STABILITY OF VARIATIONAL EIGENVALUES
FOR THE FRACTIONAL p—LAPLACIAN

LORENZO BRASCO, ENEA PARINI, AND MARCO SQUASSINA

ABSTRACT. By virtue of I'—convergence arguments, we investigate the stability of variational
eigenvalues associated with a given topological index for the fractional p—Laplacian operator,
in the singular limit as the nonlocal operator converges to the p—Laplacian. We also obtain the
convergence of the corresponding normalized eigenfunctions in a suitable fractional norm.
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1. INTRODUCTION

1.1. Overview. Let 1 < p < 0o, s € (0,1) and let 2 C RY be a bounded domain with
Lipschitz boundary 9f2. Recently, the following nonlocal nonlinear operator was considered
in [7,9,21,25-27,30]

(1.1) (—Ap)° u(x) :=2 lim u(z) — u(y)P~? (u(z) — u(y)) dy.

z eRVN.
e\ JRM\ B, (2) |z —y|N+sp
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For p = 2, this definition coincides (up to a normalization constant depending on N and s,
see [8]) with the linear fractional Laplacian (—A)*, defined by

(—A) = F ' o Mo F,

where F is the Fourier transform operator and M is the multiplication by [£|?%.

Many efforts have been devoted to the study of problems involving the fractional p—Laplacian
operator, among which we mention eigenvalue problems [7,21,27,30], regularity theory [14, 26,
28,29] and existence of solutions within the framework of Morse theory [25]. For the motivations
that lead to the study of such operators, we refer the reader to the contribution [9] of Caffarelli.
For completeness, we also mention that other types of nonlocal quasilinear operators, defined
by means of extension properties, can be found in the literature (see [37]).

In this paper, we are concerned with Dirichlet eigenvalues of (—A,)® on the set . These are

the real (positive) numbers \ admitting nontrivial solutions to the following problem

{(—Ap)su = XMuP~2u, inQ,

1.2
(12) u=0, in RV \ Q.

It is known that it is possible to construct an infinite sequence of such eigenvalues diverging to
+00. This is done by means of variational methods similar to the so-called Courant minimaz
principle, that we briefly recall below. Then our main concern is the study of the singular limit
of these variational eigenvalues as s /1, in which case the limiting problem of (1.2) is formally
given by

(13) {—Apu = AulP72u, in Q,

u =0, on 0f2,
where Apu = div(|Vu[P~2 Vu) is the familiar p—Laplace operator.
In order to neatly present the subject, we first need some definitions. The natural setting for

equations involving the operator (—A,)* is the space W3*(R"), defined as the completion of
C&°(RY) with respect to the standard Gagliardo semi-norm

(1.4) [l yer ) = </RN/RN ) ’Nﬂ)ppd dy>fl’.

Furthermore, in order to take the Dirichlet condition u = 0 in R™ \ Q into account, we consider
the space

endowed with (1.4). Since Q is Lipschitz, the latter coincides with the space used in [6,7] and
defined as the completion of C§°(€2) with respect to [-Jyysp@ny) (see Proposition B.1 below).
Then equation (1.2) has to be intended in the following weak sense:

[ ) el o) ) () =20 gy, [ (ot
RN JRN Q ’

|z — y|[NEep

for every ¢ € Wg P(Q). Let us introduce
Sep() = {u € WeP(Q) « |l o) = 1},

and
1
S1.p(Q) = {u € WeP(Q) : |ull o) = 1},



STABILITY OF EIGENVALUES FOR THE FRACTIONAL p—LAPLACIAN 3

where VVO1 P(Q) is the completion of C§°(Q2) with respect to the LP norm of the gradient. The
m—th (variational) eigenvalues of (1.2) and (1.3) can be obtained as

s A : p
(1.5) A p(Q) == Kel/{ief (o) B [ulyysm @y

m,p

and

1 — : p
Anp(§2) 1= Kevlv?nf,p (o IVullZ )

In the previous formulas, we noted for 0 < s <1
(1.6) Wi p(Q) = {K C 8:p(R) : K symmetric and compact, i(K) > m},

and i(K) denotes the Krasnosel’skii genus of K. We recall that for every nonempty and sym-
metric subset A C X of a Banach space, its Krasnosel’skii genus is defined by

(1.7) i(A) = inf {k: € N : 3 a continuous odd map f: A — Sk_l} ,

with the convention that i(A) = 400, if no such an integer k exists. For completeness, we also
mention that for m = 1 and m = 2 the previous definitions coincide with

S _ . p . .
1(2) = ueg;l;l(ﬂ)[u]ww(RN), global minimum,

and

)\S,p(Q) = inf max [u]%/syp(RN), mountain pass level,

VEE(IUL—M) uey([0,1])

where u; is a minimizer associated with Aj () and ¥(uy, —u;) is the set of continuous paths
on S p(§2) connecting u; and —uy (see [11, Corollary 3.2] for the local case, [7, Theorem 5.3] for
the nonlocal one).

Remark 1.1. For the limit problem (1.3), the continuity with respect to p of the (variational)
eigenvalues A}, has been first studied by Lindqvist [31] and Huang [24] in the case of the
first and second eigenvalue, respectively. Then the problem has been tackled in more generality
in [10,32,35]. We also cite the recent paper [13] where some generalizations (presence of weights,
unbounded sets) have been considered.

1.2. Main result. In order to motivate the investigation pursued in the present paper, it is
useful to observe that based upon the results by Bourgain, Brezis and Mironescu [3,4], we have
that if u € Wy (Q)

(1.8) lim (1 — s) [u]

s afs,p(RN) = K(pa N) HVUHIZP(Q)?

(see Proposition 2.8 below). The constant K (p, N) is given by

1
(1.9) K(p,N) = / (o, e)|P dHN (o), ec sV L,
p Jsn-1
It is not difficult to see that, due to symmetry reasons, the definition of K(p, N) is indeed
independent of the direction e € SV—1.
Formula (1.8) naturally leads to argue that the nonlocal variational eigenvalues A, , could

converge (once properly renormalized) to the local ones )‘}n,p' This is the content of the main
result of the paper. Observe that we can also assure convergence of the eigenfunctions in suitable

(fractional) Sobolev norms.
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Theorem 1.2. Let Q C RY be an open and bounded Lipschitz set. For any 1 < p < oo and
m € N\ {0}

lin (1 5) A5, (©) = K(p, V) Ay (©).
Moreover, if us is an eigenfunction of (1.2) corresponding to the variational eigenvalue A;, ,(§2)

and such that ||us||r(q) = 1, then there exists a sequence {us, fren C {us}se(0,1) such that

lim [ug, — U]Wt,q(RN) =0, for every p < q < oo and every 0 <t < 2,
k—o0 q

where w is an eigenfunction of (1.3) corresponding to the variational eigenvalue )\,lnp(Q) and
such that |[ul|Lr) = 1.

Remark 1.3 (The case p = 2). To the best of our knowledge this result is new already in the
linear case p = 2, namely for the fractional Laplacian operator (—A)®. In the theory of stochastic
partial differential equations this corresponds to the case of a stable Lévy process. The kernel
corresponding to (—A)® determines the probability distribution of jumps in the value of the
stock price, assigning less probability to big jumps as s increases to 1. Therefore, since the
parameter s has to be determined through empirical data, the stability of the spectrum with
respect to s allows for more reliable models of random jump-diffusions, see [2] for more details.

It is also useful to recall that for p = 2, problems (1.2) and (1.3) admit only a discrete set
of eigenvalues, whose associated eigenfunctions give an Hilbertian basis of L?(2) (once properly
renormalized). Then we have that these eigenvalues coincide with those defined by (1.5), see
Theorem A.2 below.

One of the main ingredients of the proof of Theorem 1.2 is a I'—convergence result for
Gagliardo semi-norms, proven in Theorem 3.1 below. Namely, by defining the family of func-
tionals &, : LP(Q) — [0, 00] as

1 ) —~
(110 Eupl) = {(1 = )3 filweny, i€ TGP,

| 40 otherwise,
and &1 1 LP(Q2) — [0, 00] by

1
K(p,N)7 |Vullpriy,  if ue WyP(Q),
+00 otherwise.

(1.11) E1p(u) 1= {

we prove that for s; 1 we have
(1.12) E1p(u) = (r ~ lim gsk,p) (),  for all u € LP(Q),

where I" — lim denotes the I'—limit of functionals, with respect to the norm topology of LP(f2).
We refer to [12] for the relevant definitions and facts needed about I'—convergence.

Remark 1.4. We point out that a related I'—convergence result can be found in the literature,
see [36, Theorem 8] by A. Ponce. While his result is for the semi-norms (1 — s) [ yys»(q) on
a bounded set (2, ours is for the semi-norms (1 — s) [ |y sp@n~) on the whole RN. Moreover,
the techniques used in the proofs are slightly different, indeed for the I' — liminf inequality
we follow the one used in [1] for the s—perimeter functional. Such a proof exploits a blow-
up technique, introduced by Fonseca and Miiller in the context of lower-semicontinuity for
quasi-convex functionals, see [20]. As a byproduct of the method, we obtain a variational
characterization of the constant K(p, N) appearing in the limit (see Lemma 3.9 below), which
is quite typical of the blow-up procedure.
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Remark 1.5. In Theorem 1.2 the variational eigenvalues are defined by means of the Kras-
nosel’skii genus, but the same result still holds by replacing it with a general index ¢ having the
following properties:

(i) i(K) € N\ {0} is defined whenever K # () is a compact and symmetric subset of a
topological vector space, such that 0 ¢ K;

(ii) if X is a topological vector space and ) # K C X \ {0} is compact and symmetric, then
there exists U C X \ {0} open set such that K C U and i(K) < i(K) for any compact,
symmetric and nonempty K CcU,;

(iii) if X,Y are two topological vector spaces, ) # K C X \ {0} is compact and symmetric
and m: K — Y \ {0} is continuous and odd, then i(7(K)) > i(K).

Apart from the Krasnosel’skii genus, other examples are the Zs—cohomological indez [17] and
the Ljusternik-Schnirelman Category [38, Chapter 2].

1.3. Plan of the paper. In Section 2, we collect various preliminary results, such as sharp
functional inequalities and convergence properties in the singular limit s 1. We point out
that even if most of the results of this section are well-known, we need to prove them in order to
carefully trace the sharp dependence on the parameter s in all the estimates. In Section 3, we
prove the I'—convergence (1.12). For completeness, we also include a convergence result for dual
norms, in the spirit of Bourgain-Brezis-Mironescu’s result. Then the main result Theorem 1.2 is
proven in Section 4. Two appendices close the paper and contribute to make it self-contained.

2. PRELIMINARIES

2.1. Some functional inequalities. We start with an interpolation inequality.

Proposition 2.1 (Interpolation inequality). For everyt € (0,1) and 1 <p < q <r < +o0, we
set
r —
o= tg q‘
qr—p

Then, for every u € C°(RY) and every 0 < 8 < «, we have

1
1 « q (1-0) (1-£
B [ulwsamn) < C <a - 6) eyl e
1 5 (1-0)
% (1= )7 [Wwrogen))

where C = C(N,p,q) >0 and 0 = 0(p,q,r) € [0,1) is defined by*

(2.1)

T g—-p
r—=p 4q

(2.2) 0=

In the limit case t = 1, the previous holds in the form
1
1 o q (1-0) (1-£ 2 (1-9)
@Y s <€ (525) Tl Bl 100,

or r = 400, o and 6 are defined accordingly by a = t§ and 0 = %.
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Proof. We first consider the case t € (0,1). Let u € C§°(RY), then we have

|lu(x 4+ h) — u(x)|?
dx dh
Wivsace /|h|>1} /]RN |h|N+5a

h) q
/ / ule N+[3 @ gy g,
{|r|<1} /RN |h| a
The first integral is estimated by

lu(z + h) —u(z)|?
/|h|>1} /]RN WNJFB" dedh
< -1 (juCe + W7+ Ju(@)]?) da ) -
B (h>1} \JrN |h|NFEa
dh
=21 / — </ u qu)
{|h|>1} \h|N+Bq ]RN‘ |

NwNQ

ol 2, Tl 2 e

where 0 € [0,1) is determined by scale invariance and is given precisely by (2.2). In conclusion,

lu(x 4+ h) — u(x)|? NwN2 q(1-6)
ey e dwdh < T ) el ey

For the other term, for every ¢ > 3 we have

|lu(x 4+ h) — u(x)|?
dx dh
/{h<1} /RN |h|NF5a !

/ / \u($+h)—u(:c)|qu dh
<y \Jry |h|ta |[h|N+(E=0q

1-6

_ p 7
[ ([ farnwer,
{Inj<1y \Jr~ LT P

b "y 4 dh
X o ‘U(w + ) - 'U;(.:U)’ X W

3|

We choose

(2.5) e P S i
and use [6, Lemma A.1], i.e

(2.6) /RN |“(x+|’;l)’;“( W g <18 [l

for some C' = C(NV,p) > 0. On the other hand, we have

(e sm-sor ) < ([ )

wt, p(RN)

3|
3l
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(x+h) —u(x)?
dx dh
/{|h|<1} /]RN ’h‘NJrﬁq

C 0 1 q(1-0)
= a—_ 2 HUHLT(RN) ((1 — 1) [U]WtﬁP(RN)) .

Thus we get

(2.7)

where C = C(N,p,q) > 0. By combining (2.4) and (2.7), we get

(ngun) < G IS Tl

C 1 q(1-9)
g Il ey (=07 )

possibly with a different C'= C(N,p,q) > 0. We now use the previous inequality with u, (z) =
u(z x~ /%) and optimize in x > 0. We get

- C
Xl “x

Wh.aRN) ||U||

RN) H ||L7" RN)
(2.8)

>Q(1—9)

)

C 1
< g Il ey (0 =007 dwesey)

still for some constant C' = C(N, p, q) > O. Observe that by hypothesis on s we have o — 8 > 0.
The left-hand side of (2.8) is maximal for

(07 —ﬁ ,3 [ ]({I/VB a(RN) ’
X0 = o C
a2 Tl vy
Thus we get
a=p 45
=8Py T 5 Mwnemy 5 Iul2?
a C ! (1-0) 252 TB - L7 (RY)
HuHLP(RN) HuHLT N)
1 q(1-0)
X ((1 —1)r [U]thP(RN)) :
that is

B

1
C « q (1-06) 1 5 (1-9)
v < (5 g ) oy Mol (0= 07 ldwnoam) "

with C' = C(N,p,q) > 0.

In order to prove (2.3), it is sufficient to repeat the previous proof, this time replacing the choice
(2.5) by

— l
Ezgr q, so that —— =1,
qr—op 1-40

_ p
[ e 2O < [ v an,
RN |h[P RN

in place of (2.6), which follows from basic calculus and invariance by translations of the LP
norm. (]

and then using that
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Corollary 2.2. Let 1 <p < oo and s € (0,1). Then, for every u € C*(RY), we have
(1-s
(2.9) 5 (1= 8) [l ) < C lull oy V032 o

for some constant C = C(N,p) > 0. In particular, if @ C RN is an open bounded set with
Lipschitz boundary, then we have Wy (Q) < Ws’p(RN) and

(2.10) s(1=8) [l pny < C (M) IVl w e WT(Q),
where C' = C(N,p) > 0.

Proof. In order to prove (2.9), it is sufficient to use (2.3) with t =1, § = s and ¢ = p: observe
that in this case =1 and 6 = 0.

For u € C§°(Q2), by inequality (2.9) we get

c (1-s)
[MﬁwmmN)ngf——jHlup e

If we now apply the Poincaré inequality for I/V0 P(2) on the right-hand side, we obtain inequality
(2.10) for functions in C§°(Q2). By using density of C§°(f2) in the space Wol’p(Q), we get the
desired conclusion. O

In what follows, we define the sharp Sobolev constant

(2.11) Tps:=  sup </ |u]NA15P d:n) U@y =10 .
weWSP(RV) RN

We need the following result by Maz’ya and Shaponishkova, see [34, Theorem 1].

N—sp

Theorem 2.3 (Estimate of the sharp constant). Let 1 < p < oo and s € (0,1) be such that
sp < N. Then for the constant (2.11) we have the estimate

s(1—ys)
Tps < 7'7(]\[ e

for some T =T (N,p) > 0.

Theorem 2.4 (Hardy inequality for convex sets). Let 1 < p < oo and s € (0,1) with sp > 1.
Then for any conver domain Q@ C RN and every u € C§°(Q) we have
P
< (1-5s) [u}ws,p(g)-

_ p p
(2.12) <Sp 1)
p Lr(Q)

with 6q(x) = dist(z,08) and Cnyp > 0 a costant depending on N and p only.

u

%

< (1

Proof. The Hardy inequality without sharp constant can be found in [15, Theorem 1.1]. The
sharp constant for convex sets was obtained in [33, Theorem 1.2], where it is proven
p

< (1= 8) [y

u
3l ooy

7p7

The optimal constant Dy, s is given by

sp—1\ P
N1 F(HQSP) 1 (1—7“ P )
DN,p,s:27T 2 dr.
0

F(N—iz-sp) (1_7~)1+sp
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We claim that

(2.13) Dnps > <

sp—1\? Cnyp
D 1—s
Indeed, by concavity of the map 7 +— 7(5P~1/P we have

sp—1 —1
l—rpp ZSP
p

(1—r), r>0.

Thus we get

1 sp=1\P
/1( T ) dr > <$p_1>p /1(1—r)p‘1‘spdr:(8p_1>p L
0o (I—r)ltsp = = p 0 p p(l—s)

On the other hand, from the definition of I' we also have

1 1 1
F( +sp> 2/ _/ tpTl e tdt =: c1(p) >0,
2 0 0

N 1 “+00 _
P( ;Sp) g/ 55 tdt+/ T et gt = ca(p) > 0.
0 1

By using these estimates, we get (2.13). O

and also

The next result is a Poincaré inequality for Gagliardo semi-norms. This is classical, but as
always we have to carefully trace the sharp dependence on s of the constants concerned.

Proposition 2.5 (Poincaré inequalities). Let s € (0,1) and 1 < p < co. Let  C RY be an
open and bounded set. Then

(2.14) ||uH72p(Q) < Cdiam(Q)°P (1 — s) [u]gvsm(RN)’ u € C§°(),

for a constant C = C(N,p) > 0. Moreover, if Q2 is conver and sp > 1, then

C
(2.15) ||UHI£p(Q) < Gp—1p

possibly with a different constant C = C(N,p) > 0, still independent of s.

Proof. Since 2 is bounded, we have Q C Br(xg), with 2 R = diam(Q2) and z¢ € Q. Let h € RY
be such that |h| > 2 R, so that

diam(Q)*? (1= ) [uffyapqy: 4 € C(),

r+heRV\Q, for every x € Q.
Then for every u € C§°(£2) we have
n) — p
/ ()P d = / lulz + h) — u(z)|P dz = [B]*P / [ue + 1) —u@)” |
Q Q RN |h|°P

< RPPCNp (1= 8) [ulfye )

where in the last estimate we used [6, Lemma A.1]. By taking the infimum on the admissible
h, we get (2.14).

Let us now suppose that €2 is convex and sp > 1. In order to prove (2.15), we proceed as in
the proof of [6, Proposition B.1]. For every u € C§°(£2) we have

p _
[U]WS*”(RN) - ng )+ 2 / /RN\Q |z — !N+$p dz dy.
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In order to estimate the last term, we first observe that, if dq(z) = dist(z, 9Q), we get

1
dwdyg/ / —————dy | |u(z)|Pdx
/:@mgm— W Q<memm@nx—MNﬁp el
+00
:NwN/ / o 1P do | |u(z)|P dx
Q dq(z)

|uf?
q 05

where we also used that sp > 1. We can now use Hardy inequality (2.12), so to obtain

p
P 1—s
dedy < N W )
//RN\Q |z — \N+ TS e <SP—1> Cnp [l

By also using that 1 — s < 1, we finally get

p
p p 1 p
oy < [1+ 28 (525) | Wl

By combining this, (2.14) and observing that p/(sp —1) > 1, we get (2.15). O

< Nwpn dx,

Remark 2.6. The constant in (2.15) degenerates as s p goes to 1. Indeed, for sp < 1 a Poincaré
inequality like (2.15) is not possible (see [7, Remark 2.7]).

2.2. From nonlocal to local. We will systematically use the following result.

Theorem 2.7 ( [3]). Let 1 < p < oo and let Q@ C RY be an open bounded set with Lipschitz
boundary. Then, for every u € WHP(Q), we have

(2.16) (L= ) [y = K0 N) [Vl

where K(p, N) is defined in (1.9).

More precisely, we will need the following extension. The main difference with Theorem 2.7
is that functions are now taken in Wol P(Q) and the seminorm on {2 is replaced by the seminorm
on the whole RV,

Proposition 2.8. Let 1 < p < oo and let @ C RY be an open bounded set with Lipschitz
boundary. Assume that u € Wol’p(Q), then we have

(2.17) B (1= ) iy ) = K0 ) [l
where K(p, N) > 0 is defined in (1.9).

Proof. Let u € T/VO1 P(Q), we observe that u € W"P(RY) for all s € (0,1) thanks to Corollary
2.2. Furthermore, since 2 is a bounded set, by virtue of Theorem 2.7 we have

li/rq(l = 8) [uliysn ) = K0, N) [Vt £o(e)-

Let us first prove that (2.17) holds for u € C5°(€2). Recalling that u = 0 outside 2, we have

p _
(1 — 3) [U]Ws,p(RN) = (1 ) [ ]Wg () + 2 / /RN\Q ’[E — ’N+Sp dx dy
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This yields
i (1= 9) [l ey = K0, ) [ [V do

s,
+2hm 1—23) // dy dzx.
RN\ |9C—y|N+8p

Since u € C§°(€2), we have dist(0K, 0Q) > 0 where K is the support of u. It follows that

u(z)[P / 1
VT g ) da < |u —
/Q(/RN\Q |z — y|Ntsp Y H HLP rV\Q Ok (y) VTP Y

where we set dx(y) = dist (y, 0K). Hence, there exists a constant C' = C(N,p) > 0, such that
if R = dist(RY \ Q,0K) > 0, then we have

1 1 C
@</ . ay="Rr,
/RN\Q Ok (y)NFep RM\B(0,R) Y|V TP s

P
liml—s/ / Md dxr =0,
8/‘1( ) Q ( rM\Q |7 — y|NFep Y

and the claim is proved for u € C§°().

It follows that

Assume now that u € T/VO1 P(Q). Then there exists a sequence {¢;}jen C C§(2) such that
V¢ — Vullrp) — 0 as j goes to co. In turn, by inequality (2.10) we have

1
(1 —=9)7 [¢j — ulwsw@n) < CIVE; — Vull Lo,

with C' independent of s and j. Thus for every € > 0, there exists jo € N independent of s such
that

(218) IVullzn@) = V6o < 1965 = Vulliae) < e,
and consequently
(1= )7 [Bilwesn) — (1= )7 [wasqen)| < (1= )7 [6; = tlwenem < Ce,

for every j > jo. Then for every j > jo

(1= 97 [Bilwane) = O < (1= ) [ulenuny < (1= 9)7 [Bilwanem) + Ce,
for every j > jo. By using the first part of the proof we thus get for every j > jo

K(p.N)7 V6 10y — € < Hm(1 = 5)7 sy
< K(p,N)? [Vl ooy + C'e.

If we now use (2.18) and exploit the arbitrariness of e > 0, we get (2.17) for a general u €
W, P (92 O
0" ().
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2.3. Dual spaces. Let Q C RY be as always an open and bounded set with Lipschitz boundary.
Let 1 <p<ooandse(0,1), weset p’ =p/(p—1) and

W (Q) = {F : Wg’p(ﬂ) — R : F linear and Continuous} ,
which is equipped with the natural dual norm

Fou
[Fly—swr 0y = sup [u]|<>|
weWgP(Q)\{o} LHW=P(RN)

The symbol (-, -) denotes the relevant duality product. For s = 1, the space Wﬁl’pl(Q) and the
corresponding dual norm are defined accordingly.
The following is the dual version of (2.10).

Lemma 2.9. Let F € W7 (Q), then we have

—1

1
C P
(2.19) Flhw-sren < (51 55) OLal®) 7 1Flh-w
Proof. By (2.10) we have

1
C \r ot .
[U]Ws,p(RN) < <5(1—3)> (A%,p(Q)) »[Vull o) u € C5° ().

Thus for every u € C§°(Q2) \ {0} we have

() ><3(1_3>);(A%m(m)1;g [(F. )

[u] s (mV) C IVullze)

By taking the supremum over u, the conclusion follows from the definition of dual norm. O

If F e W (Q), by a simple homogeneity argument (i.e. replacing u by tu and then
optimizing in t) we have

N 1 (IF o)\
max 1 (F,u) — (1—s) [u]f, —<> Eweer@)
ueWS*’(Q>{< )y ”’(RN)} p P\ (1-s)r

Thus in particular we get

1
Flvir—s.p v
(2.20) W — p% <_p/ Iwnjﬂ(m {(1 —5) [u]];‘/s,p(RN) — (F, u)})
— S)p ucWy’
In the local case s = 1, with similar computations we get
1
Fllvip 2
(2.21) 'K”(WN)“” = pr (—p' min K@) Vel ~ (F, u>}>
D, P ucWy’
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2.4. A bit of regularity. We conclude this section with a regularity result. This is not new,
but once again our main concern is the dependence on s of the constants entering in the estimates
below. We also need to pay particular attention to the case p = N, which becomes borderline
in the limit as s goes 1.

Theorem 2.10. Let 1 <p < oo and s € (0,1). Ifu € Wg’p(Q) is an eigenfunction of (—A,)*
with eigenvalue X\, then we have:

e ifl<p<N
N_
C sp?
(2.22) |ull oo (@) < (N —spp? s(1—s)A 1wl e (),
for a constant C = C(N,p) > 0;
e ifp=N and s> 3/4
2s5—1 %
. 2
(2.23) llul|pe < [C <d1am(Q)> s(l—s) )\] [l L @)
for a constant C = C(N) > 0;
e ifp> N and s € (0,1) is such that sp > N
o _N
(2.24) lullzoeqo) < [€ (1= ) A]” ull ooy diam (@),

for a constant C = C(N,p) > 0.

Proof. In the case 1 < p < N, we have of course sp < N as well. Then by appealing to [6,
Theorem 3.3 & Remark 3.4] and [7, Remark 3.2] we know that

N
2

N—sp p—1 5p

N s P
o < [(N ) T,

where T}, ; is the sharp Sobolev constant (2.11). By using Theorem 2.3, we obtain

lull e ()

sp2

1 (1_%)%@_1) T s
) -9 e,

o < | [ ———— S
P [(1 — e
Then from the previous we get (2.22), once it is noticed that

(a-7)
1 =
< > <e, for0<7<Il1.

1—7
Let us now consider the case

p=N and

>~ w
INA
»
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By proceeding as in the second part of the proof of? [6, Theorem 3.3] and using the same
notation, after a Moser’s iteration we end up with

2.25 C A ;
. o <
(2.25) e <€ () Iulos o
where C'= C(N) > 0 and the geometric constant o (§2) is given by
s _ : N . —_
ay(©) = ue%{g(m {[U]WSaN(]RN) Fullpzy ) = 1}-

Observe that this is not 0, since WSN(Q) — L2N(Q) as soon as

1
— — < s,
1—s 5 =%

which is verified. In order to estimate a3, (2) from below, we observe that by choosing ¢ = p = N,
t=sand f =1/2in (2.1), we get (C denotes a constant depending on N only, varying from
one line to another)

1. .N 2s 35
30 sany S (g N (=9 1)

=¢ (282:) (awm(en) ™= (“‘3) (o)

where in the second inequality we used Poincaré inequality (2.14). We can now use Sobolev
inequality in the left-hand side, i.e.

2N <

N
>
[U]W%’N(RN) " TN

)

ol v gy

where we used the definition (2.11). Then by joining the two previous estimates, appealing to
the definition of o}/ (Q2) and recalling that s > 3/4, we get

N 1-2s
1 (diam(ﬂ)) :
S Q > _
oan() = C s(1—s) ’
where C'= C(N) > 0. By inserting this estimate in (2.25), we get the conclusion in this case as
well.

For sp > N, we already know that Wg’p(Q) < C05=N/P_but of course we need to estimate the
embedding constant in terms of s. We take zg € RY and R > 0. We consider the ball Br(xo)
having radius R and centered at xg, then we have

P
/ u ][ udz| dx < / ][ lu(x) — u(z)|P dz dz
Br (o) Br(zo) Br(zo) Y Br(zo)

2This is based on the Moser’s iteration technique, this time with the Sobolev embedding

WeN(@) o LY@ implaceof WM (Q) < LT ().

The proof in [6, Theorem 3.3] is for the first eigenfunction, but it can be easily adapted to the case of any
eigenfunction, as observed in [7, Remark 3.2].
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We now observe that

/ ][ lu(x) — u(z)|P dzdx < / ][ lu(z) —u(z)|Pdz | dx
BR(JJ()) BR(:I?()) BR(aco) B2 R(l’)
= / ][ lu(x) — u(z + h)[P dh | dz,
BR(J)O) By R(O)

so that by exchanging the order of integration in the last integral

/ U — ][ udz
Br(zo) Br(zo)

for C = C(N) > 0. If we now divide by R" and use once again [6, Lemma A.1], we get

][ U —][ udz
BR(JJ()) BR(Q?())

By arbitrariness of R and zg, we obtain that u is in CO5~N/P(RN) by Campanato’s Theorem
(see [22, Theorem 2.9]), with the estimate

p

dx < C(2R)*? sup /
0<‘h‘<2R BR(Z’())

ju() — ul + WP
[hfe7

dzx,

N
P

d:v)p <C@R 7 (1-s)

3=

[U]WSJ’(RN) .

1 _N
(2:26) u(z) —u(y)| < C(1 - )7 [ulwspmny o —y[>" 7,
where C'= C(N, p) > 0. The last estimate is true for every u € Wg’p(ﬂ). On the other hand, if
u € WyP(Q) is an eigenfunction with eigenvalue )\, then by the equation we also have
1
[ulws.p@yy = AP |lul|Lo(q)-

By inserting this estimate in (2.26), we get

1

D s—I N
(2.27) (@) —u()] < [C (1= ) A" Jullpooy lo =y 7, z,y e RY.

Finally, the estimate (2.24) follows from (2.27) by taking y € RV \ Q. O

3. A I'-CONVERGENCE RESULT

In this section we will prove the following result.

Theorem 3.1 (I'—convergence). Let 1 < p < oo and @ C RN be an open and bounded set, with
Lipschitz boundary. We consider {sk}nen a sequence of strictly increasing positive numbers,
such that sg goes to 1 as k goes to co. Then

(3.1) E1p(u) = (F - ;}Lm gsk,p> (u), for all u € LP(Q).

where &, p and &1 are the functionals defined by (1.10) and (1.11).

This I'—convergence result will follow from Propositions 3.3 and 3.11 below. Before proceeding
further with the proof of this result, let us highlight that by combining Theorem 3.1 and [12,
Proposition 6.25], we get the following.
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Corollary 3.2. Under the assumptions of Theorem 3.1, we also consider a sequence of functions
{Fs, }ken C L”/(Q) weakly converging in Lp/(Q) to F'. If we introduce the functionals defined on
LP(Q) by

(3.2) Fopp(u) =&, p(u)? +/ F,, udz and Fip(u) ==& p(u)? +/ Fudz,
Q Q
then we also have

Fip(u) = (1" - hllrgo fsk,p) (u), for allu € LP(Q).

3.1. The I' — limsup inequality.
Proposition 3.3 (I' — limsup inequality). Let u € LP(2) and let {si}ren be a sequence of

strictly increasing positive numbers, such that si converges to 1 as k goes to co. Then there
exists a sequence {uytren C WGP (Q) such that

lim sup &, p(ug)? < & p(u)?.
k—o0

Proof. 1f u ¢ Wy™P(Q), there is nothing to prove, thus let us take u € W, ?(2). If we take the
constant sequence ur = u and then apply the modification of Bourgain-Brezis-Mironescu result
of Proposition 2.8, we obtain

limsup(1 — sg) [uk]gvszc»P(RN) = K(p,N) / |VulP de = & p(u)?,
h—o00 Q
concluding the proof. O
In order to prove the I' — lim inf inequality, we need to find a different characterization of the
constant K (p, N). The rest of this subsection is devoted to this issue.
In what follows, we note by @ = (—1/2,1/2)" the open N —dimensional cube of side length

1. Given a € RY, we define the linear function ¥,(x) = (a,z). For every a € SV~!, we define
the constant

(3.3) O(p, N;a) := inf {liglfi{lf(l —3) [uswvs,p(@) s us — Uy in LP(Q)} .

We will show in Lemma 3.9 that indeed this quantity does not depend on the direction a.

Remark 3.4. If a € RY with |a| # 0, then we have

. L . a
(3.4) inf {hgn/l{lf(l —s) I:uS:II;Vs,p(Q) tus — W, in LP(Q)} =|a|’ © (P,N; ’a|> .
Remark 3.5. For every 1 < p < co and every a € SV ! we have

(3.5) O(p, N;a) < K(p,N),

where K(p, N) is the constant defined in (1.9). Indeed, by definition of O(p, N;a), if we take
the constant sequence us = ¥, and use the Bourgain-Brezis-Mironescu result, we get

) T _ P — p
O(p,N;a) < 111811/}{1“1 s) [\I/a]Ws,p(Q) = K(p,N) /Q]V\Ifa\ dx.

This proves (3.5), since V¥, has unit norm in LP(Q).
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We are going to prove that indeed K (p, N) = O(p, N;a) for every a € S¥=1. To this aim, we
first need a couple of technical results. In what follows, by W;"”(Q) we note the completion of
C3°(Q) with respect to the semi-norm

1
. |u(z) — uly)? v
e = </Q o fo—yprer Y

Lemma 3.6. For every 1 < p < co and every a € SN~ we have

. o vy — W, in LP
(3.6) O(p, N;a) = inf {hgn/l?f(l =) lver) o —w,e Wg’p((%)) } '

Proof. By the definition (3.3) of ©(p, N;a), we already know that

) . . _ P v — Uy in LP(Q)
O(p, N;a) < inf {hgn/}{lf(l s) [vs]Ww(Q) F oy — W, € WIP(Q)

In order to prove the reverse inequality, let us take a sequence {sj}ren such that 0 < s, < 1
and s " 1. Then we take {vg}ren such that

(1—sk) [vk]gvsk,p(@ < 400 and klg](r)lo vk = Wall Loy = 0.

Without loss of generality, we can assume that s;p > 1, so that for the space W;**(Q) we have
the Poincaré inequality (2.15). We introduce a smooth cut-off function n € C§°(Q) such that

0<n<l, n=1 on7Q, V| <

1—7’
for some parameter 0 < 7 < 1. Then we define the sequence {wg }ren by
wi = v+ Ve (1 —n).

We observe that by construction we have wy, — ¥, € W;*(Q). Moreover we have

/|wk—wa|f'dx=/n" |vk—wa\pdms/ o — WP dar,
Q Q Q

thus wy, still converges in LP(Q) to ¥,. We now have to estimate the Gagliardo semi-norm of
wy. To this aim, we first observe that

w(z) — wi(y) = vi(x) n(x) + Yalz) (1 — n(2)) — ve(y) n(y) — Ya(y) (1 —n(y))
(37) =) (ve(@) = vk(y)) + (1 = (@) (Va(@) = V()
+ (n(@) =) (k) — Vav) )-
Let us set

Viz.y) = n(z) k() — vi(y)
o —y| v

and

2(e.y) = "D () - ().

|z —y|»
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Then by definition of wyg, (3.7) and Minkowski inequality we have

[wilwerr@) = IV + 11+ Zl oioxq) < IVIee@x@) + M Lr@xq) + 121l r@xq)
1
V() — vrly p 5
N </Q Q | \Jf—)yNJrgk;‘ n(x)? dxdy)
1
Ya(z) = Va(y)” 5
" </Q/Q | |z — y|Nt+skp (1 —n(x))” dxdy

n(x) —n(y)lP B > ’
+</Q QWW(M Wo(y)P d dy> ,

By using the properties of 7, we have obtained

1
[Wa(2) — Wa(y) | ’
[wilwerr(Q) < [oklworr (@) + </Q /Q\TQ |z —y|NEsnp dody

e / ( / ) ) - )P )

We have to estimate the last two integrals. By recalling that ¥, (z) = (a,z), we have?

U, (z) — U, (y)P 1
[ Bl [,
QJo\rq o —y[NEeEP o\rQJq lz —y[Nteer—p

10\l

1— s

(3.8)

hSA

<

For the other integral, we have

dx ) P C
) ) - %(yﬂpdy) S T
</Q </Q |z — y|NFsep—p (1— sp)7 ©)

with C' = C(N,p) > 0. By collecting all these estimates and using them in (3.8), we get

1 .. 1
hgr_l)})réf(l — 51) P [Wilwsrr(g) < h&g}f(l — 5k)? [Vklwekr(Q)

e
1—

likrggéf Hvk — \I}aHLP(Q) + C ’Q \ T Q|
1
= likn_1>i£f(1 — 81)7 [Vklweer (@) + C1Q\ T Q.

By arbitrariness of 0 < 7 < 1, this finally proves the desired result.

Before proceeding further, we need the following.
3We use that for x € Q

1 1 1 C
/Q |z — y|NFerwp=p By (2) |z — y[NFsrp—p B 5(0) ly|N+skp—p 1— sk

with C' = C(N,p) > 0
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Lemma 3.7 (Linear functions are (s,p)—harmonic). Let a € SN, we define V,(z) = (a,x)
as above. Let 1 < p < oo and s € (0,1) be such that s > (p —1)/p. Then for every ¢ € C§°(Q)
we have

) — Y¥q P2 a\T) — ¥q
po [ [ e I Bl ) )

|z — y|N+sp

Proof. We first observe that the double integral is well-defined and absolutely convergent. In-
deed,

xr)— a p—2 a\l) — W,
/]RN /RNN}G( )= Rl (Fel) = Taly) (p(z) — o(y)) dx dy

|z — y[Ntsp
) — —2 x) —
(3.10) = /Q /Q [¥o(z) qj“fg)_'pm N(i“p( )= Telv) (p(z) = o(y)) dz dy
|\I’a(x) — \Ija(y)‘p_z (\I/a(x) B \I/a(y»
+ 2 /Q/]RN\Q P =T o(x) dzdy.

For the first term we have

[Wa(2) — Taly)l?! [Vl ddy
[ R ko) — st asay < [ [ FTALEY <o

For the second one, by observing that the integral in the x variable is equivalently performed
on K :=spt(p) € Q, we get

Wo(x) — Wo(y)[P! [l Lo (@) dz dy
[ @ g, [ Mgl
Q JRN\Q |z —yl K JRN\Q |z —yl

provided that s > (p — 1)/p.
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In order to prove (3.9), for every € > 0 we have

]j . —2 x) —
[ [ e = Rl (a0 = Ral) (o 0) — i) diray
RN JRN o~y

Wo(z) = a(y) P2 (Val(x) — Va(y))
://{m_yzg}l = ’<xy_’y’]\g+sp( : v) () dx dy

_ // [Wa(2) — Wa(y) P> (Va(z) — Ta(y))
{lz—yl|>e}

|x_y|N+sp SO(y) dl‘dy

(@) — V)P (Valz) — Wa(y))
" //{w yl<e}

l — y[N+sp (o(z) = () dx dy
= [Va() = Wa(9)l"* (Va(z) = Yaly)) .
-2 //{x y|>e} |x—y|N+8P 90( )d dy

(@) = Wa(y)P2 (Va(2) — Valy) B )
! //{x—y<a} |z — y[Nsp (p(z) — ¢(y)) dz dy

— [(a, ) [P~> (a, h) z)dz
- /RN </{|h|>e} || N+sp dh) plw)d

(Wa(2) — Wa(y) P2 (Vo(x) — Uy(y)) B )
+//{z y|<e} |z — y|Ntsp (p(x) = p(y)) do dy

_ // [Wa(@) = Wa(y)]" 2 (Wa(@) — Va(y))
{lz—yl<e}

|z — y|N+sp (p(@) = ¢(y)) dz dy,

where we used that by symmetry

p—2
/ |<a7 h>‘N+S<a7 h> dh — 0
(n>ey |A[NTeP

Moreover, we have (we still denote K = spt(p))

Za Y (Vo) = Ta(y))
‘ //{w yl<e} | |($ — y|Ntsp (o) — o(y)) dz dy‘
1
<[Vl s / / ) w
Vel K+B:(0) ( {|h|<e} |h|N+sp—p
Cé-p(
= 17 IVellLoe ’K +Bl(0)‘
By arbitrariness of £ we get the conclusion. -

Lemma 3.8. Let a € SN, For every 1 < p < 0o and s € (0,1) such that sp > 1, let ug be the
unique solution of

(3.11) min {[U]ﬁvw(@ v —V, € WOSvp(Q)}‘
Then, us converges to W, in LP(Q2) as s goes to 1. Moreover, we have
(3.12) K(p, ) = (1= ) [Lalfygy = (1 = 5) g
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Proof. Since we are interested in the limit as s goes to 1, without loss of generality we can
further assume that s > (p — 1)/p as well, i.e.

W)
§>maxq—,—— ¢ .
p p

The existence of a (unique, by strict convexity) solution us follows by the Direct Methods, since
coercivity of the functional v — [v]? (@) can be inferred thanks to Poincaré inequality (2.15)

WP
(here we use the assumption sp > 1). We take ¢ € W5?(Q), by minimality of us there holds
Jus () — us () P~ (us(z) — us(y))
(313) ] P e o) o) ey =0

Still by minimality of ug, we also get

(3.14) [uslwer(@) < [Walwr(q);

since W, is admissible for problem (3.11). On the other hand, the linear function ¥, is “almost”
a solution of (3.11), thanks to Lemma 3.7. Indeed from (3.9) and (3.10), for every ¢ € C3°(Q)

we get
p—2 z) — U,
| ] e e =R ) — oty ey

=— [Wa(z) = Wa(y) P> (Palz) — Va(y)) ) dr

- z/spt(cp) /IRN\Q |z — y|NFsp p(x) dx dy.
Thus we obtain

p—2 r) — 0,
‘//‘\P ’x)_’y|]\gfjsap( )= Yal)) (p(x) — ¢(y)) dz dy

(@)
<2 [, fowg o 9

p(2)|
SQ// dx dy,
Q JEN\B; (1 () |2 —y[NVrepmpit

where as before we set dg(z) = dist(x, 0Q). Hence,

‘ / / el |$ )_’p |21\(/\+II:Lp($) = %aly) (p(z) — ¢(y)) dz dy‘

o0 1
< 2NwN/ / ————do | |p(x)|dx
Q( Sqx) OFHIPTP 21

_ 2Nwy % da
T ltsp— Lrsp—p
p—p QdQ

—1

2N po\? o\ po\"

< 2New (el (/5@“ )d:c) o)
1+sp—p \Jq 95 Q Q 99

|
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Since we are assuming s > 1 / p, we can apply Hardy inequality (2.12) to the last term and obtain

2 2
/ / [Palr) = Dalyl”_(Wale) = Valw)) () — (y)) dody

\w—mN“p
C

“sp—1
for some constant C' = C(N,p) > 0 (observe that we used that 1 — s < 1). From (3.13) and
(3.15) we finally obtain for every ¢ € C§°(Q)

//!‘1’ W2 (Wa (@) — Wa(y)) — |us(@) — us(y) P72 (us(@) — us(y))

|z — y|Ntsp

(3.15)

[Plw=r (@)

(3.16)
x (p(z) = @(y)) dz dy < Clplwsr(q)-

By density, the previous estimate is still true for every ¢ € Wi"(Q), thus we can use (3.16)
with ¢ = ¥, — us. We distinguish two cases.
Case p > 2. We use the basic inequality (|s|P~2s — [t|P~2t)(s — t) > c|s — t|P in order to obtain
from (3.16)

[\I/a - us]];vs,p(Q) <C [\Ila - us]Ws,p(Q)y
for a constant C' = C'(N,p) > 0. This implies

. _ _ p _
(3.17) ll/(ni(l 3) [\Ija us]ws,p(Q) =0

Case 1 < p < 2. We use the inequality

|s —t?

(IsPP2s = [t 2 (s =) > c— ey
(52 + [¢2) ="

which gives
D
2

s =t < O [(Is"=2s = [t1P720)(s = )] * (s + 1) 55,

for C = C(p) > 0. We set for notational simplicity Us(z,y) = us(x) — us(y) and U(z,y) =
U,(x) — ¥Uu(y). Then,

w, - 1WSP(Q
D
(U2 - IUslp_QUs)(U—Us)}Q(IUIQJrIU| )78 o
// |x_y|N+sp €T ay
P
([UP2U = |Us[P2 Us) (U — Us) 2
<C (// o= y [N dx dy
2—p
(U] + U )" ’
<// Ty
P 2—p

2

<C ([\I’a - us]WW(Q)) ’ ([US]];Vs,p(Q) + [‘Ija]gvs,p(@) )
where we used Holder inequality with exponents 2/p and 2/(2 — p), relation (3.16) and the
subadditivity of the function ¢ — ¢*/2. The previous estimate and (3.14) imply

W — o) < C LTy nit):
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that is
P p—1 P 2-p
(1= 9) [Wa = wflyani) < C (1= (1= 8) [Walfrng))

Since 2 — p < 1, after a simplification we get

p p=1 p—1
(=) Wa = wllyunig)) <CO =8P
It thus follows again

(3.18) lIm(1 —s) [¥q — ug]

p —
o wer@) = O

Observe that as a byproduct of (3.17) and (3.18), we also get

1 1
fim (1 =5)7 [Walwen@) — (1= 5)7 [uslwer(q)
1
< il/‘ni(l —8)7 Vo — uslwspg) = 0.

This shows that

) 1 . 1
l%(l = 8)7 [Walwsn(q) = }/H;(l —5)7 [uslwsr(q),

thus (3.12) is proved.

Finally, since us — u € W(f P(Q), Q is a convex set and we are assuming sp > 1, we can use
Poincaré inequality (2.15) in conjuction with (3.17) or (3.18). In both cases we have

ll}ri lus — \IjaHip(Q) < E/H% sp—1 (1 —s)[us — \I’a]léys,p(Q) =0,
where C' = C(N, p) > 0. This concludes the proof. O

Finally, we can prove an equivalent characterization of K(p, N).
Lemma 3.9. Let 1 < p < 0o and a € SN, then we have
K(p,N) = O(p,N;a).
In particular, ©(p, N;a) does not depend on the direction a.

Proof. By (3.5) we know that K(p, N) > ©(p, N;a). In order to prove the reverse inequality,
we define the linear function ¥, (x) = (a,x). Let vs € W*P(Q) be a sequence converging to ¥,
in LP(Q) and such that vy — U, € WP(Q). We consider the function u, defined in Lemma 3.8,
then from (3.12) we get

lilsn/%{lf(l —8) [vs]gvs,p(Q) > liinfi{lf(l —8) [us]’évs,p@) = K(p,N).
By appealing to (3.6), we get O(p, N;a) > K(p, N) as well. O

3.2. The I' — lim inf inequality. At first, we need a technical result which will be used various
times.

Lemma 3.10. Let 1 < p < oo and sp € (0,1). Let  C RY be an open and bounded set with
Lipschitz boundary. For every family of functions {us}se(s,1) Such that us € W5P(Q) and

(3.19) (1 - 3) [Us]];[/s,p(RN) <L,
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there exist an increasing sequence {sk}ren C (S0,1) converging to 1 and a function u € Wol’p(Q)
such that

i lus, — ul[zr(@) = 0.
Proof. By Poincaré inequality (2.14), the estimate (3.19) implies
(3.20) s ey < Ch, for every sgp < s < 1,

for some C; = Ci(N,p,diam(2), L) > 0. Moreover, again by [6, Lemma A.1] and (3.19) there
exists a constant Cy = C(N,p, L) > 0 such that

_ p
(3.21) sup [us(z + &) = s (@) dx < Oy, for every sp < s < 1.
0<|¢|<1 J RN |§’8p
Since s > sp, from the previous estimate, we can also infer
_ p
(3.22) sup [us(z + &) — s (@) dx < Cy, for every sp < s < 1.
0<l¢|<1 JRN |€|soP

Estimates (3.20) and (3.22) and the fact that us = 0 in RY \ Q enables us to use the Riesz-
Fréchet-Kolmogorov Compactness Theorem for LP. Thus, there exists a sequence {us, }ren and
u € LP(RY) such that

i lus, —ullzr(@) = 0.
In order to conclude, we need to prove that u € VVO1 P(Q). Up to a subsequence, we can suppose

that us, converges almost everywhere. This implies that u = 0 in RV \ Q. Moreover, thanks to
Fatou Lemma we can pass to the limit in (3.21) and obtain

— p
wp [ MEEOuW . o,
0<[¢]<1 JRN ‘§|p

This implies that the distributional gradient of u is in LP(RY). Thus v € WI'P(RY) and it
vanishes almost everywhere in RV \ . Since Q is Lipschitz, this finally implies that u € WO1 P(Q)
by [5, Propostion IX.18]. O

The following result will complete the proof of Theorem 3.1.

Proposition 3.11 (I' —lim inf inequality). Given {si}ren C R an increasing sequence converg-
ing to 1 and {ug}ren C LP(Q) converging to u in LP(Q2), we have

(3.23) Eip(u)? < likrgiorgfé’sk,p(uk)p.

Proof. The proof follows that of [1, Lemma 7]. We start by observing that if

p

lim inf (1 — sg) [wkljysm gy

= +OO7
k—o00

there is nothing to prove. Thus, let us suppose that
1i]££f(1 - Sk) [uk]a/sk,p(RN) < +o00,
this implies that for k sufficiently large we have
u, € WiHP(Q) and (1 —sg) [uk]gvsk,p(RN) <L,

for some uniform constant L > 0. By Lemma 3.10, we get that u € WO1 P(Q).
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We now continue the proof of (3.23). For every measurable set A C 2 we define the absolutely
continuous measure

p(4) = [ 1vulPay,
and we observe that, by Lebesgue’s Theorem

1
’IW = lim — |[VulP dy = |Vu(x)|P for a.e. z € Q,

(3.24) lim
r—0t 7T Z‘+T’Q

r—0t
where as before Q = (—1/2,1/2)". For a Borel set E C 2 we define
ar(E) = (1 — s) [uk]gvsk,p(E) and a(E) = hkn_1>i£f ax(E).

For x € Q, set Cr(z) := z + r Q. We claim that

(3.25) lim inf & > K(p,N), for y —a.e. z € Q.

In order to prove (3.25), for every measurable function v, we introduce the notation

oraly) = v(?“yH;) - u(aj)7 yeao.

We keep on using the notation ¥, (x) = (a,z), for any given vector a € RV, Then we will prove
(3.25) at any point x € € such that

(3.26) }1{‘1(1) |ure = Yallr@) = 0, where a = Vu(x),

and such that (3.24) holds. We recall that (3.26) is true at almost every x € Q by [16, Theorem
2, page 230]. Therefore, to prove (3.25) it will be sufficient to show that

lim inf a(Lj\gm))
r—0 r

> K(p, N)|Vu()P.

To this aim, let r; \, 0 be a sequence such that
a(Ch;(x))

lim v
joee T

= lim inf oc(C;]\gzc)).
r—0 r

For any j € N we can choose k = k(j) so large that
i) ag(;)(Cry () < a(Cyy (@) + 7 T
ii) TP
i) 77N gy — e, oy < 13
Then, by using i), the definitions of ay, and (ug),, and i) we have
a(Cr, (@) _ an)(Cr, (2))

—
N = N J
" T
N=sii)P p P
(1 — sk(])) rj /r'j (Uk(]))'r],m Wsk(j),p(Q)
e ,rN — ’I"j

J

1 p
> <1 — j) (1= sk() [(Uk(j))rj:x} WO P(Q) "



26 BRASCO, PARINI, AND SQUASSINA

On the other hand by iii) we have

H<uk(j))rjva — Urja
while by (3.26)
]lggo [tr; .0 = WallLr(q) = 0.
Thus by triangle inequality we get that (uk(j)),,j’z converges to ¥, in LP(Q), with direction
a = Vu(zx). This in turn implies
_oCry(x) 1 P
Jlggo # = hjrggalf 1= ; (1- Sk(j)) [(uk(j))”’x] WokG) P (Q) I
Vu(z) >
26 (. V()P
[ Vu(z)|
= K(p,N) |Vu(x)|?, for p—a.e. z € Q,
thanks to the definition (3.3) of O(p, V;a), property (3.4) and Lemma 3.9. This proves (3.25).

The conclusion is exactly as in [1, Lemma 7]. Let us consider for £ > 0 the following family
of closed cubes

5= {T(x)c Q- (1—1—5)04(%) > K(p,N)u(T(:E)) }
By observing that

o (Ci@)) =a(Crla))  and  u(Col@)) = u(Cy(x),

and using (3.25), we get that § is a fine Morse cover (see [19, Definition 1.142]) of p—almost all
of , then we can apply a suitable version of Besicovitch Covering Theorem (see [19, Corollary
1.149]) and extract a countable subfamily of disjoint cubes {C; }ie; C § such that pu(Q\U;eC;) =
0. This yields

K(p, N /\VUIpd:v— (p, N <UC> K(N,p)>  w(C;

i€l el
- , .
<(1+e) Za(cl) <(1+¢) hglcgfzak(cl)
el iel
< (1 + 5) 11k1’1_1>£f(1 - Sk) [uk]%/skm(RN)'

By the arbitrariness of € we get
p T _ P
K(p.N) [ [Vl do < Bmint(0 - 5 [0, e
This concludes the proof. O

3.3. A comment on dual norms. By using Theorem 3.1, we can prove a dual version of
the Bourgain-Brezis-Mironescu result. The result of this section is not needed for the proof of
Theorem 1.2 and is placed here for completeness.

Proposition 3.12. Let 1 < p < oo, for every F € Lp/(Q) we have
_1 _1
(3.27) ll}q(l = 8) P [ Flly—sw ) = K0, N) 7 [|Fllypr—10 (1)
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Proof. We are going to use the variational characterization (2.20) for dual norms. By Corollary
3.2, the family of functionals

(3.28) Esp(u)? — /Fudm, u € LP(Q),
I"'—converges to
& p(u)? / Fudz, u € LP(Q).
Q

We now observe that the functionals (3.28) are equi-coercive on LP(2). Indeed, if u € LP(Q) is
such that

(3.29) £, ()P — / Fuds < M,
Q
this of course implies that u € WOS P(Q2). Moreover, by Young inequality and (2.19) we have

M > (1-s) [“]gvs,p(RN) — /QFud:B

1 (1Flw-ere ) 1=
> (1-5s) [U]];Vs,p(RN) - 1? ((1_8);) - p [U]];Vs,p(m)
1
2 " (1-s) [u]gvs,p(]RN) -C HFHW*LP/(Qy

for a constant C' = C'(N,p,2) > 0 independent of s (provided s is sufficiently close to 1). Thus
from (3.29) we get

(1 - 3) [U]];Vs,p(RN) < Mp, + Cp/ ||F||W—1,p/(Q)'
The desired equicoercivity in LP(£2) now follows from Lemma 3.10. In conclusion, from (2.20),
the T'—convergence and (2.21) we get

[ — v
lim M = lim p% <—p’ min {Ssp(u)p — / Fudx}) ’
s/1 (1—s)r 5/1 ueLP(Q) Q

1

-7 F _1,
:p% (_p/ min {gl,p(u)p—/Fudm}>p _ £ llw 1p(1Q),
ueLr () Q K(p, N);

as desired. O

Remark 3.13. We recall the following dual characterization of || - ”W*S’Z"(Q) from [6, Section 8]

3.30 Fllion on = i { y . R* (p)=Fi Q}
(330 = ¢€LP/%£xRN) 111 v ) 2(#) m

where R} is the adjoint of the linear continuous operator Ry, : W5*(Q) — LP(RYN x RY)
defined by
R p(u)(z,y) = w, for every u € Wg’p(ﬁ).
o~y
Formula (3.30) is the nonlocal analog of the well-known duality formula

HFHW*LP/(Q) = VEL?(I(IZI;RN) {HVHLP'(Q;RN) : —divV =F in Q} .

Then we end this section with the following curious convergence result.
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Corollary 3.14. Let 1 < p < oo and F € LV (Q), then we have

. 1 . e
Efni [(1 —8) weLP'I(IlglexRN) {H@HLPI(RNXRN) P Raple) = Frin QH

1
=K(p,N) » i Voo, c—divV =F inQy.
e s {IViigey, vV = F in 0

4. PROOF OF THEOREM 1.2

4.1. Convergence of the variational eigenvalues. By Theorem 3.1, we already know that
E1.p(u) = (F ~ lim 5sk,,,) (w),  for all u e LP(S).
k—o00
For every 1 < p < oo, let us define the functional g, : LP(2) — [0, 00) by

gp(u) = [[ul|Lr(q)-

We now observe that for every increasing sequence k,, and for any sequence {uy}neny C LP(Q)
such that

M :=sup&,  p(un) < +o0,
neN

there exists a subsequence {uy, }jen such that
lim gp(unj) = gp(u).

Jj—00

Indeed, this is a consequence of Lemma 3.10. Then the functionals &, and g, satisfy all the
assumptions in [13, Corollary 4.4], which implies

1.1 l inf €, —  inf E1.p(u),
(1) oo <Ke;éﬁ,p(ﬂ)322 ’“”’(u)> Kerm oo S ()

where
Kmp(2) = {K C{u : gp(u) =1} : K compact and symmetric, i(K) > m}

In order to conclude, we only need to show that the minimax values with respect to the
WP (2)—topology are equal to those with respect to the weaker topology LP(2). Observe
now that, for every b € R, the restriction of g, to {u € LP(Q?) : &,(u) < b} is continuous:
for s = 1 this is classical, while for 0 < s < 1 we can appeal for example to [6, Theorem 2.7].
Whence, [13, Corollary 3.3] yields

4.2 inf  sup & ,(u) = inf sup &1 ,(u),
( ) KeKmp(Q) uek l,p( ) Kew}, ,(Q) uek LP( )
4.3 inf  sup &, p(u) = inf sup Es, p(u),
( ) Kem p(Q) ueK Slmp( ) KeWk,(Q) ueK Sk,p( )

where we recall that Wy, ,(2) has been defined in (1.6). By using (4.2) and (4.3) in (4.1), the
assertion follows by definition of A;, (€2) and )\}mp(Q).
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4.2. Convergence of the eigenfunctions. For every s € (0,1), let us € Wg’p(Q) be an
eigenfunction corresponding to the variational eigenvalue A;, (£2), normalized by |usl|rro) = 1.
Then it verifies

(1= 8) [tslhy ey = (1= 8) A3 (9.

The convergence of the eigenvalues, which has been proved in the previous subsection, implies
that

(4.4) (1= 8) [us]fepmry < K (P N) A (Q) + 1,

up to choosing 1 — s sufficiently small. By appealing again to Lemma 3.10, this in turn implies
that there exists a sequence {sg }reny with s 1 such that the corresponding sequence of eigen-
functions {us, }ren converges strongly in L to a function u € VVO1 P(Q). By strong convergence,
we still have [ulzpq) = 1.

In order to prove that u is an eigenfunction of the local problem, let us notice that each wus,
weakly solves

(=Ap)Tu = Nk (Q) g, [P 2 ug,, in Q, u=0, inRY\Q

Thus it is the unique minimizer of the following strictly convex problem

min {Eshp(v)p—i-p/Fskvda:},
Q

veELP(Q)

where
Fo, = —(1—sg) )‘frlf,p(g) sy, |p_2 Usy € LPI(Q)_

Observe that the sequence {Fj, }ren converges strongly in Lp/(Q) to the function
(4.5) F = —K(p,N) Ay () [ul’ 2 u,

thanks to the strong convergence of {us, }ren and to the first part of the proof. By appealing to
the I'—convergence result of Corollary 3.2, we thus get that u is a solution (indeed the unique,
again by strict convexity) of the limit problem

~ P
Ueﬂleljl(lg) {Elyp(v) +p /Qdex} ,

with F € L (Q) defined in (4.5). As a solution of this problem, u has to satisfy the relevant
Fuler-Lagrange equation, i.e. u weakly solves

—Apu = )\}n,p(Q) |ulP~2u, in Q, u=0, on JN.

This proves that the renormalized eigenfunctions {us, }ren converges strongly in LP(£2) to an
eigenfunction u corresponding to A}, ,(Q2) having unit norm.

In order to improve the convergence in Wég 1(Q) for every p < ¢ < oo and every 3 < p/q, it is
now sufficient to use the interpolation inequality of Proposition 2.1 with r = 400 and t = s, so
that o = s p/q. Observe that since sy is converging to 1, if we choose § < p/q we can always
suppose that

/3<3k£7
q
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up to choosing k large enough. This yields for a constant* C = C(N, p,q,3) > 0 which varies
from one line to another

1
Jim 5 [us, —ulwe.amn)
| s (-5 4) (-5)
< € lm lug, —ullppig)” ™7 lus, = ullpe ()
B

s

1
X ((1 - Sk)p [usk - U]W‘Sk’p(RN)>

(-4 2)

: q
<C k:lggo Husk - UHLP(RN)

1-2
s (Isy g + Nl oegey) )
1 1 %
X ((1 = sk)? [us e r vy + (1 — sp)? [U]Wsk’P(RN)> :

If we use (2.22) (if 1 <p < N), (2.23) (if p= N) or (2.24) (if p > N) to bound the L* norms,
(4.4) and Proposition 2.8 to bound the Gagliardo semi-norms, we finally get
((1-12)

1 . 2
klggoﬁq [usk - U]WB’Q(RN) <C klggo ||u5k - UHZ;)(RN)

as desired.

Remark 4.1 (Pushing the convergence further). In the previous result, we used that the initial
convergence in LP norm can be “boosted” by combining suitable interpolation inequalities and
regularity estimates exhibiting the correct scaling in s. Thus, should one obtain that eigenfunc-
tions are more regular with good a priori estimates, the previous convergence result could still
be improved. Though it is known that eigenfunctions are continuous for every 1 < p < oo and
0 < s <1 (see [26,28]), unfortunately the above mentioned results do not provide estimates
with an explicit dependence on s and thus we can not directly use them.

In the case p = 2, regularity estimates of this type can be found in [8, Lemma 4.4] for bounded
solutions of the equation in the whole space

(—A)Yu=f(u)  inRY,
where f is a (smooth) nonlinearity. For such an equation, the authors prove Schauder-type

estimates for the solutions, with constants independent of s (provided s > sy > 0).

APPENDIX A. COURANT VS. LJUSTERNIK-SCHNIRELMANN

Here we prove that for p = 2 the variational eigenvalues defined by the Ljusternik-Schnirelman
procedure (1.5) coincide with the usual eigenvalues coming from Spectral Theory (see Theorem
A.2 below). Thus in particular for p = 2 definition (1.5) give all the eigenvalues. This fact
seems to belong to the folklore of Nonlinear Analysis, but since we have not been able to find a
reference in the literature, we decided to include this Appendix.

Let Hy C Hy be two separable infinite dimensional Hilbert spaces, endowed with scalar
products (-, ) g, and norms

e may notice that the constant C' degenerates as 8 approaches p/q.
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On the space H; is defined a symmetric bilinear form Q : Hy x Hy — R. We assume the
following;:

1. the inclusion Z : H; — Hs is a continuous and compact linear operator;

2. @ is continuous and coercive, i.e. for C' > 1
1
ol |y, < Qlu,ul, Qlu,v] < Cllullm [vlle,  u,v € Hy.

Thus Q defines a scalar product on Hj, whose associated norm is equivalent to || - ||,
We set
S={ueH : ||ul|lg, =1}
Then the restriction of the functional u — Qu,u] to S has countably many critical values

0< A <A< < Ay <o 2 oo, with associated a sequence of critical points {¢, fneny C S
defining a Hilbertian basis of H,.°> The critical point p; satisfies

Qlpi, u] = i (i, u) iy, for every ¢ € Hy,
so in particular
Qlpi, pj] = i dij, i,j € N\ {0}.
These critical points have a variational characterization: indeed, if we introduce for every m €

N\ {0}

Em ={F C Hy : E vector space with dim(E) > m},
and
Fn={FCS: F=EnNS for some E € &,},

then we have
Am = min max Qfu, u].

FeF, ueF
A minimizer for the previous problem is given by
(A1) F,, = Span{gpl,...,gpm}.
We also recall that the eigenvalues can be also characterized as

. Qlu, u] .
m = min 2 (U, 4 =0,t=1,....m—1,.
uegl\m}{ [z, e }

Lemma A.1. Let m € N\ {0}, we define
Wy, ={K C S : K compact and symmetric, i(K) > m},

where i is the Krasnosel’skii genus, see definition (1.7). Then for every K € W,, we have
(A.2) KNFEL | #0.
Here F,,_1 is defined as in (A.1) and orthogonality is intended in the Hy sense.

5These are indeed the inverses of the eigenvalues of the resolvent operator R : Ho — H2 defined by:
for f € H2, R(f) € H1 C H is the unique solution of
OIR(f),u] = {f, u) &y, for every u € Hy.

The hypotheses above guarantee that R is a well-defined compact, positive and self-adjoint linear operator. Then
discreteness of the spectrum follows from the Spectral Theorem, see for example [23, Theorem 1.2.1].
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Proof. We proceed by contradiction. Let us assume that there exists K € W, such that (A.2)
is not true, this implies that

m—1
(A.3) u, ;) H2 #0, for every u € K.
]:1

We can now define the following map ® : K — S™~2 by

[NIE

m—1 m—1
w o= > el | > (e, |
j=1 J=1

where e; is the j—th versor of the canonical basis. Thanks to (A.3), the previous map is well-
defined, continuous and odd. This contradicts the fact that K has genus greater or equal than

m and thus (A.2) holds true. O
Theorem A.2. For every m € N\ {0}, we have
(A.4) A = inf max Qlu, u.

KeWnm ueK

Proof. The inequality

Am = inf
™2 B, e 2

easily follows the fact that F,,, C W,, (see [38, Chapter 2, Proposition 5.2]).
In order to prove the reverse inequality, for every € > 0 let K. € W,,, be such that

max Qu,u] < inf max Qlu,u| + ¢.
ueKe KeWm ueK

By Lemma A.1, K. is such that K. N Fiq # (). In particular, there exists v € K. such that

oo oo
U:Zajgpj, with ZO‘?:L
j=m Jj=m
We have
max Qlu,u] > Qlv,v] = Za)\>)\

ueK.

This in turn implies

Am < inf  max Qfu,u] + &,
KeWm ueK

and by the arbitrariness of € we get the conclusion. U

APPENDIX B. A DENSITY RESULT

For completeness, we present the density result below. This permits to infer that for 1 < p <
oo the space

{u ‘RN R : [ulysp@yy < +oo and u =0 in RV \ Q}

coincides with the completion of C§°(€2) with respect to [-]yyspmny. For a fairly more general
result obtained by means of a different proof, we also refer to [18, Theorem 6].
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Proposition B.1. Let 1 < p < 0o and s € (0,1). Let Q C RN be an open bounded set with
Lipschitz boundary. For every measurable function u : RN — R such that

[u]sp@yy < +00 and u=0inRY\Q,
there exists a sequence {¢onnen C C§°(Q) such that
(B.1) T}L%o[(p” — ulpsp@ny = 0.

Proof. The proof is similar to that of [6, Lemma 2.3], concerning the case p = 1. By using [32,
Lemma 3.2], the regularity of 2 implies that there exists a family of diffeomorphisms ®. : RY —
RV with inverses ¥, such that:

e we have
lim ||D®, —Id| pe + ||Pe — Id||1 =0,
e—0t

and
lim || DV, —1d||pee + ||¥e — Id||ze = 0;
e—0t

e 0. :=d.(Q) €Qforall e < 1.
We then define the sequence ¢, = (uo ¥y/,) * g,, where g, is a positive convolution kernel
such that ||g,||;1 = 1 and chosen so that ¢, has compact support in 2. Then by construction
on € C3°(Q2) and
nlgfolo lln — UHLP(RN) =0.
By Fatou Lemma, this also implies that
linrgioréf [onlwsr@yy = [ulwsp@n)-
Moreover, we have
(B.2) [Spn]g[/S,p(RN) =[(uo ‘I’l/n) * Qn]gvs,p(RN) <luo ‘I’l/nwvs,p(RN)a

which follows by using convexity of 7 — 7P and Jensen’s inequality with respect to the measure
0n dx. Then we use that

(W) [P [T P/ (2)] [T P jn (w)]
uo Wyl . / / dz dw,
oty = fo o T B
which follows by a simple change of variables (z,w) = (Vy (), V1, (y)), where J®,,, denotes
the Jacobian determinant. Observe that by construction
[@1/n(2) = Piyp(w)] 2 My|z —w|  and  |J®y/(2)] < Mo,

for some M7 > 0 and My > 1 independent of n. Thus we can apply Lebesgue Dominated
Convergence Theorem and keeping into account (B.2), we can infer that

liInjup [gon]ws,p(RN) < [u]ws,p(RN)a

as well. In conclusion, we get that

(B.B) lim [(pn]Ws,p(RN) = [U]Ws,p(RN).

n—oo

In order to conclude, by (B.3) the sequence
Pn(2) = en(y)

On (55 y) N
jz—y|»
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is bounded in LP(RY x RY) and it weakly converges to

oz, y) = LD =) oy gy,
o —yl» "
By using this, (B.3) and uniform convexity of the LP norm, we get the desired result. O
ACKNOWLEDGMENTS

We thank Guido De Philippis and Sunra Mosconi for some useful bibliographical comments
and Matias Reivesle for a discussion on Poincaré inequalities. Part of this paper was written
during a visit of L. B. and E. P. in Verona and of M. S. in Marseille, as well as during the XXV
Italian Workshop on Calculus of Variations held in Levico Terme, in February 2015. Hosting
institutions and organizers are gratefully acknowledged.

[1]
2]

3]

N

(10]
(11]
(12]
(13]
(14]

[15]
[16]

(17]
(18]

(19]

REFERENCES

L. Ambrosio, G. De Philippis and L. Martinazzi, I'—convergence of nonlocal perimeter functionals,
Manuscripta Math., 134 (2011), 377-403. 4, 24, 26

D. Applebaum, Lévy processes — from probability to finance and quantum groups, Notices Amer. Math.
Soc., 51 (2004), 1336-1347 4

J. Bourgain, H. Brezis and P. Mironescu, Another look at Sobolev spaces, in Optimal Control and Partial
Differential Equations. A Volume in Honor of Professor Alain Bensoussan’s 60th Birthday (eds. J. L.
Menaldi, E. Rofman and A. Sulem), IOS Press, Amsterdam, 2001, 439-455. 3, 10

J. Bourgain, H. Brezis and P. Mironescu, Limiting embedding theorems for W*? when s — 1 and applica-
tions, J. Anal. Math., 87 (2002), 77-101. 3

H. Brezis, Analyse Fonctionnelle: Théorie et Applications, Masson, Paris, 1983. 24

L. Brasco, E. Lindgren and E. Parini, The fractional Cheeger problem, Interfaces Free Bound., 16 (2014),
410-458. 2, 6, 9, 13, 14, 15, 24, 27, 28, 33

L. Brasco, E. Parini, The second eigenvalue of the fractional p—Laplacian, preprint, available at
http://cvgmt.sns.it/paper/2522/. 1, 2, 3, 10, 13, 14

X. Cabré and Y. Sire, Nonlinear equations for fractional Laplacians, I: Regularity, maximum principles, and
Hamiltonian estimates, Ann. Inst. H. Poincaré Anal. Non Linéaire, 31 (2014), 23-53. 2, 30

L. A. Caffarelli, Nonlocal equations, drifts and games, Nonlinear Partial Differential Equations, Abel Sym-
posia, 7 (2012), 37-52. 1, 2

T. Champion and L. De Pascale, Asymptotic behaviour of nonlinear eigenvalue problems involving
p—Laplacian-type operators, Proc. Roy. Soc. Edinburgh Sect. A, 137 (2007), 1179-1195. 3

M. Cuesta, D. G. De Figueiredo and J.-P. Gossez, The beginning of the Fuc¢ik spectrum for the p—Laplacian,
J. Differential Equations, 159 (1999), 212-238. 3

G. Dal Maso, An introduction to I'—convergence. Progress in Nonlinear Differential Equations and their
Applications, 8, Birkhduser, Boston, 1993. 4, 15

M. Degiovanni and M. Marzocchi, Limit of minimax values under I'—convergence, FElectron. J. Differential
Equations, 2014 (2014), 1-19. 3, 28

A. Di Castro, T. Kuusi and G. Palatucci, Local behavior of fractional p—minimizers, to appear on Ann.
Inst. H. Poincaré Anal. Non Linéaire, available at http://cvgmt.sns.it/paper/2379/. 2

B. Dyda, A fractional order Hardy inequality, Illinois J. Math., 48 (2004), 575-588. 8

L. C. Evans and R. F. Gariepy, Measure theory and fine properties of functions. Studies in Advanced
Mathematics. CRC Press, Boca Raton, FL, 1992. 25

E. R. Fadell and P. H. Rabinowitz, Bifurcation for odd potential operators and an alternative topological
index, J. Funct. Anal., 26 (1977), 48-67. 5

A. Fiscella, R. Servadei and E. Valdinoci, Density properties for fractional Sobolev spaces, Ann. Acad. Sci.
Fenn. Math., 40, (2015), 235-253. 32

I. Fonseca and G. Leoni, Modern methods in the Calculus of Variations: LP spaces. Springer Monographs
in Mathematics. Springer, New York, 2007 26



[20]

(21]
(22]

23]
[24]
[25]
[26]
[27]
28]

29]
(30]

(31]
(32]

(33]
(34]
(35]
(36]
37]

(38]

STABILITY OF EIGENVALUES FOR THE FRACTIONAL p—LAPLACIAN 35

I. Fonseca and S. Miiller, Quasi-convex integrands and lower semicontinuity in L', STAM J. Math. Anal.,
23 (1992), 1081-1098. 4

G. Franzina and G. Palatucci, Fractional p-eigenvalues, Riv. Mat. Univ. Parma, 5 (2014), 315-328. 1, 2
E. Giusti, Direct methods in the calculus of variations, World Scientific Publishing Co., Inc., River Edge,
NJ, 2003. 15

A. Henrot, Extremum problems for eigenvalues of elliptic operators, Frontiers in Mathematics. Birkhauser
Verlag, Basel, 2006. 31

Y. X. Huang, On the eigenvalue of the p—Laplacian with varying p, Proc. Amer. Math. Soc., 125 (1997),
3347-3354. 3

A. Tannizzotto, S. Liu, K. Perera and M. Squassina, Existence results for fractional p—Laplacian problems
via Morse theory, to appear on Adv. Calc. Var., available at http://arxiv.org/abs/1403.5388 1, 2

A. Tannizzotto, S. Mosconi and M. Squassina, Global Holder regularity for the fractional p—Laplacian,
preprint (2014) available at http://arxiv.org/abs/1411.2956 1, 2, 30

A. Tannizzotto and M. Squassina, Weyl-type laws for fractional p—eigenvalue problems, Asymptot. Anal.,
88 (2014), 233-245. 1, 2

T. Kuusi, G. Mingione and Y. Sire, Nonlocal equations with measure data, Comm. Math. Phys., 337 (2015),
1317-1368. 2, 30

T. Kuusi, G. Mingione and Y. Sire, Nonlocal self-improving properties, Anal. PDE, 8 (2015), 57-114. 2

E. Lindgren, P. Lindqvist, Fractional eigenvalues, Calc. Var. Partial Differential Equations, 49 (2014),
795-826. 1, 2

P. Lindqvist, On non-linear Rayleigh quotients, Potential Anal., 2 (1993), 199-218. 3

S. Littig and F. Schuricht, Convergence of the eigenvalues of the p—Laplace operator as p goes to 1, Calc.
Var. Partial Differential Equations, 49 (2014), 707-727. 3, 33

M. Loss and C. Sloane, Hardy inequalities for fractional integrals on general domains, J. Funct. Anal., 259
(2010), 1369-1379. 8

V. Maz’ya and T. Shaposhnikova, On the Bourgain, Brezis, and Mironescu theorem concerning limiting
embeddings of fractional Sobolev spaces, J. Funct. Anal., 195 (2002), 230-238. 8

E. Parini, Continuity of the variational eigenvalues of the p—Laplacian with respect to p, Bull. Aust. Math.
Soc., 83 (2011), 376-381. 3

A. Ponce, A new approach to Sobolev spaces and connections to I'—convergence, Calc. Var. Partial Differ-
ential Equations, 19 (2004), 229-255. 4

Y. Sire and E. Valdinoci, Rigidity results for some boundary quasilinear phase transitions, Commun. Partial
Differ. Equations, 34 (2009), 765-784. 2

M. Struwe, Variational methods. Applications to nonlinear partial differential equations and Hamiltonian
systems, forth edition, Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern
Surveys in Mathematics, 34. Springer-Verlag, Berlin, 2008. 5, 32

(L. Brasco) AIX-MARSEILLE UNIVERSITE, CNRS

CENTRALE MARSEILLE, I12M, UMR 7373, 39 RUE FREDERIC JOLIOT CURIE
13453 MARSEILLE, FRANCE

E-mail address: lorenzo.brasco@univ-amu.fr

(E. Parini) A1x-MARSEILLE UNIVERSITE, CNRS

CENTRALE MARSEILLE, 12M, UMR 7373, 39 RUE FREDERIC JOLIOT CURIE
13453 MARSEILLE, FRANCE

E-mail address: enea.parini@univ-amu.fr

(M. Squassina) DIPARTIMENTO DI INFORMATICA
UNIVERSITA DEGLI STUDI DI VERONA

VERONA, ITALY

E-mail address: marco.squassina@univr.it



	1. Introduction
	1.1. Overview
	1.2. Main result
	1.3. Plan of the paper

	2. Preliminaries
	2.1. Some functional inequalities
	2.2. From nonlocal to local
	2.3. Dual spaces
	2.4. A bit of regularity

	3. A -convergence result
	3.1. The -limsup inequality
	3.2. The -liminf inequality
	3.3. A comment on dual norms

	4. Proof of Theorem 1.2
	4.1. Convergence of the variational eigenvalues
	4.2. Convergence of the eigenfunctions

	Appendix A. Courant vs. Ljusternik-Schnirelmann
	Appendix B. A density result
	Acknowledgments
	References

