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Abstract. The virtual element method (VEM), is a stabilized Galerkin scheme deriving from
mimetic finite differences, which allows for very general polygonal meshes, and does not require
the explicit knowledge of the shape functions within the problem domain. In the VEM, the
discrete counterpart of the continuum formulation of the problem is defined by means of a
suitable projection of the virtual shape functions onto a polynomial space, which allows the
decomposition of the bilinear form into a consistent part, reproducing the polynomial space,
and a correction term ensuring stability. In the present contribution, we outline an extended
virtual element method (X-VEM) for two-dimensional elastic fracture problems where, drawing
inspiration from the extended finite element method (X-FEM), we extend the standard virtual
element space with the product of vector-valued virtual nodal shape functions and suitable
enrichment fields, which reproduce the singularities of the exact solution. We define an extended
projection operator that maps functions in the extended virtual element space onto a set spanned
by the space of linear polynomials augmented with the enrichment fields. Numerical examples
in 2D elastic fracture are worked out to assess convergence and accuracy of the proposed method
for both quadrilateral and general polygonal meshes.
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1 INTRODUCTION

Numerical techniques for the solution of problems that admit singular or discontinuous solu-
tions such as fracture propagation in solids have attracted significant attention in the last two
decades. In particular, to date, enriched finite element approximations based on the partition-
of-unity concept [1, 2] and the eXtended Finite Element Method (X-FEM) [3] have proven to
be one of the most successful methods to analyse fracture problems on unstructured meshes
without requiring remeshing. More recently, extended finite element formulations for polyg-
onal meshes have been proposed [4, 5]. However, on polygonal elements, the construction of
shape functions is generally cumbersome and, when dealing with singular functions, additional
numerical integration issues must be carefully dealt with [6, 7, §].

The Virtual Element Method (VEM) is a stabilized Galerkin scheme proposed in [9] to solve
partial differential equations on general polygonal meshes that overcomes many of the diffi-
culties related to standard polygonal finite element formulations. The VEM can be looked at
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the other hand, discontinuities in the displacement field are embedded into the virtual element
space using the approach proposed for finite elements by Hansbo and Hansbo [18]. The X-VEM
for elastic fracture provides greater flexibility with respect to the X-FEM since it is applicable to
arbitrary polygonal meshes and, unlike the X-FEM where numerical integration generally leads
to several issues, a one-dimensional quadrature rule on the boundary of the polygonal element
suffices to compute weak form integrals.

2 TWO-DIMENSIONAL ELASTICITY MODEL

Let us consider a linear elastic body occupying the two-dimensional domain 2 C R?, bounded
by I' e cut by a traction-free internal crack I'.. We denote the displacement field on Q by u(x)
and assume small strains and displacements. The boundary I' = I', U T UT., where 'y, T'
and T, are nonoverlapping. Prescribed displacements g € C°(T',) are imposed on I',,, whereas
tractions t € CY(T;) are imposed on T.
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Let o be the Cauchy stress tensor. In the absence of body forces, equilibrium equations read
Vie=0 inQ, (1a)

with the natural boundary conditions

on Iy, (1b)

ocn=t
oc-n=0 onl, (1c)

where n is the unit outward normal, and the essential boundary condition

u=g onl,. (1d)
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The weak form of the equilibrium equation reads as: Find u € % such that

a(u,v) := /Qa(v) ce(u)de = /F t-vdl =: b(v) Yv € %. (4)

3 EXTENDED VIRTUAL ELEMENT FORMULATION

We now summarize the formulation of the extended virtual element method for fracture
problems in two-dimensional elasticity presented in [17]. Let T = {Qp};, be a family of decom-
positions of € into nonoverlapping polygonal elements E with nonintersecting boundary JF,
barycenter g = (zp,yp)’, area |E|, and diameter hp = sup,, yep [ — y|.
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3.1 Enrichment with singular fields

The main concept of the X-VEM is to enrich the standard virtual element space by means of
independent fields carrying information about the singularities affecting the exact solution. For
the problem at hand, we choose the enrichment fields @/ = u/ / hY/2? and @l = w!! / h/2, where
u! and u!! are the exact asymptotic crack-tip displacement fields for mode I and mode II crack
opening respectively, and h the maximum elemental diameter of the mesh [17]. We observe that
these fields satisfy equilibrium. In order to define the extended virtual element space, we first
introduce the local virtual element space V»*(E):

Vh(E) = {'vh (vﬁ,v{}) e VI(E): vl = v;}} , (5)
where V*(E) = [V"(E)]? with V"(E) the standard virtual element space, spanned by the scalar
V1rtual basis functlons {goz}fv g Hence, the space V?*(E) is generated by the linear combination
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(ﬁi%, ﬂZI/SOz) for 1 +2Ng <1< 3Ng,
T

(ﬁg’f% %Isoi) for 14+ 3Np < i < 4Np.

Finally, the extended global virtual element space V{ reads:

Vi = {v € (@) vkp e VEE) VEC Qh}.

Since {cpl} _{” are not known in the interior of the element, we construct a convenient projection
operator that allows to compute the approximations a’% (-, ) : V#(E) x VA(E) — R and b% (") :
V(E) — R of the exact bilinear form a(-, -) and the linear functional b(-) appearing in (4). The
extended virtual element formulation then reads: Find u% € V)Z g such that

aly (wh, v) = by (vk) Yok € Vi, (8)
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where the bilinear form a% (-, -) is built element-wise as
h h h hE( h h h h h
a’X(uvaX): aX (uXaUX) vuXavXEVX7 (9)
EcQ

and we set b% (v ) = b(v%). To construct a bilinear form a]}(’E(-, -) which is computable from the
degrees of freedom, we extend the vector-valued linear polynomial space P1(E) to a subspace
P of V{(E) which includes the linear polynomials and the additional enrichment functions '
and /!, Such space is spanned by the eight linearly independent vector fields representing the
three fundamental rigid body motions, the three independent deformation modes and the two
enrichment fields:

e (4).(2)-(20)-(6)- () ()-(5).(5))-

is the so
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with

= [ o(mwh)) : e(mwho) do + 5% (vk — T (wh). wh — T wh). (12

where S¥ (-, -) is a suitable stabilization term needed to guarantee linear consistency and stability
of the method. According to the virtual element methodology, S)b;(', -) can be any symmetric,
positive definite, continuous bilinear form defined on the kernel of the extended projection
operator I1% [10]. In [17], we provide two possible choices of the stabilization term by considering
the standard dofi-dofi and D-recipe formulations in our extended setting. Such choices are widely
accepted in the VEM literature and in some cases they were theoretically proved to be effective
to guarantee stability.

3.2 Discontinuous fields

The extended virtual element formulations presented in the previous Section can also be
endowed with a structure that allows the inclusion of discontinuous fields within the virtual
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element space. Let us consider a crack 7 that intersects some of the elements and consider
a cut element E partitioned by v into two subdomains £~ and ET. In order to represent
two independent linear polynomials on E~ and ET, we adopt the approach of Hansbo and
Hansbo [18] and tailor it to the X-VEM. To this aim, let N(XES denote the number of degrees of
freedom for element F, such that N, (}g}:s = 2Np for the standard virtual element formulation and
N(}g?s = 4Ng for the extended virtual element formulation. Each one of the N(}Q?S virtual shape

functions, ¢; on E, can be written as the sum of two new virtual shape functions ¢; and ;"

defined as follows:
L 0 inFE™ i in £~ 13
P = . 4 $;, = . . (13)
p; inE 0 inET
Repeating this procedure for all the degrees of freedom in the element, we can generate

Né{OIlZIS = 2N(Y P new discontinuous basis functions, starting from the initial Nd\g?s virtual basis
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monic approximation [15]. Finally, we obtain the following representation for the virtual element
approximation on the element F cut by ~:

VE
Ndof

k(@) =Y lei @u +¢f (@0f] Veek, (15)

where v;” and v;L are the degrees of freedom associated with ¢, and go;-'r, respectively.

3.3 Stress intensity factors computation

To derive stress intensity factors, given two equilibrium states denoted by superscripts (1)
and (2), we need to compute the following interaction integral:

ow
1(172):/£2Fj(m1’$2)87jdﬂ, (16)
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where u; is the i-th component of the displacement field

(2) (1)
_ ()9 2) 9y, (1,2)
Fj(21,22) = 0y . + 0} e WH26454, (17)

and W12 = O'S )555) = ag)sgjl-) is the interaction strain energy. Then, the stress intensity factors
for mode I and mode II crack opening, respectively denoted by K and Kjj, are computed using

the relation
[ 2 K 1 K 2 K 1 K 2
12 = E' ; ) } ) §I) I('I):| ’ (]‘8)

where E' = E for plane stress conditions and E' = E/(1 — v?) for plain strain conditions. To
make integral (16) computable from the X-VEM solution, which is known on the boundary
only, we need to apply the divergence theorem and transform the domain integral (16) into a
line integral that is evaluated on the boundaries of the element:

corl
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4 NUMERICAL EXAMPLES
4.1 Patch test

We first conduct an extended patch test, addressing the enrichment with singular fields and
a discontinuous patch test needed to assess the inclusion of discontinuities as described in Sec-
tion 3.2.

The extended patch test ensures that the singular enrichment fields can be exactly reproduced
using the X-VEM. To this aim, we consider a square elastic plate that occupies the region (—1,1)?
under plane strain conditions, with a horizontal crack of unit length that extends from (—1,0) to
(0,0). Both a coarse mesh of 10 x 10 square elements and a coarse mesh of 64 polygonal elements
are considered, where all the nodes in the domain are enriched the near-tip displacement fields
are imposed on the boundary of the domain by requiring that all the enriched boundary degrees
of freedom are equal to 1 and all the standard boundary degrees of freedom are equal to 0. As
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a measure for the error of the numerical solution with respect to the exact solution we adopted
the relative error in strain energy, which is computed as

la(@, %) — a(u”, u)|

E(ul) = , (21)

a(u,u)

where %a(u,u) = 1.6776885579 x 107 is the strain energy of the exact solution w, and @” is
the projection of the discrete solution w”, which is defined as:

a' =) Igul. (22)
EeT

The relative error in strain energy for the extended patch tests is of the order of 10712, clearly
showing that the X-VEM delivers sound accuracy in reproducing the enrichment fields.
In addition to the extended patch test. we perform the discontinuous patch test first proposed
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mixed mode I and mode II displacement fields, which are also employed as enrichment fields for
the X-VEM and represent the exact solution for the problem at hand. Both quadrilateral and
general polygonal meshes are considered. To compute the element stiffness matrix, we follow
two different strategies: topological enrichment and geometric enrichment. In the topological
enrichment, we only enrich the node located at the singularity of the solution whereas in geo-
metric enrichment we enrich all the nodes within a given radius from the origin. As in extended
finite element methods, due to the presence of the singularity in the crack tip, the theoretical
convergence rate for this problem is R = 1 that is non-optimal. Figure 1 shows convergence
plots of the relative error in strain energy. Both VEM and X-VEM with topological enrichment
converge in strain energy with a rate close to 1, in agreement with theory. It turns out that the
X-VEM is insensitive to the type of mesh (quadrilaterals or polygons), and the results from the
X-VEM are consistently more accurate than those from standard VEM.

Many prior studies have indicated that geometric enrichment, allows the standard X-FEM
for fracture problems to recover the optimal convergence rate [20]. In order to establish if the
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depicts convergence plots for the relative error in strain energy on quadrilateral and pob;gonal
meshes for the X-VEM with geometric enrichment. The convergence rate is close to 2, which is
consistent with theory.

5 CONCLUSIONS

e The extended virtual element method for two-dimensional elastic fracture problems, pro-
posed in [17], allows the incorporation of crack-tip singularities and discontinuities in the
approximation space.

e In the X-VEM, we augmented the standard virtual element space by means of additional
vectorial basis functions that were constructed using the asymptotic mode I and mode 11
crack-tip displacement fields as enrichment functions.

e An extended elliptic projector was proposed that projects the functions of the extended
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fields.

e Crack discontinuities were modeled by decomposing each virtual shape function as the
sum of two discontinuous shape functions, following the approach proposed by Hansbo
and Hansbo [18].

e The proposed extended virtual element formulation does not present integration issues,
since all integrals are computed on the elements boundary, where virtual shape functions
are known.

e Many numerical tests proved the consistency and the robustness of the X-VEM.

10
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