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 A B S T R A C T

We investigate through micromagnetic simulations the spin-dynamics of a ferromagnetic film to which a 
sinusoidal magnetic field is applied with fixed magnitude and variable fan angle 𝛩𝐹 . At equilibrium, the 
magnetization relaxes in a likewise sinusoidal distribution with an amplitude depending on 𝛩𝐹 . We illustrate 
in detail how the dispersion curves and the frequency gap at zone boundary vary with 𝛩𝐹 , discussing the 
functional behavior and the correlation to the potential energy density. We also discuss the extent and 
limits to which the Kittel formula can be used in computing the resonance frequencies even for sinusoidal 
magnetizations, definitely far from being uniform. In conclusion, we demonstrate that it is possible to achieve 
full control on magnon propagation through 𝛩𝐹  as a sole degree of freedom. This allows to keep the field 
magnitude constant and small, reducing energy dissipation at a minimum, with positive implications for 
dissipationless magnon-devices.
1. Introduction

3D Magnonics [1] explores the manipulation and propagation of 
spin waves in 3D nanostructures, enabling an advanced control of 
the information transfer at the nanoscale, for applications in magnon-
spintronic devices [2] and next-generation computing technologies [3–
6]. A magnetic film layer generally maintains a uniform magnetic 
distribution unless it is physically corrugated [7–11] or coupled with 
a patterned overlayer [12]. Such a pattern might be irregular though 
produced by a deterministic rules, like Fibonacci or Penrose tiling 
structures [13–16], or regular and periodic, like artificial spin ice 
systems [17–22], periodic ferroelectric domain polarization in multi-
ferroics [23,24], and even periodic superconducting structures [25–
27]. The presence of a non-uniform magnetization in a ferromag-
netic film produces confinement effects typical of patterned structures, 
in particular numerous spin wave modes, which provide additional 
degrees of freedom, with respect to the single one of the uniform 
film, extremely useful for signal manipulation. In the investigation 
carried out in Ref. [28], we studied the evolution of magnonic band 
structures in a ferromagnetic film when a sinusoidal field is applied 
with variable amplitude. In the experiments, this field can be directly 
applied to the system by means of an electromagnetic coil (solenoid), 
with a given pitch (determining the space period, i.e., lattice constant), 
through which a current flows, with an intensity which determines 
both the magnitude of the sinusoidal field, and the fan angle of the 
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magnetization undulation (see Appendix for a detailed description, 
and Refs. [29,30] for previous experimental partial attempts).  In the 
context of a multilayer geometry, the sinusoidal field can be produced 
by the vertical coupling with an overlayer with a periodic pattern 
(ferromagnetic, ferroelectric, superconducting and so on) [23]. Hence, 
the sinusoidal field we used is ultimately the simulation of any of the 
above periodic mechanisms. In the same study we focused on the effect 
on the magnonic band structure of an increasing magnitude of such a 
sinusoidal field. Here, instead, we study the influence of its fan angle 
(i.e., its angular spread) at a fixed magnitude. It is not trivial to identify 
a good degree of freedom to manipulate the spin wave dynamics 
(group velocity, frequency gap, effective mass etc.) without the help of 
any magnetic field or electric current variations. We demonstrate that 
varying the fan angle (hence, geometry) at a fixed (and possibly small) 
magnetic field magnitude can produce the same results that strong field 
magnitude variations would produce, with important consequences in 
the mitigation of the Joule effect [31,32]. The experimental realization 
of this geometric variation might be challenging, nevertheless we sug-
gest a few possibilities, keeping in mind that our very purpose is to 
present a potential scenario, indicating a path for further experimental 
investigations. Our simulations also find that, as a function of the fan 
angle, the frequency gap follows a quadratic functional behavior, which 
we correlate to the behavior of the total energy density, and, in turn, 
to the behavior of the total magnetic field.
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We observe that our approach, based on the implementation of 
a sinusoidal spin pattern, could be easily extended to the case of 
a fan angle equal to 2𝜋, namely to spin cycloid structures [33,34]: 
these special spin textures could be also obtained through appropriate 
ferroelectric domain distributions and can give origin to non-reciprocal 
effects which are outside the scope of the present investigation.

Compared to other magnonic crystals, the one we present is con-
tinuous, in contrast to the discontinuous ferromagnetic dot/antidot 
arrays [35–40], and made of a single material, in contrast to films 
with periodically modulated magnetic properties [41–43], and hence 
possesses a inherent simplicity, which transfers also to the dynamics. At 
the same time, it can be controlled in real-time, i.e., without changing 
the system itself, by tuning some external parameter (e.g., the fan angle, 
subject of our investigation): this property is considered extremely 
valuable and the corresponding systems are called dynamic magnonic 
crystals [29,44,45], since the magnon properties (frequency gap width 
and position, group velocity, effective mass, wave packet dispersion, 
etc.) can be tuned during their propagation. In addition, we address 
the issue of waste heat and low-dissipation technologies. 

2. Methodology

We perform micromagnetic simulations by means of the GPU-
accelerated software MuMax3 [46]. In order to simulate an extended, 
realistic square system, quasi-periodic boundary conditions [47] are 
applied, with 800 copies of the primitive cell along each coordinate 
axis. We apply a uniform bias field 𝐵0 = 0.1 T parallel to the x direction, 
just to obtain, as a reference, a FMR frequency around 10 GHz when 
the film is uniformly magnetized.

Furthermore, as the key item of the present investigations, we add 
a non-uniform, sinusoidal magnetic field 𝑩𝑺 , and consider either its 
magnitude (𝐵𝑆 ) or fan angle (𝛩𝐹 ) variation. 𝐵𝑆 varies from 0 to 0.1 T 
with steps of 0.01 T, 𝛩𝐹  varies from 0 to 𝜋 with steps of 𝜋∕6. As shown 
in Fig.  1, 𝛩𝐹  depends on the undulation amplitude of the field, which 
can be written as: 

𝑌0 =
𝐵0
𝑆𝑦

𝐵0
𝑆𝑥

𝑎
2𝜋

, (1)

where 𝑎 is spatial period of the oscillation (lattice constant), and 
𝐵0
𝑆𝑥,𝑦 are the 𝑥 and 𝑦 components of the sinusoidal field taken at the 

origin (𝑥 = 0).  Being 𝑥 the oscillation direction, we consider two 
polarization planes for 𝐵𝑆 : xy (in-plane polarization) and xz (out-of-
plane polarization): after the application of 𝐵𝑆 , the film magnetization 
relaxes at equilibrium to a sinusoidal distribution, the amplitude of 
which depends (for a given 𝐵0) on both 𝐵𝑆 and 𝛩𝐹 .

We consider a 5-nm-thick magnetic film layer made of permal-
loy, with the following magnetic parameters: saturation magnetization 
𝑀𝑆 = 800 kA/m, exchange stiffness 𝐴𝑒𝑥 = 10 pJ/m, and gyromagnetic 
ratio 𝛾 = 185 rad GHz/T. The primitive cell of the system (Fig.  1, panel 
(a)) is a square with side 𝑎 = 256 nm (lattice constant) and thickness 
5 nm. The system is discretized into micromagnetic cells with dimension 
4 × 4 × 5 nm3. 

In order to calculate the dispersion curves by means of Fourier 
analysis, we replicate the primitive cell 200 times along the 𝑥-axis, 
creating a supercell of dimensions 51200 × 256 × 5 nm3. This allows a 
wavevector resolution of 0.122 ⋅ 10−3 rad/nm.

To the relaxed magnetization (a stable equilibrium configuration), 
we apply a non-uniform sinc microwave field for 100 ns and save the 
time resolved magnetization maps at intervals of 𝑑𝑡 = 25 ps. This 
allows a frequency resolution of 0.01 GHz and a maximum frequency of 
20 GHz. On those magnetization maps, we perform a space–time Fast 
Fourier Transform to get the dispersion relations. Additional details 
regarding the sinc and the simulations can be found in Ref. [28].

Furthermore, we will compare the film with a sinusoidal magnetiza-
tion to an effective film with a uniform magnetization: to that purpose, 
we focus on the equivalence between the relaxed magnetization under 
2 
Fig. 1. Panel (a): adopted reference system. Sketches of 𝐵𝑆 vector field 
distributions when (b) 𝛩𝐹 = 𝜋∕2 and (c) 𝛩𝐹 = 𝜋. In panel (b) the fan 
angle and the undulation amplitude 𝑌0 are explicitly indicated. The undulation 
amplitude in (c) is larger than in (b) (the green color marks the background, 
the arrows are only illustrative of the undulation). Panel (d): fan angles 
considered throughout the investigation.

𝑩 ≡ 𝑩𝑺 + 𝑩𝟎 and the relaxed magnetization under a uniform field 
applied to the system. In particular, we aim to determine the value 
𝐵∗ of the uniform field that, applied alone to an uniformly magnetized 
film, would give the same energy density of the simulated system with a 
sinusoidal magnetization subject to the magnetic field 𝑩 (equivalence).

Therefore, we make use of the Kittel formula for a thin film [48]: 
𝜔 = 𝛾

√

𝐵∗(𝐵∗ + 𝜇0𝑀𝑆 ), (2)

where 𝛾 is the gyromagnetic ratio, 𝐵∗ is the uniform field applied to 
the system, 𝜇0 the magnetic permeability of the vacuum, and 𝑀𝑆 the 
saturation magnetization.

The magnetic energy density is given by: 

𝑢 = −
∑

𝑖
(𝑀 𝑖

𝑥𝐵
𝑖
𝑥 +𝑀 𝑖

𝑦𝐵
𝑖
𝑦 +𝑀 𝑖

𝑧𝐵
𝑖
𝑧), (3)

where the summation index goes over all the micromagnetic cells in the 
primitive cell, the magnetization components 𝑀𝑥, 𝑀𝑦, 𝑀𝑧 are obtained 
after the relaxation process and the magnetic field components 𝐵𝑥, 
𝐵𝑦, 𝐵𝑧 represent the contributions of 𝐵𝑆 and 𝐵0. Clearly, the better 
the discretization of the micromagnetic cell, the more accurate the 
computed energy density: this aspect will be addressed in Section 3 
and represents an important validation of the simulations. The energy 
density can also be expressed in terms of the saturation magnetization 
𝑀𝑆 as follows: 

𝑢 = −𝑀𝑠𝐵
∗. (4)

In this approach, 𝐵∗ reproduces in the uniform film what B does in 
the sinusoidally magnetized one to provide the same energy density, 
within a certain accuracy. By requiring the equivalence between the 
energy densities of Eqs. (3) and (4), we obtain a fictitious field 𝐵∗, 
which should enter the Kittel formula (Eq. (2)) to provide the exact 
resonance frequency found by the micromagnetic simulations, for each 
value of 𝐵𝑆 or 𝛩𝐹 .

3. Results

The application of 𝑩𝑆 makes the film magnetization relax into 
a sinusoidal distribution, with a spatial amplitude correlated to the 
sinusoidal field magnitude 𝐵𝑆 and fan angle 𝛩𝐹 , if a fixed 𝐵0 is 
considered (in the following, 0.1 T). As an example, in Fig.  3 we show 
the equilibrium magnetization when the sinusoidal field 𝛩𝐹 = 𝜋∕2
(panel (a)), and when 𝛩𝐹 = 𝜋 (panel (b)): visibly, in the second case 
the undulation amplitude of the magnetization is larger.

Being in our case the oscillation only along a single direction (𝑥-
axis), the induced periodicity turns the film into a one-dimensional (1-
D) magnonic crystal. Therefore, along that direction, magnons undergo 
Bragg’s diffraction and their dispersion curve shows the distinctive 
marks: periodic folding to the reduced Brillouin zone and frequency 
gaps at the Brillouin zone boundary. In Ref. [28] we observed that in 
undulated systems the actual (physical) lattice constant 𝑑 governing the 
spin-wave dynamics is a half of the geometric one, i.e., 𝑑 = 𝑎∕2. Hence, 
the actual first Brillouin zone boundary occurs at 𝑘 = 0.0245 rad/nm, 
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Fig. 2. Band structure for a sinusoidal magnetization polarized in-plane (left 
panel) and out-of-plane (right panel), when 𝐵𝑆 = 0.03 T. On the left half of 
each panel the DE dispersions are plotted, while on the right half of each panel 
the BV dispersions are plotted. The dashed white line marks the zone boundary 
(𝑘 = 0.0245 rad/nm), where a frequency gap opens. The color bar on the right 
represents intensity in arbitrary units.

i.e., twice the geometric one (0.01225 rad/nm). The underlying reason 
is that the spin-wave spectrum is invariant under a horizontal mirror 
operation 𝜎𝑦 on the magnetization, and that corresponds to a sign 
inversion of its 𝑦 component. This additional symmetry is responsible 
for the doubling of the actual Brillouin zone boundary.

The application of a bias field that is periodic along a direction (𝑥-
axis) influences the dynamics also in the transverse direction (𝑦-axis), 
since new modes arise as Bloch waves, additional to the film spin-wave. 
In our case, since the magnetization vector flux is oriented parallel 
to the 𝑥-direction, the backward volume (BV) mode dispersion shows 
the typical band structure, and the folding to the reduced Brillouin 
zone determines new modes at 𝑘 = 0 which were not present in the 
uniformly magnetized film. These modes have a cell function with a 
progressively increasing number 𝑛 of backward nodes, i.e., nodal lines 
perpendicular to the magnetization direction: 𝑛-BV. Hence, these new 
modes, generated by the folding of the BV dispersion, are the cell 
function of new Bloch waves which can propagate also along 𝑦 as 
Damon–Eshbach (DE) waves, and produce their individual dispersion. 
In Fig.  2 we show the band structure for sinusoidal magnetized films 
with 𝐵𝑆 = 0.03 T (𝛩𝐹 = 𝜋) in the two undulation polarizations xy (left 
panel) and xz (right panel). The right half of each panel shows the 
band structure of BV modes (characterized by periodicity), while the 
left half shows the DE dispersions of the first two modes, specifically 
the fundamental one, also named 0-BV, and the 1-BV. In fact, the higher 
order modes are not perceptible in the plots. Hence, even if periodicity 
is not present along this direction, the dynamics is influenced as well.

3.1. Fan angle as a degree of freedom: mechanism and advantages

Now we investigate the role of 𝛩𝐹  in controlling the equilibrium 
magnetization and hence both the magnon band structure and fre-
quency gap. As observed in Section 1, a sinusoidal magnetization can 
be induced in a film in many ways. Hence, in real experiments, 𝛩𝐹
can be changed depending on the specific used method. For exam-
ple, 𝛩𝐹  can be varied by varying the polarization direction of each 
ferroelectric domain, if a ferroelectric/ferromagnetic heterojunction is 
concerned [49,50], or by varying the meander-type geometry, if a 
current flow is used (see Appendix and Ref. [29]) and so on.

In the next simulations, we fix 𝐵𝑆 = 0.07 T and vary 𝛩𝐹 .
Clearly, both 𝛩𝐹  and 𝐵𝑆 magnitude concur to produce similar 

effects on the magnetization undulation: in particular, different com-
binations of 𝐵𝑆 and 𝛩𝐹  can produce precisely the same magnetization 
undulation. This is an interesting result, overlooked until now, particu-
larly useful when aiming to reduce the applied field magnitude, e.g., to 
3 
Fig. 3. Magnetization distribution after relaxation to sinusoidal fields with 
𝐵𝑆 = 0.1 T and 𝛩𝐹 = 𝜋∕2 (a) or 𝛩𝐹 = 𝜋 (b) (the sinusoidal fields are shown in 
Fig.  1 in panels (a) and (b)). Higher fan angles result in a larger undulation 
amplitude. The presence of the additional uniform field 𝐵0 = 0.1 T justifies the 
mismatch between 𝐵𝑆 and magnetization profiles.

Fig. 4. Magnonic band structures for BV waves (𝐵0 = 0.1 T, 𝐵𝑆 = 0.07 T, 
polarization in the xy plane) and different 𝛩𝐹 . Panel (a): 𝛩𝐹 = 𝜋∕3. Panel (b): 
𝛩𝐹 = 𝜋∕2. Panel (c): 𝛩𝐹 = 5𝜋∕6. Panel (d): 𝛩𝐹 = 𝜋. Zone boundary occurs 
at 𝑘 = 0.0245 rad/nm, marked by the dashed white line. The color bar on the 
right represents intensity in arbitrary units.

contain power dissipation: playing with the fan angle only at a fixed, 
low 𝐵𝑆 is effective to the purpose.

To prove this, in Fig.  4 we plot the BV dispersion curves at four 
different values of 𝛩𝐹 . A first effect is that increasing 𝛩𝐹  (while 𝐵𝑆
is fixed) determined a general frequency downshift. The explanation 
of this behavior is twofold: from one side, the progressively increasing 
magnetization amplitude makes the angle between the total bias field 
𝑩𝑆 (𝑥, 𝑦) + 𝑩𝟎 and the magnetization 𝑴(𝑥, 𝑦) larger at any given point 
(𝑥, 𝑦). This reduces the Zeeman potential energy (which depends on the 
scalar product) and hence the mode frequency. From the other, the pro-
gressive increase of the undulation amplitude increases the divergence 
of the magnetization and hence makes the internal dipolar fields larger, 
which follows in a general decrease of the internal effective field and 
hence of the mode frequency [51].

The second remarkable effect is that the frequency gap at zone 
boundary increases for increasing 𝛩𝐹 . In Ref. [28] we explained the 
presence of such a gap in terms of the interaction between 𝐵𝑆 and 
the magnon profiles. More precisely, the spin-wavefunctions of the 
fundamental mode (FM, also called 0-BV) and 1-BV, which at zone 
boundary are indistinguishable after a translation of half a primitive 
cell, and hence in principle degenerate, are no longer degenerate in 
frequency because of their different phase relationship with 𝐵𝑆 oscil-
lation. Then, the two waves do experience 𝐵𝑆 in different ways with 
different outcomes: the former achieving the lowest frequency (the top 
of the lower band), the latter the highest frequency (the bottom of the 
upper band), hence producing a visible frequency gap. Since we already 
established that increasing 𝛩𝐹  at a fixed 𝐵𝑆 produces an increased 
undulation amplitude in the magnetization, the effect is equivalent of 
increasing 𝐵𝑆 at a fixed 𝛩𝐹 : hence, by increasing 𝛩𝐹  the frequency 
difference (gap) between the two modes increases.
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Fig. 5. Panel (a): frequency gap as a function of 𝛩𝐹  for 𝐵𝑆 = 0.07 T 
(magnetization in xy plane). Red dots: micromagnetic simulations. Blue line: 
best fit, which is quadratic to a first approximation. Referring to Eq. (5), 
𝑎 = 0.0669, 𝑏 = −0.0164, 𝑐 = 0.0088. Panel (b): potential energy density u
(blue dots) with the corresponding quadratic fit (blue line) and applied field 
𝑩 (red dots) with the corresponding quadratic fit (red line).

This is shown in Fig.  5, Panel (a), where the frequency gap values 
(red dots) are plotted together with the calculated specific trend (blue 
line). In particular, to a first approximation, the best fit turns out to be 
quadratic, i.e., with a functional behavior of the form: 
𝑦(𝑥) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐, (5)

being 𝑦 the frequency gap, 𝑥 the fan angle, and 𝑎, 𝑏, 𝑐 appropriate 
coefficients. The system exhibits an equilibrium configuration where 
the potential energy as a function of the fan angle, 𝑢(𝛩𝐹 ), assumes a
parabolic expression (Fig.  5, Panel (b), blue line). This trend shifts to 
the magnon frequencies, and in turn to the gap. Considering Eq. (2), a 
parabolic energy density is produced by a likewise parabolic behavior 
of the applied field magnitude (Fig.  5, Panel (b), red line), which, 
substituted in the Kittel formula, determines a parabolic behavior in 
frequency (Fig.  6). We remark that this result, despite apparently 
simple, was overlooked until now, so here we aim to add this piece 
of information, considering its importance in the context of searching 
new degrees of freedom for magnon manipulation at the nanoscale.

We checked that this parabolic behavior is observed, independently 
of the specific value of 𝐵0, until a critical fan angle 𝛩crit

𝐹  is reached. 
Considering variations of the uniform field magnitude 𝐵0, when 𝐵0 >
𝐵𝑆 , we find that 𝛩crit

𝐹 = 𝜋, covering a full angular excursion of the 
applied magnetic vector field. When instead 𝐵0 ≤ 𝐵𝑆 , then 𝛩crit

𝐹 ≈ 2𝜋∕3, 
covering a limited angular excursion. Hence, 𝛩crit

𝐹  depends primarily on 
the relative strength 𝐵0∕𝐵𝑆 , where 𝐵𝑆 tends to increase the undulation 
amplitude and fan angle of the magnetization, while 𝐵0 opposes to 
it, tending to stretch the magnetization toward uniformity. When this 
ratio is too small, large fan angles of 𝐵𝑆 would cause large magneti-
zation fan angles as well. This strong perturbation of the ground state 
magnetization, in turn, would involve powers larger than 2 in Eq. (5).

In conclusion, by operating on 𝛩𝐹  at a fixed 𝐵𝑆 it is possible to tune 
the width of the frequency gap and the frequency region where it is 
located. Hence the gap can be easily varied even if 𝐵𝑆 is kept constant 
and possibly low, to minimize the waste heat.
4 
Fig. 6. Frequency calculated at 𝑘 = 0 as a function of 𝛩𝐹  (magnetization in
xy plane) for 𝐵𝑆 = 0.07 T. Green dots: film with a sinusoidal magnetization 
(simulations). Red dots: effective film with a uniform magnetization subject to 
exactly the same 𝑩 used in the simulations. Blue dots: effective film with a 
uniform magnetization subject to a 𝐵∗ which gives the potential energy density 
of the simulation (the line is a guide for the eye).

3.2. FMR for undulated magnetizations and Kittel formula

The Kittel formula is normally used to calculate the ferromagnetic 
resonance (FMR) of uniformly magnetized films, and its simplicity 
makes it very popular to get dynamic information on ferromagnetic 
samples. We wonder to what extent the formula can be used to deal 
with undulated magnetizations, quantifying the approximations: this 
investigation will help us understand more in depth the role of the fan 
angle in controlling the magnetization dynamics.

Our purpose is to compare two systems: from one side, the film 
with undulated magnetization subject to both a uniform bias field 𝐵0
(fixed to 0.1 T) and a sinusoidal bias field 𝐵𝑆 , the results of which 
were found through micromagnetic simulations. From the other, a 
fictitious uniformly magnetized film, to which we apply the same field 
magnitude of the previous system, i.e., the same magnitude of 𝑩 =
𝑩0+𝑩𝑆 (the vector summation takes into account the local orientation 
of 𝑩𝑆 ). We wonder under what conditions the two systems give the 
same resonance frequencies at zero wavevector.

As a first step to that purpose, for each fan angle 𝛩𝐹  we compare 
the resonance frequencies found in the simulations (i.e., for a sinusoidal 
magnetization under 𝑩 = 𝑩0+𝑩𝑆 ) with the resonance frequencies of an 
effective uniformly magnetized film, calculated with the Kittel formula 
using a uniform field determined with two different approaches: in one 
case we utilize the same 𝑩 of the simulation forcing it to be uniform 
by means of the following equation: 

|𝑩| =

∑𝑁
𝑖

√

(𝐵𝑖
𝑥)2 + (𝐵𝑖

𝑦)2

𝑁
, (6)

where the value of 𝑩 is computed as the average over the entire 
primitive cell. In the other case, we use an effective field, which gives 
the same potential energy density 𝑢 of the simulations.

The comparison, for the three cases, is plotted in Fig.  6. In this 
figure we see three points per angle: first, the results of the simulations 
(sinusoidal magnetization, green squares), then the results of the Kittel 
formula using the same magnetic field (red circles), and finally the 
results of the Kittel formula using the same potential energy density 
(blue circles, with the blue line as guide for the eye). When 𝛩𝐹  is in-
creased, the resonance frequencies decrease, for the reasons explained 
in Section 3.1.

While the frequencies of the effective film calculated by means of 
the Kittel formula in either methods are almost identical, they are 
systematically lower than the frequencies found with simulations and 
related to the sinusoidal magnetization. The mismatch between the 
frequencies of the effective uniform film and those of the undulated 



P. Micaletti et al. Physica B: Condensed Matter 731 (2026) 418513 
Table 1
Comparison of 𝑩, determined according to Eq. (6) and 𝐵∗ calculated with 
the Kittel formula (for an effective uniform film), and 𝐵∗ calculated with 
micromagnetic simulations (film with sinusoidal magnetization) for 𝐵0 = 0.1 T 
and 𝐵𝑆 = 0.07 T (polarization along the xy plane).
 𝛩𝐹  (rad)
 𝜋/6 𝜋/3 𝜋/2 2𝜋∕3 5𝜋∕6 𝜋  
 𝑩|𝐵∗ uniform (T) 0.1695 0.1681 0.1658 0.1625 0.1584 0.1534 
 𝐵∗ sinusoidal (T) 0.1695 0.1683 0.1662 0.1639 0.1599 0.1555 

Fig. 7. Resonance frequencies as a function of 𝐵𝑆 after imposing the equiv-
alence of the energy density (magnetization undulation in xy plane). Red 
dots: simulations on a film with sinusoidal magnetization. Blue dots: uniformly 
magnetized film. The slight discrepancy at high amplitudes is due to the 
micromagnetic grid resolution.

film becomes larger for increasing 𝛩𝐹 , showing the limits of the approx-
imation through the effective uniformly magnetized film. At the same 
time, it helps in quantifying the approximation error to a maximum of 
0.8%, which might be acceptable under some conditions.

The same concept can be extracted from Table  1, where the mag-
netic fields necessary to give the same resonance frequency are calcu-
lated at different 𝛩𝐹  values (and fixed field magnitude 𝐵𝑆 = 0.07 T). 
Remarkably, the Kittel formula is in good agreement with simulations 
up to rather large angles (e.g., 𝜋∕2), where a mismatch becomes appre-
ciable only on the third significant digit. Of course, the Kittel formula 
is ineffective in accounting for very large amplitude magnetization 
undulations.

The second step is to compare the frequencies of the two systems 
after imposing the equivalence of the energy density while either the 
fan angle or the magnitude of 𝐵𝑆 is increased.

To this purpose, as explained in Section 2, we first calculate the 
fictitious uniform field 𝐵∗, which would give the same energy density 
of the sinusoidal one, and then insert it in the Kittel formula to obtain 
the corresponding ferromagnetic resonance frequency. In Fig.  7 we 
compare the resonance frequencies obtained with this method with the 
results of the simulations on the actual sinusoidal magnetization.

The agreement is very good, which confirms the leading role of the 
energy density in determining the ultimate magnon frequencies. The 
slight mismatch at 𝐵𝑆 ≥ 0.08 T is due again to the micromagnetic 
discretization resolution.

To confirm that the discrepancy is only due to the micromagnetic 
discretization, we use smaller micromagnetic cells in a couple of ded-
icated simulations. We consider a half of the previous micromagnetic 
cell size, i.e., 2 × 2 × 5 nm3 and then a quarter, i.e., 1 × 1 × 5 nm3, while 
the physical system is left unchanged. We find that the corresponding 
frequencies get closer to the ones calculated with the Kittel formula: 
as an example, for an applied 𝐵𝑆 = 0.09 T, the frequency found in 
the simulations is 13.95 GHz for a 4 × 4 × 5 nm3 micromagnetic cell, 
13.88 GHz for a 2 × 2 × 5 nm3 micromagnetic cell, and 13.85 GHz 
for a 1 × 1 × 5 nm3 micromagnetic cell. The last value coincides with 
5 
Fig. 8. Resonance frequencies as a function of 𝐵𝑆 (magnetization in xz plane). 
Blue dots: frequencies of the uniformly magnetized film after imposing the 
equivalence of the energy density (the line is a guide for the eye). Red dots: 
simulations on the sinusoidal magnetization.

the one derived with the Kittel formula (13.85 GHz, Fig.  7), showing 
that a very refined discretization improves the agreement. However, 
the corresponding computational effort in terms of memory and time 
would be almost impracticable.

The agreement of this approach (equivalence of the energy density) 
and the simulations is very good also when the magnetization is in the
xz plane (see Fig.  8).

A little mismatch occurs only for 𝐵𝑆 ≥ 0.08 𝑇 , where the ana-
lytical approach provides frequencies slightly larger than those found 
in the corresponding simulations: again, this is due to computational 
artifacts. In fact, since the magnetization lies in the 𝑥𝑧 plane and only 
a single micromagnetic layer is present (film thickness equal to the 
micromagnetic cell thickness), in this case the dipolar fields are always 
antiparallel to the magnetic moments, favoring a (slight) frequency 
decrease (computational artifact). This is in contrast to the previous 
case, where the magnetization lied in the 𝑥𝑦 plane: with reference to 
any given magnetic moment, there were also neighboring magnetic mo-
ments almost parallel (head-to-tail direction), a condition which favors 
magnetization stability (stiffness) and hence a frequency increase. In 
conclusion, even in the 𝑥𝑧-plane configuration we recognize the energy 
density as the ruling ultimate parameter for the spin dynamics, and the 
Kittel formula a still valid tool for getting the resonance frequencies in 
films with sinusoidal magnetization.

4. Conclusions

We investigated the behavior of a ferromagnetic film under the 
influence of a sinusoidal magnetic field with variable fan angle 𝛩𝐹 . 
We demonstrated that it is possible to control the magnon dynamics 
in a ferromagnetic film by varying only the fan angle of an applied 
sinusoidal field, while its magnitude is left unchanged. The importance 
of this finding is that it allows to keep the magnetic field magnitude 
very small, considerably limiting the waste heat, and though maintain 
a full control over the magnon dynamics through the fan angle only.

In particular, we found that the frequency gap increases with in-
creasing 𝛩𝐹  in a quadratic functional behavior, while its overall posi-
tion shifts towards lower frequencies. The trend is quadratic until a 
critical angle 𝛩crit

𝐹  which is 𝜋 when 𝐵0 > 𝐵𝑆 , and reduces to 2𝜋∕3
when 𝐵0 ≤ 𝐵𝑆 . We provided also the physical interpretation of the 
quadratic behavior, as the result of a similar behavior of the total 
applied field and total energy density found both in the simulations 
and in an analytical model based on the Kittel formula.

In fact, we found that, despite nonuniform, such a special distri-
bution of the magnetization still allows the use of the Kittel formula 
to obtain the FMR frequencies at any 𝐵𝑆 fan angle or magnitude. We 
investigated to what extent and precision this is possible.
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Fig. 9. Sketch of the cross section of the system: circles represent the inter-
sections of the electromagnetic coil with the film plane, while the signs ‘‘+’’ 
and ‘‘-’’ indicate the current flow direction with respect to the film plane. ‘‘a’’ 
is the lattice constant (period) and 𝑑𝑐 the coil diameter.

In conclusion, as a prospect, we observe that, in the context of ferro-
electric/ferromagnetic (FE/FM) bilayers, the application of a sinusoidal
electric field with variable fan angle to the FE layer could represent a 
challenging progress of the system we have studied. Indeed, through 
inverse magnetostriction, the sinusoidal electric field would generate in 
the FM layer a sinusoidal internal magnetic field (which we generated 
through 𝐵𝑆 ), and, as a consequence, the fan angle of an electric field 
would be the sole degree of freedom to get full control of the magnon 
dynamics in the FM layer, without the presence of any magnetic field. 
For this reason, we believe that our investigation represents an inter-
esting step forward in the research toward extremely low-dissipation 
magnonic devices for information transfer and manipulation.
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Appendix. A sinusoidal magnetic field resulting from a current-
carrying electromagnetic coil

While a discrete domain distribution of magnetic anisotropy was 
proven to provide an exact sinusoidal field in Ref. [23], in this Ap-
pendix we provde details on how to reproduce, in practice, a sinusoidal 
magnetic field (𝐵𝑆 ) by means of an electric current 𝑖 flowing through 
a conducting coil (solenoid).

The scheme we adopt is shown in Fig.  9, where the cross section 
of the ferromagnetic film, crossed by the conducting coil, is sketched 
limited to three primitive cells. We used the periodic boundary condi-
tions to simulate an infinite system. The current flow direction, with 
respect to the film plane, is indicated by the signs ‘‘+’’ (outside) and 
‘‘-’’ (inside).

The simulations are based on the laws of classical electrodynamics, 
in particular the Ampère’s law (magnetic field circulation vs. current 
intensity): 

𝐁 ⋅ 𝑑𝐬 = 𝜇0𝑖, (7)
∮
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Fig. 10. Magnetic field vector maps (limited to two periods) generated by a 
current-carrying coil with (a) 𝑑𝑐 = 168 nm, which determines 𝛩𝐹 ≈ 47◦; (b) 
𝑑𝑐 = 248 nm, determining 𝛩𝐹 ≈ 33◦; (c) in this case still 𝑑𝑐 = 168 nm, but we 
added a uniform 𝐵0 = 0.04 T which determines 𝛩𝐹 ≈ 2.7◦. (b) and (c) show 
the stretching effect operated through two different control parameters.

and the consequent Biot–Savart law, providing the magnetic field gen-
erated by current 𝑖: 

𝐁𝑗 =
𝜇0
2𝜋

𝑖
|𝑟 − 𝑟0𝑗 |

𝐳̂×𝐫̂, (8)

where 𝐳̂ is the unit vector normal to the film plane, 𝐫 is the position 
vector, 𝐫0𝑗 is the position vector of the 𝑗th wire (with |𝑟−𝑟0𝑗 | larger than 
the wire radius), 𝐫̂ is the corresponding unit vector, 𝜇0 is the magnetic 
permittivity in vacuum. Then, since the coil intersects the ferromag-
netic film in several points, each generating its own magnetic field 
(with alternating circulations), we use the principle of superposition 
of fields:

𝐁𝑆 =
𝑁
∑

𝑗=1
𝐁𝑗 , (9)

where 𝑁 is the number of contact crossings the coil does through the 
film (i.e., the coil has 𝑁∕2 turns).

The resulting vector field (far from the line of the coil contacts) 
tends to a sinusoidal distribution, with a spatial amplitude and fan 
angle (see Fig.  1), which primarily depend on the distance 𝑑𝑐 between 
the ‘‘+’’ and ‘‘−’’ rows (diameter of the coil). Hence, in practice the 
fan angle can be intrinsically tuned by varying 𝑑𝑐 through (e.g.) a 
piezoelectric device. However, following the discussion at the end of 
Section 3.1, also a small uniform bias field 𝐵0 can help to the purpose, 
since it contrasts the effects of 𝐵𝑆 .

In order to show how the two different parameters change the 
fan angle, we plot in Fig.  10 three vector maps of the total magnetic 
field. The simulations were performed applying a current density 𝐽 =
5.0⋅1011 A/m2 (see Refs. [52,53]) for a conducting wire section of radius 
20 nm (hence, 𝑖 = 0.628 mA). The solenoid pitch matches the lattice 
constant (𝑎 = 256 nm). The value of 𝐽 determines the magnitude of 
𝐵𝑆 , and, hence, is crucial to understand in which range 𝐵0 must lie to 
compete with 𝐵𝑆 . In the same Fig.  10, first we plot the reference map 
where the contact distance is 𝑑𝑐 = 168 nm and the uniform bias field 
is 𝐵0 = 0, for which we calculated a 𝛩𝐹 ≈ 47◦. Then, we plot the case 
where 𝑑 = 248 nm, i.e., is increased of 80 nm: in this case 𝛩 ≈ 33◦. 
𝑐 𝐹
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Fig. 11. Magnetization maps (limited to two periods) generated by a current-
carrying coil with (a) 𝑖1 = 0.628 mA, determining a magnetization fan angle 
𝛩𝐹 ≈ 9◦; (b) 𝑖2 ≈ 3.14 mA, determining 𝛩𝐹 ≈ 25◦; (c) 𝑖3 = 62.8 mA, determining 
𝛩𝐹 ≈ 47◦.

Finally, the case with 𝑑𝑐 = 168 nm but 𝐵0 = 0.04 T, which stretches the 
resulting total field along 𝑥, so that 𝛩𝐹 ≈ 2.7◦. These values are just 
illustrative, being a systematic investigation outside the scope of the 
present paper, but we believe that they definitely help in understanding 
the stretching effect operated by either 𝑑𝑐 or 𝐵0.

Finally we use the Landau–Lifschitz–Gilbert equation (implemented 
in the Mumax3 solver) for the magnetization dynamics under the action 
of the above 𝐁𝑆 : 
𝑑𝐌
𝑑𝑡

= 𝛾𝐌 × 𝐁𝑒𝑓𝑓 + 𝛼
𝛾
𝑀𝑠

𝐌 × (𝐌 × 𝐁𝑒𝑓𝑓 ), (10)

where 𝛾 is the gyromagnetic ratio, 𝛼 is the dimensionless damping 
term (we used the typical 0.01 for permalloy) and 𝑀𝑠 is the saturation 
magnetization (we used 800 kA/m).

In the above equation, the effective field 𝐁𝑒𝑓𝑓 = 𝐁𝑆 + 𝐁𝑒𝑥𝑐ℎ +
𝐁𝑑𝑒𝑚𝑎𝑔 is the sum of the applied, exchange, and demagnetizing fields, 
respectively, and 𝐁𝑆 = 𝐁𝑆 (𝑥, 𝑦) is the sinusoidal field distribution 
that we calculate at either a given 𝑖 or 𝑑𝑐 . We apply this field to the 
permalloy film subject of the investigation (see details in Section 2), 
which is prepared with an initially uniform magnetization oriented 
along 𝑥. The relaxed, equilibrium magnetization assumes a sinusoidal 
distribution, with its own specific undulation amplitude and fan angle 
which tend to those of the applied field only if 𝐵𝑆 (i.e., the current 
intensity) is sufficiently large. Hence, differently from the vector field 
𝐵𝑆 , for the magnetization the current intensity is indeed an effective 
means to control its fan angle, and hence the magnon dynamics.

As an example, in Fig.  11 we show three magnetization maps ob-
tained applying the field distribution of Fig.  10(a) with 𝑖1 = 0.628 mA, 
𝑖2 = 3.14 mA and 𝑖3 = 62.8 mA: the undulation amplitude is visibly 
increasing, and we quantified the magnetization fan angle to be, re-
spectively, 9◦, 25◦, 47◦. Note that the above values for 𝑖 were chosen 
just to prove the principle of operation with visible changes in the 
magnetization maps.

In conclusion, a current carrying solenoid is an effective way to cre-
ate a sinusoidal magnetization in a ferromagnetic film, and the current 
intensity a good parameter to control the magnetization undulation 
amplitude and hence the magnon dynamics.
7 
Data availability

Data will be made available on request.
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