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Abstract

This thesis, in the frame of kinetic theory of gas mixtures, develops a gen-
eral framework which integrates the Boltzmann and the BGK descriptions of
the collision operators within one model, with the aim of combining the accu-
racy of the Boltzmann integral with the greater analytical and computational
tractability of the BGK operator. Hence, the proposed model allows for each
binary interaction to be described by either operators. After having proved
the consistency properties, namely the correct conservation laws, uniqueness of
equilibrium distribution and H-theorem, the dimensionless form of the model
is introduced, enabling the analysis of different hydrodynamic regimes. In the
classical collision dominated regime, in which all collisions are equally domi-
nant in the evolution, we consider a Chapman-Enskog expansion in terms of
a suitable Knudsen number and derive Euler and Navier-Stokes equations in
the hydrodynamic limit. In order to provide a closure for the Navier-Stokes
equations, we derive explicit first-order corrections for the species velocities,
while the complexity of the Boltzmann linearized operator prevents a closed-
form computation of the first order corrections of the pressure tensor and heat
flux. Nevertheless, the computations involve linear systems which admit unique
solutions, ensuring a constructive closure of the Navier–Stokes equations. Since
in real mixtures the number of species is typically small, the coefficient matrix
can easily be inverted using standard numerical tools. We then analyze binary
mixtures in which intra-species collisions are described by Boltzmann operators
and inter-species ones by BGK terms, focusing on two relevant hydrodynamic
regimes. In the first one, both intra-species interactions play a dominant role,
allowing to obtain the Navier-Stokes equations for macroscopic fields of both
species, with source terms on the right-hand side, representative of the slow
collisional dynamics. In the second one, the dominant role is played by the
intra-species interactions of the heavier species only, allowing for fluid equations
of Navier-Stokes type for such species, while the lightest one retains a kinetic de-
scription. Finally, exponential convergence of the species distribution functions
towards the species Maxwellian distribution is proved, with explicit dependence
of the convergence rate on the collision frequencies and mixture parameters.
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Introduction

The kinetic theory approach to gas mixtures has received increasing attention
in recent decades, and the Boltzmann description has been extended to model
more complex systems, including chemically reacting mixtures [46] and poly-
atomic constituents [27]. For inert mixtures of monatomic species, the classical
Boltzmann description is well established, but the analytical investigation of its
mathematical properties remains challenging. Despite several advances, both
in rigorous results and in the construction of efficient numerical schemes, the
Boltzmann system for mixtures is still notoriously difficult to handle because of
its nonlinear and multidimensional integral structure. To overcome these diffi-
culties, several simplified models have been proposed, most notably of the BGK
type, generalizing the relaxation model proposed by Bhatnagar-Groos-Krook in
[3] for a single gas.
A first mathematically rigorous BGKmodel for gas mixtures was proposed in [1],
employing for each species a global relaxation operator towards an auxiliary at-
tracting Maxwellian that accounts for all interactions with all the constituents.
Despite its simplicity, this model has been effective and has inspired various
generalizations, also to reactive mixtures [29], even of monatomic and poly-
atomic gases [12]. In a recent paper [13], the analogies and differences among
existing BGK models for inert mixtures were discussed, and a new BGK ap-
proximation was developed. In this model, the collision operators are expressed
as appropriate sums of binary relaxation terms, each reproducing the exchange
rates of momentum and energy corresponding to the binary Boltzmann opera-
tor. This correspondence between BGK and Boltzmann exchange rates is exact
for Maxwell molecule interactions, while a suitable approximation enables the
determination of consistent auxiliary parameters, defining the Maxwellian at-
tractors of the BGK operators, even for more general intermolecular potentials.
This approach thus extends the applicability of the BGK approximation. How-
ever, the important features that make BGK-type models more tractable than
the Boltzmann ones also limit their accuracy, and this trade-off between com-
putational manageability and accuracy of the description is what has motivated
the construction of a hybrid kinetic model.
Specifically, in this thesis we aim at combining in one model the BGK and the
Boltzmann descriptions, therefore we propose a mixed Boltzmann–BGK model
for inert mixtures of monatomic gases, where some kinds of interactions are
described by means of classical bi-species Boltzmann operators, and the others
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by means of the binary BGK operators introduced in [13]. It is well–known
indeed that the numerical methods for multi–species Boltzmann equations are
computationally expensive, as we can see in [31]. On the other hand, BGK ap-
proximations are not capable to reproduce peculiar nonlinear effects, especially
in the evolution of high order moments in mixtures with heavy and light com-
ponents [30]. Considering pros and cons of Boltzmann and BGK approaches,
we would like to preserve as much as possible the details of collision parameters
and intermolecular potentials as in the Boltzmann description, but keeping the
kinetic model manageable from the analytical and the numerical points of view.
For this reason, we try to replace some of the integral Boltzmann operators by
their simpler BGK approximation, which takes into account the collision pro-
cess only through the Maxwellian attractor and the collision frequency. Among
the many BGK models available for inert mixtures, we use the one of Ref. [13],
since it has the same structure as the Boltzmann model and simply replaces
each bi–species Boltzmann operator by a proper relaxation term. In addition,
contrary to other BGK approaches, this model allows to relate its parameters
to each binary interaction potential, preserving a more physically realistic de-
scription of the collisions. Thus, it seemed us well suited as a starting point
to construct a hybrid kinetic model where only some bi–species interactions are
described by relaxation–type operators. It is remarkable that such structure of
the mixed kinetic model, mimicking the one of the Boltzmann system, is par-
ticularly suitable to describe mixtures of gases with disparate masses, in which
the role played by collisions of heavier particles can be put in the right light.
The thesis is organized as follows. In the first chapter we present the distribu-
tion function, its moments and the full Boltzmann description of a gas mixture,
along with the properties of the collisional operator, the momentum and kinetic
energy exchange between generic species s and r, the weak form of the Boltz-
mann equation and the equilibrium distribution. Then we introduce the BGK
model presented in [13] and, by imposing that the exchange of momentum and
kinetic energy occurring between species s and r is the same when collisions are
described by either the Boltzmann or the BGK operator, we fix the fictitious
parameters involved in the auxiliary Maxwellian Msr of the BGK operator.
In the second chapter we introduce our generalized Boltzmann-BGK model.
Specifically, for any pair of species (s, r) with s, r = 1, . . . , N , the relative col-
lision may be described by a Boltzmann or a BGK operator: we fix a set of
coefficients χsr ∈ {0, 1}, with the reasonable symmetry assumption χsr = χrs,
such that if χsr = 1 the (s, r) interactions are modeled by the Boltzmann op-
erator, while if χsr = 0 by a BGK one. The option χsr = 1, ∀(s, r) reproduces
the full Boltzmann model, while the option χsr = 0 yields the BGK model built
up in [13]. The construction of the mixed kinetic model and its main properties
have been published in Ref. [5]. We prove the consistency properties of the
model, including the H-theorem, for any choices of coefficients χsr.
The general structure of this hybrid kinetic model allows, in particular, model-
ing the more significant part of the collision operator by Boltzmann terms (for
instance the dominant interactions, or the ones giving rise to specific features
of the considered physical problem), and the other ones by means of simpler
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relaxation terms. For instance, in plasmas the physically admissible scalings
are strongly affected by the very large mass ratio between ions and electrons,
so that the ions–ions interactions play the dominant role (and should be prop-
erly described by Boltzmann operators), whereas ions are almost no affected
by electrons [32]. Analogously, when a gaseous mixture is assumed diffusing
in a much denser host medium [10], Boltzmann description could be used only
for the dominant interactions with the background, leaving other intra- and in-
ter–species interactions modeled by BGK terms.
After establishing the consistency properties, we derive the dimensionless form
of the model equations. The presence of a collision operator for each gaseous
component allows for the study of different hydrodynamic regimes, while also
enabling the derivation of evolution equations for the main macroscopic fields.
A suitable coefficient appears in front of each collision operator, allowing the
selection of the desired regime.
In chapter 3, we focus on the classical collision dominated regime, which is par-
ticularly useful when the system is close to local equilibrium and collisions occur
much more frequently than macroscopic variations. Using Chapman-Enskog ex-
pansion, we derive the Euler equations and we adopt the same approach as in [9]
to obtain a closure for the Navier–Stokes equations. We first derive an explicit
expression for the first-order approximation of the species velocities. As regards
the first-order approximation of the pressure tensor and of the heat-flux vector,
the algebraic complexity of the moment equations, due to the simultaneous pres-
ence of the Boltzmann linearized operators and of the first order approximation
of the BGK terms, prevents their explicit computations; nonetheless, we rigor-
ously establish the existence and uniqueness of solutions to the associated linear
systems, proving diagonal dominance of the system matrix and thus providing a
constructive closure of the Navier–Stokes equations. However, in real mixtures
the number of species N is typically not very large, and the variables involved
reduce to strictly positive real numbers. In such cases, the coefficient matrix
can be inverted straightforwardly using standard mathematical software.
In chapter 4, we investigate the case in which intra-species collisions are de-
scribed by the the Boltzmann operators and inter-species ones are treated by
the BGK formulation. Exploiting the simpler computations involved, in this
case it is possible to provide an explicit expression for any of the additional
unknowns of the Navier-Stokes system, and therefore to derive explicitly the
transport coefficients, which will still depend on the collision frequencies of bi-
nary Boltzmann and BGK operators.
In the last part of the thesis, still pertaining to the case where intra-species
collisions are described through the Boltzmann integral and inter-species ones
through the BGK operator, the analysis is focused on binary mixtures. In partic-
ular, in Chapter 5 we first consider a mixture where one species is much heavier
than the other, and investigate the asymptotic limit in the regime dominated
by the intra-species collision, obtaining multi-velocities and multi-temperatures
Navier-Stokes equations, with source terms accounting for the slow collisional
dynamics. In the second part of the same chapter, we analyze a regime where
the dominant role is played only by intra-species collisions of the heaviest con-
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stituent. This more realistic situation has not yet been deeply investigated in
literature and leads to a fluid-kinetic system, composed by macroscopic equa-
tions for the heaviest component, coupled with a kinetic equation for the light
one, according with the multiscale feature of the dynamics.
In the last Chapter, in the space-homogeneous case, we focus on the estimate
of the convergence rate of the kinetic solutions towards the species Maxwellian
distributions. We begin by proving the exponential decay rate of the velocities
and the temperatures. We then introduce some analytical lemmas that allow
us to establish a rigorous proof of exponential convergence of the kinetic solu-
tions towards the local species Maxwellians, showing that any initial distribution
relaxes at an explicit rate, depending on collision frequencies and mixture pa-
rameters.
Finally, we present some concluding remarks and in Appendix we collect several
useful formulas and calculation details of results presented in the thesis.
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Chapter 1

Boltzmann and BGK

models for gas mixtures

1.1 The distribution function and its moments

In this chapter we report some preliminaries on kinetic theory for rarefied gases,
that is at the basis of our research work. Further details may be found in classical
books [18, 20, 25, 34]. Since gases involved in physical problems are usually
composed of particles of different constituents, in this thesis we consider an
inert mixture of N rarefied monatomic gases. Generalizations of kinetic models
to polyatomic particles (with translational and rotational degrees of freedom)
are available in [23, 27, 47].

We begin with some basic notions and results from the kinetic theory of gas
mixtures, [18].
Each species is characterized by its molecular mass

ms, s = 1, . . . , N.

The molecules are regarded as point particles that possess only translational
degrees of freedom, which can be identified with the spatial coordinates of its
center of mass, collected in the vector x ∈ R

3.
Furthermore, the kinetic state of each molecule is identified with its velocity
vector v ∈ R

3.

The evolution of the mixture is described through the distribution functions
vector

f = (f1, . . . , fN )
T
,

in which fs = fs(v,x, t), where t ∈ R
+ is obviously representative for the time.

Remark. For simplicity, for any vector a ∈ R
3, we denote the square of its

norm |a|2, by a2 or by (a)2.
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We are now going to introduce the macroscopic and measurable quantities of
each species and of the whole mixture, as suitable moments of the distribution
function fs.
For every species we define its number density ns, mass velocity us and
kinetic temperature Ts (in which the Boltzmann constantKB is incorporated
for convenience) as follows

ns =

∫

R3

fs(v)dv , us =
1

ns

∫

R3

vfs(v)dv , Ts =
ms

3ns

∫

R3

(v−us)
2fs(v)dv .

For the whole mixture, we define the number density n

n :=

N∑

s=1

ns ,

the average mass velocity u

u :=
1

ρ

N∑

s=1

ρsus ,

where ρs := msns represents the mass density of each species and the global

mass density ρ is given by

ρ :=

N∑

s=1

ρs .

Pertaining to the global temperature T (in which we incorporate once
again the Boltzmann constant KB), we require it to represent a measure of the
mixture thermal agitation. We define indeed the global kinetic energy density,
obtained as the sum of the species-specific kinetic energy densities, to be equal
to

1

2
ρu2 +

3

2
nT ,

and, specifically, we have

1

2

N∑

s=1

ms

∫

R3

v2fs(v)dv

=
1

2
u2

N∑

s=1

msns + u ·
N∑

s=1

ms

∫

R3

(v − u) fs(v)dv +
1

2

N∑

s=1

ms

∫

R3

(v − u)
2
fs(v)dv

=
1

2
ρu2 + u ·

N∑

s=1

(msnsus −msnsu) +

N∑

s=1

1

2
ms

∫

R3

(v − u)
2
fs(v)dv

=
1

2
ρu2 +

1

2

N∑

s=1

ms

∫

R3

(v − u)
2
fs(v)dv .
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Introducing the peculiar velocity c := v−u, the global temperature turns
out to be

nT =
1

3

N∑

s=1

∫

R3

c2fs(v)dv ,

that can be reformulated as follows

nT =
1

3

N∑

s=1

ms

∫

R3

[
(v − us) + (us − u)

]2
fs(v)dv

=
1

3

N∑

s=1

ms

∫

R3

(v − us)
2
fs(v)dv +

2

3

N∑

s=1

ms (us − u) ·
∫

R3

(v − us) fs(v)dv

︸ ︷︷ ︸

=nsus−nsus=0

+
1

3

N∑

s=1

ms (us − u)
2
∫

R3

fs(v)dv =
N∑

s=1

nsTs +
1

3

N∑

s=1

ρs (us − u)
2

=⇒ nT =

N∑

s=1

nsTs +
1

3

N∑

s=1

ρs (us − u)
2

(1.1)

The overall thermal agitation of the mixture arises both from the thermal
motion of each species individually and from the motion of each species rela-
tive to the mixture. For this reason, the temperature of the mixture is always
greater—often significantly greater—than the weighted average of the temper-
atures of its constituent species. Similarly, the scalar pressure of the mixture,
p = nT , exceeds the sum of the partial scalar pressures, ps = nsTs, with equal-
ity occurring only when all diffusion velocities us − u vanish.
Let us examine the components of the pressure tensor P , considered as the total
flux of momentum relative to a surface moving with the macroscopic velocity u

of the gas

Pij =

N∑

s=1

ms

∫

R3

(vi − ui)vjfs(v)dv =

N∑

s=1

ms

∫

R3

cicjfs(v)dv . (1.2)

Defining the component of the pressure tensor for single species P s
ij as

P s
ij =

N∑

s=1

ms

∫

R3

csi c
s
jfs(v)dv ,

where csi = vi − usi , the following relation between the pressure tensor of the
mixture and of the single species holds

Pij =

N∑

s=1

P s
ij +

N∑

s=1

ρs(u
s
i − ui)(u

s
j − uj).

In fact, P is not only obtained by adding the tensors corresponding to the
individual species; an additional contribution, which (as for the temperatures)
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arises from the diffusion velocities, must be included.
In the case of a single gas we have nT = 1

3Tr(P ) and this continues to hold for
a mixture as well

1

3
Tr(P ) =

N∑

s=1

nsTs +
1

3

N∑

s=1

ρs(us − u)2 = nT .

Furthermore, the following decomposition

P = nTI +Π ,

where Π is the traceless viscous stress tensor, remains valid in the case of a
mixture.
Finally, we define the heat flux q of the mixture and of the individual species.
We have

qi =
1

2

N∑

s=1

ms

∫

R3

c2cifs(v)dv ,

and

qsi =
1

2
ms

∫

R3

c2sc
s
ifs(v)dv .

Proceeding as before, it is not difficult to show that

qi =
N∑

s=1

qsi +

N∑

s=1

P s
ij(u

s
j −uj)+

3

2

N∑

s=1

nsTs(u
s
i −ui)+

1

2

N∑

s=1

ρs(u
s
i −ui)(us−u)2,

(1.3)
where diffusion velocities continue to play a crucial role.

1.2 Boltzmann system for a gas mixture

Assuming that no external forces are present, the dynamics of a mixture of
rarefied gases is governed by a system of Boltzmann-type equations

∂fs
∂t

+ v · ∇xfs = Qs , s = 1, . . . , N,

where the left-hand side describes the ”free-flight” phase, in which the term
depending on spatial gradients stands for the streaming operator, and the right-
hand side is responsible for the collision contributions.
Consistently with the rarefied gas assumption, the model considers exclusively
binary collisions, that is, if two molecules collide with each other, no other
collision involving them can occur until such a phase has ended.
The molecules of each species collide with any other species molecule. Therefore,
the collision operator Qs is the result of the sum of the contribution due to the
collision of the s-th species with each of the other N species

Qs =

N∑

r=1

Qsr(fs, fr) .
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We are ready to construct the Boltzmann operator that describes the colli-
sions between molecules of the s-th and r-th species.
We begin by introducing the collision total mass

Msr := ms +mr,

the reduced mass

µsr :=
msmr

ms +mr
,

and the mass fractions

αsr =
ms

Msr
, αrs =

mr

Msr
,

with obviously αsr + αrs = 1.

Remark. Let v,w be the pre-collision velocities of species s and r. Post-
collision velocities are indicated by an apex ′, v′

sr,w
′
sr.

Bearing in mind that having assumed collisions to be elastic, the momentum
and the kinetic energy are preserved in each of them, and it holds







msv +mrw = msv
′
sr +mrw

′
sr

msv
2 +mrw

2 = msv
′2
sr +mrw

′2
sr .

(1.4)

Being Y the velocity of the center of mass, Y = αsrv + αrsw, and y

the relative velocity of the colliding molecules, y = v−w, we reformulate
system (1.4) as follows







(ms +mr)Y = (ms +mr)Y
′

(ms +mr)Y
2 + µsry

2 = (ms +mr)Y
′2 + µsry

′2 ,

from which we obtain

Y ′ = Y and y′ = |y|ω, ω ∈ S
2,

where ω is the unit vector of the post-collisional relative velocity.
Combining the above equalities, velocities v, w can be expressed in terms of Y
and y







v = Y + αrsy

w = Y − αsry ,

and making use of momentum and energy conservations, we can reformulate
post-collisional velocities as functions of the incoming velocities







v′
sr = αsrv + αrs (w + |y|ω)

w′
sr = αrsw + αsr (v − |y|ω) .

(1.5)
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We are now ready to formulate the Boltzmann collision operator Qsr(fs, fr)
that will be the result of the difference between a scattering in term Q+

sr and
a scattering out one Q−

sr, i.e.

Qsr = Q+
sr −Q−

sr . (1.6)

Let gsr(|y|, ŷ ·ω) be the collision kernel function that provides the interaction
between the s− and r− species molecules, in which ŷ is the unit vector of relative
velocity. It is obviously symmetric with respect to their indices, i.e. gsr = grs.

Hence, the number of molecules of species s with velocity in dv and impact
parameter in dω, colliding with a fixed target molecule of species r located in
dx with velocity in dw, is given by

fs(x,v, t)dv gsr(|y|, ŷ · ω)dωdt .
To obtain the total number of collisions, we multiply by the number of target
molecules present, which is

fr(x,v, t)dwdx ,

reaching
gsr(|y|, ŷ · ω)fs(x,v, t)fr(x,v, t)dxdwdωdt .

The total number of collisions occurring in dx and dt that remove a molecule
from the velocity range dv is therefore given by integrating over all target
molecules and all admissible solid angles, namely

Q−
sr =

∫

R3×S2

gsr(|y|, ŷ · ω)fs(x,v, t)fr(x,v, t)dwdω .

To construct the gain term Q+
sr, we introduce the notion of a dual collision,

in which the post-collisional velocities from the direct interaction are interpreted
as incoming collisional velocities. Specifically, a gain of particles in dv in the
direct collision corresponds to a loss of particles in dv in the dual collision. This
observation allows us to recast the gain term as a loss term associated with the
dual process.
Using the dual collision method, and observing that

∣
∣
∣
∣

∂(Y, y)

∂(v,w)

∣
∣
∣
∣
= 1 =⇒ dvdwdω = dv′dw′dω′,

we have

Q+
sr =

∫

R3×S2

gsr(|y|, ŷ · ω)fs(v′
sr,x, t)fr(w

′
sr,x, t)dwdω.

Eventually, from (1.6),

Qsr(fs, fr) =

∫

R3×S2

gsr(|y|, ŷ · ω) [fs(v′
sr)fr(w

′
sr)− fs(v)fr(w)] dwdω. (1.7)

In the case of collisions between molecules of the same species, we find the
Boltzmann collision operator for single gas

Qss =

∫

R3×S2

gss(|y|, ŷ · ω) [fs(v′
s)fs(w

′
s)− fs(v)fs(w)] dwdω.
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1.3 Properties of the Boltzmann equations

In each elastic collision, molecules undergo a variation of their molecular veloc-
ity and thus a transfer of momentum and kinetic energy between the species
involved in the collision.
Since we have assumed the mixture to be inert and therefore the mass of each
species is preserved, the transfer of such quantities from species s to species r
is the opposite of the corresponding transfer from species r to species s.
Consequently, defining the following scalar product as

⟨φ(v), ψ(v)⟩ =
∫

R3

φ(v)ψ(v)dv ,

and upon summing over all molecular velocities, we expect to recover

ms⟨Qsr(fs, fr),v⟩+mr⟨Qrs(fr, fs),v⟩ = 0,

ms⟨Qsr(fs, fr), v
2⟩+mr⟨Qrs(fr, fs), v

2⟩ = 0.
(1.8)

We prove it analytically through the general weak formulations of binary
Boltzmann operators, with test functions φs(v) = msv,msv

2:

⟨Qsr, φs(v)⟩+ ⟨Qrs, φr(v)⟩ (1.9)

=

∫

R3×R3×S2

φs(v)gsr(|y|, ŷ · ω)
[
fs(v

′
sr)fr(w

′
sr)− fs(v)fr(w)

]
dvdwdω

+

∫

R3×R3×S2

φr(v)gsr(|y|, ŷ · ω)
[
fr(v

′
rs)fs(w

′
rs)− fr(v)fs(w)

]
dvdwdω .

Now, we reformulate these integrals using the following change of variable

v → w

w → v

ω → −ω ,

(1.10)

from which
v′
sr → αsrw + αrs(v − y · ω) = w′

rs

w′
sr → αrsv + αsr(w + y · ω) = v′

rs .

Then

⟨Qsr, φs(v)⟩+ ⟨Qrs, φr(v)⟩ (1.11)

=

∫

R3×R3×S2

φs(w)gsr(|y|, ŷ · ω)
[
fs(w

′
rs)fr(v

′
rs)− fs(w)fr(v)

]
dvdwdω

+

∫

R3×R3×S2

φr(w)gsr(|y|, ŷ · ω)
[
fr(w

′
sr)fs(v

′
sr)− fr(w)fs(v)

]
dvdwdω .
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In (1.9), by switching now pre- and post-collisional velocities, that is

v → v′
sr

w → w′
sr

ω → ω′ ,

(1.12)

in the first integral, and
v → v′

rs

w → w′
rs

ω → ω′ ,

(1.13)

in the second integral, we get the following reformulation

⟨Qsr, φs(v)⟩+ ⟨Qrs, φr(v)⟩ (1.14)

= −
∫

R3×R3×S2

φs(v
′
sr)gsr(|y|, ŷ · ω)

[
fs(v

′
sr)fr(w

′
sr)− fs(w)fr(v)

]
dvdwdω

−
∫

R3×R3×S2

φr(v
′
rs)gsr(|y|, ŷ · ω)

[
fr(v

′
rs)fs(w

′
rs)− fr(v)fs(w)

]
dvdwdω ,

thanks also to dv′dw′dω = dvdwdω.

Combining the previous changes of variables, we also get

⟨Qsr, φs(v)⟩+ ⟨Qrs, φr(v)⟩

= −
∫

R3×R3×S2

φs(w
′
rs)gsr(|y|, ŷ · ω)

[
fs(w

′
rs)fr(v

′
rs)− fs(w)fr(v)

]
dvdwdω

−
∫

R3×R3×S2

φr(w
′
sr)gsr(|y|, ŷ · ω)

[
fr(w

′
sr)fs(v

′
sr)− fr(w)fs(v)

]
dvdwdω .

(1.15)
Since (1.9), (1.11), (1.14) and (1.15) are equivalent formulations of ⟨Qsr, φs(v)⟩+
⟨Qrs, φr(v)⟩, we can recast it as

⟨Qsr, φs(v)⟩+ ⟨Qrs, φr(v)⟩

= −1

4

∫

R3×R3×S2

[φs(v
′
sr) + φr(w

′
sr)− φs(v)− φr(w)]

× [fs(v
′
sr) + fr(w

′
sr)− fs(v)− fr(w)] dvdwdω

− 1

4

∫

R3×R3×S2

[φr(v
′
rs) + φs(w

′
rs)− φr(v)− φs(w)]

× [fr(v
′
rs) + fs(w

′
rs)− fr(v)− fs(w)] dvdwdω .

(1.16)

Setting φs = msv,msv
2 and recalling (1.4), we have proved (1.8).
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Obviously, if s = r, we have

ms⟨Qss(fs),v⟩ = 0 , ms⟨Qss(fs), v
2⟩ = 0 .

In the case of a constant test function, i.e. φs(v) = 1, switching pre- and
post-collisional velocities as in (1.12) and (1.13) leads to

⟨Qsr, 1⟩ =
1

2

∫

R3×R3×S2

gsr(|y|, ŷ · ω)[fs(v′
sr)fr(w

′
sr)− fs(v)fr(w)

− fs(v
′
sr)fr(w

′
sr) + fs(v)fr(w)] = 0 ,

(1.17)

confirming preservation of species number densities.

1.4 Collision invariants and equilibrium distri-

butions

Given a regular test function φs(v), using changes of variables analogous to
those presented in the previous section and summing on all species, the weak

form of the Boltzmann equation may be cast as

N∑

s=1

⟨∂fs
∂t

, φs(v)⟩+ ⟨v · ∇xfs, φs(v)⟩

= −1

4

N∑

r,s=1

∫

R3×R3×S2

gsr(|y|, ŷ · ω) [φs(v
′
sr) + φr(w

′
sr)− φs(v)− φr(w)]

× [fs(v
′
sr)fr(w

′
sr)− fs(v)− fr(w)] dvdwdω.

(1.18)
It can also be easily checked, by exchanging pre- and post–collision velocities,

that an additional equivalent formulation of the weak form of each bi-species
Boltzmann operator is

⟨Qsr(fs, fr), φs(v)⟩ = − 1

2

∫

R3

∫

R3

∫

S2

gsr(|y|, ŷ · ω) [φs(v
′
sr)− φs(v)]

× [fs(v
′
sr)fr(w

′
sr)− fs(v)fr(w)] dvdwdω .

(1.19)

We define a collisional invariant as a molecular property that is conserved
in the collisional process. More rigorously, according to equation (1.16), the
following condition must be satisfied

φs(v
′
sr) + φr(w

′
sr) = φs(v) + φr(w) ∀v,w, ω, r, s = 1, . . . , N. (1.20)

As in a single gas, collisional invariants are suitable combinations of the principal
molecular properties.
It is possible to prove (see, for instance, [42] for details) that the collisional
invariants take the form

φs(v) = a+ b ·msv +
c

2
msv

2 , (1.21)
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and can be written as linear combination of the following N + 4 linearly inde-
pendent vectors

ψ
(1)

(v) =








1
0
...
0








, . . . , ψ
(N)

(v) =








0
...
0
1








, ψ
(N+1)

(v) =








m1vx
m2vx

...
mNvx








,

ψ
(N+2)

(v) =








m1vy
m2vy

...
mNvy








, ψ
(N+3)

(v) =








m1vz
m2vz
...

mNvz








, ψ
(N+4)

(v) =
1

2








m1v
2

m2v
2

...
mNv

2







.

which constitute a basis for the associated linear subspace.

In the full-Boltzmann description, we have proved the mass conservation of
every species

⟨Qs, 1⟩ = 0, s = 1, . . . , N, (1.22)

and of global momentum and kinetic energy

N∑

s=1

⟨Qs,msv⟩ = 0,
N∑

s=1

⟨Qs,msv
2⟩ = 0 . (1.23)

Starting from the weak form, taking moments of the Boltzmann equation with
respect to N + 4 collision invariants of the basis, the corresponding N + 4
macroscopic conservation equations for the hydrodynamic variables ns,u and
T can be derived






∂ns
∂t

+∇x · (nsus) = 0

∂

∂t
(ρu) +∇x · (ρu⊗ u) +∇x · (nT +Π) = 0

∂

∂t

(
1

2
ρu2 +

3

2
nT

)

+∇x ·
[(

1

2
ρu2 +

5

2
nT

)

u

]

+∇x · (Π · u+ q) = 0 ,

where, in addition to the hydrodynamic variables, the 3N−3 independent com-
ponents of the diffusion velocities us, the five independent components of the
viscous stress tensor Π and the three components of the heat flux vector q

appear, for which constitutive equations will be required in order to close the
system.

We define collisional equilibria those distribution functions f which nullify
the collisional operator Qs, i.e.

Qs(f(v)) = 0 , ∀s,v ;
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it can be proven that the principle of detailed balance holds true also for
mixtures, namely

Qs(f(v)) = 0 , ∀s,v

⇐⇒ fs(v
′
sr)fr(w

′
sr) = fs(v)fr(w) ∀s, r,v,w, ω

⇐⇒ log f(v) is a collisional invariant ,

where

log f(v) =








log f1
log f2

...
log fN








.

Using the form of the collision invariant (1.21) and the detailed balance principle,
if log f(v) is a collisional invariant, then there exist a, b and c such that

fs(v) = exp

(

a+ b ·msv + c
1

2
msv

2

)

, ∀s = 1, . . . , N, (1.24)

where c is required to be negative to ensure that fs ∈ L1.

It can be shown, after a suitable reformulation, that the collisional equi-

libria Meq
s take the Maxwellian distribution form

Meq
s := M

(

v;ns,u,
T

ms

)

= ns

( ms

2πT

)

exp
(

−ms

2T
(v − u)

2
)

.

We observe that the equilibrium Maxwellian distributions allow the species
densities to be independent, while prescribe the same velocity and temperature
for all distributions, i.e. u1 = . . . = uN , T1 = . . . = TN .
It follows that the collisional equilibria remain local Maxwellians and constitute
an N + 4-parameter family, depending on the macroscopic fields ns,u and T ,
which can be expressed as suitable moments of Meq

s or appropriate combination
of them.

By some standard computations, we get the zeroth, first, and second order
moment of Meq

s 





⟨Meq
s , 1⟩ = ns

⟨Meq
s ,v⟩ = nsu

⟨Meq
s , v

2⟩ = ns

(

u2 +
3T

ms

)

.

Furthermore, the N + 4 parameters characterizing the collisional equilibria
are in one to one correspondence with the N +4 scalar functions identifying the
collisional invariants, this correspondence being explicitly given in (1.24).
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1.5 The BGK collisional operator

Kinetic Boltzmann-type models are particularly difficult to handle both ana-
lytically and numerically, due to the presence of nonlinear integral operators.
These difficulties are amplified when moving from a single gas to a mixture,
since the collision operator for each component is a sum of binary integral oper-
ators. For this reason, simplified models are desirable, allowing the preservation
of the fundamental properties without entering into the details of microscopic
collisions. The most famous one, originally built up for a single gas [3], is the
BGK model, where the Boltzmann collision integral is replaced by a relaxation-
type operator, forcing the distribution towards a local Maxwellian equilibrium.
The first mathematically rigorous BGK model for mixtures of monoatomic
gases, proposed in 2002 in [1], considers a single relaxation operator for the
entire collision process, thus losing the structure of the Boltzmann operator
characterized by a sum of binary terms. Starting from [1], more refined mod-
els have been proposed (see for instance [15]), that also take into account the
polyatomic structure of components or the possibility of chemical interactions
between molecules [4, 11, 16, 28, 35].
A different way of modeling, based on the pioneering work by McCormack [39],
considers a collision term provided by a sum of binary operators, thus mimicking
the structure of the classical Boltzmann collision operator for mixtures [31, 33].
The recent paper [13] by Bobylev and co-authors fits into this research line,
and proposes a model valid for general intermolecular potentials. The collision
operator is given by

Q̂s =

N∑

r=1

Q̂sr,

with
Q̂sr = νsr

(
Msr − fs

)
, (1.25)

where νsr is a parameter independent of v to be fixed, representing the col-
lision frequency, having units of t−1, and Msr, dependent on the fictitious

parameters

nsr , usr , Tsr ,

is a suitable local Maxwellian,

Msr = M
(

v;nsr,usr,
Tsr
ms

)

, s, r = 1, ..., N. (1.26)

Remark. Contrary to the case of a single gas, the local Maxwellian Msr in
(1.26) depends on auxiliary fields nsr,usr and Tsr different from the actual
moments of the distribution function fs.

The equation governing the evolution of the generic species s will therefore
be

∂fs
∂t

+ v · ∇xfs =

N∑

r=1

νsr
(
Msr − fs

)
.
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It is necessary to determine fictitious parameters involved in the Maxwellian
attractors. We observe that, following the natural choice of setting nss = ns,
uss = us, and Tss = Ts (i.e., the parameters related to collisions of species s
with itself coincide with the moments of the distribution function fs), there still
remain 5(N2−N) fictitious parameters to be fixed, while onlyN+4 conservation
laws are available (the N continuity equations, one for each species, plus the
global conservation of momentum and kinetic energy).

To determine the fictitious parameters, in [13] it is imposed that the mass
of the molecules is conserved in each collision, as it occurs for the Boltzmann
operator, i.e.,

⟨Q̂sr, 1⟩ = ⟨Qsr, 1⟩ = 0, (1.27)

and that the transfer of momentum and kinetic energy through each binary
inter-species BGK operator coincides with the respective transfer of molecular
properties in the corresponding binary Boltzmann operator, i.e.,

⟨Qsr − Q̂sr,v⟩ = 0 , ⟨Qsr − Q̂sr, v
2⟩ = 0 . (1.28)

These assumptions are sufficient to determine the fictitious parameters in terms
of the main macroscopic species fields.
For the obtained model, it is possible to prove the positivity of the fictitious
temperatures Tsr and the consistency of the model. The proof techniques are
similar to those we will use in the next chapter to analyze the mixed model
proposed in this thesis.

Before proceeding to express the fictitious parameters in terms of the macro-
scopic species ones, we observe that equations (1.27) and (1.28) provide them-
selves the conservation of mass, total momentum and kinetic energy. Indeed,
the exchanged amount of any of these molecular properties is the same when
the collision is described by either the Boltzmann or the BGK operator.

Going through the same calculations computed in previous sections for the
global and species Maxwellian, we are able to explicitly determine zero-th, first-
and second-order momentum of the fictitious Maxwellian Msr







⟨Msr, 1⟩ = nsr

⟨Msr,v⟩ = nsrusr

⟨Msr, v
2⟩ = nsr

(

u2sr +
3Tsr
ms

)

.

Let us now compute the explicit expression of the fictitious parameters.
Recalling the mass conservation (1.27), we get

20



⟨Q̂sr, 1⟩ = νsr

∫

R3

(
Msr − fs

)
dv

= νsr

(∫

R3

Msrdv −
∫

R3

fsdv

)

= νsr
(
nsr − ns

)
= 0,

and so
nsr = ns , ∀s, r = 1, ..., N. (1.29)

Therefore, the fictitious densities coincide with the species densities.

Computing the exchange of momentum relative to the BGK collisional op-
erator, we find

⟨Q̂sr,v⟩ = νsr

∫

R3

(
Msr − fs

)
vdv

= νsr

(∫

R3

Msrvdv −
∫

R3

fsvdv

)

= νsrns

(
usr − us

)
. (1.30)

As regards kinetic energy, we have

⟨Q̂sr, v
2⟩ = νsr⟨Msr − fs, v

2⟩
= νsr

[
⟨Msr, v

2⟩ − ⟨fs, v2⟩
]

= νsrns

[

3
Tsr − Ts
ms

+ u2sr − u2s

]

. (1.31)

First and second order moments of the Boltzmann integral Qsr are computed
making use the weak form

⟨Qsr, φs(v)⟩ =
∫

R3×R3×S2

gsr (|y|, ŷ · ω)
(
φs(v

′
sr)− φs(v)

)
fs(v)fr(w)dvdwdω ,

obtained by exchanging the pre- and post-collisional velocities.
Inserting φs(v) = v, and referring to Appendix A for detailed computation, we
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obtain

⟨Qsr,v⟩ =
∫

R3×R3×S2

gsr(|y|, ŷ · ω)
(
v′
sr − v

)
fs(v)fr(w)dvdwdω

= − mr

ms +mr

∫

R3×R3×S2

gsr(|y|, ŷ · ω)
(
y − |y|ω

)
fs(v)fr(w)dvdwdω

= − 2πmr

ms +mr

∫

R3×R3

fs(v)fr(w)y

∫ 1

−1

(1− µ)gsr(|y|, µ)dµdvdw

= − mr

ms +mr

∫

R3×R3

fs(v)fr(w)(v −w)g(1)sr (|v −w|)dvdw,

(1.32)

in which we have defined

g(1)sr (|y|) = 2π

∫ 1

−1

(1− µ)gsr(|y|, µ)dµ.

Inserting now φ(v) = v2 in the weak form and once again referring to Ap-
pendix A for further details, for the second order moment of Qsr, we obtain

⟨Qsr, v
2⟩ =

∫

R3×R3×S2

gsr(|y|, ŷ · ω)
(
v′2sr − v2

)
fs(v)fr(w)dvdwdω

= − 2mr

(ms +mr)2

∫

R3×R3

fs(v)fr(w)
(
msv +mrw

)
·
∫

S2

gsr(|y|, ŷ · ω)
(
y − |y|ω

)
dωdvdw

= − 2mr

(ms +mr)2

∫

R3×R3

fs(v)fr(w)
(
msv +mrw

)
·
(
v −w

)
g(1)sr (|v −w|)dvdw.

(1.33)

The terms just computed are obtained for an arbitrary interaction poten-
tial; from this point onward, we fix the potential to that of Maxwellian

molecules [18]. In this case, the collision kernel gsr(|y|, µ) is independent of

|y|, and therefore g
(1)
sr becomes a definite integral in dµ of a function depending

only on µ. Thus, it is a constant and we set

g(1)sr = Λsr = constant. (1.34)

Remark. It is possible to represent in this framework, also more general inter-

action potentials, as proposed in [13], by approximating g
(1)
sr (|y|) by its value in
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some typical point ȳ, like, for instance, in an average of the relative speed

ȳ =

(
1

nsnr

∫

R3×R3

(v −w)2fs(v)fr(w)dvdw

) 1
2

=

[

3

(
Ts
ms

+
Tr
mr

)

+ (us − ur)
2

] 1
2

.

Hence, (1.32) can be reformulated into

⟨Qsr,v⟩ = − mr

ms +mr

∫

R3×R3

fs(v)fr(w)yg(1)sr dvdw

= − mr

ms +mr
Λsr

∫

R3×R3

fs(v)fr(w)(v −w)dvdw

= − mr

ms +mr
Λsr

(∫

R3×R3

fs(v)fr(w)vdvdw −
∫

R3×R3

fs(v)fr(w)wdvdw

)

= − mr

ms +mr
Λsrnsnr

(
us − ur

)
,

(1.35)
while (1.33) provides

⟨Qsr, v
2⟩ = − 2mr

(ms +mr)2
Λsr

∫

R3×R3

fs(v)fr(w)
(
msv +mrw

)
·
(
v −w

)
dvdw

= − 2mr

(ms +mr)2
Λsr

∫

R3×R3

fs(v)fr(w)

[

msv
2 −mrw

2 +
(
mr −ms

)
v ·w

]

dvdw

= − 2mr

(ms +mr)2
Λsrnsnr

[

3
(
Ts − Tr

)
+msu

2
s −mru

2
r +

(
mr −ms

)
us · ur

]

= − 2mr

(ms +mr)2
Λsrnsnr

[

3
(
Ts − Tr

)
+
(
msus +mrur

)
·
(
us − ur

)
]

.

(1.36)
We are eventually capable of writing the explicit form of (1.28)

⟨Q̂sr,msv⟩ = − msmr

ms +mr
Λsrnsnr(us − ur),

⟨Q̂rs,msv
2⟩ = − 2msmr

(ms +mr)2
Λsrnsnr

[
3(Ts − Tr) + (msus −mrur) · (us − ur)

]
,

(1.37)
and thus, taking into account (1.30) and (1.31), we can write the fictitious pa-
rameters usr and Tsr in terms of the macroscopic species fields.

23



From the equality of the momentum exchange, we get

− mr

ms +mr
Λsrnsnr

(
us − ur

)
= νsrns

(
usr − us

)

⇐⇒ usr = − mrnrλsr
(ms +mr) νsr

(
us − ur

)
+ us;

setting

asr =
mrnrΛsr

νsr
(
ms +mr

) , (1.38)

we can write
usr = (1− asr)us + asrur. (1.39)

On the other hand, from the equality of the kinetic energy exchange, we get

− 2mr

(ms +mr)2
Λsrnsnr

[

3
(
Ts − Tr

)
+
(
msus +mrur

)
·
(
us − ur

)
]

= νsrns

[

3
Tsr − Ts
ms

+ u2sr − u2s

]

⇐⇒ − 2msmr

(ms +mr)2
Λsrnr
ν12

[

3Ts − 3Tr +msu
2
s −mru

2
r −

(
ms −mr

)
us · ur

]

= 3Tsr − 3Ts +ms

{
[(1− asr)us + asrur]

2 − u2s
}
;

setting

bsr =
2mrnrΛsr

νsr
(
ms +mr

)
ms

ms +mr
=

2asrms

ms +mr
, (1.40)

we can compute

− bsr

[

3Ts − 3Tr +msu
2
s −mru

2
r −

(
ms −mr

)
us · ur

]

= 3Tsr − 3Ts +ms

[
(1 + a2sr − 2asr)u

2
s + a2sru

2
r + (2asr − 2a2sr)us · ur − u2s

]
,

which, through further computations, becomes

3Tsr = 3
[(
1− brs

)
Ts + bsrTr

]
+ms

(
2asr − bsr − a2sr

)
u2s

+
(
mrbsr −msa

2
sr

)
u2r +

(
bsr(ms −mr)− 2ms(asr − a2sr)

)
us · ur.

(1.41)

At this point, recalling (1.40), we find

ms

(
2asr − bsr − a2sr

)
= ms

(

2asr −
2asrms

ms +mr
− a2sr

)

= msasr

(
2mr

ms +mr
− asr

)

,

(1.42)
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mrbsr −msa
2
sr = msasr

(
2mr

ms +mr
− asr

)

, (1.43)

and

bsr(ms −mr) +msasr(2asr − 2) = −2msasr

(
2mr

ms +mr
− asr

)

. (1.44)

Finally, using the computations above and setting

γsr =
msasr

3

(
2mr

ms +mr
− asr

)

, (1.45)

we find an explicit expression for the fictitious temperature Tsr

Tsr =
(
1− bsr)Ts + bsrTr + γsru

2
s + γsru

2
r − 2γsrus · ur

=
(
1− bsr)Ts + bsrTr + γsr (us − ur)

2
.

Summarizing, we obtain the expressions of the fictitious moments in terms
of the macroscopic fields







usr =
(
1− asr

)
us + asrur

Tsr =
(
1− bsr)Ts + bsrTr + γsr (us − ur)

2
,

(1.46)

along with






asr =
mrnrΛsr

νsr
(
ms +mr

)

bsr =
2asrms

ms +mr

γsr =
msasr

3

(
2mr

ms +mr
− asr

)

.

(1.47)

Proposition. The fictitious temperatures Tsr provided in (1.46) are well de-
fined, i.e. Tsr > 0, if collision frequencies fulfill the constraint

νsr ≥ 1

2
Λsrnr (1.48)

for each s, r = 1, . . . , N , r ̸= s.

Proof. By definition, it follows that

asr > 0 , bsr > 0 ; (1.49)
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moreover, under (1.48), we have

bsr = 2
Λsr

νsr
nr

msmr

(ms +mr)2
≤ 4

msmr

(ms +mr)2
= 4

ms

ms +mr

(

1− ms

ms +mr

)

≤ 4 · 1
4
= 1 ,

(1.50)
and

γsr =
1

3
msasr

(
2mr

ms +mr
− Λsrmr nr

νsr (ms +mr)

)

≥ 0 . (1.51)

Hence, the positiveness of the fictitious temperatures trivially follows.

Remark. Regarding the choice of the collision frequencies νsr, one possibility is
provided by estimating the number of collisions between species s and r as done
in [43], which leads to relating them to the first moment of the impact parameter
functions gsr(|y|, ŷ · ω), obtaining

νsr = nr

∫

S2

gsr(|y|, ŷ · ω)dω .

However, in this work, to maintain the greatest generality and possibly reproduce
the correct Prandtl number in the Navier-Stokes expansion, we deliberately leave
them free and not fix them.

Any BGK model must satisfy the main consistency properties verified by the
Boltzmann operator; in particular, for the model proposed in [13] the following
must holds:

• conservation of mass, momentum, and kinetic energy:

⟨Q̂sr, 1⟩ = 0 s, r = 1, ..., N ;

N∑

s=1

ms⟨Q̂s,v⟩ = 0;

N∑

s=1

ms⟨Q̂s, v
2⟩ = 0;

(1.52)

• uniqueness of collisional equilibria:

Q̂s = 0 s = 1, ..., N =⇒ fs = Meq
s

(
v;ns,u,

T

ms

)
s = 1, ..., N ,

(1.53)

• the H−theorem:
N∑

s=1

⟨Q̂s, log fs⟩ ≤ 0 . (1.54)

The proofs of these properties can be found in [13] and will be partially
revisited in the next chapter.
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Chapter 2

The mixed

Boltzmann-BGK model

In this chapter, we propose a mixed Boltzmann–BGK model that combines
the positive aspects of the two previous descriptions, which can be regarded
as complementary; the corresponding results have been published in [5]. The
Boltzmann operator allows for a high level of accuracy in the interaction dy-
namics and for the derivation of precise transport coefficients. However, being
a 5-dimensional integral hard to handle either analytically or computationally,
numerical solutions are often very demanding. On the other hand, the BGK
operator comes with analytical convenience, allowing explicit calculations, and
computational efficiency, since its simplified relaxation structure makes it possi-
ble to obtain numerical solutions with far less effort compared to the Boltzmann
operator. However, these advantages come at the cost of a slightly approximated
representation of collisional dynamics.
A remarkable property of the hybrid model we will construct is that it allows
for the study of different asymptotic regimes, where the dominant role in the
evolution is played either by the whole collision process or by any of the binary
interactions.

The general mixed Boltzmann–BGK model for an inert mixture ofN gaseous
species reads as

∂fs
∂t

+ v · ∇xfs = Qs

=

N∑

r=1

[

χsr Qsr(fs, fr) + (1− χsr) Q̂sr(fs)
]

, s = 1, . . . , N ,

(2.1)

where Qsr(fs, fr) is the bi–species Boltzmann operator defined in (1.7), and
Q̂sr(fs) = νsr(Msr − fs) is the BGK operator (1.25) constructed in Chapter
1, with the auxiliary Maxwellian Msr depending on the fictitious moments
(1.46) involving coefficients (1.47); moreover, coefficients χsr ∈ {0, 1} are such
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that χsr = χrs, ∀ s, r = 1, . . . , N . This means that if χsr = 1 the interactions
between particles s and r are modeled by a Boltzmann operator, while if χsr = 0
a BGK term is used.
Notice that the option χsr = 1, ∀(s, r) provides the pure Boltzmann model for
inert mixtures, while the option χsr = 0, ∀(s, r) allows to recover the full BGK
model proposed in [1].
The general collision operator in (2.1) takes into account that, for any pair
(s, r), with s, r = 1, . . . , N , we can choose to describe the interactions between
particles of species s and r by means of a classical Boltzmann operator (keeping
all the details of the intermolecular interaction potential), or by means of a
simpler BGK operator that, as described in the previous sections, introduces
some proper approximations. A possible reasonable choice could be to model the
dominant collisions (for instance the ones involving particles with much larger
mass) with Boltzmann terms, and the others, providing momentum and energy
exchanging on a slower time scale, with BGK terms. Many other choices can
be put in this frame, including also not symmetric scenarios like, for instance,
χ11 = 1 and χsr = 0 for any pair (s, r) ̸= (1, 1), suitable to describe a mixture
in which the component labelled by 1 is much heavier than the others. If two
gas components s and r are similar, namely with particle masses of the same
order of magnitude and with analogous interaction potentials, one should choose
χsj = χrj , ∀ j = 1, . . . , N ; consequently, the particular limiting case where all
species become equal should be described only by the full Boltzmann model
(with all coefficients equal to 1) or by the full BGK approximation (with all
coefficients equal to 0).

2.1 Consistency of the model

We show now that the mixed description introduced above satisfies the consis-
tency properties; more precisely, we prove

A) conservation of species masses, global momentum and energy, i.e.

⟨Qss, 1⟩ = ⟨Q̂ss, 1⟩ = 0 , s = 1, . . . , N

⟨Qsr, 1⟩ = ⟨Q̂sr, 1⟩ = 0 , s, r = 1, . . . , N , r ̸= s ,
(2.2)

and

N∑

s=1

N∑

r=1

⟨χsr Qsr(fs, fr) + (1− χsr) Q̂sr(fs), φs(v)⟩ = 0 , (2.3)

for φs(v) = ms v and φs(v) = msv
2.

B) the validity of Boltzmann H-theorem, in particular of the entropy dissipa-
tion estimate, i.e.

N∑

s=1

⟨Qs, log fs⟩ ≤ 0 ; (2.4)
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C) preservation of Boltzmann equilibrium distribution functions, i.e.

Qs = 0 , s = 1, . . . , N ⇐⇒ fs = Meq
s = ns

( ms

2πT

)3/2

exp
[

−ms

2T
(v − u)

2
]

,

(2.5)
where u and T are the global mean velocity and temperature, respectively.

In the following, Proposition 1 will be devoted to the proof of item A),
Proposition 2 to the proof of item B), and Proposition 3 to the proof of item
C).

Proposition 1. The conservation laws (2.2) and (2.3) hold for the mixed model
(2.1).

Proof. The conservation of species number densities trivially follows from the
constraint (1.27).

As concerns the conservation of momentum and kinetic energy, we start by
proving that

⟨Q̂sr,msv⟩ = −⟨Q̂rs,mrv⟩,
⟨Q̂sr,msv

2⟩ = −⟨Q̂rs,mrv
2⟩.

(2.6)

Having imposed that the exchange of momentum and kinetic energy between
species s and r described by the Boltzmann operator equals the one due to the
BGK operator, we have

⟨Q̂sr,msv⟩ = − msmr

ms +mr
Λsrnsnr (us − ur) ,

and since λsr = λrs,

⟨Q̂rs,mrv⟩ = − msmr

ms +mr
Λrsnsnr (ur − us) = −⟨Q̂sr,msv⟩. (2.7)

Analogously

⟨Q̂sr,ms|v|2⟩ = − 2msmr

(ms +mr)
2Λsrnsnr [3 (Ts − Tr) + (msus +mrur) · (us − ur)] ,

and

⟨Q̂rs,mrv
2⟩ = 2msmr

(ms +mr)
2Λrsnsnr [3 (Ts − Tr) + (msus +mrur) · (us − ur)]

= −⟨Q̂sr,msv
2⟩.

(2.8)
Now, equation (2.3) may be rewritten as

N∑

s=1

⟨χssQss(fs, fs) + (1− χss) Q̂ss(fs), φs(v)⟩

+
N∑

s=1

N∑

r=1
r ̸=s

⟨χsr Qsr(fs, fr) + (1− χsr) Q̂sr(fs), φs(v)⟩ = 0 .

(2.9)
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The first sum vanishes, since φs(v) = ms v and φs(v) = msv
2 are collision

invariants for the single–species Boltzmann operators, and BGK contributions
(1.37) also vanish when r = s.
As concerns the second sum, involving interactions between different species, by
exchanging indices r and s and recalling that χrs = χsr we get

N∑

s=1

N∑

r=1
r ̸=s

⟨χsr Qsr(fs, fr) + (1− χsr) Q̂sr(fs), φs(v⟩

=
1

2

N∑

s=1

N∑

r=1
r ̸=s

[

χsr

(

⟨Qsr(fs, fr), φs(v)⟩+ ⟨Qrs(fr, fs), φr(v)⟩
)

+(1− χsr)
(

⟨Q̂sr(fs), φs(v)⟩+ ⟨Q̂rs(fr), φr(v)⟩
)]

.

Owing to (1.8), we see that Boltzmann contributions vanish due to conservations
of momentum and energy in each collision; even BGK contributions vanish as
already proved in (2.7)-(2.8), therefore also the second sum in (2.9) is equal to
zero, concluding thus the proof of conservation laws.

We prove now the validity of two lemmas that will be used in the demon-
stration of the H-theorem and the uniqueness of equilibrium solutions.

Lemma 1. Let {κij , i, j = 1, . . . , N , i ̸= j} be a set of N(N − 1) positive
numbers such that κij = κji for each admissible pair. Then, the linear system

N∑

j=1
j ̸=i

κij(ξj − ξi) = 0 , i = 1, . . . , N (2.10)

admits only the trivial solution ξ1 = . . . = ξN = const.

Proof. We multiply each equation by ξi and we sum over i; we obtain

N∑

i=1

N∑

j=1
j ̸=i

κij(ξ
2
i − ξiξj) =

1

2

N∑

i=1

N∑

j=1
j ̸=i

κij(ξi − ξj)
2 = 0 . (2.11)

Since all coefficients κij are positive, the only admissible solution is ξi − ξj = 0
for each pair of indices.

Lemma 2. For any s = 1, . . . , N , we have

N∑

s=1

N∑

r=1,
r ̸=s

⟨Q̂sr, log fs⟩ ≤ 0 , (2.12)

and
N∑

s=1

N∑

r=1,
r ̸=s

⟨Q̂sr, log fs⟩ = 0 ⇐⇒ fs = Meq
s . (2.13)
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Proof.
N∑

s=1

N∑

r=1
r ̸=s

⟨Q̂sr, log fs⟩ =
N∑

s=1

N∑

r=1
r ̸=s

νsr⟨Msr − fs, log fs⟩

≤
N∑

s=1

N∑

r=1
r ̸=s

νsr [⟨Msr, logMsr − 1⟩ − ⟨fs, log fs − 1⟩]

=

N∑

s=1

N∑

r=1
r ̸=s

νsr [⟨Msr, logMsr⟩ − ⟨fs, log fs⟩] ,

(2.14)

where in the last equality we have taken into account that ⟨Msr, 1⟩ = ⟨fs, 1⟩ =
ns and the inequality follows from

(y − x) log x ≤ y(log y − 1)− x(log x− 1) , for any x, y > 0 . (2.15)

In fact,
(y − x) log x ≤ y(log y − 1)− x(log x− 1)

⇐⇒ y log x ≤ y log y − y + x

⇐⇒ log
x

y
≤ x

y
− 1 ,

that holds for any x, y > 0.
Now, we can use the classical inequality

⟨fs, log fs⟩ ≥ ⟨Ms, logMs⟩ , (2.16)

where Ms := M
(

v;ns,us,
Ts
ms

)

is a Maxwellian function having the same

moments as fs; it follows that

N∑

s=1

N∑

r=1
r ̸=s

νsr [⟨Msr, logMsr⟩ − ⟨Ms, logMs⟩] . (2.17)

We compute explicitly

⟨Msr, logMsr⟩ = ⟨Msr, log ns +
3

2
log

(
ms

2πTsr

)

− ms

2Tsr
|v − usr|2⟩

=

[

log ns +
3

2
log

(
ms

2πTsr

)]

⟨Msr, 1⟩ −
ms

2Tsr
⟨Msr, |v − usr|2⟩

= ns

[

log ns +
3

2
log

(
ms

2πTsr

)]

− ms

2Tsr
ns

(
ms

2πTsr

)3/2
3

2
π3/2

(
ms

2Tsr

)−5/2

= ns

[

log ns +
3

2
log

(
ms

2πTsr

)

− 3

2

]

,

(2.18)
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hence
N∑

s=1

N∑

r=1
r ̸=s

⟨Q̂sr, log fs⟩ ≤ −3

2

N∑

s=1

N∑

r=1
r ̸=s

νsrns log
Tsr
Ts

. (2.19)

From the expressions of auxiliary temperatures given in (1.46), we have

Tsr ≥ (1− bsr)Ts + bsrTr

=⇒ log Tsr ≥ log[(1− bsr)Ts + bsrTr] ≥ (1− bsr) log Ts + bsr log Tr ,
(2.20)

where last inequality follows from concavity arguments, recalling that bsr < 1;
by such result, we can rewrite

log
Tsr
Ts

= log Tsr − log Ts ≥ (1− bsr) log Ts + bsr log Tr − log Ts = bsr log
Tr
Ts

,

(2.21)
and

N∑

s=1

N∑

r=1
r ̸=s

⟨Q̂sr, log fs⟩ ≤ −3

2

N∑

s=1

N∑

r=1
r ̸=s

νsrnsbsr log
Tr
Ts

= −3

2

N∑

s=1

N∑

r=1
r>s

νsrnsbsr

(

log
Tr
Ts

+ log
Ts
Tr

)

= 0 ,

(2.22)

where using (1.47) we have noted that νrsnrbrs = νsrnsbsr.

We are now ready to prove the analogous of the Boltzmann H-theorem for
our mixed Boltzmann–BGK model.

Proposition 2. In the space homogeneous case, the functional

H[f ] =

N∑

s=1

⟨fs, log fs⟩ =
N∑

s=1

∫

R3

fs(v) log
(
fs(v)

)
dv (2.23)

is a Lyapunov functional, namely
dH
dt

≤ 0 along each solution of the mixed

Boltzmann–BGK system (2.1), and H(f) > H(Meq) for any f ̸= Meq, with
Meq := (Meq

1 , . . . ,Meq
N )T , where Meq

s are the Maxwellian equilibrium distri-
butions defined in (1.53).

Proof. In order to verify the validity of the theorem we have to prove that along
any solution of the mixed model (2.1) in space homogeneous conditions we have
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dH
dt

≤ 0. Similarly to (2.1), it can be checked that

dH
dt

=

N∑

s=1

N∑

r=1

⟨χsr Qsr(fs, fr) + (1− χsr) Q̂sr(fs), log fs⟩

=

N∑

s=1

⟨χssQss(fs, fs) + (1− χss) Q̂ss(fs), log fs⟩

+

N∑

s=1

N∑

r=1
r ̸=s

⟨χsr Qsr(fs, fr) + (1− χsr) Q̂sr(fs), log fs⟩.

Since Qss(fs, fs) is the one–species Boltzmann operator [18] and Q̂ss(fs) is the
standard BGK operator for a single gas [3], it is well known that
⟨Qss(fs, fs), log fs⟩ ≤ 0 and ⟨Q̂ss(fs), log fs⟩ ≤ 0. As concerns contributions
involving operators with r ̸= s, for the BGK ones we have already proved in
lemma 2

⟨Qsr(fs), log fs⟩+ ⟨Qrs(fr), log fr⟩ ≤ 0 ,

while for the Boltzmann terms, recalling the weak form (1.19), we have

⟨Qsr(fs, fr), log fs⟩+ ⟨Qrs(fr, fs), log fr⟩

= −1

2

∫∫∫

R3×R3×S2

gsr(y, ŷ · ω) log

(
fs(v

′
sr)fr(w

′
sr)

fs(v)fr(w)

)

×
[
fs(v

′
sr)fr(w

′
sr)

fs(v)fr(w)
− 1

]

fs(v)fr(w)dvdwdω ≤ 0 ,

where the inequality holds since (y − 1) log y ≥ 0, ∀y > 0. In conclusion, the

inequality
dH
dt

≤ 0 is fulfilled and, more specifically,
dH
dt

may be seen as a sum

of non–positive contributions as follows:

dH
dt

=

N∑

s=1

χss ⟨Qss(fs, fs), log fs⟩
︸ ︷︷ ︸

≤0

+
N∑

s=1

(1− χss) ⟨Q̂ss(fs), log fs⟩
︸ ︷︷ ︸

≤0

+

N∑

s=1

N∑

r=1
r>s

χsr

(

⟨Qsr(fs, fr), log fs⟩+ ⟨Qrs(fr, fs), log fr⟩
︸ ︷︷ ︸

≤0

)

+

N∑

s=1

N∑

r=1
r>s

(1− χsr)
(

⟨Q̂sr(fs), log fs⟩+ ⟨Q̂rs(fr), log fr >
︸ ︷︷ ︸

≤0

)

.

(2.24)

We note that each addend of the right-hand side above vanishes only if f is a
stationary state, i.e. f = Meq. Hence the the proof is concluded.
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Proposition 3. The equilibrium solutions of the Boltzmann–BGK model (2.1)
are provided by Maxwellian functions depending on global mean velocity and
temperature, i.e.

Qs = 0 , s = 1, . . . , N ⇐⇒ fs = Meq
s = ns

( ms

2πT

)3/2

exp
[

−ms

2T
(v − u)

2
]

.

(2.25)

Proof. Firstly we observe that one of the two implications is trivial: if the
Maxwellian distribution functions share the same mean velocity and tempera-
ture then each term in Qs vanishes. For the reverse implication, we remark that

in (2.24) we have shown that
dH
dt

is a sum of non–negative terms, therefore if

f = (f1, . . . , fN ) is a stationary state, then
dH
dt

must vanish.

By considering at first the interactions between particles of the same species we
get that, for any s = 1, ..., N , if χss = 1 then ⟨Qss(fs, fs), log fs⟩ = 0, while if
χss = 0 then ⟨Q̂ss(fs), log fs⟩ = 0; in both cases this obviously yields (recalling
classical results for one–species Boltzmann and BGK H-theorem)

fs = Ms

(

v; ns, us,
Ts
ms

)

= ns

(
ms

2πTs

)3/2

exp

[

−ms

2Ts
|v − us|2

]

, (2.26)

namely it is a Maxwellian distribution with species macroscopic fields ns, us

and Ts.
Taking into account this result, let us consider the interactions between different
constituents. For any (s, r) with r ̸= s such that χsr = 1, from the computations
above and from the well known detailed balance principle for bi–species Boltz-
mann operators [19], we have that the pertinent contribution to the entropy
dissipation estimate (2.24) vanishes only if

log
(
fs(v

′
sr)
)
+log

(
fr(w

′
sr)
)
= log

(
fs(v)

)
+log

(
fr(w)

)
, ∀v,w ∈ R

3, ω ∈ S
2 .

By substituting into this equality the expressions of the local Maxwellian Ms

and Mr given in (2.26) we get

ms

Ts
|v′

sr − us|2 +
mr

Tr
|w′

sr − ur|2 =
ms

Ts
|v − us|2 +

mr

Tr
|w − ur|2,

hence

ms

Ts

(

|v′
sr|2−|v|2

)

+
mr

Tr

(

|w′
sr|2−|w|2

)

− 2
ms

Ts

(
v′
sr−v

)
·us− 2

mr

Tr

(
w′

sr−w
)
·ur = 0 ;

choosing w = −v and ω = −v/|v| we get v′
sr =

(

1− 4
mr

ms +mr

)

v and

w′
sr =

(

4
ms

mr +ms
− 1

)

v, and consequently

8
msmr

ms +mr

(

2
mr

ms +mr
− 1

)(
1

Ts
− 1

Tr

)

|v|2+8
msmr

ms +mr
v·
(
us

Ts
− ur

Tr

)

= 0 .
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Since such equality must hold ∀v ∈ R
3, we obtain ur = us and Tr = Ts

for all pairs (s, r) with χsr = 1. Under these constraints, distributions (2.26)
are such that Qsr(Ms,Mr) = Qrs(Mr,Ms) = 0, for any (s, r) with χrs = 1.
Therefore, by multiplying the s-th collision operator in (2.1) by ms v, only BGK
contributions remain:

N∑

r=1

⟨χsr Q̂sr(Ms,Mr) + (1− χsr) Q̂sr(Ms),ms v⟩

=

N∑

r=1
r ̸=s

(1− χsr)⟨Qsr(Ms),ms v⟩ =
N∑

r=1
r ̸=s

(1− χsr)Csr(ur − us) ,

with coefficients Csr = Λsr
msmr

ms +mr
nsnr > 0 (see (1.37)).

At the equilibrium we have thus
∑

r∈Ξs

Csr(ur − us) = 0 , s = 1, . . . , N,

where Ξs denotes the set of indices r = 1, . . . , N such that χsr = 0. According
to Lemma 1, these equalities hold if and only if ur = us for any (s, r) such that
χrs = 0. Using this result in the weak form of the s-th collision operator in
(2.1) with weight ms v

2 we obtain

N∑

r=1

⟨χsr Qsr(Ms,Mr) + (1− χsr) Q̂sr(Ms),ms v
2⟩

=
N∑

r=1
r ̸=s

(1− χsr)⟨Q̂sr(Ms),ms v
2⟩ =

N∑

r=1
r ̸=s

(1− χsr)Dsr(Tr − Ts) ,

with coefficients Dsr = 2Csr/(ms + mr) > 0, see again (1.37), and the same
arguments as above imply Tr = Ts for any (s, r) such that χsr = 0. This
concludes the proof of equalization of mean velocities and temperatures of all
species in any equilibrium configuration.

2.2 Dimensionless equations

We now turn to the dimensionless form of the kinetic equations in order to
introduce the Knudsen number and other dimensionless numbers able to identify
the role of various collision processes. This formulation will enable the analysis
of different regimes and, in particular, the identification of the hydrodynamic
limits of these equations. To begin, we order the masses of the components;
without loss of generality, we may assume that

0 < m1 ≤ m2 ≤ ... ≤ mN−1 < mN ,
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and we set
m̃s =

ms

mN
, ∀s = 1, ..., N,

hence m̃N = 1.

Let us consider a reference temperature T0 and introduce a velocity defined
as

τ =

(
T0
mN

) 1
2

.

We also denote by n0 a suitable reference molecular density, and write

ñs =
ns

n0
, T̃s =

Ts
T0

, ṽ =
v

τ
, ũs =

us

τ
.

and we then normalize the distribution functions as follows

f̃s = τ3
fs
n0

.

Finally, recalling that the collision frequencies have the unit measure of the
inverse of time, we rescale the spatial and temporal variables as follows

t̃ = νt , x̃ =
νx

τ
,

where ν is a reference value for the collision frequencies.
In order to study different hydrodynamic regimes, characterized by different
dominant collisional phenomena, we rescale the collision frequencies and the
differential cross sections by introducing the constants βsr and ε

ν̃sr =
ενsr
βsrν

, g̃sr =
εn0

βsrν
gsr , ∀ s, r = 1, . . . , N.

(2.27)

specifically, ε is the Knudsen number, the small parameter representative of
the ratio between microscopic and macroscopic scale, while βsr will allow us to
analyze different hydrodynamic regimes.

We recall the equation of the system describing the evolution of the s-th
species

∂fs
∂t

+ v · ∇xfs =

N∑

r=1

[

χsrQsr + (1− χsr)Q̂sr

]

(2.28)

and make it dimensionless.
Exploiting the dimensionless variables above, first addend of the left-hand

side becomes
∂fs
∂t

= ν
∂fs

∂t̃
=
νn0
τ3

∂f̃s

∂t̃
, (2.29)
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and the second

v · ∇xfs = τ ṽ · ∇x

(
n0

τ3
f̃

)

=
ν

τ
τ
n0

τ3
ṽ · ∇x̃f̃s

⇐⇒ v · ∇xfs =
νn0
τ3

ṽ · ∇x̃f̃s .

(2.30)

Boltzmann collisional operator thus turns into

Qsr =

∫

R3×S2

gsr(|y|, ŷ · ω)
[

fs(v
′
sr)fs(w

′
sr)− fs(v)fs(w)

]

dwdω

=
βsrν

εn0

n0

τ3
n0

τ3

∫

R3×S2

g̃sr(|y|, ŷ · ω)
[

f̃s(v
′
sr)f̃s(w

′
sr)− f̃s(v)f̃s(w)

]

dwdω

=
βsr
ε

νn0
τ3

∫

R3×S2

g̃sr(|y|, ŷ · ω)
[

f̃s(v
′
sr)f̃s(w

′
sr)− f̃s(v)f̃r(w)

]

dw̃dω,

hence

Qsr =
βsr
ε

νn0
τ3

Q̃sr. (2.31)

Focusing now on the BGK collisional operator Q̂sr, we need to adimension-
alize the the fictitious parameter usr and Tsr.
Recalling the expression of their coefficients







asr =
mrnrΛsr

νsr
(
ms +mr

)

bsr =
2asrms

ms +mr

γsr =
msasr

3

(
2mr

ms +mr
− asr

)

,

we notice that asr and bsr are already pure numbers, i.e. we can write asr = ãsr,
bsr = b̃sr, while γsr has the dimension of a mass: we then introduce

γ̃sr =
γsr
mN

.

We set now

ũsr =
usr

τ
, T̃sr =

Ts
T0

,

from which

usr = (1− asr)us + asrur

=⇒ ũsr = (1− ãsr) ũs + ãsrũr ,
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and
Ts = (1− bsr)Ts + bsrTr + γsr (us − ur)

2

=⇒ T̃sr =
(

1− b̃sr

)

T̃s + b̃srT̃r + γ̃sr (ũs − ũr)
2
,

where we have used mNτ
2 = T0.

We now concentrate on the fictitious Maxwellian Msr: dividing both nu-
merator and denominator by mN and exploiting the relations computed above,
we obtain

Msr = n0ñs

(
m̃s

2πT̃sr
T0

mN

) 3
2

exp

(

− m̃s

2T̃rs
T0

mN

τ2|ṽ − ũsr|2
)

=
n0

τ3
ñs

(
m̃s

2πT̃sr

) 3
2

exp

(
m̃s

2T̃sr
|ṽ − ũsr|2

)

,

then
Msr =

n0

τ3
M̃sr .

Hence, the BGK operator accounting for the collision between species s and
r can be reformulated as

Q̂sr =
βsrν

ε
ν̃sr
(n0

τ3
M̃sr −

n0

τ3
f̃s
)

=
βsr
ε

νn0
τ3

ν̃sr
(
M̃sr − f̃s

)
=
βsr
ε

νn0
τ3

ˆ̃Qsr .

(2.32)

We are now ready to write the dimensionless form of the Boltzmann equa-
tions which drives the evolution of the system. Using (2.29), (2.30), (2.31) and

(2.32), simplifying
νn0
τ3

and omitting the symbol ∼ we finally obtain

∂fs
∂t

+ v · ∇xfs =

N∑

r=1

βsr
ε

[

χsrQsr + (1− χsr)Q̂sr

]

, (2.33)

which will allow us to study different hydrodynamic regimes.
In particular, throughout this thesis, thanks to (2.33), we will be able to study
the classical collision-dominated regime, the regime dominated by intra–species
collisions, and the fluid–kinetic regime, corresponding to a binary mixture in
which one species is significantly heavier than the other.

Remark. The possibility of choosing which interactions are described by the
classical Boltzmann operator and which by the BGK terms includes in particular
the case where the Boltzmann operators model intra-species interactions, while
the BGK operators account for inter-species interactions.
This choice could be motivated by the fact that in some physical problems, like
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ε-mixtures of heavy and light masses or in astro-physics problems, particles of
the same species exchange energy faster than particles with disparate masses,
and consequently Boltzmann’s description of intra-species collisions is the most
adequate. Moreover, in the regime dominated by the intra-species collisions only,
this approach allows for the correct reproduction of species Prandtl number in
the hydrodynamic limit [8], a property that is not satisfied by the full-BGK
description [9].
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Chapter 3

Classical collision

dominated regime

3.1 Chapman-Enskog expansion

In this chapter we analyze the classical fluid–dynamic regime, where molecules
are subject to a huge number of collisions with particles of all species. In order
to enforce the dominance of the entire collisional phenomenon, both intra- and
inter-species, in the dimensionless kinetic equation (2.33), we set

βsr = 1 , ∀ s, r = 1, . . . , N ;

The evolution equation for the s-th species will then be

∂fs
∂t

+ v · ∇xfs =
1

ε

[
N∑

r=1

χsrQsr + (1− χsr)Q̂sr

]

, (3.1)

where we recall that ε represents the Knudsen number, ratio between the molec-
ular mean free path and a macroscopic length, that is small in a collision dom-
inated regime.
To analyze this regime, we employ the Chapman–Enskog expansion, an asymp-
totic procedure aimed at obtaining the closure of the macroscopic conservation
equations. In this expansion, the hydrodynamic variables, which are moments
of the distribution function corresponding to the collisional invariants, are not
expanded in powers of ε; rather, they are treated as standalone entities, repre-
sentative of the corresponding physical quantities. In the case where all collisions
are dominant, the collisional invariants for the entire collision operator are those
of the mixture, namely the density ns of each species, the velocity u and the
temperature T . The expansions of ns, u and T are considered as a single O(1)
term corresponding to the leading-order f0 of the asymptotic series

fs(x,v, t, ε) :=

+∞∑

n=0

εnf (n)s (x,v, t) , (3.2)
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of which in this thesis we will investigate the first two terms, neglecting O(ε2)
corrections: we consider the first order expansion

fs = f (0)s + εf (1)s .

By substituting this expansion in (3.1), we get

∂f
(0)
s

∂t
+ v · ∇xf

(0)
s + ε

(
∂f

(1)
s

∂t
+ v · ∇xf

(1)
s

)

=
1

ε

{
N∑

r=1

χsr

[

Qsr(f
(0)
s , f (0)r ) + ε

(
Qsr(f

(0)
s , f (1)r ) +Qsr(f

(1)
s , f (0)r )

)

]

+
N∑

r=1

(1− χsr)
(
ν(0)sr + εν(1)sr

)
(

M(0)
sr + εM(1)

sr − f (0)s − εf (1)s

)}

.

(3.3)

As for the distribution functions, the macroscopic variables of the species us

and Ts, as well as the global pressure tensor P and the global heat flux vector
q, are also expanded with respect to ε

us = u(0)
s + εu(1)

s ;

Ts = T (0)
s + εT (1)

s ;

P = P (0) + εP (1) ;

q = q(0) + εq(1) .

(3.4)

Similar expansions are also introduced for the auxiliary parameters νsr, usr,
and Tsr, as well as for the constants appearing in these parameters asr, bsr, γsr
and Λsr, from which

usr = u(0)
sr + εu(1)

sr =
(

1− a(0)sr − εa(1)sr

)(

u(0)
s + εu(1)

s

)

+
(

a(0)sr + εa(1)sr

)(

u(0)
r + εu(1)

r

)

,

then 





u(0)
sr =

(

1− a(0)sr

)

u(0)
s + a(0)sr u

(0)
r

u(1)
sr =

(

1− a(0)sr

)

u(1)
s + a(0)sr u

(1)
r + a(1)sr

(

u(0)
r − u(0)

s

)

,

(3.5)

and analogously






T (0)
sr =

(

1− b(0)sr

)

T (0)
s + b(0)sr T

(0)
r + γ(0)sr

(

u(0)
s − u(0)

r

)2

T (1)
sr =

(

1− b(0)sr

)

T (1)
s + b(0)sr T

(1)
r + 2γ(0)sr

(

u(1)
s − u(1)

r

)

·
(

u(0)
s − u(0)

r

)

+b(1)sr

(

T (0)
r − T (0)

s

)

+ γ(1)sr

(

u(0)
s − u(0)

r

)2

,

(3.6)
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where 





a
(0)
sr =

Λsrn
(0)
r mr

ν
(0)
sr (ms +mr)

a
(1)
sr =

Λsrmr

ν
(0)
sr (ms +mr)

(

n
(1)
r − n

(0)
r ν

(1)
sr

ν
(0)
sr

)

b
(0)
sr =

2a
(0)
sr ms

ms +mr

b
(1)
sr =

2a
(1)
sr ms

ms +mr

γ
(0)
sr =

msa
(0)
sr

3

(
2mr

ms +mr
− a

(0)
sr

)

γ
(1)
sr =

2

3
a
(1)
sr

(

msr −msa
(0)
sr

)

.

(3.7)

At leading order of (3.3), we find the following

N∑

r=1

[

χsrQsr(f
(0)
s , f (0)r ) + (1− χsr)ν

(0)
sr

(

M(0)
sr − f (0)s

)]

= 0 ,

that by the uniqueness of the equilibrium distribution, proved in Proposition 3,
implies

f (0)s = Meq
s = ns

( ms

2πT

)

exp
[

−ms

2T
|v − u|2

]

, (3.8)

which through some standard computations provides the zeroth, first, and sec-

ond order moment of f
(0)
s

∫

R3

f (0)s (v)dv = ns ,

∫

R3

vf (0)s (v)dv = nsu ,

∫

R3

v2f (0)s (v)dv = ns

(

u2 +
3T

ms

)

.

(3.9)
As previously anticipated, in the Chapman-Enskog procedure, the hydrody-
namic variables –moments of the distribution function corresponding to the
collisional invariants –must remain unexpanded. In our case, therefore, the
species densities ns, along with global velocity u and temperature T , remain
unexpanded, i.e.

ns = n(0)s , u = u(0)
s , T = T (0)

s .

The species densities non-expansion directly implies
∫

R3

(

f (0)s (v) + εf (1)s (v)
)

dv = ns =⇒
∫

R3

f (1)s (v)dv = n(1)
s = 0 . (3.10)

As regards the first order momentum, we have
∫

R3

v(f (0)s + εf (1)s )dv = ns(u+ εu(1)
s ) =⇒

∫

R3

vf (1)s dv = nsu
(1)
s . (3.11)
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Neglecting O(ε2) corrections, for the temperatures we find

∫

R3

v2(f (0)s + εf (1)s )dv = ns

(

u2 + 2εu · u(1)
s + 3

T + εT
(1)
s

ms

)

=⇒
∫

R3

v2f (1)s dv = ns

(

2u · u(1)
s + 3

T
(1)
s

ms

)

.

(3.12)

Recalling the definition of global velocity and temperature, we find the con-
straints

u =
1

ρ

N∑

s=1

ρsus =
1

ρ

N∑

s=1

ρs(u+ εu(1)
s ) =⇒

N∑

s=1

ρsu
(1)
s = 0 , (3.13)

and

T =
1

n

N∑

s=1

ns(T + εT (1)
s ) +O(ε2) =⇒

N∑

s=1

nsT
(1)
s = 0 . (3.14)

Formulas (3.13) and (3.14), in conjunction with n
(1)
s = 0 , ∀s = 1, . . . , N , pro-

vide the compatibility constraints.

We are now ready to compute the N+4 macroscopic conservation equations.
The first N scalar collision invariants provide

∫

R3

∂(f
(0)
s + εf

(1)
s )

∂t
dv +

∫

R3

v · ∇x(f
(0)
s + εf (1)s )dv

=
∂

∂t

[ ∫

R3

f (0)s dv + ε

∫

R3

f (1)s dv

]

+∇x ·
[ ∫

R3

vf (0)s dv + ε

∫

R3

vf (1)s dv

]

=
∂ns
∂t

+∇x · (nsu) + ε∇x · (nsu
(1)
s ) = 0 , for s = 1, . . . , N.

Exploiting the compatibility constraints, the test function msv yield the
following

N∑

s=1

ms

∫

R3

v
∂(f

(0)
s + εf

(1)
s )

∂t
dv

=
∂

∂t

N∑

s=1

msnsu+ ε
∂

∂t

N∑

s=1

msnsu
(1)
s =

∂

∂t

(
ρu
)
;

furthermore, with regard to the spatial derivatives, adopting the Einstein con-
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vention on repeated indices we obtain

N∑

s=1

∫

R3

msvivj
∂(f

(0)
s + εf

(1)
s )

∂xj
dv

=
∂

∂xj

N∑

s=1

∫

R3

ms

(
ui + ci

)(
uj + cj

)(
f (0)s + εf (1)s

)
dv

=
∂

∂xj

N∑

s=1

msuiuj

∫

R3

(
f (0)s + εf (1)s

)
dv +

∂

∂xj

N∑

s=1

ms

∫

R3

cicj
(
f (0)s + εf (1)s

)
dv

=
∂

∂xj

N∑

s=1

uiujmsns +
∂

∂xj

N∑

s=1

ms

[ ∫

R3

cicjf
(0)
s dv + ε

∫

R3

cicjf
(1)
s dv

]

=
∂

∂xj

(
ρuiuj

)
+

∂

∂xj

(
nT
)
+ ε

∂P
(1)
ij

∂xj
,

where we used that P = nTI+Π and that at collisional equilibrium the viscous
stress tensor Π vanishes. Writing in vector form what we have just derived
becomes

∇x ·
(
ρu⊗ u

)
+∇x

(
nT
)
+ ε∇x · P (1) .

Ultimately, we consider as a test function
1

2
msv

2.

We first focus on the term related to f
(0)
s , subsequently to the one related to

f
(1)
s .

N∑

s=1

∫

R3

1

2
msv

2 ∂f
(0)
s

∂t
dv +

N∑

s=1

∫

R3

1

2
msv

2v · ∇xf
(0)
s dv

=
∂

∂t

N∑

s=1

∫

R3

1

2
ms

(
u2 + 2u · c+ c2

)
f (0)s dv +

∂

∂xj

N∑

s=1

∫

R3

1

2
msv

2
(
uj + cj

)
f (0)s dv

=
∂

∂t

[
1

2
u2

N∑

s=1

msns +
3

2
nT

]

+
∂

∂xj

[

uj

(
1

2
ρu2 +

3

2
nT

)]

+
∂

∂xj

N∑

s=1

∫

R3

cj
1

2
ms

(
u2 + 2u · c+ c2

)
f (0)s dv

=
∂

∂t

(
1

2
ρu2 +

3

2
nT

)

+
∂

∂xj

[

uj

(
1

2
ρu2 +

3

2
nT

)]

+
∂

∂xj

N∑

s=1

ms

∫

R3

cju · cf (0)s dv +
∂

∂xj

N∑

s=1

1

2
ms

∫

R3

cjc
2f (0)s dv .

The third addend is related to the pressure tensor P , which at the collisional
equilibrium reduces to the purely hydrostatic part nTI; the fourth addend is

44



related to the heat flux vector q, which vanishes at the collisional equilibrium.
Therefore we find

∂

∂t

(
1

2
ρu2 +

3

2
nT

)

+
∂

∂xj

[(
1

2
ρu2 +

5

2
nT

)

uj

]

,

that, in vector form, provides

∂

∂t

(
1

2
ρu2 +

3

2
nT

)

+∇x ·
[(

1

2
ρu2 +

5

2
nT

)

u

]

.

As regards the term related to f
(1)
s , we go through an analogous computation

N∑

s=1

1

2
ms

∫

R3

v2
∂f

(1)
s

∂t
dv +

∂

∂xj

[ N∑

s=1

1

2
msu

2

∫

R3

f (1)s dv +
3

2

N∑

s=1

nsT
(1)
s

︸ ︷︷ ︸

=0

]

+
∂

∂xj

N∑

s=1

∫

R3

cj
1

2
ms

(
u2 + 2c · u+ c2

)
f (1)s dv

=
∂

∂t

N∑

s=1

1

2
msu

2

∫

R3

f (1)s dv

︸ ︷︷ ︸

=n
(1)
s =0

+
∂

∂t

N∑

s=1

1

2
ms

∫

R3

c2f (1)s dv

+
∂

∂xj
ui
∑ 1

2
ms

∫

R3

cicjf
(1)
s dv +

∂

∂xj

N∑

s=1

∫

R3

cj
1

2
msc

2f (1)s dv

=
1

2

∂

∂t

N∑

s=1

nsT
(1)
s

︸ ︷︷ ︸

=0

+
∂

∂xj

[
P

(1)
ij ui + q

(1)
j

]
= ∇x · (P (1) · u+ q(1)),

where we used the compatibility constraint.

Recalling the Knudsen number ε multiplying the term related to f
(1)
s , we can

produce the last macroscopic conservation equation

∂

∂t

[
1

2
ρu2 +

3

2
nT

]

+∇x ·
[(

1

2
ρu2 +

5

2
nT

)

u

]

+ ε∇x ·
(
P (1) · u+ q(1)

)
= 0.

The system of macroscopic conservation equations, with first-order corrections,
gives rise to the structure of the Navier–Stokes hydrodynamic equations






∂ns
∂t

+∇x · (nsu) + ε∇x · (nsu
(1)
s ) = 0

∂

∂t

(
ρu
)
+∇x ·

(
ρu⊗ u

)
+∇x

(
nT
)
+ ε∇x · P (1) = 0

∂

∂t

[
1

2
ρu2 +

3

2
nT

]

+∇x ·
[(

1

2
ρu2 +

5

2
nT

)

u

]

+ ε∇x ·
(
P (1) · u+ q(1)

)
= 0 ,

(3.15)
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which involves 4N + 9 unknowns.
These are

• the N species densities ns;

• the 3 components of the macroscopic velocity of the mixture u;

• the temperature of the mixture T ;

• the 3N − 3 independent components of the diffusion velocities u
(1)
s , first

order corrections of the species velocities, representative for the deviation
with respect to the mean velocity u;

• the 5 independent components of the first order corrections of the sym-
metric and traceless viscous stress tensor Π;

• the 3 components of the first order corrections of the heat flux vector q.

We designate the first N + 4 unknowns ns,u and T as main unknowns

(since they correspond to the collision invariants of the whole dominant collision
operator), and the remaining 3N + 5 secondary unknowns.

The Chapman–Enskog asymptotic expansion aims to derive constitutive
equations for the secondary unknowns, allowing the fields beyond the primary
ones to be explicitly expressed and the macroscopic conservation equations to
be closed, leading to the Navier–Stokes equations—a closed system of partial
differential equations approximating the dynamics near equilibrium. This ap-
proach inevitably introduces approximations to the exact conservation laws, as
the constitutive relations are obtained from truncated expansions of the distri-
bution functions and, consequently, from the mixed Boltzmann-BGK equations
at subsequent orders of approximation.

3.2 Euler equations

The simplest closure of the system described above is obtained by truncating
at zeroth order, approximating the distribution functions by their equilibrium
forms. This is equivalent to setting







us = u

Π = 0

q = 0 .

(3.16)

Although these constitutive relations are very simple, they provide a reasonable
approximation in situations close to equilibrium. By closing the macroscopic
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equations using the Maxwellian equilibrium, one obtains the Euler hydrody-
namic equations:







∂ns
∂t

+∇x · (nsu) = 0

∂

∂t
(ρu) +∇x · (ρu⊗ u) +∇x(nT ) = 0

∂

∂t

[
1

2
ρu2 +

3

2
nT

]

+∇x ·
[(

1

2
ρu2 +

5

2
nT

)

u

]

= 0 .

(3.17)

Equivalently, the same result can be obtained by setting ε = 0 in the Navier–Stokes
system (3.15), thereby recovering a closed set of partial differential equations
describing the dynamics near equilibrium.

3.3 Navier-Stokes equations

In order to close the Navier–Stokes system (3.15), one needs to specify the
constitutive relations for the first-order corrections, namely the secondary fields.
Terms O(1) in expanded equation (3.3) yield

∂f
(0)
s

∂t
+ v · ∇xf

(0)
s

=

N∑

r=1

{

χsr

[
Qsr(f

(0)
s , f (1)r ) +Qsr(f

(1)
s , f (0)r )

]
+ (1− χsr)ν

(0)
sr (M(1)

sr − f (1)s

)}

⇐⇒
N∑

r=1

(1− χsr)ν
(0)
sr f

(1)
s = −∂f

(0)
s

∂t
− v · ∇xf

(0)
s (3.18)

+

N∑

r=1

{

χsr

[

Qsr(f
(0)
s , f (1)r ) +Qsr(f

(1)
s , f (0)r )

]

+ (1− χsr)ν
(0)
sr M(1)

sr

}

.

Now, the first-order term of the attractor M(1)
sr corresponds to the coefficient

of the linear term in the Taylor expansion of the attractor with respect to the
expansion parameter ε, that is

M(1)
sr =

∂

∂ε
M
(

v;ns,u+ εu(1)
sr ,

T + εT
(1)
sr

ms

)∣
∣
∣
∣
ε=0

, (3.19)

where

M
(

v;ns,u+ εu(1)
sr ,

T + εT
(1)
sr

ms

)

= ns

(
ms

2π

) 3
2 (
T + εT (1)

sr

)− 3
2 exp

[

− ms

2

(
T + εT (1)

sr

)−1(
v − u− εu(1)

sr

)2
]

.
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Then

M(1)
sr = −3

2
ns

( ms

2πT

) 3
2 1

T
T (1)
sr exp

[

− ms

2T

(
v − u

)2
]

+
( ms

2πT

) 3
2

exp

[

− ms

2T

(
v − u

)2
](

ms

2T 2
T (1)
sr c

2 +
ms

2T
2c · u(1)

sr

)

⇐⇒ M(1)
sr = f (0)s

[
ms

T
c · u(1)

sr +

(
ms

2T
c2 − 3

2

)
T

(1)
sr

T

]

. (3.20)

Taking advantage of f
(0)
s = Meq

s and of the computations made in [5], we get

∂f
(0)
s

∂t
+ v · ∇xf

(0)
s

= f (0)s

[
1

ns

(
∂ns
∂t

+ v · ∇xns

)

+
msc

T
·
(
∂u

∂t
+ v · ∇xu

)

+
1

T

(
ms

2T
c2 − 3

2

)(
∂T

∂t
+ v · ∇xT

)]

.

(3.21)

To rewrite the terms appearing inside the parentheses in (3.21), we can make
use of the macroscopic Euler equations (3.17), since any further approximation
introduced would be of second order in the small parameter and is therefore
neglected.

First Euler equation provides

∂ns
∂t

+ v · ∇xns − c · ∇xns + ns∇x · u = 0

⇐⇒ ∂ns
∂t

+ v · ∇xns = c · ∇xns − ns∇x · u .
(3.22)

The second one results in

∂

∂t
(ρui) +

∂

∂xj
(ρuiuj) +

∂ (nT )

∂xi

= ρ
∂ui
∂t

+ ui
∂ρ

∂t
+ uiuj

∂ρ

∂xj
+ ρui

∂uj
∂xj

+ ρuj
∂ui
∂xj

+
∂(nT )

∂xi

= ρ
∂ui
∂t

+ ρvj
∂ui
∂xj

− ρcj
∂ui
∂xj

+
∂(nT )

∂xi
= 0

⇐⇒ ∂u

∂t
+ v · ∇xu = c · ∇xu− 1

ρ
∇x (nT ) = 0 ,

(3.23)

where we have exploited (3.22).
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Finally, the third one yields

∂

∂t

[
1

2
ρu2 +

3

2
nT

]

+∇x ·
[(

1

2
ρu2 +

5

2
nT

)

u

]

=
u2

2

∂ρ

∂t
+ ρu · ∂u

∂t
+

3

2
n
∂T

∂t

+
3

2
T
∂n

dt
+

1

2
ρu2∇x · u+

5

2
nT∇x · u+

u

2
· ∇x

(
ρu2
)
+

5

2
u · ∇x (nT )

=
u2

2

∂ρ

∂t
+ ρu · ∂u

∂t
+

3

2
n
∂T

∂t
+

3

2
T
∂n

∂t
+

1

2
ρu2∇x · u+

5

2
nT∇x · u+

u2

2
u · ∇xρ

+ ρu2∇x · u+
5

2
nu · ∇xT +

5

2
Tu · ∇xn = 0 ,

that, thanks to (3.22) and (3.23), becomes

3

2
n
∂T

∂t
− nu · ∇xT − Tu · ∇xn+ T∇x · (nu) + nu · ∇xT +

3

2
nu · ∇xT = 0

⇐⇒ T∇x · u+
3

2
u · ∇xT +

3

2

∂T

∂t
= 0

⇐⇒ ∂T

∂t
+ v · ∇xT = c · ∇xT − 2

3
T∇x · u .

Hence, we have found







∂ns
∂t

+ v · ∇xns = c · ∇xns − ns∇x · u

∂u

∂t
+ v · ∇xu = c · ∇xu− 1

ρ
∇x (nT )

∂T

∂t
+ v · ∇xT = c · ∇xT − 2

3
T∇x · u ,

(3.24)

that reformulates (3.21) into

∂f
(0)
s

∂t
+ v · ∇xf

(0)
s = f (0)s

[

1

ns

(
− ns∇x · u+ c · ∇xns

)
(3.25)

+
ms

T
c ·
(

c · ∇xu− 1

ρ
∇x (nT )

)

+
1

T

(
ms

2T
c2 − 3

2

)(

c · ∇xT − 2

3
T∇x · u

)]

.

Collecting the terms involving the gradients of the species densities, of the ve-
locity of the mixture and of the temperature, we obtain

1

ns
c · ∇xns −

ms

ρ
c · ∇xn = msc ·

(

∇xns

msns
− ∇xn

ρ

)

,
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−∇x · u+
ms

T
c⊗ c : ∇xu− 2

3
T∇x · u

(

ms

2T
c2 − 3

2

)

1

T

= −∇x · u+
ms

T
c⊗ c : ∇xu− 1

3

ms

T
c2∇x · u+

1

T
T∇x · u

=
ms

T

(

c⊗ c− 1

3
c2I

)

: ∇xu ,

and

− ms

T

n

ρ
c · ∇xT +

1

T

(

ms

2T
c2 − 3

2

)

c · ∇xT = c · ∇xT

T

(

ms

2T
c2 − msn

ρ
− 3

2

)

.

Thus, (3.21) eventually becomes

∂f
(0)
s

∂t
+ v · ∇xf

(0)
s = f (0)s

[

msc ·
(

∇xns

ρs
− ∇xn

ρ

)

+
ms

T

(

c⊗ c− c2

3
I

)

: ∇xu+

(

ms

2T
c2 − 3

2
− msn

ρ

)

c · ∇xT

T

]

.

So, (3.18) yields

N∑

r=1

(1− χsr)ν
(0)
sr f

(1)
s = −f (0)s

[

msc ·
(

∇xns
ρs

− ∇xn

ρ

)

+
ms

T

(

c⊗ c− c2

3
I

)

: ∇xu

+

(

ms

2T
c2 − 3

2
− msn

ρ

)

c · ∇xT

T

]

(3.26)

+

N∑

r=1

{

χsr

[

Qsr(f
(0)
s , f (1)r ) +Qsr(f

(1)
s , f (0)r )

]

+ (1− χsr)ν
(0)
sr M(1)

sr

}

.

Using (3.20), we obtain the ultimate implicit expression of f
(1)
s

N∑

r=1

(1− χsr)ν
(0)
sr f

(1)
s = −f (0)s

[

msc ·
(

∇xns

ρs
− ∇xn

ρ

)

+
ms

T

(

c⊗ c− c2

3
I

)

: ∇xu

+

(

ms

2T
c2 − 3

2
− msn

ρ

)

c · ∇xT

T

]

+
N∑

r=1

χsr

[

Qsr(f
(0)
s , f (1)r ) +Qsr(f

(1)
s , f (0)r )

]

(3.27)

+ f (0)s

[

ms

T
c ·

N∑

r=1

(1− χsr)ν
(0)
sr u(1)

sr +

(
ms

2T
c2 − 3

2

)
1

T

N∑

r=1

(1− χsr)ν
(0)
sr T

(1)
sr

]

.
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In order to find the closure of the Navier-Stokes equations (3.15), we need to

provide the secondary unknowns u
(1)
s , P (1) and q(1) and make sure that we ei-

ther obtain an explicit expression for them or at least prove that such expression
always exist and may be numerically computed when we know the parameters
(initial values and collision frequencies) of the mixture under investigation.

Remark. Throughout the following computations we will repeatedly use the
identities

∫

R3

c2ℓ f
(0)
s (v) dv =

∫

R3

cℓvℓ f
(0)
s (v) dv =

ns T

ms
, ∀ ℓ ∈ {i, j, k}, (3.28)

which can be obtained from standard Gaussian-moment calculations.
Moreover, any integral of the form

∫

R3

cβi

i c
βj

j c
βk

k f (0)s (v) dv = 0 , (3.29)

if at least one among βi, βj , βk is a positive odd integer. In fact, the integral in
(3.29) vanishes by symmetry, due to the oddness and isotropy of the integrand.
For the same reasons, it also holds

∫

R3

cℓvmf
(0)
s (v)dv = 0 , ∀ℓ ̸= m, ℓ,m ∈ {i, j, k} . (3.30)

We begin with the first-order approximation of the species velocities u
(1)
s ,

exploiting

us
(1)

i =
1

ns

∫

R3

vif
(1)
s dv .

Making use of the linearity of the integral, we derive the contribution of single
addends on the right hand side of (3.27). So, the first, using (3.28) and (3.30),
provides

ms

ns

∑

ℓ=i.j,k

(

∂ns
∂xℓ

1

ρs
− ∂n

∂xℓ

1

ρ

)
∫

R3

clvif
(0)
s dv

=
ms

ns

(

∂ns
∂xi

1

ρs
− ∂n

∂xi

1

ρ

)
∫

R3

civif
(0)
s dv

=

(

∂ns
∂xi

1

ρs
− ∂n

∂xi

1

ρ

)

T . (3.31)
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The second addend provides

ms

nsT

∑

ℓ,m=i,j,k

∂uℓ
∂xm

∫

R3

(

cℓcm − c2

3
δℓm

)

vif
(0)
s dv

=
ms

nsT
ui

∑

ℓ,m=i,j,k

∂uℓ
∂xm

∫

R3

(

cℓcm − c2

3
δlm

)

f (0)s dv

=
ms

nsT
ui

∑

ℓ=i,j,k

∂uℓ
∂xℓ

∫

R3

(

c2ℓ −
c2

3

)

f (0)s dv = 0 .

(3.32)

Now, the third addend yields

− 1

nsT

∑

ℓ=i.j,k

∂T

∂xℓ

∫

R3

cℓ

[
ms

2T

(
c2i + c2j + c2k

)
− 3

2
− msn

ρ

]

vif
(0)
s dv

= − 1

nsT

∂T

∂xi

∫

R3

[
ms

2T

(
c4i + c2i c

2
j + c2i c

2
k

)
−
(
3

2
+
msn

ρ

)

c2i

]

f (0)s dv ,

where we used (3.29).
Than, recalling the Gaussian integrals reported in Appendix B, in formulas
(B.2) and (B.3), we obtain

= − 1

T

(
5T

2ms
− 3T

2ms
− nT

ρ

)
∂T

∂xi
= −

(
1

ms
− n

ρ

)
∂T

∂xi
. (3.33)

The fourth addend is related to the Boltzmann collisional operator Qsr and
Qrs, we have to make its contribution explicit by computing

∫

R3

vi[Qsr(f
(0)
s , f (1)r ) +Qsr(f

(1)
s , f (0)r )]dv . (3.34)

Remark. Since this contribution cannot be made explicit for a generic interac-
tion potential, consistently with the standard Maxwellian molecules assumption
gsr(|y|, ŷ · ω) = gsr(µ), so that

g(1)sr = 2π

∫ 1

−1

(1− µ)gsr(µ)dµ = Λsr , (3.35)

we adopt the following choice

gsr(|y|, µ) = λsr = const , (3.36)

that leads to
Λsr = 4πλsr .

When s = r, we will denote

Λss := Λs , λss := λs .

52



Remark. Under assumption (3.36), constants coefficients asr, bsr and γsr de-
pend on the Knudsen number ε only through collision frequencies νsr and their
expression can be simplified into







a
(0)
sr = 4π

αrsλsrnr

ν
(0)
sr

b
(0)
sr = 2αsra

(0)
sr

γ
(0)
sr =

1

3
msa

(0)
sr

(

2αrs − a
(0)
sr

)

a
(1)
sr = −ν

(0)
sr

ν
(1)
sr

a
(0)
sr

b
(1)
sr = −ν

(0)
sr

ν
(1)
sr

b
(0)
sr

γ
(1)
sr = −ν

(0)
sr

ν
(1)
sr

(

γ
(0)
sr − 1

3
ms(a

(0)
sr )2

)

.

(3.37)

Now, (3.34) leads to
∫

R3×R3×S2

vi gsr(|y|, ŷ · ω)
︸ ︷︷ ︸

=λsr

[

f (0)s (v′
sr)f

(1)
r (w′

sr) + f (1)s (v′
sr)f

(0)
r (w′

sr)

− f (0)s (v) f (1)r (w)
︸ ︷︷ ︸

=n
(1)
r =0

− f (1)s (v)
︸ ︷︷ ︸

nsus(1)

i

f (0)r (w)
︸ ︷︷ ︸

nr

]

dvdwdω (3.38)

= λsr

∫

R3×R3×S2

vi

[

f (0)s (v′
sr)f

(1)
r (w′

sr) + f (1)s (v′
sr)f

(0)
r (w′

sr)

]

dvdwdω − 4πλsrnsnru
s(1)

i

Recalling v′
sr = αsrv+αrsw+αrsgω

′ and by exchanging pre- and post-collisional
velocities, we obtain

λsr

∫

R3×R3×S2

(αsrvi + αrswi + αrsgω
′
i)
[

f (0)s (v)f (1)r (w) + f (1)s (v)f (0)r (w)
]

dvdwdω

− 4πλsrnsnru
s(1)

i (3.39)

= 4πλsr

[

αsrnr

∫

R3

vif
(1)
s dv + αrsns

∫

R3

wif
(1)
r dw − nsnru

s(1)

i

]

= 4πλsrnsnr

[

(αsr − 1)us
(1)

i + αrsu
r(1)

i

]

= 4πλsrnsnrαrs

(

ur
(1)

i − us
(1)

i

)

.

(3.40)

Hence, the fourth addend provides

4π
N∑

r=1

χsrλsrαrsnr(u
r(1)

i − us
(1)

i ) , (3.41)
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which we can see it vanishes when s = r, consistently with the fact that v

belongs to the kernel of the linearized Boltzmann operator in the intra-species
case.
We now focus of the fifth addend of the right-hand side of (3.27), which, thanks
to (3.28), yields

ms

nsT

N∑

r=1

ν(0)sr

∫

R3

(

usr
(1)

i ci + usr
(1)

j cj + usr
(1)

k ck

)

vif
(1)
s dv =

N∑

r=1,
r ̸=s

ν(0)sr u
sr(1)

i .

(3.42)

Ultimately, from the sixth addend, we obtain

1

nsT

N∑

r=1,
r ̸=s

ν(0)sr T
(1)
sr

∫

R3

(
ms

2T
c2 − 3

2

)

vif
(0)
s dv

=
1

nsT

N∑

r=1,
r ̸=s

ν(0)sr T
(1)
sr

(

ms

2T

∫

R3

cic
2f (0)s dv

︸ ︷︷ ︸

=0

+
ms

2T
ui

∫

R3

c2f (0)s dv − 3

2
nsui

)

=
1

nsT

N∑

r=1

ν(0)sr T
(1)
sr

(
3

2T
nsuiT − 3

2
nsui

)

= 0 .

Collecting (3.31), (3.33), (3.40) and (3.42), and recasting it in vector notation,
we get

N∑

r=1

(1− χsr)ν
(0)
sr u(1)

s = −
[

T

(∇xns
ρs

− ∇xn

ρ

)

+

(
1

ms
− n

ρ

)

∇xT

]

+

N∑

r=1

[

ν(0)sr (1− χsr)u
(1)
sr + 4πχsrλsrαrsnr(u

(1)
r − u(1)

s )
]

,

and, from u
(1)
sr = u

(1)
s + a

(0)
sr (u

(1)
r − u

(1)
s ) and rearranging the terms involving

the gradients of the densities and the temperatures, we obtain

N∑

r=1

[

(1− χsr)ν
(0)
sr a

(0)
sr + 4πχsrλsrαrsnr

]

(u(1)
s − u(1)

r ) (3.43)

= −∇x(nsT )

ρs
+

∇x(nT )

ρ
.

Now, recalling the expression of a
(0)
sr from (3.37), multiplying both sides for

msns and noticing that s-th term of the sum vanishes, we obtain

4π

N∑

r=1,
r ̸=s

λsrµsrnsnr(u
(1)
s − u(1)

r ) = −∇x(nsT ) +
ρs
ρ
∇x(nT ) , (3.44)
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which is a linear system for the unknowns u
(1)
s .

Remark. We notice that the linear system that provides the first order ap-
proximation of the diffusion velocities does not depend on the coefficients χsr.
Therefore, any choice of the Boltzmann or BGK operators will reproduce the
same results.

By summing on s the N equations of system (3.43), thanks to n =
∑N

s=1 ns

and ρ =
∑N

s=1 ρs, we have both sides vanishing, which implies that the solution
is not unique. By restricting to the first N−1 rows and columns of the coefficient
matrix, we obtain the following coefficient sub-matrix,

Ass = 4π

N∑

r=1,
r ̸=s

λsrµsrnsnr , (3.45)

Asr = −4πλsrµsrnsnr , s ̸= r , s, r = 1, . . . , N − 1 .

Since any strictly diagonal dominant M ×M matrix A, namely that fulfills

|Ass| >
M∑

r=1,
r ̸=s

|Asr| , ∀s = 1, . . . ,M, (3.46)

is non-singular, and we notice that conditions (3.46) is satisfied by the (N −
1)× (N − 1) sub-matrix considered in (3.45), since

N∑

r=1,
r ̸=s

λsrµsrnsnr >
N−1∑

r=1
r ̸=s

λsrµsrnsnr ,

then the N−1 equations are independent and there exists ∞1 solutions at most.
The additional condition that ensures the uniqueness of the solution is provided
by the compatibility constraint

N∑

s=1

ρsu
(1)
s = 0 ,

which follows from the requirement that the global velocity is unexpanded.
It can be shown as in [9], that (3.43) along with the compatibility constraint,
leads to

u(1)
s = ∇xns

N∑

r=1

Fsr + αs∇xT , for s = 1, . . . , N,

where Fsr denote the entries of the Fick matrix and αs the Soret coefficients.
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Remark. Unlike the BGK mixture model [9], in the case of the mixed model,
due to the difficulty of making explicit the inverse of the linearized operator, it
is not possible to obtain a closed-form expression for the first-order correction of
the distribution function (3.27). Due to this and to the large number of variables
and terms in the systems we will derive, obtaining a closed-form expression of
P (1) and q(1) is impractical.
What we will derive are two linear systems in which the unknowns will be,
respectively,

ms

∫

R3

cicjf
(1)
s (v)dv , ms

∫

R3

cic
2f (1)s (v)dv ,

and, in order to prove the invertibility of the coefficient matrixes, we will demon-
strate their diagonal dominance.
On the other hand, in real mixtures the number of species N is typically not very
large, and the variables involved reduce to strictly positive real numbers. In such
cases, the coefficient matrix can be inverted straightforwardly using standard
mathematical software.

Remark. Due to the length of the computations related to the first-order ap-
proximation of the pressure tensor and the heat flux vector, in order to preserve
the flow of the reading, we have decided to place most of them in Appendix C
and to focus in the main body on the theoretical aspects of the procedure.

We now turn our attention to the global pressure tensor P (1), defined as

P (1) =
N∑

s=1

ms

∫

R3

c⊗ cf (1)s (v)dv ,

and, by the explicit expression of f
(1)
s given in (3.27),we multiply the single

addends by the test function φs = msc⊗ c.
The computations corresponding to the first, second, third, fifth, and sixth terms

are analogous to those carried out for u
(1)
s , and their contribution is also made

explicit in [9]. Therefore, we focus on the fourth addend, the one involving the
intra- and inter-species Boltzmann collisional operator

ms

∫

R3

cicj

[

Qsr(f
(0)
s , f (1)r ) +Qrs(f

(1)
s , f (0)r )

]

dv

= msλsr

∫

R3

(

vivj − uivj − ujvi + uiuj
︸︷︷︸

=0

)[

Qsr(f
(0)
s , f (1)r ) +Qrs(f

(1)
s , f (0)r )

]

dv

where in the round brackets the last addend vanishes due to mass preservation
and the second and third addends, taking advantage of (3.40), yield

−4πλsrnsnrµsr

[

uj(u
r(1)

i − us
(1)

i ) + ui(u
r(1)

j − u
s(1))
i )

]

. (3.47)
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Then, it is left to compute

msλsr

∫

R3×R3×S2

vivj

[

f (0)s (v′
sr)f

(1)
r (w′

sr) + f (1)s (v′
sr)f

(0)
r (w′

sr)

− f (0)s (v) f (1)r (w)
︸ ︷︷ ︸

=n
(1)
r =0

−f (1)s (v) f (0)r (w)
︸ ︷︷ ︸

nr

]

dvdwdω

= msλsr

∫

R3×R3×S2

vi
′

srv
j′

sr

[

f (0)s (v)f (1)r (w) + f (1)s (v)f (0)r (w)
]

dvdwdω

− 4πmsλsrnr

∫

R3

vivjf
(1)
s dv , (3.48)

where we have exploited (3.38) and exchanged pre- and post-collision velocities.
Now, referring to the Appendix A for the product of post-collision velocities
∫

S2
vi

′

srv
j′

srdω, (A.9), and the computations for the first integral of (3.48), explic-
itly carried out in (C.1), (3.48) becomes

4πλsrµsr

[

nr(−1− αsr)

∫

R3

vivjf
(1)
s dv + nsαrs

∫

R3

vivjf
(1)
r dv

+ αsrnsnr

(

uiu
r(1)

j + uju
s(1)

i + uiu
s(1)

j + uju
r(1)

i

)

+ δijαrsnsnr

(

T
(1)
s

ms
+
T

(1)
r

mr

)]

,

(3.49)

where we made use of the derivations (C.1), reported in Appendix C.
We quickly compute

∫

R3

vivjf
(1)
s dv =

∫

R3

cicjf
(1)
s dv + ns

(

uiu
s(1)

j + uju
s(1)

i

)

, (3.50)

and obviously the same for
∫

R3 vivjf
(1)
r dv. Inserting both these in (3.49), it

provides

4πλsrµsr

{

nr(−1− αsr)

∫

R3

cicjf
(1)
s dv + nsαrs

∫

R3

cicjf
(1)
r dv

+ nsnr

[

ui

(

ur
(1)

j − us
(1)

j

)

+ uj

(

ur
(1)

i − us
(1)

i

)]

+ δijαrsnsnr

(

T
(1)
s

ms
+
T

(1)
r

mr

)}

,
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which, along with (3.47), finally provides

ms

∫

R3

cicj

[

Qsr(f
(0)
s , f (1)r ) +Qsr(f

(1)
s , f (0)r )

]

dv

= 4πλsrµsr

{

nr(−1− αsr)

∫

R3

cicjf
(1)
s dv + nsαrs

∫

R3

cicjf
(1)
r dv

+ δijαrsnsnr

(

T
(1)
s

ms
+
T

(1)
r

mr

)}

. (3.51)

Hence, as previously stated, by analogous computations to the ones carried out

for the velocities u
(1)
s , we obtain

ms

∫

R3

cicjf
(1)
s (v)dv

N∑

r=1

(1− χsr)ν
(0)
sr = δijnsT

(1)
s

N∑

r=1

(1− χsr)ν
(0)
sr

− nsT

[
∂ui
∂xj

+
∂uj
∂xi

− 2

3
∇x · uδij

]

+ 4π

N∑

r=1

χsrλsrµsr

{

nr(−1− αsr)

∫

R3

cicjf
(1)
s dv

+ nsαrs

∫

R3

cicjf
(1)
r dv + δijαrsnsnr

(

T
(1)
s

ms
+
T

(1)
r

mr

)}

, (3.52)

which, reformulated, becomes

ms

∫

R3

cicjf
(1)
s (v)dv

{
N∑

r=1,
r ̸=s

[

(1− χsr)ν
(0)
sr + 4πχsrλsrαrsnr(1 + αsr)

]

(3.53)

+ (1− χss)ν
(0)
ss + 2πχssλsns

}

− 4π

N∑

r=1,
r ̸=s

χsrλsrµsrnsαrs

∫

R3

cicjf
(1)
r (v)dv

= δijnsT
(1)
s

N∑

r=1

(1− χsr)ν
(0)
sr − nsT

[
∂ui
∂xj

+
∂uj
∂xi

− 2

3
∇x · uδij

]

+ 4πδijns

N∑

r=1

χsrλsrµsrnrαrs

(

T
(1)
s

ms
+
T

(1)
r

mr

)

. (3.54)

This leads to an N ×N linear system for the unknowns

ms

∫

R3

cicjf
(1)
s (v)dv ,

whose right-hand side coincides with that of the equation above.
Our next goal is to prove the invertibility of the coefficient matrix by establishing
its diagonal dominance. In order to do so, we rescale the unknowns as

ms

ns

∫

R3

cicjf
(1)
s (v)dv , for s = 1, . . . , N.
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Let A denote the coefficient matrix. Its entries read

(A)ss = ns

{
N∑

r=1,
r ̸=s

[

(1− χsr)ν
(0)
sr + 4πχsrλsrnrαrs(1 + αsr)

]

+ (1− χss)ν
(0)
ss + 2πχssλsns

}

,

(A)sr = −4πχsrλsrαsrαrsnsnr , ∀s ̸= r.

We note that

4πχsrλsrαrs(1 + αsr)nsnr > 4πχsrλsrαsrαrsnsnr

⇐⇒ 1 + αsr > αsr,

which proves that A is strictly diagonally dominant, namely |Ass| >
∑

r ̸=s |Asr|,
hence invertible. Consequently, the linear system above always admits a unique
solution.

Remark. For the first-order approximation of the heat flux vector q(1), we
adopt the same approach leveraged for the pressure tensor. Hence, for the first,
second, third, fifth and sixth addends on the right-hand side of (3.27), we will
exploit the computations already made for the first-order approximation of the
velocities and made explicit in [9], and we focus on the addend involving the

Boltzmann collisional operators Qsr(f
(0)
s , f

(1)
r ) +Qrs(f

(1)
s , f

(0)
r ).

Eventually, we will obtain a linear system of unknowns similar to the one derived

for ms

∫

R3 cicjf
(1)
s dv and we will prove its diagonal dominance.

So, from

q(1) =
1

2

N∑

s=1

ms

∫

R3

cc2f (1)s (v)dv ,

to provide the fourth addend explicit expression we must compute

ms

∫

R3

cic
2
[

Qsr(f
(0)
s , f (1)r ) +Qrs(f

(1)
s , f (0)r )

]

dv

= ms

∫

R3

viv
2
[

Qsr(f
(0)
s , f (1)r ) +Qrs(f

(1)
s , f (0)r )

]

dv (3.55)

+ms

∫

R3

[
−uiv2 + u2vi − 2(uiv

2
i + ujvivj + ukvivk) + 2uiu · v

]
(3.56)

×
[

Qsr(f
(0)
s , f (1)r ) +Qrs(f

(1)
s , f (0)r )

]

dv

As concerns the contribution given from (3.55) and (3.56), the long computa-
tions are similar to the ones carried out for the pressure tensor and they are
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made explicit in Appendix C, respectively in (C.3) and (C.5). Combining those,
we notice that most of the terms vanish and we ultimately obtain

1

2
ms

∫

R3

cic
2
[

Qsr(f
(0)
s , f (1)r ) +Qrs(f

(1)
s , f (0)r )

]

dv = 2πλsrµsr

×
{

−
(

1 + 2α2
sr −

2

3
αsrαrs

)

nr

∫

R3

cic
2f (1)s dv +

8

3
α2
rsns

∫

R3

cic
2f (1)r dv

+ 5nsnr

[(

1− 8

3
αsrαrs

)

ur
(1)

i

T

ms
+ 2αrs

(

1− 4

3
αrs

)

us
(1)

i

T

mr

]}

. (3.57)

Referring once again to [9] for the computation of the leftover addends and
coming back to the vector notation, we get

1

2
ms

∫

R3

cc2f (1)s (v)dv

N∑

r=1

(1− χsr)ν
(0)
sr = 2π

N∑

r=1

χsrλsrµsr

×
{

−
(

1 + 2α2
sr −

2

3
αsrαrs

)

nr

∫

R3

cc2f (1)s dv +
8

3
α2
rsns

∫

R3

cc2f (1)r dv

+ 5nsnr

[(

1− 8

3
αsrαrs

)

u(1)
r

T

ms
+ 2αrs

(

1− 4

3
αrs

)

u(1)
s

T

mr

]}

(3.58)

+
5

2
nsT

{
N∑

r=1

(1− χsr)ν
(0)
sr u(1)

sr − T

(∇xns

ρs
− ∇xn

ρ

)

− 2

(
2

ms
− n

ρ

)

∇xT

}

.

Exploiting the same procedure we used for the pressure tensor, we have
reached a linear system for the unknowns

ms

ns

∫

R3

cc2f (1)s dv ,

having the following coefficient matrix A

(A)ss = ns

{
N∑

r=1,
r ̸=s

[

(1− χsr)ν
(0)
sr + 4πχsrλsrnr

(

1 + 2α2
sr −

2

3
αsrαrs

)]

(3.59)

+ (1− χss)ν
(0)
ss +

4

3
πχssλsns

}

, s = 1, . . . , N ; (3.60)

(A)sr = −4πnsχsrλsr
8

3
αsrα

2
rsnr , ∀ s ̸= r ;

and known terms

5nsT

{

4π

N∑

r=1

χsrλsrnr

[(

1− 8

3
αsrαrs

)

αrsu
(1)
r + 2αsrαrs

(

1− 4

3
αrs

)

u(1)
s

]

+
1

2

[
N∑

r=1

(1− χsr)ν
(0)
sr u(1)

sr − T

(∇xns

ρs
− ∇xn

ρ

)

− 2

(
2

ms
− n

ρ

)

∇xT

]}

.
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We easily check that

(

1 + 2α2
sr −

2

3
αsrαrs

)

αrs >
8

3
αsrα

2
rs

⇐⇒ 1 + 2α2
sr >

10

3
αsrαrs ,

which holds true since αrsαsr ≤ 1
4 .

Altogether, this establishes the invertibility of the coefficient matrix, and there-
fore the existence and uniqueness of the solution vector. Consequently, it be-
comes possible to determine the explicit expression of q(1), thereby ultimately
closing the Navier–Stokes fluid dynamic equations (3.15).

Remark. It is worth noting that the present closure at the Navier–Stokes level
remains valid for arbitrary intermolecular potentials. The only simplification
arising in the case of Maxwell molecules considered here is that the expressions
of the diffusion velocities and the heat flux involve constant parameters like
λsr or Λsr; in contrast, for other interaction potentials these parameters could
depend on the macroscopic fields us and Ts.
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Chapter 4

Navier-Stokes equations in

the case of Boltzmann

intra-species operators

In this section we introduce in detail the model in which, by setting χsr =
δsr, intra–species collisions are governed by a one–species Boltzmann opera-
tor, whereas inter–species collisions are described by the binary BGK operators
(1.25). The well-posedness of this hybrid model—namely, the fulfillment of con-
servation laws, the validity of the Boltzmann H-theorem, and the preservation
of the correct Maxwellian equilibria—has already been established in Chapter
2.
The adoption of this choice of kinetic operators—taking advantage of the ana-
lytical convenience of the Boltzmann-type operators for intra–species collisions
and the BGK-type operator for inter–species collisions—enables us to study
not only the classical collision-dominated regime, as in the previous chapter,
but also the scenario in which intra–species collisions constitute the prevailing
mechanism and for both regimes we are able to abtain a close form of P (1) and
q(1), providing an explicit closure of the Navier-Stokes equations.
The choice of the Boltzmann model for intra–species interactions and a proper
BGK model for inter–species ones is also motivated by the fact that in some
physical problems particles of the same species exchange energy faster than par-
ticles with disparate masses. This occurs for instance in ε-mixtures of heavy and
light gases [26] or in astro-physics problems [49], but also some phenomena in
plasma physics are studied neglecting inter–species interactions (as the so–called
Z–pinch dynamics, meaning anomalous resistivity and plasma sheath formation
[40]). Therefore, we consider the following integro–differential equations:

∂fs
∂t

+ v · ∇xfs = Qs = Qss +

N∑

r=1

νsr(Msr − fs) . (4.1)
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As regards the dimensionless form of the equation (4.1), we take advantage
of the computations carried out in Chapter 2 and simply set χsr = δsr in (2.33),
obtaining

∂fs
∂t

+ v · ∇xfs =
βss
ε
Qss +

βsr
ε

N∑

r=1,
r ̸=s

Q̂sr , (4.2)

which under the assumption of χsr = δsr will allow us to study either the
classical collision dominated regime and the intra-species collision dominated
one.

4.1 Classical collision dominated regime

Implementing βsr = 1 for all s, r = 1, . . . , N , in (4.2), we get the collision
dominated regime already investigated in previous chapter for the general mixed
model:

∂fs
∂t

+ v · ∇xfs =
1

ε

(

Qss +

N∑

r=1,
r ̸=s

Q̂sr

)

. (4.3)

We notice that expanding fs = f
(0)
s + εf

(1)
s , at the leading order of (4.3) we

have

Qss(f
(0)
s ) +

N∑

r=1,
r ̸=s

ν(0)sr

(

M(0)
sr − f (0)s

)

= 0 ,

that by the uniqueness of equilibrium distributions, still implies

f (0)s = Meq
s .

The results on the hydrodynamic variables, on the main moments of expanded
distributions given (3.10), (3.11) and (3.12) and the related compatibility con-
straints (3.13), (3.14) still hold.

Before computing the implicit expression of f
(1)
s , we rewrite the first-order ap-

proximation of the distribution function f
(1)
s as f

(1)
s = f

(0)
s h

(1)
s , where h

(1)
s

stands for the realtive perturbation, and introduce the linearized intra-species

Boltzmann operator L(h(1)s ) defined in [42], given by

L(h(1)s ) =

∫

R3×S2

gss(|y|, ŷ · ω)
[

h(1)s (v′
s) + h(1)s (w′

s)− h(1)s (v)− h(1)s (w)
]

dvdω ,

for which it holds

ker
(

f (0)s L(h(1)s )
)

= span{1,v, v2} , (4.4)
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meaning that it shares the same kernel of the intra-species Boltzmann operator.
The linearized Boltzmann intra-species operator allows us to write

Qss(f
(0)
s , f (1)s ) +Qss(f

(1)
s , f (0)s ) = f (0)s L(h(1)s ) .

Rearranging the terms O(1) in the expanded equation yields

f (1)s =
1

∑N
r=1
r ̸=s

ν
(0)
sr

[
N∑

r=1
r ̸=s

ν(0)sr M(1)
sr + f (0)s L(h(1)s )−

(

∂f
(0)
s

∂t
+ v · ∇xf

(0)
s

)]

,

where

• M(1)
sr =

∂

∂ε
Msr

(

v;u+ εu
(1)
sr ,

T + εT
(1)
sr

ms

)∣
∣
∣
∣
∣
ε=0

•

∂f
(0)
s

∂t
+ v · ∇xf

(0)
s may be computed owing to Euler equations

• f
(0)
s L(h(1)s ) involves the linearized Boltzmann operator defined above, for
which we set

Ls := f (0)s L(h(1)s ) .

Analogous computations lead to the Navier-Stokes system of equations (3.15)

and to the following implicit expression of f
(1)
s

f (1)s =
f
(0)
s

∑N
r=1 ν

(0)
sr

[

−msc ·
(

∇xns

ρs
+

∇xn

ρ

)

+
ms

T

(

c⊗ c− c2

3
I

)

: ∇xu

+

(

ms

2T
c2 − 3

2
− msn

ρ

)

c · ∇xT

T
+ L(h(1)s )+ (4.5)

+
ms

T
c ·

N∑

r=1

(1− χsr)ν
(0)
sr u(1)

sr +

(
ms

2T
c2 − 3

2

)
1

T

N∑

r=1

(1− χsr)ν
(0)
sr T

(1)
sr

]

.

4.2 Existence of solutions to the linearized prob-

lem

In the following section we will derive the Navier–Stokes equations for the clas-
sical collision-dominated regime. We believe that it is appropriate to investigate
first the analytical properties of the kinetic operators underlying these deriva-
tions. In this section we focus on the Boltzmann operator associated with intra-
species collisions in its linearized form. We show that this operator is always
invertible with finite norm, a property that ensures the consistency of the hy-
drodynamic equations and provides a solid basis for treating the slow collisional

64



exchanges between different species.

We begin by introducing the linear operator

L̃s = Id− 1
∑N

r=1,
r ̸=s

ν
(0)
sr

Ls ,

where Ls is the standard Boltzmann linearized operator

Ls = f (0)s L(h(1)s )

=

∫

R3×S2

gss(|y|, ŷ · ω)f (0)s

[

h(1)s (v′
s) + h(1)s (w′

s)− h(1)s (v)− h(1)s (w)
]

dwdω ,

with
f (0)s (v) = Meq

s .

We consider now the real Hilbert space

ℵs := L2(R3;Meq
s dv) ,

with inner product

⟨f, g⟩Meq
s

=

∫

R3

fgMeq
s dv , f, g ∈ ℵs .

By standard arguments, one can show that Ls is a non-positive coercive
symmetric operator with the set of collision invariants as kernel in ℵs, i.e.

⟨f,Lsg⟩Meq
s

= ⟨Lsf, g⟩Meq
s
; ⟨g,Lsg⟩Meq

s
≤ 0; Ls = span

{
1,v, v2

}
.

Hence, clearly, L̃s is a coercive symmetric operator with a trivial kernel in
ℵs, such that

⟨f, L̃sg⟩Meq
s

= ⟨L̃sf, g⟩Meq
s
; ⟨g, L̃sg⟩Meq

s
≥ ⟨g, g⟩Meq

s
; ker L̃s = {0} .

The linearized operator Ls can be decomposed as

Ls = Ks − ηs ,

where ηs is the positive multiplication operator

ηsg := θsg

for the collision frequency

θs =

∫

R3×S2

gss(|y|, ŷ · ω)f (0)s (w)dwdω ,

while

Ksg =

∫

R3×S2

gss(|y|, ŷ · ω)f (0)s (w)
[
g(v′

s) + g(w′
s)− g(w)

]
dwdω .
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The linear operator Ks is a compact operator on ℵs under, for instance,
Grad’s assumption on the collision kernel, i.e.

gss(|y|, ŷ · ω) ≤ bs

(

|y|+ 1

|y|1−ε

)

,

for some positive constants bs > 0 and 0 < ε < 1, acknowledging that Grad’s as-
sumption is fulfilled for hard-sphere potentials, as well as, cut-off inverse power-
law potentials, including Maxwell molecules.
Assume that the above operator Ks is compact on ℵs. Then Ls is a self-adjoint
operator with the domain

D(Ls) = {f ∈ ℵs ; θsf ∈ ℵs} .

Furthermore, ηs is, at least under Grad’s assumption, a closed, densely de-
fined, and self-adjoint operator and is also Fredholm if and only if ηs is coercive.
Hence, Ls is a Fredholm operator if and only if ηs is coercive; indeed Fred-
holmness is conserved under addition of compact operators. The multiplication
operator ηs is coercive for e.g. hard-sphere potentials, as well as, cut-off hard
potentials and Maxwell molecules. On the other hand,

L̃s = Id+ ηs −Ks ,

hence L̃s is a Fredholm operator, since, clearly, Id+ηs is coercive. Then the lin-
ear operator L̃s is Fredholm, with a trivial kernel, therefore L̃s is also invertible,

with an inverse operator L̃s
−1

, such that
∣
∣
∣
∣

∣
∣
∣
∣
L̃s

−1
∣
∣
∣
∣

∣
∣
∣
∣
≤ 1 .

4.3 First order macroscopic fields

Once the existence of the solution f
(1)
s has been proved, we can proceed to the

explicit computation of its moments. We compute them without making use of
the explicit expression of the first order distribution functions, since the presence

of f
(1)
s inside the linearized intra-species operator prevents its calculation.

With regard to u
(1)
s , we need to multiply equation (4.5) by φs(v) = v; we simply

notice that ∫

R3

vf (0)s L(h(1)s )dv = 0 ,

and using the computations carried out for the general mixed model we reach
the following

u(1)
s =

1
∑N

r=1,
r ̸=s

ν
(0)
sr

[
N∑

r=1,
r ̸=s

ν(0)sr u(1)
sr − T

(∇xns
ρs

− ∇xn

ρ

)

−
(

1

ms
− n

ρ

)

∇xT

]

.

(4.6)
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Recalling the expression of u
(1)
sr = u

(1)
s + a

(0)
sr (u

(1)
r −u

(1)
s ) and multiplying both

sides for msns, we obtain, as expected, the same linear system of (3.44) for the
diffusion velocities, independently from the choice of the collisional operators
between Boltzmann and BGK

4π

N∑

r=1,
r ̸=s

λsrnsnrµsr

(

u(1)
s − u(1)

r

)

= −∇x (nsT ) +
ρs
ρ
∇x (nT ) .

Hence, it leads again to

u(1)
s =

N∑

r=1,
r ̸=s

Fsr∇xns + αs∇xT ,

with the same Fick matrix entries Fsr and Soret coefficients αs.

Remark. As regards the first-order approximation of the pressure tensor P (1)

and of the heat flux vector q(1), we notice from (4.5) that in the explicit expres-

sion of f
(1)
s , the only Boltzmann collisional operator involved is the linearized

operator for single gas L(h(1)s ).
Hence, the computations of

ms

∫

R3

cicjf
(1)
s dv , ms

∫

R3

cic
2f (1)s dv , (4.7)

do not depend on other species moments ofmr

∫

R3 cicjf
(1)
r dv ormr

∫

R3 cic
2f

(1)
r dv

respectively, and is therefore possible to factor out both terms in (4.7) and to

obtain a closed expression for either P (1) and q(1).
Furthermore, we focus on deriving

ms

∫

R3

cicjf
(0)
s L(h(1)s )dv , ms

∫

R3

cic
2f (0)s L(h(1)s )dv , (4.8)

since the computations of moments of other addends appearing in (4.5) are
identical to the ones already carried out for the general model.

As in Chapter 3, some technical details on the computations of moments of
the linearized Boltzmann operator are given in Appendix C. Specifically, using
(A.11) and the symmetry with respect to the variables v and w of the linearized
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intra-species operator, for ms

∫

R3 cicjf
(0)
s L(h(1)s )dv we have

ms

∫

R3

cicjf
(0)
s L(h(1)s )dv

= πmsλs

∫

R3×R3

{

2vivj + 2viwj +
δij
3

(
v2 + w2 − 2v ·w

)
}

×
[

f (0)s (v)f (1)s (w) + f (0)s (w)f (1)s (v)
]

dvdw − 4πmsλsns

∫

R3

vivjf
(1)
s (v)dv

= 2πmsλsns

[
∫

R3

vivjf
(1)
s dv + ns(uiu

s(1)

j + uju
s(1)

i ) +
2

3
δijns

(

2u · u(1)
s + 3

T
(1)
s

ms

)

(4.9)

− 4

3
δijnsu · u(1)

s

]

= 2πmsλsns

[

−
∫

R3

cicjf
(1)
s dv − ui

∫

R3

(vj − uj)f
(1)
s dv − uj

∫

R3

(vi − ui)f
(1)
s dv

+ ns(uiu
s
j + uju

s
i ) + δijns

T
(1)
s

ms

]

= 2πmsλsns

(

−
∫

R3

cicjf
(1)
s dv + δijns

T
(1)
s

ms

)

.

(4.10)

Therefore, from (3.52) and (4.10), we obtain

ms

∫

R3

cicjf
(1)
s (v)dv = δijnsT

(1)
s +

nsT
∑N

r=1,
r ̸=s

ν
(0)
sr

(
∂ui
∂xj

+
∂uj
∂xi

− 2

3
∇x · uδij

)

+
2πmsλsns
∑N

r=1,
r ̸=s

ν
(0)
sr

(

−
∫

R3

cicjf
(1)
s dv + δijns

T
(1)
s

ms

)

⇐⇒ ms

∫

R3

cicjf
(1)
s dv = δijnsT

(1)
s




1 +

2πλsns
∑N

r=1,
r ̸=s

ν
(0)
sr






1

1 +
2πλsns
∑N

r=1,
r ̸=s

ν
(0)
sr

− nsT
∑N

r=1,
r ̸=s

ν
(0)
sr

1

1 +
2πλsns
∑N

r=1,
r ̸=s

ν
(0)
sr

(
∂ui
∂xj

+
∂uj
∂xi

− 2

3
∇x · uδij

)

,

and, taking into account the constraint
∑N

s=1 nsT
(1)
s = 0, we get that the global

pressure tensor is provided by

P
(1)
ij = −

N∑

s=1

nsT
∑N

r=1,
r ̸=s

ν
(0)
sr + 2πλsns

(
∂ui
∂xj

+
∂uj
∂xi

− 2

3
∇x · uδij

)

. (4.11)
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Hence, the tensor P (1) takes the following form

P (1) = −µτ ,

where µ is a proper viscosity coefficient and τ is the strain rate tensor,
provided by

µ = T

N∑

s=1

ns
∑N

r=1,
r ̸=s

ν
(0)
sr + 2πλsns

, τij =
∂ui
∂xj

+
∂uj
∂xi

− 2

3
∇x · uδij .

Remark. From (4.11), it can be easily verified that Tr(P (1)) = 0, consistently
with the fact that the viscous stress tensor represents the traceless deviatoric
part of the pressure tensor.

Referring, once again, to Appendix C for the long computations, analogous

to those already carried out, (C.6) provides the following forms

∫

R3 cic
2f

(0)
s L(h(1)s )dv,

1

2
ms

∫

R3

cic
2f (0)s L(h(1)s )dv =

1

2
ms

∫

R3

viv
2f (0)s L(h(1)s )dv

− 2πuimsλsns

{

−
∫

R3

v2i f
(1)
s dv + 2nsuiu

s(1)

i + ns
T

(1)
s

ms

}

− 2πujmsλsns

{

−
∫

R3

vivjf
(1)
s dv + ns

(

uiu
s(1)

j + uju
s(1)

i

)}

(4.12)

− 2πukmsλsns

{

−
∫

R3

vivkf
(1)
s dv + ns

(

uiu
s(1)

k + uku
s(1)

i

)}

,

and, with regards to ms

∫

R3 viv
2f

(0)
s L(h(1)s )dv, from (C.7), we get

1

2
ms

∫

R3

viv
2f (0)s L(h(1)s )dv =

2

3
πmsλsns

{

−
∫

R3

cic
2f (1)s dv − 3ui

∫

R3

v2i f
(1)
s dv

− 3uj

∫

R3

vivjf
(1)
s dv − 3uk

∫

R3

vivkf
(1)
s dv + nsu

2us
(1)

i − nsui
3T

(1)
s

ms
(4.13)

+ 2nsu
s(1)

i

(

u2 +
3T

ms

)

+ 2nsui

(

2u · u(1)
s +

3T
(1)
s

ms

)

− ns

(

uiu · u(1)
s + us

(1)

i

T

ms

)}

.

Now, plugging (4.13) into (4.12) and referring to (C.7) for details, we get
the following

1

2
ms

∫

R3

cic
2f (0)s L(h(1)s )dv =

2

3
πmsλsns

(

−
∫

R3

cic
2f (1)s dv + 5nsu

s(1)

i

T

ms

)

.

(4.14)
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Hence, exploiting (3.58) for the computation of the remaining addends, we
thus find

1

2
ms

∫

R3

cc2f (1)s (v)dv =
5

2

nsT
∑N

r=1,
r ̸=s

ν
(0)
sr

{

− ∇xT

ms

+

N∑

r=1,
r ̸=s

ν(0)sr u(1)
sr − T

(∇xns

ρs
− ∇xn

ρ

)

−∇xT

(
1

ms
− n

ρ

)

︸ ︷︷ ︸

=u
(1)
s

}

+
2

3

πmsλsns
∑N

r=1,
r ̸=s

ν
(0)
sr

(

−
∫

R3

cc2f (1)s dv + 5nsu
(1)
s

T

ms

)

= −5

2

nsT
∑N

r=1,
r ̸=s

ν
(0)
sr

∇xT

ms
+ 5nsu

(1)
s T

(

1 +
4

3

πnsλs
∑N

r=1,
r ̸=s

ν
(0)
sr

)

− 2

3

πmsλsns
∑N

r=1,
r ̸=s

ν
(0)
sr

∫

R3

cc2f (1)s dv

⇐⇒ 1

2
ms

∫

R3

cc2f (1)s dv = −
(

1 +
4

3

πnsλs
∑N

r=1,
r ̸=s

ν
(0)
sr

)−1

×
(

5

2

nsT
∑N

r=1,
r ̸=s

ν
(0)
sr

∇xT

ms

)

+
5

2
nsu

(1)
s T .

We can finally formulate the explicit expression of q(1)

q(1) =

N∑

s=1

ms

∫

R3

cc2f (1)s (v)dv = −5

2
T

N∑

s=1

ns
∑N

r=1,
r ̸=s

ν
(0)
sr + 4

3πnsλs

∇xT

ms
+

5

2
T

N∑

s=1

nsu
(1)
s

= −ξ∇xT +
5

2
T

N∑

s=1

nsu
(1)
s ,

with thermal conductivity coefficient

ξ =
5

2
T

N∑

s=1

nsm
−1
s

∑N
r=1,
r ̸=s

ν
(0)
sr + 4

3πnsλs
.

Remark. Viscosity and conduction coefficients depend on collision frequencies

only through the combinations ν̄s =
∑N

r=1,
r ̸=s

ν
(0)
sr , s = 1, . . . , N , which play the

role of overall collision frequencies for single species. It is possible to tune the

70



collision frequencies ν̄s, which we remind to be free parameters, in order to repro-
duce the correct physical ratio cPµ

λ , the Prandtl number, where cP is the specific
heat at constant pressure, of the gas mixture under investigation. This allows
in principle to overcome the main drawback of the BGK approximation, namely
that for a single gas it is not able to reproduce the correct Prandtl number.
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Chapter 5

Various hydrodynamic

limits for a binary mixture

In this chapter, we consider a binary mixture, which naturally arises in many
physical contexts, such as ε-mixtures of heavy and light gases [26], or in plasmas
constituted by ions and electrons [40], focusing on two relevant regimes.
The first concerns intra-species dominated collisions, where self-interactions gov-
ern the relaxation dynamics and inter-species collisions act as small pertur-
bations, that will lead to multi-velocity and multi-temperature Navier-Stokes
equations, with source terms accounting for the slow collisional dynamics and,
consequently, for the transfer of momentum and kinetic energy between the two
components.
The second one addresses a mixture of heavy and light particles, in which only
the heaviest intra-species collisions play a dominant role while the binary light-
est intra-species encounters account for the slowest process.
By sticking to the case χsr = δsr,where Boltzmann operators are used for intra-
species collisions only, the dimensionless system for a binary mixture reads as







∂f1
∂t

+ v · ∇xf1 =
β11
ε
Q11 +

β12
ε
ν12(M12 − f1)

∂f2
∂t

+ v · ∇xf2 =
β21
ε
ν12(M21 − f2) +

β22
ε
Q22 ,

(5.1)

in which the different choices of the β-coefficients will allow for the study of the
regimes cited above.

5.1 Binary mixture with intra-species dominant

collisions

The regime with dominant intra-species collisions corresponds to the choice

β11 = β22 = 1 , β12 = β21 = ε ,
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in (5.1), leading to






∂f1
∂t

+ v · ∇xf1 =
1

ε
Q11 + ν12(M12 − f1)

∂f2
∂t

+ v · ∇xf2 = ν12(M21 − f2) +
1

ε
Q22 .

This scaling defines the so-called ε−mixture regime, which arises when the mix-
ture is composed of particles with strongly different masses with both intra-
species interactions playing a dominant role and energy transfer between species
occurring on a much slower timescale than within each species [26]. A promi-
nent example is provided by plasma physics, where light electrons coexist with
much heavier constituents such as atoms, molecules, and ions [44].

By expanding the macroscopic and the fictitious parameters as we did in the
classical collision dominated regime, we get

∂f
(0)
s

∂t
+ v · ∇xf

(0)
s + ε

(

∂f
(1)
s

∂t
+ v · ∇xf

(1)
s

)

(5.2)

=
1

ε

[

Qss(f
(0)
s ) + ε

(

Qss(f
(0)
s , f (1)s ) +Qss(f

(1)
s , f (0)s )

)

+ ε2Qss(f
(1)
s )
]

+ (ν(0)sr + εν(1)sr )
(

M(0)
sr + εM(1)

sr − f (0)s − εf (1)s

)

, s, r = 1, 2 , s ̸= r ;

which, at the leading order, yields

Qss(f
(0)
s ) = 0 ,

which implies that leading order distributions are equilibria of the single species
Boltzmann operators, hence Maxwellians depending on species fields:

f (0)s = M
(

v;ns,us,
Ts
ms

)

, s = 1, 2. (5.3)

The hydrodynamic variables that remain unexpanded in the Chapman-Enskog
procedure correspond to the collision invariants of leading order operators,
namely of the single species Boltzmann ones; therefore, they are the species
density ns, mean velocity us and temperature Ts, which means







n
(0)
s = ns

u
(0)
s = u

T
(0)
s = Ts

=⇒







n
(1)
s = 0

u
(1)
s = 0

T
(1)
s = 0

(5.4)

From this, it also follows that ⟨f (1)s , φs(v)⟩ = 0, for any of φs(v) = 1,msv,msv
2.

With regard to the fictitious parameters, exploiting (5.4), we find






u
(0)
sr = (1− a

(0)
sr )us + a

(0)
sr ur

u
(1)
sr = a

(1)
sr (ur − us)

T
(0)
sr = (1− b

(0)
sr )Ts + b

(0)
sr Tr + γ

(0)
sr (us − ur)

2

T
(1)
sr = b

(1)
sr (Tr − Ts) + γ

(1)
sr (us − ur)

2 .

(5.5)
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From (5.5), we get

M(0)
sr = ns

(
ms

2πT
(0)
sr

) 3
2

exp

[

− ms

2T
(0)
sr

(

v − u(0)
sr

)2
]

,

thus, the computation of the zeroth, first and second order moment of M(0)
sr

yields






⟨M(0)
sr , 1⟩ = ns

⟨M(0)
sr ,v⟩ = nsu

(0)
sr

⟨M(0)
sr , v

2⟩ = ns

(

u(0)sr

2
+

3T
(0)
sr

ms

)

.

(5.6)

Regarding M(1)
sr , by considering the derivative of the Maxwellian attractor

with respect to the small parameter, with computations analogous to those

leading to (3.20), but with u replaced by u
(0)
sr and T replaced by T

(0)
sr , we

obtain

M(1)
sr = M(0)

sr

[

ms

T
(0)
sr

u(1)
sr · c(0)sr +

1

2

T
(1)
sr

T
(0)
sr

(
ms

T
(0)
sr

(c(0)sr )
2 − 3

)]

, (5.7)

where c
(0)
sr = v − u

(0)
sr .

As for its moments, we have

⟨M(1)
sr , 1⟩ =

ms

T
(0)
sr

u(1)
sr

∫

R3

c(0)sr M(0)
sr dv

︸ ︷︷ ︸

=0

+
1

2

T
(1)
sr

T
(0)
sr

(
ms

T
(0)
sr

∫

R3

(c(0)sr )
2M(0)

sr dv − 3

∫

R3

M(0)
sr dv

)

=
1

2

T
(1)
sr

T
(0)
sr

(
ms

T
(0)
sr

∫

R3

(v2 + (u(0)
sr )

2 − 2v · u(0)
sr )M(0)

sr dv − 3ns

)

=
1

2

T
(1)
sr

T
(0)
sr

(
ms

T
(0)
sr

(u(0)
sr )

2 + 3ns +
ms

T
(0)
sr

(u(0)
sr )

2 − 2
ms

T
(0)
sr

(u(0)
sr )

2 − 3ns

)

= 0 ,
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⟨M(1)
sr ,v⟩ =

ms

T
(0)
sr

∫

R3

v(u(1)
sr · c(0)sr )M(0)

sr dv +
1

2

T
(1)
sr

T
(0)
sr

ms

T
(0)
sr

∫

R3

(

(c(0)sr )
2 − 3

)

vM(0)
sr dv

=
ms

T
(0)
sr

u(1)
sr ·

∫

v ⊗ vM(0)
sr dv − ms

T
(0)
sr

(u(1)
sr · u(0)

sr )

∫

R3

vM(0)
sr dv

+
T

(1)
sr

(T
(0)
sr )2

q(0)
sr +

1

2

T
(1)
sr

(T
(0)
sr )2

u(0)
sr

∫

R3

(c(0)sr )
2M(0)

sr dv − 3

2

T
(1)
sr

T
(0)
sr

∫

R3

vM(0)
sr dv

=
ms

T
(0)
sr

u(1)
sr ·

(

nsu
(0)
sr ⊗ u(0)

sr + P (0)
sr

)

− ms

T
(0)
sr

u(1)
sr · (nsu

(0)
sr ⊗ u(0)

sr )

+
1

2

msT
(1)
sr

(T
(0)
sr )2

u(0)
sr

∫

R3

(v2 + (u(0)
sr )

2 − 2v · u(0)
sr )M(0)

sr dv − 3

2

nsT
(1)
sr

T
(0)
sr

u(0)
sr

=
ns

T
(0)
sr

u(1)
sr T

(0)
sr +

msT
(1)
sr

T
(0)
sr

u(0)
sr

(

ns(u
(0)
sr )

2 + ns(u
(0)
sr )

2 − 2ns(u
(0)
sr )

2
)

= nsu
(1)
sr ,

where

P (0)
sr = ms

∫

R3

(c(0)sr ⊗ c(0)sr )M(0)
sr dv = nsT

(0)
sr I ,

since the strain rate tensor and the heat flux vector

q(0)
sr =

1

2
ms

∫

R3

c(0)sr (c
(0)
sr )

2M(0)
sr dv

vanish at local equilibrium M(0)
sr .

Eventually,

⟨M(1)
sr , v

2⟩ = ms

T
(0)
sr

∫

R3

v2(u(1)
sr · c(0)sr )M(0)

sr dv

+
1

2

T
(1)
sr

T
(0)
sr

(

ms

T
(0)
sr

∫

R3

(c(0)sr )
2v2M(0)

sr dv − 3

∫

R3

v2M(0)
sr dv

)

,

where the first term of the right hand side leads to

ms

T
(0)
sr

u(1)
sr ·

∫

R3

[

(c(0)sr )
2 + (u(0)

sr )
2 + 2c(0)sr · u(0)

sr

]

c(0)sr M(0)
sr dv

= 2
ms

T
(0)
sr

u(1)
sr ·

(

u(0)
sr ·

∫

R3

(c(0)sr ⊗ c(0)sr )M(0)
sr dv

)

= 2nsu
(0)
sr · u(1)

sr ,

while the second one to

1

2

msT
(1)
sr

(T
(0)
sr )2

∫

R3

(c(0)sr )
2
[

(c(0)sr )
2 + (u(0)

sr )
2 + 2c(0)sr · u(0)

sr

]

M(0)
sr dv − 3

2

nsT
(1)
sr

T
(0)
sr

(

(u(0)
sr )

2 +
3T

(0)
sr

ms

)

=
T

(1)
sr

(T
(0)
sr )2

[
15

2

ns

ms
(T (0)

sr )2 +
3

2
(u(0)

sr )
2nsT

(0)
sr

]

− 3

2

nsT
(1)
sr

T
(0)
sr

(

(u(0)
sr )

2 +
3T

(0)
sr

ms

)

=
15

2
ns
T

(1)
sr

ms
− 9

2
ns
T

(1)
sr

ms
= 3ns

T
(1)
sr

ms
,
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where we took advantage of the Gaussian integral (B.2).
Therefore, we obtain

⟨M(1)
sr , v

2⟩ = 2nsu
(0)
sr · u(1)

sr + 3ns
T

(1)
sr

ms
,

and summarizing







⟨M(1)
sr , 1⟩ = 0

⟨M(1)
sr ,v⟩ = nsu

(1)
sr

⟨M(1)
sr , v2⟩ = 2nsu

(0)
sr · u(1)

sr + 3ns
T

(1)
sr

ms
.

(5.8)

Macroscopic equations can be achieved by computing the weak form of equa-
tion (5.2) with respect to the test functions φs(v) = 1,msv,

1
2msv

2, which is

∂

∂t

∫

R3

φs(v)f
(0)
s dv +∇x ·

∫

R3

φs(v)vf
(0)
s dv + ε∇x ·

∫

R3

φs(v)vf
(1)
s dv

=

∫

R3

(

Qss(f
(0)
s , f (1)s ) +Qss(f

(1)
s , f (0)s )

)

︸ ︷︷ ︸

=f
(0)
s L(h

(1)
s )

dv + ε

∫

R3

φs(v)Qss(f
(1)
s )dv (5.9)

+

∫

R3

φs(v)
{

ν(0)sr (M(0)
sr − f (0)s ) + ε

[

ν(1)sr

(

M(0)
sr − f (0)s

)

+ ν(0)sr

(

M(1)
sr − f (1)s

)]}

dv ,

for s, r = 1, 2 , r ̸= s.
Recalling (5.4), as regards the left-hand side, we get for φs(v) = 1

∂ns
∂t

+∇x · (nsus) , (5.10)

for φs(v) = msv

∂

∂t
(ρsu

s
i ) +ms

∂

∂xj

∫

R3

vivj(f
(0)
s + εf (1)s )dv

=
∂

∂t
(ρsu

s
i ) +ms

∂

∂xj

∫

R3

[
usiu

s
j + csi c

s
j + usi c

s
j + usjc

s
i

]
(f (0)s + εf (1)s )dv

=
∂

∂t
(ρsu

s
i ) +

∂

∂xj

[

ρsu
s
iu

s
j +ms

∫

R3

csi c
s
jf

(0)
s dv + εms

∫

R3

csi c
s
jf

(1)
s dv

]

=
∂

∂t
(ρsus) +∇x · [ρs(us ⊗ us) + nsTsI] + ε∇x · P (1)

s , (5.11)
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and for φs(v) =
1
2msv

2

1

2
ms

∂

∂t

∫

R3

v2f (0)s dv +
1

2
ms∇x ·

∫

R3

v2(us + cs)(f
(0)
s + εf (1)s )dv

=
∂

∂t

(
1

2
ρsu

2
s +

3

2
nsTs

)

+
1

2
ms∇x · us

∫

R3

v2(f (0)s + εf (1)s )dv

+
1

2
ms∇x ·

∫

R3

(u2s + c2s + 2us · cs)cs(f (0)s + εf (1)s )dv

=
∂

∂t

(
1

2
ρsu

2
s +

3

2
nsTs

)

+∇x ·
[

us

(
1

2
ρsu

2
s +

3

2
nsTs

)]

+ms∇x ·
(

us

∫

R3

(cs ⊗ cs)(f
(0)
s + εf (1)s )dv

)

+
ε

2
ms∇x ·

∫

R3

csc
2
sf

(1)
s dv

=
∂

∂t

(
1

2
ρsu

2
s +

3

2
nsTs

)

+∇x ·
[(

5

2
ρsu

2
s +

3

2
nsTs

)

us

]

+ ε∇x ·
(

P (1)
s · u(1)

s + q(1)
s

)

.

(5.12)

Concerning the right-hand side of (5.9), from the theory for the single gas
Boltzmann collisional operator, we know that φs(v) = 1,msv,

1
2msv

2 are colli-
sion invariants for both the whole operator Qss and the linearized Boltzmann

intra-species one L(h(1)s ). Hence,

∫

R3

φs(v)Qss(f
(1)
s )dv =

∫

R3

φs(v)L(h(1)s )dv = 0 ,

for any of our test functions φs(v). As for

∫

R3

φs(v)
[

ν(1)sr (M(0)
sr − f (0)s ) + ν(0)sr (M(1)

sr − f (1)s )
]

dv ,

the moments of M(1)
sr given in (5.8) allow to show that it vanishes.

Indeed, making use of (5.4), (5.5), (3.37), and (5.8), we obtain

ν(1)sr

∫

R3

(M(0)
sr − f (0)s )dv + ν(0)sr

∫

R3

(M(1)
sr − f (1)s )dv = 0 ,

msν
(1)
sr

∫

R3

v(M(0)
sr − f (0)s )dv +msν

(0)
sr

∫

R3

v(M(1)
sr − f (1)s )dv

= ρsν
(1)
sr (u(0)

sr − us) + ρsν
(0)
sr u(1)

sr = ρs(ν
(1)
sr a

(0)
sr − ν(0)sr a

(1)
sr )(ur − us) = 0 ,
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and

1

2
msν

(1)
sr

∫

R3

v2(M(0)
sr − f (0)s )dv +

1

2
ν(0)sr

∫

R3

v2(M(1)
sr − f (1)s )dv

=
1

2
ν(1)sr

[

ρs(u
(0)
sr )

2 + 3nsT
(0)
sr − ρsu

2
s − 3nsTs

]

+ ν(0)sr

(

ρsu
(0)
sr · u(1)

sr +
3

2
nsT

(1)
sr

)

= −1

2
ν(0)sr ρsa

(1)
sr

[

a(0)sr (us − ur) + 2us

]

· (us − ur)

− 3

2
nsν

(0)
sr

[

b(1)sr (Ts − Tr) +

(

γ(1)sr − 1

3
ms

ν
(1)
sr

ν
(0)
sr

(a(0)sr )

)

(us − ur)
2

]

+ ν(0)sr ρsa
(1)
sr

[

us · (us − ur) + a(0)sr (us − ur)
2
]

+
3

2
ν(0)sr ns

[

b(1)sr (Tr − Ts) + γ(1)sr (us − ur)
2
]

= −1

2
ν(0)sr

[

ρsa
(1)
sr

(

a(0)sr (us − ur) + 2us

)

· (us − ur) + ρsa
(0)
sr a

(1)
sr (us − ur)

2
]

+ ν(0)sr ρsa
(1)
sr

[

us · (ur − us) + a(0)sr (us − ur)
2
]

= 0 .

Ultimately, with respect to

ν(0)sr

∫

R3

φs(v)(M(0)
sr − f (0)s )dv ,

it also trivially vanishes for φs(v) = 1.
With test functions φs(v) = msv,

1
2msv

2, however, it yields some source terms.
In particular

Rsr = msν
(0)
sr

∫

R3

v(M(0)
sr − f (0)s )dv = ν(0)sr ρs

(

u(0)
sr − us

)

= ν(0)sr ρsa
(0)
sr (ur − us) = µsrΛsrnsnr(ur − us) . (5.13)

Turning to the energy exchanges, we obtain

Ssr =
1

2
msν

(0)
sr

∫

R3

v2
(

M(0)
sr − f (0)s

)

dv =
1

2
ν(0)sr ns

[

3
(

T (0)
sr − Ts

)

+ms

(

(u(0)
sr )

2 − u2s

)]

=
1

2
ν(0)sr ns

[

3
(

b(0)sr (Tr − Ts) + γ(0)sr (us − ur)
2
)

+ms

(

(1− a(0)sr )us + a(0)sr ur

)2

−msu
2
s

]

= αrsΛsrnsnr

[

3αsr(Tr − Ts) +
1

2
ms(2αrs − a(0)sr )(u

2
s + u2r − us · ur)

]

+ αrsΛsrnsnrms

[
1

2
a(0)sr (u

2
s + u2r)− u2s + (1− a(0)sr )us · ur

]

= 3αsrαrsΛsrnsnr(Tr − Ts) + αrsΛsrnsnrαsrmr(u
2
s + u2r)

− αrsΛsrnsnrmsαsr

(
ms

mr
− 1

)

us · ur − αrsαsrΛsrnsnr(ms +mr)u
2
s

= αsrαrsΛsrnsnr[3(Tr − Ts)− (msus +mrur) · (us − ur)] . (5.14)
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Collecting (5.10), (5.11), (5.12), (5.13) and (5.14), we are finally ready to
provide the Navier-Stokes equations







∂ns
∂t

+∇x · (nsus) = 0

∂

∂t

(
ρsus

)
+∇x ·

(
ρsus ⊗ us + nsTsI

)
+ ε∇x · P (1)

s = Rsr

∂

∂t

[
1

2
ρsu

2
s +

3

2
nsTs

]

+∇x ·
[(

1

2
ρsu

2
s +

5

2
nsTs

)

us

]

+ ε∇x ·
(
P (1)

s · us + q(1)
s

)
= Ssr ,

(5.15)
where

Rsr = Λsrαrsmsnsnr(ur − us)

Ssr = Λsrαsrαrsnsnr
[
3(Tr − Ts) + (msus +mrur) · (ur − us)

]
.

for any s, r = 1, 2, r ̸= s.
The system above involves the following unknowns

• the species densities n1, n2;

• the 6 components of the species velocities u1, u2;

• the species temperatures T1, T2;

• the 10 independent components of the first order corrections of the viscous

stress tensors Π
(1)
1 , Π

(1)
2 ;

• the 6 components of the first order corrections of the heat flux vector q
(1)
1 ,

q
(1)
2 .

We observe that the resulting multi-velocity and multi-temperature equa-
tions are not conservation equations but take the form of balance equations,
with source terms Rsr and Ssraccounting for the slow collisional dynamics and,
consequently, for the transfer of momentum and energy between the different
components. In contrast to the global equations in the classical collision domi-
nated regime (3.15), which describe inter-species interactions only through diffu-
sion and transport coefficients, the present system explicitly includes additional
source terms that model the slow collisional exchange of momentum and energy.

Multi-velocities and multi-temperatures Euler-like equa-

tions

As done in Chapter 3, the simplest closure of the system above is obtained by
truncating at zeroth order, approximating the distribution functions by their
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equilibrium form. In this regime, this is equivalent to setting

{

Π(1)
s = 0

q
(1)
s = 0 ,

obtaining







∂ns
∂t

+∇x · (nsus) = 0

∂

∂t

(
ρsus

)
+∇x ·

(
ρsus ⊗ us + nsTsI

)
= Rsr

∂

∂t

[
1

2
ρsu

2
s +

3

2
nsTs

]

+∇x ·
[(

1

2
ρsu

2
s +

5

2
nsTs

)

us

]

= Ssr , s, r = 1, 2 , r ̸= s .

(5.16)
As in the classical collision dominated-regime, despite its simplicity, such

closure still provides an efficient approximation in situations close to equilibrium.

Multi-velocities and multi-temperatures Navier-Stokes equa-

tions

In order to close the macroscopic equations system (5.15), we need to provide
constitutive relations for the first-order approximations of the following

P (1)
s = ms

∫

R3

(cs ⊗ cs)f
(1)
s (v)dv , q(1)

s =
1

2
ms

∫

R3

csc
2
sf

(1)
s (v)dv .

For this purpose, we start by equating O(1) terms in the expansion of (5.2)

∂f
(0)
s

∂t
+v ·∇xf

(0)
s = Qss(f

(0)
s , f (1)s ) +Qss(f

(1)
s , f (0)s )

︸ ︷︷ ︸

=f
(0)
s L(h

(1)
s )

+ν(0)sr (M(0)
sr −f (0)s ) (5.17)

Now, it can be easily computed that

∂f
(0)
s

∂t
=

[
1

ns

∂ns
∂t

+
1

2Ts

(
msc

2
s

Ts
− 3

)
∂Ts
∂t

+
ms

Ts
cs ·

∂us

∂t

]

f (0)s , (5.18)

and

∇xf
(0)
s =

[
1

ns
∇xns +

1

2Ts

(
msc

2
s

Ts
− 3

)

∇xTs +
ms

Ts
∇xus · cs

]

f (0)s

=⇒ v · ∇xf
(0)
s =

[
1

ns
v · ∇xns +

1

2Ts

(
msc

2
s

Ts
− 3

)

v · ∇xTs +
ms

Ts
(v · ∇xus) · cs

]

f (0)s .

(5.19)
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Making use of the computations that led to (3.24), Euler-like equations (5.16)
can be rearranged into







∂ns
∂t

+ v · ∇xns = cs · ∇xns − ns∇x · us

∂us

∂t
+ v · ∇xus = cs · ∇xus −

1

ρs
∇x(nsTs) +

1

ρs
Rsr

∂Ts
∂t

+ v · ∇xTs = cs · ∇xTs −
2

3
Ts∇x · us +

2

3

1

ns
(Ssr − us ·Rsr) .

(5.20)
Now, (5.18), (5.19) and (5.20) altogether provide

∂f
(0)
s

∂t
+ v · ∇xf

(0)
s =

[

1

nsTs
cs ·Rsr +

ms

Ts

(

cs ⊗ cs −
c2s
3
I

)

: ∇xus

+
2

3

1

nsTs

(
ms

2Ts
c2s −

3

2

)

(Ssr − us ·Rsr) +

(
ms

2Ts
c2s −

5

2

)

cs ·
∇xTs
Ts

]

f (0)s .

Hence, (5.17) can be reformulated into

L(h(1)s ) =

[

1

nsTs
cs ·Rsr +

ms

Ts

(

cs ⊗ cs −
c2s
3
I

)

: ∇xus

+
2

3

1

nsTs

(
ms

2Ts
c2s −

3

2

)

(Ssr − us ·Rsr) +

(
ms

2Ts
c2s −

5

2

)

cs ·
∇xTs
Ts

]

f (0)s

(5.21)

− ν(0)sr

(

M(0)
sr − f (0)s

)

.

Remark. Since in the first-order expansion (5.17), f
(1)
s appears only within

the integrals defining L(h(1)s ), it is not possible to derive an explicit expression
for it, as done in (3.27) for the classical collision dominated regime. Nonethe-
less, by computing the weak form of (5.21) with respect to the test functions

φs = mscs ⊗ cs,
1

2
mscsc

2
s, we can still obtain explicit expressions for P (1)

s and

q
(1)
s .

Remark. As for the right-hand side of the weak form of (5.21) with respect

to the test functions φs = mscs ⊗ cs,
1

2
mscsc

2
s, the computations are analo-

gous to those performed for the classical collision-dominated regime, and the
corresponding results can be directly recovered from [8], [9].

We now compute ms

∫

R3 c
s
i c

s
jL(h

(1)
s )dv. Writing

csi c
s
j = vivj − usivj − usjvi + usiu

s
j ,
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and recalling that ker(L(h(1)s )) = span{1,v, v2}, the contribution from the sec-

ond, third and fourth term vanish when paired to L(h(1)s ). Hence it suffices to
consider

ms

∫

R3

vivjL(h(1)s )dv .

For it, recalling that under the assumption (3.36) gs(µ) = λs = const., from
which Λs = 4πλs, we obtain

msλs

∫

R3×R3×S2

vivj

[

f (0)s (v′
s)f

(1)
s (w′

s) + f (1)s (v′
s)f

(0)
s (w′

s)

− f (0)s (v) f (1)s (w)
︸ ︷︷ ︸

=n
(1)
r =0

−f (1)s (v) f (0)s (w)
︸ ︷︷ ︸

=nr

]

dvdwdω

= msλs

∫

R3×R3×S2

vivj

[

f (0)s (v′
s)f

(1)
s (w′

s) + f (1)s (v′
s)f

(0)
s (w′

s)

]

dvdwdω

− 4πmsλsns

∫

R3

vivjf
(1)
s (v)dv

By exchanging pre- and post-collision velocities in the first integral and recalling
the integral on post-collision velocities (A.11), we get

= πmsλs

∫

R3×R3

[

vivj + wiwj +
δij
3
(v2 + w2 − 2v ·w) + viwj + vjwi

]

×
[

f (0)s (v)f (1)s (w) + f (1)s (v)f (0)s (w)

]

dvdw − 4πmsλsns

∫

R3

vivjf
(1)
s (v)dv

= πλsms

(

ns

∫

R3

vivjf
(1)
s (v)dv + ns

∫

R3

wiwjf
(1)
s (w)dw +

δij
3
ns

∫

R3

v2f (1)s (v)dv

︸ ︷︷ ︸

=0

+
δij
3
ns

∫

R3

w2f (1)s (w)dv

︸ ︷︷ ︸

=0

−2

3
δij

∫

R3

vf (0)s (v)dv ·
∫

R3

wf (1)s (w)dw

︸ ︷︷ ︸

=0

− 2

3
δij

∫

R3

vf (1)s (v)dv

︸ ︷︷ ︸

=0

·
∫

R3

wf (0)s (w)dw

+

∫

R3

vif
(0)
s (v)dv

∫

R3

wjf
(1)
s (w)dw

︸ ︷︷ ︸

=0

+

∫

R3

vif
(1)
s (v)dv

︸ ︷︷ ︸

=0

∫

R3

wjf
(0)
s (w)dw

+

∫

R3

vjf
(0)
s (v)dv

∫

R3

wif
(1)
s (w)dw

︸ ︷︷ ︸

=0

+

∫

R3

vjf
(1)
s (v)dv

︸ ︷︷ ︸

=0

∫

R3

wif
(0)
s (w)dw − 4ns

∫

R3

vivjf
(1)
s dv

)

= −2πλsρs

∫

R3

vivjf
(1)
s (v)dv ,
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where we made use of (5.4).
Furthermore,

∫

R3

vivjf
(1)
s (v)dv (5.22)

=

∫

R3

csi c
s
jf

(1)
s (v)dv + usj

∫

R3

(vi − usi )f
(1)
s (v)dv

︸ ︷︷ ︸

=0

+usi

∫

R3

(vj − usj)f
(1)
s (v)dv

︸ ︷︷ ︸

=0

+usiu
s
j

∫

R3

f (1)s (v)dv

︸ ︷︷ ︸

=0

,

and we have reached

ms

∫

R3

csi c
s
jL(h(1)s )dv = −2πλsρs

∫

R3

csi c
s
jf

(1)
s (v) = −2πλsnsP

s(1)

ij , (5.23)

hence, from (5.21), we find

P s(1)

ij = − ms

2πλsns

{

1

nsTs

∫

R3

(csi c
s
jcs ·Rsr)f

(0)
s dv +

ms

Ts

∫

R3

[

csi c
s
j

(

cs ⊗ cs −
c2s
3
I

)

: ∇xus

]

f (0)s

+
2

3

1

nsTs

∫

R3

[

csi c
s
j

(
ms

2Ts
c2s −

3

2

)

(Ssr − us ·Rsr)

]

f (0)s dv

+

∫

R3

[

csi c
s
j

(
ms

2Ts
c2s −

5

2

)

cs ·
∇xTs
Ts

]

f (0)s dv

}

− ν(0)sr

∫

R3

csi c
s
j

(

M(0)
sr − f (0)s

)

dv .

As concerns the right-hand side, computations are analogous to the ones
performed in the classical collision-dominated regime and referring to [9, 8] for
a more detailed view of those, it yields

P (1)
s = − Ts

2πλs

(

∂usi
∂xj

+
∂usj
∂xi

− 2

3
∇x · usδij

)

+
1

2πλsns
ν(0)sr ρs(a

(0)
sr )

2

[

(ur − us)⊗ (ur − us)−
1

3
|ur − us|2I

]

, s, r = 1, 2 , r ̸= s .

in which we can notice the strain tensor multiplied by the viscosity coefficient

µs =
Ts

2πλs

and also additional contributions involving the differences among species mean
velocities, specific of the present multi-velocity and multi-temperature hydro-
dynamic regime.

As regards the first-order approximation of the heat flux vector q
(1)
s , starting

from

cic
2
s = viv

2+viu
2
s−2(usiv

2
i +u

s
jvivj +u

s
kvivk)−usiv2−usiu2s+2usius ·v , (5.24)
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and recalling that ker(L(h(1)s )) = span{1,v, v2}, we get

1

2
ms

∫

R3

csi c
2
sL(h(1)s )dv =

1

2
ms

∫

R3

viv
2L(h(1)s )dv

−msu
s
i

∫

R3

v2iL(h(1)s )dv −msu
s
j

∫

R3

vivjL(h(1)s )dv −msu
s
k

∫

R3

vivkL(h(1)s )dv

=
1

2
ms

∫

R3

viv
2L(h(1)s )dv + 2πλsns

(

usiP
s(1)

ii + usjP
s(1)

ij + uskP
s(1)

ik

)

, (5.25)

where we used (5.22), (5.23).
Now, recalling (5.4) and (A.10), we derive

1

2
ms

∫

R3

viv
2L(h(1)s )dv

=
1

2
msλs

∫

R3×R3×S2

viv
2

[

f (0)s (v′
s)f

(1)
s (w′

s) + f (1)s (v′
s)f

(0)
s (w′

s)− f (0)s (v) f (1)s (w)
︸ ︷︷ ︸

=n
(1)
s =0

−f (1)s (v) f (0)s (w)
︸ ︷︷ ︸

=ns

]

dvdwdω

=
1

2
msλs

∫

R3×R3×S2

v′iv
′2

[

f (0)s (v)f (1)s (w) + f (1)s (v)f (0)s (w)

]

dvdwdω − 2πmsnsλs

∫

R3

viv
2f (1)s (v)dv

=
π

2
msλs

∫

R3×R3

[

viv
2 + wiw

2 + v2wi + viw
2

︸ ︷︷ ︸

=0

+
1

3
(v2 + w2 − 2viwi − 2vjwj − 2vkwk)(vi + wi)

]

×
[

f (0)s (v)f (1)s (w) + f (1)s (v)f (0)s (w)

]

dvdw − 2πλsρs

∫

R3

viv
2f (1)s (v)dv

=
π

2
msλs

{

2ns

∫

R3

viv
2f (1)s (v)dv

+
1

3

∫

R3×R3

(
viv

2 + wiw
2 + v2wi + viw

2

︸ ︷︷ ︸

=0

−2v2iwi − 2viw
2
i − 2vivjwj − 2vjwiwj − 2vivkwk − 2vkwiwk

)

×
[

f (0)s (v)f (1)s (w) + f (1)s (v)f (0)s (w)

]

dvdw

}

− 2πλsns

∫

R3

viv
2f (1)s (v)dv

=
π

2
msλs

(

8

3
ns

∫

R3

viv
2f (1)s dv − 4

3
nsu

s
i

∫

R3

v2i f
(1)
s dv − 4

3
nsu

s
j

∫

R3

vivjf
(1)
s dv

− 4

3
nsu

s
k

∫

R3

vivkf
(1)
s dv

)

− 2πλsns

∫

R3

viv
2f (1)s (v)dv

= −2

3
πλsρs

(
∫

R3

viv
2f (1)s dv + usi

∫

R3

v2i f
(1)
s dv + usj

∫

R3

vivjf
(1)
s dv + usk

∫

R3

vivkf
(1)
s dv

)

.

As concerns
∫

R3 viv
2f

(1)
s dv, from (5.4), (5.24), we have

∫

R3

viv
2f (1)s dv =

∫

R3

csi c
2
sf

(1)
s dv + 2

(

usi

∫

R3

v2i f
(1)
s dv + usj

∫

R3

vivjf
(1)
s dv + usk

∫

R3

vivkf
(1)
s dv

)

.
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Hence, using (5.22), (5.23) we obtain

1

2
ms

∫

R3

viv
2L(h(1)s )dv = −2

3
πλsρs

∫

R3

csi c
2
sf

(1)
s dv

− 2πλsρs

(

usi

∫

R3

v2i f
(1)
s dv + usj

∫

R3

vivjf
(1)
s dv + usk

∫

R3

vivkf
(1)
s dv

)

= −2

3
πλsρs

∫

R3

csi c
2
sf

(1)
s dv − 2πλsns

(

usiP
s(1)

ii + usjP
s(1)

ij + uskP
s(1)

ik

)

.

Ultimately, from (5.25), we obtain

ms

∫

R3

csi c
2
sL(h(1)s )dv = −4

3
πλsnsq

s(1)

i .

As for the pressure tensor, we resort to [9, 8] for the computation of the
following from (5.21)

qs
(1)

i = − 3ms

4πλsns

{

1

nsTs

∫

R3

(csi c
2
scs ·Rsr)f

(0)
s dv +

ms

Ts

∫

R3

[

csi c
2
s

(

cs ⊗ cs −
c2s
3
I

)

: ∇xus

]

f (0)s

+
2

3

1

nsTs

∫

R3

[

csi c
2
s

(
ms

2Ts
c2s −

3

2

)

(Ssr − us ·Rsr)

]

f (0)s dv +

∫

R3

[

csi c
2
s

(
ms

2Ts
c2s −

5

2

)

cs ·
∇xTs
Ts

]

f (0)s dv

− ν(0)sr

∫

R3

csi c
2
s

(

M(0)
sr − f (0)s

)

dv ,

we obtain

q(1)
s = − 15Ts

8πmsλs
∇xTs +

15

4πλs
αsrν

(0)
sr (a(0)sr )

2(Tr − Ts)(ur − us)

+
4

πλs
ν(0)sr (a(0)sr )

2(5αrs − a(0)sr )(ur − us)
3 , s, r = 1, 2 , r ̸= s ,

where the first term on the right-hand-side is proportional to the opposite of
the gradient of species temperature by means of the conductivity coefficient

ξs =
15Ts

8πmsλs
.

As in the case of the pressure tensor, the additional contributions involv-
ing differences between species velocities and species temperatures are due to
the considered asymptotic limit in which only intra-species collisions play the
dominant role.

Remark. The same computations can be repeated with the standard Maxwellian
assumption

gs = gs(µ) ,

where µ is the deflection angle µ = µ̂ · ω, obtaining the same results, provided
that one substitutes

8π

3
λs with λ(2)s = 2π

∫ π

0

gss(µ)(1− cos2(µ)) sin(µ)dµ .
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5.2 Fluid-kinetic equations for mixtures

Sticking to the assumption χsr = δsr, as in (5.1), we consider a binary gas
mixture in which one species has a mass much heavier than the other, i.e.,
m1 >> m2.

By setting

β11 = ε , β12 = β12 = 1 , β22 =
1

ε
,

in the dimensionless system (5.1), we obtain the following scaling







∂f1
∂t

+ v · ∇xf1 =
1

ε
Q11 + ν12 (M12 − f1)

∂f2
∂t

+ v · ∇xf2 = ν21 (M21 − f2) + εQ22 .

(5.26)

This framework defines a rescaled kinetic system that in the asymptotic limit
will lead to the so-called fluid–kinetic regime, which arises when the components
of a mixture experience collisions on different timescales. In such situations, it
can be seen how the different timescales influence the trend to equilibrium: one
species rapidly attains local equilibrium and can be described by macroscopic
balance equations, while the other remains out of equilibrium and requires a
kinetic description, [22, 33].
In the regime considered here, the asymmetry between the two species originates
from their strongly disparate masses. The heavier component relaxes toward
equilibrium much faster than the lighter one, as its larger mass implies smaller
velocity variations in individual collisions and thus a faster equilibration process
on the kinetic timescale. Accordingly, its distribution function is expanded as

f1 = f
(0)
1 + εf

(1)
1 ,

and we can apply the standard Chapman-Enskog expansion.
In contrast, the light component undergoes more significant changes in veloc-

ity during collisions and relaxes on a slower timescale. Its distribution function
is therefore written as

f2 = M2 + g2,

without introducing the small parameter ε, since g2 may represent a deviation
of order one from local equilibrium.
This scaling emphasizes the physical structure of the fluid–kinetic mixture:
the heavy species rapidly equilibrates and behaves as a fluid, while the light
species evolves on a kinetic timescale, exchanging momentum and energy with
the species 1, active as a background.

Going through the standard Chapman-Enskog expansion for species 1, mak-
ing use of what computed in the previous section, at the leading order we find
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Q11(f
(0)
1 ) = 0 . (5.27)

and this implies

f
(0)
1 = M1 = n1

(
m1

2πT1

) 3
2

exp

{

− (v − u1)
2

2T1

}

,

and that the hydrodynamic variables will be the macroscopic fields of species 1,
so that







n
(0)
1 = n1 n

(1)
1 = 0

u
(0)
1 = u1 u

(1)
1 = 0

T
(0)
1 = T1 , T

(1)
1 = 0 .

By following the same procedure performed in the previous section, we
directly find the Navier-Stokes balance equations for the macroscopic fields
n1,u1, T1






∂n1
∂t

+∇x · (n1u1) = 0

∂

∂t

(
ρ1u1

)
+∇x ·

(
ρ1u1 ⊗ u1 + n1T1I

)
+ ε∇x · P (1)

1 = R12

∂

∂t

[
1

2
ρ1u

2
1 +

3

2
n1T1

]

∇x ·
[(

1

2
ρ1u

2
1 +

5

2
n1T1

)

u1

]

+ ε∇x ·
(
P

(1)
1 · u1 + q

(1)
1

)
= S12 ,

(5.28)
where

R12 = Λ12α21m1n1n2(u2 − u1)

S12 = Λ12α12α21n1n2
[
3(T2 − T1) + (m1u1 +m2u2) · (u2 − u1)

]
,

and the closure of the system above is provided by

P
(1)
1 = − T1

2πλ1

(

∂u1i
∂xj

+
∂u1j
∂xi

− 2

3
∇x · u1δij

)

+
1

2πλ1n1
ν
(0)
12 ρ1

(
a
(0)
12

)2
[

(u2 − u1)⊗ (u2 − u1)−
1

3
|u2 − u1|2I

]

,

q
(1)
1 = − 15T1

8πm1λ1
∇xT1 +

15

4πλ1
α12ν

(0)
12 (a

(0)
12 )

2(T2 − T1)(u2 − u1)

+
4

πλ1
ν
(0)
12

(
a
(0)
12

)2
(5α21 − a

(0)
12 )(u2 − u1)

3 .

As concerns species 2, we aim to extend the micro–macro decomposition in-
troduced in [2, 21]. This approach, originally developed for numerical schemes
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applied to Boltzmann-type equations for mixtures, allows one to accurately cap-
ture the compressible Navier–Stokes dynamics at small–Knudsen-number. The
central idea is to express the distribution function as the sum of its local equilib-
rium, which satisfies a fluid-type equation, and a kinetic remainder accounting
for deviations from equilibrium. Accordingly, we decompose f2 as follows

f2 = M2 + g2 ,

and since f2 and M2 share the same zeroth, first and second order moments,
we have ⟨g2, φ2⟩ = 0 , for φ2 = 1,v, v2.

Using the decomposition above, the equation for species 2 can be reformu-
lated as

∂M2

∂t
+ v · ∇xM2 +

∂g2
∂t

+ v · ∇xg2 (5.29)

= ν21 (M21 −M2 − g2) + ε
[
Q22(M2)
︸ ︷︷ ︸

=0

+L2(M2, g2) +Q22(g2)
]
,

where L2(M2, g2) is the linearized Boltzmann operator of species 2, i.e.

L2(M2, g2) = Q22(M2, g2) +Q22(g2,M2) ,

which, by standard arguments, can be shown to possess the same collision in-

variants 1,v, v2 as the linearized Boltzmann intra–species operator L(h(1)s ) in-
troduced in the previous chapters.

Let us consider the Hilbert space L2
M2

,

L2
M2

:=
{

ϕ : ϕM− 1
2

2 ∈ L2dv
}

,

with the weighted inner product

(ϕ, ψ) :=

∫

R3

ϕψM−1
2 dv .

Given its subspace
N2 = span

{
M2,vM2, v

2M2

}
,

we call ΠM2 the orthogonal projection in L2
M2

on the subspace N2.
Given the orthonormal basis B2 of N2, we have

B2 = span

{

n
− 1

2
2 M2,

1√
3

v − u2
(

T2

m2

) 1
2

n
− 1

2
2 M2,

√

1

6

(

(v − u2)
2

T2

m2

− 3

)

n
− 1

2
2 M2

}

:= {b12, b22, b32} ,

and

ΠM2(ϕ) =

3∑

n=1

(ϕ, bn2 )b
n
2 (5.30)

=
M2

n2

{

⟨ϕ, 1⟩+ m2

3T2
(v − u2) · ⟨(v − u2), ϕ⟩+

1

6

[

(v − u2)
2

T2

m2

− 3

]

⟨
[

(v − u2)
2

T2

m2

− 3

]

, ϕ⟩
}
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Lemma 3. From standard properties of the orthogonal projection on an Hilbert
space, it holds that

(I −ΠM2
)(M2) = (I −ΠM2

)

(
∂M2

∂t

)

= 0 ,

ΠM2
(g2) = ΠM2

(
∂g2
∂t

)

= 0 ,

ΠM2(L2(M2, g2)) = ΠM2(Q22(g2)) = 0 ,

and

ΠM2
(M21) = M2

{

1 +
m2a21(u1 − u2) · (v − u2)

3T2
+

1

6

[

(v − u2)
2

T2

m2

− 3

]

×
[
3T21
T2

+
m2

T2

(
u2
21 + a21u2 · (u2 − u1)

)
− 3

]}

.

Proof. • Since ΠM2(M2) = M2, it holds (I −ΠM2)(M2) = 0.

• From (5.18),
∂M2

∂t
is a linear combination of M2,vM2, v

2M2. Hence

∂M2

∂t ∈ N2 and therefore ΠM2

(
∂M2

∂t

)
= ∂M2

∂t .

• From ⟨φ2(v), g2⟩ = 0, for φ2(v) = 1,v, v2, it follows that the weighted
integral

(φ2(v)M2, g2) =

∫

R3

φ2(v)g2dv = 0 =⇒ g2 ⊥ N2 =⇒ ΠM2(g2) = 0 .

• Analogously

(

φ2(v)M2,
∂g2
∂t

)

=
∂

∂t
(φ2(v)M2, g2) = 0 =⇒ ΠM2

(
∂g2
∂t

)

= 0 .

• From (5.30) and the fact that 1, v, v2 are collision invariants for both
L(M2, g2) , Q22(g2) it follows that they are orthogonal to N2 and then

ΠM2(L(M2, g2)) = ΠM2(Q22(g2)) = 0 .
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• From ΠM2(ϕ) =
∑3

n=1(ϕ, b
n
2 )b

n
2 , we get

ΠM2
(M21) =

3∑

n=1

(M21, b
n
2 )b

n
2 =

3∑

n=1

bn2

∫

R3

M21b
n
2M−1

2 dv

=
M2

n2

∫

R3

M21dv +
1

3

m2(v − u2)

T2

M2

n2
·
∫

R3

(v − u2)M21dv

+
1

6

[

(v − u2)
2

T2

m2

− 3

]

M2

n2

∫

R3

[

(v − u2)
2

T2

m2

− 3

]

M21dv

= M2 +
1

3

m2a21(u1 − u2) · (v − u2)

T2
M2 +

1

6

[

(v − u2)
2

T2

m2

− 3

]

M2

n2

×
[
m2

T2

∫

R3

(v2 + u22 − 2u2 · v)M21dv − 3n2

]

= M2

{

1 +
m2a21(u1 − u2) · (v − u2)

3T2
+

1

6

[

(v − u2)
2

T2

m2

− 3

]

×
[
m2

T2

(

u2
21 +

3T21
m2

+ u2 · (u2 − u21)

)

− 3

]}

= M2

{

1 +
m2a21(u1 − u2) · (v − u2)

3T2
+

1

6

[

(v − u2)
2

T2

m2

− 3

]

×
[
3T21
T2

+
m2

T2

(
u2
21 + a21u2 · (u2 − u1)

)
− 3

]}

.

We now apply the orthogonal projection I − ΠM2
to the kinetic equation

(5.29) and, using lemma 3, we obtain

∂g2
∂t

+ (I −ΠM2)(v · ∇xM2) + (I −ΠM2)(v · ∇xg2)

= ν21(I −ΠM2) (M21 −M2 − g2) + ε [L(M2, g2) +Q22(g2)]

= ν21

{

M21 −M2

{

1 +
m2a21(u1 − u2) · (v − u2)

3T2
+

1

6

[

(v − u2)
2

T2

m2

− 3

]

×
[
3T21
T2

+
m2

T2

(
u2
21 + a21u2 · (u2 − u1)

)
− 3

]}

− g2

}

+ ε [L(M2, g2) +Q22(g2)] .

On the other hand, computing the weak form of (5.29) with the collision invari-
ants φ2(v) = 1,v, v2, along with ⟨φ2(v), g2⟩ = 0, we get

∂

∂t
⟨φ2(v),M2⟩+∇x · ⟨φ2(v),vM21⟩+∇x · ⟨φ2(v),vg2⟩

= ν21⟨φ2(v),M21 −M2⟩ .
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Altogether, this yields a coupled microscopic–macroscopic system for the
lighter species







∂g2
∂t

+ (I −ΠM2
)(v · ∇xM2) + (I −ΠM2

)(v · ∇xg2)

= ν21

{

M21 −M2

{

1 +
m2a21(u1 − u2) · (v − u2)

3T2
+

1

6

[

(v − u2)
2

T2

m2

− 3

]

×
[
3T21
T2

+
m2

T2

(
u2
21 + a21u2 · (u2 − u1)

)
− 3

]}

− g2

}

+ ε [L(M2, g2) +Q22(g2)]

∂

∂t
⟨φ2(v),M2⟩+∇x · ⟨φ2(v),vM21⟩+∇x · ⟨φ2(v),vg2⟩ = ν21⟨φ2(v),M21 −M2⟩ .

Analogously to what was done for the full-BGK model in [2, 44], it can be
proved that the Boltzmann-BGK equation for f2 in (5.26), is equivalent to the
above system of equations for g2 and M2.
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Chapter 6

Convergence results

In this chapter we investigate the challenging problems of finding convergence
results for our mixed Boltzmann-BGK model. Specifically, we look for the rate
of convergence of distribution functions towards the Maxwellian ones.
This problem has been studied extensively for single species Boltzmann equa-
tion. In particular, in 1979 Cercignani proposed the following conjecture for a
single gas [17]:

D(f) ≥ cH(f |M),

where D(f) is the entropy production functional, defined as

D(f) = −
∫

R3

Q(f) log f dv,

H(f |M) is the relative entropy with respect to the local Maxwellian M

H(f |M) =

∫

R3

f log
f

Mdv , (6.1)

and c is a positive constant. Subsequent investigations have shown that this
conjecture is generally false for all distributions f , due to the presence of very
slow relaxation tails [14]. However, a weaker form of the conjecture,

D(f) ≥ cH(f | M)1+ε,

has been proven to hold under the assumption of hard potentials with angular
cut-off [24], while exponential convergence has been established for distributions
sufficiently close to equilibrium [37].
Regarding the BGK operator, the stronger version of the conjecture is known
to hold for a single in the space homogeneous case and it follows directly from
the ordinary differential equation

∂tf = ν(M− f) ,

and from the fact that M does not depend on t.
In the case of a mixture, the problem is more difficult to deal with and it has
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not been fully investigated yet in the present literature. For this reason, in
this chapter, we are going to derive the exponential convergence rate towards
the Maxwellian species distributions for a hybrid Boltzmann–BGK model for a
binary mixture, with Boltzmann intra-species operators.
Restricting ourselves, as is often done in this context, to the spatially homoge-
neous case, we obtain the following system







∂tf1 = Q11 + ν12(M12 − f1)

∂tf2 = ν21(M21 − f2) +Q22 .
(6.2)

We begin by proving the exponential decay rate for the difference of the
velocities and temperatures.

Theorem 1. In the space-homogeneous case (6.2), we have the following decay
rate of the velocities

u2 − u1 = e−cut(u0
2 − u0

1) , (6.3)

with cu = ν12a12 + ν21a21, and u0
1, u

0
2 denote the initial values of the diffusion

velocities.

Proof. By the fact that v is a collision invariant for the Boltzmann intra-species
operator,

∂t

∫

R3

vf1dv = ν12

∫

R3

v(M12 − f1)dv

⇐⇒ ∂tu1 = ν12(u12 − u1) = ν12a12(u2 − u1) .

Analogously,
∂tu2 = ν21a21(u1 − u2)

Hence

∂t(u2 − u1) = −(ν12a12 + ν21a21)(u2 − u1)

=⇒ u2 − u1 = e−cut(u0
2 − u0

1) .

By an analogous reasoning, albeit with a slightly more involved computation,
we obtain the following

Theorem 2. In the space-homogeneous case (6.2), we have the following decay
rate of the temperatures

T2 − T1 = e−cT t

[

T 0
2 − T 0

1 − c1
c2

(
e−c2t − 1

)
]

, (6.4)
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with 





cT = ν12b12 + ν21b21

c1 =
1

3

µ12(ν21a21 − ν12a12)(u
0
2 − u0

1)
2(m1 +m2)

2

Λ12(m2
1n1 +m2

2n2)

c2 =
2Λ12

(
m2

1n1 +m2
2n2

)

(m1 +m2)
2 .

Proof. Again, since v2 is a collision invariant of the single species Boltzmann
operator, we have

m1∂t

∫

R3

v2f1dv = m1ν12

∫

R3

v2(M12 − f1)dv

⇐⇒ m1∂t

[

u21 +
3T1
m1

]

= m1ν12

[

u212 − u21 +
3

m1
(T12 − T1)

]

⇐⇒ 2m1u1 · ∂tu1 + 3∂tT1

= m1ν12a12
[
a12(u2 − u1)

2 + 2u1 · (u2 − u1)
]
+ 3ν12

[
b12(T2 − T1) + γ12(u2 − u1)

2
]

= 2m1ν12a12u1 · (u2 − u1) + 3ν12b12(T2 − T1) + 2m1ν12a12α21(u2 − u1)
2,

since γ12 = m1ν12a12(α12 − a12).
Then

3∂tT1 = 3ν12b12(T2 − T1) + 2m1ν12a12α21(u2 − u1)
2 .

In the same way, we reach

3∂tT2 = 3ν21b21(T1 − T2) + 2m2ν21a21α12(u2 − u1)
2 .

Hence, taking advantage of (6.3), we find

∂t(T2 − T1) = − (ν12b12 + ν21b21)
︸ ︷︷ ︸

:=cT

(T2 − T1) +
2

3
µ12(ν21a21 − ν12a12)(u2 − u1)

2

= −cT (T2 − T1) +
2

3
µ12(ν21a21 − ν12a12)(u

0
2 − u0

1)
2

︸ ︷︷ ︸

:=c1

e−2cut

⇐⇒ ∂t(T2 − T1) = −cT (T2 − T1) + c1e
−2cut .

Duhamel formula gives

T2 − T1 = e−cT t

[

T 0
2 − T 0

1 + c1

∫ t

0

e(cT−2cu)sds ,

]

where

cT − 2cu = −2Λ12

(
m2

1n1 +m2
2n2

)

(m1 +m2)
2 := −c2 < 0 .
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Redefining c1 as

c1 :=
c1
c2

=
1

3

µ12(ν21a21 − ν12a12)(u
0
2 − u0

1)
2(m1 +m2)

2

Λ12(m2
1n1 +m2

2n2)
,

we have
T2 − T1 = e−cT t

[
T 0
2 − T 0

1 − c1
(
e−c2t − 1

)]
.

From Theorem 1 and 2, it follows

Theorem 3. For the space homogeneous system (6.2), for any species s = 1, 2,
the difference between us (or Ts) and the corresponding mixture field u (or T )
exponentially decreases in time according to:

u− us =
ρr
ρ
(u0

r − u0
s)e

−cut

T − Ts =
nr

n
e−cT t

[

T 0
r − T 0

s − c1
c2

(e−c2t − 1)

]

+
ρsρr
3ρ

(u0
r − u0

s)
2e−2cut ,

with s, r = 1, 2 ,, r ̸= s, the constant c1, c2, cu and cT defined in Theorem 1

and 2 and u
(0)
1 , u

(0)
2 , T

(0)
1 and T

(0)
2 are the initial values for species velocities

and temperatures.

Proof. From the definition of u,

u =
ρ1u1 + ρ2u2

ρ1 + ρ2
,

we obtain
u− u1 =

ρ2
ρ
(u2 − u1) =

ρ2
ρ
(u0

2 − u0
1)e

−cut .

On the other hand, the definition of T ,

T =
n1T1 + n2T2
n1 + n2

+
1

3

[
ρ1(u− u1)

2 + ρ2(u− u2)
2
]
,

implies

T − T1 =
n2(T2 − T1)

n1 + n2
+

1

3

[
ρ1ρ

2
2

(ρ1 + ρ2)2
+

ρ21ρ2
(ρ1 + ρ2)2

]

(u0
2 − u0

1)
2e−2cut

=
n2

n
e−cT t

[

T 0
2 − T 0

1 − c1
c2

(e−c2t − 1)

]

+
ρ1ρ2
3ρ

(u0
2 − u0

1)
2e−2cut .

Obviously, u− u2 and T − T2 are derived analogously.

We show now some elementary properties of the distribution function fs
and of the Maxwellian distributions Ms which will be used in the subsequent
theorem.
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Lemma 4. For a space homogeneous inert gas mixture, if we denote with Ms

the Maxwellian function characterized by the same fields ns, us, Ts of the species
distribution fs, it holds ∫

R3

fs
∂tMs

Ms
dv = 0 .

Proof. Since we are in the space homogeneous case,

∂tMs =

{

∂tns

ns
+
ms

Ts
∂tus · (v − us) +

[
ms

2T 2
s

(v − us)
2 − 3

2Ts

]

∂tTs

}

Ms ,

(6.5)

then, taking into account that in an inert space-homogeneous mixture ∂tns = 0,

∂tMs

Ms
=
ms

Ts
∂tus · (v − us) +

[
ms

2T 2
s

(v − us)
2 − 3

2Ts

]

∂tTs .

Hence,

∫

R3

fs
∂tMs

Ms
dv =

ms

Ts
∂tus ·

∫

R3

(v − us)fsdv

︸ ︷︷ ︸

=nsus−nsus=0

+

[
ms

2T 2
s

∫

R3

(v − us)
2fsdv − 3ns

2Ts

]

∂tTs

=

[
3ns
2Ts

− 3ns

2Ts

]

∂tTs = 0 .

Lemma 5. As in lemma 4, for a space homogeneous inert gas mixture, it holds

∫

R3

∂tMsdv = 0 .

Proof. By (6.5), we have

∫

R3

∂tMsdv =
ms∂tus

Ts
·
∫

R3

(v − us)Msdv + ∂tTs

[
ms

2T 2
s

∫

R3

(v − us)
2Msdv − 3

2

ns
Ts

]

= ∂tTs

(
1

2T 2
s

3nsTs −
3

2

ns
Ts

)

= 0 .

We now prove the upcoming lemma.

Lemma 6. Let H denote the classical Boltzmann H-functional

H(f) :=

∫

R3

f(v) log(f)dv .
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Given masses ms, densities ns, velocities us, temperatures Ts (s = 1, 2), the fol-
lowing relation holds, connecting the H-functional computed in the Maxwellian
attractors M12, M21 defined in (1.26) with the one computed in the local
Maxwellians M1, M2:

ν12H(M12) + ν21H(M21) ≤ ν12H(M1) + ν21H(M2)

Proof. One easily checks that

logMs = log ns +
3

2
log

(
ms

2πTs

)

− ms

2Ts
(v − us)

2 (6.6)

logMsr = log ns +
3

2
log

(
ms

2πTsr

)

− ms

2Tsr
(v − usr)

2 ,

that leads to

H(Ms) = ns

{

log ns +
3

2
log

(
ms

2πTs

)

− 3

2

}

H(Msr) = ns

{

log ns +
3

2
log

(
ms

2πTsr

)

− 3

2

}

,

and the inequality we aim to prove becomes equivalent to

ν12n1

{

log

[

n1

(m1

2π

) 3
2

]

− 3

2
log T12

}

+ ν21n2

{

log

[

n2

(m2

2π

) 3
2

]

− 3

2
log T21

}

≤ ν12n1

{

log

[

n1

(m1

2π

) 3
2

]

− 3

2
log T1

}

+ ν21n2

{

log

[

n2

(m2

2π

) 3
2

]

− 3

2
log T2

}

,

namely

⇐⇒ ν12n1 log T12 + ν21n2 log T21 ≥ ν12n1 log T1 + ν21n2 log T2 .

The only condition we have imposed on νsr is νsr ≥ 1
2λsrnr, guarantees the

positivity of the coefficients γsr appearing in Tsr, hence by the monotonicity of
the logarithm, the left-hand side of the last inequality becomes

ν12n1 log
[
(1− b12)T1 + b12T2 + γ12(u1 − u2)

2
]

+ ν21n2 log
[
(1− b21)T2 + b21T1 + γ21(u1 − u2)

2
]

≥ ν12n1 log [(1− b12)T1 + b12T2] + ν21n2 log [(1− b21)T2 + b21T1] .

Knowing that 0 < bsr < 1 and exploiting the concavity of the logarithm, the
inequality to be proven develops into

ν12n1 [(1− b12) log T1 + b12 log T2] + ν21n2 [(1− b21) log T2 + b21 log T1]

≥ ν12n1 log T1 + ν21n2 log T2

⇐⇒ ν12n1b12 log
T2
T1

+ ν21n2b21 log
T1
T2

≥ 0 .
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By the definition of bij , we have

ν12n1b12 = 2n1n2
m1m2

(m1 +m2)2
Λ12 = ν21n2b21 ,

and the thesis is proven.

We are now ready to prove the convergence rate of each species distribution
fs towards the corresponding local Maxwell species distribution Ms.

Theorem 4. In the space homogeneous case, with the relative entropy H(f |g)
defined as in (6.1), we have the following convergence rate of the distribution
functions f1 and f2 towards the local Maxwellians M1 and M2

||fs−Ms||L1(dv) ≤ 4e−
1
2 νt
[
H(f01 |M0

1) + H(f02 |M0
2)
]
+

k

ν − 2c
e−νt

(

e(ν−2c)t − 1
)

, s = 1, 2,

where M0
1 and M0

2 are the local Maxwellians depending on the initial values for
species velocities and temperatures, and







ν = min{ν12, ν21}

k =
m1m2n1n2Λ12

(m1 +m2)2kT
max

{
3

kT

[
T 0
2 − T 0

1 + c1
]
, (m1 +m2)(u

0
2 − u0

1)
2

}

c = min{cu, cT } ,

with kT = min{T 0
1 , T

0
2 }.

Proof. We consider the entropy production of each speciesDs(fs, fr) := −⟨log fs, Qs⟩,

D1(f1, f2) = −
∫

R3

log f1Q11dv − ν12

∫

R3

(M12 − f1) log f1dv .

Since the function h(x) := x log x − x satisfies h′(x) = log x and is convex,
we can deduce

D1(f1, f2) = −
∫

R3

log f1Q11dv − ν12

∫

R3

h′(f1)(M12 − f1)dv

≥ −
∫

R3

log f1Q11dv + ν12

∫

R3

[h(f1)− h(M12)]dv

= −
∫

R3

log f1Q11dv + ν12[H(f1)−H(M12)] .

In the same way we get a similar expression for D2(f2, f1).
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By recalling the expression of logMs provided in (6.6), and bearing in mind
that fs and Ms have the same moments, we have

∫

R3

(Ms − fs) logMsdv = 0 ,

then

H(fs|Ms) =

∫

R3

fs(log fs − logMs)dv =

∫

R3

[fs(log fs − logMs)− (Ms − fs) logMs]dv

=

∫

R3

fs log fsdv −
∫

R3

Ms logMsdv = H(fs)−H(Ms) .

Moreover, from lemma 6 and from the well known inequality
∫

R3 log fsQss(fs)dv ≤
0, we get

D1(f1, f2) +D2(f2, f1) ≥ −
∫

R3

log f1Q11dv + ν12(H(f1)−H(M1))

−
∫

R3

log f2Q22dv + ν21(H(f2)−H(M2))

≥ ν12H(f1|M1) + ν21H(f2|M2)

⇐⇒ −[D1(f1, f2) +D2(f2, f1)] ≤ −[ν12H(f1|M1) + ν21H(f2|M2)] . (6.7)

Using lemma 4, we now compute

∂

∂t

[

H(f1|M1) +H(f2|M2)

]

=

∫

R3

∂t

[

f1 log
f1
M1

]

dv +

∫

R3

∂t

[

f2 log
f2
M2

]

dv

=

∫

R3

{

∂tf1(log f1 − logM1) + f1

[
1

f1
∂tf1 −

∂tM1

M1

]

︸ ︷︷ ︸

=0

}

dv

+

∫

R3

{

∂tf2(log f2 − logM2) + f2

[
1

f2
∂tf2 −

∂tM2

M2

]

︸ ︷︷ ︸

=0

}

dv

=

∫

R3

[∂tf1(log f1 − logM1)] dv +

∫

R3

[∂tf2(log f2 − logM2)] dv .

By recalling the expression of ∂tfs from the space homogeneous system (6.2),
we get
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∂

∂t
[H(f1|M1)] +

∂

∂t
[H(f2|M2)] (6.8)

=

∫

R3

[Q11 + ν12(M12 − f1)] log
f1
M1

dv +

∫

R3

[ν21(M21 − f2) +Q22] log
f2
M2

dv

=

∫

R3

[Q11 + ν12(M12 − f1)] log f1dv

︸ ︷︷ ︸

−D1(f1,f2)

+

∫

R3

[ν21(M21 − f2) +Q22] log f2
︸ ︷︷ ︸

−D2(f2,f1)

−
[

ν12

∫

R3

(M12 − f1) logM1dv + ν21

∫

R3

(M21 − f2) logM2dv

]

,

where in the last equality we used that logMs provided in(6.6) is a linear
combination of collision invariants for the Boltzmann intra-species operator.
We now focus on

− ν12

∫

R3

(M12 − f1) logM1dv = −ν12
∫

R3

(M12 − f1)

{

log

[

n1

(
m1

2πT1

) 3
2

]

− m1

2T1
(v − u1)

2

}

dv

= ν12
m1

2T1

∫

R3

(M12 − f1)(v
2 + u2

1 − 2u1 · v)dv

= ν12n1
m1

2T1
(u2

12 − u2
1) +

3n1
2T1

ν12(T12 − T1)− ν12n1
m1

2T1
a12(u2 − u1) · u1

=
n1

2T1
{m1a12

[
a12(u2 − u1)

2 − 2u1 · (u1 − u2)
]

+ 3ν12b12(T2 − T1) + 3ν12γ12(u2 − u1)
2 − 2ν12m1a12u1 · (u2 − u1)}

=
ν12n1

2T1

[
3b12(T2 − T1) +m1a122α21(u2 − u1)

2
]
=
ν12a12α12n1

T1

[
3b12(T2 − T1) +m2(u2 − u1)

2
]

=
a

T1

[
3b12(T2 − T1) +m2(u2 − u1)

2
]

,

having set

ν12a12α12n1 = ν21a21α21n2 =
m1m2n1n2λ12
(m1 +m2)2

:= a .

Obviously, analogous computations lead to

−ν21
∫

R3

(M21 − f2) logM2dv =
a

T2

[
3b21(T1 − T2) +m2(u2 − u1)

2
]
.
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Hence the sum of the two yields

3a

[
1

T1
(T2 − T1) +

1

T2
(T1 − T2)

]

+ a(u2 − u1)
2

[
m2

T1
+
m1

T2

]

= 3a
(T2 − T1)

2

T1T2
+ a(u2 − u1)

2

[
m2

T1
+
m1

T2

]

.

So, recalling the decay rate of the velocities and temperatures proved in
Theorem 1 and Theorem 2, we get

− ν12

∫

R3

(M12 − f1) logM1dv − ν21

∫

R3

(M21 − f2) logM2dv

= 3ae−2cT t
[
T 0
2 − T 0

1 − c1
(
e−c2t − 1

)] 1

T1T2
+ a(u0

2 − u0
1)

2e−2cut

[
m2

T1
+
m1

T2

]

.

Using the exponential decay of the temperatures difference along with kT :=
min{T 0

1 , T
0
2 }, and the fact that 0 ≤ 1 − e−kt ≤ 1 for any k > 0, the latter

expression can be controlled from above with

3a
[
T 0
2 − T 0

1 + c1
] 1

k2T
e−2cT t +

a

kT
(u0

2 − u0
1)

2(m1 +m2)e
−2cut ≤ ke−2ct ,

with 





k = amax

{
3

k2T

[
T 0
2 − T 0

1 + c1
]
,
m1 +m2

kT
(u0

2 − u0
1)

2

}

c = min{cu, cT } .

Hence

∂t
[
H(f1|M1) +H(f2|M2)

]
≤ − [D1(f1, f2) +D2(f2, f1)] + ke−2ct

≤ −min{ν12, ν21} [H(f1|M1) +H(f2|M2)] + ke−2ct .

We set ν := min{ν12, ν21} and apply Duhamel formula

H(f1|M1) +H(f2|M2) ≤ e−νt
[
H(f01 |M0

1) +H(f02 |M0
2)
]
+ ke−νt

∫ t

0

e(ν−2c)sds

= e−νt
[
H(f01 |M0

1) +H(f02 |M0
2)
]
+

k

ν − 2c

(
e−2ct − e−νt

)
.

With the Ciszar-Kullback inequality (see appendix D) we get

||fs −Ms||L1(dv) ≤
∑

s=1,2

||fs −Ms||L1(dv)

≤ 4e−
1
2 νt
[
H(f01 |M0

1) +H(f02 |M0
2)
]
+

k

ν − 2c
e−νt

(

e(ν−2c)t − 1
)

.
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The positivity of the right-hand side is assured by the fact that both νk
ν−2c

and e(ν−2c)t − 1 are positive if ν > 2c, and both are negative if ν < 2c.

Remark. The proof still holds for the full BGK description, with the only dif-
ference that we find

−[D1(f1, f2) +D2(f2, f1)] ≤ − [(ν11 + ν12)H(f1|M1) + (ν21 + ν22)H(f2|M2)] ,

and then ν = min{ν11+ν12, ν21+ν22}, where ν11, ν22 are the collision frequencies
of the intra-species BGK operator Q̂11, Q̂22.

Remark. Since we have demonstrated, in Theorem 3, that velocities and tem-
peratures converge exponentially towards the mixture velocity and temperature
respectively, Theorem 4 could be considered representative of the exponential
convergence of the distribution functions towards the Maxwellian equilibrium
distribution.
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Conclusions

We have proposed and investigated a mixed Boltzmann–BGK kinetic model for
an inert gas mixtures of N constituents which allows some kind of interactions
to be modeled by Boltzmann operators and others by the binary BGK relax-
ation terms built up in [13]. As well known, the Boltzmann description is able
to take into suitable account the intermolecular potential and the microscopic
impact parameters of each collision. On the other hand, a BGK approximation
neglects some microscopic details of single interactions, preserving only some
basic features as conservation laws and entropy dissipation, but it turns out to
be more manageable from the numerical point of view and also in the analytical
derivation of hydrodynamic closures [9].
Some possible combined uses of nonlinear terms coming from Boltzmann de-
scriptions and of linear contributions from BGK operators have already been
proposed in literature in view of numerical approximations [36, 45], but for the
first time in this thesis we have proved that a general mixed Boltzmann-BGK
description is consistent even from the theoretical point of view. Specifically, we
have shown that our general model correctly reproduces conservation laws and
Maxwellian equilibria of the Boltzmann kinetic equations, and even the entropy
dissipation property is fulfilled. The proof of the H-theorem is based on the
fact that entropy dissipation holds separately for the single–species Boltzmann
or BGK operators, and for the two symmetric operators relevant to each pair
of interacting species (s, r), with r ̸= s, both of Boltzmann or of BGK type.
In several problems for mixtures of rarefied gases, differences between the re-
sults corresponding to various interaction potentials may be more appreciated
in presence of nonlinear terms [48]. On the other hand, it is known that the evo-
lution is driven by heaviest molecules, leading to unexpected behaviors in high
order moments, as heat flux [30]. In this respect, our hybrid model is devised
to describe the evolution of gas mixtures whose constituents show different fea-
tures, and allows to treat the most meaningful binary interactions, as the ones
involving heavy particles or higher collision frequencies, by accurate Boltzmann
operators, and to approximate by simpler BGK terms the interactions playing
a minor role in the global evolution of the mixture.
The framework of this model allows for the study of different hydrodynamic
regimes. In this respect, we have performed at first the Chapman–Enskog
asymptotic procedure at Euler and Navier-Stokes accuracy for the classical colli-
sion dominated regime. In particular, the linear system of the diffusion velocities
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does not depend on the coefficients χsr ruling the choice of the collision opera-
tors, showing that their expressions are independent of which interactions have
been chosen to be modeled by the Boltzmann or BGK operators. As concerns
the first order correction of the pressure tensor and of the heat flux vector, the
simultaneous presence of the linearized Boltzmann operators and of the first
order correction of BGK relaxation terms makes their explicit computations
impracticable. Nonetheless, we demonstrated the non-singularity of the system
matrix associated to them and thus leading to an effective closure of the Navier-
Stokes equations.
Within the same collisional regime, we have investigated the particular case
with intra–species collisions modeled by Boltzmann operators and inter–species
interactions by BGK terms. In this case, it is possible to prove the existence and
uniqueness of the first order distribution functions, whose expression, however,
cannot be made explicit. Anyway, taking advantage that the only linearized
Boltzmann operators involved in the computations are the single-species ones,
we established an explicit expressions for any of the additional macroscopic un-
knowns of the Navier-Stokes system.
In the last part of the thesis we focus on binary mixtures, investigating two
different collisional regimes. In the first one both intra-species collisions play a
dominant role. This scaling defines the so-called ε−mixtures, namely mixtures
composed by particles with strongly different masses, with energy transfer be-
tween different species occurring on a much slower timescale than within each
species [26]. In this case, the Chapman-Enskog procedure leads to a multi-
velocities and multi-temperatures Navier-Stokes system, where source terms on
the right-hand side are representative of the slow collisional dynamics and, con-
sequently, of the transfer of momentum and kinetic energy between the two
components.
The second regime addresses a mixture of heavy and light particles, in which
only the heaviest intra-species collisions play a dominant role, while the lightest
intra-species encounters account for the slowest process. The asymmetry be-
tween the two species stems from the large difference in their masses. Because
the heavier particles experience smaller velocity changes during collisions, they
approach equilibrium much more quickly than the lighter ones. As a result,
their distribution relaxes on a significantly shorter timescale, while the lightest
species remains far from equilibrium and retains a kinetic description [22, 33].
This results in a coupled microscopic–macroscopic system, where the evolution
of the heaviest species is governed by Navier-Stokes equations, while the lightest
species retains a mesoscopic description.
In the last chapter, we have derived the exponential convergence rate towards
the Maxwellian species distributions for a hybrid Boltzmann–BGK model for a
binary mixture, with Boltzmann intra-species operators. Restricting ourselves
to the spatially homogeneous case, as often done in this context, we have first
demonstrated the exponential decay rate of the velocities and the temperatures
and then the exponential convergence rate of the distribution functions towards
the local Maxwellians, depending on collision frequencies and relaxation param-
eters.

104



The present results suggest some further research lines. First, the intra-species
dominated regime, investigated in this thesis only in the case when the intra-
species collisions are described by Boltzmann operators and inter-species in-
teractions by BGK terms, could be studied for the more general model with
arbitrary chosen collision operators.
Second, we would like to extend to an arbitrary number of species N the fluid-
kinetic description performed in Chapter 5 for a binary mixture. Furthermore,
it would be interesting to investigate the exponential convergence of the dis-
tribution functions towards species Maxwellian or towards global distributions
in the case of a generic N−components mixtures. Some preliminary attempts
show that additional difficulties arise in the decay rate estimates for velocities
and temperatures and the exponential convergence may be lost.
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Appendix A

Computations on pre- and

post-collisional velocities

Recalling the expressions of post-collision velocities in an inert gas mixtures







v′
sr = αsrv + αrs (w + |y|ω)

w′
sr = αrsw + αsr (v − |y|ω)

, (A.1)

we obtain

v′
sr =

msv +mrw

ms +mr
+

mr

ms +mr
|y|ω , (A.2)

thus

v′
sr − v =

msv +mrw

mr +ms
+

mr

ms +mr
|v −w|ω − v

msv +mrw

mr +ms
+

mr

ms +mr
|v −w|ω − msv +mrv

ms +mr

=
msv +mrw +mr|y|ω −msv −mrv

ms +mr

=
mr

ms +mr

(
w − v + |y|ω

)

= − mr

ms +mr

(
y − |y|ω

)
.

(A.3)
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Analogously,

v′2sr − v2 =
(msv +mrw)2

(ms +mr)2
+

m2
r

(ms +mr)2
y2ω2

+
2mr

(ms +mr)2
(
msv +mrw

)
· |y|ω − v2

=
m2

sv
2 +m2

rw
2 + 2msmrv ·w +m2

r(v
2 + w2 − 2v ·w)

(ms +mr)2

+
2mr(msv +mrw) · |y|ω − (m2

s +m2
r + 2msmr)v

2

(ms +mr)2

= − 2mr

(ms +mr)2

[

msv
2 −mrw

2 − (msv +mrw) · |y|ω + (mr −ms)v ·w
]

.

The term within the square brackets provides

msv
2 −mrw

2 − (msv +mrw) · |y|ω + (mr −ms)v ·w

= (msv +mrw) ·
(
y − |y|ω

)
,

(A.4)

hence

v′2sr − v2 = − 2mr

(ms +mr)2
(
msv +mrw) ·

(
y − |y|ω

)
. (A.5)

We now rewrite in polar coordinates

∫

S2

gsr(|y|, ŷ · ω)ωdω = ŷ2π

∫ 1

−1

µgsr(|y|, µ)dµ , (A.6)

and we define

g(1)sr (|y|) = 2π

∫ 1

−1

(1− µ)gsr(|y|, µ)dµ . (A.7)

Product of post-collision velocities

Recalling (A.1) for v′
sr and w′

sr, and using the following integrals on the unit
sphere

∫

S2

dω = 4π ,

∫

S2

ωℓdω = 0 ,

∫

S2

ω2
ℓdω =

4π

3
, ℓ = i, j, k

∫

S2

ωℓωmdω = 0 , ℓ ̸= m, ℓ,m = i, j, k ;

(A.8)
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we obtain
∫

S2

vsr
′

i vsr
′

j dω =

∫

S2

(αsrvi + αrswi + αrsgωi) (αsrvj + αrswj + αrsgωj) dω

= 4π
[

α2
srvivj + α2

rswiwj +
δij
3
α2
rs|y|2 + αsrαrs(viwj + vjwi)

]

. (A.9)

Now,

v′2sr = (α2
sr + α2

rs)v
2 + 2α2

rsw
2 + (viwi + vjwj + vkwk)(αsrαrs − α2

rs)

+ 2αrsg [ωi(αsrvi + αrswi) + ωj(αsrvj + αrswj) + ωk(αsrvk + αrswk)] ,

hence

∫

S2

vsr
′

i v′2srdω =

∫

S2

[

(
α3
sr + αsrα

2
rs

)
viv

2 + 2α3
rswiw

2 + 2αsrα
2
rsviw

2

+
(
α2
srαrs + α2

rs

)
v2wi + 2

(
α2
srαrs − αsrα

2
rs

)
(v2iwivivjwj + vivkwk)

+ 2(αsrα
2
rs − α3

rs)(viw
2
i + vjwiwj + vkwiwk) + 2α2

rsω
2
i (αsrvi + αrswi)

× [v2 + w2 − 2(viwi + vjwj + vkwk)]

]

dω

= 4π

[(

α3
sr +

5

3
αsrα

2
rs

)

viv
2 +

8

3
α3
rswiw

2 +
8

3
αsrα

2
rsviw

2 +

(

α2
srαrs +

5

3
α3
rs

)

v2wi

+ 2

(

α2
srαrs −

5

3
αsrα

2
rs

)
(
v2iwi + vivjwj + vivkwk

)

+ 2

(

αsrα
2
rs −

5

3
α3
rs

)
(
viw

2
i + vjwiwj + vkwiwk

)

]

. (A.10)

In the intra-species case we have αsr = αrs =
1
2 , hence (A.9) becomes

∫

S2

v′iv
′
jdω = π

[

vivj + wiwj + viwj + vjwi +
δij
3
(v2 + w2 − 2v ·w)

]

. (A.11)

and, analogously, (A.10) turns into

∫

S2

v′iv
′2dω =

4

3
π
(
viv

2 + wiw
2 + v2wi + viw

2
)

(A.12)

− 2

3
π
(
v2iwi + viw

2
i + vivjwj + vjwiwj + vivkwk + vkwiwk

)
.
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Appendix B

Some Gaussian integrals

Starting from

∫

R

e−ax2

dx =

√
π

a
,

∫

R

x2e−ax2

dx =

√
π

2a
3
2

,

∫

R

x4e−ax2

dx =
3
√
π

4a
5
2

, (B.1)

where a > 0, we compute

ms

2T

∫

R3

c4i f
(0)
s (v)dv =

(ms

2T

) 5
2

π− 3
2ns

∫

R3

c4i exp
{

−ms

2T
c2
}

dc

=
(ms

2T

) 5
2

π− 3
2ns

∫

R

c4i exp
{

−ms

2T
c2i

}

dci

∫

R

exp
{

−ms

2T
c2j

}

dcj

∫

R

exp
{

−ms

2T
c2k

}

dck

=
(ms

2T

) 5
2

π− 3
2ns

3

2

(ms

2T

)− 7
2

π
3
2 =

3nsT

2ms
. (B.2)

Analogously,

ms

2T

∫

R3

c2i c
2
jf

(0)
s (v)dv

=
(ms

2T

) 5
2

π− 3
2ns

∫

R

c2i exp
{

−ms

2T
c2i

}

dci

∫

R

c2j exp
{

−ms

2T
c2j

}

dcj

∫

R

exp
{

−ms

2T
c2k

}

dck

=
nsT

2ms
. (B.3)
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Appendix C

Analytical computations of

macroscopic fields

Analytical computations for the first-order ap-

proximation of the pressure tensor P (1) for the

general mixed model

In this appendix we report some technical computations useful to recover the
closure of pressure tensor in Navier–Stokes equations derived from the general
mixed Boltzmann-BGK model. More specifically, making use of (A.9), we com-
pute

msλsr

∫

R3×R3×S2

vsr
′

i vsr
′

j

[

f (0)s (v)f (1)r (w) + f (1)s (v)f (0)r (w)
]

dvdwdω

− 4πmsλsrnr

∫

R3

vivjf
(1)
s dv
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= 4πmsλsr

{

nrα
2
sr

∫

R3

vivjf
(1)
s dv + nsα

2
rs

∫

R3

wiwjf
(1)
r dw

+ αsrαrs

[
∫

R3

vif
(0)
s dv

∫

R3

wjf
(1)
r dw +

∫

R3

vif
(1)
s dv

∫

R3

wjf
(0)
r dw

+

∫

R3

vjf
(0)
s dv

∫

R3

wif
(1)
r dw +

∫

R3

vjf
(1)
s dv

∫

R3

wif
(0)
r dw

]

+
δij
3
α2
rs

[

nr

∫

R3

v2f (1)s dv + ns

∫

R3

w2f (1)r dw − 2

∫

R3

vf (0)s dv

∫

R3

wf (1)r dw

− 2

∫

R3

vf (1)s dv

∫

R3

wf (0)r dw

]}

− 4πmsλsrnr

∫

R3

vivjf
(1)
s dv

= 4πmsλsr

{

nr (α2
sr − 1)

︸ ︷︷ ︸

=−αrs(1+αsr)

∫

R3

vivjf
(1)
s dv + nsα

2
rs

∫

R3

vivjf
(1)
r dv

+ αsrαrsnsnr

(

uiu
r(1)

j + uju
s(1)

i + uiu
s(1)

j + uju
r(1)

i

)

+
δij
3
α2
rsnsnr

×
[

2u · (u(1)
s + u(1)

r ) +
3T

(1)
s

ms
− 2u · (u(1)

s + u(1)
r ) +

3T
(1)
r

mr

]}

= 4πλsrµsr

[

nr(−1− αsr)

∫

R3

vivjf
(1)
s dv + nsαrs

∫

R3

vivjf
(1)
r dv

+ αsrnsnr

(

uiu
r(1)

j + uju
s(1)

i + uiu
s(1)

j + uju
r(1)

i

)

+ δijαrsnsnr

(

T
(1)
s

ms
+
T

(1)
r

mr

)]

.

(C.1)

111



Analytical computations for the first-order ap-

proximation of the heat flux vector q(1) for the

general mixed model

It holds that

∫

R3

viv
2f (1)s (v)dv =

∫

R3

[
cic

2 + ciu
2 + 2ciu · c+ uic

2 + uiu
2 + 2uiu · (v − u)

]
f (1)s (v)dv

∫

R3

[
cic

2 + (vi − ui)u
2 + 2 (vi − ui)u · (v − u) + ui

(
v2 + u2 − 2v · u

)
+ 2uiu · v

]
f (1)s (v)dv

=

∫

R3

[
cic

2 + viu
2 + 2 (vi − ui)

(
u · v − u2

)
+ uiv

2 − 2uiu · v + 2uiu · v
]
f (1)s (v)dv

=

∫

R3

cic
2f (1)s dv + nsu

2us
(1)

i +

∫

R3

[

2vi (uivi + ujvj + ukvk)− 2ui (uivi + ujvj + ukvk)

− 2viu
2 + uiv

2
]

f (1)s dv

=

∫

R3

cic
2f (1)s dv + 2ui

∫

R3

v2i f
(1)
s dv + 2uj

∫

R3

vivjf
(1)
s dv + 2uk

∫

R3

vivkf
(1)
s dv

− nsu
2us

(1)

i − 2ns

(

u2iu
s(1)

i + uiuju
s(1)

j + uiuku
s(1)

k

)

+ nsui

(

2u · u(1)
s +

3T
(1)
s

ms

)

=

∫

R3

cic
2f (1)s dv + 2ui

∫

R3

v2i f
(1)
s dv + 2uj

∫

R3

vivjf
(1)
s dv + 2uk

∫

R3

vivkf
(1)
s dv

− nsu
2us

(1)

i + nsui
3T

(1)
s

ms
. (C.2)
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Making use of (3.40) and (3.51), for q
(1)
i we compute

ms

∫

R3

[
−uiv2 + u2vi − 2(uiv

2
i + ujvivj + ukvivk) + 2uiu · v

]

×
[

Qsr(f
(0)
s , f (1)r ) +Qrs(f

(1)
s , f (0)r )

]

dv

= ms

{

4πλsrnsnrαrsu
2
[

ur
(1)

i − us
(1)

i

]

+ 8πλsrnsnrαrsuiu
[

u(1)
r − u(1)

s

]

+ 8πujλsrαrs

[

nr(−1− αsr)

∫

R3

cicjf
(1)
s dv + nsαrs

∫

R3

cicjf
(1)
r dv

]

+ 8πukλsrαrs

[

nr(−1− αsr)

∫

R3

cickf
(1)
s dv + nsαrs

∫

R3

cickf
(1)
r dv

]

+ 4πuiλsrαrs

[

3

(

nr(−1− αsr)

∫

R3

c2i f
(1)
s dv + nsαrs

∫

R3

c2i f
(1)
r dv + nsnrαrs

(

T
(1)
s

ms
+
T

(1)
r

mr

))

+ nr(−1− αsr)

∫

R3

c2jf
(1)
s dv + nsαrs

∫

R3

c2jf
(1)
r dv + nsnrαrs

(

T
(1)
s

ms
+
T

(1)
r

mr

)

+ nr(−1− αsr)

∫

R3

c2kf
(1)
s dv + nsαrs

∫

R3

c2kf
(1)
r dv + nsnrαrs

(

T
(1)
s

ms
+
T

(1)
r

mr

)]

= 4πλsrµsr

{

nsnru
2
[

ur
(1)

i − us
(1)

i

]

+ 2nsnruiu ·
[

u(1)
r − u(1)

s

]

+ 2

[

nr(−1− αsr)

(

uj

∫

R3

cicjf
(1)
s dv + uk

∫

R3

cickf
(1)
s dv

)

+ nsαrs

(

uj

∫

R3

cicjf
(1)
r dv + uk

∫

R3

cickf
(1)
r dv

)]

(C.3)

+ ui

[

nr(−1− αsr)

(

3

∫

R3

c2i f
(1)
s dv +

∫

R3

c2jf
(1)
s dv +

∫

R3

c2kf
(1)
s dv

)

+ nsαrs

(

3

∫

R3

c2i f
(1)
r dv +

∫

R3

c2jf
(1)
r dv +

∫

R3

c2kf
(1)
r dv

)

+ 5αrsnsnr

(

T
(1)
s

ms
+
T

(1)
r

mr

)]

.

Exchanging pre- and post-collision velocities and exploiting (A.10), we now
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derive

msλsr

∫

R3×R3×S2

viv
2

[

f (0)s (v′
sr)f

(1)
r (w′

sr) + f (1)s (v′
sr)f

(0)
r (w′

sr)

]

dvdwdω

− 4πmsλsrnr

∫

R3

viv
2f (1)s dv

= msλsr

∫

R3×R3×S2

v′sri v′2sr

[

f (0)s (v)f (1)r (w) + f (1)s (v)f (0)r (w)

]

dvdwdω

− 4πmsλsrnr

∫

R3

viv
2f (1)s dv

= 4πmsλsr

∫

R3×R3

[(

α3
sr +

5

3
αsrα

2
rs

)

viv
2 +

8

3
α3
rswiw

2 +
8

3
αsrα

2
rsviw

2

+

(

α2
srαrs +

5

3
α3
rs

)

v2wi + 2

(

α2
srαrs −

5

3
αsrα

2
rs

)
(
v2iwi + vivjwj + vivkwk

)

+ 2

(

αsrα
2
rs −

5

3
α3
rs

)
(
viw

2
i + vjwiwj + vkwiwk

)

]

×
[

f (0)s (v)f (1)r (w) + f (1)s (v)f (0)r (w)

]

dvdw
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= ms4πλsr

[(

α3
sr +

5

3
αsrα

2
rs

)

nr

∫

R3

viv
2f (1)s dv +

8

3
α3
rsns

∫

R3

viv
2f (1)r dv

+
8

3
αsrα

2
rs

(
∫

R3

vif
(0)
s dv

∫

R3

w2f (1)r dw +

∫

R3

vif
(1)
s dv

∫

R3

w2f (0)r dw

)

+

(

α2
srαrs +

5

3
α3
rs

)(∫

R3

v2f (0)s dv

∫

R3

wif
(1)
r dw +

∫

R3

v2f (1)s dv

∫

R3

w2
i f

(0)
s dw

)

+ 2

(

α2
srαrs −

5

3
αsrα

2
rs

)(∫

R3

v2i f
(0)
s dv

∫

R3

wif
(1)
r dw +

∫

R3

v2i f
(1)
s dv

∫

R3

wif
(0)
r dw

+

∫

R3

vivjf
(0)
s dv

∫

R3

wjf
(1)
r dw +

∫

R3

vivjf
(1)
s dv

∫

R3

wjf
(0)
r dw

+

∫

R3

vivkf
(0)
s dv

∫

R3

wkf
(1)
r dw +

∫

R3

vivkf
(1)
s dv

∫

R3

wkf
(0)
r dw

)

+ 2

(

αsrα
2
rs −

5

3
α3
rs

)(∫

R3

vif
(0)
s dv

∫

R3

w2
i f

(1)
r dw +

∫

R3

vif
(1)
s dv

∫

R3

w2
i f

(0)
r dw

+

∫

R3

vjf
(0)
s dv

∫

R3

wiwjf
(1)
r dw +

∫

R3

vjf
(1)
s dv

∫

R3

wiwjf
(0)
r dw

+

∫

R3

vkf
(0)
s dv

∫

R3

wiwkf
(1)
r dw +

∫

R3

vkf
(1)
s dv

∫

R3

wiwkf
(0)
r dw

)

= 4πmsλsr

{(

α3
sr +

5

3
αsrα

2
rs − 1

)

nr

∫

R3

viv
2f (1)s dv +

8

3
α3
rsns

∫

R3

viv
2f (1)r dv

+
8

3
αsrα

2
rsnsnr

[

ui

(

2u · u(1)
r +

3T
(1)
r

mr

)

+ u2
(1)

i

(

u2 +
3T

mr

)]

+

(

αsrα
2
rs −

5

3
α3
rs

)

nsnr

[

ui

(

2u · u(1)
s +

3T
(1)
s

ms

)

+ u2
(1)

i

(

u2 +
3T

ms

)]

+ 2

(

α2
srαrs −

5

3
αsrα

2
rs

)[

nsnr

(

uiu · u(1)
r + ur

(1)

i

T

ms

)

(C.4)

+ nr

(

ui

∫

R3

c2i f
(1)
s dv + uj

∫

R3

cicjf
(1)
s dv + uk

∫

R3

cickf
(1)
s dv

)]

+ 2

(

αsrα
2
rs −

5

3
α3
rs

)[

nsnr

(

uiu · u(1)
s + us

(1)

i

T

mr

)

+ ns

(

ui

∫

R3

c2i f
(1)
r dv + uj

∫

R3

cicjf
(1)
r dv + uk

∫

R3

cickf
(1)
r dv

)]

,
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where we used the moments of f
(0)
s , f

(1)
s , along with (3.50).

Now, taking advantage of (C.2) to explicit the integrals
∫

R3 viv
2f

(1)
s dv ,

∫

R3 viv
2f

(1)
r dv,

(C.4) becomes

msλsr

∫

R3×R3×S2

viv
2

[

f (0)s (v′
sr)f

(1)
r (w′

sr) + f (1)s (v′
sr)f

(0)
r (w′

sr)

]

dvdwdω

− 4πmsλsrnr

∫

R3

viv
2f (1)s dv

= 4πmsλsr

{(

α3
sr +

5

3
αsrα

2
rs − 1

)

nr

[
∫

R3

cic
2f (1)s dv + 2

(

ui

∫

R3

c2i f
(1)
s dv

+ uj

∫

R3

cicjf
(1)
s dv + uk

∫

R3

cickf
(1)
s dv

)

+ nsu
2us

(1)

i + nsui

(

2u · u(1)
s +

3T
(1)
s

ms

)]

+
8

3
α3
rsns

[
∫

R3

cic
2f (1)r dv + 2

(

ui

∫

R3

c2i f
(1)
r dv + uj

∫

R3

cicjf
(1)
r dv

+ uk

∫

R3

cickf
(1)
r dv

)

+ nsu
2ur

(1)

i + nsui

(

2u · u(1)
r +

3T
(1)
r

mr

)]

+
8

3
αsrα

2
rsnsnr

[

ui

(

2u · u(1)
r +

3T
(1)
r

mr

)

+ u2
(1)

i

(

u2 +
3T

mr

)]

(C.5)

+

(

αsrα
2
rs −

5

3
α3
rs

)

nsnr

[

ui

(

2u · u(1)
s +

3T
(1)
s

ms

)
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(1)

i

(

u2 +
3T
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)]
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(
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5
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αsrα

2
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)[
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(

uiu · u(1)
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i

T
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+ nr

(
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s dv + uj

∫
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∫
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)]

+ 2

(

αsrα
2
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5

3
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)[
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(

uiu · u(1)
s + us

(1)

i

T

mr

)
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(
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∫

R3

c2i f
(1)
r dv + uj

∫

R3

cicjf
(1)
r dv + uk

∫

R3

cickf
(1)
r dv

)]

.
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Analytical computations for the first-order ap-

proximation of the heat flux vector q(1) under the

assumption χsr = δsr

Recalling (4.4) and setting v′
s = v′, we compute ms

∫

R3 cic
2f

(0)
s L(h(1)s )dv,

1

2
ms

∫

R3

cic
2f (0)s L(h(1)s )dv

=
1

2
ms

∫

R3

(vi − ui
︸︷︷︸

=0

)
(
v2 + w2 − 2viui − 2vjuj − 2vkuk

)
f (0)s L(h(1)s )dv

=
1

2
ms

∫

R3

viv
2f (0)s L(h(1)s )dv −ms

∫

R3

(
uiv

2
i + ujvivj + ukvivk

)
f (0)s L(h(1)s )dv

=
1

2
ms

∫

R3
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2f (0)s L(h(1)s )dv − 2πuimsλsns

{

−
∫

R3

v2i f
(1)
s dv + 2nsuiu

s(1)

i + ns
T

(1)
s
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}

− 2πujmsλsns

{
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∫
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i

)}

(C.6)

− 2πukmsλsns

{

−
∫

R3

vivkf
(1)
s dv + ns

(

uiu
s(1)

k + uku
s(1)

i

)}

.

Now, making use of (A.12) and the symmetry with respect to the variables
v and w of the linearized intra-species operator, we obtain

1

2
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∫
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2
msλs
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=
2

3
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,

where in the last equality we exploited (C.2). Hence,

1

2
ms

∫

R3

viv
2f (0)s L(h(1)s )dv =

2

3
πmsλsns

{

−
∫

R3

cic
2f (1)s dv − 3ui
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v2i f
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(C.7)

+ 2nsu
s(1)

i

(

u2 +
3T

ms

)
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s +
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s
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)
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Appendix D

Ciszar-Kullback inequality

Theorem 5. Let Ω ⊂ R
d and f∞ : Ω → R

+ be a strictly probability density
on Ω. Assume that ϕ : R+ → R is a smooth and strictly convex function with
ϕ”(1) ≥ c > 0 for all 0 ≤ x ≤ 1.
For the relative enthropy functional

Hϕ[f ] :=

∫

Ω

ϕ

(
f

f∞

)

f∞dx ,

the following ineqaulity holds

||f − f∞||L1(Ω) ≤ C (Hϕ[f ]−Hϕ[f∞])
1
2 ,

for all probability densities f ∈ P (Ω).

Proof. The proof is given in [38].
Since ϕ is assumed to be smooth, we can write the Taylor expansion of ϕ as

ϕ(s) = ϕ(1) + ϕ′(1)(s− 1) +
ϕ”(τ)

2
(1− s)2 ,

for s > 0 and τ between s and 1. Since ϕ is convex with ϕ”(x) ≥ 2c > 0 for all
x ∈ [0, 1], we obtain

ϕ(s)− ϕ(1) ≥ ϕ′(1)(s− 1) + c(1− s)21{s<1},

for all s > 0, where 1A denotes the characteristic function of the set A. Since
f∞(x)dx defines a probability measure on Ω, we have

Hϕ[f ]−Hϕ[f∞] =

∫

Ω

[

ϕ

(
f

f∞

)

− ϕ(1)

]

f∞dx

≥ ϕ′(1)

∫

Ω

(f − f∞)dx+ c

∫

f<f∞

(
f

f∞
− 1

)2

f∞dx. (D.1)
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The integral
∫

Ω
(f − f∞)dx vanishes because fdx and f∞dx are both prob-

ability measures meaning the integrals of both function are 1. So the previous
inequality reduces to

Hϕ[f ]−Hϕ[f∞] ≥ c

∫

f<f∞

(
f

f∞
− 1

)2

f∞dx . (D.2)

Another consequence for the probability measures is that

||f − f∞||L1(Ω) = 2

∫

f<f∞

|f − f∞|dx = 2

∫

f<f∞

f∞

∣
∣
∣
∣

f

f∞
− 1

∣
∣
∣
∣
dx

≥ 2

(
∫

f<f∞

(
f

f∞
− 1

)2

f∞dx

) 1
2

, (D.3)

where the last inequality uses the Hölder inequality for the functions (f∞)
1
2 and

(f∞)
1
2 | f

f∞
− 1|.

A combination of (D.2) and (D.3) leads to the result.
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