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Abstract (English)

This Doctoral Thesis focuses on the comparative study of bounds for polynomial functions over

real multi-intervals within the framework of logic programming with polynomial constraints.

The Thesis begins by introducing bounds for real polynomial functions defined over a bounded
real interval with non-negative values. Three types of bounds are analyzed: the first is based on the
maximum and minimum of the Bernstein polynomial coefficients; the second relies on interval arith-
metic; the third consists of simple bounds obtained by considering the absolute values and the signs of
the polynomial function coefficients and the right bound of the interval. The aim of the research is to
identify, among the proposed bounds, the one that best approximates the behavior of the polynomial
function. The study first compares the simple bounds and the one derived from interval arithmetic,
which is the most accurate on a non-negative interval, because it takes into account both the left and
right bounds. Then, the bounds based on Bernstein polynomials are compared with the others. At this
stage, several difficulties arise, as Bernstein polynomials are expressed in a specific basis, whereas
the other bounds use the canonical basis. This difference makes the expressions difficult to compare.
However, by employing appropriate upper bounds—specifically, Newton’s binomial formula and the
properties of binomial coefficients—these difficulties can be overcome. It is thus shown that the
bounds based on the Bernstein polynomial coefficients is the most accurate, although also the most

computationally expensive.

Once the problem has been addressed in one dimension, the three types of bounds are extended to
multi-intervals. A comparison is then made among the various approximations over multi-intervals.
By carefully handling the needed multi-indices, it is shown that the bounds based on Bernstein poly-

nomials provide the best approximations, but the worst computational time.

A further extension explored in the Thesis is the study of bounds related to the sampling of
polynomial functions. The analysis begins with the unit interval and then considers a non-negative
real interval. In the unidimensional case, by suitably adapting the absolute values of the three types of
bounds to first and second derivatives, new approximations can be defined and compared. The study is

then extended to higher dimensions, first to the unit multi-interval and then to a box with non-negative



values. While in the unit multi-interval the results are consistent with the unidimensional case, the
box scenario for non-negative multi-interval is more complex, since greater attention must be paid
to the interval bounds when establishing upper limits. The situation has become more complicated,
but for non-negative multi-intervals, we initially managed to understand the behavior in two specific
cases: the first when all the right bounds are greater than or equal to one; the second when all the right
bounds are less than or equal to one. We then achieved results for any non-negative multi-interval,
also using the previously obtained bounds.

The major result of this Thesis is a set of orderings among different bounds for polynomial func-

tions, both for non-negative real intervals and for non-negative real multi-intervals.

Keywords: Constraint logic programming, Constraint propagation, Polynomial constraints, Bern-

stein polynomials, Function bounds



Abstract (Italiano)

Questa tesi di dottorato riguarda lo studio comparativo di stime per funzioni polinomiali su multi-
intervalli reali nell’ambito della programmazione logica con vincoli polinomiali. La trattazione si
apre con I’introduzione di stime per funzioni polinomiali reali definite su un intervallo reale limitato
a valori non negativi. Le stime analizzate sono di tre tipologie: la prima si basa sul massimo e sul
minimo dei coefficienti dei polinomi di Bernstein; la seconda si fonda sull’aritmetica degli intervalli;
la terza comprende semplici stime ottenute considerando i valori assoluti ed i segni dei coefficienti

della funzione polinomiale e I’estremo superiore dell’intervallo.

L obiettivo del lavoro ¢ identificare, tra le stime studiate, quella che meglio approssima il compor-
tamento della funzione polinomiale. Inizialmente si confrontano le stime semplici e quella ottenuta
dall’aritmetica degli intervalli, la quale, su un intervallo a valori non negativi, risulta la piu efficace
perché tiene conto sia dell’estremo inferiore sia di quello superiore. Successivamente, si mette a
confronto anche la stima basata sui polinomi di Bernstein. In quest’ultima fase emergono alcune
difficolta, poiché i polinomi di Bernstein sono espressi in una base specifica, mentre le altre stime uti-
lizzano la base canonica. Questa differenza rende le espressioni difficilmente confrontabili. Tuttavia,
sfruttando opportune maggiorazioni, in particolare basate sul binomio di Newton e sulle proprieta dei
coefficienti binomiali, ¢ possibile superare tali ostacoli. Si giunge cosi alla conclusione che Ia stima
basata sui coefficienti del polinomio di Bernstein ¢ la pill precisa, sebbene risulti anche la pitt onerosa

dal punto di vista computazionale.

Una volta analizzato il problema in una dimensione, le tre tipologie di stime vengono estese a
multi-intervalli in piu variabili. Si effettua quindi un confronto tra le diverse approssimazioni nei
multi-intervalli. Prestando particolare attenzione all’uso dei multi-indici, si dimostra che le stime
basate sui polinomi di Bernstein offrono le migliori approssimazioni, ma presentano le peggiori

prestazioni nei termini del tempo di calcolo.

Un’ulteriore estensione trattata nella tesi riguarda lo studio delle stime associate al campiona-
mento di funzioni polinomiali. L’analisi prende in considerazione dapprima [’intervallo unitario e

successivamente un intervallo reale a valori non negativi. Nel caso unidimensionale, adattando op-



portunamente i valori assoluti delle tre tipologie di stime alle derivate prime e seconde, ¢ possibile
definire e confrontare queste nuove approssimazioni. Lo studio viene poi esteso al caso multidimen-
sionale, considerando prima il multi-intervallo unitario e poi multi-intervalli con valori non negativi.
Mentre nel multi-intervallo unitario si ottengono risultati coerenti con il caso unidimensionale, nel
caso di multi-intervalli non negativi la situazione diventa piu delicata, poiché nelle maggiorazioni
occorre prestare particolare attenzione agli estremi degli intervalli. Il quadro si ¢ complicato, ma per
multi-intervalli non negativi si ¢ arrivati inizialmente a comprendere il comportamento in due casi
specifici: il primo quando tutti gli estremi superiori sono maggiori o uguali di uno; il secondo quando
tutti gli estremi superiori sono minori o uguali di uno. Si sono poi ottenuti risultati generali per
qualsiasi multi-intervallo non negativo, anche grazie all’uso delle stime precedentemente ottenute.

Il risultato principale di questa tesi consiste in un insieme di ordinamenti tra diverse stime per

funzioni polinomiali, sia per intervalli reali non negativi, sia per multi-intervalli reali non negativi.

Parole chiave: Programmazione logica con vincoli, Propagazione di vincoli, Vincoli polinomiali,

Polinomi di Bernstein, Stime di funzioni
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Chapter 1

Introduction

This Doctoral Thesis focuses on the comparative study of bounds for polynomial functions over
real multi-intervals within the framework of logic programming with polynomial constraints. In
fact, numerous relationships and challenges, both practical and theoretical, can be naturally modeled

through polynomial constraints.

The concept of polynomials is fundamental and pervasive, with significant applications across
nearly all fields of science and engineering. The extensive body of literature on computer alge-
bra highlights the extensive study of polynomials from a computational perspective [29]. Polyno-
mial constraints, which include equalities and inequalities involving polynomials with real variables,
have been extensively explored in the domains of constraint satisfaction [22] and constraint optimiza-
tion [23]. A particular subclass of polynomial constraints, referred to as polynomial constraints on
finite domains, restricts the variables to take values from finite subsets of integers. These constraints
also encompass disequalities of polynomials, a feature often overlooked in the context of real vari-
ables. Initially investigated within the framework of constraint logic programming [2, 5, 6, 7], poly-
nomial constraints over finite domains can also be analyzed within the broader scope of constraint

satisfaction problems, as explored in earlier works [3, 4].

A critical aspect of effectively supporting constraint logic programming is the computation of
tight bounds for real polynomial functions over real boxes, particularly when the constraint language

under consideration permits the expression of polynomial constraints over finite domains.

One of the most essential tasks in reasoning about polynomial constraints on finite domains in-
volves computing the precise bounds for real polynomial functions over real boxes [4]. This Thesis
presents methods for bounding real polynomial functions over real boxes and compares them in terms
of the tightness of their bounds. All proofs presented in this Thesis are original and have not been

copied from any source.



2 Introduction

The primary contribution of this work is the comparative analysis of various bounds to identify
the tightest ones, independent of the specific function and box under consideration. Thus, this Thesis
provides quantitative insights into the range of polynomials over intervals and boxes. The results
presented herein can be regarded as a preliminary step toward the development of a hierarchy of
bounding techniques tailored to reasoning with polynomial constraints on finite domains. It should
be noted that the study emphasizes the computational aspects of these bounding methods.

The second part of this Thesis focuses on bounds derived from function values of polynomials.
Initially, it reviews existing results for univariate real functions over the unit interval [9, 20]. New
methods are then introduced for one-dimensional functions over the unit square and non-negative
real intervals. All bounds are compared both in terms of their tightness and computational efficiency.
The Thesis subsequently presents the known bounds [12] and extends the newly proposed bounds
for univariate functions to bounds for multivariate functions. Again, all bounds are assessed for both
their tightness and computational performance.

This Thesis is organized as follows.

Chapter 2 introduces four distinct methods for bounding univariate real polynomial functions
over real intervals. These methods are subsequently compared in terms of the tightness of the bounds
they generate. The primary contribution of this chapter is the proof that one of the four methods
consistently provides tighter bounds. This result serves as a preliminary foundation for exploring a
hierarchy of bounding methods for real polynomial functions over real boxes.

Chapter 3 extends the univariate methods discussed in Chapter 2 to the multivariate case, focus-
ing on polynomial functions over real boxes. This chapter builds upon the one-dimensional results,
generalizing them to higher dimensions.

Chapter 4 examines the limitations of bounding polynomial functions via their values. Building
on the work of Cargo and Shisha [9] and Rivlin [20] on the unit interval, it shows how combining
classical polynomial bounding methods with value-based techniques leads to new bounds. These
results are first derived for univariate polynomials on the unit interval and then extended to non-
negative real intervals.

Chapter 5 extends the concepts discussed in Chapter 4 to several dimensions, focusing on bound-
ing polynomial functions based on their values. The approach begins with the framework presented
by Garloff [12] for the unit box in multiple dimensions, and proceeds by generalizing the unidimen-
sional case to approximate the function with new bounds. This methodology is then adapted and
expanded to cover multivariate polynomial functions over non-negative multi-intervals.

Ultimately, the conclusions of this Thesis summarize the findings and suggest potential avenues

for future research and development arising from this study.
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1.1 Motivations

Following consolidated nomenclature [1], a constraint C with variables x = (x1,x2,...,x,) whose
domains are Dy,D»,...,D,,

CCDyXDyx---XxXDy, (1.1)

is satisfiable if C # 0, and unsatisfiable otherwise. A constraint C is hyper-arc consistent (sometimes

called generalized arc consistent or domain consistent) [1] if
Vi€ [l.n] Ya€ D; 3t=(t1,tp,...,1,) €C : t;=a. (1.2)

A set of m > 0 constraints {C;}” | is satisfiable if it is empty or all constraints are satisfiable, it is
unsatisfiable if at least one constraint is unsatisfiable, and it is hyper-arc consistent if it is empty or
all constraints are hyper-arc consistent. Hyper-arc consistency is a property of constraints as well as
domains and is occasionally described using the term hyper-arc consistent domains.

The proposed Thesis deals with a set of m > 0 primitive constraints {C;}”", with variables
X = (x1,Xx2,...,X,) together with a nonempty set of initial approximations of domains, one for each

variable, expressed as finite intervals

d..

—1

di] 1<i<n (1.3)

where {d;}_, are the initial lower bounds of the domains of variables, and {d,}"_, are the initial upper
bounds. Such bounds form a box D C R” which is an initial approximation of the domains of vari-
ables, and the thesis deals with the inclusion-maximal subset of D which ensures that all constraints
are hyper-arc consistent, if it exists. The goal is to treat all primitive constraints in canonical form
p(x) > 0 by employing an algorithm that recursively partitions D into boxes and tests the satisfiability
of each constraint in the current box B C D, as [4].

If it is not possible to prove either satisfiability or unsatisfiability of the constraint set, a variable
is selected and its current domain is partitioned into two disjoint subdomains, thereby generating two
separate boxes. Each of these boxes is then processed recursively by applying the same reasoning
procedure. This splitting and analysis process continues iteratively until, for every generated box, the
set of constraints can be conclusively classified as either satisfiable or unsatisfiable. This algorithm
always terminates because, in the worst case, boxes collapse to singleton subsets of D, {v} C D for
some v € D, for which the check for satisfiability is trivially p(v) > 0. When boxes are not singleton
sets, in order to check for the satisfiability of a constraint p(x) > 0, the idea is to assume that suitable
lower bound / € R and upper bound u € R for the polynomial p in box B can be computed. Such

values can be used to verify if the currently analyzed constraint is satisfiable in B, as follows
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1. If u < O then the constraint is unsatisfiable in B;
2. If [ > 0 then the constraint is satisfiable in B;
3. Otherwise, B should be split and analyzed recursively.

It is worth noting that, since constraints are in canonical form, we are not interested in the actual
values of [ and u, but only in their signs. Any algorithm that allows the effective computation of
such signs can be used to support the proposed algorithm. In the following, we assume that modified
Bernstein coefficients are used to compute the signs of / and u. In particular, using the notation

introduced in previous section, define
[= min{i);D)},gL i= max{E}D)}ISL, (1.4)
where L is the multi-degree of p. From literature [4] the sign remains the same
sgnl =sgnl sgnu = sgnii. (1.5)

The literature provides various algorithms to compute Bernstein coefficients [11, 13, 24], which
are likely to be more effective than direct computation in practical situations. Most of such algorithms
can be adapted to compute modified Bernstein coefficients, and their expected performance improve-
ments over direct computation is currently under investigation. The performance of the proposed al-
gorithm also depends on the initial bounds of each domain, and on the details of the subdivision into
disjoint boxes. A significant number of alternatives has been studied in the literature to address the
problem of effectively subdividing a domain into disjoint boxes [16, 17], and all available techniques
can be adopted in the proposed algorithm. The simplest of such techniques assumes that variables are
selected using a fixed total order, and that, once a variable x; is selected, its current domain [x;..X;] is

split into two intervals [x;..s;] and [(s; +1)..;] at
§; = \‘WJ . (1.6)

This is the simplest choice and further research on this topic is ongoing to possibly improve the

performance of the algorithm.

1.2 Related Work

The study of bounds for polynomial functions over real intervals and boxes is a central topic that
connects classical approximation theory, numerical analysis, global optimization, and, more recently,

constraint logic programming. Its origins can be traced to the development of Bernstein polynomials
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in the early 20th century, introduced by Bernstein as a constructive proof of the Weierstrass approx-
imation theorem and later systematized by Lorentz [15]. The Bernstein basis offers a numerically
stable representation of polynomials over a compact interval, with coefficients that are closely related
to the values of the polynomial itself. This property has made Bernstein polynomials a cornerstone of

computer-aided geometric design, curve modeling, and robust numerical computation [10, 11, 24].

Parallel to this line of development, interval arithmetic emerged as a rigorous framework for
bounding function values. Moore formalized arithmetic operations over intervals, providing a guar-
antee that the true function value lies within the computed interval. However, standard interval arith-
metic suffers from the dependency problem: when a variable appears multiple times, naive interval
evaluation often overestimates the true range of a function. To address these limitations, affine arith-
metic and Taylor models were proposed, providing tighter enclosures and higher-order approxima-
tions of nonlinear dependencies [14]. Hickey et al. demonstrated that integrating these techniques
into symbolic-numeric systems allows both reliability and efficiency, though interval-based methods
alone are often insufficient for precise polynomial bounding in high-dimensional spaces.

A significant alternative to interval-based methods arises from the Bernstein polynomial repre-
sentation. Early insights by Cargo and Shisha [9] and rigorous formalizations by Garloff [12, 13]
established that the range of a polynomial over a box is contained in the convex hull of its Bern-
stein coefficients. This convex-hull property immediately yields both upper and lower bounds and is
generally sharper than those obtained through interval evaluation. Garloff further explored the com-
putational and theoretical aspects of this representation, providing results on convergence, coefficient
transformation, and multidimensional subdivision. His work clarified the theoretical underpinnings
of Bernstein bounds and offered practical algorithms for computing enclosures of multivariate poly-
nomials efficiently.

The univariate case, while conceptually simpler, also benefits from Bernstein representations.
Farouki and Rajan [11] presented algorithms for various basic polynomial procedures in Bernstein
form: the arithmetic operations, substitution of polynomials, elimination of variables, determination
of greatest common divisors, emphasizing numerical stability and efficiency.

Farouki’s retrospective review [10] highlights the enduring relevance of the Bernstein basis in
geometric design and numerical computation, noting that its geometric intuition often provides better
insight than purely algebraic or interval-based techniques. Complementary studies by Rokne [21] and
Rivlin [20] further establish the Bernstein basis as a robust tool for estimating polynomial extrema
with tight bounds and controlled numerical error.

The multivariate extension of Bernstein polynomial bounds introduces additional challenges. The

number of coefficients grows combinatorially with both the degree of the polynomial and the number
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of variables, which can make naive computation infeasible. Garloff [12] analyzed the structure of
these multivariate expansions, proving convergence of bounds under recursive box subdivision and
showing that adaptive subdivision can efficiently reduce overestimation. Ray and Nataraj [18, 19]
later developed matrix-based methods for efficiently computing the Bernstein coefficients of multi-
variate polynomials, relying on matrix operations such as multiplication, inversion, and reshaping to
convert a polynomial from its power form to its Bernstein form, thereby providing a scalable and
efficient alternative to other computational techniques for large polynomial systems. Additionally,
Smith [25] introduced approaches for constructing constant bound functions for sparse multivariate
polynomials, which significantly reduces computational cost by exploiting sparsity patterns.

In parallel, the study of constraints with polynomial bounds has become increasingly significant.
Constraint logic programming (CLP) provides a declarative paradigm for reasoning over polynomial
constraints, with the potential to combine symbolic and numerical methods seamlessly [22]. SWI-
Prolog [27, 28, 30], like other Prolog systems, supports the integration of external arithmetic/constraint
solvers, notably through its finite-domain (CLP(FD)) library. Bergenti, Monica, and Rossi [2, 3, 4, 5,
6, 7] contributed significantly to this research by applying a modified Bernstein form and presenting
algorithms capable of effectively solving polynomial constraints expressed as inequalities of polyno-
mials with integer coefficients over finite domains. Beyond finite-domain problems, these methods
have been extended to handle higher-degree polynomials using hyper-arc consistency techniques [2],
highlighting the potential of Bernstein-based propagation in symbolic-numeric reasoning.

Other approaches to polynomial constraint solving, such as satisfiability modulo theories (SMT),
complement these techniques. Borralleras et al. [8] proposed a method for solving non-linear con-
straints by encoding the problem as an SMT problem that considers only linear arithmetic. Their ap-
proach primarily focuses on proving the satisfiability of constraints, which is more relevant in many
applications. Nevertheless, they also introduced techniques based on the analysis of unsatisfiable
cores that enable the efficient proof of unsatisfiability for a broad class of problems.

The literature also situates these advances in the broader context of polynomial algebra and non-
linear optimization. Von zur Gathen and Gerhard [29] provide a thorough treatment of symbolic
computation, including polynomial arithmetic, factorization, and transformation. Ruszczyriski [23]
Integrates convex analysis, the theory of optimality conditions, duality theory, and numerical methods

for solving unconstrained and constrained optimization problems.

Recent advancements in computational mathematics and uncertainty quantification have increas-
ingly concentrated on the development and application of hybrid approaches that integrate different
mathematical techniques. Specifically, there has been a growing emphasis on combining Bernstein

bounds—methods for estimating rigorous upper and lower limits on a function’s behavior—with in-
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terval analysis or Taylor model evaluations. Both of these methods are used to represent and manage
the uncertainty inherent in computational systems. These hybrid approaches aim to leverage the
strengths of each technique, enabling more accurate and dependable solutions in fields such as global
optimization, verification of complex systems, and the analysis of nonlinear dynamics.

In conclusion, the study of polynomial bounds over intervals and boxes represents a rich con-
vergence of ideas. Interval arithmetic provides foundational, rigorous enclosures but can be con-
servative. Bernstein polynomial representations, as formalized and extended by Garloff and oth-
ers, offer tight geometric bounds applicable in both univariate and multivariate settings. Constraint
logic programming presents a declarative framework for embedding these techniques into broader
symbolic-numeric reasoning systems. The present Thesis builds on these complementary strands by
systematically comparing interval bounds, Bernstein bounds, and coefficient-based simple bounds,
extending the analysis to derivatives, multidimensional boxes, and sampling-based methods. This
investigation not only highlights relative precision and computational cost but also bridges theoreti-
cal insight and practical applicability, contributing to a comprehensive understanding of polynomial

bounding techniques.






Chapter 2

Bounds in the Univariate Case

The theory of approximation ensures that any sufficiently smooth function in an interval can be
approximated with arbitrary precision by a polynomial function, while also providing effective tools
for constructing the desired approximating functions.

One such tool is the Bernstein polynomial basis, developed over more than a century as a means
to support the approximation of sufficiently smooth functions within intervals. Bernstein polynomials
have been widely used in various applications, but their use has been almost entirely restricted to the
study of real-valued functions, with the exception of global optimization in mixed-integer problems.

This Chapter addresses some polynomial bounds. Initially, elementary bounds are introduced
through simple upper bounds, before focusing on interval arithmetic. Subsequently, Bernstein poly-
nomials are discussed, along with the bounds that can be derived from them. In the second part,

various bounds are compared in order to determine which is the most accurate among those defined.

2.1 Definitions in the Univariate Case

Let IT; be the vector space of (real) polynomial functions in one real variable with real coefficients

and degree less than or equal to / € N (note that N includes zero)
I, =spang{P}_, Px)=x 0<i<l, 2.1

where spang(-) generates a vector space using real numbers, and the set {P;}/_, is normally called
monomial basis of I1;. The studied bounding methods for polynomial functions in Il; work on closed
bounded intervals in R but, with no loss of generality, these intervals are assumed to be in R in
the rest of this Thesis. The monomial basis is the most straightforward choice to express polynomial
functions because it naturally maps polynomial functions to the common algebraic characterization

of polynomials, and vice versa.
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The following definition characterizes the first considered bounding method for univariate poly-

nomial functions over closed bounded intervals.

Definition 2.1. Given a closed bounded interval [x,X] C R>¢ and a polynomial function p € IJ,

expressed as

px) = Zl:,)ail’i(x% (2.2)
where {a;}!_, C R, let
Pa(lx,x]) = izl:,)|ai|xi (2.3)
and _
p, () = —i_iolailx'} 2.4)

where, as usual, the sums evaluate to zero if no addend is usable. The real value p ,([x,X]) is called
univariate absolute lower bound of p over [x,X] and the real value p,(|x,X]) is called univariate abso-

lute upper bound of p over [x,X].

Note that, independently of the considered function and interval, p, ([x,X]) < 0 because it is the
sum of non-positive addends. Notably, it is zero only if all the terms of the polynomial function are
zero, i.e. p is the zero polynomial. Similarly, p,([x,X]) > O because it is the sum of non-negative
addends, and it is zero only if all the terms of the polynomial function are zero.

The following proposition motivates the names, absolute bounds, chosen for the two bounds

discussed in Definition 2.1.

Proposition 2.1. Given a closed bounded interval [x,X] C Ry and a polynomial function p € IJ,

expressed as in (2.2), for all x € [x,X]

p([3)) < p(x) < P (1. 3))- 2.5)

Proof. The proof of (2.5) follows from the fact that, for all x € [x,x] C Rxo,

l l
p(x) = Zaix’ < Z |a;|x' (2.6)
i=0 i=0
since [x,X] C R, which proves the upper bound inequality. Similarly, for the lower bound inequality,

the following inequality holds for all x € [x,X]
[ ! .
p(x)=Y aix' > =Y |aix’, 2.7)
i=0

i=0

which proves the proposition. O
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Definition 2.2. Given a closed bounded interval [x,X] C R and a polynomial function p € II;

expressed as

p(x) =) aiP(x), (2.8)
i=0
where {a;}!_, C R, let
l
ps(x)= ) ax (2.9)
i=0;a;>0
and
!
(3= Y ax, (2.10)
i=0;a;<0

where, as usual, the sums evaluate to zero if no addend is usable. The real value Bs([&ﬂ) is called
univariate simple lower bound of p over [x,X]| and the real value py([x,X]) is called univariate simple

upper bound of p over [x,X].

Note that, independently of the considered function and interval, p([x,¥]) < 0 because it is the
sum of non-positive addends. Notably, it is zero only if all the terms of the polynomial function are
non-negative. Similarly, pg([x,X]) > O because it is the sum of non-negative addends, and it is zero
only if all the terms of the polynomial function are non-positive.

The following proposition motivates the names, simple bounds, chosen for the two bounds dis-

cussed in Definition 2.2.

Proposition 2.2. Given a closed bounded interval [x,X] C Ry and a polynomial function p € IJ,

expressed as in (2.2), for all x € [x,X]

py([x,3]) < p(x) < Ps([x,X]). (2.11)

Proof. The proof of (2.11) follows from the fact that, for all x € [x,X],
p(x) = Zaixi < Z ax (2.12)

since [x,X] C R0, which proves the upper bound inequality. Similarly, for the lower bound inequality,

the following inequality holds for all x € [x,X]

/

p(x) = Za,-xi >
i=0

1
aix, (2.13)
i=0 a;<0

t

which proves the proposition. O

The following definition characterizes the third considered bounding method for univariate poly-

nomial functions over closed bounded intervals.



Definitions in the Univariate Case 12 Bounds in the Univariate Case

Definition 2.3. Given a closed bounded interval [x,X] C R>o and a polynomial function p € I,

expressed as in (2.2), let

!
p([x,x]) = Zmax{aigi,ai)?"} (2.14)
i=0
l
p,([x.x]) = Zmin{ag",aif}. (2.15)
i=0

The value p,([x,X]) is called univariate interval lower bound of p over [x,X] and the value p;([x,X]) is

called univariate interval upper bound of p over [x,X].

The following proposition motivates the names, interval bounds, chosen for the two bounds dis-

cussed in Definition 2.3.

Proposition 2.3. Given a closed bounded interval [x,X] C R and a polynomial function p € IJ,

expressed as in (2.2), then for all x € [x,X]

p,([x,3]) < p(x) < py([x, 7). (2.16)

Proof. Consider the i—th addend a;x' of the polynomial function p, with x € [x,X] and 0 < i < [. The

following three cases can be studied:

e If a; = 0 then

ax' =0= min{aigi,ai)?i}; 2.17)
e If @; > 0, since x > x and a;x' > a;x’, then

aix' > min{a;x’,a;x'} = a;x'; and (2.18)

e Ifa; < 0, since x < x and a;x' > a;¥, then

ax' > min{a[f,a,-fi} =ax. (2.19)

Therefore, the following lower bound inequality is proved for all x € [x,X]
! 1 o
p(x) = Za[x’ > Zmin{aif,aﬁ‘} = p,([x,x]). (2.20)
i=0 i=0
The validity of the upper bound inequality, as follows
l o S
p(x) = Zaix’ < Zmax{aif,aﬁ’} = p;([x,x]), (2.21)
i=0 i=0

proves the proposition. ]

The following proposition provides an alternative characterization of the interval bounds.
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Proposition 2.4. Given a closed bounded interval [x,X] C Ry and a polynomial function p € I,

expressed as in (2.2), the following are alternative forms for p ([x,]) and p([x,¥])

l 1
p(xx)= Y ax¥+ Y ax (2.22)
i=0;a;>0 i=0;a;<0
/ 1
p(xx)= Y axX+ ) ax (2.23)
a i=0;a;<0 i=0;a;>0

Proof. Consider the i—th term a;x’ of the polynomial function p, with x € [x,x] and 0 < i < [. The

following three cases can be studied:

e If a; > 0, then

max{aif‘,aif"} = a;x': (2.24)

e If aq; =0, then
max{aif,ai?c"} =0; and (2.25)

e If a; <0, then
max{aix’,a @} = ax’. (2.26)
These cases easily prove (2.22). Similar considerations can be used to prove (2.23). ]

The following observations are required in order to introduce the definition of the fourth consid-
ered bounding method for univariate polynomial functions over closed bounded intervals.

The monomial basis is not the only basis of I; and to ease the study of the signs of polynomial
functions in bounded intervals, the interest is in an alternative basis. Such a basis uses so called

Bernstein polynomials (sometimes called Bernstein basis polynomials) of degree [

BY (x) = (l)xi(l —x)70<i<L. (2.27)

l

It is easy to show that {BEZ)}LO C IT; and the following proposition shows that Bernstein polynomials
form a basis for I1;, called Bernstein basis. The proof of the proposition is constructive and it provides
a means to express a polynomial function in the Bernstein basis once its expression in the monomial

basis is known.

Proposition 2.5. Given a polynomial function p € I1; expressed in the monomial basis as
!
p(x) =Y aiPi(x), (2.28)
i=0

where {a;}'_y C R, then

)
p(x) =Y B (x), (2.29)
i=0
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where {b;}'_y C R, and

i
bi=Y —a; 0<i<lL (2.30)
Proof. First, note that

!
x):Zaj Zajxf Za,x’x—F(I— x)]', (2.31)
Jj=0 j=0
which can be rewritten, using the binomial identity, as
Za]xf x4+ (1-x))" = Za]xf Z < ) IR =)k, (2.32)
j=0

Moreover,

N»-
= o

; ( )ajxlk(l —x)k, (2.34)

where the following identity, which holds for any {z jyk}ﬂ',kzo C R, is used to obtain (2.34)

jgajxjg <l;j>xljk(1 e ]zi*’ :J < ) k(] — )t (2.33)
I
)

!
w=2_m- (2.35)

Finally, introducing i =1 —k

Zf( ) -t = ii(l,:f)ajx’(l—x)"" (2.36)

k=0 j=0 i=0j=0

Loy () (1N,

=YY (l) (i>ajx(1—x) (2.37)
i=0,j=0 \;
1T (1

= [Z 841 j] BY (x) (2.38)
i=0 [j=0{;
!

= Y bR (x), (2.39)
i=0

which prove the proposition. O

Proposition 2.5 relies solely on the definition of Bernstein polynomials and elementary algebraic
manipulations, without invoking any of their specific properties. Furthermore, equation (2.36) ex-

presses p(x) as a linear combination of the following polynomials

0
il —xy-i= BL O i (2.40)

with coefficients

i I— 7
Z(. ].)a,- 0<i<l, (2.41)
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which ensures that the definition of Bernstein polynomials and ordinary algebraic manipulations are
sufficient to express p(x) in an alternative basis, closely related to the Bernstein basis.
The following proposition states two of the most important properties of Bernstein polynomials,

which are then used to prove Proposition 2.6.

Lemma 2.1. Given the set of Bernstein polynomials of degree |, {B l o the following hold

Vxe[0,1],¥i:0<i<! BY(x)>0 (2.42)
]
VxR Y B (x) =1. (2.43)
i=0

Proof. The proof of (2.42) follows from the fact that, for all x € [0, 1], Bernstein polynomials are

sums of non-negative terms. The proof of (2.43) is an application of the binomial identity

AN .
ZBE”(x) -y (l_)x’(l )= (x4 1—x) =1, (2.44)
which prove the proposition. O

The following is a central property of polynomial functions expressed in the Bernstein basis, and
it justifies the importance of the Bernstein basis in the study of the signs of polynomial functions in

bounded intervals.

Proposition 2.6. Let p € I1; be a polynomial function expressed in the Bernstein basis as

!
=Y 6B (x) (2.45)
i=0
and let
py([0,1) =min{bi}io  pp((0,1]) = max{bi}ig (2.46)
then
wre (0,1 p,([0,1]) < p(x) < B([0,1]). (2.47)
Proof. Using only Lemma 2.1, for all x € [0, 1]
!
ZbB Ps((0,1) Y B (x) = P((0. 1)) (2.48)
i=0
! (1 ! (1
p(10.1) = p,([0,1) Y B (x) < Y b (x) = p(), (2.49)
i=0 i=0
which prove the proposition. O

The proposition 2.6 shows an important property of the Bernstein basis, which can be used to
study polynomial functions in the interval [0, 1]. In order to study a polynomial function in a generic

bounded interval [x,X] C R, the following affine change of variable is used

x=X—x)t+x (2.50)
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to introduce a new variable ¢, and to turn the study of the polynomial function for x € [x,X] into the

study of a related function for 7 € [0, 1].

Proposition 2.7. Given a bounded interval D = [x,X] C R and a polynomial function p € I1; expressed

in the monomial basis as

l
p(x) =Y aiPi(x), (2.51)
i=0

where {ai}fzo C R, let pP) € T1; be the polynomial function obtained from p using the change of

variable (2.50). pP ) can be expressed in the Bernstein basis using the following coefficients

L /
l(%—g)j Y <l;>;d<fak 0<i<L. (2.52)

0 (ﬁ) k=0

Proof (sketch). Starting from the expression of p in the monomial basis, the change of variables

(2.50) is applied to obtain

! l
PP =Y aiP(E—x)t+x) = Y ai(®—x)t +2]. (2.53)
i=0 i=0

Using the binomial identity to expand [(% — x)t +x]’, the coefficients in the monomial basis of p(*)

can be computed, which can be used to express {bSD)}fZO using (2.30). ]

The coefficients {bED) 5:0 appearing in Proposition 2.7 are commonly referred to as the Bernstein
coefficients of the polynomial p on the interval D = [x,X]. One of their most important properties is

that they can be directly used to bound the range of p in D, as follows.

Corollary 2.1. Given a polynomial function p € I1;, a bounded interval D = [x,X] C R, and {bgD) 5:0

as in Proposition 2.7

vxeD min{b}_, < p(x) <max{pV}_,. (2.54)

Proof. The proof follows immediately from Proposition 2.6 and Proposition 2.7. O
Let

py(lx.x)) = min{5” }_g (2.55)

Py(b.3)) = max{b{”'}g (2.56)

then, by Corollary 2.1, it follows that

Vx e [x,x]  py([x.x]) < plx) <Pp([x.x]). (2.57)



Bounds in the Univariate Case 17 Comparison in the Univariate Case

2.2 Comparison in the Univariate Case

The following proposition ensures that, given a closed bounded interval [x,X] C R, the simple

bounds are tighter than the absolute bounds.

Proposition 2.8. Given a closed bounded interval [x,X] C Ry and a polynomial function p € I,
expressed as in (2.2), the simple bounds p ([x,X]) and ps([x,x]) are tighter than the absolute bounds

P, ([x.x]) and p,([x,%]), so for all x € [x,X] the following inequalities hold

p,([x,3]) < py([x,3]) < p(x) < Ps([x,X]) < Palfx,x]). (2.58)

Proof. Given the definition of p,([x,¥]), in (2.3), and the definition of pg([x,x]), in (2.9), therefore

l .
Pa(fxx]) = Z|ai|f (2.59)
i=0
!
> ) ax (2.60)
i=0;a;>0
= ps(x,%]) 2.61)

because the number of positive addends in p4 ([x,x]) is greater or equal than the one of pg([x,x]) and

so the bound p([x,X]) is tighter than the bound P4 [x,X]).

Similarly,
l .
() = =Y lalx (2.62)
i=0
l .
< ) ax (2.63)
i=0;a;<0
= py(lx.x]) (2.64)

because the number of negative addends in p, ([x,]) is greater or equal than the one of p([x,¥]) and

so the bound p([x,x]) is tighter than the bound p, [x,x]), which prove the proposition. O

The following proposition ensures that, given a closed bounded interval [x,X] C R, the interval

bounds are tighter than the simple bounds.

Proposition 2.9. Given a closed bounded interval [x,X] C Ry and a polynomial function p € I,
expressed as in (2.2), the interval bounds p ([x,%]) and p;([x,X]) are tighter than the simple bounds

pg([x.x]) and ps([x,X]) because for all x € [x,%] the following inequalities hold

Py(X]) < py(16X]) < plx) < Pr([xx]) < Ps(fx X)) (2.65)
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Proof. Given the definition of pg([x,%]), in (2.9), if ps(]x,X]) =0, then a; < 0 for all 0 < i < /.

Therefore, for Proposition 2.4,

ps(x.x]) = 0 (2.66)
= i ax' (2.67)
i=0:;<0
= imax{a,-g,aﬁc"} (2.68)
= 1;10([&,%])- (2.69)

Now, if pg([x,X]) # 0, then there exists some 0 < j </ such thata ;> 0. If g; <0, then the contribution

of i—th coefficient of the polynomial function is zero for pg([x,X]) but it equals
max{a;x’,a¥} = ax' <0 (2.70)
for p;([x,x]). Similarly, if a; > 0, then
ax = max{a;x',a;x'}. 2.71)

Therefore,
Ps([x,x]) = py([x,]), (2.72)

and so the bound p;([x,x]) is tighter than the bound pg[x,X]). The proposition is proved using similar

considerations for p ([x,x]) and p ([x,¥]). O

The following proposition ensures that, given a closed bounded interval [x,x] C R0, the Bernstein

bounds are tighter than the interval bounds.

Proposition 2.10. Given a closed bounded interval [x,x] C R>¢ and a polynomial function p € I1; ex-
pressed as in (2.2), the Bernstein bounds p ,([x,%]) and pg([x,X]) are tighter than the interval bounds

p,([x,X]) and p,([x,]) because for all x € [x,%] the following inequalities hold

p,([x,x]) < pp([x,x]) < p(x) <Pp([x.x]) < py([x,3]). (2.73)

Proof. Consider the j-th term of the Bernstein polynomial, with 0 < j < /.

J J)
=) + (2.74)

1:0

for the equality

P

0)
A (2.75)

(o)
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therefore,
Jj ()
B =y @ai (2.76)
i=0 (z) _
it D, 2
=ao+Y i 2.77)
i=1 (z)
L)
Sap+ Y —fa (2.78)
i=1;a;>0 (z)
J
<ap+ Z a; 2.79)
i:1;ai>0
i
<ag+ Z a. (2.80)
i=1;a;>0

Now, the proof continues in two parts: the first on the interval [0, 1], the second on the generic interval
[x,X] C R>o. In [0, 1] the extrema of the interval are ¥ = 1 and x = 0, so ¥ = 1/ = 1, therefore for the

Definition 2.3 and for the Proposition 2.4

/ /
n(01)="Y a3+ Y a-x (2.81)
i=0;a;,>0 i=0;a;<0
= ) a-U'+ ) 40 (2.82)
i=0;a;>0 i=0;a;<0

the second sum is equal to zero if @y > 0 and is equal to ag if a9 < 0. So,

1 /

1
p(0,1)= Y a1+ Y a0= Y a+a (2.83)

i=0;a;>0 i=0;a;<0 i=1;a;>0

which is the expression of the last chain of inequalities (2.76). Therefore,
n _—
b\ <7((0,1)) (2.84)
since j is arbitrary, calculate the maximum for j between 0 and 1

max b\ <p,((0,1)) (2.85)
Similar considerations can be used to prove

p,([0,1]) > p, ([0, 1]). (2.87)

Letx > x>0, D = [x,X] and 0 < i < /. Consider the i—th coefficient of the Bernstein polynomials,

for the expression (2.52) of the Proposition 2.7

i l
UEED) (JT)(x—z)f Y ('J‘.)xkfak 0<i<! (2.88)
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So, under the assumption x > x > 0

k=0 k=1 j=1;j<k (])
1 l
= Z xkak—i- Z Ekak
k=0;a;<0 k=0;a;>0

k=0;a;,>0  j=0;j<k (i) J
1
< Z Lay
k=0;a;, <0

because the ratio between the binomial coefficients is less than or equal to 1. Moreover,

i ay

k=0;a;,<0

(2.89)

(2.90)

(2.91)

(2.92)

(2.93)

(2.94)

(2.95)

(2.96)

(2.97)

(2.98)

(2.99)

(2.100)

(2.101)

(2.102)

(2.103)

(2.104)
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l
< Y A (2.105)

+ Xl: A Z (’})(X—X)j<k.>x"f (2.106)

k=1;a,<0  j=1;j<k (])

l k
+ ), @) (@-x) (".)xkf (2.107)

k=0;>0  j=0 J
because the number of addends of the sum with index j is less than or equal to i and k, so it is less

than or equal to k. So,

Y e (2.108)

+ )Y a Z Ej?(x—x)j<l;>xk_j (2.109)
J

/

+ Y @ i(x—X)’(k.)x"‘j (2.110)

k=0;4,>0  j=0 J

i
= Y Ya (2.111)
k=0;a;,<0

> “k.i (‘;E)(X—X)j<k.>x"‘f (2.112)

i=faco 1<k (5) J

1
LY e 2.113)
k=0;a;,>0

Y (2.114)

- Z “kii (’i:)(x—x)j<k.>x"j (2.115)

k=liq<0  j=1;j<k j) J

)
+ Y ad (2.116)
k=0;a;,>0

! )
< ) dat+ ) ax 2.117)
k=0;a;,<0 k=0;a;,>0
= Pi([x,x]). (2.118)

Therefore,
b < 7y([x,7]) (2.119)

since i is arbitrary, calculate the maximum for i between 0 and /

maxb” < p([x,3]). (2.120)

1
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(D)

State with pg([x,X]) the quantity max;b; , so
Pp([x.x]) < Py([x ). (2.121)
Similarly, the comparison between the minimum min; bED) and p ,([&,ﬂ), SO
miinb,([’) = p,([x,3) > p,([x.3]). (2.122)
Similar considerations can be used to prove in case of x = 0. O

Summarizing, in a closed interval [x,X] C R>¢

p,([x.x]) < py([x.3]) < p,([x,3]) < pp([x,3]) (2.123)

< p(x) < Py(16,7)) <7y (16,7)) < Ps([x,6)) < Pl ). (2.124)

2.3 Illustrative Examples

The following examples are provided solely to illustrate the results. They do not constitute ex-
haustive tests.
2.3.1 Example with a polynomial of second degree

Consider the closed bounded interval [1,10] C R and the polynomial function
f(x) = —x*+10x+5. (2.125)

The considered polynomial function represents a parabola with the vertex at (5,30) in the Cartesian

plane. At the extrema of the considered interval, the considered function evaluates as follows
f(1)y=14 f(10) =5. (2.126)

The parabola opens downward, so in [1, 10] the function reaches its maximum value 30 and its mini-
mum value 5.

The upper bound f4([1,10]) and the lower bound f ([1,10]) are
Fa([1,10]) = | = 1] - (10)> + 10| - 10+ |5| = 205 (2.127)

and

£, ([1,100) = —(| = 1]- (10)* 4 [10] - 10+ |5]) = —205 (2.128)

Figure 2.1(a) shows the plot of the considered function in the considered interval. The figure also

shows the simple lower bound £, ([1,10]) and the simple upper bound f L ([1,10]).
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From the definitions of the simple bounds, since there exist 0 <i </ and 0 < j <[ such that
a; > 0 and a; <0, it follows that the bounds f¢([1,10]) and f([1,10]) are

fs([1,10]) =10-10+5 =105 (2.129)

and

j:s([l,10]):—1-(10)2:—100. (2.130)

Figure 2.1(b) shows the plot of the considered function in the considered interval. The figure also
shows the simple lower bound f([1,10]) and the simple upper bound f S([1,10]).
The upper bound f;([1,10]) and the lower bound f ,([1,10]) are

F([1,10]) = —1- (1) +10-10+5 = 104 (2.131)

and

f,([1,10]) = =1- (10 +10- 145 = —85. (2.132)

Figure 2.1(c) shows the plot of the considered function in the considered interval. The figure also
shows the interval lower bound f;([1,10]) and the interval upper bound f ,([1,10]). Note that, as
expected, the interval bounds are tighter than the simple bounds.

From the definitions of the Bernstein bounds, the coefficients are

b = F(1)=14 (2.133)
b® =50 (2.134)
b = £(10) =5 (2.135)
therefore,
F5([1,10])) = max;p” = 5 (2.136)
£4([1,10)) = minp{” = 50. (2.137)

Figure 2.1(d) shows the plot of the considered function in the considered interval. The figure also
shows the interval lower bound fg([1,10]) and the interval upper bound f 5([1,10]). Note that, as

expected, the Bernstein bounds are tighter than the interval bounds.

Table 2.1: Report of the computation times in seconds obtained in MATLAB for the different bounds.

Absolute Simple Interval Bernstein

93-109s | 1.09-107%s | 1.39-10%s | 9.66-10~*s
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fa([1,10])
200 f 200 |
150 | 150 1 Fs([1,10])
100 | 100 |
50 | f(x) 50 f(x)
sl 2 3 45 § 9 10 ol 23 45 § 9 10
—100 + —100
—150 ¢ —150 1 ]:S([l,lO])
—200 + —200 +
f.([1,100)
(@) (b)
200 | 200 +
ol F([1.10)) 501
50 | f(x) 50 f(x\ fB([la IOD
sl 2 3 45 § 9 10 sl 23 45 81:3([?’168
—100 { iI([l’ 10]) —100 |
—150 —150 +
—200 | —200 |
(c) d

Figure 2.1: For f(x) = —x?> 4 10x+ 5, (a) absolute bounds over [1, 10] (red and blue lines), (b) simple

bounds over [1,10] (red and blue lines), (c) interval bounds over [1,10] (red and blue lines) and (d)

Bernstein bounds over [1,10] (red and blue lines).

2.3.2 Example with a polynomial of forth degree

Consider the closed bounded interval [5,6] C R and the polynomial function
fx)=(x—4)(x=5)(x—6)(x—7) = x* — 22x> + 179x> — 638x + 840. (2.138)

The considered polynomial function represents a quartic function. At the extrema of the considered

interval, the considered function evaluates as follows
f(6)=0. (2.139)

In the considered interval, so in [5,6] the function reaches its maximum value 9/16 = 0.5625 and its
minimum value 0.

The upper bound f,([5,6]) and the lower bound f ,([5,6]) are

Fa([5,6]) = (6)* +| —22|- (6)> + [179] - (6)> + | — 638| - (6) + |840| = 17160 (2.140)
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and

£,([5,6]) = —((6)* +|—22|- (6)° +179- (6)*+ | — 638] - (6) + [840]) = —17160 (2.141)

Figure 2.2(a) shows the plot of the considered function in the considered interval. The figure also
shows the simple lower bound £, ([5,6]) and the simple upper bound 1,((5,6]).

From the definitions of the simple bounds, since there exist 0 < i </ and 0 < j <[ such that
a; > 0 and a; <0, it follows that the bounds f¢([5,6]) and f([5.6]) are

F5([5,6]) = (6)* 4179 - (6)* + 840 = 8580 (2.142)
and
/([5,6]) = —22-(6)* — 638 (6) = —8.580. (2.143)

Figure 2.2(b) shows the plot of the considered function in the considered interval. The figure also
shows the simple lower bound f([5,6]) and the simple upper bound f ([5.6]).
The upper bound f;([5,6]) and the lower bound f ,([5,6]) are

?,([5,6]) = (6)4 —22. (5)3 +179- (6)2 —638-(5) + 840 = 2640 (2.144)
and
L([S,6]) = (5)4 —22. (6)3 +179- (5)2 —638-(6) + 840 = —2640. (2.145)

Figure 2.2(c) shows the plot of the considered function in the considered interval. The figure also
shows the interval lower bound f;([5,6]) and the interval upper bound f ,([5,6]). Note that, as ex-
pected, the interval bounds are tighter than the simple bounds.

From the definitions of the Bernstein bounds, the coefficients are

bi = £(5)=0 (2.146)
b\ =05 (2.147)
b = % =0.83 (2.148)
b =05 (2.149)
b = £(6) =0 (2.150)
therefore, the bounds are
75(15,6]) = max;p\P) = % =0.83 (2.151)
£4(15,6)) = minb{" = 0. (2.152)

Figure 2.2(d) shows the plot of the considered function in the considered interval. The figure also
shows the interval lower bound f([5,6]) and the interval upper bound f 5([5:6]). Note that, as

expected, the Bernstein bounds are tighter than the interval bounds.
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Table 2.2: Report of the computation times in seconds obtained in MATLAB for the different bounds.

Absolute Simple Interval Bernstein

1.977-103s | 1.918-103s | 2.395-10 3 s | 2.649-1073

104 104
fa([5,6)) -

1.6 | 11 fs([5.6])

127 075 |

0.8 05|

04 T ‘ ‘ ‘ ‘ f(x) ‘ ‘ | | | 025 T f(.x)

X + + + + + + + + + + X
_04 | 515253545556575859 6 005 | 515253545556575859 6
~08 | 05|
-12 —0.75 |
-1.6 | 1 f([5,6])
f.([5,6))
() (b)
6,000 | 3|
4,000 | < 21 _
’ f1([5,6])
2,000 | ! 1l £(x) f5([5,6])
‘ ‘ ‘ ‘ f(x) ‘ ‘ ‘ ‘ ‘ 7 ; | | | N
515253545556575850 6 % 1| 515253545556575859 6 *
—2000 | T T Tm T 5 f5(15:6])
—4,000 | £,([5.6]) 5
—6,000 |
(©) (d)

Figure 2.2: For f(x) = x* —22x* + 179x? — 638x + 840, (a) absolute bounds over [5,6] with
£a([5,6]) = 17160 and f,([5,6]) = —17160 (red and blue lines), (b) simple bounds over [5,6] with
fs([5,6]) = 8540 and f([5,6]) = —8580 (red and blue lines), (c) interval bounds over [5,6] with
f1([5,6]) = 2640 and f([5,6]) = —2640 (red and blue lines) and (d) Bernstein bounds over [5, 6]
with f5([5,6]) = 0.83 and f5([5,6]) = 0 (red and blue lines).



Chapter 3

Bounds in the Multivariate Case

The purpose of this chapter is to extend the results obtained on R> to the closed boxes in RY,.
To do this, it will first be necessary to introduce a new notation, then provide the definitions of the
bounds and compare these bounds with each other. Finally, the asymptotic computation times of the

various discussed bounds will be calculated.

3.1 Definitions in the Multivariate Case

The extension of the results obtained in the previous chapter for real polynomial functions of one
variable to real polynomial functions of n € N real variables x = (x1,x2,...,x,) requires a specific

notation [15]. A multi-index I € N" is an n-tuple of indices
I=(i1,i2,...,0n), 3.1

where the common notation of using an uppercase letter to denote a multi-index, and the same letter,
in lowercase with a subscript, for its components is adopted in the rest of this Thesis. Given two

multi-indices I € N"* and J € N", they can be partially ordered as follows
ST = pSuNp<iN-NAjp <pe (3.2)
Two multi-indices / € N" and J € N" can be added and subtracted

I+J = (ii+ji,i+j2,.sint jn) G

I—=J = (i1—ji,i2—jos-eyin—Jju) withJ <L (34

27
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Finally, the following abbreviations are allowed for multi-indices / € N” and J € N, and for v € R”

with v= (vi,v2,...,Vvy)
Vo= [ (3.5)
k=1
J1 2 Jn
20 = XY X0. (3.6)
I<J i1=0i,=0 in=0

Using the notation of multi-indices, a real polynomial function p(x) of several real variables can be

expressed as

p(x) =Y ax, (3.7)

I<L

where {a;}1<; C R and multi-index L is called multi-degree of p(x). With the notation of multi-
indices, I1;, the vector space of real polynomial functions of n real variables with real coefficients

and multi-degree less than or equal to multi-index L, is
I, = spang{P; }<L Pi(x) = x! I<L. (3.8)

Note that {P; },;<;, is the monomial basis of I1;.

The notation of multi-indices is introduced to compactly express real polynomial functions. The
following notation for boxes is adopted to compactly generalize absolute, simple, interval and Bern-
stein bounds, as defined in the previous section for the univariate case. Given x € R” and X € R”, the

closed bounded box [x,X] is defined as

n

[x,X] = X [min{x;,%;}, max{x;,X; }]. (3.9)

i=1
With no loss of generality, in the rest of this Thesis it is assumed that X and X are chosen such that

x; <Xx;forall 1 <i<n So,
n

x,X] = X[¥i,x;]. (3.10)
i=1

With the notation introduced, it is now possible to define the bounds for the closed bounded boxes

1 n
in Rgo'

Definition 3.1. Given a closed bound box [x,X| C RS and a polynomial function p € I1j, expressed

asin (3.7), let

paxx]) =Y |as|X (3.11)
I<L
and
p,(xX) ==Y |al¥, (3.12)
I<L

where, as usual, the sums evaluate to zero if no addend is usable. The value p,([x,X]) is called
(multivariate) absolute lower bound of p over [X,X| and the value p,([X,X]) is called (multivariate)

absolute upper bound of p over [x,X|.
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Note that, independently of the considered function and interval, p, ([x,X]) < 0 because it is the
sum of non-positive addends. Notably, it is zero only if all the terms of the polynomial function are
zero, i.e. p is the zero polynomial. Similarly, p,([X,X]) > 0 because it is the sum of non-negative
addends, and it is zero only if all the terms of the polynomial function are zero.

The following proposition motivates the names, absolute bounds, chosen for the two bounds

discussed in Definition 3.1.

Proposition 3.1. Given a closed bounded box [x,X]| C R%, and a polynomial function p € I1;, ex-

pressed as in (3.7), then for all X € [X,X]

P, ([%,X]) < p(x) < Pa([x,X]). (3.13)

Proof. Note that for x € [x,X], x > 0 for all multi-indices I € N" because [x,X] C RZ. Therefore,

the proposition is proved because of Proposition 2.1. O

Definition 3.2. Given a closed bound box [x,X] C RY, and a polynomial function p € I1;, expressed

asin(3.7), let

ps(xx)= Y aX (3.14)
I<L;a;>0
and
)
p(xX)= Y a¥, 3.15)
I1<L;a;<0

where, as usual, the sums evaluate to zero if no addend is usable. The value BS([X,X}) is called
(multivariate) simple lower bound of p over [X,X| and the value py([X,X]) is called (multivariate)

simple upper bound of p over [x,X].

Note that, independently of the considered function and interval, p ([x,X]) < 0 because it is the
sum of non-positive addends. Notably, it is zero only if all the terms of the polynomial function are
non-negative. Similarly, pg([x,X]) > 0 because it is the sum of non-negative addends, and it is zero
only if all the terms of the polynomial function are non-positive.

The following proposition motivates the names, simple bounds, chosen for the two bounds dis-

cussed in Definition 3.2.

Proposition 3.2. Given a closed bounded box [x,X] C RY, and a polynomial function p € I1;, ex-

pressed as in (3.7), then for all X € [X,X]

py([x.X]) < p(x) < ps([x,X]). (3.16)

Proof. Note that for x € [x,X], x' > 0 for all multi-indices / € N" because [x,X] C R. Therefore,

the proposition is proved due to Proposition 2.2. O
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Definition 3.3. Given a closed bounded box [x,X] C R and a polynomial function p € I, expressed

asin (3.7), let

pi([x,x]) = Y max{axx' ax'} (3.17)
I<L

p,([xx]) = Y min{ax’,a;x'} (3.18)
I<L

The value p,([x,X]) is called (multivariate) interval lower bound of p over [X,X] and the value p;([x,X])

is called (multivariate) interval upper bound of p over [x,X].
The following proposition provides an alternative way to compute the interval bounds.

Proposition 3.3. Given a closed bounded box [x,X] C RY, and a polynomial function p € I1;, ex-

pressed as in (3.7), the following hold

nxx)= Y ax'+ ) ax (3.19)
I<L;a;>0 I<L;a;<0

p(xx)= Y ax'+ Y ax. (3.20)
I<L;a;<0 I<L;a;>0

Proof. The right-hand side of (3.19) is
ali’ + Z Cl[Xl, (3.21)
I<L;a;>0 I<L;a;<0
while the right-hand side of the definition of p,([x,X]) is
Z max{algl, ax'}. (3.22)
I<L
Now, given I < L, the study of the coefficient a; of the polynomial function p degenerates in these

three cases:

e If a; > 0, then

max{a,;’,ali’} = q/X'; (3.23)
e If a; =0, then

max{a;x’,a;x'} = 0; and (3.24)
e If a; <0, then

max{a,gl,alil} =ax. (3.25)

Therefore, the I-th coefficient a; of the polynomial function gives the same contribution to both sides
of (3.19), which proves the proposition for p;([x,X]). Similar considerations can be used to prove the

proposition for p ([x,X]). O
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Note that {P;};<;, is the monomial basis of IT;. In order to introduce the Bernstein basis of I1;,

Bernstein polynomials with n variables are defined as follows

B (x) = HB(”‘)(xk) I1<L, (3.26)

where [ and L are multi-indices. It is easy to show that {B§L) }<r C Iz. The following proposition,
which generalizes Proposition 2.5, shows that Bernstein polynomials are a basis for I, normally

called the Bernstein basis.

Proposition 3.4. Given a polynomial function p € 11y expressed in the monomial basis as
p(x) =Y arPi(x), (3.27)
I<L
where {a;}1< C R, then

p(x) =Y B (x), (3.28)
I<L

where {b;};<; C R, and

1
bi=Y @a, I<L. (3.29)

=40
Proof (sketch). The proof uses structural induction on p(x) by considering it as a polynomial function
in variable x; with polynomial coefficients in the remaining variables. Each polynomial coefficient is
then considered as a polynomial function in one variable with polynomial coefficients in the remaining
variables, until coefficients are real numbers, which is the base case of induction. In the base case,
Proposition 2.5 can be used to rewrite the coefficients of polynomial functions with one variable.
Once the base case is settled, induction proceeds backward until the coefficients of the expression of

p(x) written as a polynomial function in variable x; are finally found. 0

Notably, Proposition 3.4 and Lemma 2.1 enable the proof of the following proposition, which
ultimately justifies the use of Bernstein polynomials for studying the range of polynomial functions

over box domains.

Proposition 3.5. Let p € I, be a polynomial function expressed in the Bernstein basis as
— Y B 3.30
p(x) ZII(X) (3.30)
I<L
and let

BB([O’ 1]”) = min{b,}IgL ﬁB([Ov l}n) = maX{lH}lgL (3.31)

then

Vx € [0,1]" BB([O, 1") < p(x) < pp(]0,1]"). (3.32)
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Proof. First, note that for all 1 < r < n, and for all x € R"

I, n n I n
Y (Bl(z»(x) ] B" (x)) - I B"® Y87 x= ] B™), (3.33)
i=0 k=0 k=£r k=0,k£r i=0 k=0,k£r
where (2.43) of Lemma 2.1 is used in the last equality. Notably (3.33) ensures that for all x € R"
Y BP(x)=1. (3.34)
I<L

Then, using (2.42) of Lemma 2.1, for all x € [0,1]"

:szBﬁ”<x> < (0.1 Y B =F5([0,1") (335

I<L I<L
(0,1 = p (0,1 Y. BP(x) < Y biBH (x) = p(x), (3.36)

I<L I<L
which prove the proposition. O

Finally, one of the most important properties of Bernstein coefficients generalizes to polynomial
functions in a box D C R”". First, a notation to express boxes in R” is needed once two vectors x € R”

and X € R"” are known
D = [x,X] = [x1,%1] X [x5,%2] X -+ X [x,,,Xs] C R", (3.37)
then an appropriate change of variables from x € Dto t € [0,1]", with t = (¢1,12,...,t,), is needed
xi=&-x)i+x 0<i<n. (3.38)

Proposition 3.6. Given a polynomial function p € Iy with coefficients {a,}fzo in the monomial basis,
and a box D as in (3.37), let pP) € 1, be the polynomial function obtained from p using the change
of variables (3.38). p\P) can be expressed in the Bernstein basis using the following coefficients
bP =Yy @(i—g)l y (K>x’”a,< I<L. (339)
= (7) k< \J
Proof (sketch). The proof follows the same structural induction on the polynomial function p as in

the proof of the Proposition 3.4. O

As for the case of one variable, {b;D)}KL are normally called Bernstein coefficients of p in D,
and (3.39) provides a way to compute them using the coefficients {a;};<; of p in the monomial
basis. Notably, the literature provides other algorithms to compute Bernstein coefficients [11, 13,
24], which are likely to be more effective in practical situations. Corollary 2.1, which is the most
important property of Bernstein coefficients for polynomial functions in one variable, generalizes to

the multivariate case, as follows.
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Corollary 3.1. Given a polynomial function p € I1;, a box D = [x,X] C R", and {bgD) ti< as in

Proposition 3.6
vxeD min{b”}<; < p(x) < max{b{”},<;. (3.40)
Proof. The proof follows immediately from Proposition 3.5 and Proposition 3.6. O
Let
x]) = min{5”’ Pp([x,X]) = max{b" 3.41
pp([x.X]) =min{b; " }<1  Pp([x,X]) =max{b; " }i<L (341
then
Vx €D =[xX p,([x%]) < p(x) <Pp([x,%]). (3.42)

3.2 Comparison in the Multivariate Case

The following proposition ensures that, given a closed bounded box [x,X] C R%;, the simple

bounds defined are tighter than the absolute bounds.

Proposition 3.7. Given a closed bounded box [x,X| C RY, and a polynomial function p € I1j, ex-
pressed as in (3.7), the simple bounds p (([x,X]) and ps([x,X]) are tighter than the absolute bounds

p,([x,X]) and p,([x,X]), respectively. So, for all x € [X,X] the following inequalities hold

P, (X)) < py([x,X]) < p(x) < Ps([x,X]) < Pa([x,X]). (3.43)

Proof. The definition of p,([x,X]) in Definition 3.1 ensures that, if p4([x,X]) = 0, then p is the zero
polynomial and, so, pg([x,X]) = O for Definition 3.2. Similar considerations can be used in case of

P,([x.X]) =0 to prove p, ([x,X]) = p([x,X]).
Instead, if p4([x,X]) # 0, there exists some J < L such as a; # 0 and

Paxx) = Y |al¥ (3.44)
I<L
> ax! (3.45)
I<L;a;>0
= Ds([x,X]). (3.46)
Similarly,
p(xX) = =Y |ai (3.47)
I<L
< Y ax (3.48)
I<L;a;<0
= py([x.X]) (3.49)

because the number of negative addends in p, ([x,X]) is greater or equal than the one of p([x,X]) and

so the bound p([x,X]) is tighter than the bound p, [x,X]), which prove the proposition. O
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The following proposition ensures that, given a closed bounded box [x,X]| C RY,, the interval

bounds defined are tighter than the simple bounds.

Proposition 3.8. Given a closed bounded box [x,X]| C R and a polynomial function p € 11, ex-
pressed as in (3.7), the interval bounds p ([x,X|) and p;([x,X]) are tighter than the simple bounds

pg([x,X]) and ps([x,X]), respectively. So, for all x € [x,X| the following inequalities hold

py([%.X]) < p,([x.X]) < p(x) <Py ([x,X]) < ps([x.X]). (3.50)
Proof. The definition of pg([x,X]) in Definition 3.2 ensures that if pg([x,X]) = 0, then

* pis the zero polynomial and p,([x,X]) = 0; or

* For Proposition 3.3

ps(xx]) = 0 (3.51)
> )Y ax (3.52)
I<L;a;<0
= ) max{a;x,ax'} (3.53)
I<L
= pi(xX]). (3.54)

Instead, if pg([x,X]) # 0, there exists some J < L such as a; > 0. Consider the /—th coefficient a; of
the polynomial function, if a; < 0, then for pg([x,X]) the contribution of /—th coefficient is zero, but
for p;([x,X]) it equals
max{a,;l,a,il} =ax' 0. (3.55)
Similarly, if a; > 0, then
ax! = max{algl,alil}. (3.56)
In summary, the contribution of /—th coefficient of the sum of in pg([x,X]) is greater or equal to the

sum of p;([x,X]). Therefore,
ps([x,x]) = p([x,%)), (3.57)
which ensures that the bound p;([x,X]) is tighter than the bound pg([x,X]). Similar considerations for

p,([x,X]) and p([x,X]) complete the proof of the proposition. O
The following proposition ensures that, given a closed bounded box [x,X]| C R, the Bernstein
bounds are tighter than the interval bounds.

Proposition 3.9. Given a closed bounded box D = [x,X] C R, and a polynomial function p € I1j,
expressed as in (3.7), the Bernstein bounds p,([x,X|) and pp([x,X]) are tighter than the interval

bounds p,([x,X]) and p;([x,X]), respectively. So, for all x € [X,X] the following inequalities hold

P, (X)) < pp((x,X]) < p(x) < Pp([x,X]) < py([x,%)). (3.58)
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Proof. Given the dimension n € Ny, I1,l,...,[, positive integer numbers, i1,is,...,I, between 0 and
l1,h,...,1,, respectively, and X; > x; > 0,2 > x, > 0,...,%, > x,, > 0, set / the multi-index with
components (i1,i,...,i,). Consider bED) the /—th coefficient of the Bernstein polynomials (using the

multi-index notation):

1
K
b = (Z—)(i—g)] ( )x’”aK (3.59)
= (9) < \J
1 1
K K
= (%)(X—X)J < )XK_JGK+ (JL)(X—X)’Z< )XK‘JaK (3.60)
J<0 (j) K<L J J<I;J#0 (J) K<L J
1
K
=V xFax+ ag Y. (’(x—x)f< )xKJ (3.61)
K<L K<LiK#0  J<LJ<SKJ#0 (J) J
= xNag + xNag (3.62)
K<L;agx<0 K<L;ax>0
1
K
+ ) (’)(X—X)’< )xK’ (3.63)
K<L;K#0;ax <0 J<LJLK;J#0 J

K
+ ) ax L(X—X)’( >x’“ (3.64)
s o J
K<L:K#0ax>0  JSLI<K;J#0 ( ])
1
K
= Y xfa+ ag Y, ([)(X—X)’( >XK_’ (3.65)
. oy = J
K<L;ag<0 K<LK#0:ax<0  JKLISKJ#0 (J)
1
K
+ Y {(x—x)’( )x’” (3.66)
K<Lax>0  JIJ<K (J) 4

1
< Y xfax+ )Y a ) (J)(X—X)’(IJ(>XK" (3.67)

K<L;ag<0 K<L;K#0;ax <0 J<L,JLK;J#0 (j

~
~—

_ K _
N Z aKJ<IzJ:<K(X_X)J<J>XK ' (:68)

K<L;ax>0 IVs

because the ratio between two binomial coefficients is less than or equal to 1. Moreover,

1
Y xfa+ Y ) (’)(X—X)’<K>x’(" (3.69)

L J
K<L;ax<0 K<L;K#0;ax <0 J<LJLKJ#0 (])
_ K\ x_
+ Z akg Z (x—x)’ (J)XK J (3.70)
K<L;ax>0 JLJLK

< ¥ ar ¥ ow ¥ Yew(Mer an

K<L;ax<0 K<L;K#0;ax <0 J<L,JLK;J#0 (J)

+ Y a ) x-x’ <Ij(>x’” (3.72)

K<L;ax>0 J<K

~

because in the sum with J < I and J < K the number of addends is less than or equal to the number
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of addends in the sum with J < K. So,

=~

Y X+ Y o« ) ([’)(X—X)J<IJ{)X

K<L;ax<0 K<L;K#0;ax <0 Jgk]gKJ#O(])

+ ) GKZ(X—X)’(I]() K

K<L;ax>0 J<K

»

= ) xKag + ) ag Y. (ZI)(X—X)J<K

K<Lax<0 K<L:K#0;ax<0  J<IJ<KJ#0 ( J)

+ 2: aKiK

K<L;ax>0

for the binomial theorem. In addition,

L Xact ) o oa ) (?(XX)1<IJ<>

K<L;ax<0 K<L;K#0;ax <0 JghngJ#O(j)
+ 2: aKiK
K<L;ax>0
< Y xfax+ ) axxf
K<L;ag<0 K<L;ax>0
::ﬁquvib'

Therefore,

D) _ — /1o —
b <Py([xX))
since [ is arbitrary, calculate the maximum for / between 0 and L

maxb;” < y([x.X)).

State with pp([x,X]) the quantity max; b}D), )

Pe([x,X]) < P ([x,X]).
(D)

Similarly, the comparison between the minimum min; b and p ([x,X]), so

minb” = p([x,X]) > p,([x.%).

Similar considerations can be used to prove in case of x; = 0 for some /.
Summarizing, in a closed bounded box [x,X] C R%,

P, ([%X) < py([x.X]) < p,([%,X]) < pp([x,X])
<

p(x) < Pp([x,X]) < Pr([x,X]) < ps([x,X]) < pal(x,X])-

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)
(3.86)
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3.3 Note on the Computational Complexity

Set n the number of variables (the dimension) and / the maximum degree of the single variable.
For the absolute, simple and interval bounds, using Horner’s rule to evaluate a polynomial in a point,
the time computational complexity is O(I").

To calculate Bernstein bound, as [19], with the calculus of the definition (3.39), the computational
time complexity is O(/*"). With Garloff’s, instead, method the computational time becomes O(I"*!)
for the unit box and for a general box domain it is O(/**). With the Ray and Nataraj’s method the

computational time becomes O(I"*!) for a general box domain.

3.4 Illustrative Example

The following examples are provided solely to illustrate the results. They do not constitute ex-

haustive tests.

3.4.1 Example with a polynomial of second degree

Consider the closed bounded box [0,4] x [0,2] and the polynomial function of two variables
f(x,y) =x% = 2xy +4y* —4x — 2y +24. (3.87)

The study of the extrema of the considered function requires computing its partial derivatives

a—}0:2)c—2y—4 ﬂ:—Zx—i—Sy—Z. (3.88)
dx y

These partial derivatives allows computing the critical point u = (1,3). Note that u is contained in
the considered box. The second order partial derivatives are

82f_2 82f_82f_2 I*f

FrAt N el o R A G5

and the determinant of the Hessian matrix of the considered function is

2,92 2.\ 2
H(x,y) = O°f 9 f—@xﬁ) =2.8—(-2)?%=12. (3.90)

a2 9y?
Since H(u) > 0, u is a minimum point. The point u is on the boundary of the domain and the value

of the function at this point is 17.

To complete the study of the extrema of f, it is necessary to consider the boundary of considered

box, whose vertices are b = (0,0), ¢ = (0,2),d = (4,2), and a = (4,0):
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* Segment b-¢, whose equation is x = 0 with 0 <y < 2. By substituting x = 0 into the considered
function f, one obtains the function A(y) = 4y> — 2y + 24, which has a global minimum for

y = 0 and a global maximum for y =2 in 0 <y < 2, with respective values 24 and 36;

* Segment c-d, whose equation is y = 2 with 0 < x < 4. By substituting y = 2 into the considered
function f, one obtains the function A(x) = x% — 8x+ 36, which decreases in 0 < x < 4 and has
a global minimum for x = 4 and a global maximum for x = 0 in 0 < x < 4, with respective

values 36 and 20;

* Segment a-d, whose equation is x = 4 with 0 < y < 2. By substituting x = 4 into the considered
function f, one obtains the function %(y) = 4y> — 10y 4 24, which has a global minimum for
y= % = 1.25 and a global maximum for y = 0 in 0 <y < 2, with respective values 17.75 and
24; and

* Segment a-b, whose equation is y = 0 with 0 < x < 4. By substituting y = 0 into the considered
function f, one obtains the function /(x) = x? — 4x+ 24, which has a global minimum for x = 2

and a global maximum for x = 0 in 0 < x < 4 with respective values 20 and 24.

By comparing the obtained values, it is evident that, in the considered box, 36 is the global maximum
of the function and 17 is the global minimum of the function.

Now, consider the absolute bounds. The bounds f,([0,4] x [0,2]) and f, ([0,4] x [0,2]) are

fA<[0ﬂ4] X [072]) =92, 3.91)

and

£,10,4] x [0,2)) = —92. (3.92)

Figure 3.1(a) shows the plot of the considered function in the considered box. The figure also shows
the absolute lower bound f4([0,4] x [0,2]) and the absolute upper bound £,([0,4] x [0,2]).
Consider the simple bounds. Since there exist / < L and J < L such that ¢; > 0 and a; <0, it

follows that the bounds f([0,4] x [0,2]) and f([0,4] x [0,2]) are

fS([074] X [072]) =50, (3.93)

and

£4([0,4] x[0,2]) = —36. (3.94)

Figure 3.1(b) shows the plot of the considered function in the considered box. The figure also shows

the simple lower bound f¢([0,4] x [0,2]) and the simple upper bound f([0,4] x[0,2]).
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The interval bounds are

f1([0,4] x [0,2]) = 56 (3.95)

and

£,([0,4] x [0,2]) = —12. (3.96)

Figure 3.1(c) shows the plot of the considered function in the considered box. The figure also shows
the interval lower bound and the interval upper bound. Note that, as expected, the interval bounds are
tighter than the simple bounds.

The Bernstein coefficients are

24 22 36
16 10 20
24 14 20
so the Bernstein bounds are
f5([0,4] x [0,2]) = 36. (3.97)
and
]:B([OA] x [0,2]) =10 (3.98)

In this case, the maximum value of the function coincides with f([0,4] x [0,2]), whereas the mini-
mum value of the function is strictly greater than f,([0,4] x [0,2]).

Figure 3.1(d) shows the plot of the considered function in the considered box. The figure also
shows the Bernstein lower bound and the Bernstein upper bound. Note that, as expected, the Bernstein

bounds are tighter than the interval bounds.

Table 3.1: Report of the computation times in seconds obtained in MATLAB for the different bounds.

Absolute Simple Interval Bernstein

9.96-10%s | 8.85-107*s | 1.617-103s | 1.6082-10%s

3.4.2 Example with a polynomial of third degree

Consider the closed bounded box [4,8] x [4,8] and the polynomial function of two variables

1 1
g(x,y) = Ex2 —2xy+ gy3. (3.99)

The study of the extrema of the considered function requires computing its partial derivatives

d
B _x—2y By (3.100)
X dy
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Figure 3.1: For f(x,y) = x> — 2x*y+4y? — 4x—2y+24, (a) absolute bounds over [0,4] x [0, 2] (yellow
and blue planes) and (b) simple bounds over [0,4] x [0,2] (yellow and blue planes), (c) interval bounds
over [0,4] x [0,2] (yellow and blue planes) and (d) Bernstein bounds over [0,4] x [0,2] (yellow and
blue planes).

These partial derivatives allows computing the critical points u = (0,0) and a = (8,4). Note that u is

not contained in the considered box while a is contained. The second order partial derivatives are

2%g 0%g J%g

and the determinant of the Hessian matrix of the considered function is

2gd% (%’
H(x,y) = a_éa_)g - (a_xi) —2y—4. (3.102)
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Since H(a) =4 > 0, a is a minimum point. The point a is on the boundary of the domain and the
value of the function at this point is —10.6.
To complete the study of the extrema of g, it is necessary to consider the boundary of considered

box, whose vertices are b = (4,4), ¢ = (4,8),d = (8,8), and a = (8,4):

» Segment b-c, whose equation is x =4 with 4 <y < 8. By substituting x = 4 into the considered
function g, one obtains the function A(y) = %y3 — 8y + 8, which has a global minimum for y =4

and a global maximum for y = 8 in 4 < y < 8, with respective values —2.6 and 114.6;

* Segment c-d, whose equation is y = 8 with 4 < x < 8. By substituting y = 8 into the considered
function g, one obtains the function i(x) = %xz —16x+ %, which has a global minimum for

x = 8 and a global maximum for x =4 in 4 < x < 8, with respective values 74.6 and 114.6;

* Segment a-d, whose equation is x = 8§ with 4 <y < 8. By substituting x = 8 into the considered
function g, one obtains the function A(y) = 1y* — 16y + 32, which has a global minimum for
y =4 and a global maximum for y = 8 in 4 <y < 8, with respective values —10.6 and 74.6;

and

* Segment a-b, whose equation is y = 4 with 4 < x < 8. By substituting y = 4 into the considered
function g, one obtains the function (x) = x* —8x+ &, which has a global minimum for

x = 8 and a global maximum in for x = 4 4 < x < 8 with respective values —10.6 and —2.6.

By comparing the obtained values, it is evident that, in the considered box, 114.6 is the global maxi-
mum of the function and —10.6 is the global minimum of the function.

Now, consider the absolute bounds. The bounds g4 ([4,8] x [4,8]) and g, ([4,8] x [4,8]) are
8a([4,8] x [4,8]) = 330.6, (3.103)

and

g,([4,8] x [4,8]) = —330.6. (3.104)

Figure 3.2(a) shows the plot of the considered function in the considered box. The figure also shows
the absolute lower bound g, ([4,8] x [4,8]) and the absolute upper bound g, ([4,8] x [4,8]).
Consider the simple bounds. Since there exist / < L and J < L such that ¢; > 0 and a; <0, it

follows that the bounds gg([4,8] x [4,8]) and g ([4,8] x [4,8]) are
gs([4,8] x [4,8]) = 202.6, (3.105)

and

8,([4,8] x [4,8]) = —128. (3.106)
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Figure 3.2(b) shows the plot of the considered function in the considered box. The figure also shows
the simple lower bound gg([4,8] x [4,8]) and the simple upper bound g ([4,8] x [4,8]).
The interval bounds are

%([4,8] x [4,8]) = 170.6 (3.107)

and

g,([4,8] x [4,8]) = —98.6. (3.108)

Figure 3.2(c) shows the plot of the considered function in the considered box. The figure also shows
the interval lower bound and the interval upper bound. Note that, as expected, the interval bounds are
tighter than the simple bounds.

The Bernstein coefficients are

-2.6 8 40 114.6

-10.6 —-53 213 90.6

-10.6 —10.6 10.6 74.6
so the Bernstein bounds are

25([4,8] x [4,8]) = 114.6. (3.109)

and

8,([4,8] x [4,8]) = —10.6 (3.110)

In this case the maximum and the minimum of the function are the same as gz([4,8] x [4,8]) and
g,([4,8] x [4,8]), respectively.

Figure 3.2(d) shows the plot of the considered function in the considered box. The figure also
shows the Bernstein lower bound and the Bernstein upper bound. Note that, as expected, the Bernstein

bounds are tighter than the interval bounds.

Table 3.2: Report of the computation times in seconds obtained in MATLAB for the different bounds.

Absolute Simple Interval Bernstein

1.198-103s | 1.415-103s | 1.656-103s | 3.005-1073 s
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Chapter 4

Bounds with Univariate Function Values

This Chapter begins with the known bounds using polynomial function values in the interval [0, 1]
such as the Cargo and Shisha bound, found in 1965, as [9]; followed by the Rivlin bound, presented
five years later as [20]. Then, starting from these, new bounds are presented. This study is extended

to a closed interval in R>¢. In the last section, the computational times of these bounds are shown.

4.1 Bounds in the Interval [0,1]

Cargo-Shisha bound. Following the article of Cargo and Shisha [9], for a polynomial P with
real coefficients, it is possible, given € > 0, to compute, by means of arithmetical operations whose
number can be readily determined, upper and lower bounds for {p(x) : 0 < x < 1} which differ from
the corresponding sharp bounds by less than €. This is an immediate consequence of the simple
observation that, if p(x) = ap+ajx+---+a,x" (n > 1) is a polynomial with real coefficients, then,

for each positive integer m, for all x such that 0 <x < 1

k 1 & k 1 &
i — ) ==Y klax| < < — — ) k 4.1
min () Lt <r0 < s {p () o Dkl
follows from the Mean Value Theorem together with the inequality |p’(x)| < Y.}_, k|ax| which holds

for all x in the interval 0 < x < 1.

Rivlin bound. Rivlin enunciated the following theorem, which improves the bound of Cargo and

Shisha, as [20].

Theorem 4.1. Suppose 0 =1y <t; < ... <ty =1, and dy = max(tj;1 —t;), 0 < j < k—1, then, if

K=1{0,....k}

2 dZ
. k 17 . k //
1) — =k < < < 1)+ =k . 42
min p(f;) — xgl[gﬁ}\p ()] fé}éﬁ]p(’c) Xrél[gﬁ]p(X) max p(1;) + - xgl[gﬁ}\p ()] (4.2)

45
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Proof. Suppose p(§) = max,c[ ) p(x) and
=8l <|t—&] 0<i<k, (4.3)

so that

d
-&l< 3 (44)

According to Taylor’s formula, it is possible to obtain

p(tj) = p(&)+ (1;— E)p' (&) + L2 p"(n), (4.5)

where 1 € [0,1]. If £ =0 or § = 1, the right-most inequality in (4.2) is trivially true. If 0 < & < 1
then p’(&) = 0 and (4.5) implies that

(tj — 5)2 "
< 1)+ —— 4.6
xren[gﬁ}p(X) max p(tj) + =—=—[p"(n)| (4.6)
d2
< t - 4.7
<maxp(t)) + Jmax [p"(n)| 4.7)
An entirely analogous argument establishes the lower bound on min, (o ;) p(x) in (4.2). 0
Corollary 4.1. Ift; = i/k then
i = 4.8
IJ%K <k> 8k2 Z |aj\ Ie%rhp( x) (4.3)
< 4.9
xrgn[gf]p( x) < rjnegp( > B Z 1)jlayl. (4.9)

Proof. From hypothesis t; = i/k then d;, = 1/k, and since

n

max —1)jla; 4.10
xe[0, 1]‘ J;) J=1Jlajl (4.10)
(4.2) becomes
min p ( ) Z Dilajl < min p(x) @.11)
<xr€n[3>§]p(X) r}lealg(p< > 5 Z 1) jlajl (4.12)
which is the thesis. OJ

Building on these results, one can rigorously establish new bounds that further strengthen and

generalize the existing theoretical framework.
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4.1.1 New Cargo-Shisha bounds
Suppose p(x) = Y4_,apx*, observing that
Pa =) Kla (4.13)
k=1

and starting from the inequalities (2.123) for the derivative, the derivative of p in Bernstein basis is:

n
P(x)= Z kagx* ! (4.14)

k=1
n—1 )

=) (i+1)aj1x' wherei=k—1 (4.15)
i=0
n—1 i

=Y b VB (x), (4.16)
j=0

where the Bernstein coefficients are

) J Y
b.(n_l) = Z(i-l— 1)a,~+1 (l)

e 4.17)
J = (n ,‘ 1)
Now, a new bound is obtained using the absolute value.
n
1P ()] =Y kap! (4.18)
k=0
n—1 1) .
n— _
=Y »;" "B} (x) (4.19)
j=0
n—1 1) |
<Y 16" VB () (4.20)
j=0
n—1 1) .
=Y 16, VB (%) 4.21)
j=0
because B;f_l (x) = 0. Moreover,
n—1 1) | n—1 1) |
n— n— n— n—
gw Bj@<gC@gyjlﬁj@ (4.22)
1) n—1 |
_ n— n—
=, max | |b; yj;)Bj (x) (4.23)
= max |p"7V (4.24)
o<j<n—1" J

because Z;?;é B?_l (x)=1.
So, using the idea of Cargo and Shisha, it is possible to define new bounds, by calculating Bern-

stein coefficients for the derivative of the polynomial p

: k 1 (n-1)
Ty b 4.25
lgllclgnm{p(m)} mogr?g(—l‘ J | ( )

< px) (4.26)

k 1 i
< max {p<>}+ max |b" V). 4.27)
1<k<m m mo<j<n—1 7



Bounds in the Interval [0,1] 48 Bounds with Univariate Function Values

This is the comparison for the derivative between the Cargo-Shisha bound and this new bound:

set jsuchthat 0 < j<n—1
, j J
"V = Z(i+1)a,~+l% (4.28)
i=0 ( i )
: )
<Y i+ Dl 22 (4.29)
i=0 ( i )
J
< )i+ 1] (4.30)
i=0
J
because rgi) < 1. In addition,
(3
J
Y (i+Dlain| < Zkrak| (4.31)
i=0

Since j is arbitrary, calculating the maximum for j between O and 1, using the bound (4.1) and the

idea of Cargo and Shisha, the comparison between the bounds becomes

, k 1
1r<r}{1£m{p<m> }—mk;kyak (4.32)

< {r(5) e o =

< p(x) (4.34)

< max {p<k>}+1 max |b "7V (4.35)
1<k<m m mo<j<n—1 7

< max {p(k> }—l—l i k|ag|. (4.36)
1<k<m m m &=

Using the bounds presented in Chapter 2 and their comparison, it is possible to obtain further

bounds. Similarly, from inequalities (2.123), set x € [0, 1].
2, ([0,1]) < py([0,1]) < p,([0,1]) < p,([0,1]) < p(x) (4.37)
p([0,1]) < p([0,1]) < ps([0,1]) < Pa([0,1]) (4.38)

it is possible to define an extension of the bounds on the interval [0, 1] to the absolute values.

[p(0)] < max{|p,([0, 1])], |p5([0, 1])[} < max{|p, ([0, 1])], |p;([0, 1])[} (4.39)
< max{|pg([0,1])[, [ps ([0, 1])|} < max{|p, ([0, 1])[, PA ([0, 1])[} (4.40)

since max{| p, (0. 1)) [75 ([0, 1))} = maxo< s [6" ] and max{|p, ([0, L], [p4 ([0, 1]} } = B ([0, 1.

therefore

[p(x)] < max [b" | < max{|p, ([0, 1])],7,([0,1])]} (4.41)

0<j<n

< max{|pg ([0, 1])[, [Ps ([0, 1]} < Pa([0, 1]). (4.42)
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Applying the law to the derivative, the following inequalities can be obtained.

P < max 5] <m0, 1)L (0.1 (4.43)
< max{ | ([0, 1)1 [P5(10, 1)1} < P ([0, 1) (4.4

So, inequalities (4.32)-(4.36) can be improved.

min {p(E) o) < min {p(5) b L max(lpg (0. D1 B30, 10} 449
< min {p ()} max(l (0. DL BO.DD @d0)
<o) 47
<px) (4.48)
b e
< max {p () h+ L max(l (0. DL BHO.DD @50)
< max $p () f o max(I O DLIPS(O.DY @51
< lrgnkagxm{p (Z) }—l—;pﬁ;([(), 1). (4.52)

Rewriting with the respective definitions, the previous inequalities become as follows.

, k 1 &
1glgm{p<m> }—m Y Kla| (4.53)

k=1
1 n
m bl ol B ) e
k=1:q,>0 k—l‘ak<0
k 1
min p<)} — ax{ a + kay|, |ay + kay } (4.55)
lgkgm{ m m k= zza;{>() k= 220‘7(<0
k 1 "(n—1)
< — — b: 4.56
lr<rllcl<nm{p<m)} mosr?fffl‘ i (420
< p() 4.57)
k 1 "(n—1)
< mondr () oo 29
(o) pramestrs o E 1 0
max < p| — —maxy |aj + ag|,|ar+ Qg } :
1<k<m m m k=2;a;>0 k=2;a,<0
k 1 z 5
max {p<) }—i—max{ Z kay|, Z kay } (4.60)
1<k<m m m k=1;a;,>0 k=1;a;<0
k 1 &
max {p()}Jeryak\, 4.61)
1<k<m m m (=
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4.1.2 New Rivlin bounds

Suppose p(x) = Y7, apx*, observing that
n
pa= (i 1)jlajl (4.62)
j=2
and starting from the inequalities (2.123) for the derivative, suppose p(x) =Y} _, a;x*, so the second

derivative of p in Bernstein basis is:

(Z kagx*~ > (4.63)

k=1
n
= Z k—1 kakx (4.64)
k=2
n—2 )
=Y (i+1)(i+2)ais2x', (4.65)
i=0
where i = k — 2. In addition,
n—2
Y (i+1)(i+2)aix' = Zb B” 2(x), (4.66)
i=0 Jj=
where the Bernstein coefficients are
i J ]
b = Y i+ 1) (i +2)ai () (4.67)

i ("7)

Now, a new bound is obtained using the absolute value.

n
Z k —1)kagx*= (4.68)
Z B (4.69)
j:
v "(n—2) pn—2
< [b;" 7B ()] (4.70)
=0
-2
Z 1By ) 4.71)
because 3?72(36) > 0. Moreover,
2) 2 n—2 //( 2) 5
n— n— e e
Z‘b 870 < ]Z;)<o<r?<ai‘2|bj |>B‘/ (x) (4.72)
"(n—2) n—2 5
J— n— n—
= o Jax 1 ];)Bj (x) 4.73)
= max_[b"] (4.74)
o<j<n—2" /

because Y/~ ZB” 2(x) = 1.
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So, using a similar proof of Rivlin, it is possible to define a new bound.

. AR =2
?§?p<k) 8k20£gginf !\Xg%ﬁﬁﬂx) (473)
< max p(x) (4.76)
x€[0,1]

J 1 "(n—2)
< = —_— . .
\%P(k%gkz omax by

This is the comparison between the Rivlin bound and this new bound: set j suchthat0 < j <n—2,

@4.77)

) | ()
b =) i+ 1)(i+2)a,~+2(ni—) (4.78)
i=0 i
: ()
< Y+ 1)(i+2)]ais] (,112) (4.79)
i=0 i
j
<Y+ 1)(i+2)]aiss] (4.80)
i=0
j
because (rgi)Z) < 1. Additionally,
j n—2
Y i+ 1) (i+2)laa| < Y (i+ D(i+2)|aisz] (4.81)
i=0 i=0
=Y (k— 1)k|ay] (4.82)

k=2

So, using the bound (4.2) and the proofs of Theorem 4.1 and of Corollary 4.1 of Rivlin, the bounds

become
. J 1 &, . . . J 1 "(n—2)
LA _ | < A i .
Ijrglr(lp(k> B ;(1 Dijlajl < 5%1}31’(;() g2 odnax 10" (4.83)
< min p(x) (4.84)
x€[0,1]
< max p(x) (4.85)
x€[0,1]
J 1 " (n—2)
< L)+ — :
<mer({) g, G
J 1 &, . .
< ) —1)jla;]. 4,
rjr.lezg<p<k)+8k2 ;(J )jlaj] (4.87)

Using the bounds established in Chapter 2 and their comparison, additional bounds can be derived.
Following the approach of Section 4.1.1, inequalities (4.41)-(4.42) are applied to the second derivative

on x € [0, 1], which leads to the estimate.

P (0] < max _|b,"* | < max{[p!(0,1])], |7} ([0, 1])]} (4.88)

0<j<n—2

< max{| p([0, 1])[,[Ps([0, 1])[} < PA([0, 1]). (4.89)
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So, inequalities (4.83)-(4.87) can be improved.

min { (£} k0.1 < min {p(£) - o max(I5 0 1DLIPSO.D) 40

0<k<m m 0<k<m m
. k 1 _
<Oglgm{p(m>}—Wmaxﬂp;’([o,un,pmo,un} (491)
. k 1 "(n—2)
< P [ — . .
< min {p(5) } =g o max ) 42
< min p(x) (4.93)
< max L2 — ma |b/l("72)| (4.95)
S o P\ 8k2 o< j<n—2' J ‘
k 1 _
< max {p () }+ gamaxtlg (0. DL I 01D} @96
k 1 _
<Or3ka<xm{p(m>}+8k2max{|g';<[o,u>|,pg'<[o,1]>|} (4.97)
k 1
< Ofgcégim{P (m> }+8,€2PX([07 1]). (4.98)

Rewriting with the respective definitions, the previous inequalities become as follows.

) k I &, . .
1 n n
< min ¢ p —max{ (j—1)jajl, (j—1)ja; } (4.100)
0<k<m 8k j—Z;Zaj -0 ! j—Z;Zaj 0 !

23+ Y| (j—l)jaj} (4.101)

Jj=3;a;<0

n
20+ ), (j—1)ja
Jj=3;a;>0

Y

1
—@ maX{

1 o
—— max \b.( 2)\

4.102
8k? o<j<n—2" J ( )

S|l Il 3=

N—— — 7 N—— — 0

(4.103)

8k? o<j<n—2" J

|
|
|
}+1 max |52 (4.104)
|
|
|

/AN

=

i

L
/—/Hr—/HHHT — =
7/ N 7N 7 N -7 N O N

k
m
k 1 i i
< max § pl| — +max{ 2a; + (j—1)jaj|,|2a, + (j—1)ja; } (4.105)
Ohsm m 8k? j=3;>0 ! j=3;<0 !
: y y
< max ¢ pl— ) ¢+ max{ (j—1)jaj|, (j—1)ja; } (4.106)
O<ksm m 8k? j=2a;>0 j=2:;<0
< ma N Ly G- 1)l (4.107)
< max — — —1)jla;|. .
okem | P\ m 8k2 & SR

j=2
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4.2 Bounds in the Interval [x,X] C R>

4.2.1 Extension of the Cargo-Shisha bound

Given a closed bounded interval D = [x,X] C R>¢ and a polynomial function p € IT; expressed as

in (2.2),
min 4 p( G—x)" + Xﬁlf %! (4.108)
X—X)— X — ai|x .

0<k<m p - m m j:1] J

< p(x) (4.109)
k X—x & .

< X—x)— =V jla;|x ! 4.110
Ogcagm{p<(x X)m+X> }+ - ;Jlajlx (4.110)

which follows from the law of the mean and the inequality for x such that x < x < ¥ and from

n
1P () =Y jajx'™! 4.111)
=1
n
<Y Jjlajx! (4.112)
=1
n
<Y jlajl ! 4.113)
=1

4.2.2 Extension of the Rivlin bound

Let D = [x,X] C Rx( be a closed bounded interval, and let p € I1; be a polynomial function as

defined in (2.2).

Theorem 4.2. Suppose x =ty <t} < ... <ty =X, and dy = max(tj41 —t;), 0 < j < k—1, then, if

K=1{0,...k}

d2 d2
min p(t;) — —% max |p”(x)] < min p(x) < max p(x) < max p(t;) + =& max |p”(x)|.  (4.114)
i€k 8 xe[xx] XE[x.X] x€[x.X] iek 8 xexx]
Proof. Suppose p(&) = max,c[, 5 p(x) and
ti—&|<|—&| i=0,... .k, (4.115)
so that
dk
1 =&l <5 (4.116)
According to Taylor’s formula, it is possible to obtain
N i / (tj_é)z " 411
p(tj) =p(&) +(t; = &)p" (&) + —=—"=p"(n), (4.117)
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where 1 € [x,x]. If & = x,X, the right-most inequality in (4.114) is trivially true. If x < & < X then
p' (&) =0and (4.117) implies that

f_ E)2
max p(x) < maxp(t])—i—ﬁm”(n)] (4.118)
x€[x,X] JEK 2
<maxp(t~)+dj max |p” ()| (4.119)
Sjek TN 8 el '
An entirely analogous argument establishes the lower bound on min, |,y p(x) in (4.114). O
Corollary 4.2. Ift; = (X —x) % +x then
minp| (x— )1 +x i i 1) jla;[® 2 (4.120)
jEK kK ~ Sk2 =
< min p(x) (4.121)
x€[xX]
< max p(x) (4.122)
XE[x,x]
J 2
<rjnea}?(p(( )k—l—x> 8k2 Z j—1)jla;|x 2. (4.123)

Proof. From hypothesis #; = (¥ —x){ +x then d; = (X —x) /k, and since

n

max [p"(x)] < Y (j— 1) jlaj[x’ " (4.124)
x€[xX] =2
(4.114) becomes
minp | (X—x); +x W;J Jlajl® :
< min p(x) (4.126)
x€[xx]
< max p(x) (4.127)
x€([x ]
J (j_ﬁ)z < . _i-2
< = — —1 |/ 4.128
r;lea}gp(( )k+X>+ e j_;(J )jlajlx (4.128)
which is the thesis. ]

4.2.3 New bounds of the Cargo-Shisha extension

Observe that
x>2x—x and —-x<—(X—x) (4.129)

and so,

n n
(F—x) Y fla ¥ < Y lajle. (4.130)
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It is possible to define a new bound, which is better than the extension of the Cargo-Shisha bound.

k 1 & ‘
: .\ - o
min Ao (=07 +2) -5 L o
for the minimum and
En S ) b Ly g
max X—Xx)—+x — a;ilx
ockem | ¥ “m = mj:]J /
for the maximum. Therefore,
min { (0% +x) b jlagie
i X—XxX)—+x) p—— a;lx
okem | “m = mj:1] /

k X—X o .
< . — Nk . X S =j—1
Og}clgm{p<(x x)m+x>} m ;J‘a]’x

< plx)

k X—X & ~
< ¥ — x) — = it
ps{r(0g ) 0

1 & .
< ) o _ ila:|%
Olélkagxm{p<(x x)m+x>}+mj_21]\aj|x

Suppose p(x) = Y4_,ax* and observe that

n
Ph= Z k\ak])?k.
k=1

Starting from the inequalities (2.123) for the derivative, using the affine change as (2.50)

x=X—x)r+x

and the Proposition 2.7, so the derivative of p in Bernstein basis is:

k=0
n
= Zkakxk !
k=1
n—1 )
=) (i+ a1,
i=0
where i = k— 1. In addition,
n—1 ) n—1 "D
i+ 1Daj1xt = b-( )Br‘l_1 1),
+ i i
i=0 i=0

where the Bernstein coefficients are

0 (x_x),"i <k.>xkf'(k+ Dagyr 0<i<n—1.

(4.131)

(4.132)

(4.133)

(4.134)

(4.135)

(4.136)

(4.137)

(4.138)

(4.139)

(4.140)

(4.141)

(4.142)

(4.143)

(4.144)
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Now, a new bound is obtained using the absolute value

Pl =Y 6B (r) (4.145)
i=0
n—1 "D
<Y 16" 1B (r) (4.146)
i=0
because B!~ (t) > 0. Furthermore,
n—1 '(D) | n—1 ’(D) .
Y 167 () < Y max |57 |BY () (4.147)
i=0 i—0 SIS
)V 1
= b; Bt 4.148
o b1 L BY() (4.148)
= max [p”) (4.149)

because Y1) B '(1) = 1.

So, using the idea of Cargo and Shisha, it is possible to define new bounds, calculating Bernstein

coefficients for the derivative of the polynomial p

: _ k X—x /(D)

_ox _ b 4.150
Oglgm{p<(x X)m+X>} modnax [b; | (4.150)
< p(x) (4.151)

k X — ’
< max {p<(x—x)+x>}+xx max b)), (4.152)
0<k<m m m 0<i<n—1

This is a comparison for the derivative between the extension of the Cargo-Shisha bound and this
new bound. LetX > x >0, D = [x,x] and 0 < i < n— 1. Consider the i—th coefficient of the Bernstein

polynomials, which has expression (4.144)
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So, under the assumptionx > x > 0
(D) () AR\ g
b, =Y, i (x—x) <.)x"f(k+1>ak+1 (4.153)
=0 (") i \J
0 (;) 3 jnfl k 7]
=Y L(x-x ) (e Dagy (4.154)
(") k=j N
i (;) n—1 k o
+ 3 o0 L (4) s @.155)
= (") k=j \J
n—1 n—1 i (’) (k
=Y Xkt Dag + Y k+ Dar Y, =5 (xx)f<.)xk—f (4.156)
k=0 k=1 =<k () J
n—1 n—1
= K+ Dagr+ Y, A+ Dagn (4.157)
k=0;a;+1<0 kZO;dk+1 >0
= LG R e
+ Y ket Da Y SE-x)/( ) (4.158)
k=13ag41 <0 =<k (7)) J
n—1 i (;) 3 (k .
+ )Y (ke Dae L (x—x)/ () (4.159)
k:l;ak+1>0 ]le‘lgk( j ) ]
n—1 i (;) - K\ L
= (kt+Dager Y, 255 E—2)7 ()2 (4.160)
k=03a541 <0 jzo;jgk( j ) J
n—1 i (;) 3 K i
+ (k+ 1)agi Z (=X)L ) 4.161)
k=0idz 41 >0 o<k (") J
n—1 i (;) 3 [k B
< (k+Dagpr Y, =L @—x)/( ) (4.162)
k=0ags <0 j=og<x (") J
n—1 i (;) 3 [k o
+ (k+Dag A (w—x) () (4.163)
k=054 1>0 j:o;jgk( j ) J
n—1 i
(k
<Y ke Dagn (x—x)1<_>x’<f (4.164)
k=0:a <0 j=0:j<k J
n—1 i
[k ,
+ (k+Daer Y. (X—X)’< .)xk_’ (4.165)
k=0iars 1 >0 j=05y<k J

because the ratio between

the two binomial coefficients is less than or equal to 1. Additionally,

n—1 i
k
Y (k- Dag Y, - x)f< ) k=i (4.166)
k=0;a;+1<0 Jj=0;j<k
n—1 i
[k
+ (k+1)aj4 Z x)/< .)xk_] (4.167)
k=0iars 1 >0 =05j<k J
n—1
< (k+1) ak+12 X—x) <) (4.168)
k=0;a;+1<0
n—1 k
+ Y (k+1) ak+1Z X—x) <> =i (4.169)
k=0;a;,1>0 J
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because the number of addends in the sums with index j is less than or equal to i and k, and therefore

it is less than or equal to k. Moreover,

n—1
k
Y (k+Dag Z X—x) <> =i (4.170)
k=051 <0 J
n—1
+ Y (k+1) akHZ X—x) <> =i 4.171)
k=03a; >0
n—1 —1
= (k+ 1ag 17 |+ Z (k+ 1ag 17 (4.172)
k=0;a;+1<0 k=0;a;+1>0
for the binomial theorem. In addition,
n—1 n—1
Y ((k+Da® |+ Y (k+ D (4.173)
k=03a; 1 <0 k=03a; >0
n—1 n—1
= Y ktDlana+ Y (k+1D)]ag [# (4.174)
k:O;akH <0 k=0;a;.+1>0
n—1
= Y (k+ Dlag[7* (4.175)
k=0
Therefore,
, n—1
671 < Y (ko 1) agg |7 (4.176)
k=0
since i is arbitrary, calculate the maximum for i between 0 and n — 1
G ‘
b, < k+1 x. 4.177
odnax (5] ;0( + 1)l |7 (4.177)

Similar considerations can be used to prove the statement in the case x = 0. Therefore, using the
bound (4.108) and the proof present in the article of Cargo and Shisha, the comparison between the

bounds becomes as follows.

min (x—x)f +x —X_in“ flaj|x ™! (4.178)
0<k<m p “m m j:1J J ’
. _ k X—X '(D)

—x)— o= b, 4.179
032,,{1’((’6 X)m+X)} modnax [b;| (4.179)
< plx) (4.180)

k X — ’
< max {p((x—X)+x>}+x 2 max [ (4.181)
0<k<sm m m 0<is<n—1
k X—x & .
< X—x)— ==V jlaj® . 4.182
nggm{p((x x)m+x>}+ - j:ZlJla]\x (4.182)

Using the bounds presented in Chapter 2 and their comparison, it is possible to obtain the above
inequalities, and also further bounds. Similarly as 4.1.1, from inequalities (2.123), set x € [x,X] C R,
p,([x3]) < py([x,3]) < p,([x,3]) < pp([x,3]) < p(x) (4.183)

< Pp((x]) <Py x]) < Ps([xx]) < Palf3)- (4.184)
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It is possible to define an extension of the bounds on the interval [x,X] to the absolute values.

[p(0)] < max{|p, ([x,X)|, [Pp(lx,X])|} < max{|p, ([x,%])], [Py ([x,X])|} (4.185)
< max{[pg([x, 3|, [Ps([x3)[} < max{|p, ([x,])[, Pa([x; %)} (4.186)

since max{|p, ([x,7])|, [Pa([x, 7))} = maxocjcn 6" | and max{|p, ([x,7)], [Pa((x.7)]} = 7a(fx. )

then

p)] < max [5"] < max{|p, (lx.3]) ], ([ 5) ]} (4.187)
< max{|pg([x. 7). [ps(x.3) [} < B[, 5)). (4.188)

Applying the law to the derivative, the following inequalities can be obtained.

Pl < max 5] < max{|p;(lx. 2. [P (lx. )|} (4.189)
< max{| (e ). [P (ke 31} < Pl (7). (4.190)

So, inequalities (4.178)-(4.182) can be improved.

Oggm{p(@—x)iﬂ) }—x;xpg<[x,x]) .191)
< i {p (0% +a) b Enan DL D) @192
<in {p(G-07 +a) b S e ) @199
< Ogigm{p ((x—x):; +x> }—x;xogganxl 15,2 (4.194)
< px) (4.195)
S o?ki’in{p ((x—x):; +x> }er;xog?nxl 6 (4.196)
< max Lo (0% +2) b Eman{lgy () | (31} 4.197)
< max Lo (07 +a) b Eman{ DL B @198
<Or£ka<xm{p<(x—x):1+x> }+x;xpg([x,x])- (4.199)
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Rewriting with the respective definitions, the previous inequalities become as follows.

min (E—x)ﬁ—i-x —Ei'\aﬁf” (4.200)
ockem | ¥ “m " m j:1J ! ’

k = n n
< min {p((x—x) —I—x) }_x xmax{ Z kakfckfl , Z kakfkfl } (4.201)
Ohksm m m k=1, >0 k=12, <0
. _ k X—x _1 1
< —y)— - =
< Orgl}gm{p ((x x) - —|—x> } p max{ i 12 max {kapx* !, ka; 1Y, (4.202)
sa>0
n
Y min{ka " ke '} } (4.203)
k=13, <0
. _ k X—Xx '(D)
< )= _ b. 4.204
m{P(< %H)} ol 1B (4.204)
<p(x) (4.205)
k X — /
< max {p((x—x) +x> }+x 2 max | (4.206)
0<k<m m m 0<i<n—1
k n
< max {p <(xx) +x> }+xmax{ Z max{kax* ! ka1, (4.207)
Oksm m m k=152, >0
SUk
Y min{ka* ! ka '} } (4.208)
k=1;a;<0
3 k X—Xx < h1 < k1
< max {p((F—x)—+x) p+—max{| Y k'] Y kax (4.209)
0<k<m m m k=1,a,>0 k=1;a;<0
r _
< max {p((x—x)+x>}+x 4.210)
0<k<m m
4.2.4 New bounds for the Rivlin extension
Let D = [x,X] C R, observe that
¥>¥—x 4.211)
> (x—x)? (4.212)
— < —(x—x)? (4.213)
and so,
n n
=2 Y (= Vjla; o> <Y (G—1)jla[*'. (4.214)
=2 =2

It is possible to define a new bound, which is better than the extension of the Rivlin bound.

J j
rJIgnp(( > k2 z 1)jla;|x (4.215)
for the minimum and

J
r}lee%p(( ) 8k2 Z 1)jlajx (4.216)
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for the maximum. Therefore,

< J
1}3};1?(( X > 5 Z 1) jla;|x (4.217)
j

< z - J- .
rjrglrgp(( )k+x> 8k2 JZ, j= 1) jlajlx? (4.218)

< rr?m}p( X) (4.219)
xXe|x,x

< m[ax]p( X) (4.220)
xXeE|xX,x

< max p (X—x)z-i-x —l—Mi(j—l)ﬂaﬁj*z (4.221)
jek Yk 8k> & ! '

_ J I «,. g (=i

< —x)" — —1)jla;[x. 4222

maxp (007 ) v LU~ it “222)

Suppose p(x) = Y7_,apx*, observing that

n

Pa= Y, (= Djlajx’2 (4.223)
j=2
using the affine change as (2.50)

x=(X—x)i+x (4.224)

and the Proposition 2.7, so the second derivative of p in Bernstein basis is for the expression (4.63)

n—2
" _2 _
"(x)=Y b," B 0), (4.225)
j=0
where the Bernstein coefficients are
" i () n=2 /p .
b, P = Y —Sox-x7 Y, (,)xk_J(IH— D(k+2)ar, with0<i<n—2,. (4.226)
= (") k=j \J
Now, a new bound is obtained using the absolute value
n
=Y (k= 1)kay*~2 (4.227)
k=0
n—2 "(D) )
=Y B 2() (4.228)
j=0
n—2 "D
<Y 1b,”B1 (1) (4.229)
j=0
n—2 ”D
=Y Ib;”|B1%(r) because BY (1) >0 (4.230)
j=0
n—2 "D
< max |b- P ) B2(1) (4.231)
= \o<jsn-2 /
//(D) n—2 )
— n—
—Og?é‘,iiﬂbf |]§)Bj () (4.232)
//(D) n—2 )
— n— —
—ng?gf,z'bf | because ) B} 7%(t) = I. (4.233)

Jj=0
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So, using a similar proof of Rivlin, it is possible to define a new bound

j x—x)2 "
mlnp((x—x)J+x>—(x %) max \b.(D)|

jek k 8k?  ogj<n—2' J

< min p(x)

x€([xx]

< max p(x)

x€[x.X]

jek k 8k2  ogj<n—2'

/ ¥ —x)2 "
<maxp<( )J—l—x>—|—(x x) max \b.(D)\.

(4.234)

(4.235)

(4.236)

(4.237)

This presents a comparison between the extension of the Rivlin bound and the newly derived

bound: setisuchthat 0 <i<n—2

; C) X (ke 1) (k+2)ais2

(x—x)/ . @ k4 1) (k+2)agsn

'L (’J‘) Ik 1) (k4 2)ag

Zx (k+1)(k+2) ak+2—|—z (k4 1)(k+2)ax,2 Z
k=1 j=1j< k j
n—2 n—2
Hle+D)(k+2)ara+ Y, A+ 1)(k+2)a

k=0;a;.12<0 k=0;ar42,>0

+ niz (k+1 k+2 ak+2 i () j<k

k=1liag2<0 j=lj< k j J>

n—2 i (l) (k
b Y e Y ah-o(4)x
k=1;a142>0 J=Lj<k ( j

n—2 i Ak .
= Z (k+1)(k+2)aro Z - (x—x)’ ( ) b
k:O;ak+2<0 ]:O,jgk( _] ) ]
n—2 i (;) B i k -
+ Y (k+D)kF2an Y, S5E-x)/( )
k=035 2>0 o<k ("57) J
n—2 i (;) Ak i
< Y kHDk+dae Y, S E-x)f( ) )ak
k=0:ar.4><0 o<k (";7) J

n—2 i
Y k- D)k+Dan Y, 5 (x—x) <k>x’”
k=0ag 120 j=og<k (") J

n—2

+

<

: » |
(k+1)(k+2)ags2 (x—x)f< ,)xkf
J=0;j<k J

k:0;0k+2<0
n—2

i ) k )
Y Gk an Y <x—x>f<.)xk—f
k=0;a412,>0 Jj=0;j<k J

(4.238)

(4.239)

(4.240)

(4.241)

(4.242)

(4.243)

(4.244)

(4.245)

(4.246)

(4.247)

(4.248)

(4.249)

(4.250)
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because the two ratios between the binomial coefficients are less than or equal to 1. Furthermore,

n—2 i
Y (k+D)(k+2ae ) <x_x)/<’;)xkj

k=0:ay2<0 j=0;j<k
n—2 i
+ Y kFDk+2an Y, (F-x ( >xk
k=0:a+>>0 j=05j<k J
n—2 k .
< (b 0+ 2D Y (5 () =
k=0;a;42<0 =
n—2 k
+ Z (k+1)(k+2) ak+22 X—x) < ) k—j
k=0:a2>0 j=0 J

(4.251)

(4.252)

(4.253)

(4.254)

because the number of addends of the sums with index j are less than or equal to i and to k, so they

are less than or equal to k. In addition,

n—2
k
Y (k+1)(k+2) ak+22x %) () e
k=02 <0 J
n—2
+ Y (k+1)(k+2) ak+22x x) <> k-
k=0;ay.12>0
n—2 -2
= Z (k+1)(k+ 2)ak+2x + Z (k+1)(k+ 2)ak+2fk
k=0;a;412,<0 k=0;a;4,>0
for the binomial theorem. Moreover,
n-2 n—2
(k+ 1) (k+2)ag 27|+ (k+ 1) (k+2)ag 2%
k:0;ak+2<0 k:0;0k+2 >0
n—2 n—2
= Y k+D)E+)laF+ Y (k1) (k+2)|ag 7
k=0; sag+2<0 k=0;a;.,>0

2
=Y (k+1)(k+2)]aa|*
0

N

= Z(J—I)Jla /2

Therefore,
n
D . e
<Y (= Dilajlx2
=2

since i is arbitrary, calculate the maximum for i between 0 and n — 2

// n
2
mlax\bi Z j— 1) jla;|® 2.

(4.255)

(4.256)

(4.257)

(4.258)

(4.259)

(4.260)

(4.261)

(4.262)

(4.263)

Similar considerations can be used to prove in case of x = 0. So, using the bounds (4.234) and (4.237)
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and the proof present in the article of Rivlin, the bounds become

Og}(igm{p((xx):lan)} B Z 1) jla;[x (4.264)
< xlél[i% p(x) (4.267)
< max p(x) (4.268)

< max {p((x—x)

0<k<m
< max X—X
<  max ¢ p (¥ —x)

< max {P((XX)

0<k<m

X — 2 "
—|—x>}+(x %) max 6P (4.269)

8 k2 Z )jla;|x > (4.270)

)} k2 Z 1) jla;|x. (4.271)

So, using the maximum of the Bernstein coefficients, the bound is better than the extension of Rivlin.

I ><

5\» S| I|=
+
| |
N———
H/_/

Using the bounds presented in Chapter 2 and their comparison, it is possible to obtain the above
inequalities, and also further bounds. Similarly as 4.2.3, from inequalities (4.183), set x € [x,X] C R>o,
it is possible to extend the bounds on the interval [x,X] to obtain bounds on the absolute value of the

second derivative.

P < max ("] < max{|p} (le. )], [p7 (.3} (4.272)
< max{|pj (Le. 9|, [P (. 3]) [} < P4 (1. ). (4273)

So, inequalities (4.264)-(4.271) can be improved.

. _ k
Ogllclgm{p<(x_X) )} 8k2 Z j—1) ]aj\xj (4.274)
< min (X—x)k +x —M”’ ([x,%]) (4.275)
= ockem | m gk2 LAl '
: N x—x)° N ([
< min {08 +2) - OO macl Al D) @20
. k X—x)? /1 —
< min {08 +2) - Co P maxl Al @) @2m)
. _ k — 2 "
< O?;Em{ p <(x—x)m +x) }— (xgkf) Jmax_ b @) (4.278)
< HFI}]P(X) (4.279)
x€[x,X
< max p(x) (4.280)
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< max Lo (-0 ) b E 2 max( i (a7 (50D
< o { (=05 5} Co 2 maxt s s 001
< s (0% 42) }+ S )

Rewriting with the respective definitions, the previous inequalities become as follows.

k
mi T—x 2‘ S
Oéklgm{p<( 7)’” >} k2 ]]a]\
k L : 2
< 1 ¥ _ 2 P
\Og}clgm{p«x )*C)m x)} 8k2 Dilajl

o Lk (%—z)z
< in 4 p (X—x)—+x);— g~ max

n

Y (-1)jax |,

Jj=2;a;>0

3

n
Y, max{(j—1)jax'"?,

Jj=2:a;>0

< o (- )k+ (x x)?
\oggm pl x—x X 7D max

Y min{(j—1)jap’ %, (j—1)jax’ 7}

Jj=2:a;<0
. k (x—x)? "(D)

< X — - — — .
\oﬁlé’m{p«x x)m—i—x>} 8k2 ogr?gaf—z‘b’ |
< min p(x)

xX€(x.X]
< max p(x)

X€E[x,x]

_ k (X—x)z "(D)
< —x)= = .
\Orgnkgm{p«x X)m+x>}+ g odmax [b; ]
k ~_ )2 n .
< Oggm{p <(X—X)m +X> }+ (xgkf) maX{ Y max{(j—1)japx'"?

Jj=2;a;>0
n

i min{(j — 1)jax/ %, (j—1)j
Y (j—1jax?

(j—1)jax'~?}

j:2;aj<0

< (F—2) k N n (x—x)?
< max X—Xx)—+x max
0<k<m p “m = 8k?2

)

k=1;a;>0
n .
Y (J'—l)J'an"z}
k=1;a;,<0
k -2’ ¢ 2
< ¥ _ N =7 i—1)7 |3/
qukzg(m{p<(x X)m-i-x)}-l- 2 ]:ZZ(J )jlajx

_ k 1 &, . g =i
< Orgnkag(m{p<(x—x)m +X> }+§§lcz Z(] —1)jla;x’.

j=2

(4.281)

(4.282)

(4.283)

(4.284)

(4.285)

(4.286)

(4.287)

(4.288)

(4.289)

(4.290)

(4.291)

(4.292)

(4.293)

(4.294)

(4.295)

(4.296)

(4.297)

(4.298)

(4.299)

(4.300)
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4.3 Note on the Computational Complexity

Set k the number of points and / the maximum degree of the variable. For the Cargo-Shisha bound
and also for its extension, using Horner’s rule to evaluate a polynomial at a point, the computational
time complexity is O(k-1).

For the Rivlin bound and also for its extension, the computational time is the same, that is O(k-1).

Also, for bounds using polynomial function values linked to the arithmetic interval and simple
bounds, the computational time is the same, i.e. O(k-[).

Instead, to compute Bernstein polynomials as in the article of Ray and Nataraj, with the calcu-
lus of the deifnition, or with Garloff’s method, or with the Ray and Nataraj method, the computa-
tional time is always O(I?) for both the unit box and a general box domain. Therefore, for the new
bounds related to Bernstein polynomials, defined in (4.25) and (4.27), (4.75) and (4.77), (4.150) and
(4.152),(4.234) and (4.237), the computational time is O(I*> +k-1).



Chapter 5

Bounds with Multivariate Function

Values

The focus of this Chapter is to define and expand the bounds using polynomial function values
to the intervals to RZ,. At the beginning, the interval [0, 1]? is examined, starting from the bound of
Garloff, who in 1985 extended the bound of Rivlin, followed by new improving bounds. The previous
bounds are extended before on [0, 1]" and then on a closed interval of R%. In the last section, the

computational times of the bounds in RY, are shown.

5.1 Bounds in the Interval [0, 1]

Garloff bound. Garloff extended the method developed by Theorem 4.1 of Rivlin for the univariate
case, as [12]. For a positive integer k define K = {(i, j)|0 < i, j < k}. The bounds involve the function

values of the polynomial on the grid in the unit square / = [0, 1]* given by t;; = (1, i) with (i, j) € K.

Theorem 5.1. Let p be given by

px,y) =Y, aix'y’. (5.1)
i,j=0
Then
max p(x,y) < max p(tj;)+a, (5.2)
(x,y)@p( y) (i’j)er( j)+ o
min p(x,y) > min p(t;;) — oy, (5.3)
(x.,y)elp( 2 (i,j)er( i)~ %
where
I & .
o = 52 Z (i+ )i+ j—1)|ail. (5.4)
i,j=0

Garloff added that the generalization to the higher-dimensional case is obvious [12]. This is the

proof non-presented in 1985.

67
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Proof. Suppose p(&) = maxyc(p 1 p(x) = p(&:,§y) and, given a norm n on R?,
1ti; = &lln < [[tin — &lln forall 0 <1,m < k; (5.5)
so that
)~ &< o (5.6)

According to Taylor’s formula, it is possible to obtain

p(tij) = p(,i, ,i) (5.7)
—r@)+ (=& )p@&+ (-8 )pi®) 58)

(ia) P () (g ) (L-6) 2 )

where 0 € [0,1]%. If & € {(0,0),(1,0),(0,1),(1,1)}, inequality (5.2) is trivially true. If & belongs
to the border of the interval [0, 1]?, that is, & € 9[0,1]>. Then, it is possible to reduce to a Taylor
expansion with one variable by parameterizing the part of the border with €, making the function

dependent on a parameter. So, the dimension is one and for Corollary 4.1, the inequality (5.2) is true.

Otherwise, if & does not belong to the border, py(§) = py(&) =0, and (5.7)-(5.9) imply that

x) < ma 5.10
xg[l(iﬁzp( ) < lrr]leggp( i) (5.10)
Pxx(M Py (
<_‘:x> | ( )| *_éx éy ‘pxy( )‘ < é}) ’ Etiasival )‘ (5.11)
1
< max p(t;) + @!pm(n)!Jr@!pxy(n)\+@\pyy(n)\- (5.12)
Observe for the second derivative of p

Pa(x,y) =Y (i— Diayx' 2y’ (5.13)

i,j=0
Poy(xy) =Y djaix 'y ! (5.14)

i,j=0
pyw(x,y) =Y, (j—1)jayxy’ . (5.15)

i,j=0

In the unit square x,y € [0, 1], and for the triangle inequality, so

n

P ) <Y (i = Dilayj] (5.16)
i,j=0
n

P (e ) <Y ijlaij] (5.17)
i,j=0

n
Py (x,¥)] < Z (j—1)jlaij]- (5.18)
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For the inequalities (5.10)-(5.12)

n

1 . . L LU .
Xgﬁg}ﬁzp(x) < }f}g}gp(tij)JrSkz( Y, (i=Dila|+2 Y ijlayl+ Y, (j— 1)Jaij\) (5.19)

1,j=0 i,j=0 i.j=0
1 - . . . . .
- l_r./l}g;ép(tij) + 8’<2ij2_0<(l —1)i+2ij+(j— 1)]) |aij| (5.20)
1 < . . . . .
= max p(t;;) + @i;o (ﬂ —i+2ij+ —]> |aij| (5.21)
I &
:?}gﬁp(tij)+@iiz:,0(l+ﬂ(l+]— D)laij| (5.22)
= max p(t;;) + O, (5.23)
i,jeK

where oy, is defined in (5.4). This proves the first part of the theorem. An entirely analogous argument

establishes the lower bound on minyc( 112 p(X) in (5.2). O

5.1.1 New bounds for the Garloff bound

The addends a; present in the Theorem 5.1 of Garloff can be improved using the idea in one
dimension for the extension of Rivlin in Section 4.1.2. In the same hypothesis of Garloff theorem, for
a positive integer k define K = {(i, /)|0 <1, j < k}; on the unit square = [0, 1]* given by t;; = (£, %),
with (i, j) € K.

Proposition 5.1. Let p be given by

plxy)= ), ayx'y. (5.24)
i,j=0
Then
max p(x,y) < max p(t;;)+ Br < max p(t;;)+ (5.25)
(w)elp( y) (i,j)er( i)+ Br (i’j)er( 7))+ oy
min p(x,y) > min p(t;;) — By = min p(t;;) — Q, 5.26)
(Xﬁy)elp( y) (i,ner( 7) — Br (i_ﬁer( 7)— O (
where ay, are defined in (5.4) and
1
Br = W(V’xﬂ +2|by| + [byy]) (5.27)

where |by,

byy

byy| are the maxima of absolute values for the Bernstein coefficients for the partial

i ’

derivatives of p, respectively for pxy, Pxy, Pyy-

Proof. Starting from the equalities (5.7)-(5.9), observe for the second derivatives of p in Bernstein
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basis

2,0

pxx(xay) = (i_ 1)iaijxi7 y

1=

:‘ o~
(3]

!
M=

(k4 1) (k+2)ag2,x*y  where k =i—2

T
NO
.

Il
(=)

M=

:

n—2,n) 2,
bxxmp Bn " (x,y),

0

ﬁ
(=)
i

where the Bernstein coefficients are

m p
bxxmp—zz k+1 k+2)ak+2J£Q Wlthogmgl’l—z,ogpgn

k=0 j=0 (" 2) (7)

and

pxy X,y) Z l]alel ty/ -1
i,j=0
n—1n—1
=Y Y (k+ 1)1+ Dagg1415y wherek=i—landl=j—1
k=01=0

n—1n—1

1 1)
= Z be;mpn Bn b= l(an)a

m=0 p=0

where the Bernstein coefficients are

m P
bxymp = Z Z(k+ 1)(1+ l)ak+1,l+1 n—1
k=01=0 ( k

~—
—
N
~ |
—_
~—

and

n

pux,y) =Y (j—1)jayx'y >

i,j=0
n n—2 .
=Y Y 1+ 1)1 +2)aiox'y wherel=j—2
i=01=0
n n—2
_Zzby’;nzlsznn 2 }7),
m=0p=0

where the Bernstein coefficients are

y)mp_zzhtl (14+2)a; 12~ with0<m<m;0< p<n—2.

i=0[=0 (1) (72)

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)



Bounds with Multivariate Function Values 71 Bounds in the Interval [0,1]?

So the inequalities (5.10)-(5.12) present in the Proof of the Theorem 5.1 become

< t; 5.40
xg{l&ﬁzp(X) lrrjlg;gp( 7) (5.40)
pxx p
1
<zn}g§p(t )+ @'pxx("”+@|ny(’7)l+@!pyy(n)\ (5.42)
1
= mas () + gz (1P 2 )+ ) 549
n—-2 n
_maxp 8k2< Z befm%" B, 2n( n)‘ (5.44)
LIE m=0 p=0
(S n—1,n—1) pp— ln 1 n n? n,n—2) nn 2
Z Z bxyml’ By, Z Z byymp B (m) (5.45)
m=0p=0 m=0 p=0
< maxp tl] 8k2 <Z Z |bx§m127" Bl’l Zn(n) (546)
m=0 p=0
—1n—1 n n—2
n—1n—1) pn—1,n— nn 2) | pn.n—
+2 Z Z |bxw17 B 1 ")+ Y Z Yymp B 2('7)) (5.47)
m=0 p=0 m=0 p=0
< t; 1 bn 2,n) it Bn 2n 5.48)
{r}gﬁp( )t e maXI mp mZ:‘, ; .
1 0 n—1n—1 2) n n-2
+2max]bx;mp" | Z ZB" b=t —i—max]by;’,,rl’p \ Z ZB"” 2( ) (5.49)
n—2,n) n—1,n—1) n,n—2
_lnjlgellpép(t )+ 2 <max|bxxmp |+2max|bxymp |+max\b}ym,7 )) (5.50)

because )., , Bmp = 1. In addition,

1 n n n = n.,n
maxp( i)+ ) (max|bxxm,2, ]+2max\bxyml1] 1) |+max]b)ymp2)’> (5.51)
i.j€
= max p(t;;) + P (5.52)
(i.j)eK
because for (5.27) Br = 8k2(|bxx|+2’bxy’+|b”|) Furthermore,
(m)ax p(ti;) + Br (5.53)
ij)€
max p(t;j) + i max ii(k—kl)(k—FZ)a ; (&) @ (5.54)
_ljer 8k2 mp k:szo k+2,] (”;2) (’;) .
-+ 2max i i k+1)(I+1)a (m) ([;) 5.55
B WAS b (5.55)
== ") ()
+maxiil+l [+2)a ) )
il+2 - (5.56)
i=01=0 D I )
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1 n—2 n
<maxp(ti)+ 5| Y Y (k+1)(k+2)|arsa,] (5.57)
i,jeKk 8k k=0 j=0
n—1n—1 n n—2
+2) Y (k+ D)+ Dlageram |+ Y, Y 1+ 1)(1+2)ai,l+2y> (5.58)
k=01=0 i=01=0

for the triangle inequality and because the sums are among all coefficients. Moreover,

1 n—2 n
maxp( NEETADY Z (k+1)(k+2)|ars2,| (5.59)
i,jeK 8k k=0 j=0
n—1n—1 n n—2
+2Z Z (k+ 1)+ Dlagsr41 1+ Y Y 1+ 1)( l+2)!all+z\> (5.60)
i=01=0
= max p(t 2<Z ]a,j\—FZZ ijla; |+ Z (j—1) |a,,|> (5.61)
hjek 8k i,j=0 i,j=0 i,j=0
= maxp(ty)) + o5 < Z:, )(i+j— )|ai,j|> (5.62)
= max p(t;j) + o4, (5.63)

where oy, is defined in (5.4). So,

ma x) < ma i)+ max p(t;;) + . 5.64
xe[07)1(]2p() max p(tij) + Be < max p(tij) + (5.64)

This proves the first part of the proposition. An entirely analogous argument establishes the lower

bound on minycf ;2 p(x) in (5.26). O

Using the bounds presented in Chapter 3 and their comparison, it is possible to obtain the inequal-
ities of the Proposition 5.1, and also further bounds. Suppose p(x) =Y" =0 di, jX iyJ, observing that in

the interval [0, 1]

n

PxxA = Z (i—1)ila; | (5.65)
i,j=0
PxyA = PyxA = Z ij|ai,j| (5.66)
i.j=0
poa= Y (i+ )i+ j—1)lail (5.67)
i,j=0

Similarly as 4.1.2, from the inequalities (3.85)-(3.86), the extension of the bounds (4.41)-(4.42) to the

interval [0, 1]? for the absolute values can be defined. Set x € [0, 1]?,

pI< max (b)) < < max{|p, ([0, 1]%)[, ([0, 1]*)|} (5.68)

0<m<n;0<p<n

< max{|p([0, 1)1, [Ps([0,1*)[} < Pa([0,1]?). (5.69)
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Applying the inequalities (5.68)-(5.69) for the second derivatives, as follows.

|Pax(X)| + | Py (X) | + [ Pyx (X) [ + [y (X)
= ‘pxx(x)’ +2|pxy(x)‘ + ’pyy(x)‘

< bae] +2[bay| + [Byy |

<max{|p,,(10,1), [P (10,1))]} +2max{|p,_, ([0,

s max{|p,,, ([0 1) 7y (0.17)]}

< max{|p, ([0, 11°)]; [Pres ([0, 1)} +2max{|p, ¢

(5.70)
(5.71)

(5.72)

) [Py ([0, 1)} (5.73)

(5.74)

0,11%)1, [Pys ([0, 11%)1} (5.75)

+max{|p, ([0, 1]°)],[Pys([0, 11%)[} (5.76)
< Paaa ([0, 11%) + 2744 (10,1]%) + 7 ([0, 11%). (5.77)
So, since x is arbitrary in [0, 1]2, the inequalities (5.25)-(5.26) can be improved.
(fljl)ngp( ij) — Ok (5.78)
1
= min p(t; Skz<pxm ?) 42D, ([0,1] )+pyyA([0,1]2)> (5.79)
1
< i 1)~ gz (1,01 s (0.1} (5:80)
+2max{|p, (([0,1°)], [p,s([0,1]? )|}+max{‘pyys([071]2)’7|pyy5([071]2)‘}> (5.81)
1
< i 0~ g (ol (0.1 i (0,170 (5.8
+2max{|17xy,([0,1]2)|,\ny1([0,1]2)|}+max{|19yy,([0,l]z)l,!Pyyz([0,1]2)|}> (5.83)
< (ln,l)ngp(t i) — Bx (5.84)
1
_,Hjlgll(p(t) 8k2<|bxx|+2|bxy|+|byy]> (5.85)
< min p(x) (5.86)
x€[0,1]2
< max p(x) (5.87)
x€(0,1]?
< (lnjl)aéiKp( ij) + Br (5.88)
1
_ln}gl;ép(t) 8kz<|b)oc|+2|bxy|+|byyy) (5.89)
1
< maxplts) + g1 (max{lp (10, 1)), [P (0, 1)1} (5.90)

+2max{|p,,(10.1)].[Pys (0. 1)1} +max{[p, (10, 1) [7y, (0, w}) (5.91)
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< mp(t)-+ g ({1 (0.1 (0,170} 6592
2| (0. 1) [P0 )1} + max{ I (0. 1P s (O ) (599
< (I}})anKp( ij) + O (5.94)
= () + g (P10, 11) + 22 (0.17) + Poa (0.1) ). 595)

Rewriting with the respective definitions, the previous inequalities become as follows.

1 S
min ()~ gz (X 00 (5.96)
: > >
< min p(t;;) — (max{ i(i—1ajj|, i(i—1)a;; } (5.97)
T jek 8k? i,j=0;;>0 ! i,j=0sa;;<0 !
n n
+2max{ Z ija,-j s Z ijaij } (5.98)
i,j:0;a,~j>0 l',j:();a,‘j<0
n n
—i—max{ Y, JG—Dagl,| Y, j(j—Da }) (5.99)
i,j:O;a,-j>0 i,j:O;a,-j<O
n

< min p(t;;) — <5 <max{ 2ay0 + Z i(i—1)aij|, (5.100)

hiek 8k lj:0,(lj)9é(2,0),a,,>0

n
2ay0+ ) i(i—1)ay; } (5.101)
i.,j:0;(i,j)7é(2,0);a,-_/-<0
n n
—I—Zmax{ a1+ ) ijaij|, a1+ Yy ijaij } (5.102)
n n

—I—max{ 2a0,2—|— Z j(j—l)aij , 2a072—|— Z j(j—l)aij }) (5.103)

i,j=0:(i,j)#(0,2):ai;>0 1,j=0:(i,j)#(0,2):aij<0

1
< min p(tij) — o5 max|bxzm[2,n)|+2max\bxﬁm}," 1)|+maxlb)%p2)] (5.104)
i,jeK 8k
< min p(x 5.105
xe[O,l]zp( ) ( )
< max p(x 5.106
x€[0,1]2p< ) ( )
1 n n n Jn— n.n
<maxp(ty) + g5 <max|bxxm,2, |+2max|bxym}, D |—|—max|by}mp 2>|) (5.107)
1 n
< max p(t;j) + <3 (max{ 2a30+ Z i(i—1)aij|, (5.108)
nick 8k §j=0:(1.) 20150
n
2a50+ ) i(i—1ay } (5.109)
i’j:();(iaj)#(zvo);a"]‘<0
n n
+2max{ a+ ) ijaij|,|a + ) ijaij } (5.110)
ivj:();(ivj)#(lvl);aij>0

ivj:O;(ivj)7é(l7l);aij<o
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n n

+max{ 2a05 + ) J(— Daijl, |2a02 + ) J(i— Day }) (5.111)
i,j=0;(i,/)#(0,2) alj>0 i,j=05(i,j)#(0,2);ai;<0
n
< max p(t;;) (max{ i(i—1)aj|, i(i—1)aij } (5.112)
ijek 8k2 i,j=0;a;;>0 lj—(;a,'j<0
+2max{ Z ijaij|, Z ijajj } (5.113)
i,j:O;a,-j>0 i,ij;aij<O
n n
+max{ Y JG-Dayl,| Y Jj(G—Da }) (5.114)
i,j:O;u,-_/->0 i.,j:O;a;j<0
1 N
<?}2§P(ti1)+w(ij_z_,o(l+])(l+]—1)|aij’)- (5.115)

5.2 Bounds in the Interval [0, 1]"

The generalization to the n-dimensional case is as follows. Let k be a positive integer and define
K ={(i1,i2,...,in)|0 < i1,i2,...,i, < k}. The bounds involve the function values of the polynomial

on the grid in the unit square [0,1]" givenby t; =t; ;, ; = (%, %, e, %), with (i1,12,...,i,) € K.

Proposition 5.2. Let p be given by

x)= Y ax. (5.116)
I<L
Then
< t < t 5.117
(nax p(x) < maxp(t) + P < max p(tr) + o (5.117)
i > > mi — .
X;?g,?}m@‘) min p(t;) — Bx > min p(tr) — ok, (5.118)
where ag and Bg are defined as
1 Wl
OCK:—Z Z (i]+i2+"'+in)(l.]+i2+"'+in_1)‘ai1,i2,...,in| (5119)
i1,y erin=0
1 . SN .
= Z (i1 +ia+-+ip) i1 +ia+-+ip—1)|a] (5.120)
I=(iy i, ..,in) <L
and
1 n
Bk = 2 Z <‘bxix,-‘ +2\bxixj]>, (5.121)
ij=1;j>i

where |bxixj | is the maximum of the absolute values of the Bernstein coefficients for the partial deriva-

tives pxx; of p-

Proof. The proof is the extension of the proof in two dimensions. The proof is by induction on
the dimension n. The base case is n = 1. In this case, the inequalities (4.83)-(4.87) are exactly the

inequalities (5.117)-(5.118), so it proves the base case.
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For the inductive step, we assume that the inequalities (5.117)-(5.118) are satisfied for every

integer d such that 1 < d < n. The objective is to show that the statement holds for n. Suppose that

p(&) = maxyc(o 11n p(x) = p(&1,&2,. .., &,) and, given a norm s on R”,

Ht_gus: ” 11400yeeesl (517527 agn)HS< ”tjhjz,m,jn_éns 0<j17j27"'ajn<k; (5'122)

so that

ti iy, «SHw\ % (5.123)

According to Taylor’s formula, it is possible to obtain

p(t) = p(tii...i,) (5.124)
_ (i
1  ; 1 j 2 X
@)+ Y (L&) r@+ X (4-4) Pos (1), 5.126)
j=1 =1
4 21: (Z_;) (l]:_gr>pxjxr(n)a (5.127)
Jir=Lr>y

where 1 € [0,1]".

If € € {(0,0,...,0),(1,0,...,0),(0,1,0,...,0),...,(0,0,...,0,1),(1,1,...,1)}, or, in general, &
belongs to the border of the interval [0, 1]", that is, & € 9[0,1]", then ; =0 or &; = 1 for some j
such that 1 < j < n. It is possible to reduce to a Taylor expansion with d variables by parameterizing
the part of the border with &, with d < n, making the function dependent on d parameters. So, the
dimension is less than n and for the inductive hypothesis, the inequalities (5.117)-(5.118) are true.

Otherwise, py;(§) =0, and

< t oo 5.128
PO 18 ) o
no/i.
j=1 k 2 Jjir=1r>j
n
< — M. (5.130
(il7i2r7r}§§)€Kp( i1,i2ye k2 Z [P (M) + 773 j7r§r>jlpx,x,(n)| ( )

Now, the second derivatives can be expressed in Bernstein basis. Set s such that 1 < s < n, the pure

second derivatives of p in Bernstein basis are

lylayeely
. . [ 1 i I i jo—2
Py, (X) = Z (is — 1)’Sai1,i2,---7inxlllx122 S M 11xsy-s+-ll X (5.131)
11,02,e050,=0
ll 12 s 1 ls+17-~-,ln l;=2
= Z Y s+ D) Us +2) i iy 1ot 2ot (5.132)

1,025 els— 155415 in=0 js=0

LV S PR Ry D P R L.
XXy X T XPX T Xy where g =i —2 (5.133)
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ll 7127~-~71A‘717ls_2713'+1 7~-~:ln
_ Z b(ll7127---~,lsflsls_27ls+17-~-,ln) Il 1 s =204 15000 (X) (5 134)

X XsTU L ey Ts— 15T Mgt 1 5o s My M e Mg g Mgy ] 5.y Ty
YN e Mg | s P e 1y =00

= Y bremBsu(X), (5.135)
M< L

where the multi-indexes M = (my,my,...,...,my) and Ly = (I1,0p, ..., ls—1,ls — 2,1541,...,1,). Set
a, = (aj,,aj,,...,aj_,,(js+1)(js+2)aj+2,aj.,,---,aj,), the Bernstein basis can be called shortly

Bsm, instead the Bernstein coefficients, called shortly by a7, are

(Lol yeels—1,l5 =2, 515l

byxm = bxsxxml7m32»--~-,;"s—1abm+s\,ms+'{7-~-7mn = (5.136)
MMM, Mg 1 1M Mgy ] 50, My

= Y (ks + 1) (ks +2) @k koo kg1 42K 1,0k (5.137)

ki ke ks—1,ks kst 1 5. k=0

e @ e @

)@ ED e T
(

%)
Kl i (5.139)

(5.138)

withO<m <I1;0<my <y .. s 0<my_ <L 1;0<my <[ —2;0<myyy <lgyrs...;0<m, <.
Instead, set s,u such that 1 < s,u < n, without loss of generality, assume u > s, and the mixed

second derivatives of p on the Bernstein basis are

I,1;-0n
_ ;s i 0 fs—1 lst1 fu—1 s in is—1 i, —1
Prn(X) =Y ity i, X)X X X e (5.140)
i15i2,0e,in=0

I 7127-~~7lx71 7lx+l 7~~7lu71 7lu+l a~~~aln li—11,—1

= Y Y Y Ge+DGu+1) (5.141)

115025 sls— sl e slu—1sTuge 15-o5in =0 j5=0 ju =0
. . . . . . . . .. i] i2 . i.i‘—l j.; i.y+1 . iu—l ju iu+] . iy
all7127-~~71s71aJs+171x+l7~-~~,lu—1a]u+lvlu+17-~~»ln xl x2 xsflxs xs+1 xuflxu xu+1 Xn (5142)

where j, =i;— 1 and j, =i, — 1. In addition,

lolyyeelsvsdse 1o lu—tlusr sl =1 1,—1

Y Y G Dt 1) (5.143)

15025 els— st 15 emsbu—1slut 1550 =0 js=0 j,=0

cdi o 2 sy e et
Qi i1, fs+ s todu Ut Vit peesdn X1 X2 70 Xg ) X Xy oo X, ) X Xy 4y oo Xy (5.144)
llal%myl.rfl7lsflle+l7-~~¢luflsluflylLHrl:“'yln
_ b(ll7127-~~¢l.vfl>ls717[x+17~-'~,lufl>lu7171u+l7~~->ln) (5 145)
- BT R PR PR RRRRRLTER WY TR LTRSS PR L) .
MY MY s Mg | s Mgt | ey | P My e M =0
. l]7l2w-~-,ls—l-,ls_lvlerlv'--vluf]7lu_lvlu+l-,-'--,ln
Bm| I (0 N (R U /P9 OSSPSR /PR U 1/ PV £ PG B [ (X) (5146)
= Z bxsxuMBsuM(X)a (5147)
M<Lgy,

where the multi-indexes M = (my,ma,...,...,my) and Ly, = (I1, 0o, ... L1, L — 1, L1y bymr by —

l,lu+1,...,ln). Setd]m = (ajl,ajz,...,ajH,(js—l—1)ajx+1,ajx+l,...,ale,(ju+l)ajﬁl,ajm,...,ajn),

the Bernstein basis can be called shortly By, and the Bernstein coefficients, called shortly by x .,
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arc

b(ll 127 7[S 17[ -1 ls+l lu 1y l -1 lu+l~-~7[n)

bx.ixuM B R R PR L P R R RSP T R TR 7R EERY L B

MY e M 1 Mg g1 - TPy — 15 TP 5 My 55100

= Y (ks + 1) (ky + 1)
kl k27 7k lkmkH»l ~~~~~ ku l7ku7ku+1~~rkn:0

: akl 7k27~~~7ksfl :kj'+17ks+l7~-~7ku717ku+17ku+1 ;-~-7kn

) @ ) ) @) G @)
(7% = I I o O 0 N ) I o) I ) IR )
= (AI?) dl(su

K= (%)

where 0 <m; <[1; 0<mp < b ...

0<my1 <lL—1;0<m, <L, —1;0<myqq <lyyrs .5 0<my, <.

So, the inequalities (5.128)-(5.130) become

max p(x) < max  p(tii. i)

xe[0,1]" (i1,i2,ensin) EK
o (6 2‘p (n)’ i
+Z<l;_§l) X/Xé + Z k —ér |pxij(n)|
J=1 Jr=1r>j
1 & 1 n
< ti i,... ey i R )
S i P tioin) + g §|me<n> 3, X I
1 1 n
=  max t . +2 .
(i17i2,..‘,in)€Kp( iz )+ 8k2 <J§(|px./x./(n) j’r§r>j|px_/xr(n)>
1 n
(il,izr,r.l.%z?i)el(p( 1171274--4”) + K2 j7r§r>j(|pXJXJ (m)|+ |px1xr(‘n)’)
-y (Ix
(e ek e Ny, T

+2 Z byxmBjrm(MN) D

M<L;,

< ~ max
(i1,i2,.in) €K

+2° ) be,-erlBer(n))

M<L;,

1 n
< omax  p(tin,i) + s Y (maLX bam| Y, Bjm(N)

p(tilyl‘Zv“'ain) +

(i1,02500sin) EK Jr=1r>j M<SLjj M<Lj;
+2mx ol T Byl )
\ jr Mngr
1 n
=  max ti i — max |b 2 max |b
(i17iz7..‘,in)er( ll’lz""’l”)+8k2 Z < \L,,| XXM’+ M<Lj, | xxm)

Jr=lr>j

(5.148)

(5.149)

(5.150)

(5.151)

(5.152)

;Ogmsfl glsfl; Ogmsgls_l; Ogmerl glerl; cees

(5.153)

(5.154)

(5.155)

(5.156)

(5.157)

(5.158)

(5.159)

(5.160)

(5.161)

(5.162)

(5.163)

(5.164)
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because Yy« Bjju = 1 and ¥yr<1, Bjry = 1. In addition,

1
because for (5.121) Bx = 2 Yz

ij=1j>i

max

p(til 7i27-“7in) +

(i1i2,0in) €K

max
(i1,02,.-in) €K

v X
8k2 Jjir=Lr>j

p<ti1,i2,4..,in) + BK

Pt i,) + Bx

max
(il 7lé,...,i,,)EK
= max

+

(i15i2,05in) EK

Pt i)

max
(i] ,iz,...,in)GK
1 n
e L

max

Jr=lr>j <M_(m1=m27~-~7mjl MM

) G

(%

max

<|bxix,-| +2[byx; ]) . Moreover,

22D
4+ —
8]{2 Jor=Lr>j

.....

m
M<Lj;

my)<Lj;

ax

)y

K<M (

() ()

(k)

@)

k

agjj

Y MY e | 14

goooy

(

ny

kn

kokasookjo1,k K1y kn=

(51
Jj+1

+2 max
M<Lj,

ny

(M

K

Ko (%

< ‘bxix/M|+2 max ‘bxix,M|>
M<Lj;~ 7 M<Lj-

)

)aKjr

)

(kj+1)(kj+2)

)+2

Ak kg k2 Kk ) — ,
) @ @ G @ @)
L UL R L B R R ES RRRRPU LT BT YRR my
max ki+1
M:(ml7m27~~'7mj*17mj’m_i+17"‘7m'”*17m’1mV+17“'7m’1)<L]" k],kz,...,kj,],kj,kj+|,...,k,,],k,~,k,+],...,k,l:() ( ! )
U S O T S S SNR T SIPTY SN SE ) S
) G G G G G G G (’Z:))
(A ) O T W o T ) I G IO ) B ()
< (”JZIE%)GKP(EIJZ,‘..J")
1 n LB SO SRR N FER T
+— max ki+1)(k;i+2
8k2 j,r:;;r>j <M—(m1,m2,...,mjl,mj,ij ..... mn)ng_j kl7k27-<-,kj717kj7kj+l7___7kn:0( J )( J )
. )@ ) @) e 6
Nk ey k2Kt ik | : Ery Sl s el S
) @ @ G @ @)
BT SO 1 S I S DR M 0 A O
max (kj+1)

M=(my,my,...mj_1,M; M1, e ey ] ey my )<L;
(LI e 1 I My P e ) S Lo kykyyeookjo1kj ks ket ke kg kn=0

.

(ke D)@y ey K K it et Lo
) G G G G G G G (’Z:))
W @ @) G @ G G ) @)

(5.165)

(5.166)

(5.167)

(5.168)

(5.169)

(5.170)

(5.171)

(5.172)

(5.173)

(5.174)

(5.175)

(5.176)

(5.177)

(5.178)

(5.179)

(5.180)
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for the triangle inequality. Additionally,

0 .ma’.‘)EKP(til.,iz,...,in) (5.181)
L5025-50n
1 n MY IMY e MMMt ]y Ty
+@ Z ( max (kj+1)(kj+2) (5.182)
Jir=Lr>j M=(0m1 1 M 1o ) L kikyyeokjo1:kj k1, kn=0
my my nmj—i mj M1 m
. ) (kl) . (kz) (kj—l) . (kj) . (kj+1) (k:) +2 (5.183)
Qley kb1 k42K 15 ki I L I ) [ A .
(kl) (kz) (kf,.,l) ("kj ) (k§+]) (k,,)
LRI PO I I P POUOON Y P P B
max (kj+1) (5.184)
M1V e ) S ki ko seookjo 1 KoKtk 1K K15 Ky =0
(e 1)@k ey, k1 e K11 L K (5.185)

) @ G G G G () G ()
W @@ Gy @ (D G @)

o " 5.187
(i] ,iz,..,7ixn)er( 11712,.‘.71,,) ( )

) (5.186)

1 n T R S TR PN
teg L < max y (kj+1)(kj+2)  (5.188)
Jir=Lr>j M:(ml 7m27m7mj717mj7mj+l7m7mn)<ij ky 7k27"'>kj*17kj7kj+17~-'~,kn:0

G) () Go) G GED o ()

"akl7k27-~7kj—17kj+27kj+17--~7kn. i Ly TN =2 Ty T +2 (5.189)
G G @) GO @) @)
L R PR L B R L B RO R TS RO L7]
max (ki+1) (5.190)
M:(mlam2a~~~’mj717mj7m_[+la“'amrfl7mr7mr+l7-~~s’nn)<Ljr k'7k27"'7kj—1-,kj7kj+1;kl‘—l7kr7kf+|7"'1kn_0 /
) (ki’ + 1) |ak1 Jkayeskjo -,k_,'+1,kj+|,---Jfrq,kr+17kr+17----,kn| (5.191)
mi_q m; mijy1 my_ m
. ('le) ‘ (’;:22) (k;,l) ] (k,]) ] (kjj+l) (k:—ll) ) (IZ:) ) (k:;) CZD) (5.192)
1 I li— li—1 l; I— -1 I I} :
G @ G G @) @) () @) Q)
< omax p(tig,...,) (5.193)
(11712¢~~~aln)€K
1 n LR N [y RS N TR FER PO
+55 Z < max Z (kji+1)(kj+2) (5.194)
8k =L M=(my,my,...mj_y,mjmjyy,...,my,)<Lj; kiko ki1 kj ke kg =0
: ‘akl,kz,.“,kj,l7kj+2,kj+1,...,k,l‘ +2 (5.195)
LB SO PRI IR B I P O
max Y (kj+1) (5.196)
L R O R RO kiky ookt KK skt K kg1 k=0
(ke D)k oy 1 K+ 1K1kt it L1 | (5.197)
=  max ti iy 5.198
(i17i27-~-7in)€Kp( i) ( )
1 n Iyt =204 1500
+@ Z < (kj+1)(kj+2)|ak17k27-~-7kj—l7kj+27kj+lv--~7kn‘+2 (5.199)
Jor=Lr>j Nky ko ookjo1,k K1y k=0
L T N R N B N L e )
(kj+1) (k- + 1)\ak1,kz,...,k,-l,kj+1,kj+1,...,k,l,kr+1,kr+1,'..,kn|) (5.200)
ki ksekjo1,kj ks ske—1 ke kg1 kn =0
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because the sums are among all coefficients. Furthermore,

- 5.201
(l]lZInal):)er( 1,12, 7n) ( )

+

e L

Jjior=Lr>j

1 n Il i1 =200 15l
( (kj 4 1) (k4 2) @k koo 2k 1 k| 2 (5.202)

kyskg ek i1,k K15 kn=0

[T TR PRI SR WY R T PR PRl WY AR P

(kj 1) (ke + D)tk koo kL ke et |> (5.203)
kysky.okjo1,kj K15 okr—15kr kg1 k=0

= max_ p(tip,..i) (5.204)
(11,12 ----- ln)e
1 n LIINC T SR PN U PO
T2 )y ( (07— D@y iyt it (5.205)
Jir=1r>j Nipyigyesljo 1,001 150050 =0
TV N SRR PN U RS N PO A (R 4
+2 ijir|ail7i27--~7ij71vi_i7ij+l7---7ir—1sir7ir+17~--1i)1 > (5.206)
15025l jm 1Ll jo 1 yeesbr— sl 1 5eeeyin=0
1 ll-,lZa--w,ln
=~ max p(tiuiz,m,in)“‘iz Z (i1 4+ia+-+iy) (i1 +i+ - +in— 1)|ai, jy,...i,| (5.207)
(i1,i2,--in) EK 8k i1 i omdin=0
= max_ p(tip,..i)+ 0k, (5.208)
(i1525+in ) EK
where o is defined in (5.119). So,
max p(x) <  max  p(tg,..0)+PBxk < max  p(ti,..i)+ Ok. (5.209)

xe[0,1] (i1,i2,rin)EK (i1,i2,rin)EK

This proves the first part of the theorem. An entirely analogous argument establishes the lower bound

on miny¢|g, i p(X) in (5.118). O

Using the bounds presented in Chapter 3 and their comparison, it is possible to obtain the inequal-
ities of the Proposition 5.2, and also further bounds. Suppose p(x) =Y« arx!, observing that in the

interval [0, 1], set s,u such that 1 < s,u < n, with no loss of generality, assume u > s.

117127"”,["

Prxa= Y, (is=Dislai i, .| (5.210)
i17i27~~~:in:O
117127“'71}1

Pxox, A = Z isiu‘ail,iz ,,,,, iy (5211)
01,02, in=0

Similarly as in Section 5.1.1, from the inequalities (3.85)-(3.86), the extension of the bounds (5.68)-
(5.69) to the interval [0, 1]" for the absolute values can be defined. Set x € [0, 1]",
()] < max|by" | < max{|p,([0,1]")], p([0,11") ]} (5.212)

< max{|pg([0,1]")], [Ps([0, 1]")[} < P4 ([0, 1]"). (5.213)
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Applying the inequalities (4.41)-(4.42) for the second derivatives, as follows.

n
Z ‘pXj)Cj(X)‘ +2
j=1

n n
Y = Y (rpx,.x,(x)r+2|px,.x,<x>|>
Jr=Lr>j Jior=Lr>j
n
< ) (!bx,.xj|+2\bx,x,|>
Jr=Lr>j
n
< 3 (g (0.1 s (0.1
jior=Lr>j

F2max{lp, (0.1 Py (0,111

n

<3 (g (0,11 P01

jr=Tir>j

+2max(lp,, (0,11} Py (0,111

<V (P00 2011,

Jr=Tir>j

So, since X is arbitrary in [0, 1]", the inequalities (5.25)-(5.26) can be improved.

min p(t;) — ax

n

—inp0) =g ¥ (Puea011) 425001

IeKk

jir=1r>j

1 n

<pippt) - g X (manllpy (0.1 s (0.1

+2

Jir=1r>j

max{|p . o([0,1])];[Pys([0; 1]")|}>

n

<minp) - gz 3 (maxlp, (0.1 s (0.1

+2

Jir=1r>j

max{|p ([0, 1]")];[Pxx, ([0, 1]")|})

< mi —
< I;Iélll(lp(tl) Bk

IeK

<

. 1 <
= minp(t;) — 2 Z <|bx,-x,-| —|-2|bxjx,|>

Jr=1r>j

min p(x)

xe[0,1]"

< max p(x
xG[O,l]”p( )

< t
l}lgp( 1)+ Bx

1 n
mxo(t) +ga X (Il #2000 )

jir=Lr>j

(5.214)

(5.215)

(5.216)

(5.217)

(5.218)

(5.219)

(5.220)

(5.221)

(5.222)

(5.223)

(5.224)

(5.225)

(5.226)

(5.227)

(5.228)

(5.229)

(5.230)

(5.231)

(5.232)
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1 < n —_ n
<mapt)+g $ (mantlp,, (0.1 s 0.1

#2max{lp (10,11, Py (0111}

1 n
< t — 0,11",p,...c([0,1]"
TP g _;;Dj(maxﬂpxjxjsq ) 10, 1)1

+2maxlp,, (07 P01 )

< t [0
I}leé}?p( 1)+ ok

1 ‘- _ n — n
= Ilne%?p(tl) + @j~r§r>j <pxjxjA([O’ 1] ) +2pxjxrA([Oa 1] )) .

Rewriting with the respective definitions, the previous inequalities become as follows.

mlnP(tl)—Skz( Y (11+lz+-~+ln)(l1+lz+-~-+ln—1)|611\)
I

feK (i1 i) <L

9

Z ij(ij—Var

I:(i|,i2,...,ij ..... i,,)éL;a1>0

) 1 ‘-
Sminp(t) -~ gz L <m{

Jior=1r>j

Z lj(lj — 1)611 }
iji,a[

I:(i| ,iz,...,ij ..... i,<,...,in)<L;a1>O

I:(il ,iz,...,l'j,.‘.7in)<L;01<0
iji,a]
I:(i| ,iz,...,ij,...,i,,...,i,,)<L;a1<0

Z ij(ij— Dar

I:(il.,iz,...,i_,-,...,in)gL;a1<0

)

+2max{

)

) 1 u
Sminp(t) -~ g L. <m{

Jr=1r>j

+ Z ij(ij— 1)611

I:(i1,iz,...,ij,...,in)gL;il:O,iZ:O,...,ij,l:O,ij:Z,in:0,...,i,1:0;a1>0

) ij(ij— Das

T=(i1,02 500 5oyl ) SL3a >0

)

+ Z i,(ij—l)al

I:(il ,iz,‘..,ij,..‘,in)gL;il:0,1‘2:0,...,1‘]_1:O,ij:Z,i_/_,.]:O,...,in:O;a1<0

Z ijira,

T=(i1,502 500 fyeenslrseenstn ) SL3a <O

+ Z ijiral

I=(i1,02 50000 5ol ) SL31 =0,02=0,..,1 1 =0,ij=1,ij11=0,...,5,—1=0,i,=1,i 1.1=0,...,i,=0;a1>0

Z iji,aI

T=(i1,0250 05l seensliseosin) <Lsar >0

+ Z ijirCI]

1:(i17i274..,ij,..4,i,1)§L;i1:O,izzo,...Jj,l:071..,':1,i]url:0,...7ir,1:07ir:1,ijr+1:0,..471',1:0;(11<0

|

+2max{

I

)

1 n
Sminp(ty) — < 5 byjem| +2 by,
X 11211?19( 1) 8’12 j,r:;;r>j <AI;II£E}‘)§/ | x‘,x_,M| + Agng%, | xjx-M ’>

(5.233)

(5.234)

(5.235)

(5.236)
(5.237)

(5.238)

(5.239)

(5.240)

(5.241)

(5.242)

(5.243)

(5.244)

(5.245)

(5.246)

(5.247)

(5.248)

(5.249)

(5.250)

(5.251)
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< min p(x) (5.252)
x€(0,1]"
< max p(x) (5.253)
x€[0,1]”
1 n
< — X . .
<aprtip, 5 (s ol 2 s o S
1 n
émaxp(tl)—}-@ ) (max{ Y ij(ij— ay (5.255)
IeK Jir=1r>j I=(i1 20 jyeoesin) <Liay <O

+ )y ij(ij— Day|, (5.256)

I=(i 7i27‘..,ij7..‘,i,1)§L;i1:O,izzo,...,l’j,I:O,ijZZ,[j+1:0,...,in:0;£l1>0

) ij(ij—Day (5.257)

I=(i1,i2,0 i j5eesin) SLiar>0

+ ) ij(ij—1)a } (5.258)

T= (i1 iyeeesi joeesin) SLai1 =0,i2=0,....i 1 =0,i ; =2, {1=0,...,iy =037 <O

Y ijirar (5.259)

[:([1 ,[2,...,ij,.‘.7ir,...,l~n)<L;al<0

+ Z iji,al

I:(il ,iz ..... l’j,...,l’n)éL;i] :O,izzo,...,ij_l :O,ijZI,i_,'+1 :0,...,ir_1 :O,iril,i_/,<+| =0 ...,in:();a[>0

—|—2max{

, (5.260)

) ijirar (5.261)
T=(i150250 05l ensliyseensin) SLsar >0
+ Y ijiray }> (5.262)
1:(i1,i2 ..... i_,v,....,i,,)gL;il:O,iZ:O,...,ij,lzo,ij:I,in:O,...,ir,]:O,i,:l,ij,+1:0,...,i,,:0;a1<0
1oy -
gr;lee}g(p(n)—&-@‘ ; (max{ B _Z‘ | ij(ij—ail, (5.263)
Jr=Lr>j T=(i1,i250ijyenyin) <L;ay>0
) ij(ij— Day } (5.264)
I:(i|,iz,...,l‘j,...,l‘,,)<L§d[<0
+2max{ ) ijiray|, ) ijirar }) (5.265)
T=(i1,02 500 fyoenslrseensin ) SL3a >0 T=(i150250 05l s ensliyseensin) SL3ar <0
1 o SN :

5.3 Bounds in the Interval [x,X] C RY

Lemma 5.1. Let n be a natural number greater than zero, I = (iy, ... ,i,) be a multi-index. Then

n
Y il 1)+ 2= (it i) (i — 1) (5.267)
Jjr=Lr>j
Proof. The proof uses induction on n. When n = 1, then the left-hand side of equation (5.267)

becomes (i;)(i; — 1), which is the same as the right-hand side. When n = 2 left-hand side of equation
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(5.267) is

i1(iy— 1) +2i1ip +iz(ia— 1) = i3 — iy 4+ 2iyia + 15— in (5.268)
=(1+i)i1+i—1) (5.269)
which is the right-hand side of (5.267).

Assuming (5.267) holds for n — 1, to prove for n calculate the left-hand side of equation (5.267)

n

Y i — 1)+ 260 (5.270)
Jjor=Lr>j
n—1
= Z (ij(ij 1)+2iji,) Fin(in — 1) 4+ 2i10n + 2000y + -+ + 2in—1iy (5.271)
Jr=Lr>j
=1+ A1)+ Fimr = D)+ in(in— 1) +itin +inig+ - +in—1in (5.272)
+in(in_1)+ilin+i2in+"'+in71in (5273)
= (il + - +in71)(il —+ .- _|_in71 - 1) +in(in - 1) +in(il +i2 +-- "*‘infl) (5-274)
+in(i1 i+ A ino1) (5.275)
= (i1 4+ ({1 + Aot T — D) Fip(it H 24 i+ i — 1) (5.276)
=1+ i)+ Fin—1) (5.277)
which is the right-hand side of (5.267), so it proves the lemma. O

The generalization to closed bounded boxes in n dimensions is given as follows. Let k be a
positive integer and define K = {(i1,i2,...,i,)|0 < ij,iz,...,iy < k}; consider the closed bound box

x,X] C R%, given by

=t i i (5.278)
_ i _ ) - In
— (s ) e (-2 1), (5:279)
with (il,iz, .. ,in) e K.
Proposition 5.3. Let p be given by
p(x) =Y ax'. (5.280)
I<L
Under the assumption X; > 1 for all j such that 1 < j < n, then
< t < t)+« 5.281
Xrg[g]p(X) max p(ty) + Bx < maxp(t;) + ax (5.281)
min p(x) > minp(t;) — Bx = minp(t;) — ok, (5.282)

X€[X,X] IeK IeK
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where ok and Bx are defined as

Hi_x”z L,y 0l
OCK:T(;“ (il+i2+“'+i”)(i1+i2+"'+in_1)|ai1,i2,...,in (5.283)
i1,02,00050 =0
XXX (5.284)
s {F . L . .
= Y (it i) (i b tin— Dlag (5.285)

I:(ilaiZ ----- in)gl‘

and

[X—x]2 ¢
pKzigkz Z by | =+ 2|Br | (5.286)
i,j=1;j>i
= |x—x|%- B, (5.287)

where |bx,»x,-‘ is the maximum of the absolute values of the Bernstein coefficients for the partial deriva-
n
tives pxx; of p and BI[(O’I] = ﬁzgl,jzl;pi(’bx,-xi’ +2|byix;|) is the same expression of the case [0,1]",

defined in (5.121).

Under the assumption X; < 1 for all j such that 1 < j <n,

[071]71 [071])1

S t < t)+X—x[2 0 < t)+o 5.288
Jnax p(x) < maxp(tr) + B < max p(tr) +[|X = xlleo- @™ < maxp(tr) + o (5.288)
. > . N > . e 2 . [07]]" 2 . _ [07]]11 .2
Xgl&%]p(x) Illéllgp(tl) Bx > l}él]?p(tl) X —x||% - ok min p(tr) —og (5.289)
where al[g)’l]n = ﬁzg:ﬁ::::g::o(il +ir+- i) (i1 + i+ i —1)|ai iy, i | IS the same value of

the case [0,1]", defined in (5.119), and Bk is defined in (5.286).

Proof. The proof is an extension of the proof in one dimension and of the proof for the case [0, 1]".
The proof proceeds by induction on the dimension n. In the base case n = 1. obtain, from the

inequalities (4.285)-(4.300), that

1 & ;
: b PN
?él;?p(”) T2 jzzo(] 1)jlaj|x (5.290)
. (X—x)°" &, g =2
< — == — |/ _
<minp(n) = =73 J_:ZOQ 1)jlajlx (5.291)
. (x—x)? " ()
< == B
<pippl) ~ g b (5290
< min p(x) (5.293)

XE[x,X]
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< max p(x) (5.294)
xE[x.X]
(x—x)* (5]
< ’ .
rlnez}g(p(t]) + 8k2 Ogmgax ) |b; | (5.295)
_ n ,
< max p (t7) + 8k2 ; 1) jla;|x~ (5.296)
< maxp )+ 8k2 Z 1) jla;|x. (5.297)
Under the assumption X > 1, then
x—2)?* &, R
min p(i;) = g5 ;)(J = D)jla; ¥ (5.298)
< minp(t/) — e i Z (j—1)jlajlx’ (5.299)
IeK 8k & !
. (x—x)? "(xx)
< _ L
< I}élll(lp(t]) g2 onax |b; ] (5.300)
< min p(x) (5.301)
x€[xx]
< m[ax] p(x) (5.302)
XE|X,X
< max p(t)) + & eI b, ()| (5.303)
IekK 8k?  o<i<n—2''
X — 5)2 - j—2
< maxp(ty) + e Z (j—1)jla;jx (5.304)
Jj=0
< max p(fy) + x_x)zzn:(-—l) la[% (5.305)
paxpl)+ g LU= Dl :

So, the inequalities (5.281)-(5.282) are true; therefore, it proves the base case. Instead, if x < 1, then

n
min p(17) *;)(J —1)jlaj|

. X—x)> & .
< IIIéIII(lP(fI) e ;(J —1)jla;l

j=0
(j_i)Z < . j—2
< minp(ty) - W;)(J— )jlajf%
(F—x)° ()
< (l
rIrg[?p(tl) 8k? o<i<n—2' ! |
< min p(x)
x€[x,X]
< max p(x)

x€[xX]

(5.306)

(5.307)

(5.308)

(5.309)

(5.310)

(5.311)
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(F—x)°

X " (A1)
< .
rlnaxp(t/) + =5 8k2 Ogmgalx ) |b; | (5.312)
- 2
< Ipaxp )+ 8k2 ; i—1)jlaj| %/~ (5.313)
<maxp(t)+(j_*)2i(j—l)j]a‘\ (5.314)
S PV 8k & ! '
<maxp(r)+ Y. (j—1)jla;l. (5.315)
IeK =

So, the inequalities (5.288)-(5.289) are true; therefore, it proves the base case.

For the inductive hypothesis, in the respective hypothesis, assume that the inequalities (5.281)-
(5.282) and (5.288)-(5.289) are true for all integers d such that 1 < d < n. The goal is to prove that

the thesis is true for n. Suppose p(&) = maxyexx P(X) = p(&1,&2, -, &) and, given a norm s on R”,

Nt = &lls = iy oy — (&1, 805 &) ls < tjjorin —&lls O< 1y j2yeosin <k (5.316)
so that
‘X"_EA
] < -, .
[t is....i, — & < max = (5.317)
X — X[|o
=— 5.318
K ( )

According to Taylor’s formula, it is possible to obtain

p(tr) = p(ti is.....;,) (5.319)
—p((xl—xl)2+x1,(x2—x2)i;+x2,...,(xn—xn)z+zn> (5.320)
— &)+ ;( )= )y 8) 5:321)
+Zl<xj l., x; gj>2”)‘f"£(") (5.322)
pe
+jr_$r>j<<xj—xj>' -8) (-2 5 ) pan ) (5.323)

where 1 € [x,X].

If the maximum & is such that § = x or § =X or, in general, & belongs to the border of the interval
x,X], that is, § € d[x,X], then §; = x; or §; =X; for some j such that 1 < j < n. It is possible to
reduce to a Taylor expansion with d variables by parameterizing the part of the border with &, with
d < n, making the function dependent on d parameters. So, the dimension is less than n and for the

inductive hypothesis, the inequalities (5.281)-(5.282) and (5.288)-(5.289) are true.
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Otherwise, pxj(ﬁ) 0 for all j such that 1 < j < n, and

Y . |pxjxj(n)|
bii —%;) — 5.324
mp) < max ot o)+ E (6 Een ) Pl o
n B i - ir
Jr=Lr>j
h bi oo xjx 5.326
(ll’lzl;néi)el(p( 112, )l Z|pjf ( )
IX-x% ¢
LR DR 5.327)
42
Jsr >

Now, the second derivatives can be expressed in Bernstein basis. Using an appropriate change of

variables, as (3.38), from n € D = [x,X] to v € [0,1]", with v = (v{,v2,...,V,), is needed
ni=&-x)vitxy, 1<i<n (5.328)

Set s such that 1 < s < n, the pure second derivatives of p in Bernstein basis are

Iyl

_ . i1 0 Is—1 L lst1 iy dg—2

Prox ()= Y (= D)istiy X105 X g (5.329)

i1,i2,0in=0
ll7127~-~7lx—lylx+17~~->ln ls*2

= )y Y s+ D) Us +2)iy i, iy ot 2 (5.330)
15025 els— 1554150 in=0 js=0

x'fx’f . x?;'lxﬁxxéjll---x’,f where j; =iy —2 (5.331)

lolyyeeds1, s =2 0105l
_ Z (Ll e ls— ]71 =254 150050n) Bl] byeds—1,ls—2,054 1 .. 7l (V) (5332)
n

- XsXs | mz 5 Mg—1 Mg, Mg 1 50, = my mz7 M1 g Mg 5.
MY I e s 1 Mg s e T =0

Y bemBssm(v), (5.333)

M< Ly
where the multi-indexes M = (my,my,...,...,my,) and Ly = (I1,0p, ..., ls—1,ls — 2,1541,...,1,). Set
as, = (aj,aj,....aj,_,,(js+1)(js+2)aj+2,4j.,,-..,aj,), the Bernstein basis can be denoted by

Bgsm, instead the Bernstein coefficients, denoted by by, s, are

buint = b b 2 (5.334)
MY, MY ... Mg 1 Mg Mgy 1.0y, (1T mp ms—1 my Mgy my
ki, ks K1 ey =0 (kl) (kz) (kH) ('k,v ) (km) (k,,)
C(® —x)R (7 —x,) (5.336)
el 1,05 —2, 0541 sln . . n )
y (/]€1> <1]<> < I xkapajp> (5.337)
1=k1 2=k ooy fs—1 =K1 =K fy i1 =Ko =k N n/ \p=1,p#s
R D+ 2)aj 0 (5.338)

)

K<M

M
((LK)) x-x)* ) < )x’ Kéyss (5.339)

‘,gLSS



Bounds in the Interval [x,X] C R%, 90 Bounds with Multivariate Function Values

withO<m <I1;0<my <y s 0<my 1 <L1;0<my <L —2;0<mgyy <lgyrs...;0<m, <.
Instead, set s,u such that 1 < s,u < n, without loss of generality, assume u > s, and the mixed second

derivatives of p on the Bernstein basis are

Il eln
_ ;s i 0 Is—1 It fu—1 s in is—1 i, —1
P (X) = N i gy, XX XX Gy g (5.340)

i1,i2,0mrin=0
1,05l 1l 15 lu— 15l 1 5eesln L—1 1, —1
= )y Y Y Ge+DGut1) (5.341)

150250 esbs—1oEst 1 yeesbu—1 7iu+17---~,in:0j.r:Oju:O

o o o s e I et et
al]912;-“,1371,Js+lyls+17~~7lufl7]u+1~,tu+1:~~~7ln xl x2 xS*leSxS+l xuflxuuqurl xl’:l (5342)

where j, =i;—1and j, =i,—1 (5.343)

Il el s = Vlst sl 1= Ll 150
_ ’ ’ ’ ! ! ! " b(ll7127'“71&71713'717[5‘#»17~~~7lu7171u*1~,lu+17'“71)1) 5 344
- XXyl M2 oo Mg | Mg Mgt | 5 ee My — | 51y s Myt ] - 51T ( ° )

Y g s Mg P ] ey Ty — 1 PPy P 1 e P =0

. [y ,lz,...,ls_| ~,l.vflvl.v+1 7~-~,lu—1 ;lu*lvlu-f—l 7~-~;ln
Bml P PR IR PRV PR/ TE RUTRU LTS PR/ L) (V) (5345)
= Z bxsxuMBsuM(V)a (5346)
MgLSH

where the multi-indexes M = (my,ma,...,...,my,) and Ly, = (L1, L, ... L1, 0s— Vg1, ooy by, by —

Llus1y- ). Setay, = (aj,,aj,- - a5 (s +1)aj1,a505 5@, Gut 1D)a@j,41,5,5---,a5,),

the Bernstein basis can be denoted by By, instead the Bernstein coefficients, denoted by b, . s, are

by = Bt v Lot e vl Lo ) (5.347)
mhmz,.“,ms,l,m_y.,mﬁi.,mu,l,mmmuﬂ,..A,m,, (’Zl) (’zz) (’Zs—ll) (’Z;) (’l?Hll)
_ ANRY VAN S AN /. = (5.348)
o ke e k=0 () (2) G (N ()
. (VZ::II) (’Z:) (’Z:Ll) . (’Z:) (fl —x )kl . (Xn —x )kn (5 349)
& n .

Gy (D ey (@)

ll7127~-~,1s—171s_11ls+l:---\,lu—l7lu_1alu+17~--~,ln jl jn n .
| 5 () () (L, 2 ver) sas0
J1=kt, o=k s 1=kt Js =K, fs1 =Ko 1o fn=hn N1 n/ \p=l,p#s,pFu

TR Dag 25 Gyt a0 (5.351)
(1\[21) < K J J—K -
)R CEub VD D N b 72 (5.352)
KM (K) J<Ly,

withO<m <l; 0<my <y ...;0<my 1 <L 0<my<L—1;0<myy <lgyps...;0<

m
my—1 <bL—1;0<m, <L, —1;,0<myq1 <lygrs...;0<m, < U,
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So, inequalities (5.324)-(5.327) become

max p(x) <  max K p(ti i, i( +x _gj> WX

X€[X,X] (i1,i2,-+-yin)E
n .
+ Y (fj—zj);“rz,—ij (E—&);J@r—
Jir=1r>j

X—X
max p(ti17i2 77777 ln H Hoo Z |px,x,

<
(il,iz,...7l‘n)€K
IX—x]2
+T. Z .‘ij-xr(n”
Jjir=1r>j

n

] =
- max p(tllJZw-‘ in Z

(i15250-in) EK i=1

P (M

2 n
X—X
= max p(ti17i27 ln)+ || H Z |p-xjxj
=1;

(il 7i2a~~7in)EK 8k2 Jor=Lr>j
x-x|2 ¢ (
= max  p(t i)t 55—
(l.|7i2,...,l.,1)EK ( e ) 8k2 J> r:ZI’r>j
+20 Y bemBim(v) >
M<Lj,
§ o AR (y
max  p(ti .., H7 e
h (i1512,05in) EK et 8k jor=1>j

+2 Z bxjx,M|Ber(V))

M<Lj,

X—x[2 ¢
< max pltig. i)t g Y, }Vf};aflbx,-x,-M\ Z..BJZ/M(V)

(it si2eeesin) €K ’ 8k S
+2 max |by,uml Z Bj,M(V)>
M<L;, e
X-x[2 ¢ (
< max p(t, i ..0i)+t—=5—
S e Pt ¥ g j,r:zl;:r>j

because Yys<z;, Bjjm(v) =1 and Yz, Bjrm(v) = 1. In addition,

n

2
X —X
max  p(ti i, )—i—u ) (max\bxxM|+2A5naLx|bxer]

(i1,i2,0in) €K 8k?2 M<L;;

Jr=Lr>j

max  p(tii..i)+ Bk

(i158250sin) EK

% —x]12

because for (5.286) Bx = K2

max p(tlhm N/ )"‘ﬁK

(i1,i2,.in) €K

|+2|ijx,( )

Z bxjx]MBJJM( )
M<Lj;

Z |bxjij‘Bij(V)
M<Ljj

ArlrgiLx |bxjx;m] +2A14naLX |byjx,m|

el <|bx,.x,.| +2]bx,.xj|>. Moreover,

(5.353)

(5.354)

(5.355)

(5.356)

(5.357)

(5.358)

(5.359)

(5.360)

(5.361)

(5.362)

(5.363)

(5.364)

(5.365)

(5.360)

(5.367)

(5.368)
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= max_ p(ti,..i) (5.369)
(117127“-7111)61(
Ix—x|2 ¢ ( () N <K> v

4+ —— max —(X—X) X" Vdkjj (5.370)

8k? j,r:zl;r>j MLyl () Kgu N
(%) N K\ xn

+2 max (X —X) X" Vagj, (5.371)

M<Ljr N<M I;\/]r) K<Ljr N

Starting from the idea of the proof of Proposition 3.9, it is possible to bound Bernstein coefficients

for the second derivative of the polynomial p.

M
_ K N~
b jem| = (iji) x—x)V (N)XK Nag; (5.372)
N<M (N) K<Lj;
M
= () x-x)V Y KY gk (5.373)
- Ljj N/™ Kjj :
N<0(N) K<Lj;
+ () x—x)" ) K xk gy (5.374)
N<M;N#0 (ij) K<Ljj N KH .
< N <Ljj
K~ ~ (%) - N(K\ k-~
— Magji+ Y, axjj ) oy (X—x) v )x (5.375)
K<Lj; K<Ljj;K#0 N<M;N<KNAD ( N )
= Y xtag+ )Y xta (5.376)
KSij;ﬁij<O Kngj;ﬁij>O
M
+ Y agii Y () x—x)V K gk (5.377)
_ I (ij) = \N)™
K<L;j;K#05dx;<0 N<M;N<LK;N#A0 \ N
M
K
+ ) ak;jj (LN) (x—x)N< )xKN (5.378)
K<L;;:K#0sdik ;>0 N<M;N<KNA£0 () N
M
_ K _
=| Y a (ijj) (x—x)" (N)XK N (5.379)
KSL‘,'j;ﬁij<0 N<MN<LK (N)
M
+ Y axy (v) (x—x)N<K>xKN (5.380)
- JJ Lj; = \N/T :
K<Lj_/';(l](jj>0 N<M;N<K (N)
M
_ K _
< g jj (LI\J/J) (x—x)" <N>XK N (5.381)
KSij;dij<0 N<M;N<K (N)
M
- (N) (KN kN 5389
+ Z akjj Lj; (X—x) N X (5.382)
K<Ljjakj;j>0 N<SM:N<K (N)
K
<Y (x—x)" <N>x” (5.383)
K<ij;ﬁ1(jj<0 N<M;N<K
K
+H Y a (x—x)" (N)XKN (5.384)
Kngj;dij>0 N<M;N<LK
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because the ratio between two binomial coefficients is less than or equal to 1. Additionally,

K
Y aj ) (X—X)N< )xK‘N (5.385)
KSij;ﬁij<0 N<SMN<LK N
K
+H X Ay ) (xx)N< )x” (5.386)
K<ij;d](jj>0 NSM;N<K N
_ K _
< Z agjj Z x—x)V <N>XK N (5.387)
K<Ljjag;;j<0 N<K
~ _ K _
+HY axjj Z(x—x>N<N>xK N (5.388)
K<Ljj;ak ;>0 N<K

because in the sums with N < M and N < K the number of addends is less than or equal to the number

of addends in the sum with N < K. Moreover,

K
Y o i Yy ®—x) < )xKN (5.389)
Kngj;dij<0 N<K N
K
+HoX ki ), (X—x)”( )xK‘N (5.390)
Kngj;dij>0 N<K N
= Y ax N+ Y agxS (5.391)
Kngj;ﬁij<0 Kngj;ﬁij>0
for the binomial theorem. Furthermore,
Y ag N+ Y aEN= ) laxgxE (5.392)
K<Ljjdg ;<0 K<Ljjsag ;>0 K<Ljj
So, using similar considerations about bx_/er, it is possible to bound these coefficients.
brm| <Y lagir XK. (5.393)
K<Lj,
So, the inequalities (5.353)-(5.371) become
max p(x) <  max  p(t i, )+ Bk (5.394)
X€([x.X] (i15i24e.yin)EK
< max  p(ti,..i) (5.395)
(i1,02ye-sin) EK
Hi—gHi < - 1K - <K
tgm s L | X laRE 42 ) lacglx (5.396)
j7r:1;r>j Kng/‘ Kngr
=  max tii 5.397
(il,iz,..A,l',l)EKp( lla12a---7ln) ( )
HY—XH2 n lolyyee i1 =200 15l
+—== ) < |(kj+1)(k;+2) (5.398)
8k Jir=Lr>j Nkpkayokjo1,kj ks k=0
_ ki _kj_k; _
A g b2k Y X (5.399)
(TR TR PR L W TR DO PRSI FEl Y AR PO
+2 ) |(kj+1)(k,+1) (5.400)

kykyyeokjo1kjkjtseske—1 ke kg1 kn =0

—ki j j —kr—1—k,—kri1 =k
S g Ky LR ey e Lk [T X X X RR Xy | (5400
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= max_ p(ti,.i) (5.402)
(150240 sin)EK
Hi_xuz n Il i1 =215l
+ e Y (kj+1)(k;+2) (5.403)
Jir=1r>j Nkpkayeokio1 kg ke k=0
—ki JCJ 1J JJ+1 —
ks o,y k2B KR R (5.404)
(TR TR PR YL W T DO PRSI FEl Y AR PO
+2 ) (kj+1)(k+1) (5.405)
kyoko oo ki1 Kk 15k 15K k1 k=0
ki K12k =K 1k
L R WSO SR WA LERPS S8 £ S REPS b 6 MRS (5.406)
= max_ p(ti,..i) (5.407)
(i1502,--in)EK
Hi_xuz n LW I VRS T RS R
+ 8k2 Z lj(lj - 1)‘ail,l‘z,...,l‘./,l,l‘j,l‘j+],.,..jn (5.408)
Jir=Lr>j il,l’z,...,l'jfl,ij,ij+1,“.,l'n:O
—i _ij- lflj 2_ ijt1 —i
Xy XX XXy (5.409)
[T/ TRV SN Y S PR PN A P TR
+2 Z ijir|ai17i27~-7i_/—]’ijvij-%—l7~~:ir—17ir~,ir+|’-~~7in (5.410)
D502 eesljm 1ol 1 yeeeslr—1Trsbr 15y in =0
L L e B e A e e
XXX Xy X 1x er--'x,l") (5.411)
= max_ p(ti,.i) (5.412)
(i15025--5in) EK
Hi_XH2 n [V SR RN N F S TN AR N AN AR TN 4
+ 8k; Z < lj(lj - 1)|ai1,i2,~~~~,l'j—17ij7i_/+|,~~~7in| (5.413)
Jir=1r>j il,iz,...,l‘j,I7ij,ij+1,...,i,-,1,ir,ir+1,...7in:0
i1 ,lj 1ij—2_ij1 i
-+Xx; X XXy (5.414)
o T R G Ly S T S PR S O A
+2’Jlr|all 020l 1o Lol Loy 1yeein | X x ]'xj xj+1" X, 1%y XH_]”-xr{’) (5.415)
= max_  p(tii,..i) (5.416)
(i1502y--in) EK
HY—XHZ n [T YU S N N S SN P Y N S DO
+ e Y ( (i — D)X, (5.417)
Jir=Lr>j i|,iz,...,ij,1,ij,l’j+1,‘..,l',,|,l’r,l'rJr],.“,in:O
711 B L R T Ut g e Sy (O P
+2lr'x.]]l]|all 12---'7/ 171171j+11 ln’ : xj—lx‘/ x]+1 ' xr le xr—H xl;) (5'418)
Under the assumption x; > 1 for all j such that 1 <s <n: set j,r suchthat 1 < j,r <n,
(ij — DX +2i%; < (i — )X+ 2i,%,X; (5.419)
< (ij — I)erj +2i,%,X (5.420)
= [(ij —1) +2ir]frfj (5.421)

< [(i; — 1) + 20, ]%,%

2 (5.422)
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The inequalities above (5.353)-(5.371) become

. max p(ti17i27-~~>in)
(ll ,lz,...,ln)EK

Hi—x”z n (TR IR SRS Y S PN PN AN PR PO
t sz L < Y [(i; — D)%,
Jir=1r>j Nivsia e o158k seeesfr—1lrsir 1 yeensin=0

+20,%; )i iy....

) o . —i] _ij- lflj 2_ijy1 —lr—1 —i,—1<drt1 —ip
aljflsljzlj+lv~'-7ln| Xy X X KX X Xn

j— X j 1T r+1

< max p(ti17i27-~-7in)
(i1,i2,.-in) €K

5 2 n (TR IR SRS Y A PO PN AN PR PO
”X_XHM . 1= =2
+T Z [(lj— 1) +21,]x,lej
Jr=1r>j Nivsiagee o158k seeesfr—1lrsir 1 yeesin=0
oy i —lj- lfl] 2_ijy1 I e = A B R R
| ... bt Ty RS KX XXXy X Ay

=~ max p(ti17i27-~-7in)
(i1,i2,.-in) €K

(5.423)

(5.424)

(5.425)

(5.426)

(5.427)

(5.428)

(5.429)

(5.430)

(5.431)

(5.432)

(5.433)

”i—XHZ n l1,lz,...,lj;],lj<,lj+l=~-~7lr—lylralr+17~~7ln
_|_ 87](; Z < [l/(lj - 1) +2ijir:||ai1,iz,...,l.jfl7ij7ij+ly-'~7in|
Jor=Lr>j il,i27...7ij717i_]',l'j+l7---1ir717i"7ir+17""in:0
. i —ij_I —i
xlll jj lliijjj-ll -xr lxlrrxlrj-11 x’")
X —x[2 ¢
=  max G inin) T Z 1) +2ijir]|ar[x
(i1,i2,.”,in)€Kp( iiaesin) 8k e 1<L st
X —x||Z ! _
C el RN z( iy +2w)lazx’
(i1,02,e-in) EK I<L

2
X—X||5 . N . -
=  max p(tilizv..,i,,)+i” x| ) (u+---+zn)(n+---+zn—l)lazlx’

,mna 02, 3
(i1,12,.-in) EK 8k I (i i) <L

for Lemma 5.1. Moreover,

1x—x| : N . <l
max ti i i)t ——=57— i1+ 4+ +ip—1)]as|x
@ ,iz,...,in)er( 11,12,..‘,1,1) 8k2 I_(il’i§7in)<L( 1 n) (i1 n Mail

= max p(t,i,..i)+ 0k,
(i17i27-~~,i")6K

where ok 1s defined in (5.283).

So, under the assumption X; > 1 for all j such that 1 < j <n,

max p(x) <  max  p(t;,..0)+ Bk

X€[X,X] (i1,02,-.5in) €K

< . ,max p(til7i27~~>in) + (XK
(i15250in) EK

(5.434)

(5.435)

(5.436)

(5.437)

(5.438)

This proves the first part of the theorem. An entirely analogous argument establishes the lower bound

on minyey 5 P(X).
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Instead under the assumption X; < 1 for all j such that 1 <

ij=0then [(i; — 1)X-42i,%;]i; =0, if i; = 1 then i; — 1 = 0. Set r such that 1 <

2i,=0. So,ifi; > 2 orif i, > 1 then

7. — T 1 X ".71.1.. lj lilj 2 lj+1 . =151 iH’l...il‘
(G = 1%, + 26, )i %) - X720 %] X BT XXy S

<[ -

< n: set j such that 1 <

l)fr + 2irfj]ij

< [(ij— 1)+ 2ii;

The inequalities above (5.353)-(5.371) become

. max P(ti17i27-'~7in)
(i1,i2,.-in) €K

HifXHZ n LTS ST R VN S DN A Y N S PO
Xl . _ ..
—{—78](2 Z ( [(lj— 1)Xr+2lr.xj']lj
Jr=1r> G Nipnsee o151l 1 seeslr— el 15 in=0
i |711 _xijflxijfzxijﬂ - 1x1, Ldrst || 5in
i1,02,- lj ll/ l]+17 wsin /71 ] [+1 r—1 r+1 n
< 2
X —x]|
< max p(t g i)+t —
XX 11,0200 0nl,
(i1,i2,0ensin) €K R 8k?2
n llleV‘-al_jfl7ljvlj+l~,~~:lr717lr71r+la~~~’ln
Z ( [(i;—1) +2’f]’j|ai1,iz7m7ij1>ij,ij+17~~-7in‘)
Jr=1r> Nipin el 13 ol 1 yeesbr— Lirsr 1o sin=0
< 2
X — x|
= max p(ti17i2 ..... i )+ 2
(i1si21-eesin)EK . 8k>

n ( LTY/ ST N 0 S5 JOOON PR N P PO

)y

Jjir=Lir>j i],l’z,..‘,l’jfl,l‘j,l'jur],...,l.r,I,l’,-,i,~+|,‘..,l'n:0
X—x2
= max )+ S Oy G i
(i1.2,0-in) EK (B i.in) 8k o\ sirlai]

= max p(ti17i27'“7

(il ¢i2»--»ain)€K 1< =L;r>j

= 2
X — X||oo . . . .
— max plta.. m—” ey i)t i Dlal

.. ! 2
(i1,i2,....0in) €K 8k I=(ir,iesin)<L

for Lemma 5.1. Furthermore,

) L<Jri _1)+2lﬂr]>|al|

< xl2
X_X oo . . . .
max _ p(t ... i,l)+7|| x| Y (14 Fin) i+ +in—1)|a]

(it,i2,-..sin) €K o 8k? I=(i1,i2,...,in) <L
1 l]-,ZZ-,»---,ln
< | max iy i) T os iV +ir+-+in) (i1 +ia+--
(i],iz,...,in)er( i i) 8k2 izgn:o( 1ra n) i1+
[0,1]"
= max ti +o ,
(il,iz,..A,in)er( izeein) T O

which is the same ok in [0, 1]" defined in (5.119).

+i,—1

Naiy ...,

<, if

r < m,if i, =0 then

(5.439)

(5.440)

(5.441)

(5.442)

(5.443)

(5.444)

(5.445)

(5.446)

(5.447)

(5.448)

(5.449)

(5.450)

(5.451)

(5.452)

(5.453)
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So, under the assumption X; < 1 for all j such that 1 < j <n,

max p(x) < max  p(ti, )+ Bk (5.454)
XE[&X} (117127---7ln)6

< max plti i)+ [X—x[%- o (5.455)
(i1,02,0in) EK

< omax plti ) o (5.456)
(i15i250in) EK

This proves the second part of the theorem. An entirely analogous argument establishes the lower

bound on miny [y 5 P(X). O

In Proposition 5.3, the quantity al[? AT

' is identical to the one obtained in the particular case where
the domain is [0, 1]". That is, neither its definition nor its numerical value is affected by the considera-
tions introduced in the proposition. On the other hand, the constant ﬁ,[(o " behaves differently. While
it is defined by the same analytical expression as in the case of the domain [0, 1], its actual value is
not the same. This discrepancy stems from the fact that B,[(O A depends explicitly on the Bernstein
coefficients associated with the polynomial under consideration. These coefficients, in turn, are com-
puted using formulas that involve the parameters x and X. As a result, changes in these parameters

modify the Bernstein coefficients and consequently affect the value of ﬁ1[<0 ’l]n, even though its formal

expression remains unchanged.

Proposition 5.4. Let p be given by

p(x) =Y ax'. (5.457)
I<L
Then
< t/) + Bx < t) + & 5.458
Xrg[g]p(X) max p(ty) + Bx < maxp(t;) + ax (5.458)
i > min p(t;) — Px > min p(t;) — o, 5.459
Xrerfg]p(X) min p(t;) — Bx > min p(t;) — ok (5.459)
where Ok and BK are defined as
1 I,lpy 0l .. ,
Ok = %z Z 0(i1+i2+-~-+in)(i1+i2+---+in—1)\ai1,i2,...,in|§’11i122"'i;” (5.460)
11,12y sln=
1
= Y ittt it At i — DaX (5.461)
I:(il7i27~~~vin)<L
and
~ 1 n
Br=ga 3 (Ibunl = 200 550, ). (5462
ij=1;j>i

where |bxl,xj | is the maximum of the absolute values of the Bernstein coefficients for the partial deriva-

tives pxx; of p.
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Proof. The proof is by induction on the dimension n. The base case is n = 1. In this case, from the

inequalities (4.285)-(4.300)

11%1]1(11) t)— 8k2 Z 1)jla; % (5.463)
(x x)* ()
< ) )
pr) gy, s
< rr}in] p(x) (5.465)
X€|X,X
< m[ax] p(x) (5.466)
X€|X,X
< maxp(ty) + M max \bl.,([é’x])] (5.467)
S ek PV 8kZ  o<i<n—2 '
1 & ;
T
<maxp(t) + 5 j;)(] 1)lajlx’. (5.468)

So, the inequalities (5.458)-(5.459) are true; therefore, it proves the base case.

For the inductive hypothesis, assume that the inequalities (5.458)-(5.459) are true for all integers
d such that 1 <d < n. The goal is to prove that the thesis is true for n.

The idea is similar to the proof of Proposition 5.3, but instead of using the norm infinity in (5.317),
it is possible to think in one single dimension. Let k a natural number, j such that 1 < j <n, i; such

that 0 <i; < k. Ifi; =0, then

- I 1 i _ ij+1
(xj—zj);“rzj—éj <3 (xj—zj);’ﬂ%j— [(Xj—xj)Jk +xj} (5.469)
Xj—X;
= 5 k*f (5.470)
else,if ijissuch that 1 <i; <k
_ ij 1|,_ ij _ ij—1
(xj_lj)E +x;—&j| < 3 (xj—ij); +X;— (xj_ij)ik +X; (5.471)
Xji—X;
- 12];! . (5.472)
According to Taylor’s formula, it is possible to obtain
p(tr) = p(ti i i) (5.473)
= p<(x1 _Il)% +£1>(32 _XQ)% +Xy.s (Xn _Xn)% +xn> (5.474)
L ij L px/x,(n)
=p&)+Y), (%) —x)) 7 %= &j pe(8)+ ) (xj—z —¢&; (5.475)
j=1 j=1
" _ i _ iy
T M (e [(CR e a)px,x,(n), (5:476)
Jjir=Lir>j

where 1 € [x,X].
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If the maximum & is such that & = x or £ =X or, in general, € belongs to the border of the interval
x,X], that is, § € d[x,X], then §; = x; or §; = X; for some j such that 1 < j < n. It is possible to
reduce to a Taylor expansion with d variables by parameterizing the part of the border with &, with
d < n, making the function dependent on d parameters. So, the dimension is less than n and for the

inductive hypothesis, the inequalities (5.458)-(5.459) are true.

Otherwise, p,;(&) = 0 for all j such that 1 < j < n, so, the equalities (5.473)-(5.476) become

max p(x) <  max t; i i +x._§j ZM (5.477)
xe[x x| (i i)k = - 2
; .
— i _ l
+ ) (xj'*;cj)%’+z,-*é‘j (xrfzr)i+zr*§r |Pxx (M) (5.478)
Jor=Lr>j
S i e Pt 8k2 Z Flpeys () (5479)
1 n
tE L E—x)E = x) P ()] (5.480)
Jir=1r>j
1 oo 2
= i)+ g (L85 T () 5481)
n
2y <xj—xj><xr—xr>px,.x,<n>|) (5.482)
Jjr=Lr>j
i)+ os Y (G5 pen (M) (5.483)
= max i1 i — X;i—X; e .
(l'l,iz,m:in)GKp il 8k> jir=Lir>j T 5 Py
#2085 -3) (55 o ()] ) (5.484)
1 1 2
— t )+ — Xi—X; byxmBij 5.485
(il’i;?ﬁi)el(p( 11,12,...,tn) K2 j1r§r>j<(x./ Ej) ;ij xjxiM ij(V) ( )
2 —x)®—2)| ¥ bx,x,MB,rmv)) (5.486)
M<Lj,
1 1 9
< max pltii i)t oz Y <(xj_xj) Y |bm|Bjjm (V) (5.487)
(i1,02,--sin)EK 8k =T M<L;;
#2005 -2)F2) T ylByn () ) (5.489)
MSLJ',
1 " 2
< tiirin) F o5 Xj— X, 5.489
(i17i2r??fi)€Kp( i) 8k2jrzl;:r>j<(xj &J) ( )
- max ‘bxjij| Z Bij(V>+2(fj—§j)(fr—)£r) max |bxjer| Z Ber(V)> (5.490)
M<L;; el M<Lj, VL,
= max p(til7i27"'~,i}’l) (5491)

(il7i27~~~:in)€K

1 n
3 )y <(xf_xf)2 ax |bym| +2(x; —x;) (% — x,) max be.,.x,M|> (5.492)
Jir=Lr>j SEjj ]
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because Yy<z;, Bjjm(v) =1 and Yz, Bjru(v) = 1. In addition,

(. .max)EKp(t,‘hizMin) (5493)
11,02,e05lpn

1 - ) - -
+@jr _;DJ_(("J‘—XJ') Ag‘g’jj!bxjij|+2(xj'—?£j)(xr—L) mgag;lbxjx,.MQ (5.494)
= max_ p(tip..i)+Bk (5.495)

(il :i2:-->ain)€K

~ 1
because for (5.286). Bx = @Zijl;jN <(xl~ — X)) |Brs | +2(% — x;) (X; —Xj)|bx,-xj\>- Moreover,

~omax - p(tig,...i,) + Bk (5.496)
(i15i250in) EK
= by, 5.497
(ihizr?r.lﬁz?i)er( i1,02,0enin) ( )
ro Z <( ) () x-x" ) (K) K-Ng (5.498)
— X;—X;)” max —(X—x X" Vdgjj .
8k2 Py IS ML Neu (LI\//,) K52, N ji
22 ma | T W sy ()% Yaxs ) (5.499)
X;—x:)(X, —x,) max X—Xx X' Vag; .
] = r— Z4r M<L,, i (LA’/) a £, N/™ Kjr
Using the bound (5.372) for Bernstein coefficients by x;m of the second derivative of the polynomial
p
D | < Z |dK.ij|iK (5.500)
K<Lj;

and, using similar considerations for bx,x,M, it is possible to bound these coefficients

beoml <Y lax; X (5.501)
K<L;

So, inequalities (5.477)-(5.499) become

max p(x) < = max_ p(tp,.i) + Bk (5.502)
X€[x.X] (i15i250sin) EK
< max  p(ti,..i) (5.503)
(i1,02ye-in) EK
1 1 _ _ _ _
32 Z <(xj_xj)2 Z |dij|XK+2(xj—£j)(xr—£r) Z |ClKjr|XK> (5.504)
8k Jir=Lr>j K<Lj; K<Lj,
= max ti i i 5.505
(il,iz,..i,i,,)er( 1 si2min) ( )
1 n Ily el =2, 5l
T )y <(xf_xj>2 ) |(kj+1)(k;+2) (5.506)
Jir=Lr>j kyky.okjo1,k kg sk =0
. _ki1_ki_k; _
S S SRR REY SN - AREES S B e AL (5.507)

TR TR N o WY FER PO PN Pl WY A O
+2(%) —x;) (% — x,) ) |(kj+ 1) (ks +1) (5.508)
kikaseokjo1,K ks ske—1 ke kg1 kn =0
—k _kj1_kj_kji1 —kr—1—k,—Kr+1 -
A ey L e Ly K1 T BRI o xy ) (5.509)
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= omax  p(ti. i) (5.510)
(i1520in) EK
1 n ) Il i1 =2, 15l
Tse L <(xf_xf) L (kj +1)(k; +2) (5.511)
Jir=Lr>j kl,kz,...7kj,17kj,kj+1,...,k,,:()
—k J',lj',k'l —k
1Ky i ey 2K K1 X XX (5.512)

(TR TP R P L WY T DO PR FEl WY AR PO
+2(%—x;) (% —x,) )y (kj+1) (k- +1) (5.513)
kykyyeokjo1kj ks ket ke kg5 kn =0

ki Kiekickier o keiok—ken ok
) ’akl7k27~~~7kj—17kj+1~,kj+17~~~7kr—l:kr+1:kr+l7m>kn ’xl X XX X X X Xy (5.514)
= max_ p(tii,.i,) (5.515)
(117127 ln)EK
1 n ) [V T PN N P T 4
toz L @) )y 115 = D@y igeoniy 1o (5.516)
Jir=Lr>j 5025ees 15 jsl 15 in =0
i Gy _ij—2_1i; _
xlll . xj],llx; xj]rl .. .x’r:t (5.517)

LT/ TRN FEN Y S U PR N AN P TR

+2(xj_£j)(xr_)£’) Z Ljtr ail~,i2~,~~-,l'_/—1yl'j7i_/+1,~~~,l'r—1,i;-7ir+1,~~7in| (5.518)
D502 eesl 1ol 1 yeeeslr—1oTr sl 15y in =0

T it
X, X Xy L% X x,{’) (5.519)
= max p(tl‘] 71‘2_’_,_7,},) (5.520)

(il,iz,...,in)EK

1 n TENC TN SN N TSRS S Y Y AT R
+ 53 Z (xj _icj) ’ ( Z lj(lj - 1)|ai17i27m,i_,'—|¢l'j,l'j+1~,~~7in| (5.521)

2
8k Jir=1r>j i],iz,.‘.7ij,1,l'j,l‘j+17..‘,i,,1,ir7ir+1,...,in:0
—i ,i;],i‘fzfiurl —i, (= . .
XXX Xy X (6 = X5) 200 @i et (5.522)
i ,i',lfl"flfi' 1 ] =i, — 1=l o
XXX XXX X (R —x,)) (5.523)
= omax  p(ti, .i,) (5.524)
(i1,i2,0in) €K
1 n TFC RN SN N R PR Y P P P 4
T ( y 65— D)%% —x;) (5.525)
Jir=Lr>j i1,iz,.‘.,i_,-,l,ij,ijﬂ,..‘?i,,],i,.,i,qr.,...,i”:O
s (= : e R g S P R e A
+ 2lrxj(xr _'Er)]lj’ail7i27---aij—17i_/:ij+17---7in“xl o 'xjj—lxjj xj]-&-l . ‘xrr—lxrr xrr-ﬁ-l o x,;’) . (5.526)
Because (X; —x;) <X, forall j such that 1 < j<n,
(ij — l)fr(fj _Xj) + Zirfj(fr —lr) < (ij — 1)frfj +2ir)fj()fr —)76,) (5.527)
< (i — DEX) 4 20X X, (5.528)

[(ij— 1) +2i, %%, (5.529)
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The inequalities above (5.502)-(5.526) become

max p(x)

X€[x,X]

< 0 omax p(tyg, i)+ Bk
(i1,i2,.-in) €K

< omax p(ti...i,)
(i1,i2,--in) EK
1 n Lol it sl 1ol 1okl 1,
I VTN S VR
Jir=Lr>j U025l jm 1oLl jb Lo s lr— Lslislp Lol =

+ 20X (X — X,)]ij1@iy i i AR &

< omax p(ti...i,)
(117127--'*1")61(
1 Iolaeesljmtoljl st coslr= ol ool
+8k2 Z _(XJ x/) ( L S .
Jir=Lr>j U025l jm Lol jt Lo s lr— Lolslp Ly eesln =

idae o TS O S G o AN R P i
l]|all«,127~~7lj—1:ljalj+17~-7ln|xl xj—lxj xj+1 xr lx

< max p(ti,..i)
(“7121---\,1;1)61(
1 n l]7127...,1_,',1,lj,l_1'+|,...,l,,],lr,lr+17,__7[n
rae & oo
jior=Lr>j 1502 yeesEjm Lol o sevesir— s 1 yeeesin =
NP . . . 7i1."7l'_,‘_17ij—2,i_1'+| . iyl =iy —
l‘]|all’u7‘“7l.l‘*]7lfalj+17~‘-7ln |xl xjflxj xj+l
= max p(th,iz,..‘,in)
(i15i25e0msin) EK
1 i 117127"'71-/_|’lj7lj+]7"'=lr—lvlrvlr+|7--'1111
e X (T
Jr=1r> NI i1l 1 yeeesfr— 1o 1 e eyin =0

i ’/ Vdjdjrl el iy
Xy j lxjx]Jrl xr 1xrxr+l Xn

n
=  max p(til,iz,...,in)+72 Z (
K i<L

= omax  ptip i)+ os Y o (et = DaX

(i1525++-in) € =T
n
S WLUTSRSE Y O W
(i1512505in) EK ISL \jr=1;r>j
1
(i17i27---7in)€K 1:(i17i27,..7i’1)<L

for Lemma 5.1. Furthermore,

1
max  p(tii..i)+ 55

.. ! 2
(i1,i2,0000in) EK 8k T=(i1,i2,..in) <L

= max p(t i)+ 0k,
(il7i27"'$i7!)eK

where O is defined in (5.460).

[(i; — D% (%) —x))

l] |7l, 2 l/+] .
J—1%j

[(ij—1) +2i,]x;%,

[(ij — 1) +2i,]x %,
xr lx
[i;(ij — 1) +2ijir]|ai, ...
1) +2iji ]\a;\x)

+2lj ]) ]a;]i’

Z (i1+"‘+in)(i1"‘"'""in_l)’alyil

(5.530)

(5.531)

(5.532)

(5.533)

(5.534)

(5.535)

(5.536)

(5.537)

(5.538)

(5.539)

(5.540)

(5.541)

(5.542)

(5.543)

(5.544)

(5.545)

(5.546)

(5.547)

(5.548)
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So,

max p(X) max p(ti17i27~---,in) + [31( - max p(ti17i27»---,in) + 0. (5.549)
XE[X,X] (i15025e--5in) €K (i1,i25e--5in)EK

VAN

This proves the first part of the theorem. An entirely analogous argument establishes the lower bound

on minyey 5 P(X) in (5.459). O

Using the bounds presented in Chapter 3 and their comparison, and the inequalities of Proposi-
tion 5.4, it is possible to obtain further bounds. Suppose p(x) = ¥« arx!, similarly to Section 5.2,
from the inequalities (3.85)-(3.86), the extension of the bounds (5.212) to the interval [x,X] C R’;O for

the absolute values can be defined. Set x € [x,X] C R%,

p(0)| < max by | < max{|p, ((x.X))|. [Py ([x. %))} (5.550)
< max{|p([x.%)), [P ([%.X))|} < Pa([x.%]). (5.551)

Applying the inequalities (5.550)-(5.551) for the second derivatives, as follows.

n n
Z oy (2 ), [P (O] < Y [bagy | +2 Z b, | (5.552)
j=1 Jir=Lr>j j=1 Jir=Lr>j

Z max{|p (%X [P, (XX} (5.553)

n

+2 ) max{lp_ (%X, (B (% XD} (5.554)

Jr=Lr>j

< Z max{|p, (%X, [Py (% %)} (5.555)
+2 Z max{|p, (%X Py s(x 7 (5556)

Z Papa((X,X]) +2 Z Prua([x.X)). (5.557)

j=1 Jjir=1r>j

From Definition 5.462 of ﬁK, the value ﬁK can be bounded as follows.

- 1 n
P=g55 L (be]x]( xj)2+2bx,.x,|(xj—xj)(xr—xr)) (5.558)
Jir=Lir>j
1 & B -
Sos Y (1o lIX—x]2+20by 1K —x]2 (5.559)
8k &
J,r=Lr>g
CE-x[2 & ) ol <o
_T; . D | +2|bxx, | (5.560)
J,;r=Lr>y
< Ixoxle Z max{|p__ ([X,X])], [Py ([x,X])[} (5.561)
b 8k2 j‘r:]~r>j —XijI =7 ’ )CijI =7 .
s2max(lp,, (x5 Py (x5} ) (5,562

(5.563)
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v _ 2 n
<A S (manllp, (5L P55 (5.564)
Jjor=Lr>j
+2max(lp,, (85D s (x )1 (5.565)
g e Z < ([%,X]) + 27, 4 ([x x])) (5.566)
~ 8k2 ) ‘ px_ix_/A Ay pxjx,A Ay . .
Jjior=Lir>j

Therefore, since x is arbitrary in [x,X], from the inequalities (5.458), (5.459) of the Proposition 5.4

further bounds can be obtained.

: X—x[2 & /- R i
- 2 5.567
min p(t;) — o3 ,-,r:Zl:‘r>,- Pryeja(%,X]) + 27, 14 ([%,X)) (5.567)
<minplt) - X= ¥ (ol (R s ()] (5.56%)
IeK 8k2 T xjx;S = Y xjxio =
+2max(lp,, (55 s (331 (5.569
<minp(t)~ F 2o ¥ (nac(lp, (xS (251 (5:570)
X lek 8k2 T —X./X_/[ ) y I xjx I \ 2
ramax(lp,, (x5 Py (x5} ) 5.571)
<minp(t,)—M Z 1y x|+ 2|ba x| (5.572)
X = 3K2 L Xjx; Xjxr
Jior=1r>j
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Rewriting with the respective definitions, the previous inequalities become as follows.
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5.4 Note on the Computational Complexity

Set n the number of variables (dimension), k" the number of points, and / the maximum degree

of the single variable. Extending Horner’s rule to evaluate a polynomial in a point for a multivariate
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polynomial, the computational time is O(k" -I"). So, for the Garloff bounds defined in Theorem 5.1
the computational time is O(k" - [").

Also, for bounds using polynomial function values, linked to the arithmetic interval and simple
bounds, the computational time is the same, that is O(k" - I").

Instead, to compute Bernstein polynomials, as [19], using the definition (3.39), the computational
time complexity is O(/*"). With Garloff’s method, instead, the computational time becomes O(/"*1)
for the unit box and for a general box domain it is O(/*"). With the Ray and Nataraj method, the
computational time becomes O(I"!) for a general box domain. So, for the new bounds defined in
Propositions 5.1, 5.2, 5.3, and 5.4, the computational time is O(k" - I" + "' - n?). This time is
the sum between O(k" - I"), to calculate the polynomial in the k" points, and O(I"*!), to calculate

Bernstein bounds multiplied by the number of partial second derivatives (g)






Conclusions

This Doctoral Thesis has presented a comprehensive comparative analysis of bounds for polyno-
mial functions on real multi-intervals, formulated within the framework of logic programming with
polynomial constraints.

The investigation began with the analysis of polynomial functions defined over a bounded real

interval with non-negative values. Three types of bounds were considered:
1. Bounds derived from the maximum and minimum of the Bernstein polynomial coefficients;
2. Bounds obtained through interval arithmetic; and

3. Simple bounds based on the absolute values and signs of the polynomial coefficients in con-

junction with the right endpoint of the interval.

The primary objective was to determine which of these bounds best approximates the behavior of the
polynomial function.

Initially, the study compared the simple bounds with those derived from interval arithmetic. The
latter was found to offer greater accuracy over non-negative intervals, as it accounts for both interval
endpoints. Subsequently, the Bernstein-based bounds were compared with the others. This phase
introduced certain challenges due to the distinct polynomial bases involved: Bernstein polynomials
are expressed in their own basis, whereas the other bounds rely on the canonical basis, complicating
direct comparison. Nevertheless, by leveraging appropriate upper bounds—particularly Newton’s
binomial theorem and properties of binomial coefficients—these difficulties were resolved. It was
demonstrated that while the Bernstein-based bounds provide the highest accuracy, they are also the
most computationally demanding.

Building on the one-dimensional analysis, the three categories of bounds were subsequently gen-
eralized to multi-interval domains. This extension required addressing additional structural and com-
putational challenges inherent to higher-dimensional settings. A comparative assessment of the result-
ing bounds demonstrated that, consistent with the unidimensional case, those derived from Bernstein

representations provide the most accurate approximations. However, this improved precision comes
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at the expense of significantly higher computational complexity. In particular, the efficient handling
and organization of multi-indices emerged as a crucial aspect of this stage of the study, as they directly
influenced both the feasibility of the implementation and the overall computational performance.

An additional extension examined in the Thesis concerned the bounds derived from sampled poly-
nomial functions. The analysis began on the unit interval and was subsequently generalized to non-
negative real intervals. In the one-dimensional case, new approximations were developed by adapting
the three original bounds to the first and second derivatives of polynomial functions. The study then
progressed to higher dimensions, initially considering the unit multi-interval, and later extending to
general boxes with non-negative values. While the results over the unit multi-interval mirrored those
of the unidimensional case, the more general case involving non-negative boxes presented additional
complexity. In particular, greater care was required in managing the interval endpoints when estab-
lishing upper bounds.

Two specific cases were initially examined: one in which all right endpoints of the intervals are
greater than or equal to one, and another in which they are less than or equal to one. These cases
facilitated the development of a broader understanding, ultimately enabling the derivation of results
for arbitrary non-negative multi-intervals using the previously established bounds.

The principal contribution of this Thesis is the establishment of a hierarchy of bounds for polyno-
mial functions, applicable both to non-negative real intervals and to non-negative real multi-intervals.
This hierarchy provides valuable insights into the trade-offs between accuracy and computational ef-
ficiency, and it offers a solid foundation for further research in the domain of logic programming with
polynomial constraints.

This research lays the foundation for a range of exciting future directions that promise to enhance
both theoretical understanding and practical applications in the realm of polynomial reasoning. One
significant area for future exploration is the development of new bounds for closed bounded boxes,
both for closed intervals on R>( and for higher-dimensional spaces like R%,. Refining these bounds
and evaluating them against existing alternatives, particularly with respect to computational efficiency
and accuracy, can enhance the precision and performance of algorithms that depend on them.

A particularly promising avenue lies in exploiting the algebraic properties of polynomials to de-
rive more accurate bounds. This approach could lead to more efficient methods for bounding the
behavior of polynomials over real domains, potentially reducing the computational overhead associ-
ated with polynomial constraint reasoning. Furthermore, improving the computational complexity of
algorithms that utilize these bounds could have wide-ranging implications for various applications in
computational mathematics, optimization, and verification.

Extending the focus to simplexes offers another potential avenue for development [26]. Al-



Bounds with Multivariate Function Values 111 Note on the Computational Complexity

though considerable work has been conducted on bounding the behavior of polynomials within fi-
nite, bounded boxes, applying these techniques to simplexes could yield new insights, particularly in
optimization problems where simplexes play a central role.

Moreover, a key area for further research is the design of innovative algorithms capable of effi-
ciently reasoning about the satisfiability of polynomial constraints over finite domains. This is espe-
cially critical in fields such as constraint satisfaction problems, where polynomial constraints often
form a significant part of the problem structure. Developing algorithms specifically tailored to the
characteristics of finite domains enables the effective addressing of challenges in a range of fields,
including automated theorem proving and artificial intelligence.

Finally, it is worth noting that the study of real roots of polynomials has been a well-explored area
in mathematical literature. A substantial body of work exists on methods for finding and characteriz-
ing real roots, and these results can be leveraged to enhance current polynomial reasoning techniques.
For instance, applying existing methods to more precisely narrow the locations of real zeros could
significantly improve the efficiency of root-finding algorithms, leading to faster and more reliable
solutions in applications that require high precision.

Furthermore, an extension consists of an experimental study of computational complexity, using
examples drawn from real-world problems.

In conclusion, the scope for future work in this domain is broad, and each of these proposed
directions offers exciting opportunities to advance both the theoretical foundations and practical tools
for reasoning with polynomials. Ongoing research is expected to lead to significant advancements in
the ability to handle polynomial constraints, with potential benefits across a wide range of disciplines,

including mathematics, engineering, and computer science.
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