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Abstract. The Planck DR3 measurements of the temperature and polarization
anisotropies power spectra of the cosmic microwave background (CMB) show an ex-
cess of smoothing of the acoustic peaks with respect to ΛCDM, often quantified by
a phenomenological parameter AL. A specific feature superimposed to the primordial
power spectrum has been suggested as a physical solution for this smoothing excess.
Here, we investigate the impact of this specific localized oscillation with a frequency
linear in the wavenumber, designed to mimic the smoothing of CMB temperature
spectrum corresponding to AL ' 1.1 − 1.2 on the matter power spectrum. We verify
the goodness of the predictions in perturbation theory at next-to-leading order with a
set of N-body simulations, a necessary step to study the non-linear damping of these
primordial oscillations. We show that for a large portion of the parameter space, the
amplitude of this primordial oscillation can be strongly damped on the observed non-
linear matter power spectrum at z = 0, but a larger signal is still persistent at z . 2
and is therefore a target for future galaxy surveys at high redshifts. From an analysis
of the BOSS DR12 two-point correlation function, we find Alin < 0.26 at 95% CL by
keeping the frequency fixed to the best-fit of Planck data.
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1 Introduction

An excess of smoothing in the region of the acoustic peaks of the CMB anisotropy
temperature power spectrum has been found in all three Planck data releases [1–3].
This effect is often quantified by a phenomenological parameter AL which scales the
theoretical prediction for the lensing contribution. The excess from AL = 1 (the
prediction of general relativity) represents one of the current intriguing discrepancies
within Planck data plaguing the standard ΛCDM model [4–6].

Results from the Planck Collaboration based on DR3 correspond to AL = 1.180±
0.065 (2.8σ) using the baseline Plik likelihood [3, 7] and using the CamSpec likelihood
AL = 1.149 ± 0.072 (2.1σ) [3, 8] both at 68% CL combining low-` and high-` tem-
perature and polarization data when CMB lensing information is not included (see
Ref. [9] for an early indication for higher lensing contribution from the combination of
WMAP 3Y and ACBAR CMB data). Latest results based on the CamSpec likelihood
with Planck DR4 also show an excess, AL = 1.095± 0.056, although at a lower signifi-
cance (1.7σ) mainly due to differences in EE and TE [10]. Current results from CMB
ground-base telescope are more consistent with ΛCDM predictions: AL = 1.01± 0.11
with ACT DR4 [11] and AL = 0.98 ± 0.12 with SPT-3G 2018 EE/TE data [12]. By
folding in Planck CMB lensing data the estimate of AL decreases to smaller values [13].

The residuals between Planck data and the ΛCDM best-fit yield an oscillatory
pattern, which can be mimicked by a specific localized oscillations superimposed to
the primordial power spectrum (PPS), see Refs. [14–18].1 It has been recently shown
that with this type of primordial feature, a higher value for H0 and a smaller value of
S8 than in ΛCDM can be simultaneously found [17, 18].

1Note that the degeneracy between the effect of lensing on the CMB temperature power spectrum
and oscillating primordial feature was already pointed out in Ref. [19].
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However, oscillations in the PPS cannot mimic AL in all the different CMB fields
at the same time because the peaks in CMB polarization are out of phase with those
in temperature [15]. Indeed, the phase of the E-mode polarization peaks follows the
velocity fluid making the turning points of temperature peaks corresponding to zero
points of velocity (this implies a π/2 shift in phase). In addition, the correlation
power spectrum TE, being the product of the two, exhibits acoustic peaks with twice
the acoustic frequency. Moreover, matter and radiation oscillations are not in phase
implying a π/2 shift in phase between Fourier mode connected to the decoupling of
photons and baryon [20]. These differences point to the possibility to use future CMB
polarization and/or large-scale structure (LSS) clustering measurements in order to
further test the primordial origin of the CMB smoothing excess.

LSS clustering information has been highlighted as an excellent observable to
test primordial oscillations on small scales and for high frequencies as shown in many
forecast studies in Refs. [21–28] and demonstrated on real data in Refs. [27, 29, 30].
Indeed, the case of primordial features with linear and logarithmic oscillations have
been workhorses for the studies with perturbation theory [27, 28, 31–34] and N-body
simulations [28, 31, 33, 34] in order to have accurate theoretical predictions for LSS
clustering observables.

Indeed, Fig. 1 shows that current measurements of the matter power spectrum
(for a compilation of inferences of the linear matter power spectrum at redshift z = 0
following the method proposed in Refs. [38, 39]) are potentially able to put some
constraint on this specific template considering the best-fit amplitude and the location
of the feature of one of the primordial feature model proposed in order to recover
AL ' 1 in Ref. [15].

In this paper, we extensively study the imprint on the matter power spectrum
of a localized primordial oscillation with a frequency proportional to k proposed in
Ref. [15]. In Sec. 2, we introduce the model studied and we describe the comparison
between its patter and the lensing contribution on the CMB spectra and the baryon
acoustic oscillations (BAO) signal on the matter power spectrum. We describe and
show the results from our simulations in Sec. 3 and we compare them to the predictions
from perturbation theory in Sec. 4. Finally, we derive the constraint on the feature
amplitude using the two-point correlation function from BOSS DR12 in 5. Sec. 6
contains our conclusions.

2 Primordial oscillatory features with a Gaussian envelope

As show in [14, 15], the effects of the phenomenological lensing parameter AL can be
mimicked by injecting in the PPS a feature oscillating linearly in k with a frequency
and a phase matching to the one of the acoustic peaks of the CMB angular power
spectra. In particular, it is fundamental that the oscillations have a scale-dependent
modulation in order to reproduce AL ' 1. We study the following template with
damped linear oscillations

PR(k) = PR, 0(k)

[
1 +Aline

− (k−µenv)2

2σ2env cos

(
ωlin

k

k∗
+ φlin

)]
. (2.1)
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Figure 1. Figure comparing measurements [35–37] and linear theoretical predictions adapted
from Ref. [38].

where PR, 0(k) = As (k/k∗)
ns−1 is the standard power-law PPS of the comoving cur-

vature perturbations R. As and ns are the amplitude and the spectral index of the
comoving curvature perturbations at a given pivot scale k∗ = 0.05 Mpc−1. Because of
the dependence of the template on five parameters and the degeneracy among them,
the parameters for which the template mimics the effect AL are not uniquely deter-
mined. We will consider as examples for the parameters to mimic AL ' 1 those quoted
in [15]: Alin = 0.16, ωlin = 101.158 ' 14.4, µenv = 0.2 Mpc−1, σenv = 0.057 Mpc−1,
and φlin = π. This choice is not however important for our considerations and there
might other choices of parameters which also show the degeneracy of the template in
Eq. (2.1) with AL ' 1.

This particular template matches reasonably well the residuals between the CMB
temperature angular power spectrum and the ΛCDM bestfit, but does not reproduce
the residuals in polarization and temperature-polarization cross-correlation, as already
emphasized in [15]. In Fig. 2, we show the comparison between the feature best-fit
and the featureless power spectrum with AL = 1.18. While Eq. (2.1) with the best-fit
parameters above can recover the residuals for the case with AL = 1.18 for the CMB
temperature, it does not for the E-mode polarization and the temperature-polarization
cross spectra unless we change both the frequency and the phase.

In Fig. 3, we compare the template with damped linear oscillations with BAO
feature at redshift z = 0. The two signals have different frequency, phase and they
peak at different wave-number.

Finally, the CMB lensing power spectrum is not very sensitive to this class of
primordial features with high frequencies [40]. The power spectrum of the lensing
potential is an integrated quantity where a large range of wavenumbers contribute to
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Figure 2. Differences with respect to the ΛCDM CMB angular power spectrum for the case
with AL = 1.18 (blue) and for the features template (2.1).

10 2 10 1 100

k [h Mpc 1]

0.85

0.90

0.95

1.00

1.05

1.10

1.15

P/
Pnw

lin = 14.4, lin =
BAO

10 2 10 1 100

k [h Mpc 1]

0.85

0.90

0.95

1.00

1.05

1.10

1.15

P/
Pnw

lin = 14.4, lin =
BAO

Figure 3. Comparison between the BAO signal (green line) and the template (2.1) with
Alin = 0.16, log10 ωlin = 1.158, φlin = π (magenta line). Left panel: ratio of the linear matter
power spectrum at z = 0. Right panel: ratio of the non-linear matter power spectrum at
z = 0.

each multipole; as a result, high frequency oscillations as those considered here are
efficiently smoothed in CMB lensing compared to CMB temperature and polarization
spectra.
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3 Cosmological simulations with primordial features

In order to study the effect of such signal imprinted on the matter power spectrum, we
have run a modified version of the publicly available code L-PICOLA2 [41–43] to produce
a total of nine simulations with different cosmological parameters. We have fixed
the standard cosmological parameters to h = 0.6736, Ωm = 0.31377, Ωb = 0.04930,
and σ8 = 0.8107 according to Ref. [3]. Initially, we start with the fiducial feature
parameters described in [15] (hereafter M1) and the corresponding featureless case.
Subsequently, we have studied the effect of varying one of the feature parameters
at the time: M2 with Alin → Alin/2 = 0.08, M3 with Alin → 2Alin = 0.32, M4
with µenv → µenv/2 = 0.1 Mpc−1, M5 with µenv → 2µenv = 0.4 Mpc−1, M6 with
σenv → σenv/2 = 0.0285 Mpc−1, M7 with σenv → 2σenv = 0.114 Mpc−1, M8 with
log10 ωlin → 0.8 log10 ωlin = 0.926, and M9 with log10 ωlin → 1.2 log10 ωlin = 1.39.

Each simulation has 10243 dark matter particles with a comoving box with side
length of 1024h−1 Mpc evolved with 30 time steps3. The initial conditions are produced
using second-order Lagrangian Perturbation Theory, with the 2LPTic code [44], at
redshift z = 9, with input the linear matter power spectra were computed with a
modified version of the publicly available code CAMB4 [45], as in [28].

In order to minimize cosmic variance, we run pair of simulations with the same ini-
tial seed, inverted initial condition, and with fixed amplitude as in [28]. Finally, we use
observable averaged over these two simulations. Using paired-fixed simulations, with
paired phase [46, 47] and fixed amplitude [46, 48], significantly reduces the variance of
the N-body simulations; see Ref. [49] for a comprehensive study of this procedure.

In Fig. 4, we show the relative differences between the nonlinear matter power
spectrum of the feature model (2.1) with respect to the featureless case for the feature
bestfit and the eight models (from the top to the bottom) at different redshift z =
0, 1, 2 (from the left to the right).

4 Perturbation theory with primordial features

Following the perturbative approach in Refs. [27, 32], closely connected to the BAO
resummation done in [50, 51], we start by decomposing the linear power spectrum into
a smooth (nw) and an oscillating (w) contribution

P lin(z, k) = G2(z) [P nw(k) + Pw(k)] . (4.1)

Here the oscillatory part describes both BAO and the primordial oscillations as

Pw(k) ≡ P nw [δPw
BAO(k) + δPw

lin(k) + δPw
BAO(k)δPw

lin(k)] (4.2)

with

δPw
lin(k) = Aline

− (k−µenv)2

2σ2env cos

(
ωlin

k

k∗
+ φlin

)
(4.3)

2https://github.com/CullanHowlett/l-picola
3We found consistent and robust results by running smaller simulations with 5123 particles and a

box with side of 512h−1 Mpc.
4https://github.com/cmbant/CAMB
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Figure 4. Relative differences with respect to the ΛCDM matter power spectrum for the
linear matter power spectrum (gray) and the nonlinear matter power spectrum obtained
from the simulations (blue) for the template with damped linear oscillations (2.1) at redshift
z = 0, 1, 2.

and k∗ = 0.05 Mpc−1. Here we have factored out the time-dependence given by the
growth factor G(z). The cross term in Eq. (4.2) is subdominant since it is proportional

– 6 –



to ABAO · Alin ' 0.01 and we neglect it.
The IR resummed power spectrum at leading order (LO) is given by

P IR res,LO(z, k) = G2(z)
[
P nw(k) + e−k

2G2(z)Σ2

Pw(k)
]

(4.4)

where P nw(k) corresponds to the smooth part of the linear power spectrum and Pw(k)
is multiplied by the exponential damping of the oscillatory part due to the effect of IR
enhanced loop contributions, exactly as for BAO [51]. For BAO, the damping factor
corresponds to

Σ2
BAO(kS) ≡

∫ kS

0

dq

6π2
P nw(q) [1− j0 (qrs) + 2j2 (qrs)] (4.5)

where jn are spherical Bessel functions and kS is the separation scale of long and short
modes, that has been introduced in order to treat the perturbative expansion in the two
regimes separately. The dependence of the spectrum from kS can be connected with an
estimate of the perturbative uncertainty. For this reason and since IR expansions are
valid for q � k, we assumed kS = εk with ε ∈ [0.3, 0.7] as in Ref. [32]. rs ' 147 Mpc is
the scale setting the period of the BAO [3]. For the primordial feature, the damping
factor (4.5) depends also from the frequency ωlin as

Σ2
lin(ωlin, kS) ≡

∫ kS

0

dq

6π2
P nw(q)

[
1− j0

(
q
ωlin

k∗

)
+ 2j2

(
q
ωlin

k∗

)]
. (4.6)

We can rewrite Eq. (4.4) as

P IR res,LO(z, k) = G2(z)P nw(k)
[
1 + e−k

2G2(z)Σ2
BAOδPw

BAO(k)

+e−k
2G2(z)Σ2

linδPw
lin(k)

]
. (4.7)

At next-to-leading order (NLO), the IR resummed power spectrum can be written
in the form

P IR res,LO+NLO(z, k) = G2(z)P nw(k)
{

1 +
[
1 + k2G2(z)Σ2

BAO

]
e−k

2G2(z)Σ2
BAOδPw

BAO(k)

+
[
1 + k2G2(z)Σ2

lin

]
e−k

2G2(z)Σ2
linδPw

lin(k)
}

+G4(z)P 1−loop
[
P IR res,LO(k)

]
(4.8)

where we neglected the leading contribution to the NLO coming from 2-loops being
numerically small (see Ref. [51] for the full expression at NLO for the resummed fea-
tureless matter power spectrum). We also neglect contribution to the power spectrum
coming from the bispectrum that might became relevant for higher frequency compared
to the one studied here. P 1−loop is the standard one-loop result, but computed with
the LO IR resummed power spectrum. In practice, one can use the usual expression
P 1−loop = P22 + 2P13, however evaluating the loop integrals P22 and P13 with the input
spectrum P IR res,LO instead of the linear spectrum [50]. Note that we do not consider
for any correction due to the Gaussian envelop just considering the linear oscillatory
pattern on top of the matter power spectrum as it happens for BAO [51].
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Figure 5. Ratio of IR resummed matter power spectrum at LO (blue) and NLO (orange)
obtained for the damped linear oscillations to the one obtained with a power-law PPS at
redshift z = 0 varying the IR separation scale kS = εk with ε ∈ [0.3, 0.7]. Also shown is the
linear result (gray). We show the results obtained from simulations (green dashed) for the
best-fit parameters M1 (top left panel) and we change the value of the feature amplitude to
Alin = 0.08 (top right panel) and Alin = 0.32 (bottom panel).

4.1 Comparison with cosmological simulations

In Figs. 5-6-7-8, we show the ratio between the matter power spectrum with damped
primordial oscillations and the one with power-law PPS calculated at redshift z = 0 for
the results both at LO and NLO. In particular, we vary the amplitude Alin in Fig. 5, the
mean of the Gaussian envelope µenv in Fig. 6, the dispersion of the Gaussian envelope
σenv in Fig. 7, and the feature frequency log10 ωlin in Fig. 8.

One can observe that the agreement between simulations and perturbation the-
ory predictions is considerably improved going from LO to NLO. Furthermore, the
dependence on the separation scale kS is reduced (reducing the theoretical perturba-
tive uncertainties). We find for the Fourier matter power spectrum at z = 0 differences
less than 3% for the LO and less than 0.3% including the NLO with respect to our
DM-only simulations, see Fig. 9. These differences and the predictions from perturba-
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Figure 6. As Fig. 5 for µenv = 0.1 Mpc−1 (left panel) and for µenv = 0.4 Mpc−1 (right
panel).
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Figure 7. As Fig. 5 for σenv = 0.0285 Mpc−1 (left panel) and for σenv = 0.114 Mpc−1 (right
panel).

tion theory are robust to the variation of the primordial feature parameters Alin, µenv,
σenv, and log10 ωlin.

Moving the position of the feature toward smaller scales, i.e. µenv > 0.2 Mpc−1, we
see that the primordial oscillations are completely damped at low redshift, see Figs. 4-6.
Analogously when we reduce the size of the Gaussian envelope, i.e. σenv < 0.057 Mpc−1,
see Figs. 4-7.

For the best-fit parameters M1, the amplitude of the oscillations is reduced by
a factor 8 at z = 0 and it is reduced by half at z = 1. This effect is increased or
reduced by varying the parameters of the Gaussian envelope with respect to their
fiducial values. Moreover, all the primordial oscillations at k > 0.3hMpc−1 and z = 0
are washed away by nonlinearities. This result highlight the importance and the need
of high redshift clustering measurements, i.e. z & 1, in order to study these specific
features on the matter power spectrum.
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Figure 8. As Fig. 5 for log10 ωlin = 0.926 (top panel) and for log10 ωlin = 1.39 (bottom
panel).
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Figure 9. Comparison of the primordial oscillatory component of the matter power spec-
trum as predicted by LO (blue) and NLO (orange) with respect to the result from N-body
simulations varying the IR separation scale kS = εk with ε ∈ [0.3, 0.7].

5 Comparison with current LSS data

We apply the methodology developed in Ref. [30] and already applied to the case of
linear undamped oscillations to the current model with the publicly available library
CosmoBolognaLib5 [52]. We consider the combination of two non-overlapping redshift
bins, neglecting their correlation, covering 0.2 < z < 0.5 and 0.5 < z < 0.75 using the
galaxy two-point correlation function (2PCF) from the Sloan Digital Sky Survey III
Baryon Oscillation Spectroscopic Survey Data Release 12 (BOSS DR12) [53, 54].

The templates for the anisotropic 2PCF monopole and quadrupole are built start-

5https://gitlab.com/federicomarulli/CosmoBolognaLib
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ing from the non-linear galaxy power spectrum in redshift space [55–58]

P (z, k, µ) =

[
1 + βµ2R(k,Σr)

1 + k2µ2Σ2
s/2

]2

P IRres,LO(z, k, µ) . (5.1)

Following the BOSS DR12 2PCF analysis [54], we fix the streaming scale at Σs =
4h−1 Mpc, the radial and transverse components of the standard Gaussian damping
of BAO at Σ‖ = 4h−1 Mpc, and Σ⊥ = 2.5h−1 Mpc for post-reconstruction results,

where Σ2
BAO = µ2Σ2

‖ + (1 − µ2)Σ2
⊥. R(k, Σr) = 1 − e−k2Σ2

r/2 is the smoothing applied

in reconstruction and Σr = 15h−1 Mpc is the smoothing scale used when deriving the
displacement field [59]. Given Eq. (5.1), we define the multipole moments

P`(k, µ) =
2`+ 1

2

∫ +1

−1

dµP (k, µ)L`(µ) (5.2)

where L`(µ) are Legendre polynomials. These are transformed to 2PCF multipole

ξ`(s) =
i`

2π2

∫
dk k2P`(k, µ)j`(ks) (5.3)

where j`(ks) is the `-th order spherical Bessel function. We then use

ξ(s, µ) =
∑
`=0,2

ξ`(s)L`(µ) , (5.4)

and we take averages over µ window to create the template

ξ`(s, α⊥, α‖) =

∫ 1

−1

dµP`(µ
′)ξ(s′, µ′) (5.5)

where µtrue = µα‖/
√
µ2α2

‖ + (1− µ2)α2
⊥, strue = s

√
µ2α2

‖ + (1− µ2)α2
⊥. Finally, we fit

to the data using the following model for the monopole and quadrupole of the 2PCF

ξ0(s) = B0ξ0(s, α⊥, α‖) + A0
0 +

A1
0

s
+
A2

0

s2
, (5.6)

ξ2(s) =
5

2

[
B2ξ2(s, α⊥, α‖)−B0ξ0(s, α⊥, α‖)

]
+ A0

2 +
A1

2

s
+
A2

2

s2
. (5.7)

We vary the amplitude of the template (2.1) (linearly in the range Alin ∈ [0, 1])
together with the BAO (α⊥, α‖) and nuisance parameters (B0, B2, A0

0 A
2
0, A0

1, A2
1,

A0
2, A2

2)z1,z2 keeping fix the remaining four primordial feature parameters. B0 and
B2 are used to marginalize over the power spectra amplitude, i.e. clustering bias
amplitude and redshift-space distortions effects. All the Ai

j parameters are used to
marginalize over the broad-band effects including angle-dependent overall shape of the
pwoer spectra, redshift space distortions, scale-dependent bias, and any errors made
in our assumption of the model cosmology; see Ref. [54]. These nuisance parameters
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Figure 10. Left panel: marginalized posterior distribution of the amplitude of the feature
obtained with the BOSS DR12 combined redshift bin. Right panel: nonlinear CDM 2PCF
monopole (solid) and quadrupole (dashed) computed at z = 0.38 (central redshift of the
first BOSS DR12 bin) for M1 (green) and a case with half amplitude Alin = 0.08 and
lower frequency ωlin = 13 (blue). We highlight in gray the scales excluded in the analysis,
i.e. s < 20h−1 Mpc and s > 180h−1 Mpc. Black lines correspond to the monopole and
quadrupole predictions of ΛCDM with power-law PPS.

cover also for the marginalization over effects due to the scale-dependent clustering bias
contribution which is expected to be very small for primordial features; see [25, 60].
We find Alin < 0.26 (< 0.096) at 95% (68%) confidence level (CL), we show the
marginalized poster distribution on Alin in Fig. 10.

The constraints are weaker compared to the one we found for the undamped
linear oscillations in Ref. [30] because the best-fit frequency ωlin ' 14.4 is at very large
separation scales of the 2PCF, mostly beyond the BOSS measurements, see Fig. 10.
Indeed, for such frequency, the best-fit amplitude Alin = 0.16 is still allowed from
BOSS DR12 galaxy correlation data; note however that BOSS DR12 2PCF [30] will
probe more efficiently lower frequencies ωlin . 13. Tighter constraints could also be
obtained by full-shape matter power spectrum data [27].

6 Conclusions

A primordial signal with an oscillatory pattern superimposed to the PPS can mimic
the smoothing excess in the region of the acoustic peaks measured by Planck and
quantified by the phenomenological parameter AL.

It is important to stress that while it is possible to find a specific localized os-
cillation able to reproduce a signal close to the one generated by AL ' 1.18 in CMB
temperature power spectrum, we expect that this does not hold for CMB polarization
[15]. Such a primordial localized oscillation can leave an imprint on the clustering of
the galaxy distribution.

In this paper, we have accurately modelled the imprint of this specific localized
oscillation on the matter power spectrum. We have run a set DM-only cosmological
simulations varying some of the feature parameters of the template (2.1) at the time
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with 1, 0243 DM particles in a comoving box with side length of 1, 024h−1 Mpc con-
sistently with Ref. [28]. We have compared then the nonlinear CDM power spectra
with the prediction from perturbation theory [50, 51] showing a good agreement when
the NLO is included, better than 0.3% for the envelope of the feature. The large am-
plitude of the feature, i.e. Alin ' 0.16, required to mimic the effect of AL ' 1.18 on
the CMB temperature angular power spectrum is strongly damped by nonlinearities.
The amplitude of the feature is reduced approximately by a factor 8 at z = 0 and it is
halved at z = 1.

Finally, we have derived the constraint on the amplitude keeping fixed the other
feature parameters. We have followed the methodology developed in Ref. [30] to con-
strain feature templates with undamped oscillations and a localized bump with the
BOSS DR12 galaxy 2PCF. Contrary to the tight constraint found in the case of un-
damped linear primordial oscillations in Ref. [30], i.e. Aundamped

lin < 0.025 at 95%
CL, we find a weaker upper bound for this specific template since the position of the
localized wave packet of linearly spaced oscillations is at very small scales, around
k ∼ 0.2 h/Mpc, almost outside the observational window of the 2PCF, see Fig. 10.
Here we find a constraint of Alin < 0.26 at 95% CL for ωlin ' 14.4.

Future galaxy clustering measurements at high redshift z & 1 from Euclid [61]
are the most sensitive to these primordial oscillations mimicking AL and will improve
significantly the observational status presented here.
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