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A B S T R A C T

Spherical mechanisms have the peculiarity that a point (spherical motion center (SMC)) is at rest 
with respect to all the links. This feature makes the links perform only rotations around axes 
(instantaneous pole axes (IPAs)) passing through the SMC. IPAs’ locations fully describe their 
instantaneous kinematics and, in single-DOF mechanisms, uniquely depend on the mechanism 
configuration. In multi-DOF spherical mechanisms, IPAs’ locations are determinable by consid
ering the single-DOF mechanisms generated from the multi-DOF ones by locking all the actuated 
joints but one. Exhaustive analytic/geometric techniques that determine all the IPAs’ locations of 
single-DOF spherical mechanisms by using only their configuration data are present in the 
literature. Here, a dynamic model of multi-DOF spherical mechanisms, which is general and 
strictly relates dynamic behavior and IPAs’ locations, is deduced by exploiting these results. This 
novel model can consider also possible frame motions. The proposed formulation lends itself 
better than others to satisfy dynamic requirements during mechanism design. Eventually, a 
relevant case study illustrates its effectiveness.

1. Introduction

Spherical mechanisms are, by definition, those where all the links perform only instantaneous rotations around axes (Instantaneous 
Pole Axes (IPAs)) that pass through a point (spherical motion center (SMC)), which is shared by all the links [1]. Consequently, the 
SMC is a point at rest with respect to all the links, and the links can change only their relative orientation. Such a motion type (spherical 
motion) enters in many applications (see [2–12], for instance) where orientating a rigid body is the task to accomplish and an ample 
literature (see [1,10–24], for instance) addresses kinematic and/or dynamic problems of spherical mechanisms.

IPAs’ locations, which are uniquely determined by their directions, fully describe instantaneous kinematics of spherical mecha
nisms [25]. In single-degree-of-freedom (single-DOF) spherical mechanisms, they uniquely depend on the mechanism configuration 
[26]. Differently, in multi-DOF spherical mechanisms, IPAs’ directions are determinable by considering the single-DOF mechanisms 
generated from the multi-DOF one by locking all the actuated joints but one [25]. Exhaustive analytic and geometric techniques that 
determine all the IPAs’ directions of single-DOF spherical mechanisms by using only their configuration data are present in the 
literature (see [26,27], for instance).

Due to the duality between instantaneous kinematics and statics, which the virtual work principle states, the IPAs’ directions affect 
the dynamic behavior of spherical mechanisms. Thus, building a dynamic model that fully highlights their influence on the dynamic 
behavior is of interest during mechanism design to impose specific design requirements. For single-DOF spherical mechanisms, the 
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Nomenclature

DOF degree of freedom
SMC spherical motion center
US unit sphere
VC velocity coefficient
VCV velocity coefficient vector
ACJ acceleration coefficient Jacobian
IPAji instantaneous pole axis of the relative motion of link j with respect to link i in the multi-DOF spherical mechanism
q (=(q1, …, qn)T) n-tuple collecting the n generalized coordinates, qk for k=1, …, n, of an n-DOF spherical mechanism
ivP|j velocity of point P, fixed to link j, when observed (measured) from link i
iaP|j acceleration of point P, fixed to link j, when observed (measured) from link i
IPAji,k instantaneous pole axis of the relative motion of link j with respect to link i in the single-DOF spherical mechanism 

generated from a multi-DOF spherical mechanism by locking all the generalized coordinates but the k-th, named qk
uji unit vector parallel to IPAji
Pji intersection point of IPAji with the US which the unit vector uji points toward (Fig. 1)
uji,k unit vector parallel to IPAji,k
Pji,k intersection point of IPAji,k with the US which the unit vector uji,k points toward

νζ/q (= ∇q(ζ) =

(
∂ζ

∂q1
,⋯, ∂ζ

∂qn

)T
=

(
νζ/q,1,⋯, νζ/q,n

)T) n-dimensional vector denoting the VCV with respect to q of the 

motion variable ζ = ζ(q1,…,qn)

Λζ/q (= Hq(ζ) =

[
∂ νζ/q
∂q1

,⋯,
∂ νζ/q
∂qn

]

=
[
λζ/q,ji

]
) the n×n symmetric matrix denoting the ACJ with respect to q of the motion 

variable ζ = ζ(q1,…,qn)

ωjiuji (=ωji) angular velocity of the relative motion of link j with respect to link i in the multi-DOF spherical mechanism; ωji is 
its signed magnitude

ωji,kuji,k (=ωji,k) angular velocity of the relative motion of link j with respect to link i in the single-DOF spherical mechanism 
generated from the multi-DOF spherical mechanism by locking all the generalized coordinates but the k-th, named qk; 
ωji,k is its signed magnitude

νji,k (νji,k =
ωji,k
q̇k

) VC of the k-th single-DOF mechanism (i.e., the single-DOF spherical mechanism generated from the multi- 
DOF spherical mechanism by locking all the generalized coordinates but the k-th, named qk);

Uji (=
[

νji,1uji,1 ⋯ νji,nuji,n
]
) 3×n matrix involved in Eq. (16) to write ωji = Ujiq̇

Oxjyjzj Cartesian reference, fixed to link j, that has the origin, O, coincident with the SMC and the yjzj-coordinate plane 
coincident with the plane that contains the great circle that locates the pose of link j on the US (see Fig. 1)

iRj rotation matrix that transforms vector components measured in Oxjyjzj into vector components measured in Oxiyizi
αj central angle subtended by the great circle arc of US that is fixed to link j
( ⋅ )|(

∀i∕=k
q̇i=0

) kinematic quantity ( ⋅ ) computed in the case in which all the generalized coordinates are locked but the k-th one 

(which coincides with the ( ⋅ ) computed in the single-DOF mechanism generated from the multi-DOF one by locking 
all the generalized coordinates but qk)

( ⋅ )x,v virtual value of the instantaneous kinematics’ quantity ( ⋅ )x, that is, value of ( ⋅ )x computed by considering the 
mechanism frame “frozen” at a given time instant

mj mass of link j
Gj barycenter of link j
jGj position vector of the barycenter of link j measured in Oxjyjzj

IO,j inertia tensor of link j about point O
jIO,j inertia tensor of link j about point O measured in Oxjyjzj

I(O,ujf) (= ujf ⋅
(
IO,jujf

)
) inertia moment of link j with respect to the line IPAjf , which, in the front subscript, is indicated by 

giving, in the form 
(
O,ujf

)
, a point (i.e., O) of the line IPAjf and a unit vector (i.e., ujf) parallel to IPAjf

Fj resultant force of the system of forces applied to link j
MO,j resultant moment about O of the system of forces applied to link j
Me

O,j resultant moment about O of all the loads applied to link j when computed without considering the reaction forces 
coming from the joints

Qk k-th generalized force with k=1, …, n, defined by Eq. (28a)
Qk,e contribution to the k-th generalized force Qk due to the active loads (external loads) applied to the links and not 

coming from the joints as constraint reactions
τk (=Qk− Qk,e) contribution to the k-th generalized force Qk due to the active loads (internal loads) exchanged among the 
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author developed such a model in a previous paper [28] by exploiting Eksergian’s equation, which is specific of single-DOF mecha
nisms. For multi-DOF spherical mechanisms, developing such a model requires a different approach and has not been presented yet. 
D’Alembert principle seems suitable to build such a model for multi-DOF spherical mechanisms. In particular, it comes from virtual 
work principle and the virtual displacements [29] appearing in it are those admitted when the constraints are “frozen” at a given 
instant of time (i.e., the ones admissible with stationary frame). Therefore, a dynamic model built through it can take into account even 
the case of mobile frame and, when applied to single-DOF mechanisms, it would extend the formulation presented in [28] that holds 
only for stationary frame.

Here, the peculiarities of spherical mechanisms, the previous results on the IPAs and D’Alembert’s principle are exploited to build a 
novel dynamic model of multi-DOF spherical mechanisms that directly and in explicit form relates the IPAs’ directions and the dy
namic behavior of such mechanisms. The proposed model can take into account a possible frame motion and lends itself to satisfy 
dynamic requirements during mechanism design. Its effectiveness is also illustrated by applying it to one relevant case study.

The paper is organized as follows. Section 2 provides the necessary background concepts, define the adopted notations and deduces 
the model. Then, section 3 applies the proposed formulation to one case study and section 4 discusses the obtained results. Eventually, 
section 5 draws the conclusions.

2. Materials and Methods

Revolute (R) pairs and rolling (Cr) or slipping (Cs) contacts are the only kinematic pairs that are present in spherical mechanisms. 
These three kinematic pairs generate only holonomic and time-independent (scleronomic) constraints when only spherical motion is 
possible. Consequently, in spherical mechanisms, the constraint system is always holonomic and only a mobile frame can generate a 
possible time-dependent (rheonomic) constraint. However, even in the case of a mobile frame, the relative motions between couples of 
links is time-independent, that is, the constraints between links remain scleronomic.

In an n-DOF mechanical system with holonomic and time-independent constraints, any motion variable, say ζ, is expressible either 
explicitly (by solving the constraint equation system) or implicitly (by the constraint equation system) as a function of the n-tuple, say 
q=(q1, …,qn)T, that collects the n independent motion variables chosen as generalized coordinates of the system, that is, the following 
relationship holds 

ζ = ζ(q1,…, qn) (1) 

which yields 

ζ̇ =
∑

k=1,n

∂ζ
∂qk

q̇k = q̇T νζ/q (2a) 

ζ̈ =
∑

k=1,n

∂ζ
∂qk

q̈k +
∑

k=1,n
r=1,n

∂2ζ
∂qk∂qr

q̇kq̇r = q̈T νζ/q + q̇TΛζ/q q̇ (2b) 

where the n-dimensional vectorνζ/q (=
(
νζ/q,1,⋯, νζ/q,n

)T) and the n×n symmetric matrix Λζ/q (=
[
λζ/q,ji

]
) are the velocity-coefficient 

vector (VCV) and the acceleration-coefficient Jacobian (ACJ) [30] with respect to q of the motion variable ζ, respectively, and are defined 
as follows (∇q( ⋅ ) and Hq( ⋅ ) denote the gradient and the Hessian with respect to q of the scalar function ( ⋅ ), respectively) 

νζ/q = ∇q(ζ) =
(

∂ζ
∂q1

,⋯,
∂ζ
∂qn

)T

(3a) 

Λζ/q = Hq(ζ) =
[

∂ νζ/q

∂q1
,⋯,

∂ νζ/q

∂qn

]

(3b) 

The vectorνζ/q and the matrix Λζ/q depend only on the mechanism configuration (i.e., on q) and the k-th component νζ/q,k 

(

= ∂ζ
∂qk

)

links inside the joints as active or passive constraint reactions
Qe (=

(
Q1,e⋯Qn,e

)T) n-tuple collecting all the Qk,e for k=1, …, n
τ (= (τ1⋯τn)

T) n-tuple collecting all the generalized torques τk for k=1, …, n
d0k scalar coefficient defined by Eq. (28d)
d0 (= (d01⋯d0n)

T) n-tuple collecting all the scalar coefficients d0k for k=1, …, n
d1k n-tuple defined by Eq. (28c)
bk (= (b1k⋯bnk)

T) n-tuple whose entries, bsk for s = 1, …, n, are defined by Eq. (29a)
B n×n matrix defined by Eq. (32a)
Ck (=[csrk]) n×n matrix whose generic sr entry, csrk with s, r = 1, …, n, is defined by Eq. (29b)
C n×n matrix defined by Eq. (32a)
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of νζ/q is equal to the ratio, hereafter denoted ζ̇
q̇k
|(

∀i∕=k
q̇i=0

), between ζ̇ and q̇k in the case in which all the generalized coordinates are locked 

but the k-th one (see Eq. (2a)). Such a ratio coincides with the velocity coefficient (ζ̇ /q̇k) [31] of the single-DOF mechanism generated 
from the multi-DOF one by locking all the generalized coordinates but qk. Hereafter, for the sake of brevity, this single-DOF mechanism 
will be referred to as “k-th single-DOF mechanism” and a generic kinematic parameter (⋅)xy of the multi-DOF mechanism will be denoted 
(⋅)xy,k when evaluated in the k-th single-DOF mechanism.

In single-DOF spherical mechanisms, all the velocity coefficients uniquely depend on the mechanism configuration and are 
explicitly expressible as a function of the IPAs’ directions [25,28,32] through simple formulas that will be recalled in the next 
sub-section. Therefore, the VCVs of multi-DOF spherical mechanisms are explicitly expressible as functions of the IPA directions of the 
single-DOF mechanisms generated from it.

Virtual displacements/velocities of spherical mechanisms with mobile frame can be computed through the above reported re
lationships. Indeed, in the case of holonomic and time-dependent (rheonomic) constraints any motion variable, say ζij, is explicitly or 
implicitly expressible as follows (t is the time) 

ζij = ζij(q1,…, qn, t) (4) 

Consequently, since virtual displacements/velocities are, by definition [29], displacements/velocities computed by considering the 
constraints “frozen” at a given instant of time, the following relationships hold for the actual rate, ζ̇ij, and the virtual rate, ζ̇ij,v, of ζij: 

ζ̇ij =
∑

k=1,n

∂ζij

∂qk
q̇k +

∂ζij

∂t

ζ̇ij,v = ζ̇ij −
∂ζij

∂t
=

∑

k=1,n

∂ζij

∂qk
q̇k

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

⇒
∂ζij

∂qk
=

ζ̇ij,v

q̇k

⃒
⃒
⃒
⃒
(

∀i∕=k
q̇i=0

) (5) 

Hereafter, ( ⋅ )x,v will denote the virtual value of the instantaneous kinematics’ quantity ( ⋅ )x, that is, the value of ( ⋅ )x computed by 
considering the mechanism frame “frozen” at a given time instant.

2.1. Background

With reference to the relative motion of link i with respect to link j (hereafter named “relative motion ij”), let IPAij (IPAij,k), uij (uij,k) 
and ωij (ωij,k) denote respectively its IPA, a unit vector parallel to its IPA and the signed magnitude of its angular velocity ωij (ωij,k), with 
positive sign so defined that ωij=ωijuij (ωij,k=ωij,kuij,k), in the multi-DOF spherical mechanism (in the k-th single-DOF spherical 
mechanism). The relative motion theorems [33] make the following relationships hold for these kinematic quantities 

IPAji = IPAij;uji = uij;ωji = − ωij (6a) 

IPAji,k = IPAij,k;uji,k = uij,k;ωji,k = − ωij,k (6b) 

Since Eqs. (6) are simple and direct to use, hereafter, when counting the relative motions between links the relative motions ij and ji 
will be considered two different representations of the same relative motion and will be counted only once.

In a system of three links, say links i, j and p, only the three relative motions ji, jp and pi, are possible and the relative motion 
theorems [33] relate their angular velocities (i.e., ωji, ωjp, and ωpi) through the relationship 

ωjiuji = ωjpujp + ωpiupi (7) 

Eq. (7), in the case of spherical motion, demonstrates the Aronhold-Kennedy (A-K) theorem [1], which states: “If the three links i, j, 
and p perform an instantaneous spherical motion with the same SMC, then IPAji, IPAjp, and IPApi must lie on the same plane passing through the 
SMC”. Indeed, Eq. (7) when dot multiplied by ujp × upi, immediately yields the analytic expression of this coplanarity, that is: 

uji ⋅
(
ujp ×upi

)
= 0 (8) 

The A-K theorem is an operative tool for determining the unknown directions of IPAs [26]. Indeed, in a system of four links, say 
links i, j, p and r, if the directions of IPAjp, IPAip, IPAjr, and IPAir are known, the fact that IPAji must simultaneously lie on the plane 
which IPAjp and IPAip lie on (i.e., the one passing through the SMC and perpendicular to ujp × upi) and on the plane which IPAjr and IPAir 
lie on (i.e., the one passing through the SMC and perpendicular to ujr × uri) leads to the conclusion that IPAji must be the intersection 
line shared by these two planes and that its direction is computable with the following simple formula: 

uji =

(
ujp × upi

)
×
(
ujr × uri

)

‖
(
ujp × upi

)
×
(
ujr × uri

)
‖

(9) 

In single-DOF spherical mechanisms, since all the links can only perform instantaneous rotations, the velocity coefficients (VCs) are 
always reducible to ratios between signed magnitudes of angular velocities of two particular relative motions: one for the signed 
magnitude at the VC numerator and the other for the signed magnitude of the VC denominator. As a consequence, only two types of 
VCs are possible: (i) the VCs in which the two signed magnitudes of angular velocities appearing in them share a common index in their 
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front subscripts, which are referable to a system of three bodies, say links i, j and p, and (ii) the VCs in which the two signed magnitudes 
of angular velocities appearing in them do not share any index in their front subscripts, which are referable to a system of four bodies, 
say links i, j, p and r. With reference to the k-th single-DOF spherical mechanism, the general explicit expressions of the VC as a function 
of the IPAs’ directions are deducible as follows in the two cases.

In case (i), there are only three relative motions (i.e., ji, jp and pi) among three bodies, but only two are independent. Indeed, they 
are related by Eq. (7), which, with the notations of the k-th single-DOF mechanism, becomes ωji,kuji,k = ωjp,kujp,k + ωpi,kupi,k. The dot 
product of Eq. (7) by uji,k ×

(
ujp,k ×upi,k

)
gives (remind that ωpi,k = − ωip,k) 

ωjp,k
{
ujp,k ⋅

[
uji,k ×

(
ujp,k ×upi,k

)]}
= ωip,k

{
upi,k ⋅

[
uji,k ×

(
ujp,k ×upi,k

)]}
(10) 

which immediately provides the following general expression of the three bodies’ VC as a function of the IPAs’ directions (here the 
shared index is p) 

ωjp,k

ωip,k
=

upi,k ⋅
[
uji,k ×

(
ujp,k × upi,k

)]

ujp,k ⋅
[
uji,k ×

(
ujp,k × upi,k

)] ≡

(
ujp,k × upi,k

)
⋅
(
uji,k × upi,k

)

(
ujp,k × upi,k

)
⋅
(
uji,k × ujp,k

) (11) 

In case (ii), only six relative motions are possible among four bodies (i.e., the relative motions ji, jp, pi, ri, jr, and pr), but only three 
of them are independent. Indeed, the relative motion theorems [33] relate them through the following three equations (remind that 
ωpi,k = − ωip,k) 

ωji,kuji,k = ωjp,kujp,k + ωpi,kupi,k (12a) 

ωjr,kujr,k = ωjp,kujp,k + ωpr,kupr,k (12b) 

ωir,kuir,k = − ωpi,kupi,k + ωpr,kupr,k (12c) 

which, by summing Eqs. (12a) and (12c), yield 

ωji,kuji,k + ωir,kuir,k = ωjp,kujp,k + ωpr,kupr,k (13) 

whose dot product by 
(
uir,k × ujp,k

)
immediately provides the general expression of the four bodies’ VC as a function of the IPAs’ 

directions as follows: 

ωji,kuji,k ⋅
(
uir,k ×ujp,k

)
= ωpr,kupr,k ⋅

(
uir,k ×ujp,k

)
⇒

ωji,k

ωpr,k
=

upr,k ⋅
(
uir,k × ujp,k

)

uji,k ⋅
(
uir,k × ujp,k

) (14) 

Moreover, since in the k-th single-DOF mechanism, the input rate q̇k is either indeed or expressible through the signed magnitude of 
the angular velocity of the input link, the velocity coefficient 

νji,k =
ωji,k

q̇k
(15) 

can always be written in explicit form as a function of the IPAs’ directions by using either Eqs. (11) or (14) according to the particular 
indices appearing in the front subscripts of numerator and denominator of νji,k .

In n-DOF mechanisms, the linearity and homogeneity of the instantaneous kinematics relationships make the superposition 
principle hold. Such a principle leads to the following relationships [25]: 

ωji =
∑

k=1,n
ωji,k

ωji,k = ωji,kuji,k

ωji,k = νji,kq̇k

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

⇒

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ωji =
∑

k=1,n

(
νji,kuji,k

)
q̇k = Ujiq̇

with

Uji =
[

νji,1uji,1 ⋯ νji,nuji,n
]

⇒ ω̇ji =
∑

k=1,n

(
νji,kuji,k

)
q̈k +

∑

k=1,n
r=1,n

q̇kq̇r
∂
(
νji,kuji,k

)

∂qr
(16) 

Eq. (16) is exploitable to relate the IPAs directions of the n-DOF mechanism to those of the generated single-DOF mechanisms as 
follows [25]: 

ωji =
∑

k=1,n

(
νji,kuji,k

)
q̇k

ωji = ωjiuji ⇒

⎧
⎪⎨

⎪⎩

uji =
ωji

‖ ωji ‖

ωji = ‖ ωji ‖

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⇒

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

uji =

∑

k=1,n

(
νji,kuji,k

)
q̇k

‖
∑

k=1,n

(
νji,kuji,k

)
q̇k ‖

= uji(q1, ..., qn, q̇1, ..., q̇n)

ωji =‖
∑

k=1,n

(
νji,kuji,k

)
q̇k ‖= ωji(q1, ..., qn, q̇1, ..., q̇n)

(17) 

The motion of a rigid body, say link j, constrained to perform only spherical motions with the same SMC can be studied by 
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projecting it from the SMC onto a sphere (unit sphere (US)) with unitary radius and center at the projection center. Indeed, this 
projection generates a rigid spherical lamina that slides on the US when the rigid body moves and there is a one-to-one correspondence 
between the pose of the lamina on the US and the pose (orientation) of the rigid body in the space [1,26].

The pose of a rigid lamina on a sphere is identifiable by locating the pose of a great circle arc fixed to that lamina [1,26]. Fig. 1shows 
a great circle arc of the US that is fixed to the rigid spherical lamina associated to a generic link, say link j. With reference to Fig. 1, the 
following notation are introduced:

- point O is the SMC;
- link f is the frame of the n-DOF mechanism and Oxfyfzf is a Cartesian reference fixed to the frame;
- Oxjyjzj is a Cartesian reference, fixed to link j, with origin at the SMC (point O) and yjzj-coordinate plane containing the great circle 

arc fixed to link j and the SMC;
- αj is the central angle subtended by the great circle arc fixed to link j;
- Pjf is the intersection of IPAjf and US which the unit vector ujf points toward.

2.2. Deduction of the dynamic model

A general motion of the mechanism frame (link f) with respect to an observer (inertial reference), hereafter named link 0, is 
assignable through the characteristic vectors 

( 0vO|f ,ωf0
)

for the velocity field and 
( 0aO|f , ω̇f0

)
for the acceleration field where 0vO|f 

(0aO|f ) denotes the velocity (the acceleration) of point O, fixed to link f, when observed (measured) from link 0. From now on, ivP|j 

(iaP|j) will denote the velocity (the acceleration) of point P, fixed to link j, when observed (measured) from link i.
Let δt be any elementary variation of time, t, so defined that the product 0vO|f ,vδt (ωj0,vδt) coincides with the virtual displacement 

(virtual rotation around IPAj0,v=IPAjf) of point O (of link j), that is, with the elementary displacement (rotation) occurring when the 
frame is considered at rest at a given time instant. For a spherical mechanism with l links and a movable frame, the adopted notations 
lead to the following expression of the D’Alembert’s principle 

∑

j=1,l
Fj ⋅ 0vO|f ,vδt +

∑

j=1,l
MO,j ⋅ ωj0,vδt −

∑

j=1,l

[
mj

(
Gj − O

)
× 0aO|j + IO,jω̇j0 + ωj0 ×

(
IO,jωj0

)]
⋅ ωj0,vδt = 0 (18) 

where mj, Gj, and IO,j are the mass, the barycenter and the inertia tensor about point O of link j, respectively; whereas, Fj and MO,j are 
the resultant force, applied to link j at point O, and the resultant moment about O, respectively, which the system of forces applied to 
link j is reducible to.

The relative motion theorems [33] and the above-reported definition of the virtual quantities lead to the following relationships 

ωj0 = ωjf + ωf0
ωj0,v = ωjf

}

⇒ ωj0 = ωj0,v + ωf0 (19a) 

0vO|f ,v = 0; 0vO|f =
0vO|j ∀j = 1, ..., l; 0aO|f =

0aO|j ∀j = 1, ..., l (19b) 

Fig. 1. A great circle arc of the US that is fixed to link j (reproduced from [28]): αj is the central angle subtended by the arc, Oxjyjzj is a Cartesian 
reference, fixed to link j, with origin at the SMC (point O) and yjzj-coordinate plane containing the arc and the SMC, Oxfyfzf is a Cartesian reference 
fixed to mechanism’s frame (link f).
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ω⋅
j0 = ω̇jf + ω̇f0 + ωf0 × ωjf (19c) 

which allow the deduction of the following further formulas 

ωj0 = ωj0,v + ωf0

ωj0,v = ωjf

ω⋅
j0 = ω̇jf + ω̇f0 + ωf0 × ωjf

[
ωj0 ×

(
IO,jωj0

)
= ωj0,v ×

(
IO,jωj0,v

)
+ ωj0,v ×

(
IO,jωf0

)
+

+ ωf0 ×
(
IO,jωj0,v

)
+ ωf0 ×

(
IO,jωf0

)

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⇒

[ [
ωj0 ×

(
IO,jωj0

)]
⋅ ωj0,v =

[
ωf0 ×

(
IO,jωjf

)
+ ωf0 ×

(
IO,jωf0

)]
⋅ ωjf

(
IO,jω̇j0

)
⋅ ωj0,v =

[
IO,jω̇jf + IO,jω̇f0 + IO,j

(
ωf0 × ωjf

)]
⋅ ωjf

(20) 

Moreover, the introduction of Eqs. (19) and (20) into Eq. (18) transforms it as follows: 

∑

j=1,l

{

MO,j −

[

IO,jω̇jf + IO,j
(
ωf0 × ωjf

)
+ ωf0 ×

(
IO,jωjf

)
+ mj

(
Gj − O

)
× 0aO|f + IO,jω

⋅
f0 + ωf0 ×

(
IO,jωf0

)
]}

⋅ ωjf δt = 0 (21) 

which, by taking into account the relationship (ã denotes the skew-symmetric matrix associated to vector a) 

IO,j
(
ωf0 × ωjf

)
+ ωf0 ×

(
IO,jωjf

)
=

[

IO,jω̃f0 + ω̃f0IO,j

]

ωjf

[
IO,jω̃f0

]T
=

[

ω̃f0

]T

IO,j = − ω̃f0IO,j

IO,jω̃f0 = − IO,j
(
ω̃f0

)T
= −

[

ω̃f0IO,j

]T

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⇒ IO,j
(
ωf0 × ωjf

)
+ ωf0 ×

(
IO,jωjf

)
=

{

ω̃f0IO,j −

[

ω̃f0IO,j

]T}

ωjf (22) 

can be further simplified as follows 

∑

j=1,l

{

MO,j −

[

IO,jω̇jf +

(

ω̃f0IO,j −
[
ω̃f0IO,j

]T
)

ωjf + mj
(
Gj − O

)
× 0aO|f + IO,jω̇f0 + ωf0 ×

(
IO,jωf0

)
]}

⋅ ωjf δt = 0 (23) 

The introduction of the ωjf expression coming from Eq. (16) (i.e., ωjf =
∑

k=1,n
(
νjf ,kujf ,k

)
q̇k) into the elementary rotation ωjf δt 

transforms Eq. (23) as follows (δqk = q̇kδt) 

∑

k=1,n

{
∑

j=1,l

νjf ,k

{

MO,j −

[

IO,jω̇jf +

(

ω̃f0IO,j −

[

ω̃f0IO,j

]T)

ωjf + mj
(
Gj − O

)
× 0aO|f + IO,jω̇f0 + ωf0 ×

(
IO,jωf0

)
]}

⋅ ujf ,k

}

δqk = 0

(24) 

which, by considering that the virtual displacements δqk for k=1, …, n are arbitrary and independent, leads to the following system of n 
scalar equations: 

∑

j=1,l
νjf ,k

(
MO,j − IO,jω̇jf

)
⋅ ujf ,k = dk; k = 1, ⋯, n (25) 

where dk has the following explicit expression 

dk =
∑

j=1,l
νjf ,k

[(

ω̃f0IO,j −

[

ω̃f0IO,j

]T)

ωjf + mj
(
Gj − O

)
× 0aO|f + IO,jω̇f0 + ωf0 ×

(
IO,jωf0

)
]

⋅ ujf ,k; k = 1, ⋯, n (26) 

and collects all the terms depending on the frame motion. It is worth stressing that formula (26) makes all the scalar coefficients dk 

vanish when the frame is at rest (i.e., when ωf0, ω⋅ f0 and 0aO|f are all equal to zero).
If the expressions of ωjf and ω⋅ jf coming from Eq. (16) are introduced into system (25), the following general dynamic model of an n- 

DOF spherical mechanism will be obtained 

Qk = bT
k q̈ + q̇TCkq̇ + dT

1kq̇ + d0k; k = 1, ⋯, n (27) 

with dk = dT
1kq̇ + d0k and 

Qk =
∑

j=1,l
νjf ,kMO,j ⋅ ujf ,k = τk + Qk,e ⇒ Qk,e =

∑

j=1,l
νjf ,kMO,j ⋅ ujf ,k − τk =

∑

j=1,l
νjf ,kMe

O,j ⋅ ujf ,k; k = 1,⋯, n

(28a) 
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bk =

⎛

⎜
⎜
⎝

b1k

⋮

bnk

⎞

⎟
⎟
⎠;Ck =

⎡

⎢
⎢
⎣

c11k ⋯ c1nk

⋮ ⋱ ⋮

cn1k ⋯ cnnk

⎤

⎥
⎥
⎦; k = 1,⋯, n (28b) 

dT
1k =

∑

j=1,l
νjf ,kuT

jf ,k

(

ω̃f0IO,j −

[

ω̃f0IO,j

]T)

Ujf ; k = 1,⋯, n (28c) 

d0k =
∑

j=1,l
νjf ,k

[
mj

(
Gj − O

)
× 0aO|f + IO,jω̇f0 + ωf0 ×

(
IO,jωf0

)]
⋅ ujf ,k; k = 1,⋯, n (28d) 

where τk, hereafter named k-th generalized torque, is the contribution to Qk due to the active forces coming from the joints (e.g., those 
generated from actuators and friction), Qk,e is the remaining part of Qk (i.e., Qk,e = Qk − τk =

∑
j=1,lνjf ,kMe

O,j ⋅ ujf ,k where Me
O,j is the 

resultant moment about O of all the loads applied to link j when computed without considering the reaction forces coming from the 
joints), and the following definitions have been introduced 

bsk =
∑

j=1,l
νjf ,sνjf ,k

(
IO,jujf ,s

)
⋅ ujf ,k; s = 1,⋯, n (29a) 

csrk =
∑

j=1,l
νjf ,k

[

IO,j
∂
(
νjf ,sujf ,s

)

∂qr

]

⋅ ujf ,k; s, r = 1,⋯, n (29b) 

It is worth noting that, since the inertia tensors IO,j for j=1,…,n are all symmetric matrices, 
(
IO,jujf ,s

)
⋅ ujf ,k =

(
IO,jujf ,k

)
⋅ ujf ,s, which 

makes Eq. (29a) lead to the following property: bsk = bks.
System (27) is the sought-after general dynamic model which explicitly relates the IPAs’ directions to the dynamic behavior of the 

n-DOF spherical mechanism. The constant parameters of this model are the geometric constants of links and joints plus the mass 
distribution data of the links. Moreover, regarding the variable parameters, bk and Ck depend only on the mechanism configuration (i. 
e., on q) through the IPAs’ directions; whereas, d1k and d0k depend on the frame motion and on the mechanism configuration and they 
vanish when the frame is at rest.

2.3. Solution algorithms

Once the dynamic model of a mechanism has been built many types of problems can be addressed which refer to its design or its 
control or simply to its dynamic performance analysis. Nevertheless, only two of them are very often encountered in the majority of 
applications: (i) the direct dynamics’ problem (DDP) and (ii) the inverse dynamics’ problem (IDP). The DDP is the determination of the 
mechanism motion, that is, in our case, of qk(t) for k=1, …, n, when the initial motion conditions, that is, in our case, qk(0) and q̇k(0) for 
k=1, …, n, together with the time histories of all the active loads, that is, of Qk(t) for k=1, …, n, are known. Vice Versa, the IDP is the 
determination of the time histories of the generalized torques, that is, in the case under study, of τk(t) for k=1, …, n, when the time 
histories of the generalized coordinates, that is, in our case, qk(t) for k=1, …, n, and of all the other active loads, that is, in our case, Qk, 

e(t) for k=1, …, n, are known.
Eq. (27) when used to solve the IDP generates a linear system of n algebraic equations, whose unknowns are τk(t) for k=1, …, n, 

which is immediately solvable in explicit form as follows 

τk = bT
k q̈ + q̇TCkq̇ + dT

1kq̇ + d0k − Qk,e; k = 1,⋯, n (30) 

The matrix form of system (30) is 

τ(t) = B(q) q̈ + C(q, q̇, t)q̇ + d0(q, t) − Qe(q, t) (31) 

where 

B(q) =

⎡

⎢
⎢
⎣

bT
1(q)
⋮

bT
n (q)

⎤

⎥
⎥
⎦;C(q, q̇, t) =

⎡

⎢
⎢
⎣

q̇TC1(q) + dT
11(q, t)

⋮
q̇TCn(q) + dT

1n(q, t)

⎤

⎥
⎥
⎦ (32a) 

τ(t) =

⎛

⎝
τ1(t)

⋮
τn(t)

⎞

⎠;d0(q, t) =

⎛

⎝
d01(q, t)

⋮
d0n(q, t)

⎞

⎠;Qe(q, t) =

⎛

⎝
Q1,e(q, t)

⋮
Qn,e(q, t)

⎞

⎠ (32b) 

Conversely, when Eq. (27) is used to solve the DDP, it generates a non-linear system of n differential equations whose unknowns are 
the entries of the n-tuple q(t). This ODE system, in general, is solvable only by using numerical techniques.

Both the problems need the same preliminary kinematic analysis that starts from the constant parameters of the model (i.e., the 
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geometric constants and the mass distribution data), computes all the variable parameters depending on the mechanism configuration, 
that is, on q, and build a database containing the computed values as a function of q. These preliminary computations are imple
mentable as follows (Fig. 2):

Preliminary Kinematic Analysis (PKA): 

PKA.i) for k=1, …, n, the variation range of qk is discretized, and a n-dimensional grid of q values is generated;
PKA.ii) for each q value of the grid generated in the previous step, the rotation matrices, fRj for j∈{1, …, l | j∕=f}, that transform 
vector components measured in Oxjyjzj into vector components measured in Oxfyfzf are computed (i.e. the closure equations of the 
spherical mechanism are analytically or numerically solved);
PKA.iii) for k=1, …, n, by exploiting the rotation matrices, fRj, determined in the previous step, the coordinates, measured in 
Oxfyfzf, of the barycenters Gj for j∈{1, …, l | j∕=f} and the ujf,k components, measured in Oxfyfzf, of all the primary IPAs1 of the k-th 
single-DOF spherical mechanism are immediately determined as functions of q; successively, the ujf,k components, measured in 
Oxfyfzf, of its secondary IPAs are determined as functions of q by repeatedly using Eq. (9) in a suitable sequence (see [26] for 
details);
PKA.iv) by exploiting the ujf,k unit vectors determined in the previous step, the necessary VCs, νji,k, as functions of q are determined 
by using the appropriate formula, that is, either Eq. (11) or Eq. (14);
PKA.v) by exploiting the VCs and the ujf,k unit vectors as functions of q, computed in the previous steps, and the mass distribution 
data of the links, the variable parameters, bk and Ck as function of q are numerically/analytically computed through Eqs. (29a) and 
(29b).

The result of these preliminary computations is a database which, for each q value of the n-dimensional grid defined at step (PKA.i), 
gives fRj

2, ujf, and Gj for j∈{1, …, l | j∕=f} together with bk and Ck for k=1, …, n. This database is used to solve the specific dynamics’ 
problem as explained below.

If the IDP must be solved, the data inputs are the time histories of the generalized coordinates, that is, q(t), of the frame motion, that 
is, 0vO|f(t) and 0Rf(t), and of the active loads applied to the links, that is, all those involved in the computation of the Qk,e(t) for k=1, …, 
n by using formula (28a), together with the database generated from the PKA. Moreover, the output data are the time histories of the 
generalized torques applied by the actuators, that is, τk(t) for k=1, …, n. Such a computation can be implemented as follows (Fig. 3):

Inverse Dynamics’ Problem (IDP) solution algorithm: 

IDP.i) for a discretized set of time values, the data inputs q(t), 0vO|f(t) and 0Rf(t) are used to compute the corresponding values of 
q̇(t), q̈(t), 0aO|f(t), ωf0(t) and ω̇f0(t) (remind that ω̃f0 = 0Ṙf

0RT
f and ̃̇ωf0 = 0R̈f

0RT
f − ω̃f0ω̃f0);

IDP.ii) for each value of q(t) selected in the previous step by discretizing the time interval, the active loads applied to the links 
together with the νjf ,k and ujf ,k data coming from the stored PKA database are used to compute the corresponding values of the 
Qk,e(t) for k=1, …, n by means of Eq. (28a);
IDP.iii) the results of step (IDP.i) together with the mass distribution data and the νjf ,k and ujf ,k data coming from the stored PKA 
database are used to compute d0k(t) and d1k(t) for k=1, …, n, by means of Eqs. (28c) and (28d);
IDP.iv) for each value of q(t) selected at step (IDP.i), all the data computed in the previous steps together with the values of bk and 
Ck for k=1, …, n, coming from the stored PKA database are used to compute the corresponding τk(t) for k=1, …, n, by means of Eq. 
(30).

If the DDP must be solved, the data inputs are the time histories of the generalized torques, that is, τk(t) for k=1, …, n, of the frame 
motion, that is, 0vO|f(t) and 0Rf(t), and of the active loads applied to the links, that is, all those involved in the computation of the Qk,e(t) 
for k=1, …, n by using formula (28a), together with the database generated from the PKA and the initial condition of motion, that is, q 
(0) and q̇(0). Moreover, the output data are the time histories of the generalized coordinates, that is, q(t). Such a computation can be 
implemented as follows (Fig. 4):

Direct Dynamics’ Problem (DDP) solution algorithm: 

DDP.i) for a discretized set of time values, the data inputs 0vO|f(t) and 0Rf(t) are used to compute the corresponding values of 
0aO|f(t), ωf0(t) and ω̇f0(t) (remind that ω̃f0 = 0Ṙf

0RT
f and ̃ω⋅ f0 = 0R̈f

0RT
f − ω̃f0ω̃f0);

DDP.ii) system (31) is rewritten as follows: 

q̈(t) = B− 1(q)[τ(t)+Qe(q, t) − C(q, q̇, t)q̇(t) − d0(q, t)] (33) 

1 Primary IPAs are those that can be located immediately, through a simple mechanism inspection, when the link poses are known; whereas 
secondary IPAs are those that are not primary. The positions of the secondary IPAs can be sequentially determined through known algorithms (see 
[26,27], for instance and further Refs.).

2 It is worth noting that rotation matrices can be efficiently stored by using suitable orientation parameters (e.g., the Euler parameters [34])
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DDP.iii) the initial-motion data, q(0) and q̇(0), and the other input data together with the results of step (DDP.i) and the data 
coming from the PKA database are used to start an iterative numerical algorithm that integrates system (33), which is a non-linear 
differential system of n equations in q(t), to compute q(t) by using an iterative formula of type 

q(ti+1) = F(q(ti),q(ti− 1), ti+1, ti, ti− 1) (34) 

deduced from Eq. (33) (see [35] for details).

3. Results

In this section, the proposed formulation is applied to build the dynamic model of the spherical 5-bar linkage and to solve its IDP 
with three different set of active loads: (i) only inertia forces due to mechanism motion with frame at rest, (ii) inertia forces due to 
mechanism motion with frame at rest and external loads applied to the links, and (iii) inertia forces due to mechanism motion and to 
the motion of the frame.

The spherical 5-bar linkage (Fig. 5) is a 2-DOF single-looped linkage that enters in many applications (see [36–42], for instance). It 
consists of five binary links sequentially connected by R pairs whose axes share a common intersection point (point O in Fig. 5), which 
is the SMC.

Fig. 5 shows a generic spherical 5-bar linkage represented on the US with the notations of Fig. 1. With reference to Fig. 5, link 1 is 
the frame (i.e., f=1). The angles θ21 and θ51 are the two generalized coordinates q1 and q2, respectively, of the mechanism; whereas, the 
angle θ45 is the joint variable of the R pair connecting links 4 and 5. The two single-DOF mechanisms generated from the two-DOF 
mechanism of Fig. 5 are the two spherical 4-bar linkages shown in Fig. 6. In Figs. 5 and 6, the generic IPAji (IPAji,k) direction, that 
is, uji=Pji− O (uji,k=Pji,k− O), is indicated by giving the point Pji (Pji,k) on the US. By using this convention, in Fig. 5, all the directions of 
the primary IPAs are indicated, that is, u21, u32, u43, u45, and u51. Moreover, in Fig. 6a (Fig. 6b), all the directions of the primary IPAs, 
that is, u21,1, u32,1, u43,1 and u41,1 (u31,2, u43,2, u45,2 and u51,2), are indicated together with the geometric determination of all the 
secondary IPAs, that is, u42,1 and u31,1 (u41,2 and u35,2).

3.1. PKA of the 5-bar linkage

From an analytic point of view, the following relationships hold (see Figs. 5 and 6): 

Fig. 2. Flow-chart of the PKA algorithm.
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u51 = u51,2 = k1 = k5;k2 = u21 = u21,1 = k1cosα1 + j1sinα1 (35a) 

j2 = i1sinθ21 + cosθ21(k1sinα1 − j1cosα1);k3 = u32 = u32,1 = u31,2 = k2cosα2 + j2sinα2 (35b) 

j5 = i1sinθ51 − j1cosθ51;k4 = u45 = u45,2 = u41,1 = k1cosα5 + j5sinα5 (35c) 

j4 =
k1 × k4

sinα5
sinθ45 + cosθ45

(
j5cosα5 − k5sinα5

)
;u43 = u43,2 = u43,1 = k4cosα4 + j4sinα4 (35d) 

i3 =
k3 × u43

sinα3
;u42,1 =

(u21 × u45) × (u32 × u43)

‖ (u21 × u45) × (u32 × u43) ‖
;u31,1 =

(u45 × u43) × (u21 × u32)

‖ (u45 × u43) × (u21 × u32) ‖
(35e) 

u35,2 =
(u45 × u43) × (u51 × u32)

‖ (u45 × u43) × (u51 × u32) ‖
;u41,2 =

(u32 × u43) × (u51 × u45)

‖ (u32 × u43) × (u51 × u45) ‖
(35f) 

u32 ⋅ u43 = cosα3 (35g) 

f Rj =
[
ij jj kj

]
; j = 2,⋯, 5 (35h) 

where ij, jj and kj for j=1,…,5 are the unit vectors of the coordinate axes xj, yj, and zj, respectively, of the Cartesian reference Oxjyjzj 
fixed to link j (see Fig. 1); all the vector are measured in Oxfyfzf. Moreover, let Gj(q) and jGj for j=2,…,5 be the position vectors of the 
barycenter Gj of link j measured in Oxfyfzf and in Oxjyjzj, respectively, the explicit expression of Gj(q) is given by the relationship 
Gj(q)=fRj 

jGj .
The introduction of the explicit expressions of u32 (Eq. (35b)) and u43 (Eq. (35d)) into Eq. (35g) yields the following closure 

equation: 

Fig. 3. Flow-chart of the IDP algorithm.
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cosα3 = sinα2sinθ21[cosα4sinα5sinθ51 + sinα4(cosθ51sinθ45 + cosα5cosθ45sinθ51)]+

+ (sinα1cosα2 − cosα1sinα2cosθ21)[sinα4(sinθ51sinθ45 − cosα5cosθ45cosθ51) − cosα4sinα5cosθ51]+

+ (cosα1cosα2 + sinα1sinα2cosθ21)(cosα4cosα5 − sinα4sinα5cosθ45)

(36) 

which, after some algebraic manipulations, becomes 

a0 + a1sinθ45 + a2cosθ45 = 0 (37) 

where 

a0 = cosα4{sinα2[sinα5sinθ21sinθ51 + cosθ21(sinα1cosα5 + cosα1sinα5cosθ51)] + cosα2(cosα1cosα5 − sinα1sinα5cosθ51)} − cosα3
a1 = sinα4[sinα2sinθ21cosθ51 + (sinα1cosα2 − cosα1sinα2cosθ21)sinθ51]

a2 = sinα4{cosα5[sinα2sinθ21sinθ51 − (sinα1cosα2 − cosα1sinα2cosθ21)cosθ51] − (cosα1cosα2 + sinα1sinα2cosθ21)sinα5}

(38) 

Eq. (37) is solvable in closed form by transforming it into the quadratic equation (a0 − a2)s2 + 2sa1 + (a0 + a2) = 0, where s=tan 
(θ45/2), through the half-tangent substitutions sinθ45 = 2s/(1 + s2) and cosθ45 = (1− s2)/(1 + s2), and, then, solving the quadratic 
equation. This solution procedure yields the following closed form solutions 

si =
− a1 + ( − 1)i ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

a1
2 + a2

2 − a0
2

√

(a0 − a2)
; i = 1, 2 (39) 

Fig. 4. Flow-chart of the DDP algorithm.
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Formula (39) gives the two values of θ45, that is, θ45,i=2arctansi for i = 1, 2, corresponding to the two possible assembly modes that 
the spherical dyad constituted by links 3 ad 4 has for assigned values of the generalized coordinates θ21 and θ51. The back substitution 
of the solving formula θ45,i=2arctansi into the formulas (35b)–(35f) and (35h) provides the explicit expressions of all the necessary IPA 
directions and rotation matrices as a function of the generalized coordinates (i.e., of the mechanism configuration). Fig. 7 shows the 
values of θ45,i for i = 1, 2 as a function of the generalized coordinates θ21 and θ51 for the spherical 5-bar geometry reported in Table 1. It 
is worth stressing that all the discontinuities that appear in the diagrams of Fig. 7 correspond to jumps that are equal to multiples of 2π 
rad, that is, the angle values at the borders of the gap are equal to one another mod(2π) and, as a consequence, no physical jump occurs 
in θ45.

Once the IPA directions have been determined, Eqs. (11) or (14) allow the determination of the explicit expressions of all the 
velocity coefficients νjf,k, defined by Eq. (15) and with f=1, j=1,…,5 and k=1,2 that appear in the mechanism’s dynamic model (Eq. 
(27) for this case study). In particular, the following relationships hold: 

ν11,1 = ν51,1 = ν11,2 = ν21,2 = 0; ν31,1 =
ω31,1

q̇1
=

ω31,1

ω21,1
=

ω31,1

θ̇21
=

(
u31,1 × u21

)
⋅ (u32 × u21)

(
u31,1 × u21

)
⋅
(
u32 × u31,1

) (40a) 

Fig. 5. Spherical 5-bar linkage represented on the US with the notations of Fig. 1.

Fig. 6. Spherical 4-bar linkages generated from the spherical 5-bar linkage of Fig. 5 (the black circular dot denotes the locked R pair): (a) single-DOF 
linkage generated by locking q2 (=θ51) and (b) single-DOF linkage generated by locking q1 (=θ21).
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ν21,1 = ν51,2 = 1; ν41,1 =
ω41,1

q̇1
=

ω41,1

ω21,1
=

ω41,1

θ̇21
=

(u45 × u21) ⋅
(
u42,1 × u21

)

(u45 × u21) ⋅
(
u42,1 × u45

) (40b) 

ν31,2 =
ω31,2

q̇2
=

ω31,2

ω51,2
=

ω31,2

θ̇51
=

(u32 × u51) ⋅
(
u35,2 × u51

)

(u32 × u51) ⋅
(
u35,2 × u32

) (40c) 

Fig. 7. Position analysis solution of the spherical 5-bar linkage with the geometry of Table 1: a) 3D view (left) and top view (right) of the diagram of 
θ45,1 (see Fig. 5 and Eq. (39)) as a function of the generalized coordinates θ21 and θ51, and b) 3D view (left) and top view (right) of the diagram of 
θ45,2 (see Fig. 5 and Eq. (39)) as a function of the generalized coordinates θ21 and θ51.

Table 1 
Geometric and mass distribution data of the links of the spherical five-bar linkage used in the numerical example (jGj and jIO,j denote Gj and IO,j, 
respectively, when measured in Oxjyjzj (see Fig. 1)).

j αj [rad] mj [kg] jGj [m] jIO,j [kg m2]

1 π/3 − − −

2 π/9 0.5
⎛

⎝
0

0.345536
1.959631

⎞

⎠

⎡

⎣
2 0 0
0 1.920725 − 0.335117
0 − 0.335117 0.079275

⎤

⎦

3 7π/18 1.75
⎛

⎝
0

1.077128
1.538298

⎞

⎠

⎡

⎣
7 0 0
0 4.420725 − 2.529672
0 − 2.529672 2.579275

⎤

⎦

4 4π/9 2
⎛

⎝
0

1.183662
1.410633

⎞

⎠

⎡

⎣
8 0 0
0 4.489908 − 2.778405
0 − 2.778405 3.510092

⎤

⎦

5 π/9 0.5
⎛

⎝
0

0.345536
1.959631

⎞

⎠

⎡

⎣
2 0 0
0 1.920725 − 0.335117
0 − 0.335117 0.079275

⎤

⎦
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ν41,2 =
ω41,2

q̇2
=

ω41,2

ω51,2
=

ω41,2

θ̇51
=

(
u41,2 × u51

)
⋅ (u45 × u51)

(
u41,2 × u51

)
⋅
(
u45 × u41,2

) (40d) 

Figs. 8, 9, 10 and 11 show the values of ν(i)
31,1, ν(i)

31,2, ν(i)
41,1 and ν(i)

41,2, respectively, where i = 1, 2 refers to the position analysis solution 
given by Eq. (39), as a function of the generalized coordinates θ21 and θ51 for the spherical 5-bar geometry reported in Table 1.

Eventually, by exploiting the deduced explicit expressions of the IPA directions and of the VCs, the explicit expressions of bk and Ck 
for k=1,2 as a function of the generalized coordinates are immediately writable through Eqs. (29a) and (29b), respectively. In 
particular, the following relationships hold: 

b1 =

(
b11
b21

)

;b2 =

(
b12
b22

)

;C1 =

[
c111 c121
c211 c221

]

;C2 =

[
c112 c122
c212 c222

]

(41) 

where 

b11 =
∑

j=1,5
νj1,1νj1,1

(
IO,juj1,1

)
⋅ uj1,1 =

(
IO,2u21

)
⋅ u21 + ν31,1

2( IO,3u31,1
)

⋅ u31,1 + ν41,1
2( IO,4u45

)
⋅ u45 (42a) 

b12 = b21 =
∑

j=1,5
νj1,2νj1,1

(
IO,juj1,2

)
⋅ uj1,1 = ν31,2ν31,1

(
IO,3u32

)
⋅ u31,1 + ν41,2ν41,1

(
IO,4u41,2

)
⋅ u45 (42b) 

b22 =
∑

j=1,5
νj1,2νj1,2

(
IO,juj1,2

)
⋅ uj1,2 =

(
IO,5u51

)
⋅ u51 + ν41,2

2( IO,4u41,2
)

⋅ u41,2 + ν31,2
2( IO,3u32

)
⋅ u32 (42c) 

c111 =
∑

j=1,5
νj1,1

[

IO,j
∂
(
νj1,1uj1,1

)

∂θ21

]

⋅ uj1,1 = ν31,1

[

IO,3
∂
(
ν31,1u31,1

)

∂θ21

]

⋅ u31,1 + ν41,1

[

IO,4
∂
(
ν41,1u45

)

∂θ21

]

⋅ u45 (42d) 

c121 =
∑

j=1,5
νj1,1

[

IO,j
∂
(
νj1,1uj1,1

)

∂θ51

]

⋅ uj1,1 = ν31,1

[

IO,3
∂
(
ν31,1u31,1

)

∂θ51

]

⋅ u31,1 + ν41,1

[

IO,4
∂
(
ν41,1u45

)

∂θ51

]

⋅ u45 (42e) 

c211 =
∑

j=1,5
νj1,1

[

IO,j
∂
(
νj1,2uj1,2

)

∂θ21

]

⋅ uj1,1 = ν31,1

[

IO,3
∂
(
ν31,2u32

)

∂θ21

]

⋅ u31,1 + ν41,1

[

IO,4
∂
(
ν41,2u41,2

)

∂θ21

]

⋅ u45 (42f) 

c221 =
∑

j=1,5
νj1,1

[

IO,j
∂
(
νj1,2uj1,2

)

∂θ51

]

⋅ uj1,1 = ν31,1

[

IO,3
∂
(
ν31,2u32

)

∂θ51

]

⋅ u31,1 + ν41,1

[

IO,4
∂
(
ν41,2u41,2

)

∂θ51

]

⋅ u45 (42g) 

c112 =
∑

j=1,5
νj1,2

[

IO,j
∂
(
νj1,1uj1,1

)

∂θ21

]

⋅ uj1,2 = ν31,2

[

IO,3
∂
(
ν31,1u31,1

)

∂θ21

]

⋅ u32 + ν41,2

[

IO,4
∂
(
ν41,1u45

)

∂θ21

]

⋅ u41,2 (42h) 

Fig. 8. Diagrams of ν(i)31,1 for i = 1 (a) and i = 2 (b), where i = 1, 2 refers to the position analysis solution given by Eq. (39), as a function of the 
generalized coordinates θ21 and θ51 for the spherical 5-bar geometry reported in Table 1.
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Fig. 9. Diagrams of ν(i)31,2 for i = 1 (a) and i = 2 (b), where i = 1, 2 refers to the position analysis solution given by Eq. (39), as a function of the 
generalized coordinates θ21 and θ51 for the spherical 5-bar geometry reported in Table 1.

Fig. 10. Diagrams of ν(i)41,1 for i = 1 (a) and i = 2 (b), where i = 1, 2 refers to the position analysis solution given by Eq. (39), as a function of the 
generalized coordinates θ21 and θ51 for the spherical 5-bar geometry reported in Table 1.

Fig. 11. Diagrams of ν(i)41,2 for i = 1 (a) and i = 2 (b), where i = 1, 2 refers to the position analysis solution given by Eq. (39), as a function of the 
generalized coordinates θ21 and θ51 for the spherical 5-bar geometry reported in Table 1.
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c122 =
∑

j=1,5
νj1,2

[

IO,j
∂
(
νj1,1uj1,1

)

∂θ51

]

⋅ uj1,2 = ν31,2

[

IO,3
∂
(
ν31,1u31,1

)

∂θ51

]

⋅ u32 + ν41,2

[

IO,4
∂
(
ν41,1u45

)

∂θ51

]

⋅ u41,2 (42i) 

c212 =
∑

j=1,5
νj1,2

[

IO,j
∂
(
νj1,2uj1,2

)

∂θ21

]

⋅ uj1,2 = ν31,2

[

IO,3
∂
(
ν31,2u32

)

∂θ21

]

⋅ u32 + ν41,2

[

IO,4
∂
(
ν41,2u41,2

)

∂θ21

]

⋅ u41,2 (42j) 

c222 =
∑

j=1,5
νj1,2

[

IO,j
∂
(
νj1,2uj1,2

)

∂θ51

]

⋅ uj1,2 = ν31,2

[

IO,3
∂
(
ν31,2u32

)

∂θ51

]

⋅ u32 + ν41,2

[

IO,4
∂
(
ν41,2u41,2

)

∂θ51

]

⋅ u41,2 (42k) 

When explicit formulas are available, they replace the PKA database during the solution of the dynamics’ problems. Therefore, all 
the above-deduced explicit formulas will play the role of the PKA database in the following part of this section.

3.2. IDP solution of the 5-bar linkage

The introduction of the above-deduced formulas into Eq. (30) provides the following dynamic model of the spherical 5-bar linkage 

(
τ1
τ2

)

=

[
bT

1

bT
2

]⎛

⎝ θ̈21
θ̈51

⎞

⎠+

[
( θ̇21 θ̇51 )C1 + dT

11

( θ̇21 θ̇51 )C2 + dT
12

](
θ̇21
θ̇51

)

+

(
d01
d02

)

−

(
Q1,e
Q2,e

)

(43) 

where 

Q1,e =
∑

j=1,5
νj1,1Me

O,j ⋅ uj1,1 = Me
O,2 ⋅ u21 + ν31,1Me

O,3 ⋅ u31,1 + ν41,1Me
O,4 ⋅ u45 (44a) 

Q2,e =
∑

j=1,5
νj1,2Me

O,j ⋅ uj1,2 = ν31,2Me
O,3 ⋅ u32 + ν41,2Me

O,4 ⋅ u41,2 + Me
O,5 ⋅ u51 (44b) 

dT
1k=

∑

j=2,5
νj1,kuT

j1,k

(

ω̃10IO,j −

[

ω̃10IO,j

]T)[
νj1,1uj1,1 νj1,2uj1,2

]

with k=1,2

⎫
⎪⎬

⎪⎭
⇒

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

dT
11=uT

21

(

ω̃10IO,2 −

[

ω̃10IO,2

]T)

[u21 0]+

+ν31,1uT
31,1

(

ω̃10IO,3 −

[

ω̃10IO,3

]T)[
ν31,1u31,1 ν31,2u32

]
+

+ν41,1uT
45

(

ω̃10IO,4 −

[

ω̃10IO,4

]T)[
ν41,1u45 ν41,2u41,2

]

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

dT
12=ν31,2uT

32

(

ω̃10IO,3 −

[

ω̃10IO,3

]T)[
ν31,1u31,1 ν31,2u32

]
+

+ν41,2uT
41,2

(

ω̃10IO,4 −
[
ω̃10IO,4

]T
)
[
ν41,1u45 ν41,2u41,2

]
+

+uT
51

(

ω̃10IO,5 −
[
ω̃10IO,5

]T
)

[0 u51]

(44c) 

d0k =
∑

j=2,5
νj1,k

[
mj

(
Gj − O

)
× 0aO|1 + IO,jω̇10 + ω10 ×

(
IO,jω10

)]
⋅ uj1,k

with k = 1, 2

⎫
⎪⎬

⎪⎭

⇒

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

⎡

⎣
d01 =

[
m2(G2 − O) × 0aO|1 + IO,2ω̇10 + ω10 ×

(
IO,2ω10

)]
⋅ u21+

+ ν31,1
[
m3(G3 − O) × 0aO|1 + IO,3ω̇10 + ω10 ×

(
IO,3ω10

)]
⋅ u31,1+

+ ν41,1
[
m4(G4 − O) × 0aO|1 + IO,4ω̇10 + ω10 ×

(
IO,4ω10

)]
⋅ u45

⎡

⎢
⎣

d02 = ν31,2
[
m3(G3 − O) × 0aO|1 + IO,3ω̇10 + ω10 ×

(
IO,3ω10

)]
⋅ u32+

+ ν41,2
[
m4(G4 − O) × 0aO|1 + IO,4ω̇10 + ω10 ×

(
IO,4ω10

)]
⋅ u41,2+

+

[

m5(G5 − O) × 0aO|1 + IO,5ω⋅
10 + ω10 ×

(
IO,5ω10

)
]

⋅ u51

(44d) 

By using the mass-distribution data reported in Table 1 and the mechanism motion data reported in Table 2 for the generalized 
coordinates, θ21 and θ51, the above deduced model (Eq. 43) leads to compute the time histories of the generalized torques τ(i)1 and τ(i)2 , 
where i = 1, 2 refers to the position analysis solution given by Eq. (39), shown in Fig. 12. In this case, the computed generalized torques 
equilibrate only the inertia forces due to the mechanism with fixed frame.

Moreover, by considering, during the mechanism motion, also the application to the links of the resultant moments, Me
O,j for j=2, 3, 
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4, 5, reported in Table 3, the time histories of the generalized torques τ(i)1 and τ(i)2 shown in Fig. 13 are obtained. In this second case, the 
computed generalized torques equilibrate the inertia forces due to the mechanism motion with fixed frame and the external loads of 
Table 3.

Eventually, without external loads on the links, the combination of the mechanism motion and of the frame motion reported in 
Table 2 leads to compute the time histories of the generalized torques τ(i)1 and τ(i)2 shown in Fig. 14. In this third case, the computed 
generalized torques equilibrate the inertia forces due to the mechanism motion and to the frame motion, both reported in Table 2.

In Figs. 12, 13 and 14, the shown curves are cubic spline interpolations of 63 computed values of the generalized torques that are 
uniformly spaced in the time interval [0 2π] s, which covers one full cycle of oscillation of θ21 and θ51 (see Table 2).

4. Discussion

Matrix B(q) that appears in Eq. (31) is clearly the generalized inertia matrix [34] of the n-DOF spherical mechanism written through 
the IPA directions. In particular, the generic entry, bsk, with s, k =1, …, n, of B(q) is expressible (see Eq. (29a)) by summing up terms 
that are quadratic in the VCs, νji,r, and in the components of the unit vectors, uji,r, parallel to the IPAs, both referred to the single-DOF 
mechanisms generated from the n-DOF one. Also, it is worth stressing that the k-th diagonal entry, bkk, coincides with the equivalent 
moment of inertia [28] of the k-th single-DOF spherical mechanism. Thus, the found expression of B(q) is interpretable as an extension 
to spherical multi-DOF mechanisms of the one found by Eksergian [43] for the equivalent moment of inertia of single-DOF mecha
nisms. This novel expression of B(q), which analytically relates the multi-DOF mechanism to the single-DOF ones it generates, is 
particularly useful to guide designers in deciding how to intervene for satisfying design requirements on the mechanism dynamics. 
Analogous considerations hold for the matrices Ck (see Eqs. (30) and (28b)) and their entries, csr,k (Eq. (29b)).

The case study, illustrated in section 3, visually highlights that the PKA computations must not be repeated when the motion data 
and/or the external load data change. Indeed, the diagrams of Figs. 7− 11 are the same for the three dynamic analyses reported in 
section 3.2. As a consequence, if the mechanism geometry does not change the computation burden is consistently reduced, which 
makes the proposed formulation usable even in online control applications. In particular, the same diagrams provide an example of 
how the PKA database could be built.

In the case study, the PKA database has been replaced by the analytic relationships. When such relationships are available, this is 
always possible; nevertheless, if such expressions are cumbersome, the convenience of using them instead of a database must be 
carefully evaluated especially in online control applications. For instance, in the case study of Section 3, this author exploited the 
symbolic calculus as implemented in the “Symbolic Math Toolbox” of Matlab; this approach was easy to implement (it was sufficient to 
type the formulas reported in Section 3 inside a Matlab script) and guaranteed the correctness of the deduced formulas, which could be 
even not displayed, but brought to define a number of nested “anonymous function handles” (see the online “Matlab tutorial” (https://it. 
mathworks.com/help/matlab/matlab_prog/anonymous-functions.html) for the definition) that made the numerical computation 
inefficient.

An average data-retrieving time is 10− 7s (which is a realistic value for the storage devices available today) to get one value in 
double-precision floating-point format (64bit) from the PKA database. Consequently, retrieving all the entries of the n×n matrices B 
and Ck , k=1, …, n, for an assigned q value (i.e., mechanism configuration) would require n2(1 + n)×10− 7 s. In addition, retrieving all 
the other data necessary to compute the remaining terms appearing in the k-th Eq. (30) would require l(4n + 3)×10− 7 s. Moreover, in 
the k-th Eq. (30), the computation of the first two terms (i.e., bT

k q̈+ q̇TCkq̇) requires n(2 + n) multiplications and n2 additions. The 
computation of Qk,e requires 4l multiplications and 2l additions. The computation of the third term (i.e., dT

1kq̇) requires n+l(4n + 36) 
multiplications and l(25 + 2n)− 1 additions and, finally, the computation of the fourth term (i.e., d0k) requires 43l multiplications and 
29l− 1 additions. Therefore, computing τk through Eq. (30) requires n(3 + n)+l(4n + 83) multiplications and n2 + 2[l(28 + n)− 1] 
additions, which yields a total of n(3 + 2n)+l(6n + 139)− 2 FLOP (FLoating-point OPerations). An old Pentium 4 with a 1.3 GHz of clock 
rate, which is dated back on 2000, is able to execute 2×1.3×109 FLOP/s. With this computation rate, all the τk are computable in {l[n(3 
+ 2n)+l(6n + 139)− 2]/260+[ n2(1 + n)+ l(4n + 3)]}×10− 7 s, which, for the case study of section 3 with n=2 and l=5, yields 
8.17×10− 6 s. Since real-time control requires computation times of few milliseconds, this value confirms that the proposed algorithm 
is applicable in online control applications.

In real-time control the adopted algorithm, over being fast enough, must be able to provide sufficient pieces of information to the 
control system for avoiding the occurrence of singular configurations [25,32] during the online path planning. Singular configurations 
(singularities) are configurations where the mechanism locally either acquires additional infinitesimal DOFs (uncertainty configu
rations), or reduces its infinitesimal DOFs (stationary configurations). Such configurations [25,32] must be avoided during the 
mechanism operation since they make critical static and kinematic conditions arise that could also cause the breakdown of the 

Table 2 
Motion data of the generalized coordinates, θ21 and θ51, and of the frame (t is the time; the vector components of ω10 and 0aO|1 are 
measured in Ox1y1z1).

θ21(t) [rad] θ51(t) [rad] ω10(t) [rad/s] 0aO|1(t) [m/s2]

sint sint
⎛

⎝
1
0
0

⎞

⎠sin(10t)

⎛

⎝
0
0
1

⎞

⎠cos(5t)
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machine. The proposed formulation uses VCs and VCs are a primary tool for revealing the occurrence of singularities [25,32]; 
consequently, it is able to provide all the necessary pieces of information to the control system for avoiding singularities. In particular, 
VCs are mapped during the PKA (see Figs. 2,8–11) and these mappings allow the identification of all the joint-space’s regions that are 
too close to singularities. During design, these VC mappings can be used either to define the control algorithm so that the machine 
always works in safe regions of its workspace or to modify the machine geometry to get better VC mappings that do not contain 
singularities in the workspace regions where the machine must work according to the design requirements.

Any phenomenon (e.g., clearances and/or friction in the joints, link flexibility, etc.) that can be modelled either by modifying the 
mechanism type or by applying forces (even depending on the mechanism configuration) or by implementing both the previous actions 
can be modelled into the proposed formulation provided that, when the mechanism type is modified, it remains a spherical 

Fig. 12. Computed time histories of the generalized torques τ(i)1 and τ(i)2 for i = 1 (a) and i = 2 (b), where i = 1, 2 refers to the position analysis 
solution given by Eq. (39), in the case of mechanism motion with fixed frame detailed in Table 2 through θ21(t) and θ51(t) (the shown curves are 
cubic spline interpolations of 63 computed values of the generalized torques that are uniformly spaced in the time interval [0 2π] s).

Table 3 
Active-load data used to compute the generalized torques shown in Fig. 13 (the vector components are all measured in the 
reference system fixed to the link they are applied to).

Me
O,2 [N m] Me

O,3 [N m] Me
O,4 [N m] Me

O,5 [N m]
⎛

⎝
0

0.5
0.5

⎞

⎠

⎛

⎝
0
1
3

⎞

⎠

⎛

⎝
0
4
1

⎞

⎠

⎛

⎝
0

0.5
0.5

⎞

⎠
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mechanism. In particular, the mechanism changes both in geometry and in type generate a new equation system (Eq. (27)); whereas, 
the new force elements just enter into the computation of the terms Qk, for k=1, …, n, (Eq. (28a)). In short, the only limitation on the 
introduction of non-idealities in the links and in the joints is that they must keep the motion spherical. Such a limitation is not so tight 
since it is similar to the one that planar dynamics formulations must satisfy.

In the literature, most of the dynamic models proposed for spherical mechanisms [17–20,44–50] either focus on specific spherical 
architectures [17,19,45,46,49] or address specific issues (e.g., accuracy [20], control [48]) by using different dynamics’ formulations 
(Newton-Euler formulation [19], Lagrangian formulation [44,46], Gibbs-Appell method [18], Virtual Work principle [48,49], Screw 
theory [50], etc.). Only few works propose general formulations [18,44,50] for multi-DOF spherical mechanisms’ dynamics. These 
works mainly adapt models conceived for spatial mechanisms to spherical ones and never take into account a possible frame motion. 
Differently, the general formulation presented here highlights specific features of spherical dynamics such as the connection between 
the IPA locations and the dynamic performances and how the dynamics of a multi-DOF spherical mechanism is related to those of the 
single-DOF mechanisms it generates. Also, it is able to take into account a general motion of the frame. These specific features make the 
proposed formulation more suitable than others to support designers in their choices when they have to match dynamic requirements. 
Eventually, the deduction of the proposed dynamic model has brought to write the explicit expression of the generalized inertia matrix 
as a function of the VCs. Such an explicit expression, which is a general form applicable to multi-DOF spherical mechanisms of the one 
found by Eksergian [43] for single-DOF mechanisms, is presented for the first time.

Fig. 13. Computed time histories of the generalized torques τ(i)1 and τ(i)2 for i = 1 (a) and i = 2 (b), where i = 1, 2 refers to the position analysis 
solution given by Eq. (39), in the case of mechanism motion with fixed frame as detailed in Table 2 through θ21(t) and θ51(t) and external loads 
applied to the link as detailed in Table 3 (the shown curves are cubic spline interpolations of 63 computed values of the generalized torques that are 
uniformly spaced in the time interval [0 2π] s).
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5. Conclusions

Starting from the D’Alembert’s principle and the relationships between the instantaneous pole axes (IPAs) of a multi-DOF spherical 
mechanism and the IPAs of the single-DOF spherical mechanisms it generates, a novel general dynamic model for multi-DOF spherical 
mechanisms has been deduced. This model fully highlights the role played by the instantaneous pole axes (IPAs) locations in the 
dynamic performances of these mechanisms and it is more prone than others to support designers that have to match specific 
requirement on such performances. Moreover, it can take into account also a possible motion of the frame.

In particular, the velocity coefficients (VCs) of the single-DOF spherical mechanisms generated from the multi-DOF one by locking 
all the generalized coordinates but one have been expressed through unit vectors parallel to the IPAs and, then, used to write all the 
terms appearing in D’Alembert’s principle. How to use the deduced model in the solution of the inverse and the direct dynamics 
problems has been detailed through ad hoc algorithms that need a common preliminary kinematic analysis, which can be done only 
once if the mechanism geometry does not change. This feature makes the proposed algorithms fast enough for them to be used in real- 
time applications.

The deduction of the model has brought to write the explicit expression of the generalized inertia matrix as a function of the VCs of 
the single-DOF spherical mechanisms generated from the multi-DOF one. Such an explicit expression, which is a general form 
applicable to multi-DOF spherical mechanisms of the one found by Eksergian for single-DOF mechanisms, is presented for the first 
time.

Eventually, a relevant case study has been addressed through the proposed novel formulation to show its effectiveness in solving a 
real dynamic problem.

Fig. 14. Computed time histories of the generalized torques τ(i)1 and τ(i)2 for i = 1 (a) and i = 2 (b), where i = 1, 2 refers to the position analysis 
solution given by Eq. (39), in the case of mechanism and frame motion as detailed in Table 2 through θ21(t), θ51(t), ω10(t) and 0aO|1(t) (the shown 
curves are cubic spline interpolations of 63 computed values of the generalized torques that are uniformly spaced in the time interval [0 2π] s).
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[3] M. Arredondo-Soto, E. Cuan-Urquizo, A. Gómez-Espinosa, A. Roman-Flores, P.D. Urbina-Coronado, M. Jimenez-Martinez, The compliant version of the 3-RRR 

spherical parallel mechanism known as “agile-eye”: kinetostatic analysis and parasitic displacement evaluation, Mech. Mach. Theory. 180 (2023) 105160, 
https://doi.org/10.1016/j.mechmachtheory.2022.105160.
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[10] J.M. Hervé, Uncoupled actuation of pan-tilt wrists, IEEE Trans. Robot. 22 (1) (Feb. 2006) 56–64, https://doi.org/10.1109/TRO.2005.858859.
[11] X. Kong, Forward displacement analysis of a 2-DOF RR-RRR-RRR spherical parallel manipulator, in: Procs. of 2010 IEEE/ASME international conference on 

mechatronic and embedded systems and applications, Qingdao, China, 2010, pp. 446–451, https://doi.org/10.1109/MESA.2010.5551993.
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