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ABSTRACT. We discuss some properties of the capacitary inradius for an open
set. This is an extension of the classical concept of inradius (i.e. the radius of
a largest inscribed ball), which takes into account capacitary effects. Its intro-
duction dates back to the pioneering works of Vladimir Maz’ya. We present
some variants of this object and their mutual relations, as well as their connec-
tions with Poincaré inequalities. We also show that, under a mild regularity
assumption on the boundary of the sets, the capacitary inradius is equivalent
to the classical inradius. This comes with an explicit estimate and it permits
to get a Buser—type inequality for a large class of open sets, whose boundaries
may have power-like cusps of arbitrary order. Finally, we present a couple of
open problems.

1. Introduction.

1.1. Motivation. In this note, we pursue our study on the capacitary inradius of
open subsets of RY that we started in our recent paper [3]. In order to gently
introduce the reader to the subject, it is certainly useful to start by recalling the
definition of inradius of an open set @ C R™: This is the geometric quantity given
by

rqo = sup {r > 0 : there exists a ball B,.(zg) C Q}

It can be seen as a simple (and quite rough) measure of “fatness” of an open set. In
connection with functional inequalities, its importance is due to the following fact:
The condition rq < 400 is necessary in order to infer the existence of a constant
cq > 0 such that

ca / lolP dx < / |Vo|? dz, for every ¢ € C3°(Q),
Q Q

where 1 < p < oo (see for example [21, Proposition 2.1]). Thus, the finiteness of
the inradius is a necessary condition for the validity of the Poincaré inequality. If
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we define the sharp constant in the previous inequality, i.e.,
Ap(2) ;= inf Vol dx : p) =17¢,
o) = _int A 9ep s ol =1

the previous condition can be expressed in a quantitative way through the following
well-known sharp estimate:
)‘p(B 1)

rh

Q) <

We briefly recall that in general it is not always possible to reverse the previous
inequality, unless some further restrictions on the open sets are imposed. We refer
to the introductions of our previous papers [2, 3] for a list of results in this direction
(see also [1] and the references therein). The crucial obstruction to the validity of
a lower bound of the type

Cnp

D
TQ

< Ap(9), (1)

is a “removability issue”: Roughly speaking, while ro can be altered by the removal
of a single point, the Poincaré constant A,(2) is only affected by the removal of
“sufficiently large” sets. That said, it is quite easy to produce counterexamples to
the validity of (1). The previous largeness condition depends on the exponent p
and is expressed in terms of p—capacity. In this paper, we will mainly work with
the so-called relative p— capacity, defined by

cap,(X; E) = goeicrg)g(E) {/E [VolPdz : ¢ >1on E} ,

for every open bounded set E C RY (typically, a ball) and every compact set ¥ € E.

Under this premise, it is natural to introduce a variant of ro which disregards sets
having zero p—capacity, i.e. we wish to consider a relaxed notion of inradius which
shares with A\,(€2) the same removable sets. This is the idea for introducing the
capacitary inradius of an open set ), whose precise definition is as follows: For
every 0 <y < 1 and for every 1 < p < oo, this is defined by

R, () :==sup {r >0 : 3o € RY such that B, (o) \ Qis (p, fy)—negligible}. (2)

Here (p,~)—negligible (in the sense of Molchanov) means that B,(x) \ € occupies
a portion of a reference concentric ball, say Ba,(xg), which is at most v in the sense
of p—capacity. More precisely, we have

cap,, (Br(xo) \ Q; Bgr(xo)) < ycap, (Br(aro); BQT(.’E())) .

The quantity (2) was explicitly introduced in our recent paper [3] by drawing in-
spiration both from the interior capacitary radius used by Maz’ya and Shubin in
[18] and from the inner cubic diameter (see [16, Definition 14.2.2]), which has been
extensively used by Maz’ya. We postpone to the following section a more detailed
discussion about the comparison between these capacitary variants of the inradius.

Remark 1.1. The extremal cases v = 1 and v = 0 deserve a comment: In the first
case, every set would be (p,~)—negligible, and thus the corresponding capacitary
inradius would be +oo for every open set. The case v = 0 is more interesting: In
this case, the quantity R, o(2) would give the radius of the largest ball contained
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in Q, up to a set of zero p—capacity. However, this capacitary inradius would not
be strong enough to permit the lower bound

(le)) < 0,(9),

see [3, Example A.1] for a counter-example.

On the contrary, when 0 < v < 1, one can prove that R, ,(€2) has the desired
property: It is actually equivalent to A,(2). More precisely, in [3, Main Theorem],
we proved the two-sided estimate

oN (RI(Q)) < A (9) < Crps (le)) 3)

which holds for every 0 < v < 1 and within the range 1 < p < N. Actually,
a related result holds for the sharp Poincaré-Sobolev constants (see [3, Theorem
Apg(Q) = inf /V Pdx - :1},
pa@ = _int L[ [9oP s : ol

each time ¢ > p is a subcritical (in the sense of Sobolev embeddings) exponent.

Remark 1.2 (The case p > N). The regime p > N is less interesting. In this case,
points have positive p—capacity and thus they are not removable sets. Accordingly,
one can prove that (1) holds for every open set'. We also mention that in [3,
Proposition 7.3], it is shown that R, () = rq, when p > N and 0 < v < 7, for
an explicit (and optimal) parameter 7y. For these reasons, in this paper we will
confine our discussion to the case p < N.

1.2. Description of the results. In the first part of the paper, we want to consider
some variants of I, , and discuss their mutual relations. We will focus especially
on two different kinds of variants:

(A) changing the metric, i.e. replacing balls in the definition of R, 5 with a family
of rescaled copies of a more general fixed “shape”;

(B) changing the capacity, i.e. replacing the relative p—capacity with other notions
of p—capacity.

The first question may look a bit academic, but actually it is not: Indeed, the first
appearance of the capacitary inradius can be traced back in some works by Maz’ya
from the 1970s, as summarized in his books [16, 17]. In these works, the capacitary
inradius is defined by using cubes in place of balls, which is precisely the inner cubic
diameter mentioned above (see [17, Definition 10.2.2] and [16, Definition 14.2.2]).
Crucially, this is exploited in order to derive necessary and sufficient conditions for
the validity of Poincaré and Poincaré-Sobolev inequalities on open subsets of R,
The use of cubes has the advantage that they can tile the space, differently from
balls. On the other hand, by using balls, it is simpler to prove a two-sided estimate
like (3) valid for every 0 < v < 1, as shown in [18] (for p = 2 < N) and in our
paper [3] (general case). Thus, it is natural to inquire to which extent the shape of
the chosen “ball” can affect this type of estimates. It should also be remarked that

IThis result has been proved and re-proved various times, with slightly different proofs and
different estimates of the constant Cp ,. However, it seems correct to attribute it to Maz’ya, see
for example [17, Theorem 11.4.1].
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this kind of generalization has already been considered in [16, Chapter 18] (for the
case p = 2).

As for point (B), we remark that we do not perversely consider any possible
variant one could imagine: Rather, our interest is to consider a couple of alternative
notions already existing in the literature. The first one is what we call the Maz’ya-
Shubin capacitary inradius, used in [18], a paper which is very much inspired [3]. By
referring to Definition 4.6 for its precise form, we point out that the main difference
with R, - is the use of the following absolute p—capacity

cap,(X) = gaeci[ggf(RN) {/RN [VplPdz : ¢ >1on E}.
As already explained in the introduction of [3], the main drawback of this notion is
that it does not permit to consider the limit case p = N.

The second variant is the Gallagher capacitary inradius, recently considered in
[10, 11]. Apart from the use of yet another notion of p—capacity (which permits
to include the case p = N, as well), the main difference is that this inradius is
not defined in terms of a negligibility condition ¢ la Molchanov. Rather, it can
be regarded as a sort of “endpoint”, i.e. it coincides with the limit of R, , as the
negligibility parameter + goes to 0 (see Proposition 4.15). This has already been
observed by Gallagher in [11]. Thus, even if this inradius can be used to characterize
the validity of the Poincaré inequality, it cannot be directly used to provide two-
sided estimates like (3) (more precisely, the lower bound fails, see Example 4.17).

The second part of the paper is focused on answering the following natural ques-
tion: Under which conditions on the open set can the capacitary inradius R, ()
be compared with the classical inradius rq ¢ In Section 5, we will show how a simple
measure density condition on the open sets imply that

rog < Rp,(Q) Srq,  forevery 0 <y <1.

Thus, the capacitary inradius R, ,(€2) turns out to be equivalent to the usual inra-
dius for these sets. This is the content of Theorem 5.2 below. Our measure density
condition amounts to requiring

\ . ro\' [Br(x) \ Y
GQ,TO(t) = lnf{(r) W LT € 89, O <r S To > O,

for some 19 > 0 and ¢ > 0. Such a condition is not the sharpest possible assumption
on the open sets in order to have such an equivalence. However, we think that
the result is quite interesting for two reasons: The condition is sufficiently general
to encompass a large class of open sets (we admit power-like cusps of arbitrary
order for their boundaries), and, at the same time, it is easy to check. We refer to
Lemma 5.13 for a large class of open sets which satisfy it. Moreover, the equivalence
between R, ,(€2) and rq comes with an explicit estimate.

When combined with the lower bound in (3), this estimate in turn permits to
infer the validity of (1) for this class of sets, with a precise control on the constant
involved. At the same price, we can get the same result also for the Poincaré-
Sobolev constants A, 4, see Corollary 5.6. As a remarkable consequence, we can
obtain a Buser-type inequality for open sets satisfying the previous measure density
condition. More precisely, we get

M) <0 (h@), (4)
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where C' > 0 is constant depending only on N and the measure density index
O.rp (1) (in an explicit way), and:

e \(9) is the bottom of the spectrum of the Dirichlet-Laplacian on §2, that is?

A =@ = _int [ 1V dn s ellm =1}
@ U

peCse

o h(Q) is the Cheeger constant of Q, defined by

N-—-1 E
h(€)) = inf {H|E(|8) : E € Q open set with smooth boundary} .

We refer to Corollary 5.9 for the precise statement.

We conclude by recalling that for general open sets it is not possible to have
an estimate like (4); we refer to [16, Chapter 4, Section 3| for a counter-example
and to [2, 5, 19] for some positive results, under suitable topological/geometric
assumptions on the open sets. Inequality (4) is sometimes also called the reverse
Cheeger’s inequality (see for example [8, 9, 14] and [15] for this result in the context
of Riemannian manifolds). The motivation for this terminology is easily understood,
once we recall the following Cheeger inequality:

(MY <x), ®)

see [16, equation (4.2.5)], which holds for every open set Q C R,

1.3. Plan of the paper. In Section 2, we settle the notation and state some basic
facts which will be repeatedly used throughout the paper. In Section 3, we compare
our capacitary inradius with the variant obtained by considering a more general
class of test “shapes”, other than balls. An interesting open problem is presented
as well. Section 4 is still devoted to comparison estimates with other notions of
capacitary inradius, this time obtained by considering different capacities. These
variants includes the one considered by Maz’ya and Shubin in [18] and the one
considered by Gallagher in [10, 11]. This section is complemented with examples
and remarks, aimed at clarifying some substantial differences between R, , and the
inradius considered in [10, 11]. In the final section, i.e. Section 5, we state and
prove our main result about the comparison between the capacitary inradius and
the classical one under a measure density condition (see Theorem 5.2). We also
briefly discuss some consequences which can be drawn from it.

2. Preliminaries. Unless differently stated, in this paper we will always take the
dimension to be N > 2. For a point g € RY and a positive real number R, we will
indicate by Br(zo) the N—dimensional open ball, centered at xy and with radius
R, ie.

Br(zo) = {x RV : |z — x| < R}.

When the center x( coincides with the origin, we will simply write Br. We indicate
by wy the volume of the N—dimensional ball having radius 1. We also denote by

2At the risk of being inconsistent, for the special case p = 2 we prefer to use a distinguished
notation for the sharp Poincaré inequality. Indeed, experts in spectral theory could be misleaded
by the notation A2(£2).
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r(xg) the N—dimensional open hypercube centered at xq, given by
g
N
Qr(xo) = H(xf)—R,a:f)—FR), where zg = (2, ..., z{).
i=1
Given two non-empty sets ¥, K C RN that are, respectively, closed and compact,
we will indicate

dist(X, K) = merzniyneK |z — yl.

Next, we recall the definition of p—capacity we wish to work with.

Definition 2.1. Let 1 < p < co. For every E C RY open set and every > C
compact set, we define the p—capacity of ¥ relative to E as follows

S;E)= inf VolPdr : o>1on Y.
cap,(3; E) @egéo(E){/E ¢lPdz : ¢ >1on }

It is intended that capp(Q]; E) = 0. By using standard approximation methods, it
is not difficult to see that this infimum is unchanged, if we replace C§°(E) by the
space of Lipschitz functions, compactly supported in E.

We refer to [16] for a comprehensive study on the properties of the various notions
of p—capacity used in this paper. We also mention the paper [13] for a succint
presentation of the subject, in the case of the relative p—capacity introduced above.

From its definition, it is easy to see that we have the monotonicity relations
cap,(Xo; B) < cap,(X1; E),  if ¥ C ¥ € E, (6)
and
capp(E; El) < capp(E; E()), if¥Ye EO - El,
which will be used repeatedly.

We also recall the following explicit formula for the p—capacity of concentric
balls: They can be found, for example, in [16, page 148]. We limit ourselves to the
case 1 < p < N, which will be the most interesting one: For 0 < r < R we have

cap; (Br; Br) = Noy 1, (1)

N —p\? -1 rN-p
p—1

cap,, (By; Br) = Nwy ( ifl<p< N, (8

and
covyy (Br: B) = Noow (1o (R))N . o)

Remark 2.2. We explicitly remark that formula (7) holds in the case p = N =1,
as well. In this case, it reads as
cap, (E, BR) =2,

with B, = (—r,7) C R and Bgr = (—R, R) C R. This is not stated in [16, page 148],
but it can be easily obtained as follows: For every ¢ € C§°(Bg) such that ¢ > 1 on
B,., we have

/ '] dz > 2|l e (5 > 2.

Br
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thanks to the one-dimensional Sobolev inequality (see for example [4, Theorem
3.6.6]). Owing to the arbitrariness of ¢, we get cap; (B,; Bg) > 2. On the other
hand, by using as test functions a sequence of smooth approximations of the char-
acteristic function of (—r, ), we get the reverse inequality, as well. The details are
standard, and thus omitted.

The next simple result is well-known (see for example [16, Corollary 2.3.4]), we
recall its proof for the reader’s convenience. It will be crucially exploited in the
sequel.

Lemma 2.3. Let E C RY be an open set and let ¥ C E be a compact set. For
every 1 < p < oo, we have

|Z[A\p(E) < cap,(X; E).

Proof. We can suppose that A\,(E) > 0, otherwise there is nothing to prove. Let
v € C§°(F) be such that ¢ > 1 on X. Then, we have

M (E) (8] < A,(E) / olP dr < Ay(E) / ol dz < / Vol? dz.
> E E

Taking the infimum over ¢, we get the claim. O

The following property immediately follows from the explicit expressions (7), (8),
and (9).

Lemma 2.4. Let 1 < p < N. For every a > 1, the function

f(r) = cap, (Br(fo); Bm(mo)> , forr > 0.

s non-decreasing.

3. Different metrics. Following [16, Definition 18.1], we want to consider a vari-
ant of our capacitary inradius R, ., where we replace balls with more general
“shapes”. We first need to define the kind of “shapes” we wish to consider.

We say that an open bounded set K C R” is a standard body if it is starshaped
with respect to the ball By. Such a set K can be described as follows:

K={z=rweR" :wesSV 1 0<r<rw)}

for a Lipschitz function r : S¥ =1 — (0, 00), the so-called radial function of K, given
by

r(w) :=sup{r >0 : rwe K}, for every w € SN,
see [16, Lemma 1.1.8]. Moreover, we have
r(w)w € oK and 1 <r(w) < R, for every w € SN 71,
where we set
Rk = max |z| = max, r(w).

Observe that we used that B; C K, by our assumption.

For every r > 0 and for every zo € R, we denote by K, (zo) the open set
obtained from K by combining a homothety (centered at 0) with coefficient r and
a translation by the vector xg, that is

Ky (o) == {xERN : @ EIC}.
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When the “center” z( coincides with the origin, we will simply write IC, in place
of K, (zp). For r = 1, we get back the original shape, and thus we will write K in
place of Kj.

This family of sets will replace the balls B,.(z() in the capacitary inradius we
are going to define. Indeed, we have the following definition, which is essentially
contained in [16, Chapter 18]. In light of Remark 1.1, we exclude the extremal case
v =1, here as well.

Definition 3.1. Let 1 <p < oo and 0 <~y < 1. A compact set ¥ C IC,.(z0) is said
to be (p,v)—negligible relative to K if

cap, (i Ko (w0)) < 7 cap, (K (@0): Ko (@0))

For an open set Q C RY, we define its capacitary inradius relative to K as

Iz € RY such that K, (z0) \ }

Ry~ (Q;K) == sup {r >0 is (p,v)—negligible relative to K

A couple of comments are in order concerning the previous definition.

Remark 3.2. A particularly interesting instance is when C coincides with the unit
ball of a norm on R¥. For example, by choosing K = Bj, the Euclidean ball, we
get our initial definition back. On the other hand, by choosing the hypercube

K=Q10)=(-1,1)",

i.e. the unit ball of the norm || - |[¢, the quantity R, ,(€2;K) coincides with the
so-called inner cubic diameter, extensively used by Maz’ya in his works, as recalled
in the introduction.

Remark 3.3. We point out that the requirement on the standard body K to be
starshaped with respect to a ball is needed in order to guarantee that KC,(xg) is
compactly contained in Kz, (20). In this way, the quantity cap, (K, (wo); KCar(w0)) is
well-defined.

Lemma 3.4. Let 1 < p < oo, for every non-empty compact set & C B,(xo) we
have

0 1
dist (3, 0B, () Ap(K
Proof. We first observe that if 3 C B,(x¢), then we have ¥ C I, (x¢), as well. This
simply follows from the fact that
By(x) € Ko(o),

thanks to the fact that the standard body K is starshaped with respect to Bj.
We set for simplicity d = dist(3, 0B, (z¢)), and then we have ¥ C B,_4(x¢). For
every 0 < § < d, we define the cut-off function

ey (08 lzzs) )

In particular, ns is a Lipschitz function with compact support in B,(z¢), and

cap,,(X; By(wo)) < ( )% +1> cap,(2; Ko(20))- (10)

ns =0 on RN\ B, s(xo).

_ 1
ns =1 on By_a(x0), Vsl < 57—
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We take u € C§°(K,(z0)) such that w > 1 on X. Then, by the definition of relative
capacity and Minkowski’s inequality, we have

1

(cap, (%5 Bo(wo))) " < IV (uns)lli (s, o)

1
< = lullze i, @o)) + IVUllLo (e, 20))
d—0

1 1
< + 1| [IVullr i, (o))
(dﬂp(icg(xo»% ) °

where in the last line we used the Poincaré inequality on the bounded set IC, (o). By
sending § to 0 and by the arbitrariness of u, we then obtain the claimed estimate. O

The previous result has a sort of converse.

Lemma 3.5. Let 1 < p < co. For every non-empty compact set & C K,y(xg), we
have

. ¢ RK:
cap,,(%; Ko(20)) < (dist(E,ang(xo)) Ap(B1

Proof. We first observe that if ¥ C K,(zg), then we have ¥ C Bp, ,(xo) as well.
This simply follows from the fact that

Ko(w0) € Bryo(w0),

just by recalling the definition of Ry.
Let u € C§°(BRryo(®o)) be such that v > 1 on X. For every 0 < § < d :=
dist(X, 0C,(z0)), we introduce the cut-off function &5 given by

); —l—l) cap,(23; Bryo(0))-

&5(x) = min {dié (dist (25 0Ky (o)) — 6)+ , 1} , for x € ICp(xo).

This is a Lipschitz function with compact support in K,(zg) such that s = 1 on X.
Thus, by the definition of relative capacity and Minkowski’s inequality, we obtain

1

(cap, (23 K0(@0))) " < IV (u€s) 1, oo

1
< i=s ullLe(Bryo(@o)) + VUl Lo (BRy o (20))

4 Ry
<l ——F+1
= <d—5 )‘p(Bl)% + > ||VUHLP(BRKQ(CEO))7

where in the last line we used Poincaré inequality for B, ,(zo). By the arbitrariness
of u and §, we then have the desired estimate. O

We have the following result, which compares the quantities R, (Q;K) and
R, (). This is a generalization of [1, Proposition 2.2.5], contained in the Ph.D.
thesis of the second author.

Proposition 3.6. Let 1 < p < N and let @ C RN be an open set. For every
standard body K C RY, there exist two constants 0 < ¢ < 1 < d, both depending
only on N, p, and K, such that we have

Ry cn(S5K) < R, (), for every 0 <y <1, (11)
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and

Rp() < R Byar (%K), for every 07 < (12
where R = maxzeor |2
Proof. We prove these two estimates separately.

Proof of (11). We can suppose that R, (€2) < 400, otherwise the leftmost inequal-
ity in (11) is trivial. We set

—_ -p
c=c(N,p,K):= Capp(%;BQ) 2 +1 (13)
o cap,, (K; K2) )\p(}C)% ’

and observe that ¢ < 1, by Lemma 3.4 with 29 = 0, ¥ = B, and o = 2 in
conjunction with (6). Let r > R, (€2). By the definition of capacitary inradius, we
then have

cap,, (B (o) \ ; Bay(20)) > v cap, (B, (w0); Bar(w0)), for every xq € RN (14)

By using (10) with ¥ = B,(z¢) \ Q and ¢ = 2r, we also get

capy, (Br (o) \ € Bar(20)) < ( + 1) capy, (Br(20) \ €; Kar (20)),

Ap(K)7
2

(o2
Ap(KC)

Observe that we also used (6) thanks to the fact that B,(zo) \ @ C K,(zo) \ Q.
This, combined with (14) gives that

+ 1) cap,, (K (z0) \ ©2; Kar(20)).

v </\p(?C)é + 1) cap, (B, (70); Bay(20)) < cap, (Kr (o) \ 5 Kar (w0))-

On the other hand, by the scaling properties of the relative capacity, we have

cap,,(Bi; Bz) .
cap,, (KC; Ko)

cap,, (B (zo0); Bar(20)) = ap,, (r (z0); Kar(20))-

Thus, by recalling the definition (13) of ¢, we have obtained
¢ -7y cap, (K (20); Kar(20)) < cap,,(Kr(20) \ @ Ko (20))-

By the definition of capacitary inradius relative to IC, this shows that we have
r > Ry (€2 K). By the arbitrariness of r, we can finally obtain (11).

Proof of (12). Let us choose

- p
By; B
d:d(N,p,K) = Imax I,R%_p Capp(j’ 2) . 3 RK: 1 +1 9
cap, (K; K2) \ dist(K, 0K2) A, (By)»

and take 0 < v < 1/d. We can suppose that R, 4.,(Q;K) < +oo. We take any
r > Ry q.~(£;K), so that

cap,,(ICr(zo) \ 5 Ko (20)) > d - 7y cap, (K (20); Kar(20)), for every ¢ € RN, (15)
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For the leftmost term, by using Lemma 3.5 with ¥ = K,.(z¢) \ Q and ¢ = 27, we
have?

. 2 Ry :
eapy(Kr(0) \ £ Kar (w0)) < (dist(lC, ) N (Br)E 1)

(B1
x cap, (K. (7o) \ ©Q; Barr(0))

(16)

()

P
o e 1y
dist(KC, 0K2) N, (By)»
x capy,(Brer(0) \ @ Baryer(20))-

The second inequality follows again from (6) since we have K,(xg) C Bpr,r(Zo).
Observe that by scaling

cap, (K; K2)
cap,,(B1, Bs)
1\ cap,(K; Ky)
_<ch) cap, (Br, Bz)

cap, (K, (@0): Ko (z0)) = V7 cap, (B, By)

cap,(Brer (o), Barer(20));

then, by recalling the definition of d, in particular we get

P
1 2Rx
cap. (’CT(J:O);’CQT(J:O)) > = 1 +1 cap. (BR T7BZR r)-
: d \ X\, (By)7 S

Together with (15) and (16), this implies that for every zo € RY,

cap, (m \ BQR;CT(I'O)) > d-vcap, (m; BzR,Cr(xo)> :
Therefore, by the definition of capacitary inradius, we have
Ricr > R, ~(9).
By the arbitrariness of r > Ry, 4.4(2; K), we obtain (12). O

Problem. Prove that there exist two constants a = a(N,p,K,v),b = b(N,p,K,7) >
0 such that

aR, (5 K) <R, /() <DR, (2 K), for every 0 < v < 1.

This would permit to obtain a two-sided estimate on \,(S2), and, more generally,
on Ap q(Q) with ¢ > p suberitical in terms on R, (Q;K), no matter the shape K
and the negligibility parameter ~. For the particular case K = (—1,1)Y, such a
result would extend [16, Theorem 15.4.1] (in the case of first-order Sobolev spaces)
by dropping the restriction v < vo(N, p) taken there (see [16, equation (14.1.2)]).

4. Different capacities. In this section, rather than changing the basic “shape”
used to compute the capacity, we will vary the concept of capacity itself, used to
define the capacitary inradius. In particular, we want to compare our definition of
R, ., with the ones contained in [11] and [18].

3We use that

dist(ICr(z0) \ 3 0K2r(z0)) > dist(Kr (z0); OK2r(z0)) = r dist(IC; 0KC2).
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4.1. Maz’ya-Shubin inradius. We start with the capacitary inradius defined in
[18]. To this aim, we need at first to recall the following notion of p—capacity.

Definition 4.1. Let 1 <p < N or p= N = 1. For every ¥ C RY compact set, we
define its absolute homogeneous p— capacity as

cap,(¥) = @ecj[;f(RN) {/RN [VolPdx : ¢ >1on E}.
Here as well, it is intended that cap,()) = 0. Observe that this coincides with
capp(E;]RN) in our previous notation, i.e. this is the p—capacity of X relative to
the whole space RY.

Remark 4.2. The restriction p < N is unavoidable in the previous definition, at
least for IV > 2. Indeed, in this situation we have

cap,(X) = 0, for every p > N and every ¥ C RY compact set.
For p > N, this follows by a simple scaling argument. The borderline case p =

N > 2 is slightly more delicate, because of the scale invariance of the N—Dirichlet
integral (see for example [16, pages 148-149]).

We quantitatively compare the absolute capacity with the relative one. To this
aim, we need to recall the definition of the sharp constant in Sobolev’s inequality
for p < N, i.e.

p_
. P* Np
Snp = sup </ lol? dx) CIVellpr@yy =14, P = :
P QDECSO(RN){ RN ( ) N_p

Lemma 4.3 (Absolute vs. relative). Let 1 < p < N, and let ¥ C RYN be a non-
empty compact set. If X € E with E C RN an open bounded set, we have

CEE o ap ()
(dist(z, oE))r “Nv ) “Ppi=):
Proof. The leftmost inequality trivially follows from the fact that, in the definition
of cap,(X), we perform the infimum on a larger class of functions. For the rightmost

one, let us take ¢ € C5°(RY) such that ¢ > 1 on X. For every 0 < § < dist(¥, 0F),
we take the following Lipschitz cut-off function with compact support in E, i.e.

Ns(x) = min { ((ijl:t((xzac’fg)__é(); 1} forz € E. (17)

cap,(3) < cap,(3; E) < 2771 (1 +

Observe that
1
0<ns <1, =1lonyY, Vns| € e
=N = ns on |Vns| < dist(Z, 0F) — S5

The function ¢ 7 is feasible for the minimization problem which defines cap,,(3; F).
Thus, we obtain

cap, (5 E) < 27! / VlP o du + 271 / nsl? Lol? de
E

< 9op—1 P
= /RN Vel”d (dst(E 9E) — /"p| de.

To control the last term, we combine Hélder’s and Sobolev’s 1nequahtles as follows:

/degwp—% (/ solp*df)p SIEII‘%SN@/ IV|P da.
E E RN
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In conclusion, we obtain

E|¥
. < op—1 | P dr.
cap,(X; E) <2 <1 + (dist(, OF) — )7 SN,p> /]RN [Vl? dz

By the arbitrariness of 6 and ¢, we get the conclusion. O

Remark 4.4. As one can easily see by inspecting the previous proof, the bound-
edness assumption on F is not really needed. The same proof works under the
assumption |E| < 4o0.

For N > 2, we see that the rightmost inequality of Lemma 4.3 gets spoiled as p
goes to N. Indeed, we recall that

1

Wa asp /' N,

Snp ~

see for example [22]. This is in accordance with Remark 4.2, thus the equivalence
of the two capacities must cease to be true in this limit case.

The case p = N = 1 is however exceptional: As simple and useless as it may
seem, it deserves a separate statement.

Lemma 4.5. Let ¥ C R be a non-empty compact set. If ¥ € E with E C R an
open bounded set, we have
El 1
—_— = ).
Gst(s, 0F) 2 ) 1 ®)

Proof. We can proceed as in the proof of Lemma 4.3. The only difference is in the
estimate of

cap(2) < capy (5 E) < (1 +

E
[ 1elde < Bl lelmm < 2 [ 1o'1a.
E R
This is enough to conclude. 0

Definition 4.6. Let 1 <p < Norp=N =1, and let 0 <~ < 1. For an open set
Q C RV, we define its Maz’ya-Shubin capacitary inradius by

Rﬁ(Q) = sup {r >0 : 39 € RY s.t. cap,, (m\ Q) < ycap, (M) }

Observe that the only difference with our capacitary inradius R, () is the use of
the absolute homogeneous p—capacity in formulating the (p,~)—negligibility con-
dition, in place of the relative one.

Proposition 4.7. Let 1 <p < N orp= N = 1. Then, there exist two constants
a=a(N,p) <1 and 8 = B(N,p) > 1 such that, for every open set Q@ C RN, we
have

R%E,,Y(Q) < R, (), for every 0 < v < 1,

and

1
R,,(Q) < RXIE‘W(Q), for every 0 < v < 3

Moreover, for N > 2 we have

lim a=0 and lim £ = 4o0.
p/'N p/'N
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Proof. We can confine ourselves to consider the case N > 2; the case N = 1 can be
handled in exactly the same manner by using Lemma 4.5 in place of Lemma 4.3.

In order to prove the first inequality, we take 0 < v < 1, and we can suppose
that R, ,(2) < 4+o00. Let r > R, ,(£2). This implies that

cap, (B (zo) \ §; Ba,(20)) > v cap,(Br(20); Bar(0)), for every zy € RV.

By using Lemma 4.3, this in particular entails that
7 cap, (Br(xo)> < ort (1 + (2wN)% SN,p> cap,, (Br(xo) \ Q) , for every zo €RY.

Thus, by the arbitrariness of r and Definition 4.6, we can infer that
Rya () < Rpy (),

Py
where « is given by

a:=2P (1 + (2 wN)% SNJ;)
Observe that o < 1, and for N > 2 it converges to 0, as p goes to N.

In order to prove the second inequality, we set

(Br: By) ey

. ¥y

B o= PpIPL2) 1-() . ifl<p<N,
cap,,(B1) 2

and 8 =1 in the case p = 1. We take 0 < < 1/8 and suppose that R%E‘.W(Q) <
+00, otherwise there is nothing to prove. We take any r > RMS _(Q). Then, thanks

DBy
to Lemma 4.3 and the definition of 3, we have

cap,, (Br(xo) \ Q; Bgr(x0)> > cap, <M\ Q)
)
= 7y cap, (Br(x0); Bar(x0)),

for every zo € RY, where the second inequality comes from the Definition 4.6. In
particular, we have that » > R, ,(£2). By the arbirtrariness of r, we eventually

conclude that RXIE‘W(Q) > Ry ~(9). O

Problem. Forl < p < N, prove that there exist two constants ¢y = c¢1(N,p,7),ca =
c2(N,p,7y) > 0 such that
cal RYS(Q) < Ry (Q) <2 RYS(Q),  for every 0 <y < 1.

For p =2, this can be simply obtained by combining (3) with the two-sided estimate
by Maz’ya and Shubin, i.e. [18, Theorem 1.1]. For a general p, one could proceed
similarly. One then needs a generalization of their result, i.e. a two-sided estimate
on A\p(Q) in terms of RY'S(Q).

4.2. Gallagher inradius. First, we need the following alternative notion of abso-
lute capacity.

Definition 4.8. Let 1 < p < co. For every ¥ C RY compact set, we define its
absolute inhomogeneous p— capacity as

%,(L) = inf Vol d Pdr:p>1lonXy.
(%) wec}ag(w){/wl ¢l x+/RN|s0\ z:p=>1on }

As usual, we have that €,(0) = 0.
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Observe that the two norms appearing in the minimization problem scale differ-
ently. Accordingly, this quantity does not enjoy a scaling relation®. Nevertheless,
we have the following simple relation for the p—capacity of rescaled sets.

Lemma 4.9. Let 1 < p < co. For every ¥ C RN compact set and every t > 0, we
have
min{tV P N} 6,(X) < 6, (tX) < max{tV P, tV} 6, (2).

Proof. We can suppose that ¥ # (), otherwise there is nothing to prove. Let ¢ €
Cs°(RY) be such that ¢ > 1 on . Then, the rescaled function ¢;(z) = ¢(x/t)
belongs to C§°(RY) and is such that ¢; > 1 on ¢ X. Thus, with a change of variable,
we get

%p(tZ)gthp/ |Vgp\pdx+tN/ |p|P dx
RN RN

< max{tV P N} [/ |Vo|P dx +/ lo|P d;zc] :
RN RN

By taking the infimum over ¢, we get the upper bound.

For the lower bound, we proceed in a similar way. Let ¢ € C5°(RY) be such that
¢ > 1 on tY. Then, the rescaled function ¢;(z) = ¢(tx) belongs to C§°(RY) and
is such that ¢; > 1 on X. Similarly as before, we get

©p(X) Stpr/ |Vgp\pdx+t7N/ |p|P dx
RN RN

< max{tP~N =N} {/ |Vo|P dx +/ lo|P dm] :
RN RN

By the arbitrariness of ¢, we conclude. O

The comparison between this p—capacity and the relative one is contained, for
example, in [16, Proposition 13.1.1/2]. We repeat its simple proof so as to make
precise the constants appearing in the estimate.

Lemma 4.10. Let 1 < p < oo and let ¥ C RN be a non-empty compact set. If
Y € E with E CRY an open bounded set, we have
Ap(E) 1
—_— —— 3 6, (2).
14+ M (E) (dist(X2, 0F))r (%)
Proof. We take ¢ € C§°(E) such that ¢ > 1 on X. Thus, by the definition of €,(X)
and the Poincaré inequality, we get

1
€p(X) < / |Vo|P dz —|—/ lp|P do < (1 + ) / |[Vol|? de.
RN RN Ap(E) ) Jrw

By the arbitrariness of ¢, we get the first inequality.
For the second inequality, we take ¢ € C5°(R™) such that ¢ > 1 on X and the
cut-off function 7 is defined as in (17). By using pns, we get

cap, (S E) <2t [ (Vo4 2t [ [Tnsp o da.
RN RN

By using the properties of 75 and recalling the definition of €,(X), we easily get the
conclusion. O

%p(X) < cap,(3; E) < 2P7! max {1,

4This explains the name inhomogeneous.
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Remark 4.11. An inspection of the previous proof reveals again that the bound-
edness assumption on E is not really needed. It would be sufficient to suppose for
example that E supports the p—Poincaré inequality. This condition is somehow
necessary, as well: Take for example £ = RY and ¥ = B,.. Then, we have

cap,, (B;RY) = cap,, (B,).

For p > N > 2, we have already said that this is zero for every r > 0. For 1 <p < N,
we have

_ N —p\P!
cap,(Br) = N wy <p_1p> rp,

it is sufficient to take the limit as R goes to oo in (7) and (8). On the other hand,
by proceeding as in the proof of Lemma 2.3, we easily see that

,(By) = [By| = wx V.
Thus, in any case we get that
cap, (B;)
m ———7-
r—+oo Cgp(B'f)

Observe that the very same example works also in the borderline case p = N =1,
in light of Remark 2.2.

=0.

Based on the previous p—capacity, in [10, 11] the following capacitary inradius
is introduced. The definition is inspired by a related quantity defined by Souplet in
[21, Section 2] using the Lebesgue measure in place of p—capacity.

Definition 4.12. Let 1 < p < co. For an open set Q C RY, we define its Gallagher
capacitary inradius by

RE(Q) := sup {r >0 : Ve >0, Jzy € RY such that €, (Br(xo) \ Q) < s}.

Observe that we have also included the case p = 1, which was not considered in
[11].

Since this definition is based on an inhomogeneous concept of p—capacity, it is
not clear whether RE’ enjoys some scaling rule or not. This is actually the case, as
shown in the following lemma.

Lemma 4.13. Let 1 < p < oo and let Q@ C RN be an open set. Then, for every
t > 0 we have

RJ(tQ) =t RS (Q).

Proof. By the definition of supremum, for every § > 0 there exists RE (t2)—0 <
rs < Rg(t Q). Thus, for every € > 0 there exists a point g € R such that

©p(Brs(20) \ (1Q)) <e.
Observe that
Br o)\ (1) = 1B, (w0 (1) = t (Bryuwo/0)\ 2)

Thus, in particular we have

N 1
6y (Bm/t(l“o/t) \Q) < WS,
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thanks to Lemma 4.9. By the arbitrariness of € > 0, this entails that
RS tQ)—6 rs

22 < RS(Q).
t <t*R”()

Finally, by taking the limit as § goes to 0, we obtain

RPGSQ) < RJ(Q).

To prove the reverse inequality, we can proceed similarly. For every § > 0, there
exists RS’ (Q)-d<rs< RE’ (€2). Thus, for every £ > 0 there exists a point zo € R
such that

Cp(Brs(w0) \ Q) <e.
Observe that

B\ 0=t (Brm)\ ) =

Thus, this time we have

min { <1)Np, C)N} 6 (B Cr) \ (1)) < <,

again by Lemma 4.9. By the arbitrariness of € > 0, this entails that
t(RS(Q) —6) <trs < RS (tQ).
By taking the limit as ¢ goes to 0, we conclude. O

o~ | =

(Bira (o) \ (¢90)) .

The capacitary inradius RIC)} admits the following equivalent definition in terms
of the relative p—capacity. The following is a particular case of [11, Lemma 2.12].

Lemma 4.14. Let 1 < p < co. For every open set  C RN, we have
RS(Q) = sup {r >0 :Ve>0, 3zg € RY s.t. cap, (Br(xo) \ Q;Bzr(Xo)) < 5}.

Proof. We suppose that RS () < +00, and in the case RS (€2) = +00, the argument
below can be easily adapted. For every § > 0, by definition there exists RS’ (Q)—0 <
rs < RS () such that, for every £ > 0, we have

Cp(Brs(z0) \ Q) <,

for some ro € RY. In particular, from Lemma 4.10 with ¥ = B,,(x¢) \  and
E = Boys (), we get

B. () 1
cap, (an (wo) \ ; Bay, (aso)) < 2P~ max {17 rp} ]
5

By the arbitrariness of € > 0, this implies that
sup {r >0 : Ve >0, 3zg € RY such that cap,, (BT(SC()) \ Q; BQr(xo)> < 5} >rs.

By recalling that RS(Q) —d<r; < RS (€2), the arbitrariness of § implies that

sup {r >0:Ve>0, 3zg € RY s.t. cap,, (Br(xo) \ Q;Bzr(xo)> < 5} > RS(Q).

The reverse inequality can be proved in a similar way by again using Lemma 4.10.
This concludes the proof. O

About the comparison between R, , and Rff, we have the following result, which
is essentially contained in [11] up to some technical adjustments in the proof.
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Proposition 4.15. Let 1 < p < N. Then, for every open set @ C RN, we have
G _ . 1
Ry () = 0<13f<1 Ry y(Q2) = ’IYI{‘% Ry ().

Proof. The fact that

O<12f<1 Ry () = }/1{‘% Ry (),

simply follows from the monotonicity of v +— R, ,(€2). Thus, it is sufficient to prove
the first identity. We then divide the proof in two parts.

Part 1. Here, we show that
R, (Q) > RS(Q), for every v € (0,1), (18)
by proceeding as in the proof of [11, Lemma 2.16]. Let us fix v € (0,1). We
can assume that RS (€) < +oo, and in the case RS () = +oo the reader will
immediately see how to adapt the argument below. By the definition of supremum,
for every 0 > 0 there exists RS (Q) — 6 < rs < RY(Q) with the following property:
For every & > 0, there exists a point 2o € R such that
cap,, (B, (7o) \ €; Bar,s (w0)) < €.
We also used the equivalent formulation of RS (Q) contained in Lemma 4.14. Thus,
if we use the property above with the choice
e = 7y cap,(Br;; Bar,),
we get existence of a center xg such that
cap,,(Brs (7o) \ €; Bars (0)) < v cap,(Br; (20); Bar; (20))-
This shows that the radius 75 is admissible for the definition of R, - (£2). Thus, we
obtain
Ry, (Q) > 15 > RJ(Q) — 6.
By the arbitrariness of § > 0, this in turn implies (18).
Part 2. In order to prove that
li Q) < RS(Q 1
lim R, ,(©) < RS(®), (19)
we need to distinguish two possibilities® :
(i) either R, ~(£2) = +oo for all 0 <y < 1,
(ii) or Rp~(2) < 4oo forall 0 <y < 1.

If alternative (i) occurs, we claim that we must have RS (Q) = +o00, as well. This
would establish (19). Indeed, let us fix a radius 7 > 0. Then, for every € > 0 we set

1 1
Ye = min 7,% = min<{ —, c — .
2" 2cap,(B;; Bay) 2 2rN=Pcap,(By; Ba)

Since R, ~_(Q) = 400, there exists a point 2o € RY such that

cap, (B (o) \ ©; Ba,(20)) < e cap,(Br(20); Bar(20)) < €.
According to Lemma 4.14, this shows that r < RS(Q). By the arbitrariness of
>0, we obtain RS (€2) = 400, as claimed.

5We recall that the condition Rp ,(f2) < +o0o does not depend on the particular v € (0, 1),
thanks to (3).
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We now assume alternative (ii): Observe that we also have R§(Q) < +oo by
Part 1. We need to show that for every 0 < § < 1, there exists 0 < 5 < 1 such
that

Ry ~s(Q) < RS(Q) +4. (20)
This would be sufficient to get (19). We preliminarly observe that we can suppose
that
R (Q) < Ry1/2(9).
Otherwise, in light of Part 1, we would have RS (Q) = R, 1/2(€), and thus (20)

would follow with v5 = 1/2.
We then choose any 0 < § < 0o := R, 1/2(€2) — RS (€2) so that we still have

RY(Q) +6 < Ry 1/2(9).
Observe that since RS () + 4 > RS (), there exists an 5 > 0 such that

cap,, (BRg(Q)+5($o) \ € By(rg (9)+5) (»To)) >e5,  for every mp € RY,

thanks to the equivalent formulation of Lemma 4.14. Thus, from Lemma 2.4, for
every r > RG(Q) + 4, we get

cap, (B (zo) \ & Bar(20)) > €5, for every zo € RY,
In particular, for every radius r such that
RI(Q)+6 <r <Ry,
we also have

s Capp(Br (xO); BQT(‘TO)) < Capp(m\ Q; By, (g:O))a

(Rp,l/z(Q)) pcapp(E;Bz)

thanks to the scaling properties of the relative p—capacity and the restriction r <
Rp,.1/2(2). In particular, if we define

1
N-p —
(Rp1/2(9) " cap, (By; Ba)

from the previous estimate, we get

9

. 1 &5
=min{ —, —
Vs 1’ 9

75 capy (By(20); Bar(20)) < capy,(Br(xo) \ 2 Bar(20)).

This holds for every RS(Q) +6 <r < R,1/2(9) and every 2o € RY. Thus, we have
two possibilities:

either Ry, () < RY(Q)+6  or Ry (Q) > Ry12(9).

Since vs < 1/4 by construction and v — R, () is non-decreasing, the second
alternative can not occur. Thus, we finally get (20). O

Remark 4.16. We observe that for a general open set, it may happen that
Rp,O(Q) < ’1{% Rpw (Q)

By Proposition 4.15, it is sufficient to construct an open set such that R, () <
RS (9); this can be done as in [11, Examples].



VARIATIONS ON THE CAPACITARY INRADIUS 225

We conclude this section by noticing that while we have (see [11, Theorem 1.3])

M) < 2,(B) (RC}(Q))

it is not possible to have a lower bound of the type

1 p
Cnp (RS(Q)> < M\(Q), for every open set Q C RV, (21)
This is the content of the next example.

Example 4.17. Let 0 < § < 1/4 be fixed. We introduce the periodically perforated
set

Qs =RY\ | J Bs(),
iezZN
as in [3, Example A.1]. Take r > v/N/2 4+ 1/4. Let 2o € RN and let iy € ZN be
such that
|£U0 — 10| = dist (.’Eo,ZN) .
For every y € Bs(ip), by using the triangle inequality, we have

s VN 1 VN
|y = zol < [y — ol + [l —wo| <O+ —= < 74+ = <,

that is,
B5(i0) g BT(QT()).
This entails that
|B,(z0) \ Qs > |Bs(io)| = wn o, for every o € RY. (22)

Then, by using Lemma 4.10 in combination with Lemma 2.3, we get

P P S
(B (w0) \ 25) 2 27 "= cap, (Br(z0) \ Ui Bar(a0))
rP PR

7 Mol(Bar@0) By o)\ 1.

By using that A\,(Bar(z0)) = (27) 7P \p(B1) and (22), we get

> 2177

_— 2 wN
%p(Br(JfO) \ Q§) > €0, where Ep = 47 m Ap(Bl) 5N

By the arbitrariness of zo € RY, this shows that we must have r > Rg (). In
turn, by the arbitrariness of r, we also have

vN 1 1
G < 4= -.
Ry (Qs) < 5 —1—47 forevery0<5<4

On the other hand, by using the same computations of [3, Example A.1], we have
that

lim 3,(925) = 0.

Thus, an estimate like (21) cannot be true.

5. Capacitary inradius and measure density condition.
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5.1. A two-sided estimate. In this section, we want to compare our capacitary
inradius with the classical inradius under a simple measure density condition on
the open sets. Namely, we will consider open sets  C R" such that the measure
density index

) ro\! |Br(x)\ Q]
0g .. (t) := inf (—) —_— o0, 0 < ,
Qﬂ‘o() in { . B,(7) T € <r<rg
is positive for some rg > 0 and ¢ > 0. We notice that, by definition, we have

1B, (1) \ 9
Bo@] =

The next simple result gives a quantitative equivalence of this index with a
slightly different one, which will be more handy.

05,1, (1) <

Proposition 5.1. Let Q C RY be an open set and let t >0, rg > 0. We set

ag,m(t)zinf{(’;o)tw Lz e RN\ Q, 0<r<r0}. (23)

Then, we have

OQ;TO (t) S Ga,ro (t) S 2N+t eﬂyTo (t)
Proof. This is essentially a particular case of [12, Theorem 3.1]. We reproduce the
proof to keep track of the relevant constant.

The leftmost inequality follows from the fact that 9Q C RY \ Q. In order to
prove the rightmost inequality, we can assume that

00,1, (t) > 0, (24)
otherwise there is nothing prove. We fix a point 2 € RV \ Q and a radius 0 < r < 7.
We set

da(x) = min [z -y,

and distinguish two cases for 0 < e < 1.

Case do(z) > (1 —¢)r. By observing that B(;_.),(z) € RV \ ©, we have
|Br(z) \ Q| = [B1—e),(z) \ Q|
= |B(1—s)r(x |
=wy (1 =NV (25)

t
> 05, (1) (:0) wy (1— )N,

where in the last inequality we used the trivial fact that Qaro (t) <1landr <rg.

Case dqo(z) < (1 —¢)r. In this case, it must result that B_.),(z) N QL # 0.
Given y € Bz, (x) N 082, we set § := r — [z — y|. In particular, by construction
we have

er<é<r and B;s(y) € B (z).
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By using (24), we then infer that
| B (z) \ Q2] > |Bs(y) \ 2

* d ! N
Z tn ) (m) v (26)

¢
-
> 04, (1) (ﬁ)) wy eVt

If we now combine (25) and (26), we eventually obtain
ro\! |Br(z) \ Q] . N _N+t\ px
) B i s - .
( " ) B > mln{(l )V, e } Hﬂwo(t)
By the arbitrariness of both z € RN \ Q and 0 < r < rg, we get
Oar,(t) > min {(1 — )™, N} 05 (1)
The choice € = 1/2 leads to the desired conclusion. O

We now come to the main result of this paper.

Theorem 5.2. Let1 < p < N and let Q@ C RN be an open set such that 65, ,. (t) > 0,
for some rq > 0 and t > 0. Then, there exists an explicit parameter 0 < 9 =
(N, p, 05, ., (), t,70/r0) < 1 such that if we set

6VN, if 0 <y < 0,

C= 1
2C P
6V N <W> ) Zf70§7<17

YoON,p
with Cn p~ and onp as in (3), then we have

ro < R, ,(Q) < Crq, for every 0 <~ < 1. (27)

Proof. The leftmost inequality in (27) follows from the definition of capacitary inra-
dius, so we focus on the other estimate. Without loss of generality, we can assume
that rq < 4+o00. We divide the proof into two parts: We first construct ~y and
show that the estimate is true in the range 0 <~ < ~yp; then, we show how this is
sufficient to get the claimed estimate for v > 7, as well.

Part 1: Case v < . We set
a:="12 and A:=2VN (2+min{1,a}), (28)
rQ

in particular A < 6/ N. We take an open ball B, (zo) having radius r > Arqg. We
set®

{ =rq (24 min{l,a}) and m= {r/ﬁJ , (29)

and then
Qme(zo) € Q, ) yx(20) € Br(zo).

SFor every § € R, we denote by L(SJ its integer part, defined by

|_5J :max{nEZ : 62n}.



228 FRANCESCO BOZZOLA AND LORENZO BRASCO

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

FIGURE 1. A cube Q¢(p;), containing a concentric ball with radius
2rq. The black dot indicates a point outside 2. By construction,
at this point, we can center a ball which is feasible for the measure
density index 6q ., ().

Moreover, the cube Q,, ¢(zo) can be tiled (up to a Lebesgue negligible set) with m"

disjoint cubes having edge length 2 ¢; let us refer to these cubes as {Qg(pz)};’ﬁ By
construction, the cube Q¢(p;) contains the ball By, (p;). Thanks to the definition
of inradius, there exists in particular a point z; € Ba,,(p:) \ 2. By recalling the
definition of £, we have that

Bo_9rq(7i) € Qu(pi).

Observe that £ — 2rq = rq min{l,a} < ro. Thus, in particular, we have that
each ball By_o,(x;) is feasible for the definition of the modified measure density
index 0q , (t) defined by (23) (see Figure 1). Accordingly, we get

t
1Byare (2:) \ Q| > Or, () wn (€ — 270)N (“Tim>

t
= 0., (t) wy min{1, V17 (m>
To

= 0., (t) wy min{a~" o™V} rd,
By taking into account all the contributions of these balls, we can estimate

N

| Br(0) \ Q| = Z Qe(pi) \

<
—_

3

" (30)
> |Be—2rq (i) \

i

Il
i

> m 0g. ., (1) wy min{a™f, N} rd.

We claim that the latter can be further estimated from below by a term of the type
crN. Indeed, by recalling that we are assuming r > Arq and using both (28) and
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(29), the number of cubes m is such that

o r/\/ﬁ >r/\/ﬁil>r/\/ﬁiﬂr/\/ﬁii 1 1
B 14 - 1 A rq  rq2y/N2+min{l,a}’

We use this information in (30) to obtain
N
1 min{a~"" a} N
B, Q> . O, (t .
Bl \ 01> (o e ) g (0

By further using Proposition 5.1, we can replace g ., (t) with 65, (t) up to a
modification of the constant. Namely, we can infer

R 1 min{a~"*"N, a} N N
B, Q> ’ . . 1
|Br(20) \ 2| > <4.2t/N N 2+ min{L,a) ) 05,y () W T (31)

On the other hand, by using Lemma 2.3 with ¥ = B,.(z0) \ © and E = By, (xo), the
measure of B,(xg) \  bounds from below its relative p—capacity. More precisely,
we have

cap,, (B,«(xo) \ Q; Bgr(il'o)) > Ao(B2) | B, (z0) \ .

2
rp
On account of the lower bound (31), this yields
cap,, (Br(20) \ @ Bar(wo) )

1 min{a” "N, a} " 0., (t) VP
4.9t/N /N 2+min{l,a} fhro ‘
On the other hand, if B,.(x) is (p,y)—negliglible, we would have

yriVP cap,, (El; Bg) > cap, (Br(ajo) \ Q; BQT(.’Bo)) .

By joining the last two estimates and canceling out the term 7¥~7 on both sides,
we eventually obtain that it must result” in

M\p(B2) | B1| 1 minfo~"V,a}\"
> o . Os(®) =20 (32)
cap, (B1; Bz) \4-2t/N /N 2+min{l,a}

This shows that every ball with radius r > Arqg cannot be (p,~y)—negligible for
v < 0. On account of the definition (2) of capacitary inradius, we obtain

> (80 |81 (

R, () < Arg, for every 0 < v < 7.
As already observed, we have in particular A < 6 /N, and thus our claim follows.

Part 2: Case v > 9. We can exploit the two-sided estimate (3). Indeed, by using
it with v > 79 on the right-hand side and with v = 70/2 on the left-hand side, in
particular, we get

Yo 1 p 1 p
(2 ) <x@<C .
N (Rpmm(Q)) = Ml0) = Onps (Rmm))

7Observe that v < 1, since, by Lemma 2.3 with E = By and 3 = By, we have
Ap(B2) |Bi|

= <1
cap,, (Bl; Bg)
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Thus, we also obtain

1
2CnN P
R, (Q) < p’v) R Q).
m( ) < (UN,p’Yo P7’YO/2( )

By using the result of the first part, we now conclude. O

Remark 5.3 (The case p > N). This case is simpler, and one can prove that
R, () and rq are equivalent for every open set. This is clearly due to the fact
that for p > N, the only set with zero p—capacity is the empty set. We refer to [3,
Section 7] for the discussion of this case.

Remark 5.4. From the explicit expression (32) of the parameter ~,, we see that
we have

Y — 0 it 05, =0,
and also

e 70 7o
Yo — 0 if either o= — — 400 or a=— —0.
rQ rQ

The case t = 0 is special: In this case, it is easily seen from (32) that a /N =1,
and thus 7o stays bounded away from 0, even if the ratio ro/rq diverges. We point
out that for t = 0, the measure density condition becomes

. [|Br(x)\ Q] }
05, (0) :=inf § ————— 12 €09, 0<r <ryp >0,
o (0) { B, (@) 0

which sounds like a uniform cone condition (but it is actually weaker than this, see
[12, Theorem 4.1]).

On the other hand, from the previous theorem we have that

ro < lim R, ,(Q) <6 VN rq,
Y\O0

for every open set with a positive measure density index 65, . (¢). In particular,
for the Gallagher capacitary inradius, from Proposition 4.15 we get the following
corollary.

Corollary 5.5. Let1 < p < N and let @ C RY be an open set such that 05, (t) >0
for somerqg >0 and t > 0. Then,

RS(Q) <6V Nrq.
5.2. Some consequences. We now highlight some interesting consequences which

can be drawn from Theorem 5.2. We start with the following two-sided estimate
on the sharp Poincaré—Sobolev constants.

Corollary 5.6. Let 1 < p < N, and let ¢ > p be such that
g<p*, fl1<p<N,
q < 00, ifp=N.

Let Q C RN be an open set such that 05, (t) > 0 for somerg >0 andt > 0. Then,
we have
Ap.q(2) >0 = ro < +o00.

Moreover, if we have

t<to, 05, (t)>0>0 and 0</§1§%§m2,
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then there holds (B))
C )‘p,q Bl
vz = Ma(@) < PR
Ta Tq
for some ¢ = ¢(N,p,q,t0,0,K1,Kk2) > 0. Finally, if to = 0, the previous constant
can be taken independent of ko.

(33)

Proof. We directly prove the two-sided estimate (33). The rightmost inequality
trivially follows from the monotonicity of A, ; with respect to the set inclusion and
its scaling properties.

For the leftmost one, we use that

1 p—N—&-N%
ToN-pa (Rp,wm)

thanks to [2, Main Theorem & Theorem 6.1]. We choose v = v¢/2, with 7y as in
Theorem 5.2, and use (27) to estimate R, ., /2(£2) from above with rq. This gives

%UN,p,q( 1 )pNHVZ _ < A q(2)
2 6vVN G NN G T TR

Q
By recalling the explicit expression (32) of v, we get the desired estimate with a
constant ¢ only depending on the claimed quantities. O

< Ap,q(€2), for every 0 < v < 1,

Remark 5.7. We remark that the previous result extends [21, Proposition 2.1].
Apart from admitting a general subcritical exponent ¢ > p, we provide a quanti-
tative lower bound on the relevant sharp Poincaré-Sobolev constant. Moreover, we
notice that our measure density condition is much weaker than the cone condition
required in [21] (see Lemma 5.13 below).

Remark 5.8. In the case p > N, the previous result holds for every open set, and
it has been obtained by Maz’ya, see [17, Theorem 11.4.1]. For different proofs, see
also [2, Theorem 1.3], [6, Corollary 5.9], [20, Theorem 1.4.1], and [23, Theorem 1.1].

In turn, from Corollary 5.6 we can obtain the equivalence between different sharp
Poincaré constants. For example, if for p = 2 we use the distinguished notation

Q) =X (Q) = inf /Vde: 2 :1},
@ =se@ = it [ Vel ds s ol

and we recall the definition of Cheeger’s constant

N-—-1 aE
h(€)) = inf {H|E(|) : E € Q open set with smooth boundary} ,

we can get at first the Buser—type inequality announced in the introduction.

Corollary 5.9 (Buser-type inequality). Let @ C RY be an open set such that
05,1, (t) >0, for some ro >0 and t > 0. Let us suppose that

t < to, 0.0, () >0 >0 and 0</€1§T—0§/€2.
; o
Then, we have
2
A9) < C (k@)

for some C = C(N,t0,0,k1,Kk2) > 0. Finally, if to = 0, the previous constant can
be taken independent of K.
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Proof. The condition on ro/rq implies that ro < 400 in particular. We recall that
A1,1(Q) = h(Q) (see [16, Theorem 2.1.3] for this fact). Thus, from Corollary 5.6
with p = ¢ =1, we get
c
h(2) > —
with the constant ¢ depending only on N, g, 0, k1, and k2. By combining this lower
bound with the classical estimate

A(B1)

<
MO <7

)

recalled in the introduction, we obtain the claimed inequality with
A(B1)

5 -

C:
&

This concludes the proof. O

More generally, we recall that we have the following Cheeger—type inequality:

q a
(Z) (/\p(Q)) TS A(Q),  forg>p,
which generalizes (5), see for example [7, Proposition 2.2]. With a similar argument
as above, we may “reverse” this estimate and infer the following equivalence between
sharp Poincaré constants.

Corollary 5.10 (Generalized Buser—type inequality). Let  C RY be an open set
such that 05, . (t) > 0 for some ro >0 and t > 0. Then, for every 1 <p < q < N
we have

Ap(£2) >0 = Ag(2) > 0.

Moreover, if we have

,
t<to, 05, (t)>0>0 and O</€1§%§/€2,

then

2 < (3@)",

for some C = C(N,p,q,to,0,k1,k2) > 0. Finally, if to = 0, the previous constant
can be taken independent of ko.

5.3. Example: Uniform exterior funnel condition. In this final subsection,
we give a class of open sets which satisfy the measure density condition previously
exposed.

Definition 5.11. We fix an exponent 0 < § < 1, two positive real numbers dandh,
and a direction w € SV, We refer to 3—funnel of axis w with height h and opening
0 as the following set

Fs(w;0,h) = {z e RY : §|z — (z,w)w|® < (z,w) < h}.

We then say that an open set  C RY satisfies a uniform exterior 3—funnel con-
dition with height hg and opening § if for every x € 0 there exists a direction
wy € SN~ with the property that

©+ F(w: 6, ho) SRV \ Q.
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16 2 24

FIGURE 2. In the bold line, the profile of a f—funnel, with 5 = 2/5,
opening 6 = 1/2; and height hy = 1/2. The circle in the dashed
line has radius r¢ given by (34).

Remark 5.12. One can easily verify that Fg(w;d,h) C Fg(w;d, hg) for every
0 < h < hg. Thus, for an open set Q C R¥ satisfying the uniform exterior f—funnel
condition with height hy and opening §, we actually have that for every x € 01,
there exists a direction w, € S¥~1 such that

x4+ Fp(we;0,h) CRY\ Q, for every 0 < h < hy.

We have the following technical result, which illustrates concrete cases of appli-
cability of the results of the previous subsection.

Lemma 5.13. Let Q C RY be an open set satisfying a uniform exterior B—funnel
condition with height hg and opening 6. Then, for

ro = \/hE + (?)H and t=(N-1) (; - 1) ) (34)

we have
-N

B8 3 pl-B\ 7
95770(25) > CN,g 1—|—< 05 ) < 05 ) , (35)

for an explicit positive constant cy g.

Proof. For every h € (0, hg], we define the radius

Observe that this establishes a bijection between the intervals (0, ko] and (0, ro],
where ro := 1)(hg) is the same as in (34). Thus, for every 0 < r < ry, we have

Fg(w; 6,471 (r)) C B, (0), for every w € SV 1.

In particular, for every x € 092 and every 0 < r < rq, by definition and by Remark
5.12, we have

|Br(2)\ Q| 2 (2 + Fa(we; 0,07 (1)) \ Q = [Faleni o, 07 (). (36)
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The last volume can be computed by using Fubini’s theorem:

e O
Falenibw ) =55 [ e
o7 Jo 5 y (37)
_ WN -1 -1 N7§
s N—1+8 (v™)

In order to give a lower bound for the last term, we observe that

h\ 7 B\
Y(h) = h2+(5) <hy|1+ 05 ,  for 0 < h < hy,
so that
JREVAN
h<¢~'[h 1+<05 ) , for every 0 < h < hy.

By introducing

= (Oﬂ/f(ho)} = (07T0]a

in particular, we get

YTH(s) > s

For every 0 < r < rg, we get from (36) and (37) that

0 (N—l)(%—l) |BT(1‘)\Q| CN,B 9 ho\?
(%) B@ 5 \(VOTT

A
1 0

WN -1 B
WN N—l—l—ﬁ.

r

o

where

CN.g =

We now use that

—_
+
/N
>=
S iy
®
~—
N

0,r0 (1) > cN g

@
7N
>
SSTain
w
~
hey

This concludes the proof. O
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Remark 5.14. We observe that for § = 1, the uniform exterior —funnel condition
boils down to a uniform exterior cone condition. In this case, in the previous lemma
we have t = 0, and we get the condition 6¢, , (0) > 0, which amounts to the classical
measure density condition

B (2)\ 9 }
infe——"——— :20€0Q, 0<r<rgpy >0.
{ B, ()] ’

In this case, the lower bound in (35) depends only on the opening of the cone ¢, as
it is natural. More precisely, we get

. é
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