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Abstract

This thesis investigates a class of Schrodinger operators with scalar confinement potentials
of quadratic growth. The study focuses on the spectral properties of these operators and
on how the geometry of the scalar potential affects the behavior of eigenfunctions. In
the purely electric case, it is shown that the operator’s spectrum is discrete due to the
compact embedding of the relevant Hilbert space. Explicit lower bounds for the ground-
state energy, spectral stability estimates, and a priori uniform-norm decay estimates for
the eigenfunctions at infinity are established. Moreover, convergence results are provided,
showing that both the spectrum and eigenspaces approach those of the classical quantum
harmonic oscillator. The analysis is then extended to include the presence of a magnetic
field, under suitable regularity and growth assumptions on the vector potential. These
assumptions are general enough to cover the case of a non-trivial uniform magnetic field.
The use of Kato-type inequalities and perturbative arguments allows the main spectral

and regularity results of the electric case to be extended to the magnetic framework.
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Sunto

Questa tesi analizza una classe di operatori di Schrédinger con potenziali di confinamento
scalari a crescita quadratica. Lo studio € incentrato sulle proprieta spettrali di tali operatori
e su come la geometria del potenziale scalare influenzi il comportamento delle autofunzioni.
Nel caso puramente elettrico, si dimostra che lo spettro dell’operatore & discreto grazie
all'immersione compatta dello spazio di Hilbert pertinente. Vengono inoltre stabiliti limiti
inferiori espliciti per ’energia dello stato fondamentale, stime di stabilita spettrale e stime
di decadimento a priori della norma uniforme delle autofunzioni all’infinito. Inoltre, si
ottengono risultati di convergenza che mostrano come lo spettro e gli autospazi si avvicinino
a quelli dell’oscillatore armonico quantistico classico.

[’analisi viene poi estesa alla presenza di un campo magnetico, sotto opportune ipotesi
di regolarita e crescita sul potenziale vettore. Tali ipotesi sono sufficientemente generali da
includere il caso di un campo magnetico uniforme non banale. L’impiego di disuguaglianze
di tipo Kato e di argomenti perturbativi consente di estendere al contesto magnetico i

principali risultati spettrali e di regolarita ottenuti nel caso elettrico.
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Chapter 1

Introduction

This chapter offers an overview of the scientific context and theoretical foundations of the

thesis, highlighting the motivation for the research and the principal aims of the work.

1.1 General Overview and Motivation

The subject of this thesis is a class of Schrodinger operators with a scalar confining potential
exhibiting quadratic growth, which physically localizes particles within a given region of
space. The analysis focuses on establishing spectral properties of the operator and on a
qualitative study of the associated eigenfunctions. We first consider the purely electric
case and subsequently introduce a uniform magnetic field, extending the study to the full
electromagnetic setting. In this work, a purely variational approach to the problem is

adopted, with appropriate adaptations for the electromagnetic case.

The study of the Schrédinger operator
H=-A+V(z)

with domain in L2(RY), has attracted sustained attention from the mathematical commu-
nity from the 1950s to the present day. This enduring interest stems from a wide range
of fundamental questions that continue to motivate significant developments in the field.
Among the most prominent issues are the definition of H as a self-adjoint operator on a

suitable Hilbert space and the qualitative analysis of its spectral properties |44, 49, 52].

Over the decades, many of these problems have been addressed through a progressively
more detailed investigation of the potential V(x). In particular, the regularity assumptions
originally imposed on the potential have been systematically weakened, thereby extending
the theoretical framework to encompass increasingly broad classes of potentials [44]. A
natural further step in this progression has been the transition from the study of operators
associated with regular potentials to the analysis of operators involving singular potentials,

a development that has introduced substantial new mathematical challenges [46].
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Subsequent research has also focused on Schréodinger operators in the presence not only of

electric fields, but also of magnetic fields, giving rise to the magnetic Schrédinger operator
Ha=—-Aus+V(x)

with domain in L2(R"). Although the electric case may be regarded as a special instance
of the magnetic one, the general analysis conventionally begins with the former, for which
the theoretical foundations are more firmly established, before being extended to the elec-

tromagnetic setting.

Within this framework, the theory of semigroups plays a fundamental role, providing a
natural and powerful tool for the study of self-adjoint operators and their associated time
evolutions [28, 44, 52|. In parallel with this approach, an alternative method is based on
the theory of quadratic forms [18, 20, 50|. This formulation allows one to treat operators
associated with potentials of low regularity: it requires substantially weaker assumptions on
both the scalar and vector potentials, and it enables the rigorous definition of the operator

as well as the analysis of its spectral properties through functional-analytic techniques.

In extension to the electromagnetic setting [4, 19, 20, 25, 27, 53], the diamagnetic inequality
plays a key role, exploiting intrinsic diamagnetic phenomena [51]|. This inequality yields a
variety of important estimates and has been the subject of extensive study, together with

the Kato inequality from which it originates [26].

This research is, also, deeply rooted in physics and was originally inspired by the work
of Lebeuf and Pavloff [34], “Bose—Einstein beams: coherent propagation through a guide”.
They investigate the dynamics of a Bose-Einstein condensate (BEC) beam in a waveg-
uide, described by a time-dependent, nonlinear Schrédinger equation, known as the Gross—
Pitaevskii equation, formulated independently by E. Gross between 1961 and 1963 and by
L. Pitaevskii in 1961.

The model in [34] can be written as
(1.1.1) iOpp(t,x) = —Ap(t, ) — W Vs(z)o(t, ) + alp(t, 2)|*p(t, ),

for t > 0 and z = (x1,...,2N) € RY, where i denote the imaginary unit, o(t,z) is
the condensate wavefunction, Vs (z) is the confining potential, and w € R\ {0}, a € R are
physical constants. We observe that a is related to g = MZ‘“C, which is proportional to the
s-wave scattering length as. of two interacting bosons. In [34], ¥ is a one-dimensional curve
of small curvature, but sharper bends and two-dimensional surfaces are also experimentally

relevant [15].
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1.2 Object of the Thesis

In this thesis, we interpreted the potential V'(z) as the squared distance from a non-empty
compact set ¥ C RY and we focus on the linear stationary case, obtained by reducing the

model (1.1.1) to a linear eigenvalue problem: the stationary Schrodinger equation
(1.2.1) [FA+V(@)]p=Ap, A€ER
with associated elliptic operator

Hyle] = —Ap+ Vsp, ¢ e LXRY).

This provides the starting point for our analysis, which is primarily concerned with the
fundamental spectral properties of the operator, including spectral stability estimates,

integrability results, exponential decay at infinity and regularity for the eigenfunctions.

Building on this framework, we then consider a magnetic Schrédinger operator
Havlel = —Dap+Vsp, ¢ e L*(RY).

with the same scalar potential Vx(x) and a vector potential A(x) generating a uniform
magnetic field B(x).

Although several arguments can be adapted from the electric case, the presence of a mag-
netic potential A(z) introduces structural modifications that affect both the analytical
framework and the nature of the estimates. The inclusion of a magnetic field B(x) re-
places the standard Laplacian with the magnetic Laplacian A 4, a second-order differential
operator with variable complex coeflicients, thereby generating additional technical diffi-
culties. A further challenge stems from the lack of translation invariance of the magnetic
gradient V 4. Due to these structural features of magnetic operators, some techniques
employed in the purely electric case are no longer directly applicable and must be appro-
priately adapted. The properties of the vector potential assumed in this work, together
with Kato’s inequality, the diamagnetic inequality and the use of perturbative arguments

provide the key tools for overcoming these difficulties.

It should be noted that, in extending the analysis to the electromagnetic case and in estab-
lishing that the operator has a discrete spectrum, several more general results are available
in the literature [4, 31, 11], which impose weaker conditions on the vector potential. In
the present work, however, stronger assumptions on the vector potential are adopted, in
order to control the mixed terms arising in the expansion of the magnetic Laplacian and

to apply certain technical tools, such as Kato’s inequality.

We briefly comment on the extension to the electromagnetic case. In some instances,
the problem can be reduced to the purely electric case, yielding results on compactness,

integrability, and exponential decay of the eigenfunctions. In other cases, techniques anal-
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ogous to those used in the electric case can be applied, with appropriate adaptations,
leading, for example, to higher regularity results. Finally, in further situations, the same
techniques may be employed, suitably adapted to magnetic setting, resulting in spectral
and eigenspaces stability. Regarding the results obtained, in the electromagnetic case one
generally observes a generalization of those obtained in the electric case, such as the depen-
dence on the vector potential A(z) and on geometric parameters related to the potential

well.

An important and original aspect of this thesis is the employment of classical variational
methods in both setting. Although these techniques are well-established, their use in the

study of Schréodinger operators is neither straightforward nor trivial.

In this research, we also pay attention to the influence of the confining potential’s geometry
on spectral properties and eigenfunctions behavior. Such considerations are physically
motivated, since an understanding of the geometry of the potential well is instrumental in

the study of waveguides and associated physical phenomena.

This work does not aim to be exhaustive in this field, but rather represents a preliminary
study that can serve as a basis for further developments. Of particular interest would be
a return to the study of the original non linear, time-dependent case in order to analyze
dispersive-type estimates or other phenomena typical of the electromagnetic context. The
study of different geometries of the potential well is also of particular interest, especially for

obtaining results relevant to physics, as it extends the research to non-compact manifolds.

The results in the electric framework have been published in [As| and a detailed account

of the results for the electromagnetic case will appear shortly in [Aq].

1.3 Physical Background

From a physical standpoint, for example, our work is strongly motivated by the dynamics of
coherent atomic beams in curved or imperfect guides. The propagation of coherent atomic
beams in confined geometries presents both rich theoretical challenges and significant rele-
vance for modern quantum technologies. In systems such as ring traps, microtraps, or atom
chips, both the shape of the guide and the external fields strongly influence how atoms
propagate, localize, or remain stable. In particular, the interplay between confinement, cur-
vature, and magnetic flux is critical for atomtronic devices, matter-wave interferometers,
and quantum sensors. Curvature-induced geometric potentials can create bound states 32,
41|, and the presence of a uniform magnetic field may further enrich these phenomena [41,
40].

Bose-Einstein condensates (BECs) provide a unique platform for observing quantum phe-
nomena on a macroscopic scale. They are widely studied in fundamental physics, for
instance in the dynamics of coherent matter waves, solitons, and vortices. BECs are also

relevant to emerging quantum technologies, including atomtronic circuits, interferometric
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sensors, and precision measurements of gravitational and magnetic fields. For studies of
atomic Bose—Einstein condensates, such as superfluid behavior, we refer the reader to |37,
42|, and for the so-called atomic waveguide configurations to |3]. Important steps in the
theoretical description of these configurations were reported in the pioneering work [34],
whose physical insight motivated the need for a rigorous mathematical formulation of
the problem. From a mathematical perspective, BECs motivate the analysis of nonlin-
ear Schrodinger equations and spectral properties of associated operators, especially in

confined or curved geometries.

1.4 Mathematical Background

The Schrodinger equation provides the fundamental framework for the description of micro-
scopic phenomena. Its associated operator, the Schréodinger operator, encodes the essential
features of the physical system and has therefore become one of the central objects of study
in Analysis and Mathematical Physics, both in the electric and the electromagnetic setting.
Over the years, a substantial body of mathematical tools and theories has been developed
to provide a rigorous formulation of the Schrédinger operator. These developments also
address its various generalizations and have led to the investigation of foundational ques-
tions, including the proper definition of self-adjoint realizations and a detailed analysis of

their spectral properties.

What follows is a very brief overview of some key results developed over time, encompassing
both those closely related to the specific case considered here and more general findings

within this area of research.

The Spectral Theory for the Schréodinger operator with a magnetic field has been exten-
sively studied in various settings. Early and influential contributions include the works
of Avron, Herbst, and Simon (1978) [4], who developed the theory for general vector and
scalar potentials. Significant further results were obtained by Kato in two fundamental
works. In the first, published in 1972 [26], he analyzed the Schrodinger operator with
singular scalar potentials, establishing conditions on the potential V(x) that ensure the
self-adjointness of the operator. In his 1978 work [27], he extended these results by intro-
ducing a vector potential A(z) and formulating suitable assumptions on A(z) to guarantee

that the operator remains self-adjoint.

Another notable contribution to the study of singular potentials is the work of Rozenblum
and Melgaard (2005) [46], who offer a rigorous overview of Schrédinger operators with
highly irregular potentials, effectively bridging classical results (Kato, Birman, Simon)

with more recent developments and generalizations.

A comprehensive review of recent developments concerning rigorous mathematical results
on the magnetic Schréodinger operator can be found in the work of Erdds (2005) [10], while
a survey on the spectral effects of the magnetic potential is provided in Helffer (1994) [19].
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More recent advances were achieved by Kondratiev, Maz’ya, and Shubin (2002, 2009) [31,
30], who established several criteria for the discreteness of the spectrum and for strict
positivity in L2(R") of the magnetic Schrédinger operator with a positive scalar poten-

tial. Broader results, valid on compact Riemannian manifolds, were later obtained by
Kondratiev and Shubin (2002) [31], and by Shigekawa (1987) [47].

We also highlight a very recent paper by Frank (2024) [13], addressing a broad class of
confining potentials (including the class we consider). In that work, a sharp lower bound

on the ground state energy A\ (V) is derived, together with a stability estimate.

For more general results, we refer to the work of Kieffer and Loss (2021), in which they
study the time-dependent, nonlinear Schrédinger equation in the presence of a magnetic
field [29].

1.5 Structure of the Thesis

This section provides an overview of the thesis structure, highlighting the organization
and main topics of each chapter. The thesis is organized as follows: after reviewing the
relevant physical and mathematical background, we present the linear electric analysis,

then proceed to the electromagnetic generalization.

1.5.1 Chapter 1

The first chapter of this thesis 1 provides a general introduction. In Section 1.1, the math-
ematical and physical motivations underlying this research are briefly presented; Section
1.3 focuses on the physical aspects and the most relevant application contexts; Section
1.4 offers an overview of the main results in the spectral theory of Schrodinger operators,
including some recent developments. The chapter concludes with a summary of the overall

structure of the thesis, presented chapter by chapter.

1.5.2 Chapter 2

In Chapter 2 we introduce the analytical preliminaries required in this thesis, and we
also present the magnetic framework. In particular, Section 2.1 fixes the notation used
throughout the work; Section 2.2 is devoted to Hilbert spaces. Basic definitions are given
in Subsection 2.2.1; Subsection 2.2.2 recalls the notion of compact operators in Hilbert
spaces; Subsection 2.2.3 defines the resolvent set and the spectrum of an operator; in
Subsection 2.2.4 we introduce the resolvent operator. The section concludes with the
Spectral Theorem 2.2.9, stated in Subsection 2.2.5. Section 2.3 briefly reviews the the-
ory of Sobolev spaces. After recalling the main definitions, Section 2.3.2 presents several
classical inequalities adapted to the specific setting: the Sobolev inequality (2.3.3), the
Ladyzhenskaya inequality (2.3.4), the Morrey inequality (2.3.5), together with its proof,

and an interpolation inequality in LP spaces (2.3.8). Section 2.3.3 introduces translations
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of Sobolev functions and briefly recalls their main properties, together with some useful
estimates (2.3.9), (2.3.10); the Section ends with a review of weighted Sobolev spaces in
Subsection 2.3.4. Section 2.4 presents the variational formulation of some classical differen-
tial problems. Section 2.5 is devoted to a classical H?2-regularity result. In Subsection 2.5.1,
the Calderén—Zygmund Theorem 2.5.1 is stated, and a proof adapted to the purely electric
setting is provided. Section 2.6 introduces the Hausdorff distance between two potential
wells. In Section 2.7 the electromagnetic framework is introduced. In Subsection 2.7.1 we
review the existing literature on magnetic Sobolev spaces; in Subsection 2.7.2 the magnetic
differential operators are introduced, highlighting the properties that are critical for this
work in Remark 2.7.1. In Subsection 2.7.3, the vector potential A(z) and the magnetic field
B(x) are defined; Subsection 2.7.4 recalls gauge invariance. Subsection 2.7.5 is devoted
to introducing several tools useful for handling the extension to the electromagnetic case,
including the diamagnetic inequality stated in Proposition 2.7.3 and a particular form
of Kato’s inequality stated in Lemma 2.7.4. The chapter concludes with an important

physically relevant example presented in Subection 2.7.6.

1.5.3 Chapter 3

Chapter 3 is devoted to the study of the Schrodinger operator in the purely electric case.
In Section 3.2 we introduce the operator Hy together with the confining electric potential
V(x). Section 3.3 states the basic properties of the scalar potential V (x) and a Poincaré-
type inequality adapted to the electric case is proved in Proposition 3.3.5. Section 3.4 is
devoted to the spectral analysis of the Schrédinger operator: we introduce the associated
quadratic form and determine its finiteness domain in Definition 3.4.1; we then define the

Schrédinger operator induced by this form and establish the compactness of the embedding
HY RN, V) — L*RY)

in Theorem 3.4.3, which provides a result of broader generality. Lemma 3.4.4 provides a
proof of the resolvent operator satisfying the assumptions required for the application of
the Spectral Theorem. The section concludes with the variational characterization of the
eigenvalues presented in Corollary 3.4.5, and with an explicit lower bound for the ground-
state energy (depending only on the dimension N and the radius R) given in Remark
3.4.6 (and see Proposition 3.3.5). Section 3.5 is dedicated to spectral stability, obtained by
proving two-sided bounds on the difference A\; (V1) — A (V2), where V} = Vg, and Vo = Vy,
are two potentials belonging to our class. Through an explicit estimate, we show that this
difference can be controlled by the Hausdorff distance between the potential wells 31 and
Y9, as established in Proposition 3.5.3. In Section 3.6 we prove integrability estimates
for the eigenstates: a global L°°~bound in Proposition 3.6.1, and a weighted integrability
against polynomial weights with arbitrary order of growth in Proposition 3.6.3. Section 3.7
contains Theorem 3.7.2, which establishes higher regularity for the eigenstates and yields a

rigorous description of the domain of the electric Schréodinger operator, up to the optimal
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threshold given in Proposition 3.7.3 and Remark 3.7.4. The section concludes with a
classical regularity result for the eigenstates, proved in Proposition 3.7.3. Section 3.8
presents the exponential decay of the eigenstates at infinity in the uniform norm, with an
explicit a priori bound provided in Theorem 3.8.3. The chapter concludes with Section 3.9,
dedicated to the stability of the eigenspaces. In Theorem 3.9.1 and Corollary 3.9.2 we
analyze the regime where R is close to 0, i.e., when the potential well ¥ collapses toward the
origin so that the operator should converge to the classical quantum harmonic oscillator.
We rigorously confirm this behavior by providing an explicit estimate for the distance
between the spectra and eigenspaces of the two operators, depending only on the dimension

N, the order n of the eigenvalue, and the geometric parameter R.

1.5.4 Chapter 4

Chapter 4 is devoted to the extension of the results obtained in the purely electric case to
the electromagnetic setting. The chapter follows the same structure as the previous one,
and some proofs are omitted since they can be deduced from the corresponding arguments
in the electric case. The magnetic Schrédinger operator is introduced in Section 4.2, while
the properties of the vector potential are discussed in Section 4.3 and Proposition 4.3.2
provides an electromagnetic version of the Poincaré inequality. Subsequently, Section 4.4
establishes the main spectral properties of the operator H4 . After introducing the as-
sociated quadratic form and its domain of finiteness in Definition 4.4.1, the magnetic
Schrédinger operator is defined, and the focus is placed on the discreteness of its spectrum
in Section 4.4.1. Unlike in the electric case, it is first shown in Lemma 4.4.3 that the

inclusion

HYRN; V) — HY RN V)

is continuous, thanks to the assumptions on the vector potential. This result allows the

analysis to be reduced to the electric case, yielding the compact embedding
HY (RN V) — L*RY).

Corollary 4.4.6 provides the variational characterization of the eigenvalues via the min-max
argument, and, as in the electric case, an explicit lower bound for the first eigenvalue is
established in Remark 4.4.7. Section 4.5 is devoted to spectral stability results. Proposi-
tion 4.5.2, exploiting the properties of the scalar potential, extends to the magnetic case
the two-sided bounds on the differences A, 4(V1) — Ak, a(V2), controlled by the Hausdorff
distance between the potential wells X7 and Yg. In Section 4.6, integrability results and
the exponential decay in the sup norm of the eigenstates are established, relying on Kato’s
inequality. Lemma 4.6.1 ensures the validity of the hypotheses required for the application
of this inequality. Proposition 4.6.2 provides the global L>*~bound, while Proposition 4.6.4
addresses weighted integrability against polynomial weights of arbitrary order. The section

concludes with Theorem 4.6.6, which proves the exponential decay at infinity of the eigen-
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states. Section 4.7 contains Theorem 4.7.1, which provides an H?regularity result for the
eigenstates and, consequently, a rigorous definition of the operator domain. These results
are obtained by applying the Calderén-Zygmund Theorem, which can be used thanks to
a perturbative argument based on the standard Laplacian. In Section 4.8, the stability
results for eigenspaces are extended to the electromagnetic case through Theorem 4.8.1
and Corollary 4.8.2, and it is again shown that the operator converges to the magnetic

quantum harmonic oscillator.

1.5.5 Chapter 5

Chapter 5 considers a particular geometric configuration of the potential well, namely
the S'-type well defined in (3.2.6), and analyzes the behavior as the radius R becomes

increasingly large in the electric setting.



Chapter 2

The Analytical Framework

2.1 Basic Notations

For the reader’s convenience, we collect here the main notations and conventions that will

be used throughout the thesis.

We use the notation N* := N\ {0} to denote the set of positive integers, R to denote the
real part of a complex number and (- )4 to denote the positive part. For every t € R, we

denoted its integer part by
M :max{nEZ : th}.
To denote the unit sphere in the Lebesgue space L?(RY), we use the notation

So(®Y) = {ue I2RY) ¢ ull ey =1}

2.2 Introduction to Hilbert Spaces and Operators

Hilbert spaces provide the natural setting for quantum mechanics, where physical states
are represented by vectors and observables by linear operators, and form the foundational

framework for the rigorous analysis of linear operators.

In what follows, we outline the key notions that are essential for establishing the central
result of this section: the Spectral Theorem. For a more detailed introduction to Hilbert
spaces, we refer the reader to classical references such as [9, 28, 36, 43, 45].

2.2.1 Hilbert Spaces

Definition 2.2.1 (Inner Product). Let H be a vector space over C. An inner product on
H is a map
(wy:HxH—C

satisfying, for all x,y,z € H and a € C:

10
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1. (z,y) = (y,x) (conjugate symmetry),
2. (x+y,z) = (x,2) + (y, z) (linearity in the first argument),

3. (ax,y) = afz,y),
4. (z,z) > 0 (positive semidefinite),

5. (x,z) =0 <= x =0 (positive definite).

The norm induced by the inner product is ||z|| 7 := (z,z)'/2, for all z € H. Standard results
include the Cauchy—Schwarz inequality, |(z,y)| < ||z| ||y||, and the triangle inequality,
[l +yll < ||zl + [lyll, for all z,y € H.

Definition 2.2.2 (Hilbert Space). A vector space H equipped with an inner product (-, -)

is a Hilbert space if it is complete with respect to the norm induced by the inner product.

2.2.2 Operators on Hilbert Spaces

In the context of the study of Schrodinger operators, the assumptions imposed on the
operators are motivated by physical considerations and ensure that the mathematical ob-
jects reflect the expected physical behavior. In particular, requiring the operator to have
a discrete spectrum (i.e., to be compact) corresponds mathematically to the quantization
of energy levels, a fundamental phenomenon in quantum mechanics. Moreover, assuming
that the operator is self-adjoint guarantees that its spectrum is real, as energy values must

necessarily be real to be physically meaningful.

Definition 2.2.3 (Adjoint Operator). Let T': H — H be bounded and linear. The adjoint
of T' is the unique operator T : H — H such that

(Tz,y) = (z,T"y) Vr,y € H.

Definition 2.2.4 (Self-Adjoint Operator). A bounded linear operator 7' : H — H is
self-adjoint if T' = T™*.

Definition 2.2.5 (Compact Operator). A bounded linear operator 7' : H — H is compact
if the image of the unit ball

By :={zx e H:|z| <1}

is relatively compact in H. Equivalently, T' maps bounded sequences to sequences admit-

ting convergent subsequences.
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2.2.3 Resolvent and Spectrum
Given a bounded and linear operator 17" : H — H, and given A € R and f € H, one

naturally asks for which values of A and f the equation

(2.2.1) —Au(x) + \u(z) = f

can be solved. Many problems in partial differential equations can be reduced to an
equation of the form (2.2.1). From a physical perspective, the values of A often correspond
to observable quantities (such as energy levels), and the solvability of the equation reflects
whether a given measurement is physically meaningful. For this reason, it is natural to
define the resolvent set as the set of all A € R for which the equation (2.2.1) admits a
unique solution for every given right-hand side f € H. Conversely, the spectrum of the

operator is defined as the set of all A € R for which such a solution does not exist.

Definition 2.2.6 (Resolvent Set and Spectrum). Let T': H — H be bounded and linear.
For A e R, set T) :=T — Al

1. The resolvent set p(T) consists of A for which T} is bijective; its inverse is (T — \I)~1.

2. The spectrum is the complement of the resolvent set in R: o(7T') := R\ p(T).

2.2.4 Resolvent Operators

At this point, we introduce the definition of the resolvent operator corresponding to the

problem (2.2.1) previously discussed.

Definition 2.2.7 (Resolvent Operator). For A € R, the resolvent operator R(f) : L>(RV) —
L?*(RY) maps f to the unique weak solution u = R(f) of

A=A)u=f.
Equivalently, R(f) = (A — A)~! whenever the inverse exists.

2.2.5 Hilbert Basis and the Spectral Theorem

We next present a classical and standard formulation of the Spectral Theorem, as given in
[9, Theorem VI.11].

As a preliminary step towards the formulation of the Spectral Theorem, we introduce the

following

Definition 2.2.8 (Hilbert Basis). A sequence (e, )nen in a separable Hilbert space H is a

Hilbert basis if it is orthonormal and its linear span is dense in H.

Theorem 2.2.9 (Spectral Theorem). Let T' be compact and self-adjoint on a separable
Hilbert space H. Then H admits a Hilbert basis consisting of eigenvectors of T .
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Corollary 2.2.10 (Spectral Decomposition). If T is compact and self-adjoint, there exists

an orthonormal basis (en)nen of eigenvectors with eigenvalues A, — 0 such that

Tz = Z)\n(x,en>en, Vo e H.

2.3 Introduction to Sobolev Spaces

We briefly recall the main definitions and properties of Sobolev spaces. In particular, we
focus on the case p = 2, the space WH2(Q), usually denoted by H'(2), which acquires the
structure of a Hilbert space and represents the natural setting for the study of Schrodinger

equation solutions.

For further details and proofs, the reader is referred, for example, to |7, 8, 16, 36].

2.3.1 The Sobolev Space W!?

To begin with, we introduce the definitions of weak derivative and weak gradient.

Definition 2.3.1. Let Q C RY be an open set, p € [1,+oc], and u € Li (). If there

loc
exists v; € LY () such that

loc

/uago dx:—/vigodx Vo € C°(Q),
o O Q

then the function v; is uniquely determined and is called the i-th weak derivative of the

function u(x):

ou
U oz, v
In addition, the vector
ou ou
Du—vu= (20
Y Vu 3:61 8:1,‘]\[

is called the weak gradient of the function u(x).

The definition of weak derivative is instrumental in introducing the concept of weak solution
to a differential equation, which is essential for obtaining the weak formulation of classical

differential problems.

As an example, we recall the problem previously mentioned (2.2.1). Let Q C RY be an
open set, and let A € R with A > 0:

(2.3.1) —Au(z) + Au(z) = f

where Au(z) = > " 24 Jenotes the Laplacian of u(x). A function u(z), such that both

=1 6:):?

u and its gradient Vu belong to L?(£2), is said to be a weak solution of (2.3.1) if

(2.3.2) /Vu-V(pdac—i-)\/wpdx:/fgpdx Vo € CF(Q).
Q ) 9)
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The previous identity is obtained by multiplying (2.3.1) by ¢, integrating, and then inte-
grating by parts the first term. The weak solution is sought in an appropriate functional
space: the Sobolev space W12(Q).

Definition 2.3.2 (Sobolev Space). Let p € [1,40oc] and let 2 C RY be an open set. The
Sobolev space WLP(Q) is defined as

WP (Q) = {u e LP(Q) : Vu € LP(Q)}.
This space is endowed with the norm
lullwre) = lulle) + VUl ze),
which is equivalent to the norm
1

lullwrog) = (Il gy + IVl )

The space W1P(Q) is a Banach space. In the particular case p = 2, we define
HY(Q) = Wh2(Q).
The space H'(Q) is a Hilbert space, equipped with the following inner product:
(u, v) () = (U, v)L2(Q) + Z@i% iv) L2(0)

which induces the norm

1
lullzn oy = (ulifzqy + Y- 10ul3ega) )

2.3.2 Sobolev-type Inequalities

At this point, we recall some well-known Sobolev-type inequalities from the literature, suit-
ably adapted to the specific framework considered in this thesis, which will be particularly

relevant in the analysis of the electrical case.

The following inequalities hold for functions in C2°(R™) and thus, by density, for the whole
space H'(RY), as well:

o for N > 3 the Sobolev inequality

* 2*
(2.3.3) TN </ ]u\2 dm) S/ |Vu\2dx;
RN RN

where



CHAPTER 2. THE ANALYTICAL FRAMEWORK 15

see for example [39, Chapter 2, Section 3.5|;

e for N = 2 the Ladyzhenskaya inequality

a=2
(2.3.4) Ly / |ul?dx < (/ |Vul|? dac) ’ (/ \u\zdac) ,
R2 R2 R2

for every 2 < ¢ < oo. For the special case ¢ = 4, which is actually the original
Ladyzhenskaya inequality (see [33]|), we know that we can take £4 = 7 (see [35,
equation (1.11)]);

e finally, for N = 1 the Morrey inequality

1 1
1 2 3
(2.3.5) 5 Nl ey < </ |u/|2dx) </ |u|2d:6>
R R

This result can be readily obtained from the Fundamental Theorem of Calculus. We

include a brief proof for completeness.

Proof. Let u € C°(R). By the Fundamental Theorem of Calculus, one has

(2.3.6) w(z)? = / S 2y e

oo dt
(2.3.7) = /z u(t) u'(t) dt.

—0o0

Taking absolute values, we obtain

)P <2 [ futo) o) .

—00
Applying the Cauchy—Schwarz inequality to the right-hand side yields
u(@)* < 2 ||ull L2y 1] 22wy -
Taking the supremum over « € R gives the desired estimate. O

Finally we recall a simple interpolation result in LP spaces. For further details see for
example |7, Problem 1.7.22]

Lemma 2.3.3. Let u € L"(RY) N LIRN), with 1 <r < ¢ < co. Then u € LP(RY) for
everyr < p <q, and

(2.3.8) el oy < lull vy Tl b,

for some 6 € (0,1).
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Proof. We restrict our attention to the case of finite exponents, i.e., ¢ < co. Let r < p < q.
Then there exists a € (0,1) such that

p=aq+ (1—a)r.

From this, one easily obtains

p—r
o= .
q—r
Applying Holder’s inequality with the conjugate pair of exponents (é, ﬁ), we get

by = ( [ o)™ = ([ wierst-or )
< (/RN |ul? dx)a/p (/]RN lul" da;>(1_a)/p_

This can be rewritten as

rp—r 949—p
lull ey < lll2 g, el

Define
rp—r

0 .= — ,
bpg—r
so that
1—g=99170
bpg—r
Substituting, we obtain the desired inequality (2.3.8). O

Remark 2.3.4. In the specific setting of this thesis, we consider the exponents

(r,q) = (2,2%),

yielding

—0 0
lull ey < lll oty el vy

2.3.3 Translations of Sobolev Functions

Now, we recall some basic properties of translations for Sobolev functions, which are a
useful tool in several results in the purely electric case. In particular, the results reported
here will be used to prove the compactness result of Theorem 3.4.3 and the H? regularity
of eigenfunctions in Theorem 3.7.2. A notable application appears in the proof of the

Calderon—Zygmund Theorem 2.5.1.

Let u € L _(RYN). For any vector h € RY, we denote the translation of u as

mu(z) = u(z +h), x€RY,
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and the corresponding difference by
pu(z) = hu(z) — u(z) = u(x + h) — u(x).

Translations are continuous in the L?-norm, i.e.,

1

‘}IL‘ ”ThU—UHL2(RN) = 0.

m
—0
The derivatives of u behave naturally under translations:

Oi(thu) = T (Ou), Vi=1,...,N.

This is also valid for the weak derivatives. For u € W12(R"), a difference can be estimated

via the gradient:

(2.3.9) IThu = ull 2way = [0null 2way < (A VUl p2@ay-

The last tool we report rely on the result presented, for example, in [38, Lemma 4.5|, which
we rewrite here adapted to the context of this thesis. We take h = hey for h € R\ {0}
and k € {1,...,N}, F € L2(R") then introduce the following semi-discrete integration by

parts formula

1
(2.3.10) / OhepF Ope udr = —h iéheku (/ F(x —|—thek)dt> dx.
RN RN af]fk 0

Let us set for simplicity

W(z) = /01 F(zx+they)dt,

by using that F € L2(R™) we get that W € L2(RY), as well. Moreover, by Jensen’s

inequality and the translation invariance of LP norms, we have

2 _
Wy = [

1 1
g/ /|F(x+thek)|2dtdx:/ </ |F(m+thek)|2d1:> dt = || F||Z2gwy-
RN JoO 0 RN

2.3.4 'Weighted Sobolev Spaces

2

1
/ F(x+theg)dt| dx
0

In this subsection we introduce the concept of weighted Lebesgue spaces, which will serve
as a preliminary tool for defining the corresponding weighted Sobolev spaces. The latter
play a central role in the analysis developed in this thesis, since the Schrodinger operator
under consideration is perturbed by the presence of an electric scalar potential. From a
mathematical point of view, the domain of the quadratic form associated with the operator

will therefore be characterized as the intersection between the Hilbert space H' and a
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suitable weighted Lebesgue space, as will be shown later. This intersection gives the
weighted Sobolev space. For a more detailed introduction to weighted Sobolev space, we

refer the reader to classical references such as |1, 39].

To this end, we begin by recalling the definition of a weighted Lebesgue space.

Definition 2.3.5 (Weighted Lebesgue Space). Let w : RY — [0,00) be a continuous
function such that w(xz) > 0 everywhere. For 1 < p < oo, the weighted Lebesgue space is
defined by

LP(RY;w) = {u measurable on RY : / lu(z)[Pw(x) de < oo} .
RN

The associated norm is given by

1/p
el v = ( [ tutwrut) dx) .
]RN

For p = 0o, we set L>®(RY;w) = L>®(RY).

Here measurability will always be intended with respect to the N—dimensional Lebesgue

measure.

2.4 The Variational Formulation

In this type of research, variational methods are employed both in the purely electric and
in the electromagnetic case. The variational method offers a natural framework for the
study of self-adjoint differential operators, particularly those of elliptic type. It is based on
associating to a classical differential problem an energy functional whose stationary points

coincide with the solutions of the Euler-Lagrange equation of the system.

Let H be a real or complex Hilbert space, and let
a:HxH—R

be a continuous and coercive bilinear (or sesquilinear) form. The associated quadratic form

is defined by Q(u) = a(u,u), and the corresponding energy functional is
J(u) = 3a(u,u) —I(u),

where I(u) = (f,u)y for every f € L*(RY). The variational problem consists in finding
u € H such that
J'(u)(v) =0 YoveH,

or equivalently,
a(u,v) =1(v) Yve H.



CHAPTER 2. THE ANALYTICAL FRAMEWORK 19

This weak formulation allows one to extend the notion of solution to functions of lower
regularity and, under standard assumptions, to ensure existence and uniqueness via the
Lax—Milgram theorem (|16, 1]).

For the stationary Schrédinger equation
Hylu) = —Au+V(z)u=Au, NER
with scalar potential V : RV — R, the associated bilinear form is

a(u,v) = Vu-Vudz —I—/ Vuvdex,
RN RN

and the corresponding quadratic form is

Q(u):/ Vu\zdac—i—/ Viul? da.
RN RN

Let J : HY(RY;V) — R be the energy functional associated with the form

() = a(u,u):/ |Vu|2dﬂc+2/ V(:L‘)|u]2d:r—)\/RN uf? da.

RN RN

To obtain the eigenvalues A\, we use the normalization condition
2 2
(2.4.1) Hu||L2(RN) = /RN |u|*dx = 1.

Introducing a Lagrange multiplier A for this constraint, one can define the Lagrangian

functional
(2.4.2) L(u) = alu,u) — )\/ lu|? d,
RN
whose stationarity condition
(2.4.3) L(u) =0 <= a(u,v)= )\/ wode Vv e HY(RY),
RN

exactly reproduces the variational formulation of the stationary Schréodinger equation. In

this way, the energy functional can be written in the general form
(2.4.4) J(u) = a(u,u) — l(u),

where I(u) := X [ [u[*dz plays the role of the linear term in the theory of bilinear forms.

The stationary points of J are precisely the weak solutions of the corresponding FEuler—
Lagrange equation, namely
—Au+V(z)u = Au,
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that is, the eigenfunctions of the Schrodinger operator with potential V' associated with the
eigenvalue A. The operator Hy is self-adjoint with respect to this form, a fact guaranteed
by the theory of closed, semi-bounded forms (|28, 43|), and its analysis can be entirely
conducted in variational terms. The addition of a vector potential A : RV — R leads to

the magnetic Schrodinger operator
Hay = (V+id)>+V,

which can be interpreted as a variational perturbation of Hy through the covariant deriva-
tive V4 = V 4+ iA. In both cases, the variational formulation is a fundamental tool for

studying the existence, regularity, and spectral properties of solutions.

The eigenvalues of such operators admit a wvariational characterization in terms of the
associated quadratic form and can be obtained via a min-maz principle, ([43, 28]). In
particular, if the discrete spectrum is non-empty, the eigenvalues arise as critical values of
the energy functional restricted to subspaces of increasing dimension, without the need to
impose explicit orthogonality conditions among the eigenfunctions. The min—max principle

is expressed as

Ap = V[i/nfv sup %
dim%/:n ulgé%/ HUHLQ(RN)

The first eigenvalue follows from an associated minimization problem, as will be shown in
Remark 3.4.6.

This characterization provides a unified description of the discrete spectrum and constitutes
a powerful tool for the study of Schrodinger-type operators, in the electric and magnetic

case.

2.5 Regularity Estimates

In this section, we recall a classical result that is instrumental in establishing the second

order regularity of solutions to elliptic equations.

2.5.1 Calderon—Zygmund Theorem

To prove the H2-regularity of the eigenfunctions, we rely on a fundamental elliptic reg-
ularity theorem due to Calderén and Zygmund. This result ensures that, under suitable
assumptions on the data, weak solutions to elliptic equations enjoy higher regularity, which
in the electric setting also leads to the classical regularity of the eigenfunctions. In what
follows, we present a proof of the Theorem in the case p = 2, which is the setting relevant
for our purposes. This argument, developed for the purely electric case, will be recalled in
Section 3.7. In the electromagnetic setting, a closely related line of reasoning is adopted,
applied to the standard Laplacian. Indeed, the magnetic Laplacian can be understood as

a perturbation of the standard one, which allows the use of the Theorem, although the re-
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sulting procedure differs in certain aspects. For the clasical Calderon-Zygmund estimates

see, for example, [16, Theorem 9.9].

Theorem 2.5.1 (CalderonZygmund). Let u € WY2(RY) be such that
/ (VuVy) dx = / Fodr Yo € WH2(RY)
RN RN

where F € L2(RN). Then u € W22(RV).

Proof. The proof employs the classical Nirenberg—Stampacchia method, using a discrete

differentiation of the equation. We set
—Au=F e L*(RY),
thus the function u weakly solves the Poisson equation, i.e.

/RN<VU, V) dr = /RN F pdz, for every p ee WH2(RY),

By a simple change of variable, for every h € R \ {0} we have that m,u satisfies
/ (V(mu),Ve)de = / ™mF pdx, for every ¢ € HY(RN; V).
RN RN

We subtract from this equation the one satisfied by u and then take the test function

@ = dpu. This yields

(2.5.1) / \5hVu]2dw—/ OnF dnudx.
RN RN

From equation (2.5.1) with h = h ey, using the semi-discrete integration by parts formula
(2.3.10) we thus get

/ \6hekVu|2d:v:—h/ W e, (3‘) dz.
RN RN Tk

By applying Holder’s inequality, this in turn gives

ou
5h er (971716

|18Vl do < il W22

L2(RN)

The Hessian term on the right-hand side can now be absorbed in the left-hand side: indeed,

by Young’s inequality, we have

ou ||?

|2
Ohe, =
h k@xk

2 ’

L2(RN)

1
2 2
(2.5.2) /]RN |0h e, Vu| dz < HWHL2(RN) + B
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and then we notice that

2
L2(RN) B /RN

S/ \Vu(z + hey) — Vu(z)? d:c:/ 0 e, Vu|? da.
RN RN

2

ou de

ou ou
6h er aiévk

Thus, from (2.5.2) we get
[ e Tl o < 2 W ey < I 1P, = WP 1 = V el zagu

By dividing everything by |h|? and appealing to the characterization of Sobolev spaces in
terms of finite differences (see [17, chapter 8|), we get the desired regularity for w. O

2.6 Geometric Tools

In this section, we introduce a geometric tool that will be useful in the subsequent analysis.

2.6.1 Hausdorff Distance between Sets

We recall the definition of the Hausdorff distance between sets, which, depending on the
context, will be reformulated in terms of the distance between two potential wells ¥ and
Y9. This particular kind of distance provides a fundamental tool for the study of spectral

stability problems in section 3.5. In what follows, we denote by

(2.6.1) distg (X1, X2) = max {max dist(z, 39), max dist(y, 21)} ,
x€eX YyEXo

the Hausdorff distance of the two compact sets 1,39 C RV,

2.7 The Magnetic Framework

This section recalls the theoretical background necessary to address the magnetic case. We
briefly review the theory of magnetic Sobolev spaces and magnetic differential operators,
outlining their key properties and introducing the technical tools needed for the subsequent
analysis. In particular, we discuss the diamagnetic inequality and a specific Kato-type

inequality. This inequality allows the problem to be effectively reduced to the electric case.

2.7.1 Magnetic Sobolev Space

Following the existing literature, we briefly recall the functional framework of the magnetic
Sobolev space HY(RY) (see, for example, [36, Section 7.19)]).
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For any vector potential A whose components satisfy

A; € LE (RY),

loc

it is natural to define the magnetic Sobolev space
HY(RY) = {u € L2(RY) : (9; +iAj)ue LXRY), j=1,.. N}

equipped with the norm induced by the inner product
N
(u1,ug) 4 = (w1, ug) 2@y + Z (9 +iAj)ur, (05 + iAj)uz) 2y -

J=1

We note that Vu and Au are not assumed to belong separately to L?(RY); these issues

will be discussed later, whenever required. Instead, we notice that Vu € LIQOC(RN ).

2.7.2 Magnetic Differential Operators: V4, and Ay

We denote the magnetic gradient and Laplacian as

Va=V+iA=(01+iA1,...,0n +iAnN),

and
N
Ay == (05 +i4))?,
j=1
which can be expanded as
(2.7.1) —(V+iAd)? = —A —2iA-V —idiv A+ |A]%

Remark 2.7.1. For the purposes of the present study, the following observations are use-
ful. The magnetic gradient is not translation-invariant, unlike the standard gradient. The
magnetic Laplacian Ay is a second-order differential operator with variable complex coef-
ficients and its expanded form reveals that A4 can be interpreted as a perturbation of the
standard Laplacian . These features constitute some of the main challenges in extending

results to the electromagnetic case, which requires suitable adaptations in the proofs.

2.7.3 Magnetic Field and Vector Potential

From the physical standpoint, the operator —A 4 accounts for the kinetic energy, whereas
the function V' (z) describes the potential energy of the quantum system. The terms involv-
ing A(x) encode the effect of the external magnetic field B(x) on the quantum system. In
dimension N = 3, the magnetic field is given by the curl of the vector potential, B = V x A,
and is thus represented by a vector field in R3. In dimension N = 2, the curl reduces

to a scalar quantity, so that the magnetic field can be identified with a scalar function
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B = 01 A3 — 02 A;. For higher dimensions N > 3, it is more natural to employ the language

of differential forms: the magnetic potential A can be regarded as a complex-valued 1-form,

N
A= Z A]’ de,
j=1
and the corresponding magnetic field is the exterior derivative of A,
B =dA = Z (82143 — @Al) dx; A d.%’j,
1<i<j<N

that is, a 2-form encoding the components of the magnetic field in the higher-dimensional
setting (see |5, Chapter 5]).

2.7.4 Gauge Invariance

It is worth recalling that the magnetic Schrodinger operator is gauge invariant. More

precisely, two vector potentials A and A; related by
A1 =A + VX,

where y : RV — R is a sufficiently regular scalar function, generate the same magnetic
field, since
31:VXA1:VX(A+VX):VXA:B

(for N = 3), or equivalently By = dA; = dA = B in the differential-form formulation
valid for general N. This implies that the two operators H 4y and Hy4, v have the same

spectrum for any scalar potential V(x) (for example, see |5, section 5.4.2]).

2.7.5 Analytics Tools

We now present a computational Lemma, which will play a role in the forthcoming proofs,

giving a Leibniz-type formula for the magnetic gradient of the product of two functions.

Lemma 2.7.2 (Leibniz—type rule). Let A € L2 (RY;RY) and let u, f € HY(RN). Then

loc

we have

Valuf)=fVau+uVf=uVaf+ fVu

Proof. The proof is by direct verification, using the definition of magnetic gradient. O

At this point, we introduce two inequalities that will be useful in the following, necessary
to handle certain difficulties arising in the generalization from the purely electric case to

the electromagnetic case.

A fundamental tool in the study of magnetic fields is the diamagnetic inequality. This

inequality is used to bound the kinetic energy of a quantum system in the presence of a
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magnetic field and shows that the introduction of a magnetic field increases the system’s
kinetic energy—a quantum effect related to diamagnetism. The following Proposition is
proved in [36, Chapter 7, Theorem 7.21]:

Proposition 2.7.3 (Diamagnetic Inequality). Let A(x) : RV — RN be such that A;(x) €
LE (RN), and let u(z) € HY(RY). Then |u(z)| € HY(RY), and the diamagnetic inequality

(2.7.2) V]u|(2)] < [Vau(z)]

holds pointwise for almost every x € RV,

For further developments of diamagnetic inequality we also refer to the work of Rozen-
blum and Melgaard [46, Chapter 9, section 9.2|. The diamagnetic inequality is equivalent
to Kato’s distributional inequality (see [5, Chapter 5, Section 5.3]) proved by Kato in 1972
in its most general formulation for elliptic operators in [26, Lemma A]. In this work, we
present a version for the Laplacian adapted to the electromagnetic framework. We state
the lemma below; for the proof, the reader is referred to Kato [26, Section 5] or to Reed
and Simon [43, Theorem X.27].

Lemma 2.7.4 (Kato’s Distributional Inequality). Let

N

Ag =) (05 —i4;(x))?,

Jj=1

where the components Aj(z) are real-valued functions in C1(RN). If both u and A gu belong
to Li

lOC(RN), then the following inequality holds in the distributional sense:

(2.7.3) Alu(@)] = R (sgn u(@)) Aau()]
where -
sgnu = |%|’ #ourd
0 i u=0.

For further developments and generalizations of Kato’s inequality, including its rela-
tivistic extensions, we refer to the works of Hess, Schrader, and Uhlenbrock [21, 22|, of
Rozenblum and Melgaard [46, Section 4.3| as well as to those of Hiroshima, Ichinose and
Lérinczi [23].

2.7.6 A Physically Relevant Configuration

The precise assumptions on A(z) will be stated later; they are sufficiently general to
encompass the case of a non-trivial uniform magnetic field, such as the physically relevant

configuration determined by the vector potential

(2.7.4) A(z,y,2) = 3(=by, bz, 0),



CHAPTER 2. THE ANALYTICAL FRAMEWORK 26

in dimension N = 3, with A € C>°(R3,R?). This vector potential generates the uniform
magnetic field

B=VxA=(0,0,b),
with b > 0. In the physics literature, the vector potential defined in (2.7.4) corresponds to

the so-called symmetric (or Lorenz) gauge.



Chapter 3

The Electric Case

3.1 Introduction to the Electric Case

In this chapter, we consider the Schrédinger operator in the purely electric case. First,
we introduce the main properties of the class of potentials under consideration. Then, we
study some spectral properties as well as qualitative features of the eigenfunctions, in par-
ticular their elliptic regularity, integrability estimates, and exponential decay. Moreover,
we provide stability estimates for the spectrum in terms of the Hausdorff distance, con-
cluding the section with a quantitative estimate of the distance between the eigenspaces

and those of the quantum harmonic oscillator.

Special attention is devoted to the dependence of certain results on the specific geometric
configuration of the potential well X. Most of the results are obtained via the weak vari-
ational formulation of the problem. Classical tools from functional analysis are employed,
including translation techniques for Sobolev functions and their properties, standard ellip-

tic regularity theorems in H?, and iterative methods a la De Giorgi and Moser.

3.2 Definition of the Operator

We consider the elliptic operator
(3.2.1) Hox[V] i= —AV +w? Vg T,
where Vy has the following peculiar form
2 N
Va(x) = (dist(:z:, Z)) , for every x € R™,

and ¥ C RY is a compact non-empty set. In particular, Vs is a confining potential, in the

sense that

(3.2.2) lim  Vs(z) = +o0.

|z| =400

27
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We point out that H,, x; is self-adjoint and non-negative in L?(RN), so for its spectrum we
have that o(H,,x) C [0, +00).
For every such a set X, also called potential well, we will associate the following geo-

metric parameters

(3.2.3) 0y, = min |z and Ry = max|xz|.
€N €Y

If no confusion is possible, we shall write V = Vx,, § = dx, and R = Ry for simplicity. We

observe that by definition we have that ¥ C Bgr(0). This fact implies that we have the

estimates

(3.2.4) V(z) < |z —7% for every z € RY and 7 € %,
and
(3.2.5) V(z) > (lz| — R)3, for every x € RY.

The case R = 0 is peculiar: indeed, in this case we have ¥ = {0}. Accordingly, the
confining potential is given by V(z) = w?|z|?> and our Schrédinger operator boils down
to the classical quantum harmonic oscillator (see for example [14, Example 4.2.1] or [52,

Chapter 8, Section 3| for the spectrum of this operator).

Example 3.2.1. Apart for the case ¥ = {0}, we will be interested in considering
(3.2.6) Y =Sg={2=(x1,22,23) €R® : 2] + 23 = R* 23 =0}, R >0,

for which we have d5; = Ry, = R, or more generally the torus
(3.2.7)

2
Y=T,r= {x:(xl,xg,xg)eRg : <\/x%+x%—R—|—r> +x§:7"2}, 0<2r<R.

Observe that the latter reduces to the former, when r = 0.

Remark 3.2.2 (Reduction to the case w = 1). For simplicity, we will always normalize

the physical constant w # 0 to be 1. Accordingly, we will write
Hs V] :=Hi1x[V] = —AV 4V U.

Actually, this is not restrictive, since one can always reduce to this case by a scale change.

Indeed, observe at first that for every t > 0 and ¥ C RY non-empty compact set, we have

1
dist(z, X)) = . dist(tx,t %), for every x € RY.
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Thus, if for a smooth function U we set Wy(x) = V(tx), we get

2

Ho s[W4](2) = £2 | —A(t2) + j—? (dist(:c, 2))2 \If(tx)]
= {2 -—A\I’(t x) + 0;42 (dist(t z,tE))z U(t ac)]
_ 2 [—Awia) + ‘;f Vis(tz) xp(m)] = 2 My [V (t2).

By making the choice t = \/w for the scale parameter, we get that
U is an eigenstate of Hy /5 — V /5 is an eigenstate of Hy x.
Accordingly, we also get the following relation between the eigenvalues

Ae(w? Va) = w AV s)-

3.3 Properties of the Scalar Potential

This section is devoted to the introduction of the basic properties of the scalar potential.

We start with the following two technical lemmas of general character.

Lemma 3.3.1. The potential V' is a locally Lipschitz function such that we have

—_1\?

(3.3.1) || (U > < V(x), for every o > 1, x € RNV \ B,(0),
o

and

(3.3.2) V(z) < 4|z, for every x € RV \ Bs(0),

where 6, R are defined in (3.2.3). In particular, we have
1 N N
(3.3.3) v € LP(R™ \ Bsr(0)), for every o > 1 and p > 5

Proof. From (3.2.4), by arbitrariness of Z € ¥ and recalling the definition of §, for every
x € RN\ Bs(0) we have
V(z) < (|2 +6)* < 4z,

and the upper bound (3.3.2) follows. From (3.2.5), for every o > 1 and every x € RV \

B,r(0) we have
2

Vi) 2 (el - 17 2 (o] - '“’")2-

This gives the lower bound, as well. The claimed integrability of 1/V now easily follows
from that of 1/|z|%. O
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Remark 3.3.2. For later use, we also record another couple of pointwise estimates on V.

By (3.2.4) and Young’s inequality, we get in particular
2 1 —12 N _
V(z) < (14e¢)|x|” + 1—1—5 |z|°, for every x € R and T € X.
By mintmizing with respect to © € X, this yields
2 L\ o N
(3.3.4) V(z) < (1+e¢)lz|*+ <1 + 5) 0%, for every x € R™.
Moreover, for every e >0
2 2 1 2
lz|* < (14¢) (Jz| = R)L + (1—!—5) R”.
By using (3.2.5), we thus obtain
1
(3.3.5) lz]? < (1+¢e) V() + <1 + ) R?, for every z € RN, ¢ > 0.
€
Lemma 3.3.3. Let o € L2 _(RN)N L2RYN; V). Then

loc

¢ € LY(RY), for every

< qg<?2.
N+2 1

Proof. For every o > 1 and every 2N/(N + 2) < g < 2 we have by Holder’s inequality

/ |7 dz < | Byr(0)]'~3 </ Isoﬁd““">
BaR(O) BUR(O)

On the other hand, again by Hélder’s inequality we get

q
2

q 2—q
2 1 2
/ otrae < ([ ViePds) ([ -~ du
RN\ B, r(0) RN\ B, r(0) RN\B,g(0) V'2-4
We now observe that
> 2N <~ a > N
17 N2 2_¢~ 2
By Lemma 3.3.1, the last integral is finite. O

The weighted L? space does not depend on the particular potential V, under our

assumptions. More precisely, we have the following

Lemma 3.3.4. We have
L (RY) N L2 (RY; V) = L, (RY) N L*(RY; |2]?).

loc

Moreover, we have:
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e for every o € L2 _(RN)N L2(RY; V) and every o > 1

loc

2
(3.3.6) / 2|2 |o|? dz < 0% R / lp|* dx + <0> / V ||? da;
RN Ban(0) o1 Jensano

e for every p € L2 (RN) N L2(RY; |z|?)

loc

/ V\g0|2dx < <maxV> / g0|2dx+4/ |95’2‘90|2d55-
RN Bs(0) Bs(0) RN\B;(0)

Proof. The proof is straightforward, it is sufficient to decompose the integral for every

o > 1 as follows

/ 22 ? da = / 2l of? da + / 2l? o de,
RN Bo’R(O) RN\BO'R(O)

and then use (3.3.1). The second estimate can be proved similarly, by using (3.3.2): we
leave the details to the reader. O

In the following, we present a simple Poincaré-type inequality, adapted to the case of a

Schrodinger operator with a scalar potential V' (z), which will be useful.

Proposition 3.3.5 (Poincaré-type Inequality). There ezists Cy,r > 0 such that for every
u € C(RN) we have

1
(3.3.7) / ]u\Qde/ \Vu|2dx+/ V ul? de.
Cn,rR JrN RN RN

Moreover, the constant Cn g has the following properties

CN,r
R2 < +00

lim Cnypr>1 and 0< lim
R—0t R—+00

Proof. For every o > 1 we get from (3.3.1)

/ \u|2dx:/ |u\2dﬂz+/ lu|? da
RN BG‘R(O) RN\BUR(O)

1
< u2dx+/ V |ul? dx.
/BUR(O)’ | (0 —1)2R? Jpn u

For N > 3, we can use Holder and Sobolev inequalities (2.3.3) to estimate the L?-norm.
We obtain

1
2dz < |B (|24 / ?
/RN ul dz < |Bor(O)N ullper @) + Tz ), Vel de

1
2 2
TiN ||VUHL2(RN) + m /RN V |u| d:U
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We choose .
a:1+§ so that cR=R+1.

In particular, we get

2
2 wi (R+1)? 2 2
/RN u do < S gy + [V Il

By defining

2z

(R+1)?

w
CNJ:,{ = max TN ,1 y

we get the claimed estimate.

For N = 2, we proceed similarly, by using this time (2.3.4) with ¢ =4, i.e

1
2 2 2
ul* dx < / ul“der + ————— / V |ul® dx
R2 ’ ‘ B,r(0) | ’ (0 - 1)2 R2 R2 ‘ |

1 1
< ’BO’R(O)|2 ||UH%4(]R2) + m /RQ\B - V‘u|2d$
oR

7 (0 R)? 1 9
< T HVU||L2(R2) Hu||L2(R2) + m /R? V |u|® dx.

We can use Young’s inequality on the first term, in order to absorb the L? norm, i.e.

e < T o2 2 . Vu?d
- ul” dz < B | U”L?(R?) + ) Hu||L2(R2) + m - |ul” dz,
which leads again to the claimed estimate, upon choosing o as above.
The case N = 1 can be treated similarly, by using (2.3.5) this time. The details are
left to the reader. O

Remark 3.3.6. In light of Lemma 3.5.1 and Remark 3.5.2 below, the behavior of the

constant Cn g with respect to R is optimal, in general.

3.4 Spectral Analysis

In the following, we introduce the quadratic form and determine its domain of finiteness.
This allows us to define the corresponding electric Schrodinger operator, whose spectrum
can be shown to be discrete. This property arises from the compactness of the embedding
of the weighted space H'(R™; V) into L?(R"), a result established via the Riesz Fréchet—
Kolmogorov compactness theorem for LP spaces. Finally, we present a min—max charac-

terization of the eigenvalues and we give an explicit lower bound for the first eigenvalue.

We introduce the following inner product for any ¢,v € H*(RY)n L2(RN; V)

Qvlp,¢] == /N<V¢,Vw) d:v+/RNch1/)dx.

R
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Accordingly, we also set

lellv = VOvlp,¢],  for p € H{RY)n L2 (RY; V).

It is not difficult to see that the latter is actually a norm.

First, we determine the domain of finiteness of the quadratic form. By referring to the

weighted Sobolev spaces introduced in Section 2.3.4, we can then provide the following

Definition 3.4.1. With the notation above, we define the weighted Sobolev space
HY RN, V) .= H'RY) N L2RY; V),
endowed with the norm || - ||y.

The following preliminary result will be important.

Lemma 3.4.2. The space H'(RY; V) is a Hilbert space, having C°(RY) as a dense sub-
space. Moreover, H'(RN: V) is contained in L*(RN), with continuous inclusion. Finally,
we have

H'(RY; V) = H'(RY; [2]?),

with equivalent norms.

Proof. The density of C2°(RY) follows by using standard approximation techniques. This
in particular implies that the Poincaré inequality of Proposition 3.3.5 holds for functions
in HY(RN; V), by density. In turn, this gives the continuity of the inclusion H'(R™; V) C
L*(RY). Thus, the norm || - ||y is equivalent to the norm || - || 1wy + || - 2@y 1) By
using that both H'(RY) and L2(RY;V) are Hilbert spaces, we conclude that H'(RN;V)

has the same property. Finally, we have
H'RY; V) = H'RY) N LXRY; V) = H'(RY) n L*(RY; |2*) = H'(RY; [2]?),

thanks to Lemma 3.3.4. As for the equivalence of the norms, this is a plain consequence
of the estimates of Lemma 3.3.4, together with the Poincaré inequality of Proposition
3.3.5. ]

Let us now consider the self-adjoint Schrédinger operator
Hy : D(Hy) € LA(RY) — L(RY)

defined by
HV[SO] = _A(p +V ®,
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with domain given by!

D(Hy) = {90 e H'RM;V) : —Ap+Vpe L2(]RN)}.
Then the quadratic form

Qulpl= [ IVePdot [ ViPds  torge HRY:V),
RN RN
is associated with the operator Hy , in the sense that
D(Hy) C H'(RY; V),

and

Hy[pldde = Qvlp, ¢,  for every p € D(Hy), v € H'(RY; V),
RN

see |6, Chapter 10].

In order to prove that our operator has a discrete spectrum, it is necessary to verify that its
resolvent operator is linear, continuous, self-adjoint, positive definite, and compact. Once
these properties are established, the Spectral Theorem can be directly applied to obtain
the desired result. In particular, the compactness of the resolvent operator follows from

the compactness of the embedding of the form domain into L?(RY), namely

H'RYN; V) — LXRY).

This is the content of the next result, which proves a slightly more general assertion.

Theorem 3.4.3. Let q be an exponent such that

2N
<g<2F f N >3
N2 <9 , if N =3,
1 < g < +o0, if N =2,
L 1 <¢q < +o0o, if N =1.

Then the embedding
H'(RY; V) < LURY),

18 compact.

Proof. We first prove the result for the pivotal case ¢ = 2. Then, we will show how the

!The condition on the Laplacian has to be intended in distributional sense, i.e. there exists f € L*(R™)
such that

Qulp.ol= [ Fods,  forevery p e CEEY).
RN

In Theorem 3.7.2 below, we will determine explicitly the domain ®(Hyv ).
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remaining cases can be deduced from this.
Case ¢ = 2. We have to prove that bounded sets in H'(RY; V) are relatively compact sets
in L2(RY). We just need to show that the unit ball in H'(RY; V)

F={pecH®RY;V) : |lo|v <1},

is relatively compact in L?(RY). We will appeal to the classical RieszFréchet-Kolmogorov
Theorem and proceeds as in the proof of |6, Theorem 10.6.5] (for classical results, see also
[9, 12, 36]), which concerns the one-dimensional case. We thus have to verify the following

three properties:

e the equi-boundeness in L? norm

sup ||| L2y < +00;
peF

e the equi-continuity in L? norm

lim sup ||mhe — =0;
|h|%0¢£ru he — ¢l L2 @y

e the uniform mass concentration, i.e. that for every € > 0 there exists R, > 0 such
that

sup/ o> dx < e.
peF JRN\Bg,(0)

The first condition is a plain consequence of Proposition 3.3.5, which also holds in H'(RY; V),
thanks to Lemma 3.4.2. The second condition follows because by definition and Lemma
3.4.2 we get HY(RY; V) C HY(RY), thus we can use the classical inequality for the trans-

lates of Sobolev functions (2.3.9) and ew get

I — @ll2@yy < [l [Vl 2@y < [hlflelly < |h].
Finally, for the third condition, we only have to notice that for every ¢ > 2 R, we have
from inequality (3.3.1) with o = 2
v 4 4
Lo defdwsa [ el < el < 5.
RN\ B, (0) RN\ B, (0) |z 0 0

Thus, for every € > 0, if we choose

g>max{2R,jg},

we also get the third condition of the Riesz—Fréchet—Kolmogorov Theorem. This concludes

for every ¢ € F.

the proof for the case ¢ = 2.
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Case g > 2. This is quite standard, let us give the details for the case N > 3, the other
cases being similar. By interpolation in Lebesgue spaces (2.3.8) and Sobolev inequality
(2.3.3), we have

1 \? _
el omny < | —= ) V@l @) ll@ll}alen,  for every o € HY(RY).
NS (RN) (RN)

Here 8 = (N, q) € (0,1) is the exponent dictated by scale invariance. This shows that
any sequence {p, }nen converging strongly in L?(RY) and having bounded weak gradients
in L2(RY), strongly converges in LI(R™), as well. In light of the first part of the proof,

this is enough to conclude.

Case ¢ < 2. Let {pn}nen € HY(RY; V) be a bounded sequence, i.e.

1
(3.4.1) (HgonH%Q(RN;V) + |]V¢nH%2(RN)) P <0, for every n € N.

From the first part of the proof, we know that it strongly converges in L?(RY), up to a
subsequence. Let us call ¢ € L%(RY) this limit function. By the lower semicontinuity of
the L?-norm with respect to the weak convergence, we still have o € H'(RY; V), with the
bound (3.4.1). In particular, by Lemma 3.3.3 we have ¢ € LI(RY), with ¢ < 2 as in the
statement. We then proceed as in the proof of Lemma 3.3.3: we get for every ¢ > 1 and

every n € N
/ !wn—wlqdﬂcz/ !wn—sOqu:rJr/ lon — @|?dz
RN B r(0) RN\B; r(0)

q
2
< [Bos(0)['} ( / \son—so\Qd:c)
BO‘R(O)

q 2—gq
2 1 2
+ (/ V\gon—ap\Qda?> </ - d:c) )
RN\ B, r(0) RNM\B,r(0) V 2-4¢

In particular, by using (3.4.1) and the strong convergence in L?(R™), we get for every

o>1

2—gq

1 R
limsup/ lon — plfde < (2C)1 / — dx .
n—oo JRN RN\B,g(0) V 2-q

By letting o go to +00 and using Lemma 3.3.1, we get

lim lon — @|?dz =0,

n—oo RN

thanks to the fact that ¢/(2 — ¢) > N/2. This concludes the proof. O

The following Lemma establishes the remaining properties of the resolvent operator, namely

linearity, self-adjointness, continuity, and positivity.
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Lemma 3.4.4. Let
R: L*(RY) — L*(RY), f= R(f) =,

be the resolvent operator assigning to each f € L*(RN) the unique weak solution ¢ €
H\(RN;V) C L2(RY) of
—Ap+Veo=f in RV,

Then R is linear, continuous, self-adjoint, positive, and compact.

Proof. Linearity. The linearity of R follows immediately from the linearity of the Schrédinger
operator Hy = —A+ V.

Continuity. Let (f,) € L?>(R™) be a bounded sequence, i.e. | fullp2gyy < C. Let
¢©n = R(fn). Using the weak formulation of the equation with the test function ¢ = ¢,

/ Veonl? da + / Vipnl? dz = / Fuion da.
RN RN RN

Applying Young’s inequality to the right-hand side,

we obtain

1
L 1on < Sl + el

that holds for every e > 0. Using Poincaré-type inequality (3.3.5), the term [, [|7, ®V)
can be estimated by the left-hand side. Choosing € = %, one absorbs the last two integrals,

obtaining

3 3
3 / Vnl?do + 2 / Vipnl? dz < C| full 2.
4 ]RN 4 RN

Hence |[¢n |l g1,y < Cllfallp2myy, proving the continuity of R.

Self-adjointness. Let f,g € L*(RN). Setting v = R(f) and v = R(g), the weak

formulation gives

Vu - Vodz +/ Vuwvdr = fvdz = (f, R(9)) L2mN)-

RN RN RN

Since the left-hand side is symmetric in « and v, it follows that

<R(f)79>L2(RN) = ([, R(g)>L2(RN)>

ie. R= R*.

Positivity. For any f # 0,

(R(f), [)remny = /RN |VR(f)|2d$+/RN VIR(f)*dz > 0,

since both integrals are nonnegative and cannot vanish simultaneously unless f = 0.
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Compactness. As mentioned above, the embedding
HY(RY; V) — L*RY)

is compact by the Theorem 3.4.3. Since R maps bounded sets of L?(RY) into bounded sets
of H'(R™;V), the composition with the compact embedding yields that R : L2(RY) —
L?(RY) is compact. O

By classical results in Spectral Theory (see for example [9]), we have the following?

Corollary 3.4.5. Under the standing assumptions, the spectrum of the operator Hy is
made of a countable sequence of positive eigenvalues { A, (V') }nen+ diverging to +o0o, each
one having an associated eigenstate U,, € HY(RY; V) N So(RY). The set {U, }pen+ forms
an orthonormal basis of L?>(RN). Finally, each eigenvalue has the following variational

characterization

An(V) —inf{ max / V|? dac—i—/ Vel*de -
RN RN

W C HYRY; V)
PEWNS2(RN) ’

subspace with dim W =n

and the infimum above is attained by the vector space generated by {¥q,...,¥,}.

For the variational characterization of eigenvalues, the reader is also referred to a more
general version of the Spectral Theorem, valid in the context of quadratic forms (see, for
example, [6, Theorem 10.1.5]).

Remark 3.4.6 (The Ground State). In particular, we recall that for n = 1 the above

formulation reduces to

M (V) = i Vol?d /X/2d}
1(V) @em(@%@%mm{/w' et | Vil de

Thus, as usual A\ (V') coincides with the sharp constant in the Poincaré inequality of Propo-

sition 3.3.5 and we have

1
(3.4.2) AL(V) > .
Cnr

We also recall a couple of classical facts: any minimizer of the previous minimization
problem must have constant sign, which is going to be strict by the minimum/mazximum
principle, and there exists a unique positive minimizer Wy. This is also called the ground
state of our operator. Thus, the first eigenvalue A\1(V') is simple, i.e. the corresponding
eigenspace is one-dimensional. We refer for example to [36, Theorem 11.8] for these facts.
In particular, by uniqueness the ground state Wy must inherit all the possible symmetries
of the potential well 3.

2 As customary, we repeat each eigenvalue according to its multiplicity.
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3.5 Stability of the Spectrum

In this section, we provide some estimates of spectral stability, establishing two-sided
bounds on the difference Ag (V1) — Ax(V2). Using an explicit estimate, we show that this
difference can be controlled in terms of the Hausdorff distance between the potential wells
>1 and Xs.

We start with the following spectral continuity estimate that will be useful. It guarantees
that, at least for potential wells small enough, our operator has a spectrum quantitatively

close to that of the model case V (x) = |z|?.

Lemma 3.5.1. For every n € N* we have

Van = R <V (V) <V,

where A, is the n—th eigenvalue of the quantum harmonic oscillator.

Proof. We pick a point T € ¥, by (3.2.4) for every ¢ € H'(RY; V) we have that

(3.5.1) / |Vgo|2dl‘—|—/ V|go\2da:§/ IVsolzd:er/ |z — 7 | da.
RN RN RN RN

By Corollary 3.4.5, the eigenvalues have the following variational characterizations

W C HY(RM;V) }

An (V) = inf max / \Vo|? dx +/ V|e*dx - _ )
RN RN subspace with dimW =n

PEWNS2 (RN)

and

W C HY(RN; |z|?
A, = inf max / |Vc,0|2 dx—i—/ |$!2\g0|2dx . = ( i |z]) 7
PEWNS2(RY) JRN RN subspace with dim W =n

where we recall the notation
Sa(RY) = {p € L*RY) : [loll2@ny = 1}.

Thanks to the estimate above between the quadratic forms (3.5.1), to the fact that H'(RY; V) =
HY(RY;|2|?) (see Lemma 3.4.2) and the translation invariance of the spectrum, we then
get

(V) < Ap.

Thus, we verified the upper bound.

In order to get the lower bound, we proceed similarly: it is sufficient to use (3.3.5). This

gives an estimate between the relevant quadratic forms: more precisely, for every ¢ €
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HYRYN; |2|%) = HY(RN; V) we get

/ |Vgo|2d1:+/ w2 o2 dz < (1+ ) [/ |V<,o|2dx+/ V|¢|2d4
RN RN IRN RN
1
- (1+> RQ/ lo|? da.
& RN

As before, this entails that
1 2
A < (T+e) (V) + L+ - R*.
This is valid for every £ > 0: upon choosing € = R/\/\,(V), we get

An < (\/An(V) + R)Z.

This concludes the proof. O

Remark 3.5.2. The previous estimate is quite useful for R close to 0. On the other hand,
for R very large, the estimate may be quite inaccurate, even in the case when the parameter
0 defined in (3.2.3) is large, as well. This depends on the geometry of the potential well X:
for example, in the case (here R > §)

> = Br(0) \ B;s(0) for which V(z) = min {(Jz| - R, (|| - +}

we have
lim A, (V) =0, or every n € N*,
(R (V) f Y

This can be easily seen, by observing that’ H}(Bg(0)\ Bs(0)) € HY(RYN; V) and that
Qvlogl = [ [Vpldn,  for cvery o € HY(Ba(0)\ Bs(0))
Br(0)
since the potential V' identically vanishes on Br(0)\ Bs(0). Thus, we obtain

An(V) £ Anpir (Br(0)\ Bs(0)) < Anie (Bis (0)

5 N2
B (R-é) An,Dir(B1(0)), for every n € N*.

Here, by A\, pir we intend the n—th eigenvalue of the Dirichlet-Laplacian of an open set
and we used that the spherical shell Br(0) \ Bs(0) contains a ball with radius (R — 0)/2.

Observe that the previous example does not work, in the case the potential well ¥ becomes

“very large” and at the same time “very thin”, i.e. R goes to +00 and the difference R — 0

stays bounded. Indeed, in this case it may happen that the spectrum does not trivialize: we

3We intend that functions in Hg(Bgr(0) \ Bs(0)) are extended by zero, outside of the open set.
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give an example in Section 5.

Using the Hausdorff distance recalled in (2.6.1), we establish the following continuity esti-

mate, expressed in terms of the distance between the potential wells.

Proposition 3.5.3. Let 1,5 C RY be two non-empty compact sets. We consider the

corresponding potentials
Vi(z) = (dist(z, 2;))?, for z € RV,
Then, for every n € N* we have
A (V) = An(Va)] < distar(B1, 5) max {4+ 22, 20, )

where A, is the n—th eigenvalue of the quantum harmonic oscillator.

Proof. We first observe that if distz (21, X2) > 1, the estimate trivially holds true. Indeed,
by Lemma 3.5.1 we have

We can thus assume that distg(X1,32) < 1. As in the previous proof, it is sufficient to

estimate the relevant quadratic forms. We observe that

Vi = Val = [V = Va| (VWi +V72) < distir (51, 52) (VVe +V72).

thanks to the triangle inequality. Thus, for any ¢ € H'(R™;V]) we have that

[ wetan [ V1|50|2d:v§</ Vol + [ V2|<P|2d$>
RN RN RN RN

(3.5.2) +dmmﬂ2h§b)</‘\/mwwﬁdx+:/ \/Vﬂ¢ﬁdx>.
RN RN

Observe that if ¢ has unit L? norm, we have by Holder’s and Young’s inequalities

1

2
distH(El,Zz)/ VVi gl de < disty (T, 32) </ Vl|¢|2d$>
RN =
1
Se/ Vilp? de + —— (dist(S1,52))° .
2 Jan 2¢e

Similarly, we get for 0 < e <1

. e(l—e¢ .
disty (31, 5o) /N NAT <2) /N Vs |2 da + (disty (31, 5))°.
R R

2¢(1-¢)
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By inserting these estimates in (3.5.2), with simple algebraic manipulations we get

1—
(1_5) / |Vg02da:+/ Vilpl?da ) < )] / Iwzdw/ Va |pl? d
2 RN RN 2 RN RN

2—¢ . 2
— (distg (21,2 .
T o og Wistn(ELE))
Thanks to this and the fact that H'(RY;V;) = HY(RY;V3) (see again Lemma 3.4.2), we
then get

2 2
)\n(Vl) < ﬂ

< 5 _ ¢ (diStH(El,Eg))g

= (1+2) An(Va) + (distz (21, 22))%.

1
(1-e)
By choosing
1
g = 5 diStH(El, 22),

we get

)\n(VQ) : :
5 dista (T1,2) + 5 — distz7 (X1, X9)

An(m) - )\n(‘/Q) S diStH(Zl, 22)

The eigenvalue A, (V32) can be bounded from above thanks to Lemma 3.5.1, so to get

An

By exchanging the role for Vi and Vs, we conclude. O

3.6 Integrability of Eigenfunctions

In this section we prove some integrability properties of the eigenstates ¥,,. Of course,
Lemma 3.3.3 applies in particular to any o € H 1(]RN ; V). However, we will show that this
integrability information can be considerably improved. We give at first a classical global

L estimate for the eigenstates of our operator.

Proposition 3.6.1. We have ¥,, € L®(RY) for every n € N*. More precisely, we have

the following estimate

=z

12y < My (A1)
where My > 0 is an explicit constant depending on the dimension only.

Proof. We divide the proof in three cases, according to the value of the dimension N. For

N > 2, we will use a standard iterative technique & la Moser.
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Case N > 3. For every 8 > 1 and M > 0, we define the non-negative continuous function
BMB=L i |t > M,
f,B M( ) = B—1 .
Bt~ if |t < M,
and take the function .
Foar®) = [ faas(r)dr
0

Observe that
(3.6.1) 0 < tFg(t) < [t]PH, for every t € R.

Moreover, by construction, this is a C' function with bounded derivative. In particular,
we still have
Fom (V) € H'(RY; V).

We can thus use this function as a feasible test function in the weak formulation of the

eigenvalue equation. We get

/ Fan(0,) |V, |2d:v+/ Vi, FﬂM(\pn)dszn(V)/N\Ianﬁ,M(\Ifn)dx.
R

In particular, since V' is non-negative, we get

/ Farr(0,) |V, [2de < A\ (V) /N U, Fp o (9y,) da.
R

We now introduce the function

Go(t) = /O ST dr

then the last estimate can be rewritten as

(3.6.2) / IV(Gpar0W,)|?de < My (V) / U, Fg (V) dov.
RN RN

Observe that by construction G is again a C! function, with bounded derivative. Thus
(Gparo¥,) € HY(RY) and we can apply the Sobolev inequality (2.3.3), so to obtain

2

(3.6.3) Tn ( /R (G (W) d:c) T (W) /R W ()

In order to get that ¥, € LI(RYM) for every 2 < ¢ < +o0, we define the sequence of

exponents {9; };en as follows

= 1 . = — . = _— .
790 ; 191—}—1 2 191 (N — 2)
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We then prove the following implication
(3.6.4) U, € L2Y(RY) — W, e L2V (RY).

Indeed, let us suppose that ¥,, € L?%(RY). We use (3.6.3) with 8 = 24J; — 1, so to obtain
=
TN </ |Gﬁ,M(\I’n)|2* dl’) < )\n(V) / \I/n F@M(\I’n) dx < )\n(V) / |\I,n|2792' dx.
RN RN o

We also used (3.6.1), in the second inequality. We can now pass to the limit as M goes to

+00 on the left-hand side: by observing that

2
G (t)] < 53{61 12> and m (G = 225 1757, for every t € R,

an application of Fatou’s Lemma leads to

2
2 Z_l *,Q . 2% )
Vil / 0,2 dg ) gAn(V)/ 10,2
Uk RN RN

By using that 2*9; = 29,1 and the fact that ¥,, € L2%(RY) we get ¥,, € L2V#+1(RY),
as desired. By observing that 1J; is an increasing sequence diverging to +oco and that
W, € L?%(RY) by assumption (observe that 219y = 2), we can iterate (3.6.4) as many

times as we wish, so to get
W, € LIRY), for every 2 < ¢ < +00.

We are now ready to prove the claimed L* bound. We keep the same notation as in the

previous part. We have seen that

2
2%
RN TN RN

for every ¢ € N. Observe that we used

29; —1 1

We take the power 1/(2%;) on both sides of (3.6.5), so to get

1 1 1
29, An 29, 1 29,
(3.6.6) (/ |W,, |2 Vit dx) o g( T(V)> 97 (/ W, |2V d:c) :
RN N RN

We now iterate k times (3.6.6), by starting from i = 0: this gives

k

1 Lk 1

29,41 )\n(V) = 295 219. ( 2
3.6.7 W, |20%+1 ¢ < [ Zm 7] )=0 927 / U,1%d
(3.6.7) </RN|\ x> —(m) [1o7" ([, 1w as
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Observe that

and that

lim 1912 =: Oy < +o0.

This shows that we can take the limit as k goes to co in (3.6.7). By further observing that

1
. 29k4+1
i (o) T = e

N

)

we obtain

10 ey < C ( R

By recalling that ¥,, has unit L? norm, we conclude the proof in the case N > 3.

Case N = 2. We already know that ¥, € L9(R?), for every 2 < q < oo, thanks to
(2.3.4). By keeping the same notation as before, we go back to (3.6.2) and multiply both
sides by

/ Gyt (W) da.

This yields

</R2 !V(Gﬂ,Mo\I/n)Fdx) </ ’GB,M(‘Pn)Ide>
(/ o, ,Bﬂdaz) </ Gt (0 lzdx>

where we also used (3.6.1). We apply (2.3.4) with ¢ = 4 on the left hand-side, so to get

/|G5M D dz < A </ v, |ﬁ+1dx> (/ Gyt (0 |da:>

We now take the limit as M goes to 400 and get

2 2
T <W> / 0,45 dz < Ma(V) ( |W,,| P+ da:> .
6+1 R2 R2

This time, we define the sequence of exponents {¥;};cn as follows

9o = 1, Oip1 = 20; = 20+,
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and use the above estimate with 5 = 249; — 1, again. This gives

209; — 1 2
T (72) / ‘\I,nyzﬂiﬂ dr < )\n(v) </ ‘\Ijn|219i d:c) .
19 RQ R2

%
We can now proceed as in the case N > 3 and get the desired conclusion.

Case N = 1. This is the simplest case, the required result follows immediately from
(2.3.5). O

Remark 3.6.2. By using the estimate of Lemma 3.5.1, we can also infer the following
uniform estimate

N
[Wnll poo@ny < My Ant for every n € N*,

where A\, is the n—th eigenvalue of the quantum harmonic oscillator. Observe that the

upper bound does not depend on the potential well 3.

We now record a weighted integrability result on eigenstates. Apart for being interesting

in itself, it will be useful in the sequel.

Proposition 3.6.3. For every n € N* and k € N, we have
/ |V\I’n|2 |$|2k dx + / |\Iln|2 |$|2k+2 dx < CN,n,k,R-
RN RN
Proof. We observe at first that the statement is true for £k = 0, i.e. we have
/ VU, |? dx —|—/ 0,2 2| dz < Cn g
RN RN

Indeed, we have
/ U, |2 |2)? d < +oo,
RN

directly from Lemma 3.3.4. More precisely, from (3.3.6) with 0 = 2 we have
/ \x]2]\11n\2dx§4R2/ mfny2dx+4/ V|0, |2 dx
RN B2r(0) RN\B2r(0)
<AR*+ 4, (V).

On account of Lemma 3.5.1, this gives
(3.6.8) / U, % |22 de < 4R* + 4\,
RN

In order to conclude, we will prove the following recursive gain of weighted integrability
(3.6.9)

if we have / |V\Ifn|2 |33|2kdx +/ |\Ifn|2 |:1:|2’€+2 dz < CN kR
RN RN

then we have / VO, |z[2F+2 dx —I—/ W, % |2|* M de < Cnprr as well
RN RN
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This will be sufficient to get the claimed result. Let us suppose that for a £ € N we have
/ VT, [? ]:);’\de:c+/ W2 22542 do < COxort

RN RN
Let M > 0 and let nps be a Lipschitz cut-off function such that
0<ny <1, mu=1onBy0), ny=0onRY\ Byii(0),

and
[Vu| < 1.

We then take the test function
2k+2 2
QO = \Iln |$’ + 7]M7

in the weak formulation. Observe that this is feasible, thanks to the properties of both ¥,,
and ny7. We get

/ |V\I/n2‘$|2k+277%/jdx+/ V|\I/n‘2‘l’|2k+27’]%/ldx
RN RN

V) [T P o

RN
—(2k+2)/ (YW, 2) U, |2|*F 3y da
RN
9 / (VW,, Vigar) U, 2542 1y
RN

By using Young’s inequality on the last two integrals, for every M > 0 and ¢ > 0 we get

/ VT2 22542 02, do + / V0 2 22572 o do < An(V) / U 2 | 2542 3, d
RN RN RN

+5/ VU, 1% 22203, da
RN

kE+1)2
B P oo e
RN

+5/ |V‘I’n|2|ml2k+2nﬁ/ld$
RN

1
5 [ IV P P
RN

We can take § = 1/4 so to absorb the two integrals in the right-hand side containing V,,.
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This gives

1
! / VU2 22542 02, do + / V W[ 22542 02y de < An(V) /
RN RN

- [ I a0 da

FAE4 1P [ 0Pl de
RN
+4 / (Vs |? |z 2FH2 |, 2 da.
RN
Thanks to the properties of 1y, this implies that

1
= / IV, | |z[2F+2 dm+/ V0,2 |z 2 K2 da
2 JBu(0) B (0)
(3.6.10) < ()\n _|_4) / |\I’n|2 |$|2k+2 dr
RN
+4(k+1)? / [T, )2 ||k d.
RN

We used again Lemma 3.5.1, to bound the eigenvalue. We observe that by Hoélder’s in-

equality and the fact that ¥,, has unit L? norm, we obtain

k
k+1 k
[t < ([ e plean) T < @
R R

By letting M go to +oco in (3.6.10) and using Lemma 3.3.4 for ¢ = U, |z|**!, we prove
(3.6.9). As already explained, this concludes the proof. O

As a consequence of the previous result, we also get the following

Corollary 3.6.4. For every n € N* and every 2 < p < oo we have
V¥, € LP(RY).
More precisely, there exists a constant C = C(N,n, R,p) > 0 such that
/RN VP, |Pde < C, for every R > 0.

Proof. For every 2 < p < 400, we have

VP, P da < ||, |52 / VIP |, da.
Lovriwrde <o, [ v P

By using (3.2.4) and Remark 3.6.2, we obtain

N

p—2
VP |0, [P dx < <MN)\7;*> / (|z| + R)*P | W, |* dx.
RN RN

The last term can be bounded from above, thanks to Proposition 3.6.3. O
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3.7 Higher Regularity of Eigenfunctions

This section is devoted to the study of the higher regularity of the eigenfunctions. In
particular, we establish H?2-regularity results, which allow for an explicit characterization
of the domain of the electric Schrédinger operator. Building on these results, we further
present classical regularity properties, obtained through standard H?regularity theorems,

such as the Calderén—Zygmund and Schauder estimates.
The following simple result ensures that a certain test function is admissible.

Lemma 3.7.1. For every h € RN we have

L3R N LARY; V) = L2 (RY) N L2(RY; m, V),

loc

and
H'RY; V) = H'(RY; mV).
Proof. It is sufficient to observe that
2

mV(x) = (dist( +h,5))” = (dist(z, 2 b))

Thus the potential 7,V still belongs to the same class under consideration. In light of
Lemma 3.3.4, this is enough to get the first equality. The second one follows by using the

same observation and Lemma 3.4.2. O

Our eigenstates belong to a higher order Sobolev space. This is the content of the following

slightly more general result.

Theorem 3.7.2. For f € L2(RY), let ¥ € HY(RYN; V) be the weak solution of
Hy[¥] = f.

Then we have
U e H2RY)N {w cL2RY) : Vo e L2(RN)}.

In particular, the domain of Hy is given by
D(Hy) = HX(RY) N {¢ cL2RY) : Ve LQ(RN)}.

Proof. We know that ¥ € HY(RV;V) C L?(R"), thanks to Lemma 3.4.2. We first need
to prove that

V2| U2 dx < +oo.
RN

In light of Lemma 3.3.1, it is sufficient to prove that

(3.7.1) / lz[* | U2 da < 4-o0.
RN
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This can be proved by repeating almost verbatim the argument of the proof of Proposition
3.6.3: we only need to treat more carefully the right-hand side. As before, let M > 0 and
let nps be a Lipschitz cut-off function such that

0<nvu <1, ny=1on By(0), ny=0on RN \ Bar+1(0),

and
|V’I7M‘ <1.

Upon testing the equation with ¢ = W |z|? n3,, we get
[ VP e do s [ VWP do = [ @l do
RN RN RN
—2/ (VV,z) U3, de
RN

-2 / (VU, Vi) ¥ || nyr da.
RN

By using Young’s inequality on the right-hand side and (3.3.5) with & = 1 on the left-hand
side, for every M > 0 and J > 0 we get

1 1
[ VPP agdn g [ WPt de < B [ o P de s o [P de
RN RN RN RN
5
5 [0 el s
]RN
1
+5/ ]V\I/\2|:L’|2m2wd:n~l—/ O[22, da
RN 0 JpN
+5/ V|2 x| 03, da
RN

1
w5 [ 1Vl of? 0P da
RN

If we now take § = 1/4, we can absorb the two integrals in the right-hand side containing
VU, as well as the term |¥|? |z|?. This gives

1 3
3 | VUl S [P el do < B[ ol (0P o2 [P ds
RN RN RN RN

+4/ U203, d

RN

—|—4/ |V77M\2|93|2|‘11|2d$.
RN

Thanks to the properties of 7,s, this implies that

1 3
/ ]V\II\Q\:Ude—i—/ |\I/|2|x]4d3:<(4—|—R2)/ |x]2\11\2dx+2/ 2 do
2 B (0) 8 B (0) RN RN

+4 / [T % da.
RN
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By letting M go to +00 and recalling Lemma 3.3.4, we get (3.7.1).

For the H?-regularity of the eigenfunctions, we use the Calderén-Zygmund Theorem 2.5.1.
Indeed, if we set
F=f-VVU,

then the function ¥ weakly solves the Poisson equation
—AV = F € L*(RY),
and it is possible to use the cited Theorem.
As for the domain of Hy, the first part of the proof and Lemma 3.4.2 give
D(Hy) = {w e H' RV, V) : —Ap+V 1 € L2(RN)} c HQ(RN)O{UJ cL2®RY) : Ve L2(RN)}.
In order to prove the reverse inclusion, it is sufficient to prove that
{¢ eL2RY) : Vye LQ(RN)} C L2RY; V).

This easily follows from Hdélder’s inequality

[ovwras ([ def (/RNWde)%,

thus concluding the proof. O

As for classical regularity of eigenstates, we have the following result.

Proposition 3.7.3. We have ¥,, € Cz’a(RN) for every 0 < a < 1. In particular, ¥,

loc

solves the eigenvalue equation
—AV, + VT, =\ (V) T, in RY,

in classical sense.

Proof. Let us set
F=X\,V)¥,, —V,.

Thanks to Proposition 3.6.1 and Corollary 3.6.4, we have F' € LI(RY) for every 2 < ¢ <

+00. Thus we have
~AV, = F ¢ LYR"), for every 2 < ¢ < 4o00.

By the classical Calderon-Zygmund estimates (see for example [16, Theorem 9.9]), this
implies that ¥,, € I/Vli’p(RN), for every 1 < p < 4+o00. By the Sobolev Embedding Theorem,

C

this in turn implies that ¥, € Cl’a(RN ), for every 0 < a < 1. By using this regularity

loc
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gain and recalling that V is locally Lipschitz, we can then infer that

AV, = F € C2(RY),

for every 0 < a < 1. An application of Schauder’s estimates (see for example [16, Corollary

6.3]) now gives the claimed regularity. O

Remark 3.7.4 (Maximal regularity). In general, we can not expect the eigenstates W, to
belong to C3. Indeed, let us consider the positive ground state Wy and let us suppose that
the potential V is not C at the origin: this happens for example when the potential well ¥
is given by the torus (3.2.7). We arque by contradiction and assume that ¥y € C3 _(RY).

In particular, the Laplacian AWq would be differentiable at x = 0. Since V1 is a classical

solution of the equation, we get the pointwise identity

AV,
Uy

V=xlV)+

where we also used that W1 > 0, by the minimum principle, as already observed. The
previous identity would imply that V is differentiable at the origin, while this is not the

case. We thus obtain a contradiction.

3.8 Exponential Decay at Infinity

In this section, we will show exponential decay for the eigenstates, in the sup norm. This is
quite a classical result (see for example [2, 24, 48]). Our proof is elementary and relies only
on the weak form of the equation, in conjunction with suitable test function arguments.
The result will follow by applying iterative arguments a la De Giorgi and Moser, thus the

proof is genuinely nonlinear in nature.

As a preliminary result, we start with an exponential decay in the L? norm. We pay due

attention to the constants involved in the estimate.

Lemma 3.8.1 (Exponential decay in L?). There exist an exponent a = a(N) > 1 and a
constant C1 = C1(N,n, R) > 0 such that

/RN\B o \\Iln|2da: < Oy e @loge for every o > 0.
0
4

Proof. We first observe that it is sufficient to prove that there exist o = a(N) > 1,
Ry = Ry(N,n,R) >0 and C = C(N,n, R) > 0 such that

(3.8.1) / |W, | de < Ceelose, for every o > Ry.
RN\B,(0)
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Indeed, for 0 < p < Ry we would trivially have

e~ @ log
/ Unl? dw <1< —p
RN\ B, (0) e

and thus the claimed estimate would follow by taking
C1 = max {C, efto loga} )
For every o > 0, we take the Lipschitz cuf-off function 7, such that
no=01n B,(0), 1y =1in RY\ By1(0), 0<n, <1,

and
[Vl =1 on By11(0) \ B,(0).

We then insert in the weak formulation the test function ¢ = ¥, 773). We get

/]RN |V‘I’n|2n§ + /IRN Vv |\IJn‘2,,7§ dx =\, (V) /RN |\Iln\217§ dx — 2 /RN<V\IJn,V779>779 U, dx.

On the last integral, we apply the Cauchy-Schwarz and Young inequalities, so to get

—2/ <Wxn,vng>ngxpndx§/ V\I/nPngder/ V1, |% |9, |2 daz.
RN RN RN

By inserting this estimate in the identity above and canceling out the common factor, we

get
/ VU, [ ) da < Ay (V )/ |x11ny2n§dx+/ V| W[ dx.
RN RN

In particular, by using the properties of 7,, this entails that

(3.8.2) / V|\Iln]2da:§)\n(V)/ |‘11n\2d93+/ [T, |% dax.
RN\ Bg41(0) RN\ By (0) By 41(0)\B,(0)

On account of the confining property (3.2.2), we have that there exists Ry > 0 such that

inf V>2A, for every o > Ry.
RN\By+1(0)

More precisely, by recalling (3.2.5), we easily see that we can take
(3.8.3) Ro—Ro Nn R \/2/\ + R.

Thus, for every ¢ > Ry, from (3.8.2) and Lemma 3.5.1 we get

2 [ woldr<h [ e [ W, 2 d
RN\B,y+1(0) RN\ B, (0) Bo+1(0)\B,(0)
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By decomposing

/ U, |? da :/ \\I/ny2dx+/ |U, | de,
RN\B,(0) RN\ By 11(0) Bot1(0)\B,(0)

this can be recast into

(3.8.4) / [T, % da < (1 + 1) / U, | da.
RN\B,11(0) An Byt 1(0)\Bo(0)

We set for brevity

m(o) = / U, |? da and ©=—+1.
RV\B,(0) A

n

Accordingly, the estimate (3.8.4) can be rewritten as
m(o+1) <O (m(g) —m(o+ 1)), for every o > Ry.
In turn, we rewrite this as follows

C)
(3.8.5) m(o+1) < 70 m(o), for every o > Ry.

By iterating this estimate, we get the claimed exponential decay of m(p). Indeed, it is
sufficient to observe that ¢ — m(p) is non-increasing and thus for every ¢ > Ry + 1 we

have

| o~ Ro] 0-Ro~1
m(e) < m(Ro + [0~ Ro) < (1f@) m(Ro) < <1f@> m(Ro).

This has been obtained by applying a suitable number of times (3.8.5). By recalling that
m(Rp) < m(0) =1, we then get

0 \? [1+0)\™
U, |2 dz < ( ) < > , for every 0 > Rg+ 1.
/]RN\BQ(O)‘ ’ 1+0 G

We now observe that by definition

S A+1 1
< < =: —.
“1+0 72X +1 «

1
2
Observe that « depends on the dimension N only, through the first eigenvalue A1 of the

quantum harmonic oscillator. Thus, we obtain in particular

/ 10,2 da < a2 2F0FL, for every o0 > Ry + 1.
RN\B,(0)
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By choosing
C = 2Rt

we get (3.8.1), as desired. O

Remark 3.8.2. Observe that the costant C1 is given by
Cy = max {2R0+1, oRo loga} — ofto+1,
with Ry defined by (3.8.3). In particular, we see that Cy / +00 as
R M +o0 or n — 00,
while C stays uniformly bounded, as R goes to 0.

We can now prove the pointwise exponential decay: this is the main result of this section.

Theorem 3.8.3 (Exponential decay in L>°). There exists a constant Cy = Co(N,n, R) > 0
such that

||

0<|W,(2)] < Cre” 2 082 for every x € RY,
where & = a(N) > 1 is the same exponent as in Lemma 3.8.1.
Proof. It is enough to prove a L™ — L? estimate, localized “at infinity”, i.e. an estimate
like
(3.8.6) [WnllLoe@i\B, 1 (0) < C I ¥nllL2@v\B,0),  for every o >0,

for C = C(N,n) > 0. Then, by recalling that ¥,, € L¥(R"), we would eventually get
the conclusion by joining this estimate and Lemma 3.8.1. Indeed, if |x| < 1, we would get
from Remark 3.6.2

e 2
On the other hand, if |z| > 1, then o+ 1 < |z| < ¢ + 2 for some g > 0. Accordingly, we
would get

U0 (2)] < [[WallLoe®d\B,1(0)) < C I1¥nllL2@™\ B, 0)

log a

< C Cl e ¢ 2
_loga
C\/a e e 2 7|x| log o C \/CT 7|CE| log o
< 1y s © 2 =Caylie Z,
e 2

where C is the same constant as in Lemma 3.8.1. In conclusion, we would get the claimed

estimate with constant

N
Cy :max{\/aMN)\ﬁ*,Ca\/C’l}.
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The estimate (3.8.6) can be obtained by appealing once again to a suitable Moser—type
iteration. For every pair of radii 0 < r < R and every exponent 8 > 1, we insert in the

weak formulation the test function
) = U | W ) g,
where 7, g is a Lipschitz cut-off function such that
nr.r = 0 in B,(0), nr = 11in RV \ Bg(0), 0<ngr<l1,

and

1
Ve r| = R, in Br(0) \ Br(0).

This is a feasible test function, thanks to the Chain Rule in Sobolev spaces (recall that
W, € L>®(RY) by Proposition 3.6.1). We then get

(Biﬁl)Q /RN M

2
g dr + / V|0, [P 2 g da
RN
“AV) [ 1l
RN
-2 / <v‘;[jna Vﬁr,R> Ir,R ’\I/n|6_1 v, dz.
]RN

On the last term, we use as usual the Cauchy-Schwarz and Young inequalities, so to get
—2/ (VU0 V) g W] P W, da < 5/ IV, 2 [, dae
RN RN
1
+ - / ‘vnr,RF "‘I/n‘ﬁ—i_l dx
(5 RN

4 B+1
- o,
EEmE /RN‘V’ I

1
+ g / |V777‘,R|2 |\1Jn|6+1 dx,
RN

2 2
r.R dz

which holds for every § > 0. In particular, by taking 6 = /2 we can absorb the gradient

term on the right-hand side and obtain

ot fu 71T

2
ndo+ [ VI pde <0 0) [0 g pde
RN RN

2
+ = / |V77T,R‘2|\Iln|ﬂ+1 dr.
B Jrw

We now set for brevity ¥ = (8 + 1)/2, drop the (non-negative) term containing V' and use

some elementary manipulations, so to get

2
/ VIw,| nﬁRdxgzmn(V)/ \\I/n]wnfﬂdx—i-ll/ Vg2 [0, 7 da.
RN RN RN
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We add on both sides the term
| IV |0 da.
RN
and use that
2 29 o? 2 1 9 2
/ V0, gl W] da:+/ VIw. | nTRde/ IV (1al?nr)| de.
RN RN ’ 2 RN
This gives
2
/ v (190l 1) dx§419)\n(V)/ |\I/n|219n37Rdx+10/ V0,2 [0, > d.
RN RN RN

For simplicity, we now confine ourselves to the case N > 3: the cases N =2 and N =1
can be treated with minor modifications, as in the proof of Proposition 3.6.1. Thus, we can

bound the left-hand side from below, again thanks to the Sobolev inequality. We obtain

2
2% 2%
Tn (/ (\\pnﬁnrﬂ) dx) §4z9)\n(V)/ |\Ifn\”nf,Rdx+10/ Vg W5 |*? da.
RN RN RN

Thanks to the properties of 7, g, this in turn implies that

(Lot
RN\BRr(0)

With some manipulations more, we can also obtain

(3.8.7)

1

2%9 29
/ w77 < (1019 (An(vwl 2))” / 0,27 da |
RN\ BR(0) TN (R—r) RN\ B, (0)

We now introduce the sequence of exponents

N

E3

N

1
§479>\n(V)/ |xpn|”dm+02/ 0,27 da
RN\ B,.(0) (R—=7)? Jrv\B,(0)

2 N O\
-1 =9 = —— for 4 .
Jo ) Vg1 219z (N—Q) , orie N

together with the sequence of radii

1
Ri=o+1-5;

5 for i € N,

where o > 0 is fixed. Observe that Ry = 9, Rooc = 0+ 1 and R;y1 — R; = 1/2/T!. By using
(3.8.7) with ¥ = ¥;, r = R; and R = R;41, we obtain

1 1

1
20,41 109 ' 597 29,
RN\Br, ,(0) N RN\ BRg, (0)
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Observe that we also used Lemma 3.5.1, in order to estimate A, (V). Starting from i = 0

and iterating this estimate infinitely many times, we get the desired conclusion (3.8.6). O

3.9 Stability of Eigenspaces

In this section, we provide a quantitative estimate of the distance between the eigenspaces
of the considered operator and those of the quantum harmonic oscillator. We analyze
the limiting case R — 0, that is, when the potential well 3 approaches the origin and
the operator is expected to converge to the classical quantum harmonic oscillator. We
rigorously show that this is indeed the case, by deriving an explicit estimate of the distance
between the spectra and eigenspaces of the two operators, expressed solely in terms of the

dimension NN, the eigenvalue index n, and the geometric parameter R.

We already know from Lemma 3.5.1 that

VA =R </ 2(V) <V, for every n € N*.

In particular, we get that the spectrum of our operator collapses to the spectrum of the

quantum harmonic oscillator, as R goes to 0.

In this section we want to prove a similar kind of quantitative result, for the relevant

eigenspaces.

Theorem 3.9.1. For n € N*, we set
Wy, = {¢ € HY(RYN; |z|?) : 4 is an eigenstate relative to )\n}.
Then there exists an explicit constant Cs = C3(N,n) > 0 such that
dist 2@y (Un; W) < Cs VR, for every R > 0.

Proof. We divide the proof in various steps, for ease of readability.

Step 1: set-up. We need to fix at first some notation. We call
k(n) =dimW, — 1,

then there exists an index j, € {0,...,n — 1} such that*

(3.9.1) A = = An = = Ay dm(n)

By construction, we thus have

(392) 5n = An—jn-i-li(n)—l—l - >\TL > 0.

4For n = 1, we have already observed in Remark 3.4.6 that x(1) = 0. Accordingly, in this case we have
j1=0.
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We then set

Ry — VA =/ An—ja—1
2 )

with the notation Ay := 0. According to Lemma 3.5.1, we have for every 0 < R < Ry

(3.9.3) VA 2 /- Rz Y it

Let us indicate by {®, } ,en+ an orthonormal basis of eigenstates for the quantum harmonic

oscillator. For every k € N*| we define

U, (k) = /RN U, &y, dz,

i.e. the k—th Fourier coefficient of ¥,,. We then have
(3.9.4) L= [ Walagey = S (k)2
k=1

Finally, we observe that by orthonormality

2 n—jn-l-n(n) e
(distLQ(RN)(\pn; Wn)> L 7 (ST
(3.9.5) k=nn L2(RN)
n—jin—1 0
= D |TLkR)P+ > W, (F)[? = T1 + To.
k=1 k=n—jn+r(n)+1

It is intended that the first term J; is void in the case j, = n — 1. Thus, in order to get
the claimed estimate, it is sufficient to suitably estimate the last two sums. Before going
further, we observe that it is sufficient to get the claimed estimate for R < R;: indeed, for

every R > R; we would simply get

1

< —R
_Rl )

2 Sl
(disth(RN)(\Ifn;Wn)> =h+F< Z W, (k))* =1
k=1

i.e. we have the desired estimate with C3 = 1/R;, the latter depending only on N and n,
by definition.

Step 2: high frequencies estimate. We show how the estimate of Jo can reduced to the
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estimate of [J;. By using that ¥, is an eigenstate corresponding to A, (V'), we have

)\n(V):/ |V\11n]2dx+/ V|, % dx
RN RN

2~ 1 R?
> U, ()P A\ + —— 210, 2 de — —
_;! (k)| k+1+€ IRN\fﬂl! |“dx 6
> U, (k)2 A\ — —,

_;| (k)[* Ak -

for every e > 0. In the first inequality we used (3.3.5). We estimate the series as follows

00 ) n—jn+r(n) n—jn—1
D (k)P A = > T (B)P X+ An D 1 WaB)P+ Y [Ta(k)? A
k=1 k=n—jn+r(n)+1 k=n—jn k=1
n_jn"rﬁ(n) -
> Mt T2+ An D [Ta(R) 4+ M T
k=n—jn

Observe that we used the monotonicity of eigenvalues with respect to n and the multiplicity
assumption (3.9.1). By further choosing ¢ = R and subtracting \,, up to now we have
obtained

n_jn+fi(n)
(3.9.6)  (A(V) = An) + R > Xy nn)+1 T2 + An S TEP 1| + M5
k=n—jn
Thanks to (3.9.4), we can write
n—jn+r(n) g
Yo kP -1=-T - 2.
k=n—jn

By injecting this identity in (3.9.6), we get

R+ ()‘n(v) - )‘n) + ()‘n - )‘1) Vi ()\n—jn+f'€(n)+1 - )\n) Ja.

Finally, by recalling (3.9.2) and Lemma 3.5.1, we arrive at the estimate

R =X\
(3.9.7) PR

T > T2,

which concludes this step. The previous estimate holds for every R > 0.

Step 3: low frequencies estimate. We now estimate the finite sum 7;. We will derive some

“almost orthogonality” relations. Indeed, by using first the equation for ®; and then that
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for ¥,,, we get

T, (k) _/RN U, B, da = N(V<I>k,V\IJn>dac+/RN 2% &y, \I/nd:r]

I
—

(V®;,, VU, dz + | V&, T, daz}

N RN

_|_
F x| -

S35

(Jz]* = V) @ U, da

N

1
V) Uy, Dy dr + — (Jz|* = V) @4 U, dz
RN Ak JrN

Q@’
3

An(V) — | )
= n(k) + — — V)P, U, dx.
)5 [ V) 8y, o

We thus have the following estimate
e = (V)] [T ()] < /RN 22 = V| |04 |9, da.

By recalling (3.9.3), for k=1,...,n — j, — 1 and R < Ry we have

2
Mn(V) = Mg > (m+ VQA"J'“)

— )\n—jn—l =l QnNn > 0.

Ak = (V)| =
We thus obtain for k=1,...,n—j, —1and R < R,

1 1
) < o ([ e viimpae)” ([ P - viiwpa)
aN7n RN RN

We show that the last two terms can be controlled in terms of R. Indeed, from (3.3.4) and
(3.3.5), we have

R2 1
P E v P <P+ <1+) 2,
1+¢ € 5

for every € > 0. Thus, we get in particular
2 € ., R 2 L\ o
|V(m)f|x| ‘gmax — x|+ —elz[*+ [ 1+ - | ;.
1+e € €
We choose again € = R, so that
R+1 R

2
(3.9.8) |V(z)— |z|?] ngax{W+1,|x12+(R+1) (5> }SR(|x2+R+1).

Finally, we get for k=1,...,n —j, —1and R < R;

B B : )
T (k)| < (/‘|xﬂ@u%m+wR+em) (/‘|xﬂwnﬁdx+cR+1Q .
RN RN
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In conclusion, we get

2 n—jn—1

(3.9.9) 71 < a{j (/RN 2|2 |W,|? dz + (R + 1)> Z </RN |z|? | @ |? dz + (R + 1)) ,

Nmn k=1

for every R < Rj.

Step 4: conclusion. By joining (3.9.5), (3.9.7) and (3.9.9) we get for every R < Ry

2
(disth(RN)(\I’n; Wn)> =T+

An — A
+<1+ 3 1> J1

R? An — A
+ <1+ 1> (/ |:L‘|2|\I/n|2d:v+(R1—|—1))
OéNm (571 RN

n—jn—1

« ; (/RN ]2 |2 d + (Ry +1)> .

In order to conclude, we only need to observe that for R < Ry

<

IN
SR IR

/ 22 | @, )2 de < 4R? + 4\,
RN
thanks to (4.6.1). Thus, we eventually get the desired estimate. O

With a little extra work, we can improve the metric of the previous stability estimate.
Corollary 3.9.2. For n € N*, we still set
Wy, = {1/1 € HY(RY;|z|?) : ¢ is an eigenstate relative to )\n}.
Then there exists an explicit constant Cy = C4(N,n) > 0 such that
diStHl(RNﬂzP)(\I/n; Wh) < Cy VR, for every R > 0.

Proof. With the previous notation, let us set
n—jn+r(n)
o= Y Uu(k) Dk € W,

k=n—jn

We thus have
2
(distHl(RN.W)(\pn;Wn)) g/ VY, — vq>y2dx+/ 2| |W,, — ®|* d.
’ RN RN

As above, on account of the uniform estimates at our disposal, it is sufficient to bound the

last two terms for R < R;. Here, the radius Ry = R1(N,n) is the same as in the previous
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proof. By using the equations for both ® and ¥,,, we get

22D (® — W,)dz = A, / (- V,)dx,
]RN

/RNW@, V(O - T,,))dz + /

RN

and

VO, (® — U,) da = A (V) / U, (@ — W,)dz.
RN

/RNN\I/”, V(D —0,))dz + /R

N

By subtracting them, we get
/ \V\I/n—V<I>|2d:c+/ ny\xI/n—@\deg/ |V — [z |V, |V, — ®|da
RN RN RN
+|/\n(V)—)\n\/ 0| [0, — | d
RN

+ A\ / |U,, — ®|* dz
RN

1
2 2
< </ IV — |z] |\I!n|2d:1:> W, — || p2(rm)
RN
+ P\n(v) - )‘n‘ ||‘1Jn - q)HLQ(RN)

+ A\ / |U,, — ® da.
RN

The L? norm of ¥,, — ® can be estimated by Theorem 3.9.1, while for the difference of the

eigenvalues we can apply

M) =Ml = (VA = VA (Vi +V0aV)) < 2RV,

which follows from Lemma 3.5.1. For every 0 < R < Ry, these yield

1
2
/ yv\pn—v¢>\2da¢+/ |22 | ¥, — ®*dz < C5 v/ Ry (/ \V—!x\Q\Z\‘PnIZdw>
RN RN RN
+2/ A\ C3V/Ri R+ C3 )\, R.

We only need to estimate the integral containing the difference of the potentials. By (3.9.8),

we get
[V PP e < B [l + R 1) 0 de
RN RN
<2R? </ |z]4\lln|2dx+(R1+1)2>.
RN

By using Proposition 3.6.3 with £k = 1 to bound uniformly the first term on the right-hand

side, we conclude. O



Chapter 4

Extension to the Electromagnetic

Case

4.1 The Electromagnetic Case

In this chapter, we extend the analysis carried out in the purely electric setting to the
electromagnetic framework. The results presented here can be regarded as a natural gen-
eralization of those obtained in the previous chapter, with the inclusion of a magnetic

potential.

Some proofs and arguments carry over directly from the electric case and will be briefly
recalled, with precise references to the relevant sections. However, several results require
substantial adaptations due to the additional structure introduced by the magnetic field.
The main challenges stem from the properties of magnetic differential operators, as stated
in Remark 2.7.1. These features preclude the straightforward application of translation-
based techniques and many methods used in the purely electric setting. To overcome these
difficulties, we employ assumptions on the magnetic vector potential, perturbative argu-
ments on the Laplacian and a classical Kato inequality. In certain instances, the analysis
can still be reduced to the electric case, while in others a distinct approach is necessary,
focusing exclusively on the novel aspects and adaptations, thus avoiding unnecessary rep-

etition of results already established for the electric operator.

Throughout this chapter, attention will also be paid to the dependence of the results on
the geometric features of the scalar potential, emphasizing the similarities and differences

with the electric case.

4.2 Magnetic Perturbation of the Schrodinger Operator

In what follows, we introduce the magnetic Schrédinger operator, which can be regarded
as a perturbation of the purely electric case. This perturbation arises from replacing

the standard Laplacian with the magnetic one, thereby incorporating the effects of the

64
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magnetic potential while preserving the overall structure and analytical framework of the

electric problem.

Now, we consider the magnetic Schrodinger operator
(4.2.1) Hav[¥] = —-A,¥ + V¥,

where ¥(z) : RY — C denotes the wave function, A = (Ay,..., Ay) : RV — RV with
components A; € L2 (RY), is the magnetic vector potential, and V(z) : RY — R is the

electric scalar potential. The particular case A = 0 corresponds to the purely electric case.

4.3 Properties of Vector Potential

For the subsequent analysis, we impose the following conditions on the vector potential
A. These assumptions guarantee the applicability of standard analytical tools and provide

sufficient control over the growth of the magnetic terms:
A; Continuously differentiable: A(z) € CH(RY, RN),
Ay Linear growth: 301 > 0: |A(z)| < C1(Jz| +1), Vo € RY,
Az Lipschitz continuity: 3Cy > 0: |A(z) — A(y)| < Colz —y|, Va,y € RV,

Remark 4.3.1. As mentioned in the introduction, we make assumptions on the vector

potential A(x) that are general enough to include the particular case given by
Az, y,2) = (=y,2,0),

for N =3, with A € C*°(R3,R3), which generates the magnetic field
B=VxA=(0,0,2),

that is, a uniform magnetic field directed along the positive z-axis. This field is solenoidal,

since it has zero divergence.

Having established the Poincaré-type inequality in the electric case (Proposition 3.3.5),
we can extend the result to the full electromagnetic setting. This extension relies on the

diamagnetic inequality (2.7.3).
Proposition 4.3.2 (Magnetic Poincaré-type Inequality). 3Cn g > 0 such that Vu €
C®(RN) we have

1

(4.3.1) / ]u|2d1‘§/ |VAu|2da:+/ V |ul? dz.
CN,R RN RN RN
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Moreover, the constant Cn g has the following properties

Cnr
R2 < 400

lim Cygr>1 and 0< lim
R—0+ R—+o00

Proof. 1t is sufficient to observe that

/ |VAu|2d:1:+/ V|u|2dx2/ |V\u|y2da;+/ V |ul? d,
RN RN RN RN

thanks to the Diamagnetic Inequality. Then the desired result follows by applying Propo-
sition 3.3.5 to |ul. O

4.4 Spectral Analysis

This section is devoted to the presentation of some fundamental spectral properties of the
magnetic operator, as well as to the variational characterization of its eigenvalues. The
domain of the operator is defined at this point and will be rigorously justified in Section
4.7.

In what follows, we define the quadratic form associated with the magnetic operator and
determine its domain of finiteness, defined in a manner consistent with the framework

introduced in Section 2.3.4, taking into account the new magnetic setting.

We introduce the following inner product for any ¢,v € HL(RY) N LERY;V)

QA,V[‘pﬂb] = /]RN<VAQO’W> dl'—i—/ V@Edl’

RN

Accordingly, we also set the following
lellay =/Qavle.el,  for ¢ € HARY) N L2RY; V).

It is not difficult to see that the latter is actually a norm.

Definition 4.4.1. With the notation above, we define the normed vector space
HL(RY; V) := HL(RY) n LA(RY; V),
endowed with the norm || - ||4v.

The following preliminary result will be important.

Lemma 4.4.2. The space H{(RY;V) is a Hilbert space, having C2°(RY™) as a dense sub-
space. Moreover, H}l(RN; V') is contained in LQ(RN), with continuous tncluston. Finally,

we have
HL(RY; V) = Hy(RY; |z]?),

with equivalent norms.
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Proof. The proof proceeds along the same lines as that of the electric case presented in
Lemma 3.4.2. 0

Let us now consider the self-adjoint, magnetic Schréodinger operator
Hav:DHav) C L2(RY) — LARY)

defined by
Hayve] = —Aap+V(z)p

with domain given by
D(Hay) = {<p c H}‘(RN;V) s Havlel € LQ(RN)}.

Then the quadratic form

Quvlodl = [ IVaePdot [ VigPds,  torge Hy®Y:V)
RN RN
is associated with the operator H 4y, in the sense that
D(Hav) C HARY;V),
and

Havlelde = Qavlp. v, forevery p € D(Hay), v € HARY; V).
R

4.4.1 Discreteness of the Spectrum

We now focus on the discreteness of the spectrum of our operator. As in the purely
electric case, in the electromagnetic setting on R™V one may encounter a loss of compactness
in the embedding of the magnetic Sobolev space HI%‘(RN ; V) into the Lebesgue space
L?(RY). In the purely electric case, this difficulty is overcome thanks to the confining
nature of the scalar potential V(x), which ensures the compactness of the embedding
HY(RN; V) < L2(RM). In this section, we show that, under the assumptions previously
introduced on the vector potential A, the embedding

(4.4.1) HYRY; V) — LEHRM).
is compact, as well. In particular, we will show that
HYRY; V) — HYRN; V) < L*(RY).

where the first embedding is continuous and the second one is compact.

We first establish that under our standing assumptions, the magnetic Sobolev space H}X(RN V)
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is continuously embedded into H'(R™; V). This is content of the next preliminary result.

Lemma 4.4.3. Under the assumptions on the vector potential presented in section 4.3, we

have the continuous embedding
HyRN, V) — HYRY; V).
More precisely, there exists a constant Cy g.a > 0 such that

(4.4.2) el @vivy < Onpalelm@vy), ¢ € HiRYV).

Proof. We start by introducing an inequality that will be useful for the proof. By virtue
of the triangle inequality, the standard gradient can be controlled in terms of the magnetic
gradient:
IVellzz@yy = [((V +id)p + (—iAp))| 2®n)
<|[Vaellzwyy + [Ael 2@y

Thus, by using the elementary inequality (a + b)? < 2a® + 2b?, we obtain
(4.4.3) IVl Z2 @y < 20V all7z@mny + 20 A0 7@y
We have

loll1 vy = o2y + IVl 2an)
(4.4.4) < H‘PH%?(RN;V) + 2”VA<PH%2(RN) + 2||A<P”i2(RN)
< H‘P||%2(RN;V) + QHVASOH%Z(RN) + 2012”(‘$| + 1)<P||2L2(RN),

where we have used (4.4.3) and the assumption Ay on A. Since Vap € L2(RY), its norm

is finite, and we now show that the last integral is finite as well. Consider the last term:
16} [ (P + Dl de =aCF [ oo doract | oo
RN RN RN

2
< 402 ( 52 R2 2 o / 2
(445) wci(or | ot (G2) [, Vief )

+r(0

+4c? (CN,R /RN IV 40| dz + C g /RN Vgl d:r),

where the two integrals on the right-hand side of the equality are estimated by Lemma 3.3.4
and the Poincaré-type inequality (4.3.2) with constant Cn g. Setting o = 2, we obtain

40%/ (22 + 1) dz < 16012R2/
RN Byr(0)

+4C2Cy g / Va2 do + 4C2C / Vgl da.
RN RN

lo|? dx + 16C% / V0| dx
N
(4.4.6) "
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Estimating the integral over Bag(0) again by Poincaré-type inequality (4.3.2), we get
(4.4.7)

16012R2/ |2 dz < 16C%RQCN,R/ IV 4|2 dz + 160%R2CN,R/ V0gl? d.
Bsr(0) RN RN
Inserting these estimates into the previous inequality yields

H‘PH%{l(RN;V) <1+ 166’12 + 40120N,R + 16012RQCN,R)H‘PH%2(RN;\/)

(4.4.8)
+ (24 4CTC g + 16CTR*C R)|IV a3 2 v

and therefore

(4.4.9) H“PH%{l(RN;V) < 6N,R,A “PHif}l(RN;V)’

with constant
(4.4.10)
Cn.pa = max {1 + 1602 + 4C2Cy g + 16C2R2Cy g, 2 + 4C2Cn 1 + 16C2R2Cy;. R}.

This concludes the proof. O

Remark 4.4.4. We remark that the constant 6N7R’A depends on the vector potential A

through the constant Cy appearing in assumption As.

The previous result allows us to reduce the analysis of the compactness of the embedding
to the purely electric case.

Theorem 4.4.5. Under our standing assumptions, let g be an exponent such that

(

<q<2% if N>3,
N2 ¢ , N =
1< g< oo, if N =2,
1<qg< o0, if N =1.

Then the embedding
H(RY; V) < LYRY),

18 compact.

Proof. Tt is sufficient to observe that every bounded sequence in H}X(RN ; V) is bounded in
HY(RN; V), as well, thanks to Lemma 4.4.3. The conclusion then follows from Theorem
3.4.3 O

As in the purely electric case, applying the Spectral Theorem requires that the resolvent
operator satisfy linearity, continuity, self-adjointness, positive definiteness, and compact-

ness. The demonstration of these properties for the resolvent of the magnetic Schroedinger
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operator proceeds along the same lines as in the electric case (Lemma 3.4.4), with the
additional key requirement that the magnetic potential A be real-valued to ensure the self-
adjointness of the magnetic Schrédinger operator. Continuity is established by employing

the magnetic Poincaré inequality (4.3.2).

Building on the previous result, we can use standard findings from classical Spectral Theory

to derive the following

Corollary 4.4.6. Under the standing assumptions, the spectrum of the operator Hay is
made of a countable sequence of positive eigenvalues {\p, A(V') }nen+ diverging to 4+o00, each
one having an associated eigenstate ¥, € HL(RY; V), ||l 2mry = 1. The set {Wp }nen
forms an orthonormal basis of L*(RN). Finally, each eigenvalue has the following varia-

tional characterization

An,A(V):inf{ max /\VA<p|2dx+/ V|| dz
RN

W C H(RY;V)
PEWNS2(RN) JrN ’

subspace withdim W =n

and the infimum above is attained by the vector space generated by {p1,...,¢Pn}.

Remark 4.4.7 (The ground state). In particular, we recall that for n = 1 the above

formulation reduces to

Ma(V) = min {/ \vAcp\deJr/ V\go]zdx}.
RN RN

eEHL (RV;V)NS2(RV)

Thus, as usual A1 a(V') coincides with the sharp constant in the Poincaré inequality (4.3.2).

Accordingly, from Proposition 4.3.2 we have

1
(4.4.11) Aa(V) > ——.
CN,r

We recall that Cn g ~ R?, for R diverging to +00. By suitably adapting the example in
Remark 3.5.2, we can show that for some physical configurations the behaviour Ay 4(V') ~
1/R? is optimal. For 0 < & < R, let us take

> = Bgr(0) \ B;s(0) for which V(x) :min{(|x| — +, (|| — +}

and choose a vector potential A identically vanishing on the potential well X, i.e. the

magnetic field is absent inside ¥.. Then we have that!

/ \VA<p|2dx+/ V|<p\2dx:/
RN RN Br(0)\B5(0)

!We intend that functions in C°(Br(0) \ Bs(0)) are extended by zero, outside of the open set.

Vol?dx,  for everyp € C*(BRr(0)\Bs(0)),
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since both A and V identically vanishes on Br(0) \ Bs(0). Thus, we obtain

/RN |V a00|? dz + /RN V |o|? dz
)\1,A(V) == inf

peCX(RN) 2
/R . lp|” dz

/ Vol de
< inf Br(0)\B5(0)

~ €0 (Br(O)\Bs (0) /
Br(O\Bs (0)

2
o2 d - <32_5> A1,pir(B1(0)).
@Y|”axr

Here, by A\ pir we intend the first eigenvalue of the Dirichlet-Laplacian of an open set and

we used that the spherical shell Br(0) \ Bs(0) contains a ball with radius (R —6)/2. Thus,
by joining this estimate and (4.4.11), we get

. R? , ) . 2R \?
0< lim < lim R A a(V) < lim A1,pir(B1(0)) < 400,

R—+00 CN,R ~ R—+4o0 R—+oo \ R—§

i this case.

4.5 Spectral Stability

This section presents spectral continuity estimates, which ensure that, for sufficiently small
potential wells 33, the spectrum of the magnetic operator remains qualitatively close to that
of the model case V(x) = |x|2. Unlike in the electric case, in the result presented in Lemma
4.5.1, translation invariance of the spectrum cannot be exploited; consequently, the analysis
relies on the properties of the scalar potential V(x). The Lemma thus provides an estimate
that generalizes the corresponding result in the electric case, also exhibiting a dependence
on the geometric parameter §. As a result, the conclusions of the subsequent Proposition

4.5.2 exhibit the same dependence.

Lemma 4.5.1. For any n € N* we have

\V )\n,A -R S \/ A’71,14(‘/) S \ )\n,A + d.

where A\ 4 is the n-th eigenvalue of the magnetic quantum harmonic oscillator.

Proof. We prove the two bounds on A, 4(V') separately.

Lower bound. The proof is carried out in a manner analogous to that of the electric case

as established in Lemma 3.5.1.

Upper bound. Differently from Lemma 3.5.1, it is sufficient to use (3.3.4), to estimate the
potential V(z), and observe that ¢ has unit L?(R™)-norm, so we get

152
/ Vgl dx +/ Vlp|? de < / IVagl® dz + (1+ 8)/ 2 |?||? do + (1 + 7) 52.
RN RN RN RN €
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In this way we obtain the following estimate
Aa(V) < A+ + (142) 0%

This is valid for every € > 0: now we take

and we have

Vs (14 Lot

An,A(V) < (1 + 5

1
vV )\n,A

After the same trivial computations, we obtain

Aaa(V) < <\/ATA + 5)2

from which we get the upper bound

\/Ana(V) < v/ Apa+6.

This conclude the proof. O

Using the Hausdorff distance recalled in (2.6.1), we establish the following continuity esti-

mate, expressed in terms of the distance between the potential wells.
Proposition 4.5.2. Let 1,55 C RY be two non-empty compact sets. We consider the
corresponding potentials

Vi(z) = (dist(z, 2;))?, for z € RV,

Then, for every n € N* we have

)\n,A +0

Ana(V2) = Ana(V2)] < distrr (51, T) max {44 =

’ 2()‘n,A + 5)}7

where A\ 4 is the n—th eigenvalue of the magnetic quantum harmonic oscillator.

Proof. As above, the proof proceeds similarly to that of the electric case in Propostion
3.5.3, observing that the dependence on the geometric parameter § is now taken into

account through the previous result. O

4.6 Integrability and Exponential Decay for the Eigenfunc-

tions

In this section we establish some integrability properties of the eigenstates and prove their

exponential decay in the sup norm.
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Unlike the electric case, Moser-type iterative techniques cannot be applied directly due to
the distinct algebraic structure of the magnetic gradient and Laplacian. Therefore, the
main results are obtained by means of Kato’s inequality (2.7.4), which allows us to reduce

the analysis to the purely electric case. To this aim, we will need the following result.

Lemma 4.6.1. For every n € N*, we have that |V, is a non-negative weak subsolution of

the equation

—AU, + VT, = A4 Uy,

Proof. We appeal to Lemma 2.7.4. We need to verify that the following conditions are
satisfied:

1. Aj S Cl(RN,RN);

2. ¥, € LL _(RN);

loc

3. AaV, € LL (RY)

loc

The first condition is simply ensured by assumption A; on A. The second condition follows
from the fact that ¥,, € L2(RY). As for the third condition, we observe that by assumption

—AAY, = A a W, — VT,

Thus, it is sufficient to show that the right-hand side belongs to Li (RY). Of course,
we have A, 4V, € L2(RY) C LL (RY). The scalar potential V is locally Lipschitz and
hence bounded on any ball of finite radius R. Thus, for every r > 0 we have by Hélder’s

inequality
1

1

2 2

/ Vq/ndxg/ V|¥,|? dx / Vdzr | .
B,-(0) B-(0) B-(0)

Both integrals are finite, thanks to the local boundedness of V' and the fact that ¥, (z) €
L2(RN; V). We then get V¥, € L (RY), as well. This ensures that AP, € LL _(RY),

loc loc

as desired.

We now set ' = A, 4 — V, so that have
—Auv, = FV,.

On account of Kato’s inequality (2.7.4), we get

AlW,| > R[(sgn ¥,,)Aa T, ] = R

By using that F' is real-valued, we then obtain

v, 0,
—AlV,| < FIR—2T ) = F|¥,|.
W
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Hence, we get that the modulus |¥,| is a subsolution of the corresponding purely electric
problem, as claimed. O
4.6.1 Integrability of Eigenfunctions

An explicit L>°—bound on eigenstates is now an easy consequence of the previous result.

Namely, we have the following

Proposition 4.6.2. We have ¥,, € L™®(RY) for every n € N*. More precisely, we have

the following estimate

190l ey < My (Ana(V))
where My > 0 is an explicit constant depending only on the dimension.

Proof. We obviously have

15l oo @y = [[[¥nlll Loo (mvy-

Thanks to Lemma 4.6.1, we know that |V, | is a non-negative subsolution of the eigenvalue
equation, for the purely electric case. Then the claimed result follows by repeating verbatim
the proof of Proposition 3.6.1, based on the Moser iteration technique, noting that the proof

there applies to subsolutions, as well. O

Remark 4.6.3. By using the estimate of Lemma 3.5.1, we can also infer the following

uniform estimate

N
1

[Vl oo @yy < My (An.a +0)7, for every n € N*,

where Ay 4 is the n—th eigenvalue of the magnetic quantum harmonic oscillator.

At this point, we recall the corresponding weighted integrability result established in
the purely electric case, suitably adapted to the electromagnetic setting. Note that the

constant now also depends on the parameter ¢ and on the vector potential A(x).

Proposition 4.6.4. For every n € N* and k € N, we have
/ VAW, 2" da +/ U 2252 doe < O oy a-
RN RN
Proof. We observe at first that the statement is true for kK = 0, i.e. we have
/ |VA\I’n|2dx+/ |\Pn‘2|x|2dfc < CNn,Rs,A-
RN RN

Indeed, we have
/ 1T, |2 |2)? d < +oo,
RN
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directly from Lemma (3.3.4). More precisely, from inequality (3.3.6) with o = 2 we have
/ |\Iln|2]x|2dx§4R2/ \\I’n|2dx+4/ V|, % dx

RN Bar(0) RN\ B R(0)
<AR*+ 4N, a(V).
On account of Lemma (3.5.1), this gives
(4.6.1) / |02 x| dz < 4R* 4+ 4 (\pa + 6).
RN

In order to conclude, we will prove the following recursive gain of weighted integrability
(4.6.2)

if we have / |V,4\I’n|2 |x\2kdx +/ \\I’n|2 |x\2k+2 dx < CNpk.R5,As
RN RN

then we have / VA, |2 2|22 de +/ |, % |2 * P de < Onprr1rsa  as well
RN RN
This will be sufficient to get the claimed result. Let us suppose that for a £ € N we have
[ VPPt e+ [ (P P d < Cunn
RN RN
Let M > 0 and let nps be a Lipschitz cut-off function such that
0<nvw <1 ny=1on By(0), ny=0on RY \ Bar+1(0),

and
|V?7M‘ <1.

We then take the test function
2k+2 2
’¢ = \Iln |$‘ + Uivg

in the weak formulation. Observe that this is feasible, thanks to the properties of both ¥,
and 7. We get

YV aU, VAt dz + /

VU, de = Ay a(V) / U1 de,
RN

RN RN

/ vAwnvA<wn|x|2k+2n§4>dx+/ VI 2 22572 1 do = Apa(V) / W2 |2 2542 3, da.
RN RN RN

We consider the first integral. Thanks to Lemma 2.7.2 and some straightforward calcula-
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tions, we obtain

VAU,V a(Uy [2282 03)) = VaW, (VaW,) |z 203, + (2k + 2) W, x> i3,
+ 277M\Iln’x‘2k+2v77M)

= VAP, 22202, + (2k + 2) (VAT z) U, |z|?Fn3,
+ 2(V AU, Viur) Uy,

Now we get
/ ’vA\I]n‘Q‘:koJrZ n% d.ﬁL‘—l—/ V|\Ifn‘2|ﬂf|2k+2 7712\/1 dx
RN RN

= Ana(V) / W, | 52 3y dae
RN

- (2k+2)/ (Val,, ) U, [2[** 0}, do
RN

-2 / (VaW0, Vi) O, |22 2 da.

RN

By using Young’s inequality on the last two integrals, for every M > 0 and p > 0 we get

L Oaw P el o [ VIRAR P 0 de < Aav) [

[ e

b [T o iy d
RN
kE+1)2
IR [ 1w ol g o
K RN
o / VAT [2 (22542 2, da
RN
1
+/ |V17M\2\x|2k+2|\11n]2da;.
K JRN

We can take p = 1/4 = i = 4 so to absorb the two integrals in the right-hand side
containing V2 ¥,,. This gives

1

5 [ VAP e [ VI P de < V) [P P do
RN RN RN

(k412 / W2 |25 02, da
RN

+4/ |V77M|2 ]m|2k+2|\1’n|2d:ﬂ.
RN
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Thanks to the properties of 7,s, this implies that

1
(/ \VA@ﬁF|M2Mde+:/ V|0, |2 |z da
2 B (0) B (0)
(46.3) < Onat 8+ [ 0P ds
R
+4(k+1)2/ 0,2 |z[2F da.
RN

We used again Lemma 3.5.1, to bound the eigenvalue. We observe that by Hoélder’s in-

equality and the fact that W¥,, has unit L?-norm, we obtain

k

k+1 _k_
Lol de < ([ e an) T < Conirsn) P
R R

By letting M go to +oo in (4.6.3) and using Lemma 3.3.4, we prove (3.6.9). As already

explained, this concludes the proof. O

As a consequence of the previous result, we also get the following

Corollary 4.6.5. For every n € N* and every 2 < p < oo we have
V¥, e LP(RY).
More precisely, there ezists a constant C = C(N,n, R,p,d, A) > 0 such that
/RN [VIP |, |Pde < C, for every R > 0.
Proof. For every 2 < p < 0o, we have
L VP o < 1l 2y [ V100 da

By using (3.2.4) and Remark 3.6.2, we obtain

N
4

—2
/ VPP de < (My (Aa+5) ) / (2] + R)? [0, de.
RN RN
The last term can be bounded from above, thanks to Proposition 3.6.3. O

4.6.2 Exponential Decay at Infinity.

In an analogous way of Proposition 4.6.2, we can establish the pointwise exponential decay
of the eigenstates. We can rely once again on Kato’s inequality, which allows us to reduce

the problem to the purely electric case.
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Theorem 4.6.6 (Exponential decay in L>°). There exists an exponent « = a(N) > 1 and
a constant C1 = C1(N,n, R) > 0 such that

||

0<|U,(2)?<Cre 2 log, for every x € RY.

Proof. As in the previous result, it is sufficient to use Lemma 4.6.1 to get that |¥,,| is a
subsolution. Then the result follows by reproducing verbatim the proof of Theorem 3.8.3,

which equally applies to subsolutions. O

4.7 Higher Regularity of Eigenfunctions
This section establishes regularity properties of the eigenstates of the magnetic Schrodinger
operator and, in particular, defines its domain.

The main difficulty compared to the electric case lies in establishing the H? regularity of the
eigenfunctions, which involves translations within the framework of the Calderén—Zygmund
Theorem 2.5.1. For this reason, the Theorem cannot be applied directly; instead, a per-
turbative approach based on the standard Laplacian is employed, allowing the application

of Calderén—Zygmund Theorem.

Our eigenstates belong to a higher order Sobolev space. This is the content of the following

slightly more general result.

Theorem 4.7.1. For f € L*(RY), let ¥ € HY(RY; V) be the weak solution of

Hav[¥] = f.

Then we have
U e H2RY)N {¢ cL2RY) : Vo e L2(RN)}.

In particular, the domain of Hav is given by
D(Hay) = H2(RY) N {¢ eL2®RY) : Ve L2(RN)}.
Proof. First inclusion:
D (Hav) CH* RY)N{T e L?(RY) : VT e L* (RY)}.

That is, it suffices to verify that V¥ € L2(RY) and —AW¥ € L2(RV).

First, we want to prove that V¥ € L2(RY). It is already known that ¥ € H} (RN , V) C
L2(RY), due to Lemma 3.4.2. We first need to prove this

(4.7.1) V3 dx < +oo.
RN
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Thanks to Lemma 3.3.1 it is sufficient to prove that
(4.7.2) / 2[*| ¥ 2dx < 4o0.
RN
Let M > 0 and let nps be a Lipschitz cut-off function such that
0<ny <1, mu=1onBy0), ny=0onRY\ Byii(0),

and
Vnm| < 1.

We recall the setting in which we are working

Hav¥]=f ie. —(V+ iA)2\11 + VU =f

which leads to the following weak formulation

/n (V A%, Va0 dx—i—/

VU dr = fdx.
RTL

n

The following function is now employed as a test function, ¢ = ¥|z|?n3,
/ <vAfo,VA (\Il\x|2n%4)> dac—i—/ VU (Uz[*nh,) do :/ f(Ylzniy) da
RN RN RN

Attention is now focused on the following term VAUV 4 (¥|z|?3,) and thanks to Lemma
2.7.2 we get

VAl (VA (\Iv|x|2n§4)) = VAU [(Va¥) [z + 22003, + 292> 0 Vi ]
= VAT |22} +2(Val, z) Un},
+2(V A, V) \I'|93|2nM

and one has
IV At ol do [ VIUPLa do = [ F¥lafiydo
—2/<VA\I/,x> Un3, dx
—2 [ (940 Vi) Wlaly d

By using (3.3.5) with € = 1 on the left-hand side

2
2] <2V (z) 4+ 2R*? = "752‘ —R?*<V(z)
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2
[ vaePlePagean [ (Y- ) Lot o -

|z

= [ IVavPaluy et [ S pwPlaPide+ [ R Plaf o

1
= [ VAPl dnt 5 [ P10l do - R [ WPl do

1
= [ IVav Py dnt g [ (WPl de— B [0 Plafoh da

and Young’s inequality on the right-hand side for every M > 0 and g > 0, one gets
1
[ VAR ol do g [ 0Pl do < R [0l do
]RN 2 ]RN ]RN
1 %
o [ rPaReds 5 [ 0Pl do
2M RN 2 RN
b [ VAR ol do
Rn
l 2 2
+ |W|*ny, dx
K JRN
b [ VAU faP do
]RN

1
+/ |V77M|2\Il]2|x]2d:c.
B JRrRN

If we now take p=1/4 = i = 4, we can absorbe the two integrals in the right-hand side

containing V4V, as well as the term |¥|?|z|*. This gives
1
[ IV av o o+ 5 [ 10Plofty do < B2 [ (0Pl do
1
w2 [ 1fPagdo o+ g [ WPl ds
1
b [ 19V faP
+4/|\Il|277]2\4dx
1
+4/\VA‘IIIQ]a:|277]2\4d1‘+4/]VnM|2]\Il]2|]a:|2d:r
and one has
1 2 2, 2 3 2 4 2 2 2 2, 2
5 [ VAV laln de+ o [ (WPl ny de < BT[]ty da
RN RN RN
+2/ P03y da
RN
a1 do
RN

4/ Ve P92 22 da.
RN
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Thanks to the properties of 7,s, this implies that

1
/ rvA\If|2|de:c+3/ W2 |z|* dz < <4+R2>/ 02|z f* da
2 /B (0) 8 /B (0) Bar(0)

(4.7.3) - 2/ |f|? da
B (0)

+4/ W2 d.
B (0)

By letting M — oo and recalling Lemma 3.3.4 we get the claimed estimate. The previous
result guarantees that both integrals on the left-hand side of the inequality are finite, a

remark that will be useful in what follows.

In order to establish the H?2-regularity of the eigenstates, it suffices to verify that —AWU €
L?(RY). By the Calderén-Zygmund Theorem, this condition ensures that ¥ € H?(RY).
To this end, we employ a perturbative argument: the magnetic Laplacian can be rewritten
as a perturbation of the standard Laplacian, and under the assumptions imposed on the
vector potential, the additional terms can be shown to belong to L? (RN ), which allows the

application of the theorem.

We start from the weak formulation
(4.7.4) / —AA\deJr/ V\de:/ Fipdz, e H{(RY;V).
RN RN RN

We first focus on the magnetic Laplacian term on the left-hand side. Expanding A 4 yields

— A,V de :/

(YO, V) da + / (VT, (—iAD)) dz
RN

(4.7.5) RY RY

+ /RN«Z'A\IJ), Vi) dx + /RN |A|2W o) da.

Substituting this expansion into (4.7.4), we obtain

/<v\11,v¢>d:c—i/ <V\I/,A>z/1dx—|—i/ (A, V) dx
RN RN

RN
+/ ]A\Q\I/@/;d:r—i—/ V\I/wda::/ Fde.
RN RN RN

Integrating by parts the term involving Vi) and passing to the strong formulation, we

(4.7.6)

obtain
(4.7.7) —AV — 2i(VU, A) — i(divA)¥ + |[APT + VT = F
from which follows

(4.7.8) —AV = F — VU 4 2i(V¥, A) + i(divA)¥ — |A]*T



CHAPTER 4. EXTENSION TO THE ELECTROMAGNETIC CASE 82

To conclude that ¥ € H?(RY), it suffices to prove that each term on the right-hand side
of the equation belongs to L2(RYV). We treat them separately.

We first show that (V¥, A) € L2(RY). Using the the vector potential’s linear growth A,

we have

/ \A|2\v\11\2dx520%/ (|z* + 1)|V¥|? dx

(4.7.9) N RY

<20§/ |x2|V\I/|2d3:—|—2C’12/ |VU|? da.
RN RN

The second term on the right-hand side is finite since we have proved HI%‘(RN V) —
H'(RN; V). To control the first integral, we use inequality (4.4.3), obtaining

(4.7.10) §2C%/N\x!2]VA\IJ\2dx+QCf/N]x]QIAP]\Il]zdx+2012HV\IJH%2(RN).
R R

By the results obtained in 4.7.3, the first integral is finite. The second term is estimated

using again the linear growth condition Ay on A(x), yielding
< 208 [|aV AP |72 gy + 2CE VY[ T2 gy

+4c;*/ yx\4yxy12dx+4cf/ 2|2 da.
RN RN

The integral involving the factor |x|* is finite thanks to the previous estimate (4.7.3), while

the remaining integral can be bounded using assumption (3.3.6). Indeed, we have
< 2C} |2V AP |72y + 2CF IV 0|22 gy + 40T |22 0|22 g,

2
+4Cf02R2/ \\I/\de+4cf(i) / VIO da.
Bsr(0) o—1 RN\ B, r(0)

Taking o = 2 and applying Poincaré’s inequality (3.3.5), we obtain

(4.7.11)

< 20} |2V AW |72 @ny + 26T | V|| T2y

(4.7.12)
+4CH 2?9122 gy + 16CT RPCn RIIV AP (122 gy + (B? + 116CT [P [[72 v,y

Hence, (VV, A) € L2(RV).

Now we show that divA¥ € L?(RY). Since A is Lipschitz continuous by assumption A3
and ¥ € L2(RY), we have divA € L>®(R") and, consequently, (divA)¥ € L2(RY).

We now prove that |A|?¥ € L2(RY). Using again the linear growth property A, we have
(4.7.13) / |A|Y W2 dx < 40;1/ 2" W) dx + 40;*/ [T |2 du,
RN RN RN

and the first integral on the right-hand side is finite thanks to (4.7.3).
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Finally, V¥ € L?(R") once again thanks to (4.7.3).

Combining all the above, we conclude that the standard Laplacian —AW equals the sum
of L2(RY) terms, implying that —AW¥ € L?(RY). Hence, ¥ € H2(RY), which completes
the proof.

Reverse inclusion. In order to prove the reverse inclusion, it is sufficient to prove that

{Tel?RY):VEeLl*RY)}CL*RY;V).

It follows from Holder’s inequality

/V|\I/|2d:c: VUV dx
RN RN

1/2 1/2
g(/ |\Il|2d:r> (/ V2|\If|2da:> .
RN RN

This completes the proof. O

4.8 Stability of Eigenspaces

We already know from Lemma 3.5.1 that

VAna—R<\/Aua(V) </ Auwa+6,  forevery n e N*.

In particular, we get that the spectrum of our operator collapses to the spectrum of the

magnetic quantum harmonic oscillator, as R (and thus d) goes to 0.

In this section, we analyze the behavior of the relevant eigenspaces and provide similar
quantitative estimates to measure their distance from those associated with the model
case. This distance is understood in an integral sense; in particular, results are given in
terms of the L?-norm and the H4-norm. The following result extends Theorem 3.9.1 and
Corollary 3.9.2. The proof techniques employed in the absence of a magnetic field remain
applicable when the vector potential A is present. Only minor adjustments are required,
due to the fact that the estimates in Lemma 4.5.1 now also depend on the geometric

parameter d; for this reason, the proofs are omitted.

Theorem 4.8.1. For n € N*, we set
Wy = {1,!) e HY(RY;|z|?) : o is an eigenstate relative to )\n,A}-
Then there exists an explicit constant C3 = C3(N,n, A) > 0 such that

dist 2@y (Un; Wi) < Cs VR, for every R > 0.

With a little extra work, we can improve the metric of the previous stability estimate.
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Corollary 4.8.2. For n € N*, we set

Wy, = {@Z} e HY(RY;|z|?) : 4 is an eigenstate relative to An,A}

Then there exists an explicit constant Cy = C4(N,n,d, A) > 0 such that

dist 71 (m;1pj2) (Un; Wa) < Cy VR, for every R > 0.
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Chapter 5

An Illustrative Example: The Case
of St in R?

Now, we want to briefly comment on the case of the S!'—type potential well (3.2.6), in
the case R becoming larger and larger. Observe that the explicit universal lower bound
(4.4.11) trivializes in the limit as R goes to +0o0. We will show that this behavior is not
optimal, in this peculiar case: the ground state energy must stay uniformly bounded from
below, even when R goes to 400.

To this aim, we are going to exploit the ideas of [39, Chapter 16].

Proposition 5.0.1. Let ¥ C R? be given by (3.2.6). There exists a universal constant
B > 0 such that
(V) > 8, for every R > 0.

Proof. In view of the lower bound from Proposition 3.3.5, it is not restrictive to assume

that R > 2. It is sufficient to prove the following Poincaré inequality

ﬂ/ \¢|2dx§/ \V¢|2d1:+/ V |p|? dz, for every ¢ € C°(R?),
R3 R3 R3

with a constant 8 > 0 not depending on R. We proceed as in the proof of [39, Theorem
16.2.1]. We first tile the whole space R? with the family of cubes

11\° . 5
Qn=n+|——=,=-] , with n € Z°.

Observe that each @), has edges of length d = 1, parallel to the coordinate axes. Accord-

/Qn 16]2 da.

On each cube @y, we apply the following weighted Poincaré inequality of [39, Lemma

ingly, for every ¢ € C>°(R?) we can write

JRCEEDS

neZz3
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16.1.1]
C C
(5.0.1) / |(;S|2dx§>\/ |V¢\2daz+ / V|¢\2daz7
Qn Q@n 1nf / de @n
€€ (Qn) JQp\e
where:

e (' > 0 is a universal constant;
e )\ > (0 is an arbitrary positive number;

e 44(Qn) is the collection of all compact sets e C @y, such that
cap(e;2Qn) < A,

where 2 @), denotes the cube having the same center as Qq, dilated by a factor 2,

and

cap(e;2) =  inf {/ |Vo|?dz : ¢ > 1 on e},
Q

$eC ()

is the capacity of a compact set e relative to the open set {) containing it.

In light of this inequality, it is sufficient to assure that we can choose A > 0 small enough
such that

(5.0.2) inf / Vdx > co,
e€AN(Qn) JQn\e

for a constant ¢p > 0, independent of R. By summing up (5.0.1) and using the tiling
property of the cubes, we will eventually get the conclusion.

In order to choose A such that (5.0.2) holds, we first observe that if By is the ball having
the same center as Q, and radius v/3, then 2Q, C By. Thus, for every e € A5(Qn) we
have

cap(e; Bn) < cap(e;2Qn) < \.

By [39, equation (2.2.10)] we have
1 1
Bl |3

cap(e: Ba) > (4m)3 /3 A Bultlel

‘Bn|g — ‘6‘5

By observing that
0<[Bul5 —[e]5 < |Bul5,

we get in particular
A> (471')% \3/3|e]% =: ’y\e|%.

Observe that both A and v are universal constant and do not depend on anything. We
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1 1
A 1\3 1\3

This discussion guarantees that for such a choice of A, we have

choose \ as follows

(5.0.3) le] < |(°in|, for every e € A\ (Qn)-

=

By using this property and the fact that V(z) = (dist(z, £))?, with ¥ given by (3.2.6), we
can now easily get (5.0.2). Indeed, for every n = (ny,n2,n3) € Z3 with |n3| > 1, we have

dist(z, X) > for every x € Qn,

N =

which implies that

V(z) > -, for every x € Qn.

=

Accordingly, for every such n € Z3 we get

1 3
inf Vdr>- inf n\é€ >,
€M (Qn) JQu\e T 4 ee A (Qn) @ \el 16

thanks to (5.0.3). We now take n € Z3 such that ng = 0. Accordingly, it may happen that
the cube @y, intersects the potential well 3, where V' vanishes. However, for every such a

cube, we observe that

3
Viz) > ——, for every x € @y such that |z3| > 16

thanks to the fact that ¥ lies in the hyperplane {z € R? : 23 = 0}. In particular, we get

in this case

inf / Vdx> inf / Vdx
e€M(@n) JQp\e e€MN(Qn) J{zeQn : |x3]>3/16}\e

9
— inf n: >3/1
> oo ({2 € Qu s Joal 2 3/16} \ o

9 1 3 1 9 3
> (2(==-2)-2) =22,
= 256 2 16) 4) 256 8

where we used again (5.0.3). This finally gives the claimed fact (5.0.2), with ¢y = 27/2048.
0l
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