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Abstract

Based on the concept of equivalent eigenstrain, a low-order accurate eXtended
Finite Element Method (XFEM) is presented. The aim is the determination of
the stress intensity factors of cracked homogeneous specimens. The proposed
approach differs from the conspicuous amount of existing contributions on this
topic. The findings of the present paper highlight aspects so far neglected in
the literature, such as the mechanical meaning of additional fields and equations
specific to the XFEM approximation of the displacement field. Moreover, based
on the plane strain examples simulated in the present study, the proposed XFEM
is generally computationally more robust and accurate than existing comparable
XFEMSs, while keeping a minimal implementation effort.

Keywords: Stress intensity factor, XFEM, elasticity

1. Introduction

The present study proposes an eXtended Finite Element Method (XFEM)
where the crack tips are modeled as Eshelby’s elastic singularities. The target is
to devise an effective model with minimal computational effort. With respect to
comparable XFEMs for fracture, the stress-intensity factors are more accurate,
while the numerical procedure is more robust.

The XFEM [1}, 2 B, 4] is a generalized Partition of Unity Finite Element
Method (PUFEM) [5]. The Generalized Finite Element Method (GFEM) [6] is
another PUFEM, structurally similar to the XFEM. Both GFEM and XFEM
exploit the knowledge of the expected shape of the stress and the strain fields;
the displacement field is indeed approximated by enriching the space of the
standard finite element functions with additional shape functions that preserve,
almost everywhere, the partition of unity property of the finite element shape
functions. In the case of a crack, the first term of the crack tip asymptotic field
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is usually added to the discretization space [3]. However, high-order XFEMs
have been developed by enriching the finite element approximation of the nodes
surrounding the crack tip with higher-order terms of the crack-tip asymptotic
field. For instance, Liu et al. [7] formulated a method with higher-order terms for
the direct evaluation of the mixed mode stress intensity factors (SIFs) without
extra post-processing. High-order enrichment functions and direct evaluation
of Irwin’s integral are key in computing mixed-mode stress intensity factors for
the XFEM by Lan et al. [§].

Existing XFEM and GFEM applied to fracture mechanics problems exhibit
possible loss of accuracy as a consequence of: loss of the partition of unity prop-
erty in the transition elements, incorrect quadrature, and ill-conditioning [9} [10]
11, 12] 13}, 14, 15, [16]. For Laborde et al.[T0], accuracy is restored through the
implementation of high-order polynomial shape functions combined with addi-
tional strategies such as the geometrical enrichment of a fixed area containing
the crack tip. Examples of blending procedures facing the loss of the partition
of unity property in the transition elements are the corrected XFEM [I1]], and
other techniques based on the adoption of ramp-shaped blending functions [12].
Another method exempt from the necessity of blending finite elements is the
so-called intrinsic XFEM [I7] based on the moving least squares functions anal-
ogous to those employed in meshless methods. Ill-conditioning can be induced
both by the fact that the crack line is close to the finite elements edges, and by
the adoption of geometrical-enrichment strategies [10] [15]. Stabilized PUFEM
methods aim at overcoming ill-conditioning and drawbacks of the blending fi-
nite elements by means of suitable assumptions on the space of the enrichments
functions. For instance, the stable GFEM (SGFEM) for 2-D and 3-D fracture
mechanics problems by Babuska and Banerjee [13| [I5] 16] is based on quasi-
orthogonality between the standard space of the finite element functions and
the space of the enrichment functions, and boundedness away from zero of the
diagonal elements of the stiffness matrix. Alternative efficient stabilization tech-
niques have also been derived, based either on eigenvalue decomposition of the
stiffness matrix [I8], or on suitable assumptions of the enrichment functions [19].

It seems that the price to pay to improve accuracy of XFEMs is either
a conspicuous increase of the number of unknowns, as in the case of high-
order crack tip and/or enrichment functions, or the introduction of special pre-
conditioning procedures of the stiffness matrix. Hence, modified or new stiffness
terms appear, whose mechanical meaning seems obscure.

So far, the problem of the convergence of the variational problem adopted
in standard XFEM to the singular, asymptotic, solution of the cracked elastic
body has been faced from a computational standpoint. On the other hand, the
necessity of using suitable variable formulations for cracked bodies has emerged
in the context of free-discontinuity problems formulated in the (special) space of
bounded variations [20, 2], 22]. In particular, in energy-based formulations for
fracture mechanics, the elastic energy of the bulk is separated from that spent on
the cracks surface, and Gamma-convergence to Griffith-type fracture energies
has been proved [22]. These results obtained for free-discontinuity problems
suggest that the classic minimization formulation for non-cracked bodies is no
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longer suited to cracked bodies, and that the singular part of the strain field
should be treated separately.

The present paper aims at developing a mechanically consistent XFEM with
the same set of enrichments functions as the original XFEM [11, 2, 17, 23]. Unlike
the original XFEM, the proposed XFEM is based on the mechanical decoupling
of the singular and bounded parts of the strain.

To mechanically decouple the singular part of the strain from the other strain
terms, the equivalent eigenstrain concept is adopted. In the first decades of the
twentieth century [24, 25| 26], Volterra [24], Somigliana [25], and Reifiner [26]
investigated the equilibrium in the presence of those eigenstrains deriving from
the addition or the subtraction of material. The eigenstrain concept was gen-
eralized by Colonnetti [27] to any incompatible and non-smooth strain that is
not caused by external loads. However, it was Eshelby [28] who formulated a
general framework for elastic singularities, stating that inclusions, point and
line singularities with infinite self-energies can all be regarded as limiting cases
of Somigliana dislocations of finite self-energy. Later, Mura [29, B0] gener-
alized the concept of equivalent eigenstrain for elastic inclusions. Recently,
Schmidt et al. [3T] have developed an eigendeformation variational formulation
that (Gamma-)converges to Griffith’s energy.

When the enriched strain field contains Dirac’s delta-like terms, previous au-
thor’s papers [32] [33], [34] have proved that the mechanical decoupling between
the singular part of the strain and the other strain terms is necessary to avoid
spurious energy contributions. This is the case of strain localization [33], cohe-
sive and finite-thickness interface laws [32][34]. A previous attempt to formulate
an equivalent eigenstrain XFEM approach has been done for imperfect inter-
faces [35]. In the present study, the approach is devised for the case of fracture
for the first time.

Generalizing Eshelby’s elastic singularities concept [28], the crack is regarded
as an elastic singularity in Eshelby’s sense by means of the procedures described
in Sec. 2] In particular, the displacement field is the sum of a standard term
and a term emanating from the crack. The singular strain term is regarded as
an eigenstrain, and the associated eigenstress is introduced. Sec. [3] and Sec.
illustrate the variational formulation and its discrete version, respectively. It is
also shown that, for any non-constant enrichment function, the solving equations
of the proposed formulation and that associated with the standard XFEM differ
at both the continuum and the discrete level. Sec. [p] assesses the convergence of
the computed stress intensity factors to the reference values for a set of plane
strain cracked plates. Finally, peculiarities and pros-and-cons of the present
formulation are discussed in Sec. [6l

2. Approximation of the crack as an elastic singularity

Quoting Eshelby [36], the tip of a crack qualifies as a defect, or an imper-
fection, in its own right. Therefore, the stress induced by an imperfection can
be regarded as some state of internal stress not produced by surface or body
forces [37]. The aim of this section is to devise an approximated procedure to
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compute the disturbance exerted by the crack within the region 2 on an applied
stress, uniform at large distances. Note that the determination of the analytical
solution of Eq. for cracks is out of the aims of the present study. Hence, the
path of reasoning of the subsequent developments will deviate from Eshelby’s
canonical approach [37].

First, in Sec. the linear elastic continuum problem with and without
cracks is formulated for the plane strain case. The basic statements of Eshelby’s
approach to the inclusion problem are given in Sec. Sec. and Sec.
set the two-fields kinematics of the approach.

2.1. The linear elastic continuum problem

Index notation is adopted. A quantity with a repeated superscript is summed
over the values 1, 2, 3. Differentiation with respect to the coordinate x; is
denoted by a subscript ,i. A small displacement regime is assumed.

The solid V' displayed in Fig. [1] is loaded with tractions p; on the region
0V, of the surface V. The body is subjected to vanishing displacements u; on
the external surface portion 0Vj. In the absence of the crack, for an isotropic
material with Young’s modulus E and Poisson coefficient v, the continuum
problem is formulated as

0ij; =0, inV, (1a)
OijNj = Pis ondV,, (1b)
u; =0, ondVy, (1c)
1
Oij = )\Eléij + 2u§(um + ujvi) s (1d)
where ;; is the Kronecker delta, F; is the first strain invariant and A = my)"(ﬁ

and p = ﬁ are the Lamé constants.

When the body is cracked, stress concentrations and inelastic deformations
are expected in the neighborhood of the crack tip. Therefore, the problem of
the cracked body has to be cast in the context of the Linear Elastic Fracture
Mechanics (LEFM) [38], where the concept of stress intensity factor is key [39]
40]. In fact, LEFM computes the asymptotic fields of the stress field in a
neighborhood of the crack tip for vanishing distance r. Restricting attention to
the plane strain crack problem, uq = uq(z1, x2), ue = (21, x2) and ugz vanishes.
In this case, the equilibrium and constitutive equations reduce to

OaB,a = 0, (2&)
M tas +upe) = 1 00s — LsasT (2b)
9 U, Ug,a) = E Oap B afLl,

with o33 = voaa, with a, 8 =1, 2, and T} = 011 + 022 + 033. The computation
of the asymptotic stress and displacement fields is based on the introduction of
the Airy stress function. For instance, in a plane strain plate subjected to mode
I loading along axis xs, the stress field at the crack tip, in a polar system of
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coordinates centered at the crack tip is [41]

Kr 1 50
099 = —————(5cos cos —), 3a
22 \/%4( 5 2) (3a)
K 0
011 + 099 = ! 2cos —, (3b)
2 r 2
Kr 1 0 50
012 = —(—sin = +sin —), 3c
= ol (-sin g sin ) (3¢)

where K is the mode I stress intensity factor. Stresses are associated with
the following displacements [41]

0
2
 Kp 4(1-0v?) cos™ 5 0
Uy = ET\/’F 1 m COS 5 5 (4&)
2 COS2 4
K 401 —0?) 2 \.. 0
Uy = N ﬁ(l =1 sin o - (4b)

For more details on fracture mechanics, reference can be made to Kanninen and
Popelar’s book [3§].

2.2. FEshelby’s eigenstrain approach

Let an inclusion Q of surface 02 in V be considered. Eshelby’s solution of
the ellipsoidal inhomogeneity [42] is based on the steps hereinafter described.

I The region €2 is removed. Thus, it undergoes the strain —e;. Let o}; be the
stress associated with —e;; by means of Hooke’s law.

IT The surface tractions o;;n; are applied on 92 to bring € back to its primary
shape. The inclusion is rewelded in the matrix. The tractions o;;n; have
originated a layer of body forces b] = —o7; ; spread over J{2.

ITI an opposite tractions field o};n; is applied at 92 so to recover the initial
state.

Following Eshelby’s seminal work [37] and a later, corrected, version [42], both
based on Love’s classic treatise [43], the displacement at r due to a point-force
F; at r’ writes
Ui =Ui;Fj, (5)
where
1L by 1 0?
Y e — | 16mu(l — v) Ox;0z;

r—1']. (6)
Therefore, the displacement in the inclusion in stage III due to o};n; is [37]

)

w; = /av ofp i Ugj(r — ') dS, (7)
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where o7};

; is the stress associated with e}; by means of Hooke’s law

g

i = Cijnkeny - (8)
Remarkably, Eq. suggests that the compatible strain field €;; = %(u” +uj;)
in the inclusion is, in turn, a function of the eigenstrain €;;.

While the strain in both matrix and inclusion is €;; = %(Ui,j + uj;), the
stress in the matrix writes as

1
Tij = Cijhki(uh,lc + Uk,h) - (9)

The stress in the inclusion is cast as

0ij = Cijnk 5

(unk +unk) — 055, (10)

with o; given by Eq. .

2.8. Definition of a two-field-based kinematics

The crack tip at which the strain and the stress are singular is regarded as
a point singularity, and the crack tip is replaced by a region €2 surrounding the
crack tip as shown in Fig.

In Q, the crack is regarded as a disturbance of the strain field. The aim is
to correctly capture this disturbance. The first key assumption relies on the
approximation of the displacement field as

In Eq. , v; i the i—th component of the displacement field that would
be present without the elastic singularity. The term f a; is an additional field
incorporating the mathematical structure of the expected solution. Function f
features the expected singularity of the displacement field at the crack tip. It
is assumed scalar to simplify the subsequent developments. It is also assumed
bounded, with singular derivative. Symbol a; denotes the i—component of a
vector modulating the entity of the disturbance in the space. By construction, a;
vanishes where the effects of the elastic singularity vanish while is different from
zero where the disturbance is active, i.e. a; = 0 in V' \ Q. Approximation
preludes to the XFEM developed in Sect. [

Therefore, the displacement field depends on two distinct vector fields of
components v; and a;.

By compatibility, for infinitesimal displacements and strains, the total strain
is )

o (i +ujq) = eij + e, (12)

where the strain term

€ij (vij +vji + faij+ faji) (13)

DN =
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is bounded, while the strain term

" 1
eij = 5(faas+ f;a) (14)
is singular, because f has singular derivative.

2.4. Constitutive laws
The strain field in the whole solid is

1 *
o (uig +ug) = €55 + e (15)
€;; and e;; being defined by Egs. and , respectively.

However, the stress in the inclusion turns out being

1 *
oij = Oijhki(uh,k + uk,n) = Cijnken, = Cijhkenk (16)
in €. Furthermore, being u;,and thus €;;, function of €}; through Egs. (@ and
Eq. , the stress inside the inclusion is a function of €}; in its turn, to be cast
as
Sij = SijhkChl - (17)

Somehow reminiscent of Eshelby’s tensor [37], the constitutive tensor S;jps will
be specified in the forthcoming Sec. Thus, in the inclusion,

045 = Sij = ijhke}:k 5 in Q. (18)
Equality plays a crucial role in the subsequent developments.

The energy momentum. Eshelby’s force on an elastic singularity inside a closed
surface I' is the integral

E = / Pljnj dS, (19)
r

where P; = £6;; — 0;5u;,; is Eshelby’s energy momentum [28, 36], and £ is the
strain energy. The classic result [44] 28, [36] that F} vanishes when taken over
a closed path I' within which the material is homogeneous and free of defects
holds also in the present case. This can be shown by computing

/561]‘ nde:/é',l dV, (20)
T Q

where e a( )
§ Oijil
1= g—C€ij1 = Oiji gl = 0ij €5, = 75;1 :
1] J
because o5 ; by equilibrium, and e; vanishes by hypothesis within the consid-
ered domain. Hence, the energy momentum F; vanishes, and the exploitation

of the J-integral [45] is possible.

(21)
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3. The problem equations

The forthcoming section presents the variational formulation of the pro-
posed approach, while Sec. proposes a heuristic approach to the determina-
tion of the constitutive tensor S;;,, associated with stress s;; . The classic
mechanical work used for elastic non-cracked bodies is formulated in Sec.

3.1. Variational formulation of the eigenstrain approach

The focus of this section is on the problem of the equilibrium of the solid V'
of Fig. [1] governed by

Oij,5 = O, inV, (22&)
04Ny = Pi, on 6Vp s (22b)
045 = Sij, in Q, (22C)

subjected to vanishing displacement on 0V, and to the constitutive equa-
tions , , . A special variational formulation is formulated, whose
Euler-Lagrange equations lead to Egs. (22]). To this end, the work-functional

W = / 0;j€ij dV + / Sijezcj dV — / p;u; dS (23)
v Q v,

is introduced, where the external work is carried out by tractions p; on the
portion AV, of the external boundary dV,,. The following problem is formulated.
Let du; and da; be admissible variations, being sufficiently differentiable, with
vanishing du; on OVj.

Problem P. Find the stress o;; and s;; such that the first variations
of W
{6W,, W, } (24)

vanish for any virtual admissible variations du; and da;, where the
compatibility relationships and hold.

Imposition §W = 0 for any admissible variation of the primal fields implies
the Euler-Lagrange conditions

/ 0ij,5 (5’01 + féai) dV = 0, (25&)

14

/Q(Uij — sij)(f7¢5aj =+ f,jéai) dV = O, (25b)

/ (aijnj 7[)1)(51}1 dS =0 (25C)
oV

for any admissible variations dv; and da,;. Because in the present case f; # 0,
the above stationarity equations imply Egs. .
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3.2. A heuristic approach to the choice of tensor Sijnk

From Egs. (3)), it can be drawn that the stress ogo across the plane of the
crack ahead of the tip and the relative displacement of the crack faces just
behind the tip are

_ K1 .
022 — \/ﬂ\/?j7 (26 )
Aug = Mﬁ\/{n (26b)

E V2T

Fig. 3| reproduces a qualitative picture of the singularity of o99 at the crack tip.
To determinate S jnx , a heuristic strategy based on Egs. is adopted.
In particular, it is useful for the subsequent developments to compute the vari-

ation of Aus along

8Au2 - 4K[(1 — 1/2) (27)
or1  E\Pmaxy

Attention is restricted to mode I and to the case where function f in the
approximated displacement boils down to

f=1rg(0), (28)

where
50
COS § ) 0

At the crack tip, for # = 7, the x-displacement component vanishes while the
y-component of the opening becomes

uy = vy +/ray. (30)

At distances x1 sufficiently small from the crack tip,

Uo — /X109 . (31)
The variation of Eq. is
N 2ﬁ/l‘1 ’
For dimensional consistency between Eq. and , K7 is assumed to be

approximated by asFE. Finally, the stress component conjugated with e*
reads

e*

(32)

0A 4K
s=pZ2Y2 _ L (1-1v?) =
oy V2T 2
where Eq. has been replaced.
According to Eq. , the case of single edge notched specimen investigated

4F
RV 21 I

(1—1v%)ay = %(1 —v%)e*, (33)
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Standard XFEM

Present XFEM

Displacement
Strain
Stress
Internal work

u; = v; + f a

3 (i + uji) = €55 + ¢
oij = Cijnk(enk + €f)
fV Oij (Gij + Efj)dv

u; = v; + f a

1 . *
7 (Wi j +ugs) = €5 + €
0ij = Cijhk€nk

fV 0ij€i;AV + fV Sijefjdv

Table 1: Comparison between the standard formulation and the present formulation

in Sec. [5.2]is solved by assuming the following expression of S;jns

8(1—v?)
Vor

For the case of the central crack studied in Sec. Sijnk has been approximated
as

Sijhk = Cijhk - (34)

8(1 —v?)
Var

« being the inclination of the crack with respect to the loading direction.

In the applications described in Sec. [p, parameter ~ is set equal to 0 when
pure mode I opening is expected, while it is non-vanishing for mixed shearing-
opening mode.

Sijnk = (cos?(a) + v sin®(a))Cijnk , (35)

3.8. Variational formulation based on the classic definition of the mechanical
work for elastic bodies
Following the classic approach adopted for linear elastic bodies, the total
work writes
W = / oi;(€ij +ej;) dV — / piu;dS, (36)
1% av,

where the stress is O'z{j = Cijnk(en + €},,). Imposition of the stationarity equa-
tions for any virtual variation du; and da; leads to the system of equations

ol =0 nv, (37)
foi; ;=0 inV, (37b)
oL = Di on 9V, (37¢)

It can be observed that the mechanical meaning of Eq. is not evident.
Obviously, Egs. — become linearly dependent if f is a constant, not a
piecewise constant, function. However, in this case, the classic Finite Element
method should be used, and the adoption of the special kinematics is not
justified.

Tab[I] contains a prospective view of the main equations of the proposed
approach versus the standard one.

10
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4. Approximation of the problem

The present section contains the basic relationships useful to transform in
their discrete counterpart stresses and strains (Sec. ), and the variational
formulation (Sec. [4.2). The standard XFEM discrete variational formulation
is obtained in Sec. [£.3] Sec. [£.4] puts into evidence the effects of the assumed
variational formulation on accuracy and blending.

A bold notation denotes vectors and matrices.

4.1. Discrete strain and stress fields

The first term of the displacement is approximated by interpolating the
nodal vector v; of the generic i—th node, with ¢ = 1,..., N, through N bilinear
finite element shape functions N;

N
i=1
The vector field fa is approximated by means of
N Ny
fam Y N Ni(x)fi(r(x), 0)a, (39)
i=1 k=1

where NV is the number of the finite element nodes, and Ny, is the number of en-
richment functions. Among the possible choices for the crack tip functions [I6],
in the present paper, the first-order crack tip functions [I]

0 0 0 0
(f1, f2, f3, f4) = (v/rsin 3 /T cos 3 /T sin 3 sin @, /7 cos 5 cos 6) (40)
are assumed. The approximating space contains also discontinuous functions,
such as the Heaviside function #, reflecting the displacement discontinuity along
the crack line. Finally, the displacement field is approximated by means of the
following expression [23]

2

k

N N N
ax) = SN v+ SN HE + S0 S N GOf (r(x), )an,  (41)
=1 I=1 1=1 1

~
Il

Typically, the approximated domain is split into three sets, namely the set of the
finite elements whose nodes are not enriched, the set of the partially enriched
elements, called transition elements, and the set of the elements whose nodes
are totally enriched. Consequently, the line across which the displacement is
discontinuous is replaced by a finite element layer, that, in Fig. |4} is delimited
by the circled nodes that are enriched with the Heaviside function. The presence
of the crack tip is instead taken into account through a crack-tip-enriched finite
element, whose nodes are marked with a square in Fig. [

11
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The discrete form of the displacement field is rewritten as
u=Nv+HNj+FMa, (42)

where vector j contains the nodal displacement jumps, matrix N collects the
standard finite elements shape functions, and, finally, matrices M and F gather
the contributions from the crack enrichment tip functions, as detailed in the
appendix for brevity.

From here on, attention is restricted to the finite element enriched with the
crack tip functions. In this finite element, the displacement is approximated
through

u=Nv+FMa. (43)

The compatible strain field is

Vu=€+e", (44)

with
e=Bv+FBya, (45a)
e* = Bra. (45Db)

Matrices Bj; and By are associated with the gradient of M and with the
tensor product VF ® Na, respectively. Moreover, F contains the crack tip
enrichment functions but does not coincide with F for dimensional consistency
reasons. More details on the structure of the aforementioned matrices are in
the appendix. Finally, the discrete form of the stresses is

o =CBv + CFBya, (46a)
s = SBra (46D)

are introduced, where S is given by Eq. .

4.2. The discrete variational formulation of the eigenstrain approach

After replacement of Eqs. , the discrete form of the proposed total virtual
work reads

Wz/a-(B6v+f‘BM6a)dV+/s-BFéadV—/ p-NovdV  (47)
\% 1% AV

for any virtual v and da that vanish at the boundaries, being o and s given by
Eqgs. . The solving equations are obtained by computing the discrete form

12



of the Euler-Lagrange conditions for W

/ BlodV = / N”pds, (48a)
14 14

/(FBM)TadV+/ BLsdV =0. (48b)
14 14

s Therefore, the stiffness matrix is

J, BTCBaV J,, BFCFB), dV
K=| [,(FBy)"CBdV [, (FBy)"CFB, dV+ (49)
J, Br'SBpdV

s where S follows from Eq. .

2  4.8. The standard discrete formulation of XFEM
Let the approximating space be the same as that introduced in the previous

section. For the standard XFEM approach, the discrete form of the virtual work
function is

w’ :/ o' (Bév + F Byéa+ Brpda)dV — / p-NévadV (50)
v v,

= for any virtual év and da, where o/ = C(Bdv + F By da + Bpda).
The stationarity equations of W' are

/ BTo’ dV = NTp, (51a)
% oV,

/(FBM)TU’ dV+/ Blo'dV =0. (51b)
|4 14

2« The associated stiffness matrix is

[, BTCBav J,(BTCFB; + BTCBFg)dV
K' = [, ((FBx)"CBdV +BLCB)dV [, ((FBy)"CFB) + Br' CBr)dV +
[, (BLCFB,, + (FBy)TCBg)dV

325 (52)

26 The terms of the stiffness matrix (52)) containing the singular part of the strain

sz are coupled with those containing the bounded part of the strain irrespectively

18 of the mechanical meaning associated with each of these strain contributions.

29 A comparison between Eq. and Eq. suggests that the present for-

s mulation coincides with the standard XFEM for any vanishing Bp.

331 Let Eq. be rewritten as

/ (FBux)" +BL)o’'dv = 0. (53)
14
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363
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366

Type f B Br
Discontinuity H H[-7, ] -

Regularized discontinuity | H, Hol— %, ] Spl—%, 1]
weak discontinuity sign(z) | sign(x)[—1/h1/h] | £1[1 - %, ¥]
crack tip VT \/5[_%’ %] 2\1/5[1 — 22

Table 2: Representative one-dimensional cases of enrichments for P; finite element approxi-
mation functions

The latter equation is quite restrictive to be satisfied as it has to be satisfied not
only within the enriched finite element at the crack tip but also in the adjacent
finite elements, the so called transition elements, where the partition of unity
property is lost. From a general standpoint, the structure of Eq. holds not
only for the crack tip enrichment but also for any set of enrichment functions.

4.4. Remarks on the effects of the assumed variational formulation on accuracy
and blending

We resume the path of reasoning started in references [9] 10, 12| [46] regarding
the loss of accuracy, and related possible remedies, associated with transition
elements. A generic one-dimensional transition finite element of length A is con-
sidered in a uniform mesh, being x is the distance from the assumed singularity
f, such as a discontinuity of displacements, a material change, or a crack tip.
For a linear, Pj, finite element approximation, the local shape functions are
Ny =1—2Z/h and Ny = Z/h, where T is the local abscissa from node 1 with z
to node 2 with z5. In the considered transition element, the lack of partition of
unity has consequences not only on the approximation of the displacement field
but also on the approximation of the strain field. The reason is that the strain

€11 writes

The “intruder” in Eq is the term 9% f(x). It is an unwanted term, because
it represents a strain component that does not match with the searched strain
field, whose profile should rather be ruled by the term with f/(x). It seems,
therefore, reasonable that the practice of computing the quadratic form of the
strain energy will introduce a series of terms where the unwanted term is coupled
with the others, with a consequent possible loss of accuracy. This fact can be
read in two distinct ways: as a numerical evidence to be faced by means of
high order enrichment of shape functions [9] 0], 46| 12 47], and as a lack of
mechanical consistency [32], 48] [33], 34, B5]. To this author’s knowledge, the
present study is the first to adopt the latter standpoint in fracture mechanics.
The main numerical consequence of the adopted approach is the elimination
of the coupling of the term with f’ with the term with f and the standard
displacement term, in the one-dimensional case, namely between matrix Bp
and matrices B and FB;; in the general case where F is a vector of enrichment
functions. However, let us keep the one-dimensional format to simplify the
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reasoning. One of the crucial relationships of the present XFEM is Eq.(22¢),

whose discrete one-dimensional expression reduces to

U2 — U1

E
h

- B (@) = Bay(1- 1) /(@) (55)
where E is the Young’s modulus and E is a function of F depending on the
type of problem to be studied. In fact, the present XFEM does not impose
Eq. in a strong form but in the weak form of Eq. . However, the
strong form suggests some remarks.

In particular, Eq. specializes as follows

e for the displacement discontinuity Heaviside enrichment H,

Vg — U1 a1 AL
g, @) =0; (56)

e for the regularized displacement discontinuity enrichment H, [32],

V2 — U1

h

aq 1 x
- ﬁfﬂp(x) = zal(l - E) ; (57)

where t is a unit length to be introduced for dimensional consistency;

e for the material discontinuity enrichment sign(z),

V2 —v1 a1 . T
P ﬁmgn(:c) =ta;(1— E) ; (58)

e for the crack tip enrichment /z

— 8 1
Vg —v1 a1 7= a1 —— (1 —

T h VAW

Eq. contains the mesh size of the uniform mesh. Under the assumption that
x1 = h, and that the transition element is placed immediately at the right of
the reproducing finite element enriched with the crack tip enrichment functions,
the trends of the term +/x, that is independent of the discretization, and the
term (1 — %)ﬁ, that depends on h, are compared in Fig. The bigger the
mesh size the better the strong form is satisfied in the transition element,
because, there, the terms have comparable trends. For small mesh sizes, the
differences between the profiles in the transition element are enhanced. Hence,
a fast convergence for coarse meshes is expected.

Furthermore, it can be observed in Tab. |Z| that coupling Br with Bj, leads
to terms containing z/h, that do not vanish for decreasing h. On the other
hand, coupling Byr with B leads to terms of the same order as Br. As shown
in Fig. , the terms of Bp evaluated in the first element close to the crack
tip decrease for decreasing mesh size. Hence, the contribution to the global
stiffness matrix deriving from coupling Br and B is expected to decrease for

(59)
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decreasing h. This implies that the discrepancy between the solution obtained
by means of the proposed XFEM and that obtained by means of the standard
XFEM should decrease for increasing mesh size. Nevertheless, the two solutions
will be different, because matrix S of the eigenstrain approach appears only in
the proposed XFEM.

The case of the material discontinuity. As a collateral remark, one can observe
that, for the present 1D element placed at the right of the singularity distant
z1 from node 1, Eq. writes

Vo —V] 1T 1 n a1xr  a1x Vg — U1 1 aixq
et e Tt S — — g = —
h h "nh h h " h

(60)

Unlike in standard XFEM, in the present case, the vanishing of the linear term
makes convergence to a homogeneous strain possible. The implementation of
this case of material discontinuity is left for a forthcoming application.

5. Applications

After Sec[5.I] introducing the main general features of the adopted imple-
mentation strategy, Sec. and [5.4] show the results obtained in the sim-
ulation of a single edge notched test and a tensile specimen with an inclined
central crack.

5.1. Premises

As previously mentioned, this study intentionally pursues the simplest possi-
ble procedures of implementation. Thus, bilinear shape functions N have been
used, and Gauss integration at the crack tip element has been kept. However, it
is known [0} [TT), 49] that the adoption of polar quadrature rules can overcome
the lack of accuracy in the integration of the stiffness contributions of the crack
tip enriched finite element.

The stress intensity factors have been obtained from the computation of the
J-integral using domain forms of the interaction integrals [I]. The J-integral
domain radius associated with an enriched element of area A is 3v/A. Other
techniques are described in Sukumar’s et al. review [49]. For example, Song et
al. [50] based the determination of the stress intensity factors on the computation
of Irwin’s integral [40].

In the next developments, the so-called topological instead of the so-called
geometrical enrichment [10, [16] is adopted. It has been ascertained [10, [16]
that topological enrichment decreases accuracy while keeping the stiffness ma-
trix well-conditioned. Alternatively, a certain number of finite elements within
a fixed area in front of the crack tip is enriched. This is called geometrical en-
richment. Besides increasing the accuracy, geometrical enrichment increases the
conditioning number of the stiffness matrix. Hence the necessity of stabilization
of the formulation follows, such as those described in [13] [15].
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The conditioning number of the stiffness matrix obtained with the present
formulation is the same as that obtained in first-order standard XFEM with
topological enrichment. The condition number have not been reported as they
appear not a major issue in topological enrichments, contrarily to geometrical
enrichment.

Uniform meshes made of four-nodes elements have been adopted. Meshes
have not been refined around the crack.

The forthcoming sections contain a critical comparison among the results
obtained by means of the proposed formulation, those obtained by employing
the standard XFEM approach, and the reference results. Accuracy is assessed
for variable crack length and inclination angles.

5.2. Single edge notched specimen

The first example is the Single Edge Notched (SEN) plate in plane strain
state subjected to a uniform tensile stress p=1 MPa illustrated in Fig. [6] The
plate has width W = 3 ¢cm and height H = 6 cm. A variable crack length a has
been considered. The stress intensity factor of the single-edge notched specimen
has been computed and compared with Tada’s formula [51]

a T™a

0.752 + 2.02—= + 0.37(1 — sin ——)
2W W W

K;e'f =pvTa Etanﬂ 2 . (61)

mTa
2W COS oy

Among all, Tada’s formula is the most accurate, with an accuracy better than
5 x 1073 for any a/W. The matrix of the cartesian components of tensor Sijhk
has been assumed according to Eq. .

First, the case in which the crack tip falls at the center of the finite element
is studied. In Figs. [Th, [Bp, and Ph, the relative error in normalized discrete
L2(V) norm of K7 is shown. Figs.|7p, , and @) display the values of the ratio
K/ K;ef for variable mesh size, showing that convergence is from below. The
crack lengths are a = 2W/3, a = W/2, and a = W/6, respectively. Red squares
and green circles denote the results obtained by means of the standard XFEM,
and those obtained by means of the present XFEM, respectively. The present
XFEM is one order of magnitude more accurate than the standard XFEM. The
slopes of the L2(V)-error profiles have been pointed out in the logarithmic scale.

The relative error of the case where the crack is aligned along the element
edges at distance H/2 from the bottom is shown in Fig. [10|for a = 0.5W (a)
and a = 0.6 W. In this special case, two transition elements are semi-enriched at
the crack tip. This seems to have the same effect on accuracy as that produced
by a geometrical enrichment. Here, the gain in accuracy of the present XFEM
is evident for decreasing mesh size.

Then, the case where the crack tip position is randomly placed within the
finite element is addressed. Fig. [I1] illustrates the case of a = 0.8 W. Smaller
crack lengths such as a = 0.45W, and a = 0.175W displayed in Figs. are
associated with errors with an oscillatory trend due to the fact that, when the
crack tip approaches the element edges, accuracy deteriorates. Nevertheless, the
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errors of the proposed XFEM are generally smaller than that of the standard
XFEM. In particular, the sensitivity of the proposed method to the crack tip
position is illustrated in Fig. [I3] considering a = 0.45 W and three meshes with
h=1/9,1/19, 1/29 cm. The crack tip positions change depending on the mesh
size as shown in Figs. [I3p-c. In these figures, the J-integral-domain is shown in
red. Figs. [[3[d-f, and [[3p-h refer to the proposed XFEM and to the standard
XFEM, respectively.

To investigate the local behavior of the computed stress profiles, the stress
components have been compared with that obtained by means of the standard
XFEM. Figs. display the o922, 011, and 015 components, where the y-axis is
parallel to the loading direction and the = axis is orthogonal. A mesh of 57x114
finite elements has been used. The contour plots are similar, but the present
XFEM typically reproduces the eigenstrain shape within the finite element at
the crack tip.

5.3. Tensile plate with central horizontal crack

A CCT test of a plate in plane strain state subjected to a tensile loading of
p = 1 MPa with a central horizontal crack is considered. The plate is a square of
edge length W = 10 cm. The geometry can be inferred from Fig. [15]| for o = 0°.
The plate is loaded by a tensile distributed load of p = 1 MPa, and is made of
isotropic material with Young modulus £ = 100 MPa and Poisson coefficient
v = 0.3. Based on geometry and loading condition, the stress intensity factor
of reference is [51]

a

K = p\/wa(l —0.025(5

)2 + 0.06(;/)4> sec% : (62)
Matrix S is given by Eq. .

Fig. displays the L?(V) norm of the error on the computation of the
relative error in normalized discrete L?(V) norm of K (a) and ratio Kj/ K;ef

(b) for variable mesh size and 2a = 8W/100. Green squares and red circles
denote the proposed XFEM and the standard XFEM, respectively.

5.4. Slanted central crack

The third example is the square plate of Sec. and displayed in Fig.[T5]but
with the central crack of length 2a inclined of a.. For an infinite plate subjected
to a plane strain state, the analytical solution predicts, for an infinite plate, the
following values of the stress intensity factors

K}"ef =py/Tacos® o, Kﬁf = py/Tasinacoso. (63)

In the present CCT test, the matrix of the cartesian components of tensor
Siink has been assumed according to Eq. with parameter 7 set equal
to 100. This ~ value leads to the best approximation of both K; and Kj;. In
fact, greater values do not improve significantly the approximation of K, while
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deteriorate the accuracy of the approximation of K; smaller values increase the
accuracy of K while lead to unsatisfying values of Kj;.

Figs. and @ show the values of K; and K;; computed for variable in-
clination o and crack lengths 2a = W/10 and 2a = W/25 by means of the
proposed XFEM (green circles and triangles), and through the standard XFEM
(red squares and diamonds). The continuous black lines denote the reference
values , where for a = 0 the reference formula has been exploited, being
more accurate than Eq. . In particular, circles and squares denote K-values
computed with the present XFEM and the standard XFEM, respectively, while
triangles and diamonds indicate Kjj- values evaluated through the present and
the standard XFEM, respectively.

Fig. illustrates the relative error in normalized discrete L?(V) norm of
K (a), Ki1 (c), K/KJ* (b), and K;;/K7¢ (d) for variable mesh size with
fixed crack length 2a = 3W/100 and inclination o = m/4. Green squares and
red circles denote the proposed XFEM and the standard XFEM, respectively.
Note that convergence is from above. Figs. 20| and |21] display the contour plots
of 099, 011, 012 using the standard XFEM (a) and the present XFEM (b). In
particular, in Fig. 2a = W/10, o = 40° and a mesh of 49 x 49 elements
have been adopted, while Fig. has been obtained for 2a = W/50, a = 80°,
and a mesh of 199 x 199 elements. It can be noted that the disturbance of the
stress field around the crack is more localized in the present XFEM than in the
standard one.

6. Discussion

After a critical discussion of the peculiarities of proposed XFEM with respect
to the standard XFEM in Sec. [6.1} Secs[6.2] and [6.3] highlight the main pros and
cons of the proposed approach, based on the results of Sec.

6.1. Differences with respect to the standard XFEM

The present and the standard XFEMSs are based on different solving equa-
tions at both the continuum and the discrete level. In particular, in Eq. (49)), the
asymptotic enrichment functions are not coupled with the other terms. More-
over, the term of the asymptotic enrichment function in Eq. (49) contains the
constitutive matrix S, while in the homologous term of Eq. the elastic
constitutive matrix E appears.

In particular, the stiffness matrix of the present method can indeed be ob-
tained from the standard one after replacement of the constitutive tensor S
where required and removal of certain coupling stiffness terms, as evident from
a comparison between Eq. and Eq. (52).

However, when the derivative of the enrichment function f vanishes, such as
in the case of the Heaviside function, the two stiffness matrices coincide, though,
in this case, the equivalent eigenstrain approach ceases to be meaningful.

Therefore, the proposed and the standard eXtended Finite Element methods
share the same approximating space, and differ in the variational approach and
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the solving equations. Only for a piecewise constant function f, the proposed
formulation reduces to the standard XFEM. Nevertheless, for decreasing mesh
size, some terms of the stiffness matrix of the standard XFEM tend to decrease,
and the difference between the stiffness matrices diminishes for decreasing mesh
size.

6.2. Advantages

For the SEN test of Sec. the stress intensity factors computed through
the present XFEM are one order of magnitude more accurate than those ob-
tained with first-order non-stabilized XFEM of the mainstream school [I]. The
gain in accuracy is evident especially when the mesh is coarse, while it attenu-
ates for decreasing mesh size. In particular, crack tips falling within the finite
element lead to the highest accuracy.

In the CCT test of Secs. and the main result is the robustness of the
present XFEM for variable crack position and length. Figs. [I7}{19]show that the
accuracy of the proposed approach in evaluating Ky is higher than that of the
standard XFEM when short crack lengths are considered. As for the accuracy
of evaluation of Ky, the present approach is more robust when meshes are coarse
and the crack lengths are short compared to the plate edge. Figs. and
show that there are indeed positions of the crack with respect to the plate for
which the standard XFEM diverges, while the present XFEM still converges to
satisfying values. A further advantage is the fact that the additional solving
equation associated with the enrichment field has a clear mechanical meaning.

It is known from previous studies that convergence can be improved by
adopting high-order polynomial shape functions and low-order crack tip func-
tions [52} 10, 46] or high-order crack tip enrichment functions [§]. For the slanted
crack case, the proposed low-order XFEM exhibits results analogous to that ob-
tained by Lan et al. [8] by means of crack tip functions of the second order. For
the single edge crack case, the effect on the accuracy of the present low-order
XFEM is analogous to that obtained by XFEMs with high-order polynomial
shape functions [10] 48], [47], however, without increasing the condition number
of the solving system.

6.3. Limitations

Being simplified, the proposed implementation strategy has certain limita-
tions. Based on the fact that the standard Heaviside function is used, the
proposed procedure is affected by the same sensitivity to the position of the dis-
continuity line as non-stabilized XFEM. When the crack tip is randomly placed
with respect to the finite element, convergence of the stress intensity factors
is oscillatory, though the proposed XFEM remains more accurate. Laborde et
al. [I0] detected similar oscillations in their high-order geometrically enriched
XFEM, and explained them as oscillations around the exact values. The reg-
ularized Heaviside function together with the equivalent eigenstrain procedure
described in [35] can be used instead of the standard Heaviside to get well-
conditioned matrices when the crack line is close to the edges of the element.
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It is indeed remarkable that the regularized XFEM developed in [35] does not
need a special treatment of blending elements. Moreover, the choice of the ten-
sor S;;nk has been done on a heuristic basis. Although the present results show
that such a simplified choice leads to quite effective results, it can be argued
that a more rigorous derivation could further improve the accuracy. Finally,
high order enrichments and geometrical crack-tip enrichment [10} [47, [T5] have
not been used. Obviously, the implementation of enhanced procedures, such as
stabilization or geometrical enrichment, is possible also in the present XFEM.

As for the convergence rate, the present formulation, unfortunately, does not
always increase the slope of the K; and Ky error profiles significantly. It should
be however kept in mind that the reference values are not exact values, with an
approximation of the 5%. The analytical boundary conditions [I0] could rather
be used.

7. Conclusions

The present study proposes a novel XFEM for the determination of stress
intensity factors with a minimal effort of implementation. The XFEM has
been considered not only in relation with a functional space but also with a
variational principle, where the singular part of the strain is regarded as an
equivalent eigenstrain. For any non-constant enrichment function, the solving
equations of the proposed formulation and that associated with the standard
XFEM differ at both the continuum and the discrete level. For the simulated
plane strain examples, the present results show that stress intensity factors are
almost one order of magnitude more accurate than those obtainable through
first-order non-stabilized XFEM with topological enrichment. Furthermore, the
present XFEM exhibits excellent robustness for variable crack geometry. The
gain in accuracy and robustness is more evident for coarse meshes. Based on
this study, the proposed XFEM is competitive with enhanced XFEMs, while
keeping a minimal computational burden.

Acknowledgments. The Matlab ©XFEM code of Mattew Pais freely available
at http://www.matthewpais.com has been modified by the author to obtain the
present XFEM.

Appendix A.

In the two-dimensional case, vector a is

T __ x Yy x Yy x Yy T Yy x Y x Y
a = [allvall’auaauv""alNkvalNk""’a’NlaaNlﬂaNQvaNW"‘7aNNk7aNN,€]
(A.1)

where a;; and a?j are the components along x and y of vector a;; associated
with node ¢ and enrichment function f;. Matrix F is the 2 x (2 N Nj) matrix

1 2 ... N
F= (F, Fo ... Fy,), (A.2)
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F, =

1

(fj
0

2 3
0

4
0

0

2N —1 2N
f 0
0 fi

)

(A.3)

for j = 1,...,N. Hence, matrix F is a 2 x (N Nj) matrix. Matrix M is a
(2 Nx N) x (2 N, N) diagonal matrix

M

with My, the (2 N) x (2 N) matrix

2N -1

with

F,= |0

for j=1,...,N. Matrix By is a (3 Ny N) x (2 N Nj) that reads

1 2

1 M, 0
2 0 My
Ny 0 0

1 2 3 4
N O 0 0
0 Ny O 0
0 0 Ny O
0 0 0 Ny

0 0 0
0 0 0

1 2 3

Fo (F, T Fy
2 3 4 5 6
0 0 f» 0 0
fi 0 0 f2 O
0 f1 0 0 T2
1 2

1 B 0
2 0 B
N 0 0

22

Ni
0
0
0

M,

2N -1

o O oo

e
SIS

N
FNk)7

ka 0
0 ka
0 0

.. N
0 0
0 0

2N

o O O

o .

3 N
0
0

ka

(A.4)

(A.5)

(A.6)
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where Bjy; is the compatibility matrix

1 2 3 Ny
1 B, 0 o0 0
By, =2 |0 B O 0 (A.9)
N, \ O 0O o0 B;
and
jae 0
B, = 0 Njy (A.10)
iy Nie
forj=1,...,N.
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Figure 2: Region ) of the elastic singularity
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Figure 3: Mode I opening and stress singularity at the crack tip

Figure 4: Discretization of the domain according to the enriched formulation
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Figure 5: Comparison between the y/z-term (red dotted line) and function (1 — %)
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Figure 6: Single Edge Notched test (SEN)
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Figure 7: SEN: relative error in normalized discrete L2 norm of K (a) and ratio KI/Kfef
(b) for variable mesh size with a = 2W/3. The red squares denote the results obtained by
means of the standard XFEM, while the green circles denote those obtained by means of the
present XFEM.
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Figure 8: SEN: relative error in normalized discrete L2 norm of K (a) and ratio K]/K}ef
(b) for variable mesh size with a = W/2. The red squares denote the results obtained by

means of the standard XFEM, while the green circles denote those obtained by means of the
present XFEM
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Figure 9: SEN: relative error in normalized discrete L2 norm of K7 (a) and ratio K[/K’f‘f (b)
for variable mesh size with a = W/6; red squares and green circles denote the results obtained
by means of the standard XFEM and the present XFEM, respectively
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Figure 10: SEN with crack aligned along the element edges: relative error in normalized
discrete L2 norm of K for variable mesh size with a = 0.5W (a) and a = 0.6 W; green circles
and red squares denote the present formulation and the standard XFEM, respectively
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Figure 11: SEN with random crack tip position with respect to the finite element: relative

error in normalized discrete L2 norm of K and ratio KI/K;Ef (b) for variable mesh size with
a = 0.8W; green circles and red squares denote the present formulation and the standard

XFEM, respectively
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Figure 12: SEN with random crack tip position with respect to the finite element: relative
error in normalized discrete L2 norm of K (a) and ratio KI/K;ef (b) for variable mesh size
with a = 0.45W (a) and a = 0.175W (b); green circles and red squares denote the present

formulation and the standard XFEM, respectively
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(g) standard XFEM, (h) standard XFEM,
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4.95 Kr =497

Figure 13: SEN with random crack tip position with respect to the finite element: comparison
between o22 plotted for variable mesh size h; the reference value is K;ef = 4.99 with a 0.5%
of precision [51]
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Figure 14: SEN: Comparison between the contour plots of 12 [MPa] obtained for a = 0.5 W
and 57x114 elements.

35



BRRRRRN

Figure 15: CCT: Central inclined crack in a square plate of edge length 10 mm with crack

length 2a.
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Figure 16: CCT with horizontal crack: relative error in normalized discrete L2 norm of Kj
(a) and ratio Kj/Kez (b) for variable mesh size and 2a = 8W/100; green squares and red
circles denote the proposed XFEM and the standard XFEM, respectively
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Figure 17: CCT: K and K obtained with meshes of 49x49 (a), 99x99 (b), and 199 x 199 (c)
finite elements for variable inclination « (rad) and crack length 2a = W/10; green circles and
triangles denote the proposed XFEM, red squares and diamonds denote the standard XFEM
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Figure 18: CCT: K and Kj; obtained with 99x99 (a) and 199 x 199 (b) finite elements for
variable inclination « (rad) and crack length 2a = W/25; green circles and triangles denote
the proposed XFEM, red squares and diamonds denote the standard XFEM
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Figure 19: CCT: relative error in normalized discrete L2 norm of Ky (a), Ky (c) and ratio

KI/K;ef (b) and K17/K1,es (d) for variable mesh size with fixed crack length 2a = 3W/100

and o = 7/4; green squares and red circles denote the proposed XFEM and the standard
XFEM, respectively.
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Figure 20: CCT: contour plots of 022, 011, and o12 for a = 40°, 2a = W/10, and 49x49 finite
elements.
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Figure 21: CCT: contour plots of 022, 011, and o12 for « = 80°, 2a = W/50, and 199x199

finite elements.
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