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Abstract

This dissertation is devoted to the study of some degenerate Partial Differential Equations,
characterized by an underlying hypoelliptic regularizing property compensating for the ab-

sence of uniform ellipticity.

The first part is concerned with regularity theory for a class of subelliptic operators on Carnot
groups. In Chapter 3 we investigate some regularity properties of stationary operators with
Holder continuous coefficients. We first adapt Levi’s parametrix method to establish the ex-
istence of a local fundamental solution. Building on this, we provide novel results on the
strong maximum principle and the invariant Harnack inequality, employing the mean value
formula technique originally developed for harmonic functions. In Chapter 4 we establish
analogous results for the evolutive counterpart. In this setting, to overcome certain draw-
backs of the mean value formula, we employ Kuptsov method to obtain an improved kernel,
and we prove its boundedness by using Rothschild and Stein lifting technique. The results
presented in these chapters heavily rely on the properties of the sub-Riemannian geometry
relevant to these subelliptic operators, and in particular on the Carnot-Carathéodory distance

they induce.

In the second part we analyse some McKean-Vlasov stochastic processes by studying the
associated density, which satisfies a nonlinear, degenerate Kolmogorov equation. In Chapter
6 we study the mean field Kuramoto model with inertia and noise, addressing the corre-
sponding Cauchy problems. We establish existence, uniqueness and some precise bounds,
and we propose a finite difference scheme to numerically compute the density. In Chapter
7 we study a McKean-Vlasov optimal control problem. We first show that the mean field
problem provides a suitable approximation of the finite size control problem, by proving the
I'-convergence of the corresponding cost functionals. We then employ the Lagrangian for-
malism to derive first order optimality conditions for the optimizers. Finally, these optimal-
ity conditions are implemented in a gradient descent algorithm based on the finite difference

scheme introduced in Chapter 6.
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Chapter 1
Introduction

In this thesis we investigate several problems related to a class of degenerate PDEs. These
equations lack uniform ellipticity, a difficulty we address by exploiting their underlying sub-
Riemannian hypoelliptic structure.

The first part of this dissertation is devoted to the study of regularity theory for Hormander
operators on Carnot groups: we prove the existence of their fundamental solution and derive
several useful properties; these results, combined with some recent mean value formulas,
are then employed to provide new proofs of maximum propagation results and Harnack
inequalities for subelliptic operators.

In the second part we focus on applying the theory of degenerate Kolmogorov equations
to some McKean-Vlasov stochastic processes: firstly, we establish existence, uniqueness,
and estimates for the density of a particular process (a Kuramoto model), developing also
a stable numerical scheme for its computation; subsequently, we provide theoretical and

computational tools to handle a class of McKean-Vlasov optimal control problems.

1.1 Hypoelliptic operators on Lie groups

The progenitor of the equations studied in this thesis was introduced by Kolmogorov in the
context of kinetic theory. In his seminal work [70], Kolmogorov analysed the following
stochastic process: let X; € R and V; € R denote the position and the velocity of a particle
attime t € [to, T, and suppose that the particle evolves according to the following Langevin

dynamics
¢
Xt = xto +/ V;dS,
to

Vt:Uto+\/§Wta

1



Chapter 1. Introduction

where (W})sepi,,1) is a standard Wiener process. The density f of the process satisfies the

following degenerate second order equation
Kf(v,z,t) =02 f(v,2,t) — 00, f(v,2,t) — Op f (v,2,t) = 0. (1.1.1)

This equation lacks diffusion in the position variable z, that is the degenerate variable. In

his analysis, Kolmogorov derived the explicit expression of the density

f((v,x,t), (vg,xo,to))

V3 exp(— (v—1p)? _3(1)—1)0)(:L‘—£L‘0—(t—t0)1)0) (x—xo—(t—to)v0)2>

27 (t—to)? t—t, (t—to)? N (t—t0)?

Three notable features emerge upon examining this expression:

1. f is left-invariant w.r.t. the following non abelian group law

(vo, Zo, t0) " 0 (v, 2, 1) = (U — 9, T — Lo — (t — to)vo, t — to);

2. f is homogeneous of degree —4 w.r.t. the following dilations law

op(v,x,t) = (rv,r3x,7‘2t>, r>0;

3. f is smooth in the set {(v,a:, t,vo, g, to) € R, ¢ > to}.

Properties (1.)-(2.) highlights the underlying geometric structure of (1.1.1): indeed, K is
left-invariant w.r.t. the composition law o, and homogeneous of degree 2 w.r.t. the family of

dilations (9, ),~0, that means
(ICf)((vo, To,t0) "o (v, x,t)) = IC(f((vo, To,t0) "o (v, x,t))),
K(£(6:(v,2,8)) = r*(Kf) (6:(v,2, 1))

Equipped with the group law o and the dilations law (6, ),~0, R? is endowed with the structure

of a non abelian homogeneous Lie group.

Definition (Homogeneous Lie group). A homogeneous Lie group on RY is a group G =
(RN, o, 5r) with a smooth composition law o, and a dilations law {9, },~¢ that is an auto-

morphism of the group, i.e.

d(xoy) = (&(x)) o (5T(y)), for every 7,y € RY, r > 0.




Chapter 1. Introduction

The last property (3.) is perhaps the most striking upon initial inspection: although the
operator being degenerate, the associated density turns out to be smooth. In other words,
equation (1.1.1) exhibits the same regularizing effect of uniformly elliptic equations with

smooth coefficients. This observation leads us to the following definition.

Definition (Hypoelliptic operators). We say that a differential operator L is hypoelliptic if,

for any ¢ € C*, every distributional solution to Lu = @ is smooth.

In his celebrated paper [63], Hormander exploited Kolmogorov findings providing a suf-
ficient condition for hypoellipticity. Hormander focused on a broader class of differential

operators, nowadays referred to as Hormander type I and Hormander type Il operators
mi mi
Lu(z) = X u(z), Hu(z, t) =Y Xiu(z,t) + Yu(z,t), (1.1.2)
i=1 i=1

with (z,t) € RY x R. Here, {X;}/" and Y are smooth vector fields on RY, namely

differential operators of the form
N N
Xi(x) =3 ¢5(2)0s;, V(@) =3 ¢j(2)0s, +¢"()0,
j=1 j=1

with ¢! € C*°(R"), and are assumed to be linearly independent. Hormander’s main result

is the following sufficient condition for £ and H to be hypoelliptic.

Theorem (Hormander’s rank condition). Suppose that the Lie algebra generated by the

vector fields X1, ..., X, spans RY, namely
rank(Lie(Xl,...,Xm1)>(x) =N, Vz € RY,

then L is hypoelliptic. Analogously, if the Lie algebra generated by X, ..., X,,,,Y spans
RN*L, then H is hypoelliptic.

If m; = N, then L is an uniformly elliptic operator, and the corresponding evolution op-
erator # is uniformly parabolic. Conversely, when m; < N both £ and H are degenerate,
in the sense that the associated characteristic form fails to be positive definite, and it is in-
stead only positive semidefinite. The hypoelliptic regularizing property cannot, in general,
be expected to hold for arbitrary degenerate operators: consider for instance the operator
£ = 9%, on R?; the function u(z,y) = sign(y) is not even continuous, but still satisfies
pointwise .Zu = (0. Chow—Rashevsky connectivity theorem provides a geometric interpre-
tation of the rank condition. This result asserts that, under Hormander’s condition, any two
points in the domain can be joined by a concatenation of integral curves of the vector fields.

This unveils the intrinsic sub-Riemannian structure underlying these degenerate operators,

3



Chapter 1. Introduction

providing a geometric interpretation of their regularizing property. Roughly speaking, £ and
‘H are degenerate since they lack some second order derivatives. Nevertheless, Hormander’s

condition ensures that the missing derivatives are recovered through iterated Lie brackets.

In this dissertation we study differential operators with variable coefficients which are neither
invariant under a Lie group structure nor hypoelliptic. However, we treat them as perturba-
tions of simpler model operators (specifically, sublaplacians on Carnot groups and hypoel-
liptic Kolmogorov operators) that do possess these properties. This approach falls within
the classical perturbative theory of differential operators (we quote for instance the popular
Levi’s parametrix method, that will be employ in Chapter 3 and Chapter 4), where the ana-
lytical structure of the model operator is used to approximate the behavior of more general

operators.

1.2 Regularity theory for subelliptic operators on stratified

groups

In the first part of this thesis we study some properties of a class of subelliptic operators. Let
{ X} be a set of smooth vector fields on RY satisfying Hésrmander’s rank condition, and
generating a homogeneous Lie group G with stratified algebra (namely, a Carnot group G).

We focus on the analysis of classical solutions to the following class of differential operators

Lsu = Z a;; X; Xu + Z b; X;u + cu, Hu = Leu — dyu,

i,j=1 i=1

with particular emphasis on the regularity theory of divergence form operators
L8y = divg(AVgu) + (b, Vgu) + cu, AV = LW ou — Ouu.

Here, A = (aij) is an my X my symmetric, uniformly elliptic matrix, while Vg and divg
denote the horizontal gradient and the divergence operator on G. The regularity assumptions
on the coefficients are their Holder continuity in the G metric and their boundedness. These
operators can be seen as the Holder coefficients extension of the sublaplacian and the heat
operator on G. The study of these operators is not of purely theoretical interest, since these
PDEs arise in various applications: geometric theory of several complex variables, curvature
problems for CR-manifolds, human vision (see for instance [41, 42, 65,87]). The regular-
ity theory for subelliptic operators on stratified groups received a major impetus after the
foundational work of Hormander [63]. Among the most influential contributors we quote
Folland [54], Rothschild and Stein [106], and Lanconelli [25-27, 34] who played a pivotal

4



Chapter 1. Introduction

role in the development of this field, by extending potential theory and singular integral

techniques to the setting of nilpotent Lie groups.

In the first part of this thesis we show the existence of the fundamental solutions of £ and
. To this end, we employ the well known Levi’s parametrix method [82], allowing us to
establish also some important properties of the fundamental solution (for instance Gaussian
estimates). This is then employed to obtain some of the main novelties of this dissertation:
a strong maximum principle and an invariant Harnack inequality for &Y and ™. The
proofs are obtained by adapting an elegant and elementary argument originally developed
for harmonic functions, based on Gauss mean value formula: let % be harmonic in Q C RV,
then it satisfies

B —1
u(€) = | T1]|V /r(g)u(q;)dx, (1.2.1)

forevery B,.(§) C ). The strong maximum principle and the Harnack inequality for u follow

as a simple consequence of (1.2.1).

1. Suppose u harmonic attains its maximum at £ € €, then u is constant on every con-
nected component of €2 containing £. Indeed, let 7 > 0 such that B,.(¢) C , by (1.2.1)
we get

By -1 By -1
0=u(f)— | TJL /T@) u(z)de = | T]|V /T(f) (w(©) —u(z))dz.  (122)

Since ¢ is a maximum point, from (1.2.2) we infer u(z) = u(§) for every z € B, (&),

and the maximum propagation follows by a covering argument.

2. Letu > 0 be harmonic, then for every £ € € and r > 0 such that By,.(§) C €, it holds

sup v < 3V inf w.
By (€) Br(§)

Indeed, for every y, w € B,.(£), equation (1.2.1) yields

u(y) = By / u(z)dr < 3N|Bl|71 / u(z)dr = 3Nu(w),
N JB,) (3r)N Sy (w)

concluding by the arbitrariness of y and w.

In Chapter 3 we adapt these arguments to .Z3". Mean value formulas for .Y have been
recently proved by Pallara and Polidoro in [91], where the authors employed the tools of
Geometric Measure Theory on Carnot groups to derive a mean value formula analogous to
(1.2.1). The main difference lies in the appearance of a non constant kernel Mg, depending

on the horizontal gradient of the fundamental solution I'* of the adjoint equation. The proof
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Chapter 1. Introduction

of the maximum principle requires Mg > 0 (up to a set of zero Lebesgue measure), while
the proof of the Harnack inequality needs the existence of two positive constants m~ and
m™ such that m~ < Mg < m™. In the constant coefficients case, the horizontal gradient
vanishes at most on a negligible set (thanks to Sard’s lemma, since hypoellipticity implies
[ € C'*°). Combined with the homogeneity of I'*, this allows to adapt the arguments em-
ployed in (/.) and (2.) (see for instance [24,40]). However, in the Holder coefficients setting
the fundamental solution I'* is generally not even C''. As a consequence, Sard’s lemma does
not hold and we cannot infer anything regarding the set { Mg = 0}. Furthermore, in the
Holder coefficients setting homogeneity may fail to hold. To overcome these two difficulties
we develop an alternative strategy, relying on the sub-Riemannian framework of " and
strictly tied on the connection between Hormander’s rank condition and Chow—Rashevsky
connectivity theorem: we show that the kernel M remains strictly positive along the in-
tegral curves of the vector fields { X}, which allows us to prove a maximum principle
propagation and a Harnack inequality along these trajectories; then, by using Hormander
condition (hence Chow—Rashevsky connectivity theorem) we propagate these results to the
whole domain.

The results discussed above are contained in the paper [98].

In Chapter 4 we prove similar results for 73", by employing the mean value formula de-
veloped by Pallara and Polidoro in [92]. The extension of the arguments used in (/.) and
(2.) to the setting of evolution operators presents similar difficulties, but requires different
tools. In this context, an additional challenge arises due to the unboundedness of the kernel
(an issue that is already present in the case of the heat operator on R?). To overcome this un-
boundedness, Kuptsov introduced in [73] a technique, based on Hadamard’s descent method,
to construct an improved kernel with the remarkable feature to be bounded. This technique
gained significant popularity in recent years, and was later employed by Garofalo and Lan-
conelli in [59] for uniformly parabolic operators, and by Polidoro [102] and Rebucci [105]
for Kolmogorov operators. This improved kernel is strictly positive, hence the maximum
propagation follows by adapting the argument in (/.). Proving a Harnack inequality as in
(2.), however, is more delicate, since boundedness is not straightforward in our setting. To
address this issue, we rely on Polidoro’s method [102] to derive the required local estimates
to prove the boundedness. The most delicate aspect is obtaining sharp estimates for the fun-
damental solution of constant coefficients operators. To this end, we [lift G to a free Carnot
group G by means of the Rothschild—Stein lifting technique [106], following the construc-
tion developed by Bonfiglioli, Lanconelli, and Uguzzoni in [25]. Within this framework,
we exploit the equivalence of sublaplacians on free Carnot groups established by Bonfiglioli

and Uguzzoni [28], which provides the required estimates. Proved the boundedness of the
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improved kernel, we then establish a parabolic Harnack inequality in the lifted group, which
in turn yields the corresponding inequality for 2. The parabolic Harnack inequality ob-
tained in this thesis is analogous to the one established by Bramanti, Bonfiglioli, Uguzzoni
and Lanconelli in [34] with the Krylov-Safonov method, although derived within a com-
pletely different setting. The main feature of our technique is that it allows us to establish
an invariant Harnack inequality defined in terms of future and past cylinders, similarly to
the classical parabolic case (see for instance [85]). This invariant Harnack inequality follows
from the optimal control technique introduced by Boscain and Polidoro in [31], which is
particularly well adapted to the vector field structure of 7.

These results are presented in the preprint [100] by the author and Rebucci.

1.3 PDEs and degenerate McKean—Vlasov stochastic pro-

cesses

The second part of this thesis is concerned with the study of the following degenerate, non-

linear, Stochastic Differential Equations

v — (b(vt,Xt) [ Ko = Vior = X,)dRy (o, x)) dt + /2 dW,,
R
dXt - ‘/; dt,

(1.3.1)

usually referred to as degenerate McKean-Vlasov equations. Here, X; € R and V; € R
denote the position and the velocity of a particle at time ¢ € [0, T, (W})cjo,r) is a standard
Wiener process, b is a drift term, and £’ denotes the law of the process. The study of such
stochastic processes is primarily motivated by their wide range of applications in biology,
engineering, social sciences, and physics (see for instance [37,88,111,117]). We investigate
these processes by studying the relative density: under some suitable assumptions on the
drift function b and the kernel K, Itd formula implies that the density f of the law F’ solves

the following degenerate nonlinear Kolmogorov equation

0, (v,8) = 0, ((bosa) + [ K0 = 0.6 = 2,0)f (0., O)dndS) (0, ,1))
- Uaa:f(va l‘,t) - 8tf(va le’,t) = Oa
(1.3.2)
which structurally resembles the Kolmogorov equation (1.1.1), except for the presence of the

drift term and the nonlinear interaction term. Equation (1.3.1) arises as mean field limit of N

7



Chapter 1. Introduction

interacting stochastic particles. More precisely, consider the system

1 N
dVi,= (b(vz,t, Xia) + 55 20 K (Viw = Vi Xioa — Xi,t)> dt+V2dW,,, i=1,...,N,
k=1
dX;, = dV;, dt, i=1,...,N,
(1.3.3)

where (W 1)ico,r) are N independent, standard Wiener processes. As the number of particles
N grows, the processes (V;+, X;:)i<n get in some sense uncorrelated, and asymptotically
behaves like the mean field process (V;, X;) that solves (1.3.2). This relation was formalized
by Kac [67] and McKean [86] in the context of kinetic gases, by introducing the notion
of propagation of chaos (see Chapter 7 for further details and a rigorous definition). The
study of the mean field limit represents therefore a powerful tool, both from an analytical
and practical point of view, since the system of NV particles often becomes unmanageable
as N grows. In addition, the mean field framework can be analysed through the associated
PDE (1.3.2), which is the perspective we adopt here. This approach provides access to a
wide range of analytical techniques, such as fundamental solutions, regularity estimates,
and functional inequalities, which allow for a deeper understanding of the existence and the

qualitative behavior of solutions (see for instance [64,95,96, 122]).

In Chapter 6 we study a particular McKean-Vlasov process, that is a Kuramoto-type model.
These are very famous models, used to describe the collective behavior of a population
viewed as a system of interacting oscillators (see for instance the survey [111]). We study
the Kuramoto model with inertia and noise: consider a system of NV identical coupled oscil-
lators, and denote as @i,t and w; ; their phase and frequency, respectively. Let K be a constant
(modelling the intensity of the coupling between oscillators), m a positive constant (mod-

elling inertial effects), and let D > 0 be the noise amplitude. The evolution of the system is

given by
duoyy = ~ +K§:'(19 ﬁ)dt+DﬁdW =1,...,N
wz,t - m Wz,t N = S11 75t 2,1t m 1,0y t=1,..., )
d’lgm = wz-’tdt, 1= 17 .. N

(1.3.4)
Owing to the periodic nature of the Kuramoto model, we set ¥, ; := 5i,t — 27k (@i,t), where

k(x) := max{j € Z : 2rj < z}. The mean field process density o = o(w, 9, t) solves

D ) 1 2T ) ,
Wﬁwwg(w, U, t) — E&U (( —w+ K/R/O sin(d¥" — 9)o(w, I, t)dwdﬁ‘) or(w, 19))

— wiyo(w, ¥, t) — Oo(w, 9, t) = 0.
(1.3.5)
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We provide a characterization of the relevant Cauchy problems by employing the tools of de-
generate Kolmogorov operators developed in recent years (see for instance the survey [9] by
Anceschi and Polidoro). Our results include existence, uniqueness and estimates, and can be
regarded as a particular instance of the broader theory of kinetic McKean—Vlasov equations.
In this broader context, we mention for example [95,96], where the authors considered gen-
eral diffusion terms depending also on the law of the process, as well as [62,64, 122], which
address models in a low-regularity setting (i.e. allowing for distributional drift). Chapter 6
is developed within a different framework, namely the classical theory of degenerate Kol-
mogorov equations, and is entirely devoted to the analytical study of the PDE (1.3.5). This
approach enables us to precisely characterize the intrinsic regularity of the solutions and to
treat also the case of non-identical oscillators. Moreover, it enables us to introduce a stable

finite difference scheme based on the following Lie derivative approximation

o(w, ¥ — wAt, t — At) — o(w, ¥, t)
At

wiyo(w,V,t) + do(w, I, t) ~ ) (1.3.6)

The numerical results obtained here are consistent with those in [1], which were derived in
a different, fully probabilistic setting. More precisely, the authors adopted a Monte Carlo
scheme to simulate the NV particles stochastic system (1.3.4), whereas in our study we focus
on its mean field limit, computing the relevant density through the aforementioned finite
difference scheme.

These results are presented in the paper [99] by the author, Polidoro, and Vernia.

In Chapter 7 we turn our attention to a McKean-Vlasov optimal control problem, where the
kernel K (v, z,t) in (1.3.2) is of the form u(¢) K (v, x), with u(t) being the control function.
The cost functional is

J(fu) = /}R2 /OT h(v,z,t) f (v, z,t)dtdvdx + /]RZ g(v,z) f(v,z, T)dvdx + g /OT lu(t)2dt,

(1.3.7)
where f is the density of the process, h represents the running cost, g the final cost, and v > 0
is a penalization parameter. We study this control problem as mean field approximation of

the N particles control problem relevant to (1.3.3), with cost functional

N o1 T v [T
JN((‘/i,taXi,t)au) = Z NE [/o h(‘/i,taXi,tat)dt + Q(Vi,T,Xi,T)] + 5/0 |u(t)[*dt.
i=1

The study of the relation between these two problems is a very recent area of research, first
explored by Fischer and Livieri [53] in the context of a mean-variance portfolio optimiza-
tion. Among the most significant subsequent contributions are the works of Lacker [75],

Djete [49] and Djete, Possamai and Tan [50]. These studies, using a fully probabilistic

9



Chapter 1. Introduction

approach, established the convergence of approximate optimal controls for the N particles
problem to the optimal controls of the corresponding mean field problem. In this thesis we
adopt a completely different approach: we prove the I'-convergence of the N particles cost
functional to its mean field counterpart in the L>°(0,T") weak* topology, this implying the
convergence of the optimal controls, and hence the validity of the mean field approach to
compute the optimal controls. In particular, we recover the results of [75] under the unique-
ness of minimizers. Moreover, given this relation, we provide some optimality conditions
for the mean field optimal control by employing the relevant PDE. This method has been
gaining popularity in recent years [10-12, 107], since it enables to employ the Lagrangian
framework to minimize the mean field functional (1.3.7). Finally, we make use of these opti-
mality conditions by implementing a gradient descent algorithm to numerically compute the
mean field optimal controls.

These results are presented in the submitted paper [97].

10



Part I

Regularity theory
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Chapter 2

Preliminaries: Hormander operators on

Carnot groups

In this preliminary chapter we introduce the analytical framework for the study of the differ-

ential operators

mi mi
g(g: Z ainin+ZbiXi+c, ji’?g:f@—@t,
ij=1 i=1
where A is an m; X m; symmetric matrix with continuous real entries that satisfies the uni-
form ellipticity condition, and the low order coefficients b and c are continuous and bounded.

Here, { X} are smooth vector fields on R? verifying the following assumption

(H1) Hormander’s rank condition holds
rank g(z) = N, Vr € RY,

and for every i = 1,...,my we have X;(0) = 0,,.

In this dissertation we employ the notations introduced in the monograph [19] concerning
differential operators on stratified Lie groups, that we briefly recall. Let g be the smallest
Lie subalgebra of all smooth vector fields on RY containing { X;}7. For every z € RY we

identify every smooth vector field X (z) = Z;V:l ¢j(7)0,, with the vector valued function
(gol(x), . ,gpN(x)> € RY, and we set g(z) := {X(m), X e g}.

In this thesis we study Hormander operators by following the approach introduced by Fol-
land in [54], which is based on the existence of an underlying Carnot group (that we recall
to be a homogeneous Lie group with stratified algebra). This approach is motivated by sev-

eral considerations, among which we point out the following. Constant coefficients elliptic

13



Chapter 2. Preliminaries: Hormander operators on Carnot groups

operators are left-invariant w.r.t. the Euclidean translation, and are homogeneous of degree
2 w.r.t. the Euclidean dilations. Hence, these operators are linked to the abelian Euclidean
group on RY. Regularity theory for uniformly elliptic operators can then be derived by means
of perturbation arguments, based on such Euclidean structure. When dealing with degener-
ate operators, it is therefore natural to assume an underlying non abelian Lie group structure.

More precisely, it is useful to assume that the sublaplacian
my
Ag =Y X7,
i=1

is left-invariant and homogeneous of degree 2 w.r.t. a non abelian Lie group on RY, whose
Lie algebra reflects Hormander’s rank condition (namely, the behaviour of the commuta-
tors). Such a framework, in particular, makes it possible to exploit a homogeneous structure,
thereby enabling many of the standard constructions available in the Euclidean setting, such
as the analysis of singular integrals. In order to pursue this approach, we consider vector

fields satisfying the following assumptions

(H2) Xi,...,X,,, are linearly independent smooth vector fields, and

rankg = N.

(H3) There exists a family of (non-isotropic) dilations {6, },~o on R of the kind

op(x) = (T"lwl, 2%, . .. J’"NxN),

where 1 = 01 < 09 < ... < oy are integers such that the vector fields X, ..., X,,, are

0,.-homogeneous of degree 1, i.e.
X ((0:(@)) = r(X:f) (5:(2)). Vr>0, 2 €RY, feCRY), i=1,....m.

Although at first glance (H1) and (H2) may appear to be similar, we remark that they are in
fact independent. For example, rank g(z) = rank g does not necessarily holds for every = €
RY: consider on R? the vector fields X; = 9, and X, = 29, + yJ;; one has rank g(0) = 3
and rank g = 4.

If assumptions (H1), (H2) and (H3) hold, it is possible to explicitly construct a Carnot group
G= (RN ,0, 5r) whose Lie algebra g is generated by the vector fields {X; }/2.

Theorem 2.0.1 (Theorem 1.7 in [22]). Assume that the vector fields {X;}*Y verify (HI),
(H2) and (H3). Then, there exists a Carnot group G = (]RN , 0, 57») (where the dilations
{6, }r>0 are the ones given by (H3)) such that the vector fields {X;}!", are left-invariant
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w.r.t. o, namely
Xl<f(xo§)) = (XJ)(xof), Vo, e RN, feC®MRY), i=1,...,my,

and the sum of squares operator
mi
2
Ag = Z X7,
i=1
is the canonical sublaplacian on G.

We now give some remarks relevant to this Carnot group. Assumption (H3) induces the

following stratification on the Lie algebra g
g=Vid...0V,, (2.0.1)

where V; = span{X;}",, Vi1 = span{[X, Y, X € Y € Vk} and {[X, Y, X €
.Y € V,@} = (), with [X,Y] = XY — Y X. We observe that the stratification (2.0.1)
implies that the dilations {J, },~0 take the following form (see Remark 1.4.2 in [27])

op(x) = (T.T(l),Tzilﬁ(z), . ,7’":1:(“)) , P eR™ k=1,... &,
where m;, denotes the dimension of Vj, for every k = 1,. .., k. The number
Q= Z kmy,,
k=1

is usually called homogeneous dimension of G. A group G with the properties above is often

referred to as Carnot group of step ~ and m, generators.

The study of Hérmander operators on Carnot groups is motivated not only by the rich theory
these operators enjoy in the presence of this homogeneous structure, but also by their con-
nection to general Hormander operators lacking such a structure. Indeed, a remarkable fact
is that every Hormander sum of squares operator can be approximated by a sublaplacian
on a Carnot group, a deep result stemming from the lifting and approximation technique of
Rothschild and Stein [106]. While we shall not delve into the technical details of the ap-
proximation procedure (as it is quite involved and will not be used in this thesis), we focus
on the lifting technique, that will be employed in Chapter 4. To give a concrete example, we

present a glimpse of this technique in the context of the Grushin operator on R?
L =0, + 20, = X7 + X3

It is clear that the vector fields X; = 0, and X, = x0, satisfy Héormander’s rank condition
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on R?, since [X1, X»] = 9,. Nevertheless, these vector fields do not fulfil assumption (H1)
since at the points (0, y) they are not independent. In fact, there is no Lie group structure on
R? making X and X, (hence .%) left-invariant. Indeed, if two left-invariant vector fields are
independent at a given point, they are necessarily independent at every point. This follows
from the fact that, if ¢; X7 4+ ¢ Xs = 0 at some point, with ¢; co constants, then the vector
field Z := ¢, X7 +c2 X5 is also left-invariant and vanishes at some point, hence it must vanish
identically by invariance. In order to recover the group invariance, Rothschild and Stein idea
was to add some variables (namely, to [ift the vector fields), an idea that is somehow in the

same spirit of Hadamard’s descent method. Consider on R? the differential operator
L =P, + (20, + ) = X2+ X2,

The vector fields X; = X; = 9, and X, = X, + 9, = 20, + 0, satisfy both (H1) and (H2).

We notice that they are left-invariant w.r.t. the Kolmogorov group law on R3

(z,t,y) 0 (§,7,n) = (x + &t + 1,y +n+ 1),

and are homogeneous of degree 1 w.r.t. the dilations §,(x,t,y) = (rx, rt, T2y>. The ho-
mogeneous Lie group G = (R3, o, 57«) is a Carnot group of step x = 2 and homogeneous
dimension () = 4 with generators X; and X5, and . is the canonical sublaplacian on G.
A crucial point is that the [lifting property holds: if the function (z,y) — u(x,y) solves
Zu = 0, then the function (z,t,y) — w(x,t,y) = u(z,y) solves Lu = 0. This link
allows one to deduce certain regularity properties of . from the analogous properties of 2.
For instance, suppose that one needs an a priori estimate for X;u, with u being a solution to
Zu = 0. Such an estimate can be obtained by first proving the analogous bound for X,a
(often easier to prove thanks to the homogeneous structure), and then transferring it back to

Xju via the lifting property.

In the years immediately following the work of Rothschild and Stein, several authors pro-
posed alternative proofs of the lifting technique, both with the aim of simplifying it and
adapting it to different frameworks (see Chapter 10 in [33] for more details about Rothschild
and Stein lifting and approximation technique). In Chapter 4, we adopt the lifting technique
developed by Bonfiglioli, Lanconelli and Uguzzoni in [25], which provides a procedure to
lift a general Carnot group to a free Carnot group.

Definition 2.0.2 (Free Carnot group). Let G be a Carnot group with Lie algebra generated
by the vector fields {X;}2Y,. We say that G is a free Carnot group if the X;’s and their
commutators do not satisfy any linear relation other then those which hold automatically as

a consequence of the antisymmetry of the Lie bracket and the Jacobi identity.
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We now provide two famous examples of Carnot groups, one being free and the other not.

* The Heisenberg group H' on R3. The vector fields generating its Lie algebra are
X1 = 833 -+ ant, X2 = ay — 2I8t,

with commutator [X;, X5| = —40,. Clearly, no linear relation between X;, X» and

[ X7, X3] holds except for the antisymmetry of the Lie bracket and the Jacobi identity.

e The Heisenberg group H? on R5. The vector fields generating its Lie algebra are
Xy =0y, + 2010, Xo =0y, +2uy20,, X3=20, —2x10;, X4= 0y, —2x20,.
In this case the following relation holds
(X1, X3] = —40; = [X, Xy,

that is a nontrivial relation between two commutators of step 2.

As mentioned above, the main motivation behind Rothschild and Stein lifting technique is
to recover a homogeneous group structure for vector fields that do not possess such ho-
mogeneity. This raises a natural question: why a lifting technique should be employed if
a homogeneous group structure is already available? In the analysis of [25,26], which is
closely related to our work, the motivation is driven by the following purpose. The authors
employed Levi’s parametrix method to construct the fundamental solution of the following
Holder coefficients operator
mi
I = Z a;;(x, 1) X; X; — 0.
ij=1
This method provides us with a fundamental solution given by the sum of a parametrix and
a perturbation term. The parametrix is the fundamental solution of a constant coefficients
operator
my
T = Z a;; X; X; — Oy, (2.0.2)
ij=1
with A = (a;;) being a symmetric and positive definite m; X m; matrix (see Section 3.3 and
Section 4.3 for a precise definition of parametrix). To make Levi’s method work, one needs
a precise estimate on the dependence of the parametrix on the corresponding matrix A. The

estimate of this dependence is quite straightforward in the non degenerate case: consider for
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instance the parabolic operator
N
H = 0;;0,,0,, — O,
1,j=1

The corresponding fundamental solution I'; (hence the parametrix) can be expressed in

terms of the fundamental solution of the heat equation as follows

Ci(x,t) = %exp (— TA(x)Q),

t2 4t

for some ¢ > 0, with T'; denoting the diffeomorphism = — T;(z) = A2z, A careful
inspection of T'; yields precise estimates on the dependence of I" ; on A.

If G is a free group, it has been shown in [28] that there exists an analogous Lie group
diffeomorphism 7'; turning (2.0.2) into the canonical heat operator Ag — 0, as in the non
degenerate case. Moreover, the properties of such diffeomorphism allow one to obtain the
required estimates. The natural question that now arises is obvious: does such diffeomor-
phism always exist if G is not free? Unfortunately, the authors of [28] provided a negative
answer, showing that such diffeomorphism may not exist if G is not free. To overcome this

difficulty, in [25] the authors developed the following lifting technique.

Theorem 2.0.3 (Theorem 8.3 in [25]). Let { X}, be a system of vector fields generating

a Carnot group G = (]RN , 0, 57~) of homogeneous dimension () and step . Then, there

exists N € Nand a free Carnot group G = (Rﬁ x RN .3, ST) with homogeneous dimension

Q, step k, and generators {Xi}@f such that the following lifting property holds: let 7 :

1=

RY x RN — RY denote the canonical projection onto the last N coordinates, then

Xou(n(@,2)) = Xou(z),  (3,2) eRY xRY, (2.0.3)

for every u € C®(RY) and for everyi = 1,...,m.

This lifting technique will also play a crucial role in our analysis for two reasons.

The first one is that we construct the fundamental solution of
mi mi
A= aij(z, ) XiX; + D bi(x, )X, + c(z,t) — 9y,
ij=1 i=1
by means of parametrix method, obtaining also several useful properties. To obtain these
results we rely on the estimates derived in [25], which are based on this lifting technique.
The second main reason is the derivation of further precise estimates (in the same spirit of

the ones mentioned above) to establish a parabolic Harnack inequality for the divergence
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form operator

mi mi
%hv = Z Xz (aij(x, t)XJ) + Z bl(.ll, t)Xl + C(LE, t) — at.
ij=1 i=1
As mentioned in the introduction, to derive such Harnack inequality we employ the method
introduced by Polidoro in [102], which relies on these precise estimates. Therefore, we
employ the lifting technique to lift %" and obtain these estimates for the lifted operator
%’éﬁ". This, in turn, yields a Harnack inequality for Q%giv. Finally, the lifting property

(2.0.3) allows us to transfer this result and to obtain the desired Harnack inequality for #{.
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Chapter 3

Fundamental solution, maximum
principle and Harnack inequality for

second order subelliptic operators

3.1 Introduction

In this chapter we focus on the analysis of the following class of subelliptic operators

ij=1 i=1

Here () is an open, connected and bounded subset of RY, while X;’s are smooth vector fields

on RN

N
Xi(z) = ¢}(x)0,,, i=1,...,my,
=1

with ! € C*°(R"). In the sequel, A(z) = (am (a:)):n]l:l will denote an m; X m; symmetric
matrix with continuous real entries that satisfies the usual uniform ellipticity condition, more-
over the low order coefficients b(z) and c(x) are supposed to be continuous and bounded.
We suppose that m; < N, this implying the strong degeneracy of .£;. However, we recover
some regularity properties for £ by assuming that the vector fields { X; };2 verify the Hor-
mander’s rank condition.

The vector fields are assumed to satisfy the following hypotheses
(H1) Hormander’s rank condition holds
rank g(z) = N, Vr € RY,
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and for every i = 1,...,my we have X;(0) = 0,,.

(H2) Xy,...,X,,, are linearly independent smooth vector fields, and

rank g = N.

(H3) There exists a family of (non-isotropic) dilations {6, },~o on R of the kind

op(x) = (T"lwl, 2%, . .. m"NxN),

where 1 = 01 < 09 < ... < oy are integers such that the vector fields X4, ..., X,,, are

0,.-homogeneous of degree 1, i.e.
X (£(0,(@)) = r(X:f) (5:(2)).  ¥r>0,zeRY, feC®RY), i=1,..,m.

We recall now Theorem 2.0.1, that asserts that the assumptions (H1), (H2) and (H3) yield
the existence of a Carnot group G = (RN , 0, 5,) (where the dilations {J, },~¢ are the ones

given by (H3)) such that { X}, are left invariant w.r.t. o, and the operator
Ag => X7, (3.1.2)
i=1

is the canonical sublaplacian on . Despite being degenerate, this is an hypoelliptic operator,
meaning that every distributional solution u to Agu = f is smooth whenever the right-hand
side term f is smooth.

We associate to the smooth vector fields some function spaces, that are the natural spaces in
which to look for classical solutions to Zzu = f.

Definition 3.1.1 (Lie derivative). Let X = Zév:l ©j0y, be a smooth vector field on RN. For
every v € RY we define as integral path of X starting at x the solution to the following
Cauchy problem

Fxals) = X (1xa(5))
’YX,m(O)

We say that a function u is Lie differentiable at x w.r.t. X if the following limit exists and is
finite

x.

Xu(@) = lin u(vxa(s)) - u(w)

We observe thatif u : 2 — Ris such that 9,,u € C'(€2) forevery j = 1,..., N, thenitis Lie
differentiable w.r.t. the vector field X, and its Lie derivative is given by Xu = Zé\le 00 u
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considered as linear combination of 0, u, . . ., 0, u. On the contrary, the reverse implication
does not necessarily hold.

We introduce the functional space naturally associated with this setting
CZ(Q) = {u e C(Q): Xju, X; X;ue C(Q), forevery i,j=1,... ,ml},

where the derivatives X;u and X; X;u are meant as first and second order Lie derivatives.

We are now ready to give the definition of classical solutions to (3.1.1).

Definition 3.1.2 (Classical solutions for .43). Let f € C(2). We say that a function u is a

classical solution to

mi

Lou(z) = Y ay(2) X Xju(z —I—Zb z) + c(z)u(z) = f(x), x €Q,

ij=1
if u € CZ(Q) and the above equation is satisfied at every point x € €.

The first main result of this chapter concerns the existence of the fundamental solution of
(3.1.1). We begin by recalling its definition (from now on for every set {2 we denote as
Dq = {(x, r) € QX Q} its diagonal).

Definition 3.1.3 (Fundamental solution of .%%). Let Q) be a bounded open subset of RYN. We
say that a function I : (2 x Q) \ Dg — R is a fundamental solution for (3.1.1) if:

1. for every & € Q we have that x — T'(z,£) € C& (Q\ {&}) N LY(Q) and is a classical
solution to 45T (x,&) = 0 for every v € Q \ {£};

2. for every p € C°(Q) the function

wi@) = [ T@ple)ds, we
belongs to C%(Q) and is a classical solution to Lgw = —.

We prove the existence of the fundamental solution under the assumption that the coefficients
belong to the Holder space CZ(€2), defined w.r.t. a distance d related to the Carnot group
structure (see (3.2.3) and Definition 3.2.7 in Section 3.2). In particular we prove that, as in the
non degenerate case, the fundamental solution I belongs to the space Céﬁffc ((Q x )\ DQ) ,
namely the space of functions that, for every €y CC ((Q x Q) '\ DQ), belong C& () with
first and second order Lie derivatives in CZ ().

We summarise below all the assumptions on the coefficients

(H4) For every i,j = 1,...,mq we have a;;,b;,c € C (Q), and there exist a € (0,1] and
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My, My > 0 such that

|aij ()], [bi(2)], |e(2)] < My, vz € Q,
|aij(x) = ai(y)]; bi(2) = bi(Y)], [e(x) = c(y)| < Mad(z,y)%, Vz,y € Q.

Moreover, there exists X > 0 such that A belongs to the uniform ellipticity class
1
M, — {M & Sym,,, (R): IEP < (M(2)€,€) S MEP, Vo e, Ve e le}.

We present the first main result relevant to the fundamental solution. In the following state-

ment, |€2| denotes the Lebesgue measure of 2.

Theorem 3.1.4. Let £ be a differential operator as in (3.1.1) verifying (H1),(H2),(H3) and
(H4). Then, there exists 6y > 0 (depending on M, My and \) such that, if |)| < &, then
there exists a fundamental solution I to £i. Moreover, for every & € Q) the map x — T'(x,§)
belongs 1o C12 (Q\ {€}). Finally, for every f € C&(Q) N L*(X) the function

u@) = [ D@, &)f€)ds, zeq,

belongs to C£"*()) and is a classical solution to Lgu = —f.

We prove this result by employing the parametrix method introduced by Levi in [82] and

[83], where he considered non degenerate uniformly elliptic operators

N
Z (2)0z, 00, +Zb )0, + ().

This method was subsequentially improved by several authors, we quote Kalf [68] and the
bibliography therein among them. Let us briefly describe Levi’s method: we consider
the fundamental solution I'y, = I's,(w,w’) of the constant coefficient operator £, =
> aij(§)0y,0,,;, obtained by freezing at { the coefficients of the principal part of &; the
parametrix is defined as Z(xz,&) := I¢(z,€), and the fundamental solution of .Z is then
obtained from Z by a perturbative argument. A key point in the non degenerate case is that
the explicit expression of the parametrix is available. By using the Holder continuity of the
coefficients and the explicit expression of the derivatives of the parametrix, we can rely on
the singular integrals theory to prove the existence of the fundamental solution to .. Even
though in the degenerate case we do not have an explicit expression for the parametrix, the
estimates developed in [25], alongside a thorough investigation of the convolution of some
singular functions, provide us with the tools we need to adapt the method to the degenerate

case.
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The second main contribution of this chapter is a novel proof of a strong maximum principle
and a Harnack inequality, which we obtain as a direct application of Theorem 3.1.4. These
results rely on the mean value formula developed by Pallara and Polidoro in [91], valid for
divergence form operators and built upon the fundamental solution of the corresponding

adjoint. Thus, we need some additional assumptions on the coefficients

(HS) Foreveryi,j=1,...,my; we have X;a;;, X;b;,€ C (ﬁ), and there exist M, My > 0
and o € (0, 1] such that

|Xjaij(x)|, |Xzbl(l’)| < M17 Vo € Q,
Xyai5(2) — Xjag )l [Xibi(z) — Xibi(y)l, (@) — ()| € My d(z,p)*,  Va,ye Q.

We introduce the operators divg and Vg, that are the extension of the divergence and gra-
dient operator in the non-Euclidean setting of G. In order to give the right meaning to such
operators, we agree to identify a horizontal section F = ;"' F; X; with its canonical coor-
dinates ' = (Fy, ..., Fy,,). Then, for every F € C} (RN , le) and for every real valued
f € CL(RY) we set

mi

dive F = iXF Vof =Y (X /)X (3.1.3)

i=1 =1

If (H1), (H2), (H3), (H4) and (HS) hold, both the divergence form operator and its adjoint
are well defined

Ly (z) = % ai;(2) X Xju(x —i—Z (ZX a;;(z) + b;(z )) Xyu(x) + e(x)u(z),

3,j=1 =1 \j=1

= divg(A(z)Vgu(z)) + (b(x), Veu(z)) + c(z)u(z),
(3.14)

LV u(z) = divg (A(x)Vgu(z)) — (b(z), Veu(z)) + (c(z) — divgb(z))u(z).  (3.1.5)

With a slight abuse of notation, we shall denote by .#%; the divergence form operator (3.1.4)
and by £ its adjoint (3.1.5), so as to keep the notation as light as possible.
We employ the mean value formula in [91] to prove our second main contribution, formulated

in the following two theorems.

Theorem 3.1.5. Let £ be a differential operator as in (3.1.4) verifying (HI1),(H2),(H3),
(H4) and (H5), and let u be a classical solution to Zzu = f in Q. Suppose that ¢ < 0,
f > 0anddivgh — ¢ > 0. If there exists £ € ) such that u(§) = maxqu > 0, then

w(z) =u(§) and f(x) =u()c(x),

for every x € Q. An analogous result holds if u(§) = mingu < 0 and f < 0. Finally, the
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assumption on the sign of u(§) can be dropped if ¢ = 0.

Theorem 3.1.6. Let £ be a differential operator as in (3.1.4) verifying (HI1),(H2),(H3),
(H4) and (HS), and assume that divgh — ¢ > 0. Then, for every H compact and connected
subset of ) there exists Cy > 0 (depending on My, My, X\, Q) and H) such that

supu < Cyinf u,
H H

for every u > 0 classical solution to Lzu = 0.

The proof relies on arguments similar to those usually employed for harmonic functions (see
Chapter 1). We point out the main difficulties encountered when dealing with the degenerate

operator (3.1.4).

Let us consider first harmonic functions. The Gauss mean value formula states that
Au=0 = u(§) = = [ M(z,u(z)d
U= u(€f) = — z, Eu(x)dx
N JB.() ’ ’
Ma.€) = wi', G189

B,(§) ::{xEQ:|£—x|2<r},

where wy denotes the measure of the unit ball in RY. Analogous mean value formula for
uniformly elliptic operators have been proved in Theorem 2.1 in [91]. In this case the kernel
M 1is not constant, but is strictly positive and bounded for sufficiently small r, see (2.5),
(2.6) and (2.8) in [91]. These two properties of M allow to prove a maximum principle and a
Harnack inequality for uniformly elliptic operators, following the same elementary argument
for harmonic functions (see for instance Theorem 2.2 and Theorem 2.5 in [61]). A similar
mean value formula for the degenerate operator .Z;; in (3.1.4) has recently been proved
(see Theorem 3.3 in [91]), unfortunately in this case the kernel is merely nonnegative, as the
following basic example shows. Let us consider on R? the Kohn Laplacian on the Heisenberg
group

Lt = (0, + 2090,,)° + (O, — 2210,,)% = X7 + X3 (3.1.7)

As in (3.1.6), we can represent any classical solution to .Zgu = 0 as

W) =5 [ Malo Oule)ds

|($1 — &1, T — 52)|2
V(@ — )2 + (22 — £)2)2 + 16(x3 — & + 216 — 122)?)

B, (z) = {f € ((371 — &)+ (12 — &)%)+ 16(x3 — & + 1162 — 51902)2)

MH(ZL’, ) =

Y

ST

<r},
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for a suitable positive constant C. We note that My(x,&) = 0 in the line {(:cl, Tg) =
(&1, 52)}. Even though we cannot rely on the fact that infp ¢y M(-,§) > 0, we rely on a
geometric argument that allows us to stay far away from the set { My(z, &) = 0} in our proof
of the strong maximum principle and the Harnack inequality. Specifically, we consider the

integral paths of the vector fields X; and X, starting at £

Yx,6(8) = (S + &1, &, —s& + 53), Vxo,e(8) = (51,3 + &, =&+ 53)7

and we note that My (Vth(s), §) = My (’yXQ,g(s), 5) = 1. This implies that, if we move
along the integral paths of X; and X5, we preserve a positive lower bound for My, as well
as ensuring that it remains uniformly bounded from above. Consequently, we can establish
a local maximum principle and a Harnack inequality by following these paths. Then, this
local result extends globally by using Hormander’s condition (H1), that allows us to reach
every point by following the integral paths of X; and X5. This argument does not depend
on the particular choice of the Kohn Laplacian operator (3.1.7), but applies to every operator
(3.1.4) satisfying (H1),(H2),(H3), (H4) and (HS).

Before outlining the chapter’s plan, let us give some historical background on the topic,
alongside discussing the motivation behind it.

The fundamental solution for operators defined in a sub-Riemannian setting has been stud-
ied since the pioneering works of Folland [54], Rothschild and Stein [106], and Sanchéz-
Calle [109], who proved the existence of the fundamental solution of the equation (3.1.2),
together with its asymptotic behaviour. Later on, the theory of sublaplacians on Carnot
group has been widely extended, and the potential theory for subelliptic operators has been
setup (see [23] for a more extensive discussion). Regarding the fundamental solution for the
constant coefficient operator .2 = }° a; ; X; X, its existence has been proved by Bonfigli-
oli, Lanconelli and Uguzzoni in [28] and [25], employing the lifting techniques developed
in [106]. Thereafter, the extension to the Holder continuous coefficients case (3.1.1) when-
ever b = ¢ = 0 has been extended by the previous authors in [26]. We also quote the
work [35] by Bramanti, Brandolini, Manfredini and Pedroni, where the authors weaken the
regularity assumption on the vector fields { X; }™,.

Provided the existence of the fundamental solution, we give a simple proof of a maximum
principle and a Harnack inequality for the divergence form operator (3.1.4), based on the
mean value formula recently developed by Pallara and Polidoro in [91]. We emphasize that
the authors of [91] extended to the Holder coefficients case the results previously known only
for C'*° smooth coefficients. Such a reduction of regularity turns in a decrease of regularity
of the fundamental solution: indeed, by the results of Hormander the fundamental solution is

smooth if the coefficients are smooth, but is not even C'' when we consider Holder continu-
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ous coefficients (as we have seen in Definition 3.1.3). In particular, this low regularity setting
requires the use of the tools developed in the last years in the field of Geometric Measure
Theory on Carnot groups (see [110] for an overview of this topic). We point out that the
mean value formula is based on the fundamental solution of the adjoint of (3.1.4). In order

to rely on the results of [26] the authors had to require the strict condition

mi mi
by =2 ZXiaij, c= Z XX ai;.
j=1 ij=1
The proof of the existence of the fundamental solution with low order terms allows us to
remove such assumption. We emphasize that our approach is different from that used in [26]:
there, the authors firstly proved the existence of the fundamental solution for the evolution

operator

A = % a;;(z,t) X;X; — O, (z,t) € RN
ij=1

alongside suitable long time estimates. Then, by ¢-saturation and approximation arguments,
the authors proved the existence of a fundamental solution for .#;;. We also quote the article
[34], were Bramanti, Brandolini, Lanconelli and Uguzzoni extended some of the results
of [26], to more general evolution operator of the form

HEG = % a;;(z,t) X, X; —i—%bi(a:, )X+ c(x, t) — 0, (x,t) € Qx (T1,Ts), (3.1.8)

ij=1 i=1

without any underlying Carnot group structure. They proved the existence of a fundamental
solution for (3.1.8), leaving as an open problem the existence of a fundamental solution to
the stationary operator corresponding to (3.1.8), due to the lack of suitable long time esti-
mates.
Let’s briefly discuss about the maximum propagation principle and the Harnack inequality.
We recall that a maximum principle for (3.1.1) with C"*° smooth coefficients was first ob-
tained by Bony in [30] with a barrier argument, and then extended by Amano in [5] for C*
coefficients. We also quote Bonfiglioli and Uguzzoni [29] where, assumed the existence of a
Picone function, a maximum principle for (3.1.1) with continuous coefficients is proved. We
point out that Theorem 3.1.5 reduces the regularity assumption of [5], and does not require
the existence of a Picone function.
Since Bony’s work [30], several statements of the Harnack inequality for operators with
smooth coefficients are available. Concerning operators with Holder continuous coefficients,
we quote Bramanti, Brandolini, Lanconelli and Uguzzoni [34], were they proved a Harnack
inequality for positive solutions to (3.1.8) with ¢ = 0, adapting the method introduced by
Krylov and Safonov in [72]. Clearly, this result implies a Harnack inequality for the sta-
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tionary operator (3.1.1) with ¢ = 0. Our proof of the Harnack inequality for divergence
form operators relies on a different technique, which, however, requires the existence of the
fundamental solution for £ defined in (3.1.5).

This chapter is organized as follows: in Section 3.2 we recall some properties of Carnot
groups; in Section 3.3 we define the tools we need to construct the fundamental solution via
parametrix method; in Section 3.4 we give the proof of Theorem 3.1.4; in Section 3.5, as an

application of Theorem 3.1.4, we give the proof of Theorem 3.1.5 and Theorem 3.1.6.

We give some notational remarks. In this chapter we consistently refrain from restating
the phrase *for 7,5 = 1,...,mq’, as it is always implied. Moreover, for every measurable
set A C RY, |A] will denote its N-dimensional Lebesgue measure, #~~! will denote the
N — 1 Hausdorff measure, v the Euclidean inward normal unit vector and (-, -) the usual

inner product.

3.2 Preliminaries on Carnot group

In this section we recall some properties concerning Carnot groups. For a more detailed

exposition we refer to the monograph [27].

Let G = (RN , 0, 5r) be the Carnot group induced by the smooth vector fields {X;}™,.
We recall that a Carnot group is a homogeneous Lie group, namely a group with a smooth

composition law o and a dilation law {J, },~ that is an automorphism of the group
d(xoy) = (5T(x)) o (&(y)), for every z,y € R, r > 0.

By assumptions (H1), (H2) and (H3), g is the Lie algebra of the group G. Moreover, (H3)
induces a stratification on g
g=Vie...aV,, (3.2.1)

where V; = span{X;}",, Vi1 = span{[X, Y, X € Y € Vk} and {[X, Y, X €
,Y € V,@} = (), with [X,Y] = XY — Y X. We observe that the stratification (3.2.1)
implies that the dilations {J, },~0 take the following form (see Remark 1.4.2 in [27])

o(z) = (mc(l), r2z@® ,7’":1:(”)) , ™ eR™, k=1,... k, (3.2.2)
where m,, denotes the dimension of Vj, for every £ = 1, ..., k. In particular, the number
Q= Z kmy,,
k=1
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is usually called homogeneous dimension of G. A group G with the properties above is often

referred to as Carnot group of step ~ and m, generators.

Let us introduce the distance we will use in the sequel. We call homogeneous norm on G
every continuous function || - [|g : RY — [0, +00) that is positive whenever z # 0, and

0.-homogeneous of degree one
|10-(z)||c = rllz|c, for every r > 0, z € RV,
The corresponding distance is
d(z,y) = |ly " oxl|g, Vz,y € RY. (3.2.3)

We recall two fundamental properties:

1. there exists k; > 1 such that

ﬂ%@ék(ﬂ%8+d@wﬂ7 for every z,y,& € RY; (3.2.4)

2. there exists &y > 0 such that

d(z,y) < kod(y,x), for every z,y € RY. (3.2.5)

We notice that, if &y = 1, (3.2.4) is the classical triangular inequality; for such reason this
property is usual referred to as pseudo-triangular inequality. From now on in this chapter k;

and k, will be uniquely associated with these constants.
We are in position now to give the definition of a suitable Holder space for G.

Definition 3.2.7 (Holder continuous function in G). Let o € (0, 1] and 2 C G. We say that
u : @ — Ris an a-Holder continuous function with exponent o in ) (in short u € C&(2))

if there exists a positive constant ¢ > 0 such that

u(z) —u(y)| < cd(z,y)*,  Vo,y € Q.

By the equivalence of every two homogeneous norms in R”, it will be convenient for us to

use a regular one: we denote as | - | the usual Euclidean norm, then we set

1

K Snl
HIHG = (Z ’m(k)|2f§> 7 2®) e rmx
k=1
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We observe that the corresponding distance d is smooth out of the origin, and this is useful

when we need to integrate d-radial functions over d-radially symmetric domains.

Proposition 3.2.8. Let w € RY, denote as B,.(w) the d-ball of radius r centred at w, and let
f € LY(B,(w)). If there exists some function p such that f(z) = ¢(d(x,w)), then we have

[,y 1@z = Qua [ 597 (s)as,

where wq denotes the Lebesgue measure of the set By (0). In particular, if f(z) = d(z,w)?~@
for some 5 > 0, then

/ d(z, )~y = 992,58, (3.2.6)
B (w) 5

Proof. First we note that the boundary 0B, (w) is a smooth N — 1 manifold, as d is smooth.
Indeed, by Sard’s lemma this holds true for almost every » > (. The assertion then follows
for every r > 0, since OB, (w) is diffeomorphic to 9B, (w) via the dilation d,..

As second, we recall that the Jacobian matrix of the left-translation on G has a lower trian-
gular form with entries equal to one in the diagonal (see Theorem 1.3.15 in [27]).

Bearing these observations in mind, the classical coarea formula gives us

" 1 N-1
J o Pl 0Nz = [ ()= = [ (o) </d<y>:s () “”) o

Taking ¢ = 1, by (3.2.2) we get

T 1
wor? = < dHN 1 ) ds.
9 0 /d<y>=s (Vd(y)| )

Then, by differentiating this identity w.r.t. » we obtain

1
dHN 1 = Qups? .
/d<y>=s (Vd(y)| ) =Que

This proves the first part of the thesis. The second one follows by choosing (s) = s#~%. [

Remark 3.2.9. As a consequence, for every w € R the function v — d(x,w)” belongs
to L (RY) if and only if 9 > —Q. This condition is the counterpart of the integrability

condition for radial functions in the Euclidean setting, where we have () = N.
We conclude this section with the following Stratified Mean Value Theorem.

Theorem 3.2.10 (Theorem 20.3.1 in [27]). There exist constants ¢ > 0 and b > 1 (depending
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only on the Carnot group G) such that

|fly) = f(@)| < cd(z,y)  sup  [Xif(2)],
Z:d(?vjl)ébd(%y)

for all real valued function f € C*(RY) and every x,y € RY.

3.3 Parametrix method

In this section we describe Levi’s method for subelliptic operators, and we define some tools
that we use to make it work. As said in the introduction, for every ¢ € R" we denote by

['4, = I's.(w,w’) the fundamental solution of the following constant coefficients operator

mi

LA, = Y a(§)XiX;

ij=1

obtained by computing the coefficients of the principal part of (3.1.1) at the point £. We
call parametrix the function Z(z,§) := I's,(z,§). We seek for a fundamental solution I" by

using the parametrix
['(x,8) = Z(x,&) + J(x,§),

where J is a correction term that we assume of the following form
J@,6) = [ 2.y, E)dy. (33.1)
for some unknown function G. We seek a GG such that I is a classical solution to
0=%c0(x, &) = LeZ(x, &) + LsJ(x,§), for every x # €. (3.3.2)
We look for a GG such that we can differentiate J as follows
Lod(@.6) = [ LeZ(x.y)Gly.€)dy - C(a.). (333)
Then, combining (3.3.2) and (3.3.3) we get the following equation for G
Gla,) = Lo2(0,€) + [ LoZ(w,y)G(y.E)dy, (334
which is a Fredholm integral equation of the second kind. If €2 is such that

sup | | LeZ(x,&)|dE < 1,
zeN /Q
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we solve (3.3.4) by means of successive approximation method, obtaining

oo

G(x,8) =Y (L2)i(x,8), (3.3.5)

k=1

where (£;2), = £ Z and

(LeZ)en(@.6) = [ (LeZ)(o.y)(LeL)ely. O)dy.

Therefore, our aim is to prove that the function GG in (3.3.5) solves (3.3.4) and that (3.3.3)
holds. Having shown this, it is straightforward to prove that I" is a fundamental solution.
To this end, we need to study the regularity properties of (3.3.1), which in particular depend
on the regularity of the parametrix Z. With the purpose of taking the Lie derivatives un-
der the integral sign, we need accurate estimates for the parametrix, that we recall to be a

fundamental solution for an operator with constant coefficients.

Theorem 3.3.11 (Theorem 2.5 in [25]). Let A= (&ij);”jl:l be a constant coefficient matrix in

the class M. Then, there exists a fundamental solution I"y € C'*° ((RN x RN)\ DRN) for
g(&A = Z (]/”XlXJ
j=1

Moreover, for every integer p there exist two positive constants cy, cx, such that for every
i1,y €{1,...,my} and x # & we have

Cld(x,f)Q_Q <Ta(z,6) <exd(z, €27, (3.3.6)
A
X, - X3, Da, )| < expd(, €279 (3.3.7)

In particular, there exists a homogeneous distance d s on G such that "y = di{Q.
Lastly, if A, and A, are constant matrices belonging to the class My, the following bounds

hold for the fundamental solutions of the corresponding operators £i 4, and Z5 a,
Xy X3, Ty (2,€) = Xy X, Dy (2,9)] < eny [ Ar = Ao d(w, > 977, (33.8)

for some ¢y, > 0. Here ||A| = max |AE

, and we recall that . denotes the step of G and ()

its homogeneous dimension.

Note that, in view of (3.3.6) and (3.3.7), we have to deal with convolutions of homogeneous
functions in order to guarantee the convergence of (3.3.5) and the validity of (3.3.3). To this

end, we give four auxiliary results concerning integrability of singular functions.
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Proposition 3.3.12. Let ), be a bounded subset of RN. Let g,h € C ((ﬁl X Ql) \ D§1)
such that there exist 3,7, c > 0 such that

l9(2, O] < cd(@, )79, |h(z, )] < cd(,€)7¢, (33.9)
for every x,& € Qy, x # &. Then the function

f(z,6) ;:/Q gz, h(y O)dy,  (2.6) € (2 x )\ Dy, (3.3.10)

1

is continuous in (ﬁl X §1> \ Dg,. Moreover, f can be extended to a continuous function in
(ﬁl X ﬁl) if B+~ >Q, while if B+~ < Q there exists C' > 0 such that

f(z,8)] < Cd(x, )€, (3.3.11)

Proof. We preliminarily remark that, by (3.3.9), y — ¢(z,y) and y — h(y, &) belong to

LY(Qy) for every z,& € Qy, as follows from Remark 3.2.9. The function (3.3.10) is well

defined then, and the continuity w.r.t. one variable when the other one is fixed is straightfor-

ward. In order to prove the joint continuity, we fix (z,¢), (2o, &) € (ﬁl X §1> \ Dg, and

define a := d(xo,&y). Then we recall (3.2.4) and (3.2.5), and we set k := max {k%, klkg}.

We take ¢ > 0, b > O such that 0 < £~! — 2b < 1, and ) > 0 such that < ba. We have
F(@,6) = flao,&o) = [ lo,y) = glao, )] by, E)dy

Q

+]
1951

! (3.3.12)
[h<y7£) - h<y750)] g(mo,y)dy = [1 + [2-

Let us focus on [, that we split as

L z/mBn(m) l9(z,y) — g(x0,y)] h(y,§)dy

+ /Ql\ l9(z,y) = g(xo, )] Wy, E)dy =: Jy + Ja.

Bn(wo)

We choose without loss of generality = and ¢ such that d(z, zo) < 7, d(§,&) < ba. Then,
forall y € B, (xo), we have

d(zo, &) < ki (d(ﬂfo, y) + d(%ﬁo)) <k (kzd(%ﬂfo) + k1d(y, §) + kld<5>€0)>'

From this estimate it follows d(y,&) > a <k*1 — 213), which implies that the function /£ is

continuous and bounded in the set {2y N B, (o). Moreover

d(y, ) < ki(d(y, o) + kod(x, 10)) < k (d(y, 20) + d(x, 30)) < 2k,
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where k := max { k1, k1ks } > 1. Therefore, by (3.3.9) there exists ¢; > 0 such that
y

| 1] < 62/ d(y, &) d(z,y)" “dy
QlﬂBn(SEo)

+ 02/ d(y, &) “d(wo,y)" “dy

1 AN\TQ
< (a ( — 2b>) (/ d(z,y)"dy + / d(xo, y)ﬁ_Qdy>
k By, (@) By (o)

o) ),

as follows from (3.2.6). We conclude that |.J;| < ¢ for 7 sufficiently small.

We examine .J, now: let us choose R > 0 such that for all £ € 2; we have QO C Br(&),

cwQQRY

and set 0 := . Since g is uniformly continuous in (Ql N By (mo)) X (ﬁl \ Bn(x0)>,

there exists a positive constant ¢, and d; € (0, g) such that
€
d(z,20) <01 = |g(2,y) — g(z0,y)| < —,

for every y € (ﬁl \ Bn(x0)>. As a consequence, by (3.2.6) we find

3 9
Bl < e[ deCdy< e[ ey =<
Q1\Bp(xo) 0 JBRgr(§)

R(

We estimate I5 by the same argument, so we conclude that f € C ((ﬁl X ﬁl) \ Dﬁl)'

Let us show that 8 + v > Q yields f € C (ﬁl X ﬁl). We note that if 3 + v > @, then by
Proposition 3.2.9 the integral (3.3.10) converges in {2; x €2;. Therefore we just need to prove
that, when {, = xy, /; and /5 in (3.3.12) are bounded by ¢ when d(z, x¢) and d(&, =) are
sufficiently small. By (3.3.9) we get

L] < CQ/Q d(z, )" 9d(y,£) “dy

(3.3.13)
+62/Q d(xo,y)"~d(y, &) %dy == J; + J.

Since €24 is bounded, there exists j, > 0 such that

Q¢ = {w eRY:¢o da(ze)W € Ql} C B, (0), for every z,£ € Q.

Let us choose j > jg and (z,§) € (Ql X §1> such that d(zg, &), d(z,€) < 3%0 x # & In
the first integral J; in (3.3.13) we set u := gz 0-1({' 0 2), w = Gy e-1({! o y) and

Ty 1= m, while in the second integral J, we make the same change of variable with x
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instead of . We obtain

02

Ll = Gy

(/ d(w)"™9d(u, w)?~?dw
BTz (O)
(3.3.14)

+ d(w)"~9d(u, w)ﬁ_de) :
B’rzo (0)

We estimate the first integral in three steps. By (3.2.4) and (3.2.6), since d(u) = 1 we get

/ d(w)"d(u, w)?~dw
By (0)\B2(0)

< d(w)""9d(w)’~?dw

By (0)\B2(0)

ca Qg
JCB+y = Q)

< cg/ d(w)P 29w <
BT‘x (0)
for some c;, co > 0. By the same argument we get

d(w)"™d(u, w)?Cdw < 27_Q/ d(u, w)’~?dw

./BQ(O)\B% (0) B3(0)

<o (1dw) Cdw < e[ 2P Cdw+ 270 [ d(w)? 9w = cs,
Bs(0) B1(0) B2(0)\B1(0)

for some c3, ¢4, c5 > 0. Finally, applying the same reasoning yields

/ d(w)"d(u, w)?Cdw < 66/ d(w) ™ dw = .
B1(0) B1(0)

1 1
2 2

for some cg,c; > 0. Therefore, since the same arguments hold for the second integral in

(3.3.14), we infer the existence of some }, C' > 0 such that

62

C
(jjo)P+1— (C T jBJerd(x,y)ﬁJr'yQ) <é€

L] <

if 7 > j. Similarly we estimate I,, concluding that f € C ((Ql X §1> \ Dﬁl)'

It remains to establish (3.3.11). From (3.3.9) we obtain
P < e [ da.y)2dly, &y = 1.
1

By setting z = £ o iy we get

1
0, d(2)977d(x,§ 0 2)QF

I=¢? dz,
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where we have set (), := {z ERY : oz Ql}.
The change of variable z = 04, ¢)(w) yields

_[ — C2/ d(l’7£)Q
% d(x, £)28d(w)2d (3461 (€ 0 2) ,w

)Q*B ’

where 3 := {w e RN . daze) (W) € Qg}.

Having “5d(x,§)—1 (f_l o I’)’ G
constant ¢; such that

= land 4+ v < @, we deduce the existence of a positive

1

I=¢cd(x, )¢
2 d(w)Q-d (5d<x’£)-1 (E1ox) ,w)

Q-n dw S Cld<x7 £)V+57Q7

since Proposition 3.2.9 implies that the last integral is finite. This concludes the proof of

(3.3.11), and hence of the proposition. 0

If the functions g and h are more regular, the function f defined in (3.3.10) is more regular

as well, as the propositions below show.

Proposition 3.3.13. Suppose, in addition to the hypothesis of Proposition 3.3.12, that > 1,
X;9(-,6) e C (U \{&}) and | X;9(z, )| < cd(z,£)°? for some o, c > 0. Then X; f(-,€) €
C(n\{¢}) and

Xif @)= | Xigla.y)h(y. E)dy.

forevery & € Qi and x € Q1 \ {£}.

Proof. By Proposition (3.3.12) the function
v@) = [ Xiglw,yh(y, Oy, =€\ {€},
1
belongs to C’(Ql \ {§}) for every & € ;. We claim that v = X f.

Letn € CY(R)suchthat 0 <n < 1,0 <71 <2,n(t)=0ift < landn(t) = 1ift > 2.
For every € > 0 we define

wle)i= [, oo (20 ) un s, e\ (90

1

Since 7 (M> = 0if d(z,y) < ¢, we have w. € C{(Qy). We pick some ¢ > 0 such that

£

d(y, )P~ is bounded for every y such that d(x,y) < 2¢. Then, by the assumption on g and
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X,g, we get
|v(z) — Xiwe(z)]

< fu (o

/:py <2
/xy <2

| /\

1t ) + g )| Iy, €y

( z,y) ¢ n d(%y)”—Q) d(y,£)"dy

| /\

d(z,y)<2e

K (1-mn (d(i’ y>>> 9(16,1/)] h(y,€)| dy

=3 (5" + 57_1),

for some c;,co,c5 > 0. Thus we have uniform convergence on every compact set, and

since by the same argument it is easy to see that w. converges uniformly to f, the thesis

follows.

O

Proposition 3.3.14. Suppose, in addition to the hypothesis of Proposition 3.3.12, that there

exists n € (0, 1], ¢ > 0 such that

l9(71,&) — g(x2,§)| < ¢ d($1,$2)7’(d($1, &)@+ d(ﬂ%f)fQ),

(3.3.15)

forevery x1,1x9,& € Qy withd(§, x1) > 2d(x1,x5) > 0. Then, set i :== min{3,~}, for some

C > 0 we have

£ (21,€) = f(w2, )| < C dlwr, 29)7 (d(w1, ) + (2,6 9),

forevery x1,15 € Qyand § € Oy \ {1, 22}, witho € (0,n) and 0 < pu.

Proof. Letus seta := d(x1,x2) > 0,and fix £ € Q; \ {z1,z2}. We have

Fl@1,€) = Fle2.©) = | lg(ery) = glaa y)lly. Ody

1

N Q1N Ba2q (1) (21, y) = g(x2,y)]h(y, §)dy

+ /Ql\Bza(xl)[g(m,y) — g(z2,y)]h(y, §)dy

By (3.3.9) and (3.3.15) we get

[f(21,€) = f(22,€)] < er(d(wr,22)"1y + L),

(3.3.16)
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for some ¢; > 0, where

[::/ d(z1,9)"9 + d(z2, )] |h(y, ©)|dy,
U= ) s [ 9) ™ d(a )0 0y, €)ldy

L= / (w1, 9)"9 + d(w2, )] Wy, ) |dy.
Q1NBaqg(x1)

We first focus on /;. Preliminarily, if we set k := k1 ko, we observe that

6.9) < 5pd(1,€) = d(a1,9) > 5d(w1,€). B3.17)

Indeed by (3.2.4) and (3.2.5) we have

d(mhf) S kld($1ay) + kled(éa y) S kld(mla y) + ;d(l’l,f)

We employ this relation to bound ;. If we set R := diam (€;), by (3.3.9) and (3.3.17) we
get

d —|h d
— 1L

-/ L d@,y) @Ry, ©)ldy
QI\BQQ(Il)v d(f,y)zﬁd(m,é)

n /91\ d(z1,y) | h(y, &)|dy

BZa(xl)v d(é,y)<ﬁd($1,£)

S C1 d(l’l,g)v_Q\/ d(yvxl)_Qdy

2a<d(y,z1)<R

+erd(m, €)@ [ d(y, €)%y
d(€,y)<gd(z1.6)

= cyd(x1,£)77¢ [/Rcis + 03]

7% (n () 1)

for some ¢y, co, c3 > 0. Similarly, by using the same argument as above, we prove that

) O, Oy < crd(an )2 (1 () 45,
1\ 2a

B (1)

for some ¢4, c5 > 0. Therefore, recalled that « = d(x1, z5) and p < +y, we infer that for every
¢ > 0 there exists C; > 0 such that

I < Crd(zy,w2)° (d(ﬂclag)“_Q + d($2,§)”_Q) : (3.3.18)

The integral I, it is similarly treated. Indeed as follows by (3.3.17), d(y,z1) < 2a and
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d(&,y) < g d(21,€) imply 5-d(21,€) < kid(y, z1) < 2ak,. Hence

d A=Q|p d
Lo o A1) Iy )y

d(z1,y)" |h(y, ©)|dy

/91032a(f61)7 d(&y)Zﬁd(rhé)

d(z1,y)"9|h(y, ©)|d
/smBQa(md<z,y><2;1d<m,s) (w1, 9)"Ihly, )|y

< epd(m, &) /

Bag(x1)

A, y)" Oy + v d(e, €7 [ d(y,¢) %y
d(é,y)<2ak1

= C2 [d(lﬂh f)v_Qd(lUl, 332)[3 + d(ﬂfh f)ﬁ_Qd(iUl, QJQ)W} )

for some ¢y, co > 0. Similarly, we have
/ d(2, )"~ h(y, €)|dy
QlﬂBga(wl)
S C3 (d(x% g)v_Qd(l‘h x?)ﬂ + d(x27 g)ﬁ_Qd(xla :L,2)’Y) 5

for some c3 > 0. Hence, there exists Cy > 0 such that
Iy < Cyd(wy, )" (d(w1, &) + d(w2, )" ?) . (3.3.19)

In conclusion, by (3.3.16), (3.3.18) and (3.3.19) we obtain the desired bound for (3.3.16). [

Proposition 3.3.15. Let Qg O Qy be such that 0€) is a smooth N — 1 manifold. Suppose
that g € C’é((ﬁo X ﬁo) \ Dﬁ()) is such that

| Xig(z,8)| < cd(z,6)° 9, (3.3.20)

for some > 2, ¢ > 0 and for every x,& € Qg,x # & Let h € C ((ﬁl X ﬁl) \Dﬁl)’ and
assume that for every & € Qy, y — h(y, &) belongs to C&(2) for some o€ (0,1]. Then the

function

&) = | gl yh(y.Ody, (2.6 € (2 x )\ Day,

1

belongs to C% (Qy x Q1) \ Dq,. Moreover, if we set h(y, &) = 0 for all (y,€) € (QO \ﬁl) X
1, we can represent the second order Lie derivatives of f as

XX f(.8) = [ XiXja(w.y) [h(y.€) = h(z. )] dy

(3.3.21)
—h(@.8) [ Xglr.yn)dn ()
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for every (x,€) € (0 x Q1) \ Dq,. Here, we have set U; := -\, piv;, having recalled that

Proof. We fix £ € ()4, and we first notice that by (3.3.20) and Proposition 3.3.13 the function
w(w, ) = X;f(@,8) = | Xjgla.y)h(y. )dy.
0
is continuous for every = # £. Let us set

o(e.§) = [ XiXj9(w.9) [h(y.€) — h(x. )] dy

Fh6) [ Ko y)ndH (),

that is well defined, thanks to (3.3.20) and the Holder continuity of h. Take 7 as in the proof

of Proposition 3.3.13, and for every € > 0 set

d(z’ y)> h(y,§)dy.

i) i= [, Xt (

Qo
By the same argument employed in the proof of Proposition 3.3.13, we have that w. — w
uniformly on every compact set. Moreover, X;w. € C’(Ql \ {¢ }), and by differentiating

under the integral sign we get

Xuoie.9) = [ X (Xaten (22 ) o, 00

0 g
d(z,y)

= Jo, i (ng(% y)n (

wnie©) [ X (Xatom (M) ) ay

= Il + [2.

In order to prove that f € C2 (€ x Q1) \ Dgq, and that the representation formula (3.3.21)
holds true, it only remains to prove that X;w. — v uniformly.

Let us examine /5: by the divergence theorem we get

d(z,y)
19

= -nte.©) [ Kot () s )

d(@,y)
€

By the definition of 7, we see that there exists € such that n ( ) = 1 whenever z € ()

and y € 0¢), therefore for every ¢ < £ we have

= —h(z.€) [ Xgla.y)m)dH" ().

41



Chapter 3. Fundamental solution, maximum principle and Harnack inequality for second
order subelliptic operators

Exploiting the Holder continuity of h, for every € < € we conclude that

|U<JJ, f) - Xiw€<x7 5)‘

d(z,
< (1= (22)) Xiato)] 1006 -t 61
d(z,y)<2e £
1
<o [ g )+ IXiXg(e )| b, ©) — b, Ol dy
d(z,y)<2 LE
< Cﬁ/ d(z,y)* ' Cdy + 02/ d(z,y)* Uy < cse°,
€ Jd(z,y)<2e d(z,y)<2e
for some ¢y, ¢o, c3 > 0, and then the thesis follows. U]

3.4 Proof of Theorem 3.1.4

We recall that by assumption (H4) we have

|aij ()], |bi(x)], [e(x)] < M, Vo e Q,

(3.4.1)
|aij(x) — ai;(y)], [bi(x) = bi(y)], |c(z) — c(y)| < Mad(x,y)", Vr,y € Q,

for some M7, My > 0 and « € (0, 1]. In order to simplify the exposition, we suppose that

the number % is not an integer. Since 2 is bounded, this assumption is not restrictive.
We first show a preliminary result for the parametrix.

Lemma 3.4.16. There exists c; =cy (M, Ma, \, Q) > 0 such that
| Lo Z(x,6)| < erd(e, )79, Ve,£€Q, (3.4.2)

moreover || < |Qs| implies c1(My, Mo, A\, Q1) < ¢ (M, My, A, Q).

If in addition d(z,y) < 5= d(x, £), then there exists co=co( My, My, X, Q) > 0 such that
2k1b

LoZ(w, &) = LeZ(y,€)| < ead(w,y)* [, €)% +d(y, )79, (343)

moreover || < |Qo| implies co( My, M, X, Q1) < co( My, Ma, X\, Qs). Here, ky is the con-
stant of the pseudo-triangular inequality (3.2.4), while b is the constant appearing in Theo-
rem 3.2.10.

Proof. The first inequality follows from (3.3.6), (3.3.7), (3.4.1) and the boundedness of (2,

since

LoZ(r.6) = 3 (0y(e) = 0(©) XX, Z(0.€) + D W) XZ(r.) + () (2,0),
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The proof of the second inequality relies on Theorem 3.2.10. We have

| LeZ(x,8) — L62(y,§)| < Z|% — ai;(Y)|| X X;2(y, €)|

i,7=1

—:1

+ Z |aij(z) — aij ([ X X;Z (2, §) — XiX;Z(y, E)|

i,7=1

—:1s

+ Zlb YIIXiZ(y, €l

—:13

+ Z|b IXiZ(x,§) = XiZ(y, €)|

=:14

+[le@) — 2w 91,
@126 — 2(1.9)]

::IG‘

As before, the terms I, I5 and I5 are bounded by cyd(z, y)*d(y, £)~@ for some positive c;
that depends on M7, M, A and ().

We claim that there exists some ¢ > 0 such that

|Z(£L‘,€) - Z(y7£)| S C d(fE, S)l_Qd(xay)a
| XiZ(x,€) — X: Z(y,€)| < cd(x, &)~ %d(z,y), (3.4.4)
1XiX;Z(x,€) — XiX;Z(y,€)| < cd(x, &) %d(x,y),

whenever d(x,y) < 2k p d(z,§). As a consequence of the above inequalities we conclude
that also Iy, I; and I are bounded by cyd(x,y)%d(y, €)%, Indeed, by (3.4.4) the estimate
is straightforward for I, and I, by the boundedness of () and (3.4.1). Moreover, it plainly

follows for the second term as well, since by (3.4.1) we get
Jaij () — ai; (6)] - | XiX;2(2,€) = XiX; Z(y, )| < My e d(x, €)™ %d(x, )",

and we conclude reminding that by assumption d(x,y) < ﬁ d(z,€).

- 2b—
It only remains to prove (3.4.4). Let € C'(R) such that 0 < n < 1,n(t) = 0ift < ST L
andn(t) = 1ift > 222; - We observe that, since k; > 1, we have 7)(1) = 1. With the purpose

of proving the first inequality in (3.4.4), we fix z # ¢ and we apply Theorem 3.2.10 to the

function w — Z(w, &)n (2(“}’5)). We obtain
d
{xzeon (509}

(€X9)

200 (528) - 20,900

< cd(z,y) sup
z:d(q:,z)ﬁb d(z,y)
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for some absolute ¢ > 0. We observe that, since d(z,y) < ﬁlb d(x,§), by the pseudo-
triangular inequality (3.2.4) we have

d(w.6) d(z.6) _ 21

d(z,€) d(x,§) — 2kib

Then, by the definition of 7 and (3.3.7) we get

|Z([E,f) - Z(y7§)| < d(x7§)1—Qd(l.7y)’

for some c; that depends only on A\. We conclude the proof observing that the second and

third inequalities follow by the same argument, by using p = 2 and p = 3, respectively. [

Proof of Theorem 3.1.4. Our main aim is to prove that a fundamental solution for (3.1.1)1s
given by
D(.§) = Z(x.8) + | Z(x,)Gly. O)dy. (34.5)

where Z is the parametrix and G is defined as

Gl,6) = Y (LoD (. €), (3.4.6)
k=1
where (£62)1(x,&) = Z6Z(x,€) and
(ZeZ)ien(@.6) = [ (LeZ)i(w.9)( LoDl E)dy. (347)

We divide the proof in several steps.

Step 1. We show that, if || < Jy for some g > 0, (3.4.6) is the unique solution of
Glw,§) = ZoZ(w,€) + | LoZ(x,y)G(y,E)dy. (34.8)

To this end, we introduce the operator 7" : C (ﬁ X ﬁ) - C (ﬁ X ﬁ) defined as follows

Tf(0,€) = | LeZl@y)f(y.Ody. ¢l

which is well posed due to (3.4.2) and Proposition 3.3.10. Since €2 is bounded, there exists
a positive R = R(2), such that 2 C Bg(z) for every € Q. Then, by (3.4.2), (3.2.5) and
(3.2.6) it holds

ez olde < |

R\ZT

)0 = 2L e
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for some positive ¢; = ¢; (M, M, A, ), that does not increase if |2| decreases. This implies
that there exists g > 0 such that

sup | |ZLeZ(x,€)|dE < 1, (3.4.9)
zeQ JQ

whenever |Q] < &y. If (3.4.9) holds, the Neumann series >3, T* f converges uniformly.
Then, once we show that there exists m € N such that (£;2),, € C (ﬁ X ﬁ), the series

ki T (LaZ)nl(2,6) 27 S (Lo 2w, )

=i k=m

converges uniformly, and thus (3.4.6) solves (3.4.8). Indeed we have
[, 2622960,y =3 [ Lo ) L) (0,
=3 (L Z)ar (1) = O, — L62(x.).
Moreover, (3.4.9) guarantees that the integral equation (3.4.8) has at most one solution.

We prove that there exists m € N such that (£ 2),, € C (ﬁ X ﬁ) by induction: we show
that for every £ € N there exists ¢, > 0 such that

(LoZ0le,6) < (e, 09, it k<D, (LZu.O) <a if k> 2,
(3.4.10)
and
Q Q

(Zs2), € C(QAxQ\ D), if k< = () cC(QxQ), if k> =

(3.4.11)

Since the parametrix Z(z, &) is smooth when = # ¢ and the coefficients are continuous,

we infer (£;2); € C (ﬁ x Q\ Dﬁ). Moreover, by (3.4.2) we conclude that (3.4.10) and
(3.4.11) hold for k£ = 1. Suppose now true the claim for k: since

(ZeZ)in(@,6) = [ (LaZ)i(a.y)(LeDulw, E)dy,

by Proposition 3.3.12 it follows that (3.4.10) and (3.4.11) hold for £+ 1. We end by choosing
m> <.

Step 2. We prove that for every £ € ) we have that z — ['(z, &) € CZ(Q\ {£}) N LY(Q).
By (3.4.10) there exists C, = C1 (M7, M, A, €2) > 0 such that

G(2,6)| < Crd(x,£)*9. (3.4.12)

45



Chapter 3. Fundamental solution, maximum principle and Harnack inequality for second
order subelliptic operators

From (3.3.6), (3.4.12) and Proposition 3.3.10 it follows that
D6l = 26,8 + [ 2@ pGlu.dy| < cd@ 0, 3413

for some ¢ > 0. This implies that T'(-,§) € L'(Q) for every £ € €, according to Remark
3.2.9.
Next, we prove that I' belongs to C’é( (QxQ)\ DQ). Since Z is smooth in (2 x ) \ Dg,

we only need to prove that

J@,6) = [ 2(@.y)Gy. E)dy. (3.4.14)

belongs to Cé( (QxQ)\ DQ). According to (3.3.7), (3.4.12) and Proposition 3.3.13, we
infer that J € C’é( (QxQ)\ Dg) and

therefore I' € C’é( (QxQ)\ DQ). To prove the C% regularity, we introduce the function

(x,y)—Ta,(x,y), where I" 4 is the fundamental solution of the constant coefficient operator
mi
Lo, = Z Qi (fE)Xin-

ij=1

We fix > 0 such that z ¢ B, (), and we write .J as follows

T8 = [ 2G)CwOdy = [ Z(w,9)C(y.E)dy
[ (Z00) = Tago.0)) Glv. )y
+ /Q\Bn(ﬁ) FA(Z‘) (QT, y)G(y7 f)dy

= Jl(l‘,§> + J2($,§> + J3(l‘,§)

(3.4.16)

Since Z(-,&) € C>*(Q\ {£}), from estimate (3.4.12) and Proposition 3.3.13 we infer that
J1 € C2((2x Q) \ Dy) and

XiX;Ji(z, &) = X, X; /B7<s> Z(x,y)G(y, §)dy = /B o XiX;Z(x,y)G(y,&)dy. (3.4.17)

Moreover, since a;; € C& (ﬁ), by (3.3.8) we get

1 XiX;Z(2,6) = XiXjTa, (2,€)] < e d(x,€) 7,
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for some ¢; > 0. Thus by (3.4.12) and Proposition 3.3.13 we have J, € Cé( (Qx0)\ DQ)
and

XiXj (2, §) = XiX; (Z(z,y) = Ta,(z,y)) Gy, §)dy
Q\By(£)
= (XiX;Z(2,y) = XiX;Ta, (2, 9)) Gy, §)dy.
O\By(§)

(3.4.18)
It only remains to prove that J; € Cé( (QxQ)\ DQ). To this end, we prove that y +—
G(y,§) € Cg (Q \ Bn(f)) for some 0 < o < 1. Then we conclude by Proposition 3.3.15,
reminding that Ty, € C™ ((RN x RV ) \ D]RN> and taking into account estimate (3.3.7).

To show this Holder regularity, we recall that G solves
G(z,§) = ZLoZ(x,§) + W(x, ), (3.4.19)

where

W(w.8) = | Zez(@.y)Gly,Ody.

Being Z (-, £) smooth in RV \ {£}, by assumption (H4) we have 4 Z(+,€) € C& (Q \ B, (f))
for every o < a. We conclude observing that, by (3.4.3) and Proposition 3.3.14, there exists
a positive constant ¢, and o € (0, ) such that

W (1,6) = W (w2, €)| < €2 d(wr, )7 (d(w1, )" + dlw2,)* %) . (3.4.20)

Step 3. We prove that for every £ € () the function I" defined in (3.4.5) solves ZGI'(+,£) = 0
in Q\ {¢}. To this end, we examine the action of the differential operator Y- a;;(z)X;X;
on the function J defined in (3.4.14). We consider again the splitting (3.4.16): (3.4.17) and
(3.4.18) yield

iJZIXinaij<$) /B o Z(2,y)G(y,&)dy = /B o le XiXjaij(z)Z(2,y)G(y, §)dy,
”21 Z J%(x)/sz\Bn(s)( (@,9) = Ta. (2, y)) Gy, €)dy

= oo (Z XiXja(2)Z(x,y) — > XiXjai;(x)Da, (z,y) | Gy, £)dy.

i,j=1 i,j=1

(3.4.21)
We focus on the second equation in (3.4.21). As "4, (z,y) solves
Y aij(2) XiX;Ta, (z,y) =0, (3.4.22)

4,j=1

47



Chapter 3. Fundamental solution, maximum principle and Harnack inequality for second
order subelliptic operators

if z # y, we get

i,j=1 i,j=1

/Q\B ©) (% al](x)XzX]Z(x7y) - % aij(m)XinFAz<x,y)) G(y,g’)dy

= lim a;; () X; X Z(x,y)— a;; () X; XUy, (2, Gy, &)d
€0 J(Q\ B, (€))\B-(z) (”zzzl i (@) iZ(,y) ”2::1 i(2) ia( y)) (y,§)dy
= lim a;; () X; X Z(x,y)G(y, €)d
lim (Q\Bn@)\Bg(m)i; (@) XiX; Z (2, 9)G (y, €)dy
=PV > aij(2) X X;Z(z,y)Gy, £)dy.

O\By (&) ;=1
(3.4.23)

It only remains to deal with the term J5 in (3.4.16). More precisely, we analyse
ai-xXiX-/ Lo, (z,y)G(y, &)d
> a0 XXy | Tan@9)G)dy

ij=1

For every » > 0 we set

V() = {y e RN Ty, (z,y) > i}

We first observe that, since I'4, (x,y) is smooth for x # y, by Sard’s lemma there exists
R > 0 such that 0vg(z) is a smooth N — 1 manifold and Q2 C ¢ g(z). Therefore, we can
apply Proposition 3.3.15 with Q; = Q \ B, (§) and Qy = ¢g(x), concluding that

JZ::l e T
:/w ()Zam )X X;Ta, (2, ){G(y,&)—G(w,g)}dy
RWT) 4 =1

GO [ 3 ay@)X,La, (o y)dH o).

231

From (3.4.22) we deduce that the first integral in the right-hand side vanishes, moreover from

Theorem 3.5 in [23] it follows that the last integral equals 1. Thus we infer that

mi

> ai(2) Xi X; T (2, )Gy, &)dy = —G(x, ). (3.4.24)

ij=1 A\ By (§)

By (3.4.15),(3.4.16),(3.4.21), (3.4.23) and (3.4.24) we conclude that

XGAZ(x,y)G(y,S)dy = AXGZ(I,y)G(y,E)dy— G(z,§). (3.4.25)
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Then, the function I" defined in (3.4.5) solves ZI'(x, &) = 0 for x # &, as G solves (3.4.8).

Step 4. We prove that for every ¢ € C2°(£2) the function

wiz) = [ T(z,OpE)ds, (3:4.26)

is a classical solution to Z5w = —p. The CZ regularity plainly follows from the same
arguments we have used above for the C2 regularity of I'. Then we observe that, by the same
reasoning that gave us (3.4.25), if f € C5(€2) for some § € (0, 1] we have

Zs [ Z(@.9)f(©)ds = | LZ(x.O)f(€)ds ~ f(). (3:4.27)

Moreover, by (3.4.19),(3.4.20) and Remark 3.2.9 the function

| G0

belongs to CZ(€2) for every § < a. Then

Ze [ Z(x,9) | G.E)e()dedy
(3.4.28)
= | Laz(e.y) [ Gl Op(€)dedy — [ Ola.E)e(e)de.

By (3.4.27) and (3.4.28) we conclude that

Zs [ T, 00p(©)ds = Zs [ Z(.9p(€)ds + [ [ Z(x.y)G(y.Op(€)dyds
= —p(a) + [ (LoZ(@.6) = G2, p(©)d + | LeZ(r,y) | Gly.E)p(©)dedy

— o)+ [ (Le2(0,6) - G@.&) + [ Z6Z(w.9)Gly. dy) pl€)dé = —p(a),
(3.4.29)
as (7 solves (3.4.8).

Step 5. It only remains to prove the C™ regularity stated in the last part of Theorem 3.1.4.
We show that for every ¢ €  the function z — T'(z, ) belongs to CZ15.(Q2 \ {£}), and that
forevery f € C*(2) N L'(Q) the function

u@) = [ T@0f(©ds,  weq,

solves .Zzu = — f and belongs to the space C&T*(Q).

The first claim follows from Theorem 1.4 in [43]. Regarding the second, it is straightforward

to prove that u verifies the equation, following the steps made to prove that (3.4.26) solves
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Zcw = —p. Indeed, if f is Holder continuous we remind (3.4.27). Moreover by (3.4.19),
(3.4.20) and Remark 3.2.9 the function

/Gwy y)dy,

belongs to CZ(2) for every § < «, inferring the validity of (3.4.28) and hence concluding as
in (3.4.29). Finally, the C%™ regularity follows again from Theorem 1.4 in [43]. U

3.5 Maximum principle and Harnack inequality

We now employ the previous result to prove a maximum principle and a Harnack inequality
for (3.1.4). With this aim we apply the mean value formula developed in [91], that holds for
divergence form operators. We recall the notation (3.1.3), (3.1.4) and (3.1.5) provided in the
introduction. Hereafter in this section we denote as z a generic point in {2, and we choose
R > 0 such that Br(z) C Q and |Bg(z)| < dy, with § given by Theorem 3.1.4. In Bg(z),
as proved in Section 3.4, there exists a fundamental solution I to (3.1.4), and a fundamental

solution I'* to (3.1.5). Given their existence, we can use the mean value formula in [91].
For every x,§ € Br(z) and o > 0 we set

_ 2(Q—1) g
@-2 INCRINE (3.5.1)
2(6) = {u € Balz) : T"(0.) > 2},

Mg (x,§) =

The following representation formula holds true.

Theorem 3.5.17 (Theorem 3.3 in [91]). Let [ € C(BR(z)), and let u be a classical solution
to Zsu = fin Br(z). Then, for every & € Bgr(z) and for every o > 0 such that ,(§) C
Br(z) we have

QQ / Mg(z,&u(z)dr + — / ( / (divgb(x) — c(x)) u(gg)dgg> ds

@QQ <Q /QS@ fe) <S$2 @.9) dx) ds.

Remark 3.5.18. The second term in the right-hand side of (3.5.2) does not appear in Theo-

(3.5.2)

rem 3.3 in [91], since the authors assume divgb(x) — c(z) = 0.

We now give some bounds for I'* and for its Lie derivatives X;I'*, in order to prove some

useful estimates of the kernel Mg and to characterize the set (2,. To this end, we recall that
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the fundamental solution ['* given by Theorem 3.1.4 is

["(z,8) = Z"(z,8) + Z*(z,y)G*(y, §)dy, (3.5.3)

Br(z)

where Z* is the parametrix of (3.1.5) (see Section 3.3). We recall that by Theorem 3.3.11

there exist cy, ¢y > 0 such that

1
—d(z,§)* 9 <z <cnd(x, )79
o (2,677 < Z%(x,8) < end(x, )7, (3.5.4)

X, 2% (2,€)| < exqd(x, )9,

Notably, one can identify a homogeneous distance d¢ by setting de¢(z,§) = Z*(x, f)ﬁ,
then

Z*(w,6) = de(w,6)*7%,  XiZ'(2,6) = (2 - Q)de(2,8)' " Xide(w,6).  (35.5)

From (3.5.4), (3.5.5), (3.4.12) and Proposition 3.3.10, we deduce that there exist positive
constants ¢y, co (depending on M, M,, A and €2) such that

S cldé(ma 5)27Q+a’

/BR(Z) Z*(z, )G (y, &)dy

(3.5.6)

o )XiZ*(:v,y)G*(y,f)dy‘ < code(, €)' 79,
RI(Z

Then, by (3.5.3), (3.5.5) and (3.5.6) we infer that there exist ¢y, ¢y, c5 > 0 (depending on
M, M5, A and €2) such that

I*(z,§)

RS e

X,T*(x,
2- Q)d;(xx %1—@ < Xide(w,€) + cadg(,€)* < ¢, (3.5.8)

for every x, & € Bg(z). We first examine (2, by using (3.5.7).

<1+ crde(z, €)%, (3.5.7)

Xidﬁ('rv g) - ngg(l’, g)a <

Lemma 3.5.19. There exist r1,Cy,Cy > 0 (depending on M, My, \ and §2) such that

QCIT(&) C Br(g) - QCQT(g)v (359)

forevery £ € Br(z) andr < ry.

Proof. The proof follows from the definition of €2, in (3.5.1), along with estimate (3.5.7).
O
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We now focus on the kernel Mg defined in (3.5.1). By the ellipticity assumption in (H4),
(3.5.7), (3.5.8), (3.5.4) and (3.5.5) imply that there exist C's, 7, > 0 (depending on M, My, A
and ) such that

1 |Vel*(z, )2 [Vel™ (2, )
0< *% < Mg(7,§) < )\G—z@l)

~ S 037
AT (2,6) @2 I*(2,¢) @2

Vr,& € Br(z) : de(z,8) < ra.
(3.5.10)

As said in the introduction, the proof of the maximum principle and the Harnack inequality
would be straightforward if the kernel Mg were also strictly positive, but this is not the case
when considering subelliptic operators. The following lemma states that a strictly positive
lower bound for Mg holds along the integral paths of the generating vector fields {X;}*}
(we refer to the definition of integral paths provided in Definition 3.1.1).

Lemma 3.5.20. Let £ € Bg(z) and let yx, ¢ be the integral path of X; from . Then, there
exist Cy, 5 > 0 (depending on My, My, X and 1) such that

Ci < Mo (vx,(s).€),  foreverys £0,]s| <.
Proof. By Corollary 1.26 in [119] (and the remark there below), it follows that
de (vxhg(s),{) = Cls|, forevery s € R, (3.5.11)

for some C; = C;(X;) > 0. This implies (see Definition 3.1.1) that |X,d; (’YXZ.{(S), 5)\ >c
for some ¢ > 0, and then by (3.5.10) (3.5.7), and (3.5.8) the thesis follows.

This lemma suggests us to introduce the following set: let & € Bg(z) and let yx, ¢ be the
integral path of X starting from &; for every 9, s* > 0 we set

Ax, e5s5 1= {:17 € Bgr(2): d(x,yxi,g(s» < d|s|, foralls e R: |s| < s*}.

Crucially, in this set Mg preserves a strictly positive lower bound.

Lemma 3.5.21. There exist v, 6, s* >0 (depending on M, My, \ and §2) such that for every
¢ € Bg(z) it holds
v < Mg(z,§), forevery x € Ax, ¢ 55+ (3.5.12)

Proof. According to Lemma 3.5.20, it suffices to prove that for every £ > 0 there exist § > 0
and 0 < s* < 5 (depending on M, M>, A and €2) such that

Mg (vx,(5),6) = Mg(w,€)| <&, forevery z € Ax, gs- (3.5.13)
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Figure 3.1: An example of Ay, ¢ 5 +.

If we employ the ellipticity assumption in (H4) in (3.5.1), by (3.2.4), (3.5.11) (3.5.7), (3.5.8)
and (3.5.10) we see that there exist & ,§ > 0 (depending on M7, M5, A and §2) such that

Vel (vx,(5), .
‘MG <7Xi’£(5)’£) o MG(x’g)‘ < QCE 22 )‘03 - <PYX“£(S)(Q£>1) - Vel (:fc’f?) s
I (’YXi,g(S),éj @2 F*(J],f) @-2
(3.5.14)

if s < sand x € AX“&&E We use (3.5.7) and (3.5.8) to bound (3.5.14). By (3.2.4) and
(3.5.11), for every € > 0 there exist 6,5 >0 (again depending only on M, M5, A and 2)
such that

T
boes @ Q)de(x.6)19

WS gL Xde(r &) —E<
SGepa =t MmO

(3.5.15)
ifr e Axi s Then, by (3.5.8) there exist ¢, ¢ (depending on My, M, A and €2) such that

Vel™ (WXZ-,E(SL ) Vel™(z,§)
@

D (rxe(s), €) €0 D@8 &2

<2—Q) VGF*(’)/X“E(S),S) B (2_Q> VGF*<£L',£)
I=< (2 - Q)dﬁ <,7Xi7€(8)7 f)l_Q I+& (2 - Q)d§($a 6)17@

C1 VGF* (fyXi{(S)? 5) VGF*(x7 5)

S - + gCQ
- 1-Q _ 1-Q ’
L= 2 - Q)de (vx.(9),€) (2 = Q)de(,¢)
(3.5.16)
whenever s < sand x € Axi s To conclude with the proof of (3.5.13), from (3.5.14),

(3.5.15) and (3.5.16) we see that it remains to prove that for every ; > 0 there exists §; > 0
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such that
‘Xid§<’7Xi,§(S)7€) — deg(I,g)‘ <e,, Vx € BR(Z) : dg(l’,’}/xi7g(8)) < 5z|3| (3.5.17)

Let C; as in Lemma 3.5.20, b as in Theorem 3.2.10 and k1, k5 as in (3.2.4) and (3.2.5).
For every 7; < %1 there exists 0 < 9; < 7;, with §; < sn» such that d(z,&) > 7|s| if
d(m, VXi,g(S)) < &;|s|. Then, arguing as in the proof of (3.4.4), by (3.5.5), (3.5.4) and (3.2.5)

we deduce that there exists ¢, > 0 such that

‘Xidi ('YXi,E(S)af) - Xidg(l’,f)’ < ek d(m,f)*ld(xﬁth(s)) < ey 571:7

T

whenever d(x, VXi,g(S)) < d;|s|. Hence, (3.5.17) follows by the arbitrariness of ¢;. O

We are now in position to prove the maximum principle.

Proof of Theorem 3.1.5. Let £ € Br(z) C Q such that u(§) = maxgq u, and take v, 0, s* as in
Lemma 3.5.21. We first show that the following relation holds

u(§) = u<7Xi75(s)), forevery s € R, |s| < s™. (3.5.18)

Since .Z;1 = ¢, by the mean value formula (3.5.2) it holds

1
0=|— Mg (z, &) (u(x) — u dx
o% Ax,e,60% N2 (8) ole £){u(@) ©) .
1
+|= Mg (z, &) (u(x) — u(f))dz
7 s M ) )i

(3.5.19)

7 (5] (vetta) = o) ato) — @) as

—:13

2 [ (sQl [ @) = u€)ete)) (g5 ~ (. 6)) das) ds

—:1y

By definition s>~¢ — I'*(x,£) < 0 for every z € €,(€). Since by assumption we have
divgb — ¢ > 0, ¢ < 0 and u(§), f > 0, we deduce that Iy, I5, I3, 1, < 0, and by (3.5.19)
we infer that these inequalities are in fact equalities. In particular, /; = 0 and (3.5.12) imply
u(€) = u(x) for almost every x € Ax;, ¢ 55+, and then by the continuity of u (3.5.18) holds.

We conclude the proof employing the Carathéodory—Chow—Rashevsky connectivity theorem
(see Theorem 6.22. in [19]): by Hormander’s rank condition (H1), we can join every z,y €
Br(z) by a finite number of integral paths of the vector fields { X; }:™; then, u(z) = u(§) for
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every x € Bg(z), and by a covering argument we conclude that this holds for every x € €.
Finally, we notice that if ¢ = 0 the integral /5 in (3.5.19) is strictly positive even if u(£) < 0,

and therefore the assumption on the sign of u () can be dropped. U

In order to prove the Harnack inequality, we need to investigate more thoroughly the second
integral in (3.5.2).

Lemma 3.5.22. For every o > 0 such that Q,(§) C Bg(z) it holds

[s(] o diveb(r) - c(:p))u(x)dx) ds

* - (3.5.20)
= / (divgb(x) — c(z))u(x) (92 —T (2% §)= e ) dx.
Proof. Since Q,(€) C Q,(&) for every s < p, it holds
“s (divgb(z) — c(z))u(z)dz )ds
/0 </Qs(§) > (3.5.21)

_/ (/ a.(¢) (@) (divgb(x) —c(m))u(m)dm)ds.

In order to swap the integration order in the integral on the right-hand side, we establish that

(2,8) — s Xa.e)(x)(diveb(z) — c(z))u(z) € L' (Qg(f) x [0, Q)) (3.5.22)

Since ,(§) C Bg(z) C , by (H4) and (H5) we infer the existence of C' > 0 such that

sup |u/, sup |divgb — ¢| <C'. Hence, by the definition of €2, given in (3.5.1) we see that
Q) 2(d)

L [, o Yoo @l(@iveb(z) = c(a)ula)|drds

< (C? /g sQ’l/ ( )F*(:U,&)dxds < CQQQfl/ )F*(x,f)da;ds,
0 Qs g

4

since Q4(&) C Q,(&) forevery s < pand I'*(+, &) > 0in §2,(£). By (3.4.13) the last integral
is finite, consequently (3.5.22) holds and we are able to interchange the integration order in
(3.5.21), concluding that

[ /§S(g> (diveb(z) — e(w))u(a)da )ds
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We are finally in position to prove the Harnack inequality.

Proof of Theorem 3.1.6. Take ki as in (3.2.4), dy as in Theorem 3.1.4, r; as in Lemma
3.5.19, (5,79 as in (3.5.10), v, 9, s* as in Lemma 3.5.21, C; > 0 as in (3.5.11), and set
C :=max; C;, a = ki + % and k 1= k; (g—fa(ﬂ— 1). Let zo € H and pick 0 < ry < s*
such that By, (z0) € H, | B, (20)| < 0, and d(xy, z2) < 7o for every 1, x5 € B, (). By
the stratification of the algebra (3.2.1) and the Carathéodory—Chow—Rashevsky connectivity
theorem, there exists 7 € N such that we can connect every &, &, € B, (x¢) with at most
n integral path of the generating vector fields {X;}/™. We set & = &, &ny1 = &, and
k1 7= VX6 (S) Torevery k= 1,...,n, with [(k) € {1,...,m;}. By choosing ro small

enough, it is not restrictive to assume that |s;| < s* and |s;| < g;gg Then, from (3.2.4) and
(3.5.9) it follows that

Q5151 (Er—1) C By (Ek—1) C Qeasysy (&) C B%a(;‘sk‘(fk) C By (0). (3.5.23)

Since u, divgb — ¢ > 0, by (3.5.10), (3.5.12), (3.5.20) and (3.5.23) it holds

/Q ( Mg (z,&k—1)u(x)dr < G Mg (z, & )u(z)dx,
C16lsgl

Ek—1) V JQcyas)s, (k)

/Oclzﬂsk(s/g (divgh(x) — c(x))u(x)dx> dsg/ocmﬂs;cI(S/diiVGb(x) — C(:C))u(x)dx> ds.

s(€k—1) (&r)

We can assume without loss of generality that % > 1, then by (3.5.2) these inequalities
imply w(&e—1) < cyou(&y) for every k = 1,... 0, with ¢, = & (CC—QI“)Q Hence, we
conclude that

u(§S> < CHU(S@): for every fsaée S Bm (xO):

with ¢y = (¢,,)™, implying
sup u <cy inf wu.
BTO ($0) " BT() (1}0)
Finally, by a covering argument (see for instance Theorem 5.7.4 in [27]) it holds

supu < Cy inf u,
H H

for some C'y > 0 that depends on My, Ms, A, Q2 and H. O
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Chapter 4

Fundamental solution, maximum
principle and Harnack inequality for

subelliptic evolution operators

4.1 Introduction

In this chapter we analyse the following class of subelliptic evolution operators

Hu(z) = Y a;(2) XiXju(z —|—Zb 2) + c(z)u(z) — du(z) = f(2), z€Q,
ij=1
4.1.1)
focusing on the regularity theory of the corresponding divergence form operators
Ay Z X; (azj j)u(z)—i-z bi(2) Xju(z)+c(z)u(z)—0wu(z) = f(z), =z€Q,
3,7=1 =1
4.1.2)

in some open set {2 C RN+ As in Chapter 3, we establish the existence of a fundamental
solution to (4.1.1), which we then employ to prove a strong maximum principle and an
invariant Harnack inequality for (4.1.2). Since our analysis is primarily concerned with the
divergence form operator, we restrict our attention to this case. Hence, with a slight abuse of
notation, we denote by .77 the divergence form operator in (4.1.2), and by J7 its adjoint,

in order to keep the notation as light as possible.

Throughout the rest of the chapter, z = (x,t) and ¢ = (£, 7) denote points in RY x R, and
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X,’s are smooth vector fields on R, namely
N .
Xi(x):Zgo;-(x)@xj, 1=1,...,my,
j=1

with ¢’ € C*(R"). Moreover, A(z) = (ai,j(z)x?:l is a my X my symmetric matrix with
continuous and bounded real entries that satisfies the usual uniform ellipticity condition.
We also assume that the low order coefficients b(z) and ¢(z) are continuous and bounded.
Furthermore, we suppose that m; < N, and therefore 73 is strongly degenerate. However,
we recover some regularity properties for /g by assuming that the vector fields {X;}"}
satisfy Hormander’s rank condition.

The vector fields are assumed to satisfy the following hypotheses

(H1) Hormander’s rank condition holds
rank g(z) = N, vr € RY,

and for every i = 1,...,my we have X;(0) = 0,,.

(H2) Xi,...,X,,, are linearly independent smooth vector fields, and

rankg = N.

(H3) There exists a family of (non-isotropic) dilations {6, },~o on RN of the kind

dq(x) = (r”lxl, %1y, . .. ,TUNIN),

where 1 = 01 < 09 < ... < oy are integers such that the vector fields X4, ..., X,,, are

0,.-homogeneous of degree 1, i.e.
Xi (f(0:(2)) =r(X:f) (0n(x)),  ¥r>0, 2 RN, feC®RY), i=1,...,m.

We recall now Theorem 2.0.1, that asserts that the assumptions (H1), (H2) and (H3) yield
the existence of a Carnot group G = (]RN ,0, (L) (where the dilations {d, },~¢ are the ones

given by (H3)) such that { X}/, are left-invariant w.r.t. o, and the operator
my
Ag =) X7,
=1

is the canonical sublaplacian on G. Despite being degenerate, it is an hypoelliptic operator,

namely every distributional solution u to Agu = f is smooth whenever f is smooth.

58



Chapter 4. Fundamental solution, maximum principle and Harnack inequality for
subelliptic evolution operators

We associate to the smooth vector fields some function spaces, that are standard to study

classical solutions to equation J7Gu = f.

Definition 4.1.1 (Lie derivative). Let X = Z;-V:l ©;0y, be a smooth vector field on RN. For
every x € RY we define as integral path of X starting at x the solution to the following
Cauchy problem

xa(s) = X (1x0(5)),
’YX,x(O)

We say that a function u is Lie differentiable at (x,t) € RN* w.rt. X if the following limit

x.

Xu(z,t) = lim u(WX’I(S)J) ~ul@?)

s—0 S

exists and is finite.

We observe that if {2 is an open subset of RV*! and Oy,u € C(2) forevery j =1,...,N,
then u is Lie differentiable w.r.t. X and its Lie derivative is given by Xu = Z;V:l ©;0z,;u. On
the other hand, the converse is not necessarily true.

We introduce the function space
C2(Q) = {u € C(Q) : Xju, X; X;u, 0w € C(Q), forevery i,j=1,... ,ml},

where the derivatives X;u and X; X;u are meant as first and second order Lie derivatives.

We are now ready to give the definition of classical solutions to (4.1.2).

Definition 4.1.2 (Classical solutions for 7). Let ) be an open subset of RV *! and let

f € C(R2). We say that a function u is a classical solution to

HAzu(z) = gl: X; (aij(z)Xj>u(z) +§1:bi(z)Xiu(z)+c(z)u(z) —ow(z) = f(2), z€Q,

ij=1
if u € CZ(Q) and the above equation is satisfied at every point z € §).

As previously said, we construct the fundamental solution to G, and then we prove a
strong maximum principle and an invariant Harnack inequality. To this end, we improve
upon a mean value formula recently derived by Pallara and Polidoro in [92], which relies
on the fundamental solution I'* of the adjoint operator .777;. Therefore, our first step is to
prove the existence of ['* (together with regularity estimates) by adapting the classical Levi’s
parametrix method (see Section 4.3 below). To apply this method, we need to assume that
the coefficients belong to a Holder space suited to .7, that is defined w.r.t. a parabolic dis-

tance d related to the Carnot group distance dx (see (4.2.7) and Definition 4.2.9 in Section
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4.2 below). We therefore rely on the following assumptions on the coefficients

(H4) Foreveryi,j =1,...,mq we have a;j,b;, c, Xja;;, X;b; € C(RN'Y), and there exist
My, My > 0 and « € (0, 1] such that

|aij(2)], |bi(2)], le(2)] < My, Vz € RV,
|aij(2) — aii (Q)], b:i(2) — bi(Q)], [e(2) — ()] < Mz d(z, ()", Vz, ¢ € RV
4.1.3)
| Xjai;(2)], [ Xibi(2)] < My, Vz € RNHL
| Xjai;(2) — Xjai (O], [ Xibi(z) — X3b,(C)] < Mad(z, ()", Vz,( € RV

where d(z, () denotes the G-parabolic distance between z and ( as defined in (4.2.7). More-

over, there exists X > 0 such that A belongs to the uniform ellipticity class

1
AA;=@WESW%AR% SI6P < (M(2)6,€) < AgP, vZeRM%V§eRW}.
4.1.4)
Throughout the rest of the chapter, we assume (H1), (H2), (H3) and (H4).

One of the main contributions of this chapter is the existence of the global fundamental solu-
tion to (4.1.2), the construction of which proceeds by adapting the classical Levi’s parametrix
method. Along with the existence, we show Gaussian upper and lower bounds on the funda-
mental solution and its Lie derivatives, as well as many interesting properties regarding the
relative Cauchy problems (see Theorem 4.3.11 below). Moreover, we establish the corre-
sponding dual properties for the fundamental solution to the adjoint operator. These results
on the fundamental solution are then employed to derive new regularity results for these di-
vergence form operators.

The first regularity result is a maximum principle for (4.1.2). In order to state this result, we

need to introduce the definition of attainable set.

We say that a curve v(7) = (71(7), . ,’}/N+1(T)) 0 [0, 1] — RN*L is J#-admissible if it is

absolutely continuous and solves the following differential equation
(r) =Y wilm)Xi(1(s)) + (0,...,0,—1),
i=1

forae. 7 € [0, 1], where wy, ..., wy,, € LOO([O, 1])

Definition 4.1.3 (J#;-attainable set). Let Q be an open subset of RN 1!, and let ( € Q. The
H-attainable set of ( in () is

A (Q) = {z € Q : there exists an .#G-admissible curve 7y s.t. 7(0) = ( and y(1) = z}.
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Theorem 4.1.4. Assume that (H1),(H2),(H3) and (H4) hold, and let u be a classical solution
to H#zu = f in some open set Q0 C RN*L. Suppose that ¢ < 0, divgb — ¢ > 0 and f > 0. If
there exists ¢ € Q such that u(¢) = maxqu > 0, then

u(z) =u(C) and f(z) =u(()c(2), for every z € <7;(Q).

An analogous result holds if u({) = mingu < 0 and f < 0. Finally, the assumption on the
sign of u(() can be dropped if ¢ = 0.

Remark 4.1.5. We also point out that, due to the generality of (4.1.2), it is not straightfor-
ward to get rid of assumption divgb — ¢ > 0. However, this additional hypothesis seems to
be natural in this setting, see [92]. In particular, Theorem 4.1.4 improves upon Theorem 2.5

in [92] since it includes the endpoint case divgh — ¢ = 0.

The second regularity result is an invariant Harnack inequality for nonnegative solutions to
HGu = 0, where G is the operator in (4.1.2). In order to state the invariant Harnack
inequality, we first need to introduce the future and past cylinder where we carry out our
analysis. Here and in the following, we denote by B,(x() the G-ball of radius r and center
xo (defined w.r.t. the CC-distance dx introduced in (4.2.4) below). Correspondingly, we

define the G-cylinder of radius r and center zy = (g, to) as the set

Qu(20) == B, (z0) X <t0 ) t0>.

Moreover, for given constants v, 7, , Y with) < v <n < p < land 0 <9 < 1, we set
Q) (20) := Byr(20) % (to—VT2>to>, Q. (20) := By, (o) X (to—/ﬂ”2>to—777"2>7 (4.1.5)

see Figure 4.1. We use the notation Q@+ and ()~ whenever z; = 0 and r = 1. Given the

definition above, we are in a position to state the following result.

Theorem 4.1.6. Let Q) be an open subset of RN*! and let u be a nonnegative solution to
HGeu = 0 in Q under assumptions (HI),(H2),(H3) and (H4). Moreover, consider three
constants v,n, p such that 0 < v < n < p < 1. Then, there exist 9y € (0,1), only depending

on operator FG, and two positive constants 1o, Cy, depending also on v, n, u, such that

sup u < Cg inf wu, (4.1.6)
Qr (20) Qf (20)

for every zy € Q, for every 9 < ¥y, and for every r > 0 such that r < ro and Q,(zy) C ).
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20

Q7 (20)

Q; (20)

Qr(zo)

Q

Figure 4.1: Geometric setting of the Harnack inequality (the time variable is represented
vertically, and upwardly increasing).

Remark 4.1.7. Theorem 4.1.6 also applies to classical solutions of the stationary operator

mi mi
g@ = Z )(Z (Clinj) + Z lez + c.
ij=1 i=1
Hence, the above theorem improves Theorem 3.1.6 in Chapter 3 in that the technical as-
sumption divgb — ¢ > 0 is removed. Such an assumption is often included when applying
the mean value formulas, but can be removed by a standard change of variables in the time

variable.

Before outlining the structure of the chapter, we provide an overview of known results on
the maximum principle and the Harnack inequality and we briefly discuss their theoretical

interest. We furthermore describe the strategy of the proof of our main results.

A maximum principle for (4.1.2) with C> smooth coefficients was first obtained by Bony
in [30] with a barrier argument, and then extended by Amano in [5] for C* coefficients. We
also mention [29] by Bonfiglioli and Uguzzoni, where the authors proved a maximum prin-
ciple for (4.1.2) with continuous coefficients under the additional assumption that a Picone
function exists. We point out that Theorem 4.1.4 is stronger than [5], and does not require
the existence of a Picone function as in [29].

On the other hand, since Bony’s work [30] several results for the Harnack inequality are
known for operators with smooth coefficients. Concerning operators with Holder contin-
uous coefficients, we mention Bramanti, Brandolini, Lanconelli and Uguzzoni [34]: here,

the authors prove a parabolic Harnack inequality for positive solutions to (4.1.2) with ¢ = 0,
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adapting the method introduced by Krylov and Safonov in [72]. In this chapter we also prove
a parabolic Harnack inequality (see Proposition 4.6.15 below) by extending the result of [34]
to operators with ¢ # 0. The main contribution of this chapter is the derivation of an invari-
ant Harnack inequality expressed in terms of future and past cylinders, in the same spirit of
the one obtained in [85] for uniformly parabolic operators. To the best of the author knowl-
edge, this result is new when dealing with operator (4.1.2). This is obtained by adapting
the optimal control strategy introduced in [31], and strongly relies on the sub-Riemannian

geometric properties induced by the vector fields { X;}7.

The proofs of the maximum principle and the parabolic Harnack inequality rely on a tech-
nique involving mean value formulas originally developed in the context of harmonic func-
tions (see Chapter 1), though it is not straightforward to adapt this method to our case. We
recall that mean value formulas for (4.1.2) have been recently established by Pallara and Poli-
doro in [92], by employing the fundamental solution I'* of the adjoint operator of (4.1.2).
In this work the authors managed to extend to the case of Holder coefficients the results
previously known only for smooth coefficients. The main difficulty one encounters when
dealing with non-smooth coefficients is due to the loss of regularity of the fundamental so-
lution: while Hormander’s condition theorem ensures smoothness when the coefficients are
smooth, the fundamental solution fails to be even C'* when the coefficients are merely Holder
continuous (as we will see in Definition 4.3.10). To overcome this issue, in [92] the authors
used some of the tools developed in the last years in the field of Geometric Measure Theory
on Carnot groups (see [110] for an overview of this topic). In order to employ the mean
value formula in [92], we first construct the fundamental solution of (4.1.2) and of its adjoint
by means of Levi’s parametrix method [82, 83] (see Theorem 4.3.11 below). We also derive
several key properties of the fundamental solution (most notably, Gaussian estimates), which
are then employed to prove the mean value formula in our setting.

The main difficulty encountered in extending this “mean value formula technique” to our
subelliptic evolutive setting (in particular, in the proof of the parabolic Harnack inequality)
lies in the behavior of the kernel appearing in the formula. More precisely, the kernel is
not bounded from above and below by some strictly positive constants (an issue that already
arises in the case of the heat operator on R?). This prevents us from taking advantage of the
classical elementary arguments developed for harmonic functions to establish the maximum
principle and the parabolic Harnack inequality. To overcome this problem, we employ the
technique introduced by Kuptsov in [73], based on Hadamard’s descent method, to construct
an improved bounded kernel. The resulting kernel is strictly positive, thereby allowing us
to make use of the classical theory developed for harmonic functions to prove the maximum
principle. Nevertheless, the proof of the parabolic Harnack inequality is more involving,

since it is not straightforward to prove the boundedness of the kernel. A parabolic Har-
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nack inequality obtained via Hadamard’s descent method was first established by Garofalo
and Lanconelli in [59] and later by Malagoli, Pallara and Polidoro in [85] for uniformly
parabolic operators, and by Polidoro [102] and Rebucci [105] for Kolmogorov operators. In
order to prove the boundedness of the kernel we follow the approach introduced by Polidoro
in [102], although several technical difficulties need to be addressed in order to obtain the
required estimates. This is, in particular, due to the fact that there is no explicit expression
for the fundamental solutions I" associated with the constant coefficient operators within the
class under study. In order to tackle the problem, we employ the equivalence of sublapla-
cians on free Carnot groups derived by Bonfiglioli and Uguzzoni in [28]. To make use of
this equivalence on a general Carnot group G (i.e. whenever G is not free), we apply the
Rothschild and Stein lifting technique [106], according to the construction given by Bon-
figlioli, Lanconelli and Uguzzoni in [25]. Thanks to this lifting procedure, we can derive the
desired estimates and the parabolic Harnack inequality for the lifted operator, which in turn
implies the parabolic Harnack inequality for the class of operators under study. The proof of
the invariant Harnack inequality presented in Theorem 4.1.6 requires repeated application of
the parabolic Harnack inequality to construct a Harnack chain. We finally remark that the
Carnot—Carathéodory distance associated to the vector fields { X;}", plays a key role in this

last step.

This chapter is organized as follows: in Section 4.2 we recall some known facts on Carnot
groups and the Carnot-Carathéodory distance; in Section 4.3 we prove Theorem 4.3.11 con-
cerning the existence of the fundamental solution of operator 77, together with Gaussian
upper and lower bounds and other properties; in Section 4.4 we introduce the mean value
formula and a suitable improvement, that will allow us to prove Theorem 4.1.4 in Section
4.5; in Section 4.6 we make use of the lifting technique to prove a “parabolic-type” Harnack
inequality, that will be employed in Section 4.7 to prove the invariant one stated in Theorem
4.1.6; finally, in Appendix A we prove a comparison principle for solutions to (4.1.2) which

is used in Section 4.3.

We give some notational remarks. In the following we consistently refrain from restating
the phrase ’for 7,5 = 1,...,m;’, as it is always implied. Moreover, #? will denote the
d-dimensional Hausdorff measure, v the Euclidean inward normal unit vector and (-, -) the

usual inner product.

4.2 Preliminaries on Carnot groups

In this section we recall some properties concerning the Carnot group that defines the sub-

Riemannian setting of (4.1.2). For a more detailed exposition of this topic we refer to the
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monograph [27]. We subsequently introduce the Carnot-Carathéodory distance associated
to the vector fields X = {X,..., X,,, } in (4.1.2). We eventually describe Rothschild and
Stein lifting technique [106] to lift G to a free group which preserves the homogeneous

structure of G.

Let G = (RN , 0, (5r) be the Carnot group induced by the smooth vector fields {X;};™
(whose existence is given by Theorem 1.7 in [22], thanks to (H1),(H2) and (H3)). We first
recall that a Carnot group is in particular homogeneous Lie group, namely a group with a
smooth composition law o and a dilation law {4, },~¢ that is an automorphism of the group,
namely

6 (xoy) = ((L(x)) o (é}(y)), for every z,y € RY, r > 0.

By (H1), (H2) and (H3), g is the Lie algebra of the group G. Moreover, (H3) induces a
stratification on g
g=Viad...a&V, 4.2.1)

where V; = span{X;}"™, Vi1 = span{[X, Y, X eW,Y € Vk}, fork=1,...,k—1,and

{[X, Y[, X e V1,Y € VK} = (), with [X, Y] = XY —Y X. We observe that the stratification
(4.2.1) implies that the dilations {J, },~¢ take the following form (see Remark 1.4.2 in [27])

S (x) = (m:(l), 2z ,r“x(”)) , B eR™ k=1,... &, (4.2.2)
where m, denotes the dimension of V, for every k = 1, ..., k. We will refer to the number
Q = Z k myg,
k=1

as homogeneous dimension of G. Hérmander’s rank condition implies that }_7_, m; = N,
inferring that ) > N. In particular, the equality holds if and only if G is the Euclidean
group. A group G with the properties above is often referred to as Carnot group of step

and m, generators.

As it will be useful in Section 4.3, we recall that Proposition 1.3.5 in [27] provides us with
the following characterization of smooth §,-homogeneous vector fields: let 9, be as in (4.2.2)
and let X = Z;-V:l ;0. be a smooth vector field on RY. Then X is §,-homogeneous of
degree n € R if and only if ¢; is a polynomial function ¢,-homogeneous of degree o; — n
(unless ¢; = 0). In particular, by (H3) we deduce that the coefficients gpé- of the smooth

vector fields { X}/, are polynomial functions.

We now introduce a homogeneous distance on G, i.e. the X-control distance (also known

as the Carnot—Carathéodory distance) associated with the family of vector fields X =
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{Xi,..., X, } This distance will play a crucial role in the proof of the maximum propaga-

tion and the Harnack inequality stated in Theorem 4.1.4 and in Theorem 4.1.6, respectively.

Definition 4.2.8 (Carnot-Carathéodory distance). The Carnot-Carathéodory distance (CC,
in short) dx associated to the set of Hormander vector fields X = { X, ..., X,n, } is defined
as follows. Let C denote the set of the absolutely continuous maps vy : [0, 1] — RY satisfying

(1) = L au(nXi(+(7),

forae T €0,1], with o = (o, . .., uy, ) real-valued function on [0, 1] such that
1
mi 2
|alleo :=sup la;(T)]?] < +oc. (4.2.3)
TG[O,H j=1

The CC-distance is then defined as
‘ 1
dx(z,y) := inf /0 la(T)|dT : v € C,v(0) ==z, v(1) =y ,. (4.2.4)
In the following we will refer to C as the set of X-trajectories on RY, and the function
7 +— «(7) will be referred to as control of the X-trajectory ~.

We now list some properties of the CC-distance that will be useful in the sequel.

* The CC-distance can equivalently be defined in terms of X-subunit curves, that is, by

requiring || ol < 1 (see, e.g., Proposition 7.12 in [19]).

* Another equivalent definition of the CC-distance is the following

1 1/p
inf (/ la(T)|P dT) if p < 400,
0

AP (x,y) = {7
inf sup |a(7)], if p = +o00.
V€€ refo,1]

Itis clear that dx = dﬁ?. Moreover, the following property holds
dP =dy,  Vpel, 4ol (4.2.5)

see for instance Proposition 7.13 in [19].

* The CC-distance associated to a system of Hormander vector fields is a metric (see
Theorem 6.22 in [19]).
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¢ There exists k; > 1 such that

dx(ff,f) S kl (dX(l',y) + dX(fU,f)), for every $,§,y < RN' (426)

If &y = 1, this is the classical triangular inequality; for such reason this property is

usual referred to as pseudo-triangular inequality.

* The CC-distance is d,.-homogeneous of degree 1, hence the Euclidean metric is con-
tinuos w.r.t. the metric induced by the CC-distance (see Proposition 5.15.1 in [26]).

In order to study the evolution operator (4.1.2) on the Carnot group G (that is relevant to the

space variable z € R”), we introduce the G-parabolic distance on RV *!

d(z,¢) = d((2,1),(€,7)) = dx(2, &) + |t — 7|}, Vz=(2,1),¢= (& 7) e RN
(4.2.7)
We are now in a position to define the Holder spaces naturally induced by the differential
operator 7.

Definition 4.2.9 (Holder continuous function). Let o € (0, 1]. We say that v : RV T — R is
an a-Holder continuous function with exponent o in RN if there exists a positive constant
¢ > 0 such that

lu(z) — u(Q)| < cd(z, ()%, Vz,¢ € RN

This definition of Holder space plays a central role in our analysis: in Section 4.3 we prove
that, under the assumption that the coefficients belong to this Holder space (namely (H4)),
we are able to apply the parametrix method. Hence, we are able to prove the existence of
the fundamental solution I to .73 as well as the fundamental solution I'* to 777, along with
upper and lower bounds. This, in turn, enables us to use the mean value formula developed
in [92], which we then refine in Section 4.4 and exploit in the proof of Theorem 4.1.4 and
Theorem 4.1.6. Mean value formulas hold for divergence form operators: accordingly, we
recall the definition of the differential operators divg and Vg, that are the natural extension
of the divergence and gradient operator in the non-Euclidean setting of . In order to define
these operators, we agree to identify a horizontal section F' = > F;X; with its canonical
coordinates F' = (F},..., F,,); moreover, we define as C}, the space of functions with
continuous first order Lie derivatives. Then, for every F' € C} (RN L R”“) and for every
real valued f € CL(RN*!) we set

mi

divg F = iXF Vef =Y (Xif)Xi. (4.2.8)

i=1 i=1

By employing the operators defined above, equation (4.1.2) can be recast in G-divergence
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form as follows
Hu = divg (AVGU> + (b, Vgu) + cu— du = f.

We conclude this section by introducing the lifting technique that will be employed in Section
4.6 to establish a parabolic-type Harnack inequality. We first recall that G is a free Carnot
group if the generating vector fields { X;}*}, and their commutators do not satisfy any linear
relation other then those which hold automatically as a consequence of the antisymmetry of
the Lie bracket and the Jacobi identity (see Definition 2.0.2). Following Theorem 2.0.3, a
Carnot group G of homogeneous dimension ) with generators {X;};", can be lifted to a
free Carnot group G in the sense of Rothschild and Stein [106]. More precisely, there exists
N € N and a free Carnot group G = (Rﬁ xRN, 3, Sr) with homogeneous dimension @ and
Jacobian basis {)71-}@11, such that the following lifting property holds: let 7 : RY x RY —

R¥ denote the canonical projection onto the last N coordinates, then

Xu(n(@,2)) = Xou(w),  (3,2) eRY xRY, (4.2.9)

for every u € C*°(RY).
We now choose a suitable homogeneous distance on G. Since the Lie algebra of G is strati-

fied as in (4.2.1), we have the following decomposition
RY x RN — R™ x R™2 x ... x R™ x R™ x R™ x ... x R™

for some my, ..., m, € N, where my, ..., m, are as in (4.2.2). Accordingly, we decompose

any (7,7) € RN x RV as
(%(l)j(z), R AN RN ,x(”)> i® e ]R”Z’“,x(k) ER™ k=1,...,k,

and we set

K my;

dx(Z,x) = (ZZ &

i=1j=1

3) +dx(z,0), (4.2.10)

where dx is the CC-distance on G introduced in Definition 4.2.8.

If G is a free Carnot group, the following remarkable property holds: let A = (a;;);"_; be a
symmetric, positive definite matrix with constant entries; then, there exists a diffeomorphism
T4 : RY — RY such that

Ca((2,0), (67)) = TaTo(Ta(§ M o)t = 7)),

where 'y denote the fundamental solution of the canonical heat operator Ag — J;, while I' 4
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is the fundamental solution of of the constant coefficients operator
mi
%A = Z CLinin - 815,
ij=1

and J, is the Jacobian determinant of 7). It is clear that 74 acts as a classical change
of basis in our subelliptic setting. We remark that it is possible to derive ad hoc uniform
estimates for the diffeomorphism 74, see for instance [28]. Hence, lifting G to G allows us
to take advantage of the previous correspondence for the lifted fundamental solution T4 (see

equation (4.6.10)) to derive precise estimates for T A

4.3 Fundamental solution

In this section we prove the existence and some useful properties of the fundamental solution
I' associated to operator ;. As previously mentioned, the main tool that allows us to
employ the mean value formula in [92] and to prove our main results is the fundamental

solution ['* of the adjoint operator

mi mi mi
Hu="3 Xi(ayX;)u =3 biXu+ <c - ZXin) u + Dy (4.3.1)
i,j=1 i=1 i=1

We give now the definition of fundamental solution for (4.1.2) and for (4.3.1).

Definition 4.3.10 (Fundamental solution). We say that the real valued function I defined on
(RN x RN\ {(2, 2) € RN*1 x RN*1} s a fundamental solution for (4.1.2) if:

1. for every ( € RN the function T'(-,() is a classical solution to A5 (-,() =0 in
RN\ {(}, and belongs to Li.,, (RN+1 \ {C})

2. for every ¢ € C.(RY) the function
u@t)i= [ Tlat&e@ds,  (a1) € RY,

is a classical solution to %u = 0in RN x (1, +00), and satisfies

lim  wu(z,t) = p(§), for every ¢ € RV,
(z,t)=(&,7)

We say that I'* is a fundamental solution for (4.3.1) if it satisfies the dual statement.

We now focus our attention on proving the existence of I' and I'* under the assumption

that the coefficients are Holder continuous. In addition, we establish several fundamental
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properties that will play a crucial role in our analysis.

Theorem 4.3.11 (Fundamental solution). Assume that (H1),(H2),(H3) and (H4) hold. Then

1. There exists a fundamental solution 1" to (4.1.2).

2. The following Gaussian upper bounds hold for every T > 0and 0 <t —7 < T

cr dx(l', §)2
F(SE‘, t, f, 7—) S (t_T)Cg exp (_Cu(z';—']'))? (432)
2
XiD(,6,7)] < —Texp (=, 2O (4.3.3)
t—1T1 =R (t N T)

dX(x7 6)2

C
|XinF(x7t7§7T)|7 |atl_‘<x7t7€’7_)| S 7T%exp <_Cu (t _ 7_)

2

>, (4.3.4)

t—T1

for some c,, > 0 (depending only on structural assumptions) and cy > 0 (depending

alsoonT).
3. Forany (z,t),(&,7) € RN L witht < 7, we have that T'(z,t,£,7) = 0.

4. Let f be a continuous function on RN x (11, Ty) such that for every x, ¢ belonging to
a compact set K C RY, and for every t € (T1,T3), there exists cx = cxc(K) > 0 and
0 < n < 1 satisfying
[f(2,t) = f(& )] < e dx(x,8)".

Moreover, suppose that f has an exponential growth uniform in t, namely that there
exist hy, ho > 0 such that

f (2, 0)] < hs exp (hldx(:c, 0)2). 43.5)
Let g be a continuous function on R™ with the same exponential growth

lg(x)| < hy exp <h1dx(37,0)2>- (4.3.6)

Then, there exists Ty < T' < T} (only depending on the growth constant hy) such that

the function

u(w,t) = /RNF(x,t,f,Tl)g(f)df—/Tj/RNF(z,t,é,T)f(f,T)dgdr, 4.3.7)
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is a classical solution to

Heu = f, in RN x (Ty,T),

(4.3.8)
u(z, Ty) = g(x), in RY,

as it solves FGu = f according to Definition 4.1.2, and it takes the initial condition

in the following sense

tl_i}r& (/]RN D(x,t,&,T1)g(€)dE — / / (x,t,&,7) (ﬁ,T)dde) =g(z). (4.3.9)

5. ' is nonnegative, and moreover there exists S > 0 (depending only on structural

assumptions) such that sup,>, ., I'(z,t,§,7) = S

6. If c(z) = cis constant, then

/]RN [(x,t, & 7)d§ = exp (c (t — 7')), Ve e RN 7 <t (4.3.10)

7. The reproduction property holds: for every x,£ € RN andt,7 € RwithT < s < t we

have

D(x,t,&,7) = /]RN D(x,t,y,s)(y,s,& 7)dy. (4.3.11)

8. The following Gaussian lower bound holds for every T > 0and 0 <t —7 < T

C

d (:v,f)2>
r > o= 4.3.12

for some c;, cp > 0 (depending on structural assumptions and T).

9. If the exponential growth of f and g in (4.3.5) and (4.3.6) satisfies

Cu 3¢y,
n({———, — T. 4.3.1
min <2h1(2k‘%— 1), h1> > (4.3.13)

where T is the constant given by (4.), c, is the same as in (2.), and k; is given by
(4.2.6), then there exist C, M > 0 such that for every (x,t) € RY x (T},T) the
function u defined in (4.3.7) verifies

lu(z,t)] < Cexp (de(x, 0)2). (4.3.14)
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Furthermore, there exists at most one classical solution u to (4.3.8) such that

T
/ /RN |u(z, t)| exp ( - kdx(x,0)2>d:cdt < 00, (4.3.15)
YA

for some k > 0.

10. There exists a fundamental solution I'* to (4.3.1) satisfying the dual properties of the

previous statements. Moreover, it holds

M(x,t, &, 1) =T(& T, 2,t), forevery (z,t),(&,7) € RNTY (a,t) # (&, 7).
(4.3.16)

As mentioned above, the existence of the fundamental solution (and more precisely prop-
erties (1.)-(4.)) follows from the parametrix method introduced by Levi in [82] and [83],
and here adapted to our subelliptic evolutive setting. Let us briefly outline the parametrix
technique for evolution operators: for every ( € RY¥*!, we evaluate the coefficients of the
principal part matrix A at the point ¢, and we denote by 'y, = T'4_(+, () the fundamental

solution of the following frozen operator

i,j=1

We call parametrix the function Z(z, () := I'4.(z, ). We look for a fundamental solution I

as a solution to the following equation
I'(z,¢) = Z(2,.¢) + J(2,0), (4.3.18)
where J is a correction term that we assume of the following form

t
=0 = [ [ 2@ty 9)Gly.s. & 7)dyds, (4.3.19)

for some unknown function G. In particular, we construct a function G such that I' is a

classical solution to

U (2,C) = H572(2,0) + A5 (2,() =0, for every z # (. (4.3.20)
Moreover, assuming that we can differentiate .J under the integral sign, we get

Hd(2,C) = /Tt /RN HeZ(x,t,y, )Gy, s,&, 7)dyds — G(z, (). (4.3.21)

Combining (4.3.20) and (4.3.21) we get the following equation for G

G(o.Q) = Ae2(, ) + [ [ Aoty )Gy, 5.6 7)dyds, (43.22)
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which is a Fredholm integral equation of the second kind. We solve (4.3.22) by means of

successive approximation method, obtaining

G(z,() = i(%Z)k(z, 0), (4.3.23)
k=1
where (G Z), = H5Z, and
(HeZpin(e,Q) = [ [ (A2 t,9) (Al 5,6, 7)dyds. (4324

To prove the well-posedness of the parametrix method, we must verify that the integral
(4.3.24) is properly defined, that the series (4.3.23) converges, and that the identity (4.3.21)
is satisfied, thereby ensuring the validity of (4.3.20). As it can be seen from (4.3.4) and
(4.3.24), the Holder continuity assumption is crucial to address the existence of some singu-
lar integrals.

Once the existence of the fundamental solution is established, the proof of properties (5.)-
(10.) follows from classical PDEs techniques. We emphasize that the proof of the lower
bound (4.3.12) strongly depends on the parametrix construction of I'. Indeed, this method
enables us to establish a local lower bound (see (4.3.33) below), that, by means of the tech-
nique developed in [66], we are able to turn into a global one.

We remark again that the proof of properties (1.)-(8.) still goes through if we consider the

non-divergence form operator

m1 mi
FCu = Z aininU —+ Z bzXlU + EU,

ij=1 i=1
whenever a, b and ¢ are continuous and satisfy (4.1.3).

Proof of Theorem 4.3.11. We recall for reader’s convenience that we aim to prove the exis-

tence of the fundamental solution to operators (4.1.2) and (4.3.1), i.e.

%u = Z aininu + Z (Z Xjaij + bz) Xiu +cu — atua

i,j=1 i=1 \j=1

i=1

ij=1 i=1 \j=1

(1.)-(5.)
Since the proof of (1.)-(5.) follows very closely the one presented in [26], here we only give
a sketch of it and we refer the interested reader to [26] for details. In the following we focus

our attention on to the fundamental solution I' of .77G. Clearly, the fundamental solution I'™*
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of the adjoint equation 77 satisfies the dual statement.

The starting point is to show the existence of a smooth fundamental solution to (4.3.17),
hence the existence of the parametrix Z. This is achieved thanks to Theorem 2.5 in [25].
To be more precise, Theorem 2.5 in [25] states that the fundamental solution of constant
coefficient operators (hence the parametrix) exists and satisfies properties (2.)-(10.) with
upper and lower Gaussian bounds

1 d 2 d 2
_exp <—c)\é<f’f))> <50 € —2 s exp (—X(“)) 43.25)

c,\(t—T)2 (t—7)2 et =)

that hold for every z, ( € RV "1, In addition, similar Gaussian bounds hold also for its deriva-
tives. Crucially, c) depends only on the ellipticity constant A given by (H4). In particular,
the Gaussian estimates for the parametrix are uniform, as they do not depend on the point
¢ € RN*! where we compute (4.3.17).

The core principle underlying Levi’s method is the following observation: since Z(z, () is
the fundamental solution associated to (4.3.17), it holds

mi

HZ(2,0) = Y (ai(2) — ai5(Q)) XiX;2(2,€)

ij=1

+> ( Xjaij(z) + bi(Z)) XiZ(z,¢) + c(2)Z(z,0).
i=1 \j=1
Thanks to the Holder continuity assumption, the Gaussian upper bounds ensure the integra-
bility required to make the integral in (4.3.24) well-defined, and to guarantee that the series
in (4.3.23) converges and provides a solution to (4.3.22) (without requiring an analogous of

(3.4.9), see Proposition 2.1 and Corollary 2.2 in [26]). Moreover, the following estimate

6,01 < 20D e (24T, 4326)

holds true for some ¢ > 0 depending only on structural assumptions, while ¢, depends also
on 7. By (4.3.25) and (4.3.26), together with the Lagrange mean value theorem on inte-
gral paths, we can prove that [' is "almost’ a fundamental solution (see Theorem 2.7 in [26]
for further details). More precisely, for every ¢ € RN*! the function I'(+, () belongs to
the weaker regularity space C’it, which is the space of continuous functions w such that
w(-,t) has continuous Lie derivatives X;X; for every fixed ¢, and w(x,-) has continuous
time derivative 9, for every fixed z. Moreover, #%I'(z,¢) = 0in RV \ {(}, and if f and
g satisfy the properties of statement (4.), it follows that the function u defined in (4.3.7) be-
longs to C’it and solves the Cauchy problem (4.3.8) (see Theorem 3.1 in [26]). By (4.3.26)
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and the Gaussian estimates for the parametrix, we also infer that ' satisfies the Gaussian
upper bounds (4.3.2), (4.3.3) and (4.3.4).

Hence, to complete the proof of (1.)-(4.) we need to recover the C3 regularity for I' (since
it implies the same regularity for the function u defined in (4.3.7)). This regularity re-
sult follows from a combination of the comparison principle stated in Proposition A.1 (see
Appendix (A) below), together with a regularization argument and the Schauder estimates
proved in [32] (see Corollary 4.8, Corollary 4.9 and the proof of Theorem 1.2 in [26] for more
details). In addition, the comparison principle implies also (5.) (see for instance Proposition
4.4 in [26]).

(6.)

We prove (4.3.10) when ¢ = 0, the general case follows by a standard change of variable.
Firstly, we show that for every ¢ € C2°(RV*) such that sup, (¢ -
and 0 < ¢ < 1, it holds

esupp(ep) s —7] <&,

u(z,t) = /N+ D(x,t,&,m)p(€, 7)dldT < &, Y(z,t) € RV (4.3.27)
R 1
Suppose, without loss of generality, that
0 = min {s €R: (y,s) € supp(yp) for some y € RN}. (4.3.28)

Since ¢ is smooth with compact support, by (4.) we infer that #Gu(z,t) = —p(x,t), by
(3.) and (4.3.28) we deduce that u(z,t) = 0 for every ¢ < 0, and by (4.3.2) we see that u
vanishes as || — +oo, thanks to the continuity of the Euclidean metric w.r.t. the CC-metric.

Thus, for every (z,t) € RN ™! we set v(z, t) :=t — u(z,t), and we deduce that it solves

Heo(z,t) = =1+ ¢(z,t) <0, in RY x (0,¢),
v(z,0) =0, in RV,

lim v(x,t)=t>0, in (0,¢).
|z| =400

By comparison principle Proposition A.1, we infer that v(z, t) > 0, thus implying u(z,t) < t
and therefore the validity of (4.3.27), since t < . If ¢ > ¢, by (4.3.28) and the assumption
on the support of ¢ we infer u(x, t) = 0, and then (4.3.27) follows.

Next, we want to show that (4.3.27) implies

/RN D(x,t,€,7)dé < 1, (4.3.29)

for every x € RY and ¢t > 7. Indeed, for every € > 0 let (¢, )peny € C° (IRN x (T, T+6)> be
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a sequence of function with 0 < ¢,, < 1, pointwise converging to the characteristic function

of RN x (7,7 + ¢€). By (4.3.27), as n goes to infinity we get

LI e ryae <1
E/T /IRN (x>7£77>£_ )

implying (4.3.29) by Lebesgue differentiation theorem.
Finally, we conclude the proof of (6.) by showing that (4.3.29) is indeed an equality. For

every T' > 0 we set

w(x,t) =t — /Ot /]RN [(x,t, &, s)dEds, (z,t) € RY x (0, 7).

By the same arguments previously employed, we see that w is a nonnegative function satis-
fying #zw = 0in RY x (0,T), and w(z,0) = 0 for every z € R". From the comparison

principle we deduce that w = 0, that implies

/Ot (1 - /RN L(w,t,€, s)dgds) 0.

Finally, this relation, combined with (4.3.29), yields the desired conclusion.

(7.)
Letus fix ¢ € RY and 5,7 € R with s > 7. Forevery x € R and t > s we set

w(x7 t) = /IRN ]‘—‘(x7 t7y7 S)F<y7 S7€7T)dy7 /U(x7t) = F<x7 t?f? T)'

The reproduction property follows once we prove that w(z,t) = v(x,t) for every z € RY
and t > s. Since v is a fundamental solution, for every 7' > s it solves #Gv = 0 in
RY x (s,T), moreover v(z,t) — I'(z,s,&,7) as t — s. Let us now turn our attention to w.
Since I'(-,¢,7) € C2 (RN“ \ {§, T}) it is bounded in RY x (s,T') (we recall that 7 < s).
Hence, by (4.) we infer that for every 7' > s the function w solves #zw = 0in RY x (s, 7)),
and that w(x,t) — ['(x,s,£,7) ast — s. The thesis follows then by comparison principle,
once we prove that

sup  |v(z,t) —w(z,t)] — O. (4.3.30)
te(s,T), |z|<R R—o0

From the Gaussian estimates (4.3.2) we easily infer that

v(z,1) — w(z,1)|

<oz (—Cudftg’%”) - (e 2g) exp (—eu )

o) (=)

(4.3.31)




Chapter 4. Fundamental solution, maximum principle and Harnack inequality for
subelliptic evolution operators

Let I'y denote the fundamental solution of Ag — 0;. From the Gaussian estimates (4.3.25)
and the reproduction property of I'y, we infer that there exist four constants ¢y, 3, c3,¢cq4 > 0
such that

[ (et om (o)
R (t_3>% (s—1)%

dy

4.3.32
<6 /RN Lo(z, cit,y, c18)Lo(y, c1s, &, eam)dy ( :

(t—7)% ca(t —7

for every (z,t), (£, 7) € RNT1, Thus, we can bound (4.3.31) by C exp ( — cdx(x, 5)2), for
some ¢, C' > 0 that depend on ¢ and 7. Finally, (4.3.30) follows from the continuity of the
Euclidean metric w.r.t. the CC-metric, concluding the proof.

(8.)

We begin by proving a local Gaussian lower bound, which follows from the construction
(4.3.18) provided by the parametrix method. We claim that there exist C,C5 > 0 and
0 < T < 1 (depending only on structural assumptions) such that

1

QCA(t—T) 2

(4.3.33)

for every (z,t), (¢£,7) € RNt such that 0 < ¢t — 7 < T and %xf)z <

(where c), is the constant appearing in (4.3.25)).

In (CQ(t - 7'))‘

In order to prove claim (4.3.33), we first estimate the function J introduced in (4.3.19). By
(4.3.25), (4.3.26), and (4.3.32) we infer that for every z = (z,t),( = (£, 7) € RY¥*! such
that 0 < t — 7 < T, the following relation holds

|</ / (z,t,y,)||G(y, s, & 7)|dyds

dx (m7y)2 dx (y7£)2
P\ eat=s) ) FP\ " e(s—r)
SCT[(_T)f—l/RN (—a) e (-4 ))dyds

0 e T e
S(t_7-)§eXp<_Et—77')> T(s T)2 'ds
:&(t—T)% ox <_d)((l’, )2>

a (t—r)% P ct—71) )

for some Cp, Cp > 0 and & > c,, that depend only on structural assumptions and 7. Hence,
the local lower bound (4.3.33) follows from (4.3.18), (4.3.25) and (4.3.34), with C; only
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depending on the constant ¢ and C5 depending on C'r and c).

The global lower bound (4.3.12) follows from the positivity of I' given by (5.), combined
with the reproduction property (4.3.11). Indeed, let C';, C'; and T be the constants given by
the local lower bound, and set

A:=C,

In ((JQT)‘ . (4.3.35)

We suppose without loss of generality that T is such that

1

Q

VA > [ <k1 + k%),
QWQ

where wg is the measure of the dx-unit ball, () is the homogeneous dimension of G, k;

is defined in (4.2.6), and c, is the constant appearing in (4.3.33). Let us fix z,£ € RY,

0 <t— 7 < T,and let k be the smallest integer greater then

T dX (xv 5)2
max <T, 617M> s (4336)

with ¢; > 0 to be fixed later. By the segment property and the equivalence of homogeneous
distance (see for instance Corollary 5.15.6 and Proposition 5.1.4 in [27]), there exist x =

X0, T1, - -+, Tk, Tpr1 = & and k3 > 0 (depending only on the group G) such that

d
dx(z;,zj41) < k;;M, forevery j =0,..., k. (4.3.37)
k+1
We fix )
2 e [(t—
pom (27 =) (43.38)
wQ k‘+ 1
and pick t = sg, S1, ..., Sk, Sgr1 = T such that
27 forevery j—=0,....k (4.3.39)
Si— 8iy1 = —— =0,...,k. 3.
J J+1 k+ 1’ YJ ) )

Iterating the reproduction property (4.3.11) k times, by the positivity of [' we get

F(x7t7§77—) = / F(%t,yh31)F<917817577)dy1

RN

k
= /(]RN)’“ };[[)F(yja Sj, yj+15j+l)dy1 S dyk (4340)

k
LTI T 85, Yja1s Sj41)dyn - - dyy, =: 1,
Hj:l BT‘(xj) =0

where we have set in the last two integrals yy = = and y;41 = &, (we recall that B, (x;)
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denote the d x-ball of radius r and center z;). We set

k2ks\/T

C1 = 1

VA - (2&)6 (kl‘i‘k%) |

wQ

and we claim that
dx (%‘7 yj+1)2 <q,

Y

In <Cg(sj - st))

Sj = Sj+1
for every y; € B,(z;) and for all j = 1,..., k. This, in particular, allows us to employ the
lower bound (4.3.12). By (4.2.6),(4.3.38), (4.3.37), (4.3.36), and (4.3.39) we get

dX(xag)
k+1

K2ks |Tk
§T<k1+k%)+k1—i_31 Tl(t_T)S\/ZHSj_SjJrl.

The claim is therefore a consequence of (4.3.35). Hence, we are in position to apply (4.3.33),

dx (y;, yjr1) < r(ky + k7)) + kiks

from which it follows that

dx (yjyyj+1)2>

k
1 ko exp (_C)\ (s:—5;41)
I > N / | I I04 d . d
o (20)\) Hk Br(x;) : ( g v Yk

j=1"" Sj — Sj+1)5

> (21) (ﬁ M)) (ﬁ o (2‘3A> (s; — SM)S) (4.3.41)
Cx §=0 (5j — 8j41)2 j=1 “Q

- exp (—kc,\A)

t—1)%

If cdx(z,€)* > (t — 7)T, then k = cidx(x,£)?/(t — 7) + n, for some 7, € [0,1). This,
combined with (4.3.40) and (4.3.41), implies

exp (—c)\A) dx(z,€)?
D(x,t,&,7) > Wexp (—c,\Acl(t_T))

Otherwise, if c1dx(z,£)* < (t — 7)T, then k = % + 1y for some 7, € [0, 1). Hence, again
by (4.3.40) and (4.3.41), we deduce that

exp (—c,ﬁl%)

ot 607 2 exp (—end) =
exp (—orA (5 + 1)) (_ M)
Tt Uy )

and this concludes the proof.
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(10.) The proof of the existence and the properties of I'* is analogous to that of I and
therefore we are left with proving (4.3.16).
We first observe that by (1.)-(4.) the function

u(z, 1) ::/ T (2,1, €, T) g (€)dE — / / (z,t,€,7) f(€,7)dedr,
RN
is a classical solution to

Hiu=f, in RN x (T,Ty),
U(.’L‘,Tz) :g($)7 in RN?

as it solves the equation, and the final condition is taken in the following limit sense

t—T5

lim (/RNF*(xthQ £)de — // (2,4, 6,7 f(f,T)d§d7'>—g(x). (4.3.42)

We now notice that the Green’s identity holds

mi
vAGu — uHAG v = divg {Z </UG/Z']'X]‘U — ua;; X;v — 'U/UXjCZij) + b;(uv) | — Op(uv),
j=1
(4.3.43)

for every u,v € C%. Let dg denote a homogeneous distance on G smooth out of the origin,
and let B,(x) be the corresponding dg-ball of radius r > 0 centered at x € RY. We fix
R >0, (z,t),(&,7) € RN e < 7 —t, and we integrate on Qp := Bg(0) x (1 —¢&,t +¢)
the Green’s identity with u(-) = I'(-, z,t) and v(-) = ['*(-, £, 7). Since HGu = H#Fv = 01in
Qr, by applying the divergence theorem on G (see [91], pag.13) we get

/ Ly, t+e,2, )" (y,t +¢,&,7)dy
Br(0)

— Ly, 7 —e,x, )™ (y, 7 —e,&, 7)dy
Br(0)

t+e mi
= / / Z <(F*CL7,JXJF — FainjF* — FF*XJ‘CLU) + bZFF*, ﬂ>d7’[n_1,
T OBR

where v; = Z;-V:l ngoz-(here we recall that v denotes the Euclidean normal outward vector
of 0Bg(0)). Since the components goj- of the vector fields X; are polynomial, by (4.3.2),
and (4.3.3) and the equivalence of dg and dx, the integral in the right-hand side vanishes as

R — +00. Hence, we conclude that
/N Dy, t+e,2, )" (y,t+¢,&7)dy = /N Dy, 7—e,2, )" (y, 7 —&,&, 7)dy. (4.3.44)
R R

The proof follows by letting ¢ — 0. Indeed, if we set ¢g.(y) := I'*(y,t + €,&, 7), then we
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rewrite the left-hand side of the previous equality as follows

/ I(y,t+e,2,t)9.(y)dy
RN

= /RN Dy, t +e,2, )" (y,t,& 7)dy + /RN C(y,t+e,x,t) (gg(y) — I (y,t,&, T))dy
=1 + 5.
(4.3.45)
By the regularity of I' outside the pole and (4.3.2), we infer that /, vanishes as ¢ — 0.
Moreover, by (4.3.9) we deduce that [; converges to I'*(x,t,£,7) as € — 0.
The same arguments apply to the right-hand side of (4.3.44) (by using (4.3.42) instead of
(4.3.9)). Hence, the proof is complete.

(9.)
We begin with estimate (4.3.14). Let k; as in (4.2.6): for every H;, H, > 0 such that
H, + H
Mt g, (4.3.46)
H,

we claim that there exists M > 0 such that
Hydx(z,y)? — (Hy + Hy) dx(y,0)* < M dx(z,0)?, forevery z,y € RY. (4.3.47)

The claim is clearly true for y = 0, taking M > H;. Then, if y # 0, we set r := dx(y,0)

and

Since dx is 6,-homogeneous of degree one, (4.3.47) becomes
Hydx(&,w)* = (Hy + Hz) < M dx(&,0). (4.3.48)

If dx (&, w)* < U H2) | (4.3.48) holds for every M > (. Otherwise, by (4.2.6) we get

> H,
1 /Hi+ H,
d Sy,
X(£7O)>k1 Hl

We remark that ¢ is strictly positive, thanks to (4.3.46). Then, by (4.2.6) inequality (4.3.47)

follows if
dx (€,0)2(Hik3 — M) + 2H:K3dx (€, 0) + (Hik} — Hy — Hy) < 0.

This inequality holds true if we pick M > 2H k3 /4.
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Let us now take Hy = hy and Hy = 2% — 5t (where ¢, 1s given by the Gaussian upper bound
(4.3.2)), and recall that h; satisfies (4.3.13). By (4.3.2) and (4.3.13) we get

crt=mf [ dy(@ep
et 6] < - -t eXp( " (t—7)>

exp ( d)((t xf) ) 2
S cr (t— ) exp (—(H1+H2)dx(x,£) )7
with ¢ = <Cu —T(H, + Hg)) /2. From the representation formula (4.3.7), together with
(4.3.5), (4.3.6), and (4.3.49), we infer the following inequalities

(4.3.49)

u(x,t)|§/RN D(x,t,6,T))g |d£+// (2., €,7) (€, 7)|dedr

<p [ — dx (z,€)*
< hocy /RN ’ p(E _ijf)_g” ) exp (—(Hl + Hy)dx (z,€)* + HldX(gvo)Q)dS
eXp dX(Iﬁ) )
thaer [ ] ; L exp (—(Hy + Hy)dx (2, €)° + Hidx (€,0))dédr
—7)

= Il-

By setting 7! o z = y, from (4.3.47) we get

L dx(y,0)?
Li=h / ex () (=(Hy + Ha)dx (y,0)* + Hidx(z,y)*)d
1= alr [y (t—Tl)% exp 1 2)ax Y, 1ax(x,y Y

2
v e (e : :
+ hQCTl /N o exp (—(Hl + Hy)dx(y,0)* + Hidx(x,y) )dydT
1 /R t—r71)2

o dx (4,0)? o dx (4,0
exp exp -
< hycr exp (MdX(x, O)2> (/]RN (E (t= Tl) 4 /]RN 0 (t ) )d dT)
— —7)

= IQ.

Finally, employing once again the fundamental solution I'y of Ag — 0;, together with its

normalization and the Gaussian upper bound (4.3.25), we conclude
12 S hQCT exp (MdX (.1‘7 0)2) (/N Fo(y, Cﬂf, 0, clTl)dy
R
t
+/ / To(y, eit, 0, clT)dydT) < Cexp (de(x, 0)2) ,
T JRN

for some C7r, c; > 0 depending only on structural assumptions.
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We conclude by addressing the second part of (9.)

Let us suppose that u,v are classical solutions to (4.3.8) satisfying (4.3.15). The thesis
follows once we show that there exists 0 € R such that, for every 77 < o < o, it holds
u(x,t) = v(zx,t) in RY x (T, 0).

To this end we consider the function w := u — v, which, for every T} < o < 15, is a solution

to the equation

Hw =0, in RY x (Ty,0),
w(z, 7)) =0, in RY,
and by (4.3.15) satisfies
/ / )] exp (—kdx (z,0)%) drdt < +oo, (4.3.50)
T

for some k > 0. We fix (z,t) € RY x (Ty,0), we let again dg denote a homogeneous
distance smooth out of the origin, and we denote as By, the dg-ball of radius R > 1 centered
at z. Let 0 < h < 1 be a smooth cut-off function such that A(§) = 0 if £ ¢ Bgyq, and
h(§) = 1if ¢ € Bg. If we pick € > 0 and we integrate over Bg,1 X (11,t — ) the Green’s
identity (4.3.43) with v := w and v := h(-)['(z, 1, -), we get

/ts /19R+1 w(§, T)%”«;f(h(ﬁ)F(x, t,€, T))dde
[, 20 g i

t—e m
é / divg {Z hTa;; X;w — wa;; X;(hI) — ’thFXjaij) + bywhl'| d&dr.
R+1 ]:l

Since A = 0 on 0Bg,1, the divergence theorem on G implies that the last integral vanishes.
Then w(z,0) = 0 yields

/Ti—a /BR+1 w(é, T)%ﬁé‘(h(g)r(m, t,&, T))dng
= h(f)r(l‘,t,g,t—6)w(§7t—5)d§.

RN

As shown in (4.3.45), the integral on the right-hand side converges to h(x)w(z,t) = w(x,t)
as e — 0. Since h = 0 in Bg and G (z,t,-) = 0in Bgryy \ Bg (by (4.3.16)), we get

t mi mi mi
w(z,t) = l /. o {2 Sy XhX,T+T S ay X, X;h + TS X;h| dedr.

ij=1 ij=1 i=1

Given that /» and its derivatives are bounded, and exploiting once again the fact that the vector
fields have polynomial components, by (4.3.2) and (4.3.3) and the equivalence of d¢ and d,
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we infer that there exits ¢ € R such that, if 77 < o < o, the following relation holds for
some C,Cp > 0
exp (~CHE-

a0 < Cr 1, eI Jacar

<Cr[Tf e mlexp (~kkdx(z, &) dédr

< Cr exp ((1 — kky)dx (z, O)2> Aﬂ /BR+1\BR |lw(&, 7)| exp (—k:dx(f, 0)2) dédr.

By (4.3.50), we infer that the right-hand side vanishes as R — +o0, implying w(z,t) = 0
for every (z,t) € RN x (Ty,0). Repeating this argument finitely many times yields the

desired result. [l

4.4 Mean value formulas

In this section we prove a representation formula that will be exploited in Sections 4.5 and
4.6 to prove the maximum principle and a parabolic Harnack inequality. This formula is
based on the solid mean value formula recently developed in [92], that we here improve em-
ploying Hadamard’s descent method, in order to overcome the unboundedness of the kernel.
The solid mean value formula from Theorem 2.2 in [92] holds true once the following con-
ditions are satisfied

(M1) There exists a homogeneous Lie group G= (]RN +13, gr) such that X, ..., X,,, and
X, = O, are left-invariant on G and &—homogeneous of degree one.

(M2) There exists a fundamental solution I'* to the adjoint operator (4.3.1) such that:

o there exists 79 > 0 such that for all ¢ = (£,7) € RYT! the set

00 = {2 = (@) € BN x (-00.7) T2, 0) > 1.

r

is bounded for every r < 7;

o forall ¢ = (¢,7) € RN and r, e > 0, the set

Z..(C) := {x eRY : T*(z,7 —¢,() > r},

84



Chapter 4. Fundamental solution, maximum principle and Harnack inequality for
subelliptic evolution operators

satisfies the pointwise vanishing integral condition

lim 2N (Iw(g)) =0, lim I*(z,7 —¢,()dé = 0. 4.4.1)

e—0 e—0 RM\Z, .(¢)

Before proving our improved mean value formula, we briefly discuss the previous conditions.
We first focus our attention on (M1). In regularity theory, G is not the usual group where
one investigates the properties of .7¢;. This is because operator 7 is not homogeneous of
degree 2 w.r.t. gr, since the vector field Xy = 0, is &—homogeneous of degree one (namely,
Xo belong to the first layer of the Lie algebra of G). The natural geometry when studying
operator .7/g; is determined by the parabolic group relevant to G. More precisely, the natural

framework for the regularity theory of operator .7 is the group G, = (RN +15, 57.) , Where
25( = (z0&t+7),  Ofn,t)=(0(x),r%),  Vz(ERNr>0,

with o and {0, },~0 given by G. It is straightforward to verify that on G, the operator /g
is left-invariant and homogeneous of degree 2. However, the divergence theorem on G,
would not be enough to prove the mean value formula, since in this setting the surfaces
{t = constant} would have codimension 2, hence being negligible. For further comments on
this topic, we refer the reader to the introduction of [92], or to the monograph [110] about
Geometric Measure Theory on Carnot groups.

We now comment on (M2). The pointwise vanishing integral condition (4.4.1), as empha-
sized in [44], is a fundamental requirement for the proof of mean value formulas, and is
closely related to the local properties of I'*. In the stationary case, this property is straight-
forward to establish. In the evolutive setting, however, its proof is more delicate and relies
on precise estimates, that in our case will be the Gaussian lower and upper bounds, together
with the long time bound given by (5.) in Theorem 4.3.11.

We conclude with a final remark. In Theorem 4.3.11 we established the relation (4.3.16)
between [" and I'*, if (H1), (H2), (H3) and (H4) hold. As a result, we can express the mean
value formula in terms of the fundamental solution I', instead of I'*. In particular, this means
that

r

Q,.(¢) = {z € RY x (—o0,7) : T(¢, 2) > i} 7,.(0) = {:1: cRY :I'((,n,7—¢) > 1}.

Finally, before presenting the representation formula, we introduce the relevant kernel. For

every z,( € RV*! we set

(A(=)Vel'(¢, 2), VT (¢, 2))
(¢, 2)°

Mg(C,2) = (4.4.2)
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Proposition 4.4.12 (Mean value formula). Let ¢ be a differential operator as in (4.1.2)
satisfying assumptions (H1), (H2), (H3) and (H4). Let Q) be an open subset of RN*1, f €
C(Q2) and let u be a classical solution to HAgu = f in Q. Then, for every ( € Q and for
every r > 0 such that Q,(¢) C €, we have

1/ Mg (¢, 2)u(2)dz + — / (/Q(C (; I'(¢, )) )
+i /0 ; (/ﬂg(o (divGH(2) = (2)Jul2) dz) e

Proof. This representation formula corresponds to the solid mean value formula stated in
Theorem 2.2 in [92]. We need to prove that we are in position to apply the aforementioned
theorem, namely that (M1) and (M2) hold under assumptions (H1), (H2), (H3) and (H4).

The existence of the Carnot group G = (RN , 0, 5T) introduced in Section 4.2, directly im-

plies (M1). Indeed, we define on R™V*! the following composition and dilations law
26(:=(xo&,t+71), o, (x,t) = ((5T(x),7’t), Vz,¢ € RV r > 0.

Given that G is a Carnot group on RY, as an obvious consequence it follows that G =
(RN +13, Sr) is a homogeneous Lie group on RV "1, Moreover, the vector fields X, = 0;

and X, ..., X,,, are left-invariant w.r.t. © and Sr—homogeneous of degree 1, namely
X; (f(zao) = (Xif) <z6§>, X; (f (&(z))) = T’(Xif) (Sr(z)) , 1=0,...,my,
for every f € C°(RN+1), thus implying (M1).

Let us turn our attention to condition (M2). By (5.) and (8.) in Theorem 4.3.11, we infer
that there exists 7 > 0 such that

Q,.(0) = {z ERY x (1—1,7): (¢, 2) > } (4.4.3)

for every r < 7. Let us now consider the Gaussian upper bound (4.3.2) with 7" = 1. If we

set 79 < min (F, cf1>, it follows

|Q

0,.(0) C {z ERY x (1 —1,7) s dy(&,2)? < cu(r — ) In (C”) } ,
(1 —1)

1o

E2

Z..(¢) C {:c cRY . dx(&,2)* < cueln (Cﬂ) } ,

86



Chapter 4. Fundamental solution, maximum principle and Harnack inequality for
subelliptic evolution operators

provided ¢ < 1. The local boundedness of €2,.(¢) and the first point of (4.4.1) follows. We
conclude by addressing the second point of (4.4.1). With this aim, we employ the Gaussian
lower bound (4.3.12), from which it follows that

E2

{x e RY :dx(&,2)* < celn (527;) } C Z..(¢),

for every ¢ > 0. Hence, since I' is positive, by the Gaussian upper bound (4.3.2) we infer

that for every € < 1 there exists ¢y, ¢, > 0 such that

0<

l

fergo

F(C,x,T—e)dxg/{ }F(C,x,T—s)dx

dx (&,x)2>cieln < CET)
dX(gv :I">2
15

(&1
< —Q/ ~ exp | —c,————— |dx
€2 {dX(S,I)QZClEIIl(cEQT)}

Q|

L)

g2

(by setting y = (5% (xfl o 5))

- P - ud 70 2>d ,
Cl/{dx(y,0)2zclln<cg>}e}<p< cudx (y,0) Y

e2

and the proof is complete, since the last integral vanishes as ¢ — 0. [

Remark 4.4.13. To be more precise, the kernel appearing in Theorem 2.2 in [92] is actually
of the following form

where A denotes the matrix with entries a;j, and a(m, +1y; = Qj(m,+1) = 0, while Vg denotes

the horizontal gradient on G, namely

mi

Vof =), (Xif)Xi + (Orf)(Oh).

i=1
However, the previous kernel is formally identical to the one introduced in (4.4.2).

As mentioned before, a questionable feature displayed in the previous proposition is the un-

boundedness of the kernels. This can be easily checked in the case of the classical heat

|g—a|?
4(t—t)2>

limitation is that the kernel cannot be bounded from below by a strictly positive constant.

operator, where Mg ((,z) = the so-called Pini-Watson kernel. Moreover, another

These two issues prevent us from taking advantage of the classical elementary argument

developed for harmonic functions to establish both the maximum propagation and the Har-
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nack inequality. Hence, starting from Proposition 4.4.12, we aim to prove a representation
formula with a kernel that is not only bounded but, also possesses a degree of regularity ar-
bitrarily high. This boundedness will be crucial in particular to prove the parabolic Harnack
inequality given in Section 4.6. Our technique to prove the mean value formula with a more
regular kernel is based on Hadamard’s descent method, already used by Kuptsov in [73], and
later developed in [44, 59, 60, 85, 105]. In order to outline the procedure we follow, we first

introduce some further notation. For every m € N, we introduce the operator
A" = A 4 A, (4.4.4)

where Az(f”) is the classical Laplace operator in R™ in the variables y = (y1, . .., ¥, ). More-

over, we define the function

T (n,€,7,y,2,t) = H™ (n,7,9,t) T (€, 7,7, 1)

B 1 In —y|? (4.4.5)

where T and H(™ denote the fundamental solutions of ¢ and of the heat equation in R™,

respectively. By standard arguments it follows that I'(™) is a fundamental solution to %(m)

and that, if u = u(z,t) is a solution to .Gu = f, then the function
i (y, z,t) = u(x,t), yeR™, (4.4.6)

is a solution to %(m)ﬂ(m) = (M) where

f(m)(y,l’,t):f(l’,t), yeRm‘

By integrating the mean value formula of Proposition 4.4.12 with respect to the variable ,
we then obtain new kernels which are bounded for any m > 2. In order to state and prove

our modified mean value formula, we first introduce some further notation:

(¢ 2)
(47?(7‘ - t))m/2

() = {z e RTT() > 1,

No(¢,2) == 2V/7 — ty/In (rT0m) (¢, 2)), (4.4.7)

L (¢,2) =

N?
M (¢, 2) = wm NI(C, 2) (M@(C, )+ mT— 2 4(;(5’:))2> ’
W m zZ T — m/2 m 9 5
G #) = mit (W —T (¢, 2) 4(;)’Y<2 M)) ’
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where Mg ((, z) is the kernel introduced in (4.4.2), w,,, denotes the Lebesgue measure of the
unit ball in R w.r.t. the Euclidean metric, and + is the lower incomplete gamma function,

namely N
V(s 2) = /0 t=lotdt. (4.4.8)

We are now in a position to state and prove the following proposition.

Proposition 4.4.14 (Improved mean value formula). Let .73 be a differential operator of the
form (4.1.2) satisfying assumptions (H1), (H2), (H3) and (H4). Let ) be an open subset of
RN*L f € C(Q) and let u be a classical solution to #pu = f in Q. Then, for every ( € Q
and for every v > 0 such that Q™ (() C Q, we have

1 m 1 m
WO = [, MG Az dz 4 [ ( Joon g, AW dz) o

r
(4.4.9)

1 Win

Proof. As a first step, we observe that, for every m € N, the operator %(m) in (4.4.4)
belongs to the class of operators (4.1.2) with the matrix A replaced by the (m + m;) X (m +

my) real matrix

- I, O "
A(y,z)z(@ A<Z>>, y e R™ z e RN,

where A denotes the matrix related to operator .77 in (4.1.2). Hence, operator %(m) clearly

satisfies the assumptions of Proposition 4.4.12, and we infer

~(m 1 17 (m ~(m
10,0 = [, ME .G, 2) dyd=

.
T I L F@2) L E,¢y.2) ) dydz | do

r Jo ﬁém)(n,g) ) 0 y Sy Yy (4410)
b L (diveb(z) —ef2)) i, 2) dydz | do

rJo o\ /o me) 7 ’

where Q0" (1, ¢) is the super-level set relevant to T(™) in (4.4.5), i.e.
~ ~ 1
Q) (1, ¢) = {(yyz) € R™HN x (=00, 7) : T (1, (,y. 2) > } (4.4.11)
r

We first point out that, in virtue of (4.2.8), the kernel M (n,¢,y, z) in (4.4.10) correspond-

ing to operator %(m) 1s
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M™ (0, ¢y, 2) =
F(Za C) ;nzl a;JH(m) (n’ 7Y, t) + H(m) (777 7Y, t)z Z:’,njlzl GU(Z)XZF(C, Z)X]F(C7 Z)
L (1, ¢, y, 2)? '

Then, owing to (4.2.8) and (4.4.5), the kernel M (™ (1), ¢, v, z) becomes

In —yl|?

M"™(1,¢,y,2) = Mg(, 2) + A7 — 2

(4.4.12)

where Mg ((, z) is the kernel defined in (4.4.2), and 4‘?:’!;2 is the classical Pini-Watson kernel

in R™*!, We observe that, as a consequence of (4.4.5), we can rewrite the super-level set
QU™ (5, ¢) in (4.4.11) as follows

(. ¢) = {(y,z) e RmHNHL .y (47T(1;(§_7 j)))m/Q > exp (L?T_—yf)) } (4.4.13)

In virtue of (4.4.6), we now rewrite equation (4.4.10) as follows

1 —
U(C) :; /ﬁ(m)(n 0 M (777 ¢y, Z)U(Z) dy dz
L L fom)
+7/ /~<m> f2) | = =T (n.C y,2) | dydz | do
L o ’ 4.4.14)
= rl/ (diveb(z) — e(2)) u(2) dy dz | d
rJo o z)—c(z)) u(z 2
rJo o \JoyM o) © Yy 0
=01 + Iy + Is.

We first focus on the term /;. Exploiting (4.4.12) and (4.4.13), we get rid of the variable y
by integrating as follows

A Me(c2) + 77 sy ay e
r Jol™ (n,0) ’ 4t —t)?
1 / / n —yl®
_ 1 Mg(C. 2) + dud (4.4.15)
r o™ () {Iny|<NT(C7Z)}< 6(6:2) 4(T —t)? u(z) dy dz
1 m
= Jam ME™(C, 2)u(z) dz,

where the quantities Q0™ (¢), N,.(¢, z) and M ™ ((, z) are defined in (4.4.7). In order to take

care of /5, we first recall the following equality

m

R 2 1 % Rf? m_q cz m R?
/ e cr"dr = —/ e 'r2 " dr = —vy | —;— |,
0 2 Jo 2 2 ¢
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where ~y is the lower incomplete gamma function (we recall the definition given in (4.4.8)).

As a consequence of the previous equality and (4.4.13), we obtain

12
exp | — \nylm

1 1 ar-0) "
L=—[ [ 1/ R W U L P Ty
rJo JQg™ (n¢) | Hin—yl<No(¢.2)} | @ (47T(T — t))

w[3

1 r
B W (m)
- r /0 </Q£;m)(§) 0 (C,Z)f(Z) dZ) an (44 16)

where Wg(m) (¢, z) was introduced in (4.4.7). Finally, exploiting once again (4.4.13), we infer

1 rm1 .
Iy = F/o 0 </ng>(<> (diveb(=) - (=) u(2) </{n—y<Ng<<,z>} dy) dz> e

1 1 (4.4.17)
— ;/0 p </Q§,’”)(C) (diVGb(z) - c(z)) u(z) Ny (€, 2) W dz) do.
The thesis follows combining (4.4.14), (4.4.15), (4.4.16) and (4.4.17). O

4.5 Proof of Theorem 4.1.4

Let ¢ € Q such that u(¢) = maxqu > 0. Since ;1 = ¢, from (4.4.9) we get

0= [ M) (uz) = ()t

r

=1

L1 /O " W ( /Q - NI, 2) (divgb(z) — e(2)) (u(z) - u(C))dz> do (4.5.1)

0 -

L ([, 00~ e i) e

T
=1

for every 7 > 0 such that Q™ (¢) C €. We now claim that for every ( € € such that

u(¢) = maxgq u, we have
u(z) = u(Q), for every z € Q™ ((). (4.5.2)

In order to prove the claim, we take a closer look to the kernels appearing in (4.5.1) (that we
recall to be defined in (4.4.7)). By definition, we notice that N*((, z), Wg(m)(C ,z) > 0 for
every z € QU™ ((). Moreover, thanks to the ellipticity assumption, the kernel Mg defined
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in (4.4.2) is nonnegative, thus implying M (™ (¢,z) > 0 for every z € QU™ (¢). Since
f<0,c>0,divgb — ¢ > 0, and u(() is a nonnegative maximum point, we deduce that
I, 15, Is < 0. Hence, the three integrals in (4.5.1) vanish and consequently, by the strictly
positivity of the kernel, u(z) — u(¢) = 0 for H¥+! almost every 2z € Q™ (). Claim (4.5.2)
then follows from the continuity of w.

We now take advantage of claim (4.5.2) to conclude the proof of Theorem 4.1.4. Let z €
Ac(€2), and let v : [0, 1] — € be an .7;-admissible path such that y(0) = ¢ and (1) = z.
We want to prove that u(’y(s)) = u(() for every s € [0, 1]. To this end we set

I = {t €10,1] : u(y(s)) = u(() forevery s € [O,t]},

and define ¢ := sup I. Clearly, I # () since 0 € I. Moreover, by the continuity of u and ~y, I
is closed, hence ¢ € I. Suppose by contradiction that ¢ < 1, then we set Z = (Z,1) := 7(7?),
and we recall that { €  and u({) = maxq u. We claim that there exists 71, s; > 0 such that
Q(m(z) C ©, and

v(f—l— s) € QM (z), for every s € [0, s1). (4.5.3)

Then, as a consequence of (4.5.2), we get u(v(er s)) = u(z) = u(Q) forevery s € (0, 1),
which contradicts ¢ = sup / and concludes the proof of our statement.

Thus, we are left with proving claim (4.5.3). Since z € €2 by the definition of ./ -admissible
path, by Gaussian estimates we infer that there exists 7 small enough such that Qf;m) (z) C Q.
Hence, to prove the claim we only need to show that there exist 7y < 7 and s; > 0 such that
(4.4.3) holds. From (5.) and (8.) in Theorem 4.3.11, we infer the existence of r; < 7,¢,¢ > 0

(depending only on structural assumptions and m) such that
le”)(é) D Qr (2):= {(x, t) € RV x (f—l, f) cdx(z,7)* < c(f—t) <ln (Tlé) —In (t—t)) }

Therefore, to prove (4.5.3) it is enough to show that there exists s; such that v(t_ + s) €
Q0 (%) for every s < s1. By definition of ./ -admissible path we have

fy(t_—ir s) = (”y*(t_—l— s),t — s)
for some X-trajectory v, with control function w = (wy, . . .,wy, ), namely 7, € C such that
mi
7.(7) = > wiln)Xi(v(7)), T,
i=1

We set
Y(T) = Y« (f+ Ts), T €[0,1].
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Clearly, v* is an X-trajectory with control function
w*(T):st—l—Ts), T € [0,1],

satisfying 7*(0) = v.(t) = 7 and v*(1) = 7.(t + s). Hence, by (4.2.5) we obtain

B N 4@ _ B t+s )
dX(’y*(t+s),x> = dy (”y*(t%—s),x) < . slw(r)|2dr < \/EHWHL2(O,1)-

Consequently, 7(5 - s) = (7* (t + s),t — s) belongs to Q7 (Z) provided we pick s; <
T1C exXp <—Hw\|ig(0’1)/c>, and this concludes the proof of claim (4.5.3).
To summarize the above, we proved that u(z) = u(() forevery z € A;(€2). By the continuity

of u we conclude that this holds also for every z € A;(2). Finally, since u is constant in

A (Q), by HGu = f we conclude that u(¢)c(z) = f(z) for every z € A¢().

We finally point out that the condition on the sign of u({) was exploited only to ensure that
u(¢)c(z) has the desired sign. If ¢ = 0, the needed condition is always satisfied, hence we
conclude that f = 0. This concludes the proof of Theorem 4.1.4.

4.6 Parabolic Harnack inequality

In this section we establish a parabolic-type Harnack inequality, which will be crucial in
deriving the invariant Harnack inequality stated in Theorem 4.1.6. To this end, we first recall
the notion of G-ball of radius 7 and center z( and of G-parabolic cylinder of radius r and

center zg = (g, to)

B, () = {:p e RY : dx(z,z0) < r}, Q-(20) = By(xg) X <to — rz,t()),

where dx denotes the Carnot-Carathéodory distance defined in Definition 4.2.8.

Proposition 4.6.15. Let 77 be a differential operator of the form (4.1.2) satisfying assump-
tions (HI1), (H2), (H3) and (H4). Then, there exist four positive constants C'p,r1, 1,191 (only
depending on structural assumptions), with €1, 91 € (0, 1), such that for every zy € ) and
everyr > 0 withr < ryand Q,.(z9) C (Q, the following estimate holds

sup u < Cpu(z), 4.6.1)
Dy(z0)

for every u > 0 classical solution to 7Gu = 0 in §), where

DT(Z()) = Bﬁlr(mo) X {t =1ty — 517"2}. (462)
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20

QT’(ZO)

Q

Figure 4.2: The sets appearing in the statement of Proposition 4.6.15 (the time variable is
represented vertically, and upwardly increasing).

We first describe the strategy of the proof, which relies on the improved mean value formula
derived in Proposition 4.4.14. We begin by discussing a similar strategy employed for uni-
formly parabolic operators with Holder continuous coefficients. Then we highlight the main

difficulties arising in our framework and outline how we overcome them.

In the uniformly parabolic setting, a key properties of (4.4.9) is the boundedness of the kernel

M™): more precisely, there exist m™, m* > 0 and 7, &, € (0, 1) such that

M (f, T, :c,t) < mtrmEy for every (z,t) € Q"™ (f, 7'),
Mé,ﬁ”) (mo,t0,5,7> >m ", for every (5,7) € QiT)(a:O,to) N {’7’ <ty— 5r2},
(4.6.3)

whenever r € (0,79) and e € (0, &y). In the constant coefficient case, (4.6.3) follows from the
explicit expression of the corresponding fundamental solution. For instance, in the case of
the heat equation in R x (0, T"), one has, for every r > 0 and for all (¢, 7), (z,t) € Rx (0,7,

" B 2™ MWy, r (€ —x)? %
M™ (¢ 7, x,t) = (m+2)(r—1) ((T_tﬂn((zlw(r—t))mzﬂ) - ) :

and

Qm(¢ ) = —z)? T—1t)In r T :
e {(5 ? <d(r-1) ((M(T_t)“)}

It is straightforward to verify the validity of (4.6.3) when m > 2. We now define the set
Kr,s<x07t0) = ng) (.CE(),to) N {t <ty— 87"2},

for some € (0,79) and € € (0,g9). Then, thanks again to the explicit expression of the

fundamental solution, it is easy to show that there exist constants ), g, g9 € (0, 1) such that

94



Chapter 4. Fundamental solution, maximum principle and Harnack inequality for
subelliptic evolution operators

the following assertion holds
Q5 (2) € QY (20) N {t <ty — 67"2} (4.6.4)

for every r € (0,r¢), ¢ € (0,60) and z € K, (z). Then, the parabolic Harnack inequality
follows from an elementary argument similar to the one employed for harmonic functions:
let (¢, 7) be a point in the set K, .(zo, o), for some r € (0,79) and € € (0, &), then there
exists ¥ € (0, 1) such that

449 1 ~(m
u(§7 T) - W ,/Ql(;m(g,'r) Mér )(57 T, T, t)U/(I', t) dxdt

m—2
463 mT (V) m+~
< m(r)/ u(z,t) dedt
Ir o™ (7

“sHm* (Ir) N
< D\

u(x,t) dedt
o Ir /QiT)(:co,to)ﬁ{T<to—£r2} ( )

m—2
@.63)5mt (Yr)mFN 1
< ()/ Mé:z)(xo,tg,x,t)u(x,t) dxdt

dm=—rm  5r Jol™ (z,t0)

m—2

449 5mtry "
< 5 —u(o, to)-

m=YmN

The Harnack inequality (4.6.1) follows from the inclusion D,.(zy) C K é;na) (20,t0) C Qr(20).
In the Holder continuous coefficients case the explicit expression of the fundamental solu-
tion I' is no longer available. As explained above, the existence of I' is proved employing
the parametrix method outlined in Section 4.3. A key feature of this method is that I' can
be written as the sum of the parametrix Z and a perturbative term (see (4.3.18)). Since the
parametrix Z is the fundamental solution of an operator with constant coefficients, we have
its explicit expression. Consequently, if one can show that I' is locally equivalent to Z (in
analogy with the stationary case, see (3.5.7)), then the desired bounds for the kernel, equa-
tion (4.6.3), follow as in the constant coefficients case. The proof of this local equivalence
relies on a perturbative argument originally introduced by Polidoro in [102] and recently
employed in [105]. This technique relies on a quantitative dependence of the fundamental
solution on the principal part matrix A, which can be obtained thanks to the explicit form of
the parametrix Z. More precisely, let A=, A" be two symmetric positive definite matrices

satisfying
1

K]ImlgA—,NgA]Iml, and O< A" — A < ul,,

for some A, i« > 0. Here, [,,,, denotes the m;-dimensional unit matrix and O the zero matrix.

Denote by I' 4— and I' 4+ the fundamental solutions of the constant coefficients operators
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H~ =div(A"V) — 0y, and HT =div(ATV) — 0.
Then, for every K > 0 the following estimates hold

L4 (2,¢) <alar(z,Q), Vz, ¢ € RVNFL

. (4.6.5)
FA+<Z7 C) S C2FA* <Z7 C)(t - 7_)7563/‘7 vz?C : FA+(27 C) 2 K>

where c; and c3 are structural constants, while ¢, depends also on K.
In order to apply Polidoro’s perturbative method in our subelliptic framework, we need an
estimate of the form (4.6.5) for the fundamental solution I'4 of the constant coefficients

operator

Ty = % a;; X; X; — O, (4.6.6)
ij=1

for A € M,. We prove a version of the estimates in (4.6.5) by employing the results in
[25, 28], provided that G is free. The key difficulty in the proof of (4.6.5) lies in the lack
of an explicit expression for the fundamental solution of (4.6.6), which prevents a direct
derivation of the kernel bounds. However, when G is a free Carnot group, this obstacle is
partially overcome thanks to a result in [28], which ensures the existence of a Lie group
automorphism 7’4 that turns .7 into the canonical heat operator Ag — d;. More precisely,

the fundamental solution I" 4 satisfies

Ca(z,¢) = FA(§1 ow,t — 7') = Jy FO(TA(fl o x),t — 7'), (4.6.7)

b

where ' is the fundamental solution of the canonical heat operator, and J4 = ‘deth ()
with Jr, denoting the Jacobian matrix of 7'4. By exploiting the properties of the automor-
phism 74, we are able to derive the second estimate in (4.6.5) when dealing with a free
Carnot group. Regarding the first estimate in (4.6.5), we are able to prove it in a weaker
setting, namely when A~ and A™ are scalar multiples of the identity matrix (see Lemma
4.6.16 below). However, combining Lemma 4.6.16 with the aforementioned automorphism,
we are able to apply Polidoro’s method and establish the local comparison between 1" and its

parametrix, Proposition 4.6.20, in the context of a free Carnot group.

To summarize, we have described the strategy to prove the parabolic Harnack inequality
whenever G is free. To address the general case, i.e., when G is not assumed to be free,
we adopt the following approach: we lift G to a free Carnot group G (as explained in Sec-
tion 4.2); then, the Harnack inequality is obtained for the corresponding lifted operator .77%;
finally, since every classical solution to #gu = 0 solves also #Zzu = 0, the Harnack in-
equality obtained in the lifted group G directly implies the validity of Proposition 4.6.15 in
the original group G.
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Let G be the free Carnot group introduced in Section 4.2, which lifts G, and let {)N(Z}mll be

1=

the corresponding set of vector fields. The lifted operator associated to (4.1.2) is

ZX(@U ) +Zb 2+ c(2)u(z) — dau(z), zeq,
o (4.6.8)
where a;;, b; and c are the coefficients appearing in (4.1.2), assumed to satisfy (H4). Here, z
denote the point (7,z,t) € RV x RV x R, and we have set Q2 := RV x Q. For the rest of
this section, we will use the letters 2z, and C to denote respectively the points (7, x¢, t) and
(€€, 7) in Q, and z, 2 and ¢ to denote respectively the points (x,t), (zo, o) and (&, 7) in Q.
Notice that the coefficients a;;, b; and ¢ are bounded and a-Holder continuous with respect
to the @—parabolic metric induced by the distance di defined in (4.2.10). Hence, Theorem
4.3.11 applies to 7%, ensuing the existence of a fundamental solution T to (4.6.8), and

Proposition 4.4.14 yields the following representation formula for any u classical solution to
Hzu =0

UQ) = 7 [ FMC () 2
+i /0 w;n ( /ﬁgm) & NS, 2) (diveb(2) — e(2)) U(2) dz> do.

Here, Q$m>, ]\Aﬂm), and N,ﬁm) are the lifted analogues of the quantities introduced in (4.4.7),

(4.6.9)

in the context of G.

The following observation will be crucial at the end of the section: if w is a classical solution
to H%u = 0 in €, then by the lifting property (4.2.9) we infer that the function (7, z,t) —
u(Z,x,t) := u(z,t) is a classical solution to /%1 = 0 in Q.

As previously mentioned, our goal is to establish bounds of the kind (4.6.3) for the kernel
]\A/f,(m) in terms of r. To this end, we begin by deriving some estimates for the fundamental

solution of the constant coefficients lifted operator
—_— mi ~ ~
% = Z ainin - @, (4610)
ij=1

focusing on its dependence on the coefficients matrix A € M.

Lemma 4.6.16. Assume that (HI),(H2) and (H3) hold, and pick 0 < pu~ < p*. Denote
by T and T 4+ the Sfundamental solutions of (4.6.10) corresponding to the matrices A~ :=
L, and AT = u*l,,, respectively. Then, there exists c; > 0 such that the following
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inequality holds

T (#,2,8) < Das(@,2,t), V(@ a,t) € RY x RN x (0, +00).

Proof. Since r 4- and r 4+ are the fundamental solutions of
%+ = [L+A@ — 8,5,

%?A/* = M_A(a - ata

the thesis immediately follows from a homogeneity argument.

Lemma 4.6.17. Assume that (H1),(H2) and (H3) hold, and let A=, A" be two positive defi-
(4.6.11)

nite, symmetric matrices satisfying
O< A" — A < ul,,,

1

K]Iml <A AT <AL, and
for some A, > 0. Denote by T, and T 4+ the Sfundamental solution of (4.6.10) corre-
sponding to the matrices A~ and A", respectively. Then, there exists cy, c3 > 0 such that for

every K > 0 it holds
(4.6.12)

Tos(F,2,1) < ca K™= 50 T (7, 2, 1),

forevery (Z,z,t) € RN x RN x (0, 400) such that T 4+ (%, x,t) > K. Here, we recall that

Q denote the homogeneous dimension of the lifted group G.

Proof. Since G is free, Theorem 1.1 in [28] yields the existence of two Lie group automor-

do (TA, (E,x)) ’ )
t

phisms 7’4— and 74+ such that
exp | —

I

(4.6.13)

wlOY

t

do
exp | —

Tyt (E@)) ’

fA* (.f,l’,t) = JA* fO(TA*(fax%t)) - JA7
t

RS

vl

fA+(f,l’,t) = Jy+ fO(T/H(f, :L‘),t)) = Jy+
t

where Iy denotes the fundamental solution of the canonical heat operator _; )N(Z-Q — O, dy is
the corresponding homogeneous distance on G, and .J, = detJr . (Z, ), with Jr, denoting

the Jacobian matrix of 7'y. By Theorem 2.7 in [28] we infer that .J4 is constant, and that
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there exists ¢y, > 0 (only depending on the ellipticity constant A) such that

cxt < Ja-, Jar < e,
cx'do(F, ) < do(Ta- (%, ), do(Ta+ (7, 7)) < eado(3, ), (4.6.14)
do((Ta-(%,2)) 7' 6 T (7,7)) < eal| A* — A7 || v do(, ),

for any (7, z) € RN x RY, where we recall that & is the composition law of G, and & its step.

From the second inequality in (4.6.14), together with the assumption it (Z,z,t) > K, we

infer
do(Z, x)? 1
bT2)” (5) . (4.6.15)
t t9K
The desired estimate (4.6.12) then follows from (4.6.13), (4.6.14), and (4.6.15), concluding
the proof of the lemma. 0

Remark 4.6.18. When dealing with uniformly parabolic operators, i.e. in the Euclidean
setting, the estimate given by Lemma 4.6.16 is known to hold even if A~ and A" are more
general matrices verifying (4.6.11). The same estimate has also been established for a broad
class of degenerate Kolmogorov operators (see for instance [102, 105]). Moreover, some
precise estimates obtained for the heat kernel in the Heisenberg group in [84, 104] seem to
suggest the validity of such estimates for Carnot groups in general. A precise characteriza-

tion of this property and its general validity remains an interesting open problem.

Lemma 4.6.19. Assume that (HI),(H2) and (H3) hold, let % L., < A<AL,, beasymmet-
ric positive matrix, and let T4 be the fundamental solution of (4.6.10) with matrix A. Then,
there exists ¢ > 0 (depending only on structural assumptions and \) such that

1 d@(f, .CE)

]XifA(f,x,t)] <c (ﬂ i

Proof. As shown in the proof of Lemma 4.6.17, there exists a Lie group automorphism 7’4

> TaA(Z,2,t), Y@zt eRY xRY x (0,+00).

and a homogeneous distance d; (smooth out of the origin and homogeneous of degree one
w.r.t. the dilations 4, such that




Chapter 4. Fundamental solution, maximum principle and Harnack inequality for
subelliptic evolution operators

By the chain rule we get

X,T (7,2, t) = Ta(#, . 1) (—;WE (do (T, az))> . (46.16)

From the second estimate in (4.6.14), together with the equivalence of the homogeneous

distances dy and d@, we infer
do (TA<§7 :C)) < Cd((E(f? :C)a

for some ¢ > 0 depending on A. Moreover, from Theorem 2.2 in [28] it follows that

Xi(do(T(@,)) -3 (a7)

j=1

)

ijdO (Tu(#,)).

Since dj is homogeneous of degree one, its Lie derivatives are homogeneous of degree
zero and hence bounded away from the origin. Therefore, X; (do (TA(f, x))) is uniformly
bounded for all A satisfying the ellipticity bounds.

The lemma is an immediate consequence of (4.6.16) and the above observations. []

We are now in position to establish a local comparison between the fundamental solution r

of the lifted operator (4.6.8) and its parametrix Z.

Proposition 4.6.20. Assume that (H1), (H2), (H3) and (H4) hold. Then, for every n > 0

there exists K > 0 (depending only on 1 and structural assumptions) such that
(1=mZ(z0) <T(z0) < (1 +0)Z(Z.0), (4.6.17)

for every z,( € Ok = {Z(E, E) > K}.

Proof. Without loss of generality we may assume E = 0 and adopt the simpler notation
I'(%,0) = I'() and Z(%,0) = Z(Z). We also recall that we here employ the notation
7= (&,x,t), = (£,67) e RY xRN x R.

We first assume that A(0) = I,,,,, and later we explain how to remove such assumption.
Let ) € C?*(R) be a cut-off function such that )(w) = 0if w > 1, and ¢ (w) = 1ifw < 1/2.
For a fixed > 0 to be chosen later, we set A"(2) := A(0) + 1/1(51 dg(?)) (A(E) - A(O)),
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and consider the perturbed operator

:Z)Z-@j( ) +Zb N+ e(2)az) - daz), e
ij=1
(4.6.18)
By Theorem 4.3.11, %’g has a fundamental solution " given by

- . t . -
G =2@)+ [ [ ZE Gy Gy s, 0)dgdyds,
0 JRN xRN
where Z" is the parametrix, and G” is given by

) =3 (27 (2.0).

k=1
where (%’g?’")l = %%"ZT and
(%%TZT) (z 0) / /]RNX]RN %”ZT) (Z,9,y,s )(%ﬂ Zr) (¥,y,s,0)dy dy ds.

Observe that, by construction, A”(0) = A(0), hence from the definition of parametrix we
deduce Z" (%) = Z(Z) for every Z € RV x RN x R. For the same reason, by the properties

of 1) we get
Z'(50) =2(0), ifdg(Q) <. (4.6.19)
We now prove the comparison (4.6.17) by expanding (4.3.18) as follows
- _ t _ -
PE=2G)+ [ [ 725550 5.y, 5 0)didyds
0 JRN xRN
t ~ ~ ~
- Z"(z,y —Z(Z,y G"(y 0)dydyd
+/0 /RNxRN< (2,9,9,5) (%%y,S)) (9,9, s,0)dydyds @.620)

t ~ ~ ~
7G5y 9)(CE 5,0 — G @y, ,o)crd d
+/0/IRN><RN (zny)( (¥,y,5,0) = G"(¥,y,,0) | dydyds
= Z(Z)+ 1+ 1I+1III.
The proof of the proposition is completed once we show that |I|, |I1]|, |[I1]| < gZ (Z) on the
set {Z € RV xRN x R: Z(2) > K}.
Let us begin by estimating the term /. We start by fixing 7' > 0 and noticing that, thanks to
(4.3.25), we can choose K = K(T') > 0 such that
OKC{(f,w,t)eRﬁxRNxR:Ogth}. (4.6.21)

We now focus our attention on Z” and G To this end we apply Lemma 4.6.16 and Lemma
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4.6.17 with matrices A~ := A(0) = A"(0) and A" := A(0) + u1,,,, for some 0 < pu < A
to be chosen later, where A is the ellipticity constant appearing in (4.1.4). By definition

Z(%) = I'4- (%), and the aforementioned lemmas yield
2, 0,t) < el as (@ 2,1), V(@ 2,1) € RY x RY x (0, +00), (4.6.22)

and -
Tt (7, 2,1) < K~ 500 Z(F, 2. t), (4.6.23)

in the set OF = {fAJr (Z,x,t) > K}, for every fixed K > 0. We now choose a positive
r = r(M;, ) such that r* < ﬁ, where o and M are given by (H4). Then by the definition
of ¢ we obtain

(1 _ g) T, = A(0) = £ T, < 47(2) < A(0) + £ 1, = (1 + g) I, < A*,
for every z € RN x RN x R. From this estimate we deduce that A” satisfies a uniform
ellipticity condition with constant 1+ y¢/2. This fact is crucial, as Theorem B in [25] provides

the following Gaussian upper bounds for the parametrix.

Zr(g, E) < Cpru<g> C)?

for some ¢, > 0 depending solely on p, with fu denoting the fundamental solution of
% = (1 + u/2)Az — O;. Hence, by Lemma 4.6.16 we deduce the following bound for the
parametrix

7'(2,¢) < el 4+ (3,0), (4.6.24)

in place of the general Gaussian upper bound (4.3.25). Similarly, the derivatives X, Z "(Z, 5 )
and XZ-XjZT(Z7 E) can also be bounded by I (Z, E) (as in (4.3.3) and (4.3.4)). Hence, by a
careful inspection of the computation made in the proof of Theorem 4.3.11, we deduce the

following estimate

—;Fm (2,0), (4.6.25)

for some ¢ depending only on 7. Thus, by (4.6.24), (4.6.25), and the reproduction property

we infer that 5
11| < ZTT8T4(7, 2,1),  (F, 1) € Ok

«
Finally, using (4.6.22), we observe that Oy C O?( Jea This inclusion, together with (4.6.23),
yields

2 o = C [e% Q ~
11| < ZTP8T4(7, a,t) < LT3 o K= %0 Z(3,0,),  Y(&,2,t) € O,
(0% (6%
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implying the estimate
|]| S gz(f,lf,t), V(f,l',t) S OK? (4626)

provided we pick p = éi and K = K (7, \,n) sufficiently large.
Cc3
We now turn to the estimate of term || in (4.6.20). By (4.3.25) and (4.6.19), we infer that

sup ZT(Z@;?J,S)_Z(Z?I%S) SC,
(7.4,5)ERN xRN xR

for some ¢ > 0. Hence, from (4.6.25) and the normalization (4.3.10) of r A+ we deduce
|11 < Oy T 2, for some Cj; > 0 only depending on J¢;, A\, r and T'. In particular, this
implies

11| < CpT* K Z(z,x,t),  Y(Z,z,t) € O. (4.6.27)

Finally, we estimate |/ /]| in an analogous manner. By using the uniform bound
G5, y.5,0) = G (,9,5,0)| < C,
whose proof follows the same argument as in Lemma 4.7 of [102], we obtain
11| < CpyT, Y(Z,z,t) € Ok, (4.6.28)

for some constant C';;; > 0 only depending on .77;, A,  and 7. Eventually combining
(4.6.20), (4.6.26), (4.6.27) and (4.6.28), we infer

. n ., CuyT:  CiyT\ 5,- .
r <|1+= < (1
@< (14 3+ S+ ST 26 < (142

provided that we choose K = K (J;, A\, n, T, «) big enough. A symmetric argument yields
the corresponding lower estimate (1 — ) Z(2) < T'(2).

We now remove the assumption A(0) = I,,,,. We consider the constant coefficients operator

%40 = Z Cl”(O)XZXJ — 8t,
ij=1
and let T4, (Z, ) denote the automorphism turning %’ZO into the canonical heat operator (as
follows from [28]). The change of variable (z,t) — (TAO (Z,x), t) = (7, y,t) turns .7 into

the operator

mi mi

% = Z Z(dl](g7 Y, t)X:J) + Z [_71(277 Y, t)jg:z + C(ga Y, t) - ata

i,j=1 i=1

103



Chapter 4. Fundamental solution, maximum principle and Harnack inequality for
subelliptic evolution operators

where
AG,y.t) = A73(0,0,0)A(F, 5. )A"3(0,0,0),  b(F.y,1) = A (0,0,0)b(7, 4. ).
Clearly, 77 satisfies (H1), (H2), (H3) and (H4), and since A(0,0,0) = I,,,, the previous

result ensures that

for every (y,y,t) € {Z (¥,y,t) > K } The conclusion then follows from the identities

2y, t) = Z(Tay(F,3,1)) = Z(&F,2,t),  T(@,y,t) = T(Tay(F,2,1)) = [(7,,1).

This completes the proof of the proposition. [

By a similar argument one can show that, locally, the Lie derivatives of I can be estimated

in terms of T itself, rather than relying on the Gaussian upper bound (4.3.3).

Proposition 4.6.21. Assume that (H1),(H2),(H3) and (H4) hold. Then, there exist ¢, K > 0

(depending only on structural assumptions) such that

KD < o S Fmdal€ 60,0 +1) T

N (4.6.29)
XEC 3 <c <¢—d@<f,x,€, o+ 1) F0),

for every z,( € Oy = {f(%, 5) > K}.

Proof. The proof is a consequence of Lemma 4.6.19, and follows the same lines as the proof
of Proposition 4.6.20. We suppose again, without loss of generality, that E =0, A(0) =1,,,,
and we define the perturbed operator %%f as in (4.6.18). Thanks to (4.3.3) we can take the
Lie derivative X; under the integral sign in (4.6.20), obtaining

XT(2) +/ (Z,7,y,8)G"(F,y, s,0)dydyds
RNXRN
X Z'GE 0.y, 8) — Z(Z,5.y,9) )G (T, y, s,0)dydyd
+//RNxRN< (2.9, ) (Zyy8)> (7, y, 5,0)dydyds

+f (2.5.9.9)(C5.9.5.0) = G"(5.9..0) )didyds
RNXRN
= X, Z(3)+ I' +II' + IIT.

We fix n = 1/2 and choose T' > 0. By Proposition 4.6.20 we infer that there exists X > 0
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such that Oy C OgK C {(f,x,t) ERY xRV xR:0 <t< T}. Arguing as in the proof
of Proposition 4.6.20 and applying Lemma 4.6.19, we infer that there exists C' > 0 such that

C Z(z,x,t)
Kecsu \/E ’

concluding the validity of the first inequality in (4.6.29). In order to prove the second inequal-

' < II'\<CcT*,  |III'\<CVT, V(3 a,t) € Ok,

ity, we first point out that the differentiation is carried out with respect to the adjoint variable
Z. This is then overcome by invoking the property f(é, &1,T,x,t) = f*(i, z,t,E, €, T)
established in Theorem 4.3.11, and applying the first inequality in (4.6.29). Finally, assump-
tion A(0) = I,,,, is removed as in the proof of Proposition (4.6.20). This concludes the proof
of the proposition. [

We are now in position to state and prove a parabolic Harnack inequality for the lifted oper-
ator (4.6.8). For every Zy = (T, 7o, tg) € RY x RN x R, r,e > 0 and m € N, we define the

truncated kernel set

K™ (Fo, 20, to) = QO™ (Zo, 20, to) N {t <ty — 57‘2}. (4.6.30)

Proposition 4.6.22. Let 7% be a differential operator of the form (4.6.8) satisfying assump-
tions (H1), (H2), (H3) and (H4). For every m € N with m > 2, there exists three positive
constants ry, €y and Cp (only depending on structural assumptions and m) such that the fol-
lowing holds: for every (Zg, xo,to) € Q0<r<ry0<e<eand (ng,n) (Zo, zo,to) C Q
we have

sup u < Cpu(xg, zo, to), (4.6.31)

K (Zo,20,t0)

for every u > 0 classical solution to %’fﬁﬂ —0in .

Proof. Letm > 2, (Zg, zg,to) € Q and r > 0 such that QiT)(fO, xg,to) C Q). We show that
there exist m~, m"™ > 0 and 79, 9,9 € (0, 1) such that, for every r < 1y and ¢ < &, the

following properties hold
1. K™ (%o, w0, to) # 0;
2. M{™ (E,g, T, T, T, t) < m*r% for every (%, z,t) € Q™ (5,5,7'>;
3. Qf;:f) (5, £, T) CQ&T)(%, X0, to)ﬂ{r <ty—e r2} for every (5, g, 7') eKﬁ?)(fo, xo,t0);

4, Mé;n) (fo,l‘g,to,f,l‘,t) > m~r™ for every (Zf,l’,t) S QELT)(Zfo,JZ(),tQ) N {t <ty —

67“2}.
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Once these properties have been established, the proof of (4.6.31) is straightforward. Indeed,
if divgb — ¢ = 0, for every (5, £, 7') € Eﬁm) (Zo, wo, tg) We get

/N 469 1 /
alé61) = — [
<€€ ) vr Ja§r Een)

m—2

2) mtrm+e
<

- or /55;;'?"@5,r>
m—2

(3.) m+7" m+5
<

M (86,7, 7, 2, )u(3, o, t) didwdt

u(z, x, t) drdzdt

Cor s (7, o, 1) didedt
-~ ?9T /S;Ef:)(;07z07t0)n{T§t0—67‘2} ( )

m=2
(4) 5mtrm+e 1 ~(m)

— To, To, to, T, x,t)u(x, x,t) drdxdt
19m_7“m 5T /ﬁé:n)(zo,zo,to) o (0 0:70 ) ( )

m—2

= — 1M
469 5m e
< - <

>~ ﬁm_ a(fo, Zo, Z50)7
(4.6.32)
o
and (4.6.31) follows with Cp = 278

We now remove the assumption divgb — ¢ = 0. From (H4) we infer that there exists £ > 0
such that |divgb — ¢| < k := (my + 1) M;. We introduce the auxiliary functions

(T, x,t) = (T, 2, 1), w(T, x,t) = e PGz 1),
Since %%ﬁ = (), we have that
%ﬂ:zﬁ%ﬂ—i—kﬂ:& %g::%%@—@:o.

We observe that % and ,%% are operators of the form (4.6.8) with zero-order term ¢ :=
c+ kand ¢c := c— Kk, rc;pectively. It is clear that /.-4. hold with the same constants
o, €0, ¥, m~,m". Moreover, by Gaussian estimates we infer that there exists 7', 7* > 0 such
that 0 < 7 — to < T for every (5,5, 7') € QgT)(xo,fo,tg), provided r < 7*. Assuming
without loss of generality that o < r*, we infer that there exists ¢, ¢ > 0 such that

ci(6 &) <u(é ) < a6 &), a(667) <u(d6T) < a6 7),
(4.6.33)
for every (5 3 7) e O (2, To, to). Let Mﬁm) and M ™ denote the mean value formula

kernels relevant to ?ﬁé and ﬁ , respectively, and by ng) and ﬁim) the corresponding super-
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level sets. Since divgb — ¢ = divgb — ¢ — k < 0, the first two lines in (4.6.32) become

a(@er) < a(ge )

469 1 B
< 197“0/ e, )MW (f E1,T,x t) (Z,z,t) drdxdt
m72
2) mtrm+e
< u/ u(Z,x,t) drdxdt =: I.
vre  Jal(Een

Since 3. holds also in the form Q(;:) (£,6,7) C QU (Fo, 20, o) N {7’ <ty—e 7’2}, by using
divgb — ¢ = divgb — ¢ + k > 0 we conclude
s
omTrm+Q ¢ 1 (m)
I S W % 57,./9( )(vao v tO)MST (l’o,.’]f{),to,l’ Xz t) (l' x t) drdxdt
5m+ c m=2_

= Om- *Tém—Q U(f@,flfo,to),
where the last inequality follows again from (4.6.9) and (4.6.33). Hence, inequality (4.6.31)
m—2

—=—m
+
follows with Cp = 51— £ 759

To conclude the proof of Proposition 4.6.22, we are now left with proving claims /.-4.

1. We prove that the set

— N ff,x,t,f,x,t 1
Kﬁ?)<x07l’07t0) = { ((4Sl'<t0 Ot))m/Q ) > T} n {t <tp— 87’2},
0—

is non-empty for every r, ¢ < 1. From the Gaussian lower bound (4.3.12) we infer that there

exists ¢, ¢; > 0 (depending on structural assumptions) such that K ﬁ’?) (Zo, o, tg) C K, where

= Lex _Cd@(fo,xo,f,x)Q 1 1 L
) )

We now show that K is non-empty. Let ¢ := ¢y — £ r%, and notice that any (7, ) € RN x RN

satisfying

1 Am)% O
d@(io,xo,i,x) < In (( ) (82r) +Q 1)7

ericy c
belongs to K. Therefore K is non-empty, and so is K 7(,?)(:750, xg, o).

2. We show that there exist ry, m™* > 0 such that, for every r < r, it holds

m—2

/Mﬁm) (5, §,T,7,x, t) <mtrm+Q,

for every (7, z,t) € ng) (5,577').
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Recall that the explicit formula for the kernel ]\7[79”) is given by

Mﬁm)@fﬁ@x’t) T me2 oo (47T(T_t))m/2

f(g,g,T,%,x,t)

(4m(r — 1)

(A, VI (6, &7 &, 2,t), V5L (€,6, 7,7, 2,1))
| NE&raat)

2w, —2 f(éfaﬂ faxat))

+2"wy, [ (T —=t)In | r

= Kl —+ KQ.
(4.6.34)
We first focus on the term K5. To this end, we show that there exist constants vy > 0 and

¢ > 0 such that, for every r < r(, the following inequality holds

<A(x,t)véf<g,§,r, f,x,t),v(ﬁf<g,§,r, f,x,t)} __c
f(é&]ﬂf,x,t)? T (r=t)

(Z,z,t) € ng)(g,ﬁ,T).

(4.6.35)
To prove (4.6.35) we apply Proposition 4.6.21. We claim that this proposition remains valid
when replacing {f > K } with the level set Qgr/n[)( Indeed, Proposition 4.6.21 applied to '™

on the set {ﬁm)(o,é,g, T,T,, y,t) > K} D) QYZ)( (E, £, 7') implies that

H™(0,7,0,)X;T(&,€,7,%,2,t) = X,T™(0,¢,£,7,0,,7,y,1)
1 - e ~
Sc<md@(§7£7'xax>+l> F( )(0,§,£7T,O,I,I,t)

=c <\/tl__7_d@<g,§,f,x> - 1) H(m)((),T,O,t)f<g,§,7',f,x,t),
proving the claim. Let K be the constant given by the aforementioned proposition, and set
ro := 1/K. By the ellipticity assumption given by (H4) and Proposition 4.6.21, we finally
conclude the validity of estimate (4.6.35).

We focus now on K. By Proposition 4.6.20 and (4.6.21), we deduce that, if we pick ry small
enough, we can choose 7" > 0 such that

QM€ ¢,7) C {(%,x,t) e RY x RV XR:OST—tST}, for every r < r1q.
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Then, by (4.3.2) we infer that there exists ¢ = ¢(ry) > 0 such that

m—+2
2

2™ MW, m cr

T J—
Combining (4.6.34), (4.6.35), and (4.6.36), the validity of 2. follows.

3. The key ingredient to prove this inclusion is the parabolic dilation relevant to G. Indeed,
by Proposition 4.6.20 we infer that there exist 7y, > 0 such that for every » < ry and
e < gg it holds

f(/gg) (fo, Zo, t()) C Qg:,n)*(fo, Zo, to) N {t < t() - 87’2}, (4637)
where

S N Z (%o, 0, to, T, 2,t) _ 2
QU (Z, 20, to) = {(%,x,t) cRY xRV xR: (To, 20,10, 2, ) > },

' (4m(to — t))m/ Lo

with Z being the parametrix of T'. We claim that there exists ¢ € (0, 1) such that

QU (7, 2,t) € QU (Fo, 20, o) N {r <ty — 67“2}, (4.6.38)

for every (7, z,t) € QU™ (Zo, o, to) N {t < to — er2}. The validity of 3. follows then by
Proposition 4.6.20, that implies fof)* (Zo, o, to) C ng) (Zo, xo, to). To prove claim (4.6.38),
we employ the parabolic dilation relevant to G = (RN xRN , O, &) : by the homogeneity of

the parametrix we infer that for every positive & it holds
((fo,xo) 5 8,(F, ), to + 7’2t> € Q" (Fo, 20, to)
i (4.6.39)

<(fo,l‘0) o (f, f),to + t> € Q,&m)*(fo,l’o,to)

Hence, it is sufficient to show (4.6.38) whenever » = 1. Let d(Zg, x¢, tg) denote the dis-
tance between the set ng) (To, o, to) N {t < to — €} and the boundary of Qim)* (Zo, To, to).
Clearly, this defines a positive function continuously depending on (Z, xo, to). In particular,

it depends on the automorphism 7'y , associated with the matrix A evaluated at the

Z0,20,t0)
point (Zg, o, to) (see (4.6.7)). By (4.6.14), we infer that there exists dy, £y > 0 (depending
only on structural assumption) such that d(Zg, xo, tg) > dy for every (Zg, zo,to) € Q and
e < gp. Since the diameter of ng)* (Z,z,t) is uniformly bounded, by (4.6.39) we deduce

that it is possible to find ¥ € (0, 1) such that the diameter of Qfgm)* (Z, z,t) is not greater than
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dp, and then we conclude the proof of the claim.

4. We recall again that the explicit expression of the kernel is given by (4.6.34). By the
ellipticity assumption (H4) we infer K5 > 0. To prove the estimate is therefore sufficient to

show that K; > m™r™. This follows once we set

_ 2Mmuwy, N mi2
m- = 74(7”_’_2) (In(5/4)) )

Building on the previous proposition, we are eventually able to prove Proposition 4.6.15.

Proof of Proposition 4.6.15. Let u > 0 be a classical solution to #4u = 0in Q C RY x R,
and for every (z,t) € Qand T € RV set u(z,x,t) := u(x,t). We notice that, by (4.2.9),
u solves %ﬂ =0in Q := RN x Q. Choose m — 4, and let g, ey and Cp be the corre-
sponding constant given by Proposition 4.6.22. We claim that there exists 0 < r; < rg < 1,
0<e; <gr<1,0< Y <1,and C > 0 such that

{0} x Dy(20) = {0} x By,r(w0) x {t — to = —err’} € K13),.(0,70,10),  (4.6.40)

?éi)ﬂpf(o?l?ovtO) g @T(waO)tO) = ET(Ov :BO) X {O S tO -t S 72}7 (4641)

Q(0,0,t0) C RN x Q, (w0, t0) C R x @ =0, (4.6.42)

for every (zg,t9) € 2, ¢ < gy and r < 1y such that Q,(xo,ty) C €. Once the claim is

proved, we are in position to apply Proposition 4.6.22 to the lifted function u, obtaining

sup u = sup u < sup  u < Cpu(0,zg,ty) = Cpu(zg,ty),

Di(@oto)  {O}<DrGaoto) R (0z00)

for every (zg,ty) € €2. This proves the desired parabolic Harnack inequality.
We prove the inclusions in the claim by employing Gaussian estimates and the boundedness

of the set Q™). By Theorem 4.3.11 we infer that there exists two positive constants ¢y and ¢
such that

~ = d~ 07 7~7 2
(0, zo, to, &, 2, t) > % exp (_q ~(0, 70,7, 7) )

(to—1)* (o =%)

for every (0, xg, to), (Z,z,t) € RN x RN x R such that 0 < tp —t < 1. By the definition
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(4.2.10) of the distance dz we deduce

~ (i)
J

T = g dx (29, 2)° i—1 E@l 7|
I'(0 t t) > —— —C\———————— — ! J =:1.
( y Lo, o, Ly T, >_ o exp ( C) (t() — t) exp Cx (t() — t)

If (f,I,t) € {O} X Dr(z[)), then to —t = €1T2 S 1, dx(l‘o,l')2 S 1917‘ and T = O, this
implying

I> 5?/627@ exp ( — ckﬁ%/q),
concluding that for every fixed ©; € (0, 1) (4.6.40) holds for a suitable choice of ¢; and for
every r < r,, for some r, € (0,1).

The proof of (4.6.41) follows by a similar argument: combining the Gaussian upper bound
(4.3.2) with (4.6.30), (4.6.37), and the scaling property (4.6.39), we infer that there exist
r*,9; € (0,1) such that (4.6.41) holds for every » < r*. Inclusion (4.6.42) is a direct
consequence of the definition of the lifted distance (4.2.10), which completes the proof of
the claim by picking r; < min (ro, r*, r*). 0

4.7 Proof of Theorem 4.1.6

We can first observe that it is not restrictive to assume zo = 0 and » = 1. We let rq, ¥4, €1

and C'p be the constants given by Proposition 4.6.15, and we set

. 1
Yo := min {191, 12]{::1))}, “4.7.1)

where £, is the constant given by the pseudo-triangular inequality (4.2.6). Moreover, we
choose four positive constants v, 7, 1, with 0 < v < n < pu < land 0 < ¥ < ¥y, and
consider the cylinders Q* and )~ introduced in (4.1.5). Finally, we set

1
Ty 1= min{rl,%,\/l—v}. 4.7.2)
1

We next consider 2z~ := (zr*,t*> € @~ = By(0) x (—,0), and z* := (x*,t*) €t =
By(0) x (—u, —n), and exploit Proposition 4.6.15 to construct a Harnack chain, i.e a finite
set of points {2, z1, ..., 2z} € @Q1(0) such that

20 = 2%, Zm =27, Qr(z) C Q1(0) C Q, z; € Dy(2-1), (4.7.3)
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forevery j = 1,...,m and » < ro. If (4.7.3) holds, by iterating Proposition 4.6.15 we
conclude that

u(z_) < C’}?u(f).
Once we prove that m is uniformly bounded w.r.t. z* € Q' and 2z~ € Q—, we conclude the
proof of the theorem.
In order to prove (4.7.3), we need to make a suitable choice of z;’s. To this end, we consider
a X-trajectory v : [0,1] — Qin C steering 2™ to x~, i.e. 7 is a solution to the following

system

where @ = (ay, ., q,,,) is the control function satisfying condition (4.2.3). We further re-

quire 7 to be optimal in the d§ metric, meaning that

dj’?(a:J’,m_) = sup |a(7)|. (4.7.4)
T€[0,1]

Since 7 connects only the space variables 2 and 2, we need to suitably incorporate the
time variables ¢t* and ¢~ into the construction. To this end, we reparametrize this curve by

stretching it over the time interval [0,t" —¢~], i.e. we define the X-curve 7 : [O, t+ —t*] —

7(7) ::7(#;_)’ e |07 —t7],

whose control function « is given by

as

alr) = i = a( u ) relfo ¢t —¢). (4.7.5)

tt —1t-

The following observation will be crucial in the sequel. For every s € [O, tt — t‘}, let
7 :[0,1] — € denote the X-trajectory 7(7) = 7(7s). We denote its control function as
a(t) = sa(rs), and we notice that 7(0) = x* and 7(1) = 7(s). Then, the following
inequality holds true

1 s
dx ((s),a%) < / a(r)|dr = / a(r)|dr. (4.7.6)
0 0
We employ 7 to choose the z;’s: for an arbitrary m € N, we choose a positive r such that

tt — ¢t
er? = , 4.7.7)
m
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Figure 4.3: Harnack chain (the time variable is represented vertically, and upwardly increas-
ing). The author is very proud of this figure.

and for every 5 = 0,..., m we define

zj = (:L'j,tj) = (fNy(jeSITQ),t+ —j51r2),

see Figure 4.3. We first observe that from the previous definition it follows
_ (= 2 2
Zj = (’ijl (517” ), tj1—err ) ; (4.7.8)

where 7, , is the section of the curve 7 steering z; ;1 to xj, i.e. Y, , : [O, 517‘2] — ) with
Va1 (0) = 251, Fay_, (€1r2) =z, forevery j =1,...,m.
It is clear that zg = 27, z,, = z~. Hence, to prove (4.7.3) we begin by showing that for
every s € {O,tJr - t*}, ¥ < Yy and r < g it holds B, (7(3)) C B4(0). This implies
Qr(z;) € Q1(0) if r < rg, in virtue of the choice of v and ¢;’s. Let y € B, (ﬁ(s)) then for
every r < rq it holds

(4.2.6) _ N

dx(y,0) < kdx (y,7(s)) + Kfdx (2",0) + kdx (3(s), 2")
4.7.6

) s
< k1r+qu9+kf/ \a(7)|dr
0

< kyr + k39 + k7 (t+ — t‘) sup |a(r)],
refott—t-]
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where in the last inequality we simply used the fact that s € [O, t+— t_] We then compute

(4.1.5)
dx(y,0) < kir + k9 + kI sup |a(7)]

T7€[0,1]
(4;4)14;17’ + k39 + kfdﬁ?) (2, 27)
4.2.5) 9 9 L
=kir 4+ k10 4 kidx (27, 27)
472)1 @.7.1)
< -3k <,

and therefore the trajectory 7 we constructed does not exit B;(0). We conclude by showing
the last inclusion in (4.7.3): in virtue of (4.6.2) and (4.7.8), z; € D, (z;_1) if dx(z;,zj_1) <
Yqr. Arguing as in (4.7.6) we get

]51’,"
dx(zj, xj_1) </ T)|dr
1)err?

@17t —
<

= sup ot
m re[o,t+—t—]| ™)l

@15 1
=" — sup |a(7)|
mTE[O,l]

1
“ZH d(oo (xF,27)
m

1
“2> —dx(zt,x7).
m

Hence, z; € D, (z;_1) if we choose m € N such that

1 IVt —t dx(zt,27)?
—dy(z,aT) <o CEP IV T e gy > dx(z®, z7)"er 4.7.9)

m = VNG G

The proof of the theorem follows once we obtain a bound for m that is uniform w.r.t. z* €

Q%1 and 2z~ € Q. In order for the previous construction to hold, we need to satisfy (4.7.9)

and r < rg. Since t* —t~ > n — v, we need to require m > ?:iil) so that (4.7.9) holds.

Moreover, by (4.7.7) condition » < 71 holds if m > t:;f; , and therefore it is sufficient
0

to require that m > 51% since t7 — ¢t~ < pu. To summarize the above, we have proved
0 —
that inequality (4.1.6) holds with C'y = C}», provided that we choose m & N such that

42k161 1]
2

m > max ,
(n—v) ? exrg

A Comparison principle

In this appendix we provide the proof of the following comparison principle.
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Proposition A.1. Let Qp = Q x (T3, T) be an open bounded subset of RN, and let w €

C2 ,(Qr) be a solution to

Hew >0, in O,
lim sup w < 0, in0Q x (I, T)UQ x {11},

then w < 0 in Qp. The same result holds in Q = RY iflimsupw < 0in RN x {T}} and at
infinity.

Proof. The scheme of the proof is classical, once we follow the C?, regularity of w. For
every k € Nwe set Qg = Qp N {t < (T — %) }, and we prove the result by showing that
w < 01in Qr, for every k € N. The result on RY straightforwardly follows.
Let us pick some M > M; (where M is given by (H4)), and set v(x, t) := w(x,t) exp(—Mt).
By a direct computation we see that v solves .7Zgv — Mv > 0 in Qp,, and that limsupv < 0
in 9Q x (T1,T) U Q x {T'}. Since the function v(-, ¢) has continuous first and second order
Lie derivatives w.r.t. the generating vector fields X, then it has continuous Lie derivative
w.rt. every X € span{X;};”!(see Lemma 4.2 in [26]). Therefore, if v € C7,(€r) has a
positive maximum point in (zo, tg) € © x {t = T} }, we claim that

X;v(zo, tg) =0, Oy (zo, to) <0, % a;j (o, to) X; X;v(zo, to) <0, (A.1)

ij=1

whereas when (g, ) € (7, the second inequality becomes an equality. From this claim it
follows (M — ¢(xo, t0)>v(x0, to) < 0, hence v < 0 in 7, , whereby the thesis follows.
We prove the claim by proving the last inequality in (A.1), since the others are straightfor-
ward: by contradiction, assume there exists d € R™! such that 37", d;d; X; X;v(wo,t0) >
0. Then, let vz (s) be the integral curve of Z = >4 d; X starting from the origin, and for
every h € Rset g(h) := v(xo ovzo(h), tg). Since v(, ty) has continuous second order Lie
derivatives, it follows g € C?(—c, o) for a sufficiently small ¢ > 0. Therefore, recalling that

(o, to) is @ maximum point, by a Taylor expansion we get

h2
ol t0) > a(h) =g(0) + "o (0) + 01 (1)
h2 mi
:U(Io, tg) + ? Z dideinl}(l’(), to) “+ on_0 (h2) > U(ZIJ(), to),

1,5=1

hence the contradiction. L]
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Chapter 5
Preliminaries: Kolmogorov equations

In this preliminary chapter we present the analytical framework of Kolmogorov operators.
This setting will be employed to investigate the Cauchy problems associated with some
McKean-Vlasov stochastic processes. For our purpose, we focus on the appropriate func-
tional spaces and the fundamental solution, along with its main properties. These tools will

serve as the main instruments to address the following initial value problem

K f(v,z,t) = 0% f(v,x,t)
( va)+ [ K( —v,f—m,t)f(n,f,t)dndg)f(v,x,t)>
00, f(v,x,t) — O f (v, z,t) =0,
(v,2,t) € R? x (0,7),
f(v,2,0) = fo(v,z), (v,7) € R?,

(5.0.1)
where b is a drift term, while K is an interaction kernel. This analytical framework proves to
be optimal to establish existence results for (5.0.1), to obtain quantitative estimates, and to

develop a stable and consistent numerical scheme to approximate its solution.

We begin by introducing the setting of the classical theory for Kolmogorov operators on
RY*! which will be employed in Chapter 6. For a broader overview of the topic, we refer the

interested reader to the survey [9]. Consider first the following class of differential operators
K= Z a;; 0> (Bx,V) — 0.
i,j=1

Here, A = (a;;);"/_; denotes a symmetric, positive definite 17, x m; matrix (with m; < N),
while B is an N x N matrix. The operator C (which has a more structured principal part than

the one appearing in (5.0.1)) allows us to understand the Lie group structure of Kolmogorov

119



Chapter 5. Preliminaries: Kolmogorov equations

operators, which is mainly determined by the the drift matrix 5. We introduce some further

notation: let Ay denote the N x N matrix

and for every ¢ > 0 set
t
E(t) = exp(—tB),  C(t):= / E(s)AgET (5)ds.
0

The matrix C'(t) is symmetric and nonnegative for every ¢ > 0, but generally may fail to be
strictly positive (as this is the case when m; < N and B = O). In his famous work [63],
Hormander gave a sufficient condition on the matrices Ay and B ensuring the hypoellipticity
of KC. This condition implies C'(t) > 0 for every ¢ > 0, and yields the following expression

for its fundamental solution
F(J?,t,f,T) :F<x_E(t_7—)5>t_7_)7 (Jf,t),(f,T) ERN+1> (502)

with I'(z, ) = 0 whenever ¢t < 0, and

1 — 1(C‘l(t)yc,:lc> — tTr(B)), reR,t>0.

Mot =¥ o eXp< 4

As suggested by (5.0.2), K is left-invariant w.r.t. the following non abelian group law
(@,0) 0 (6,7) = (§+ E(Ma,t+7),  (x,0),(&7) e RN (5.0.3)

Starting from this observation, Hormander’s results were later investigated by Lanconelli and
Polidoro [76] in the setting of Lie groups. In their analysis, they proved that the operator is
hypoelliptic if and only if the following condition holds

(B) There exist k natural integers with1 < my.1 < ... <mo < myandmo+...+My 1 =

N — my, such that the matrix B takes the following block form

*  x *
Bl * *

B=0O0 By ... x x|, (5.0.4)
0O O ... B. %

where B; is an m; 1 X m; matrix of rank m;,,, while the x blocks are arbitrary.
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If the x blocks are zero matrices, I is homogeneous of degree 2 w.r.t. the dilation law
op(z,t) := diag(r]lml,r3ﬂm2, . ,7‘2"+1]Imm+1,7“2) (x,1), r > 0. (5.0.5)

The homogeneous Lie group K = (RN , 0, 5,.) provides a natural framework for the classical
theory of Kolmogorov operators. In particular, it enable us to introduce a suitable Holder

space, in analogy with the ones introduced in Chapters 3 and 4.

Definition 5.0.1 (K-metric and K-Holder space). Suppose that (B) holds, and accordingly
to (5.0.4) split RN as R™ x R™ x ... x R™+1. We introduce on RN+ the norm

rk+1

[[CR PEEDI
1=1

w4tz 2@ e R™,

that is homogeneous of degree 1 w.r.t. the dilation law 6, given by (5.0.5). Accordingly, we

define on RN*! the quasi-distance

dic((2,1), (€,7)) = 1(6.7) " o (1)l

where the composition law o is defined in (5.0.3).
Leta € (0,1] and Q C RN*L, We say that u : Q — R belongs to the K-Holder space CZ(£2)
if there exists C' > 0 such that

[z, t) = u(€,7)| < Ce((2,1),(€,7)",  V(@,1), (7)€

This intrinsic structure was exploited by Polidoro in [102], who analysed Kolmogorov oper-

ators with K-Holder continuous coefficients

Ku = ay(z, 1), +(Bx,V) =0, (5.0.6)

ij=1
As in Part I, Polidoro assumed the following uniform ellipticity condition

(A) Aisamy x my symmetric matrix, and there exists X > 0 such that
1
X|’5|2 < ({A(z,1)€,€) < MNP, V(z,t) € RV ve e R™. (5.0.7)

In line with the method employed in Chapter 4, he proved the existence of the fundamental
solution (together with some Gaussian estimates) by means of Levi’s parametrix method.
In this Holder coefficients setting, classical solutions needs to be addressed in a suitable

functional space: let Q C RY!, classical solutions are formulated in the following kinetic
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space
C%(Q) = {u e C(Q): Gmiu,éiﬂju,Yu € C(Q), forevery i,j=1,... ,ml}.
Here, Yu(x,t) = (Bx, Vu(x,t)) — dyu(z, t) needs to be addressed as Lie derivative

Yu(z,t) := 181_1}(1) U(E(_S)% t 8_ 8) - U(Lt), (x,t) € Q.

Definition 5.0.2 (Classical Lie solution). Let g € C(2). We say that a function u is a

classical solution to

Kgu(z,t) = % aij(x,t)agixju(:v,t) + (Bz,Vu(z,t)) — oz, t) = g(x,t),

1,j=1

(x,t) € Q,

if u € CZ(2) and the above equation is satisfied at every point (x,t) € €.

Polidoro results were later extended by Di Francesco and Pascucci in [47,48]. In these works,

the authors considered an extension of (5.0.6) with low order terms

Kp= 3 ay(x,t)d:,, + > bi(x,t)0s, + c(z,t) + (Bz,V) = 0. (5.0.8)
i,j=1 i=1

Beside extending Polidoro’s results on the fundamental solution, Di Francesco and Pascucci
investigated the relevant Cauchy problems in the strip Sy := RY x (0, 7). We summarize

some of the results we will employ in Chapter 6.

Theorem 5.0.3. Let K, as in (5.0.8) verifying (A) and (B). Suppose that a;; € Cg(Sr) for
some o € (0,1], and assume that the for every i = 1,...,my the low order coefficients b;

and c are bounded, continuous, and satisfy

b1 (2, 6)=bi(€&, )], |e(z, ) —c(&,1)] < Cd((w, 1), (6,1))" V(1) (€,1) € S, (5.0.9)

for some C' > 0. Then, there exists a fundamental solution I" to (5.0.8) such that:

1. forevery ( = (§,7) € RN x (0,T), T'(+,C) is a classical solution to K;T'(-,¢) = 0 in
RN x (7,T), moreover I'(-,¢) € Li, (RN x (T, T))

2. the following Gaussian estimates holds: for every ¢, T" > 0 there exists C' > 0 (de-
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pending only on €,T', and the Holder norm of the coefficients) such that

F(x7 t? f? T) S C ]‘—‘E(x7 t? 57 T)?

On I (,1,6,7)| < e (x,t, €, 7),

C
Jier
9 C C
8ziij(x,t,§,T)’ < ﬁfs(at,t,fﬁ), YT(z,t,&,7)] < ;Fe(x,t,f,r),
(5.0.10)
forevery z,& € RN and 0 < t — 7 < T. Here, I'* denotes the fundamental solution of

Kei= 3> (A +¢)d;,, +(Bx,V) =9,
ij=1

where \ is the uniform ellipticity constant given by (5.0.7);

. the reproduction property holds

D(e,,6,7) = [ Tty )T (g, 5.6, 7)dy,
R
foreveryx,E €RYN and T >t >s>71 > 0;

. the normalization property holds: if c¢(x,t) = c, then

_ c(t—7)
/]RN F<x7t7€77—)d£ =€ )
foreveryx € RN andT >t > 71 > 0;

. let g € C(Sr) such that for any compact K C RY the following relation holds

B
di((z,1), (y,t)
yg(x,t)—g(y,t)ych( - >, vyeK.te(0,T), (50.11)

for some ¢ = ¢(K) and (3,0 € (0, 1), and assume it satisfies the exponential growth

Cla|?
lg(x, t)] < Oeﬁ, (w,t) € Sr, (5.0.12)

for some C' > 0; let gy € C(RY) satisfying the same exponential growth
lgo(2)] < C Pl r € RY,

then there exists 0 < Ty < T (only depending on C') such that the function

ute,t) = [ T t60m(€de — [ [ Tast€ (e ),
(z,t) € RN x (0,Tp),

(5.0.13)
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belongs to C% (RN x (0, To)) and solves in classical sense

Kru(z,t) = g(x,t), (z,t) € RN x (0,Tp),
) t o (5.0.14)
) = Y 6 ;
(x,t)g](%co,o) u(z,t) = go(wo) Zo

6. if u is a solution to the Cauchy problem (5.0.14) with null g and gy, and verifies esti-
mate (5.0.12), then u = 0; in particular, the function in (5.0.13) is the unique classical
solution to (5.0.14) verifying estimate (5.0.12).

Remark 5.0.4. Assumption (5.0.9) is weaker than intrinsic Holder continuity imposed on
the low order terms in [47,48]. Nevertheless, a careful inspection of the parametrix method
reveals that (5.0.9) suffices to ensure the validity of the theorem. Moreover, it aligns with the

regularity requirements in (5.0.11).

In Chapter 6 we employ Theorem 5.0.3 to study the Cauchy problem relevant to the Ku-
ramoto model (1.3.5). To address existence, estimates, and uniqueness, we rely on the funda-
mental solution and its Gaussian bounds (5.0.10), which allow us to handle the nonlinearity.
We will show that the solution belongs to the kinetic space C% (R2 x (0,T )) , and therefore
possesses a continuous Lie derivative. Building on this regularity, we propose a finite differ-
ence method specifically tailored to the structure of the equation, based on the discretization
(1.3.6) of the Lie derivative. This subelliptic approximation was introduced by Polidoro and
Mogavero in [103], and later analysed by Di Francesco, Foschi, and Pascucci in [46] in the
context of a financial model. We emphasize that this scheme is well suited to our setting, as

it allows us to establish stability conditions analogous to those for the heat equation.

In Chapter 7, we study a mean field optimal control problem by employing the theory of
Kolmogorov operators in a less regular setting. First, we address the Cauchy problem (5.0.1)
with an interaction kernel K that is merely measurable w.r.t. the time variable ¢. In this set-
ting, we prove the existence within an appropriate strong solutions framework. Subsequen-
tially, we derive some first order optimality conditions for the optimal controls by means of

the Lagrangian formalism, which requires a suitable weak solutions setting.

We start by introducing the framework of strong solutions. This setting has been investigated
in recent years, mainly because it provides a robust analytical framework for dealing with
stochastic processes whose coefficients lack regularity in time (see for instance [71, 94]).
Regarding the fundamental solution for (5.0.8), Bramanti and Polidoro [36] proved its ex-
istence whenever the coefficients a;;, b;, c are measurable and only time depending. Their
results were later generalized by Lucertini, Pagliarani, and Pascucci [90] to include coeffi-

cients that may also depend on the space variable. In this work, the authors employed the
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intrinsic Holder continuity assumption introduced in [94], that is tailored to the low regular-

ity in time.

Definition 5.0.5. Suppose that (B) holds, and let o € (0,1]. We denote by C$/(RY) the set

of continuous and bounded function h such that

h(xz) —h
|2l co@ny == sup |h(z)| + sup () (v)] _
b z€RN z,y,eRN dK((Q?,O), (y,O))

Accordingly, we define as L™ ((0, T); Co(RY )) the set of measurable functions v : (0,T) —
Ce(RN) such that

“U"Loo((o,T);Cg’(RN)) = tes(lé%) Hu(t)Hng(RN) < +400.

Following the intrinsic framework developed in [94], Lucertini, Pagliarani and Pascucci in
[90] introduced a suitable notion of strong solutions associated with (5.0.8). In analogy with
the case of classical solutions, the crucial step consists in formulating a rigorous definition
of strong Lie derivative: we say that u is a.e. Lie differentiable along Y on the strip St =
RY x (0,T) if there exists F' € L] ((O, T); C’b(RN)) such that

loc
u(E(s—t)a: = xt+/ T—tSBT)dT

for every (z,t) € Srand s € (0,7T).

Definition 5.0.6 (Strong Lie solution). Let g € Li._ ((0, T); Cy(RY )) We say that a function
u is a strong solution to
mi

Kru(z, t)=>" a;(z, t)f)imju(m, t)+ % bi(x,t)0,u(x, t) + c(z, t)u(z,t)

ij=1 i=1

+ (Bz,Vu(z,t)) — Owu(x,t) = g(x,t), (z,t) € Sy,
(5.0.15)
if u is a continuous function such that 0,,u, 0> , u € L%OC((O, T); Cb(RN))for every i,j =

Y 7 Zj

1,...,mq, and such that Yu = (Bxz, Vu) — Oyu is an a.e. strong Lie derivative, i.e.

u(E(s—t)x,s) = u(x,t) / (lzla” u—l—Zb@zzuchu g) (E(T—t):c,r)dT,

forevery (xz,t) € Srand s € (0,T).

Combining the results of [36] and Levi’s parametrix method, the authors of [90] proved the

existence of a strong fundamental solution, assuming the minimal L*° ((07 T); Co (RN )) reg-
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ularity on the coefficients. We recall some results from [36,90] on the fundamental solution,
the corresponding Gaussian bounds, and the relevant Cauchy problems, which will play a
crucial role in Chapter 7.

Theorem 5.0.7. Let K, as in (5.0.8) verifying (A) and (B), and assume that the coefficients
a;;, bi, c belongs to LOO((O, T); C’;}(RN)) for some o« € (0,1]. Then, there exists a funda-
mental solution I" to (5.0.15) such that:

1. forevery ¢ = (£,7) € RN x (0,T), T'(-,€) is a strong solution to KiT'(-,¢) = 0 in
RY x (1,T), in particular T'(-,¢) € L} (]RN x (T, T));

loc

2. the following Gaussian estimates hold: for every e, T > 0 there exists C' > 0 (depend-
ing only on €,T, and the coefficients) such that

D(z,t,&,7) < CT¥(x,t,6,7),

FE

C

(z,t

\/ﬁ (x7 7577—)7

2.0 67| < T 167,
/ -7

Oa D (x,1,€,7)| <

forevery z,& € RN and 0 < t — 7 < T, where I denotes the fundamental solution of

Ke — Z (A + 8)832,%, + (Bx,V) — 0,
ij=1

with \ given by (5.0.7);

3. let g € L1 (RN) for some q € [1,+00), then the function

ulwt) = [ Te,t.€,0)g0(€)e. (a,t) € Sr.

solves in strong sense

Kru(z,t) =0, (x,t) € Sr,

lim () = goll ) = 0.

Remark 5.0.8. As mentioned in Remark 5.0.4, requiring the L> ((0, T); Co(RY )) regular-
ity for the coefficients appears to be a more natural and flexible condition, even when the
coefficients are assumed to be continuous in time. Indeed, as noted by Pascucci and Pesce
in [94], intrinsic Holder continuity Cg (namely, intrinsic Holder regularity coupling space

and time variables) may be a rather restrictive assumption, even in the simple case of smooth
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bounded functions. For instance, consider on R3 the function f(x,y,t) = sin(y): as follows
from Example 1.3 in [94], | does not belongs to C&(St), but clearly f(-,-,t) € C&(RY) for
everyt € (0,T).

We conclude this preliminary chapter by introducing the functional setting of weak solutions.
For a comprehensive overview of the weak theory, we refer the interested reader to the survey
[8] by Anceschi, Piccinini and Rebucci. In the following, we consider divergence form

Kolmogorov operators on the strip Sp = RY x (0, 7))

Kp = Z Ou,; (azj z,t) x]> +Zb x,1)0,, + c(x,t) + (Bx, V) — 0, (x,t) € Sr,
Ve . (5.0.16)
where A = (a;;);/—, satisfies (A), while B satisfies (B) with the x blocks being zero
matrices. As we have seen for classical and strong solutions, a central issue in defining
an appropriate variational formulation lies in the suitable treatment of the Lie derivative
Y = (Bz,V) — 0. Since we have diffusion in the first m, variables, it is natural to intro-

duce the Sobolev space
H, (R™):= {u € L*(R™) : 0,,u € L*(R™), foreveryi=1,... ,ml},

equipped with the norm

mi

iy, @y = ullZoenny + 3 1105, ullZ2@m .

TIL
=1

I

We denote its dual space as H;L}(le). For every x € RY we write Z to denote its first
m, components, and z to denote its remaining R~ components. The functional space
suited to the weak formulation of (5.0.16) is the space W defined as the closure of the space
C> (RN x [0, T]) w.r.t. the norm

el = //szm 2, 8) 3, s dxdt+// 12,82 gy,

We are now in position to give a suitable definition of weak solutions.

Definition 5.0.9 (Weak Lie solution). Let g € L*(R¥~™ x (0,T); H,,-(R™)) and gy €

L*(RN). We say that a function u is a weak solution to

Kpu(z,t) = g(z, 1), (x,t) € Sr,
u(z,0) = go(x), z € RY,

ifu € Wy, u(-,0) = go in L? sense, and for every p € C° (]RN X [O,T]) it holds
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mi

T i
/0 ,/RN ( - Z O, u0y, P + ; b; 0y, up + cugp) (x,t)dzdt

ij=1
T T
= _/ /N7 (Yu(, z, t)?@("£7t)>d1dt+/ /N7 (9(,2,t), 0(, 2, t))dxdt,
0 JrRN-m1 0o JrN-m

where (-, -) denotes the duality pairing between H,,!(R™ ) and H}, (R™).

In Chapter 7, we shall make use the above weak formulation to employ the Lagrangian
formalism and derive optimality conditions for the McKean—Vlasov control problem intro-
duced in Chapter 1. Our analysis is based on the recent results by Auscher, Imbert and
Niebel [16, 17], who extended Lions’ form method to the following class of kinetic Kol-

mogorov operators
Kx = A, —v0, — 0, (v,z,t) € RN x RY x (0,7,

with 4, being a general linear second order diffusion operator acting only on the velocity
variable v (for instance A = A,). The main ingredient of these results are suitable kinetic
embeddings, which play a crucial role in establishing compactness and continuity proper-
ties. These embeddings deeply rely on the structure of the functional space W, which is

specifically tailored to capture the regularity imposed by the Lie derivative Y = —v0, — 0.
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Chapter 6

On the study of a Kuramoto model based
on degenerate

Kolmogorov-Fokker-Planck equations

6.1 Introduction

In this chapter we analyse a particular stochastic process, that is the Kuramoto model with
inertia and noise. Our analysis focuses on the Cauchy problems associated with the corre-
sponding mean field PDE. When all oscillators are identical, the PDE describing the evolu-

tion of the density is

D ., 1 T
Wﬁwg(w, v, t) — an (( —w+ K/R/O sin(v" — 9)o(w, 9, t)dwdﬁ) ot (w, 19))

— woyo(w,V,t) — do(w,V,t) = 0.

where o denotes the density of oscillators with frequency w € R and phase ¥ € [0, 2] at
time ¢ € [0,7], while D > 0 represents the noise amplitude and m > 0 is a mass-type
parameter. If we momentarily disregard the nonlinear term, we see that this PDE falls within

the class of Kolmogorov equations introduced in the previous chapter.

Kuramoto models are among the most widely studied models for synchronization phenom-
ena: despite their comparatively simple mathematical structure, they are able to capture with
remarkable accuracy a wide range of collective behaviours observed in different frameworks.
Synchronization is one of the most fascinating and pervasive phenomena in nature. It per-
vades nature at every scale from the nucleus to the cosmos, and even our heart exhibits this

phenomenon. A cluster of about 10, 000 cells, called the sinoatrial node, generates the elec-
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trical rhythm that commands the rest of the heart to beat, and it must do so reliably, minute
after minute, for about three billion beats in a lifetime. These cells are a collection of oscil-
lators, i.e. entities that cycle automatically in more or less regular time intervals, and need
to coordinate their rhythm in order to achieve some kind of synchronization. Huygens was
one of the pioneers in the study of synchronization. In February of 1665 the Dutch physicist
was confined to his bedroom for several days, and observed a curious phenomenon: the two
pendulum clocks in the room, separated by two feet, kept oscillating together without any
variation; moreover, mixing up the swings of the pendulums the synchronization returned af-
ter some time. Intrigued by this phenomenon, he carried out several experiments, finding out
that the synchronization could take place only if they could communicate in some way. In
the following centuries many mathematicians studied the problem, coming up with different
models: some of these describe specific problems (see [101] for the description of sinoatrial
node synchronization), while others have been created with the aim of being general enough
to describe the dynamics of different systems, even relevant to very different scientific fields
such as biology, physics, and social sciences as well. One of the most famous model that be-
longs to the latter group is the one proposed by Kuramoto [74], from which many variations
have been devised. We refer to the article [111] by Spigler for an overview of this model and
some of its derivatives. We next describe the Kuramoto model and some of its modifications

we are interested in, then we discuss the contributions of this thesis on this subject.

The Kuramoto model is a system of ordinary differential equations, that describes the col-
lective behaviour of a population that can be seen as a group of oscillators. Let’s consider a
population of N oscillators, we denote as ¥y (t) the phase related to the k-th oscillator, and
as {2y, its natural frequency, which is an intrinsic parameter of the k-th oscillator. We suppose
that these natural frequencies are distributed according to an unimodal distribution g = g(€2)
that is normalized and symmetric w.r.t. its mean frequency 2. The governing equation is

given by the following system of ordinary differential equations

: KX
ﬁk:Qk—FNZsin(ﬁj—ﬁk), k=1,...,N, 6.1.1)

j=1
where K is a real positive constant sizing the coupling strength between the oscillators. Note
that the coupling in the above system is nonlinear, thus the ensuing phenomena is expected to
be rather complicated. On the other hand, a mean field coupling, which is present in (6.1.1),
significantly simplify the evolution of the system. In order to point out this coupling effect,

we introduce the following complex number, called order parameter

1 N
e (1)t :Nz (6.1.2)
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The phase ¢y (t) is the mean phase of the system. The modulus |rx(t)| provides us with
a measure of the synchronization of the system. When |ry(f)| = 0 the system is fully
incoherent, when 0 < |ry(t)] < 1 the system is partly synchronized, and |ry(t)| = 1

matches the full coherence state. Equation (6.1.1) can be rewritten using the order parameter
ﬁk:§m+1awsm(¢N—0g, k=1,...,N, (6.1.3)

which is the equation of an overdamped pendulum with torque €2, and restoring force pro-
portional to Kry. This formulation simplifies the analytical treatment.

Despite the simplicity of this model, Wiesenfeld, Colet and Strogatz show in [120, 121] that
(6.1.3) describes some important physical phenomena such as the interaction of quasi-optical
oscillators with a cavity and some Josephson arrays, and it gives us a starting point to study
synchronization in generic oscillators. Moreover, Kuramoto model shows how synchroniza-
tion in a population of many coupled oscillators may occur, and the type of synchronization:
indeed it may occur frequency synchronization, where each oscillator completes its cycle at
the same time, phase synchronization, where each oscillator is at the same point in the cycle,
or even a more complex scenario.

The Kuramoto model can be extended to a population of infinitely many oscillators, as
it was described by Strogatz in [112]. Let’s consider a continuum of oscillators, and let
0 = 0(v, €2, t) be a density function describing the fraction of oscillators at phase 9 with nat-

ural frequency (2 at time ¢. Then, g is a nonnegative function 27 periodic in ¢/, and satisfies
2
/ o0, 0d0 =1, V(1) € R x [0, +00).
0

The evolution of p is described by the continuity equation

do 0
22— (ow) (6.1.4)

which expresses conservation of oscillators of frequency 2. Here, v = v(¥,(2,t) is the
instantaneous velocity of an oscillator at position ¢, given that it has natural frequency (2,

and is interpreted in the Eulerian sense. From (6.1.3) we see that that velocity is
v(9,Q,t) = Q+ Kr(t)sin(y(t) — ),
where r(t) and ¢ (t) follow from (6.1.2) by letting N — +00
r@&@:A%AW@mwﬁﬂmamw 6.1.5)

Combining (6.1.4) and(6.1.5) we obtain the following nonlinear partial integro-differential
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equation for the density o

D,0(0,9,t) = —0y {g(ﬁ,Q,t) (Q K / 2” / sin( — ﬂ)g(ﬁ’,w',t)gm')d(z'dﬁ'ﬂ .
v (6.1.6)
Sakaguchi in [108] modified the deterministic equations (6.1.3) and (6.1.6) by adding noise
to describe stochastic phenomena, in order to consider rapid stochastic fluctuations in the
natural frequencies. The governing equation (6.1.3) for /V oscillators takes now the form of

a system of Langevin equations

N
ﬁk:Qk+§k+§Zsin<ﬁj—ﬁk), k=1,...,N, 6.1.7)

j=1

where £(t)dt = D dW,; being (W});>0 a N-dimensional Wiener process, with D > 0.

Then, Sakaguchi argued intuitively that since (6.1.7) is a system of Langevin equations with
mean field coupling, as N — oo the density o should satisfy the following Fokker—Planck
equation

27
00 =D 20—y |0 (Q + K/O /Rsin(z?’ — 9o, Y, t)g(Q’)dQ’dz?’)] (6.18)

Note that (6.1.8) is a nonlinear parabolic partial integro-differential equation, that reduces to
(6.1.6) when D = 0. We finally recall that linear stability of the incoherent state, concerning
both the deterministic and the stochastic equations (6.1.6) and (6.1.8), respectively, have
been studied by Strogatz and Mirollo in [113]. The Cauchy problem relevant to (6.1.8) has
been studied in recent years by Lavrentiev, Spigler and Tani in [79], [80] and [81].

Based on some ideas developed by Ermentrout in his studies about fireflies synchronization
[52], Tanaka, Lichtenberg and Oishi in [115] elaborated the following second order variation

of the Kuramoto model

; ) K XN
mﬂk—l—ﬁk:Qk—FNZSin(ﬁj—ﬁk), k=1,...,N, (6.1.9)

J=1

with m > 0. We point out that the term mﬁk introduces an inertial effect in the model,
in order to better explain some synchronization phenomena. Unlike the original Kuramoto
model, Ermentrout’s second order model has the remarkable property to allow near-perfect
phase synchronization, where the phase shift between synchronized oscillators is inversely
proportional to the mass. The equation (6.1.9) can be rewritten in terms of the order param-
eter (6.1.2) as follows

miy + 0k = O+ Krysin (Yy =), i=1,...,N,
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which is the governing equation for a single damped driven pendulum with torque €2.
Starting from the contributions due to Tanaka, Lichtenberg and Oishi [115], Acebroan and
Spigler introduced a noise term &, = &, () in (6.1.9), so that they considered in [1] a system

of second order Langevin equations that consider an inertial term
miy, + 05 = Qp + Kry sin (q/JN - ﬁk) +&, k=1,...,N. (6.1.10)

Once we set 9, = wy, equation (6.1.10) takes the form of the following system of Stochastic

Differential Equations

1 KX D
dwk,t = E ( — wk,t + Qk + N ZSIH (ﬁj,t — ﬁkyt))dt + %\/ide,t, k= 1, .. .,N,

j=1

d'U(lk7t:CUk7tdt, k’zl,...,N,

that, as NV goes to infinity, converges in the sense of propagation of chaos to the corre-
sponding McKean-Vlasov process. Its density solves the following nonlinear, degenerate,

parabolic integro-differential equation
D _, 1
p—3 05,0+ an {(w —Q— K, (9, t))g} — wdyo — 00 =0, (6.1.11)
where
2m
K,(0,1) = K / / / g()sin(9 — 9)o(o, &', Y, £)d9' dw dSY. 6.1.12)
R JR Jo

In order to simplify the notation, in the sequel we set D = 1 and m = 1. For a given

00 = 0o(w, 1, Q) we consider the following Cauchy problem

0,0+ 0, [(w — Q- Kg(ﬁ,t))g} — wdyo — 0o =0, (w,9,Q,t) € R x (0,7,
o(w,9,9,0) = go(w,V,Q), (w,9,9Q) € R3.
(6.1.13)
The Cauchy problem (6.1.13) has been addressed by Akhmetov, Lavrentiev and Spigler in
[77], [78], [2] and [3] by using a parabolic regularization of the governing equation.
The main result proved in [2] is the existence and the uniqueness of a classical solution o
to (6.1.13). Since (w,?) +— o(w,V, €2, t) denotes the density of a probability measure, the

authors of the aforementioned references focus on positive solutions with the property
/ o(w, 9,0 )dddw =1,  t>0, QER.
(0,2m) xR

Moreover, the solutions considered there have the following exponential decay property.
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Definition 6.1.1. We say that a function f : R* — R has the exponential decay property if

there exist two positive constants M, C' such that:

(E) f(w,0,Q,8)| < Ce™" V(W 9,Q,t) € R

The main result proved in [2] is the existence of a unique positive classical solution p to the
Cauchy problem (6.1.13), with the properties listed above, provided that gy and some of its

derivatives have the exponential decay property.

In this chapter we address the Cauchy problem (6.1.13) by using the theory of subelliptic
Kolmogorov equations in homogeneous Lie groups, as described in Chapter 5. In particular,

the first order differential operator Y = wd,, — wdy — 0; is considered as a Lie derivative.

Definition 6.1.2 (Lie derivative). For every for = = (w,9,8,t) € R* we define as integral
path of Y starting at z the solution to the following Cauchy problem

Ava(s) = Y (=(9)),
’)/y7z(0) =Z.

We say that a function g is Lie differentiable at z = (w,9,Q,t) € R* w.rt. Y if the following

limit

exists and is finite.

This definition clarifies the meaning of classical solution to (6.1.11). A function p is a
classical solution if it is continuous, its derivatives 0,0 and 9> o are defined as continuous
functions, the Lie derivative Y g is continuous and the equation (6.1.11) is satisfied at every
point. The main advantage in our approach, with respect to [2], is that we don’t require
unnecessary regularity on the data g,. Moreover, our hypothesis (6.1.14) below does not
require the compactness of the support of g assumed in [2]. Finally, a numerical approxima-
tion of the Lie derivative Y p allows us to define a stable numerical method for the Cauchy
problem (6.1.13).

The main result of this chapter is the following theorem.

Theorem 6.1.3. Let g be a nonnegative function such that

| o(@ae=1.
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and assume that exists § > 2 such that
/meWM<+m. 6.1.14)
R

Let 9y € C(R3) be a strictly positive function, 2 periodic in 9 such that:
1. o verifies the exponential decay property (E) as stated in Definition 6.1.1;

2. forevery Q) € R we have

/ 00(w, 0, Q) dddw = 1.
(0,2m) xR

Then, there exists a strictly positive classical solution o to the Cauchy problem (6.1.13),
defined for (w,9,Q,t) € R? x [0, +00) such that

/( | o(w, ¥, Q, t)dddw = 1, forevery t>0, QeR.
0,27) xR

Moreover, g is 27 periodic in 9, continuously depends on ) and for every T > 0 and 2 € R

there exist positive constants Cq r, M such that:

1. the function (w,9,Q,t) — o(w, I, ), t) has the exponential decay property (E), with

constants M and Cars

2. the function (w,9,Q,t) — Jy0(w,V,Q,t) has the exponential decay property (E),
with constants M and Co.r/\/t;

3. the function (w,9,Q,t) — 92, 0(w,9,Q,t) has the exponential decay property (E),
with constants M and Car/t. The same assertion holds true for the Lie derivative
Yo = (wd, —wdy — 0)o.

Furthermore, o is the unique positive solution satisfying the properties listed above whenever

g has compact support.

Following [2], we look for a solution to the nonlinear Cauchy problem (6.1.13) as the fixed
point of a map that associates to a given function ¢ the solution to a suitable linearized
problem, which in our case is relevant to a degenerate Kolmogorov equation. With this aim,

we introduce the following Cauchy problem

{Q%wu + wlou — wdgu + O3(V, 2, t)0u+u — u = f,  (w,9,Q,1) € R? x (0,T}),

u(w, 9, Q,0) = ug(w, 9, Q), (w,9,9) € R?,
(6.1.15)
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where
Bo(0, 1) = —Q — K/// Q) sin(d — 9)a(w', ', O, ) dddw'dY.  (6.1.16)

If ¢ is a given continuous function satisfying the exponential decay property (see Definition
6.1.1), then there exists a fundamental solution I'y, 5 useful to represent the solution u to
(6.1.15) as follows

u(w, 197 Qa t) = /]RQ FQ,E(wa 197 tv g) n, 0)“0(57 n, Q)dndf—

t
_/O /]1%2 Lo 5w, 0, t:6,n,7)f(§,n,Q, 7)dndédr,

when f and u, verify appropriate assumptions. In Section 6.2 we study the existence of I, 5
and some bounds of I'y, > and its derivatives, that provide us with the proof of the existence

of the unique solution to (6.1.13).

This chapter is organized as follows: in Section 6.2 we recall some results about the fun-
damental solution and we give some bounds useful in the proof of Theorem 6.1.3, Section
6.3 is devoted to the proof of Theorem 6.1.3. Finally, in Section 6.4 we define a stable and

consistent finite difference scheme that follows the structure of (6.1.11).

6.2 Fundamental Solution
In this section we recall some known facts about the partial differential operator
Loz =00, +wly — wdy + P5(0,Q,1)0, + 1 — 9, (6.2.1)

appearing in the Cauchy problem (6.1.15), where the function @ has been introduced in
(6.1.16)

2w
B0, 1) = —Q — K / / / g()sin(9' — 9)a(o, ', Y, £)d9 dw dSY.
R JR JO

Note that no derivatives w.r.t. {2 appear in £, 5, then from now on we fix {2 € R and we
consider it as a parameter.

Let us now recall some known facts about the degenerate differential operator %, 5 that will
be used in the proof of Theorem 6.1.3. For a reason that will be clear in the following, we

also introduce a parameter € > (, and we set

L= (1+¢e)0%, +wd, —wdy — 0. (6.2.2)
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As follows from Chapter 5, this strongly degenerate operator has a fundamental solution
e = I (w, 9, t,wp, Jg, ty) which is smooth w.r.t. the variable (w, 1, t) belonging to the set
R3\ {(wo, Yo, to) }. In order to align the exposition with that of Chapter 5 we introduce some
further notation, that will allow us to write the explicit expression of I'*. We first write .Z¢

in the form

2 2
L= Y 0+ S by~

i,j=1 1,j=1

where © = (x1,22) = (w,¥), and

1+¢ 0 o
A = (aij>z‘,j:1,2 = ( 0 O) , B:= (bij)i,j:1,2 - (_1 0) ’

Following Chapter 5, for every ¢ > 0 we set
t
E(t) :==exp ( - tB), C.(t) := / E(s)A.E*(s)ds.
0

A plain computation shows that

et 0 1 1—e 1—2e e
B(t) = LG = .
l—et 1 2 \1—-2t+e® 2t—3+4et —e?
Note that the matrix C.(t) is symmetric and strictly positive for every ¢ > 0, then it is invert-

ible and the fundamental solution I'* of .Z°u = 0 is defined for every (x,t) = (w,?,t) €
R? x (0, 400) as follows

[(z,t) = exp (—i(C’gl(t)x, T) — t) .

1
47y /det C.(t)

As customary in the setting of parabolic equation, [*(z, ) = 0 whenever ¢ < 0. Finally, the

fundamental solution with singularity at any point (¢, to) € R? is defined as
T (z, t, 2o, o) := I° (x — E(t — to)zo, t — to). (6.2.3)
The following property of I'* will be useful in the sequel
/RQ D2(w, 0,t,&,m,7)dnde =1,  V(w,9) € R, 7 < t. (6.2.4)
Moreover, a direct computation shows that the following identity holds true

/ (w, 9, t,&,n,7)dn = f‘g(w,t,f,T), V(w,d,t,&,71) € R®  with T < t.
R
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Here

_ 1
M(w,t,&,717) =
(. 1:8,7) \/(1 +e)m(1 — e2(t-7))

w—67<t77)§ 2
oxp (_ W —(t— T)) . (6.2.5)

is the fundamental solution to the operator (1 + £)9? + wd,, — ;.

Let’s turn our attention to the Cauchy problem (6.1.15)

$Q7EU:f, (Waﬁat) € R? x (OuTl)a
u(w, 9,0) = up(w, V), (w,?) € R%

The existence of a fundamental solution I, 5 to the equation £, ;u = 0 has been proved
by Di Francesco and Pascucci in [47] via Levi’s parametrix method (see Theorem 5.0.3 for
the full statement). To present Theorem 5.0.3 in our setting (which include some bounds
for FQ,g that will be useful in the proof of Theorem 6.1.3), we first recall some additional
notation and known results concerning the degenerate Kolmogorov operator (6.2.2).

The expression (x — E(t—to)xo, t— to) appearing in (6.2.3) is related to an invariance prop-
erty of the differential operator .#¢, which is needed to state the Holder continuity assump-
tion on the coefficient ®; appearing in the operator ., 5. We first recall that the operator

¢ is invariant w.r.t. the change of variable (w, ¥, t) — (w,¥,t) o (§,n,7), where

(w,9,) 0 (&, 7) =((&n) + E(7)(w, ), t +7)
=(+we T i twl—eT)t+T),  (0,9,1),(En,7) R

The set (RS, o) is a Lie group with identity (0, 0, 0), and the inverse of a point (w, 9, t) € R?
is
(w,9,)7 = (= BE(=t)(w,9), —t) = (= we, =0 — w(1 —¢'), —1).

As usual in the regularity theory for subelliptic Kolmogorov operators on Lie groups, we
employ the anisotropic norm and the quasi-metric introduced in Definition 5.0.1. In this case

we consider the norm
I, 9, 6)l1 = ] + 105 + 1], V(w,9,t) €R?,
and accordingly we define the quasi-distance

d((w,9,1),(€,n,7)) s = (& m,7) " o (w, 9, )]
= |w— T+ |9 =+ & =15 4|t — 72,
(w,9,t), (&n,7) € R’

We are now in position to give the following definition.
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Definition 6.2.4 (Holder continuous function). Let o € (0, 1], and let U be an open subset
of R3. We say that a function f : U — R is Hélder continuous with exponent « in U (in
short f € C*(U)) if there exists a positive constant L such that

@, 9,8) = f(&n,7)] < Ld((w,9,8),(&n,7)", Y(w,9,1),(&m,7) €U,

We are now in position to state Theorem 5.0.3 in the setting of (6.2.1), which provides us
with an existence result for a fundamental solution 'y 5 to £, ;u = 0, as well as many
useful properties. In the following, we fix 7; > 0 and consider ¢ as a function of the
variable (w,,t) by letting ®5(w, 9,2, 1) := O5(V, 8, 1).

Theorem 6.2.5. Suppose that there exists ¢ > 0 such that
D5l Lo 2% 0,11)) < ¢
and assume that there exist o € (0, 1] and a positive constant L such that
[@5(wn, 01, Q1) — Dywn, by, 2 1)] < L d((wn, 01,8), (w2, V2, 1)),

for every (wi,91), (wy,¥2) € R2and t € (0,T}). Then, there exists a fundamental solution
L ;5 to £, 5 with the following properties:

1. To5(-&m,7) € Ll (R2X<T, Tl))ﬂC(RQX(T, Tl))forevery (&,m,7) € R?2x(0,Ty);

loc

2. T 5(-, & m,7) is a classical solution to Lo, 5 u = 0in R x (1, T}) for every (€,1,7) €
R? x (O,Tl),'

3. the following identity holds

[ Taglw, vt € mr)dndg =, Y(w,9) €R:r <

4. for every e > 0 and T € (0,Ty] there exists a constant C' = 6(8, T, HCI>E||LOO), such

that o
0< FQ,E(C"}? 79’ t? 5? 7, 7_) < Crg(wa 197 ta 67 n, T),

6.2.6
or ’VU),??,t,f,T},T SLFS w719at7£77777_7 ( )
Q0

(t—7)
where T¢ is the function defined in (6.2.3), and O stands for 0, (i = 1), 8, or Lie
derivative Y (i = 2), for every (w,9,t),(,n,7) € R3with0 <t —7 < T.
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Let’s consider the following Cauchy problem

gﬁ,?u(wu 197t) = f(wa 1971:)’ (wa 197t) S Rz X (O7TI)7
u(w, 197T0) = UO(wv 19)7 (w719) € RQa

where ug € C(R?) is such that
[uo(w, ¥)| < CLe™ @) Y(w,9) € R?,
and f € C(R2 X (O,Tl)) is such that

Cl eC1 (w2 +192)

vt
for some positive constant Cy, and assume that for any compact subset M of R? there exists
a positive constant C, € (0,1) and § > 0 such that

|f(w,0,t)| < V(w,d,t) € R? x (0,71),

8
d\(w,v,t), (& n,t
00— siemo) < bk V0 v e e 01

Then, there exists T € (0, T}], only depending on growth constant C, such that the function

u(w, ¥, t) =

/]RQ FQ,E(wv 197 tv ga n, 0)”0(&7 77)d77d§ - /Ot /RQ FQ,@(‘% 197 tv 57 n, T)f(fa U T)dﬁdgdﬂ

is solution to the previous Cauchy problem in (0, T).
Moreover if u is a solution to the Cauchy problem with null f and g, and verifies the following

estimate

lu(w,d,1)] < CeC@ ) (w9 t) € R? x (0,7),

for some C' > 0, then u = 0.

6.3 Proof of Theorem 6.1.3.

In this section we prove existence, uniqueness and regularity of classical solutions to the

Cauchy problem (6.1.13) in Sy = R? x (0, T'), which we recall here for reader’s convenience

Zo,00 = 02,0+ 0| (w + ®o(9, 9, 1)) 0| — wdyo — Do =0, in Sr,
Q(w7197970) = Q()(w,??,Q), n RS,
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where
O,(9, 1) = —Q — K/ // () sin(9 — 9)o(, 9, ', t)d' du dSY.

As said in the introduction, we find a solution to the nonlinear problem (6.1.13) as the fixed
point of a map that associates to a given function p the solution to the linearized problem
(6.1.15), which is obtained by using the fundamental solution I';, 7. We list the assumptions

about the initial datum o, we will adopt in this iterative argument:

1. 0o € C(R?);

2. po is strictly positive and verifies (E) in Definition 6.1.1;

3. 09 is 27 periodic with respect to ¥J;

4. for every €2 € R we have

/(07%) . 00(w, ¥, Q)dddw = 1.

Moreover we recall that the natural frequency distributions of oscillators ¢(£2) is a probability
density, satisfying (6.1.14). We first prove a preliminary result. Here and in the sequel, we

set 57 1= R? x (0,7T), and we fix Q2 € R. Moreover, we consider the function I'*, defined in
(6.2.3), for a fixed € > 0, as we will rely on (6.2.6).

Lemma 6.3.6. Consider for T' > 0 the Cauchy problem (6.1.15) in S} with f = 0. If p is

continuous and verifies property (E), then the function u defined as
U(W, 197 Q7 t) - /RQ FQ7E(W7 197 t éa 7, 0)90(57 1, Q>dnd£7 (631)
is a classical solution u to (6.1.15) with T7 = T and uy = 09 . Moreover:

1. w verifies property (E) with constants M, Cq 7, in addition we have

Ou(w, 9, 0, 1)| < CZ;Zt;je_MWQ, V(w, 9, t) € S, (6.3.2)

where O stands for ., (and (6.3.2) holds with i = 1), > or Lie derivative Y (and
(6.3.2) holds with i = 2);

2. wis 2w periodic with respect to V;
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3. forevery Q € R and for every t € [0,T) we have
/ w(w, 9,0, 1) dddw = 1;
J(0,2m) xR

4. u(w,d,Q,t) > 0foreveryt > 0.

Proof. As a direct consequence of the property (E), we can easily see that the function 5
defined in (6.1.16), considered as a function of the variables (w,,t) via ®5(w,,Q,t) =

(19,2, 1), is bounded. Moreover, we infer that there exists a positive constant L such that
[D5(wn, 01, Q1) — O{wa, U, Q, 1)| < L d((wr, V1, 1), (wa, 0, 1)), (6.3.3)

forevery (w1, ¥1,1), (w2, Vs, t) € S;.. Therefore the function u defined in (6.3.1) is a classical
solution u to (6.1.15), by Theorem 6.2.5. We next prove that » has the properties listed in
the statement of the lemma.

In order to prove that u and all the derivatives Ju listed in the point (/.) verify the property
(E), we first observe that the identity (6.3.1) can be differentiated under the integral sign, i.e.

ou(w, 9,8, t) = /R2 Ol g 5(w,9,t,€,m,0)00(&,n, Q)dndé.
Then by point (4.) of Theorem 6.2.5 we have

Cox
Vi

for some C'q 1 > 0 depending on ¢, 7, |®5][ 2>, and hence on €2. Property (E) follows from

O, 9, 2.8)] < =55 [ T2(w,0,4,€,m,0)00(€,m, e,

(6.2.6) and from the exponential decay of gy. Consider a given w € R, by (6.2.4) we get

CorC
NG

|Ou(w, 9, Q,t)| < / I (w,9,t,&,n, O)e’MﬁQdﬁdn. (6.3.4)
R2

If |w| > 1, we first recall the equation (6.2.5) where ¢ has been defined, then we split the

above integral in two parts

2 too 2
/QFE(w,ﬁ,t,f,n,O)e_Mf dédn :/ I¥(w,t,&,0)e M dg
R

o0

— / “(w, 1, €, 0)e ME g + / T (w, ,€,0)e M€ g
\s|> '“' \s| '“‘
Concerning the first integral, we immediately have

/{|»:>°;}Fa(w B¢ 0™ dg < e / (w,,€,0)dE =T (63.5)

142



Chapter 6. On the study of a Kuramoto model based on degenerate
Kolmogorov-Fokker-Planck equations

We use the change of variable z = % in the second integral. Note that, if
3 —e
€] < %', then || > ——1“__ 50 that

24/ (1+€)(1—e—2t)

2 2t 2 ?

T _Me?t(x e)(l—e—2t) 4w

S/ ) e ( V/M(Te)(1—e—20)+ ) "
{| ‘>2\/(1+e)(1—e—2t)} ﬁ

w2

IR TS e ]
T ML+ (1 — e
e o) g

< )
My/(1+¢€)(1 — e 2)

~ w2
< O&T ce 30+

where we have used the assumption that |w| > 1 and the fact that the function appearing
in the last line of the above display is bounded in its domain R*. Then (6.3.2) in the case

|w| > 1 follows from the above inequality and (6.3.5), if we set

M = min M,* .
478(1+¢)

If w| < 1 by (6.3.4) we have

ral M
CQ’T Ce M2

ou(w,,Q,1)| < e ,
ue...0) < =

then the thesis follows once we set
Cor := Cor C max {2, 2C. 1, eM}. (6.3.6)

The proof of the periodicity stated in (2.) follows from a standard uniqueness argument. We
omit the details.

In order to prove the assertion (3.) of the lemma, we first notice that the continuity of the
functions J,u and Yu = wd,u — wdyu — Oyu implies the continuity of the Lie derivative
Yu:=Yu—wdu=—wdyu — dyu. Let us define for every R > 0 and 0 < ¢y < t; the sets

C’R:{(wﬂ,t)ERS;—RSwSR, 0 <9< 2m, t0§t§t1}7

BR:{(w,ﬁ)ERQ:—RSng,O§19§27r}.

143



Chapter 6. On the study of a Kuramoto model based on degenerate
Kolmogorov-Fokker-Planck equations

If we integrate in C'r the equation in (6.1.15) we obtain

—Vudwdddt — /

[ o, (8wu T (w+ D0, t))u> duwddt.

Cr

Then by the divergence theorem we get

/ u(w, d, Q, t1)dwdd — u(w, ¥, Q, to)dwdd
Br

Br

t1 R t1 R
+ / wu(w, 0, Q, t)dwdt — / / wu(w, 2m, Q, t)dwdt
to —R to —R

— [ o, (awu T (w+ D0, t))u) dwdvdt.
o 6.3.7)
The last two integrals in the left-hand side sum to zero by periodicity, moreover by the
exponential decay in w we have

im [ o, (awu  (w+ D50, t))u) dwdidt = 0,
Cr

R—o0

Therefore, for every 0 < ¢y < t; we have

/ u(w, ¥, Q, ty)dwdy = u(w, ¥, Q, t1)dwdd.

(0,2m) xR (0,2)xR

The thesis follows then from the property of oy by choosing ¢y = 0.

The proof of the point (4.) is a consequence of the representation formula (6.3.1), since both

' 7 and gy are positive functions. [

We are now in position to establish an existence result for the nonlinear Cauchy problem
(6.1.13).

Proposition 6.3.7. For every Q,T € Rwith T > 0, and o, satisfying the property (E), there
exists a classical solution ¢ = p(w, v, €, t) to (6.1.13) that verifies property (E) in the set
Sr=R?x (0,7T).

Moreover o can be represented by the fundamental solution g, , of Zq , as follows
Q(wv 197 Q7 t) = /]RQ FQ,Q(("}’ 197 t, 57 , 0)90(57 7, Q)dndf (638)

Proof. We define a sequence of function {Qn} as follows. We set gg(w, 3,2, t) :=

neNU{0}
00(w, ¥, Q) for every (w, ¥, t) € S;.. Then, for every n € N, we let

2T
o, (0,08 = -Q—K / / / GV sin(¥ — 9)on_1 (W', ', Q1) d dw' dSY,
RJR JO
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and we define p,, as the solution to the linear Cauchy problem

gﬂ,é)nfl On = ainn + aw {(w + ®Qn71<,l97 Q? t))gn:| - waﬁ@n - ath = 07
(6.3.9)
on(w,9,9Q,0) = go(w, ¥, Q).

The solution to the nonlinear Cauchy problem will be defined as the limit of the sequence
{gn} eNU(O} We rely on a compactness argument to prove the convergence of a subsequence

of {gn} However, due the presence of the term g,,—; in the coefficient ®, | in

neNU{0}"
(6.3.9), we need to show that the whole sequence converges.

We now prove that the sequence {Qn} has the property (E), with constants that does

neNU{0}
not depend on n.

As gy € C(R3) and verifies property (E), we can apply Lemma 6.3.6, inferring that for every

n € N there exists a classical solution g,, in R? x [0, T') such that:
* 0, 18 27 periodic in ¥J;
* 0, is strictly positive for every ¢ > 0;

* 0, is normalized

/ on(w, 0,0, ) dddw =1, Ve [0,T). (6.3.10)
(0,2m) xR

We recall that I'g ,,, , denotes the fundamental solution of the operator .5, ,, , appearing in
(6.3.9). The assertion (4.) of Theorem 6.2.5 yields

FQ,Qn71<w7 197 t, 57 n, O) < UQTFS(wa 197 t, g; 1, 0)7

Car
7 1_‘8 w’ ,"97 t’ ) 70 )

(6.3.11)
|6FQ7Qn—1 (w’ 197 ta gy 777 0)| S

where the constant Cq 7 > 0 only depends on e, T, and on ||®,, || ~. Moreover, also using
(6.3.3) and (6.3.10), we see that

H®Q7l—1HLOO S ‘Q‘ _'_ K7

(6.3.12)
|(I)Qn—1(w17 1917 Q? t) - q)Qn—l (w27 7927 Qu t)| S Ld((wh 1917 t)v <w27 1927 t))v

for every (wi,v1,1), (we,¥2,t) € S;, and for every n € N. Note that, in particular, the
constant 697T in (6.3.11) does not depend on n. In the sequel, we will use the fact that, from
the boundedness and the Lipschitz continuity of the function ®, ,, the 5-Holder continuity
of ®,, , directly follows for every /5 € (0, 1).
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As a consequence of Lemma 6.3.6, the sequence {gn} has an uniform exponential

neNU{0}
decay in w, meaning that

2

0 < on(w,V,t) < Core ™M, Y(w,9,t) € R* x (0,T), n€N. (6.3.13)

Moreover, 9% 0,,, and Y g, have an uniform exponential decay in w as well, with a constant

Car/t. Thus, the sequence {gn} is equi-bounded and equi-continuous on every

neNU{0}
compact subset of R?x (0, T']. Hence, there exists a subsequence {an } and a function

keNU{0}
o € C(S}) such that
On, — 0, as k — +o0,

uniformly on every compact subset of R? x (0, 7.

As said above, we need to show that the whole sequence {Qn} converges to p. We

neNU{0}
will prove a stronger result, namely

lon — llz=(sz) = 0, as n— +oo, (6.3.14)

where we recall that Si = R? x (0, 7). With the aim of proving (6.3.14), we preliminarily
note that the constant Cq 7 in (6.3.11) depends on the quantities €2 and 7 as follows

Cor=0C.+ \/;ioqm + KY (14 VT) \/i

_ (6.3.15)
i= Ig(3)

where C. > 0 depends only on ¢, which is fixed, and I'g denotes the Euler gamma function.
We obtain the above expression by repeating the computations made in [47] in the particular
case of the operator .#’. Then, by recalling the definition (6.3.6) of Cq 7, the hypothesis
(6.1.14) yields

G = /Rg(Q)CM d) < +oo. (6.3.16)

Let us now fix a positive ¢y, which needs to be chosen small enough to have

— t
q:= ZKW%CQTG ZO <1,

where we have set o
A= M
T2 )M (e — 1)

Here 1M is the constants in the exponential decay. Then, we define & = |T/to] + 1 and we

~

set T}, = ktg fork =0,...,k —1,and T3, = T'. For every n € N we consider the function

Up(w, 9, Q1) := opy1(w, 9,9, 1) — o (w, 9, t).
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This is the unique bounded solution to the following Cauchy problem

gﬂ,@nvn = ((DQn - (Pgnﬂ)awgna in R? x (Tk7Tk+1)a
U?”L(w’ 197 Q? Tk) = On+1 (w7 797 QJ Tk) - Qn<w7 797 Q7 Tk>7 in RQ'

Now we represent the function v,, by using the fundamental solution I'g ,, of %5 ,.. The

above PDE can be written as %, ,,v, = fy, with
Falw,0,9,8) 1= ($y, (9, Q1) = By, (9,9,)) Dusn(w, 0,2, ).

In order to apply Theorem 6.2.5, we claim that there exist three positive constants C', vy and
B, with 8,~ < 1, such that

e, 0,0,8)] <

\é— 5 (6.3.17)
|fn(w1719179at) - fn(w27192797t)‘ < tli_lv d((wlvﬁlﬂt)v (w277927t>) )

for every (w, 9, t), (w1,V1,1t), (we,¥2,t) € S, and for every n € N. The first inequality in
(6.3.17) directly follows from the first inequality in (6.3.12) and from the uniform exponen-
tial decay of 0,0,. In order to prove the second inequality, we claim that there exist two
positive constants C' and 3, with 5 < 1, such that

C B
|ann(W1,191,Q,t) - aw@n(w27192797t)| S t# d((wluﬁlat)7 (w277927t>) ’ (6318)

for every (wy,01,1), (wa, Va,t) € S, and for every n € N. The conclusion of the proof
of (6.3.12) plainly follows from the exponential decay of J,0, combined with (6.3.12) and
(6.3.18).

The estimate (6.3.18) is a direct consequence of the identity

00n(w,9.21) = [ 0.0, (. 9,1,€ . 0)e0(€, 7, Qdnde.

Then we use the following property the fundamental solution, proved in Theorem 3.2 of [48]:

for every § € (0, 1) there exists a positive constant ¢z such that

’awPQ,Qn (wla 1917 tu 57 n, O) - awFQ,Qn (wQ? 1927 ta 57 n, 0)‘ S
\ (

B
d((wy,71,1), (wa, Vg, 1)
Cﬁ ( t# ) Fa(w177~917t7£7n70)7

forevery t € (0,7), (w1,v1), (w2, ¥9), (§,n) € R?, being T° the function defined in (6.2.2).
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Finally, by using the exponential decay of the initial datum and (6.2.4) we find

000 (w1, 91, 0, ) = Duon(wa, V2, 2, 1)| <

B
d (W171917t)7<w271927t>
cs ( ez ) /%2If(uu,01,t,§,n,0)go(€,n)dﬁdn <

B d((wl, ’191, t), (WQ, 192, t))ﬁ

Cs 115 )
t 2

for some ¢g > 0. This concludes the proof of (6.3.17) with 3 arbitrarily chosen in (0, 1) and

v = % Once the bounds (6.3.17) have been proved, we represent v,, as follows

Un<w7 79; Q, t) = /RQ Fﬂ,gn ((U, 197 t? 57 m, Tk)’l]n(é, m, Q? Tk) dndé

‘ (6.3.19)
_ /T /R? Lo (W, 0, 6,60, 7) fu(§,m, 2, 7) dndédr.

In order to simplify the remaining part of the proof, we define recursively the constants

FTIE M(1Fe)(e?h — 1) T M(1+ o) (2T —Te) — 1)
k=1,... . k—1,

and we note that, by a plain induction argument, we find

M
M, = M 2t ’
14+ M(1+4¢e)k(e?o —1)

- M
LM o) ((k = 1o = 1) + (P - 1)

M
In particular, the inequalities below hold
M > M, > My > A, k=1,....,k—1, (6.3.20)

since

We now introduce the weighted norms

eMka N

k=1,...k

HQn-i—l - Qn”k = sup ’Qn+l(w779797t) - Qn(w,ﬂ,Q,tﬂ C )
S}ﬂ(Tk,LTk} QT

(6.3.21)
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From (6.3.20) and (6.3.13) it follows that

llons1 — onllx < 2, k=1,... k.

2
egfg’;T appearing in the norm introduced in (6.3.21) is useful in order to deal with

the term f,, in (6.3.19). Indeed, later on we will rely on the following bound

The term

‘(I)Qn (79’ Q’ t) - (DQn—1 (197 Qa t)|
2w
< K/ g(Q)// sin(9 — ) (0n (W', ', 1) — 0n1 (', 9, 2, 1)) |d0d dS
R R JO

2 ,
< Kllon = ousllies [ [ e ag'ds’ [ g(@)Cord®
R JO R

2 KG
= m’\gn — On—1llk+1,
(6.3.22)
for every ¥ € R and ¢ € (Ty, Tj41), which will be used to estimate |f,|.
In order to prove (6.3.14) we claim that the following estimates
lont1 — onlli <qllon — on-1llh, (6.3.23)

HQn«H - Qn”kJrl S q HQn - anluk+1 +€Q,T’|Qn+1 - Qn”ka

~

hold foreveryn = 2,3, ..and £ = 1,2, ...,k —1. To prove the claim we denote by /; and I,
the two integral in the right-hand side of (6.3.19). By (6.2.5) and (6.2.6) a direct computation

give us

1L < Carllonts — onllk Cor /R T (w, t, &, T )e M€ ag

_ M
< Corllont1 — onllk Cor exp ( i Mi(1 + )(e2Ton—T0) — 1))

= Carllon+1 — onllk CQ,TG_M”le-

In order to estimate /5, we use again (6.2.5) and (6.2.6), together with (6.3.22) and the

exponential decay of 0,05,

212 KGCq.r top T (w, t, €, 7)e ME
L] < =——=—"="1100 — 0n-1ls+1C: / / — d¢d
1] < M o On—1||k+1 QT 7 e \/; £dr

3 — t() _ 2
< QWQKGCQ,T\/ 1 lon — 0n_1||k1Care M1
—Mjqqw?

9

= QHQn - anlHkJrICQ,Te

where we have used the inequalities in (6.3.20). This concludes the proof of (6.3.23).
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We next recall that Lemma 3.4 in [77] states that (6.3.23) imply the inequalities

k—1

ons1 — onllx < ¢"2 Z (€Q,T(n — 2)) los — 02||k—i
i=0

foralln =3,4,...and k = 1,...,%. We then find

~

%
l|On+1 — Qn”c(ﬁ) <Y onst — onlle < Z
k=1 =1

(OQT(n - 2)>i||z93 — 02| k—i-

Q,ML

. . (= i - —  \FK
By using the elementary inequality (CQ}T(TL — 2)) <(n—-2)* (1 + CQ,T) and

=)

k—

|03 — o2llk— ZZ |03 — Q2||g < ZZ |03 — Q2Hy = kZ llos — QQ||]7

=0 k=1j=1 k=1j=1

»

we finally have

o~

Iy _ Pl
lowr = enllogspy < a0 = 2R(1+Cax) S llos — eal;
j=1
Then, we set
~ %
N _ k
V.= k:(l + CQ,T) Z los — 02|,

j=1

and we notice that V' does not depend on n. Hence, we eventually obtain

+00 +oo -~ +o0 ~
> llons — Qn”c(ﬁ) <VY " Pn—-2F =V > ¢"n* < .

n=3 n=3 n=1

This accomplishes the proof of (6.3.14).

From (6.3.14) and (6.3.13) it follows that p satisfies the identity (6.3.8), it has property (E)

in the set S7., and

o(w,9,Q,0) = go(w,,Q), for every (w, ) € R?.

Moreover, o is a classical solution to % ,0 = 0 in S}, thanks to the bounds (6.3.2) in

Lemma 6.3.6, that hold for o,,, uniformly with respect to n. This completes the proof of

Proposition 6.3.7.

We now prove that, under the additional assumption that g has compact support, there is only

one solution satisfying the property (E).
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Proposition 6.3.8. Suppose that the function g has support in the set [—Qq, 4], and let 0,
and o5 be two classical solutions to the Cauchy problem (6.1.13). If 0, and o5 both satisfy

property (E), then 0, = 0.

Proof. Suppose that p; and g are two solutions to the Cauchy problem (6.1.13), each sat-
isfying property (E) with the associated constants M and Cg 7. We introduce the function
0 := p1 — 02, and we notice that, under these assumptions, the following quantities are finite
for every 7,t € [0,T)

o(w, 9,9, 7)

dw, o(t) == sup (7). (6.3.24)
Car

0<r<t

P(7) =

/ max
R 9€R,QE[-Q1,01]

Moreover, g is a classical solution to

020+ w00 — w00+ 0 — 08 = — (D = 0)00> — 0, 0u(02 — 01)),
o(w,,9Q,0) = 0.

Arguing as in the proof of Theorem 6.1.3, we see that p can be represented as
§<w7 197 Q? t)

t p—
= /0 /R2 F(ﬁﬂ, 79,t;§777; T)(((I)Q2 - (I)g1)agQ2 — (I)glag(gg — Ql)) (f)n, Q, T)dﬁdndT,
(6.3.25)

where T is the fundamental solution of
L =0, +wd, —wdy+1—0,.

Our aim is to obtain an estimate for (), by using the representation formula (6.3.25), which
will implies ¢(to) = 0 for a sufficiently small ¢y. We will show that ¢, only depends on the
operator .Z and on the quantities appearing in property (E). This implies that this argument
can be repeated in the time interval [t, 2ty], then in [2¢(, 3t,], and so on, hence we conclude
that p(w, 9, Q, t) = 0 for every (w,,Q,t) € R? x [0,T).

For this purpose, we first recall the constant G introduced in (6.3.16), and we note that the

following estimate

|(I>g2 (77’ Q’ 7—) - (I)Ql (77’ Q’ 7—)|

2w
K/ g(Q)// sin(n — 9')(0a(, 0,2, 7) — 01 (o, &, 2, 7)) | A du' )
R R JO
< 2nKGo(t), neR,Tel0,t,

plainly follows from the definition of ®,, and ®,,. Then, from this bound, the exponential
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decay property of the derivative d,,0, and the bound (6.3.12) applied to ®,, we find that

[ 1o(w,0,9,pldw <
R

t o _
2n KGo(t) ./0 /}Rs [(w, v, t,&,n, T)ng/z_’TTe_M§2d77dwd§dT

t —
#(90+K) [ [ 1000w, ,1.6,m,7) (o2 = 01)(€ m, Q. 7)dewdndedr
= [1 + [2.

By a direct computation we find that

L <Car

\/_\fso()

Moreover, by (6.2.6), together with definition (6.3.24) and bounds (6.3.6), (6.3.15), we ob-

tain \/_
—Vt
I, < CQ,TC?WQ,

for some positive constant C' that depends only on ;. Thus, since the previous estimates

w@éwﬁ<:£gf+cJ>

we can state that there exists ¢ such that, if 7' < t,, we have p(t) < c¢(t) for some ¢ < 1,

gives us

and therefore () = 0.
Finally, by iterating this arguments in time intervals [ktq, (k 4+ 1)t,] the thesis follows. [

Proof of Theorem 6.1.3. The proof of the theorem follows from the results we have estab-
lished in Lemma 6.3.6, Proposition 6.3.7 and Proposition 6.3.8. The continuity dependence
of the solution w.r.t. {2 is proved in [48]. ]

6.4 Finite difference method

The purpose of this section is to develop a numerical scheme in the spirit of the analytical
framework introduced in Section 6.2. We propose therefore a finite difference scheme where
we discretize the Lie derivative instead of the classical derivatives w.r.t. the variables 1} and
t. In particular, we are following the pattern described in [46] and [103], where an accurate
analysis concerning the discretization of degenerate Kolmogorov operators has been made.

The discretization we would like to carry out would make us approximate the Lie derivative
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Yo =wd,0o— wdyo — 0,0 with the following quotient

o(we’,w —we’ — I, t —68) — o(w,V, Q1)
o

The main difficulty when setting an appropriate grid is represented by the factor e’, which
arises from the term wd,, in the Lie derivative. This problem can be overcome by observing
that, thanks to the continuity w.r.t. the derivative d,, the solution is also continuous w.r.t. the
Lie derivative Y, = —wdy — 9;, whose discretization is easier.

In our analysis we assume that the natural frequency distribution g is compactly supported
in [—y, €], so that the solution we approximate is unique, according to Proposition 6.3.8.

We list here the various approximations that we use for the numerical scheme

o(w~+ Aw, 9,0, t) — 20(w, ¥, t) + o(w — Aw, ¥, Q, 1)

2 0 — A 2
-, 0w, ¥,Q,t) (Aw)? + o(Aw)?,
0w+ Aw, 9,0, t) — o(w — Aw, ¥, 1) 5
an(W,ﬁ,Q,t) - Q(Aw) +O(AW> )
Yo(w, 9.9, 1) = o(w, v — wAt,Q,t;tAt) — o(w, 9,9, t) +o(AD).

Finally, we approximate the nonlinear term by
Q4 2 Gy
0-K / / / oo, 0,0t — Ab)sin(d) — 9 (S )dw d0'dY + o( At).
-0 Jo J-a.,

This approximation introduces the constant Gz, to overcome the problem of an unlimited in-
terval in w. We observe that, thanks to the exponential decay, we can make this last approx-
imation truly negligible. Finally, we approximate this integral by the method of rectangles,
and we denote as ® o this last approximation. As in the classical case, the various remainders

depend on the L*>° norm of the solution and of some of its derivatives.

In the following, in order to provide a comprehensive analysis of the model, we will include
the cases where the inertial term m and the noise term D are not necessarily equal to one, in
order to investigate the changes in the solution as these parameters vary.

We define the approximate operator .Z, as

Zoo(w,0,Q,t) =
D o(w+ Aw, ¥ — wAt, Q,t) — 20(w, ¥ — wAL, Q1) + o(w — Aw, ¥ — wAEL, Q1)
- m2 (Aw)?
1 ~ o(w+ Aw, ¥ — wAt,, Qt) — o(w — Aw, J — wAL, Q, t)
— d — wAt, Q
+— (w+ @,(0 — wAL Q1)) T

Y — wAt. Q. t) — 9,0t + At 1
+Q<W, w y S by )At Q(w’ L - ) + 7Q<w779 —u}At,Q,t)-
m
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The previous approximations make ., consistent with .Z,. Indeed, if G,, = +00 we have
Zyo(w,V,Q,t) — Loo(w, v, t) = 0((Aw)2 + At).

In order to define the corresponding grid, let us examine the domain in which we solve the
problem: as anticipated above, we suppose that w belongs to the bounded interval [-G,,, G];
moreover, by the periodicity in ¥ we can suppose that this variable belongs to [0, 27| and then

we work with periodic conditions. Thus, the natural grid where we discretize our problem is

G, ={iAw, JAwAL, EAQ, nAt,

G i Ge g T gD S
Aw =T A ST AeAr ST Ar TAQ ST AQ(C
Gy =Gh M {n = 0}, szGm{|¢|=§:}, Gin = G\ (G U Gy)

We conclude with one last remark. As we have shown in Lemma 6.3.6, if the initial datum
0o 1s normalized for every (2, then the same condition holds true for the solution p; in order

to achieve this, we introduce the following normalization condition

T Ql<k<Ql

IR TN (6.4.1)

(AW)Q(At) Z QZZJC =1, Vio<n<

%7

The approximate Cauchy problem is

Za@ = 07 in Giny
0 = 0o, in Gy,
0 = O, in Gb7

with o that verifies (6.4.1) and such that o(w, J,,t) = p(w,d + 27, Q, t). While the first
two equations are the classical approximation of the Cauchy problem (6.1.13), the last is
intended to approximate the exponential decay condition.

As in the heat equation case, we need to introduce some stability conditions.
Theorem 6.4.9. Suppose that the grid G, is such that

V2 m?(Aw)? 2D
Aw < —— At < <
V=T ~ 2D — m(Aw)?’ Gu < mAw

-, - K, (6.4.2)

then every solution to
Z,0<0, in Gy,

0= 07 in G07

0= 07 in Gb7
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that verifies (6.4.1) and such that o(w, 9, t) = o(w, ¥ + 2w, , t), is nonnegative in G,.

Proof. The proof runs by induction. Let us set
o = 0(iAw, jAWAL, KAQ, nAt).

As ¢ > 01in G, the condition holds for n = 0. Let now suppose true the claim for n.
We notice that .Z, 0 > 0 implies

2DAt At
Q?;rli > (1 —— x5 T ) QZj—i,k

m?(Aw)?  m

( DAt At

m2(Aw)? 2Awm(
DAt N At
m2(Aw)?  2Awm

1Aw + (ig((] — Z)Aw, kAQ, nAt))) Q?_Lj_ak

(iAw + (i)@((j —1i)Aw, EAQ, nAt)) Q?—',—l,j—i,m

where

D,((j — 1) Aw,kAQ, nAt)
= —kAQ — KAQ(Aw)*(At) Y o5 pg(k) sin(j — i + 7).

2717

(B

I

J>

We employ the normalization property (6.4.1) and the normalization of g to notice that
|£IV>Q| < K + Q. Then, if (6.4.2) holds we infer that gfﬁ > 0. This concludes the proof of
the theorem. L

We illustrate now some numerical results. The following quantities have been analysed

r(t)] =
|s(t)] =

/0%/R/Rem@(%ﬁ,Q,t)g(Q)dewcw’,

2 .
[ [ [ e<ot.0. Q,t)g(Q)dewdﬁ‘ .
0 R JR

The first one represents the phase coherence, and gives us information about the phase syn-
chrony, while the latter is the analogous for frequencies. We have considered identical oscil-

lators with natural frequency {2 = 0, and with the following initial conditions

00w, 9) = “J\%‘@J DN /0 i /R ¢ Eiﬁ?ﬁ Y ddo. (6.4.3)

As expected, we see in Figure 6.1 that an increase in the coupling strength K leads to a
greater phase synchrony. Conversely, in Figure 6.2 we see that the frequency synchronization

seems to be asymptotically independent of K. This behavior could be heuristically explained
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as follows: suppose that, in the large time limit, the solution converges to a stationary density
of the separated form g(w, ) = o(w)o(¥) solving the following equation

D

1
— 82,0+ —0., (6.4.4)
m m

(w — Kg(ﬁ,t))g} — wdyo = 0,

where K, is defined in (6.1.12). By integrating (6.4.4) w.r.t ¥ and applying the divergence
theorem as in (6.3.7), we infer that the marginal o solves

D07 010) +wdoal) +0(w) = Ko,ow) [ o) [ [ st~ 0)a(0)a()doai

thanks to the periodicity w.r.t. ¥. By symmetry, the integral in the right-hand side vanishes,
hence the marginal density ¢ does not depend on K. This observation aligns with the be-
havior of the classical Kuramoto model (6.1.4) in the case of identical oscillators, where the
coupling strength does not affect the asymptotic phase synchrony.

We stress that the above argument is purely heuristic and not rigorously justified; in particu-
lar, neither the convergence to a stationary solution nor the fact that such a solution satisfies

(6.4.4) is currently established, and will be addressed in future works.
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Figure 6.1: Time evolution of the phase co- Figure 6.2: Time evolution of the frequency
herence, m 1,D = 1,7 = 10, At coherence, m = 1,D = 1,7 = 10, At =
0.0317. 0.0317.

Changes in the inertial term m seem to have the opposite nature: indeed, in Figure 6.3 we
see that the asymptotic behaviour of phase synchronization does not change; on the other
side, in Figure 6.4 we notice that the behaviour of frequency synchronization significantly
depends on this parameter, as one can observe by comparing this case with the one in Figure

6.2. In particular, we see that the asymptotic behaviour of the frequency coherence increases
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as m increases.
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Figure 6.3: Time evolution of the phase co- Figure 6.4: Time evolution of the frequency
herence, D = 1, K = 6,17 = 10,At = coherence, D = 1, K = 6,7 = 10,At =

0.0079.

0.0079.

We now turn our attention to the analysis of the effects induced by variations of the noise

parameter D). Consider first the original model (6.1.4) without noise and inertia: the initial

condition go(1)

_ (sin(9¥)+1)
2

yields a total phase synchrony (i.e. |r| = 1) whenever we have

identical oscillators (as follows from Proposition 3.1 and Theorem 3.4 in [18]); moreover,

these oscillators synchronize at the same frequency (therefore |s| = 1). Our analysis with

initial condition (6.4.3) and identical oscillators suggests a similar behavior for decreasing
D and fixed m, as illustrated in Figures 6.5 and 6.6.
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Figure 6.5: Time evolution of the phase co- Figure 6.6: Time evolution of the frequency
1,K = 6,T = 10,At = coherence, m = 1, K = 6,7 = 10,At =

herence, m
0.0317.

0.0317.
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Finally, in Figure 6.7 and Figure 6.8 we compare two different initial conditions

QO,l(wa 79) =

QO,Z(wa 79) =

e*“Q(sin(g) +1) B / /QW e (sin(%) + 1)dwd19
Ni(w+1) YR (w+1) ’

e " (sin(9) + 1) B 2m e" (sin(9) + 1)
Yoo o M /R 0 ol

and we observe two distinct behaviours, evidencing sensitivity to initial conditions.
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Figure 6.7: Time evolution of the phase co- Figure 6.8: Time evolution of the frequency

herence, n=1,D =1, K =4,T = 10,

At = 0.053.

At = 0.053.

coherence, m=1,D =1, K =4,T = 10,

We conclude with one last remark. These numerical results are in agreement with the ones

in [1], where the finite size system (6.1.10) was analysed. The point we are making is that

we have used a different method here: indeed, in [1] the authors used a Monte Carlo method

(thus a stochastic method) in the finite size case (with N = 30000 oscillators), while we

have employed a finite difference method to analyse (6.1.11), that is the limit of (6.1.10) as

N — oo.
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Chapter 7

Kinetic mean field optimal control

7.1 Introduction and main results

In this chapter we investigate a McKean—Vlasov optimal control problem. This problem
can be regarded as the mean field approximation of an optimal control problem relevant to
a system of IV interacting particles, where each particle has position X;; € R x [0,7] and
velocity V;; € R x [0, 7. This system evolves according to the following set of NV coupled

Stochastic Differential Equations (hereafter referred to as SDEs)

Ut N X
Vi, = (N ; K (Vg = Vig, X — XM)) dt +V2dWy, i=1,...,N,
dX;, =V, dt, i=1,...,N,
(Vz,o,Xz‘,o)iSN R

(N-SDEs)

Here, K represents the coupling function, (W;;):cjo,r) are N independent Wiener processes,
and u is a control function belonging to the admissible setf := L> ([O, T7; [tmins umaxD . The
initial conditions (V;,o, Xi’o)i<N are independently and identically distributed (i.i.d.) copies
of a random variable with law Fj.

The corresponding optimal control problem is

szleibrll JIN ((‘/;,ty Xi,t) ) U) )

(PN) N 1 T v (T
JN((W,nXi,t),U) iZZ NE [/0 ht(‘/i,hXi,t)dt + g(‘/;,TaXi,T>] + 5/0 ]ut\zdt,
i—1

where h represents the running cost, g the final cost and v > 0 is a penalization parameter.

The study of coupled stochastic systems of this type is motivated by their broad applicability
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in different disciplines. In particular, these systems model collective organization phenom-
ena, and find applications in various areas such as physics, engineering, biology and social
sciences (see for instance the surveys [37,111,117]). Among the most prominent models in
this area are the Kuramoto models introduced in the previous chapter. We recall that these
models are systems of differential equations, describing the group behaviour of a population
that can be seen as a cluster of interacting oscillators.

For completeness, we briefly revisit the Kuramoto model with inertia and noise studied in
the previous chapter. Let us consider a system of N coupled identical oscillators with phase
v;+ and frequency w; ;. Let K be a constant (modelling the intensity of the coupling between
oscillators), m a positive constant (modelling inertial effects), and let D > 0 be the noise

amplitude. The evolution of the system is described by the following system of SDEs

W; W; + S 19 191' t+ H/Z y 1 g ooy 5
ot m ot N E—1 ot ot m ot
dﬁi’t = wi’tdt, 1= 1, ey N
(;.1.1)

We observe that, except for the term —w; ¢, the system (7.1.1) falls into the class of (V-
SDEs), with a sinusoidal coupling kernel acting only on the phase variable ¥; ;, which in the
model plays the role of the position variable X ;.

The study of optimal control problems in collective organization phenomena is motivated
by the need to influence how agents coordinate their behaviour. For instance in Kuramoto
models these problems typically involve a time-dependent coupling function /K, rather than a
constant coupling K, with the objective of steering the system toward a desired synchroniza-
tion state. Depending on the context, one may seek to enhance synchronization, as in power

grids [21] and robotic coordination [39], or suppress it, as in certain neural applications [88].

We refer to the optimal control problem (/N-SDEs)-(Py) as all-to-all or global control prob-
lem, since the control function acts simultaneously on the entire population by changing the
intensity of the interaction between the particles. We briefly present a similar N particles
control problem, to further support the motivation behind our work. This problem is referred
to as sparse optimal control problem (see for instance [14,56,89]). In such problems, only a
fraction of particles is controlled, while the remaining ones are influenced indirectly through
their interaction with the controlled group. This type of control has been extensively studied
in the context of Cucker-Smale systems, which, like Kuramoto models, can converge toward
certain attractors, though they are highly sensitive to initial conditions. A prominent exam-
ple, that we illustrate in the following, is the shepherding problem, where a small number
of M shepherd dogs are tasked with steering a herd of /V sheep to a target location. Let

(xi4,vi1) denote the position and the velocity of the i-th sheep at time ¢, and let y;, denote
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the position of the j-th dog at time ¢. They evolve according to the following system of
Ordinary Differential Equations

) 1 N
Vit = N_1 klzkyéi (G(Uk,t — Vig) + g(Tps — Izt)) (xk,t — xi,t)

1y

+— > f(yje — wig) Wia — Tig), i=1,...,N,

szl
Tiy = Uiy, i=1,...,N,
Uit = Uit j=1,...,M,
$i|t:0 = Ti,0 Ui\t:o :07 yj\t:o = Y50, 1= 1,-~-7N, ] = 1,...,M.

(7.1.2)

Here, a and g represent the functions modelling the interaction between the sheep, while f
describes the influence of the dogs on the sheep. Notably, the control « is applied directly to
the dogs, and affects the sheep only indirectly through the interaction term f. The relevant
optimal control problem aims to direct the sheep towards a desired position, and is expressed

by minimizing the cost functional

1 N T ) M T )
In (Wi w00), ) NZ/ iy — 24 dt+z/0 lu () 2, (7.1.3)
im1 j=1

where z, is the target location.

The main issue inherent the control of interacting particles (as (N-SDEs)-(Py) or (7.1.2) -
(7.1.3)) is the curse of dimensionality, which leads to the impracticality of the optimal con-
trol computation as the numbers of particles increases. Here we give the example described
in [69] for the shepherd problem (7.1.2) - (7.1.3): computing the optimal control with M = 4
dogs and N = 16 sheep (e.g. computing the strategy that the dogs need to employ to lead
the sheep into the grassland) requires nearly two hours of computation on a standard laptop
(CPU: 15-4258U 2.4GHz, RAM: 8GB DDR3L 1600MHz) running MATLAB.

This example highlights the need for alternative strategies to overcome the curse of dimen-
sionality. For this purpose, we consider a common approach in the field of interactive particle
systems: as stated before, instead of investigating the optimal control problem (Py), we in-
vestigate the corresponding mean field problem. By this approach, the system of N particles
is replaced by a continuum corresponding to the limit of infinite particles, and the dynamic
is described by the McKean-Vlasov equation

d‘/t — (ut/2 K(’U — Vvt,SU — Xt)dFt(U,fL')) dt + \/§ th,
R
(SDE) dX, =V, dt,
(Vo Xo) ~ F,
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where F; denotes the law of (V}, Xt). The optimal control problem (P) becomes

gleibrll(]((vt,Xt),u),

(P)
J((Vt,Xt),u) =FE [/OT he (Vo Xy ) dt + g(VT,XT)] + g/OT |y |2t

In this chapter we address two questions. The first concerns the theoretical validity of the
mean field approach: does the optimal control for the mean field limit approximate the op-
timal control for the finite N particles system? The second question is of computational

interest: is there a feasible method to compute the mean field optimal control?

Regarding the first question, we address it by proving the I'-convergence of the functional
Jn associated to (Py) to the functional J associated to (P). In particular, this implies the
convergence, up to a subsequence, of optimal controls for the /N particles system to optimal
controls for the mean field system.

To prove this result, we rely on the following assumptions
(K1) The coupling kernel K is Lipschitz continuous w.r.t. the Euclidean metric.

(D1) The law Fj, relevant to (/N-SDEs) and to (SDE) has finite p-th order moment for some
p > 2.

(J1) There exists L > 0 such that

Y

’ht(vax) — hi(n, §)

g(v,x) = g,6)| < L(Jv = nl + |z — ¢]),
for every v,n,z,£ € R, t € [0,T], and there exists ¢ > 0 such that

a0, )

g, )| < c(1+ P+ [zP), (7.1.4)

)

for every v,z € R, t € [0, 7], where p is the same as in (D1).
In the sequel, if (K1), (D1) and (J1) hold we say that (A) holds.

Theorem 7.1.1. Assume (A) holds. Then, the functional Jy T'-converges to the functional
J in the weak * topology of L>(0,T). Moreover, for every N € N there exists a solution
un to (Py), and there exists a subsequence (un, )ken such that uy;, Ao, with u* solving
(P). Finally, there exists C' > 0 (only depending on T, p, Ui, and .y ) such that for every
N € N it holds

'JN<(m,X;jt),u*) - J((W,Xj),u*)
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where (Vij‘t, X Z*t> . and (Vt*, Xt*) are the stochastic processes that solves respectively (N-
SDEs) and (SDE) with control u*.

Remark 7.1.2. Let uy be an optimal control for (Py), and let (Vﬁf , XZ]\;) N denote the cor-
responding stochastic processes solving (N-SDEs). Then, by (7.1.5) we infer the following

estimate for the cost functionals

T (Vi) ouw ) < (Vi X)) < g (V) o) +Cln<1\/%N).

Remark 7.1.3. Theorem 7.1.1 holds also for more general stochastic processes. For in-

stance, consider the dN -dimensional, real value stochastic process satisfying
dY;, = b(Y;, dt+< ZK(YM ))dt+otdwi,t, i=1,...,N,

where b is the drift coefficient and o is the diffusion coefficient. This general formulation
encompasses several models of interest, including the stochastic Kuramoto model (7.1.1).
If we assume that b and o are measurable and bounded in time, and that b is uniformly
Lipschitz continuous in space, then the conclusion of Theorem 7.1.1 still holds. We restrict
our attention to the (N-SDEs) model to keep the notation as simple and transparent as

possible.

The problem to establish the connection between the optimal control of the NV particles sys-
tem and the corresponding mean field problem has attracted growing attention in recent
years. In the sparse optimal control setting, a link between the two problems is established
in [55-57] for the deterministic case, and in [6, 15, 89] for the stochastic case, where the au-
thors proved a similar ['-convergence results. We recall that, in the sparse control problem,
the number of controllers (the dogs in the previous example) is kept fixed, while the number
of uncontrolled particles (the sheep) tends to infinity.

For the global stochastic control problem (/N-SDEs)-(P ) we are investigating in this chap-
ter, some results have been achieved in recent years in [50, 75]. Here the authors, in a fully
probabilistic approach, proved the convergence of approximate optimal controls for the N
particles problem to the optimal controls of the mean field problem (i.e. convergence of op-
timal controls up to an € error, that vanishes as the number of particles N goes to infinity).
In Theorem 7.1.1, although in a totally different setting, we recover these results if there
is the uniqueness of minimizers (in particular, Theorem 2.12 and Corollary 2.13 in [75]).
Indeed, in this case not just a subsequence, but the whole sequence of optimal controls for

(Py) converges to the optimal control for (P).

The second question we address is strictly tied to the previous result. Having established that
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the optimal controls for the NV particles system can be suitably approximated by the mean
field optimal controls, is there a way to practically compute it? This question falls within
the broader framework of stochastic optimal control problem, and we decide to address it
by following a PDEs approach that has been gaining popularity in recent years (see for
instance [10, 11, 107], or the recent survey [12]). Assume that the law F’ of the stochastic
process solving (SDE) admits density f w.r.t. the Lebesgue measure. By Itd formula, it

satisfies the following degenerate Kolmogorov-Fokker-Planck Cauchy problem

atft(vax) +Uaxft(v>$)
(PDE) - agvft(vﬂr) - av (ut /]R2 K(U - U7§ - x)ft(n7§)dlr]d§ ft(v7 I)) )
Jiizo = Jo-

In this case, the functional of the optimal control problem (P) can be expressed in terms of

the density as follows

J(f,u) ::/RQ/OTht(v,x)ft(v,x)dtdvda: +AQg(v,x)fT(v,x)dvdx+;/OT|ut|2dt. (7.1.6)

The key advantage of this approach is that it recasts the problem from a stochastic framework
into a deterministic one. This reformulation allows for a more structured analysis, making it
possible to apply powerful techniques developed in the realm of PDE optimal control prob-
lems (see for instance the monograph [116]). In particular, it provides us both theoretical
and practical methods for computing optimal controls. A key tool in this setting is the La-
grangian formalism (as in [4,13]), which enables us to derive first order necessary conditions
for the minimizers. This formalism relies on the adjoint variable p, defined as the solution to

the adjoint Cauchy problem
atpt(v7 .I‘) + Uazpt<vv l’) = _agvpt<va (L’)

—u (&pt(v, z) /RQ K(n —v,& =) fi(n, )dnd¢
(ADJ)

+/]RQ K(U —1,T = f)aup(fﬂﬂft(??af)d??df) - ht(”a Z‘),

Dly—r (U7 .CE) - g(v, x)

By using f and p, we are able to compute the gradient of (7.1.6). Consequently, the optimal-
ity conditions for the minimizers of (P) follow straightforwardly.

To formally carry out this computation, we need the following assumptions

(K2) K € L*(R*) N L°°(R?), and its derivative 9, K is bounded and Lipschitz continuous

w.r.t. the Euclidean metric.
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(D2) There exists fo € L' (R?) N L? (R?) such that the law Fj, admits density f, w.r.t. the

Lebesgue measure.
(J2) h e L2(R? x [0,T]) and g € L? (R?).
In the sequel, if (A), (K2), (D2) and (J2) hold we say that (B) holds.

Theorem 7.1.4. Assume (B) holds. If w € U is a solution to (P), then

/OT /R2 (ft(v, )0yt (v, ) /RQK(W —v,& —x) fi(n,&)dndg ) (wy — ug)dvdadt

—l—l//T ug(wy — ug)dt > 0, Yw € U,
’ (7.1.7)
where f and p are the solutions to (PDE) and (ADJ) with control function u. Hence, ifv > 0
the following conditions hold for a.e. t € [0,T):

1 if
up > —i/ﬂ@ <ft(v,x)8vpt(v,x) /R2 K(n—v,&—x)fi(n,&)dnd ) dvdz,

then u; = Umin,

2. if

w< = [ (fo.0)0mlo,2) [ K@= v,€ = ) fuln, )dnde ) dud
then u; = Umax;s

3. if Umin < U < Umax, then the following equality holds

w=— [ (f.2)0.2) [ K= 0.6 = o) filn, ©)dnde ) duds.

Theorem 7.1.4 holds significant importance due to its practical applications. More precisely,
it enables us to formalize a gradient descent method, which we have implemented in some

numerical simulations. We will illustrate these results in details in Section 7.7.

We conclude this introduction with two remarks. First, although assumption (J1) is not
needed for the proof of Theorem 7.1.4 (which is obtained purely within a PDE framework)
it is essential for establishing Theorem 7.1.1, that is, the connection between the N particles
optimal control problem and its mean field counterpart. Second, Theorem 7.1.4 does not
require the cost functional to be linear in the density variable. We note that the specific

form of the functional in (7.1.6) naturally arises from its interpretation as an expectation
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associated with the underlying stochastic process. However, if we consider only the control
problem relevant to the density f, we can focus on cost functionals more general than (7.1.6).
For instance, consider the case where we aim to steer the density toward a specific target
form. Let f denote the target running density, and f, denote the target final density. We can
consider the L? cost functional

=" [,

- 2
If we set hy (v, z) := ’ft(v, x)— fi(v, :B)’ and g(v, ) := ‘fT(v, x)— fq(v, )
conditions stated in Theorem 7.1.4 still holds. In particular, we can apply a gradient descent

fi(v, 2)— fi(v, 3@‘)‘2dvdxd1H—/R2 ‘fT(v, x)— falv, x)‘dedx—F% /OT || ?dt.

2
, the optimality

method also for this class of functionals.

This chapter is organized as follows: in Section 7.2, Section 7.3, and Section 7.4 we give
all the theoretical tools we need to prove Theorem 7.1.1 and Theorem 7.1.4; in Section 7.5
we give the proof of Theorem 7.1.1, while Section 7.6 provides the proof of Theorem 7.1.4;

finally, we conclude in Section 7.7 with some numerical simulations.

We end the introduction with some notational remarks.

We set © = max (|umm|, [ tmax ) and, without loss of generality, we set all the Lipschitz
constants equal to one. For every stochastic process (Y;);cjo,r7 we will denote as Y; its real-
ization at time ¢, while (Y;) represents the complete realization over the time interval [0, 7).
Finally, we point out two minor notational discrepancies with respect to the previous chap-
ters. The first concerns the notation f;(v,x) instead of the more classical f(v,x,t); this
choice reflects the fact that, for each ¢ € [0, T, the function f; represents the density of the
measure F; appearing in (SDE) (see Section 7.3 for further details). The second concerns the
definition of the Lie derivative: in this chapter we adopt the convention Y = vd, + 0, rather
than the usual Y = —v0, — 0, introduced in Chapter 5. We employ this choice in order to

remain consistent with the notation used in [16].

7.2 Stochastic processes and Stochastic Differential Equa-

tions

In this section we briefly revisit some key definitions and results required to analyse (V-
SDEs) and (SDE). For a comprehensive discussion on the theory of stochastic processes and
SDEs, we direct the interested reader to the monograph [93].

For the rest of the section n will denote a generic natural number.

We start by describing the SDE framework that fits (V-SDEs) and (SDE). Let us fix a prob-
ability space (£2,.%,P). A filtration (% ).c(o,7] on (£2, #,P) (denoted as (.%;) in the follow-
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ing) is an increasing collection of o-algebras such that % C .Z.

We say that a filtration (.%,) satisfies the usual condition if it is right continuous and contains
theset {A €R"s.t. AC Be .7 : P(B) =0}

An n-dimensional Wiener process (W;) on (%) is a stochastic process adapted to (.#;) such
that:

Wy =0a.s.;
» (W) is a.s. continuous;

* W, — W, is independent of .%, for every 0 < s < t;

Wy — W, ~N(0,t — s) forevery 0 < s < .

We are ready to give the definition of strong solutions to the linear SDE

dZ; = bt<Zt, Yt> dt +/2dW,,
dY, = Z, dt, (7.2.1)
(thzov Yt:O) = (ZO, Y())

We notice that the linear system (N-SDEs) is a particular instance of (7.2.1) withn = N,
u

(Z0.Y0) = (Vi Xua) o and bu(Z0,Y0) = Z K (Vi = Vig, Xig = Xiy).

The (SDE) that arise in the mean field hmlt 1s a nonhnear version of (7.2.1), where we set

n=1,(%,Y,) = (V, X)), and b(Z,,Y,) = ut/ K(v=Vi,z = X,)dFy(v,), with the
RQ
nonlinearity given by the law F' of (V;, X,).

Definition 7.2.5 (Strong solutions to SDE). Let (2,.%,P) be a probability space with fil-
tration (%) and n-dimensional Wiener process (W;). Let b : R" x R™ x [0,T] — R" be
a measurable function, and (Zy,Yy) be a 2n-dimensional random variable Fy-measurable.

We say that a continuous and adapted 2n-dimensional stochastic process (Z;,Y;) is a solu-
tion to (7.2.1) if a.s. it holds

[

and the relation below holds a.s. for every t € [0, T

bs(ZS,Y;) ds < 400, VO<t<T,

7, = ZO+/ (Z.,Y.)ds + V2 W,
Y, = Yo+/st

We say that strong uniqueness holds if all strong solutions have the same law.
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Existence and uniqueness of strong solutions to (7.2.1) is ensured by the classical Lipschitz

continuity and linear growth conditions on b

)bt(zlayl) - bt(22792>’ < C(|Z1 — 2| + [y — yQ\), Vi, 20, y1,y2 € Rt € (0,77,

bi(z,9)| < C(L+ 2]+ Jy)), Vz,y € Rt €[0T,
(7.2.2)
for some constant C' > 0.

Theorem 7.2.6. Assume that (7.2.2) holds. Then, there exists a unique strong solution
(Z:,Y;) to (1.2.1). Moreover, leU(ZO,YO)‘p] < 00 for some p > 2, then there exists a

constant Cr such that

E |sup (2. %)

t<T

<0y <1+EU(ZO,YO)(’”D.

Proof. The existence is established using a classical fixed-point theorem, while the unique-
ness follows from a stopping time argument (see for instance Theorem 17.1.1 and Theorem
17.2.1 in [93]). The moment estimate follows from the properties of the Wiener process and
the linear growth (7.2.2) (see Theorem 14.5.2 in [93] for the details). ]

7.3 Propagation of chaos and Wasserstein distance

In this section we present the mathematical tools needed to rigorously define and study the
link between the [V particles system and its mean field limit.

The convergence of (N-SDEs) to its mean field limit (SDE) is formalized through the con-
cept of propagation of chaos. This notion, introduced by McKean [86] and later popularized
after the Saint-Flour lecture notes given by Sznitman [114], describes the asymptotic be-
haviour of a system of N particles as their number approaches infinity. To be more precise,
it states that the sequence of stochastic processes solving (/V-SDEs) asymptotically behaves

like the stochastic process that solves the mean field limit (SDE).
To provide the definition of propagation of chaos, we introduce the notion of empirical mea-

sure F'V associated to the stochastic process (VM, Xm) .
1=

N 1 al
Foo= D 0w X
=1

where 6(v, , x, ) denotes the Dirac measure centred at (V;;, X ;).

Definition 7.3.7 (Propagation of chaos). Let F' be the law of the stochastic process (V;, X;).

A sequence of stochastic processes (V;,t, Xi,t) _ converges in the sense of the propagation

i<
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of chaos to (V;, X;) if its empirical measure converges in probability to F, namely
AL oF " F 7.3.1
- N Z:ZI (Vi X4,t) m : (7.3.1)

In this case we say that (Vi,t, Xi,t> N is F'-chaotic.

A key tool for proving this property is the Wasserstein distance, commonly used in the con-
text of probability measures. For a detailed overview, we refer the reader to the mono-
graph [118]. In view of (SDE), (D1), and Theorem 7.2.6, it is clear that we work within the
framework of stochastic processes whose law belongs to the space of probability measure
onC =C ([O, Ty, R2> with first moment bounded (denoted as P(C') in the following). The
Wasserstein distance on this space is defined as

Wio,ry (Fh Fz) = lef o2 2 tz[%% | X (w1) — X (wa)|dry(wr, w2), (7.3.2)
where X; is the canonical process on C, and the infimum is taken over all v € P(C X
C') with marginal F; and F5 (usually referred to as coupling between F; and F,). This
distance defines a complete metric space on P(C'), equipping it with the topology of the
weak convergence (see Theorem 3.2 in [51]). This implies that the propagation of chaos

(7.3.1) can be expressed by means of the Wasserstein distance as follows

N—+400

lim E{W[O,T} (FNF)] = 0. (7.3.3)

As can be deduced from (SDE), in our context it is more natural to work with the evaluation
of the law F' at time ¢ € [0, 7] (denoted to as F}), rather then considering its entire trajectory.
In order to make this precise, we introduce the evaluation map ev,, which assigns to g € C'
the value ev;g := ¢;. For each I’ € P(C) we define F; := ev,#F, where # denotes the
pushforward.

The Wasserstein distance between F' ; and Fy; is straightforwardly defined as

W, (Fl, Fg) ;= inf - |z — yldy(z,y), (7.3.4)

7 JR2x

where the infimum is taken over all v € P(]R2 X Rz) with marginal 7 ; and F5;. Clearly,
Wt(Fl, F2) < W[07T]<F1, FQ) for cvery te [0, T]

We conclude this subsection by presenting a useful tool to work with the Wasserstein distance
(7.3.4).

Lemma 7.3.8 (Kantorovich duality). The Wasserstein distance (7.3.4) can equivalently be
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characterized as
Wi(Fi B) i=swp [ (@) (dFie = dFoe) (2),
¢ JR2

where the supremum is taken over all Lipschitz function p with Lipschitz constant equal to

one. In particular, the following inequality holds
| lal(dF = dF) @) S Wi(FL ), VFi, Fy € P(RY). (7.3.5)
Proof. Let ¢ : R? x R? — R U {+oc} be a lower semicontinuous function such that
c(z,y) > al@) +by),  Vr,y R,

for some real valued, upper semicontinuous function a € Lj, ,(R?) and b € Ly, (R?) (this

,t

notation refers to the Lebesgue space w.r.t. the measures [, and F5 ;). By Theorem 5.10
in [118] it holds the duality

inf c(x,y)dy(z,y) = sgp (/]R? O (z)dFy4(x) — /RQ gp(a:)ngt(x)) , (7.3.6)

7 JRZxR2

where the supremum is taken over the set of c-convex function ¢ € L}, (R?), and

¢(a) = inf, [(y) + clo.y)

We apply (7.3.6) with ¢(z,y) = |x—y| > |z|—|y| = a(x)+b(y). Since F} ; and F;; have first
moment bounded, we observe that a and b satisfy the integrability assumption. Moreover,
since c is a distance, ¢ is a Lipschitz function with Lipschitz constant equal to 1 and it
holds ¢° = ¢ (see Particular Case 5.4 in [118]). We finally observe that, if ¢ is Lipschitz
continuous, then ¢ € Ly, ,(R?) N Ly, (R?), since |p(x)| < |p(x) — »(0)] + [¢(0)] <

|z| + |¢(0)|. Thus, the dual representation holds, concluding the proof. O

7.4 Degenerate Kolmogorov-Fokker-Planck PDEs

In this section we recall some key results from the theory of degenerate Kolmogorov-Fokker-
Planck equations, as presented in Chapter 5, which will be used to establish the optimality
conditions in Theorem 7.1.4.

The prototype of this class of differential operators is

Lf= (0, +v0,)f — 0, f, v,x €R, t€[0,7]. (7.4.1)
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This operator is degenerate, since it lacks diffusion in the x variable. Nevertheless, Kol-
mogorov [70] proved that it enjoys the same regularizing property as the heat operator,
as discussed in Chapter 1. Kolmogorov’s observations where later extended by Horman-
der [63], who proved this regularizing property for the class of degenerate operators (1.1.2),
known as sum of squares plus drift operators. His key insight was to interpret such opera-
tors through their Lie derivative structure, and to recover regularity by iterating suitable Lie

brackets. The Lie derivative appearing in (7.4.1) is
Yf:=(0+v0,)f.

We first encounter a Kolmogorov equation in the nonlinear PDE that describes the evolution
of the mean field density. For every G € P(C') with density g, we define the differential

operator

ggf = th(v,x) - Agft(vvx)
= 0, fi(v, @) + 00y fi (v, 2) — D2, fi(v, ) (7.4.2)
0, (1w [ K= 0.6 = 2)au(n, ©)dnde fi(v,2)).

that is of Kolmogorov type (7.4.1) with lower order terms. As shown in Proposition 7.6.16
below, if (B) holds the law F' of (SDE) admits density f which solves the nonlinear PDE
Zif =Yf—-A;f =0. Sinceuw € U = LOO([O,T]; [umin,umax}), and in view of as-
sumptions (K1) and (K2) (which ensure that K and 0,K are both bounded and Lipschitz
continuous), the lower order coefficients in (7.4.2) are Lipschitz continuous and bounded in
v and x (w.r.t. the Euclidean metric), and measurable and bounded in ¢. It is straightforward
to show that this implies that the coefficients belong to the space L> ( (0,7); C’?(R2)) intro-
duced in Chapter 5, so that we can work within the framework of strong solutions presented
there.

Definition 7.4.9 (Strong Lie solution). We say that f is a strong solutionto Y f — A,f =0
in R? x [0, T] if f is a continuous function with 9, f, 0%, f € Li.. ([O, T); Cy (R?) ), and such
thatY f = A, f is an a.e. Lie derivative, namely

fe(v,x+ (s = 1)) = filv, )

" (7.4.3)
:/ Ay fr(v, 2 +v(s —71))dr, (v,2) eR*0<s<t<T.

By employing the tools developed in [20, 36, 90] (in particular, the existence of the funda-
mental solution and some Gaussian estimates), we show that the measure F' of the solution
to (SDE) admits density f, which is the unique strong solution to the Cauchy problem

171



Chapter 7. Kinetic mean field optimal control

Zrfi(v,x)
=Y fi(v,r) — 83vft(vﬂ r) + 0, (Ut /R2 K(n—v,§—x)fi(n,§)dndé ft(%x)) =0,

f\z:o = f07
(7.4.4)

where f|,_, = fo is understood in L? sense.

Once we prove the existence of a strong solution to (7.4.4), we rely on the Lagrangian for-
malism and the adjoint equation (ADJ) to prove Theorem 7.1.4. In this framework, it is
natural to consider weak solutions. Accordingly, we employ the weak theory recently devel-
oped [16], which is based on Lion’s form method.

As we have seen in Chapter 5, we need to address the Lie derivative Y also for weak solu-
tions. To this end, we introduce the relevant functional space Wr.

Since we have diffusion in the v variable, we introduce the Sobolev space
H(R) = {g € I2(R) : g € LQ(R)},
equipped with the norm
||9||?{3(R) = ||9||%2(R) + ||8vg”%2(R)'

We denote its dual space as H, !(R). The space Wy is then defined as the closure of the
space C2° (R2 x [0, T]) w.r.t. the norm

T T
lglhwr = [ [ llgeC o) dedt + [ [ Vg2l 1y

By density (see Theorem 5.5 (iii) in [16] and Theorem 11.3 in [38]) we have
Wiy = {g € L2<R x [o,T];H;) st Vg€ L2<R x [O,T];Hvl>}.

In the following, we denote as L7 ,H, the space L* (R x [0,T]; H;), and as L7 H, ' the
space L? (R x [0, T7; Hv_1>.

Working on this functional space, we can consider a wide family of kinetic Cauchy problems:

let o7 : L2, H, — L7 ,H;" be a general differential operator (e.g. &/ = —05,, or even a

diffusion operator with measurable coefficients and low order terms), for every f € L2 ,H!

we consider the Cauchy problem

th(v,ﬂf)—i—%ft(v,l’):ﬁ(ﬂ,l'), (U,Jf) €R27t€ (O,T),
f\z:o(v7m) = fO(qu)v (U,JZ) - RQ.

(7.4.5)
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Definition 7.4.10 (Weak Lie solution). We say that a function f is a weak solution to (7.4.5)
if f € Wr, fi,_, = foin L? sense, and for every ¢ € C° (]R2 x [0, T]) it holds

T T T
| [xstanatapdad+ [ [ (@ hita)ata) = [ [ ot
where (-, -) denotes the duality pairing between H!(R) and H;'(R).

We conclude this section with two crucial remarks.

Remark 7.4.11. We point out that f|,_, = fo is well posed, thanks to the embedding
Wy < c<[o, 7], 12 (R2)>, (7.4.7)

given by Theorem 7.1 and (7.3) in [16].

Remark 7.4.12. By the density of C2° (R2 x [0, T]) in Wr, we can test (7.4.6) with o € Wr.

This observation is useful in combination with the integration by parts formula

/OT/R<th<ww>,pt(-,x)>dxdt+/OT/IR<th<~,x),zt(-,x>>dxdt

= /2ZT(v,x)pT(v,x)dvda: — /QZO(v,x)po(v,x)dvdx, Vz,p € Wr.
R R

7.5 Proof of Theorem 7.1.1

Throughout this section we assume that (A) holds.

The strategy for the proof of Theorem 7.1.1 is the following. We first prove that for every
N € N there exists an optimizer for (Py). Then, since the sequence of optimizers (uy)yen
belongs told = L™ ([0, TY; [tmin, umax]), we infer the existence of u* € U such that uy — u*
(up to a subsequence). Next, we establish the propagation of chaos of (N-SDE) with control
uy to (SDE) with control u*, i.e. propagation of chaos under the convergence of the controls.
Hence, we conclude with the proof of the I'-convergence, showing the lim inf inequality and
the existence of a recovery sequence. In particular, from the I'-convergence it follows that u*
is a solution to (P). Finally, the bound (7.1.5) follows from the propagation of chaos result

previously proved.

We start by proving the existence of an optimal control for the /N particle optimization prob-
lem (Py).

Proposition 7.5.13. For every N € N there exists an optimal control vy solution to (Py).
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Proof. Fix N € N, and let (uﬁv) jen € U be a minimizing sequence for (Py). By bound-
edness, we infer the existence of a subsequence (still denoted as (u%)jeN), and uy € U
such that ugv 2wy, We claim that u¥ solves (Py). Let us consider the N particles SDEs
(N -SDEs) with control uﬁv and u},. By the Lipschitz condition (K1), it is not difficult to see
that we are in position to apply Theorem 7.2.6, that ensures the existence of strong solutions
(‘/;ft, XZ] t)igN and (Vift, X;’t)igN’ respectively. Moreover, thanks to (D1), they have finite
p-th moment.

We claim that a.s. the following relation holds

V; ,t V;*t

7 *
‘Xi,t - Xy

| —o. (7.5.1)

max sup [
Jj—o0

SN telo,T)

it

Indeed, since (Vift, Xf t) N and (V* X7 ) N solve (/V-SDEs), the following holds a.s.

V / Z‘K V;f]‘r_ ZT’XliT_XZT) K(‘/;CT ‘/;*T7X]:T Xz*'r) dr
1 N
+/ ‘uNT_ N,7 7ZK(‘/I€T ‘/Z*T7X]:,T_XZT) dr =1 + I,
k=1
X7, - X7| < — V7 |dr.
(7.5.2)
By the Lipschitz assumption on /K we infer
I <2u X/ 7.5.3
1 < 2u Orlg%cit[lﬁ] Vi ! ] (7.5.3)
We employ again the Lipschitz continuity to bound /5, observing that
K (v, 2)| < [K(v,2) = K(0,0)| + [K(0,0)] < [o] + |z] + |K(0,0)].
This implies
t .
IQS/ ‘uﬂV,T—u}}J sup “KO 0) ’+ Z’VIM— iyl ‘X,j X;‘T]d
" el (7.5.4)
t .
S/ ’usT Uy .| max sup [2 78 —|—2‘X )HdT.
O )

<N r€[0,4]

Next, for every k € N we set

Ap :=<w € Q: max sup
{ <N telo,1)

*
Vi

+]x7,

}gk}.

Given that (V;, X, )i<n has finite p-th moment, we deduce IP’( Uk Ak) 1.

174



Chapter 7. Kinetic mean field optimal control

Let w € A, such that (7.5.2) holds, by (7.5.3) and (7.5.4) we infer

7 *
Vie = Vi

2

+|x3, - X3,

| ap

max sup {
JA, 1SN tef0,1)

7 *
‘/;,T - ‘/i,‘r

+|xi, - X,

t
<2(1+ T)ﬁ/ max sup
0 JAL SN relo4]

] dPdr

dr,

LA+ (2 k+ |K (0, O)D /Ot iy, — i,

as the moment bound allows us to apply Fubini and switch the integration order. Hence, the
proof of the claim (7.5.1) follows by Gronwall lemma, since ufv Xl as j — oo.

We conclude with the proof of the proposition. Since the stochastic process (Vijt, X7 t) .
’ ’ 7

has finite p-th order moment, by (7.1.4) in (J1) and the a.s. convergence (7.5.1) we get

T (i xi i xi T (e oy -
E [/0 hy (‘/z',ta Xi,t)dt + g(‘/;,T7Xi,T)‘| ]_>—OO> E [/0 hy (Vi,ta Xi,t)dt + 9( i,T?Xi,T)‘| )
(7.5.5)
thanks to the dominated convergence theorem. Moreover, by the lower semicontinuity of the

L? norm it holds ,
I

Therefore, by (7.5.5), (7.5.6) and the subadditivity of the lim inf we conclude that

2 o T, . 2
u}‘\,t‘ dt < lim inf ‘uf\,t‘ dt. (7.5.6)

j—oo  Jo

I ((Vi’;, X7), uN> < liminf Jy < (V2 X7,), u{v> :

Jj—00
inferring that v}, is a minimizer for Jy. [
Our next aim is to prove the propagation of chaos: to this end we start by proving the exis-
tence of a unique strong solution to (SDE).

Proposition 7.5.14. For every u € U there exists an unique strong solution (V}, Xt) to
(SDE). Moreover, there exists Cr > 0 such that

e fsup (Vi)

t<T

<y <1 + EU (V. Xo) \pD (7.5.7)
Proof. The scheme of the proof is classical in the theory of McKean-Vlasov SDE (see for
instance [114]), we give it here for the sake of completeness.
Let ® : P(C) — P(C) be the map that to m € P(C') assigns the law F' of the solution to
dV, = <ut/ K(v — Vi, x — Xt)dmt(v, :v)> dt + /2 dW,,
R2

X, = Vi dt, (7.5.8)
(Vo, Xo) ~ Fo.
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By (K1), (7.5.8) is a linear SDE of the type (7.2.1) satisfying (7.2.2). Hence, by Theorem
7.2.6 we infer that there exists an unique strong solution to (7.5.8), verifying (7.5.7) thanks
to (D1) . To prove the proposition, is sufficient to show that ¢ admits a unique fixed point
F. Let my, my € P(C), and denote as (th, th) and (Vf,Xf) the respective solutions to
(7.5.8) with laws F} and F5. Employing the Lipschitz assumption as in (7.5.3) and (7.5.4),
and the Kantorovich duality (7.3.5), the following inequalities hold

v -V

t
1 1
/0 /R2K(’U—V;,£L’—X_r>dm1’7(v,$)—/

R

[\
|

dr

, K(v —Vir— Xf)dmlf(v, x)

t t
<u | (sz_le +’X3—Xi)d7+a// (v, 2)|(dmar — dimo.) (v, 2)dr
0 0 JR2
t t
SZ_L/ |:V;1_V;—2 +‘X;—X3:|d7'—|—ﬂ/ WT(mhm?)dT’
0 0
t
‘th_XE‘S/ VI —V2|dr.
0

Summing up these inequalities, by Gronwall lemma it follows

ot
§ﬂe2“t/0 W, (mq, mo)dr.

Vi = v+ X! - x|

From the definition of the Wasserstein distance (7.3.4), we infer
~ t
Wi(@(ma), ®(ma)) < V' = V2| +| X} = X7| < ae2ut/ W, (my, ma)dr.  (1.5.9)
0

By iterating this inequality, for every £ € N we get

(Q—LQQQTTk>k
sup Wi(®(m), m), Ym € P(C).

sup UV? - Vf‘ + ’th - XtQH < k! tef0,1]

te[0,T
From (7.3.2) and (7.3.4) we conclude that

o k
(u eQuTTk

Wt <q’k+1(m), @k(m)) < o

W[()’T} ((I)(m), m) y

inferring that @ is a Cauchy sequence in P(C'), that equipped with the Wasserstein distance is
a Banach space (see Theorem 3.2 in [51]). Therefore, we deduce the existence of an unique
fixed point F' = ®(F’), such that the relevant stochastic process satisfies (7.5.7). ]

The next step for the proof of Theorem 7.1.1 is the propagation of chaos.

Proposition 7.5.15. Let (ux)nen € U such that uy — u. Then, the unique strong solution
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(Vi,t, Xi’t)z‘<N to (N-SDEs) with control uy converges in the sense of propagation of chaos

to the unique strong solution (W, Xt> to (SDE) with control u.

Proof. Let FV:“~ denote the empirical measure of the unique strong solution (V}m Xz-,t) .
i<

to (N-SDEs) with control uy, and let F™ be the law of the unique strong solution (Vt, Xt)
to (SDE) with control u. According to (7.3.3), we need to prove that

— 0.
N—o0

E [W[UVT] (PN, B

Let (V@t, Yi,t) . be a set of N i.i.d. copies of (Vt, Xt), and denote as F'V'* its empirical

measure. By Theorem 1 in [58] we know that

=

E[W[O,T] (FN,uyF“)} <C (EU(Vt,Xt)‘pD ln(l\/%N), (7.5.10)

for some C' > 0 depending on p. From (7.5.7) and (D1), the expectation in the right-hand

side is bounded. Hence, it is sufficient to show that

lim E

N—o0

W[O,T] (FN’UN, FN’U)] =0.

Reasoning as in (7.5.2),(7.5.3) and (7.5.4) we get

Va-Vil <a [+ Z\K (Vier = Virs X = Xi) = K (Vi = Vi Kpor — X, )|
+u/ / K(U—VT,a:—YT)(dFTN’“—dF;‘)(v,a:) dt
0 R2
—i—/t ’uNT—uT / K(v—VivT,x—yivT)de(v,x) dr
< 2u max sup ||Vi, — + ‘Xi,T — X, ]dT
0 <N 10,
+ i / (v, 2)|(dEN — dF¥)(v, z)| dt
0 R2
+/t ]uNT—uT (\V + |Xir +E[T + TDdt

+ ‘Xi,ﬂ' - Xir

] dr + 0T Wiz (F¥*, F*)

t
/ ‘uN,T — Ur
0

< 2u max sup[
0 i<N r€[0,4]

+ | sup
t€[0,T]

</

T

+E dr,

Vel +

X

sup ‘Vt‘ + ‘Xt‘
te[0,7)

‘th - th Vir = Vir|dr.

(7.5.11)
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Since (Vi,t, Xi’t)i<N and (V@t,7i7t>i ,, have finite p-th moment, by (7.5.11) there exists

C7 > 0 such that

E

=N elo,1)

max sup [|VZ¢ — Vsl + 1 Xis — Xz',t”]

t _ J—
<2 / E [max sup Vi — V| + [0 - X] dr
0 i<N 104
t
+aTE {W[O,T] (PN, F“)} +Cr [ fuwy = uear
0
Arguing as in (7.5.9) and relying on Gronwall lemma we get
_ t
E Wiy (FV™, FN“)] < 2T uTE[W[O,T}(FN’“, F“)] +Cr [ fuwe — dT] .
0
(7.5.12)
Since the right-hand side vanishes as N goes to infinity (given uy — u as N — oo and
(7.5.10)), the thesis follows. ]

At this stage, we are in position to proceed with the proof of Theorem 7.1.1.

Proof of Theorem 7.1.1. We divide the proof in several steps. In the first two we prove the I'-
convergence, in the third we show the convergence of a subsequence of minimizers of (Py)

to a solution of (P), and in the fourth we prove (7.1.5).

Step 1 (Liminf inequality). We start by proving the asymptotic lower bound
J((Vt,Xt),u> < lim inf JN((V;,t,Xi,t),uN), forevery uy —u,  (7.5.13)
N—o00

where (Vz,t, Xi,t) .

1<

solves (IN-SDEs) with control uy and (Vt, Xt) solves (SDE) with
control u.
Since the L? norm is weakly sequentially lower semi continuous, the following inequality

holds
T T
/ |ug|2dt < liminf/ lun¢|*dt.
0 N—oo Jo

By the subadditivity of the lim inf, it remains to show a similar result for the term involving

the running cost & and the final cost g. To this end we prove a stronger result, namely

) N1 T T
Jm 30 [ | re(Via Xio)dt + g (Vi Xi,T)] ~E [ | (Vi xi)dt + g(vi, XT)] .
(7.5.14)
This follows from an argument based on empirical measures, together with the propaga-

tion of chaos result stated in Proposition 7.5.15: let 'V denote the empirical measure of
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(Vit, Xit)i<n, the N particles expectation can be written using the measure FY as follows

N .
> FE l /O he(Vie, Xig)dt + g(Vir, Xi7T>]
T
-k [/ /2 hi(v, 2)dF} (v, x)dt +9(U,$)dF%V(v,x)] )
o Jr
Analogously, the mean field expectation can be expressed as follows
4 T
E [/ hy (VZ, Xt)dt + Q(VT, XT)] = / / hi(v, x)dEFy (v, x)dt +/ g(v, 2)dFr(v, 1),
0 e Jo 9

where F is the law of (V}, X}). Bearing these observations in mind, from (7.3.5) we infer the

following inequality

N o1
2"

<E

[ (Vi Xt + g(vi,T,Xi,T)] “E [ [ (Vi x2)at + g(vT,XT)H

/OT B (he(v,2)|(dEY — dF;) (v, 2)dt + /R (v, )| (dF — dFT)(v,x)]

<(1+T)E {W[O,T] (FN, F) } .
(7.5.15)
By Proposition 7.5.15 we know that the last expectation vanishes as N goes to infinity, and

therefore we conclude the validity of (7.5.14).

Step 2 (Existence of a recovery sequence and 1'-convergence). Next, given any u € U we
prove the existence of a sequence (uy)yen € U (a recovery sequence) such that uy — w,

and
im JN<(V;¢,X1-¢),UN> - J((Vt,Xt),u) (7.5.16)

l

N—oo
This holds by choosing the trivial sequence uy = u for all N € N. Indeed, let (V;;, X;+)i<n
and (V;, X;) be the solutions respectively of (N-SDEs) and (SDE) with control u: by the

same computation of Step 1. we infer

J((Vt,Xt),u> :/OTyutEdtJrE VOT ht(%,Xt)dt+g<VT,XT)]
T ) . N 1 T
:/0 [N dt+Nh_f)ﬂooi:ZI NE l/o ht(‘/%,nXi,t)dt+9(Vz‘,T7Xz‘,T)]

= dim (Vi Xio) )
Finally, combining the asymptotic lower bound (7.5.13) proved in Step I. and the equality

(7.5.16) of Step 2. the proof of the I'-convergence follows (we refer the interested reader to
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the monograph [45] for more details about the I'-convergence).

Step 3 (Convergence of minimizers). In this step we prove the existence of a minimizer
to (P) by employing the I'-convergence result previously established.

Let (u}y)nen € U be a sequence of minimizers to (Py). By compactness, there exists a sub-
sequence of minimizers (still denoted as (ux)yen) such that u}, weak® converges to some
u* € U. We claim that u* is a solution to (P).

Let us denote as (Vij‘t, XZt) N the solution of (N-SDEs) with control u} and (Vt*, X/ ) the

)

solution of (SDE) with control u*. From the previous steps it follows

o x0) o) S it (v X2 )

< lim sup JN((Y/iTt,X:t),ujv) < lim sup JN((Vi,t,Xi,t),u) Step2 J((Vt,Xt),u>,

N—oo N—oo

for all w € U and (Vi,t, Xi,t) . solutions of (IN-SDEs) with control u, where in the last
equality we employed again the recovery sequence (un)nen = u. Thus, u* is a minimizer

for (P).

Step 4 (Performance bound). Finally, we establish the performance bound (7.1.5). Let us
denote as (Vij‘t, X7 t)i<N the solution to (N-SDEs) with control v* and let FV be its empir-
ical measure. Let (V;:*, X;") be the solution to (SDE) with control «* and law F™*, and let
(V;t, th)is ~ be a set of i.1.d. copies of (V;*, Xt*) with empirical measure F'V. Reasoning

as in (7.5.12) the following inequality holds

E

W[(]’T] (FN, F*)} <CE {W[O,T} (FN, F*)} ,
for some C > 0 that depends only on p, T" and u. Finally, arguing as in (7.5.15) we conclude

[T (u) = T (u")

<(1+T7T)E

W[O,T](FNaF*ﬂ

- ~In(1+ N
OE{W[QT] (FN,F*)} < oLt N)

TN

where the last inequality follows again from Theorem 1 in [58] and Proposition 7.5.14. [

IN

7.6 Proof of Theorem 7.1.4

Throughout this section we assume that (B) holds.

Having established the connection between the N particles optimal control problem and its
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mean field counterpart, we now employ the PDE relevant to the mean field dynamic to derive
the first order optimality conditions stated in Theorem 7.1.4.

For reader’s convenience, we recall that, if the law F’ of the solution to (SDE) admits density
f, this solves the following PDE

Y hiv2) = 8, fio,2) =0, (w [ Kn—v.€ = 2) i ©)dnde fiv.) )
f|t:o = f07

(7.6.1)

where Y f = (0, + v0,) f. The optimal control cost functional is

T T
J(f,u) = /RZ/O hi(v, z) fi (v, z)dtdvdz +/RQg(U,x)fT(v,m)dvdm —|—g/o || ?dt.

The strategy for the proof of Theorem 7.1.4 is the following. We first prove that for every
u € U there exists an unique strong solution f to (7.6.1) with control function u. We express
then the cost functional as J(f,u) = J(G(u),u) = J(u), for some map G. We show that G
is Fréchet differentiable, and by chain rule we compute the Fréchet derivative of J. Finally,
we get the first order optimality condition (7.1.7) by expressing the Newton quotient of J in
terms of f and the adjoint variable p, that solves the adjoint PDE

Ypu(v,2) + 8,pv.2) + widpu(v,2) [ K (= 0.6 = ) fi(n, €)dndg
e [ K0 =n,2 = )0, €) £, dnd€ = ~hi(v, ),
p le=r — g.
(7.6.2)

This approach relies on the weak theory of degenerate Kolmogorov-Fokker-Planck PDEs
discussed in Section 7.4.
We start by proving that, for every control u € U, the law F’ of the solution to (SDE) admits
density f, which is a strong solution to (7.6.1) in the sense of the Definition 7.4.9.

Proposition 7.6.16. For every u € U there exists an unique strong solution f to (7.6.1) that
belongs to W and that is the density of the solution to (SDE).

Proof. Since u is bounded and K is Lipschitz continuous and bounded, Theorem 1.4 in [7]
guarantees that the law F' € P(C') of the solution to (SDE) is the unique measure solution

to (7.6.1), namely it solves

[, eto.2)dFeo.2) ~ [ oo a)ibo(w.r) = [ [ Oolv, 0)iF o, 2)i

T
+/ / &,gp(v,x)ut/ K(n—wv,§ —x)dFy(n,&)dF,(v,x)dt, Vi € C(R?).
0 Jr2 R? (763
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We define the following functions
be(v, ) = uy /]R2 K(n—v,&—x)dFi(n,§), c(v,z) = /R2 0K (n—v,&—x)dFy(n,§).

Since u belongs to U = LOO([O, TY; [tmin, umax]), these functions are bounded and Lips-
chitz continuous (w.r.t. the Euclidean metric) in the v and x variables, and measurable and
bounded in the ¢ variable (thanks to (K1) and (K2)). Hence, it is straightforward to deduce

that Theorem 5.0.7 applies, implying the existence of a fundamental solution I" to
Y fi(v,x) — 02, fi(v, z) + by(v, )0y fi(v, ) — ¢4 (v, 2) fi(v, z) = 0. (7.6.4)
This means that for every 1 < ¢ < +o00, and for every f, € LI(R?) the function
filv,z) = /R Li(v = n,2 = & —tn) fo(n, §)dnds, (7.6.5)

is well defined, solves in strong sense (7.6.4) (according to Definition 7.4.9), and satisfies
fli—o = foin L9 sense. We aim to show that f is the function described in the statement.

By Theorem 5.0.7, the fundamental solution I" and its derivative 0,1 satisfy the following
Gaussian estimates: for every € > 0 there exist C, Cy, C5 > 0 (only depending on u, 7" and

£) such that
o 1 v?  3vx 32
I > - — - -
(v,2) 2 2 eXp( 1—5(15 2 e )

2 2
Ty(v,7) < fjexp (— ! (” I CU 356)) , (7.6.6)

1+e\ ¢ t? t3

1 v2 Jur 322
(v,ﬁ)\_ 2\[ Xp( 1+€<—t2+t3>>.

From the Gaussian upper bounds we conclude that f € W, and that for every ¢ > 0 both

fi(v, ) and O, fi(v, z) vanish as v and z tend to £oc.

We now prove that f is a probability density function, namely it is positive and normalized
for every ¢ > 0. The positivity follows from the Gaussian lower bound and the representation
formula (7.6.5), since f is a probability density function. To prove the normalization prop-
erty, we recall that, as f solves (7.6.1) in strong sense, it has strong Lie derivative according

to (7.4.3). Integrating this relation yields

/112{2 fi(v, x)dvdx = / fi(v,z 4+ v(s —t))dvdx
_/ fsvxdvda;+// < O fr(v,x+v(s — 7))

+ U /Rg K —v,§—x—v(s—7))dF(n, &) fr(v,z +v(s — T)))dvdxdr,
(7.6.7)
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forevery 0 < s <t < T. Since f.(v,x +v(s — 7)) and 0, f-(v,x + v(s — 7)) vanish as |v|
goes to infinity, the last integral in (7.6.7) vanishes. From (7.6.7) we infer that the L' norm
of f is constant, then the normalization property follows from fj,_, = fo in L' sense.

To conclude the proof of the proposition we need to show that f is the density of F'. To this
end, we define a measure F whose density is f, and we claim that F=F.To prove the claim
we show that F is a distributional solution in the sense of (7.6.3), then by the distributional
uniqueness we conclude.

Since f is a strong solution to (7.6.4), we only need to prove that F}, has first moment bounded
for every t € [0, 7). To this end, we begin by noticing that

/ (jv] + l] ) dFy(v, )
R2
= / <|v| + |a:|)ft(v,x)dvdx
R2
= [ (1wl +1a) [, Tulo =m0 — € — tn) foln, €)dndéduds.
R R
We can bound the last integral with the sum of the following two terms
o= [ [ (lo=nl+ 1o =€ = tnl)Tuv = n,2 = € = i) fo(, €)dndgvda,
R2 JR2
L= @+ ) [ (Inl+ €)Tuo = 0o = € = ) foln, €)dndedvda.

Thanks to (7.6.6), it is not difficult to establish (see for instance Lemma 2.2 in [102]) that

there exists ¢; (depending on u, 1" and ¢) such that

(lo =nl+le = & = tn)Te(v = n,w — € — 1)
<Clexp<_ 1 ((v—n)g_3(v—n)(x—€—tn)+3(x—€—tn)2>>‘
1+¢

t 12 t3

The right-hand side belongs to L'(R?) for every ¢t > 0. Therefore, since fy € L'(R?), by
Young’s convolution inequality we conclude that /; < +oo.

By a similar argument we conclude that /5 is finite, since (D1) and (D2) implies that the
measure Fy with density fy has first moment bounded, and hence the map (£,7) — (|n| +
1€]) fo(n, £) belongs to L'(R?). This concludes the proof of the claim, and hence of the

proposition. 0

We now introduce the control map G : U — Wi, assigning to each u € U the probability
density function f € Wy strong solution to (7.6.1) with control u. In Proposition 7.6.16 we
established that f is uniquely determined by . In order to apply the chain rule to .J, our goal

is to prove that GG is Fréchet differentiable. To establish this, we rely on the implicit function
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theorem on Banach spaces. Consider the map G : Wpr x U — L%tHv—l % LQ(RQ) defined by
G(f,u) = (G1,G2), where

Gralv.) = ¥ fulv,x) = 02, (v, ) + 0, e K (= v, = 2) (0, )dnde fv,))

gZ<Ua fL‘) = fU('Uv :E) - f\t:o(vv l’)
(7.6.8)

Note that finding a weak solution to the Cauchy problem (7.6.1) is equivalent to solve the
equation G(f,u) = 0.
The Fréchet differentiability of G follows once we show that G is smooth and implicitly

defines GG. We start by proving its regularity.
Lemma 7.6.17. The map G defined in (7.6.8) is smooth.

Proof. The smoothness of G, is immediate due to linearity. To prove the smoothness of G,
we introduce the auxiliary map K : Wy x U — L? (R2 x (0, T )) defined by

Ki(f,u)(v,z) == /R? K(n—v,§—xz)fi(n,§)dnd€ fi(v, ) = u; K % fi(v, ) fi(v, z).

The definition of G; implies

[ @) e dwa
[ [0 el
+ /OT /RQ Oy [1(v, )0y (v, x)dvdadl

T
- / / K:t(fv u)(v,m)@vgp(v,x)dvdxdt, VQO € L?:tHi
0 JRr? ’

The first two summands are smooth by linearity. The smoothness of the third term involving
IC follows from its cubic nature. Indeed, for every variation g € W and w € U we have the

Taylor expansion

Ki(f + gu+ w)(v,2)
=u K x f;
+u K x fiy(v,x) )+ u K% gi(v,x) fi(v,2) +we K x fi(v,x) fi(v, x)
+u K x gi(v,2) gi(v, ) +wy K * g (v, ) fi(v,z) +wy K % fi(v, ) g:(v, x)

(1), :L“) ft(v7 I)
(v,2) gi(v,
+ wy K * gi(v, ) gi(v, x),

=y K * fi(v,2) fi(v,z) + Li(v,2) + Qu(v, x) + Cy(v, x),

which decomposes into the linear term L, the quadratic one () and the cubic term C', with re-
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spectto g € W and w € U. To prove the smoothness, we only need to prove the continuity
of L, () and C, but this is straightforward. Indeed, L is a linear bounded operator. Anal-
ogously, let us consider C: thanks to (K2) and (7.4.7), the Holder and Young inequalities

imply
||C||L2(R2x(o,T)) < ||w||u||K*gtHLOO(]R?x(O,T))||gt||L2(]R2><(O,T)) < CHw”UHgH%/VT7

for some ¢ > 0 that depends on 7" and || K[| .2(z2). The proof for the quadratic term Q) is

simpler, and therefore is omitted. This completes the proof. [
We now prove that G implicitly defines G. Hence, the previous lemma proves also its smooth-
ness.

Lemma 7.6.18. The map G, which assigns to each control function u the unique density
function f strong solution to (7.6.1) with control u, is implicitly defined by G. Therefore, G

is smooth.

Proof. Let G = (G1,Go) be defined as in (7.6.8). Since G is smooth, we can compute its

Fréchet derivative. For every z € W we obtain
afgl(f7 U)Zt(’U, I) = YZt(”a 37) - 831)215(’(], $>
it ([ K= 0.6 = )20 €)dnd fi(v.a)
+ [ K = .6 = 2) il dndg 2 (v, 2)).

01Ga(f, )z = 2|,y

In order to apply the implicit function theorem, we need to show that for every z € Li’tH ot
and zp € L*(R?) there exists an unique z € Wr satisfying 9;G(f,u)z = (2, z0). Hence, we

need to establish weak existence and uniqueness to the Cauchy problem

Yzi(v, 1) — 0% 2(v, ) + w0, (/K —0,& — x)z(n, &)dnd€ fi(v,x)

+ [ K= 0.6 =) filn, ©)dnd ztw,x)) — 2(v,2),

2y = 20-

(7.6.9)
This implies that 9;G is an isomorphism between the Banach spaces W and L2, H " x L?.
Once this is established, we are in position to apply the implicit function theorem, from
which it follows that equation G(f, ) = 0 implicitly defines the map GG. Thanks to Lemma
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7.6.17, we then infer its smoothness.
Therefore, to complete the proof of the lemma we show that there exists an unique weak

solution to (7.6.9), i.e. = € Wy such that z),_, = 2, in L* sense and
T
/ /<th(';x)790t(',$>>dl‘dt
o Jr
T
+ /0 /RQ avzt<vvx)av90t(v,x>dvdl'dt
T
_ /0 '/R? Uy /]RQI{(T/ - Uag - ZL‘)Zt(T}, f)dndéﬂ ft(U, {L‘) (761())
+ ./RQK(U —v,§ — ) fi(n, §)dnd€ (v, $)) Oppi(v, )
T
= [ (a0, o0l
o Jr
for every ¢ € CE’O(RQ X [O,T])_

To this end, we rely on Theorem 5.2 in [16] (together with the remark of Section 5.3 in [16]).
For every (z,t) € R x [0, T] we define the continuous bilinear form a,; : H} x H! — R

a:p,t(91792) 3:/Ravglau92dv

N (7.6.11)
- / Uutga (K*ftaugz)dv - / uG10,92 (K * fi)dv,
R R
where & * f8,¢> and K  f denote the following convolutions
(K * fidugi) (v.2) = [ K0 =2 = ) fi0,€)0ug2 (),
. (7.6.12)

(K % f)(0,2) i= [ K(n—v,€ =) filn, ©)dnds.

We claim that a,; is uniformly bounded and weakly coercive, namely that there exist three
positive constants A, \, ¢ such that for every (z,t) € R x [0,T] and g1, 92,9 € H}(R) it
holds

|azt(g1, g2)| < A||8vgl||L2(R)||8v92||L2(R)7 azi(9,9) > /\Hang%?(R) - CUHQ”%?(R)'
(7.6.13)
The first term in the bilinear form (7.6.11) is easily bounded as follows

‘/R v 910,92

<glewloglew [ (097 = 10gliw 0614

For the second and third term in (7.6.11), we rely on the regularity of K given by (K2), and
the normalization property of f for every ¢ > 0 (as follows from Proposition 7.6.16). From
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the Holder and Young inequalities we get

/Rutgl(K*ftavm)dU < ullgr 2@l fill L2 2y 1K || L2 w2y | Ov g2 2 ()
< cil|g1ll 2wy | 9vg2 | 2(R)

/RutglanQ(K*ft)dv < ullgill 2@l g2l L2 @) 1 || oo 2y || fill 21 2y

< cal|g1]lL2®)l|Ov g2 L2R),
c ci1e
— [ g€ « fug)dv = =L lglEaey — G lugE ey
Co
— [ uegdug i x fi)dv = =2 gltage) - 7||avg||L2(R)

(7.6.15)
for every ¢ > 0. Here c; depends on u, || K || 2(r2) and sup; || f;||L2(r2) (that is bounded by
|| f||w, thanks to the embedding (7.4.7)), while c, depends on @ and || K ||, (r2). Choosing
a suitable ¢ > 0, by (7.6.14) and (7.6.15) we see that (7.6.13) holds. In order to apply

Theorem 5.2 in [16], we need a coercive form. To this end, we pick some ¢ > ¢, and define
the continuous bilinear form a,; : H} x H} — R

az1(91, 92) = az1(91, 92) + C/Rglgzdv-

From (7.6.13) we infer that a, ; is coercive, thus we apply Theorem 5.2 in [16] to the PDE
relevant to a, ;. Hence, we conclude that there exists an unique z € W that solves z|,_, = 29

in L? sense, and

/+OO/ Yz (-, ,x))dxdt

+00
+/ / Opzi (v, ) Oyipy (v, z)dvdxdt

+/+OO /]R2 ¢z (v, x) (v, x)dvdadt
B /OJFOO /R2 b (/R2 K(n—wv,§ —x)z(n, §)dnd¢ fi(v, )

+ /[R2 K(n - ’Uvg - x)ft(ﬁ, f)dndf 52?(2}7 x)) av@t(v, .CIZ')

- /m/ 2))dad,

for every ¢ € C° (R2 x [0, +oo)). We conclude with the existence and uniqueness of
(7.6.10) by observing that the function z = ze® belongs to Wy for every T' < +oo and
solves (7.6.10). This completes the proof of the lemma. 0
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We are now ready to introduce some optimality conditions for (P), which will be made
explicit in Theorem 7.1.4 in terms of the density f and the adjoint variable p. To this end,

we introduce the reduced cost functional

J(u) = J(G(u),u). (7.6.16)

Proposition 7.6.19. Let u be a solution to (P). Then, for every w € U it holds
J (u)(w — u) >0, (7.6.17)
where J’ (u) denotes the Fréchet derivative of the reduced cost functional (7.6.16).

Proof. Let u € U be a minimizer, then there exists £ > 0 such that

j(u+5(w—u))—J(u)20, Yw e U,

for every ¢ < £. By Lemma 7.6.18, we know that J is Fréchet differentiable. Thus we are
allowed to divide by ¢ and passing to the limit, obtaining the thesis. [

Theorem 7.1.4 turns the previous optimality conditions in a computable form, employing the
adjoint variable p that solves the Cauchy problem (7.6.2) (which can be derived by means of
the Lagrangian formalism, see for instance [116]). First, we need to show that there exists

an unique weak solution to (7.6.2), namely p € Wy such that

T
/ /(th(-,x),%(~,x))dxdt
0o Jr
T
_/ / ot (v, ) Opips (v, ) dvdzdt
0 Jr2
T
—i—/o /RZ wOppi(v, ) (K * fi) (v, )i (v, )dvdxdt (7.6.18)
T R
+/0 /RQ Ut(K*avptft)(U,x)tpt(v,x)dvdxdt

T
= —/ hi(v, )i (v, x)dvdzdt,
0

for every ¢ € C° <R2 x [0, T])
This follows again by employing the weak theory of the degenerate Kolmogorov-Fokker-
Planck equations developed in [16].

Proposition 7.6.20. There exists an unique weak solution p to (7.6.18).

Proof. The proof follows as in Lemma 7.6.18, keeping in mind Remark 1.10 in [16] regard-
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ing the backward equations. ]

We are now ready to prove Theorem 7.1.4, where we express the optimality condition
(7.6.17) as (7.1.7) by explicitly computing the derivative of the reduced cost functional
(7.6.16).

Proof of Theorem 7.1.4. Let G be the map that associates to each control function u € U the
density f € Wy. For every w € U it holds

J'(u)(w — u) = 9;J(G(u), u)G' (u)(w — u) + 0 J (G(u), u)(w — u), (7.6.19)

where we recall that J is the reduced cost functional introduced in (7.6.16), and

T T
J(f,u) :/]R?/o hi(v, z) fy (v, z)dtdvdz +/RQg(U,x)fT(v,x)dvdx —|—g/0 || 2dt.

Letting G'(u)(w — u) = z, by standard computation we get

T
0rJ(G(u),u)z :/0 /}R2 hi(v, )z (v, x)dvdzdt + /]R2 g(v,z)zr(v, z)dvdz,

OuJ (G(u),u)(w —u) = V/OT u(wy — uy)dt.

Since u € U is a minimizer, by (7.6.17) and (7.6.19) we infer that

/T /2 hi(v, )z (v, x)dvdxdt + /2 g(v,x)zr(v, z)dvdr + V/T ug(wy — ug)dt > 0.

v : ’ (7.6.20)
We recall that, by Lemma 7.6.18, G is implicitly defined by the map G introduced in (7.6.8).
Hence, from the implicit function theorem, G'(u)(w — u) =: z satisfies

/OT/RQ/zt(-,x),got(-,x)>dxdt
+ /0 ! /R 0,210, 2)0,00(v, @) dvdudt
[ [ e )2 i)
(K * f)(0, a:)zt(v,x))&vgpt(v,x)dvdxdt

- ,/DT /Rz (K * ft)<v’ x)ft(vv m)@vgpt(v, 5(7)(wt — ut)dvdxdt,

Ve € C2°([0, 7], R?),
(7.6.21)
with z),_, = 0in L? sense (here we recall the notation (7.6.12)). We now want to employ the
adjoint equation (7.6.18) to express (7.6.20) in terms of the weak solution p of the adjoint
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equation, the density f, and the difference (w — u). If we test (7.6.21) with p (see Remark
7.4.12), the integration by parts formula yields

—/OT/R(th(-,x),zt(-,x»dxdt
+ [ ! [, 0ule.2)0up (0, x)dvdzds
—/OT/RQ we(( % 20)(0,2) o0, 2)
+ (K f)(v, 2)2(, x))&,pt(v, ) dvdzdt
_ —/Rzg(v,a:)zT(v,a:)dvdx

+ /OT /R2 fi(v, 2)0upy(v, 2) (K % fi) (v, 2)(w; — ug)dvdadt,

(7.6.22)

where we employed the final condition p|,_,. = ¢ and the initial condition z|,_; = 0.
We now test the weak formulation of the adjoint equation (7.6.18) with 2 (see again Remark
7.4.12), obtaining

T
[ [ornt o)z, oz
0 Jr
T
— [ [ ouwde, 0000, 2)dvdeds
T
+ / / w0upe (v, ) (K * fi) (v, 2)2(v, x)dvdadt (7.6.23)
0 Jre
T A
* /O /]1@ U <K * avptft) (v, 2)z (v, x)dvdxdt
T
= _/ hi(v, )z (v, z)dvdzdt.
0
Summing up (7.6.22) and (7.6.23) we get
T
[ [ v, )z(, ) dvdude
+ / g(v,x)zr(v, z)dvdx (7.6.24)
R2
T
— /0 /R2 fi(v, 2)0upy (v, 2) (K % f) (v, 2)(wy — u;)dvdadt.
By (7.6.24) and (7.6.20) we conclude that for the minimizer u it holds
T
/ / <ft(U7$)8vpt(U,-T)/ K(np—uv,&—x)f(n,&)dndé ) (wy — ug)dvdzdt
0 R2 R2
T
+/ vy (wy — ug)dt > 0, Yw € U.
0

This completes the proof of the theorem. U
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7.7 Numerical simulations

In this section we present some numerical simulations illustrating the evolution of the density
of the stochastic process solving (SDE). This evolution occurs under the action of the optimal
control, given by the solution to (P). It is worth noticing that controlling the density means
influencing every possible realization of the stochastic process described by (SDE).

For reader’s convenience, we recall that the density f solves

Y fivow) = O fiv.w) = 0, (w [ K= 0.6 = 2)fi(n ©)dnde fiv,2) )

(7.7.1)
f|t:0 - f07
and the solution « to (P) minimizes over I/ the functional
J(u) = J(f, u)
(7.7.2)

. T v T
:/ / ht(v,x)ft(v,x)dtdvdx+/ g(vw)f;p(v,:v)dvdx%—f/ |y |2dt.
R2 Jo R2 2 Jo

We numerically minimize (7.7.2) by using a gradient descent method. To this end, we recall
that in Theorem 7.1.4 we formally established that

Vj(u) = vu + /R2 fi(v, 2)0upe(v, ) /R2K(77 —v,& — ) fi(n, §)dnd¢ dvdzx,

where f is the density of the solution to (SDE) corresponding to u (that is, the solution to

(7.7.1) relevant to the control function u), and the adjoint variable p is the solution to

Yu(o,) + 02, pu(0,) + wdop(v,2) [ K (1= 0, = 2) ol €
e [ K =n,2 = )0pi(n,€) £, dnd€ = —hy(v, ),
p't:T (U7 x) = g('U7 x)
(7.7.3)
In order to compute the solutions f and p to (7.7.1) and (7.7.3), we employ a discretization
method based on the finite difference scheme introduced in [103], and refined in Chapter 6
for the kinetic mean field model under study. We recall that this particular scheme is well
suited for handling degenerate Kolmogorov-Fokker-Planck equations, since it effectively

discretizes the Lie derivative with the following first order approximation

fieat(v,z — vAt) — fi(v,x)

Yfi(v,z) ~ — A7

(7.7.4)

We recall that the crucial advantage of this method is that it allows for the formulation of

stability conditions. In fact, following Theorem 6.4.9, the stability follows provided that the
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discretization steps A, and A; in the v and ¢ variables are chosen as follows

2
NP A2

- A < . 7.7.5
S AR T 2raa? 0K . (7:7:5)

We recall that © = max (|umin|7 |Umax ) and the control u; satisfies Uiy < U < Upay fOr
a.e. t € [0, T]. In order to discretize the quotient (7.7.4), we set the discretization step in the

x variable as A, = A, A,.

In the first simulation, we focus on showing the typical evolution of degenerate Kolmogorov

equations. To this end, we use as initial density

fo(v,z) = Cexp ( - 0.5 <v2 -+ x2>), (7.7.6)

with C' > 0 being a normalization constant, see Figure 7.1 below. We start by examining the
behaviour of the system in the absence of interaction, i.e., when there is no control (u; = 0
for every ¢ € [0,77]), or when the interaction kernel K is the null function. As can be
inferred from the corresponding stochastic process (SDE), the density exhibits diffusion in
the velocity variable v and transport in the position variable z. This behaviour is illustrated

in Figure 7.2, which shows the evolution of the initial density up to time 7" = 2.

Initial density Density at time T =2

0.04
0.14 0.035

0.12 0.03
0.1 0.025

f 0.08 : 0.02
- 0.06 - 0.015

i 0.04 ’ 0.01
} 0.02 } 0.005.

E - 0
10 5 0 5 10 10 5 0 5 10

Velocity v Velocity v

=)
=)

Position x
o & A R o N s O o

Position x
L] =] B ~N (=] nN B -] oo

, O
, ©

Figure 7.1 Figure 7.2
A, =0,5 A, =0,0417, A; = 0,0833. Evolution with no interaction.

We study the evolution of the initial density in a model where the interaction is based on the
position z, as in Kuramoto models. We recall that in these models (see for instance (7.1.1))
the particles interact according to how they are positioned relative to one another: if the
interaction is attractive, they move closer together; if repulsive, they tend to separate and
disperse.

We consider the following interaction kernel

K(v,z) = x exp ( —0.05 (112 + x2)>
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We constrain the control u within the range u,,;, = —2 and u,.« = 2, ensuring that the pre-
viously employed parameters (A, = 0,5, A, = 0,0417, A, = 0,0833) satisfy the stability
condition (7.7.5). Firstly, we consider again the initial density given by (7.7.6). Our target is
to steer the density as close as possible to z = 0 at the time 7" = 2. To this end, we consider

the cost functional
J(f,u) = / 10 22 exp < ~0.05(v* + xQ))fT(v, z)dvdz. (1.7.7)
RQ

To measure the effectiveness of the control strategy, we introduce the order parameter

1
= /R2 mft(v,m)dvdx, t €10,77.

Clearly, 0 < r; < 1. In particular, if the density is concentrated around x = 0, then r; = 1.
On the other hand, as the support of the density moves away from x = 0, r; tends to vanishes.
The first case corresponds to a situation where the particles have the same position x = 0,
whereas the second describes a scenario where the particles are widely separated.

In Figure 7.3 we illustrate the results of the controlled dynamic, which can be compared
to the uncontrolled case shown in Figure 7.2. In Figure 7.4, we compare the evolution
of the order parameter in the uncontrolled and the controlled dynamics, respectively. The
simulation with initial density (7.7.6) shows that, even if the density is initially concentrated
around x = 0, the dynamics tends to disperse the distribution over time, both in the spatial
variable x and in the velocity variable v. However, the action of the control mitigates this
spreading effect, helping to keep the density more concentrated in the position variable near
x = 0, as can be seen by comparing Figure 7.2 with Figure 7.3, and by inspecting the

comparison of the order parameters in Figure 7.4.

Density at T =2 r(t)

10 1
Uncontrolled
8 0.05 09t Controlled
6 Olsi
4 0.04 ol
2 i ,,,,,,.,,,,,. " = h
0.03 : R
0 0.5 -
72 ] Tesre
0.02 V"m" m-mﬂ
4 ] -
-6 0.01 l
| 01
710 0 | ‘ ; . ; ; . ; i
-10 »5 0 . 10 : : } ; ) : ;

Position x

Velocity v

Figure 7.3 Figure 7.4
Evolution with clustering interaction kernel. Order parameters comparison.

We conclude examining a more interesting case, where the initial density is given by
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fo(v,x) = Cexp ( —0.5 (v2 + (x — 2)2)> + exp < —-0.5 (1)2 + (z + 2)2)>,

with C' > 0 being a normalization constant. This scenario corresponds to the case where
there are two clusters of particles around x = £2, as shown in Figure 6.5. In the absence of
interactions (u; = 0 for every ¢ € [0, T, or K (v, z) = 0 for all (v, z) € R?), the evolution of
the density is depicted in Figure 6.6. In particular, we observe that the density spreads along

the position variable x, just as we have seen in the case with initial density (7.7.6).

Initial density

Position x
& & A H o v A o ® B

, ©

Velocity v

Figure 7.5

0.07

0.06

0.05

; 0.04
- 0.03

7 0.02

] 0.01

"o 5 0 5 10

Position x

Density at time T =2

=)

& & A N © N A O ®

10 5 0 5 10

. ©

Velocity v

Figure 7.6

0.015

0.005

0

A, =0,5 A, =0,0417, A, = 0,0833. Evolution with no interaction.

Our goal, as in the previous examples, is to drive the density (namely the particles) toward
x = 0. To achieve this, we use the same cost functional as in (7.7.7). In Figure 7.7 we
illustrate the effect of the control on the density, while in Figure 7.8 we compare the or-
der parameters of the uncontrolled and controlled cases. In this simulation, we observe a
behaviour similar to that of the one with initial density (7.7.6). In this case, however, the
system starts away from z = 0. In the absence of control, the dynamics tend to preserve this
dispersion, while the action of the control aggregates the particles around x = 0, as shown
in Figure 7.7 and Figure 7.8.

Density at time T = 2 r(t)

o

Uncontrolled
Controlled

Position x
® & & v o N b o ®

G

Velocity v

Figure 7.7

Evolution with clustering interaction kernel.

1
0.03 o9l
08 [
0.025
07t
0.02 06}
; 05 =
0.015 e
g 041 il
y 0.01 03k ——
- 02
0.005
- 04l
R 0 . . . . .
10 5 0 5 10 !

Figure 7.8
Order parameters comparison.
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The numerical results obtained via the gradient descent method exhibit the expected be-
havior, in agreement with the formal derivation of (SDE)-(P) as the mean field limit of
(N-SDEs)-(Py). Although a direct numerical verification of (7.1.5) lies beyond the scope
of this work (mainly because of the curse of dimensionality), these simulations nonetheless

support this theoretical framework.
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