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(instantaneous pole axes (IPAs)) passing through the SMC. IPAs’ locations fully describe their
instantaneous kinematics and, in single-DOF mechanisms, uniquely depend on the mechanism
configuration. In multi-DOF spherical mechanisms, IPAs’ locations are determinable by consid-
ering the single-DOF mechanisms generated from the multi-DOF ones by locking all the actuated
joints but one. Exhaustive analytic/geometric techniques that determine all the IPAs’ locations of
single-DOF spherical mechanisms by using only their configuration data are present in the
literature. Here, a dynamic model of multi-DOF spherical mechanisms, which is general and
strictly relates dynamic behavior and IPAs’ locations, is deduced by exploiting these results. This
novel model can consider also possible frame motions. The proposed formulation lends itself
better than others to satisfy dynamic requirements during mechanism design. Eventually, a
relevant case study illustrates its effectiveness.

1. Introduction

Spherical mechanisms are, by definition, those where all the links perform only instantaneous rotations around axes (Instantaneous
Pole Axes (IPAs)) that pass through a point (spherical motion center (SMC)), which is shared by all the links [1]. Consequently, the
SMC is a point at rest with respect to all the links, and the links can change only their relative orientation. Such a motion type (spherical
motion) enters in many applications (see [2-12], for instance) where orientating a rigid body is the task to accomplish and an ample
literature (see [1,10-24], for instance) addresses kinematic and/or dynamic problems of spherical mechanisms.

IPAs’ locations, which are uniquely determined by their directions, fully describe instantaneous kinematics of spherical mecha-
nisms [25]. In single-degree-of-freedom (single-DOF) spherical mechanisms, they uniquely depend on the mechanism configuration
[26]. Differently, in multi-DOF spherical mechanisms, IPAs’ directions are determinable by considering the single-DOF mechanisms
generated from the multi-DOF one by locking all the actuated joints but one [25]. Exhaustive analytic and geometric techniques that
determine all the IPAs’ directions of single-DOF spherical mechanisms by using only their configuration data are present in the
literature (see [26,27], for instance).

Due to the duality between instantaneous kinematics and statics, which the virtual work principle states, the IPAs’ directions affect
the dynamic behavior of spherical mechanisms. Thus, building a dynamic model that fully highlights their influence on the dynamic
behavior is of interest during mechanism design to impose specific design requirements. For single-DOF spherical mechanisms, the
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Nomenclature

DOF degree of freedom

SMC spherical motion center

us unit sphere

vC velocity coefficient

VCvV velocity coefficient vector

ACJ acceleration coefficient Jacobian

IPA;; instantaneous pole axis of the relative motion of link j with respect to link i in the multi-DOF spherical mechanism
q (=(qy, ..., g»)7) n-tuple collecting the n generalized coordinates, gy for k=1, ..., n, of an n-DOF spherical mechanism
iVPU‘ velocity of point P, fixed to link j, when observed (measured) from link i

iaplj acceleration of point P, fixed to link j, when observed (measured) from link i

IPAjik instantaneous pole axis of the relative motion of link j with respect to link i in the single-DOF spherical mechanism
generated from a multi-DOF spherical mechanism by locking all the generalized coordinates but the k-th, named gx

uj; unit vector parallel to IPA;;
Pji intersection point of IPAj; with the US which the unit vector uj; points toward (Fig. 1)
Uji i unit vector parallel to IPA;j; x
Pjik intersection point of IPA;;; with the US which the unit vector u;;x points toward
T
Ve/q (=Vq(©) = ( affl., ey a%) = (v¢/q1, "',Ug/q‘")T) n-dimensional vector denoting the VCV with respect to q of the
motion variable ¢ = {(q1,...,qn)
Ag/q (=Hq(¢) = {":(;Iq o ”:Tn“} = [A¢/q,i]) the nxn symmetric matrix denoting the ACJ with respect to q of the motion

variable C = g(qh ---»Qn)

;i) (=w;)) angular velocity of the relative motion of link j with respect to link i in the multi-DOF spherical mechanism; wj; is
its signed magnitude

wjikWix  (=wjyx) angular velocity of the relative motion of link j with respect to link i in the single-DOF spherical mechanism
generated from the multi-DOF spherical mechanism by locking all the generalized coordinates but the k-th, named gy;
wji k is its signed magnitude

Vjik Wjix = “3;) VC of the k-th single-DOF mechanism (i.e., the single-DOF spherical mechanism generated from the multi-

DOF spherical mechanism by locking all the generalized coordinates but the k-th, named gx);

Uj; (= [yirwjz1 -+ VjiaWjin ]) 3xn matrix involved in Eq. (16) to write w; = Uzq

Oxjyjz;  Cartesian reference, fixed to link j, that has the origin, O, coincident with the SMC and the y;z-coordinate plane
coincident with the plane that contains the great circle that locates the pose of link j on the US (see Fig. 1)

R; rotation matrix that transforms vector components measured in Ox;y;z; into vector components measured in Ox;y;z;

aj central angle subtended by the great circle arc of US that is fixed to link j

()] (\ﬁﬂ() kinematic quantity (- ) computed in the case in which all the generalized coordinates are locked but the k-th one

G=0

(which coincides with the ( - ) computed in the single-DOF mechanism generated from the multi-DOF one by locking
all the generalized coordinates but gy)

() virtual value of the instantaneous kinematics’ quantity ( - ),, that is, value of ( - ), computed by considering the
mechanism frame “frozen” at a given time instant

m; mass of link j

Gj barycenter of link j

e position vector of the barycenter of link j measured in Oxjy;z;

Io; inertia tensor of link j about point O

Uy inertia tensor of link j about point O measured in Ox;y;z;

I(O_u”) (= wy - (Iojuj)) inertia moment of link j with respect to the line IPAjs, which, in the front subscript, is indicated by
giving, in the form (O,uy), a point (i.e., O) of the line IPA;r and a unit vector (i.e., ;) parallel to IPA;

F; resultant force of the system of forces applied to link j

Mo, resultant moment about O of the system of forces applied to link j

M, j resultant moment about O of all the loads applied to link j when computed without considering the reaction forces
coming from the joints

Qx k-th generalized force with k=1, ..., n, defined by Eq. (28a)

Qe contribution to the k-th generalized force Qi due to the active loads (external loads) applied to the links and not
coming from the joints as constraint reactions

Tk (=Qx— Q) contribution to the k-th generalized force Q, due to the active loads (internal loads) exchanged among the
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links inside the joints as active or passive constraint reactions
Q. (= (Ql,e---Qn,e)T) n-tuple collecting all the Q. for k=1, ..., n
T (= -~-rn)T) n-tuple collecting all the generalized torques 7y for k=1, ..., n
dox scalar coefficient defined by Eq. (28d)
dy (= (dn ---dO,,)T) n-tuple collecting all the scalar coefficients do for k=1, ..., n
dig n-tuple defined by Eq. (28¢)
bx (= (blkn-bnk)T) n-tuple whose entries, by for s = 1, ..., n, are defined by Eq. (29a)
B nxn matrix defined by Eq. (32a)
Cr (=[csx]) nxn matrix whose generic sr entry, cq with s, r =1, ..., n, is defined by Eq. (29b)
C nxn matrix defined by Eq. (32a)

author developed such a model in a previous paper [28] by exploiting Eksergian’s equation, which is specific of single-DOF mecha-
nisms. For multi-DOF spherical mechanisms, developing such a model requires a different approach and has not been presented yet.
D’Alembert principle seems suitable to build such a model for multi-DOF spherical mechanisms. In particular, it comes from virtual
work principle and the virtual displacements [29] appearing in it are those admitted when the constraints are “frozen” at a given
instant of time (i.e., the ones admissible with stationary frame). Therefore, a dynamic model built through it can take into account even
the case of mobile frame and, when applied to single-DOF mechanisms, it would extend the formulation presented in [28] that holds
only for stationary frame.

Here, the peculiarities of spherical mechanisms, the previous results on the IPAs and D’ Alembert’s principle are exploited to build a
novel dynamic model of multi-DOF spherical mechanisms that directly and in explicit form relates the IPAs’ directions and the dy-
namic behavior of such mechanisms. The proposed model can take into account a possible frame motion and lends itself to satisfy
dynamic requirements during mechanism design. Its effectiveness is also illustrated by applying it to one relevant case study.

The paper is organized as follows. Section 2 provides the necessary background concepts, define the adopted notations and deduces
the model. Then, section 3 applies the proposed formulation to one case study and section 4 discusses the obtained results. Eventually,
section 5 draws the conclusions.

2. Materials and Methods

Revolute (R) pairs and rolling (Cr) or slipping (Cs) contacts are the only kinematic pairs that are present in spherical mechanisms.
These three kinematic pairs generate only holonomic and time-independent (scleronomic) constraints when only spherical motion is
possible. Consequently, in spherical mechanisms, the constraint system is always holonomic and only a mobile frame can generate a
possible time-dependent (rheonomic) constraint. However, even in the case of a mobile frame, the relative motions between couples of
links is time-independent, that is, the constraints between links remain scleronomic.

In an n-DOF mechanical system with holonomic and time-independent constraints, any motion variable, say ¢, is expressible either
explicitly (by solving the constraint equation system) or implicitly (by the constraint equation system) as a function of the n-tuple, say
q=(q1, ...,qn)", that collects the n independent motion variables chosen as generalized coordinates of the system, that is, the following
relationship holds

§:§(QI7---,Qn) (1)
which yields

= E " ge=q"y, (2a)
¢ k:l,naqqu q Vg
. x% ’e T

= E T E =4 Vg +q'A (2b)
¢ k:Lnaquk Z 0qk()qquq q Vgq 9 Agyqq

r=1n

where the n-dimensional vectorv,/q (= (v¢/q1, Ve /q‘n)T) and the nxn symmetric matrix A;/q (= [4¢/q;i]) are the velocity-coefficient
vector (VCV) and the acceleration-coefficient Jacobian (ACJ) [30] with respect to q of the motion variable ¢, respectively, and are defined
as follows (Vq( - ) and Hq( - ) denote the gradient and the Hessian with respect to q of the scalar function ( - ), respectively)

d a\"

Veq = Vq(C) = (%7 767;1) (3a)
0 0

AC/‘] = Hq@) = |: quCiq7 M) ayq:,/lq:| (Sb)

The vectory,/q and the matrix A;/q depend only on the mechanism configuration (i.e., on q) and the k-th component v;/qx < = 6%)
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of v q is equal to the ratio, hereafter denoted é | (\fﬁ) , between ¢ and g, in the case in which all the generalized coordinates are locked
g5

=0
but the k-th one (see Eq. (2a)). Such a ratio coincides with the velocity coefficient (¢ /q,) [31] of the single-DOF mechanism generated
from the multi-DOF one by locking all the generalized coordinates but qx. Hereafter, for the sake of brevity, this single-DOF mechanism
will be referred to as “k-th single-DOF mechanism” and a generic kinematic parameter (-)yy of the multi-DOF mechanism will be denoted
(-)xy,k when evaluated in the k-th single-DOF mechanism.

In single-DOF spherical mechanisms, all the velocity coefficients uniquely depend on the mechanism configuration and are
explicitly expressible as a function of the IPAs’ directions [25,28,32] through simple formulas that will be recalled in the next
sub-section. Therefore, the VCVs of multi-DOF spherical mechanisms are explicitly expressible as functions of the IPA directions of the
single-DOF mechanisms generated from it.

Virtual displacements/velocities of spherical mechanisms with mobile frame can be computed through the above reported re-
lationships. Indeed, in the case of holonomic and time-dependent (rheonomic) constraints any motion variable, say (, is explicitly or
implicitly expressible as follows (t is the time)

G =Cy(qu, - qny 1) (€]

Consequently, since virtual displacements/velocities are, by definition [29], displacements/velocities computed by considering the
constraints “frozen” at a given instant of time, the following relationships hold for the actual rate, é‘ij, and the virtual rate, éij,va of Lyt

Xy, %y
P 1naqk 0t aé,q - {Uv ©
. agu %, o i | (vizk
é‘ij.v = é’ij N Zaqk 4=

Hereafter, ( - ), , will denote the virtual value of the instantaneous kinematics’ quantity ( - ),, that is, the value of ( - ), computed by
considering the mechanism frame “frozen” at a given time instant.

2.1. Background

With reference to the relative motion of link i with respect to link j (hereafter named “relative motion §j), let IPA;; (TPAy; k), wy; (uj k)
and w;; (w;;x) denote respectively its IPA, a unit vector parallel to its IPA and the signed magnitude of its angular velocity @;; (@), with
positive sign so defined that wj=w;u; (@;k=wy kW), in the multi-DOF spherical mechanism (in the k-th single-DOF spherical
mechanism). The relative motion theorems [33] make the following relationships hold for these kinematic quantities

IPAII = IPAU7 l.lji = uU; Wji = —Wjj (63)
IPAjix = TPAjjk; Wik = Wjk; Wjik = —Wjjk (6b)

Since Egs. (6) are simple and direct to use, hereafter, when counting the relative motions between links the relative motions ij and ji
will be considered two different representations of the same relative motion and will be counted only once.

In a system of three links, say links i, j and p, only the three relative motions ji, jp and pi, are possible and the relative motion
theorems [33] relate their angular velocities (i.e., @}, ®j, and @p;) through the relationship

@il = WjpWjp + DpiUp; @

Eq. (7), in the case of spherical motion, demonstrates the Aronhold-Kennedy (A-K) theorem [1], which states: “If the three links i, j,
and p perform an instantaneous spherical motion with the same SMC, then IPAj;, IPAj,, and IPAy; must lie on the same plane passing through the
SMC”. Indeed, Eq. (7) when dot multiplied by uj, x u,;, immediately yields the analytic expression of this coplanarity, that is:

llji . (uj'P X upi) =0 (8)

The A-K theorem is an operative tool for determining the unknown directions of IPAs [26]. Indeed, in a system of four links, say
links i, j, p and r, if the directions of IPAj,, IPAy, IPA;,, and IPA; are known, the fact that IPA;; must simultaneously lie on the plane
which IPA;, and IPA, lie on (i.e., the one passing through the SMC and perpendicular to u;, x u,;) and on the plane which IPA; and IPA;-
lie on (i.e., the one passing through the SMC and perpendicular to u; x u,) leads to the conclusion that IPA;; must be the intersection
line shared by these two planes and that its direction is computable with the following simple formula:

(up x ) X (W x ur)
I (wp x ) x (wyr x wy) |

9

u]'i =

In single-DOF spherical mechanisms, since all the links can only perform instantaneous rotations, the velocity coefficients (VCs) are
always reducible to ratios between signed magnitudes of angular velocities of two particular relative motions: one for the signed
magnitude at the VC numerator and the other for the signed magnitude of the VC denominator. As a consequence, only two types of
VCs are possible: (i) the VCs in which the two signed magnitudes of angular velocities appearing in them share a common index in their
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front subscripts, which are referable to a system of three bodies, say links i, j and p, and (ii) the VCs in which the two signed magnitudes
of angular velocities appearing in them do not share any index in their front subscripts, which are referable to a system of four bodies,
say links i, j, p and r. With reference to the k-th single-DOF spherical mechanism, the general explicit expressions of the VC as a function
of the IPAs’ directions are deducible as follows in the two cases.

In case (i), there are only three relative motions (i.e., ji, jp and pi) among three bodies, but only two are independent. Indeed, they
are related by Eq. (7), which, with the notations of the k-th single-DOF mechanism, becomes wj;xwjix = @jp kWjpx + @pikUpix. The dot
product of Eq. (7) by Wiy x (wjpx xUpix) gives (remind that wpix = — o)

Oipse{ Wpe * [Wik X (Wpx X Upik) | } = @ppse{ Wpike + [Wieke X (Wpe X Upic)] } (10

which immediately provides the following general expression of the three bodies’ VC as a function of the IPAs’ directions (here the
shared index is p)

Djpk _ Upik * [Wik X (Wpk X Wik )] _ (W X Wix) - (Wjik X Wpixe)

= an
Ok Wi+ [Wik X (Wpk X W) | (W X Wpige) + (Wik X W)

In case (ii), only six relative motions are possible among four bodies (i.e., the relative motions ji, jp, pi, ri, jr, and pr), but only three
of them are independent. Indeed, the relative motion theorems [33] relate them through the following three equations (remind that
Wpik = — Dipk)

Wji Wik = Wjp kWjp k + Wpi kUpik (12a)
WjrkWirk = Ojp kWjp k + WOpr kUpr k (12b)
Wi Wirk = —WOpikUpik + OprkUprk (120)

which, by summing Egs. (12a) and (12c), yield

WjikWjik + OirkWirk = OjpkWpk + OprkWprk (13)

whose dot product by (u;.x x uj,) immediately provides the general expression of the four bodies’ VC as a function of the IPAs’
directions as follows:

Wji k _ Uprk * (uir,k X ujp.k)

= (14
Oprk Wik * (uir.k X ujp,k)

wji,kuji,k : (uir,k X ujp,k) = wpr,kupr.k : (uir,k X ujp,k) =
Moreover, since in the k-th single-DOF mechanism, the input rate ¢, is either indeed or expressible through the signed magnitude of
the angular velocity of the input link, the velocity coefficient
Wji k
Vjik = '.” (1 5)
A

can always be written in explicit form as a function of the IPAs’ directions by using either Eqs. (11) or (14) according to the particular
indices appearing in the front subscripts of numerator and denominator of vj; .

In n-DOF mechanisms, the linearity and homogeneity of the instantaneous kinematics relationships make the superposition
principle hold. Such a principle leads to the following relationships [25]:

Wji = Z (l/ji_kllji,k)qk =U;q

Wji = E Wji k=1n

K=Tn ) . . 0(viktik)
>4 . > a5 =Y (VixWik) G + E Geg——+ (16)
Wiix = Wji Wi, with ji Z jikYjik ) i k4r
ji.k ]lk. ik k=1.n k=1.n aqr
Wijik = Vjikqx r=1n
U; = [l/ji.1uji,1 Vjinuji,n]

Eq. (16) is exploitable to relate the IPAs directions of the n-DOF mechanism to those of the generated single-DOF mechanisms as
follows [25]:

o = > (VixWix) Gy k; (vjikWjix) di
k=1n =1.n . .
’ uji:—»:uji(qu"'aqmqlw":qn)
> (Vjikuji.k)Qk I
Dji > Kin 17)
ll]'i =
Oy = Dl = [l ;i |l . . _
I taxl wji =|| Z (Dji,kuﬁ,k)qk = wii(q1, s qn, Gy -1 Gn)
wji = || wj || K=Tn

The motion of a rigid body, say link j, constrained to perform only spherical motions with the same SMC can be studied by
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projecting it from the SMC onto a sphere (unit sphere (US)) with unitary radius and center at the projection center. Indeed, this
projection generates a rigid spherical lamina that slides on the US when the rigid body moves and there is a one-to-one correspondence
between the pose of the lamina on the US and the pose (orientation) of the rigid body in the space [1,26].

The pose of a rigid lamina on a sphere is identifiable by locating the pose of a great circle arc fixed to that lamina [1,26]. Fig. 1shows
a great circle arc of the US that is fixed to the rigid spherical lamina associated to a generic link, say link j. With reference to Fig. 1, the
following notation are introduced:

- point O is the SMC;

- link f is the frame of the n-DOF mechanism and Oxsyyzy is a Cartesian reference fixed to the frame;

- Ox;jyjzj is a Cartesian reference, fixed to link j, with origin at the SMC (point O) and y;zj-coordinate plane containing the great circle
arc fixed to link j and the SMC;

- aj is the central angle subtended by the great circle arc fixed to link j;

- Pjr is the intersection of IPAjr and US which the unit vector uj points toward.

2.2. Deduction of the dynamic model

A general motion of the mechanism frame (link f) with respect to an observer (inertial reference), hereafter named link 0, is
assignable through the characteristic vectors (°vos, wyo) for the velocity field and (®ag, yo) for the acceleration field where %vos
(anv) denotes the velocity (the acceleration) of point O, fixed to link f, when observed (measured) from link 0. From now on, iva
("apu) will denote the velocity (the acceleration) of point P, fixed to link j, when observed (measured) from link i.

Let 6t be any elementary variation of time, t, so defined that the product OVOW& (wjo,,6t) coincides with the virtual displacement
(virtual rotation around IPAjp,,=IPA;p) of point O (of link j), that is, with the elementary displacement (rotation) occurring when the
frame is considered at rest at a given time instant. For a spherical mechanism with [ links and a movable frame, the adopted notations
lead to the following expression of the D’Alembert’s principle

ZFj . OVOW& + ZMOJ . (Ujoyvét — Z [m]' (G] - O) X anu + Iojd)jO + Wjo X (Io_jﬂ)jo)] . (l)jo‘vtst =0 (18)
j=11 j=11 j=11

where mj, Gj, and I, are the mass, the barycenter and the inertia tensor about point O of link j, respectively; whereas, F; and Mg are
the resultant force, applied to link j at point O, and the resultant moment about O, respectively, which the system of forces applied to
link j is reducible to.

The relative motion theorems [33] and the above-reported definition of the virtual quantities lead to the following relationships

ij = Cl)jf + (Ufo .
)0, = Wy = Wjo = Wjoy + Wso (19a)
Oosy = 0; %oy ="vo; Vi =1,....%0s =ag; Vji=1,..,1 (19b)

Fig. 1. A great circle arc of the US that is fixed to link j (reproduced from [28]): g; is the central angle subtended by the arc, Ox;y;z; is a Cartesian
reference, fixed to link j, with origin at the SMC (point O) and y;zj-coordinate plane containing the arc and the SMC, Oxgyyz is a Cartesian reference
fixed to mechanism’s frame (link f).



R. Di Gregorio Mechanism and Machine Theory 214 (2025) 106090
Wjo = By + Bpo + Wyo X Wy (19
which allow the deduction of the following further formulas

Wjo = Wjoy + Wso

Wjoy = Wy
[@j0 x (Tojwyo)] - @joy = [@g0 x (Tojwy) + @0 x (Tojwp)] - wy

(l‘)'():d)'erﬂ.)fo +(l)f0><(l)'f . . .
' ! ! (Ioj@jo) - @joy = [Loj@js + oo + oj(wso x @y)] - @y

[ﬂ'jo x (Iojwjo) = @joy X (loj@joy) + @joy x (Lojws0)+

+ w50 x (lojwjoy) + 5 x (Tojwy)

(20)
Moreover, the introduction of Egs. (19) and (20) into Eq. (18) transforms it as follows:
Z{MOJ - {IOJd’Jf +1oj (g0 x wyy) + wp0 x (Tojwy) +m;(Gj — 0) x *agy +Iojwyo + g0 X (IOwaO)] } @t =0 (21)
j=11
which, by taking into account the relationship (a denotes the skew-symmetric matrix associated to vector a)
Loj (@0 x @) + @0 x (lojwy) = [Io.j(ﬁfo + (7’f010J] wj
- T T
(o ws0] = [@0} Ioj = —wpolo; = Loj(wp0 x wy) + w0 x (Iojwy) = {'7’f010J - {5#010.;] }("Jf (22)
T T
Lojooo = ~Ioj(@p0)" = — |:waIO.j:|
can be further simplified as follows
Z{Mw - {IOJd)J'f + <f71f010J — [@yoloy] T> @y +m;(G; — 0) x “agy +lo g0 + wso X (IOJ(”fO)} } @t =0 (23)
j=11

The introduction of the wj expression coming from Eq. (16) (i.e., @y = Y i, (VxWsx)d,) into the elementary rotation wj 5t
transforms Eq. (23) as follows (6qx = ¢,6t)

T
> {Z”Jf,k{MOJ - {IOJQJT + (@olo; - {@folo.j} )wjf +m(G) — 0) x "agy +Iojldgo + wypo x (IOwaO)} } : “jfk}ﬁqk =0

k=1, \j=11

(24)

which, by considering that the virtual displacements &gy for k=1, ..., n are arbitrary and independent, leads to the following system of n
scalar equations:

D vpx(Moj —Tojy) -wyx = di; k=1, -, n (25)
j=11

where di has the following explicit expression

T
di = vk {(‘T’folw - {@folo.j} >wjf +m;(Gj — 0) x %oy +Lojioso + g0 x (lojwpo) | ~Upss k=1, -, n (26)
j=1l

and collects all the terms depending on the frame motion. It is worth stressing that formula (26) makes all the scalar coefficients dj
vanish when the frame is at rest (i.e., when wy, a)fo and anv are all equal to zero).

If the expressions of w; and a}jf coming from Eq. (16) are introduced into system (25), the following general dynamic model of an n-
DOF spherical mechanism will be obtained

Q= by G+q"Cq +djq + dos; k=1, -, n (27)
with dy = d1;q + dox and

Q=) VMo - Wx = Tk + Qe > Que = ) VirxMoj - Wk — Tk = Y VirxMg i - Wiy k=1,-n
j

J=11 =11 I=v
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b]k Ciik =+ Cink
b= : |5G=] : -~ i |; k=1,-,n (28b)
bnk Cnik  *** Cnnk
T
i =D vpaug, (wfolo.j - [waIOJ} >UJ'f§ k=1,--n (28c)
j=11
dox = Zl/jf_k [m;(G; — 0) x %apy + I + wp0 % (Iojwp)] - W k=1,--.n (28d)
j=11

where T, hereafter named k-th generalized torque, is the contribution to Qi due to the active forces coming from the joints (e.g., those
generated from actuators and friction), Q. is the remaining part of Qi (i.e., Qe = Qx — 7, = ijljlv]f,kM‘f) ;i Wik where Mg ;s the
resultant moment about O of all the loads applied to link j when computed without considering the reaction forces coming from the
joints), and the following definitions have been introduced

by = Zl:l%f,sl/;f,k (Tojuys) - Wks s=1,-,n (292)
j=1,
0(vir st
Cork = Zl/jf,k {Ioj%} Wik s,r=1,--n (29b)
j=11 r

It is worth noting that, since the inertia tensors I for j=1,...,n are all symmetric matrices, (Ipjwy;) - wyx = (Iojuyx) - W, which
makes Eq. (29a) lead to the following property: by = bys.

System (27) is the sought-after general dynamic model which explicitly relates the IPAs’ directions to the dynamic behavior of the
n-DOF spherical mechanism. The constant parameters of this model are the geometric constants of links and joints plus the mass
distribution data of the links. Moreover, regarding the variable parameters, by and Cx depend only on the mechanism configuration (i.
e., on q) through the IPAs’ directions; whereas, d;x and dox depend on the frame motion and on the mechanism configuration and they
vanish when the frame is at rest.

2.3. Solution algorithms

Once the dynamic model of a mechanism has been built many types of problems can be addressed which refer to its design or its
control or simply to its dynamic performance analysis. Nevertheless, only two of them are very often encountered in the majority of
applications: (i) the direct dynamics’ problem (DDP) and (ii) the inverse dynamics’ problem (IDP). The DDP is the determination of the
mechanism motion, that is, in our case, of gi(t) for k=1, ..., n, when the initial motion conditions, that is, in our case, gx(0) and ¢, (0) for
k=1, ..., n, together with the time histories of all the active loads, that is, of Qx(t) for k=1, ..., n, are known. Vice Versa, the IDP is the
determination of the time histories of the generalized torques, that is, in the case under study, of tx(t) for k=1, ..., n, when the time
histories of the generalized coordinates, that is, in our case, qx(t) for k=1, ..., n, and of all the other active loads, that is, in our case, Qy
o(t) for k=1, ..., n, are known.

Eq. (27) when used to solve the IDP generates a linear system of n algebraic equations, whose unknowns are tx(t) for k=1, ..., n,
which is immediately solvable in explicit form as follows

7 =br 4 +q"Ceq + A7 d + dok — Ques k=1,-n (30)

The matrix form of system (30) is

T(t) = B(q)q+C(q,q, t)q+d0(q7t) - Qe(qvt) (31)
where

bi(q) q'Ci(q) +dj,(q,1)

B(q)=| : [;Clqqt)= : (32a)
b;(q) q'Cu(q) +dy,(q, 1)

(Tl(t)) (dm(‘L f)) (Ql.e(q,t))

)= i [:;do(qt)= : ;Q.(q,t) = : (32b)

Tn(t) dOn(q7 t) Qn.e(q7 t)

Conversely, when Eq. (27) is used to solve the DDP, it generates a non-linear system of n differential equations whose unknowns are
the entries of the n-tuple q(t). This ODE system, in general, is solvable only by using numerical techniques.
Both the problems need the same preliminary kinematic analysis that starts from the constant parameters of the model (i.e., the
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geometric constants and the mass distribution data), computes all the variable parameters depending on the mechanism configuration,
that is, on q, and build a database containing the computed values as a function of q. These preliminary computations are imple-
mentable as follows (Fig. 2):

Preliminary Kinematic Analysis (PKA):

PKA.i) for k=1, ..., n, the variation range of gy is discretized, and a n-dimensional grid of q values is generated;

PKA.ii) for each q value of the grid generated in the previous step, the rotation matrices, ij for je{1, ..., 1| j#f}, that transform
vector components measured in Ox;y;z; into vector components measured in Oxzyzs are computed (i.e. the closure equations of the
spherical mechanism are analytically or numerically solved);

PKA.iii) for k=1, ..., n, by exploiting the rotation matrices, ij, determined in the previous step, the coordinates, measured in
Oxgyyzy, of the barycenters Gj for je{1, ..., l | j#f} and the ujsx components, measured in Oxgyyzy, of all the primary IPAs’ of the k-th
single-DOF spherical mechanism are immediately determined as functions of q; successively, the ujzx components, measured in
Oxgyszy, of its secondary IPAs are determined as functions of q by repeatedly using Eq. (9) in a suitable sequence (see [26] for
details);

PKA.iv) by exploiting the ujz unit vectors determined in the previous step, the necessary VCs, vj;, as functions of q are determined
by using the appropriate formula, that is, either Eq. (11) or Eq. (14);

PKA.v) by exploiting the VCs and the uj¢x unit vectors as functions of q, computed in the previous steps, and the mass distribution
data of the links, the variable parameters, by and Cy as function of q are numerically/analytically computed through Eqs. (29a) and
(29D).

The result of these preliminary computations is a database which, for each q value of the n-dimensional grid defined at step (PKA.i),
gives ijz, uj, and G; for je{1, ..., 1 | j#f} together with by and Cx for k=1, ..., n. This database is used to solve the specific dynamics’
problem as explained below.

If the IDP must be solved, the data inputs are the time histories of the generalized coordinates, that is, q(t), of the frame motion, that
is, Ovov(t) and ORf(t), and of the active loads applied to the links, that is, all those involved in the computation of the Q (t) for k=1, ...,
n by using formula (28a), together with the database generated from the PKA. Moreover, the output data are the time histories of the
generalized torques applied by the actuators, that is, t(t) for k=1, ..., n. Such a computation can be implemented as follows (Fig. 3):

Inverse Dynamics’ Problem (IDP) solution algorithm:

IDP.i) for a discretized set of time values, the data inputs q(t), Ovov(t) and 0Rf(t) are used to compute the corresponding values of
q(t), 4(t), ®ag|AB), @p(t) and @yo(t) (remind that @ = OR°R{ and w0 = OR(°R{ — @0y0);

IDP.ii) for each value of q(t) selected in the previous step by discretizing the time interval, the active loads applied to the links
together with the vy and ujrx data coming from the stored PKA database are used to compute the corresponding values of the
Qxe(t) for k=1, ..., n by means of Eq. (28a);

IDP.iii) the results of step (IDP.i) together with the mass distribution data and the vjrx and ujx data coming from the stored PKA
database are used to compute dok(t) and dix(t) for k=1, ..., n, by means of Egs. (28¢) and (28d);

IDP.iv) for each value of q(t) selected at step (IDP.i), all the data computed in the previous steps together with the values of by and
Ci for k=1, ..., n, coming from the stored PKA database are used to compute the corresponding tx(t) for k=1, ..., n, by means of Eq.
(30).

If the DDP must be solved, the data inputs are the time histories of the generalized torques, that is, t4(t) for k=1, ..., n, of the frame
motion, that is, Ovov(t) and ORf(t), and of the active loads applied to the links, that is, all those involved in the computation of the Qy ((t)
for k=1, ..., n by using formula (28a), together with the database generated from the PKA and the initial condition of motion, that is, q
(0) and q(0). Moreover, the output data are the time histories of the generalized coordinates, that is, q(¢). Such a computation can be
implemented as follows (Fig. 4):

Direct Dynamics’ Problem (DDP) solution algorithm:

DDP.i) for a discretized set of time values, the data inputs 0v0|f(t) and 0Rf(t) are used to compute the corresponding values of

%08, @p(t) and @yo(t) (remind that @y = OR°R{ and w0 = "R°R] — @oy0);
DDP.ii) system (31) is rewritten as follows:

d(t) = B (q)[z(t) + Q.(q,t) — C(q,9,)q(t) — do(q, t)] (33

! primary IPAs are those that can be located immediately, through a simple mechanism inspection, when the link poses are known; whereas
secondary IPAs are those that are not primary. The positions of the secondary IPAs can be sequentially determined through known algorithms (see
[26,27], for instance and further Refs.).

2 1t is worth noting that rotation matrices can be efficiently stored by using suitable orientation parameters (e.g., the Euler parameters [34])
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data input:

- mass distribution data
- mechanism geometry
- discretized values

{45 - q,} of q

l J

i=1

R(q;) |solve the closure
equations for q=q;

u[ﬁk(qi)
G(a)
V/f/r(qi)

v
determine IPAs [26] and G|

database

determine VCs

b,(q;
CL:;*determine b, and CJ
K\

Fig. 2. Flow-chart of the PKA algorithm.

DDP.iii) the initial-motion data, q(0) and q(0), and the other input data together with the results of step (DDP.i) and the data
coming from the PKA database are used to start an iterative numerical algorithm that integrates system (33), which is a non-linear
differential system of n equations in q(t), to compute q(t) by using an iterative formula of type

q(ti1) = F(q(t), q(tic1), i1 B tic1) (34

deduced from Eq. (33) (see [35] for details).
3. Results

In this section, the proposed formulation is applied to build the dynamic model of the spherical 5-bar linkage and to solve its IDP
with three different set of active loads: (i) only inertia forces due to mechanism motion with frame at rest, (ii) inertia forces due to
mechanism motion with frame at rest and external loads applied to the links, and (iii) inertia forces due to mechanism motion and to
the motion of the frame.

The spherical 5-bar linkage (Fig. 5) is a 2-DOF single-looped linkage that enters in many applications (see [36-42], for instance). It
consists of five binary links sequentially connected by R pairs whose axes share a common intersection point (point O in Fig. 5), which
is the SMC.

Fig. 5 shows a generic spherical 5-bar linkage represented on the US with the notations of Fig. 1. With reference to Fig. 5, link 1 is
the frame (i.e., f=1). The angles 02; and 65, are the two generalized coordinates q; and g3, respectively, of the mechanism; whereas, the
angle 045 is the joint variable of the R pair connecting links 4 and 5. The two single-DOF mechanisms generated from the two-DOF
mechanism of Fig. 5 are the two spherical 4-bar linkages shown in Fig. 6. In Figs. 5 and 6, the generic IPA;; (IPAj;x) direction, that
is, u;;=Pji— 0 (uj;x=Pjix—0), is indicated by giving the point Pj; (Pjix) on the US. By using this convention, in Fig. 5, all the directions of
the primary IPAs are indicated, that is, uy1, usg, u43, u4s, and us;. Moreover, in Fig. 6a (Fig. 6b), all the directions of the primary IPAs,
that is, upy,1, U321, U431 and ugy,1 (U312, Ug3 2, Uss2 and us; o), are indicated together with the geometric determination of all the
secondary IPAs, that is, 1421 and uz;; (u41,2 and uzs o).

3.1. PKA of the 5-bar linkage
From an analytic point of view, the following relationships hold (see Figs. 5 and 6):

10
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data input:
- mechanism motion: q(7)
- external loads applied
on the links
- PKA database
- frame motion data:
o), R (1)
- mass distribution data
- mechanism geometry
- discretized values
{t, ..., t,} of t

v

i=1

v
| compute (1), (1), (1), (1), *a,, (1)

=)

PKA
=

49 |compute O, (1), dy(t), d,,(t)
Vi as) for k=1,....,n

b,(q)

compute 1,(t,) with Eq. (30)
for k=1,...n

Cy(a)

Fig. 3. Flow-chart of the IDP algorithm.

Us; = U512 = ki =ks;k, =uy = U1 = k;cosay +jlsina1 (35a)
jo = 118in62; + cosOz; (kysina; —j;cosa ); Kz = Uy = uzz; = U312 = Kacosas + j,sinas (35b)
js = i15infs; — j;cos0s1; ks = Uys = U452 = U411 = Kycosas + jssinas (35¢)
ja= sinfus + costss (jscosas — Kssinas ); Wz = Ugzn = g3y = kycosay + j,sinay (35d)
_ (uzl X 1145) X (U32 X u43) X _ (1145 X u43) X (1121 X 1132)
= ;Uz = (35e)
[ (uz1 x was) x (uzs X was) || [ (uss x wg3) x (ug; X ugy) ||
Ussy = (45 X Uy3) X (Us1 X Usz) gy = (32 X Ug3) X (Us1 X Uys) (350)
[| (w45 x wa3) x (us1 x usz) || [| (w32 x wa3) x (us1 x was) ||
U3y - Wy3 = COSA3 (35g)
R=1[§ j K j=2,-,5 (35h)

where i, jj and k; for j=1,...,5 are the unit vectors of the coordinate axes x; yj, and g;, rgspectively, of the Cartesian reference Oxjy;z;
fixed to link j (see Fig. 1); all the vector are measured in Oxgyyzs. Moreover, let Gj(q) and’/G; for j=2,...,5 be the position vectors of the
barycenter G; of link j measured in Oxgyzr and in Ox;y;zj, respectively, the explicit expression of Gj(q) is given by the relationship

Gj(q):ij jGj .

The introduction of the explicit expressions of usy (Eq. (35b)) and ugs (Eq. (35d)) into Eq. (35g) yields the following closure

equation:

11
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' data input:
- generalized torques: 7 (f)
- initial motion conditions:
4(0), 4(0)
- external loads applied
to the links
- PKA database
- frame motion data:
Vo (1), "R(?)
- mass distribution data
- mechanism geometry
- discretized values
{ti ..., ty} of t

v

4,-9(0) )
q,=q(#)=q(0)*+q(0)-7,

| coritpute (1), (1), *a, (1) |

A=k

u,(q) compute O, (1), dy (), d,(t)
v,(q) [for &=1,....n

N

PKA b(q) ‘L -
database Cla) compute q(#,,;) with the

iterative formula (34)

Fig. 4. Flow-chart of the DDP algorithm.

cosaz = Sina,sindy; [cosassinassinds; + sina,(cosfs; Sinfys + cosascosfyssinds; )|+
+ (sina; cosay — cosay sinazcostsy ) [sinay (sinds; Sinfys — cosascosb45c080s1) — COsa4Sinascosds; |+ (36)
+ (cosa; cosa, + sina; sina, cosfs ) (COSa4COSAs — Sina,Sinascosdys)

which, after some algebraic manipulations, becomes

Qg + ;8inf45 + A2¢08045 = 0 37)

where

ap = cosay{sinaz[sinassinf,; sinbs; + cosbs; (sina; cosas + cosa;sinascosds; )] + cosas (cosa; cosas — sina; sinascosfs; )} — cosasz
a; = sinay[sina,sinf,; cosds; + (sina; cosay — cosa; Sina2cosds; )sinds; |
ay = sinas{cosas[sina,sinb,; sinfs; — (sina; cosa, — cosa; Sina,cosb; )coshs; | — (cosa; cosa, + sina; Sina,cosds; )sinas }

(38)

Eq. (37) is solvable in closed form by transforming it into the quadratic equation (ay — a2)s* + 2sa; + (ap + az) = 0, where s=tan
(045/2), through the half-tangent substitutions sinf4s = 2s/(1 + s%) and cosfss = (1—-s2)/(1 + s, and, then, solving the quadratic
equation. This solution procedure yields the following closed form solutions

Si:fal+(71)iva12+a227a02; =12 (39)
(a0 — az)

12
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Fig. 6. Spherical 4-bar linkages generated from the spherical 5-bar linkage of Fig. 5 (the black circular dot denotes the locked R pair): (a) single-DOF
linkage generated by locking g (=6s1) and (b) single-DOF linkage generated by locking q; (=621).

Formula (39) gives the two values of 645, that is, 645 ;=2arctans; for i = 1, 2, corresponding to the two possible assembly modes that
the spherical dyad constituted by links 3 ad 4 has for assigned values of the generalized coordinates 057 and 0s;. The back substitution
of the solving formula 045 ;=2arctans; into the formulas (35b)-(35f) and (35h) provides the explicit expressions of all the necessary IPA
directions and rotation matrices as a function of the generalized coordinates (i.e., of the mechanism configuration). Fig. 7 shows the
values of 045 ; for i = 1, 2 as a function of the generalized coordinates 63; and 65, for the spherical 5-bar geometry reported in Table 1. It
is worth stressing that all the discontinuities that appear in the diagrams of Fig. 7 correspond to jumps that are equal to multiples of 2z
rad, that is, the angle values at the borders of the gap are equal to one another mod(2x) and, as a consequence, no physical jump occurs
in 045.

Once the IPA directions have been determined, Eqs. (11) or (14) allow the determination of the explicit expressions of all the
velocity coefficients vjsx, defined by Eq. (15) and with f=1, j=1,...,5 and k=1,2 that appear in the mechanism’s dynamic model (Eq.
(27) for this case study). In particular, the following relationships hold:

W31 W31 D311 (u31,1 X 1121) - (u3z X uy)

= =——= 40
4 @211 0n (u31‘1 X 1121) : (1132 X u31,1) (402)

V111 = Vs10 = V112 = V212 = 0;”31,1 =

13
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6 6
4 4
= 2 2
£
@
S
2 -2
-4 -4
4
6. [rad] 2 I -6
21 4
6 0_ [rad]
51 (a)
6 6
Hn
4 =i 4
— 2
E : e
[s+]
g =, 0
< 0 b
5~ |
) 2 -2
4 1 “
0 %
6 0 1 2 3 4 5 6

021 [rad]
(b)

Fig. 7. Position analysis solution of the spherical 5-bar linkage with the geometry of Table 1: a) 3D view (left) and top view (right) of the diagram of
045,71 (see Fig. 5 and Eq. (39)) as a function of the generalized coordinates 65; and 653, and b) 3D view (left) and top view (right) of the diagram of
45,2 (see Fig. 5 and Eq. (39)) as a function of the generalized coordinates 62; and 6s;.

Table 1
Geometric and mass distribution data of the links of the spherical five-bar linkage used in the numerical example (jG]- and on,j denote Gj and Io,
respectively, when measured in Ox;y;z; (see Fig. 1)).

j a; [rad] m; [kgl G; (m] o7 [kg m?]
1 /3 - - -

/9 0.5 [2 0 0 ]
0.345536 0 1920725 —0.335117
( 1.959631 ) |10 -0.335117 0.079275 |
3 7n/18 1.75 [7 0 0 ]
1.077128 0 4.420725 —2.529672
( 1. 538298) |10 —2.529672 2.579275 |
4 4n/9 2 [8 0 0 ]
1.183662 0 4.489908 —2.778405
(1 410633) |0 -2778405 3.510002 |
5 /9 0.5 [2 0 0 T
0.345536 0 1920725 —0.335117
(1 959631) |0 —0335117 0.079275 |

@a1 _ Oan _ Oan (45 X Ua1) - (u42,1 X u21)

Vo11 = Us12 = Livgn = - =
4 o 0 (ugs X ugy) - (u42,1 X 1145)

(40b)

W32 _ W32 W32 (u32 X Usy) - (u35,2 X l-151)

4, s 2 O (u32 X Usy) - (1135,2 X u32)

(40¢)

14
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sy =02 Pa2  Oaa (Wg12 X Us1) - (g5 X Us1)
412 =— = =—=
q> Ws1,2 051 (u41‘2 X u51) : (1145 X l141,2)

(40d)
Figs. 8,9, 10 and 11 show the values of ygvl, W0, and ) 4, respectively, where i = 1, 2 refers to the position analysis solution
given by Eq. (39), as a function of the generalized coordinates 021 and s, for the spherical 5-bar geometry reported in Table 1.
Eventually, by exploiting the deduced explicit expressions of the IPA directions and of the VCs, the explicit expressions of b and Cx
for k=1,2 as a function of the generalized coordinates are immediately writable through Eqs. (29a) and (29b), respectively. In
particular, the following relationships hold:

bn by, €11 G121 Ci12  Ci22
b, = by = ;G = ;G = 41
! (bzl 2 bay ! C211 €221 2 Co12  C222 (41)
where
b = ZVJI-IVJLI (IOJujlvl) Uy = (onzugl) “Ug + V31,12(Io,3u31,1) ‘uzy + 1/41_12(1074u45) S Uys (42a)
j=15
b1z = b = Zl’jl,zl/jl,l (IO.jujl.Z) s Wi =V31.2V311 (10,31132) U311 + V4120411 (10,41141,2) < Ugs (42b)
j=15
by = Y vpavpa(lojnz) - up o= (Tosusy) - s + var2® (To.allar2) - War 2 + vs12° (To3Usz) - Use (42¢)
j=15
I a(l/'l 11 1)_ [ 3(1/31 1U31 1)} 6(1/41 11145)_
Ci11 = U [_.# “Wig =31 |Tos——i—l | gy U Ips—— ) (42d)
111 j;,s /j1,1 i 0, 90 1,1 31,1 i 03 30 31,1 1.1 |1oa 30 45
[ 0(1/'1 111'11)_ [ 6(”31 1U31 1)} 5(1/41 11145)_
C121 = Vi |To =2 o = vara |Tos————2 | cUg1q + vara | Toa———2| -1 (42e)
121 j;,s i1 | Lo 90, 1,1 31,1 i 03 90, 31,1 41,1 | o4 90, 45
_ B(Djl 2Uj; 2)_ [ 6(1/31 2u32)} r 6(1/41 ey 2)_
Co11 = Vi |Toj———=—=| - up1 =vs11|log——=—=| - Ws11 + Va1 |[Ioa————| - u (42f)
211 j:zl;s i1 Lo 30 1,1 31,1 i 03 30 31,1 41,1 i 04 30 45
I 3(1/‘1 2Uj1 2)_ I 3(1/31 21132)} I 5(1/41 2Ug) 2)_
Copy = Vi1 | Ipim222 22 ) g = Ips——="""/| .Uy 1 + v Ips— =202 (42g)
221 j;,:s /j1,1 i 0, 90, 1,1 31,1 i 03 90, 31,1 411 | 04 90, 45 g
[ a(l/'l 11 1)_ [ 3(1/31 1U31 1)} I 3(1/41 11145)
iz =Y vna|loj L cwj 0 = vay o | Tps———| - Usy + Va1 2 |Toa——a—L| -1 (42h)
112 j;,s /j1,2 i 0, 303, 1,2 31,2 i 03 903, 32 t+ V412 | 04 903, 41,2
11
0.4
1
0.5
1
0.6
0.8
v &z
= 0.6
0.8
0.4
0.9 6
1 4 6
0, [rad] 2 0. [rad] 4
ral
51 2 4 11 51 0,, [rad]
0 o 021 [rad] 0 o

(a) (b)

Fig. 8. Diagrams of 1/(31'{‘1 fori =1 (a) and i = 2 (b), where i = 1, 2 refers to the position analysis solution given by Eq. (39), as a function of the
generalized coordinates 02; and 0s; for the spherical 5-bar geometry reported in Table 1.
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Fig. 9. Diagrams of ygiwz fori =1 (a) and i = 2 (b), where i = 1, 2 refers to the position analysis solution given by Eq. (39), as a function of the
generalized coordinates 0»; and 0s; for the spherical 5-bar geometry reported in Table 1.

0.4 o
y
. " 0.2
l;;;l'{:;:
Vi s
/1 e S
"W;;Z';’;:::’:’:’o’o = ‘o .
7L (755025
““"""0’0":‘ "’:’"’;"’l’llflf’ -0.2 ad -0.2
AN l'%g;;l . 8
4 0.5
0.4 e oa
-0.6 1 ok
o ° 0.8
4 6
4
1 051 [rad] . 4
0 o 21

(a) (b)

Fig. 10. Diagrams of ”53,1 fori=1 (a) and i = 2 (b), where i = 1, 2 refers to the position analysis solution given by Eq. (39), as a function of the
generalized coordinates #2; and 6s; for the spherical 5-bar geometry reported in Table 1.

) -0.4
Sl — = 05
1 0.9 R SRR S ’
o3 - 06
g = o
“08 08 N
07
0.6 07
08
0.4 0o
09
6 0.5
6
4 1
0.4

95 ! [rad]

(a)

Fig. 11. Diagrams of yﬂ_z fori =1 (a) and i = 2 (b), where i = 1, 2 refers to the position analysis solution given by Eq. (39), as a function of the
generalized coordinates 0»; and 0s; for the spherical 5-bar geometry reported in Table 1.
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0(Va11U4s) ] .
,4(4%5145) - Ugp 2 (421)
0(va1 21 il .
%ﬂ‘m) s 2j)
0(1/41.21141.2)_

BT Ug12 (42k)

When explicit formulas are available, they replace the PKA database during the solution of the dynamics’ problems. Therefore, all
the above-deduced explicit formulas will play the role of the PKA database in the following part of this section.

3.2. IDP solution of the 5-bar linkage

The introduction of the above-deduced formulas into Eq. (30) provides the following dynamic model of the spherical 5-bar linkage

T\ _ b{ - (621 65)C1+ dfl 01 dox Q.
n) " w [\ fa ) 0w ¢ 1 1\t ) " \de) " @ 43)
2 b, st (621 051)C2+dyy 51 02 2e
where
Qe = ZijlMer Uy = MY, Ugy + v 1 MG 5 - Usi 4 Ve MG, - Was (442)
=15
Qe = Z”jLZMZJ' ‘Ui = Uz oMG 5 - Usy + y41‘2M(e),4 Uy + M - U (44b)
=15
_ T
dj, =uj, <(171010,2 - {511010,2} ) [uy O]+
T
+”31v1u§1,1 (‘7710103* {51010,3} ) [V31,1u31,1 1/31.21132]Jr
T T
~ - r [~ =
dfk = Z”flku}i,k (wloloj— |:0)1010_j:| ) [le,lujl.l Ujl.zujl_z} L +la1Uys (0)1010_4 |:w1010_4:| ) [1/41‘1u45 1/41_2“41_2}
j=25 =
T
Wlth k: 1,2 dfz :I/31,2u§2 (61010_3 - |:5)1010_3:| ) [1/31‘11131.1 y31_2u32} +
+”41,2u§1,2 (6’1010.4 - [071010,4] T) [V41.1 Uys 1/41,21141,2] +
~ ~ T
L +ug, <wlolo.s — [@10105) ) [0 us]
(44c¢)
dox = Zl/jl_k [m-j (Gj - O) X oaou + Io_j(blo + Wi X (IO,jmlo)] Wk
j=25
with k=1,2
dp = [mz(Gz —0) x 030\1 + 102010 + W10 X (10,20)10)] CUgp
+ VU311 [mB(G3 — O) X an\l + Io,3a'110 + w0 X (10‘3(010)] “Uspq+
+ Va11 [m4(G4 —0) x anu + Ip4@10 + @10 X (10_40)10)} s
=> dos = U312 [mg(G3 —0) x an\l + Ip3@10 + @10 X (10.3(010)] Ugat (44d)

+ var2[Ma(Gs — O) x ®agn + Ioa®10 + 010 X (Toaw1o)] - War2+

+ [ms(Gs —0) x Oa0\1 +Iosw10 + @10 X (10,50)10) ‘- Usg

By using the mass-distribution data reported in Table 1 and the mechanism motion data reported in Table 2 for the generalized
coordinates, 61 and 651, the above deduced model (Eq. 43) leads to compute the time histories of the generalized torques r(li) and T(zi),

where i =1, 2 refers to the position analysis solution given by Eq. (39), shown in Fi
equilibrate only the inertia forces due to the mechanism with fixed frame.

g. 12. In this case, the computed generalized torques

Moreover, by considering, during the mechanism motion, also the application to the links of the resultant moments, Mg, for j=2, 3,
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4, 5, reported in Table 3, the time histories of the generalized torques Tgi) and r(zi) shown in Fig. 13 are obtained. In this second case, the
computed generalized torques equilibrate the inertia forces due to the mechanism motion with fixed frame and the external loads of
Table 3.

Eventually, without external loads on the links, the combination of the mechanism motion and of the frame motion reported in

Table 2 leads to compute the time histories of the generalized torques r(li) and T(zi) shown in Fig. 14. In this third case, the computed
generalized torques equilibrate the inertia forces due to the mechanism motion and to the frame motion, both reported in Table 2.

In Figs. 12, 13 and 14, the shown curves are cubic spline interpolations of 63 computed values of the generalized torques that are
uniformly spaced in the time interval [0 2n] s, which covers one full cycle of oscillation of 62; and 0s; (see Table 2).

4. Discussion

Matrix B(q) that appears in Eq. (31) is clearly the generalized inertia matrix [34] of the n-DOF spherical mechanism written through
the IPA directions. In particular, the generic entry, by, with s, k =1, ..., n, of B(q) is expressible (see Eq. (29a)) by summing up terms
that are quadratic in the VCs, vj;r, and in the components of the unit vectors, uj;, parallel to the IPAs, both referred to the single-DOF
mechanisms generated from the n-DOF one. Also, it is worth stressing that the k-th diagonal entry, by, coincides with the equivalent
moment of inertia [28] of the k-th single-DOF spherical mechanism. Thus, the found expression of B(q) is interpretable as an extension
to spherical multi-DOF mechanisms of the one found by Eksergian [43] for the equivalent moment of inertia of single-DOF mecha-
nisms. This novel expression of B(q), which analytically relates the multi-DOF mechanism to the single-DOF ones it generates, is
particularly useful to guide designers in deciding how to intervene for satisfying design requirements on the mechanism dynamics.
Analogous considerations hold for the matrices Ci (see Egs. (30) and (28b)) and their entries, cq.x (Eq. (29b)).

The case study, illustrated in section 3, visually highlights that the PKA computations must not be repeated when the motion data
and/or the external load data change. Indeed, the diagrams of Figs. 7—11 are the same for the three dynamic analyses reported in
section 3.2. As a consequence, if the mechanism geometry does not change the computation burden is consistently reduced, which
makes the proposed formulation usable even in online control applications. In particular, the same diagrams provide an example of
how the PKA database could be built.

In the case study, the PKA database has been replaced by the analytic relationships. When such relationships are available, this is
always possible; nevertheless, if such expressions are cumbersome, the convenience of using them instead of a database must be
carefully evaluated especially in online control applications. For instance, in the case study of Section 3, this author exploited the
symbolic calculus as implemented in the “Symbolic Math Toolbox’ of Matlab; this approach was easy to implement (it was sufficient to
type the formulas reported in Section 3 inside a Matlab script) and guaranteed the correctness of the deduced formulas, which could be
even not displayed, but brought to define a number of nested “anonymous function handles” (see the online “Matlab tutorial” (https://it.
mathworks.com/help/matlab/matlab_prog/anonymous-functions.html) for the definition) that made the numerical computation
inefficient.

An average data-retrieving time is 10~’s (which is a realistic value for the storage devices available today) to get one value in
double-precision floating-point format (64bit) from the PKA database. Consequently, retrieving all the entries of the nxn matrices B
and Cy, k=1, ..., n, for an assigned q value (i.e., mechanism configuration) would require n%(1 + n)x1077 s. In addition, retrieving all
the other data necessary to compute the remaining terms appearing in the k-th Eq. (30) would require I(4n + 3)x10~” s. Moreover, in
the k-th Eq. (30), the computation of the first two terms (i.e., b,f G+ q7Ckq) requires n(2 + n) multiplications and n? additions. The
computation of Qi . requires 4l multiplications and 2I additions. The computation of the third term (i.e., lekq) requires n+I(4n + 36)
multiplications and I(25 + 2n)—1 additions and, finally, the computation of the fourth term (i.e., dox) requires 43I multiplications and
291-1 additions. Therefore, computing 7 through Eq. (30) requires n(3 + n)+1(4n + 83) multiplications and n® + 2[1(28 + n)-1]
additions, which yields a total of n(3 + 2n)+1(6n + 139)—2 FLOP (FLoating-point OPerations). An old Pentium 4 with a 1.3 GHz of clock
rate, which is dated back on 2000, is able to execute 2x1.3x10° FLOP/s. With this computation rate, all the 7 are computable in {l[n(3
+ 2n)+l(6n + 139)—21/260+[ n*(1 + n)+ I(4n + 3)]}x10~7 s, which, for the case study of section 3 with n=2 and I=5, yields
8.17x107° s. Since real-time control requires computation times of few milliseconds, this value confirms that the proposed algorithm
is applicable in online control applications.

In real-time control the adopted algorithm, over being fast enough, must be able to provide sufficient pieces of information to the
control system for avoiding the occurrence of singular configurations [25,32] during the online path planning. Singular configurations
(singularities) are configurations where the mechanism locally either acquires additional infinitesimal DOFs (uncertainty configu-
rations), or reduces its infinitesimal DOFs (stationary configurations). Such configurations [25,32] must be avoided during the
mechanism operation since they make critical static and kinematic conditions arise that could also cause the breakdown of the

Table 2
Motion data of the generalized coordinates, 62; and 6s;, and of the frame (t is the time; the vector components of ;¢ and an‘l are
measured in Ox1y121).

021(0) [rad] 051(0) [rad] @10() [rad/s] Caon(® [m/s’]

sint sint 1 0
0 |sin(10t) 0 | cos(5t)
0 1
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Fig. 12. Computed time histories of the generalized torques rf) and r(zi> fori =1 (a) and i = 2 (b), where i = 1, 2 refers to the position analysis
solution given by Eq. (39), in the case of mechanism motion with fixed frame detailed in Table 2 through 605 (t) and 0s,(t) (the shown curves are

cubic splin

machine.

e interpolations of 63 computed values of the generalized torques that are uniformly spaced in the time interval [0 2x] s).

Table 3
Active-load data used to compute the generalized torques shown in Fig. 13 (the vector components are all measured in the

reference system fixed to the link they are applied to).

Mg, [N m] Mp 5 [N m] Mg, [Nm] M s [N m]
0 0 0 0
0.5 1 4 0.5
0.5 3 1 0.5

The proposed formulation uses VCs and VCs are a primary tool for revealing the occurrence of singularities [25,32];

consequently, it is able to provide all the necessary pieces of information to the control system for avoiding singularities. In particular,
VCs are mapped during the PKA (see Figs. 2,8-11) and these mappings allow the identification of all the joint-space’s regions that are

too close
always w

to singularities. During design, these VC mappings can be used either to define the control algorithm so that the machine
orks in safe regions of its workspace or to modify the machine geometry to get better VC mappings that do not contain

singularities in the workspace regions where the machine must work according to the design requirements.
Any phenomenon (e.g., clearances and/or friction in the joints, link flexibility, etc.) that can be modelled either by modifying the

mechanis

m type or by applying forces (even depending on the mechanism configuration) or by implementing both the previous actions

can be modelled into the proposed formulation provided that, when the mechanism type is modified, it remains a spherical
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Fig. 13. Computed time histories of the generalized torques T(li) and 7, fori =1 (a) and i = 2 (b), where i = 1, 2 refers to the position analysis
solution given by Eq. (39), in the case of mechanism motion with fixed frame as detailed in Table 2 through 65,(t) and 60s,(t) and external loads
applied to the link as detailed in Table 3 (the shown curves are cubic spline interpolations of 63 computed values of the generalized torques that are
uniformly spaced in the time interval [0 2x] s).

mechanism. In particular, the mechanism changes both in geometry and in type generate a new equation system (Eq. (27)); whereas,
the new force elements just enter into the computation of the terms Qy, for k=1, ..., n, (Eq. (28a)). In short, the only limitation on the
introduction of non-idealities in the links and in the joints is that they must keep the motion spherical. Such a limitation is not so tight
since it is similar to the one that planar dynamics formulations must satisfy.

In the literature, most of the dynamic models proposed for spherical mechanisms [17-20,44-50] either focus on specific spherical
architectures [17,19,45,46,49] or address specific issues (e.g., accuracy [20], control [48]) by using different dynamics’ formulations
(Newton-Euler formulation [19], Lagrangian formulation [44,46], Gibbs-Appell method [18], Virtual Work principle [48,49], Screw
theory [50], etc.). Only few works propose general formulations [18,44,50] for multi-DOF spherical mechanisms’ dynamics. These
works mainly adapt models conceived for spatial mechanisms to spherical ones and never take into account a possible frame motion.
Differently, the general formulation presented here highlights specific features of spherical dynamics such as the connection between
the IPA locations and the dynamic performances and how the dynamics of a multi-DOF spherical mechanism is related to those of the
single-DOF mechanisms it generates. Also, it is able to take into account a general motion of the frame. These specific features make the
proposed formulation more suitable than others to support designers in their choices when they have to match dynamic requirements.
Eventually, the deduction of the proposed dynamic model has brought to write the explicit expression of the generalized inertia matrix
as a function of the VCs. Such an explicit expression, which is a general form applicable to multi-DOF spherical mechanisms of the one
found by Eksergian [43] for single-DOF mechanisms, is presented for the first time.
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Fig. 14. Computed time histories of the generalized torques r(li) and r(zi) fori =1 (a) and i = 2 (b), where i = 1, 2 refers to the position analysis
solution given by Eq. (39), in the case of mechanism and frame motion as detailed in Table 2 through 651 (t), 651(t), ®10(t) and °a0|1(t) (the shown
curves are cubic spline interpolations of 63 computed values of the generalized torques that are uniformly spaced in the time interval [0 2x] s).

5. Conclusions

Starting from the D’ Alembert’s principle and the relationships between the instantaneous pole axes (IPAs) of a multi-DOF spherical
mechanism and the IPAs of the single-DOF spherical mechanisms it generates, a novel general dynamic model for multi-DOF spherical
mechanisms has been deduced. This model fully highlights the role played by the instantaneous pole axes (IPAs) locations in the
dynamic performances of these mechanisms and it is more prone than others to support designers that have to match specific
requirement on such performances. Moreover, it can take into account also a possible motion of the frame.

In particular, the velocity coefficients (VCs) of the single-DOF spherical mechanisms generated from the multi-DOF one by locking
all the generalized coordinates but one have been expressed through unit vectors parallel to the IPAs and, then, used to write all the
terms appearing in D’Alembert’s principle. How to use the deduced model in the solution of the inverse and the direct dynamics
problems has been detailed through ad hoc algorithms that need a common preliminary kinematic analysis, which can be done only
once if the mechanism geometry does not change. This feature makes the proposed algorithms fast enough for them to be used in real-
time applications.

The deduction of the model has brought to write the explicit expression of the generalized inertia matrix as a function of the VCs of
the single-DOF spherical mechanisms generated from the multi-DOF one. Such an explicit expression, which is a general form
applicable to multi-DOF spherical mechanisms of the one found by Eksergian for single-DOF mechanisms, is presented for the first
time.

Eventually, a relevant case study has been addressed through the proposed novel formulation to show its effectiveness in solving a
real dynamic problem.
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