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Abstract

In this article we show the existence of a random-field solution to linear
stochastic partial differential equations whose partial differential operator
is hyperbolic and has variable coefficients that may depend on the tem-
poral and spatial argument. The main tools for this, pseudo-differential
and Fourier integral operators, come from microlocal analysis. The equa-
tions that we treat are second-order and higher-order strictly hyperbolic,
and second-order weakly hyperbolic with uniformly bounded coefficients
in space. For the latter one we show that a stronger assumption on the
correlation measure of the random noise might be needed. Moreover, we
show that the well-known case of the stochastic wave equation can be
embedded into the theory presented in this article.
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1 Introduction

In the recent years there has been a huge progress in the solution theory to
stochastic partial differential equations (SPDEs). A linear SPDE is given by
the following equation

Lu(t,z) = ~v(t,x) + o(t, z)F(t, ), (1.1)
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where L is a partial differential operator, v, o : R*% — R are functions, subject
to certain regularity conditions and F' is a random noise term that will be
described in detail in Section Due to the singularity of the random noise,
the sample paths of u are in most situations not in the domain of the operator
L. One way to make sense of this equation in the case of constant coefficients
is the following: we define the solution to as a sum of a deterministic
term Iy accounting for the initial conditions, a stochastic and a deterministic
convolution of the terms on the right-hand side with the fundamental solution
A to the partial differential equation (briefly, PDE in the following) Lu = 0:

u(t,x) = Io(t, z) + /0 /]Rd At — s,z —y)o(s,y)M(ds,dy)

t
+ / A(t — 5T = y)’)/(sa y)dydsa (12)
0 JRA

where M is the martingale measure derived from the random noise F, see Section
Solutions of this type are called mild solutions and were introduced in [3§]
and later generalized in [I4][I1]. Note that the solution u is defined as a random
variable for each (¢,z) € [0,7T] x R?, where T > 0 is the time horizon of the
equation. Due to this feature, we call these solutions random-field solutions in
contrast to function-valued solutions, which cannot be evaluated in the spatial
argument, but only as a Hilbert- or Banach-space valued random element in the
temporal argument, see [16] for that theory.

Many interesting properties of random-field solutions for SPDEs have been
studied for the case when the partial differential operator L has constant coef-
ficients, e.g. the regularity of the probability measure induced by the solution
[277, 25], 32], large deviation principles [26], [20], Varadhan estimates [21, [31], sup-
port theorems [22, [I7], path properties such as Holder continuity [30] [I3] and
much more. See also the references in these works for a more detailed account.
Due to the restriction on constant coefficients, the set of concrete examples for
random-field solutions to SPDEs is essentially limited to the stochastic heat
equation and the stochastic wave equation (possibly with lower order terms).
Note furthermore, that in [33] the existence of a random-field solution to a class
of parabolic equations with variable coefficients has been established.

With the present article, we aim to study the case of hyperbolic equations
with variable coefficients which has, to our knowledge, not been considered yet,
producing a random-field solution similar to , and so enlarging the class of
SPDEs which admit a random-field solution.

Let us briefly explain the contents of this article. We consider linear SPDEs
whose partial differential operators have variable coefficients that may depend
on space and time. For these equations we want to derive conditions on the
coeflicients such that the notion of random-field solution makes sense. The
equations that we will consider are general second- and higher-order hyperbolic
equations on the whole space R%. The main result of this paper, Theorem
shows that if the coefficients of the partial differential operator

d d
L=07 =Y ajn(t,2)0s,00, — > bj(t,2)0y, — c(t,x) (1.3)
7,k=1 j=1

are smooth and bounded with bounded derivatives of all orders in z and con-
tinuous in t (the a;; have to be differentiable in t), and the operator L is of



strictly hyperbolic type, i.e. it satisfies:

d
a; i (t, ©)&56, > ClE?, (1.4)
k=1

for all t € [0,7] and all z, ¢ € RY, then the concept of random-field solution for
the SPDE (|1.1)) makes sense. The main tools for achieving this objective, e.g.
pseudo-differential operators and Fourier integral operators, come from microlo-
cal analysis. To our knowledge, this is the first time that their full potential is
rigorously applied within the theory of random-field solutions to SPDEs. Note
however the case of SPDEs with a pseudo-differential operator in the framework
of function-valued solutions, see [30].

The paper is organized as follows.

In Section [2] we review the notions of stochastic integration with respect to
martingale measures and random-field solutions to SPDEs. Since, in contrast to
the classic references [38] [14], we do not assume the partial differential operator
to have constant coefficients, its fundamental solution is no longer stationary
in time and space, i.e. it cannot be written as A(t — s,z — y) as in (L.2), but
rather as A(t,s,z,y). This small difference will have some consequences on
the conditions for the existence of random-field solutions to SPDEs with such
partial differential operators. The new existence conditions are summarized in
Theorem [2.6] which is the main result of the Section.

Section [3] is devoted to applying the concepts developed in Section [2] to hy-
perbolic SPDEs. In Section we present a quick introduction to microlocal
analysis, where we gather all the tools necessary for constructing the fundamen-
tal solution to an hyperbolic equation. At this point we have to note that the
concept of fundamental solutions to PDEs, which is used in the framework of
random-field solutions to SPDEs (in Section [2)), is different from the one that
is used in microlocal analysis (in Section The relation between the two
concepts is outlined in Remark the fundamental solution in the sense of
Section Rlis the Schwartz kernel of the fundamental solution in the sense of Sec-
tion 3.1} The main result of the section is Proposition where we calculate
the Fourier transform with respect to the second variable of the Schwartz kernel
of the fundamental solution.

In the subsequent Section 3.2 we present an overview over the procedure that
we will use in the remaining sections to prove the mild solutions of hyperbolic
SPDEs are well-defined. For the proof, we follow the same ideas as in [2] 3]
4], where fundamental solutions to deterministic hyperbolic PDEs have been
obtained (see also the generalization of the construction of the fundamental
solution given in the very recent paper [5], that will be needed in the forthcoming
paper [7] to extend the results of the present paper to hyperbolic equations with
coefficients admitting a polynomial growth as |z| — 00).

In Section we show our main result that the operator in under
condition has a fundamental solution that satisfies all the necessary as-
sumptions for the well-definedness of a random-field solution for . Here
the procedure is the following: we reduce the second-order equation to a first-
order system, for which one can compute the fundamental solution explicitly,
see [I9]. From the fundamental solution to the system we compute the funda-
mental solution to the second-order equation, and show that the conditions on



the fundamental solution for the well-definedness of the stochastic and deter-
ministic convolutions, and therefore on the existence of a random-field solution
to the SPDE, are fulfilled. We conclude Section with an example, where we
show how the classic stochastic wave equation fits in the theory here presented.

In the subsequent two sections [3.4] and [3.5 we deal with generalizations of
the second-order hyperbolic equations treated in Section [3.3

Section [3.4]is devoted to strictly hyperbolic equations of higher order n € N|
n > 2; we show that the coefficients have to satisfy similar conditions as in the
case of second-order strictly hyperbolic equations in order to obtain the well-
definedness of a random-field solution to the SPDE. However, we will show that
the higher the order of the equation, the larger is the class of spectral measures
that we can allow for.

Finally, in Section we relax the assumption of the strict hyperbolicity on
the partial differential operator and provide an example of an operator of the
form which does not satisfy (1.4). We show that, in this case, random-field
solutions can only be obtained under stronger conditions, needed to deal with
this degeneracy.

Throughout this article, let for all £ € R?, [¢] := (Z?Zl 5]2)1/2 and (&) :=
(1+€]?)*/2. Let moreover a denote a multiindex with the usual arithmetic ope-
rations. We will denote partial derivatives with 0. Moreover, we set D = —i0, i
the imaginary unit, for the sake of Fourier transform. We will denote by C™(X),
CM(X), C(X), S(X), D(X), My(X), S'(X), S.(X) and D'(X) the m-times
continuously differentiable functions, the m-times continuously differentiable
functions with uniformly bounded derivatives of all orders < m, the m-times
continuously differentiable functions with compact support, the Schwartz func-
tions, the test functions, the complex-valued measures with finite total variation,
the tempered distributions, the tempered distributions with rapid decrease and
the distributions on some finite or infinite-dimensional space X, respectively.

A tempered distribution u is in SL(R?) if Vk € Z (-)*u is a bounded dis-
tribution; the space of bounded distributions D} . (R?) is the dual space of
Dy (RY) (which is the space of all C>°(R?) functions f such that 9% f € L'(R%),
Voo e Z7 ).

We shall denote by H”(R9) the Sobolev space of order r > 0 on L?(R%). We
will use the notation Ny := NU {0} and R? := R?\{0}. Let furthermore C > 0
be a generic constant, whose value can change from line to line without further
notice.
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2 Stochastic integration with respect to martin-
gale measures and spatially non-homogeneous
SPDE

In this section we introduce the framework to treat mild solutions to linear
SPDEs similarly as in . We explain how stochastic integration with respect
to martingale measures is defined, collect some conditions on the integrands and
provide a theorem for the well-definedness of mild solutions to SPDEs in the
case of variable coefficients. The main novelty of this section compared with
[14, 1] is that we do not make the assumption of spatial homogeneity. The
price we pay is that we cannot treat semilinear SPDEs, see the comment at
the end of this section. So let us consider the following mild formulation of the

SPDE in (L.1)
t
a(t.x) = Dot z) + / / Alt, 5,2, y)o (s,y) M (ds, dy) (2.1)
0 R4

t
+ / A(t, s, z,y)v(s,y)dyds.
0 R4

This is the way in which we understand the SPDE , and in the following
we provide conditions to show that each term on the right-hand side of this
equality is meaningful. In fact, we call "mild random field solution to (L.I)” a
family of random variables u(t, z), (¢,z) € [0,T] x R? defined by (2.1).

Let in the following {F(¢); ¢ € C°(R; x R?)} be a Gaussian process with
mean zero and covariance functional given by

BF@F@] = [ [ (@0« i0) @ (2.2

where 1[)(15, x) := (t,—x), * is the convolution operator in the z—variable and
I' is a nonnegative, nonnegative definite, tempered measure on R?. Then [34]
Chapter VII, Théoreme XVIII] implies that there exists a nonnegative tempered
measure ;& on R? such that Fu = I', where F denotes the Fourier transform
given for functions f € L*(RY) by

FNO = [ @ (23

where z - £ denotes the inner product in R?. We can then extend the Fourier
transform to tempered distributions 7' € S’(R?) by the relation

(FT,¢) = (T, Fo), (2.4)

for all ¢ € S(R?).
By Parseval’s identity, the right-hand side of (2.2 is equal to

BF@FW] = [ [ Foo@Fm©ude

As explained in [15], by approximating indicator functions with C§°-functions,
the process F' can be extended to a worthy martingale measure M = (M (A); t €



R, , A € %,(RY)) where %, (RY) denotes the bounded Borel subsets of R?. The
natural filtration generated by this martingale measure will be denoted in the
sequel by (F;)¢>0-

In the following we shall use [38] [14, [I1] as reference for an integration
theory with respect to the martingale measure constructed above. Fix T > 0.
For stochastic processes f and g, indexed by (t,z) € [0,T] x R? and satisfying
suitable conditions, we define the pre-inner product

oo =5[ [ [ (r6)wats) @ranas] 25)

- E[ / ff(S)(f)Fg(S)(f)u(df)dS}7 (2.6)
0 R4

where the corresponding semi-norm || - ||o is defined in the usual way. Moreover,
we define the semi-norm

2 =] [ [ (o) @ranas]

Let £ denote the set of simple processes g, that is, stochastic processes of
the form

g(t, z;w) = Z Lia, p,1(t) 14, (7) X;(w),

for some m € N, where 0 < a; < b; < T, A; € %b(Rd) and X; is a bounded
and % Aj—measurable random variable for all 1 < j < n. The stochastic integral
of g with respect to the martingale measure M, denoted by g - M is given by

(g-M); = (Mt/\bj(Aj) - Mt/\aj (Aj))Xj;

I

j=1

where x A y := min{z,y}. One can show by appying the definition that

E[(g- M)7] = llgll5, (2.7)

for all g € €. Following [14], we denote by Py the completion of £ with respect
to (-,-)o. Then Py is a Hilbert space consisting of predictable processes which
may contain tempered distributions in the z-argument (whose Fourier transform
are functions, P-almost surely). The norm in this space is given by the || - ||o-
norm defined above in and for sufficiently smooth elements of Py, this
norm can be also written as in . Note that Py is not defined as the set of
predictable processes g for which ||g|lo < co. In fact, it can be shown that the
latter space is not complete. So we have that Py is the space of all integrable
(with respect to M) processes and the stochastic integrals are defined as an
L?(9)-limit of simple processes via the isometry . In [32 Lemma 2.2],
it was shown that Py = L2([0,T] x Q,H), where here L2(...) stands for the
predictable stochastic processes in L?(...) and H is the Hilbert space which
is obtained from completing the Schwartz functions with respect to the inner
product (-, ).

On the other hand, we define P, to be the set of all predictable processes
for which ||g||+ < co. Then Py is a Banach space and the simple processes are



dense in this space, see [38, Proposition 2.3]. Note that since || - |0 < || - ||+, we
have P, C Py, and this inclusion may be strict.

Now we describe how to integrate time- and space-dependent integrands of
a special form Ao into the SPDE ([L.1). Here, A is the fundamental solution to
the associated PDE and o is the coefficient on the right-hand side of the SPDE
depending on the time and space parameter. That means we want to make
sense of the stochastic integral

// Aty s,x,y)o(s,y)M(ds,dy). (2.8)
0 Jre

Note that in this integral and throughout this article we write A(t, s, x,y) al-
though this object will be a distribution in the last argument. This abuse of
notation is for the sake of briefness.

With the help of we calculate the second moment of 7 from where
we can deduce sufficient conditions for its well-definedness. We will assume in
the following, compare with Assumption that the spatial Fourier transform
of the function o is a complex-valued measure with finite total variation, i.e. for

all s € [0,T]

|[Fo(-,8)l = |Fo(,s)|(RT) =sup Y |Fo(,s)|(4) < oo,

T Aerm

where 7 is any partition on R? into measurable sets A, and the supremum
is taken over all such partitions. Let throughout the remainder of the article
vs = Fo(,s), and let |v;s| denote its total variation.

Now we compute the norm on the right-hand of . Using , the
definition of convolution between a distribution v and a function F(A(t, s, z, -)),
the well-known fact that the Fourier transform of a product is the convolution
of the Fourier transforms, and Minkowski’s integral inequality we obtain

IACE, -2, %) (-, %[5

/ »/]Rd RdA t 5T y)A(t ST, Y — ) (57y)0(57y_3)dyr(d2})ds
= / |‘F(A(t7 S, T, ')U(S; ))(5)‘ /L(df)ds
0 JR?

-/ L. |

Rd ‘FA(t»s’x)(g_"?)Vs(dn) ,U(df)ds

< [(L([rsesore-wuan) ) a

< [ (smw [ 1P G €+ e s 29

neR4

We see that Fo(s) has to have finite total variation for almost all s € [0,7] in
order that the previous term be finite. We will now also assume that o(s) €
Cy(R?) for every s € [0,T] in order to simplify an argument later. In fact, this
condition follows directly from the fact that v, has finite total variation for all
s € [0,T] by considering the inverse Fourier transform (in the distributional



sense) of vy and reminding that the Fourier transform of a measure with finite
total variation is uniformly continuous, see [8, Chapter 5, §26].

Let in the following A7 be the simplex given by 0 <t < T and let 0 < s < t.
In order for the well-definedness of the stochastic integral, we need to assume
the following.

Assumption 2.1. For (t,s,xz) € Ar x R?, let A(t,s,x) be a deterministic
function with values in SL(RY) and let o be a function in L?([0,T], Cy(R?))
such that:

(A1) the function (t,s,x,&) — FA(t,s,x)(&) is measurable, the function s —
Fo(s) =vs € L*([0,T], Mp(R?)), and moreover

/oT ( s /Rd FALE 5, 2)(€ +n)l2u(d£)) |vs[*ds < oo. (2.10)

neR

(A2) A and o are as in|(A1) and

T
i [ (s [ s FA s 0) = Al € ) Pula) ) v s
hio Jo neR JRA re(s,s+h)

In the case where the coefficient o does not depend on the spatial argument,
these assumptions take on the following form.

Example 2.2. If o does not depend on the spatial argument, then
Fo(s) = (2m)%o(s)do,

where dg is the Dirac delta distribution with total variation 1. Doing the same
computations as in (2.9)), we arrive at the necessary condition that

T
/ 0(5)2/ FA(L, 5, 2)(€) 2u(de)ds < oc,
0 R4

which is actually weaker than (2.10) in the sense that there is no supremum
over 7).

The reason for the assumption that A(t) € S.(R?) is that in this case the
Fourier transform in the second spatial argument is a smooth function of slow
growth, and the convolution of a distribution in S.(R¢) with any other distribu-
tion in &' (RY) is well-defined, see [34, Chapter VII, §5] and [6] for more detalis.
A necessary and sufficient condition for T € S.(R9) is that each regularization
of T" with a Cg°-function is a Schwartz function. This will be true in our case
due to Proposition and the fact that the Fourier transform is a bijection
on the Schwartz functions, see Lemma [3.12

Notice that Assumption [2.1] generalizes to the non spatially homogeneous
case the corresponding conditions (H2) and (3.6) in [II]. In the spatially homo-
geneous case investigated in [I4] [I1], when A is the solution of the heat or the
wave equation, [29, Lemma 6.1] shows that, the corresponding condition

is equivalent to
1
———=u(dé) < 0. 2.11



So one of our aims in the subsequent sections is to find a similar estimate for
(2.10), which reads

1
e 2 /Rd Tre v apyet(@) < oo (212)

for some k € (0,1]. Note that if the correlation measure I' is absolutely conti-

nous, then condition (2.12)) is equivalent to (2.11)), see [28§].
In contrast to the methods used in the proof of [29, Lemma 6.1], (2.12]) will

follow easily from a quick investigation of the order of the symbol associated to
the fundamental solution using the tools presented in Section

We can now prove, similarly to [II, Theorem 3.1] that under the two as-
sumptions above, the stochastic integral is well-defined.

Theorem 2.3. Under Assumption[2.1, we have that Ao € Py. In particular,
the stochastic integral fot Jpa A(t,s,x,y)o(s,y) M (ds,dy) is well-defined and

E[((A(t7 D *)U('7 *)) : M)?]

<[ t (s [ 1A 0)(E+ nu(ae) ) o s

neRe JR4

Proof. Fix throughout this proof (¢,z) € [0, 7] x R, and let s € [0,¢). Take 1) €
C5°(R%) such that supp ) C B4(0, 1) (the unit ball in RY). Then set for all n € N,
P (y) :=nY(ny) and A, (t, s, z) ;= A(t, s, x) *1,. Then we have |Fi,(£)| < 1,
Fun(©)] = 1 pointwise, and | FAu (t, 5, 2)(©)] = |FA( 5, 2) (©)]| Firn (€)]. I wo
have that A, (¢,-,z,*)o(-, %) € Py for all n € N, then performing the same steps

as in yields
[[(A( ) = An(ts -z, %)o ()3

£, T,
< [ ([ 0 - At mibatant) ey

< [ ([ 1Fas e sml 1= Foe o nlstan ) waas

the latter term goes to zero as n — oo, since we have |Fi,(§)| — 1, thanks to
the bounded convergence theorem: indeed |1 — Fb, (€ +n)| < 2 so repeating
the same computations as in (2.9) we get

/ ( |fA<t,s,x><f+n>|~|1—fwn<s+n>||us<dn>) u(de)

< [ ([ 2maiesee e mlbtan ) wta

2

IN

4 [ FA(t, s, 2)(€ +n)[*u(de) 1/QIVS(dn)\
(LL )

<4 sw [ 1FAG s )€+ O)Pu(ae) v

fERC



which does not depend on n and is in L'[0,T] by assumption
In order to show that A, (t, -, z,*)o(-, %) € Py, we define

om_1

Ao (t, 8, 2,y) Z A (t, 57 2 y)1 w131 (8),

ms

for all m € N, where tJ, = jT27™. Then A,, ,,(t, s, 7, *) € S(RY) and
HAn,m(tv T, *)U('v *) ”%r

t
- / / / (b, 5,2 9] A (8, 5,2,y — )l (5 9)] 05,y — 2)|dyT(dz)ds
0 Rd JRA
t
< [l ( [ s z>|An,m@,s,x,y>|dyr<dz>)ds.
0 R

This is the (only) place, where we have used that o(s) € L>(R?) for almost
all s € [0,T7]. Now Leibniz’ formula [37, Exercise 26.4] implies that for each
s € [0,t), the term in the parentheses in the last line of the previous inequality is
finite. Moreover, since Ay, (1, -, x, *) was a step function in s, it is also uniformly
bounded and the fact that o(s) € Cy(R?) for every s € [0, T] together with the
assumption on o implies the finiteness of this term. Therefore A, ,,0 € Py,
which implies that there exists a sequence of step functions approximating this
object.

The last step in this proof is to show that A, (¢, -, z,*)o (-, *) converges to
An(t, - 2, %) (-, %) in Py for all (¢,2) € [0,T] x RY. We compute using

H( ( ) Ly *) An(ta'v'x’ *))0(7*)”3 <
< / (50, [ 17 t5:0) = ot 52 €+ ) Pla) ) v

neRr?

< /Ot<sup / sup |f<An<t,s,x)—An<t,r,x>><s+n>|2u<ds>)|us|2ds,

neR JRE re(s,s+T27™)
which goes to zero by |[(A2)l which ends the proof. O

Now we treat the pathwise integral in . Similar to the stochastic in-
tegral we first compute an estimate for its second moment from which we can
deduce suitable sufficient conditions for its existence. We assume that the spatial
Fourier transform of the coefficient (s) is a measure with finite total variation,
denoted by xs. We obtain the following

</0t 3 A(t,s,x,y)W(S,y)dyds>2 < T/Ot (F(AG 5,2, *)y(s,*))(()))zds
t 2
= C/ ( » FA(, Sam»—n)xs(dn)) ds

< C/ (Y]s:ﬂgi |[FA(t, s, z)(n )|2)|X5|2d8.
(2.13)

In order to give a rigorous meaning to the pathwise integral, we assume the
following.

10



Assumption 2.4. For (t,s,x) € Ar x R, let A(t,s,x) be a deterministic
function with values in SL(RY) and let v € L*([0,T], Cy(R?)) such that

(A38) the function (t,s,z,§) — FA(t,s,z)(€) is measurable, the function s —
Fy(s) = xs € L*([0,T], My(R?)), and moreover

/OT ( sup |FA(t, Sam)(n)IZ) [xs|?ds < oc. (2.14)

neRrd

(A4) Let A and v be as in|(A3)

T
i [ (sup s B s0) ~ Al ) e Pds =0
hi0 Jg neR re(s,s+h)

Similar to Example we can weaken the assumptions [(A3)| and [(A4)|
when the coefficient v does not depend on the spatial argument.

Note that the two conditions and coincide with and
respectively if pu = &y.

Under Assumption the pathwise integral is well-defined and holds;
to show this, it is sufficient to repeat the very same arguments as in the proof
of Theorem [2.3] replacing 41 by do.

We now make a last assumption on the first term I in , that accounts
for the inital conditions.

Assumption 2.5. (A5) For every (t,z) € [0,T] x R?, Iy(t,x) is finite.

With all these preparations we can now state the existence theorem for
stochastic partial differential equations which are nonhomogeneous in space.

Theorem 2.6. Under Assumptions and [2.5, the random-field solution
of the SPDE (1.1}, which is given in (2.1), makes sense.

Proof. We calculate the second moment of u(t, x) in (2.1) for any fixed (¢,2) €
[0, T] x R? and obtain

]E[u(t, x)Q]

< C(Io(t7x)2+E[</ot 5 A(t,s,x,y)a(S,y)M(d&dy))T

: ( /Ot /Rd A(t, 5,2, 9)7(s, y)dyds) 2)

t
< c(fo<t7:c>2 4 / sup | |FA( s,2)(E + ) Pu(de)|v.ds
0 neRd JR4

t
+ [ fA(t,s,xxn)ﬂxsts),
0

neR

which is finite by assumption, so that u(t, z) is well-defined as a random variable
in L2(Q) for every (t,z) € [0,T] x R%. O

11



Note that if in the previous inequality all the terms on the right-hand side
can be uniformly bounded in ¢ and z, then we have for the solution that

sup E[u(t, z)?] < oo.
(t,x)€[0,T] xR

This condition is essential in order to treat semilinear SPDEs. In fact, in this
situation one can reproduce the results from [25] that if the fundamental solution
is a function or a nonnegative distribution, one can incorporate coefficients o and
~v which depend on the solution u. However, if the fundamental solution is only
a general distribution as in [I1], one also needs a stationarity condition which
is not satisfied in the case when the partial differential operator has variable
coeflicients. Therefore we keep our attention to the linear case, because we
cannot tell from the methods presented in Section [3.1] whether the fundamental
solution is a function, a nonnegative distribution or a distribution.

3 Application to linear hyperbolic SPDEs

Here we present an application of the integration theory presented in the pre-
vious section. We treat a variety of linear hyperbolic SPDEs.

3.1 Microlocal Analysis

In this section we collect some results which will be useful to us when we con-
struct the fundamental solution to hyperbolic equations in the sections below.
Our main tool will be the Fourier transform F, which was defined in (2.3 for
all functions f € L'(R%) and extended to Schwartz distributions in The
inverse of the Fourier transform can be given by

F )= Cm) 7 [ @)t = (2m) U F T )
for all f € L'(R?), and extended to Schwartz distributions, so that for all
T € §'(RY) we have F~1FT =T.

Using the Fourier transform we can now define Fourier integral operators,
that is the operators we will need in order to construct the fundamental solu-
tion. For their definition we need the following ingredients: symbols and phase
functions.

Definition 3.1 (Symbols). Let m € R. A C®(R? x R%)-function p is called
a symbol of class S™ if for every R > 0 and for all a,3 € N¢ there exists a
constant Cr q,s > 0 such that

10805 p(,)| < Cra (&)™,
for all z, & € R? with |¢| > R. We say that p is a symbol of order m.

We can then define S™%° := N,,,crS™ and ST = U,,crS™; we trivially

have that for every m; < msy it holds S™>° C §™ C 8™2 C ST, The space

S™ endowed with the family of seminorms (| - |l(z%);l € No, R > 0) defined by

(m) ._ : 5B —mtlof
= max sup |0g 0, p(, €)|(€
LR lo+BI<l zeRrd, |¢|>R < &

|
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becomes a Fréchet space and for any p € 5™, we have by definition

0200p(x, O < Il plO™, VaeR! |g|>R  (31)

where |p||(21+) 5|, is the smallest constant assuring (3.1). In this paper we denote
the special case |p|l(rf) by |p|l(m).

Definition 3.2 (Asymptotic expansion). Let (p;);jen be a sequence of symbols
p; € 8™, where (m;) en is a nonincreasing sequence with m; — —oo as j — oo.
Then we say that a symbol p € S™ has the asymptotic expansion p ~ Zj‘;l Djs
if for any integer n € N

n—1
D — ij € §mn. (3.2)
j=1

Note that this concept does not imply the convergence of the formal series
Z;i1 p; in any sense, although the order of the difference in goes to —oo.

It is possible to show, see [9, Theorem 4.2 page 152], that every symbol
p € S™ is uniquely determined (modulo an element of S~°°) by its formal
series.

Remark 3.3. An equivalent (modulo S~>°(R? x R%)) definition of the class of
symbols is the following: a C>°(R2?)-function p belongs to S™(R%4), m € R, if
for all a, B € N¢ there exists C, 5 > 0 such that

10208 p(z,€)| < Cap()™ 1, Vo, € € RL

Indeed, clearly S™(R2?) c S™(R? x R%); conversely if p € S™(R? x R?) we
can take a cut-off function y € C*°(RY) such that x(¢) = 0 for |¢] < 1/2
and x(&) = 1 for |£] > 1, and write it as p = xp+ (1 — x)p = g + r, where
qg=xp € S™(R?*) and r = (1 — x)p € S~ (R? x R?).

S™(R2%) is a Fréchet space with seminorms

(m) . aqf —m+|a|
:= max sup |080.p(x,
P = max sw [9FOLp(,Ol(E)

and for any p € S™(R??) we have
10200p(x, )| < [pl{n g €™, Va,g e RY (3.3)

Definition 3.4 (Phase functions). A phase function is a C*°-function ¢ :
R% x R% — R that is homogeneous of degree one in the second argument,
ie. p(z,t8) = to(x,€) for all t > 0, and V, ep(z,€) # 0 in RD x Rz,

Definition 3.5 (Oscillatory integral distribution). Let ¢ be a phase function
and p € S™. Then the oscillatory integral distribution of €@ )p(z,-) is the
distribution defined for all test functions v € D(R%) by

<os— /R d ew<"5>p(-,£)d£,v> _ /R o O ue)dads, (3.4)

where d¢ := (2m)~%2d¢ and the integral on the right hand side is convergent at
least in the sense of oscillatory integrals, see [I§].

13



With all this we can now define the so-called Fourier integral operators and
the subclass of pseudo-differential operators.

Definition 3.6 (Fourier integral operators). Let ¢ be a C>-function on R? xR9,
homogeneous of degree one with respect to £ and p € S™. A Fourier integral
operator P, : S(R?) — S(R?) with phase function ¢ and symbol p is defined by

(Poo)a) = [ @ 9pa &) Fulpae = [ [ ey, eyuty)dyds
(3.5)

for all v € S(R?). We will write Py = Py(z, D,) = py(x, D.) to denote a Fourier
integral operator with phase function ¢ and symbol p.

Note that strictly speaking, ¢ in the above definition is not a phase function
in the sense of Definition but the function ¢(z,y,§) = ¢(x,&) —y - & is
indeed a phase function both with respect to the three arguments (z,y,£) and
with respect to the two arguments (y,£). Therefore the oscillatory integral
converges and we will refer in the following to ¢ as a “phase function“.

Now we provide a few examples for Fourier integral operators, which will be
used throughout this article.

Example 3.7. With the basic choice of ¢(z,£) = x - £ as phase function, we
have

(Po@) = [ o oFueae = [ [ S gumyde. (36)

Operators of the form (3.6) are called pseudo-differential operators; given a
symbol p € S™ we denote by P(z, D,) = p(x, D, ) a pseudo-differential operator
with symbol p, omitting in the notation the dependence on the phase x - £.

Example 3.8. The operators (D,) and |D,| which are defined for all f €
S(R?) by (D.)2f :=1+ Z?:l 95, f and | Dy |* f = Z?:l 02 f are the pseudo-
differential operators with the symbols p(z,£) = (£) and p(x,{) = |¢| respec-
tively. Both are of order 1.

Throughout all the article we are going to write, for the sake of brevity, F1IO
instead of Fourier integral operator, and PDO instead of pseudo-differential
operator.

Definition 3.9. Given a FIO P, = py(z, D;), we can define the adjoint P

of P by (Psu,v) := (u, Pjv) for all u,v € S(R?), and one can show that the
adjoint P} has phase function —¢ and symbol with the following asymptotic
expansion:

_1)lel
=Y T o). (3.7)

aeNg
This allows us to generalize FIOs to a larger domain.

Definition 3.10. Let P, = py(z, D) be a FIO on S(RY). We can extend P,
to the tempered distributions 7' € S'(R?) by defining for all v € S(R?)

(PyT,v) := (T, Pjv).

14



Recall that the Schwartz kernel of a linear operator A : D(R?) — D'(R?) is
the distribution K4 € D'(R? x R?) given for all u,v € D(R?) by

(Kp,u®v) = (Av,u).

We see directly from the definition of FIO and Fubini’s theorem w.r.t. dx
and dyd¢ above that for all u,v € S(R?)

(oo = [ (Pov)(@)uta)da

= /Rd (/Rd » ei¢(x,§)—iy~5p<$7§)U(y)dyd§>u(x)dm
:/Rd e /Rd eitﬁ(a:,ﬁ)fiy'ﬁp(x,g)u(m)v(y)dl'dydf

_ <OS / ei¢<w’€>iy'€p<x,ods,u®v>.
Rd

This implies that the Schwartz kernel of a FIO P, is given by

Kp,(z,y) = Os —/ el Ep(p £)de.
]Rd

Furthermore we see that for every z € RY, Kp,(z,-) € §’(R%). This observa-
tion allows us to compute the Fourier transform in the second argument of the
Schwartz kernel of a FIO for every x € R? fixed.

Proposition 3.11. Let Py be a FI10 with symbol p and let Kp, = (Kp,(z,-);x €
R?) denote its Schwartz kernel. Then the Fourier transform in the second ar-
gument of its Schwartz kernel, Fy ., Kp,(x,-), is given by

(FysnIp, (2, ) () = 5D p(a, —). (3.8)

Proof. Let u,v € S(R?). First we note that due to (2.4)), the Fourier transform
of Kp,(w,-) is defined for all fixed z € R? by

(]:yHnKl% (z, ))U = Kp,(z, ')(]:nHy“)'

We compute using the second representation of the Schwartz kernel in (3.5])
(FysnKp,v,u) = /d ((FyonKp, (z,-))v) u(z)ds
R
/ BT (2, €) (Fysyv) (y) dydéu() de
R
e p(z,€) / eV (Fysy) (y)dydéu(x) da
Rd
" p(a, E)v(—€)déu(x)dx

@ p (2, —n)u(x)v(n)dndz,

15



where we have used throughout the calculation that v and its Fourier transform
are Schwartz functions, Kp, has a pointwise interpretation in z, and in the last
line we have used the change of variable £ — —7. O

Applying this proposition, we can show the following:

Lemma 3.12. Let Py be a FIO with symbol p, and let Kp, denote its Schwartz
kernel. Then, for every x € RY, Kp, (z,-) € SL(R?).

Proof. Fix x € R? and v € D(R?). We know by [34, p. 244/245] that the regu-
larization of Kp with a C§°-function Kp,(x,-) x ¢ is an infinitely differentiable
function of slow growth. We show now that Kp,(z,-) %1 is even a Schwartz
function; this implies the assertion, again by [34] p. 244/245]. For this we take
the Fourier transform of Kp,(x,-) x4 (in the sense of distributions) and using
[19, Theorem 1.5.3(2)] and Proposition we conclude that

Fyrn(Kp, (@) %) (0) = Fyrsy Kp, (2,0 Fp () = 2D p(a, =) Fip(n).

The function of the right-hand side of the previous equality is obviously in
C>(R%) with respect to 1. The fact that ¢ is of order 1 in 7, p is of finite order in
n and F1 is a Schwartz function imply that the function n — Fyypy (T'(x) 1) (1)
is a Schwartz function, and hence its inverse Fourier transform too. This finishes
the proof. O

For the construction of the fundamental solution, we need to know how to
multiply PDOs with FIOs.

Proposition 3.13 ([I9], Theorems 10.2.1 and 10.2.2). Let Py be a FIO with
symbol p € S™ and let Q be a PDO with symbol ¢ € S™2. Then PyQ and
QP, are FIOs with phase function ¢ and symbols r1 and ry (of order mi +ma)
respectively, where r1 and ro have asymptotic expansions

(6 ~ Y 208 (e, ODLa(Veo(w; £, €),6)

aend gr=¢
and
1 a a v /. /
ro(z,€) ~ > =D (0gp(x, Vad(z, 2';€))g(@’,€) :
aeNg Q. =z
where

1
Veo(z,z';€) :/0 Veo(x' +0(x —2'),€)db,

1
Veola:¢',€) = / Ved (€ + B — £))do),

respectively denote the gradient’s mean value in the convez hull of z,x" and &, €.

The asymptotic expansions of the symbols to the second order are given by

d
ri(z, ) =p(@, £)a(Ved(x,£), &) + D e,p(x, &) Daya(Ved(x, €), €)

j=1
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d

4_%p@%@ 3" D, Daya(Ved(,€),€)

jk=1

9?%¢

m($,§>+rf($7f),

and

d
ro(z,8) =p(z, Vad(2,))q(z,§) + Y d¢,p(x, Vad(x,€)) Dy q(2,€)

Jj=1

. d 82
5 (22 96060 V0, 52 2 (0.9 ol + 73 (0,6),

k=1

where r},r} € Smitm2=2,
The following corollary immediately follows from Proposition [3.13]

Corollary 3.14. Let P and Q be PDOs with symbols p(x,£) € S™ and
q(z,€) € S™2. Then PQ is a PDO with symbol r(x,£) € S™T™2 having the
asymptotic expansion

(0,6 ~ 3 L08R, )DRa(r, ).

aeNg

A consequence of Corollary is that the commutator [P, Q] := PQ — QP
of two PDOs P, with symbols p € S™ and g € S™2 respectively is of order
mq +msg — 1, since the leading term of the asymptotic expansion of the symbols
of both products PQ and QP is p(z,&)q(z,£).

The following Proposition states the boundedness of FIOs acting on Sobolev
spaces.

Proposition 3.15 ([I9], Theorem 10.2.3). Let Py = pg(z,D;) and v € R.
The operator P, defines a continuous map H™™™ —s H", and there exists a
constant C' = Cy.,., > 0 and an integer £ > 0 such that for every u € H™™™

1Psullr < Clp|S™ |ty

Finally, we give a proposition concerning the composition of n FIOs, which
is a simplified version of Theorem 10.6.8 in [19], referring to [19] for the details.

Proposition 3.16. For 1 < j < n, let Pj4, be FIOs with phase functions ¢,
and symbols p; € S™. There exist a symbol p of order m = my +...+my and
a phase function ¢ such that (P1,g, - - Png, )(x, Dy) = py(z, Dy), and moreover
for every integer £ > 0 there exists a constant Cy > 0 and an integer ¢ > 0 such
that

n
pl™ < cp T Iml. (3.9)
j=1
The phase function of the composition P; ¢, - - - Py 4, can be explicitly com-
puted, see Section 4.5 in [I9], especially formulas (5.4) and (5.5). In the state-
ment of Proposition we focus only on formula which is crucial in the
construction of the fundamental solution, without being precise about the phase
function ¢, which will not be used in our computations.
We conclude this section with a remark that comments on the two concepts
of fundamental solutions to PDEs that we deal with in this article.
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Remark 3.17. In this paper we are going to construct the fundamental solution
to an initial value problem (in the sense of [19] Section 10.7]) of the form

{L(t,wmw(t,w) — Gt,), (ta) € [0,T) xR

t
U0, 2) — Up(). (3.10)

where L = 0y —iD(t,x,D,) + R(t,z,D,) is a square matrix of PDOs with
symbols of first order, D is the diagonal principal part and R is some PDO
of order less than 1, that satisfies some conditions. That is, we are going to
construct a family of FIOs E(t, s), indexed by two time parameters (¢, s) € Ay
(see the lines above Assumption for the definition), where 0 < T' < T is the
(modified) time horizon of the PDE, such that

LE(t,s) =0, (t,s)€Ap
{E(s,s) =id s€]0,7).

Then, we can compute the solution of Problem (3.10)) using Duhamel’s formula
t

U(t,z) = (E(t,0)Uo)(x) +/ (E(t,5)G(s))(z)ds. (3.11)
0

This equality rewritten, using the the definition of Schwartz kernels, with A
denoting the Schwartz kernel of E, is given by

U(t,z) = (A(t,0,z,-),Up) + /0 (A(t,s,z,),G(s,"))ds,

or, using the abuse of notation from Section

t
Ut,z) = y A(t,ny,y)Uo(y)dyﬂL/O y A(t, s, z,y)G(s,y)dyds.

In the case of constant coefficients, we get

t
Ut z) = / Atz — ) Uo(y)dy + / At — s, — y)Gls, y)dyds,
R4 0 Rd

and A can be shown to be the solution to the abstract Cauchy problem

LA(t, x) = 50’0, (t7$) S [07T] X Rd,
A(0,z) =0, zeR%
where dg ¢ is the space-time Dirac distribution in (0,0). This concept of fun-
damental solution, which is fairly common in PDE theory, is the one that we
refered to in the Introduction and in Section 2l
From now on we will refer to both concepts as fundamental solution when
there is no risk of confusion. We will however make the distinction when apply-

ing Proposition [3.11]
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3.2 Solution theory for strictly hyperbolic PDE with vari-
able coefficients

In this section we present in detail how to arrive at the representation for the
solution to an hyperbolic PDE with time and space depending coefficients. More
specifically, we focus on the Cauchy problem

P(t,, Dy, DuJult, ) = f(t,2), (t,2) € (0,7] x R, 612
D{u((),x):uj(x), 0<j<n-—1, xR '
where P is the partial differential operator given for n € N, n > 2, by
n—1 )
P(t,z,Dy, Do) =Dy + > > aa,(t,2)DiD], (3.13)

=0 |a|<n—j

and for the right-hand side we choose an arbitrary f € C([0,7], H"(R%)), r € R.
We assume that P is strictly hyperbolic, that is the symbol of the principal part,
given by

n—1
pn(ta z,T, E) =7"+ Z Z Ao, j (t’ x)gaij
=0 |a|=n—j
factorizes w.r.t. 7 as

n

pu(t,z,7,8) = [[ (7 + (¢, 2,9)), (3.14)

Jj=1

where the n characteristic roots —\; of p,, are such that \;(¢,z,&) € R for all
1<j <n,and
|>‘j(t7x7§) *>\k(t,$,§)| > C|£|7 (315)

for some ¢ > 0 and for all j # k.
Note that in the case of second order equations, the principal symbol becomes
(omitting the dependence on (¢, ) of the coefficients)

TP Y 00+ Y aanfTi=T0 = > k& — Y aiéT

|a|=2 |a]=1 1<j,k<d 1<j<d

and we can explicitly compute the roots —\;; the strict hyperbolicity condition
can be expressed in this case explicitly on the coefficients as

d d
doaig | +4) ] ajrtié > CIEP, (3.16)
=1

Jik=1

since is enough to ensure the roots to be real and distinct for £ # 0. And
if P is given by (L.3)), i.e. aq,1(t,z) =0 for all |a| = 1, then condition is
exactly . In the general case, one cannot compute \; explicitly because of
the lack of a general resolution formula for higher order polynomial equations.

In this section we want to construct a representation of the solution of
by producing its fundamental solution. The construction presented here follows
the procedure in [2, B, 4] and [I9, Section 10.7] and goes in three steps: first
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we reduce the higher-order hyperbolic equation to a first-order system, then
we compute the fundamental solution to the resulting first-order system and
finally, we obtain a representation formula for the fundamental solution to the
higher-order equation.

First step: Reduction to a first-order system. Before starting with the construc-
tion, we need to point out that the factorization of the principal symbol of
P can be brought to the level of operators producing the following factorization
for the principal part of the operator P:

n—1

P(t,z,D;, D H Dy + \j(t, 2, Dy)) + > Sj(t, 2, D) DY, (3.17)
j=1 j=0

where S; are PDOs with symbols S;(t,z,&) € C([0,7]; S"7~1). This is only

a computation, which makes use of Corollary m and works thanks to '@;

for a detailed proof of ( we refer to [I, Proposition 3.2, p =1, n = 0].
Let us now define the Vector V= (v1,...,v,) as follows:

= (D)1
vLi= (Da)" ", , (3.18)
vj = (D) I (De+Nj—1) ... (D +M)u, j=2,...,n.

With these definitions we compute, at operator’s level, for all j =1,...,n—1

(Dy + Xj)vj = (Do) (Dy 4+ M) (D +Aj_1) ... (Ds + A)u
+ [Aj, (Do) (De + Aj—1) - .. (D + At)u
= (Da)vjr1 + [Agy (Do) )(Dy) "y,

and for j = n, by (3.17) we get
n n—1
(Dy + An)v HDt+)\ (t.z,Dy))u=f—_ S;(t,z,Dy)Diu
j=1 §j=0
By the reduction (3.18)), working by induction (for a proof, see [II, formula (4.8),

p = 1]), we get

Jj+1
D ("3125 (t,z, Dy )vy,

where Séo) are PDOs of order zero, 1 </ < j+ 1, and so
(Di+ An)on = f =Y Rj(t,x, Da)vj,
=1

for some PDOs R; of order zero.
Summing up, the Cauchy problem (3.12) is equivalent to the first-order
system

(3.19)

P(t,z,D;, D)V (t,z) = G(t,x) (t,z) € (0,T] x RY,
V(0,2) = Vo(x), x € R%,

20



where V = (vy,...,v,)T, P = D; + K + R, with

N —(Dg) 0 0 -~ 0 0
0 A —(Dy) 0 - 0 0
K(t,z,D;) = | : : : : , (3.20)
0 A—1 _<Dm>
0 0 A

R is a matrix of PDOs of order zero, G = (0,..., f)T and

T

j—1
n—_~—
Vo = (Uo,j)?gjgn = (Z Slf ”w) ) (3.21)
1<j<n

£=0

with S~ PDOs with symbols $" " (z,£) € S»*~1, 0< ¢ <n—1, and
u; the Cauchy data of the original equation .

Now we want to diagonalize the principal part of the operator matrix in
(3.20). To this end, we start working at the level of symbols and look for
a diagonalizer of the bidiagonal matrix K(¢,z,£); it is easy to check that
M(t,l‘,g) = (mij(t,x,f))ivj:h_,n, with m;; = 1, m; ; = 0 for ¢ > 7 and

B
Hi;ll()‘J (t’ €T, f) - )‘k(ta T, g))

for i < j is a diagonalizer of K(¢,z,{). Note that the symbols m;; are in
C([0,T],SY), and that the matrix M is invertible thanks to its special structure
and to condition , and the inverse M ~! is a matrix of symbols of order
zero.

Coming now to the level of operators, we define the operator matrix M (¢, x, D)
with symbol M (¢, z,£); then we set

mi,j(tam?é) = (322)

W:=M"'V, P:= M~ 'PM,

Wy := M~Vy, G := MG so that we obtain the system of first-order equations

PW =G 0,7] x R?
on ( ; | xR, (3.23)
W(0) =Wy onR%
where ~ ~
P=D,+Ki +R, (3.24)
K, is a diagonal operator matrix with A1,..., A, as entries, and R isann X n-

operator matrix with elements in C([0,77], S°).

Second step: Computing the (fundamental) solution to system , The sys-
tem in is in the form of [19, Section 10.7], thus by [19, Theorem 10.7.2]
it admits a unique solution, that we construct here below.

To this end, let ¢; = ¢;(t, s,x,¢), 1 < j <mn, be the solutions to the so-called
etkonal equations given by

at¢j(t7571'7§) + A](taxavx¢j(t757$7£)) = 07 (t757x7£) S AT X Rd X Rda
¢j($,8,$,§):x'f, SG[O,T]

(3.25)
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where z,¢ € R? and (t,s) € Ag, where 0 < T < T is sufficiently small. Indeed,
[T9, Theorem 10.4.1] states that for a sufficiently small 0 < T < T there exists
a unique solution to the eikonal equations , 1 < j < n. We define the
operator matrix

Iy, (, 5) 0
I¢(t, S) = - )
O I¢n (t’ S)

where I, are the FIOs with phase function ¢; and symbol 1. From this defini-
tion together with Proposition we see that

DtI¢j + )\j (t, x, DI)I%,

id;(t,s,x 6¢ id;(t,s,x
:/]Rded>](t7 ’ 75)87;@,8,3},6)664-/ e¢](t’ ’ 75))‘j(t7x7v$¢j(tvvaag))df

Rd

+ / ei¢j (t7s’z’§)b0,j (ta $,Z, f)dga (326)
R

where b j(t,s) € S°. The first two integral terms on the right-hand side of
cancel by the definition of ¢;.

Denoting by By ;(t, s, z, D,) the PDOs with symbols by ;(t, s, z, £) in (3.26)),
we define the family (W1 (¢, s); (¢, s) € Ag) of FIOs by

Wi (t,s,z, Dy) (3.27)
Bo’l(t,s) 0
=i +7i(t,$7Dr) I¢(ta5aanm)'
0 Bo7n(t,5)
From ({3.24), (3.26)), (3.25) and (3.27) we obtain that
P(t,z,D,)14(t,s,x,Dy) = iWi(t, s, @, D,), (3.28)

that is ilW; is the residual of system (3.23) for I,. We define then by induction
the sequence of n x n-matrices of FIOs, denoted by (Wy(t, s); (t, ) € Af)xen,
by

t
WKH(t,s,x,DI):/ Wi (t, 0,2, D)W, (0, s, 2, D, )db. (3.29)

We now claim that the operator norms of W, seen as operators from the
Sobolev space H™ for any fixed r into itself, can be estimated from above by

C571|t_ s|n71 Cnflj'wfl
()] < — < — ;
Witk 9l < =, =

(3.30)

for all (t,s) € As and k € N, where C, is a constant which only depends on the
index of the Sobolev space, thanks to Propositions and Indeed, to
deal with the operator norms in (3.30]), we need to explicitly write the matrices
W ; an induction in easily shows that

t 91 0572
Wn(t, S) = / / N W1 (t, 01) N W1 (9,{,2, Oﬁ,l)deﬁ,l N d@l (331)
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The integrand is a product of kK — 1 n X n-matrices of FIOs, therefore it is an
operator matrix whose entries consist of n*~2 summands of products of x — 1
FIOs. Denoting by Q) ...Q.—1 one of these products, where each of the Q); is
one of the n? entries of the n x n-matrix of FIOs W7, we have from Proposition
16 that Q1 ...Qx—1 is again a FIO with symbol o, of order zero, and for
all £ € N there exists Cy > 0 and ¢’ € Ny such that

|0',/v_1(t, 91, N ,Gm_l) EO) < C?_2|Q1(t791)|2?) v |q;g—1(9n—2a 9&—1)&?),

where for j = 1,...,k — 1, ¢;(¢,s) denotes the symbol of the FIO Q;(¢,s),
(t,s) € As. Now we set

_ 0
F:= sup sup g (t, S)‘é')
j=1,....,k=1(t,s)EAF

< 00,

so that
|0n71(t7 01, ey 01{71) éO) < 021726_571.

By Proposition applied to products of the type @1 ...Qx_1 and from the
previous inequality, for every r > 0 there exist constants C,. > 0 (depending
only on the index of the Sobolev space) and ¢, € Ny such that for all u € H”

||Q1(t7 91) cee Qn71(9n729n71)u”r S C»,‘|U,{,1(t, 917 B 9%*1)&?)”””7"
< C.Cp 25" full. (3.32)

Therefore, in the operator matrix Wiy (t,01)... W1(0x—2,0.—1), the operator
norm of each entry can be bounded from above by n”_2C,«02725“_1, since

there are n"~2 products of x — 1 FIOs. Now by (3.31)) and (3.32) we deduce
that

t 01 62
\\Wm(t,s)||g// / Wit 01) .. Wr (09,0 1) |01 . .. O

t pO1 Or—2
< 7’?,’{7207'02_26’{71 / / . / deﬁ_l AN del

ntm2C,Cp et — vt Gl — gt
< Lr _ r
- (k—1)! (k= 1)!

(3.33)

for a new constant C, depending only on 7, which yields the claim (3-30)).
Now, using the estimate ([3.30) one can show that the sequence of FIOs
defined for all (¢,s) € A7 and all N € N by

t N
En(t,s) = Iy(t,s) +/ I(t,0) Y " We(0,5)do (3.34)
S k=1
is a well-defined FIO on H™ for every r and converges to the well-defined operator
t oo
Blt,s) = Ly(t, s) + / 1,(t,60) S W (6, 5)d0, (3.35)
S k=1

which is the fundamental solution to the system ([3.23) in the sense that it
satisfies

{PE(t, s)=0 (t,s) € Ap, (3.36)

E(s,s)=id s¢€[0,T].
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Moreover, strictly hyperbolic equations are a subclass of the class of hyperbolic
equations with involutive roots (see [24],[35]), a class of equations such that the
sum in turns out to be a finite; thus, we can assert that E(t,s) is a FIO,
too. Notice that (¢,s) — E(t,s) € C(Ag), with values in the space of the FIOs
with some phase function ¢ and a symbol of order 0. This can be seen from
, because E is obtained by continuous operations of operators which are
continuous in ¢, s. By Duhamel’s formula, the unique solution to system
is given by

W(t) =E(t,0)Wo + i / " B(t.6)G(0)d6
0
= E(t,0)M (0,2, D,)Vy +i/t E(t,0)M~Y(0, 2, D,)G(6)do.
0

The entries of the vector W(t) are given for 1 < h < n by

wk(t):zz[ek,h(t,O)mh;(O)vo,jm /0 exn(t,0)m;, 5 (0)g;(0)d6| , (3.37)

h=1 j=1

where m; (¢, z, D,) stands for a PDO with symbol m; (¢, z, £) as in (3.22), and
ern(t,s), 1 <k,h <n, are the entries in the operator matrix E(t, s).

Third step: Computing the fundamental solution to the equation ,
From the solution to the first-order system we can then go back to the solution
to the original equation . For this we reverse all the transformations from
u to V', then from V to W and get

u(t) = (D)~ " Vo (t) = (D)~ Zmi,k(t,m,Dw)wk(t). (3.38)
k=1

Combining this with (3.37)) and looking at (3.21)) together with the definition of
G, we obtain the following representation for the solution u of (3.12):

n n j—1

a(t) =D D) g (t)ern(t,0)my (008" g

k=1 h=1 j=1 ¢=0

iy Y /O (D)~ "V g (t)ern(t, 0)my L (0) £(0)dO

=S Tu(t)u, + /O T, (t,0)f(0)do (3.39)

where Ty(t) = Ty(t,x, D,) are FIOs with symbols of order —¢ for all 0 < £ <
n—1, T,(t,s) = T,(t,s,z,D,) a FIO with symbol of order —(n — 1), and
f € C([0,T], H"(R%)), r arbitrary. Formula yields the representation
that we will use for instance in .

Remark 3.18. To let the construction of this section work we do not need to ask
the coefficients of to be of class C;° with respect to the spatial argument,
but only to assume that they are Cf—functions in the spatial argument for a
sufficiently large £ € N. Such an ¢ has to be large enough such that for every
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t € [0,T] Proposition can be applied to the entries of W,. This ¢ cannot
be computed explicitly in the general case, but for a (simple enough) example
it is possible to provide its precise value. This is what we are going to do in the
final Section [3.5

3.3 Stochastic second-order hyperbolic equations - the case
of strict hyperbolicity

In this section we consider the case where the partial differential operator L in
(1.1)) is given by (1.3). More specifically, this section is devoted to the proof of
the following theorem.

Theorem 3.19. Let us consider an SPDE (1.1)) where the partial differential
operator L is given by

d d
L=0}— Z ajk(t, )0, 0 — Z bi(t,x)0, — c(t,x), (3.40)
J.k=1 j=1

where for the coefficients we assume a;jy € C*([0,T);C°(RY)) for 1 < j, k < d,
b; € C([0,T);Cs°(RY)) for 1 < j < d and c € C([0,T);C°(RY)). Suppose that L
is a strictly hyperbolic operator, i.e. there exists a constant C > 0 such that

d
> ajn(t2)gé > CLEP, (3.41)

J,k=1

for all (x,€) € RYx R Assume for the initial conditions that ug € H"(R?) and
uy € H'1(RY), where 2r > d. Furthermore, assume for the spectral measure
that with k = 1 holds, and that o and ~y are such that v,o € L?([0,T); C),
s Fo(s) = vs € L2([0,T], Mp(R?)), s = Fry(s) = xs € L*([0,T], Mp(R?)).

Then, for some time horizon 0 < T < T, the Schwartz kernel of the FIO Ty
in - ) here below satisfies Assumptions (2. ]] m and. and therefore there
exists a random-field solution to the SPDE (L.1)) with partial differential operator

given by (L.3).
We will start from the representation formula for the solution that we have

obtained in Section and we will use it to show the conditions |[(A1){(A5)|
Proof of Theorem[3.19 Let us consider the Cauchy problem

L(t,z,0;, Vai)u(t,z) = f(t,z), (t,z) € (0,T] x RY,
u(0,x) = up(x), r € RY, (3.42)
Ou(0,z) = uy (), T € R%.

Using the relation D = —i0 we restate (3.42) as

P(t,x, Dy, Dy)u(t,x) = —f(t,z), (t,z) € (0,T] xR,
u(0,z) = up(z), r € R4, (3.43)
Dyu(0,2) = —iuq (), r €RY,
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with

d d
P=D?— Z aji(t,2) Dy, Dy + iij(t,x)ij +c(t, ).
g k=1 j=1

System is a particular case of (3.12), with n = 2, aq1 = 0 for |a| =
1, —f instead of f, —iuy instead of uj, so the hyperbolicity condition
corresponds exactly to . Thus, following Section |3.2f we can construct by
the following representation of the solution of 3.43: (and of ):

u(t) = To(t)uo + T (t)ur + /Ot T (t, s) f(s)ds, (3.44)

where Ty(t) = To(t, x, D,) is a FIO with symbol of order zero, T (t) = T4 (¢, 2, D)
is a FIO with symbol of order —1, Tx(¢, s) = T (¢, s, x, D) is a FIO with symbol
of order —1, wg is the initial value, u; is the initial velocity, f is the right-hand
side. We formally choose as the right-hand side f(t,z) := y(t, z)+o(t,z)F(t, z).
Let A(t,-,z,*) denote the Schwartz kernel of the Fourier integral operator
T5(t,s). So, according to , the random-field solution to the SPDE with

partial differential operator as in (3.40) is given by
t
u(t.) = (Toftyuo + Tuu) )+ [ [ Alts,o)als,n)duds
0o JRr

+/0 /RdA(t’S’$79)0(8»y)M(ds,dy). (3.45)

Now, since Ty, T; are FIOs with symbol of order 0, —1 respectively, if ug € H”
and u; € H™™1, then g(t) := To(t)ug + Ti(t)u1 € H". Due to the assumption
that 2r > d, we conclude by Sobolev’s Embedding Theorem that g(t) € C(R?)
and therefore, the pointwise evaluatation in makes sense. Moreover, since
t +— g(t) is continuous, we have that at every point (¢,z) € [0,T] x R, g(t,z)
is well-defined, which implies

Now we deal with the third term in . We see that Ty (or its Schwartz
kernel A) is the fundamental solution to the second-order SPDE with null ini-
tial conditions. By its definition in (3.44)), T»(t, s) has a symbol in C(Az, S™1)
since it depends continuously on E (in (3.35))) with symbol in C(Az, S°) and
M (t,x, D,) with symbol M(t,z, &) € C([0,T],S°) (M is continuous in time be-
cause it depends continuously on the characteristic roots, and the characteristic
roots of a PDE inherit the regularity with respect to time of the coefficients of
the PDE). In fact, T5(¢,s) is uniformly continuous with respect to ¢t and s on
Ag.

With this we can finally show the conditions [(A1)H(A4)l In order to show
[(A1)| and [(A3)| with A(¢,s) being the Schwartz kernel of T(t,s), for each
(t,s) € A we invoke Proposition together with to see that

[ Fysnlt, 5,2, ) ()] = [Ta(t, s)(z, —€)I* < Crs(€) 72, (3.46)

where Ty (¢, s)(z, —§) denotes the symbol of the FIO Tx (¢, s) evaluated in (z, —&).
Therefore the conditions |[(A1l)|and [(A3)|become

t
/ sup [ 1 Fyanlt, 5,2, )0+ O Puldn)lws|2ds
0 CeRe JRd
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t
1
< | Cislvsl?ds sup / ———zdn),
/0 cerd Jre 1+ [0+ ([

t t
/ SUp | Fypsn At 5,7, )(O)2[xs ds < / Cr.
0 0

CeRrd

1
2

Xs|“ds sup ————.
T cera 1+ CJ?

The constants Ct s can be chosen in such a way that they are continuous
in s and ¢, because of (3.46) and since Ty(t,s) has a symbol in C(Az, S™1).
Therefore we have that holds as long as holds and is always
satisfied.

To check the two continuity conditions [(A2)| and [(A4)| it will suffice to
show that

C?..
sup | F(A(t,s,z) — A(t,r,x))(E+n 2§A, 3.47
Te(sﬁh)l (A, s,2) = A(t,r,2))(§ + 1)l Tt e (3.47)

with Cy s — 0as h — 0 and Cy s < Cf for every h € [0,t — 5], (t,8) € Ap.
Indeed, if (3.47)) holds, then:

i [ (sup [ s A G) = A€ ) Puld) ) s
0 Rd re

h—0 neRd (s,5+h)

t
< lim C’Z&h< sup/ <€+n>—2u(df)>|ys|2d8
Rd

h—0 Jo neRd

t
_ (sup / <§+n>‘2u(d£)> i [ Gl s
nerd JRd h—0 Jq
=0

via the Dominated Convergence Theorem, thanks to assumption (2.12)), the fact

that |vs|? € L'[0,7] and C; 5 < Cp. Therefore holds, and also

corresponding to the particular case p = g in |(A2)|.

So, it only remains to check that holds. But this follows from the uniform
continuity of s — FA(t, s, -)(*), formula and (3.3). Indeed, the function
s+ (x)FA(t,s,-)(x) is, by (3.46), uniformly continuous on [0,¢] with values in
the Fréchet space S°(R2¢) endowed with the norm

0 0)

1 Ja—b|
la=bll =) ss——
=21+ ]a—b]

So its modulus of continuity

wi,s(h) = e [ FAE s, ) () = (1) FA(E, 7, ) (6)|| = 0

as h — 0. By (3.3) with m = ¢ =0 we get
re(s,s+

< s GFA( s )00 = (A € )
. ( [(OFA(t5,)(#) = (FA(E YIS
L (1) FA(t5,-) (%) = () FA(E T, ) (4]

re(s,s+h)
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X (14 [($)FA(L, s, )(x) — (+)FA(t,, -><*>|é°>>)

w1+ sup  [(FA(,s,)(x) = #)FAE 7))
re(s,s+h)

< wy,s(h)(1+2C7), (3.48)

where

Cr:= max C(C}, < oo,
0<s<t<T

by (3.46)) and the fact that (¢,s) — Ci is continuous on Az. Therefore, the
term in the last line of (3.48]) goes to zero as h — 0. Choosing the constant

Crsn =wis(h)(1+2CF) we get (3.47).
The proof is complete. O

Remark 3.20. Theorem [3.19] holds also if we substitute the assumptions on
v with the (presumably) more general assumption v € C([0,T], H""!). In the

latter case, the term fot T(t, 8)y(s)ds in can be put into the deterministic
function g(t) € H", and it is pointwise well defined. In the statement of Theorem
we choose to ask 7 as in that is to consider it in a similar fashion
as the stochastic integral term. The reason for this is that if the problem of
nonstationary nonlinear SPDEs (where o and v may depend on the solution )
with a general distribution as fundamental solution is solved, then the extension
of the results in Theorem to the nonlinear case is possible.

Example 3.21 (The stochastic wave equation). Consider the stochastic wave
equation in the whole space R? for any spatial dimension d € N given by

d
07 — Z@ij u(t,z) = y(t,z) + o(t,z)F(t,z), in (0,T] x RY,
j=1 (3.49)
u(0, ) = uo, on RY,

Opu(0, ) = uy, on RY.

The symbol of the wave operator is —72 + |£|2, so the characteristic roots are
given by 7 = £|¢|]. Note that they do not depend on ¢ and z, so the corre-
sponding PDOs +|D,| commute with D;, D, and functions of these operators.
Setting as in Section [3.3]

{Ul = (D,)A

vy = (Dy + [Dz|)A,
the equivalent first-order system becomes
(5 5) (% =) ()= (%)
0 Dy 0 —|Dy| U2 —f)’
with initial conditions v1(0) = (D, )ug and v2(0) = —iug + |Dy|ug. Note that

the residual term R in (3.19) is not present. Now we diagonalize this system
using the matrix in (3.22)), which has the form

(6 ™). m©=@reie.
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So the diagonalized system becomes with the notation W = M~V

(3 5)+ (% o)) () =) oo

with initial conditions w1 (0) = (Dg)uo + imuy — m|Dy|ug and we(0) = —iug +
|Dw‘U0.

Define now ¢+ to be the solutions to the eikonal equations which have the
form

at¢i(ta s,x,f) = :F|vz¢:|:(t7 S, $,£)|,

with the initial condition ¢4 (s,s,z,&) = x - €& One can solve these PDEs
explicitly to obtain the solutions ¢4 (t,s,2,§) =x - F (t —s)|¢| for all 0 < s <

t < T and all z,¢ € R%. Moreover, T = T. Now we set

L I¢+ 0
fp = ( 0 Ias)’

where Iy, is the FIO having phase function ¢+ and symbol 1. One can compute
for all 0 < s <t <T that

<(D0t Dot)+ (Il(?)zl _ODw|>)I¢(t,8)O,

I4(s,s) =1id,

so that W7 in (3.27) is identical to zero, which means that in (3.28)) there is no
residual R and Iy is the fundamental solution to this first-order system. Now
Duhamel’s formula implies that the solution to the system (3.50) is

<w1(t)) _ <I¢+ (t,0)((Dg)uo + imuy — m|DIu0))
U)Q(i) I¢7 (t, O)( - iu1 + |Dz|u0)

[t (1, (,0)(mf)(0)
+1/0 (—u (t,oxf)(e)) 0.

The solution u to the wave equation ([3.49)) with initial conditions ug and u; and
a right-hand side f can so be represented by using (3.44) in the following way

u(t) =Ty (H)uo + Ta(t)us + /0 Ts(t, s)f(s)ds,

where
Ti(t) = (Do) ™" [, (£,0)((Ds) = mA) +mls_(t,0)A],
Tr(t) = i<Dw>_1 [I¢'+ (t,0)m — mly_ (t,O)] )
Ts(t,s) = i(Dy) ! [Iy, (t, 8)m —ml,_(t,s)].

Due to the multiplication formulas in Proposition we can compute

e 1 e 1
Tyt s :i/ Cw-sﬂ(tfsnz\idé_i/ girerit-slel L g
s =1L 20" e 20

:/ eix-fiei(t_S)g _e_i(t_S)fdé'
R ¢ 21
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— / eix-f Sln((t B S)|§|)d§,
R iq

and Ty (t) = T3(t,0). We can see that this is a PDO with symbol sin(¢|¢])/|€].
On the other hand, T} (¢) becomes

= iwf*itléli _7Q iz &+it|€] 1 1 1< )
) = [ (10 i)+ [ o i

_ 1/ eiw-f—it\s\ngr,/ ol Hitle] g
2 2 Jga
(ol +e il

L
| < costreac
Oy

i fSIH(t|£|)
JLe g

We can see that in this case all the three operators involve the inverse Fourier
transform of sin(¢|¢]) /|| or its derivative. Now letting ug = u; = 0 and the right
hand side of (3.49) equal to doo we get u(t) = T3(t,0)dp and for all v € S(R?)

we have
iy ([ esmltiED
w(o).0) = (| ee=tlac v,

recovering the fact that the fundamental solution is the inverse Fourier transform

of sin(t[¢])/[€]-

3.4 Stochastic higher-order hyperbolic equations

In this section we give a generalization of the solution theory presented in Section
[3:3] We treat higher order equations of the form

P(t,z, Dy, Dy)u(t,z) = y(t,z) + o(t,2)F(t,2), (3.51)

where for n € N, n > 2 P is defined in , with some suitable coefficients
Qq,j, SCE Theorem 2 below. As in Sectlon E we assume P to be strictly hy-
perbolic asking (3 and- ) to be satisfied. Note that this section provides
a generalization of Section [3.3] also in the case n = 2, since here we allow for
terms of type aq,1(t, 2)D2 Dy with |af = 1.

The result of this section is the following.

Theorem 3.22. Let us consider an SPDE where the partial differential
operator P is of the form with coefficients a, ; € C™1([0,T); Cs°(RY))
for la| =n—j, an,; € C([0,T];C°(RY)) for |a| <n—j, 0<j <n—1. Suppose
that P is a strictly hyperbolic opemtor, i.e. and hold. Assume
for the initial conditions that Diu(0) =: u; € H" 7 (R%) 0 < j < n — 1, where
2r > d. Furthermore, assume that v and o are as in Theorem[3.19 and that

1
e L e < (3:52)

Then, for some time horizon 0 < T < T, the random-field solution of the

SPDE (3.51)) with partial differential operator (3.13)) is well-defined.
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Proof. Let us start with the representation of the solution w(¢,x) of (3.12)) ob-
tained in (3.39):

n—1 t
u(t) = Ty(t)ue +/ T, (t,0) f(0)do.
=0 0
with Ty(t) = Ty(t,x, D;) FIOs of order —¢ for all 0 < £ <mn —1, and T, (¢,s) =
T,(t,s,z, Dy) FIO of order —(n — 1).

The term g(t) = Z?:_ol Ty(t)ue € H" since up € H"™, so this term can be
treated as the corresponding one in the proof of Theorem [3.19} As for the term
T,.(t,s), it can be handled exectly as T»(t,s) of Theorem with the only
difference that T), (¢, s) has order —(n —1); letting A(t, s) be the Schwartz kernel
of T, (t,s), we come to

[Pyt 5,2, ) (€)1 = |0(Tult, 8))(w, —E)* < Cos(©) 27D, (3.53)

and then the well-definedness of a random field solution follow as in the proof
of Theorem 3.19 O

The condition (3.52)) has already been seen in [I2] when dealing with higher-
order beam equations.

3.5 Stochastic second-order hyperbolic equations - the case
of weak hyperbolicity

In this section we show that the assumption of strict hyperbolicity on
equation is an important one. In fact, if this assumption does not hold,
the associated PDE might not be well posed, neither in C*° (or in usual Sobolev
spaces), see [I0], nor in weighted Sobolev spaces, see [23]. However, results of
”well-posedness with loss of derivatives” in Sobolev spaces can be obtained under
suitable assumptions in the case of weakly hyperbolic equations, i.e. equations
having real characteristic roots which are not necessarily distinct and separate
at every time, see for example [2] and the references therein. Here well-posedness
with loss of derivatives means that in this case the fundamental solution E(t, s)
results to be a Fourier integral operator of order § > 0, and so by Duhamel’s
formula one obtains a solution U which is less regular then the data, i.e.
if the right-hand side G and the initial data are in H" for some r > 0, then the
solution U is in H"~°, as proved for instance in [3} [4].

This leads to the conclusion that without the assumption in (3.41) the
Fourier transform of the fundamental solution might not behave as (£)~! as
shown in the previous section, but only as (£) " with x € (0, 1).

In this section we give an example of a weakly hyperbolic equation with
fundamental solution that satisfies with some k € [0,1). In this section
we follow the ideas from [3], but we have to keep a much tighter control over
the constants, since their size is crucial at the end.

Let us so consider the following SPDE in spatial dimension d = 1:

(0} — thO2 + ™0, ) u(t,x) = F(t,x),
u(0,x) =0, (3.54)
Ou(0,2) =0,
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where (¢,z) € [0,1] x R, k € Nwith k > 2, p=1 — 1 and ¢ > 0 is a constant,

sufficiently small, that we will set later. Then we know by [3, Theorem 1.1] that
the associated PDE to problem ([3.54)) is well-posed in Sobolev spaces with loss
of derivatives, and the fundamental solution A exists. Therefore, the solution

to problem (3.54)) is defined by

attea) = [ [ Ao~ p)ar(as. ),

since the coefficients and the right-hand side of the PDE corresponding to
do not depend on the spatial argument. In this section we will construct the
fundamental solution A and derive an upper estimate as in .

Equation can be reformulated using D = —i0:

(D —t*D2 — cith? D) u(t,z) = — f(t, 2),
u(0,z) =0,
Dyu(0,2) =0,

where the right-hand side is formally given by f = F.

We follow the ideas of Section[3.2} since we deal with a second order equation,
we explicitly compute the characteristic roots of the partial differential operator
in . Its principal symbol is given by 72 — t*¢2, so the characteristic roots
are \(t,£) = +tF/2|¢| for all (t,x) € [0,1] x R. Since these roots coincide
(and vanish) at ¢t = 0 for every fixed £ # 0 (i.e. equation is not strictly
hyperbolic), to let the ideas of Sectionwork we separate the roots by defining
the following ”approximated characteristic roots”:

M, €) = £y[th + ()72 ¢ = £4/1+ ()2 - () 1[¢]-
Moreover, we set
(&) = /1 +tF(E)?,

and easily see that ¢ € C([0, 1], S1).
Now we define, using the approximated characteristic roots instead of the
characteristic roots (compare with (3.18)) in the case of strict hyperbolicity)

{vl(t,x) = ((t, Dy)ult, z)
vo(t,z) = (D¢ + A, Dy))u(t, x),

and by performing similar calculations as in Section [3.2] we obtain

(Dt + :\(ta Dx))vl = ((t, Dx)(Dt + 5‘(t7 Dx))u - i%(ta Dy )u
= C(t,DZ-)'UQ - Rovl,
where Ry = Ry(t, D,) is the PDO with symbol
I L (S S U
8 = SR T A @) 359

and ~
(Dy — A(t,Dy))va = — f(t,x) — No(t, Dy)vy,
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where Ny(t, D;) is a PDO with symbol

cithkrg ikth=1|¢] £2
=— . 3.56
ol = e e ek O
So we obtain the equivalent first-order system
PV(t) =G, in|0,1],

where V' = (v1,v2), G = (0,—f), and

e (400 S8+ (81 )

Now, before diagonalizing the system, we investigate the order of the two
symbols in (3.55)) and (3.56). For this we need three lemmas, the first one being
an important integral inequality.

Lemma 3.23. For all o, 3,6 > 0 we have

Ca.,6 fora—pB6> -1,

1 o
/0 Wdt < { ot log ((6)2/4D)  for a — 86 = 1,
Ca,ﬂ,6<5>2(ﬁ57’171)/5 fora— po < —1.

Proof. By separating the domain of integration into [0, h] and [h, 1], where h :=
(€)=2B/(aH1) e obtain

t te h 1 1 1
- _dt< Qﬂ/ tadt+/ to=Pq < + ,
/0 (t6+<§>_2)6 - <£> 0 h T a+1 OZ—B(S-i-l

ifa — 36 > —1;if a — 56 = —1, then

k te 1 i
/0 Fr@ S oy s

In the case when a— 3§ < —1, we obtain by the change of variable t° 4+ (£)~2 — s

1 to B 1 1+(¢)~2 (s _ <§>—2)a/5+1/§—1
——dt = ds
o (t0+ 6 J

(&)=2)° €)-2 sP
162
< l/ S(at1-6-88)/6 1
T 0 Jg-
1
== (@) 2)lar1-/s <§>—2(a+1—65)/6)
a+1-36 (
1
< <£>2([35—a—1)/6_ O
B0 —a—1

The other two lemma give bounds on the derivatives of some of the terms
in the symbols of Ry and Ng.
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Lemma 3.24. For alll € Ny, and j € {0,1}
1
J

Proof. An induction shows that the partial derivatives can be bounded form
above by

th—i

aém dt < Cl<£>_la

where Oy < 1- 22,

l k—i
- th—i
<C —l—2m ,
$th+ ()2 = lmz::1<5> (tF + (€)=-2)m+1
where C; < 272, Then integrating this over [0, 1] and using Lemma with
a=k—j,8=m+1and =k, we get

1 1 o 1 th—j
l —1—2m
e Y e N
!
A —l+241 1
<G~ mZ:1 mh =1
<1-Ce) O

This lemma implies that rg in is of order zero. Moreover, we imme-
diately see that the third term on the right-hand side of is of order —1
since ( is of order 1. The second symbol is of order zero, being the product of
the two symbols of order zero kt*~1/(t* + (¢)=2) and [£]/(€).

The following lemma is needed to investigate the first term on the right-hand

side of ([3.56)).
Lemma 3.25. For all | € Ny,

/1 8l tkpf
0

VG

for some constant C] < 21 -1!- (20 — 1)IL.

dt < C[(§) "' log(1 + (€)), (3.58)

Proof. First we see what happens at the level of [ = 0. Then the integrand in
(3.58) can be written as

theg S < tk )p 1
EOVEE+ (2 (O \tF+(§2) (tF+ (=)~
where, with the help of Lemma the first two terms can be seen to be

symbols of order zero. The third term is a symbol in S?/* C S!, and using
Lemma with a =0, B =k"! and § = k, we get

(3.59)

A Wdt <1+ 10g(<£>2/k)

62"
<1+ log(§). (3.60)
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The next step is to investigate the derivatives of the term in (3.59). We define

ke tke
8= e v iR

~(rva) o
O+ (O 2+ t)UR ()
and for all [ € Ny
th(p+1)

nn
(1 + th(£)2)@+D)/2
th(p+1)

()ZFL((€) =2 + th)(@1+1)/2

Ou(t,€) = (—1)(2l ~

= (=1} - 1!

tk p+l 1 1
=(-1}2 - 1)”(<£>2 +tk> ((6)2 1 o)1/ (g2

where n!l denotes the odd factorial of an odd number, i.e. nll =n(n—2)...3-1,
and (—1)!! := 1. We have that O(t, &) = 0(t, &) and

9:0.(t,€) = ©141(t,)() 9 (€) = O111(t, €S-

Set furthermore

~ k p+l
But, &) == (—1)}(2l — 1)n<<§>_t2 Hk) CE i T (3.61)

S0 )
Ou(t,€) = Ou(t,)(6)* .

Note that the term in the brackets in is bounded by 1.

In the sequel, we will deal with symbols of the form p,, 4, () := £*1(£)** €
Saitaz where a;,—as € Ny. Note that the symbols (:)l(t,ﬁ) and pg,,q, are
bounded by (2! —1)!! and 1 respectively. With this preparation, we can evaluate
the derivatives of the function on the left-hand side of (3.59), which is equal to
0(t,&)E. Tts derivatives are given by the following formula. Set I* :=1/2 + 1 if |
iseven and {* := (I +1)/2+ 1if [ is odd, i.e. I* = [l/2+ 1]. Then

l

9t (0(t,€)¢) = Z C1,;0u(t, O)paj—(-1),2j+1(t, ),

G=l—1*+1

where C; ; € Ny are constants which can be recursively computed. We have for
instance Cy; =1, Cp -1 = Zi‘:1j7 and all C;; < 2Il. Therefore, using ([3.60))
we have that its derivatives satisfy the following integral inequality

1 1 1
/0 }8@(9(t,§)§)|dt§21~l!-(2171)!!~<§>*l/0 Wdt
<2010 (20— )N - (€)1 + log(€))
< (&)~ og(1 + (£)), (3.62)
where C] :=2[-1!- (20 — 1)!L. O
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This lemma implies that the first term on the right-hand side of is of
order 2/k and satisfies the integral inequality (3.58).

The next step is to diagonalize the system ﬂ using the matrix in ,
which in this case has the form

< (1) m(?f) )

i) e SO _ VIFEER (6
U2 2T+ tRle] 20El

Then, with the change of variable W := M~V the system becomes

with

{PW(t,x) =Gt ), (tz) € (0,1] xR, (3.63)
W(0,z) =0, zeR,
with G = (mf, —f)7 and
P(t,z,D,) = (Dot gt> + </\(t’x0’ D.) —;\(t,gc,D,;)> +R(t,z, Dy),
with
e (T Ao, )

Note that here R is a matrix of PDOs of order 2/k, not of order zero as in the
strictly hyperbolic case, see .

It is important to remark here that in Section we constructed the FIO
W1 in with the same order as R and the behavior of W, was used to
obtain the well-definedness of the symbol of Ex in and its order. More
precisely, it was crucial to have a uniform in time estimate of f: Wi (t,6)do.

Here we want to follow the same ideas, so now we derive an integral estimate
for the symbols of the four operators in the matrix (3.64)). It can be easily
checked that the symbols of the operators mNy, Nom and mNym satisfy the
same integral estimate as in with the same constants C}, which was
derived in Lemma [3.25] For the latter estimate we consider, as in Definition
the symbol only for £ outside the ball with radius R > 1. The symbols of
the other two operators Ry and Rgm satisfy the same integral inequality as in
Lemma with the constant C) - k. The symbols of the four PDOs in R,
denoted by 7, ; for 4,5 € {1,2}, satisfy therefore

/0 107 5 (£, €)[dt < (cCjlog(1 + (€)) + C1 - k) (€) !

< Cp. (14 clog(1 + (€)) (&),

where C} ; < C] + C; - k. Then for § outside a sufficiently large ball, whose
radius may depend on ¢, clog(1 + (£)) dominates the constant 1.

Now, to construct the fundamental solution E to the system we have
to substitute the approximate characteristic roots by the true ones, rewriting
the operator P in the form

P(t,2,D,) = (Dot D0t> + <A(t’0DI) —A(tO7DI)> +R(t, 7, Dy),
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with

We notice that

A= N(t:€) = (\tF +(&) 7> = t*2)le] = & Jf§<>§>2§|+ tk/2

is a symbol of order zero, and by Lemma with « = 0,6 =1/2, 6§ = k we
have (since k > 2)

|16 =N e < 250 (9% < =

similarly, we can compute

1
J
with C; computed in Lemma This means that R is again a matrix of
PDOs of order 2/k and the symbols of its entries satisfy

S ae,

L) - X, 9) dr < ;

1
| 1087,k < (2 toxtr + (6 + i 2 ) (0

< cCrylog(1+()(€) ", (3.65)

with Cj; < 20,'” +2C,/(k—2).
We define now Iy, ¢+, Wh, Wn,EN, E as in Section with the difference

that here we have R satisfying (3.65) (instead of R of order zero as in )
We have by Proposition -that for every given r > 0 there exist a Constant

C, >0 and an integer [y € Ny sufficiently large such that when setting

0o :=sup C = Cl 1, < 2l - lo! - (2[0 — 1)”,
1<l

we get for every £ < g
|0t (En(t,5))(, )]

0
<Z///l/ ‘850W1t91 Wl(nz,nl xf’d9n1 61 do

n=1"$

n—1
N (2C¢, cCrdo(1 + log(€
20, ( s 0757 1)Og< >)) < Ce.r (€)™, (3.66)

n=1

where

8 := 20y, Cdo,

with a new constant Cy, , > 0. Thus the operator E, defined as in as the
limit of Ex as N — oo, is continuous from H*19 to H* for every s € R, i.e. it
is an operator of order § > 0. It’s now easy to check that F is the fundamental
solution to the system

PE(t,s) =0 (t,s) € Ap
E(s,s)=id s€[0,T]
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for some T' < 1. For more precise computations (in a general setting) we refer
to [3, Theorem 3.1] or [4, Theorem 3.1].

If we set 0 < ¢ < (2C;, Cr.0p)~", then 0 < § < 1. We compute the order of
the fundamental solution to reversing all the transformations from u to
w, i.e.

u(t) = ¢(t, Dy) " (wi () + mwa(t)).

So, by substituting the above expressions for w into this equation we obtain
that the fundamental solution to (3.54) is given by

Ta(t, s) := iC(t)_1 (6171(t, s)m — e12(t, s) + mea1(t, s)m — meaa(t, s)),

where e; ; are the entries of E. Since ( is an operator of order 1 and m is an
operator of order 0, we have that the fundamental solution T3(t, s) is an operator
of order § — 1 € (—1,0). Therefore, a sufficient condition for the assumption
on the spectral measure for the well-definedness of a random-field solution

1S

1
sup [ ey < o

The other conditions for the existence can be shown with similar arguments as
the ones in the proof of Theorem We have so proved the following;:

Theorem 3.26. Let us consider the SPDE If the spectral measure satis-
fies for some k < 1, then for some time horizon 0 < T < T the Schwartz
kernel of the FIO Ty satisfies Assumptions[2-1 and[2-], and therefore a random-
field solution to the SPDE is well-defined.
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