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Abstract

In the field of Artificial Intelligence (AI), Machine Learning (ML) comprises automated
data analysis techniques aimed at learning models directly from data. These include
classification and prediction models, as well as clustering approaches for grouping data.
In recent years, the rapid growth of the availability of massive volumes of digital infor-
mation has expanded the range of ML applications, while also raising new challenges.
For example, datasets are often incomplete, inconsistent, or uncertain. To address
these issues, ML algorithms must remain scalable as data volumes increase, and must
also be able to handle imperfect or missing information and unbalanced class distri-
butions. Probabilistic ML methods provide a natural way to model uncertainty in
such settings, while explainable models ensure that the outcomes of ML systems can
be understood and trusted even by non-experts. Inductive Logic Programming (ILP),
a subfield of ML, produces rule-based models that are intrinsically interpretable, and
thus represents a promising approach for explainable and trustworthy Al. Logic-based
approaches offer suitable tools in this context, as they support structured knowledge
representation, probabilistic modeling, and interpretable inference. In this context,
this thesis explores the application of both logic-based and traditional ML methods to
diverse domains.

The first contribution concerns the development of probabilistic logic systems. One
is LIFTCOVER+, an enhanced ILP algorithm that performs both structure and pa-
rameter learning. Structure learning identifies logical rules that best explain the ob-
served examples given the background knowledge, while parameter learning assigns
probabilistic weights to the rules. In addition, a second methodological contribution
addresses parameter learning in Probabilistic Answer Set Programming (PASP), broad-
ening the range of probabilistic reasoning tools available in ILP.

The second contribution lies in demonstrating the applicability and effectiveness of

ML and ILP methods across real-world scenarios, including knowledge graph comple-



11

tion, financial services, and medical risk prediction.
The third contribution explores the combination of logic and large language models
(LLMs) to improve the interpretability of logical theories, especially when they include

invented predicates lacking meaningful names.



Sommario

Nel campo dell'Intelligenza Artificiale (IA), il Machine Learning (ML) comprende tec-
niche di analisi automatizzata dei dati finalizzate all’apprendimento di modelli diret-
tamente dai dati. In particolare include modelli di classificazione e previsione, nonché
approcci di clustering per raggruppare i dati. Negli ultimi anni, la rapida crescita della
disponibilita di enormi volumi di informazioni digitali ha ampliato il campo delle ap-
plicazioni di ML, sollevando pero anche nuove sfide. Ad esempio, i dataset sono spesso
incompleti, inconsistenti o incerti. Per affrontare questi problemi, gli algoritmi di ML
devono rimanere scalabili con I’aumento del volume dei dati e devono anche essere in
grado di gestire informazioni sbagliate o mancanti e distribuzioni di classi sbilanciate.
I metodi probabilistici di ML offrono un modo naturale per modellare I'incertezza in
questi contesti, mentre i modelli spiegabili garantiscono che il comportamento e i risul-
tati dei sistemi di ML possano essere compresi e affidati anche da utenti non esperti.
L’'Inductive Logic Programming (ILP), parte del ML, produce modelli basati su re-
gole logiche che sono intrinsecamente interpretabili e rappresenta quindi un approccio
spiegabile e affidabile. Gli approcci basati sulla logica offrono strumenti adeguati in
questo contesto, poiché supportano la rappresentazione strutturata della conoscenza,
la modellizzazione probabilistica e 'inferenza interpretabile. In quest’ambito, questa
tesi esplora 'applicazione di metodi basati sulla logica e metodi tradizionali di ML in
diverse applicazioni.

Il primo contributo € LIFTCOVER+, un algoritmo di ILP per ’apprendimento della
struttura e dei parametri di programmi logici probabilistici. L’apprendimento della
struttura identifica le regole logiche che meglio spiegano gli esempi data una conoscenza
di background, mentre 'apprendimento dei parametri assegna pesi probabilistici alle
regole. Inoltre, un secondo contributo metodologico riguarda 'apprendimento dei
parametri nel Probabilistic Answer Set Programming (PASP), ampliando la gamma di

strumenti di ragionamento probabilistico disponibili nell’ ILP.
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Il secondo contributo riguarda I’analisi dell’applicabilita e dell’efficacia di metodi di
ML e ILP in diversi scenari reali, tra cui la knowledge graph completion, il supporto
decisionale in ambito finanziario e la previsione di fattori di rischio in ambito medico.

Il terzo contributo esplora la combinazione di logica e modelli di linguaggio di grandi
dimensioni (LLM) per migliorare l'interpretabilita delle teorie logiche, specialmente

quando queste includono predicati inventati privi di nomi significativi.
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Introduction






Chapter 1
Motivation

Even though Artificial Intelligence (AI) has gained widespread public attention only
in recent years, its origins dates back to the 1950s. Since then, AI has undergone
alternating phases of optimism and scepticism. In the past decade, however, the field
has experienced a substantial and continuous growth, driven primarily by significant
advances in computational power and by the availability of large amounts of data. As
a result, nowadays Al-based systems are continuously employed across a wide range of
application domains, such as healthcare, finance, robotics, gaming, manufacturing, and
transportation, demonstrating the broad applicability and impact of Al technologies.
In general, Al involves techniques and methodologies aimed at designing systems capa-
ble of carrying out tasks typically associated with human intelligence, such as learning

from experience, solving complex problems, or processing natural language.

AT comprises several subfields. One of the most prominent is Machine Learning
(ML), which refers to methods enabling computational systems to automatically learn
from data and improve their performance with experience, under different learning
paradigms. Despite ML’s widespread adoption and success in many domains, a sub-
stantial part of human reasoning relies on relational structures and explicit knowledge
representation, aspects that purely data-driven methods do not always capture effec-
tively. This limitation motivates the exploration of complementary paradigms that
combine learning with symbolic reasoning.

A longstanding research area that addresses this need is logic programming. Log-
ical formalisms provide a powerful and expressive framework for modeling domains

characterized by structured or relational information. In particular, First-Order Logic
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(FOL) offers a well-established foundation for representing entities and the relation-
ships between them. Logic Programming (LP) builds upon this foundation to define
knowledge in terms of facts and rules, enabling transparent and interpretable reason-
ing. Probabilistic Logic Programming (PLP) extends LP by incorporating uncertainty
directly into the logical representation, allowing systems to reason with both symbolic
structures and probabilistic information.

A research direction that formalizes this integration is Inductive Logic Programming
(ILP). Founded by Muggleton in the 1990s, ILP is a field that lies at the intersection
of MLL and knowledge representation. One of its distinctive advantages is its ability to
construct hypotheses from a limited number of examples, making it particularly suit-
able in scenarios where data are scarce. Moreover, ILP systems leverage the expressive
power of logic programs to handle relational and structured data, a setting in which
traditional ML methods often struggle. The logic-based representation also supports
the seamless incorporation of prior knowledge, enabling models to reason in ways that
are both guided and constrained by expert understanding. Because hypotheses are
expressed in human-readable logical form, ILP is naturally explainable, providing clear
information on the behavior of the models and their outputs.

These motivations underpin the research presented in this thesis.



Chapter 2

Thesis Aims

The primary aim of this thesis is to investigate methods for both structure and parame-
ter learning within logic-based frameworks, and to explore their application for solving

complex real-world problems. Specifically, the thesis addresses three main objectives:

Probabilistic ILP systems for structure and parameter learning. The first
goal is to improve existing ILP methods and propose new ones for structure and pa-
rameter learning. This is achieved through the development of LIFTCOVER+, an al-
gorithm designed to identify rules that best explain observed examples while assigning
meaningful probabilistic weights, thus providing both predictive accuracy and inter-
pretable logical models. This goal also includes broadening the range of probabilistic
reasoning tools available within ILP, with a particular focus on parameter learning in
Probabilistic Answer Set Programming (PASP), exploring different approaches. Two of
these approaches rely on extracting symbolic equations that represent the probabilities
of interpretations: one solves the task using an off-the-shelf constrained optimization
solver, while the other employs an implementation of the Expectation-Maximization
algorithm. With a third one, we introduce the gradient semiring for PASP and imple-

ment it on top of a state-of-the-art solver.

Explore the application of ML and ILP systems in different domains. The
approaches we proposed were tested on benchmark datasets, showing performances
comparable and in some cases even superior to those of state-of-the-art systems, moti-

vating their application across multiple domains.
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LIFTCOVER+ was used to solve the task of Knowledge Graph Completion (KGC),
which involves inferring missing information in an incomplete Knowledge Graph that
represents knowledge on a specific domain. We investigated three different approaches
for performing parameter learning of rules that predict this missing information us-
ing LIFTCOVER+, with the goal of evaluating whether parameter learning can be a
competitive approach for solving the KGC task.

We also used LIFTCOVER+ as a decision-support system in a financial setting.
The expressive and interpretable nature of LIFTCOVER+’s output proved to be par-
ticularly valuable in this context, as it facilitated the integration of the model into a
setting with users who may not have a background in formal logic. This character-
istic not only enhanced the model’s accessibility but also enabled the users to make
informed decisions based on understandable results.

Using traditional ML methods, we also conducted an analysis in the medical field,
based on data collected from psychiatric patients in the Ferrara province, to iden-
tify risk factors of medication non-adherence. The ML pipeline begins with feature
preprocessing, followed by the training of several predictive models. We evaluate their
performance with cross-validation to ensure robust results. Finally, we identify the spe-
cific risk factors by analyzing the coefficients of a logistic regression model, providing

interpretable insights into the factors that contribute to medication non-adherence.

Improving interpretability of logical theories with large language models.
The third goal is to investigate the use of Large Language Models (LLMs) to en-
hance the readability and semantic meaningfulness of logical theories, especially when
they involve invented predicates that lack intuitive names. This integration seeks to
combine the expressiveness of symbolic logic with the natural language understanding
capabilities of LLMs.

Together, these objectives aim to advance the methodological foundations of ML and

probabilistic ILP, while demonstrating their applicability to real-world problems.



Chapter 3

Thesis Structure and Contributions

The content of this thesis is organized into the following parts and chapters.

Part I Introduction

This part outlines the motivation, aims, and contributions of the thesis. It also includes

an overview of its structure, presented in the current chapter.

Part II Foundations

This part is divided into three chapters, each presenting the fundamental concepts
and theoretical background that form the basis of the contributions and applications
presented in this thesis.

Specifically, Chapter 4 provides an overview of Machine Learning. It briefly intro-
duces the main learning paradigms, namely supervised, unsupervised, and reinforce-
ment learning, together with their specific tasks and learning objectives. The chapter
also reviews the most commonly used ML models and the evaluation metrics typically
applied in practice. In addition, it outlines the standard ML pipeline, covering data
preprocessing, model selection, training, and evaluation. Finally, it provides a brief
introduction to large language models and discusses some commonly used prompting
strategies.

Chapter 5 introduces the fundamental concepts of propositional and first-order
logic, in terms of both syntax and semantics. Then it introduces the principles of logic

programming. Finally, it presents probabilistic logic programming, with particular

7
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emphasis on the distribution semantics, explaining how probabilistic reasoning is inte-
grated into logic programs and how uncertainty can be modeled within this framework.

Chapter 6 introduces Inductive Logic Programming, describing its two main learn-
ing settings and outlining how ILP systems explore the hypothesis space to induce
logical rules that generalize the observed data. The chapter then presents Probabilis-
tic ILP (PILP), which extends ILP by incorporating probabilistic reasoning to handle
uncertainty. It describes the two main tasks in PILP: parameter learning, which esti-
mates the probabilities associated with rules, and structure learning, which identifies

the structure of the rules.

Part III - Probabilistic Learning Systems

Building on the theoretical foundations introduced in Part II, this part focuses on
probabilistic learning systems. In particular, Chapter 7 presents LIFTCOVER+, an
ILP system designed to perform both parameter and structure learning for liftable
probabilistic logic programs. The system’s principles and capabilities are discussed,
and the results of its evaluation on benchmark datasets are presented.

The content of this chapter is based on:

e E. Gentili, A. Bizzarri, D. Azzolini, R. Zese, and F. Riguzzi, “Regularization
in probabilistic inductive logic programming,” in International Conference on
Inductive Logic Programming, pp. 16-29, Springer, 2023. doi:10.1007/978-3-031-
49299-0_2
Best Student Paper Award at the 32nd International Conference on Inductive
Logic Programming IL.P2023 @ IJCLR.

Then, Chapter 8 presents different approaches to address the parameter learning
task within the Probabilistic Answer Set Programming framework.

The content of this chapter is based on:

e D. Azzolini, E. Gentili, and F. Riguzzi, “Symbolic parameter learning in prob-
abilistic answer set programming,” Theory and Practice of Logic Programming,
vol. 24, no. 4, pp. 698-715, 2024. doi:10.1017/S1471068424000334

e E. Gentili, A. Bizzarri, D. Azzolini, and F. Riguzzi, “The gradient semiring for

probabilistic answer set programming and its application to parameter learning,”



in Proceedings of the 5th International Joint Conference on Learning € Reason-

ing, 2025. To appear.

Part IV - Applications

This part presents several applications of LIFTCOVER+ and traditional Machine
Learning models in different contexts.

In Chapter 9, we employ LIFTCOVER+ for solving the task of Knowledge Graph
Completion. The content of this chapter is based on:

e E. Gentili, “Knowledge graph completion with probabilistic logic programming,”
Proceedings of the AItIA Doctoral Consortium, 2023. https://ceur-ws.org/Vol-
3670/paper96.pdf

e D. Azzolini, M. Bonato, E. Gentili, F. Riguzzi, “Logic programming for knowl-
edge graph completion,” 39th Italian Conference on Computational Logic (CILC
2024), in CEUR Workshop Proceedings, vol. 3733, pp. 1-14, CEUR-WS, 2024.
https://ceur-ws.org/Vol-3733 /paper4.pdf

e D. Azzolini, E. Gentili, F. Riguzzi, “Link prediction in knowledge graphs with
probabilistic logic programming: Work in progress,” Workshop on Probabilistic
Logic Programming (PLP 2023), in CEUR Workshop Proceedings, vol. 3437,

pp. 1-4, CEUR-WS, 2023. https://ceur-ws.org/Vol-3437/short5PLP.pdf

Chapter 10 illustrates the application of LIFTCOVER+ to an industrial context,
where it was employed as a predictive model to support a financial company in opti-
mizing its interactions with clients.

Chapter 11 illustrates a pipeline using traditional machine learning predictive mod-
els to identify risk factors for medication non-adherence.

Chapter 12 presents two datasets from the Neuro-Symbolic (NeSy) field, with which
we contributed to the development of a benchmark for evaluating the capabilities of

NeSy systems. The content of this chapter is based on:

e R. Manhaeve, F. Giannini, M. Ali, D. Azzolini, A. Bizzarri, A. Borghesi, S. Bor-
tolotti, L. De Raedt, D. Dhami, M. Diligenti, S. Dumanc¢i¢, B. Faltings, E. Gentili,
A. Gerevini, M. Gori, T. Guns, M. Homola, K. Kersting, J. Lehmann, M. Lom-
bardi, L. Lorello, E. Marconato, S. Melacci, A. Passerini, D. Paul, F. Riguzzi,
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S. Teso, N. Yorke-Smith, and M. Lippi, “Benchmarking in neuro-symbolic ai,”
in Learning and Reasoning: 4th International Joint Conference on Learning and
Reasoning, IJCLR 2024, and 33rd International Conference on Inductive Logic
Programming, ILP 2024, Nanjing, China, September 20-22, 2024, Proceedings,
W.-Z. Dai, Ed. Cham: Springer Nature Switzerland, 2026, pp. 238-249.

Lastly, in Chapter 13 we address the challenge of assigning names to predicates
in logic rules that contain unnamed predicates using LLMs. Several ILP systems
may produce rules with unnamed predicates, which often appear in the output. This
hinders the readability, interpretability, and reusability of the produced logic theory.
Leveraging recent advancements in the development of LLMs, we explore their potential
to suggest meaningful names for these unnamed predicates, thereby improving the

overall interpretability of the logic rules. The content of this chapter is based on:

e E. Gentili, T. Ribeiro, F. Riguzzi, and K. Inoue, “Predicate renaming via large
language models,” arXiv preprint arXiw:2510.25517, 2025.

Part V - Conclusions

The final part of this thesis provides a summary of the work carried out and draws

conclusions.
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Chapter 4

Machine Learning Foundations

Machine Learning (ML) is a subfield of Artificial Intelligence (AI) that refers to the
development of systems that automatically learn from data and improve their perfor-
mance through experience. More precisely, a system learns a task T from experience

E with P as a performance measure, if its performance P on T improves with F [1].

4.1 Overview of paradigms

ML encompasses a variety of learning paradigms, each characterized by the nature of
the data available to the learner and the type of feedback received during the learning

process.

Supervised learning In supervised learning, the model is trained on a labeled
dataset, commonly referred to as the training set. Each training example consists
of an input instance and its corresponding label, which represents the desired output
for that instance. The objective of the model is to learn a mapping from inputs to
outputs that generalizes well to unseen data, thereby enabling accurate prediction of
labels for new instances. Supervised learning tasks are generally divided into two major
categories: classification and regression.

In a classification task, the goal is to assign each input to one of a finite set of discrete
categories, called classes. A class represents a group of instances sharing common
properties or characteristics. The learning algorithm is provided with examples labeled

with their respective classes and produces a classifier that maps the feature space

13



14 Chapter 4. Machine Learning Foundations

(typically represented as attribute—value pairs) to class labels. Classification can be
binary, when there are only two possible labels (e.g., “spam” or “not spam”), or multi-
class, when the label set includes more than two categories (e.g., “red”, “blue”, or
“green”). Once trained, the classifier predicts the class of new, unlabeled examples
based on their attributes.

In contrast, regression addresses problems in which the output variable takes con-
tinuous values. The task consists of learning a real-valued function, commonly referred
to as the regression function, which models the dependency between one or more in-
dependent (input) variables and a dependent (output) variable. Therefore, the task of
regression is to learn a hidden relationship between z and y from observed and possibly

noisy data points [2, 3].

Unsupervised learning In unsupervised learning, the training data are unlabeled,
that is, no explicit target values or class labels are provided. The objective is to dis-
cover the underlying structure, regularities, or representations within the data itself.
Unlike supervised learning, where the model is guided by known outcomes, unsuper-
vised learning seeks to infer patterns directly from the input distribution, typically by
identifying groups of similar instances or by learning compact representations.

The most common types of unsupervised learning tasks are clustering and dimen-
sionality reduction.

In clustering, the goal is to partition a set of data points into subsets (or clusters)
such that points within the same cluster are more similar to each other than to those
in different clusters. One of the most used algorithm for clustering is k-means.

Dimensionality reduction, on the other hand, aims to project high-dimensional data
into a lower-dimensional space while preserving as much of the intrinsic structure or
variance as possible. Principal Component Analysis (PCA) is one of the most used
techniques for dimensionality reduction.

Another example of unsupervised learning is represented by association rules, which
can be extracted from datasets where each instance is represented as a set of items. An
association rule has the general form X = Y, where X and Y are called itemsets.
The rule states that the occurrence of X in an example (also called a transaction)
implies, with a certain degree of probability, the occurrence of Y in the same trans-
action. Each association rule is typically characterized by two key measures: support,

which quantifies how frequently the rule applies to the dataset, and confidence, which
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estimates the conditional probability of Y given X.

Reinforcement learning Reinforcement learning (RL) differs fundamentally from
both supervised and unsupervised paradigms, as learning occurs through interaction
with an environment rather than from a fixed dataset. In this framework, an agent
repeatedly observes the current state of the environment, selects an action, and receives
a reward (or penalty) that reflects the immediate or long-term utility of that action.
The agent’s goal is to learn a mapping from states to actions that maximizes the reward
over time [4].

These paradigms constitute the foundational learning frameworks of traditional
ML. Each paradigm has a different concept of “experience” and “feedback”, reflecting

distinct approaches to the inductive inference process of ML systems.

4.2 Typical Machine Learning workflow

The typical ML workflow or pipeline consists of a sequence of interconnected steps
going from data acquisition and preprocessing, feature selection, model selection, model
training, and model evaluation. Each stage has a direct consequence on the following
ones, making it essential to carry out every step carefully to ensure the reliability
and effectiveness of the final model. This pipeline is inherently iterative, meaning that
insights gained during evaluation often trigger revisions in earlier phases such as feature

design or data preprocessing.

Data acquisition and preprocessing Often, data may come form different sources
and possibly in heterogeneous formats, leading to inconsistent, missing, sparse, or
wrong information, as well as outliers and noise. These are common problems that
need to be addressed in the preprocessing phase, which usually includes actions such
as cleaning, encoding, and normalization. Cleaned data is usually partitioned into
subsets used in different stages of the learning process: training set for model training,
validation set for hyperparameters tuning, and test set for the evaluation of the final
model. Using different datasets throughout the learning process is essential to prevent
overfitting, that is, when a model learns the training data too closely and fails to
generalize to unseen data. The quality of this preprocessing phase is critical, as errors

or biases introduced here can cascade and degrade downstream learning.
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Feature engineering and representation Feature engineering involves transform-
ing raw data into informative variables (features) that the learning algorithm can ef-
fectively exploit. This process may include the extraction or creation of new features,
encoding categorical values, polynomial expansions, embeddings, or other transfor-
mations. A complementary step is feature selection, which automatically identifies a
subset of relevant features. This step is crucial for several reasons: it discards non-
informative variables, mitigates overfitting, reduces dimensionality and model complex-
ity, thereby improving both efficiency and interpretability. [5]. The chosen represen-
tation implicitly defines (or constrains) the hypothesis space available to the learning

algorithm and is thus deeply tied to the inductive bias of the model.

Model selection and training Once the data and features are prepared, the next
step is to select one or more models to train. The goal is to build a model capable of
performing well on new, unseen data. During training, the model’s parameter space is
explored to minimize a loss function on the training set. Hyperparameters are typically
tuned using validation data. At this stage, inductive bias is manifested in choices of

architecture, regularization, and model class.

Model evaluation The evaluation phase assesses how well the trained model gen-
eralizes to unseen data, and it must therefore be performed on data that was not used
during training. However, when the original dataset is too small to be partitioned,
further reducing the number of training examples can lead to underfitting, that is,
the model fails to capture the underlying structure of the data. In such cases, an
effective alternative is cross-validation, a technique that involves splitting the dataset
into multiple subsets in different ways to make the most of the available data. Cross-
validation not only maximizes the use of limited data but also helps reduce variability
in performance estimates, leading to more robust model evaluation.

A widely used method is K-fold cross-validation, which divides the dataset into &
equally sized folds. Each fold is used once as the validation set, while the remaining k-1
folds serve as the training set. This process is repeated k times, ensuring that every
example is used for validation exactly once.

Another used method is Leave-P-Out (LPO) cross-validation, where p examples are
selected as the validation set, and the remaining data is used for training. This process

is repeated for all possible combinations of p validation examples within the dataset.
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A special case of this approach is Leave-One-Out (LOO) cross-validation, where p=1.
Appropriate evaluation metrics are selected based on the task, a topic that will be

addressed in a later section.

4.3 Evaluation

Model evaluation is a crucial step in assessing the quality of the learned model. The
choice of metrics depends on the specific task; in this section, we present standard per-
formance metrics such as accuracy, precision, recall, and Fl-score, as well as methods
for statistical validation. In addition to predictive performance, interpretability has
emerged as an increasingly important property of ML models. This naturally leads
to the introduction of symbolic and logic-based learning as an approach to inherently
interpretable machine learning, which will be discussed in detail in the following chap-

ters.

Metrics for Classification

At the end of the training process, each example in the dataset falls into one of four
possible cases: it can be a true positive (TP) if a positive example is correctly classified
as positive, a true negative (TN) if a negative example is correctly classified as negative,
a false positive (FP) if a negative example is incorrectly classified as positive, or a false
negative (FN) if a positive example is incorrectly classified as negative. These outcomes
are typically summarized using a confusion matrix, which collects the counts of TP,
TN, FP, and FN. A confusion matrix is thus a two-dimensional table that represents
on one axis the true class labels, while the other corresponds to the predicted labels

produced by the classifier.

These values are then used to evaluate the model’s performance with different

metrics:

e Accuracy measures the proportion of correct predictions:

TP + TN
TP+ FP+ TN + FN

Accuracy =
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Error rate measures the proportion of incorrect predictions:

FP 4+ FN
rror Rate TP T FP+ TN~ FN ccuracy

Precision or Positive Predictive Value (PPV) measures the proportion of positive

examples found among all those classified as positive:

TP

PPV = ————
TP + FP

Recall or True Positive Rate (TPR) or Sensitivity measures the proportion of

positive examples found among all the positive ones:

TP
TPR = ————
TP + FN
Specificity or True Negative Rate (TNR) measures the proportion of negative

examples found among all the negative ones:

TN

TNR = ———
TN + FP

False Positive Rate (FPR) measures the proportion of misclassified negative ex-

amples among all the negative ones:

FP

FPR= ——
R=rpran

F1-score is the harmonic mean of precision and recall:

Precision, -
Floscore — 9 recision - Recall

Precision + Recall

Balanced Accuracy is the arithmetic mean of sensitivity and specificity, especially

useful when dealing with imbalanced data:

Sensitivity + Speci ficity
2

Balanced Accuracy =
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In binary classification, models often produce a numeric score or probability to es-
timate how likely an example belongs to the positive class. To convert this score into
a binary prediction (positive or negative), a decision threshold is applied. The thresh-
old can be varied to influence the trade-off between different performance metrics and
potentially improve the performance of the model. The Receiver Operating Charac-
teristic (ROC) curve plots the TPR against the FPR across different threshold values.
The Area Under the Curve (AUC) of the ROC curve provides an aggregate measure of
the classifier’s ability to distinguish between the two classes: the closer the AUC is to
1, the better the model is at discrimination. The Precision-Recall curve (PRC), on the
other hand, shows the trade-off between precision and recall across varying thresholds.
This curve is particularly useful when dealing with imbalanced datasets, where the
positive class is rare. A high AUC of the PRC indicates that the model achieves both
high precision (returning mostly correct positive predictions) and high recall (success-
fully identifying most of the actual positive examples). In summary, a high AUC value
(whether for ROC or PRC) generally suggests strong classifier performance, reflecting

its ability to make accurate and reliable predictions across different threshold settings.

Metrics for Regression

In regression tasks, model evaluation is based on quantitative metrics that measure
the discrepancy between the predicted and the actual continuous target values. Let
y; denote the true value, g; the predicted value for the i-th instance, and n the total

number of samples. The most commonly used metrics include:

e Mean Squared Error (MSE), which penalizes larger deviations quadratically, em-

phasizes large errors, and is sensitive to outliers:

n

1 .
MSE = n Z(Z/z —:)°

=1

e Root Mean Squared Error (RMSE), defined as the square root of the MSE, pro-

viding an error measure in the same units as the target variable:

n

1
RMSE = | =Y (y; — )2

n <
=1
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e Mean Absolute Error (MAE), which measures the average absolute difference

between predicted and true values, and is more robust to outliers:
s 1S o
- n — yz yz

e Coefficient of Determination (R?), which indicates the proportion of variance in

the dependent variable explained by the model:

2?21 (yi - ?)z)z

R*=1- &£ ~
Yo (v —7)?

4.4 Supervised Machine Learning Methods

Several well-established algorithms form the foundation of supervised machine learn-
ing, each employing a distinct inductive strategy to infer general patterns from labeled
data and make predictions based on them. These methods typically operate on statis-
tical correlations within feature-based representations and have proved to be successful

across many domains.

Decision Tree Decision trees [2,6-9] build a model in the form of a tree structure,
where internal nodes represent tests on input features, and leaves correspond to output
classes. They are intuitive and interpretable, however, they are also prone to overfitting,
especially when the tree grows too deep. While they rely on statistical principles
to partition the data, their learned structure can be expressed as a set of human-
readable “if-then” rules, bridging statistical approaches, focused on pattern recognition
from data, and symbolic approaches, centered on rule-based reasoning and explicit

knowledge representation.

Ensemble Learning Ensemble learning [2] is based on the idea of combining the
predictions of multiple models to enhance both robustness and predictive accuracy. By
aggregating different learners, these methods mitigate overfitting and often outperform
individual models. However, typically consisting of a large number of learners, ensem-
bles are more difficult to interpret. As a result, it becomes challenging to understand

which factors contributed to the improved performance or how individual predictions
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are made [10]. Typical ensemble methods include Random Forests [11], composed
of multiple decision trees, and boosting techniques. Boosting [12, 13] is an iterative
method in which each new model is trained to correct the errors of the previous ones.
Misclassified instances are given greater weight, forcing subsequent models to focus
on the harder cases. The final prediction is obtained through a weighted vote (or av-
eraging, in the case of regression), often resulting in significantly improved accuracy.

AdaBoost and Gradient Boosting are widely used boosting algorithms.

Support Vector Machines Support Vector Machines (SVMs) [14] aim to find an
optimal hyperplane that separates data points of different classes with the largest
possible margin. They are particularly powerful in high-dimensional spaces and are
well-suited for problems where the decision boundary is not linear, thanks to the use

of kernel functions.

Neural Networks Neural networks [15, 16], especially deep architectures, model
complex, non-linear relationships by composing multiple layers of interconnected units
(neurons). Their flexibility and scalability have led to state-of-the-art results in areas
such as image recognition, natural language processing, and speech analysis. How-
ever, they are often criticized for being black-boxes and their lack of interpretabil-
ity. These methods learn from examples by optimizing numerical criteria (e.g., error
minimization) and rely on inductive generalization to make predictions on new data.
However, they often lack the ability to perform explicit reasoning, to incorporate prior
knowledge in a structured way, or to generate interpretable models that align with
human-understandable logic. This highlights a key distinction in ML: the contrast be-
tween sub-symbolic methods (which infer models through numeric optimization) and

symbolic learning, which emphasizes structured representations and logical inference.

4.4.1 Limitations of statistical models

Despite their widespread success, purely statistical machine learning models face sev-
eral limitations, particularly in terms of interpretability. These models often operate
as black boxes, learning correlations from data without providing insight into the un-
derlying decision-making process. This lack of transparency poses challenges in critical

domains such as healthcare, law, and scientific discovery, where understanding why a
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model makes a certain prediction is as important as the prediction itself. Moreover,
statistical learning methods, such as most of those discussed in the previous section,
typically represent input data as flat feature vectors and focus on learning statisti-
cal associations rather than explicit, interpretable rules. This representation makes
it difficult to effectively handle structured or relational data that cannot be flattened
without exponentially increasing the number of features. These limitations highlight
the need for alternative approaches that can handle structured representations and sup-
port explicit reasoning, motivating the adoption of logic-based learning as a powerful

alternative to standard ML techniques.

4.5 Overview of Large Language Models

In very recent years, Generative Al has emerged as a dominant technology in a variety
of fields. With generative Al [17], we refer to those Al techniques that generate new
content in the form of text, code, images, audio, and video. One type of Generative
AT are Foundation Models (FMs) [18], very large ML models trained on enormous
quantities of generic and unlabeled data and thus capable of performing a wide range
of tasks. Among FMs, Large Language Models (LLMs) are based on the transformer
architecture [19-21]. They are composed of multiple layers of neural networks, with an
encoder and a decoder [22,23] that process sequences of text, capturing the connections
and the relationships between words. Thanks to the self-attention mechanism [20],
the model can consider distant tokens as well. To represent words, LLMs use multi-
dimensional vectors, called word embeddings, in a way that keeps related words close
to each other in the embedding space. These models often have billions of parameters
and can be trained on vast amounts of data, enabling them to learn not only the
grammar but also the semantics of a language. Given an input sequence, parameters
are continuously adjusted during the training phase to maximize the likelihood of the
next tokens.

LLMs have gained popularity in recent years [24] thanks to their ability to gener-
ate meaningful content from little input. Various LLMs have been specifically trained
and used for automatic code generation, showing good performances [24,25], such as
OpenAl’s Codex [26], and its GitHub implementation, Copilot. For example, authors
of [27] have tested Codex to determine if it can identify security flaws and fix them, ob-

taining positive results on hand-crafted datasets; however, real-world scenarios proved
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to be more challenging. As shown in [28], Copilot can become a useful tool for software
developers for implementing simple procedures, speeding up their work. Given their
expertise, even if the generated code contains bugs, they should be able to identify and
fix them.

4.5.1 Prompt Engineering

Prompting is crucial when working with LLMs to get the most relevant and useful
answers. A carefully crafted prompt can significantly impact the process by precisely
defining the goal we aim to achieve. A basic prompt usually includes only the instruc-
tions for the task at hand, such as “summarize” or “classify”. Other elements that
can be included are: context; the audience; the role of the model; input data; output
format; and examples of inputs and outputs [21]. The tone of the response can also
be controlled. Additionally, the order also matters: information in the initial or in
the final part of the prompt is often given more weight than that in the middle. This
behavior is referred to, respectively, as primacy effect and recency effect [21,29]. These
components are not always mandatory, but the more specific the prompt, the better
the response will be. Giving an overly general prompt to the LLM may result in its
inability to complete the given task.

One or more examples of the desired output can also be included in the prompt.
This is referred to as in-context learning or few-shot learning [24,30], in which a few
examples of the task at hand and a test example are provided, as shown in Example
4.5.1 taken from [24]. The authors of [21,31] proved that implementing these strategies

leads to improved performances.

Example 4.5.1. Few-shot prompting example from [24].

Prompt: A “whatpu” is a small, furry animal native to Tanzania. An example
of a sentence that uses the word whatpu is:

We were traveling in Africa and we saw these very cute whatpus.

To do a “farduddle” means to jump up and down really fast. An example of a

sentence that uses the word farduddle is:

Model answer: One day when I was playing tag with my little sister, she got
really excited and she started doing these crazy farduddles.
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Prompt chaining is a technique in which the output of one prompt is used as
the input to the next, creating in this way a chain of prompts. This approach is
particularly useful for complex tasks, where decomposing the problem into smaller parts
can lead to improved performance and more interpretable intermediate results [32].
Incremental prompting, instead, involves providing a series of prompts to guide the
model towards a more accurate and detailed response. By breaking the task into
smaller steps, this technique helps the model better understand the request and reduces
the errors that may arise from a single long prompt. The key difference with prompt
chaining is that, in incremental prompting, new information is added with each step.
Another prompting technique is Chain-of-Thought (CoT) Prompting, where the model
generates a sequence of intermediate reasoning steps that lead from the given input to
the final output. CoT is at the base of LLMs reasoning [33,34], as shown by OpenAI’s
reasoning models [35]. Before generating an answer, these models learn to refine their
thinking process, correct their mistakes, and explore different paths, building a chain
of thought that leads to a higher-quality final result.

One of the main challenges in using LLMs is designing prompts that are both clear
and effective in guiding the model toward the desired output. The quality of the
prompt has a significant impact on the model’s performance, and even small variations
in wording or structure may lead to different results. Crafting an optimal prompt is
therefore not straightforward, but is a gradual, iterative process that requires careful
experimentation to determine what works best for each specific use case. Another major
challenge is handling the inherent non-determinism of LLMs, as the same prompt can
yield different outputs across multiple runs, making it difficult to ensure consistency

and reproducibility.



Chapter 5
Logic Foundations

Logic provides a powerful and formal framework for representing structured knowledge
and model reasoning. It is often called formal or symbolic logic because it adopts
symbols. This section provides notions of logic and logic programming. First, it intro-
duces propositional and first-order logic, which provide the formal basis for symbolic
reasoning. It then presents logic programming, the foundation of most Inductive Logic
Programming (ILP) systems. Finally, it covers the integration of logic and probabil-
ity through probabilistic logic programming, enabling reasoning in uncertain or noisy

domains. The notions in this chapter are based on [36, 37].

5.1 Propositional Logic

Propositional logic is the most basic formal system used in knowledge representation
and reasoning. It operates on atomic propositions and their combinations through
logical connectives, forming statements, also referred to as logical expressions, or for-
mulas. The goal is to evaluate the truth value of these formulas under specific truth
assignments, or to determine whether there exists an assignment that satisfies a given

formula.

5.1.1 Syntax

The syntax of propositional logic defines the formal structure that determines which

expressions are considered syntactically valid, and are called Well-Formed Formulas
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P 4 PAq pVgq "p pP—q pPsq
0 0 0 0 1 1 1
0 1 0 1 1 1 0
1 0 0 1 0 0 0
1 1 1 1 0 1 1

Table 5.1: An example of a truth table.

(WFFs). The syntax is based on a predefined alphabet, the set of symbols necessary

to build propositions, which consists of the following:

e Atomic propositions: basic elements, typically denoted by symbols such as a,p,q.

e Logical connectives: A (and), V (or), = (negation), — (implication), <> (equiva-

lence), used to build compound propositions.

”

e Auxiliary symbols: left parenthesis “(” and right parenthesis “)”, used to clarify

the order of operations in complex expressions.

WFFs are built in a recursive manner: starting from atomic propositions, more
complex formulas are generated by applying logical connectives and grouping subfor-

mulas using parentheses. Specifically:

5.1.2 Semantic

The semantics of propositional logic is defined by the assignment of a truth value to
each atomic proposition of the formula, and thus to the formula itself. The truth value
can be either true (denoted by 1, T, true, or T) or false (denoted by 0, F, false, or
1). The assignment of truth values is called interpretation.

A WFF is said to be satisfiable if there exists an interpretation that satisfies it, i.e.,
that makes it true; unsatisfiable if it is false under all truth assignments; a tautology
if it is true under all possible truth assignments.

Despite its simplicity, propositional logic has significant limitations, such as the fact
that it cannot use objects or model relations and quantification, which are essential
in most real-world domains. This motivates the use of first-order logic, which extends

propositional logic with variables, quantifiers, and predicates.
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5.2 First-Order Logic

First-Order Logic (FOL), also known as predicate logic, extends propositional logic by
introducing variables and quantifiers. This allows FOL to provide a much more expres-
sive formalism for representing structured domains involving objects, their properties,

and relations, making it suitable for modeling a wide range of real-world scenarios.

5.2.1 Syntax

Like propositional logic, FOL has an alphabet consisting of the following symbols:

e Constants: domain objects, denoted by symbols starting with lowercase letters

(e.g., a, john)
e Variables: placeholders referring to domain objects (e.g., 4, P, X)

e Function symbols or functors: strings used to identify domain objects through a

relationship between other n (called arity) domain objects (e.g., father_of(bob)).

e Predicate symbols: strings representing properties or relations of n objects, where

n is the arity (e.g., human(X), mother(mary, john))
e Logical connectives: A, V, =, —, <>

e Quantifiers: universal quantifier V (“for all X in the domain”), and existential

quantifier 3 (“there exists an X in the domain”).

The scope of the quantifier is the formula that immediately follows it, and paren-
theses can be used to modify it. A variable is said to be free if it does not appear in the
scope of any quantifier, and bound otherwise. For example, in the formula VXp(X,Y),
X is bound, and Y is free.

With the elements of the alphabet, one can define other constructs:

e Term: a variable, constant, or a function applied to terms
e Atom (or atomic formula): a predicate symbol applied to terms.

e Literal: an atom or its negation. A positive literal is an atom, while a negative

literal is the negation of an atom.
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In FOL, WFF's are syntactically correct formulas, built starting from atomic formu-
las combined with logical connectives and quantifiers. A WFF in FOL can be defined

recursively:
e every atom is a WFF;
e if A and B are WFF, then so are ~A, ANB, AVB, A— B (B+ A), A<+ B;
e if Aisa WFF and X is a variable, VXA, and 39X A are WFFs.

A clause in FOL is a disjunction where all the variables are universally quantified:
VX hiV...Vh,V=b V...V —by,

where each h;s and b;s are atoms and X is the set of variables occurring in the clause.
The universal quantifier is often implicit and thus omitted. The same clause can be

written as:

hlvahneblaabm

where semicolons represent disjunctions, while commas are used for conjunctions. The
left part of the clause is the head, while the right part is the body. The clause can
be read as “if the body is true, then the head is true”. An example of a clause is
mother(X); father(X) < parent(X), stating that if X is a parent, then X is either
a mother or a father.

A clause that has no positive literal is a denial, if it has one positive literal is
definite, and if it has more than one positive literal is called disjunctive. A fact is a
definite clause without negative literals, and the body is omitted (e.g., mother(jenny)).
A Horn clause is either a definite clause or a denial.

An ezpression is a literal, a term, or a clause.

A substitution is the process of replacing variables in the clause with constants.
The application of a substitution § = {V;/ty,...,V,/t,} to an expression F results
in a new expression E6, called an instance of E. If all variables have been replaced
by constants, then F is said to be ground. The process of replacing variables with
constants to make a clause or a program ground is called grounding.

The process of looking for a substitution that makes two logical expressions syn-

tactically equal is called Unification.
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A theory is a set of clauses. The Herbrand universe of a theory T is the set of all
ground terms that can be generated by combining the constants and function symbols
in 7. The Herbrand universe is finite if 7" does not contain function symbols. Similarly,
the Herbrand base is the set of all ground atoms that can be formed using the predicate

symbols in 7.

5.2.2 Semantics

The semantics of FOL defines how to assign a meaning to the formulas of a theory. In
this process, each term is mapped to an object of the domain, and each formula is as-
signed a truth value. The semantics is based on the concept of Herbrand interpretations
and Herbrand models.

A Herbrand interpretation (or interpretation) is a set of ground atoms and a subset
of the Herbrand base. Given an interpretation I, it is possible to assign a truth value

to formulas as follows:

e A ground atom p(ty,...,t,) is true in I iff p(ty,....t,) € I.

e A conjunction of atoms ay,...,a, is true in [ iff {ay,...,a,} C I.

A ground clause hq;...;h, < by,..., b, is true in [ iff at least one atom in the

head is true when the body is true.

A clause C' is true in [ iff every ground instance of C, obtained by substituting

its variables with terms from the Herbrand universe, is true in /.

A set of clauses X is true in [ iff all clauses C' € X are true in I.

A Herbrand model (or model) is an interpretation I that satisfies a set of clauses
Y (I E X), that is, 3 is true in I. A set of clauses is satisfiable if it is satisfied by
some interpretation, and unsatisfiable otherwise. If all models of a set of clauses X
are also models of a clause C, then ¥ logically entails C', or equivalently C' is a logical
consequence of 3 (X = C).

5.3 Logic Programming

Logic is an effective approach to modeling domains with complex relationships among

entities. Logic Programming (LP) [36] has been a powerful declarative paradigm based
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on formal logic since the 70s [38]. Contrary to the traditional imperative programming
paradigm, where the focus is on how the problem should be solved, LP falls under the
declarative programming paradigm, where the program is a description of what the
problem is. Logic programs represent knowledge of a domain using facts and rules to
state what is true. A LP system can derive new knowledge by means of logical inference
and answer users’ queries about knowledge not explicitly encoded in the program.
Since the inference procedure is independent of the knowledge base, logic programs
are generally flexible, reusable, and easy to maintain and adapt as new requirements
arise. New knowledge can be added without changing the inference algorithm, though
it needs to be carefully structured. LP include languages based on formal logic, such
as Prolog [39] , Datalog [40], and Answer Set Programming [41]. Syntax in LP is based
on FOL, though it may slightly differ depending on the language.

Prolog

Prolog (Programmation en logique, or Programming in logic) was the first logic pro-
gramming language, originally developed in 1972 for applications in Al involving sym-
bolic computation and reasoning. In Prolog, knowledge is represented through relations
expressed as Horn clauses, which define logical rules and facts. Example 5.3.1 illustrates

a simple Prolog program.

Example 5.3.1. Logic program in Prolog encoding a graph reachability problem. The
edge/2 predicate represents an edge between two nodes, while the path/2 predicate
defines reachability: there is a path from a node to itself, and a path from a node X
to a node Y if there exists a node Z such that there is an edge from X to Z and a path
from Z to Y.

edge (a,b) .
edge (a,c).
edge (b,c).

path (X,X) .
path(X,Y) :- edge(X,Z), path(Z,Y).

A query asks whether a given goal can be logically derived from these rules. To

answer queries, Prolog employs the SLD (Selective Linear Definite) [42] resolution [43].
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Starting from a goal or query, represented as a conjunction of literals,
=1,

a literal, for example [y, is iteratively selected and replaced with the body of a rule
h : —by,...,b, such that h unifies with /; with substitution #. The new goal then
becomes

T — (b1, ..., b, 1o, Udot s, 1;)0

This process generates an SLD-tree, where each node represents a goal, and each edge
corresponds to a resolution step. A path from the root to a leaf constitutes an SLD
derivation. If an empty goal is eventually derived, the query succeeds; otherwise, if no
applicable rules remain, the query fails. Prolog selects the leftmost literal and adopts
a depth-first search strategy with chronological backtracking. Prolog operates under
the closed world assumption, meaning that any statement that cannot be proven from

the program is assumed to be false.

Answer Set Programming

Answer Set Programming is another example of LP language and is an expressive
formalism used for modeling combinatorial domains. An answer set program consists

of a collection of normal rules of the form
h:—bgy,... by, notcy,..., notc,

where h, the b;s, and the ¢;s are atoms. A rule without the head is called constraint.
ASP also introduces choice rules, which allow the non-deterministic selection of a subset
of atoms satisfying certain conditions, and aggregates, which enable numerical or set-
based constraints.

5.3.1 Semantics

The semantics of a logic program P defines which atoms a are entailed by the program,
P = a. Semantics for logic programs without negation can be defined in terms of
Herbrand models. Given a set of definite clauses P, the intersection of all the Herbrand

models of P is a model itself, and is referred to as the minimal or least Herbrand model,
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written [hm(P). This model is unique, minimal, and always exists. It serves as the
basis for the model-theoretic semantics of the program, which is the set of all the ground
atoms that are logical consequences of P: P = a iff a € [hm(P), where a is a ground
atom.

In a normal program, clauses may contain negative literals in the body and thus
take the form:

h:—=by,...,0n,—cy...,"Cy

where h, b;, c; are atoms. The presence of negated atoms introduces non-monotonicity,
since adding new knowledge can invalidate previous conclusions. Different approaches
have been developed to deal with non-monotonic reasoning, such as the Stable Model
semantics [44] or the Well-Founded semantics [45].

5.4 Probabilistic Logic Programming

Probabilistic Logic Programming (PLP) combines uncertainty and logic-based lan-
guages [37]. Given its expressiveness, in the last decades PLP, and in particular PLP
under the Distribution Semantics [46], has been widely adopted in domains character-

ized by uncertainty [47-51].

5.4.1 Distribution Semantics

The Distribution Semantics (DS) is one approach for combining logic and probabili-
ties. Under the DS, a probabilistic logic program without function symbols defines a
probability distribution over a set of normal logic programs, also called instances or
worlds. Uncertainty is modeled by associating probabilistic choices with the clauses of
a program. Every random choice defines an alternative version of a clause, and the set
of choices, typically assumed to be mutually independent, is associated with a proba-
bility distribution. The distribution is extended to a joint distribution over worlds and
interpretations (or queries). The probability of a query is the sum of the probabilities

of the worlds where the query is true [37]:

P(Q) =Y PQuw)=> PQw)Pw)=> Pw),

wEQ
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where P(Q|w) = 1 if @ is true in w and 0 otherwise.
Probabilistic Logic Programs [52], Logic Programs with Annotated Disjunctions
(LPADs) [53], PRISM [54], and ProbLog [55] are languages under the DS.

ProbLog A ProbLog [55] program consists of a set of (certain) rules and a set of
probabilistic facts of the form p; : a;, where p; € [0,1] and q; is an atom, meaning that
each ground instantiation of a; is true with probability p; and false with probability 1 —
p;. In this setting, the probability distribution is defined over facts. Each probabilistic
fact represents an independent random choice, and the corresponding possible worlds
are generated by deciding, for each grounded probabilistic fact, whether it is included

or excluded from the program.

Example 5.4.1. ProbLog program stating that a person sneezes if they have the flu
and the flu is the active cause of sneezing, or if they have hay fever and hay fever is
the active cause of sneezing. There are 4 possible worlds: w; = {flu_sneezing(bob),
hay_fever_sneezing(bob)}, wy = {flu_sneezing(bob)}, ws = {hay_fever_sneezing(bob)},
and wy = {}. The probabilities of each world are: P(w;) = 0.7x0.8, P(ws) = 0.3x0.8,
P(ws) = 0.7 x 0.2, and P(w,) = 0.3 x 0.2. For the query sneezing(bob), which is true
in 3 worlds, the probability P(sneezing(bob)) = 0.7 x 0.8+ 0.3 x 0.8 +0.7 x 0.2 = 0.94.

sneezing (X) :- flu(X), flu_sneezing(X).

sneezing (X) :- hay_fever(X), hay_fever_sneezing(X).
flu(bob) .

hay_fever (bob) .

0.7 :: flu_sneezing(X).

0.8 :: hay_fever_sneezing(X).

LPAD LPADs [56] are another PLP language under the DS. In LPADs without
function symbols, the head of each clause is a disjunction of atoms, where each atom
is annotated with an associated probability. These probabilities specify a distribution
over the possible head atoms of a clause, indicating which atom is selected when the
clause is instantiated. A special atom, typically denoted as null, can be used to
represent the case where none of the head atoms is chosen. However, null does not
appear in the body of any rule and serves only to complete the probability distribution.

Possible worlds are obtained by grounding the program and then selecting one head
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atom for each grounding of every probabilistic clause, according to the corresponding
probability distribution. Each complete selection defines a world, and the probability
of that world is computed as the product of the probabilities of the atoms chosen in
that world.

Example 5.4.2. LPAD encoding the same scenario of Example 5.4.1. We want to
compute the probability of the query sneezing(bob). There are 4 possible worlds,
each including also the facts flu(bob) and hay_fever(bob): w; = {sneezing(X) :
— flu(bod), sneezing(bob) : —hay_fever(bob)}, wy = {null : — flu(bob), sneezing(bob) :
—hay_fever(bob)}, wz = {sneezing(X) : — flu(bob), null : —hay_fever(bob)}, and wy
= {null : —flu(bodb), null : —hayfever(bob)}. The probabilities of each world are:
P(w;y) = 0.7x 0.8, P(wy) =0.3x0.8, P(ws) =0.7%0.2, and P(w,) = 0.3 x 0.2. Since
sneezing(bob) is true in 3 worlds, the probability P(sneezing(bob)) = 0.7 x 0.8 4+ 0.3 x
0.8+ 0.7 x 0.2 =0.94.

sneezing(X) : 0.7 ; null : 0.3 :- flu(X).
sneezing(X) : 0.8 ; null : 0.2 :- hay_fever (X).
flu(bob) .

hay_fever (bob) .

5.5 A hybrid approach: NeSy

Neural-symbolic (NeSy) Al [57-60], is an emerging field that focuses on integrating
deep learning with symbolic knowledge, combining the strengths of both paradigms:
the powerful learning capabilities of neural networks and the expressive, structured rep-
resentations offered by symbolic AI. This integration also helps mitigate their respec-
tive limitations. Neural networks, despite their effectiveness, have limited reasoning
abilities and are often regarded as black-box models, making their internal processes
difficult to interpret and their output difficult to explain. Symbolic systems, on the
other hand, struggle with real-world complexity and to adapt effectively to novel or
evolving scenarios.

A well-known example of NeSy system is DeepProbLog [59], which extends ProbLog
by adding neural predicates. A DeepProbLog program is a ProbLog program extended
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with a set of ground neural annotated disjunctions of the form
nn(mg, 1, @) = (q, 8 u); 5 (@ 6 un)  —bis. ., b

where the b; are body atoms, t = tq,...,t; is a vector of ground terms representing
the inputs of the neural network for predicate ¢, while uq,...,u, are possible output
values of the neural network. m, indicates a neural network that specifies a probability
distribution over its output values, given an input.

As an example, consider the predicate addition(X, Y, Z), where X and Y are
images of digits and Z is their sum. In this case, the neural network recognizes the
digits in the images, and the resulting classifications can then be used as arguments of

the logical predicate addition/3.
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Chapter 6

Inductive Logic Programming

ILP lies at the intersection of ML and LP, combining the strengths of both paradigms.
It offers two main advantages: the ability to represent and reason over relational data,
and the inherent explainability of logic-based models. The hypotheses learned by ILP
are expressed as symbolic rules, which are naturally interpretable even by non-experts,
enhancing trust and a deeper understanding of the model’s behavior. This makes ILP
a natural framework for explainable AI, particularly suitable for those domains where
transparency and accountability are critical.

An ILP task is composed of three sets: a set of positive examples Et, a set of
negative examples £~ and a background knowledge B, which contains rules whose
truth is known and represents the knowledge of the domain. The goal is to induce a
hypothesis that generalizes training examples, using logic programs to represent data.
ILP usually works under the closed-world assumption [61], meaning that everything

that is not included in the program is considered false.

6.1 Learning Setting

Formally, the definition of an ILP task depends on how the input and the output are

represented.

6.1.1 Learning from entailment

Given a set of positive examples ET, a set of negative examples £, a background

knowledge B, and a space of possible programs H, the goal is to find a program P € H

37
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such that:
e Vet € ET, PUB = e" (completeness)
e Ve~ € B, PUBF e (consistency)

Examples of ILP systems that use this setting are FOIL [62] and Progol [63].

6.1.2 Learning from interpretations

In the LFI setting, positive and negative examples are given as a set of complete or
partial interpretations, typically represented as a set of ground facts. Given a set of
positive interpretations P, a set of negative interpretations N, and a space of possible
clausal theories ‘H, the goal is to find a clausal theory H € H such that:

eVpePpEH
eVneNnk¥H

An example of a system working in this setting is ICL [64].

6.2 Hypothesis Space

An ILP system searches for a suitable hypothesis within a hypothesis space, which
encompasses all possible programs that can be constructed using the chosen represen-
tation language. Since this space is typically infinite, one of the key challenges in ILP
is how to effectively restrict it so that the search process becomes computationally

feasible.

6.2.1 Language Bias

The language bias determines the structure of the hypothesis space by imposing con-
straints on the clauses that can be learned, in terms of the predicates and their argu-
ments.

One of the most common forms of language bias is the use of mode declarations [63].
These declarations specify which atoms may appear in the head and the body of rules,

how many times they can occur, and the types of their arguments. In addition, they
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define whether an argument corresponds to an input variable, an output variable (in-

troduced in the head or a preceding literal), or a constant. Consider the snippet below:

modeh (%, pos) .

modeb (*,triangle(-obj)).
modeb (*, square (-obj)) .

modeb (*x,circle(-obj)).

modeb (x,inside (+obj,-obj)).
modeb (*,inside (-obj ,+obj)) .
modeb (*x,config (+obj,-#dir)) .

Here, modeh specifies which atoms can appear in the head of a rule, while modeb defines
which atoms may be included in the body. The first argument of each mode declaration
indicates its recall, that is, how many times the declaration can be used within a single
rule. The recall can either be an integer value or the symbol *, which denotes no limit.
The symbols +, -, and # indicate input variables, output variables, and constants,
respectively.

Choosing appropriate mode declarations is a time-consuming yet crucial process,
so that the system performs well, as it has a significant impact on system perfor-
mance. Overly general or weak mode declarations may lead to poor generalization
and inefficient search, whereas excessively restrictive ones can prevent the system from

discovering the correct hypothesis [65].

6.2.2 Search Strategy

The search strategy defines how the hypothesis space is explored in order to identify
a suitable hypothesis. The organization of the search space is typically based on a
generality ordering, which provides a structured way to explore the hypothesis space
by comparing the relative generality of hypotheses. Given two hypotheses h; and ho,
hy is more general than hy if h; entails at least as many examples as hy. Conversely,
hy is more specific than hy if hy entails fewer examples than h.

One of the most widely adopted generality relations in ILP is f-subsumption [66].
Given two clauses (sets of literals) C} and Cs, C; #-subsumes Cy (denoted C; > C5)
if there exists a substitution 6 such that C10 C Cy. If C; > Cy then C) | Oy,

meaning that C; is more general than C5. The opposite does not necessarily hold.
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f-subsumption is generally preferred to entailment, since entailment is often computa-
tionally expensive.

In ILP, finding the correct hypothesis is typically performed with generalization and
specialization. If the current hypothesis H, together with the background knowledge
B is not complete (it fails to cover some positive examples), then the learner must find
a more general hypothesis that covers all positive examples while remaining consistent
with the negative ones. On the other hand, if H, combined with B, is not consistent
(it incorrectly covers some negative examples), the learner looks for a more specific hy-
pothesis that avoids covering negative examples. ILP systems implement this process
by iteratively modifying the current hypothesis and evaluating it against the available
examples and background knowledge using a refinement operator. Specialization oper-
ators add literals, unify variables, or ground variables, while generalization operators
perform the opposite operations. By applying these refinement operators, ILP systems
traverse the hypothesis space and incrementally refine candidate hypotheses until a
suitable solution is found.

Search strategies in ILP are commonly categorized as either top-down or bottom-
up. In a top-down approach, the search begins with an overly general hypothesis and
iteratively specializes it in order to exclude negative examples. In contrast, a bottom-
up approach starts from an overly specific hypothesis and gradually generalizes it so as
to cover more positive examples. Each approach offers different advantages depending
on the problem domain and the background knowledge available. Top-down methods
tend to be more guided by the structure of the hypothesis language, whereas bottom-up

methods often rely more heavily on the examples themselves.

6.3 Probabilistic Inductive Logic Programming

Probabilistic Inductive Logic Programming (PILP) [67] refers to the integration of
probabilistic reasoning and ILP, aiming to combine the expressive power of first-order
logic with the ability to model uncertainty. Traditional ILP systems assume that all
facts and examples are certain and deterministic; however, in real-world domains data
is often incomplete, noisy, or ambiguous. PILP frameworks address this limitation by
associating probabilities with logical statements, thus enabling reasoning and learning
in uncertain settings. Learning in these frameworks typically involves estimating the

structure, i.e., the rules (structure learning) and the associated probabilities (parameter
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learning) that best explain the observed data.

6.3.1 Parameter Learning

Formally, the problem of parameter estimation can be stated as follows: given a proba-
bilistic logic program and a set of observed examples, the goal is to estimate the values
of the parameters that best explain the data.

One algorithm for parameter learning is the Expectation-Maximization (EM) algo-
rithm. EM is an iterative method used to estimate model parameters in the presence of
latent (unobserved) variables. In the Expectation (E) step, the algorithm computes the
expected distribution of the unobserved variables given the current parameter estimates
and the observed data. In the Maximization (M) step, the parameters are re-estimated
using these expectations, typically by maximizing the expected log-likelihood, often
through relative frequency estimation. The process alternates between the E and M
steps until convergence, i.e., until the likelihood of the data no longer improves signif-
icantly. Alternatively, gradient-based optimization methods, such as gradient descent,
can be used for parameter learning. These methods iteratively adjust the model pa-
rameters in the direction of the negative gradient of a loss (or likelihood) function,
seeking to minimize it. Gradient descent provides a more general framework, though
it may converge only to a local optimum. LFI-ProbLog [68] and EMBLEM [69] are

examples of parameter learning algorithms.

EMBLEM

EMBLEM (Expectation Maximization over Binary Decision Diagrams for Probabilistic
Logic Programs) [69], is a parameter learning algorithm that estimates the parameters
of general LPADs from data using the Expectation-Maximization algorithm.

Given an LPAD P with unknown parameters and two sets ET = eq,...,e; and
E~ = égq1, ..., e, of positive and negative examples (ground atoms), EMBLEM learns

the parameters Il of P that maximize the likelihood of the examples:

k n
argmargP(EY, E7) = argmaxy H P(e;) H P(—e;).
i=1 i=k+1

An LPAD consists of a set of annotated rules with parameters, representing general
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knowledge about the domain, and a set of certain ground facts, representing background
information about individual cases within a specific world. It may be useful to provide
information corresponding to multiple worlds; therefore, for each world, a background
knowledge, a set of positive examples, and a set of negative examples are provided.
The description of a single world is often referred to as a mega-interpretation or mega-
example. The goal is then becomes the maximization of the joint likelihood of all
examples across the different mega-interpretations, i.e., the product of their individual
likelihoods.

Thus, EMBLEM takes as input a set of goals representing the examples, and for
each goal it generates a Binary Decision Diagram (BDD) encoding all its possible ex-
planations. The examples are grouped into interpretations, sets of ground facts that
describe distinct portions of the domain of interest. Queries correspond to ground
atoms whose predicates have been defined by the user as target predicates. EMBLEM
computes the expectations required by EM via knowledge compilation: for each ex-
ample, it builds a BDD encoding all its explanations. During learning, EMBLEM
iteratively computes the expectations of the hidden variables directly over the BDDs,
as well as the likelihood; then, it updates the parameters by relative frequency. The

EM cycle repeats until convergence.

6.3.2 Structure Learning

Parameter learning can be performed when the structure of the program is known.
However, in many real-world domains, this is not the case, and both the structure and
the parameters of the program must be learned directly from data. This task, known
as structure learning in PILP. ProbFOIL [70], ProbFOIL+ [71], and SLIPCOVER [72]

are examples of structure learning systems.

SLIPCOVER

SLIPCOVER (Structure LearnIng of Probabilistic logic programs by searChing OVER
the clause space) [72] learns both the structure and the parameters of general LPADs
from data.

Similarly to what EMBLEM does, SLIPCOVER takes as input a set of mega-
examples and an indication of the target predicates, i.e., those we want to predict. Each

mega-example provides both positive and negative examples for all predicates that may
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appear in the head of clauses, either target or non-target (background predicates).
Starting from an empty or trivial LPAD and a set of interpretations, SLIPCOVER
finds the model and the parameters that maximize the log-likelihood of the data. The
algorithm operates in two main phases. First, it performs a beam search over the
space of probabilistic clauses to identify promising candidates. It is divided in two
steps: the construction of a set of beams containing bottom clauses, and then a beam
search over each beam to refine the bottom clauses. The bottom clause [63], denoted
with L, is the most specific clause covering an example. The search over the space
of possible clauses is guided by a language bias specified through mode declarations,
which constrain the form and content of possible clauses. The second phase is a greedy
search over the space of probabilistic programs, guided by the log-likelihood. Finally,
parameter learning is done with EMBLEM.
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Chapter 7

LIFTCOVER+

Lifted inference [73] was introduced to improve the performance of reasoning in proba-
bilistic relational models by taking into consideration populations of individuals instead
of considering each individual separately. In this chapter, we introduce LIFTCOVER+,
an ILP system that performs both parameter and structure learning of liftable proba-

bilistic logic programs.

7.1 Setting

We focus on the liftable PLP language [74], which represents a subset of probabilistic
logic programs for which inference can be performed in a lifted way. Within this frame-
work, programs are defined as sets of clauses, each having the same single annotated

predicate in the head. Formally, the clauses can be written as:
Ci:hiiﬂ'i N bil)"'abiui

where the head atom is defined over the predicate target/a, with a being its arity. The
clause bodies include predicates other than target/a, defined by facts and rules that are
certain, having a single head atom with probability 1. The predicate target/a serves as
the target of learning, while the remaining predicates are treated as input predicates.
Thus, in the liftable PLP language, uncertainty appears only in the rules. The objective
is to compute the probability of a query ¢ of target/a. This is achieved by identifying
all ground instantiations of clauses for target/a where the body is true and the head

corresponds to ¢. Let {0;1, ..., 0;,,} be the m; substitutions of such instantiations of
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clause Cj, i = 1,...,n. Every instantiation C; corresponds to a random variable Xj;
that equals 1 with probability 7;, and 0 with probability 1 — m;. The query ¢ is true if
at least one of the random variables associated with the rules is true, i.e., takes value
1. Conversely, the query ¢ is false only when all random variables are false. Because
these random variables are mutually independent, the probability of ¢ being true can
be computed as P(q) =1 — [, (1 —m)™.

LIFTCOVER [74] learns the structure of liftable probabilistic logic programs. Given
aset ET = {e1,...,eq} of positive examples, a set £~ = {eg41,...,er} of negative
examples, and a background knowledge B (possibly a normal logic program defining
the input predicates), the goal of structure learning is to identify a liftable probabilistic

logic program 7' that maximizes the likelihood:

Q R
L=]]Ple) [] P(-er)
q=1 r=Q+1

LIFTCOVER addresses this problem by first identifying suitable clauses through a
top-down beam search guided by the log-likelihood (LL) of the data. During the
search, the refinement operator extends the current clause by adding a literal selected
from a bottom clause to its body. The beam search is repeated either a user-specified
number of times or until the beam becomes empty. Parameter learning is then per-
formed on the complete set of discovered clauses, treated as a single theory, either with
Expectation-Maximization (EM) or Limited-memory BFGS (LBFGS). In particular,
LBFGS estimates the parameters that maximize the likelihood using the gradient of
the log-likelihood with respect to the parameters. The likelihood can be unfolded to

n Q n
L=TJa -] (1 -l - m)mlq)

=1 q=1

where m;, (m;,) is the number of instantiations of C; whose head is e, (e,) and whose

body is true, and m;_ = ZZQH my,. As in [74], its gradient can be computed as:
Q
oL L 1
om  1—m <qu<P(€q) ) " ) 71
q=1
The equation 2£ = 0 does not admit a closed-form solution, therefore, optimization is

om;
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needed to find the maximum of L. The clauses with a probability below a user-defined
threshold are discarded.

In models with hidden variables, the EM algorithm [75] is employed to obtain
the maximum likelihood estimates of parameters. During the Expectation step, the
distribution of the latent variables in each instance is computed, given the observed
data and the parameter values. During the Maximization step, the parameters are
updated so as to maximize the expected likelihood. These two steps are iterated
alternately until the likelihood converges, i.e., no further improvement is observed.
Following [74], applying the EM algorithm requires computing the distribution of the
hidden variables given the observed ones, namely P(X;; = 1lle) and P(X;; = 1|—-e).
Given that P(X;; = l,e) = P(e|X;; = 1)- P(Xi; = 1) = P(X,;; = 1) = m and
Ple|X;; =1) =1,

P(Xz 176) T
P(X;; = 1le) = = . 7.2
Xy ) P(e) 1—TLo (1 — )™ (72)
P(X;; =0le) =1 - ik (7.3)
N 1= TLy (1 — )™ .
Since P(XZ] = 1, _|€) = P(_|€|Xij = 1) : P(XZ] = 1) =0 and P(_|€|Xij = ]_) = 0,

7.2 Implementation

LIFTCOVER may induce large clause sets that tend to overfit the training data. To
mitigate this, we introduce LIFTCOVER+, a modified version of LIFTCOVER, shown
in Algorithm 1, that integrates regularization into the parameter learning process and
optimizes the likelihood via EM or gradient descent.

Regularization is a widely used technique to prevent overfitting, in which a penalty
term is added to the loss function to penalize large weights. This encourages the learn-
ing of a small number of clauses with large weights, while clauses with small weights,
i.e., those having little impact on the probability of the query, can be discarded, thereby
simplifying the theory. Although regularization is commonly applied in gradient-based
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algorithms, it can be incorporated into the EM algorithm during the Maximization
step, where the parameters that maximized the LL are estimated. In the EM algo-
rithm, regularization can be Bayesian, L1, or L2.

In Bayesian regularization, the parameters are updated under the assumption of a
prior distribution, typically modeled as a Dirichlet probability density with parame-
ters [a,b]. This is equivalent to observing a additional occurrences of X;; = 1 and b
additional occurrences of X;; = 0. When b is significantly larger than a, this has the
effect of shrinking the parameters. The distinction between L1 and L2 regularization
lies in the form of the penalty applied to the loss function: L1 adds the sum of the
absolute values of the parameters to the loss function, whereas L2 adds the sum of
their squares. Both approaches help to control overfitting by discouraging excessively
large parameter values.

The L1 objective function [76] is:

J1(0) = Ny -logh + Ny - log(1 — 0) — ~6 (7.6)

where 0 = m;, Ny and N; are the expected occurrences of X;; = 0 and X;; = 1
computed in the Expectation step, and v is the regularization coefficient. The value
of # that maximizes J; is computed in the Maximization step by solving the equation
8‘(;—%9) =0 [76]. J1(#) is maximum at

4N,

91 == 5 3 (77)
2(y + No + Ny + v/ (No + N1)? + 4% + 29(No — Ny))

The L2 objective function [76] is:
Jo(8) = Ny - logh + N, - log(1 — 6) — %92 (7.8)

and value of 6 that maximizes J, is:

9N,
Vg (29N +)
arccos 3N0+3N1 Ty
9 [3No+3N1+y (oo _ 2z
o 3 3
3 3

In LIFTCOVER+, LBFGS is replaced with regularized gradient descent. The
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objective function is defined as the sum of the cross-entropy errors err; across all

examples:

Q+R
err = Z(—yilogP(ei) — (1 —y;)log(1 — P(e;))) (7.10)

where () + R is the total number of examples, e; is an example, and y; is its sign, thus
y; equals to 1 (0) if the example is positive (negative). L1 or L2 regularization can

then be applied to minimize the loss function [76]:

Q+R k
errp; = Z —y;logP(e;) — (1 —y;)log(1 — P(e;)) + fyz |7 ] (7.11)
i=1 i=1
Q+R " k
_ 2
errpy = Z —yilogP(e;) — (1 — y;)log(1 — P(e;)) + 3 Z?Ti (7.12)

i=1 i=1
where k is the number of parameters, the ;s are the probabilities of the clauses, and

v is the regularization coefficient.

After parameter learning, any clauses with a probability below a predefined thresh-

old are removed.

7.3 Experiments

The primary objective of the experiments is to evaluate whether incorporating reg-
ularization into LIFTCOVER+ enhances the quality of the learned solutions. All
experiments were carried out on a GNU/Linux machine equipped with an Intel Core
i3-10320 Quad Core 3.80 GHz CPU.

LIFTCOVER+ was evaluated on a total of 12 real-world datasets:

e UW-CSE [77] describes the Computer Science Department of the University of
Washington. It is used to predict whether a student is advised by a particular
professor.

e Mondial [78] contains information about the world’s geographical regions, includ-

ing population size, political system, and country border relationships.
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Algorithm 1 Function LIFTCOVER

1:
2
3:
4:
5
6
7

10:
11:

12:
13:
14:
15:
16:
17:
18:
19:
20:

function LIFTCOVER(NB, NI, NInt, NS, NA, NV)

Beam =INITIALBEAM(NInt, NS, NA) > Bottom clauses building
CC«+ 0
Steps + 1
NewBeam < []
repeat
Remove the first couple ((Cl, Literals), LL) from Beam > Remove the first
clause
Refs <~ CLAUSEREFINEMENTS((CI, Literals, NV)) > Find all refinements
Refs of (Cl, Literals)
for all (Cl', Literals’) € Refs do
(LL",{C1"}) <~ LEARNWEIGHTS(I, {C1'})
NewBeam < INSERT((C!”, Literals’), LL", NewBeam, NB) >
The refinement is inserted in the beam in order of likelihood, possibly removing
the last clause if the size of the beam NB is exceeded
CcC +—cocu{cly
end for
Beam < NewBeam
Steps <— Steps + 1
until Steps > NI or Beam is empty
(LL,Th) <~ LEARNWEIGHTS(C(C)
Remove from T'h the clauses with a weight smaller than WMin
return Th
end function

e Carcinogenesis [79] is a classic ILP benchmark dataset for Quantitative Structure-
Activity Relationship (QSAR)studies, aiming to predict the carcinogenicity of
chemical compounds based on their molecular structure and physicochemical

properties.

e Mutagenesis [80] is another QSAR-focused ILP benchmark, where the goal is to
predict the mutagenicity of compounds, a property related to carcinogenicity,
from their chemical structure.

e Bupa! is used for diagnosing patients with liver disorders.

e Nba! is employed to predict the outcomes of NBA basketball games.
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e Pyrimidine and Triazine! are QSAR datasets for predicting the inhibition of

dihydrofolate reductase by pyrimidines and triazines, respectively.

e Financial [81]? aims to predict the success of loan applications submitted by bank

clients.

e Sisya and Sisyb, from [81]?, concern clients in the insurance sector, and are used

to classify households and individuals with respect to private life insurance.

e Yeast [81]? is used to predict whether a yeast gene encodes a protein involved in

metabolism.

Table 7.1 summarizes the key characteristics of these datasets.

We compared four different configurations of LIFTCOVER+: EM with Bayesian
regularization (EM-Bayes), EM with L1 regularization (EM-L1), EM with L2 regu-
larization (EM-L2), and gradient descent with fixed learning rate n = 0.0001 and L1
regularization (GD). Hyperparameters for Bayesian regularization were set as a = 0
and b equal to 15% of the total number of examples in the dataset. We set v = 50 for
L1 and L2 in EM, and v = 10 for L1 in gradient descent.

The parameters controlling structure learning, whose values are listed in Table 7.2,

are the following:

e NInt is the number of mega-examples on which to build the bottom clauses.

NA is the number of bottom clauses to be built for each mega-example.

NS is the number of saturation steps (for building the bottom clauses).

NI is the maximum number of clause search iterations.

NDB is the size of the beam.

NV is the maximum number of variables in a rule.

e WMin is the minimum probability under which the rule is removed.

"https://relational.fit.cvut.cz/
’https://dtai.cs.kuleuven.be/ACE/doc/
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Table 7.1: Characteristics of the datasets for the experiments: number of predicates (P), of
tuples (T) (i.e., ground atoms), of positive (PEx) and negative (NEx) examples for target
predicate(s), of folds (F). The number of tuples includes the target positive examples.

Dataset P T PEx NEx F
Financial 9 92658 34 223 10
Bupa 12 2781 145 200

Mondial 11 10985 572 616

Mutagen. 20 15249 125 126 10
Sisyb 9 354507 3705 9229 10
Sisya 9 358839 10723 6544 10
Pyrimidine 29 2037 20 20 4
Yeast 12 53988 1299 5456 10
Nba 4 1218 15 15 5
Triazine 62 10079 20 20 4
UW-CSE 15 2673 113 20680 5
Carcinogen. 36 24533 182 155 1

Their values were set consistently with the original LIFTCOVER implementation [74],

with the goal of ensuring a fair comparison between the two approaches.

All the configurations were evaluated using the Area Under the Precision-Recall
Curve (AUC-PR) and the Area Under the Receiver Operating Characteristics Curve
(AUC-ROC). Both metrics were calculated following the procedures described in [82,
83]. LIFTCOVER+ was compared with LIFTCOVER-EM from [74].

Tables 7.3, 7.4, and 7.5 show the performance of the different configurations in terms
of average over the folds of AUC-ROC, AUC-PR, and the execution times, respectively.
The results of LIFTCOVER-EM were taken from [74]. To enable a fair comparison,
the execution times of LIFTCOVER+ were scaled by a factor of 3.8/2.4 to match the
LIFTCOVER-EM measurements reported in [74], which were executed on a different
machine, equipped with an Intel Xeon Haswell E5-2630 v3 (2.40GHz) CPU. Figure 7.1

shows the histograms of the above-mentioned data.

LIFTCOVER+4 shows a slight improvement over LIFTCOVER-EM in terms of
AUC-PR on several datasets: 6 out of 12 with EM-Bayesian and EM-L1, 7 datasets
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Table 7.2: Parameters controlling structure search for LIFTCOVER+.

Dataset NB NI NInt NS NA NV WMin
Financial 100 20 16 1 1 4 le-4
Bupa 100 20 4 1 1 le-4
Mondial 1000 10 2 6 le-4
Mutagen. 100 10 4 1 1 4 le-4
Sisyb 100 20 10 1 1 50 le-4
Sisya 100 20 4 1 1 4 le-4
Pyrimidine 100 20 4 1 1 100 le-4
Yeast 100 20 12 1 1 4 le-4
Nba 100 20 4 1 1 100 le-4
Triazine 100 20 4 1 1 le-4
UW-CSE 20 60 4 1 4 le-4
Carcinogen. 100 60 16 2 1 le-4

with EM-L2, and 3 datasets when using gradient descent (GD). Overall, the aver-
age AUC-PR across all datasets is highest for LIFTCOVER+ with EM and L2 reg-
ularization, followed closely by Bayesian regularization. On the other hand, results
obtained with LIFTCOVER+ using GD were notably worse for the Pyrimidine and
Yeast datasets and lower in most other cases. LIFTCOVER+ achieved a substan-
tial improvement on the NBA dataset, reaching an AUC-PR over 0.7 compared to
0.55 obtained by LIFTCOVER-EM. However, the Sisyb dataset remains challenging
for LIFTCOVER+, regardless of whether EM or GD is used. Regarding AUC-ROC,
LIFTCOVER+ outperforms LIFTCOVER-EM on 4 datasets with EM-Bayes and EM-
L1, on 3 datasets with EM-L2, and on 2 datasets with GD. In general, GD tends to
degrade performance in most cases, likely due to the highly non-convex nature of the
loss function, which causes GD to get trapped in local minima. EM appears more
capable of escaping such local optima. In terms of execution times, LIFTCOVER+ is
comparable to LIFTCOVER-EM, although it is slower in some cases, particularly when
using GD. For some datasets (Bupa, Mondial, Mutagenesis, Pyramidine, Yeast, Tri-
azine, Carcinogenesis), GD is slower by one or more orders of magnitude. It should be

noted, however, that the scaling approach applied here provides only a rough approx-
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Table 7.3: Average AUC-ROC over the datasets for each configuration: EM with Bayes
regularization (EM-Bayes), EM with L1 regularization (EM-L1), EM with L2 regularization
(EM-L2), and gradient descent (GD). For each row, the best result is highlighted in bold.

Dataset EM-Bayes EM-L1  EM-L2 GD LIFTCOVER-EM
Financial 0.521 0.459 0.528 0.389 0.432
Bupa 1.000 1.000 1.000 1.000 1.000
Mondial 0.586 0.547 0.572 0.528 0.663
Mutagen. 0.934 0.918 0.939 0.594 0.931
Sisyb 0.500 0.500 0.500 0.500 0.500
Sisya 0.720 0.720 0.720 0.720 0.372
Pyrimidine 0.975 0.880 0.910 0.160 1.000
Yeast 0.785 0.783 0.785 0.530 0.786
Nba 0.725 0.725 0.725 0.675 0.531
Triazine 0.425 0.390 0.430 0.580 0.713
UW-CSE 0.976 0.977 0.975 0.951 0.977
Carcinogen. 0.720 0.692 0.687 0.500 0.766
Average 0.739 0.716 0.751 0.594 0.723

imation, as differences in processor architecture, cache, and pipelining can influence

performance.

In conclusion, the experimental analysis shows that incorporating regularization
within the EM framework improves model performance, particularly in terms of AUC-
PR, without introducing additional computational overhead. L2 and Bayesian regu-
larization proved especially effective, consistently enhancing predictive quality across
several datasets. On the other hand, gradient-based optimization did not provide mean-
ingful benefits and often resulted in longer execution times, likely due to the highly
non-convex nature of the underlying optimization problem. Regarding the datasets
that remain challenging, our results are consistent with previous observations reported
for LIFTCOVER [74]. In particular, there does not appear to be a clear correlation
between dataset size or number of predicates and system performance: some datasets
with a large number of predicates or tuples are handled effectively, while others remain

difficult despite having comparable characteristics. This suggests that the observed



7.3. Experiments 57

Table 7.4: Average AUC-PR over the datasets for each configuration: EM with Bayes reg-
ularization (EM-Bayes), EM with L1 regularization (EM-L1), EM with L2 regularization
(EM-L2), and gradient descent (GD). For each row, the best result is highlighted in bold.

Dataset EM-Bayes EM-L1  EM-L2 GD LIFTCOVER-EM
Financial 0.155 0.127 0.169 0.124 0.126
Bupa 1.000 1.000 1.000 1.000 1.000
Mondial 0.717 0.739 0.743 0.712 0.763
Mutagen. 0.966 0.964 0.971 0.759 0.971
Sisyb 0.286 0.286 0.286 0.286 0.286
Sisya 0.708 0.708 0.708 0.708 0.706
Pyrimidine 0.988 0.913 0.947 0.378 1.000
Yeast 0.499 0.486 0.497 0.242 0.502
Nba 0.789 0.789 0.789 0.743 0.550
Triazine 0.452 0.430 0.463 0.617 0.734
UW-CSE 0.341 0.358 0.339 0.158 0.220
Carcinogen. 0.687 0.691 0.722 0.513 0.672

Average 0.652 0.624 0.636 0.520 0.628
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Table 7.5: Average time in seconds over the datasets for each configuration: EM with Bayes
regularization (EM-Bayes), EM with L1 regularization (EM-L1), EM with L2 regularization
(EM-L2), and gradient descent (GD). For each row, the best result is highlighted in bold.

Dataset EM-Bayes EM-L1 EM-L2 GD LIFTCOVER-EM
Financial 0.280 0.275 0.278 2.360 0.235
Bupa 0.246 0.244 0.244  510.206 0.243
Mondial 6.480 4.841 5.149  299.875 5.911
Mutagen. 15.073 10.796  15.653  266.196 12.770
Sisyb 0.232 0.231 0.233 0.490 0.226
Sisya 1.117 1.108 1.111 0.656 0.932
Pyrimidine 44,712  23.408  25.766  266.310 54.990
Yeast 60.143 52.503  54.288  994.811 0.502
Nba 0.658 0.705 0.624 0.913 0.599
Triazine 33.648 23.871  30.305  276.304 56.690
UW-CSE 74.163 72.961  74.456 75.656 8.054
Carcinogen. 14.483 16.826 13.458  778.596 7.850

Average 20.956  17.51) 1846  289.36 12.417
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Fig. 7.1: Histograms of average AUC-ROC (a), AUC-PR (b), and time (c) over the datasets
for each configuration: EM with Bayes regularization (EM-Bayes), EM with L1 regularization
(EM-L1), EM with L2 regularization (EM-L2), and gradient descent (GD). In the time graph,
the scale of the X axis is logarithmic.
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difficulty may depend on more subtle structural properties of the data, such as the
suitability of the adopted language bias for capturing the underlying relational pat-
terns. While LIFTCOVER+ improves performance in several settings, these results
indicate that language expressiveness and inductive bias remain critical factors in de-

termining performance across datasets.

7.4 Related work

Lifted inference for PLP under the distribution semantics has been surveyed in [84],
where three main approaches are discussed and compared: Lifted Probabilistic Logic
Programming (LP?), lifted inference with aggregation parfactors, and Weighted First
Order Model Counting (WFOMC). The authors of [85], instead, focused their survey
on lifted graphical models.

Both LIFTCOVER and its extended version LIFTCOVER+ originate from SLIP-
COVER [86], an algorithm designed for learning general PLP theories through a search
in the clause space, followed by a greedy refinement process that incrementally adds
improved clauses to the theory. In contrast to SLIPCOVER, LIFTCOVER, and LIFT-
COVER+ simplify the structure search and adopt different methods for parameter
learning. While SLIPCOVER relies on EMBLEM [69] to learn the parameters of
a probabilistic logic program by applying EM over Binary Decision Diagrams [87],
LIFTCOVER and LIFTCOVER+ use special formulas for EM, LBFGS, and gradient
descent.

Hierarchical Probabilistic Logic Programs (HPLPs) [76] represents a restricted
form of general PLP, where clauses and predicates are organized hierarchically. This
structure enables efficient conversion of programs into Arithmetic Circuits (ACs) or
deep neural networks, substantially reducing inference costs compared to general PLP.
Liftable PLP can be viewed as a further restriction of HPLPs. In this context, LIFT-
COVER+ shares conceptual similarities with liftable PLP systems such as PHIL and
SLEAHP [76]. PHIL performs parameter learning of HPLPs using gradient descent
(DPHIL) or EM (EMPHIL). The program is first converted into a set of parameter-
sharing ACs, over which gradient descent or EM is applied in a bottom-up evaluation.
On the other hand, SLEAHP learns both the structure and the parameters of HPLPs
from data. It starts by generating a large hierarchical logic program from bottom

clauses obtained through a language bias [86], and then applies a regularized version
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of PHIL to prune irrelevant rules, specifically, those whose parameters are close to 0.
LIFTCOVER+ is also related to PROBFOIL+ [88], an algorithm for parameter
and structure learning of ProbLog [55] programs. It employs a hill-climbing search
strategy in the space of programs, using a covering loop that iteratively adds new
rules to the theory until a global scoring function criterion is met. Each new rule is
constructed via a clause search loop that incrementally extends the rule body based

on a local heuristic scoring function.
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Chapter 8

Probabilistic Answer Set

Programming

8.1 Setting

For these works, we adopt the Credal Semantics [89-91], which assigns a meaning to
Answer Set Programs extended with probabilistic facts [92] of the form p :: a, where p
represents the probability associated with the atom a. This notation means that the
fact a is included in the program with probability p and excluded with probability 1—p.
Such programs are known as Probabilistic Answer Set Programs (PASP, and we use
the same acronym to refer both to the programs themselves and to the programming
framework, with the intended meaning clear from the context). Selecting the presence

or absence of each probabilistic fact defines a world w whose probability is given by

Pw)=[]r-TIC-»)

acw afw

where a € w indicates that a is included in w, and a € w that it is not. A program
with n probabilistic facts has thus 2" possible worlds, denoted by the set W. Each
world corresponds to an Answer Set Program and may yield zero or more answer sets;
however, under the CS, it is required that every world has at least one. When this
condition holds, the probability of a query ¢ (a conjunction of ground literals) is defined
by a lower and an upper bound. A world w contributes to both bounds if every one

of its answer sets entails the query (i.e., the query is a cautious consequence). If the
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query holds only in some answer sets (a brave consequence), w contributes only to the
upper probability. If the query is not satisfied in any answer set, w does not contribute

to the probability bounds. In formulas,

P(q) = [P(q),P(q)] = | > P(w), > Plw;)].  (8.1)

w; EW|VmeAS(w;), mi=q w; EW|ImeAS(w;), ml=q

The conditional probability of a query ¢ given evidence e, expressed as a conjunction

of ground literals, is [93]:

Plgfe) = ot E) Byl = L (g
P(g,e) + P(not ¢, e) P(q,e) + P(not g, e)
For the lower conditional probability P(q | e), if P(g,e) + P(not ¢q,e) = 0 and P(q, ) >
0, then P(q | e) = 1. Similarly, for the upper conditional probability P(q | e), if
P(q,e) + P(not q,e) = 0 and P(not g,e) > 0, then P(q | ¢) = 0. Both formulas are
undefined if P(g, e) and P(not ¢,e) are 0. To clarify, consider the following example.

Example 8.1.1. The following snippet represents a PASP encoding of a simple graph
reachability problem. The first three facts are probabilistic. The rules state that a
path exists between X and Y either when they are directly connected or when there
exists a node Z such that X is connected to Z and a path exists from Z to Y. The
predicates connected/2 and nconnected/2 capture the possible presence or absence of
a connection between two nodes when an edge is present. Since the program contains
three probabilistic facts, there are 23 = 8 possible worlds, listed in Table 8.1. We
aim to compute the probability of the query ¢ = path(1,4). In worlds wg and wr,
due to the mutual exclusivity of connected/2 and nconnected/2, multiple answer sets
exist. Some of them entail path(1,4) (when both connected(1,2) and connected(2,4)
hold), while others do not. Consequently, path(1,4) is true in at least one but not
all answer sets of these worlds, and thus they contribute only to the upper bound.
This results in P(q) = [0,0.06]. Observing the evidence e = edge(2,4) restricts the
set of possible worlds to those in which the fact holds. This yields P(q,e) = [0,0.06],
P(not q,e) = [0.24,0.3], hence P(q | ¢) = 0 and P(q | ) = 0.2.

0.2::edge(1,2).
0.3::edge(2,4).
0.9::edge(1,3).
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Table 8.1: Worlds, probabilities, and answer sets of Example 8.1.1. For each world, only
literals relevant to the derivation of path(1,4) are shown. The second, third, and fourth
columns indicate with 0 or 1 whether each probabilistic fact is false or true in the given
world. The LP/UP column specifies whether the world contributes to the lower bound (LP),
the upper bound (UP), or does not contribute at all (marked with a dash) to the probability
of the query path(1,4).

w;q edge(1,2) edge(2,4) edge(1,3) Answer sets LP/UP  Probability
wo 0 0 0 O . 0.056
w1 0 0 1 {connected(1, 3)}, - 0.504

{nconnected(1, 3)}

wa 0 1 0 {connected(2,4), path(2,4)}, - 0.024
{nconnected(2,4)}

w3 0 1 1 {connected(2,4), path(2,4)}, - 0.216
{nconnected(2,4)}

wa 1 0 0 {connected(1,2), path(1,2)}, - 0.014
{nconnected(1,2)}

ws 1 0 1 {nconnected(1,2)}, - 0.126
{nconnected(1,2)}

we 1 1 0 {connected(1,2), connected(2,4), path(1,4)}, Uup 0.006
{connected(1,2), nconnected(2,4)},
{nconnected(1, 2), connected(2,4)},
{nconnected(1,2), nconnected(2,4)}

wy 1 1 1 {connected(1,2), connected(2, 4), path(1,4)}, Uup 0.054
{connected(1,2), nconnected(2,4)},
{nconnected(1, 2), connected(2,4)},
{nconnected(1,2), nconnected(2,4)}

path(X,Y):- connected(X,Z), path(Z,Y).
path(X,Y):- connected(X,Y).

connected(X,Y):- edge(X,Y), not nconnected(X,Y).
nconnected (X,Y):- edge(X,Y), not connected(X,Y).

8.1.1 Inference in PASP

In PASP, inference can be formulated as a Second Level Algebraic Model Counting
Problem (2AMC) [94]. Given a propositional theory 7" whose variables are divided into
two disjoint sets, X, and X;, two commutative semirings R = (D', &' @', ngi, ng:)
and R° = (D° @°, ®° ngo,Ngo), two weight functions, w; : lit(X;) — D' and w, :
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lit(X,) — D°, and a transformation function f : D' — D° 2AMC is defined as:

7

24MC(0) =P, Q) wol) & FED, . &, wib)

where p(7T" | I,) denotes the set of assignments to the variables in X; such that each
assignment, combined with I,, satisfies T', and u(X,) represents all possible assignments
to the variables in X,. 2AMC requires solving two nested Algebraic Model Counting
(AMC) [95] tasks: the outer task considers the variables in X, and for each assignment
to these variables, an inner AMC task is performed over X;. The two levels are linked
by a transformation function f that maps the results of the inner computation to the
domain of the outer one. Different instantiations of these components allow 2AMC to
represent various reasoning tasks.

To perform inference in PASP, the following configuration was proposed in [96]:

e Inner semiring: R* = (N? +,-,(0,0), (1,1)) with X; containing all atoms of the
Herbrand base except the probabilistic facts, and w; mapping not ¢ to (0,1) and
all other literals to (1,1).

e Outer semiring: R° = ([0,1]%,+,-,(0,0), (1,1)), the two-dimensional probability
semiring, where X, contains the atoms corresponding to probabilistic facts, and
w, assigns (p, p) and (1—p, 1—p) to a and not a, respectively, for each probabilistic
fact p :: a, while all other literals are mapped to (1,1).

e Transformation function: f((ni,n2)) returns the pair (v, vyy), where vy, = 1 if

ni1 = ng and 0 otherwise, and v,, = 1 if n; > 0 and 0 otherwise.

2AMC can be efficiently addressed through knowledge compilation [97], a tech-
nique commonly employed in probabilistic logic programming. This approach enables
a compact representation of the input theory as a tree or graph, allowing probabilistic
inference to be performed by traversing the compiled representation.

aspmc [98,99] is one such tool, shown to outperform alternative methods based
on projected answer set enumeration [96, 100]. aspmc compiles the input theory into
a Negation Normal Form (NNF) formula, represented as a tree where internal nodes
correspond to conjunctions (AND-nodes) or disjunctions (OR-nodes), and the leaves
correspond to the literals of the theory. In particular, aspmc targets sd-DNNF's, a class

of NNFs that satisfy three additional properties: i) the variables of the children of
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AND-nodes are disjoint (decomposability); ii) the conjunction of any pair of children
of OR-nodes is logically inconsistent (determinism); and iii) all children of an OR-node
depend on the same set of variables (smoothness). In addition, aspmc requires the X-
firstness property [94], which constraints the order of appearance of variables. Given
two disjoint partitions X and Y of the variables in a NNF n, a node is called pure if
all variables departing from it are members of either X or Y; otherwise, it is called
mized. A NNF satisfies the X-firstness property if, for each AND-node, either all its
children are pure, or at most one child is mixed while the others are pure nodes whose
variables belong to X.

We explored two different approaches for performing parameter learning in PASP,

each of which is described in the following sections.

8.2 Symbolic Parameter Learning in PASP

We adopt the Learning from Interpretations framework proposed in [101], which we
briefly recall here for clarity. A PASP is denoted by P(II), where II represents the
set of parameters to be learned. These parameters correspond to the probabilities
associated with a subset of the probabilistic facts, which we refer to as learnable facts.
Some probabilistic facts may have fixed probabilities, i.e., not all facts are subject to
learning.

A partial interpretation I = (It I7) consists of two sets It and I~, representing
atoms that are true and false, respectively. It is called partial because it may specify
the truth value of only some atoms. Given a partial interpretation I, we define the
interpretation query as q; = N\c+ i7 \;—c;- not i~. The probability of an interpreta-
tion I, denoted P(I), is the probability of its interpretation query. Since the program
is interpreted under the CS, this probability is expressed as a range. Given a PASP
P(IT), the lower and upper probability for a partial interpretation I are defined as

P(I|P(IT)) = > P(w),

weP((II) | ImeAS(w), mE=I

P(1[P(II)) = > P(w).

weP((II) | VmeAS(w), mE=I

Formally, given a PASP P(II) and a set of (partial) interpretations Z, the goal of the
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parameter learning task is to identify a probability assignment to the probabilistic facts
that maximizes the likelihood, i.e., the product of the lower (or upper) probabilities of

the partial interpretations:

[T" = arg max P(Z | P(II)) = arg maxy; HB([ | P(II))

1€l

Alternatively, this optimization considers the log-likelihood, which is often prefer-
able to avoid numerical instability when dealing with products of many small proba-

bilities. This leads to the equivalent formulation:

IT* = arg maxy; log(P(Z | P(IT))) = argmaxy; »  log(P(I | P(I1))) (8.3)

1€l

The maximum achievable log-likelihood value is zero, which occurs when every inter-
pretation has a probability of 1.

Because PASP defines probabilities in terms of lower and upper bounds, one must
choose whether to optimize the lower or upper probability. Importantly, these two
objectives are not always aligned: maximizing one does not necessarily maximize
the other. For example, consider the following program: {{q : —a,b,not nq},{nq :
—a,b,not q}} where a and b are probabilistic facts with probabilities p, and p,, re-
spectively. Suppose the interpretation is I = ({¢}, {}). In this case, P(/) = 0 whereas
P(I) = p, - pp. As a result, any choice of p, and p, yields the same lower probabil-
ity (zero), while only the assignment p, = 1 and p, = 1 will maximize P(I). This
illustrates the asymmetry between optimizing over lower and upper bounds in PASP

learning.

Example 8.2.1. Consider the program shown in Example 8.1.1. Assume we have two
interpretations: Iy = ({path(1,3)}, {path(1,4)}) and I, = ({path(1,4)},{}). These
correspond to two interpretation queries: q;, = path(1,3), not path(1,4) and q;, =
path(1,4). Let I denote the set of parameters associated with the probabilistic facts
involved. The parameter learning task reduces to the following optimization problem:
II* = arg maxy (log(P(qr, | 1)) + log(P(qr, | I1))).

Authors of [101] addressed the task of learning the probabilities of ground prob-
abilistic facts using model enumeration instead of knowledge compilation, and intro-

duced an approach based on the Expectation-Maximization algorithm to solve it. When
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the objective is to optimize the upper probability, the method proceeds as follows (the
case for the lower probability is handled analogously, with only the bound differing).
In the expectation step, for each probabilistic fact a; whose probability is to be learned,

the expected contributions of the fact being false and true are computed as:

Elai) =Y P(not a; | I), Elan] =Y P(a; | I). (8.4)

1eT Iel

These expectations are used in the maximization step to update each parameter II; as:

I — — E[aﬂ_] _ _ZIGIF(ai | I)_ '
" Elai) + Elan] Y, P(not a; | T) +Pla; | 1)

(8.5)

We introduce two algorithms for the parameter learning task. Both approaches
rely on extracting symbolic equations from the NNF [97] representing a query. Since
both algorithms share this symbolic extraction step, we describe it first. We focus on

computing the upper probability, while the treatment of the lower bound is analogous.

8.2.1 Extracting Equations from a NNF

The upper probability of a query ¢ can be expressed as a sum of products, as shown in
Equation 8.1. By treating the probabilities associated with facts as symbolic variables
instead of numeric values, we obtain a nonlinear symbolic expression for the query’s
probability in which each variable corresponds to the parameter of a learnable fact.
We denote this expression by f,,(II), where II is the set of parameters. Its general
form is: f,,(I1) = >_, Haﬁwi D; Haﬂwi(l — p;) - k;. Here k; is the contribution of the
probabilistic facts with fixed probability in world w;. We formulate this extraction as
a 2AMC problem, relying on the inner semiring and transformation function described
in [96] and in the previous section. The inner semiring yields two values: one for
the lower bound and one for the upper bound. To extract the equation, we extend the
sensitivity semiring from [95] to handle a pair of values: R° = (R[X],+, —, (0,0), (1, 1))
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with
( (p,p) for a p.f. p:: a with fixed probability and [ = a
(1—p,1—p) for a p.f. p:: a with fixed probability and | = not a
wo(l) = § (q, a) for a learnable fact 7, :: @ and | = a
(1 —ma, 1 —m,) for alearnable fact 7, :: @ and [ = not a
(1,1) otherwise

Here, p.f. denotes a probabilistic fact, R[X] is the set of real-valued functions parame-
terized by X, and 7, is the symbolic probability of the learnable fact a. Evaluating the
symbolic expression with specific parameter values results in the actual query proba-

bility for the corresponding setting of the learnable facts.

Example 8.2.2. Considering Example 8.1.1, with query path(1,4) and associating a
variable 7., with each edge(x, y) probabilistic fact (and considering them as learnable),
the symbolic equation for its upper probability is mg - mo4 - T13 + 12 - Taq - (1 — m13),

that can be simplified to 7 - Toy.

8.2.2 Solving Parameter Learning with Constrained Optimiza-

tion

The symbolic equations extracted from the NNF can be used to solve the parameter
learning task. The objective is to maximize the sum of the log-probabilities of the inter-
pretations (see Equation 8.3), where the tunable parameters are those associated to the
facts whose probability should be learned. The main steps are outlined in Algorithm 2.
For each interpretation, we use function GETEQUATIONFROMNNYEF to extract a sym-
bolic expression representing its probability from the NNF structure, treating each
learnable fact’s probability as a variable. To reduce the size of the equation and thus
the computational complexity, the resulting equation is simplified using the SIMPLIFY
function. Next, we formulate a constrained nonlinear optimization problem, where the
objective function is the sum of the equations representing the log probabilities of the
interpretations. This step is performed with function SOLVEOPTIMIZATIONPROBLEM.
Constraints are added to ensure that all parameters lie within the valid probability

range, that is, between 0 and 1. This formulation allows us to leverage off-the-shelf
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Algorithm 2 Function LEARNINGOPT: solving the parameter learning task target-
ing the upper probability with constrained optimization in a PASP P with learnable
probabilistic facts II and interpretations I.

1: function LEARNINGOPT(P, I)
eqsList < ()
for i € I do
eq + GETEQUATIONFROMNNF (¢)
eqsList < eqsList U SIMPLIFY (eq)
end for
IT* < SOLVEOPTIMIZATIONPROBLEM (egsList)
return IT*
end function

LRSI

optimization solvers, avoiding the need to implement a custom solution.

Solving Parameter Learning with Expectation Maximization

As an alternative approach, we introduce an algorithm based on EM, following the for-
mulation in Equation 8.4 and Equation 8.5. The procedure is outlined in Algorithm 3.
For each interpretation I, we add its interpretation query ¢; into the program. To
compute P (a; | I1,) for each learnable probabilistic fact a; and each interpretation Iy,
we first compute P (aj, [;) and P (not a;, I). These values are then combined using
Equation 8.2 to derive P(a; | I},), and analogously for the lower bound P (a; | I.).
For each probabilistic query, we extract the corresponding symbolic equation with
function GETEQUATIONSFROMNNEF. These expressions are evaluated iteratively un-
til convergence of the EM procedure. Lines 5-10 of the algorithm define the main loop,
alternating between the expectation phase (EXPECTATION), the maximization phase
(MAXIMIZATION), and the computation of the current log-likelihood (CoMPUTELL).
By default, convergence is determined when the change in log-likelihood between two
consecutive iterations falls below 5 - 107*, though this threshold is configurable by the
user. Let n, be the number of learnable probabilistic facts and n; the number of in-
terpretations. We need to extract equations for 2 - n, - n; distinct queries. However,
this overhead is mitigated by the fact that the structure of the program remains un-
changed across iterations, as only the probabilistic parameters are updated. Therefore,
the NNF representation needs to be constructed only once. The operations involved in
query evaluation can be cached and reused in subsequent iterations, avoiding the need
to rebuild the NNF' at every step.

Example 8.2.3. Consider Example 8.2.1 and its two interpretation queries, gz, and
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Algorithm 3 Function LEARNINGEM: solving the parameter learning task targeting
the upper probability with Expectation Maximization in a PASP P with learnable
probabilistic facts II and with interpretations I.

1: function LEARNINGEM(P, I)

2: eqsList + GETEQUATIONSFROMNNF (, I)

31 llp <0

4: lh+1

5: while (ll; —llp) > 5-107% do > Loop until convergence.
6: llp + Iy

7 E <+ EXPECTATION(eqsList)

8: IT < MAXIMIZATION(E)

9: ll; + CoMPUTELL (egsList, IT)

10: end while

11: return II

12: end function

qr,- If we consider their symbolic equations we have 5 - moy (see Example 8.2.2) and
T3 - (M2 + o4 — T2 - Taq), Where with 7, we indicate the probability of edge(z,y).
If we compactly denote with II the set of all the probabilities (i.e., all the m,,), the
optimization problem of Equation 8.3 requires solving IT* = arg maxp(log(m - m24) +
log (713 - (12 + 24 — 12 - T24))). The optimal solution is to set the values of all the 7,
to 1, obtaining a log-likelihood of 0. Note that, in general, it is not always possible to
obtain a LL of 0.

8.2.3 Experiments

We conducted our experiments on a machine equipped with 16GB of RAM and a
2.40GHz processor, with an 8-hour time limit per run. The experiments were designed
to address multiple goals: i) identifying which algorithm performs faster; ii) assessing
which method more effectively solves the optimization problem defined in Equation 8.3
(recalling that the maximum of the log-probability sum is 0, which occurs when all
partial interpretations are assigned probability 1); iii) examining whether different
initializations of the learnable probabilities influence execution time; and iv) comparing
our methods with PASTA, the algorithm based on projected answer set enumeration
introduced in [101]. We focused on PASTA as it is currently the only available approach
for parameter learning in PASP under the CS.

The system relies on several open-source components: aspme [98] is used as backend
solver for the computation of the formula, SciPy version 1.13.0 is the optimization

solver [102], and SymPy [103] version 1.12 is employed to simplify equations. The
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system is thus fully open source!.

For the approach based on constrained optimization (Section 8.2.2), we tested two
nonlinear optimization algorithms available in SciPy: COBYLA [104] and SLSQP [105].
COBYLA (Constrained Optimization BY Linear Approximations) is a derivative-free
method that approximates the objective and constraint functions linearly at each iter-
ation. In contrast, SLSQP (Sequential Least Squares Programming) solves a sequence
of quadratic approximations of the original problem by minimizing a least-squares ob-
jective subject to constraints.

The algorithm based on Expectation Maximization, introduced in Section 8.2.2, is
referred to as EM in the experimental results.

We considered four datasets in our experimental evaluation.

The coloring dataset models the graph coloring problem. In this setting, each node
is assigned a color, and a configuration is valid only if two adjacent nodes do not share
the same color. Rather than discarding invalid solutions outright, we retain them and
explicitly label them as invalid. This characteristic makes the dataset particularly
useful for evaluating our approach in scenarios where the number of answer sets per
possible world increases significantly. All instances in this dataset are constructed using

the following rules:

red(X) :- node(X), not green(X), not blue(X).
green(X) :- node(X), not red(X), not blue(X).
blue(X) :- node(X), not red(X), not green(X).
e(X,Y) :- edge(X,Y).

e(Y,X) :- edge(Y,X).

cO :- e(X,Y), red(X), red(Y).

cl :- e(X,Y), green(X), green(Y).

c2 :- e(X,Y), blue(X), blue(Y).

valid :- not cO, not cl, not c2.

The objective in this dataset is to learn the probabilities associated with the edge/2
facts, given an increasing number of interpretations. Each interpretation specifies the
observed colors assigned to certain edges and indicates whether the corresponding

configuration is valid or not. We considered two variants of complete graphs, one with

!Datasets and source code available at https://github.com/damianoazzolini/aspmc and on
Zenodo with DOI 10.5281/zenodo . 12667046.
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4 nodes (coloring4) and one with 5 (coloringy). For each variant, interpretations were
generated containing between 3 and 4 atoms.

The path dataset models a path reachability problem, where each instance is based
on the rules presented in Example 8.1.1. We included this dataset because the un-
derlying graph structure can be used to represent a wide range of problems. The
learning task consists of inferring the probabilities of the edge/2 facts, given a set of
observations specifying whether certain paths are reachable. We considered randomly
generated connected graphs with 10 (path10) and 15 (path15) edges. In this case, the

interpretations contain between 1 and 3 atoms.

The shop dataset simulates the shopping behavior of multiple individuals, where a
selection of products is available and certain combinations are mutually exclusive (i.e.,
some products cannot be purchased together). Each instance represents a shopping
scenario involving a set of people and the products they buy. Below is an example of
an instance with two people:

bought (spaghetti, john) :-shops(john), not bought(steak, john).
bought (steak, john) : -shops (john), not bought (spaghetti, john).
bought (spaghetti ,mary) :-shops(mary), not bought(beans,mary).
bought (beans ,mary) : -shops (mary), not bought (spaghetti,mary).
bought (spaghetti) :- bought (spaghetti,_).

bought (steak) : - bought (steak,_).

:- bought (spaghetti), bought(steak).

The goal is to learn the probabilities of the shops/1 learnable facts, based on an
increasing number of both observed purchases (and non-purchases) and number of
people. We considered instances with 4 (shop4), 8 (shop8), 10 (shop10), and 12
(shop12) individuals. The interpretations associated with each instance have a random
length between 1 and 10 atoms. This dataset is particularly useful to evaluate the
behavior of the learning algorithms in the presence of constraints, which prune part of
the solution space by eliminating incompatible combinations of facts.

The smoke dataset, adapted from [106], represents a network in which individuals
may smoke, and their smoking behavior can be influenced by their peers. This dataset
is a standard benchmark in the field of probabilistic logic programming. Each instance
defines a set of people and influences relationships among them. An example with two

individuals is shown below:

O.1::asthma_f(1). 0.4::asthma_fact(l). 0.3::stress(1).
O.1::asthma_f(2). 0.4::asthma_fact(2). 0.3::stress(2).
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0.2 :: predisposition.
smokes (X) :- stress(X).
smokes (X) :- influences (Y, X), smokes(Y).

asthma_rule(X):- smokes(X), asthma_fact (X).

asthma(X) :- asthma_f£f (X).
asthma(X) :- asthma_rule(X).
i11(X) :—smokes (X), asthma(X), not n_ill(X).

n_i11(X):-smokes(X), asthma(X), predisposition, not ill(X).

The learnable facts in this setting are influences/2, and the goal is to infer their proba-
bilities given observations about which individuals are ill, i.e., ¢ll/1 facts are observed.
We considered instances with 3 (smoke2), 4 (smoke ), and 6 (smoke6) people. Each

interpretation has a randomly chosen size between 1 and 3 atoms.

Unless otherwise stated, the initial probability for each learnable fact is set to
0.5. For every instance, we generated configurations containing 5, 10, 15, and 20
interpretations. The atoms included in each interpretation are sampled uniformly at
random from the Herbrand base of the corresponding program, with a subset of them

randomly selected to appear as negated literals.

We first compare the execution times of the four proposed algorithms. The results
are shown in Figure 8.1. Among the tested methods, COBYLA and SLSQP exhibit
comparable and consistently low execution times. In contrast, EM and PASTA are
generally slower, with PASTA being faster only in coloring/ and coloring5. Due to
time and memory constraints, some algorithms fail to solve specific configurations.
In particular, EM exceeds memory limits and fails on all configurations of shop12,
on shopl0 with 15 and 20 interpretations, on shop8§ with 20 interpretations, on all
instances of colorings, and on path15. PASTA, on the other hand, fails to solve smoke6
with any number of interpretations and smoke5 with 10, 15, and 20 interpretations,
due to exceeding the time limit. In contrast, both constrained optimization algorithms
(COBYLA and SLSQP) successfully solve all instances within the allocated time limit.

In addition to runtime, we also evaluated the algorithms based on the final log-

likelihood. Table 8.2 reports the LL values for selected instances: coloring, pathl10),
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Table 8.2: Final log-likelihood (LL) values for the tested algorithms on six selected instances
with the initial probability of the learnable facts set to 0.5. The column # int. contains
the number of interpretations considered, the column EM contains the results obtained with
Expectation Maximization, columns C. COBYLA and C. SLSQP stands for constrained op-
timization solved with, respectively, COBYLA and SLSQP, and the column PASTA contains
the results obtained with the PASTA solver.

coloring shop8
# int. EM C. COBYLA C. SLSQP PASTA EM C. COBYLA C.SLSQP PASTA
5 -0.016 0.000 0.000 -34.539 -1.389 -12.710 -1.385 -34.077
10 -0.049 0.000 0.000 -55.262 -2.257 0.000 0.000 -63.268
15 -0.044 0.000 0.000 -96.709 -1.923 0.000 -1.902 -75.986
20 -0.030 -36.775 0.000 -124.340 -1.388 -72.524 -0.011 -127.679
path10 smoke/,
# int. EM .COBYLA C.SLSQP PASTA EM C. COBYLA C.SLSQP PASTA
5 -0.002 0.000 0.000 -27.631 -9.430 -9.423 -9.423 -20.723
10 -0.004 0.000 0.000 -48.354 -25.164 -25.160 -25.160 -48.354
15 -0.007 0.000 0.000 -75.985 -50.023 -50.020 -50.020 -96.709
20 -0.004 0.000 0.000 -103.616 -64.576 -64.571 -64.571 -110.524
smoke3 shop4
# int. EM .COBYLA C.SLSQP PASTA EM C. COBYLA C.SLSQP PASTA
5 -14.633 -14.630 -14.630 -27.631 -1.462 -150.606 0.000 -20.633
10 -36.711 -36.708 -36.708 -69.078 -5.669 0.000 0.000 -54.992
15 -35.172 -35.166 -35.166 -69.078 -7.283 -49.346 0.000 -74.710
20 -72.872 -72.869 -72.869 -110.524 -2.770 0.000 -2.768 -101.824
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Fig. 8.1: Execution times for EM, constrained optimization solved with COBYLA and
SLSQP, and , by increasing the number of interpretations. For pathl5 and color-
ingd the line for EM is missing since it cannot solve any instance. The initial probabilities
for learnable facts are set to 0.5.
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Fig. 8.2: Execution times of constrained optimization solved with COBYLA and SLSQP on
coloring), pathl5, shop12, and smoke6 with 0.1, 0.5, and 0.9 as initial values for the learnable
facts.
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shop4, shop8, smoke3, and smokej. SLSQP consistently achieves the highest LL across
multiple datasets, specifically on coloring4, shop4, and shop8, while COBYLA often
reaches suboptimal solutions. EM performs comparably to SLSQP in some cases.
PASTA shows the weakest performance, failing to reach a log-likelihood of 0 (the
theoretical optimum), while the other approaches succeed, particularly those based on

constrained optimization.

We further investigated the impact of different initial probability values on ex-
ecution time for the constrained optimization algorithms. Results are shown in Fig-
ure 8.2. For SLSQP, the initial values have negligible impact on performance. However,
COBYLA appears more sensitive to initialization: for example, for coloring5 with 10
interpretations, setting the initial values to 0.1 results in a runtime of 100 seconds,
while setting them to 0.5 or 0.9 reduces it to approximately 60 seconds. We extended
this evaluation to EM, but found that the initial probability values do not influence its
execution time. PASTA] in its current implementation, does not allow setting initial

probabilities different from 0.5.

In summary, the constrained optimization approach demonstrates superior perfor-
mance both in terms of efficiency and final log-likelihood, outperforming both EM
and PASTA. While EM achieves competitive LL values, it suffers from high mem-
ory consumption, which limits its applicability on larger instances. PASTA, although
more memory-efficient, is both slower and less accurate than the other approaches.
The experimental evaluation focuses on relatively small instances, reflecting the intrin-
sic computational characteristics of PASP under the credal semantics. In practice, the
computational cost depends on grounding and answer set enumeration, and grows with
the number of learnable facts, the size of the Herbrand base, and the number of partial
interpretations. With contemporary technology, instances involving a limited number
of probabilistic facts and interpretations can be handled, while scaling to substantially
larger domains remains challenging without further structural restrictions or approx-
imations. While decision trees are more scalable, they lack the ability to represent
recursive rules, constraints, and non-monotonic reasoning patterns that are naturally
captured in PASP. As a result, our approach is better suited for domains where sym-
bolic structure and logical dependencies are central, rather than for large-scale purely

statistical learning tasks.
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8.3 The Gradient Semiring for PASP and Its Ap-

plication to Parameter Learning

Semirings have recently emerged as a general framework for a variety of reasoning
and learning tasks [94,95]. In this context, we propose an approach that extends the

gradient semiring to address the parameter learning task in PASP.

8.3.1 The Gradient Semiring

We refer to the probabilistic facts whose probabilities should be learned as tunable, in
contrast to those with fixed probabilities, which we refer to as fixed.

In the context of PLP, the gradient semiring is defined as [95] R, = ([0, 1] x
R", @, ®, (0,0),(1,1)), where each element is a pair consisting of the probability value
and its gradient w.r.t. the parameters, respectively, (a,e,) @ (b,ey) = (a + b, e, + €y)
and (a,e,) ® (b,ep) = (a-b,a- ey, + e, - b). The weight function is:

( iy €i) if | = a; with m; :: a; tunable
1 —m,—e;) if l = not a with m; :: a; tunable

(
(
(m;,0) if | = a; with 7 :: q; fixed
(

(1 —7;,0) if | = not a; with m; :: a; fixed

where e; is a one-hot vector containing 1 at position ¢ and 0 elsewhere.

To extend this construction to the PASP setting, we define an outer semiring as a 4-
tuple. The first two elements are the lower and upper probability, while the remaining
two are arrays of length n, where n is the number of tunable probabilistic facts, that
store at position ¢ the derivative of the query w.r.t. the parameter of probabilistic fact

a;. This results in a 2AMC task characterized by the following components:

e Inner semiring: R; = (N2 +,-,(0,0), (1, 1)), i.e., the inner semiring for inference
in PASP.

e Outer semiring: R, = ([0,1]*> x R% @, ®, (0,0,0,0), (1,1,0,0))

! ! _ ! !
where (lg, Uq, €, €2) @ (lp, up, €5, €5) = (lg + lp, ug + up, €, + €5, €% + €}'),

! ! _ ! !
(las Uqs €, %) @ (L, up, €y, €5) = (Lo - Uy, Ug - Upy Lo - € + 1y - €4, Uq - €] + up - €F),

i.e., the doubled gradient semiring for PLP.
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e Transformation function:

1,0,0) if v, =v, and v, >0
1,0,0) ifv, >
0

,0,0) otherwise

e Inner weight function:

(0,1) if i =not q
(1,1) otherwise

iy Ty €4y €7) if [ = a with m; :: @; tunable

7,73, 0,0) if | = a with m; 1 a; fixed

(
(1 —m;, 1 —m;, —e;, —e;)  if [ = not a with 7; :: a; tunable
(
(1—m;,1—m,0,0) if | = not a with ; :: a; fixed

8.3.2 Parameter Learning

For this work, we extend the parameter learning setting of EMBLEM [107] to PASP.
We focus on the optimization of the upper probability; the formulation for the lower
probability is analogous. To estimate the parameters, we adopt a Mean Squared Error
(MSE) minimization approach, aiming to find the probability values for the probabilis-
tic facts that best match the observed data.

Let P be a PASP containing probabilistic facts with unknown probabilities, and II
the set of such probabilities. Given two sets of ground atoms, ET positive examples
and E~ negative examples, the learning objective is to find an assignment IT* for II

that minimizes the MSE:
1 — _
argmin M SE = arg min — Plet) — 1) + P(e7))?). 8.6
81 gmin (0 (Pleh) =17+ 30 Be)?).  (86)

‘E‘ eteEt e €E~

This is an alternative definition to the ones for the same task presented in [108—110]
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and in the previous section. Here, the probability of positive (negative) examples P(e™)
(P(e7)) is defined as the probability of the query given a mega-example, i.c., a set of

ground atoms.

Unlike EMBLEM, which is restricted to dynamically stratified programs where
every possible world yields a unique stable model (coinciding with the Well-Founded
Model [45]), our method generalizes to handle also non-stratified programs, where a

world may admit multiple stable models.

We use #positive(I) and #negative(l) to indicate whether a mega-example is
negative or positive, respectively, where [ is the identifier of the example. Individual
atoms of the mega-example are specified via facts of the form #atom(I,atom). To

clarify, consider Example 8.3.1.

Example 8.3.1. The Bongard dataset [64]%, derives from one of Bongard’s visual
concept learning problems and features a set of pictures composed of geometric shapes,
such as triangles, squares, and circles, some of which are inside others. Each picture is
described by a set of logical facts. For example, a picture with a triangle ol inside a
circle 02 can be described by the following facts: triangle(ol), circle(02), inside(ol, 02).
Here, a mega-example describes a picture with different geometric shape configurations.

A negative and a positive mega-example are shown in the snippet below.

#negative (1) .

#atom (1, square(02)).
#atom (1, square(ol)).
#atom(1l,inside(o0l,02)).

#positive (2) .
#atom(2,circle(02)).
#atom(2,triangle(ol)).
#atom (2, config(ol,up)).
#atom(2,inside (0l1,02)).

2Dataset available at: https://cplint.eu/example/learning/bongard.pl
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8.3.3 Algorithm

Focusing on the upper probability, we try to minimize the MSE of the examples via
gradient descent. Let 7; denote the parameter (i.e., probability) associated to proba-
bilistic fact a;. The gradient of the MSE w.r.t. 7, is given by [111]:

OB S (Pl - Pr(e - 2 87

The probability and its gradient can be efficiently computed using the gradient semir-
ing. The parameters are then updated iteratively, following the gradient descent pro-
cedure, until a convergence criterion is met. The entire procedure is outlined in Al-
gorithm 4. The algorithm begins with function INITPROBABILITES, which initializes
the values of the probabilistic facts. At each iteration, for every example, we compute
both the probability and its gradient using the gradient semiring (function GRADI-
ENTSEMIRING), and store the result in the losses list. Once all examples have been
processed, the parameters are updated according to Equation 8.7, and convergence is
assessed with function CHECKCONVERGENCE.

We implemented Algorithm 4 on top of the aspmc solver [112], and refer to our
implementation as PASP-GD. In function GRADIENTSEMIRING, each PASP corre-
sponding to an example is transformed into an sd-DNNF [113]. An important aspect
is that the compilation step is only performed once, during the first iteration. Since
the structure of the circuit depends solely on the logical structure of the program (i.e.,
its rules), and not on the actual probability values, it remains fixed throughout the
learning process. In subsequent iterations, the circuit is reused: only the probability

values are updated, and the circuit is simply re-evaluated with the new parameters.

8.3.4 Experiments

We carried out an experimental evaluation to assess the learning performance of the
proposed algorithm. We employed 5-fold cross-validation to ensure a reliable evaluation
and mitigate variance. The learning procedure terminates either when a convergence
criterion is met, defined as a minimum improvement in log-likelihood below a fixed
tolerance, or when a maximum number of iterations is reached. All experiments were
conducted on a machine equipped with an AMD EPYC 9454 48-core CPU. The memory
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Algorithm 4 PASP-GD. Parameter Learning on a PASP P with examples £ =
(E*, E7), learning rate 7, and convergence tolerance e.

function PARAMETERLEARNING (P, E )

converged <— false

losses < [ ]

IT +— INITPROBABILITIES

llg + —o0

while not converged do

for e € F do

(Ip,up, e, €) < GRADIENTSEMIRING (e, P,IT)
if target = lower then

p=lp,e=e
else
p=up e=¢
end if
losses < losses U (p — Pr(e)) - e
end for
e =11-2-n- pu(losses) > p computes the mean
IT < Crip(II°) > Clip to [0, 1].

ll; < ComMPUTELL(P,II)
converged <— CHECKCONVERGENCE((lo,ll;,€)
llo — 1l
end while
end function

limit was set to 32 GB of RAM, and the time limit was set to one hour per run.

Datasets

We tested PASP-GD on two different datasets: one based on a non-stratified program
and the other on a stratified one. For clarity, we briefly recall the distinction between
stratified and non-stratified programs, which is based on the definition of dependency
graph. The dependency graph Dp of a program P is a directed graph [114] where each
node corresponds to a ground atom in P. For each rule in the grounding of P, with
head atom p and body containing an atom ¢, the graph includes a directed edge from
p to q, labeled as positive if ¢ appears in a positive literal, or negative if it appears
negated. A program is said to be non-stratified if its dependency graph contains a cycle

involving at least one negative dependency. Such programs may have multiple answer
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sets, or none at all. In contrast, stratified programs have no cycles through negation
and have a unique answer set.

The non-stratified dataset we consider, coloring, models probabilistic graphs with
N nodes. Each node can be assigned one of three colors: red, green, or blue. An
example in this dataset specifies a color assignment for all nodes and is labeled as
either positive or negative, depending on whether it satisfies the constraints. Here, the
edge probabilities are the parameters to be learned. This dataset was generated using
a Python script in combination with clingo [115] to compute answer sets. An example

of initial program is shown below.

red(X) :- node(X), \+ green(X), \+ blue(X).
blue(X) :- node(X), \+ green(X), \+ red(X).
green(X) :- node(X), \+ blue(X), \+ red(X).
qgr :- e(A,B), red(A), red(B).

qr :- e(A,B), green(A), green(B).

qr :- e(A,B), blue(A), blue(B).

e(A,B):- edge(A,B).

e(A,B):- edge(B,A).

node (0..3) .
t::edge(0,1).t::edge(0,2).t::edge(0,3).
t::edge(1,2).t::edge(1,3).t::edge(2,3).
query (qr) .

The first three rules in the program ensure that a node X is assigned exactly
one of the possible colors. The rules defining predicate gr identify conflicting color
assignments, which occur when two connected nodes A and B share the same color.
The atoms edge(A, B) represent the presence of an edge between A and B for each
pair of nodes A, B € {0,..., N —1}. To capture undirected edges, we use the predicate
e(A, B), which is defined in terms of the presence of either edge(A, B) or edge(B, A).
The probabilities associated with the edge/2 atoms are tunable, and we indicate this
using a placeholder, identified by ¢, instead of a numeric value. It is important to
note that the same symbol is used for all such facts, but this does not imply that they
are equal. The examples in the dataset were generated using predefined random target
values for these tunable parameters. For each example, a random graph was created by

including edges according to these fixed target probabilities. The resulting graph was
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then used to generate the corresponding examples. This setup allows us to evaluate the
effectiveness of the learning algorithm by comparing the learned probabilities against
the original target values.

We used the MSE between learned and target values, denoted as M SE7 (to differ-
entiate it from the MSE defined in 8.6), to measure this deviation. M SE 7 is computed

as follows:
| N
_ 2
MSEpr = v ;:1 (i — t;)

where ¢; and t; are the learned and target probabilities of the ¢+ — th parameter, and
N is the number of tunable parameters.
Experiments were conducted on graphs with 4, 5, and 6 nodes. Below, we show an

example consisting of two mega-examples: one positive and one negative.

#negative (1) .
#atom(1l,green(1)).
#atom(1,green(3)).
#atom(1,blue (0)).
#atom(1l,red(2)).

#positive (2).
#atom(2,green(3)).
#atom(2,blue (2)).
#atom(2,red (0)).
#atom(2,red (1)) .

We further evaluated our approach on the stratified Bongard dataset (see Exam-
ple 8.3.1), to compare its performance against two state-of-the-art parameter learning
solvers that operate on stratified programs: SLIPCOVER [72] and LIFTCOVER+ [116].
It is important to note that these tools do not support non-stratified programs, which
distinguishes our method in terms of broader applicability. We generated datasets
consisting of balanced sets of positive and negative examples, with 50, 100, and 250

examples. The underlying program used in this setting is shown in the snippet below.

pos :- r0, circle(A), inside(B,A).
pos :- rl, circle(A), triangle(B).
t::r0.
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t::rl.
query (pos) .

The first rule states that a shape B is inside a circle A, while the second states that a
circle A and a triangle B are present. Atoms 70 and r1 are probabilistic facts whose

probabilities, denoted by ¢, are to be learned.

Results

We evaluate PASP-GD in terms of log-likelihood (LL) and AUCROC.

Coloring dataset. For the coloring dataset, we evaluated the performance of our
approach by measuring the final M SE;r between the learned and the target probabil-
ities. Additionally, we report the log-likelihood (LL) and AUCROC scores on the test
set.

We tested different learning rate (Ir) values (0.1, 0.5, and 0.9), using a maximum of
1000 iterations and randomly initialized parameters. Although the number of iterations
required for convergence varied with the learning rate, the final results remained largely
consistent across configurations. In all cases, convergence was typically reached well
before the maximum number of iterations, usually within the first 100.

Table 8.3 summarizes the average AUCROC, LL, and M SFEr scores obtained on
the test set, across cross-validation folds, with learning rate set to 0.5 and a maximum
of 100 iterations. PASP-GD achieves AUCROC scores ranging from 0.75 and 0.89,and
MSFErr often below 0.1. These results indicate that the learned probabilities are
consistently close to the target values, demonstrating the effectiveness of the method
in learning from the examples provided. For instance, with N = 5, AUCROC ranges
from 0.8240 (e = 50) to 0.7530 (e = 100) before improving again to 0.8994 (e = 250),
while LL ranges from —4.6855 (e = 50) to —11.9172 (e = 100) to —20.5940 (e = 250).
A similar trend is visible for N = 4, but not for N = 6. This behavior may suggest
that with e = 100, the model is better tuned for ranking predictions (thus optimizing
AUCROC), but less well calibrated in terms of absolute probability values (LL) because
the model has enough data to improve ranking performance (AUCROC) but not yet
enough to fully optimize and calibrate probabilities, leading to suboptimal LL. With

larger datasets (e = 250), the model benefits from improved calibration and overall
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convergence. Overall, these results confirm the capability of our method to learn

accurate probabilistic models in a graph-based domain.

Table 8.3: PASP-GD results on the coloring dataset with 5-fold cross-validation.

Nodes Examples Mean AUCROC Mean LL MSE.r

4 50 0.8640 -5.1962  0.0313
4 100 0.8330 -14.5686  0.0488
4 250 0.8614 -23.4130  0.0019
5 50 0.8240 -4.6855  0.0550
5 100 0.7530 -11.9172  0.0937
5 250 0.8994 -20.5940  0.0373
6 50 0.8840 -8.0083  0.1182
6 100 0.8370 -12.2185  0.1371
6 250 0.8646 -22.9584  0.0937

Bongard dataset. We evaluated our approach on the Bongard dataset under sev-
eral configurations, varying the learning rate (0.5, 0.9, and 1), the maximum number
of iterations (set to 100), and the initialization strategy (fixed at 0.5 or randomized).
As shown in Table 8.4, these variations had a negligible impact on performance: all
configurations achieved the same AUCROC, with only minor fluctuations in LL, sug-
gesting robustness to hyperparameter settings. In comparison with SLIPCOVER and
LIFTCOVER+, our method consistently matched or outperformed both baselines in
terms of L and AUCROC across all configurations. With 50 examples, all algorithms
achieved a LL around -3.7 and an AUCROC of 0.596. Increasing the number of exam-
ples to 100 led to the highest AUCROC. With 250 examples, both LL and AUCROC
exhibited minor declines (around -19 and 0.7, respectively), but the results remained
competitive.

Overall, this evaluation demonstrates that the proposed approach is effective on
both stratified and non-stratified datasets, offering strong predictive performance and

good generalization across varying data sizes and configurations.

8.4 Related Work

Many techniques exist for parameter learning in probabilistic logic programs, but most

are restricted to programs with a unique model per world. PRISM [46] was among the
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Table 8.4: PASP-GD results on the Bongard dataset with 5-fold cross-validation.

Algorithm #Rules #Examples LR Init. Prob. Mean LL. Mean AUCROC
SLIPCOVER 2 50 - - -3.7938 0.5960
LIFTCOVER+ 2 50 - - -3.7936 0.5960
PASP-GD 2 50 0.5 random -3.7283 0.5960
PASP-GD 2 50 0.9 random -3.7160 0.5960
PASP-GD 2 50 1.0 random -3.7273 0.5960
PASP-GD 2 50 0.5 0.5 -3.7159 0.5960
PASP-GD 2 50 0.9 0.5 -3.7158 0.5960
PASP-GD 2 50 1.0 0.5 -3.7157 0.5960
SLIPCOVER 2 100 - - -6.7695 0.7390
LIFTCOVER+ 2 100 - - -6.9500 0.7470
PASP-GD 2 100 0.5 random -6.8277 0.7470
PASP-GD 2 100 0.9 random -6.8278 0.7470
PASP-GD 2 100 1.0 random -6.8278 0.7470
PASP-GD 2 100 0.9 0.5 -6.8278 0.7470
PASP-GD 2 100 0.5 0.5 -6.8277 0.7470
PASP-GD 2 100 1.0 0.5 -6.8278 0.7470
SLIPCOVER 2 250 - - -19.5835 0.6917
LIFTCOVER+ 2 250 - - -19.9583 0.7000
PASP-GD 2 250 0.9 random -19.3014 0.7112
PASP-GD 2 250 1.0 random -19.3014 0.7112
PASP-GD 2 250 0.5 random -19.3012 0.7112
PASP-GD 2 250 0.9 0.5 -19.3014 0.7112
PASP-GD 2 250 1.0 0.5 -19.3014 0.7112
PASP-GD 2 250 0.5 0.5 -19.3012 0.7112

first tools to address both inference and parameter learning in PLP, introducing an
EM-based algorithm in its initial 1995 implementation. The same approach is adopted
in EMBLEM [107] and in ProbLog2 [117], which learn the parameters of ProbLog
programs from partial interpretations using the LFI-ProbLog algorithm [118]. LeP-
robLog [111] also targets ProbLog programs but solves the task via gradient descent.

Few tools handle PASP and allow multiple models per world. dPASP [119] performs
parameter learning in Probabilistic Answer Set Programs under a different semantics,
the max-ent semantics, where the probability of a query is the sum of the probabilities
of the models where the query is true. They propose different algorithms based on

the computation of a fixed point and gradient ascent. Parameter Learning under the
Credal Semantics is available in PASTA [100, 101]. PASTA adopts the learning from
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interpretations framework, but relies on an inference algorithm based on 2AMC, which
has been empirically proven more effective [96], and on symbolic equation extraction,
rather than projected answer set enumeration. This is also proved in our experimental
evaluation.

Lastly, there are alternative semantics to adopt in the context of Probabilistic
Answer Set Programming, namely, P-log [120], LPMLN [121], and smProbLog [106].
The relation among these has been partially explored by [122], though a comprehensive

comparison is still lacking.
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Chapter 9

LIFTCOVER+ for Knowledge
Graph Completion

A Knowledge Graph (KG) is a graph-based representation of the knowledge within a
specific domain. KGs have gained popularity in the last decade ability to represent
large and structured knowledge bases. Many types of real-world data can be natu-
rally and effectively modeled as graphs, including computer networks, social networks,
biomedical data, transportation systems, and more. For this reason, KGs are widely
used in tasks such as query answering, recommender systems, chatbots, and voice as-
sistants. Since KGs cannot contain all the knowledge relevant to a domain, they are
typically incomplete and sparse. It is therefore often necessary to infer missing informa-
tion, Knowledge Graph Completion (KGC) addresses this challenge: given a domain
represented as a graph, the goal is to predict the missing edges among the entities

involved.

9.1 Setting

A KG is composed of a set of triples (h,r,t), where h and ¢ denote the head (start) and
tail (end) entities, respectively, and r represents the relation linking them. Real-world
KGs are usually incomplete and sparse, requiring the inference of missing information.
This task is referred to as KGC. Depending on the information to be inferred, KGC
can be divided into specific tasks [123], such as link prediction, entity prediction, or

relation prediction.

93



94 Chapter 9. LIFTCOVER+ for Knowledge Graph Completion

Most state-of-the-art KGC methods rely on neural models, which, despite their
strong performance, lack interpretability due to their black-box nature [124]. In con-
trast, PLP offers an interpretable framework, allowing for transparent and explainable
models. Recently, the authors of [125] proposed learning logical rules from KGs and
associating probabilistic weights to them.

Motivated by this line of research, we frame the KGC problem as a parameter
learning task in PLP: given a set of probabilistic logical rules, the goal is to learn
probabilities that maximize the likelihood of known triples in the KG. This formulation
allows us to apply learning algorithms (e.g., Expectation Maximization) to KGC by
treating observed triples as training data.

Link prediction is the task of predicting either the tail ¢ of a triple (h,r,?), or the
head h of a triple (7, r,t). Formally, given a completion task (h,r,?) on a graph G, the
goal is to find an entity ¢ such that (h,r,t) ¢ G. A KGC system assigns a score to each
candidate triple, and candidates are ranked accordingly. For a prediction task (h,r,?),
a candidate entity ¢ is assigned a rank, denoted with rank(t), based on its position
in the list of scored triples. If multiple entities share the same score, tie-breaking

strategies must be adopted. Common tie-breaking strategies include:
e Minimum ranking: assigns the lowest rank in the group.
e Maximum ranking: assigns the highest rank in the group.
e Average ranking: assigns the mean rank among tied elements.

In our implementation, we use average ranking, although other systems may adopt
different strategies.

To evaluate link prediction performance, the original graph G is typically parti-
tioned into three disjoint subsets: the training set T},.qin, test set Ti.s, and validation
set Tyaia, used to train the model and evaluate its performance. Given a set of test

triples Tyest, the following standard metrics are used to evaluate KGC models:

e Mean Rank (MR) is the average rank of answers to the test triples:

1

MR = ——
|Eest|

rank(t)

tETtest
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e Mean Reciprocal Rank (MRR) is the average reciprocal individual rank of the

answers:
1 1

MRR = —
rank(t)

‘ EeSt | tETtes

e Hits@QK represents the proportion of the answers ranked in the top K positions:

{t € Thest | rank(t) < K}

HitsQK =
|T;fest|

In practice, the ranking for a test triple (h,r,?) may include candidate entities ¢’
such that (h,r,t') ¢ T,.s. However, even though ¢’ is not the correct answer, the triple
(h,r,t') might be present in the training or validation sets. To avoid unfairly penalizing
the correct prediction ¢, such triples are typically excluded from the ranking. This
leads to the computation of filtered metrics, which more accurately reflect the model’s

performance [126].

9.2 Related Work

The KGC task has been extensively studied over the years, and a wide range of
techniques has been proposed; a comprehensive survey can be found in [124]. Most
approaches rely on deep learning, although notable exceptions exist, such as Any-
BURL [125] and SAFRAN [127]. Another interesting method is proposed in [128],
where the authors introduce “soft” rules integrated within a probabilistic model. They
address the KGC task using EM with the Expectation step solved via belief propaga-
tion and a custom solution developed for the Maximization step, achieving competitive
results compared to approaches like AMIE [129] and TransH [130].

A large body of work also exists on parameter learning in the Statistical Relational
AT (StarAl) literature, particularly in PLP. Most methods rely on EM, such as [46,
101,107,117], though some exceptions exist [111,131]. In this work, we focus on the
liftable PLP system LIFTCOVER+, which allows inference to be performed much more
efficiently than in traditional PLP. It should be noted, however, that the restrictions
on clause types in liftable PLP may limit the language’s expressiveness and make it

harder to capture more complex relationships.
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9.2.1 AnyBURL

AnyBURL [125] is a bottom-up rule learning algorithm designed to extract logical rules
from KGs. It iteratively samples random paths from a KG G, starting with paths of
length n = 2 and progressively increasing the path length in subsequent iterations.
Each sampled path is transformed into a ground logical rule, where the first edge in
the path becomes the rule head and the remaining edges form the rule body.

Given a path composed of triples {(eq, ho,€1), (€1,b1,€2), ..., (€n,bn,€nt1)}, Any-
BURL constructs a ground path rule R of the form:

h(e(), 61) < bl(el, 62), R 7bn(€n; €n+1)

Based on the structure of these paths, AnyBURL extracts three distinct types of gen-

eralized rules:

e C rules are generalizations of cyclic ground path rules:

h(Y, X) — bl(X, Ag), P bn(An,Y)

e AC1 rules are generalizations of both cyclic (eg = e,41) and acyclic (e # €,41)

ground path rules:
h(€0, X) — bl(X, AQ), ce ,bn(An, €n+1>

e AC2 rules are generalizations of acyclic ground path rules:
h(eo, X) — bl(X, Ag), cey bn(An7 An+1)

where X and Y are variables that appear in the head, A; are variables that can
appear only in the body, and lowercase letters indicate constants. This rule discovery
process continues until a saturation criterion is met, which depends on the marginal
contribution of newly discovered rules to the model’s overall performance.

Each rule R is assigned a confidence score, computed as follows [132]:

SUppOT’t(R) == |{9XY | HeszQXYZ VAN RhQXYH

B support(R)
[{0xy | 30z R0xy 7 }]

where fxy is a grounding for variables X and Y appearing in the head R, of R, 0 is

conf(R)

a grounding for the variables appearing in the body R, of R other than X and Y, and

Oxvz is the union of fxy and 6.
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To score candidate entities, AnyBURL adopts the maximum aggregation strategy,
in which candidate entities e; are ordered according to the maximum confidence of all

the rules R; that generated them, i.e.,
score(e;) = max{conf(Ry),..., conf(R,)}

where e; is the entity and R; are the rules that predicted it.

When the number of rules is high, computing KGC metrics is very expensive. To
address this, AnyBURL introduces several optimizations, such as parallelizing rule
application; truncating the grounding process to avoid excessive computation [133];
limiting the number of predictions returned for each query, resulting however in ap-
proximate rankings. Metrics computation is further accelerated through optimized

libraries such as PyClause [134], which provides a native interface for AnyBURL.

9.2.2 SAFRAN

A known limitation of the maximum aggregation strategy used in systems like Any-
BURL is that it relies solely on the single most confident rule to score a candidate
entity, ignoring the contributions of the other rules that predict the same entity.

To address this, the Noisy-Or aggregation model has been proposed, which inter-
prets rule confidences as probabilities and combines them under the assumption of

conditional independence:

k

score(e) =1 — H(1 — conf(R;))

i=1

However, Noisy-Or suffers from a critical drawback: it does not account for rule
redundancy. In real-world KGs, it is common for multiple rules to infer the same
triple due to overlapping patterns. When such redundant rules are treated as inde-
pendent, their combined effect leads to overestimation of confidence scores, ultimately
degrading predictive performance [127]. To overcome this, the authors of [127] proposed
SAFRAN;, a framework introducing a refined aggregation method called non-redundant
Noisy-Or. This approach clusters redundant rules based on their redundancy degree;
then, it applies maximum aggregations to the rules in the same clusters; lastly, it ag-

gregates predictions of different clusters with Noisy-Or. Two rules R;, R; are assigned
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to the same cluster if their redundancy degree is higher than a certain threshold, that is
sim(R;, Rj) > th, where sim(R;, R;) is the Jaccard Index of the sets of inferred triples
and th is a threshold. To find the optimal value for th, which depends on the relation
and rule type, SAFRAN adopts grid search or random search.

9.3 Approaches for Rule Generation

We considered three different strategies to generate rules whose probabilities are learned
via LIFTCOVER+-.

The first approach, which we refer to as Paths, focuses on generating cyclic rules
by computing paths directly from the training triples in the knowledge graph. Each
triple (h,r,t) is represented as an atom t(h, r,t) We use predicate r/3 to represent both

a relation and its inverse

r(A,r0,B):-r(A,r1,C),r(C,r2,D),r(D,r3,B).

where /3 is defined as

r(S,R,T):-
t(S,R,T).

r(S,i(R),T):-
t(T,R,S).

Starting from these atoms, the system searches for connected paths of a given length,
where each path corresponds to a potential rule structure. For instance, a sequence of

relations (r0,r1,72,73) is translated into a rule of the form
r(A,r0,B): —r(A,rl,C),r(C,r2,D),r(D,r3, B).

Trivial or redundant rules are excluded.

The second approach is inspired by AnyBURL, and we call it AC1 + AC2 + C.
For each relation in the KG, the method identifies two lists of start (head) and end
(tail) nodes. Then, we find a user-defined number of paths starting from each start
(end) node up to a user-defined length. These are used to generate AC1, AC2, and

C rules, following AnyBURL’s rule taxonomy. Duplicates are removed, and each rule
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is initialized with a low probability (e.g., 107%). The resulting rule set is then used as
input in LIFTCOVER+ to tune their probabilities. The rankings of the candidates for
an entity are computed via Noisy-OR aggregation.

Finally, the Weighted Sampling approach generates rules by leveraging the fre-
quency distribution of relations in the dataset. Each relation is assigned a sampling
probability proportional to its occurrences, ensuring that more frequent relations are
more likely to appear in the generated rules. A relation is first sampled as the head,
while a random number of additional relations (between two and four) are sampled to
form the body of the rule. These relations are then connected sequentially to create
chain-like rules. Each generated rule is finally assigned a score proportional to the
number of its body instantiations relative to the total across all rules. Unlike previous
approaches, this one does not employ LIFTCOVER+ for parameter learning, as the

rule scores are computed directly from structural statistics.

9.4 Experiments

Parameter learning experiments were conducted on the Leonardo HPC system of
Cineca, using nodes equipped with an Intel Xeon Platinum 8358 processor (2.60 GHz,
32 cores), 481 GB of RAM, and NVIDIA A100 GPUs with 64 GB of memory. In con-
trast, the Weighted Sampling algorithm was executed on a machine featuring a 2.40
GHz CPU and 16 GB of RAM, with a maximum runtime of 8 hours.

9.4.1 Datasets

In our experimental evaluation, we employed four widely used benchmark datasets for
KGC. FB15K-237 [135] is a subset of FreeBase comprising entity pairs and their cor-
responding relations. WN18RR [136] is derived from WordNet and consists of lexical
entities connected through explicit semantic relations. NELL [137] originates from the
Never-Ending Language Learner system, an autonomous agent designed to continu-
ously extract and refine relational knowledge from web data. Finally, Nations [138]
contains information on economic, diplomatic, military, and social interactions among
14 countries over the period 1950-1965. Table 9.1 summarizes, for each dataset, the
number of triples in the training, validation, and test partitions, as well as the total

number of relations and entities.
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Table 9.1: For each dataset used in the experiments, we report the number of triples in
the training, validation, and test sets, along with the total number of triples, relations, and
entities.

Dataset Train Valid Test Total Entities Relations
Nations 1592 199 201 1992 28 55
WN18RR 86835 3034 3134 93003 71453 11
FB15k-237 272115 17535 20466 310116 14505 237
Nell 228426 129810 144307 502543 63361 400

9.4.2 Metrics computation

We implemented an algorithm in Prolog that, given a test set and a probabilistic
theory, computes the standard metrics used for KGC. For each triple (h,7,t) € Ties,
the algorithm first computes the probability of the correct answer ¢ according to the
given theory. It then enumerates all possible instantiations of the query r(h,r,T),
representing alternative candidate entities 7' = ¢’. These instantiations are filtered to

exclude any triples that also appear in the training or validation sets.

Next, the algorithm evaluates each remaining candidate t' by computing its prob-
ability under the theory. A counter N is maintained to track how many candidate
answers have a probability greater than or equal to that of the correct answer ¢. Each
such candidate is stored together with its probability, as it contributes to the final
ranking of £. To improve computational efficiency, the process stops once 20 candi-
dates with higher or equal probability have been found. This early stopping condition
guarantees that the rank of the correct answer cannot be within the top 10, since even
in the worst case, where all 20 answers have identical probability, their average rank
would be (20 4+ 1)/2 = 10.5. Using this ranking information, the algorithm computes
the exact values of the Hits@1, Hits@3, Hits@5, and Hits@10 metrics, differing from
the metric computation of AnyBURL (also implemented in PyClause).

Due to early stopping, the estimated MRR may be slightly higher than the true
MRR, since the algorithm considers at most 20 candidates with probability greater

than or equal to that of the correct answer.
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Table 9.2: Maximum length of the body of rules and number of rules for each dataset and
each rule generation method.

Dataset Rule Generation Method Max Length #Rules

Paths 3 305,365

Nations AC1 + AC2 + C 3 2,243
Weighted Sampling 4 10°

Paths 3 3,076

WNISRR Weighted Sampling 4 10°
Paths 3 33,696

FBISK-237 Weighted Sampling 4 10°
Nell Paths 3 101,242
Weighted Sampling 4 10°

9.4.3 Results

Table 9.2 reports, for each dataset, the maximum length of the rule bodies and the
number of rules generated with the methods described in Section 9.3.

Table 9.3 presents the results of the experiments: for each dataset and algorithm,
we report the metrics Hits@1, Hits@3, Hits@5, Hits@10, and MRR together with
the time taken by parameter learning. The Paths+Conf approach indicates that the
confidence values were set as parameters of the rules without performing EM. Also
Weighted Sampling does not include an EM phase; thus, the reported metrics for
this method are obtained solely from the initial sampling and weighting procedure
described in Section 9.3. The confidence is computed using PyClause. From Table 9.3,
we also observe that performing parameter learning with EM on the rules generated
with Paths (denoted with Paths+EM) is not beneficial. Although this result may seem
counterintuitive, since optimizing parameters to maximize log-likelihood is expected to
yield a better classifier, it could be attributed to the necessity of subsampling positive
examples and artificially generating negative examples. In such cases, filtering based
on absence from training and validation sets does not guarantee true absence from the
test set or overall falsity. Additionally, Weighted Sampling shows limited performance,
being applicable to only two of the four datasets. This limitation is likely due to
the large number of instantiations required to assign weights to the rules. Lastly,
using AC1+AC2+C for rule generation and LIFTCOVER+ for parameter learning
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Table 9.3: For each dataset and algorithm, we report the metrics Hits@1, Hits@3, Hits@Q5,
Hits@10 and MRR together with the time taken by parameter learning. For Paths+Conf we
used the confidence as the parameters of the rules. We do not report the configurations that
were not able to solve the task.

Dataset Approach Ha@l H@3 H@5 H@10 MRR Time (s)
Paths+EM 0.4577 0.7861 0.8607 0.9950 0.6389 467.41

Nations Paths+Conf 0.4926 0.7910 0.8557 0.9701 0.6586 -
AC1+AC2+C+EM 0.2189 0.5721 0.7612 0.9104 0.4404 6.69

Weighted Sampling 0.5075 0.7811 0.8458 0.9652 0.6472 -

Paths+EM 0.3405 0.4537 0.4936 0.5378 0.4193 189.74

WNI18RR Paths+Conf 0.4371 0.5057 0.5370 0.5731 0.4894 -
AC1+AC2+C+EM - - - - - -

Weighted Sampling 0.0306 0.0826 0.1107 0.1512 0.0741 -

FB15K.237 Paths+EM 0.2143 0.3093 0.3530 0.4263 0.2844 936.36
Paths+Cont 0.2448 0.3528 0.4034 0.4801 0.3232 -
AC1+AC2+C+EM - - - - - -

Weighted Sampling - - - - - -

Nell Paths+EM 0.0004 0.0018 0.0028 0.0053 0.0019 19,713.04
Paths+Conf 0.0010 0.0025 0.0038 0.0067 0.0033 -
AC1+AC2+C+EM - - - - - .

Weighted Sampling - - - - - .

was not feasible for large datasets. Although this method works for smaller datasets
like Nations, parameter learning on large datasets exceeds available memory resources.

To compute the metrics for the Paths approach, we employed PyClause using the
Noisy-Or aggregation strategy, as it proved to be significantly faster than our Prolog
implementation This outcome is somewhat surprising, given that Prolog systems such
as SWI are supported by decades of software engineering expertise in improving the
speed of answering this kind of query. One possible explanation is that the queries in
our case are relatively simple and involve terms that are constants, which might cause
the Prolog unification algorithm to incur excessive overhead because of its general-
ity. Moreover, the implementation of PyClause in C++ and the several optimization
strategies, while leading to approximate results, likely contribute to faster computation.

In summary, our empirical results show that parameter learning via EM on liftable
probabilistic logic programs is currently not competitive for knowledge graph comple-

tion, especially due to scalability issues with large datasets.



Chapter 10

Application of LIFTCOVER+ to an
Industrial Setting

We employed LIFTCOVER+ to support a financial company in optimizing interactions
with its clients. Part of the work described in this chapter was carried out in collab-
oration with an industrial partner operating in the financial services sector. Due to
commercial confidentiality, some technical and operational details cannot be disclosed
in full. Therefore, the domain described in this chapter is a handcrafted scenario: the
elements of the system presented here, such as the structure of the original data and
the features, represent simplified, modified, or abstracted versions of those actually em-
ployed in the operational system. The context has also been adapted for confidentiality
reasons. Nevertheless, the methodological principles and experimental considerations

presented accurately reflect the approach and solutions that were effectively adopted.

The company’s operators contact clients by phone to make financial proposals.
The company required a system capable of assisting its operators in real time during
these phone conversations by recommending the most appropriate proposal. For this
purpose, we employed LIFTCOVER+.

All phone interactions are subject to a tagging process, in which each phone call is
annotated with one or more tags describing what was said during the interaction, both
by the operator and by the client. For instance, a tag is placed when clients ask for
an installment plan or discount, or when they mention financial difficulties, when the
operator makes a proposal. Each call is then labeled with an outcome, such as “Client
Not Found”, “Proposal Refused”, or “Proposal Accepted”.
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The company provided data about its clients and contracts in the form of three
tables extracted from its internal database, encompassing detailed information on debt
collection cases and associated call interactions. The information on each debt col-
lection case is stored in the CONTRACT table. The company provides the CONTRACT
table already anonymized, with client-related information that does not allow for the
identification of the individual. The INTERACTIONS table contains information on the
phone interactions made by the company’s operators. The TAG table contains all tags,
in sequential order, extracted from the transcriptions of phone interactions, containing
insights about the flow and development of the interaction between the client and the

operator.

10.1 Data Preprocessing

Before applying the algorithms, a Python procedure processes the data and generates
input files for the various algorithms. First, tags with a missing “Tag” field and in-
teractions without tags are discarded. Incomplete or inconsistent records are handled,
and textual fields from call transcripts are processed to extract meaningful informa-
tion. For instance, a new feature regarding the mood of the phone call was created by
extracting the corresponding information from the free-text field of the INTERACTIONS
table. Numerical fields are discretized into categorical classes, since LIFTCOVER+ is
designed to perform more effectively with categorical data. For example, the client’s
age was divided into the following classes: “<35”, “34-45", “46-55", “56-65", “66-75",
“>75" and “LegalEntity” (for legal entities). Special characters and accented let-
ters are removed from all fields to prevent potential issues during algorithm execution.
Finally, only cases, interactions, and tags of the field of interest are selected.

Then the processed dataset is randomly split into training and test sets, with 70%
of the cases used to train the algorithm and the remaining 30% reserved for evaluation.

Only a subset of columns from each table was used. In particular, textual fields and
columns with a high proportion of missing values were excluded to ensure data quality
and computational efficiency. From the retained fields, logical predicates were gener-
ated to represent the information in a structured format suitable for LIFTCOVER+.
For case-related fields, predicates take the form field name(IDContract, value),
where IDContract identifies the corresponding case. Predicates related to the interac-

tions and tags include both IDContract and IDInteraction: field name(IDContract,



10.2. Results 105

IDInteraction, value). Additional auxiliary predicates were incorporated into the
background knowledge to capture temporal relationships, such as the sequential order
of interactions and tags.

Finally, the predicate target_tag/1 was created as the target of the algorithm,
representing the optimal action that the operator should take in their next interaction
with the client.

10.2 Results

LIFTCOVER+ was employed for learning probabilistic rules aimed at predicting the
operator’s tags of interest, as identified by the company, in order to determine the
most appropriate action the operator should take in the next call to achieve a positive
outcome, i.e., a non-zero recovered debt amount. We selected LIFTCOVER+ not
only for its strong predictive performance but also because its generated rules are
easily interpretable and can be understood even by users without expertise in machine
learning.

The company periodically provided new datasets containing information about ad-
ditional cases and, in some instances, new attributes, as shown in Table 10.1. Datasets
before Dataset 5 were not used for this study, and thus are not reported. For each
dataset provided by the company, a new model was retrained on the combined set of
new and existing data. As a result, several models of progressively increasing quality

were produced, as both the dataset and the learning procedure were refined over time.

Table 10.1: Datasets used to train LIFTCOVER+. For each dataset, the new number of
cases, interactions, and tags is reported, as well as new elements introduced.

Dataset Notes Cases (pos, neg) Interactions  Tags
Dataset_5 New attributes 1936 (1550, 386) 6231 21040
Dataset_5_v2 New cases 349 (244, 105) 2464 2857
Dataset_6 New cases 122 (82,  40) 627 842
Dataset_7 New cases and target tags 209 (131, 78) 1659 1354
Dataset_8 New cases 327 (226, 101) 1983 2850
Dataset_9 New cases 619 (490, 129) 2967 5926
Dataset_10 New cases 136 (91,  45) 939 782

The rules induced by the algorithm represent the relationships between case infor-
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mation, phone call records, and their associated tags, highlighting the operator actions
that are most likely to result in a successful case outcome. A rule is expressed in the
form: head : p :- body and can be interpreted as follows: if the body holds, then the
head is true for a given case with probability p. Below are some examples of the rules
learned by LIFTCOVER+:

o target_tag(A, “solicit payment”) : 0.871 :- offer_type(A, “investment”),
region(A, “south”).

This rule states that if the client comes from a southern region and the offer type
is “investment”, then the operator should solicit a payment from the client with
a probability of 0.871.

e target_tag(A, “propose offer”) : 1.0 :- product(A, “leasing”),
credit_score(A, “75-1007).

This rule states that if the product is “leasing” and the client’s credit score is
between 75 and 100, then the operator should propose an offer to the client with

certainty.

o target_tag(A, “propose offer”) : 0.532 :- offer_type(A, “utility contract”),
clientAge(A, “25-307).

This rule states that if the offer refers to a utility contract and the client is between

25 and 30 years old, the operator should make an offer with a probability of 0.532.

In Table 10.2, the results obtained for various models trained with LIFTCOVER+
are reported in terms of AUCPR, AUCROC, and LL, where LL refers to the log-
likelihood. Higher likelihood values indicate better performance, as an increase in
likelihood means that the probability assigned by the model to positive examples in-
creases, while that for negative examples decreases.

As can be observed from the results, model performance varies depending on the
dataset, and in some cases may even worsen. This occurs because, as the number
of examples increases, it may become more challenging to accurately represent the
information conveyed by the examples. Therefore, a direct comparison between the
model trained on Dataset_5, which exhibits the lowest LL, and the model trained on
Dataset_10, the last one, cannot be entirely precise. It is also worth noting that, starting

from the model trained on Dataset_7, the target labels of interest were modified.
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target_tag(...) : 0.9 :-
predicate_a(...), predicate_b(...).

target_tag(...) : 0.8 :—
predicate_a(...), predicate_c(...).

LIFTCOVER+ —*| target_tag(...) : 0.7 :- —
predicate_d(...).

-~

]

target_tag(...) : 0.6 :-
predicate_b(...), predciate_e(...).

~

Fig. 10.1: Pipeline of this project, starting from the company, which provides the data. Data
is used to build the predictive ILP system, and the output is used by the company operators.

Considering only the AUCPR and AUCROC values, later models still demonstrate
good performance, with AUCPR showing a significant increase from Dataset_7 onward,
while AUCROC decreases slightly.

Given the promising results, this system was incorporated into the pipeline em-

ployed by the company.

Table 10.2: Results obtained with LIFTCOVER+ in terms of AUCPR, AUCROC, and LL.
For each dataset, the total number of cases, interactions, and tags (including both pre-existing
and newly added records with that version) is reported.

Dataset Cases (pos, neg) Interactions  Tags AUCPR AUCROC LL

Dataset_5 1936 (1550, 386) 6231 21040 0.912 0.681 -964.849
Dataset_5_v2 2285 (1794, 491) 2464 2857 0.901 0.711 -1924.943
Dataset_6 2407 (1876, 531) 627 842 0.885 0.814 -983.238
Dataset_7 2616 (2007, 609) 1659 1354 0.888 0.679 -1153.948

( )

( )

( )

Dataset_8 2943 (2233, 710 1983 2850 0.856 0.637 -1124.984
Dataset_9 3562 (2723, 839 2967 5926 0.811 0.704 -1301.668
Dataset_10 3698 (2814, 884 939 782 0.934 0.639 -2604.099
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Chapter 11

Identifying risk factors of

medication non-adherence via ML

11.1 Setting

Non-adherence to medication poses a significant obstacle to treatment effectiveness.
This study is aimed at investigating the compliance to long-acting injection (LAISs)
antipsychotics of the individuals affected by a psychosis spectrum disorder. The goal
of the project is thus the development of a machine learning pipeline to determine
whether subjects treated with LAIs are “compliant” or “non-compliant”, based on
their clinical and socio-demographic characteristics, and thus identify potential risk
factors of medication non-adherence. Given the number of actual LAIs administrations
(NA) and the number of expected LAIs administrations (NE), we define a subject as
“compliant” if NA/NE > 0.95, and “non-compliant” otherwise.

In Ferrara, Northern Italy, the Integrated Department of Mental Health and Patho-
logical Addiction covers an area of 2630 km?, with a catchment of 342,061 inhabitants
as of 2020 [139]. Data for this study come from the FEPSY [140] database, which
includes clinical and socio-demographic characteristics of the psychiatric patients of
the province of Ferrara, northern Italy, who accessed outpatient mental health ser-
vices in Ferrara during a period of 30 years (1991 — 2021). The FEPSY database has
already been used for a similar project in [141]. For this study, we selected all the
subjects who were treated with LAlIs antipsychotics at least once, and with at least

one diagnosis of psychotic spectrum disorders (International Classification of Diseases
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- 9th revision (ICD-9) codes 295.xx, 297.xx, and 298.xx). The subset for this study
includes 779 subjects, with 364 compliant subjects and 415 non-compliant. Table 11.1
and Table 11.2 respectively report the socio-demographic and clinical characteristics
of the 779 individuals included in this study. For each characteristic, the statistical
significance of the differences between groups was assessed using the appropriate test:

t-test, Mann-Whitney U test, or chi-squared test, depending on the variable type.

11.2 ML Pipeline

Data Preprocessing and Feature Engineering Starting from the features de-
scribed in Tables 11.1 and 11.2, we removed unnecessary or irrelevant features to re-
duce noise and improve model performance. In particular, binary variables with only
one unique value and thus non-informative (e.g., Diagnosis ICD-9 code 302, 313, 315,
Promazine Hydrochloride, and Antidepressants) were removed. Missing or unknown
values were handled by treating them as a separate category. All features were stan-
dardized to ensure that variables were on the same scale, facilitating better convergence
and model stability. We generated synthetic examples using the Synthetic Minority
Oversampling Technique (SMOTE) [142] to increase the number of samples to 400 per
class. Finally, feature selection was performed using a Random Forest model to identify

the most informative subset of variables.

Model Selection Several ML models were selected to identify the most suitable one
for this classification task, including: Decision Tree, Random Forest, AdaBoost, Gra-
dientBoosting, XGBoost [143], Support Vector Machine (SVM) [144], Logistic Regres-
sion, and Multilayer Perceptron (Neural Network). A 10-fold cross-validation strategy
was employed to optimize hyperparameters for each model. This procedure involved
testing multiple parameter combinations and selecting the configuration that yielded

the best performance on the validation folds.

Model evaluation To ensure a robust assessment of model generalization and mit-
igate potential biases caused by a single train/test split, 10-fold cross-validation was
also used during model evaluation. This approach provides a more reliable estimate
of model performance across different subsets of the data. The impact of the predic-

tors was evaluated using the coefficients from another logistic regression model, which
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provides a measure of the strength and direction of each variable’s contribution to the

predicted outcome.

11.3 Experiments

All experiments were conducted on a cluster consisting of two machines with two
AMD EPYC 9654 96-cores and four machines with two AMD EPYC 9454 48-cores.
The memory limit was set to 100 GB, and the time limit was set to 10 hours. We
used the sklearn [145] Python library for most ML models; the XGBoost model comes
from [146].

The features selected by the Random Forest selector and used for the Table 11.4
presents the average performance metrics and standard deviations obtained by the
evaluated models across the folds of cross-validation, while Figure 11.1 provides an
overview of models’ performance. Overall, the results indicate comparable performance
among the models, although none of the algorithms tested achieved levels of accuracy
or robustness sufficient to allow a reliable classification of compliant and non-compliant
subjects. In particular, mean accuracy ranges from 56% to 61%, with Random Forest
performing slightly better in this regard. The AUC ROC, which reflects the models’
ability to distinguish between classes, with AdaBoost reaching 0.67. Figure 11.2 shows
the ROC curves of each model across the folds. Notably, the recall for class 0 is
particularly high in simpler models such as Logistic Regression (0.94) and Decision
Tree (0.81), indicating that these models are effective at capturing instances of the
class of interest, at the cost of slightly lower precision. Precision, however, remained
more moderate (e.g., 0.55-0.63), highlighting that a portion of the identified cases may
be false positives. In medical applications, a high recall is generally preferred, as failing
to identify non-compliant or at-risk patients may have more serious consequences than
unnecessarily treating compliant individuals. However, maintaining adequate precision
is also critical, since allocating efforts or resources to already compliant patients would
lead to an increase in costs. The F1l-score, which balances precision and recall, ranged
from 0.6 to 0.7, reflecting a reasonable trade-off between identifying the majority of non-
compliant patients and limiting unnecessary interventions. Models such as Random
Forest, GradientBoosting, and AdaBoost provide a balanced approach, capturing a
substantial portion of non-compliant cases without excessively compromising precision.

Table 11.5 shows the coefficients, odds ratios (ORs), confidence intervals, and p-
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values from a logistic regression model retrained on the entire dataset using only fea-
tures with an importance greater than 0.005. These features were selected from the
model that achieved the best average recall and that has the feature_importance_
attribute, specifically the DecisionTree. Additionally, to address multicollinearity, the
Variance Inflation Factor (VIF) was computed, and features with high VIF values were
removed prior to model retraining. The logistic model, which comes from the statsmod-
els [147] Python library, differs from the logistic regression included among the various
models tested in the pipeline, which was used for model comparison and evaluation.
Coefficients were computed on the negative class, representing non-compliant patients.
An OR > 1 corresponds to a higher probability of non-compliance and thus the cor-
responding feature may be a potential risk factor for LAIs non-compliance. Among
the features, some catchment areas appear to be a prominent risk factor, along with
disability, hospitalizations, and compulsory admissions. Marital status and age at first

psychosis diagnosis may also contribute.

11.4 Discussion and Related Work

The low accuracy and overall modest performance metrics observed in our experiments
can be attributed to several challenges inherent in the dataset and modeling process.
First, the quality and quantity of the available data pose significant limitations. The
dataset may lack sufficient examples to effectively train complex models, leading to
underfitting and poor generalization to unseen cases. Additionally, the feature set may
not fully capture the factors influencing patient compliance. Although standard pre-
processing and feature selection were applied, different strategies and further improve-
ments are needed to enhance the models’ ability to discriminate between compliant
and non-compliant patients.

The models we evaluated, along with the metrics used for assessment, align closely
with the techniques commonly used for mental health prediction [148]. An overview of
ML techniques for medication adherence was done by [149]. Authors of [150] also used
XGBoost to predict medication adherence of patients with schizophrenia and attenu-
ated psychotic disorders. In [151], ensemble learning and deep learning models were
used to predict medical adherence of patients who self-administer injectable medication
at home.

Beyond achieving strong predictive performance, there has been growing emphasis



11.4. Discussion and Related Work 113

on interpretable ML models, i.e., those that can be readily understood by humans [152].
Interpretability is particularly crucial in domains like healthcare [153,154], where trust
in model decisions is essential. Three of the models we selected, namely logistic regres-
sion and decision tree, are recognized for their transparency and ease of comprehension
even by non-specialists [152].

In conclusion, the pipeline demonstrates a systematic approach to developing a ML
solution for compliant vs non-compliant patient classification. Although the results
are not optimal, they represent a useful first step toward understanding the structure
of the problem and defining more effective methodological strategies, providing a solid
methodological foundation for subsequent, more in-depth analyses. Qualitative analy-
sis of the most relevant variables suggests that certain clinical and socio-demographic
features may play a key role in predicting compliance. By increasing the dataset size,
improving feature engineering, and exploring alternative methods like ILP techniques,

there is potential to improve both model performance and interpretability.
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Table 11.1: Sociodemographic characteristics of the individuals included in this study.

Variable Total Compliant Non-Compliant p-value
(N =779) (N = 364) (N = 415)

Sex, n (%) 0.244

F 320 (41.1) 158 (43.4) 162 (39.0)

M 459 (58.9) 206 (56.6) 253 (61.0)

Nationality, n(%) 0.070

Ttaly 709 (91.0) 339 (93.1) 370 (89.2)

Foreign 70 (9.0) 25 (6.9) 45 (10.8)

Marital status, n(%) 0.227

Single 380 (49.9) 180 (49.5) 209 (50.4)

Married or partnered 120 (15.4) 64 (17.6) 56 (13.5)

Separated, divorced, 81 (10.4) 44 (12.1) 37 (8.9)

or widowed

Unknown 189 (24.3) 76 (20.9) 113 (27.2)

Education, n(%) 0.057

Tliterate 34 (4.4) 18 (4.9) 16 (3.9)

Literate 100 (12.8) 48 (13.2) 52 (12.5)

Primary school 105 (13.5) 64 (17.6) 41 (9.9)

Middle school 177 (22.7) 80 (22.0) 97 (23.4)

High school 142 (18 2) 63 (17.3) 79 (19.0)

College or university 24 (3.1) 8 (2.2) 16 (3.9)

Unknown 197 (25.3) 83 (22.8) 114 (27.5)

Occupational status, n(%) 0.777

Disabled 132 (16.9) 57 (15.7) 75 (18.1)

Unemployed 120 (15.4) 56 (15.4) 64 (15.4)

Employed (10 7) 39 (10.7) (10.6)

Retired 67 (8.6) 36 (9.9) 31 (7.5)

Other 32 (4.1) 12 (3.3) 20 (4.8)

Homemaker 11 (1.4) 5 (1.4) (1.4)

Student 8 (1.0) 3 (0.8) 5 (1.2)

Unknown 326 (41.8) 156 (42.9) 170 (41.0)

Catchment area (district, n(%) 0.000

Ferrara 205 (37.9) 131 (36.0) 164 (39.5)

Codigoro 173 (22.2) 86 (23.6) 87 (21.0)

Cento 114 (14.6) 76 (20.9) 38 (9.2)

Portomaggiore 110 (14 1) 32 (8.8) 78 (18.8)

Copparo 56 (7.2) 34 (9.3) 22 (5.3)

Unknown 31 (4.0) 5(1.4) 26 (6.3)
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Table 11.2: Clinical characteristics of the individuals included in this study.
Variable Total Compliant  Non-Compliant  p-value

(N = 779) (N = 364) (N = 415)
Age at first visit, mean (sd) 35.5 (12.1) 35.5 (12.2) 35.4 (12.0) 0.844
Age at first diagnosis, mean (sd) 39.2 (13.0) 39.2 (13.1) 39.1 (12.8) 0.989
First diagnosis ICD-9 code 295 407 (52.2) 185 (50.8) 222 (53.5)
First diagnosis ICD-9 code 297 167 (21.4) 82 (22.5) 85 (20.5)
First diagnosis ICD-9 code 298 205 (26.3) 97 (26.6) 108 (26.0)
Age at first LAI, mean (sd) 46.6 (13.2) 47.2 (13.3) 46.0 (13.2)  0.201
Days between first diagnosis and first LAI ~ 4074.0 (2832.2)  4295.5 (2773.3)  3879.8 (2872.2) 0.057
LAI Type, n (%)
Haloperidol 7 (0.9) 1(0.3) 6 (1.4) 0.178
Haloperidol decanoate 435 (55.8) 204 (56.0) 231 (55.7) 0.972
Aripiprazole 42 (5.4) 23 (6.3) 19 (4.6) 0.361
Fluphenazine decanoate 146 (18.7) 66 (18.1) 80 (19.3) 0.752
Olanzapine 1(0.1) 0 (0.0) 1(0.2) 1.000
Olanzapine pamoate monohydrate 1(0.1) 0 (0.0) 1 (0.2) 1.000
Paliperidone palmitate 195 (25.0) 88 (24.2) 107 (25.8)  0.664
Promazine Hydrochloride 0 (0.0) 0 (0.0) 0 (0.0) NA
Risperidone 192 (24.6) 76 (20.9) 116 (28.0) 0.028
Zuclopenthixol acetate 1(0.1) 1 (0.3) 0 (0.0) 0.948
Zuclopenthixol decanoate 43 (5.5) 18 (4.9) 25 (6.0) 0.617
Comorbidity, n (%)
Diagnosis ICD-9 code 290 10 (1.3) 5 (1.4) 5 (1.2) 1.000
Diagnosis ICD-9 code 291 9 (1.2) 4 (1.1) 5 (1.2) 1.000
Diagnosis ICD-9 code 292 20 (2.6) 8 (2.2) 12 (2.9) 0.701
Diagnosis ICD-9 code 293 10 (1.3) 3 (0.8) 7 (1.7) 0.454
Diagnosis ICD-9 code 294 13 (1.7) 6 (1.6) 7 (1.7) 1.000
Diagnosis ICD-9 code 296 168 (21.6) 82 (22.5) 86 (20.7) 0.600
Diagnosis ICD-9 code 299 12 (L.5) 5 (1.4) 7(L7) 0.950
Diagnosis ICD-9 code 300 134 (17.2) 69 (19.0) 65 (15.7) 0.263
Diagnosis ICD-9 code 301 190 (24.4) 78 (21.4) 112 (27.0)  0.086
Diagnosis ICD-9 code 302 0 (0.0) 0 (0.0) O (0.0) NA
Diagnosis ICD-9 code 303 28 (3.6) 9 (2.5) 9 (4.6) 0.167
Diagnosis ICD-9 code 304 25 (3.2) 6 (1.6) 9 (4.6) 0.035
Diagnosis ICD-9 code 305 41 (5.3) 18 (4.9) 3 (5.5) 0.832
Diagnosis ICD-9 code 306 1(0.1) 0 (0.0) 1(0.2) 1.000
Diagnosis ICD-9 code 307 10 (1.3) 6 (1.6) 4 (1.0) 0.598
Diagnosis ICD-9 code 308 9 (1.2) 7 (1.9) 2(0.5)  0.123
Diagnosis ICD-9 code 309 60 (7.7) 27 (7.4) 33 (8.0) 0.885
Diagnosis ICD-9 code 310 1(0.1) 0 (0.0) 1 (0.2) 1.000
Diagnosis ICD-9 code 311 7 (0.9) 5 (1.4) 2 (0.5) 0.350
Diagnosis ICD-9 code 312 6 (0.8) 0 (0.0) 6 (1.4) 0.058
Diagnosis ICD-9 code 313 0 (0.0) 0 (0.0) 0 (0.0) NA
Diagnosis ICD-9 code 314 1(0.1) 0 (0.0) 1(0.2) 1.000
Diagnosis ICD-9 code 315 0 (0.0) 0 (0.0) 0 (0.0) NA
Diagnosis ICD-9 code 316 1(0.1) 1 (0.3) 0 (0.0) 0.948
Diagnosis ICD-9 code 317 28 (3.6) 11 (3.0) 17 (4.1) 0.541
Diagnosis ICD-9 code 318 15 (1.9) 7 (1.9) 8 (1.9) 1.000
Diagnosis ICD-9 code 319 9 (1.2) 4 (1.1) 5 (1.2) 1.000
Medication, n (%)
Antidepressants 0 (0.0) 0 (0.0) 0 (0.0) NA
Oral Antipsychotics 644 (82.7) 289 (79.4) 355 (85.5)  0.030
Clozapine 53 (6.8) 21 (5.8) 32 (7.7) 0.352
Mood Stabilizers 174 (22.3) 68 (18.7) 106 (25.5)  0.027
Benzodiazepines 610 (78.3) 275 (75.5) 335 (80.7) 0.097
Other medications 425 (54.6) 207 (56.9) 218 (52.5)  0.254
No. hospitalizations, mean (sd) 5.6 (11.7) 4.8 (11.3) 6.3 (12.0) 0.000
No. hosp. before LAI, mean (sd) 3.6 (7.2) 3.3 (7.0) 3.8 (7.4) 0.088
No. hosp. after LAI, mean (sd) 2.0 (6.2) 1.4 (4.9) 2.5 (7.0) 0.000
Duration of hospitalization, mean (sd) 83.5 (141.3) 75.3 (144.7) 90.7 (138.0) 0.002
Duration of hosp. before LAI, mean (sd) 52.9 (90.7) 51.8 (98.5) 53.8 (83.3) 0.217
Duration of hosp. after LAI, mean (sd) 30.6 (77.5) 23.5 (69.0) 36.9 (83.8) 0.000
Compulsory admissions, mean (sd) 1 0 (2.1) 0.8 (2.1) 1.1 (2.1) 0.001
Comp. adm. before LAI, mean (sd) 6 (1.1) 0.5 (1.0) 0.6 (1.2) 0.152
Comp. adm. after LAI, mean (sd) 4 (1.5) 0.3 (1.6) 0.5 (1.5) 0.000
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Feature Importance
Days between first diagnosis and first LAI 0.072
Age at first diagnosis 0.062
Age at first visit 0.060
Age at first LAI 0.058
Duration of hospitalization 0.055
Duration of hosp. before LAI 0.050
No. hospitalizations 0.037
Duration of hosp. after LAI 0.036
No. hosp. before LAI 0.032
No. hosp. after LAI 0.027
Compulsory admissions 0.020
SPT_Cento 0.018
Comp. adm. before LAI 0.016
Other medications 0.016
SPT _Ferrara 0.015
SPT_Portomaggiore 0.014
Occupational status_Unknown 0.013
Haloperidol decanoate 0.013
First diagnosis = ICD-9 code 295 0.012
Paliperidone palmitate 0.012
Education_PrimarySD 0.012
Sex-M 0.012
Comp. adm. after LAI 0.012
Risperidone 0.011
SPT_Codigoro 0.011
Sex_F 0.011
Occupational status_Disabled 0.011
Diagnosis ICD-9 code 301 0.011
Diagnosis ICD-9 code 296 0.010
Marital status_Single 0.010
Diagnosis ICD-9 code 300 0.010
Benzodiazepines 0.010
First diagnosis ICD-9 code 298 0.010
Oral Antipsychotics 0.010
SPT_Unknown 0.010
Marital status_Married or partnered 0.010
Education_Unknown 0.010
Marital status_-Unknown 0.009
Mood Stabilizers 0.009
First diagnosis ICD-9 code 297 0.009
Fluphenazine decanoate 0.009
Education-High school 0.009
Marital status_Separated, divorced, or widowed 0.009
Education-Middle school 0.009
Occupational status_Unemployed 0.008

Table 11.3: Feature importances of the predictors included in the evaluated machine learning
models, computed using a Random Forest as a feature selector. Higher values indicate greater
influence on the models’ predictions.
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Model Accuracy Precision Recall F1-score AUC ROC
AdaBoost 0.601 (0.052) 0.629 (0.048) 0.607 (0.089) 0.616 (0.063) 0.666 (0.056)
DecisionTree 0.564 (0.030) 0.564 (0.025) 0.812 (0.122) 0.662 (0.041) 0.665 (0.068)
GradientBoosting  0.601 (0.094) 0.625 (0.088) 0.612 (0.132) 0.616 (0.107) 0.601 (0.035)
LogisticRegression  0.561 (0.040) 0.552 (0.024) 0.944 (0.058) 0.696 (0.029) 0.644 (0.098)
MLP 0.566 (0.066) 0.592 (0.063) 0.598 (0.086) 0.593 (0.069) 0.605 (0.065)
RandomForest 0.606 (0.061) 0.623 (0.053) 0.658 (0.087) 0.639 (0.063) 0.606 (0.057)
SVM 0.584 (0.037) 0.572 (0.026) 0.879 (0.053) 0.692 (0.029) 0.646 (0.060)
XGBoost 0.592 (0.083) 0.621 (0.079) 0.593 (0.118) 0.604 (0.093) 0.607 (0.061)

Table 11.4: Average metrics (and standard deviations) of the models across the 5 folds of
cross-validation.

Feature Coefficient Odds Ratio 95% CI p-value
SPT _Unknown 1.702 5.485 [1.996, 15.072]  0.001
SPT_Portomaggiore 1.044 2.840 [1.721, 4.684] 0.000
Occupational status_Disabled 0.380 1.463 [0.977, 2.188] 0.064
SPT Ferrara 0.357 1.429 [1.000, 2.041] 0.050
No. hosp. after LAI 0.257 1.293 [1.017, 1.646] 0.036
Compulsory admissions 0.130 1.139 [0.886, 1.463] 0.309
Marital status_Single 0.104 1.109 [0.810, 1.519] 0.519
Age at first diagnosis 0.054 1.056 [0.900, 1.237] 0.505
Comp. adm. before LAI 0.014 1.014 [0.806, 1.275] 0.905
Days between first diagnosis and first LAT -0.069 0.933 [0.797, 1.092] 0.389
Duration of hosp. before LAI -0.075 0.928 [0.774, 1.111] 0.415
Intercept -0.135 0.873 [0.639, 1.194] 0.396
Other medications -0.144 0.866 [0.742, 1.010] 0.067
SPT_Cento -0.610 0.543 [0.336, 0.879] 0.013
Education_Primary school -0.647 0.524 [0.336, 0.816] 0.004

Table 11.5: Coefficients, odds ratio (OR), confidence intervals, and p-values of the logistic
regression model computed for class 0. ORs > 1 indicate features increase the probability
of class 0, and can therefore be considered risk factors for LAI non-compliance; ORs < 1
indicate the opposite effect. Note that this is not the same logistic regression included in the
pipeline, but one used specifically to extract coefficients.
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Fig. 11.1: Comparison of models’ performance. Values are mean metrics over cross-validation
folds, calculated considering class 0 as the class of interest.
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Fig. 11.2: AUC-ROC curves for each model across all cross-validation folds.
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Chapter 12

NeSy Benchmark

Neuro-Symbolic AT still lacks standardized benchmarks, which prevents objective ad-
vancement assessment and slows the development of more effective and scalable meth-
ods. Creating such benchmarks is therefore essential to support research efforts and
facilitate the practical deployment in this field.

To help bridge this gap, we contributed two datasets based on the tic-tac-toe game:
one for identifying the winner of a complete board and another for choosing the best
next move to play. Both datasets' are part of a broader initiative to establish a foun-
dational benchmark suite for NeSy systems, alongside datasets like CLEVRHans [155],
Kandinsky Patterns [156], and CLE4EVR [157].

12.1 Dataset Generation

12.1.1 Identifying the winner

The first dataset consists of all possible valid Tic-Tac-Toe board configurations, where
either player X wins, player O wins, or the game ends in a draw. We used the Python
code shown below to generate these board configurations, exploring all potential end-

game states.

def generate_random_board():
# X starts, alternating X and O
symbols = [’X’, ’0°’] * 4 + [’X’]

! Available at https://github.com/bizzarriA/TicTacToeDS
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Fig. 12.1: Examples of board generated with MNIST digits (a) and with handwritten symbols
(b). In both cases, the label o indicates the winner of the game.

# Empty 3x3 board
board = [[’b’] * 3 for _ in range(3)]

# Shuffle to explore different move sequences

random.shuffle (symbols)

for i in range(9):
row, col = divmod (i, 3)
board[row] [col] = symbols.pop()
if winner := check_winner (board):
# Stop if a winner is found

return board, winner

# Return ’b’ for a draw

return board, ’b’ if valid_game (board) else None

def valid_game (board):
count_x = sum(row.count(’X’) for row in board)
count_o = sum(row.count(’0’) for row in board)

# Ensure a valid state

return count_x == count_o or count_x = count_o + 1

An example is thus a complete board composed of nine images, of either MNIST digits
or handwritten symbols. The label is the winner of the game, and we use images of
0 or nothing for blank cells, x or 1 for player X, and o or 2 for player O. Figure 12.1

shows examples of such boards.
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12.1.2 Choosing the next move

The second dataset focuses on the identification of the best next move to make, given an
incomplete board. In this case, the label is the position on the board of the cell in which
the current player should place their symbol. This dataset presents a more complex
challenge, requiring the model to predict the optimal strategic move given the current
board state. To generate random board configurations and identify the corresponding
next move, we used the following Prolog code, which shows the key functions and logic

involved (note that this is a simplified excerpt, not the full implementation?):

% Prolog code snippet for generating the next move dataset
generate_random_board (Board) : -

length (Board,9),

place_elements (Board),

valid (Board), !.
generate_random_board (Board) : -

generate_random_board (Board) .

%» Determine the next move
next (Column ,Row) : -player (Player),line (Column,Row,Player).
next (Column ,Row) : -player (Player) ,opponent (Player ,Opponent),

line(Column ,Row,Opponent) .

pair_(Board,L) :-
generate_random_board (Board),
assert_board (Board) ,
pair (Board,L),
retractall (cell(_,_,_)), !'.
pair_(_,_):-
retract (player(_)),
retractall(cell(_,_,_)).

pair (Board, [Column ,Row]) : -

next_player (Board,Player),

2Available at https://github.com/bizzarriA/TicTacToeDS
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Fig. 12.2: Examples of board generated with MNIST digits (a) and with handwritten symbols
(b). In both cases, the label o indicates the winner of the game.

opponent (Player ,Opponent),
assertz(player (Player)),
\+win(Player) ,\+win(Opponent),
\+full_board,
next (Column ,Row) ,
retract (player (Player)) .

pair (Board, []) :-
writeln (Board),
win(Player),

display_game (Board) .

For example, given the board in Figure 12.2, the current player (O) should place
their symbol in the third cell of the second row to win the game, and thus the label is
(3,2).

By integrating board configurations and visual data, we created comprehensive
datasets that challenge models to simultaneously develop visual perception skills (iden-
tifying board symbols) and reasoning abilities (predicting the game outcome or next

move).




Chapter 13

Predicate Renaming via Large

Language Models

In the last decades, many ILP systems have been successfully applied [65] to different
domains, such as bioinformatics and drug design [158-160], natural language process-
ing [161], games [162,163], data curation and transformation [164], explainable Al [165],

and learning from trajectories [166].

Some ILP systems are capable of performing Predicate Invention (PI), i.e., intro-
ducing new unnamed predicates into the learned program to adhere to a language bias
or to create simpler rules. Examples of such systems are POPPI [167], PHIL [168],
Nesy-7 [169], and many others. The presence of such predicates poses a big chal-
lenge for both programmers and final users, since it is difficult to understand their
intended meaning, especially when the output theory is composed of a large number
of rules. Additionally, manually renaming them is usually unfeasible, since it requires
the availability of a domain expert. In fact, unnamed predicates not only complicate
human understanding of the logic program but also hinder the debugging process for

programmers.

We thus propose to use LLMs to provide names to these predicates. The goal of this
work is to exploit LLMs to generate semantically meaningful predicate names, which
should be naturally understood by the user. To the best of our knowledge, there are
no systems that perform automatic renaming of unnamed predicates, and this is the

first study trying to address this issue.
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13.1 Predicate Invention

ILP systems may sometimes introduce invented predicates that are not explicitly de-
fined in the knowledge base or problem description. There are many reasons to invent
new predicates, such as capturing intermediate relationships, simplifying complex rules,
enhancing the program’s modularity and flexibility, expressing a new concept, improv-
ing the accuracy while reducing the complexity of a hypothesis, or when the given
vocabulary is insufficient to express the target theory. However, invented symbols have

“inv”. The lack of a meaningful name makes it difficult

a placeholder name, such as
to understand the intended use of the predicate and its reusability.

In ILP [170], PI was first introduced in inverse resolution [171], and early works
have been summarized in [172]. PI refers to those techniques that enable systems
to automatically discover new predicates, which are not part of the initial knowledge
base [173]. One of the most straightforward examples of PI, shown in Example 13.1.1,
is the invention of the predicate parent to learn the definition of grandparent, given

only the predicates mother and father:

Example 13.1.1. Example of PI, where the invented predicate inv represents the

parent relation.

grandparent (A,B) :- inv(A,C),inv(C,B).
inv(A,B) :- mother (A,B).
inv(A,B) :- father(A,B).

In this way, a more compact theory has been created. Despite gaining increasing
attention in recent developments, PI is still not widely spread [65]. As a matter of
fact, the invention of new, useful predicates is not a trivial task [174], as it is often
challenging to determine when and if they are necessary, how many arguments they
should have (i.e., their arity), and what their order and type should be [173,175].

METAGOL [176] is a metarule-based approach that seeks to overcome this limi-
tation by using metarules to determine and restrict the syntax of rules, although they
should be predefined by the user.

POPPER [177] is an ILP system based on the Learning From Failures (LFF)
framework, which decomposes the ILP problem into three steps: generate, test, and

constrain. In each cycle, POPPER generates a logic program based on current con-
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straints, evaluates it against examples, and, if the hypothesis is incomplete or incon-
sistent, derives new constraints from the failure. This iterative refinement continues
until a consistent and complete program is found. POPPI [167] is an ILP method that
supports the creation of new predicates without needing human intervention to specify
the arity or metarules. POPPI thus extends POPPER by enabling automatic PI,
casting the ILP problem as an Answer Set Programming (ASP) task.

The authors of [169] proposed NeSy-m, a NeSy approach for the classification of
complex visual scenes, that processes visual inputs with deep neural networks and
invents new concepts.

Nevertheless, the discovery of new predicates is not limited to PI. In the context
of PLP [178], HPLPs [179] are a restriction of Logic Programs with Annotated Dis-
junctions (LPADs) [53]. In HPLPs, clauses and predicates are hierarchically organized.
Parameter learning for Hierarchical Probabilistic Logic Programs (PHIL) [168] is an
algorithm for learning the parameters of HPLPs. Given a specific form of LPADs defin-
ing the target predicate r in terms of input predicates, for which the definition is given
as input and is certain, and hidden predicates, defined by the rules of the program,
PHIL learns the probabilities of the program. Each clause in the program has a single
atom in the head annotated with a probability. These programs can be divided into
layers. Each layer defines a set of hidden unnamed predicates in terms of either the
predicates from the layer below or the input predicates. In Example 13.1.2 from [168],
about the UWCSE domain [180], we can see an example of such predicates. The first
clause, C'_1, states that the probability of a student (A) being advised by a professor
(B) is 0.3 if both A and B have worked on a project (C), and there is a relation r_1_1
between the student, the professor, and the project. Relation r_1_1 defined by clause
C'_1.1_1, which states that r_1_1 holds with a probability of 0.2 if there is a publica-
tion P authored by both A and B and produced within project C. r_1_1 can then be
renamed as “collaboratedOn”. We can thus say that a student (A) is advised by a
professor (B) if there is a project (C) on which both have worked, and A and B have
collaborated on project C.

Clause C'_2 states that a student (A) is advised by a professor (B) with a probability
of 0.6 if A is a teaching assistant (ta) for course C, which is taught by B.

Example 13.1.2. Unnamed predicate r_1_1 created by PHIL in the learning process.

C_1 = advised_by(A,B) : 0.3 :- student(A), professor(B),
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project(C,A), project(C,B), r_1_1(A,B,C).

C_2 = advised_by(A,B) : 0.6 :- student(A), professor(B), ta
(C,A), taughtby(C,B).
c.1.1.1 =r_1_1(A,B,C) : 0.2 :- publication(P,A,C),

publication(P,B,C).

In the context of abductive logic programming [181], the approach proposed by [182]
aims to abduce relations by leveraging linear algebra in vector spaces. Hidden rela-
tionships between entities are learnt through matrix operations, making it useful for
applications where explicit rules are hard to define. Focusing on Datalog programs
with binary predicates, the authors address both non-recursive and recursive cases.
For instance, in the non-recursive case, given two relations r1(X,Y) and r3(X, Z),
represented as adjacency matrices R; and Rj respectively, the system learns a new re-
lation r5(Y, Z), represented by matrix Ro, that explains how r; and r3 interact. This is
done by solving the matrix equation Rz = min; (R 1Rz2), where min,(z) is a nonlinear
function, so that r3(X,Z) < 3Y 1 (X,Y) Ara(Y, Z). Although r, and r3 are known,
ro is not, therefore it could be useful to find a meaningful name for easier reuse. For
example, the authors have applied this method to a subset of the FB15k [126] knowl-
edge graph, involving person and film. By considering the relations language(X,Z) and

genre(X,Y), the following rule can be discovered:
language(X, Z) < genre(X,Y) Aroaa(Y, Z).

Here, the abduced relation ro 4,4, which isn’t originally in the graph, could be inter-
preted as genre_lang, implying that genre and language are somewhat related to each
other. However, such an interpretation on the new predicate ry ;¢ as well as the

predicate name genre_lang have to be given by the user.

13.2 Renaming predicates using LLMs

In this section, we outline our approach for assigning meaningful names to unnamed
predicates in a set of logical rules.
Figure 13.1 depicts the pipeline we propose. After deciding the number n of LLMs

to query for suggestions, the number % of suggestions they should provide, and the
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Fig. 13.1: Diagram illustrating key components and interactions of the approach we propose.

number j of LLM judges, the pipeline consists of three main steps:

1. Asking the n LLMs to find a meaningful name for each unnamed predicate, for
k times to tackle possible hallucinations; for these preliminary experiments, we

decided to repeat the question three times.

2. Asking the models to choose the most suitable name among their own suggested

names.

3. Asking the j judges to score the different proposed names, obtaining a ranking.

13.2.1 Materials

To assess the ability of the LLMs to find correct names for unnamed predicates, we
created different examples of logic theories, which represent the possible output of an
ILP system in a declarative logic programming language. Although constructs that
are specific to Prolog were used for these experiments, this approach could be applied
to scenarios where other logic programming languages are employed. For example, if
rules are written in a purely declarative manner, those rules may be commonly used
for both Prolog and ASP.

In each set of rules, we replaced the true names of some or all predicates with
placeholders. We tested various formats (e.g., A, P, h0, and so on) for placeholders to
determine whether the placeholder name influences the suggestions. Unnamed predi-
cates can occur in the head and/or in the body of one or multiple rules. For all case

studies presented in this paper, the true names of the unnamed predicates are included
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as comments (e.g., # P = coauthors) for the reader’s reference. These comments were

not included in the prompts provided to the LLMs.

Unnamed predicates appearing only in the head The first and simplest case
study, coauthors, consists of a single rule, as shown in Case Study 1. Here, P is only
one unnamed predicate appearing in the head of a rule, which states that there are
two researchers (A and B) and both authored a paper (C); P could thus be renamed

as “coauthors”.

Case Study 1 (coauthors). Rules of the coauthors case study.

P(A,B) :- author(A,C), author(B,C), researcher(A),

researcher (B), paper(C). # P = coauthors

Unnamed predicates appearing both in the head and in the body The second
case study, family, is described in Case Study 2 and contains several rules representing
various family relationships. Unnamed predicates appear both in the head and in the
body of the rules, with h2 being the only exception, as it appears only on the head on

a single rule.

Case Study 2 (family). Rules of the family case study.

hO(X,Y) :- mother(X,Y). # hO = parent

hO(X,Y) :- father(X,Y).

h1(X,Y) :- hO(X,Z), hO0(Z,Y). # hl = grandparent

ancestor(X,Y) :- hOo(X,Y).

ancestor(X,Y) :- hO(X, Z), ancestor(Z,Y).

h2(X, Y, Z) :- ancestor(Z, X), ancestor(Z,Y). # h2 =
common_ancestor

h3(X,Y) :- sister(X,Y). # h3 = siblings

h3(X,Y) :- sister (Y, X).

h3(X,Y) :- brother(X,Y).

h3(X,Y) :- brother(Y,X).

h4(X,Y) :- hO(PX, X), hO(PY,Y), h3(PX, PY), dif (PX,PY). #

h4 = cousins
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The third case study, math, shown in Case Study 3, is a set of rules representing

basic mathematical operations. Also in this case, unnamed predicates can appear both
in the head and in the body of the rules.

Case Study 3 (math). Rules of the math case study.

A(X) :- integer(X), !. # isNumber
A(X) :- float(X).
P(X,Y) :- A(X), ACY), X > Y. # greaterThan
Q(X,Y) :- A(X), A(Y), X >=Y. # greaterOrEqual
R(X,Y) :- A(X), A(Y), X < Y. # lessThan
S(X,Y) :- A(X), A(Y), X <=Y. # lessOrEqual
T(X,Y) :- A(X), ACY), X = Y. # equalTo
B(X) :- A(X), 0 is mod(X,2). # isEven
C(X) :- A(X), not B(X). # is0dd
D(X,Y) :- ( A(X), R(X,0) -> # abs
Y is -X
Y is X
).
E(X,Y,Z) :- A(X), A(Y), Z is X + Y. # sum
F(X,Y,Z) :- A(X), AC(Y), Z is X - Y. # difference
G(X,Y,Z) :- A(X), A(Y), Z is X * Y. # product
H(X,Y,Z) :- A(X), A(Y), dif(Y,0), Z is X / Y. # quotient
L(X,Y) :- A(X), A(Y), dif(X,0), 0 is mod(Y,X). # isDivisor
M(O0,Y,Y):- A(Y), P(Y,0). # gcd
M(X,0,X):- A(X), P(X,0).
M(X,Y,Z2):- A(X), A(Y), P(X,0), P(Y,0), R(X,Y), M(Y,X,Z).
M(X,Y,Z):- A(X), AC(Y), P(X,0), P(Y,0), P(X,Y), T is X mod Y,
N(X,0,0). # lcm
N(0,X,0).
N(X,Y,Z) :-
ACX), A(Y),
D(Y,U), D(X,K)
M(X,Y,W),
H(K,W,V),
G(U,Vv,Z).

M(Y,T,Z).

Unnamed predicates appearing only in the body We also created simpler one-

rule examples to investigate the ability of the LLMs to find a meaningful name for

predicates appearing only in the body. These examples are taken from the previous
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ones and are shown in Case Study 4: the grandparent rule has predicate hO in the
body, representing the parent relation; the cousins rule with predicate h3 representing
the siblings relation; and lastly, the lem rule, representing the computation of the
least common multiple using the greatest common divisor, uses predicates G and H,
being product and quotient, respectively. In all these cases, the unnamed predicates

appear only in the body of the rule.

Case Study 4. Rules of the grandparent, cousins, and lem case studies.

grandparent (X,Y) :- hO(X,Z), hO(Z,Y). # hO = parent
cousins (X,Y) :- parent(PX, X), parent(PY,Y), h3(PX, PY),
dif (PX,PY). # h3 = siblings
least_common_multiple(X,Y,Z) :-
G(X,Y,V), # G = product/multiply
greatest_common_divisor (X,Y,W),
H(V,W,Z). # H = quotient/divide

Unnamed predicates in a real-world dataset In addition, we also tried a real-
world knowledge base taken from the mutagenesis dataset [158], a classic ILP bench-
mark dataset for Quantitative Structure-Activity Relationship (QSAR), that is, pre-
dicting the biological activity of chemicals from their physicochemical properties or
molecular structure. The goal is to predict the mutagenicity of compounds given their
chemical structure. We used the ring_theory provided with the dataset and removed
the names of most of the head predicates. The set of rules is extensive, with 24 head

predicates to be renamed, such as those in Case Study 5.

Case Study 5 (Mutagenesis). Examples of rules of the Mutagenesis ring theory. Here,
the “@>" operator checks if the first term is greater than the second term according

to Prolog’s standard order of terms.

anthracene (Drug, [Ringl ,Ring2 ,Ring3]) :-
benzene (Drug,Ringl),
benzene (Drug,Ring2),
Ringl ©> Ring?2,
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interjoin(Ringl ,Ring2, Joinl),
benzene (Drug,Ring3),

Ringl ©> Ring3,

Ring2 @> Ring3,
interjoin(Ring2,Ring3,Join2),
\+ interjoin(Joinl,Join2,_),

\+ members_bonded (Drug,Joinl,Join2).

no_of_nitros (Drug,No) :-
setof (Nitro,nitro(Drug,Nitro),List),
length (List ,No) .

ring6 (Drug, [Atoml|List],[Atoml,Atom2,Atom4,Atom6,Atom5,
Atom3],
[Typel,Type2,Type3,Type4,Type5,Type6]) :-
bondd (Drug ,Atoml ,Atom2,Typel),
memberchk (Atom2, [Atoml|List]),
bondd (Drug ,Atoml ,Atom3,Type2),
memberchk (Atom3, [Atoml1|List]),
Atom3 ©@> Atom2,
bondd (Drug ,Atom2 ,Atom4 ,Type3),
Atom4d \== Atoml,
memberchk (Atom4 , [Atoml|List]),
bondd (Drug ,Atom3 ,Atom5,Typed),
Atomb5 \== Atomil,
memberchk (Atom5, [Atoml|List]),
bondd (Drug ,Atom4 ,Atom6 ,Type5),
Atom6 \== Atom2,
memberchk (Atom6 , [Atoml1|List]),
bondd (Drug ,Atomb5 ,Atom6 ,Type6),
Atom6 \== Atom3.

Some of these rules are relatively short (1 to 3 body atoms), while others are much

more complex, with more than 5 body atoms.
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Unnamed predicates in an actual POPPER output To test our approach on
an actual ILP theory, we designed a new case study and used POPPER to learn a
recursive definition of a reachability predicate over a graph defined by bidirectional
(road/2) and unidirectional (one_way/2) connections. The goal was to induce a defini-
tion of reachable/2 using predicate invention: POPPER introduces an intermediate
invented predicate (e.g., inv1/2) to generalize a single-step path relation. The result-
ing program is presented in Case Study 6. Given that this case study was specifically
designed by the authors for this work, it is not present in the existing literature to the
best of our knowledge. As a result, it is unlikely that the LLMs were exposed to it

during training.

Case Study 6 (reachability). Rules of the reachability case study.

invli(VO,V1):- road(VOo,V1).

inv1(V0O,V1):- one_way(VO,V1).

reachable(VO,V1):- inv1(VO,V1).
reachable(VO,V1):- reachable(V2,V1),inv1(VO,V2).

13.2.2 Prompts

We use zero-shot prompting for all the examples. Figure 13.2 shows Prompt 1, used to
ask for name suggestions. We insert the corresponding rules with placeholders where
[rules] is present. The prompt is built in sections, separated by ### section ###:
in the beninning, we provide the context; then, we give the instruction; lastly, we
provide the desired output format. The prompts used for the examples differ only in
the predicates listed in the instruction and output format. Since we don’t want our
method to be dependent on the chosen language, we instruct the LLMs to behave as a
“specialist of logic programming”.

Prompt 2, shown in Figure 13.3, is used when asking the models to choose between
their own suggestions. For each model, [suggested names] is replaced with the list
of its own suggestions. Since models can suggest names with semantically equivalent
meanings but written in different formats, such as using underscores, hyphens, or
capitalized letters, we ensure that they are standardized: we remove any underscores
or hyphens from the name and convert them to camel case, leaving the first letter in

lowercase. After this, we remove duplicates from the list.
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### Context ###
You are a software engineer specialized in logic
programming.

### Instruction ###
Given these first-order logic rules:
[rules]

Assign general and meaningful names to predicates hO, hil,
h2, h3, and h4.

Do NOT change the body and the variables of the rules.

Give only ONE suggestion for each predicate.

### Output format ###
hO:
hi:
h2:
h3:
h4:

Fig. 13.2: Prompt 1 for asking for one suggestion for each unnamed predicate. This prompt
was used for Case Study 2. [rules] is replaced with the corresponding rules.

Finally, Prompt 3 in Figure 13.4 was used for the judgment, where we asked the
model to score the suggestions for each predicate. We also provide the scoring rules in
the INSTRUCTIONS section.

13.2.3 LLMs used in this study

For this study, we selected 7 different LLMs: OpenAl’s ChatGPT based on GPT-
4o (ChatGPT-40) [183,184] and ChatGPT based on o3mini (ChatGPT-03mini) [35];
Meta’s Llama 3.2 3B Instruct (Llama) [185,186], Google DeepMind’s Gemini 1.5 Flash
(Gemini) [187]; FalconMamba 7B Instruct (FalconMamba) [188] and Falcon3 7B In-
struct (Falcon3) [189] of the Technology Innovation Institute (TII); and Cohere’s Com-
mand R+ 08 2024 (Command R+) [190].

ChatGPT is a powerful chatbot running on GPT-40 (with approximately 200 bil-
lion parameters), capable of processing multi-modal inputs and answering within a

few milliseconds, mirroring the behavior of a human. Generative pre-trained Trans-
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### CONTEXT ###
You are a software engineer specialized in logic

programming.
Given these first-order logic rules:
[rules]

The following names have been proposed for predicates hO,
hil, h2, h3, and h4.

hO: [suggested names]

hl: [suggested names]

h2: [suggested names]

h3: [suggested names]

h4: [suggested names]

### INSTRUCTION ###
Choose the most suitable name for predicates hO, hl, h2,
h3, and h4, among the proposed ones.

### OUTPUT FORMAT ###
hO: CHOSEN_NAME
hl: CHOSEN_NAME
h2: CHOSEN_NAME
h3: CHOSEN_NAME
h4: CHOSEN_NAME

Fig. 13.3: Prompt 2 used for asking the models to choose one among their own suggestions.
This prompt was used for Case Study 2. [rules] is replaced with the corresponding rules
and the suggestions of the model being used replace [suggested names].

former (GPT) models, based on the tranformers technology, are robust and versatile
and are nowadays widely employed for routine tasks such as text summarization or
translation. Recently, given the significant advances, the adoption of ChatGPT and
LLMs in general is also spreading in more critical applications [191], such as generating
simplified clinical reports [192] or supporting decision-making process [193], with high
accuracy and correctness. In addition to GPT models, OpenAl provides also reason-
ing models, trained with reinforcement learning. Reasoning models, like ol and the
latest o3mini that has 3B parameters, use a chain-of-thought approach, where inter-

mediate reasoning steps are generated before producing the final answer. Although
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this increases response time, reasoning models yield higher-quality outputs and are
particularly effective in tasks involving science, mathematics, and coding [35]. Google
DeepMind’s Gemini 1.5 Flash is a fast and versatile model that can take text, images,
audio, and video as input, and produces a text output. Gemini 1.5 Flash has been
adopted in an Al-based application to help users monitor and reduce their carbon
emissions [194]. Tt also obtained good results in answering multiple-choice questions
regarding pediatric nephrology [195]. Llama 3.2 3B Instruct is a lightweight (3.21B pa-
rameters) text-only model of the Llama 3.2 family, which is a collection of multilingual,
pre-trained, and instruction-tuned LLMs. FalconMamba-7B-Instruction is a version of
the base model FalconMamba 7B, fine-tuned on instruction data. The model is based
on Mamba [196], an attention-free architecture, and has 7.27B parameters. The Fal-
con3 family is a collection of pre-trained and instruction-tuned, decoder-only LLMs of
various sizes. Falcon3-7B-Instruct, specifically, has been pre-trained on curated high-
quality and multilingual data from various sources (web, code, STEM), and according
to TII it achieves state-of-art-results on different tasks, including natural language
processing, common-sense reasoning, coding, and reasoning. This is due to the im-
provements made in the development of the base models, such as depth upscaling and
knowledge distillation [197]. Cohere’s Command R+ 08-2024 is a multilingual model
optimized for various applications, such as text summarization, reasoning, and struc-
tured data analysis, with 104 billion parameters, and trained on an extensive corpus
of data in different languages. Command R+ 08-2024 has shown good performances
for most of the writing tasks in Arabic tested by [198] and evaluated on Gazelle, the
dataset they proposed, delivering clear and coherent responses.

The experiments involving incremental prompting, the reachability case study, and
the human judgment evaluation were conducted between July and August 2025, while
all other experiments took place between January and February 2025. Since ChatGPT-
40 and ChatGPT-03mini were no longer available at the time of the reachability case

study experiment, we used ChatGPT-5, the only freely accessible version at that time.

13.2.4 Evaluation: LLM-as-a-Judge and human judgment

We use LLMs also for the automated evaluation of the answers, adopting the LLM-as-
a-Judge strategy [21,199].
We selected four models, ChatGPT-40, ChatGPT-03mini, Gemini, and Command
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R+, to act as judges. Each judge assigns a score to every proposed name for each
predicate: 1 for a correct and precise name, 0.5 for a name that is imprecise or too
general but still correct, and 0 for a wrong name. The scores are then summed to
determine the final results, and the name with the highest score is selected.

Finally, to assess the ability of LLMs in both renaming and judgment, we conducted
a complementary experiment involving 14 human judges on all the case studies except
Mutagenesis and reachability. The reachability case study was not included in the
human judgment experiment, as it was introduced after the experiment had already
been conducted, while Mutagenesis requires a field expert to provide reliable feedback.

Participants were asked to score the proposed names using the same evaluation method
adopted by LLMs judges.

13.3 Experiments and Results

We used the web interface to execute both ChatGPT running on GPT-40 and ChatGPT
running on GPT-o03mini. We accessed Gemini and Command R+ via their own API.
For Llama, FalconMamba, and Falcon3, experiments were performed locally via the
Hugging Face Transformers framework [200] on a cluster consisting of two machines
with two AMD EPYC 9654 96-cores and four machines with two AMD EPYC 9454
48-cores. The memory limit was set to 100 GB, and the time limit was set to 17 hours

and 30 minutes.

13.3.1 Prompting strategy

We carried out several initial prompt design attempts to observe how LLMs responded
under varying instructions. For instance, after noticing that the models often provided
multiple equivalent suggestions, we decided to limit them to just one, instructing them
to “Give only ONE suggestion for each predicate”. We also added a constraint
to prevent models from altering the structure of the rules, after observing such behav-
iors with some LLMs. Each of these attempts was executed independently, ensuring
that no contextual information was shared between runs. Importantly, the models did
not retain any memory of previous executions; in particular, ChatGPT was used with
the memory feature explicitly disabled to prevent any persistence of prior interactions.

After analyzing the models’ responses and identifying recurring issues or undesired be-
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haviors, we refined our instructions iteratively. The final version of the prompt, shown
in Figure 13.2, was then used to rerun all experiments from scratch. Additionally, we
observed that models sometimes gave the correct response on the first try, while other
times they required several attempts. To address this, and given the non-deterministic
nature of the answers, we decided to repeat the question a certain number of times
to address this issue. In these preliminary experiments, we decided to use three rep-
etitions. All the models handled the task appropriately, so zero-shot prompting was
sufficient in this case. Most of them followed the instructions accurately, with only a
few exceptions. For example, Llama usually wrote a sentence (explaining the reasons
for its choices) instead of adopting the requested format. In such cases, however, the
name can be extracted from the answer using basic string manipulation. After getting
three suggestions out of each model, we asked them to choose only one name among
their own ones.

Tables 13.1 and 13.2 show the final choices made by each model for each predicate
of each case study; we also report for each LLM how many of the suggested names
could be considered correct. Table 13.3 provides a summary of the number of correct
name suggestions per predicate. Each model receives a score of 1 if its final suggestion
matches the expected name, and 0 otherwise. In the final column, we indicate how
many LLMs correctly named each predicate. This overview allows us to easily compare
the performance of the models on a per-predicate basis and identify which predicates

were more challenging.

Results for unnamed predicates appearing only in the head The coauthors
case study, which was the simplest, presented no difficulties for the models. In fact, all

of them suggested a correct name, although sometimes one that was too verbose.

Results for unnamed predicates appearing both in the head and in the body
Regarding the family case study, the GPT models and Command R+ provided the
correct name of each predicate, and Gemini failed to identify only h4. Llama was
completely unable to find meaningful names for most of the predicates, with only two
correct suggestions. Furthermore, one out of the three times it rewrote most of the
rules, making its answer completely wrong. FalconMamba and Falcon3 also struggled
with the family case study, as none of the answers were correct. In particular, Falcon3

provided the answer for only one predicate, likely being misled by the word “ONE” in
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the prompt. For this reason, its answers were not considered.

For the math case study, the GP'T models correctly identified almost all the names.
Gemini followed closely, with only two mistakes. Falcon3 and Command R+ also
identified most of the correct names, while Llama just over half of them. On the other
hand, FalconMamba simply rewrote the rules with different capital letters all three
times, and therefore its answers were ignored. Many models couldn’t find the correct
name for predicates L (isDivisor, suggested only by Command R+), M (gcd), and
N (1cm); these last two were correctly identified only by ChatGPT-40 and ChatGPT-

o3mini.

Results for unnamed predicates appearing only in the body In the lem
case study, most models struggled to identify the correct names for predicates G
and H, namely product and quotient (or equivalent terms). Only ChatGPT-40 and
ChatGPT-03mini provided correct suggestions. Finding siblings for predicate h3 in
the cousins case study was also challenging for some models, even if they suggested it
in the family case study. Only the GPT models, Gemini and LLama provided the cor-
rect name. For the grandparent case study, all the models correctly suggested parent

for predicate h0, except for FalconMamba.

Results for the Mutagenesis case study In Table 13.4 we report the results
obtained on the Mutagenesis ring theory, using ChatGPT-40 and ChatGPT-o3mini.
Some of the predicates appear to be similar to the original ones, but overall it is difficult
to determine whether the suggested names are meaningful. In such a case, a domain
expert should make the final decision. To improve the quality of the output, the models
could be fine-tuned on the specific domain; alternatively, context (e.g., in the form of
scientific papers) could be provided.

It is worth mentioning another attempt we made with Mutagenesis. For this initial
experiment, we used a less constrained version of Prompt 1, where we simply asked for
suggestions for all the predicates, without specifying the context or limiting the model
to provide only one suggestion per predicate. The response of Command R+ was par-
ticularly interesting. The model not only explained the predicate to rename but in some
cases it also invented a helper predicate for it. An example of such behavior is shown
in Figure 13.5: the model created the helper predicate check_atom_count_recursive

for predicate HP19, which was renamed as check_atom count_recursive. Regardless
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of the correctness of the suggested name and despite altering the structure of the rule,

this suggests the potential of LLMs to directly perform PI.

Results for the reachability case study The reachability case study was generally
unchallenging for the majority of models evaluated. Suggestions produced by GPT-
5 (direct_connection), Command R+ (is_connected), Gemini (directly_connected), and
LLama (is_connected) are all plausible and appropriate, as they generalize a single-step
path relation. In contrast, both FalconMamba and Falcon3 exhibited notable difficul-
ties. FalconMamba generated an output (can reach) that was syntactically invalid as
a predicate, due to the inclusion of a space in the identifier, while Falcon 3 failed to

produce any answer at all.

13.3.2 Results for the incremental prompting experiment

We additionally conducted an incremental prompting experiment with the LLMs that
demonstrated lower performance, namely FalconMamba, Falcon3, and Llama, with the
goal of improving their answers. We focused on the math case study, which was se-
lected due to its potential to highlight the benefits of incremental prompting. In this
experiment, suggestions were requested for one predicate at a time, while also provid-
ing the model with the correct names of previously addressed predicates. Figure 13.6
shows the prompts used in the incremental prompting experiments with answers from
Falcon3. The initial prompt, Prompt 0, requests the name of only the first predicate
(A). Then, its answer is used to replace the corresponding unnamed predicate in the
following prompt, Prompt 1, while requesting a suggestion for the second predicate
(P). This continues until the last prompt, in which all the unnamed predicates of the
math case study have been renamed, except of the last one. This incremental approach
aimed to support the model by narrowing its focus and reducing the complexity of the
task, in contrast to requiring it to generate names for all predicates simultaneously.
However, the outcomes did not meet expectations. None of the models showed im-
proved performance in terms of correctly identifying a greater number of names; in
some instances, performance even declined.

Table 13.5 shows the results of this experiment. With incremental prompting Fal-
con3 correctly identified 10 out of 16 predicate names, a decrease from the 12 out of

16 correctly identified with zero-shot prompting. Similarly, Llama achieved 8 correct
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predictions with incremental prompting, compared to 9 without. A substantial im-
provement was observed with FalconMamba. With zero-shot prompting, the model
failed to generate a meaningful output, simply repeating the predicates. In contrast,
when incremental prompting was applied, the model provided a suggestion for all the
predicates, finding 11 correct answers out of 16. These findings, particularly in the
case of FalconMamba, indicate that breaking down the prompt and using incremental
prompting can significantly enhance performance in models that otherwise struggle

with zero-shot prompting.

13.3.3 LLMs judgment results

Regarding the judgment on the coauthors case study, shown in Table 13.6, all the
suggestions are plausible. LLM judges seem to prefer a longer and more detailed
name, assigning the lowest score to the simplest one, i.e. coauthors.

In Table 13.7 we report the results of the judgment on the family case study. The
correct name was chosen for each predicate. The same holds for the grandparent and
cousins case studies, both shown in Table 13.6.

Table 13.8 shows the results of the judgment on the math case study. Here, the
correct name was chosen for all the predicates, except for predicate L. While the cor-
rect name is divisor, it was mostly interpreted as “divisible”, which is actually the
opposite. Regarding predicates M and N, all the judges recognized the true names,
gcd and lcm respectively, even if they didn’t suggest them initially. The strategy of
asking multiple models for name suggestions turned out to be effective, as it allowed
the judges to identify the correct name when one model suggested it, even when the
others did not. The same cannot be said for the lcm case study, as can be seen in
Table 13.6. For predicate G, findLeastCommonMultipleIntermediate was chosen as
the most fitting name, instead of computeProduct or multiply, which would have
been equally correct. Similarly, for predicate H, computeLcmFromGed was selected as
the most appropriate name, rather than divide or divideValues.

Table 13.9 presents the judgment results for the reachability case study. It is
important to note that ChatGPT-5 was used as a substitute for ChatGPT-40 and
ChatGPT-03mini, as these models were no longer available at the time the experiment
was conducted. Three out of the four alternatives were selected as the most suitable

name, each receiving the same score. This outcome is acceptable, as all three options
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are considered plausible. Notably, however, only ChatGPT-5 assigned a score of 0
to the proposed name can reach, which is syntactically incorrect. In contrast, both
Gemini and Command R+ assigned it a score of 0.5, indicating a limited ability to

recognize the syntactic invalidity of the suggestion.

13.3.4 Human judgment results

In this experiment, we involved students from the master’s course in Artificial Intel-
ligence of the University of Ferrara who had previously completed a course on logic
programming. These students were asked to evaluate the predicate names assigned
by LLMs. They completed a form containing the same prompt and the proposed
names that were given to the LLMs judges. Out of the 56 students we contacted,
14 responded. Although all the proposed alternatives in the coauthors case study are
plausible, human judges did not select the most straightforward option for predicate P,
that is, coauthors. This behavior aligns with that observed with the LLMs. They also
correctly identified the appropriate names for predicates hO and h3 in the grandparent
and cousins case studies, respectively. In the lem case study, human judges successfully
selected the correct names for predicates G and H, whereas the LLMs judges failed to
do so. Averaged scores assigned by human judges for these case studies are summarized
in Table 13.10.

Table 13.11 presents the results of the human evaluation for the proposed names in
the family case study. For each predicate, the correct name received the highest overall
score. However, it is noteworthy that several human judges assigned non-zero scores to
incorrect names. For instance, in the case of predicate h0, 4 out of 14 judges assigned
a score of 1, and another 4 assigned a score of 0.5 to the incorrect name ancestor.

For the math case study, human judges consistently assigned the highest score
to the correct name across all predicates, as shown in Table 13.12. Moreover, they
successfully identified the correct name for predicate L, that is isDivisor, which none

of the LLMs judges were able to recognize correctly.

13.3.5 Summary of results

Overall, ChatGPT-40 and ChatGPT-03mini appear to be the best-performing models,
followed by Gemini and Command R+; Llama, FalconMamba, and Falcon3 performed

the weakest.
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It is worth noting that we chose some relatively small models to test whether they
could identify useful names. Llama 3.2 and Falcon3 provided several correct sugges-
tions, though not for every predicate. While incremental prompting did not enhance
performance for Falcon3 and Llama, it led to a substantial improvement for Falcon-
Mamba. Nevertheless, their smaller size allows them to be run locally on machines
with lower processing power, making this approach accessible to users without high-
performance hardware.

The evaluation strategy that we adopted is automatic, meaning that human in-
tervention is not required except for a final assessment, which should be faster than
evaluating every single suggestion for each predicate. It could be argued that an LLM
could make errors not only in making suggestions but also in judging them. Even
though in these experiments we asked the LLMs to score only once, for a more robust
evaluation, the procedure could be repeated multiple times per judge, and the results
averaged. If a tie occurs between two or more suggestions, a new evaluation could be
carried out, or the final decision could be left to domain experts.

Based on the results of the human evaluation, we can conclude that, overall, LLMs
were generally capable of performing both the renaming and judgment tasks effectively.
Their assessments aligned with those of human judges in most cases, with discrepancies

emerging primarily in the more challenging or ambiguous predicates.

13.3.6 Limitations

As this represents an initial exploration, there are some limitations that need to be
discussed. The main one is the use of relatively simple examples. The rules express
common knowledge and typical relationships, which the models may have already seen
in the LP codes they have been trained on. Nonetheless, this initial step was necessary
to assess whether LLMs could correctly process them; otherwise, their ability to grasp
even more specific relationships would have seemed unlikely. Despite the simplicity
of the examples, we encountered several challenges throughout the process. One issue
is that, at times, some models fail to follow the request or the output format, which
complicates the automation of the entire process. For instance, in some preliminary
experiments, we noticed that some models also altered the body of the rule, even
if instructed to find a name for the head predicate. This is not desirable, as it could

completely change the meaning of the logic theory, which is assumed to be correct. That
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is why we decided to add “Do NOT change the body of the rules” to the instructions.
Another constraint, “Give only ONE suggestion for each predicate.”, was added to the
prompt to limit the number of suggestions. While one could argue that this might
cause the potentially correct answer to be overlooked, we addressed this concern by
repeating the request multiple times. When this behavior persisted, we decided to
disregard that particular answer for that specific predicate. Even if one answer is
discarded, the presence of multiple models offering suggestions reduces the impact of
this issue. Models also struggled to recognize that some names, despite being written
in different formats, were conceptually equivalent (e.g., lessThan, less_than, LessThan),
even when explicitly instructed to treat them as equal. As a result, it was necessary to
manually standardize these names to ensure that they were evaluated as the same. The
issue persists to some extent: singular and plural forms are considered different (e.g.,
cousins and cousin), as well as names that include a verb or particle (e.g., isEqual or
equalTo). Lastly, this approach was unsuccessful when tested on predicates from a real-
world dataset, Mutagenesis. It should be noted that nearly all of the predicates’ true
names were masked, which significantly hindered the models’ ability to identify them
and grasp the relationship between them. However, such a scenario is highly unlikely, if
not entirely unrealistic, since it would mean that the background knowledge is almost
empty. In this case, inferring a set of meaningful rules would be highly difficult for
any ML model. Nevertheless, our findings hint that domain-specific fine-tuning might
be necessary for real-world applications [201], provided that enough computational
resources are available. Alternatively, big models could be replaced by smaller or
quantized fine-tuned versions, which are more computationally efficient and have been
shown not to significantly decrease the quality of the results [19,202,203].

Despite these limitations, the results obtained from some hand-crafted sets of rules
prove that LLMs are a promising solution to find suggestions for unnamed predicates

in logic theories.

13.4 Related work

PI is considered a critical step, yet it is still not widely spread [65]. Choosing suitable
names for newly created predicates is an even more neglected area in ILP and has not
received much attention so far, with only a few attempts made in the past.

In [204] the authors adopted a meta-level abduction approach to identify previously
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unknown relations within a knowledge graph that represents a specific domain. In this
setting, new predicates are invented as existentially quantified variables, which act
as placeholders for the missing or hidden knowledge. While the system is capable of
structurally generating these new predicates, their semantic meaning (i.e., their names)
is not determined automatically and must instead be manually defined or interpreted
based on the domain context. This highlights a key limitation: the invented predicates
are syntactically valid but lack meaningful, human-readable names without further
domain-specific interpretation. In the rule abduction approach proposed in [205], the
authors built databases related to the cello playing domain to assist performers in
assigning meaningful names to new abduced rules.

As the power of LLMs continues to grow, we could leverage their capabilities to en-
able them to reason about rules and generate meaningful names for previously unnamed
predicates. While many have highlighted the impressive performances of LLMs with
zero or few-shot prompting [24,33,34], a rising number of recent works have explored
their reasoning ability on more complex tasks [206] involving common knowledge and
planning [207,208], math [34,209], and symbolic reasoning [34,210,211]. In particular,
LLMs are already widely employed in software engineering [24,25,212,213], where they

typically generate code with semantically meaningful variable names.

[206] evaluated state-of-the-art LLMs on an ILP benchmark and found their per-
formance lacking when compared to a smaller neural program induction model. They
evaluated LLMs on two benchmarks, one of which required the model to induce pro-
grams to deduce more complex family relationships from some basic ones. Although
this setup is similar to ours, they focused on assessing the relational reasoning capabil-
ities of LLMs using standard natural language and truth value prompting. In contrast,
our goal was to determine if LLMs could identify names that are relevant to the context
of the example. [214] used GPT-3.5 and GPT-4 for property induction, a traditional
inductive reasoning task that involves generalizing a property from a few examples to
new cases. In their experiments, participants—including both humans and language
models—were presented with a set of objects sharing a property and asked to infer
whether new objects shared the same property. Although GPT-3.5 had difficulty cap-
turing various aspects of human behavior, GPT-4’s performance was mostly close to
that of humans.

[215] investigated the ability of pretrained language models to infer natural lan-

guage rules from natural language facts, obtaining promising results. [216] proposed
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an approach to improve LLMs’ inductive reasoning ability. They generate hypotheses
in natural language, and then translate them into specific programs used for making
predictions, breaking the task into two levels of abstraction, and outperforming current
baselines. In [217], the authors explored techniques to extract and leverage the knowl-
edge embedded in LLMs by converting it into different types of logic programs, aiming
to improve reasoning capabilities and ensure that LLM outputs are consistent with their
intended purposes. Additionally, [218] aimed to determine whether LLMs can address
ILP tasks, analyzing their capabilities and limitations on logic theory induction. Their
results indicate that while larger LLMs can achieve competitive results compared to
state-of-the-art ILP systems, long predicate relationship chains are still an obstacle
for LLMs in inductive reasoning tasks. [219] proposed NeSyGPT, a novel architecture
that integrates neural and symbolic reasoning, that fine-tunes a vision-language foun-
dation model to extract symbolic features from raw data, and then learns an expressive
answer set program using them. The results show that NeSyGPT outperforms vari-
ous baselines in accuracy and can be used for more complex NeSy tasks. They thus
demonstrated that LLMs can reduce the need for manual efforts in automating the
interface between neural and symbolic components. Remaining in the NeSy field, [220]
presented a novel approach to expand the knowledge base by integrating LLMs with
structured semantic representations. It employs a state-of-the-art LLM to produce
a natural language description of an input image, which is then transformed into an
Abstract Meaning Representation (AMR) graph. This graph is further extended with
logical design patterns and layered semantics derived from linguistic and factual knowl-
edge bases. [221] proposed LLM2LAS, a system that learns commonsense knowledge
in the form of ASP programs, from story-based question and answers in natural lan-
guage, using only a few examples and combining LLMs’ semantic parsing abilities with
ILASP [222], a tool for learning ASP programs. The authors of [210] used an LLM
to generate ASP programs representing logic puzzles, given their description in nat-
ural language. Here, the authors state that the LLM successfully produced an ASP,
despite some minor errors that were corrected manually, confirming the possibility of
leveraging LLMs to support the creation of ASP programs. Although some findings
suggest that LLMs still struggle with complex reasoning [206,223], this proves that the
field yields some potential and is worth further investigation, especially considering the

continuous improvements of LLMs.
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### CONTEXT ###

You are a software engineer specialized in logic
programming .

The following logic rules have unnamed predicates in the
head and/or in the body:

[rules]

These are the suggested names for the unnamed predicates hO
, hl, h2, h3, and hé4:

hO0: [suggested names]

hl: [suggested names]

h2: [suggested names]

h3: [suggested names]

h4: [suggested names]

### INSTRUCTIONS ###

Score the proposed names for each predicate following the
rules below:

- Assign 1 to correct and precise answers.

- Assign 0.5 to answers that are too generic, but still
correct.

- Assign O to incomplete, imprecise or incorrect answers.

### QOUTPUT FORMAT ###
For each predicate, list all the suggestions and their
score:

hO:

hi:

h2:

h3:

h4:

Fig. 13.4: Prompt 3 used for asking the models acting as judges to score the suggestions
for each predicate. This prompt was used for Case Study 2. [rules] is replaced with the
corresponding rules.
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Predicate ChatGPT-40 ChatGPT-03mini Command R+

Coauthors!

P coauthors_with_ coauthors co_authored_paper
common_paper

correct 1/1 1/1 1/1

Family

hO parent parent parent

h1 grandparent grandparent grandparent

h2 common_ancestor common_ancestor common_ancestor

h3 sibling sibling sibling

h4 cousin cousin cousins

correct 5/5 5/5 5/5

Grandparent

ho parent parent parent

correct 1/1 1/1 1/1

Cousins

h3 siblings siblings different_parents

correct 1/1 1/1 0/1

Math

A is_.number numeric_value/1 is_integer

B is_even even/1 is_even

C is.odd odd/1 is_odd

D absolute_value abs_value/2 negate_if_negative

E add sum/3 sum

F subtract difference/3 difference

G multiply product/3 product

H divide quotient/3 division

L is_divisible divides/2 is_divisor

M ged ged/3 modular_arithmetic

N lem lem/3 nested_calculation

P greater_than greater_than/2 greater_than

Q greater_than_or_equal  greater_or_equal/2  greater_equal

R less_than less_than/2 less_than

S less_than_or_equal less_or_equal/2 less_equal

T equal equal_to/2 equal

correct 15/16 15/16 12/16

lem

G compute_product multiply is_multiple_of

H divide_values divide lem_calculation

correct 2/2 2/2 0/2

reachability

vl direct_connection? NA is_.connected

correct 1/1 - 1/1

Table 13.1: Final names suggestions for each predicate of all the
examples, made by ChatGPT-40, ChatGPT-03mini, and Com-

mand R+.

!In this case, several names were suggested and even if excessively
verbose, they can be considered correct.

2 Since ChatGPT-40 and ChatGPT-03mini were no longer available at
the time of the experiment, ChatGPT-5 was used instead.
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Predicate FalconMamba Falcon3 Gemini Llama

Coauthors®

P Co-authoredResearchPaper CoAuthorResearchers coauthored._ authoredTogether
research_paper

correct 1/1 1/1 1/1 1/1

Family

ho ancestor - parent parent

hi ancestor - grandparent ancestor

h2 ancestor - commonAncestor great_ancestor

h3 sister - sibling sibling

h4 h3 - halfSibling full_sibling

correct 0/5 0/5 4/5 2/5

Grandparent

hO rename_h0 parent parent parent

correct 0/1 1/1 1/1 1/1

Cousins

h3 is_third_degree_relative parent sibling sibling

correct 0/1 0/1 1/1 1/1

Math

A - IsNumber isNumber is_integer

B - IsEven isEven is_odd

c - IsOdd isOdd is_even

D - IsPositiveDifference absValue next

E - Sum sum add

F - Difference difference subtract

G - Product product multiply

H - Division quotient divide

L - DivisibleBy isDivisibleBy modulo

M - CustomOperation ged accumulate

N - ComplexOperation complexCalculation accumulate_sequence

P - GreaterThan greaterThan greater_than

Q - GreaterThanOrEqual greaterThanOrEqual greater_than

or_equal_to
R - LessThan lessThan less_than
S - LessThanOrEqual lessThanOrEqual less_than_
or_equal_to

T - Equal isEqual equal_to

correct 0/16 12/16 14/16 9/16

lem

G lowest_common_multiple multiply_and_add find_least_common_ greatest._
multiple_intermediate common_divisor

H highest_common_divisor divide_and_subtract compute_lcm_ least_
from_gcd common_multiple

correct 0/2 0/2 0/2 0/2

reachability

invl can reach - directly_connected is_.connected

correct 0/1 0/1 1/1 1/1

Table 13.2: Final names suggestions for each predicate of all the examples, made
by FalconMamba, Falcon3, Gemini, Llama.

!In this case, several names were suggested and even if excessively verbose, they can
be considered correct.
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Predicate ChatGPT ChatGPT Command Falcon Falcon3 Gemini Llama  Total
40 03mini R+ Mamba
Coauthors
P 1 1 1 1 1 1 1 7/7
Family
ho 1 1 1 0 0 1 1 5/7
h1 1 1 1 0 0 1 0 4/7
h2 1 1 1 0 0 1 0 4/7
h3 1 1 1 0 0 1 1 5/7
h4 1 1 1 0 0 0 0 3/7
Grandparent
h0 1 1 1 0 1 1 1 6/7
Cousins
h3 1 1 0 0 0 1 1 4/7
Math
A 1 1 0 0 1 1 0 4/7
B 1 1 1 0 1 1 0 5/7
C 1 1 1 0 1 1 0 5/7
D 1 1 0 0 0 1 0 3/7
E 1 1 1 0 1 1 1 6/7
F 1 1 1 0 1 1 1 6/7
G 1 1 1 0 1 1 1 6/7
H 1 1 1 0 1 1 1 6/7
L 0 0 1 0 0 0 0 1/7
M 1 1 0 0 0 1 0 3/7
N 1 1 0 0 0 0 0 2/7
P 1 1 1 0 1 1 1 6/7
Q 1 1 1 0 1 1 1 6/7
R 1 1 1 0 1 1 1 6/7
s 1 1 1 0 1 1 1 6/7
T 1 1 1 0 1 1 1 6/7
lem
G 1 1 0 0 0 0 2/7
H 1 1 0 0 0 0 0 2/7
reachability
invl 1! - 1 0 0 1 1 4/6

Table 13.3: Summary of correct name suggestions for each predicate. For each
LLM, a value of 1 indicates that its final suggestion was correct, while 0 indicates
an incorrect suggestion. The Total column shows the number of LLMs that cor-
rectly named each predicate.

I Since ChatGPT-40 and ChatGPT-03mini were no longer available at the time of the
experiment, ChatGPT-5 was used instead.
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% Rules for specific chemical patterns

%» HP19: Checks if a drug contains a specific atom type with
a certain number of occurrences.

% Args: Drug, Number of atoms, List of atoms, List of atom
types

check_atom_count (Drug, N, Atoms, Types) :-
atm (Drug, Atom, Type, _, _),

Types = [Type | _1,
check_atom_count_recursive (Drug, N, [Atom], Atoms, Types
, 1).

check_atom_count_recursive(_, 1, Atoms, Atoms, _, _) :— 1.
% Base case: N is 1

check_atom_count_recursive (Drug, N, [Atom | _], Atoms, [
Type | Types], N) :-
N > 1,
N1 is N - 1,
atm(Drug, Atom, Type, _, _),
check_atom_count_recursive (Drug, N1, _, Atoms, Types, _)

Fig. 13.5: Result obtained with Command R+ on Case Study 5 with a less constrained
version of Prompt 1.
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Predicate

ChatGPT-40

ChatGPT-03mini

HP1 (anthracene)
HP2 (phenanthrene)
HP3 (ball3)

HP4 (members_bonded)
HP5 (no-of_benzenes)

HP6 (no-of_carbon_5_
aromatic_rings)

HP7 (no_of_carbon_6_rings)

HP8 (no_of_carbon_5_rings)

HP9 (no_of_hetero_
aromatic_6_rings)
HP10 (no-of_hetero_
aromatic_5_rings)

HP11 (ring_size_6)

HP12 (ring_size_5)
HP13 (benzene)
HP14 (carbon_5_
aromatic_ring)

HP15 (carbon_6_ring)

HP16 (carbon_5_ring)

HP17 (hetero_
aromatic_6_ring)
HP18 (hetero_
aromatic_5_ring)
HP19 (atoms)
HP20 (ring6)

HP21 (ring5)
HP22 (no_of_nitros)

HP23 (nitro)
HP24 (methyl)

fused_aromatic_
tricycles_non_overlapping
fused_aromatic_
tricycles_adjacent
fused_aromatic_
tricycles_interconnected
shared_aromatic_bond
aromatic_hexagons_count

aromatic_pentagons_count

non_benzenoid-
hexagons_count
non_benzenoid-
pentagons_count
heterocyclic_hexagons

_count
heterocyclic_pentagons_count
_count
hexagonal_ring_structure

pentagonal_ring_structure
benzene_ring
cyclopentadiene_ring

non_benzenoid_hexagon
non_benzenoid_pentagon
heterocyclic_hexagon
heterocyclic_pentagon

atom_sequence
aromatic_hexagonal_
bond_pattern
aromatic_pentagonal_
bond_pattern
nitro_group_count
nitro_group_structure
methyl_group_structure

fused_aromatic_tricyclic-
system_no_bridge
fused_aromatic_tricyclic-
system_with_bridge
fused_aromatic_tricyclic_
system_common_junction
ring_junction_bridge
count_aromatic_
six_membered_rings
count_aromatic_
five_membered_rings
count_nonaromatic_
six_-membered_rings
count_nonaromatic_
five_membered_rings
count_aromatic_heterocyclic
_six_membered_rings
count_aromatic_heterocyclic
five_membered_rings
generic_six_
membered_ring
generic_five_membered_ring
aromatic_six_membered_ring
aromatic_five_
membered_ring
nonaromatic_six_
membered_ring
nonaromatic_
five_membered_ring
aromatic_heterocyclic_
six_membered._ring
aromatic_heterocyclic_
five_membered_ring
ring_atom_chain
six_membered_
ring_structure
five_membered._
ring_structure
count_nitro_groups
nitro_group-_structure
methyl_group_structure

Table 13.4: Results obtained on the Mutagenesis ring theory, with ChatGPT-40

ChatGPT-03mini.

and
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Prompt O:

### CONTEXT ###
You are a software engineer specialized in logic programming.

### INSTRUCTION ###

Given the logic rules below, find a meaningful name for A.

Give only ONE suggestion for the predicate name.

Write only the predicate name after the predicate placeholder, without any additional
text.

Do not rewrite the predicate body.

A(X) :- integer(X), !.
A(X) :- float(X).

Strictly follow this output format:
A: [your_suggestion]

Response:

A: is_number

Prompt 1:

### CONTEXT ###
You are a software engineer specialized in logic programming.

### INSTRUCTION ###

Given the logic rules below, find a meaningful name for P.

Give only ONE suggestion for the predicate name.

Write only the predicate name after the predicate placeholder, without any additional
text.

Do not rewrite the predicate body.

is_number (X) :- integer(X), !.
is_number (X) :- float (X).
P(X,Y) :- is_number(X), is_number(Y), X > Y.

Strictly follow this output format:
P: [your_suggestion]

Response:

P: is_greater_number

Fig. 13.6: Prompts used in the incremental prompting experiments with Falcon3 answers.
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Predicate FalconMamba Falcon3 Llama

A : number integer_or_float is_number has_integer_value
B : even even_integer is_even_number parity

C:odd odd_integer is_odd_number odd

D : abs abs negate_if_negative divide_by _zero
E : addition sum add_numbers sum

F : substraction subtract subtract_numbers difference

G : multiplication multiplication multiply _numbers multiply

H : division division_by_non_zero_integer divide_numbers divide

L : divisor even_integer divisible_by is_divisible

M : gdc even_integer swap_and_mod_numbers min

N : lem even_integer_product calculate_result number

P : greater_than greater_than_or_equal is_greater_number greater_integer
Q : greater_equal_than greater_than_or_equal is_number_or_equal greater_than
R : less_than less_than is_less_number less_than

S : less_equal_than less_than is_number_or_less between

T : equal equal_to is_equal_number equal

correct 11/16 10/16 8/16

Table 13.5: FalconMamba, Falcon3 and Llama suggestions for the predicates of the math
case study, in the incremental prompting experiment.



156 Chapter 13. Predicate Renaming via Large Language Models

Case Study - Predicate ChatGPT  ChatGPT Gemini Command Score

(40) (03mini) R+
coauthors - P:
coauthoredResearchPaper* 1 1 1 1 1.000
coauthorsWith- 1 1 1 1 1.000
CommonPaper*
coAuthoredPaper* 0.5 1 0.5 1 0.750
coAuthorResearchers® 1 0.5 0.5 1 0.750
authored Together* 0.5 0.5 0.5 1 0.625
coauthors* 0.5 0.5 0.5 0.5 0.500
grandparent - h0:
parent* 1 1 1 1 1.000
renameHO 0 0 0 0.5 0.125
cousins - h3:
siblings* 1 1 1 0 0.750
sibling* 1 1 0 0 0.500
differentParents 0 0 1 1 0.500
isThirdDegreeRelative 0.5 0 0.5 0 0.250
parent 0 0 0 0 0.000
lem - G
findLeastCommon- 1 0.5 1 0 0.625
MultipleIntermediate
computeProduct* 0.5 1 0.5 0 0.500
multiply* 0.5 1 0.5 0 0.500
greatestCommonDivisor 0 0 0 1 0.250
isMultipleOf 0 0 0 0 0.000
lowestCommonMultiple 0 0 0 0 0.000
multiplyAndAdd 0 0 0 0 0.000
lem - H
computeLecmFromGed 1 1 1 0.5 0.875
divide* 0.5 1 0.5 0.5 0.625
lemCalculation 1 0.5 0.5 0.5 0.625
divideValues* 0.5 1 0.5 0 0.500
leastCommonMultiple 0 0 0 1 0.250
highestCommonDivisor 0 0 0 0 0.000
divideAndSubtract 0 0 0 0 0.000

Table 13.6: LLM judgment results for Case Studies 1 (coauthors) and 4 (grandparent, cousins
and lem). Judges assign a score of 1 for correct and precise names, 0.5 for imprecise or overly
general names that are still correct, and 0 for incorrect names. The final score, shown in the
last column, is the average of the individual scores given by the judges. Names that can be
considered correct are marked with an asterisk (“*”).
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Predicate ChatGPT ChatGPT Gemini Command Score
(40) (03mini) R+

ho

parent* 1 1 1 1 1.000
ancestor 0.5 0 0.5 0.5 0.375
hi1

grandparent*® 1 1 1 1 1.000
ancestor 0.5 0.5 0.5 0.5 0.500
h2

commonAncestor* 1 1 1 0.5 0.875
ancestor 0.5 0.5 0.5 0 0.375
great Ancestor 0.5 0 0 0.5 0.250
h3

sibling™ 1 1 1 1 1.000
sister 0.5 0 0.5 0.5 0.375
h4

cousin* 1 1 1 0.5 0.875
cousins* 1 1 0.5 0.5 0.750
halfSibling 0 0 0.5 0.5 0.250
fullSibling 0 0 0.5 0.5 0.250
h3 0 0 0 0 0.000

Table 13.7: LLM judgment results for Case Study 2 (family). Judges assign a score of 1 for
correct and precise names, 0.5 for imprecise or overly general names that are still correct,
and 0 for incorrect names. The final score, shown in the last column, is the average of the
individual scores given by the judges. Names that can be considered correct are marked with
an asterisk (“*”).
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Predicate ChatGPT ChatGPT Gemini Command Score
(40) (03mini) R+

A

isNumber* 1 1 1 1 1.000
numericValue* 0.5 1 0.5 0.5 0.625
isInteger 0 0 0.5 0.5 0.250
B

isEven* 1 1 1 1 1.000
even* 1 1 1 0.5 0.875
isOdd 0 0 0 0 0.000
C

isOdd* 1 1 1 1 1.000
odd* 1 1 1 0.5 0.875
isEven 0 0 0 0 0.000
D

absoluteValue* 1 1 1 1 1.000
absValue* 1 1 1 0.5 0.875
negatelfNegative 1 0.5 1 0.5 0.750
isPositiveDifference 0 0 0.5 0 0.125
next 0 0 0 0 0.000
E

add* 1 1 1 1 1.000
sum* 1 1 1 0.5 0.875
F

subtract*® 1 1 1 1 1.000
difference* 1 0.5 1 0.5 0.750
G

multiply* 1 1 1 1 1.000
product® 1 1 1 0.5 0.875
H

divide* 1 1 1 1 1.000
division* 1 1 0.5 0.5 0.750
quotient* 1 0.5 1 0.5 0.750
L

divides 1 1 0.5 0.5 0.750
divisibleBy 1 0.5 1 0.5 0.750
isDivisible 1 0 1 1 0.750
isDivisibleBy 1 0.5 1 0.5 0.750
isDivisor* 0.5 1 0 0.5 0.500
modulo 0.5 0 0.5 0.5 0.375
M

ged* 1 1 1 1 1.000
accumulate 0 0 0.5 0.5 0.250
modularArithmetic 0 0 0.5 0.5 0.250
customOperation 0 0 0 0.5 0.125
N

lem* 1 1 1 1 1.000
complexCalculation 0 0.5 0.5 0.5 0.375
complexOperation 0 0.5 0.5 0.5 0.375
nestedCalculation 0 0.5 0.5 0.5 0.375
accumulateSequence 0 0 0.5 0.5 0.250
P

greaterThan* 1 1 1 1 1.000
Q

greaterThanOrEqual* 1 1 1 1 1.000
greaterEqual* 1 1 1 0.5 0.875
greaterOrEqual* 1 1 1 0.5 0.875
greaterThanOrEqualTo* 1 1 1 0.5 0.875
R

lessThan* 1 1 1 1 1.000
S

lessThanOrEqual* 1 1 1 1 1.000
lessEqual* 1 1 1 0.5 0.875
lessOrEqual* 1 1 1 0.5 0.875
lessThanOrEqualTo* 1 1 1 0.5 0.875
T

equal* 1 1 1 1 1.000
equalTo* 1 1 1 0.5 0.875
isEqual* 1 1 1 0.5 0.875

Table 13.8: LLM judgment results for Case Study 3 (math). Judges assign a score of 1 for
correct and precise names, 0.5 for imprecise or overly general names that are still correct,
and 0 for incorrect names. The final score, shown in the last column, is the average of the
individual scores given by the judges. Names that can be considered correct are marked with
an asterisk (“*7).
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Predicate ChatGPT-5! Gemini Command R+ Score
mul

directlyConnected* 1 1 0,5 0.833
directConnection™ 1 1 0,5 0.833
isConnected* 1 0,5 1 0.833
can reach 0 0,5 0,5 0.333

Table 13.9: LLM judgment results for Case Study 6 (reachability). Judges
assign a score of 1 for correct and precise names, 0.5 for imprecise or overly
general names that are still correct, and 0 for incorrect names. The final
score, shown in the last column, is the average of the individual scores given
by the judges. Names that can be considered correct are marked with an
asterisk (“*7).

1 Since ChatGPT-40 and ChatGPT-03mini were no longer available at the time
of the experiment, ChatGPT-5 was used instead.
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Case Study - Predicate Score
coauthors - P

coauthorsWithCommonPaper 0.857
coauthors 0.643
coAuthoredPaper 0.607
coauthoredResearchPaper 0.536
coAuthorResearchers 0.464
authored Together 0.429
grandparent - h0

parent 1.000
renameHO 0.036
cousins - h3

siblings 0.964
sibling 0.857
parent 0.107
differentParents 0.071
isThirdDegreeRelative 0.036
Icm - G

computeProduct 0.821
multiply 0.750
findLeastCommonMultipleIntermediate 0.321
isMultipleOf 0.214
lowest CommonMultiple 0.143
multiplyAndAdd 0.143
greatestCommonDivisor 0.036
lcm - H

divide 0.643
divideValues 0.643
computeLcmFromGed 0.500
lemCalculation 0.429
least CommonMultiple 0.357
divideAndSubtract 0.143
highestCommonDivisor 0.143

Table 13.10: Human judgment results for Case Studies 1 (coauthors) and 4 (grandparent,
cousins, and lem). Judges assign a score of 1 for correct and precise names, 0.5 for imprecise
or overly general names that are still correct, and 0 for incorrect names. The final score,
shown in the last column, is the average of the individual scores given by the judges. Names
that can be considered correct are marked with an asterisk (“*”).
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Predicate Score
ho

parent 1.000
ancestor 0.429
h1

grandparent 1.000
ancestor 0.393
h2

commonAncestor 0.929
ancestor 0.393
great Ancestor 0.250
h3

sibling 1.000
sister 0.250
h4

cousins 0.893
cousin 0.857
fullSibling 0.107
halfSibling 0.071
h3 0.071

Table 13.11: Human judgment results for Case Study 2 (family). Judges assign a score of 1
for correct and precise names, 0.5 for imprecise or overly general names that are still correct,
and 0 for incorrect names. The final score, shown in the last column, is the average of the
individual scores given by the judges. Names that can be considered correct are marked with
an asterisk (“*7).
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Predicate Score ‘ Predicate Score
A L
isNumber 0.929 | isDivisible 0.464
numericValue 0.679 | divides 0.643
isInteger 0.250 | isDivisor 0.750

divisibleBy 0.393
B isDivisibleBy 0.500
isEven 0.929 | modulo 0.107
even 0.750
isOdd 0.071 | M

ged 0.893
C modularArithmetic 0.357
isOdd 0.929 | customOperation 0.286
odd 0.750 | accumulate 0.107
isEven 0.071

N
D lem 0.893
absoluteValue 0.964 | nestedCalculation 0.321
absValue 0.964 | complexOperation 0.286
negatelfNegative 0.250 | complexCalculation 0.286
isPositiveDifference  0.000 | accumulateSequence 0.107
next 0.000

pP
E greaterThan 1.000
add 0.714
sum 0.964 | @

greaterThanOrEqual 0.821
F greaterOrEqual 0.821
subtract 0.857 | greaterEqual 0.500
difference 0.893 | greaterThanOrEqualTo 0.857
G R
multiply 0.786 | lessThan 0.929
product 0.964

S
H lessThanOrEqual 0.821
divide 0.750 | lessOrEqual 0.821
quotient 0.679 | lessEqual 0.500
division 0.821 | lessThanOrEqualTo 0.857

T

equal 0.750

equalTo 0.857

isEqual 0.893

Table 13.12: Human judgment results for Case Study 3 (math). Judges assign a score of 1
for correct and precise names, 0.5 for imprecise or overly general names that are still correct,
and 0 for incorrect names. The final score, shown in the last column, is the average of the
individual scores given by the judges. Names that can be considered correct are marked with
an asterisk (“*”).
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Chapter 14
Summary and Final Remarks

The work presented in this thesis has explored the development of novel ILP approaches
for parameter and structure learning, with the broader goal of integrating logical repre-
sentation, probabilistic reasoning, and learning mechanisms. After providing the nec-
essary background in Part II, these methods were introduced and discussed in detail
in Part III, highlighting how symbolic and probabilistic components can be combined

to obtain models that are both expressive and interpretable.

LIFTCOVER+ is an improved version of LIFTCOVER that adds regularization.
After testing different configurations of LIFTCOVER+ on several benchmark datasets,
our findings confirm that regularization can improve robustness and generalization.
These results position LIFTCOVER+ within the broader context of explainable Al,

where transparency and structured representations are prioritized over pure scalability.

The remaining approaches address parameter learning in Probabilistic Answer Set
Programming using different strategies. Both demonstrated promising performance
on the datasets used for evaluation. These results further emphasize the expressive
power of PASP as a unifying framework for logic-based probabilistic reasoning, while
also highlighting intrinsic scalability challenges related to grounding and answer set

enumeration.

Part IV presented a range of applications. LIFTCOVER+ was employed in different
domains, yielding mixed results: while Knowledge Graph Completion proved to be a
challenging task, its use in an industrial setting was successful, ultimately leading to
its integration into the company’s internal pipeline. This contrast reflects a recurring

theme throughout the thesis: logic-based learning methods are particularly effective
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when domain structure and constraints can be exploited, but may face limitations in
large-scale, densely connected settings.

We also introduced a Machine Learning pipeline for the discovery of risk factors.
Although the overall classification performance was modest, the analysis enabled the
identification of potential risk factors for non-adherence to LAI antipsychotics, offer-
ing valuable insights to medical specialists. This case study illustrates the practical
relevance of interpretable models in sensitive domains such as healthcare, where ex-
plainability and interpretability can be as important as predictive accuracy.

Furthermore, we contributed two datasets to the Neuro-Symbolic AI community,
expanding the availability of benchmarks for evaluating learning systems that combine
logic and probability. Such resources are intended to support future research on NeSy
approaches.

Finally, we investigated the integration of LLMs and logic to improve the readability
and interpretability of logic theories containing unnamed predicates. The experimen-
tal results indicate that LLMs offer a promising direction for tackling this challenge,
especially considering their continuously improving capabilities. Given their ability to
interpret code and produce natural language explanations, future work could explore
their use in enhancing the explainability of machine learning models by generating
human-readable explanations for model outputs.

Overall, this thesis highlights both the potential and the limitations of logic-based
probabilistic learning. While scalability remains a fundamental challenge due to fac-
tors such as grounding overhead and the cost of symbolic inference, these limitations
represent the price paid for high interpretability, rich relational structure, and explicit
reasoning. Future research directions include improving scalability through more ef-
ficient representations, exploring distributed implementations of learning algorithms,
and further investigating the integration of symbolic reasoning with data-driven models
such as LLMs.
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