(vy) + 0, (1) = I(uy) — I(u) + 0n(1) = ¢ — I(u) + 0,(1).

Finally, by virtue Lemma 2.3 applied to the sequence u,, — u, we have

i Ha‘]p(u” B U)HL<P§)'(Q) =0

and thus

Ioo(vn) = I'(vn) + 6n(1),
where 6, (1) denotes a sequence going to zero in D~ (Q). By using assertions (i), (i3) and
Lemma 2.3 we further get

Iio(vn) = I'(vn) + 0n(1) = I'(un) — I'(u) + 6n(1) = 6n(1),
and 6, (1) still denotes a sequence going to zero in D~ (Q). This concludes the proof. O

2.2. Scaling invariance and related facts. The following result follows from a direct compu-
tation, we leave the verification to the reader.

Lemma 2.5 (Scaling invariance). For z € Q and A > 0, we set
Q—=z
o

Q) =

Then, the following facts hold:
e if u € DJP () and we set

v (z) = N u(Ax+z) € DyP(Q,.),

then [v:,7] pew () = [l pewgeny and [vaall s gy = lull s s

o if we set

A
for w,p € Dé’p(RN), then (Il (W), p) = (I (w), ¢, ) and

I (e ¥ ! (w ¥ ‘
<Ioo('w)a [@]Ds,p(RN)> <Ioo( )7 [()O:IDS»P(RN)>

Next, we transform a Palais-Smale sequence for I, into a new one via rescaling and localization.

@(z) = A" w (”“’ —_ z) L @) = A T e+ 2),

sup
€Dy ()

= sup
(pEDS’p(Q27A)
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Lemma 2.6 (Scalings, case I). Let {z,}neny C Q and { A\ }nen C Ry be such that

lim z, = 2o and lim A, = 0.
n—oo n—oo

Assume that {u, }nen C DJP(Y) is a Palais-Smale sequence for I, at level ¢ and that the rescaled
sequence

N-cp sp Q—z,
on(2) =M " un(Ap x4+ 2n) € Dy (2n), where €, = W
n
s such that
v, — v in DFP(RY), vy — v ae in RV,
If
(2.4) lim 2% = = +o00, where oy, = 1dist(,z: 00)
* n—00 A n - 2 s )

then v is a critical point of Io on DyP(RY), i.e.
(I’ (v), ) =0, for every o € DyP(RY).
Moreover, if ( € C5°(B2(0)) is a standard cut-off such that ( =1 on B1(0), the sequence

sp—N

Wa(2) 1= tn(2) = An ¥ v <Z < Z") ¢ <Z — Z”) e DIP(Q),

n On

is a Palais-Smale sequence for I at level ¢ — I (v) and such that

(2.5) [un]%s,p(RN) - [wn]st,p(RN) = [v]st,p(RN) + on(1).

Proof. Let us assume (2.4), under this assumption the sets ,, converges to R"V. Thus, for every
¢ € C3°(RY) with compact support, we can assume that €2, contain the support of ¢ for n
sufficiently large. From Lemma 2.5 and the hypothesis on {u, }nen, it readily follows

0= Jim (Zlun ™ o (522) ) = i (o)) = (L))

n—oo n—0o0

By arbitrariness of ¢ € C’go(RN ), we get the desired conclusion. Before going on, we observe
that since v is a critical point of I, from Proposition B.1 we get

*

(2.6) v e LYRY), for every I; < q<pi

For the second part of the statement, we first observe that w,, € Dj”(2) thanks to Lemma A.1.
Thanks to (2.6) we can apply Lemma A.2: by using this and (i;) of Lemma 2.2, we have

(2 7) [’U'ﬂ]%s,p(]RN) - [Un ( n/Qn )]Ds P(RN)
‘ = [Un]Ds,p(RN) - [Un - ]Ds,p(RN) + On(l) = [U]Il))s,p(RN) + On(l)a

thanks to the fact that A\, /g, converges to 0, by assumption. From the scaling properties of
Lemma 2.5, this yields

[un]%s,p(RN) - [wn]st,p(RN) = [U]%s,p(RN) + OTL(]‘)? asn— OO,
which proves (2.5). Similarly to (2.7), we also have

(2.8) [N vy~ [vn = v C(An/on - s ®N) = HUIIL,,S(RN) +on(1)
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By scaling, (2.7) and (2.8) we get

1 I .
Ioo n) = — |Un — >\n n‘p - n — )\n n'psd
() = 2 [0 = 0 €O/ 00 Wiy = B [ 10w =00/ 2P
1 Lo H P} K I
=5 [vn] psw@yy — ’ (o) per @y = - /RN |vn[Ps dz — - /RN [v[P* dz + 0 (1)
= Ioo(vn) = Ioo(v) 4 0n(1)

~

oo(un) - IOO(U) + On(l)
I(v) + o, (1).

o
\

It is only left to show that {wy},en is a Palais-Smale sequence. For any ¢ € Dg* () with
[@]Dsm(RN) =1, we set

N—sp

on(x) =" oAz +2p) € Dg’p(Qn).

Clearly we still have [pn]ps.pnvy = 1. We first observe that
(2.9) (I (vn = v C( A/ 0n-))s on) = (Iog(vn = ), @n) + 0n(1),
where 0, (1) is independent of . Indeed, by using the compact notations

Zn(@,y) = (vn(@) = v(@) COnfon)) = (valy) = v(1) COn/ 0 p))
and
Valw,y) = (vn(@) = v(@) = (valy) = v()).
we have
(I (vn —vC( A/ on ")) = Iog(vn — ), @n)

| @@ ) = @ 0) (enf@) - eav)
o

dx dy

|z — y|N+sp

o] [ (st = 0 €00 = Tl =) ot

We focus on the nonlocal term, the other being easier. By Holder inequality this is estimated by

1

( / o(Zn(, ) = Hp(Valw, )P dy> .
R2N

|z — y|N+sp

Let us suppose for simplicity that! p > 2. Then we use (1.12) and Holder inequality with
exponents

B/ and
p b—p

Ior 1 < p < 2 the proof is even simpler, it is still sufficient to use (1.12).
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so to get

/ [ p(Zn(,y)) = Tp(Va(, 9)) P dx dy
R2N

|z —y|NFsp

p' (p—2) ’Zn(xa y) — Vn(xa y)‘p’
<G, [, (Zul0)l+ Wato0)) U

/ /
p—p p

(Zu(, )| + Vi, )])? (] Za(,y) — Ve )P\ 5
< d
=G </RN o —yVrer W N P

By recalling the definitions of Z,, and V,,, we get that the first term is uniformly bounded, while
the second one coincides with

[0 ¢/ 0n) = VL p oy

which converges to 0 thanks to Lemma A.2. This proves (2.9) and by using it in conjunction
with Lemma 2.2, we get

(I (wn), ) = (Iog(vn = vC(An/0n ), ¢n)
= (I (vn — ), ¢n) + 0n(1)
= (I (vn); @n) = (I (v), n) + on(1),
= (I (un), ) — (I5(v), ) + 0n(1),

where o,(1) is independent of ¢. We now use that {u, }nen is a Palais-Smale sequence and that
(I' (v),n) = 0 by the first part of the proof. This allows us to conclude. O

Lemma 2.7 (Scalings, case II). Under the assumptions of Lemma 2.6, if

1
(2.10) lim inf " dist(zy,, 02) < 00

n—oo n
then zp € 0, v € DJP(H) and v is a critical point of I on Di*F(H), i.e.
(I(0),9) =0, for every p € DIP(H),
where H is a half-space.

Proof. Under the assumption (2.10), the proof is the same as in the first part of Lemma 2.6, we
only have to observe that in this case the sets €2, converge to a half-space H. O

Next we prove that nonsingular scalings of weakly vanishing sequences are weakly vanishing.

Lemma 2.8. Assume that u, — 0 in Dg’p(RN), A = Ao >0, {2, nen C RY such that z, — zp.
We set

Un(2) = A ¥ up(Apx + 2p).
Then v, — 0 in Dy?(RY).

Proof. Take any continuous functional F € D~5#' (RN). Then, there exists a function ¢ €
LY (R?N) with

N+sp
[z —yl v

(F,u) = /RQN Pl y) (ulz) — u(y)) dz dy, for all u € DYP(RY).



12 L. BRASCO, M. SQUASSINA, AND Y. YANG

We have, by a change of variables,

N—sp —
/ o, y) (Un(An T + 2n) — Un( Ay + 20)) dx dy
RQN

<F7Un> :)\TL P

N+sp
[z —yl
T—zn Y— 2y
Ly e (5 ) - )
=\, ? /RQN T dx dy := wy,.

lz —yl 7
On the other hand, introducing the functions of ¥,,, ¥ € L (R*N) by setting

T — Zn y—Zn T — 20 y—ZO
Wd%y%zw( Ty >, @@w%:@< N >,

we have

B _2?1)’ U(z,y)(un(z) — un(y)) 2
Wnp = >\n /RzN d dy

N+sp
|z —yl 7
7g \I/n -V n - Un
Ry [z =yl v
_g \Ijn ’ -V ) n - Un
T [ W) - V)@ =) g,
R jz =yl

in view of u, — 0 in DJP(RN) and ¥ € L¥ (R?N). Then w, = 0,(1) follows by

sup Nt < 00,
TLGN |l‘ —y| p LP(R2N)
and ¥,, — ¥ strongly in L¥' (R?V) as n — oo, since A, — Ao > 0 and z, — 2. O

2.3. Estimates for solutions. Next we prove a Caccioppoli inequality, which will turn out to
be the main technical tool in order to handle Step 3 in the proof of Theorem 1.1.

Proposition 2.9 (Caccioppoli inequality). Let F € D=*?(Q) and let u € DJP(Q) with

Jp(u(z) —u z) — o
A;N ((),x%zﬁxﬁ ) daay = (), for any ¢ € Dy"(Q).

Then for every open set Q' such that ' N Q # 0 and every positive ¢ € C§°(Y) we have

/ |u(@) () — uly) ¥(y)|”
Q' x Q!

|z — y[NFsP

dx dy
[(x) — (y)l”

=¢ |z —y|Nsp

(1@l + o)) dr dy

p—1
+C ( sup /g ‘U(zNN+5pdx> /gﬂuprdx—FC‘(Fﬂpr>

yEspt(yp) JRN\QY B ,

for some constant C > 0 depending on p only.

Proof. The proof is the same as that of Caccioppoli inequality [5, Proposition 3.5]. The only
differences are that here F' is not necessarily (represented by) a function and that the test
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function 1 can cross the boundary 9Q. We insert the test function? ¢ = 1 u, where ¢ € C§°(Q)
is as in the statement. Then we get

ey [ B e g — at) o) ddy = (),

|z —y|Nep

We now split the double integral in three parts:

7, — / Jp(u(x) - u(y)) (u(:L‘) w(x)p _ u(y) Qp(y)p) dx dy,
Q' xQ

|z —y|NFep

. Jy(u(@) — u(y))

2= |z — y[N+sp

QUxRN\Q) T Y

Jp(u(z) — u(y))
- : u(y) Y(y)? do dy

ERN\Q)xq [T —y|NTeP
The first integral Z; can be estimated exactly as in [5, Proposition 3.5], with the choices

v =1u, g(t):t:G(t)7

u(z) P(z)? dx dy,

and

there. This gives
‘p

dx dy

Jua) () = uly) (y)
¢ »/Q/XQ/

(2.12) |z —y|Nop

[¥(x) — ¥y

<Li+C |z — y[Ntsp

(lu@)P? + lu(y)1") da dy.

For the estimate of Z, we proceed similarly to [5], by observing that the positivity assumption
on u can be dropped. Namely, we simply observe that by monotonicity of 7 — J,(7), for z €
we have

Q' xQ

Jp(u(@) —u(y)) = Jp(—u(y)), if u(z) >0
Jp(u(z) —u(y)) < Jp(—uly)), if u(x) < 0.
Thus in both cases we get
Ip(u() — u(y)) u(z) = Jp(—u(y)) u(z).
Then we obtain

u(y) P2 u(y
Bz /Q’X(RN\Q') ||ﬂE—)|y|N+S(p) uley ) dedy

(2.13) .
> s [ ) [ ) v
vespt(v) JRN\@ [T — y[N TP o
The third integral can be estimated in a similar fashion. By inserting the above estimates in
(2.11), we get the conclusion. O
Let us set
Spo = inf [l ¢ Il ey =1}

ueDP (RN)
which is nothing but the sharp constant in the Sobolev inequality for D" (RY), namely
(2.14) Sp.s for all u € DyP(RY).

|uHI£p§ (RN) < [u]%s,p(RNy

20bserve that this is a legitimate test function, since Y? u € Dg’p(RN) by Lemma A.1 and 9? u = 0 outside Q).
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It is useful to remark that if u € Dy*(E) weakly solves

(2.15) (A)yu=p lulPs~2u in E
' u=0 in RV \ E,

in some open set £ C RY (E = R" is allowed) and for some p > 0, then we get
[u]st,p(RN) =p ||uHip;‘ (E)

Combining this with (2.14) yields the following universal lower bounds for the norms of the
nontrivial solutions of problem (2.15), that is

N N
Sps \ P Sy 7
(2.16) [l gy > < ns) and s > 4 < p,s> |
K K
This in turn entails the following universal estimate for the energy of solutions
1 S o
p _ pg d > 7 D,S .
P [ ]Ds D ]RN / |u‘ L K N ( L )

This lower bound can be improved, if we consider sign-changing solutions. This is the content of
the next useul result.

Lemma 2.10 (Energy doubling). Assume that u € DJP(E) is a sign-changing weak solution to
(2.15) where > 0 and E is a (possibly unbounded) domain in RN . Then

N N
x S sp S sp S, sp
Ps p;s P D,s P,S
@17) Nl ) 22( p > oo ZQM( [ )  eolu )>2uN < ) '

Proof. For p = 2, see [20, Lemma 2.5]. In the general case, the heuristic idea is to exploit the
fact that uy := max{+u,0} € Dy*(E) \ {0} are both positive subsolutions of (2.15). Thus the
above universal estimates hold for both of them separately. More precisely, it is readily seen that
for a.e. (x,y) € R?Y the following inequalities hold

Jp(u(e) — u(y))(uy (v) — uy(y)) = fug () — ui(y)[”,
Jp(u(z) —u(y))(u—(y) —u(2)) = Ju_(2) —u_(y)".

Then, testing equation (2.15) by u4 (respectively —u_) yields

[u+]st,P(]RN) < /R2N (U(x) ( )) (u+($) — u+(y))dxdy = IU/L; (u+)pzdx7

|z —y[ NP
Jp(u(z) —uly)) (u—(y) — u_(x)) :
P 2 _ o
[U—]Ds,p(RN) S /I\QQN ’[L‘ _ y’N"‘SP dxdy — /,L/; (u_> d.f
As before, we can combine these equalities with S, HuiH’;pZj &) < [us]}., (rv) to get

Sp,s N/sp
”“i‘Lps(E)> 7 '

By summing up these two inequalities, we get the first estimate in (2.17). The second one is
then obtained by observing that from the equation we have

0y = 1l
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Finally, for the third estimate in (2.17) we observe that from the previous identity

1 T 11 . s (8, \ VP
I _tp T i 1 D) DS
oo(u) » [U]Ds,p(RN) ot ||U| L3 (E) o) (p p:) ||u] i (E) = 1% N 1 s

which completes the proof. O

3. PROOF OF THEOREM 1.1

We divide the proof into five steps.

» Step 1. We first observe that the Palais-Smale sequence {up }nen is bounded in D{P(€2). In
fact, by hypothesis we have

]. ]. ,LL *
3.1 I(uy) = = [un)b,, +/aunpd:c—/unp5da::c+onl,
(3.1) L A R A 1)
and
by + [ linl?de = [ Junl? e = (100 ) = 0n(1) ] oy

as n — 0o, which yields

1 1 . 1
3.2 - — — Un|Podr = I(up) — — (I (un), un) < c+ 14 0,(1) [un] ps, .
(3.2) u(p p;>/ﬂ" (1) = 1) ) (1) [tt] o vy

In turn, by Holder inequality and (3.2), with simple manipulations it follows

P
* P3
(3.3) ‘/Qa|un\pdw < lall pvvsp () (/Q ]un]de:(:> < O+ on(1) [un] psw(rny,

where C' > 0 depends on N, s, p, 4, ¢ and the norm of a, but not on n. Whence, from (3.1), (3.2)
and (3.3), we infer, as n — oo

[un]%s,p(RN) <C+ On(l)[un]Dsyp(RN)a

which shows the boundedness in Dj*(€2). Hence, passing if necessary to a subsequence, we
have u,, — v° in Dy*(Q) and u, — oY almost everywhere in Q. By Lemma 2.4, it follows that
I'(vg) = 0 and u} = u,, —v° € DyP() is a Palais-Smale sequence for I, at level ¢ — I(vp), and

[ui]%syp(RN) = [un]%s,p(RN) — [Uo]%s,p(RN) + on(1), as n — 0o.

» Step 2. If u} — 0 in L5 (RY) up to a subsequence, since I’ (u}) — 0 in D=5 (Q) we have
ey~ [ J0hP? o = (T ), ) = (1) [y

Since this sequence is bounded in Dy?(Q), this yields that [u}] psprN) — 0 as n goes to oo, thus

completing the proof. Let us now suppose that {u}},cn does not converge to 0 in LPs (RY).
Then, up to a subsequence, we have

inf / lul|Ps da := 6 > 0.
neN JrN
We now take 0 < § < dp, to be specified later on, and introduce the Levy concentration function

Qn(r) := sup / lul|P=dz, r>0, neN.
EERN J By ()
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For all n € N, the function r — @, (r) is continuous on R (see Lemma 3.1 below). This and
the fact that Q,,(0) = 0 and Q,(c0) > § imply the existence of {\!},en C Ry such that

Qn(A\L) = sup / lul |P* dx = 6.
¢ERN JB,1 (8)

Moreover, since |u,|Ps vanishes outside €, still by Lemma 3.1 we know that

§=Qn(\) = / lul|Ps dz,  for some z} € {z € RN : dist(z, Q) < AL}

B)\,}L (2%)

Before proceeding further, we record the following observation: since if A > diam(Q), then

Qn(AL) S”p/Bl

L7 e = / WL d > 6 = Qu(AL),
¢erN /By, (6) o

we obtain that the sequence {\l},cx is bounded. This in turn implies that {z}},cx is bounded
as well, by construction. We consider now the sequence v} : Q,, — R defined by

1 1

AT(Q - Zn)

n

N—sp

(@) =) 7wzt z), Q=

n n

In light of Lemma 2.5 the sequence {v}},en is bounded in Dg?(RY) (because so is {ul}nen)
and thus we can assume that

vy =o' in DYP(RY), vl — ol in LY (RY) for every o € [1,p}),

and
U,ll —ol,  ae onRY,
up to a subsequence. Observe also that
(34 o= [ wdlrde= [ juiPrde=swp [ i,
By1 (2r) B1(0) 2€RN J By (2)
and this in turn implies that

(3.5) |Byi(22) NQY > 0.

» Step 3. The argument that we exploit in this step is substantially different from the argument
originally devised by Struwe in [21], requiring a delicate extension procedure on the sequence of
approximate solutions. We rather follow a related argument contained in [7].

We claim that the limit v; found at the previous Step 2 is v1 # 0. Suppose by contradiction
that v; = 0 almost everywhere. Then, we would have that v} — 0 in LEC(RN ), for every
o € [1,p%). Let h € C°(RY) be positive and such that

(3.6) supp(h) C Bi(z) C Bs)(0), for an arbitrary z € By /5(0).

We now recall that for functions in Dj*(B3/(0)) the following Sobolev inequality holds (see [5,
Proposition 2.3] with the choices r = 3/2 and R = 2 there)

b
P
(3.7) (/183/2(0) |ulPs d:):) <T [u]%.s,p(BQ(o))7
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for a constant 7 = T (N, s, p) > 0. By the Holder inequality and (3.7), since h v} € Dg’p(Bg/g (0)),
it follows that

sp

P
N . p;
/hp|v;\p¥dxs</ rvwé‘dx) (/ (hob))"* d:r)
RN Bi(2) B3 /5(0)

sp

N
S 7" (/ |,U1:5‘ps daj‘) [h U%L]%Sﬂp(BQ(O))’
Bi(z)

for some positive constant 7 depending only on N,s,p. We now observe that by the very
definition of I/

Jp(vh () — vl () (e(x) — o(y))
/Rw |z — y|NFsp ey

(3.8)

- “/RN [plP 2oy pda + (I (0h), ), for any € DP(Q).
Then, by applying Proposition 2.9 for every n € N with the choices
Q:=0Q,, Q:=B0), u:=vl, ¢Y:=h F:=plP*?v}+1 ),

ns

we get
[vh(@) hla) — o) hw)*
— y|N+sp €Tay
B5(0)x B2(0) |z — y|
h@) ~ b [ 1
=¢ T (@) 4 ()P dz dy
B0 |0 =y (’ (@) +| ()\)
(39) ‘Ul($)|p_1
+C sup / B / (ol | 1P diz
YEB3,2(0) JRN\B2(0) |z —y| p By (0)
+C B fosP% i+ C (T (0h), 0h 7).
B3/2(0)

Observe that thanks to (3.4), we know that B(0) N €2, in a non-empty open set. We proceed to
estimate the terms on the right-hand side of (3.9). For the first term on the right-hand side, we
have

‘h(x) — h(y) ’P . ) )
o =y rer \[t@F F[on @) ) dz dy
/Bz(O)ng(o) |z — y[N+sp (! (z)[P + |v} (y)] >

dy
< |Vh|]? ' (z)|Pd
= [vAl /32(0) (/132(0) |z —y\N’LSp_p) oal)l e

dx
p 1 _
IV /Bz(m (/32(0) |z —y\N+Sp_p> = o)

thanks to the local strong LP convergence to 0 of {v}},cn. For the second term on the right-hand
side of (3.9), we observe that for the same reason we have

/ lvk| BP dz = 0,(1),
By 5 (0)
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while by Hélder inequality, for every y € Bs/5(0) we get

p—1

v} (z) [P~ " Pz
/ ii]\f‘i’sp dx S "U}L‘ps dx
RN\ B2(0) [z —yl RN
ps—p+1

p: Ps
% / m _ y’—(N-I—sP) PE-pHl (g ,
RN\ B2(0)

which is uniformly bounded. For the third term, by using inequality (3.8), and recalling (3.4)
and (3.6), we have

spP
N
D |1 D5 1p} 17p P 11p
/33/2(0) h ’vn’ dx S 7- </B1(z) ’/Un’ dx) [h Un] DS,P(BQ(O)) S 7—5 N [h UTL] D&P(BQ(O))
For the last term, since I’_(ul) — 0, we learn from (ag) of Lemma 2.5 that

we;;zggn) ‘<I(/)O(UTIL)7 [‘P]D:i@RN)M = o,(1),

thus in particular [(I%(v}), AP v})| = 0,(1), since the sequence {h? v}},en is bounded in Dy?(£2,)
in view of Lemma A.1 (recall that {v;} },en is bounded in Dy*(Q,)). By introducing the previous
estimates in (3.9), we thus get

1P sp 1P
[h Un]Dsm(Bg(o)) <CT 6w [hu,] Dsr(Ba(0)) T on(1),

where we recall that C is the constant appearing in the Caccioppoli inequality of Proposition 2.9
and this depends on p only. By choosing®

N
s [ L G
B DY AN

from the previous inequalities we obtain
[h o] pew(B(0,2)) = 0n(1), as n — 0o.

By using again the Sobolev inequality (3.7), this in turn implies
/ (h|vi))* da = on(1).
B3/2(0)

By arbitrariness of h € C§°(Bi1(z)), we obtain that {v}},en converges to zero in LfEC(Bl(z)).

Finally, taking into account the condition (3.6) and the arbitrariness of z € By /5(0), we obtain
that {v)}nen converges to zero in LPs(B;(0)), which contradicts (3.4). Hence, v' # 0.

» Step 4. We have already seen in Step 2 that the sequences {z}},en and {\l},cn are
bounded, thus we may assume that 2} — 2} € RY and AL — A} > 0. If A} > 0 then as a
consequence of the fact that ul, — 0 in D3P (Q), we have v} — 0 in Dy¥(RY) by Lemma 2.8 and
this is impossible by the previous Step 3. Thus AL — 0 and by construction this implies

lim dist(z},00Q) =0 and 2 eq.
n—o0
We now distinguish two cases:

1 1
cither  lim —-dist(z},0Q) =occ or liminf —dist(z}, Q) < oo.

n—oo AL n—oo AL

30bserve in particular that § depends on IV, s, p, 1 and Jp only. Also observe that we can always suppose dp < 1.
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In the first case, by Lemma 2.6 we have I’_(v!) = 0 so that

(—A)Zvl = p|otPs"2 ot in RY.

Moreover, by recalling (3.5), we obtain that
zh e {zx e : dist(z,00) > AL},

for n sufficiently large. In the second case, by Lemma 2.7 we would have v; € Dg*(H) for a
suitable half-space H and

p

(At = p PRl i A,
vl =0, in RV \ #H.

On account of Assumption (NA), this case is ruled out.
We set o} = dist(z},09Q)/2 and take ¢ € C§°(B2(0)) a standard cut-off function, such that
¢ =1 on B;1(0). We consider the sequence

= - 0T (5 ¢ () e oo

n

by construction we have that AL /ol converges to 0, as n goes to co. Thus Lemma 2.6 assures
that {u2},en is a Palais-Smale sequence for I, at the energy level ¢ — I(v") — Io(v!) such that
2]p

nlpsp®RN) — [un]%s,p(RN) - [UO]

1
[u %s,p(RN) —[v ]%S,p(RN) + on(1).
» Step 5. We can iterate the previous construction to cook-up a sequence {v*}en of critical
points of I, and, for every k € N, sequences {z¥}nen, {\ nen, {0F bnen and {ul},en € D3P(Q)
with
k—1

)= uhe) - 00 o () ¢ (2R,

i
i=1 n &n

where ¢ is the same cut-off function as above. By construction, we have that {u’},cy is a
Palais-Smale sequence for I, at the energy level

k-1 A
c—I(0°) = > Io(v),
=1

and, furthermore,

k—1
. .
[un]pps,p(RN) = [Un]pps,p(RN) - [vz]pps,p(RN) + on(1).
i=0
Observe that each v',... v¥~! is a critical point of I, thus from (2.16) we get

N

S, 5P
ey < [onlgry — Ty = 6= 1 (%22) 7 40,00,

which implies that this iterative construction must stop at some kg € N. As at the beginning of
Step 2, this means that [uﬁO]Ds,p(Rw) — 0 as n goes to co. This in turn yields (1.8), (1.9) and
(1.10), as desired. O

In Step 2 above we used the following result, which is well-known. We record its proof for the
sake of completeness.
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Lemma 3.1. Let f € L'(RY), then its Levy concentration function
Qf(r) ‘= sup / |fldz, T >0,
EERN JB,.(€)
is a continuous function. If f =0 outside a bounded set K with smooth boundary, then for every

r >0 the supremum in the definition of Q(r) is actually a mazimum. More precisely, we have

Qf(r) = max/ |f| dx, with K, = {z € RY : dist(z, K) < r}.
SR /B (¢)

Proof. The function @)y is monotone non decreasing. Observe that for every £ € RY the function

T |f| dx
Br(¢)

is continuous, then @) is lower semicontinuous as a supremum of continuous functions. Let us
suppose that there exists g > 0 such that

ot = lim+ Qf(r) # lim Q(r) =:£".

7‘—)7"0 ’I"—)T‘O

By monotonicity and lower semicontinuity of @, this means that £+ > ¢~ = Q(r¢). Let us set
e =0T —Q¢(ro), then for every r > ry we have

Qf(r) — Qs(ro) > &.
By definition of Qf, we can then choose & = &(g, ) € RY such that

€
< e[ ipae= [ 1z
Br(éo) Br (é0) Br(€0)\Brg (é0)

Since the measure of the annulus B,.(&y) \ By, (£o) converges to 0 as r \, ¢, this gives the desired
contradiction. Let us now assume that f = 0 almost everywhere in RY \ K. For every r > 0 the

function
e [ il
B (¢)

is continuous and it vanishes if B,.(¢) € RY \ K. This happens if dist(¢, K) > r and we conclude

0

the proof. O
Remark 3.2. We observe that if the level ¢ satisfies
N/sp
s S
3.10 2 —p (22 .
(3.10) CSEN < I >

then k in Theorem 1.1 is either 0 (compactness holds) or k =1 (compactness fails). In the second
case, the unique function v! must have constant sign and be different from 0 almost everywhere.
Indeed, let us assume (3.10) and observe that I(v°) > 0, since vy is a critical point of I. If we
suppose that v! is sign-changing, from Lemma 2.10 and the decomposition (1.10) we would get

s (S8 N/sp
c:I(vO)+Ioo(v1)22uN (pS> ,
i

thus contradicting (3.10). This implies that v! has constant sign and we can conclude that v! # 0
almost everywhere, thanks to Proposition B.3.
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We say that {un }neny C DyP(Q) is a Palais-Smale sequence with sign for I at level c if it is a
Palais-Smale sequence and

nlggo [ (un) =l o2 @ =0

With minor modifications in the proof of Theorem 1.1, we can get the following variant for
Palais-Smale sequences with sign. We leave the details to the reader.

Theorem 3.3. We assume hypothesis (NA). Let 1 < p < oo and s € (0,1) be such that
N > sp. Let @ C RN be an open bounded set with smooth boundary. Let {u,}nen C Dy"(2) be
a Palais-Smale sequence with sign for the functional I defined in (1.4) at level c.

Then there exist:

e a (possibly trivial) non-negative solution vo € DJ*(Q) of
(—A)Zu+a\u|p*2u: puPst in ,
e a number k € N and v*,v%--- [ vF € DSP(RN)\ {0} positive solutions of

(=4)p

-1 . N
pU = pufs™, in RY.

e a sequence of positive real numbers {')\il}nGN C Ry with X, — 0 and a sequence of points
{zI nen C {z € Q : dist(z,00) > N\, }, fori=1,...,k;
such that, up to a subsequence, conclusions (1.8), (1.9) and (1.10) follow.
The positivity of the limiting profiles v!, ..., v* in the result above can be obtained by appealing
again to the minimum principle of Proposition B.3.
4. RADIAL CASE

4.1. Improved embeddings for radial functions. In the proof of Theorem 1.3, we need the
following embedding result for the space Dy”  (B). In what follows, by K € E we mean that K
is an open bounded set with compact closure contained in F.

Proposition 4.1 (Compact embeddings). Let 1 < p < oo and s € (0,1), we set

P .
) Zf8p< 17

pf={ 1-sp ~
too0, ifsp=>1.

Then we have the compact embedding
D0 P 4(Br) — LY(K),
for every 1 < g < pf and every K € RV \ {0}.

Proof. Let us start with the case sp > 1. We remark that we already know that the embedding

DyP(Bgr) = LP (RY) is compact (for example, see [3, Theorem 2.7]). A simple interpolation

argument permits to infer the desired conclusion. Indeed, let us take ¢ > p, a set K € RV \ {0},
for every u € DJ* (Br) by using Lemma 4.3 and (4.1) we obtain

/]u\qdm:/ (]ac 5
K
< Cklu DSP(B /|u| dz.

Thanks to this we can get the desired conclusion.

)q_p lulP |z M2 aD) gy
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As far as the case sp < 1 is concerned, we still use that Dj”(Bp) compactly embeds into
LP(BpR) and then the assertion follows by Lemma 4.3 jointly with a standard interpolation
argument in Lebesgue spaces. U

Remark 4.2 (The exponent pf) We observe that pf coincides with the one-dimensional Sobolev
exponent. In the case sp < 1 it is not possible to go beyond this exponent in Proposition 4.1.
Indeed, for sp < 1 it is not difficult to construct a bounded sequence {un }nen C D (B1(0))

such that for a suitable compact set K C RY \ {0} we have

lim ||un||pa(x) = 00, for p# < q < co.
n—oo

Let us consider the spherical shells
Ap={zeRY : 1—-r, < |z]| <1}, with 7y, = n~T055.

If we denote by 1 the characteristic function of a set £, we observe that the functions u, =nlg,
belong to Dy? ((B1(0)). Indeed, if P(E) denotes the perimeter of a smooth set E C RY, we
have

[un]zz)s,p(RN) =n’ []‘An]Dsp*l(RN) < CnP [Ap|' 7P P(A)°7,

where the last inequality is [3, Corollary 4.4]. It is not difficult to see that
|Ap |1 757 P(A,,)%P ~ r,(ll_si’) =n"P,

which implies that
[un]%s,p(Bl(o)) < [un]%s,p(RN) <C.

On the other hand, for ¢ > p/(1 — sp) we have

__P
||un||%q(RN) =n?|A,| =nlr, = n? T=sp,
which diverges.
We also point out that the very same example shows that in the limit case ¢ = pf’E the
embedding is continuous, but not compact.

The previous result was based on the following Radial Lemma for fractional Sobolev spaces.
We give the proof for the reader’s convenience. For more general results valid in Besov and
Triebel spaces, we refer the reader to [19] and [22, Chapter 6].

Lemma 4.3 (A nonlocal Radial Lemma). Let 1 < p < oo and s € (0,1). Let Bgr be the ball
centered at the origin with radius R > 0. Then we have the continuous embeddings:

o ifsp>1
D320 (Br) = L. (RY\ {0k ]2 ")
o ifsp<1
DY (Br) < L7 (RN \ {0});
e ifsp=1

Dngad(BR) — L (RY\ {0}), for every 1 <t < oo.
Proof. We divide the proof in three cases.

Case sp > 1. Let 0 < p < R, since u is a radial function we get

/ P MY = Ny oV u(@)P,  for Jof = o.
8B,
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We observe that the integral is well-defined, since w has a trace in LP(0B,) thanks to the
hypothesis s p > 1. We can now use the trace inequality for D*P(B,) (see [23, Section 3.3.3]), so
to obtain

1-N

0 N-1
w(x)|P = / ul? dH
P = s [

1 N 1 p 1
o
<& iy + sl |

for some C' = C(N,p,s) > 0. In order to get the desired estimate, it is now sufficient to use
Poincaré inequality (which again needs sp > 1)

1 1 R\*"
0°P —|Ju HLp (By) < — 0°P HuHLp (Br) <C E [U]Ds,p(BRy 0<o<R
This gives
» [ R\’
(4.) ju(a)| < (£) W 0<lel <o

for some C'= C(N,s,p) > 0. Observe that inequality (4.1) holds for |z| > R as well, since u = 0
on RV \ Bpg.
We now take K € RV \ {0}. Then, there exists 0 < Ry < R such that

K C Bg, (0) \BRO(O)'
From (4.1) we directly get

e <€ (22 bl

which proves the desired embedding.

N—sp

Case sp < 1. Let u € DO P J(@RY). We first show that for every 0 < Ry < Ry we have (with a
slight abuse of notation)

Ry P
/ [u(r) — u(o)] dodr,

(4.2) lo— r|1+sp

[u]st,p (RN -

for some C' = C(N, s, p, Ry, R1) > 0. Indeed, by arguing as in [2, Lemma B.2], we have
[l e p vy C/ / o)lP NN 0(0, ) dodr,

where

®(o,7) :=/ Nrep At
-1 (0? —2tor+r?) 2

1 (1-)%%"
. -
/ ((Q—T)2+2QT(1—t)> :
1 1 (1-1)%"
fry |Q_T’N+Sp / N+sp dt

2 <1+2(Q€TT)2 (1-0) °
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For o # r, we make the change of variables

? (o éiT?“)Q -t =

Then, the previous expression becomes

N-3
(0 —r)? > N-s
or 2— ——7 T 2
1 1 /(g—r)2 207 d
- T.
lo—r|tt+ep (2 Qr)¥ 0
For every 0 < Ry < R; we thus obtain

W]y = / ()P NN @(,r) dodr
(0—7)% \*3> ns
3 Ry | g 20 r) T
|u(r) — u(o)|? N-1 [Te—r) 207 dr| dod
= 1+Sp (or) 2 NI 7| dodr.
o 7" 0 (1+71) =

In order to estimate the last integral, we observe that for Ry < o < R; and Ry < r < R; we have

2
or or Ry
44 —7|<Ri—R and > = o
(4.4) lo—r[ < Ri—Ro (Q_r)2—(R1—R0)2—<R1—Ro>

Thus, we proceed as follows (we assume for simplicity N > 3)

_ )2 2 _
or__ <2_(927’)7_> 7’¥
N-—1 —r T
st [PV .
0

(1 —|—T)N;SP
o N-3
> Ry / LM dr
S (14+71) 2
N-3 «
N—1 a\ 2 dT
> Ry (5) / —— 557 = CRo.Ri-

s (147) 2

By spending this information into (4.3), we obtain (4.2). Observe that on the right-hand side of
(4.2) we have the one-dimensional Gagliardo seminorm of the function u on the interval [Ry, R;].
By using Sobolev embedding in dimension 1, we know that

R1 ‘u )’p Ry 1 R, » 1-sp
4. dod Pdo> — T-sp
(4.5) / / |Q_T’1+8p 7“—1—/RO ul? do > </R | 755 g) ,

for some S = S(s,p, Ry, R1) > 0.
We now prove the claimed embedding. As above we take K € RY \ {0}. Then, there exists
0 < Ry < R such that

K C BR1 (0) \ BRO(O)'
For u € Dyt 4 (RY) we have

P

- P s
By 2 Sy ([ 00 a0) " 2 Sy Br, 0 jup da,
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thus we get

> C [ulf +C |ul? dz,
Br, (0)\Bg(0)
for some C' = C(N, s,p, R1) > 0. We now use polar coordinates, take advantage of the fact that

Ry > 0 and use formula (4.2). Therefore, we have (the constant C' may vary from line to line)

[ ]Ds P (RNV) Ds:P(RN)

[0y = Clullsy oy + C juf? do
Dor (&) Drr(®Y) BRI< N\Biy (0)
" Jur) — ulo)? &
dgdr+C/ ulP oN " do
/ \Q—T|1+Sp Ro [
Ry D Ry
>C / Ju(r) = u(o)l” 1+ (o) dodr 4+ C Ry™M ™1 / lu|P do

‘Q_T’ 5P Ry

1-sp
ZC</ M“?d9> :
Ry

In the last line we used (4.5). Finally, by using that Ry < 400, we get

» Ry o 1-sp C Ri P 1-sp
ey 2 O [ lult=rr de Z wnase (f, T e de
1

1-sp
p
>C </ |u| T=sP d:n) ,
K

for some C' = C(N, s, p, Ry, R1) > 0. This concludes the proof in the case sp < 1.

Case sp = 1. This is the same proof as before, we only need to observe that in this case, in place
of (4.5), we have for every 1 <t < oo

(40 W0 =D s [ upags L ([ i)
4.6 / / dgdr—l—/ ulPdo > = (/ U d,g> ,
’Q_T‘l—’—sp Ro T Ro

for some T'= T'(s,t,p, Ry, R1) > 0. Then we can proceed as above, we leave the details to the
reader. O

4.2. Proof of Theorem 1.3. The proof is the same as that of Theorem 1.1, we only need to
modify Step 4 and Step 5 as follows. With the previous notations, as in the proof of Theorem
1.1 we already know that A} — 0 as n goes to co. We now show that this implies that

(4.7) 2z = lim 2z} =0.

n—00

Indeed, if this was not the case, up to a subsequence, one would have ]zn] > 719 eventually for some
7o > 0. Taking into account Proposition 4.1, observing that p} < ps for N > 2 and recalling
that u) converges to 0 almost everywhere, we have u} — 0 in LP:(K) for every K € RV \ {0}.
Then, for 0 < 7 < 79, we conclude

(5:/ |u}L\p§ da::/ \u,lllpz dx + op(1) = 0,(1),
BA}l(z}L) B)\TIL(Z%)QBT(O)

since, eventually B,\}L(z}l) N B;(0) = 0, thanks to the convergence of Al to 0.
The property (4.7) in turn implies that in Step 4 we are in the case covered by Lemma 2.6,
ie.

lim )\—dlst( ,0B) =

n—oo
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thus we do not need Assumption (NA) this time.

Then, in order to prove (1.11), we need to remove the translations by z¢ from (1.8). This is
done by appealing to (4.7) and continuity of LP norms with respect to translations. Indeed, by
triangle inequality we have

k k ;
. sp—N . . . sp—N . . — 27’
oo b ()] el b (39
i=1 "7 1 psp(RN) =1 n DsP(RN)
k . sp—N . Jp— Zi . .
LS00 {( )_(ﬂ .
; ' An An/ I pan@m)
By observing that the both norms converge to 0, we get the conclusion. O

APPENDIX A. A TRUNCATION LEMMA

The following result is proved in [9, Lemma 5.3] under the stronger assumption u € Ds’p(RN )N
LP(RY). We need to remove the last integrability assumption.

Lemma A.1. Let ¢ be a Lipschitz function with compact support and u € Dg’p(RN). Then
Yu € DyP(RY) and we have the estimate

[w u]%s,p(]RN) S Cl Hproo(RN) [ ]Ds ;D(]RN) + C2 vaupoo ]RN) HuHLpg RN)
for some C1 = C1(N,s,p) >0 and Coy = C5(N, s,p, K) > 0, where K := supp(1)).
Proof. We notice that

P _ P
WU]ZZ)s,p(RN) < 2P ! |WHL°°(RN)[ ]%s,p(RN) +2p_1 / \u(aj)\ \w(x) ¢(y)\ dx dy.

R2N |z — y|[NFsp

With a simple change of variables, the last integral can be written as

/RN lu(z) P </RN (2 )|h|N£ascp+ h)|P dh) .

By using Hélder inequality with exponents p% /p and N/sp, Fubini Theorem and triangle inequality,
the previous integral can be estimated by

|u(@) [P [¢(x) — ¢ + h)[P _ u(@) [(z) e+ WP
/RQN ALEr dazdh_/}RN /{|h|<1} dz dh

|h|N+sp

DI o) — bl + B)P
dx dh
/RN /{|h|>1} |h|Nrsp !
< Ps g
< ([ o as)”
@) el 7\
dh d
X /RN </{|h|§1} |h|N+sp ) X

_ Y(z)|P
+2P1/ / ua:p| dh dx
RN {|h|>1}’ @) |h|N+sp

Y(x + h)[P
+ 2P~ 1/ / ’ dx dh.
RN {|h|>1} RN

@« *"@
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For the first integral containing 1), we observe that the function

o V@) v+ hpP

{Inl<1} [N +sp

is compactly supportedand bounded, indeed

[Y(x) — ¢z + h)P / (1—s)—N
dh < ||V¥||p~ h|P&—s8 dh = C ||VY| pee.
/{h|<1} |h|N+sp Vel {\h|<1}| | Vel

For the second integral containing v, by using that h + |h|N¥+5P is integrable at infinity, we
simply have

Lo e PO 41 do < 011 [ b s < ORI fulfs
RN J{ln|>1} | NFsp B K - L (RY)

For the last integral, we just observe that for every |h| > 1, the function ¥ (- + h) is compactly
supported. We thus have

!1/1(33 + )P / / W x+h)P
u(x dx dh = dx dh
/]RN /{|h|>1}| (@) ~[n[Nse (h>1} JK—h |pNEsp

dh
< [P / ( / u|pdas) _dh
(h/>1} | |n|N+sp

< Ol [KI N [lul?

LPS (RN)

By collecting all the estimates, we conclude the proof. O

The following result has been curcially exploited in the proof of Theorem 1.1, in order to
localize the rescaled sequences.

Lemma A.2 (Truncation Lemma). Let ¢ € C5°(B2(0)) be a positive function such that ¢ =1
on B1(0). Then

(A.1) lim [v¢(pn ) = V] psp@ny =0,

n—oo
or any v € DyP(RN) N LIRN) with q < p* and {fin}neny C RT such that i, — 0.
0 s

Proof. We rewrite the term in (A.1) as [0 4] psp@yy, Where ¢y, (2) := ((unx) — 1. We have
v, € DyP(RY) thanks to Lemma A.1 and

() V@) W B _ sy o [0 = 0Py [nle) = a )P )P

’x_y’N-i-sp |x_y|N+sp ‘x_y’N-i-sp

Then, since ||t ||~ < 1 and v € DyP(RY), the Dominated Convergence Theorem yields

T L Gl )L

noe Jpan [~ gV

For the second term, we observe that ¥, (x) — ¥ (y) = ((n ) — ((pn y), introduce
_ p
Lon (y) = / [Cpn2) = Clpmy) P,
RN

|z — y|N+sp
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and decompose
/ [v|P Ixn dy = / \v]pIRN dy+/ |v|P Ign dy+/ [v|P Ixn dy
RN B/ \Bl/# RN\ B

2/pun
—1/P
B/ RN \Bl/Hn |CL' ‘ P

+ / o) T (5) dy
B2/ \B1/un,

p
+/ / \v(y)|pwdydx:I1+I2 1.
RN\B,,,., /B |z —y|NFep

2/pn

First integral. This is the most delicate one, here the assumption v € L4(RY) with ¢ < p¥ will
play a major role. We have

¢ (pn ) — 1P 1
Il_/ / (y)|p 22— — dy dx+ Pmdydm‘.
B1/un BQ/un\Bl/u B1/un RN \BQ/H Yy

We observe that for y € By,

[C(pn ) — 1|7 1
T el R 7 /4 |/ S,
/B2/;m\Bl/un \x - y\N+sp n By \Bu ), ]x _ y’N—‘y—sp—p
1
SHIVC [ e e
! By () 1T — YN T5P7P
= C up? [VCI[ -

The other term is simpler, indeed by observing that |x —y| > |z[/2 for y € By, and = €
RN\ By, we have

1
————dx < C ————dx = C u;?.
/RN\BQ/ML |z —y|Nsp RV\B,,, |2V "

Thus we can infer

2
q

N+ XN
[ofP dy < Cpim (/ mq),
Bl/Mn

11<CMZP/

Bl/Mn

which converges to 0, since
N >k
sp—N+Ep>O —= q < p;.

Second integral. This is equivalent to

C Hn T _C Hn'Y P
n- [ [ oy =t g g,
BZ/Hn\Bl/Hn BZ/Hn ‘x o y‘

p
- Lo bp e dyae =1+ 75
B2y \B1/pun, /RN\Ba, |z — y[NHsP
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For the first term, we observe that for y € By, \ Bi/u,

1C(pin ) — Cpn )P 1
BQ/Mn Y BQ/Hn Y
1
<HIVC [ e da
" By () 1T — YN T5P7P

< Cup” [IVC]Iee-
For the other term, we observe that for y € By, \ By Jpin

¢ (pn y)IP 1
VY e < 2 | VC|2 e
/RN\BQ/H7L |ZL' - y‘N+Sp " B4/H7L\B2/Mn |:L‘ o y|N+sp_p

o] N—1
0
+C Cpoo/ —————dp
Iel 4/ (0= YN HsP
N—-1

S = Q
<O IVl +Cll [ s

do
< Ow? (IVCIe + 1¢N7) -
In conclusion, we obtain

Ps

n <o | jof? dy < C P u*? ( / o] dy> |
B2/un\Bl/un BZ/un\Bl/Mn

and the latter converges to 0, since v € LPs (RV).

Third integral. We proceed similarly as before for the integral in z, we have for every |y| > 4/uy,

€ (pn ) [” ~ N _
[ e e < i Il Y < C e o1,
2/Hn

while for 2/, < |y| <4/u, we can use the Lipschitz character of ¢ and get

|C(Mnl‘)’p P p 1
/B o= grer @ S M IVEliEe Ty @

2/pn BQ/Hn
1
< 12 VI / S S
" By () 1T — YN FP7P

< C P [VC[he.

In conclusion we get

V4
P dy+C el [ P g,

RM\B, .., [YI°P

T, < O Vel [

B4/Mn\B2/HTL

The first term tends to 0 as before. The second one vanishes since |v|P |y|~*P is integrable, thanks
to Hardy inequality for D*P(RY) (see [11, Theorem 1.1]). O
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APPENDIX B. SOME REGULARITY ESTIMATES

We collect in this Appendix some basic regularity results for nonlocal equations needed in the
paper.

Proposition B.1. Let 1 < p < 0o and s € (0,1) be such that sp < N. Let E C RY be an open
set with |E| = +o0 and let V € Dy?(E) be a weak solution of

APV = ps—2 in B

V=0 in RV \ E.
Then we have
(B.2) V e LYRYN), for every % < q<p;i.

Proof. We first observe that |V| € Dj*(E) is a positive subsolution of (B.1), in the sense that

[ (BV@) = 1V@D) (ple) — ow)
R2N

|z — y[NHep

(B.3) dz dy < / VP pda,
RN

for every ¢ € Dy (E) positive.? We can now closely follow the proof of [4, Proposition 3.5] for
|V|. For 0 < a < 1 and € > 0, we introduce the Lipschitz increasing function

a—1 — 1 a—1—

wa(t)=/ot[(e+r)p+ap T(&—l—T)Pp]pdT, t>0.

We observe that

(B.4) o< < [ e+t ldr = Lo <

°[%3

)

where in the second inequality we used that 0 < o < 1. We insert in
© =19:(|V|) € DyP(E). This gives

/ BV (@) = IV»)I) (L(IV(@)]) — v=(IV(»)])
R2N

|z —y|NFep

—~

B.3) the test function

dedy < / VP (V) da.
RN

Then one needs to introduce

a—1

U.(1) ::/0 YLr)rdr =t (e +1)F

and pick a level Ky > 0, whose precise choice will be made in a while. Observe that thanks to
Chebyshev inequality, the set {|V| > K} has finite measure, thus for 0 < a < 1 we have

/ [VPstet dg < 4o0.
{lVI>Ko}

By using (B.4) and proceeding exactly as in [4], we get

P
Sps </ \IJE(WDPE dac) Ps < I / |V|p.§+a—1 do
RN @ J{V|>Ko}

pE—p v

/,l/ * p§ * p;
+ = |V|Ps dx U (|V])Ps dex ,
« {IlVI<Ko} RN

4This can be easily seen as in [5].
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The level Ky = Ko(a, V') > 0 is now chosen so that

*
Ps—P
E3

. bs o
VP dae < %s,.,
</{|V|§Ko} 2p "

which yields

p
Q=2 ; 7; 2 *
([, (M) ar) ™ < 2 Ve,
RN

(0% Sp,s {|[VI>Ko}

for every 0 < a < 1. By taking the limit as € goes to 0, we get the desired integrability (B.2). O

Next we state a variant of an estimate proved by Di Castro, Kuusi and Palatucci in [8].

Lemma B.2 (Logarithmic estimate). Let 1 < p < co and s € (0,1) be such that sp < N. Let
Q C RN be an open bounded set, a € LN/*P(Q) and let u € D3P (Q) \ {0} be such that

(=Au+au?™t > plult%u, in €,
u=0, in RN\ Q,

for some p € R and p < q < p%. That is, for every p € DJP () with ¢ > 0, we have

/ Jp(u(z) = u(y)) (p(x) = (y))
R2N

|z — y|N+sp

dazdy—l—/aup_lcpdxz,u/ lu|2 up dz.
Q Q

Let us suppose that w > 0 in By, (xo) € Q. Then for every 0 < § < 1 there holds

/ ((5 + u(x))
log
B, (x0)x By (z0) 6+ u(y)

p—1
(B.5) < CTN_SP 51—1) rSP / u_(y)N+ dy
RN\ Ba - (z0) |y — o VP

p

dx dy

|z —y|[NFep

N(1-% -
+Ha+HLN/SP(B%T(:CO)) + max{—u,()}r ( Ps) HquLpg)(Bg (5130)) + 1} )
j’l‘

where u— = max{—u,0} and C = C(N,p,s) > 0 is a constant.

Proof. The proof is exactly the same of that of the Logarithmic Lemma for supersolutions in the
case a = 0, see [8, Lemma 1.3]. We take a test function ¢ € C§°(B3/2,(70)) such that

C
O§¢S 17 d)E]-OH BT‘(‘TO)v ‘V¢| S -
r
Then we insert the test function ¢ = ¢” (6 + u)! 7P in the equation. By using that

sp
N
N

/aupld)pldzvg/ aydx < CrN=sP / (ay)sr dx ,
Q (6 + U)p B% T(IO) B% T(:Eo)
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and”®

q—p
Ps

/ wd™! L dr < / wIP PP dr < C’I"N_Sp’I"N (1_%> / uP* dx ,
Q ( B B, (z0)

6+ u)P—1 (z0)

3r

and proceeding exactly as in the proof of [8, Lemma 1.3] to estimate the nonlocal term, we end
up with inequality (B.5). O

Proposition B.3 (Minimum principle). Let 1 < p < oo and s € (0,1) be such that sp < N.
Let @ C RN be an open bounded connected set, a € L™/*P(Q) and let u € DYP() \ {0} be a non
negative function such that

—A)f,u+aup_1 >pudt in Q,
u =0, in RV \ Q,

for some p € R and p < q < pi. Then we have u > 0 almost everywhere in Q.

Proof. The proof is the same of that for the case a4 = 0 and g > 0, which is contained
in [2, Theorem A.1]. It is sufficient to replace the logarithmic estimate there with the one of
Lemma B.2 and use that u € LPs (). We leave the details to the reader. O

REFERENCES

[1] C. O. Alves, Existence of positive solutions for a problem with lack of compactness involving the p-Laplacian,
Nonlinear Anal., 51 (2002), 1187-1206. 2
[2] L. Brasco, G. Franzina, Convexity properties of Dirichlet integrals and Picone-type inequalities, Kodai Math.
J., 37 (2014), 769-799. 23, 32
[3] L. Brasco, E. Lindgren, E. Parini, The fractional Cheeger problem, Interfaces Free Bound. 16 (2014), 419-458.
21, 22
[4] L. Brasco, S. Mosconi, M. Squassina, Optimal decay of extremals for the fractional Sobolev inequality, Calc.
Var. Partial Differential Equations, 55 (2016), 55:23. 30
[5] L. Brasco, E. Parini, The second eigenvalue of the fractional p-Laplacian, Adv. Calc. Var., 9 (2016), 323-355.
12, 13, 16, 30
[6] H. Brézis, E. Lieb, A relation between pointwise convergence of functions and convergence of functionals,
Proc. Amer. Math. Soc., 88 (1983), 486-490. 6
[7] M. Clapp, A global compactness result for elliptic problems with critical nonlinearity on symmetric domains.
Nonlinear equations: methods, models and applications (Bergamo, 2001), 117-126, Progr. Nonlinear
Differential Equations Appl. 54, Birkh&user, Basel, 2003. 5, 16
[8] A. Di Castro, T. Kuusi, G. Palatucci, Local behavior of fractional p-minimizers, Ann. Inst. H. Poincaré
Anal. Non Linéaire, 33 (2016), 1279-1299. 31, 32
[9] E. Di Nezza, G. Palatucci, E. Valdinoci, Hitchhiker’s guide to the fractional Sobolev spaces, Bull. Sci. Math.,
136 (2012), 521-573. 26
[10] M. M. Fall, T. Weth, Nonexistence results for a class of fractional elliptic boundary value problems, J. Funct.
Anal., 263 (2012), 2205-2227. 4
[11] R. L. Frank, R. Seiringer, Non-linear ground state representations and sharp Hardy inequalities, J. Funct.
Anal., 255 (2008), 3407-3430. 29
[12] F. Gazzola, H. C. Grunau, M. Squassina, Existence and nonexistence results for critical growth biharmonic
elliptic equations, Calc. Var. Partial Differential Equations, 18 (2003), 117-143. 2

5For q = p, we simply have

D
/uq_l%dzg/ S dx < er™.
Q (6 +u)r Ba r(20)



[13]
[14]
[15]
[16]
[17]
18]
[19]
[20]
[21]
[22]
23]
[24]

(25]

GLOBAL COMPACTNESS FOR NONLOCAL PROBLEMS 33

P. Gerard, Description du défaut de compacité de I'injection de Sobolev, ESAIM Control Optim. Calc. Var.,
3 (1998), 213-233. 5

S. Jaffard, Analysis of the lack of compactness in the critical Sobolev embeddings, J. Funct. Anal., 161
(1999), 384-396. 5

C. Mercuri, B. Sciunzi, M. Squassina, On Coron’s problem for the p-Laplacian, J. Math. Anal. Appl., 421
(2015), 362-369. 2

C. Mercuri, M. Willem, A global compactness result for the p-Laplacian involving critical nonlinearities,
Discrete Cont. Dyn. Syst, 28 (2010), 469-493. 2, 4, 5, 6

G. Palatucci, A. Pisante, Improved Sobolev embeddings, profile decomposition, and concentration compact-
ness for fractional Sobolev spaces, Calc. Var. Partial Differential Equations, 50 (2014), 799-829. 5

G. Palatucci, A. Pisante, A global compactness type result for Palais-Smale sequences in fractional Sobolev
spaces, Nonlinear Anal., 117 (2015), 1-7. 2, 5

W. Sickel, L. Skrzypczak, J. Vybiral, On the interplay of regularity and decay in case of radial functions I.
Inhomogeneous spaces, Commun. Contemp. Math., 14 (2012), 1250005, 60 pp. 22

S. Secchi, N. Shioji, M. Squassina, Coron problem for fractional equations, Differential Integral Equations,
28 (2015), 103-118. 5, 14

M. Struwe, A global compactness result for elliptic boundary value problems involving limiting nonlinearities,
Math. Z., 187 (1984), 511-517. 1, 5, 16

H. Triebel, Theory of function spaces. III. Monographs in Mathematics, 100. Birkh&duser Verlag, Basel, 2006.
22

H. Triebel, Theory of function spaces [Reprint of 1983 edition]. Modern Birkhauser Classics.
Birkh&user/Springer Basel AG, Basel, 2010. 23

M. Willem, Minimax theorems. Progress Nonlinear Differential Equations Appl. 24. Birkhduser Boston, Inc.,
Boston, MA, 1996. 2, 5

S. Yan, A global compactness result for quasilinear elliptic equations with critical Sobolev exponents, Chinese
Ann. Math. Ser. A, 16 (1995), 397-402. 2

(L. Brasco) DIPARTIMENTO DI MATEMATICA E INFORMATICA
UNIVERSITA DEGLI STUDI DI FERRARA
VIA MACHIAVELLI 35, 44121 FERRARA, ITALY

and AIX-MARSEILLE UNIVERSITE, CNRS

CENTRALE MARSEILLE, I2M, UMR 7373, 39 RUE FREDERIC JOLIOT CURIE
13453 MARSEILLE, FRANCE

E-mail address: lorenzo.brasco@unife.it

(M. Squassina) DIPARTIMENTO DI MATEMATICA E FIsica
UNIVERSITA CATTOLICA DEL SACRO CUORE

ViA DEI Muser 41, 1-25121 BrEescia, ITaLy

E-mail address: marco.squassina@unicatt.it

(Y. Yang) SCHOOL OF SCIENCE
JIANGNAN UNIVERSITY, WUXI, JIANGSU 214122, CHINA
E-mail address: yynjnu@126.com



	1. Introduction
	1.1. Overview
	1.2. Main results
	1.3. Notations

	2. Preliminary results
	2.1. Brézis-Lieb type properties
	2.2. Scaling invariance and related facts
	2.3. Estimates for solutions

	3. Proof of Theorem 1.1
	4. Radial case
	4.1. Improved embeddings for radial functions
	4.2. Proof of Theorem 1.3

	Appendix A. A truncation Lemma
	Appendix B. Some regularity estimates
	References

