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Continuity of solutions to a nonlinear fractional diffusion equation

LORENZO BRASCO, ERIK LINDGREN{ AND MARTIN STROMQVIST

Abstract. We study a parabolic equation for the fractional p-Laplacian of order s, for p > 2and0 < s < 1.
We provide space-time Holder estimates for weak solutions, with explicit exponents. The proofs are based
on iterated discrete differentiation of the equation in the spirit of Moser’s technique.
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1. Introduction
1.1. The problem

In this paper, we study the regularity of weak solutions to the nonlinear and nonlocal
parabolic equation

du + (—A ) u =0, (1.1)

where2 < p < 00,0 < s < 1 and (=A)* is the fractional p-Laplacian of order s,
i.e. the operator formally defined by

lu(x) — u(x + )P~ 2(u(x) — u(x + h))
|h|N+sp

(—A ) u (x) == 2P.V./

RN

dh. (1.2)

Here P.V. denotes the principal value in Cauchy sense. The operator (—A )* arises
as the first variation of the Sobolev-Slobodeckii seminorm (see Sect. 2.1)

lu(x) —u(x)|?
u > ———————dxdy.
RNxRN |x — y|NFsP

This operator can be seen as a nonlocal (or fractional) version of the p—Laplace
operator,

—Apu = —div (|Vu|P 72 Vu),

since, as s goes to 1, solutions of (—A)*u = 0 converge to solutions of —A ,u =0,
once suitably rescaled. See for instance [3, Section 1.4] and [20].

Remark 1.1. (Homogeneity and scalings) It is important to notice that Eq. (1.1) is not
homogeneous, i.e. if u is a solution, then A u does not solve the same equation. Rather,
it solves

du +2127P (—A ) u =0.

On the other hand, solutions are invariant with respect to the natural scaling (x, ) >
(Ax, AP 1), forany A > 0. In other words, if u is a solution of (1.1), then the rescaled
function

u,(x,t) =u (Ax, 2P t) ,
is still a solution. By combining the last two facts, we also get that
u,\,ﬂz,uu(kx,up_zk”’t), for A, u > 0,

still solves (1.1). We will make a repeated use of this simple fact.
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In this paper, we are concerned with the Holder regularity for weak solutions of
(1.1). More precisely, we prove that local weak solutions (see Definition 3.1 below) are
locally §—Holder continuous in space and y —Holder continuous in time, whenever

sp . p—1
, ifs < ——,
p— p
0<§<0O(s,p):=
1
1, ifs > ——,
and
. —1
1, ifs < ——,
p
O<y<TI(,p):=
1 . p—1
—_— if§s > ——
sp—(p—2) P

To the best of our knowledge, our result is the first pointwise continuity estimate for
solutions of this equation.

1.2. Background and recent developments

In recent years there has been a surge of interest around the operator (1.2), after
its introduction in [20]. In particular, equation (1.1) has been studied in [1,25,26,31,
33,34] and [35]. References [25,26,33] and [34] dealt with existence and uniqueness
of solutions, together with their long time asymptotic behaviour. Similar properties
for (1.1) with a general right-hand side in place of 0 are studied in [1]. In [35], some
regularity of the semigroup operator generated by (—A,)* was studied. In [31], the
local boundedness of weak solutions of (1.1) is proved.

Recently, in [17], a weaker pointwise regularity result was obtained for viscosity
solutions of the doubly nonlinear equation

19ulP~2 81 + (—Ap) u = 0, (1.3)

by using completely different methods. This equation and its large time behavior is
related to the eigenvalue problem for the fractional p-Laplacian. A crucial difference
between this equation and (1.1), is that the former is homogeneous, a feature which
is not shared by our equation, as already observed in Remark 1.1. Moreover, the
nonlinearity in the time derivative in (1.3) makes the notion of weak solutions less
useful. Itis not clear whether the methods in [17] can be adapted to the present situation
or not.

In the linear or non-degenerate case, corresponding to p = 2, the literature on
regularity is vast. We mention only a fraction of it, namely [7-9,29,30] and [32].
However, we point out that none of these results apply to our setting.

The stationary version of (1.1), i.e.,

(_Ap)su = Os
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has attracted a lot of attention, as well. The regularity of solutions has been studied for
instance in [3,4,6,14,15,18,19,21-24,27] and [35]. In particular, the regularity result
proved in the present paper can be seen as the parabolic version of that obtained by
the first two authors and Schikorra in [4] for the stationary equation.

The local counterpart of (1.1) is the parabolic equation for the p-Laplacian

ou — Apu =0.

This has been intensively studied and only in the last decades has its theory reached
a rather complete state. We refer to [12] and [13] for a complete account on the
regularity results for this equation and some of its generalizations. At present, the best
local regularity known is spatial C'"% —regularity for some a > 0 (see [12, Chapter
IX]) and C%1/ 2—regularity in time (see [2, Theorem 2.3]). None of these exponents
is known to be sharp. However, due to the explicit solution

p—1

p_
x| »=1,

u(x,t) =Nt —

it is clear that solutions cannot be better than C'-1/(P=1 in space.

1.3. Main result

The main result of our paper is the following Holder regularity for local weak
solutions of (1.1). Here, we use the following notation for parabolic cylinders

OR.r(x0, f0) = Br(xg) X (to — r, tp],

with B, (xo) denoting the N —dimensional ball of radius r centered at the point x¢. For
the precise definition of local weak solution, as well as of the spaces C , (Q x I)

x,loc
and CZIOC(SZ x I), we refer the reader to Sects. 3.1 and 2.3, respectively.

Theorem 1.2. Let Q@ C RN be a bounded and open set, I = (to,t1], p > 2 and
0 < s < 1. Suppose u is a local weak solution of

ur + (=Ap)'u =0, inQ x 1,

such that
u e L2.(1; L¥RY)). (1.4)
Define the exponents
-1
s < P
p
O, p) = |
1, ifs > P
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and
—1
1, ifs < 272,
p
I(s, p) = (1.5)
1 —1
_— l:fs 2 p—.
sp—(p—2) p
Then
ue C;CSJOC(Q x I) ﬂCZlOC(Q x 1), forevery) <8 < ®(s, p) and 0 <y < I'(s, p).

More precisely, for every) <6 < O(s, p),0 <y <I'(s,p), R>0,x0 € Qand Ty
such that

Q2r2rsr(x0, Tp) € Q x I,

there exists a constant C = C(N, s, p, 8, y) > 0 such that

x1 — x2]\°
lu(xi, 71) —u(x2, )| = C (lullLeo(Qy gsp (0,700 + 1 —r

_ 11 — 2\
+C (lull Lo (@ psp o1y + DY P~ (T : (1.6)

for any (x1, 11), (x2,12) € Qry4,r7/4(x0, To).

Remark 1.3. (Comment on the time regularity) The regularity in time is almost sharp
for s p < (p — 1). Indeed, our result in this case gives Holder continuity for any
exponent less than 1. The following example from [9] shows that solutions are not C'!
in time in general. Let

0, ift <—1/2,

v(x,t) = {C(]/Z—{—t)—i— 133\32(16), ifr > —1/2,

where C # 0 is chosen so that v is a local weak subsolution (see Definition 3.1) in
By x (—1, 0]. Then, if u is the unique solution (given by Theorem A.3) of

o+ (=Ap)°u =0, in By x (—1,0],
u =v, on (RM\By) x (—1,0],
u(-,0) =0, on <,

by Proposition A.6 we get u > v in B; x (—1, 0]. Moreover, by Proposition A.4,
u =0in By x (=1, —1/2). Therefore,

u(x,=1/2+h) —u(x,—1/2—h) = Ch,

for 1 > 0 and x € B;. Hence, u cannot have a continuous time derivative.
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Remark 1.4. (Comments on the assumption) We have chosen to assume the global
boundedness (1.4) of our weak solutions, in order to simplify the presentation. Actu-
ally, the estimate (1.6) could be proved under the weaker assumption

u € Ligo(I; Lig. (), (1.7)
and
—1
u e Lis(I; LY, RV)), (1.8)

where the fail space LY ;1 (RV) is defined by

JulP~!

p—1 Ny _ =1 Ny .
Lsp (R)_{MELIOC (R)/RNde<+oo}
We point out that by [31, Lemma 2.6], condition (1.8) is a natural one in order to
guarantee the local boundedness (1.7). However, it is not known apriori if the quantity
(1.8)1is finite whenever u is a weak solution. Indeed, even if u solves the initial boundary

value problem

ou+ (—=Ap)°u=0, inQxI,
u=g, onR"\Q) xI,
u = ug, on 2 x {t =1y},

with the boundary data g satisfying

g e LS (I; L)' ®YY),

loc

it is not evident that this is sufficient to entail (1.8). For this reason, and to not over-
burden an already technical proof, we have chosen to assume the simpler condition
(1.4). For completeness, in Appendix A we give some sufficient conditions assuring
that our weak solutions verify (1.4), see Corollary A.5 below.

1.4. Main ideas of the paper

The idea we use to prove Theorem 1.2 is very similar to the method employed in
[4] for the elliptic case: we differentiate equation (1.1) in a discrete sense and then test
the differentiated equation against functions of the form

A1 Spu

|h|?’

Spu

W where Spu(x,t) :=u(x +h,t) —u(x,t).

For suitable choices of 9 > 0 and 8 > 1, this gives an integrability gain (see Propo-
sition 4.1) of the form

q+1 q+3—p
T l82u(x, 1) Spu(-, T)
1 |h|5 dr + G+2—-p)s
—ltne La+1(By2) |hl 530 La+3-p (B, )
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T
</
-1
for —1/2 < T < 0 and an arbitrary & > 0. By first fixing 7 = 0 and ignoring the

second term in the left-hand side of (1.9), this can be iterated finitely many times in
order to obtain

82u(x, 1) |

7 dr, (1.9)

L4(B1)

Spu q
P e L1([-1/2,0]; L},
We can then use the second term in the left-hand side of (1.9), so to get
SuCT)
T Liges

), for every ¢ < 0o, uniformly in || < 1.

1
for every ¢ < oo, uniformly in || < 1 and — 3 <T<0.

Thus, by using a Morrey-type embedding result, we can conclude that u € CISOC
spatially for any 0 < § < s.

After this, we prove Proposition 5.1, which comprises a refined version of the
scheme (1.9). Namely, an estimate of the form

1y 41
/T s2uce.n |7 P DATCY S !
EXYEEY; 0B
PR 10 By ) |R[ P W L1y )
Tl 82u(x, 1) P
< a2 dr. (1.10)
Ul F Nsesy)

Also (1.10) can be iterated, where now both the differentiability © and the integrability
B change. The result is that

u e CI‘SOC spatially, forevery 0 < 6 < ©(s, p),

again uniformly in time. The last part of the paper, where we obtain the regularity in
time, is quite standard for this kind of diffusion equations (see for example [10, page
118]). It amounts to using the already established spatial regularity and the information
given by the equation. However, due to the fractional character of the spatial part of
our equation, some care is needed in order to properly handle the time regularity. In
particular, we have to treat the cases

—1
P and s> —,
p p

separately. This is done in Proposition 6.2 and it yields the y —Holder continuity in
time for any

s <

1
Y=5p
——(p—2
5 P2
given that the solution is  —Holder continuous in the x variable. In particular, by the
possible choice of §, this yields that we may choose any y < I'(s, p), where the latter

exponent is the one defined in (1.5).
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1.5. Plan of the paper

The plan of the paper is as follows. In Sect. 2, we introduce the expedient spaces
and notation used in this paper. In Sect. 3, we define local weak solutions and justify
that we can insert certain test functions in the differentiated equation (see Lemma 3.3
below). This is followed by Sect. 4, where we prove that weak solutions are almost
s—Holder continuous in the spatial variable. In Sect. 5, we improve this result up to
the exponent @ (s, p) defined in (1.5). This result is then used in Sect. 6, where we
prove the corresponding Holder regularity in time. Finally, in Sect. 7 we prove our
main theorem.

The paper is complemented by an appendix, where for completeness we prove
existence and uniqueness of weak solutions for the initial boundary value problem
related to our equation. A comparison principle is also presented.

2. Preliminaries
2.1. Notation

We denote by B, (xo) the N —dimensional open ball of radius » centered at the point
xo. The ball of radius r centered at the origin is denoted by B,. Its Lebesgue measure
is given by

|B(x0)| = oy ™.
We use the following notation for the parabolic cylinder

OR,r(x0,10) = Br(xo) X (to —r, r].

Again, when xo = 0 and 79 = 0, we simply write Qg ;.
Let 1 < p < oo, we denote by p’ = p/(p — 1) the conjugate exponent of p. For
every 8 > 1, we define the monotone function Jg : R — R by

Jg(t) = |t|’3_2 t, for every r € R.
For a function  : RY x R — R and a vector 1 € R, we define
Un(x,t) =¥ (x+h, 1), &y(x, 1) =yn(x, 1) —¥(x, 1),
and
Sppr(x. 1) = 8p(Bn ¥ (x, 1)) = Yan(x. 1) + Y (x, 1) = 29 (x, 1).
It is not difficult to see that the following discrete Leibniz rule holds

(@) =Y dpp + @ dnp.



Vol. 21 (2021) Nonlinear fractional diffusion 4327

2.2. Sobolev spaces

‘We now recall the main notations and definitions for the relevant fractional Sobolev—
type spaces throughout the paper.
Let] <g <ooandlety € L1(RN), for0 < B < 1 we set

S
[V], 8 = Sup ,
NA® 2o 111 | Loy
and for0 < g < 2
82y
(V] b0 o, i= SUP || -2
BRIEN T o [ 1RIP |

We then introduce the two Besov-type spaces
NEI®RY) = v e LIRY) : [W]gpan, < +00},  0<B=1,
and
B4 Ny _ Ny .
BLARY) = | e LYRY) : [W)ypagn, < +00),  0<p<2.
We also need the Sobolev-Slobodeckii space
Wi @Y = [y e LIRYN) : Wlyngar, < +o0},  0<p<1,

where the seminorm [ - ]Wﬁ.q(RN) is defined by

1

v (x) =M a
wsa) = ([ e g 00)"

We endow these spaces with the norms
”wancq(RN) = ”w”L‘I(RN) + [w]Noﬂoq(RN)a
||1//||Bgc‘1(RN) = ”w”L‘I(RN) + [w]Bgoq(RN)’
and
I llweamyy = 1Yl La@yy + (¥ 1we.a @y
A few times we will also work with the space Wh-4(Q) for a subset 2 C RV,

W) ={y e LYQ) : [Wlwpaq < +oo}, 0<B <1,

1
v (x) — v d
[V]wsa@) = (//QXQ X — yV P4 dxdy) .

The space W(')S “1(Q) is the subspace of Wh-4(RN) consisting of functions that are
identically zero in the complement of 2.

where we define
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2.3. Parabolic Banach spaces

Let I C Rbe aninterval and let V be a separable, reflexive Banach space, endowed
with a norm | - ||y. We denote by V* its topological dual space. Let us suppose that
v is a mapping such that for almost every ¢ € I, v(t) belongs to V. If the function
t — |lv(¢)]v is measurable on / and 1 < p < oo, then v is an element of the Banach
space L?(1; V) if and only if

/||v(r)||(;dt < +00.
1

By [28, Theorem 1.5], the dual space of L?(I; V) can be characterized according to
(LP(I; V))* = L' (I V™).

We write v € C([; V) if the mapping ¢ +— v(¢) is continuous with respect to the norm
on V. We say that u is locally a—Hdlder continuous in space (respectively, locally
B—Holder continuous in time) on 2 x I and write

o
ue Cx,loc

(2 x 1), (respectively, uec? (2 x I)) ,

t,loc

if for any compact set K x J C Q x I,

suplu(-, t)]ce (k) < 400, <respective1y, suplu(x, )les sy < —i—oo) .
teJ xekK

That is, if u € CZ(K x J) (respectively, u € C,ﬂ(K x J)).

2.4. Tail spaces

We recall the definition of tail space

q
LZ(RN)z{ueLi’OC(RN):/ de<+oo}, g>landa >0,
R

v 1+ [x[Nte

which is endowed with the norm

1
|ua]? a
sy = ( [, e

For every xo € RY, R > 0 and u € LL(RY), the following quantity
Tail, , (u: xo. R) [R‘”/ Wy T
ail, o (u; X0, R) = - _dx| ,
e RN\Bg(xo) 1¥ — X0V

plays an important role in regularity estimates for solutions of fractional problems.
We recall the following result, see for example [4, Lemmas 2.1 & 2.2] for the proof.
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Lemma 2.1. Leta > 0and 1 < g < m < o0. Then:

o we have the continuous inclusion
L™@RY) ¢ LLRN);
e forevery0 < r < R and xo € RN we have

lu(y)|4 Nbe
R* su — _dy<|—— Tail, o (u; x9, R)?.
xeBrFxo) /JRN\BR(xo) =y Y= \R =y it ¥0. R)

3. Weak formulation
3.1. Local weak solutions

In the following, we assume that @ R is a bounded open set in RV
Definition 3.1. For any 7, 1 € R with #yp < #1, we define I = (#y, #1]. Let
fe LV (I3 (WP (@)").
We say that u is a local weak solution to the equation
u+ (—Ap)'u = f, inQx 1, 3.1
if for any closed interval J = [Ty, T1] C I, the function « is such that
we LP(J; Wil () N LP= (J5 L ®M)) 0 C(J; L (),

and it satisfies

—//u(x,t)(),d)(x,t)dxdt
JJQ

+/// I, ) —u, D) @) =¢0.0) 4 44,
J JJRN xRN

|x _ y|N+sp

3.2)
= / u(x, To) ¢ (x, To) dx —/ u(x, Tr) ¢ (x, Tr) dx
Q Q

for any ¢ € LP(J; WSP(Q)) N C'(J; L?(Q)) which has spatial support compactly
contained in 2. In Eq. (3.2), the symbol (-, -) stands for the duality pairing between
WP () and its dual space (W57 (2))*.

We also say that u is a local weak subsolution if instead of the equality above,
we have the < sign, for any non-negative ¢ as above. A local weak supersolution is
defined similarly.

Remark 3.2. We observe that L°(RV) c L? ;1 (RM). This in turn implies that
L®W; LRy € L7 (s L5 (R Y)).

We will use this fact repeatedly.
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3.2. Regularization of test functions

Let ¢ : R — R be a nonnegative, even smooth function with compact support in
(—1/2,1/2), satisfying fR t()ydr=1.Ifg e L'((a, b)), we define the convolution

1[5 [(r—¢ 1 [2
g = - / e (—) g)dt =~ /
e Ji—s & e J_¢

. ¢ (%) gt —o)do,
2
fort € (a, b), 3.3)

where 0 < ¢ < min{b — ¢, t — a}. The following result justifies that we may take
powers of differential quotients of a solution, as test functions. This is needed in the
sequel. Here and in the rest of the paper, we will use the abbreviated notation

dxdy

du(x,y) = e —yNFsp

Lemma 3.3. (Discrete differentiation of the equation) Assume that u is a local weak
solution of (3.1) with f = 0in By x (=2, 0], such that

ueL®(-1,01x E),  forevery E € Bs.

Let 1 be a non-negative Lipschitz function, with compact support in By. Let T be a
smooth non-negative function such that 0 < t < 1 and

tt)=0 fort <Ty, t(@)=1 fort>T

for some —1 < Ty < T1 <O.
Then, for any locally Lipschitz function F : R — R and any h € RN such that
0 < |h| < dist (supp n, 9 B2) /4, we have

T
o Gt = o) = gyt =iy )

x(F (1) = e, 0) () = Flun(y,0) = u(y, 0) 1) )7 (0) dp dr

T
+ FSpu(x, 1)) nx)P dx = / F(Spu) n? v’ dx dt, (3.4)
By To J B>

where F(t) = f(; F(p)dp.

Proof. Let¢ € LP((—1,0); WSP(B>))NC'((—1,0); L%(B,)), whose spatial support
is compactly contained in Bj, uniformly in time. This means that

ho := inf dist(supp¢(-,t),dBz) > 0. 3.5)
te(—1,0)
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We then fix J = [Ty, T1] C (—1, 0). We want to use the time-regularization ¢° as test
function in (3.1). For this, we take

1
O0<e<egy:= 3 min{—T1, To + 1, T — To}.

Then, we preliminary observe that from elementary properties of convolutions, Fubi-
ni’s Theorem and integration by parts, we have

T
—/ 1/ u(x,t)0;0%(x, t)dx dr
To B>
T
—/ / u(x,t) (0;¢)° dr dx
By JTy
—/ / / u(x 1) deh(x, E);( Z) dedrdx
By, JTy t—f'
T]**
—/ / u(x, ) 9¢¢p(x, £)de dx
By JTo+
T0+2 (1 b+ L—t
—/ / —/ u(x,t){(—) dt ) 9egp(x, £)dedx
B> T——‘ & To I
T]+2 ( T ¢ —t
/ / —/ u(x,t){(—) dr ) 9¢pp(x, £)dedx
By JT1—% £ €

2

Ti—§
:/ /1 Oeu’(x,£) p(x, £)dedx + X(¢)
By J Ty

—/tgz[u‘g(x,T]—§)¢<x,Tl—§>—u8<x,To+§>q’)(x,To—l-%):I dx.

For simplicity, we have set

To+5 (1 +5 0 —t
Y(e) =— — ulx,t)c | —— ) dr) 9¢dp(x, £)dedx
By —5 & To &
T1+2 1 rh
— ulx,t t) 0ep(x, £)dédx.
d ded
By JTi—5 \¢ Je—%

2

Thus from (3.2) it follows that for 0 < ¢ < g
T
L (ptutrn = utm) (660 = 9 00) dute. )
To RN xRN
Ti—%
+/ / 1 a,us(x, Ho(x,t)drdx + X(g)
By JTo+

_ /B [u(x, To) ¢ (x, To) — u° (x, Ty + %) P (x, Ty + %)] dx
2
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+/B2 [ug (x, T — g) P (x, T — g) —u(x, T1) p(x, Tl)] dx,  (3.6)

Before proceeding further, we observe that by using an integration by parts, the term
Y (&) can be rewritten as

1 [Tote To — 1 &
E(s):—/ (-/ u(x,r)g( +§> dt>¢(x,To+§> dx
To+5 045 y—
+/ / 2/ ulx, )¢’ (—) dr | ¢(x, ¢)dedx
By JTy—5 & Ty &
7
+/ (l/l u(x, t)§< t—%) dt>¢(x T1——>dx
Ti+5
/ / <—/ u(x, )¢’ ( >dt> ¢(x, £)dedx,
By JT1—5 5

where we also used that ¢ has compact support in (—1/2, 1/2). By further using a
suitable change of variables, we can also write

2(8)=—/B2 (/% (x To—sp+ );(p)dp> qb(x,To—i-%) dx

2
/ / ( ux,ep+To—eco)t (o) do) o(x,ep+ Ty)dpdx
B> 5

2

/B /uxT1—8p——)§(p)dp)¢<x,T1—§)dx

2 2
2

/ / ( u(x,ep—i—Tl—eU){’(cr) do) ¢(x,ep+T))dpdx
By /-3
3.7

By testing (3.6) with ¢_j, (x, t) = ¢(x —h, t) for 0 < |h| < ho/4 (recall the definition
(3.5) of hg), and then changing variables, we get

T
Lol (ntmten =) (¢ = 970 duatr
To RN xRN

T]—*
+// dpuy ¢ drdx + Xy (e)
By J Ty+

:/B [uh<x,To>¢<x,To>—"Z (v 7o+ 3) @ (x.To+5) ] ax
2

+/B2 [u; <x, T — %) P (x, T — %) —un(x, T)) ¢ (x, Tl)] dx.  (3.8)
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The quantity Xy (¢) is defined as in (3.7), with u, in place of u. We subtract (3.6) from
(3.8), so to get

T
/To //RNxRN (Jp(“h(x: 1) —up(y, ) — Jpux, 1) — u(y, t)))
x(9° (.0 = @*(v,1)) dudr

T—£
+/ 2/ 8, (s — u®) ¢ dx dr + (Sy(e) — (e))
Tt B>

£
0+5

= /32 [5hu(x, To) ¢ (x, To) — Spu® (x, Ty + %) ® (x, Ty + g)] dr
+/32 I:shug (x, T — %) ¢ (x, T — %) — Spu(x, Ty) ¢ (x, Tl)] dx, (3.9)

for every ¢ € LP((—1,0); WP (B,)) N C'((—1, 0); L?(B,)), whose spatial support
satisfies (3.5). We take F as in the statement and use (3.9) with the test function

¢ = F(uj —u®)n’ 1o = F(8pu®) n? 1.,

where

() hi-To (r T +8)+T
)=t (——=—" (- = ,
¢ T —Ty—¢ ! 2 !

and 1 and 7 are as in the statement. By observing that
€ €
7.(t) =0, fortho—i-z, (1) =1, fortle—E,

we get

T
L Ctnte. = o) = gyt ) =ty )

% ((FGw® ) ) n@)?” = (Fe' 0, 0) w0) n()”) dude

T —-%
+ ’ / 3 (8pu®) F(8pu’) nP (x) 7o (1) dx dt 4+ (Zp(e) — X(e))
T()Jr% By
& & £ &
_ /32 (o0 (x. 11 = 5) F (she* (.71 = 5))
— S (x, Ty) F (8u° (x, Tl))]nl’ dx. (3.10)

Observe that we used the properties of 7. In order to deal with the integral containing
the time derivative of §,u®, we first observe that

3 (Bpu®) F(8pu®) = 8, F ($pu°),
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since F(t) = fot F(p)dp. Thus we can use an integration by parts, which yields

T]*g
’ / 0, (5 (x. 1)) F(8pe°) n” (x) 7o (1) dx

To+5 J B

=/ f(5hue (x n - E)) n(x)P dx — /T1 F(Spu®)n? v/ dx dt.
B> 2 To B> ¢

By inserting this into (3.10), we get

T

L (Gt = w0 = gyt~ uv )

RN xRN

x ((F@we @0 w) n@)? = (Few (.0 w0) n()7) duds
+/Bz .7:(8;,145 (x, T — %)) n(x)? dx

T
—/ 1 FSpu®)n? t.dxdr + (Zp(e) — Z(e))
To B>

= [ [owe (5.7~ §) s (s 5))

— S (x, 1) F (8u° (x, Tl))]nl’ dx. G.11)

To

‘We recall that this is valid for

ho
0<|h|<Z and 0<e < ep.

Before taking the limit as € goes to 0, we first observe that for ¢t € [Ty —¢/2, T1 +¢/2]
and x € By_»j we have

1 7S
St Gx, )] <~ /
£ _

&
2

¢ (%) Spu(x, 1 — o)| do

2
= / 1 C(0) [Bpu(x,t —eo)|do < ||8pull Loo(Ty—eo, T1+e0]x Ba—a)-
-3

This shows that we have the uniform L estimate

&€
8Ru™ | oo ([Ty—5 71+ 5]x Baan) = 2 Nl Loc((Ty—e0. i +e01x Ba-n)s

h
for0 < & < g, 0 < |h| < 70' (3.12)

Finally, we pass to the limit in (3.11) as & goes to 0. We start from the right-hand side:
by using the local Lipschitz regularity of F and (3.12), we have
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ouu® (.71 = 5) F (3w (x. T = 5)) = S v T) F (840" . T) o)
<c ((ahu (x T —%) — Spu (x, Tl)‘ ‘Shu (x, Ty) — S (x, Tl)‘) ()P
<C (| (x+h,T1—§)—u(x+h,T1)}+

+C (ug (x, T — g) —u(x,Tl)‘ +

u (e T =+ 7)) n(o?

u (6 T = e, T)|) n@)?,

where C > 0 does not depend on ¢. Thus, by using that o = dist(supp n, dB>) and
that 0 < |h| < ho/4, we get from the last estimate (after a change of variable)

‘/BZ ‘ahug (x, T — %) F (Bhus (x, 7 — g)) — Spu (x, Ty) F (85 (x, T))) ‘ ()P dx‘

u (x T — %)—u(x Tl)’
Sl

W (x, Ty) — ulx, Tl)D dx

dx

dx

+c/
By_op
1
2 " &
<c | cm)(/ w(n T -5 —ep) —ue, T dx)dp
o ([, =5 o) um
1
+C /21 ¢(p) (/ lu(x, Ty — & p) —u(x, Tp)| dx) dp
J=3 By_ap

<C sup /B lu(x, Ty —t) —u(x, Ty)| dx.
2—2h

—e<t<0

! /2 ¢ (5) [ (x, T — ) —u(x, )] do
£ 7% &

The constant C is still independent of 0 < & < gp. If we now use that u € C((—2, 0];
loc(BZ)) we get that the last quantity converges to 0, as & goes to 0.

For the term
/B2 .7:(8;,145 (x, T — %)) n(x)? dx,

we proceed similarly as above. We observe that for 0 < |h| < ho/4, by using the local
Lipschitz regularity of F and (3.12), we get

/32‘7:<5hu8 (x, T — g)) n(x)? dx — /32 F(Spulx, T1)) n(x)P dx
EC/B2 Shua(x,Tl_g)
S (L) oo - 2) s o) o

n(x)? dx

£
2

<C sup /
—&<t<eJBy_yy

Spu(x, Ty — 1) — Spu(x, Tl)‘ dx.
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2

loc

We can now use again that u € C((—2,0]; L
converges to 0, as € goes to 0.
As for the term

(B2)) and obtain that the last quantity

Ty
—/ FSpu®)n? t/ dx dt,
To B>

we can proceed exactly as before, we omit the details. In a similar fashion, we can
also show that

lim ¥ (e) = lim X(e) = 0.
e—0 £—0

This is still similar to the previous limits. It is sufficient to use the expression (3.7),
the uniform L°° estimate (3.12) and the fact u € C((—2,0]; LIZOC(Bz))], in order to
apply the Lebesgue Dominated Convergence Theorem.

Finally, the convergence of the double integral requires quite lengthy computations
and thus we prefer to postpone them to Appendix B below. U

Remark 3.4. We observe that the global L°° bound on the weak solution is not needed
in the previous result. It is sufficient to know that the weak solution is locally bounded.
We refer to [32, Theorem 1.1] for local boundedness of weak solutions.

4. Spatial almost C*-regularity

The following result is an integrability gain for the discrete derivative of order s
of a local weak solution. This is the parabolic counterpart of [4, Proposition 4.1], to
which we refer for all the missing details.

Proposition 4.1. Assume p > 2 and 0 < s < 1. Let u be a local weak solution of
ur + (=Ap)*u =0in By x (=2, 0]. We assume that
lull oo @ x[—1,0 = 1,

and that, for some ¢ > p and 0 < hg < 1/10, we have

Ty
/ sup
To O<|h|<hyg

for a radius 4 hg < R < 1 — 5 hg and two time instants —1 < To < T < 0. Then we
have

2 q
Sju

np dr < 400,

LI(BRr+4hy)

g+1 q+3—p
T 82u 1 Spu(-, Tp)
sup W +3— S (q+2-p)s
S Totn O<lhl<ho La+1(Br_apn) 1 P o<ihi<ho [ 753 N pa+3-p(Bg_yp)
—*ho
‘T 82u |
<C sup || 2— +1dr, 4.1
p
7o\ 0<lhl<ho || IRI®
0 Vil<ko L9(Bryang)

forevery0 < u < Ty — Tyo. Here C = C(N, s, p,q, ho, ) > 0and C /' 400 as
ho N\ 0or N\ 0.
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Proof. We divide the proof into seven steps.

Step 1: Discrete differentiation of the equation. We take for the moment 77 < 0,
then we will show at the end of the proof how to include the case 77 = 0. We already
introduced the notation

d . dx dy
nx,y) = I —yN+sp
For notational simplicity, we also set
r=R—4hy.

Let>2and ¥ € Rbesuchthat0) < 14+ 9 8 < B, and use (3.4) for 0 < |h| < ho,
where:

e F(t) = Jg11(t) = |t|P~ !¢, which is locally Lipschitz for > 1;
e 7 is a non-negative standard Lipschitz cut-off function supported in B(r+r)/2,
such that

C

=1 B d V| < ;
n on B,  an [Vl < R Tho

e 7 is a smooth function such that 0 < t < 1 and
, C
t=1 on|[Ty+ u,+00), t=0 on(—o0, Tpl, T < —.
%

Here u is as in the statement, i.e. any positive number such that u < 77 — Tp.
Note that the assumptions on 7 imply

wn) €
]

After dividing by |#|!*”#, we obtain from Lemma 3.3,

7 (Fpun e, 1) = wn 1) = Iy, 0 = u(y, 1))
/TO //RNXM [hTF77

% (Jp1an (v, 1) = e ) ()P = Jgi (un (. 1) = u(y. 1) n () )7(0) dpe d

1 |Spux, THIFT 1 / / |8pul P!
dx = —— P ¢/ dxdt.
+/3+1/32 s T =g Sy, e T

The triple integral is now divided into three pieces:

~ T
7; :=/ Tt t()dt, i=1,2,3,
Tt

0
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where

| (@) = wn () = T (wlx) — ()
i) .://BRXBR |h|1+9 B

x (g1 () = 1) 1P = T (an(y) = u () 0 ) d,

o (7p@n @) = () = Jp ) = u ()
20 ._//BRHX(R \B) |10 B

X Jpg1(up(x) —u(x)) n(x)” du,

and

(7p@n @) = un() = Jp () = u(x)))
Ta(t) = — //
RNM\BR)x B Ry

|h|1+19,3
X Jgi1(up(y) —u(y)) n(y)” du,

where we used that 7 vanishes identically outside B(g4)/2. We also suppressed the
t—dependence inside the integrals, for notational simplicity. We also have the term in

the right-hand side
B Bl
e f, oo

By proceeding exactly as in Step 1 of the proof of [4, Proposition 4.1], we get the
following lower bound for 7 (¢)

p=1 p
[8pul P Spu
408

|h| »

() >c

WP (BR)
p=2 p=2\2 P p2
-C //B . |uh(x)—uh(y)| Tt u(x) —uy)| 2 ) ‘n(x)z —n(y)?2

o) — u@) P+ Jup (y) — u(y) P+
|h|1+0 B

18pu ()PP [Spu(y)P=1HP
- C — Pdpu,
//BB( e+ i ) ) = ) d

where ¢ = ¢(p, B) > 0and C = C(p, B) > 0. We use that

du

T+ +1+ n” dx = 14,

1 / 8pu(x, Ty)|PH!
B+1 |h|1+0F
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and the estimate for Z; (¢). This entails that

B—1 p
| \Spul 7 Spu 1 |nuex, T1)|PH!
/ 1w vdr+ / Ea
T ; B+1Jp 7|
0 |h| F WS:P(BR) 2 (42)
=C(Tu+Tn+1hl+Gl) + T, forC=Cp.p) >0,
where we set 7| = f%l Tytdt, Zip = fTTOI Z1» T dt and
p=2 p=2\?
0= [ ()~ un0)F + )~ ) %)
BrxBr (4.3)

2 [85u ()P + [8pu(y)|PH!
|h|l+ﬂﬂ Hs

x n(x)* —n()?
and

by B=1+p § B—=l+p
To(r) == //B RxBR('hT,Efl)lm +"’T}i|y1)+'@,g )In(x)—n(y)l”du-(4-4)

Step 2: Estimates of the local terms 7 11 and T 12. Here we can follow the same
computations as in Step 2 of the proof of [4, Proposition 4.1], so to get

Ba
Spu |7 Sﬁu K
|I]1| <C / 795 dx + sup W +1]1,
Br ||n|"P O<lhl<ho L9 (BRr+4i)
and
Pia
spu |77
VAV S / — dx +1],
B | 0 7

for some C = C(N, hg, p, s, q) > 0. If we now use these estimates in (4.2), we get

p-1 p

Bl (8pul P Spu 1 |8pux, TP
—_—7 rdr + / n? dx
1+9 B 1+,
/TO Al 7 WS- (Br) ARELIE
Bq q
n Spu |1 8%14
< C 5 dx + sup ? +1 T dt
T Br ||| 7 O<l|h|<ho || 171 L9 (Bryang)
+C (1521 + 1Tl +Ta), 45)

with C = C(ho, N, p,s,q, B) > 0.
Step 3: Estimates of the nonlocal terms 7, and Z3. These two terms can be both
treated in the same way. We only estimate 7, for simplicity. We can use that |u| < 1
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on RY x [—1, 0] to infer that

‘(Jp(uh(x) —up(y)) — Jpu(x) —u(y)) Jp+1(8pu(x))

< C (14 I + eI 18
<3CI8nu)”,

where C = C(p) > 0. We observe that for x € B(gy,)/2 we have B(gr—)2(x) C Bg.
This entails

———dy < —————dy < C(N, hg, p, 5).
/I.QN\BR lx — y|N+sp y_/RN\BR,(x) [x — y|N+sp y = C( 0, P> S)
2

Hence, we obtain

|I|+|I|<C/Tl/ 184 )” ddz<C/Tl 1+/
2 3 Tdax =
BR+r |h|1+§ﬁ To

by Young’s inequality. Here C = C(ho, N, s, p, q, B) > 0 as before.
Step 4: Estimates of Z4. By using that |u| < 1 in RY x [—1, 0] and the properties of

T, we get
T SrulPt!
/ / % T]p T/ dx dr
To B |h|

/ |8pulP dedr < € T 1+/
BR+r |h|1+ﬂﬁ TrJr Br

In the last inequality we further used Young’s inequality. By inserting the estimates
(4.6) and (4.7)in (4.5), using that 7 is non-negative and such that t = 1 on [To+u, T1],
we obtain

Ty = ——
|Z4] 1

ﬂq+2
(Shu q-r
dx | dz.

H—l?ﬁ

|hl 7

4.7

g1 p
T 18pul 7 Spu d 1 |8pu(x, Tp)|PH! P
ron | R D
0+n |h| P Wsp (Bg)
By g

T Shu q-p+2 (S%ll/l
SC/ / 1—+ﬂ dx+ sup _S +1 dr.

To Br ||h| 7 0<|h|<ho || 171 L9(Brrang)

4.8)

This is the parabolic counterpart of [4, equation (4.10)]. Observe that the constant C
now depends on u, as well, and it blows-up as & N\ 0.
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Step 5: Going back to the equation. In this step, we can simply reproduce Step 4 of
the proof of [4, Proposition 4.1], so to obtain for any 0 < |&], || < hg

—1+ &1 g
8¢5 B=l+p [8pul P (Spu)
— T ¢ T T

[E1F=15P |A| P57 |l p—14p () Inl» WP (B(R))
%
Spu |77
i / s A 1|, @9

Be | |n) 7

with C = C(N, ho, s, B) > 0. This is the analogous of [4, equation (4.15)]. We then
choose & = h, take the supremum over & for 0 < |h| < hg and integrate in time. Then
(4.9) together with (4.8) imply

T Tt pt B

T
[ s [
To+p O<|h|<hg J By |h| B—T+p

1 Spu(x, Tp)|PT!
n sup / |8pu(x, T1)| nPdx
Bpr

B—1+p

82u
h dx dt

B+ 1 o<ini<ng |h| 1478
qB
T spu |7 8%” a
SC/ sup / — 17 dx + sup T + 1 dr,
To \O<lhi<ho J Bk | ||~ 0<|h|<hg || |7I° L9(Bryang)
(4.10)

where C = C(N, ho, p,q, s, B, n) > 0. Since (1 + ¢ B)/B < 1, we can replace the
first-order difference quotients in the right-hand side of (4.10) with second order ones,
just by using [4, Lemma 2.6]. This gives

B=1+p
T 82u 1 |8puCx, TP
sup W dx dr + — Wﬂ dx
IToti0<ihi<ho /By | | =55 B+1o<in<hy/Br Al
98
T Siu =2 5%14 a
< C/ sup / — 197 dx + sup W + 1| dr,
To O<|h|<ho / BRr || P 0<|h|<hg Lq(BR+4h0)
“4.11)

for some constant C = C(N, hg, p,q,s, B, n) > 0.
Step 6: Conclusion for 77 < 0. As in the final step of the step of [4, Proposition 4.1],
we now fix

_(q—p+2s—1

=qg—p+2 and 9
B=q—p p—

)

where ¢ > p is as in the statement. These choices assure that

l+sp+vp s
B—1+p gqg+1

+S,
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9B
- 1 + = + 15 - A= ’
B pP=q e
and
+ v
1+9B8=@—-p+2)s, ﬁ'B:s.
Then (4.11) becomes
1 3
7 o2u |7 spue, T |
sup | —— dt + ———— s —
—5+s + 3 — (g+2—p)s
To+un O<|h|<hgo |h|q+1 L4+ (B,) q P 0<|h|<hg |h| g 3—p Lat3-p(B,)
i (Siu 1
<C / sup s + 1] ds,
7o\ O<lh|<ho || 17 L4(Brosng)

where C = C(N, ho, p,q,s) > 0. Up to a suitable modification of the constant C,
we obtain in particular

+1 q+3—p
Ty 8214 1 1 Spu(-, T1)
sup — dt+ —— s s EeY
To+u 0<|h|<h | 171 LI (Bg_asg) q+3 =P o<ihl<ho \h| a0

L4+3=P(BR_41y)

[l

T q
< C/ sup + 1] dz,
To \0<lhl<ho L4 (BR+angy)

as desired. Observe that we also used that r = R — 4 hy.

Step 7: Conclusion for 77 = 0. In this case, the previous proof does not directly work
because it relies on Lemma 3.3, which needed T; < 0. However, the constant C in
(4.1) does not depend on 77, we can thus use a limit argument. By assumption, we
have that for some ¢ > p and 0 < hy < 1/10, it holds

0
/ sup
To O<|h|<hgo

foraradius4 hg < R < 1—5hgandatimeinstant —1 < Ty < 0. Wefix0 < u < —Tp,
then for every 7 < 0 such that u + Ty < T we have from Step 6

2 q
Spu

W dr < +OO,

L9 (Brang)

q+3—p
T 82u | 1 Spu(, T)
/T 0 Shuph W dt+q+3—p0 Sh h (q+2—p)s
01 O<lrl<ho LA+ (Br_4py) <lhl<ho || || a+3=p L4+3=P(BR_41y)
0 82u ||
§C/ sup [ L +1)ar. (4.12)
To \ 0<|h|<hgo Al q
L4 (BR+4h)

‘We then observe that
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q+1 0 q+l

T
dr = / sup
To+u 0<|h|<h

[l

2
8hu

G dz,
LI+ (BRr-any)

(4.13)

lim su
T—0" JTo+u 0<|h|<hy

LI+t (BRr_4ny)

by the monotone convergence theorem. As for the second term on the left-hand side,
we know by definition of local weak solution that
Spu(-, 1)
(g+2=p)s’
b =
is a continuous function on (—2, 0], with values in L2(BR_4 o) for every fixed 0 <
|h| < hg. Thus

i Spu(,T) — Spu(-,0) _0
Tl)n(}_ (@t2=p)s —  (gr2=p)s -
| a3 || a5=p LQ(BR—4ho)
This in turn implies that!
+3- +3—
N VTSR O s, 0) |7
liminf | ———— Z\—= , (414
T—0— (G+2—p)s (g+2—p)s
g |h| q+3—p |h| q+3—p

L4+3=P(Br_qny) La+3=P(BR_4gp)

for every 0 < |h| < hg. By using (4.13) and (4.14) in (4.12), we get the desired
conclusion for 77 = 0, as well. O

Asin [4, Theorem 4.2], by iterating the previous result, we can obtain the following
regularity estimate.

Theorem 4.2. (Spatial almost C* regularity) Let @ C RN be a bounded and open
set, I = (tg, t1], p > 2and 0 < s < 1. Suppose u is a local weak solution of

ur+(=A)'u=0 inQxlI,

such thatu € Ly (I; LO®@RNY). Thenu € Cﬁﬁloc(Q x I) for every 0 < § < s.
More precisely, for every 0 < 6 < s, R > 0 and every (xq, To) such that

Q2R 2rsp (X0, Tp) € Q x 1,

there exists a constant C = C(N, s, p, 8) > 0 such that

C
sup (s Dles Brpaon = 5 (Mlle@vxim—rerzyp + 1)
tE[TQ—%,To]

IWe use the following standard fact: if { f;;},,ey converges to f in L% (E), then
timinf I full 6 gy = 15116 sy

for any 8 # «.
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=

c —N fo p
T G A ([P B (4.15)

7
0—% RSP

Proof. We assume for simplicity that xo = 0 and Ty = 0O, then we set

0 r
MR = ||u||LOC(RNX[_RS]’l’O]) + (RN / [u]{/]VS*p(BR) d[) + 1.

_IRs
SRP

Leta € [-RP(1 — M?{p), 0] and set

1 1 )
Upa(x,1):= —u|Rx, P RPt+al, for x € By, t € (—2,0].
MR ME

By taking into account the scaling properties of our equation (see Remark 1.1), the
function ug  is a local weak solution of

ur+(—A,)'u=0, inByx(=2,0],

and satisfies

0
4R ol Loo®N x[—1,0p = 1, [MR,(X]{))VS.p(Bl)dt <1 (4.16)

[==/EN]

We will prove that u g o satisfies the estimate

sup  [ur.a(-, Dlcsp, ), = C,
re[—1/2,0]

for C = C(N,s, p, 8) > 0 independent of «. By scaling back, this would give

C
sup [u(~,t)]cé(BR/2) = FMR

a—%/\/li_p RS P<t<a
Since @ € [-R*P(1 — M5y "), 0] and My ” < 1, this in turn would imply

sup  [u(, t)]C5(BR/2(XO))
e

C [ P ’
= 5 | 1ule@yxi-roron + | R /—gRsp[”]WWBR(xo))d’ +h

which is the desired result. In what follows, we suppress the subscript R, o and simply
write u in place of ug o, in order not to overburden the presentation.
We fix 0 < § < s and choose i, € N\{0} such that

2+i0 N

s<s — — —.
340 3+4+ic
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Then we define the sequence of exponents
qi =p-+i, 1=0,...,0ic0-

We define also

1 Rl aoisn ol 2t
= s s = — — 1 [
64 i T3 T8 16ix

ho , fori =0,...,ic.

We note that
7 3
R0+4h0:§ and Rioo—l_4h0:Rioo+4h0:Z-

By applying Proposition 4.1 (ignoring the second term in the left-hand side of (4.1))
with?

T, =0, To = —R; — 4 hy, uw = 8 hy,
and
R =R; and q=gqi=p-+i, fori =0,...,ic0 — 1,

and observing that R; — 4ho = R;y1 + 4 hp, we obtain the iterative scheme of
inequalities:

e fori =0
q1 p
0 87u 0 S7u
sup W dr <C , sup P +1]dt
—(R1+4 _7
(Ri-+4ho) O<lhl<ho LAV (BRy +4ng) 3 0<lhl<ho LP(B7/8)
e fori=1,...,i0—2
gi+1
0 Sﬁu '
sup W dr
—(Riy1+4ho) 0<|h|<hg Lqi+l(BR,v+]+4h0)
0 (SZM qi
< C/ sup |;:T + 1| dz,
—(Ri+4 .
(Ri+4ho) 0<|h|<ho L9i (BR; +4ng)
2We observe that by construction we have
4hg <Ry <1—5hy,  fori=0,... ic — I.

Thus these choices are admissible in Proposition 4.1.
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e finally, fori =iy — 1
0
/ sup
-3 0<|h|<ho

0
= / sup
~(Rin,+4h0) 0<|h|<ho

Qico

2
dju

W dt

L0 (By/a)
2
Spu
|hl®

PHico
dr
LPHoc (BR, t4ig)

ptico—1

2
d,u

W + 1] dz.

LpHeo=l(BR, | 1ang)

0
<C / sup
—(Rino—1+4h0o) 0<|h|<hg

Here C = C(N, 8, p, s) > 0 as always. We note that by using the relation
Su = Sopu — 2 pu,

and then appealing to [3, Proposition 2.6], we have

0 Sﬁu P
/ sup  ||—— dt
~Foshisho [ 1] g,
0 P
SC/ sup 5;,_u dt
—F o<tnl<2ho LA I 2p By 5)

0 0
p
=€ (/—7 [u]W"’P(B7/8+2ho) i+ / 7 ”u|lLOO(B7/8+2h°) dt)
1 _1

8

0 0
<C (/ Jlulwsrcp) dr + / Moo dt) <C(N,é,s, p), (4.17)
8 8

where we also have used the assumptions (4.16) on u. Hence, the iterative scheme of

inequalities leads us to

0
/ sup
—3 0<|h|<hg

It is now time to exploit the full power of Proposition 4.1: we apply it once more, with

;3
0= 4,
¢g=qi.. R+4hg=3/4 and R—4ho=23/4—8hy>5/8.

Gico

2
dpu

W d[SC(N,é,p,S).

L%ico (B3y4)

1
—ESTlfoa u =8 ho,

We obtain (ignoring the first term in the left-hand side of (4.1), this time)
Gicot3—p
Sh u ( B Tl )

@jno +2-P)s
| i 7

sup
0<|h|<ho
Lo ™3P (Bs5)
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SC/_

Since this is valid for every —1/2 < T7 < 0, this in turn implies that

Gico

(=}

2
Sj,u

i +1|dr<cw,s, p,s).

O=thi<ho L0 (Baye)

R

Gico+3—P
Spu
sup sup =y < C(N,3d,p,s). (4.18)
te[—1/2,01 0<|h|<hg o

. 3=p ) B
|h| Diso P Lq’w+3 p(BS/s)

Take now x € C3°(Bo,16) such that
0<x=<1. x=1inBip [Vx|<C. [D*x|=C.
In particular, we have for all 0 < |k| < hyg
187 x |
(Gigo+2-P)s =C.
| 7
‘We also recall that
Sn(u x) = xndpu +udpx.
Hence, for 0 < || < hg and any ¢t € [—5/8, 0]
Sn(u x)

(djnoT2—P)s

|| o™ pdiog+3-p RV

Spu usé

<C Xh Oh + hX
- (i +2—P)s (jooT2—P)s

|| o™ | o3 @) ] 0™ | Lticos3-p
<cC Spu
= T F el ico+a-r (B 164

] oo™ Lioot3-p (By 164 1g)

Spu

=C |~ + lull Lisor3-p (g5 5) | = C(N, 8, pss),

|h| Yo TSP

Licot3=p (Bs5)

(4.19)
by (4.18). Finally, by noting that thanks to the choice of i, we have
@iy +2—p)s N
<

Qi +3-1 G +3-p

we may invoke the Morrey-type embedding of [4, Theorem 2.8] with

_ Wi t2-p)s
Gie +3—1p

s(qgi,+2—p)>N and 1)

B oa=34 and q=qgi,+3—p.
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Thus we obtain

(s Des sy = U X1essy))
aqg+N

<C (“‘ xC, ’)]N;%%RN)) :

for any t € [—1/2, 0], where we used (4.19). This concludes the proof. O

(B—a)g—N
(luG.0) xlligawyy) P2 < C(N,8, p,s),

Remark 4.3. Under the assumptions of the previous theorem, a covering argument
combined with (4.15) implies the following more flexible estimate: for every 0 <
o<7/8

c
sup - [u( Dlespypion = g5 (el oo @ (79— 2 750 + 1)
te[To—o RSP, Tp]

1

C ( N To » P
+ —= | R™ / [u]5s dt)
s WP (Bg(x0))
R T ,% RSP R0

0

with C now depending on o as well (and blowing-up as o 7/8). Indeed, ifo < 1/2
then this is immediate. If 1/2 < o < 7/8, then we can cover Qs g o gs» (X0, Tp) With
a finite number of cylinders

rspP

OQrjarspp2(xi, tj) = Bypa(xi) X (tj - tj:| , forl <i<k,1<j<m,

where
xi € Bor(xo), To—o R'P <t; <Ty,
andr = R/Cs p > 01is a suitable radius, such that
B, (xi) C Br(x0), Bar(xi) €L,

and
7 sp 7 psp 2p5P
tj—gr | C To—gR ,To |, [tj— r ,tj]@l.
By using (4.15) on each of these cylinders and the fact that » = R/Cs g, , We get

sup [u(, t)]C5(By/2(xi))
te[tj—#,fj}
1

C v [ p ’
= Ilulle(RNx[z,_rw,erJr1+(r /lf7rsp[“]wsvﬂ<3r(x;»dt

A

IA

=

C —N To P
=5 | Nl @yscizy—rer ) + 1+ | R : (5.0 (B (xo) 9

b—g RSP

By taking the supremum over 1 < i < kand 1 < j < m, we get the desired
conclusion.
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5. Improved spatial Holder regularity

Once we know that solutions are locally spatially §—Holder continuous for any
0 < § < s, we can obtain the following improvement of Proposition 4.1. The latter
provided a recursive gain of integrability. In contrast, the next result provides a gain
which is interlinked between differentiability and integrability.

Proposition 5.1. Assume p > 2 and 0 < s < 1. Let u be a local weak solution of
uy + (=Ap)u=0in By x (=2, 0], such that

0
P
||M||LOO(RNX[7],O]) < 1 and \/_Z[u]ws'p(Bl)dt < 1.
8

Assume further that for some 0 < hg < 1/10 and 9 < 1, B > 2 such that (1 +
v B)/B < 1, we have

n 8%14 P
/ sup T dr < 400,
To O<l|hl<ho || |p| "B LP (Bryang)

for a radius 4ho < R <1 — 5 hq and two time instants —3/4 < To < T1 < 0. Then
it holds

) B—1+p p+1
h 8y Spu(, T1)
o S;llph s p+9 B dr + B+1, S;ll L 50 B
0w 0<lhl<ho || |p| " B=T+p LAV (Bg_ang) <lhl<ho || |p| B+ LA+ (Br_any)
T 2
<c [ i 1]d 5.1
< sup o5 + t. 5.1
To O<lh|<hg |h| P Lﬁ(BR+4h0)

forevery 0 < u < Ty — Ty. Here C depends on N, hy, s, p, i and B.

Proof. This is analogous to the proof of [4, Proposition 5.1]. As above, we will refer
to [4] for the main computations and only list the major changes.

We first notice that it is sufficient to prove (5.1) for 77 < 0, with a constant inde-
pendent of 77. Then the same argument of Step 7 in Proposition 4.1 will be enough
to handle the case 71 = 0, as well.

We go back to the estimates in the proof of Proposition 4.1. The acquired knowledge
on the spatial regularity of u permits to improve the estimate on the term Z7; () defined
in (4.3). From Theorem 4.2 and Remark 4.3, we can choose

. 1—=s
0<e<mini?2 , St
p—2

such that

sup [u(‘vt)]CS_S(BIH,hO) = C(tho’ va)-
te[To, T1]
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Using this together with the assumed regularity of 1, we have for x,y € B and
t € [To, Thl

2
— P L
e, 1) = uly, 0172 [0 f = ()t
|x — y|Nt+sp

<Clx — y|—N+2(l—s)—6 (p—2).

Thanks to the choice of ¢, the last exponent is strictly larger than —N and we may
conclude

5 2 p?
UG, 0y = u(y, 01772 [n@) ¥ = ()’
/ dy = C(N, ho. p.s),
Bpg

|x — y|NFsp
for any x € Bpg. A similar estimate holds for the other term of Z7;(¢#) containing

lup(x,t) —up(y, t)|. Therefore, by suppressing as before the t —dependence for sim-
plicity, we have the estimate

|8pu(x)|PH!
Zu@® <C /BR de

|8hu<x)|ﬁd C/ |8pu(x)|P

< C lullz=s / P < ¢ [ OOy
(Br) Br |h|1+19;3 Bx |h|1+z9,3
for some C = C(N, hog, p,s) > 0.

As for 715, by going back to its definition (4.4) and using the properties of the cut-off
function n, we get

) B—1+p S B
0] SC/ desc/ ol
Br

|h|1+19,3 Bg |h|1+z9ﬂ
for some C = C(N, hg, p,s) > 0,

where we used the local L bound on u, as above. In addition, from the first inequality
in (4.6) together with the properties of the cut-off function t, we have

=~ = |8pu(x)]?
|Z2| + | 73] SC/ / |}Z|1+ﬂﬂ x dt, for some C = C(ho, p, s) > 0.

By combining these new estimates with (4.7) and (4.2), we can reproduce the last part
of [4, Proposition 5.1] and arrive at

T
/ sup /
To+un \ O<|h|<ho

1
——  sup
B+ 1 ocini<hg

82 B—1+p

l+§p+17ﬂ
|h| B—1+p

dx | dr

B+
Spu(-, Th)

1+9p
|h| B+

T
< C/ sup /
Ty \ O<|h|<ho J Bg

+

LA+ (BR_41)

Spu
1408

|h| 7

dx | dt,
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for some C = C(N, hg, p, s, B) > 0. By appealing again to [4, Lemma 2.6] and using
that

we may replace the first-order differential quotients in the right-hand side by second
order ones. This leads to

. 8£u B—1+p
/ sup / m dx dr
Totp \O<lhl<ho J By | |p| " F=T+p
B+1
n 1 Spu(-, Tr)
B+ 1 o<ini<ng Ihll;%

LAY (Br—ang)

2 B
Sju
1+9 8

|hl 7

dx + 1| dz,

T
<C / sup /
To 0<|h|<ho J BR+4 ho

for some C = C(N, ho, p,s, B) > 0. By recalling again that r = R — 4 hg, we
eventually conclude the proof. 0

We are now ready to prove the claimed Holder regularity in space.

Theorem 5.2. Let 2 be a bounded and open set, let I = (ty, t1], p > 2and0 < s < 1.
Suppose u is a local weak solution of

ur+(=A)'u=0 inQxI,

such thatu € Ly (I; L®@RNY). Thenu € C)‘z
where O (s, p) is defined in (1.5).

More precisely, for every 0 < § < ©(s, p), R > 0, xo € Q2 and Ty such that

(2 x I) forevery0 < § < ©(s, p),

,loc

Qoroprir(x0, To) € 2 X I,

there exists a constant C = C(N, s, p, 8) > 0 such that

C
sup U“W”k%&mumwfgﬁ(WWLW®NMmfmAmn+1)
te [T()— R;P s To]

1

C Y To » »
‘I’F R /7: [M]W‘Y"’(BR(xo))dt . (52)

7
0—F RoP

Proof. By the same scaling argument as in the proof of Theorem 4.2, it is enough to
prove that

sup  [u(., t)]C5(B1/2) <C(N, p,s,9),
te[—1/2,0]
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under the assumption that u is a local weak solution of
u+ (—Ap)°u =0, in By x (=2, 0],
which satisfies (4.16). Define for i € N, the sequences of exponents

Bi=p+ilp—1,

and
W Bi i (p— 1
9o—s_ L. ﬁi+1=M=0i p-i.-l(]? ) _sp '
p Bi+1 p+i+D(p-1D p+GE+Dp-D
By induction, we see that {1};};cN is explicitely given by the increasing sequence
| ,
19i=<s__> .p + h.vpl , L€eN,
p)p+ilp—1 p+i(p—1
and thus
lim 0; = —2—.
i—00 p—1

The proof is now split into two different cases.
Casel:sp <(p—1).Fix0 <38 <sp/(p—1)and choose i, € N\{0} such that

1+ 9 Bin N

6 < — .
Bis +1 Bi +1
This is feasible, since
lim i = +oo, lim & = —2—  and §< -2
i—00 i—00 p—1 p—1
Define also
1 7 7 2i+1
hy = , Ri=-—4Qi+1hy=~-— , fori =0,...,ix.
0= S4ig i=g 4@ Dho=g= 75— ort oo
‘We note that
7 3
R0+4h0=§ and Rim,1—4h0=Z.

By applying? Proposition 5.1 (ignoring the second term of the left-hand side of (5.1))
with
3

Ty =0, wu=38ho, Té:—z+iu,

and

R = R;, V=1 and B=p, fori=0,...,i0c—1,

3Note that in this case we will always have 1 + 9; 8; < B;, so that the proposition applies.
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and observing that R; —4 ho = R;4+1 +4 ho, that Té = Té + 1 and by construction

L+sp+9iBi 1+ 0ip1Biv
Bi+(p-—-1 Bit1

we obtain the iterative scheme of inequalities:

3

e fori =0
B
0 2u 0 82u |)”
13 0<lhi<ho | |5 A, =3 o<imi<no \ [ 1AP | L, 5
L I(BR1+4’10) /8
o fori=1,...,ic0—2
Bi+1
/0 S%u d
. sup 59,115 t
T(;Jrl 0<|h|<hg |h|+l#llﬂt+l ;
LPi+1 (B, +4ng)
0 24 Bi
<C su —h +1]ds;
- Jrio Ih\ph i 7
0 < <hg Bi X
Al 7 LPi (BR, ya10)
e finally, fori =iy — 1
Bico
0 Sﬁu
sup —_— dt
—3 0<|h|<hgo Ihl@ﬁ?im 5
LPico (B3/4)
0 52 Bico—1
< C/ sup ﬁ +1]dz.
Téoo*l 0<|h|<hg |h|$

LPico=1(Br, | 1any)

Here C = C(N, p, s, §) > 0 as always. As in (4.17) we have

0
/ sup
-3 0<|hl<hg

Hence, the previous iterative scheme of inequalities implies

2 p
du

|h]*

dt < C(N,§6,s, p).
LP(B7/8)

Bico

0 82u

h

/5 suph . dt < C(N, 8, p,s).
—30<lh B TVico

5 0<lhi<ho || || Picc LPicc (B34)

Now we apply Proposition 5.1 once more, this time with

5 1
To = ——, ——<T; <0, =4 hy,
0 3 2_1_ 1% 0
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3
=P D=Vip. Rtdhg=7 and R—4hg=3/4-8ho>5/8.

[Fg)

We obtain (now ignoring the first term in the left-hand side of (5.1))

Bisot1
sup 8]‘1“('1 Tl)
H0in0 Bico
Ot ) P T i+ g
0 52u Pioo
<C sup || —I"—— +1|dr <C(N,8, p,s).
5 L-‘r?}‘
— \ SR ) P T | b
3/4

Since this is valid for every —1/2 < T < 0, we obtain

Bisot1
Spu
sup sup T, <C(N,8,p,s).
rel=1/2000<lhl<ho | | T

LPisc™ (Bsg)

From here, we may repeat the arguments at the end of the proof of Theorem 4.2 (see
(4.19)) and use the Morrey—type embedding of [4, Theorem 2.8], with

1+9; Bi
= ;e = -oo+1 and o =94,
B+ 1 q = Bi
to obtain
sup [u(~,t)]Cs(Bl/2) <C(N,d,p,s),

te[—1/2,0]

which concludes the proof in this case.
Case2:sp > (p—1).Fix0 < § < 1. Let i, € N\{0} be such that

1+ 9 -1 Bin-1 1+ 9 Biy -

<1 and > 1.
Bin—1 Bin
Observe that such a choice is feasible, since
. L+ B sp
lim = > 1.
i—00 ,3,' p— 1
Now choose joo so that
5 < Piootie N
Bictioo T 1 Bitijoo +1
and let
y=1—¢, forsome0 < e < lsuchthat§ < (1 —¢) Pt

Biotjw 1 Binijw+1
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Define also

1 7 . 7 2i+1
= Ri=_.—4Qi+Dho=
64 (ico + Jjoo)

h _—7
0 8 8 16 (ino + Joo)
fori =0,...,ic0 + joo-

‘We note that
7 3
Ro+4hy = 3 and Riisotjo)—1 —4ho = rh
By applying* Proposition 5.1 with
T1=0, wu=8hy, Tj=->+i,
and
R =R;, 9 = and B=p;, fori=0,...,ic —1,
and observing that R; — 4 ho = R;41 + 4 ho, that Té“ = T(f + 1 and that

l+sp+9iBi 1+ 0y fit

3

Bi+(p-—1 Bit1
we arrive as in Case 1 at
Bi
0 Sﬁu *©
) sup W dr
=T, 0<|h|<ho LPico (BRioo+4h0)

Bioo
0 82u
h
5/. sup | ———— dt < C(N,§, p,s),
13207 0<|h|<ho |h|@+l’im 5
L7100 (BR; _ +4hg)
since y <1 <1/B;,, + vi,,. We now apply Proposition 5.1 with
~ 1
R=R;, B=5; and 19=z9i=y—IB— fori =iso,.. 000+ joo — 1.
i
Observe that by construction we have
1+ 9; B;
Bi
and using thats p > (p — 1)
1+SP+5i,3i> P+YiBi A )
pi+p—1  pi+p-—1 Bi+p—1

This gives the following inequalities:

=y, fori=is,...,i0c0+ joo — 1,

>y, fori =ioo,...,lcc+ joo — L.

4Note that for i < iso — 1 we have 1 + ¥ Bi < Pi, so that the proposition applies.
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o fori =ico,...,lco+ joo —2
Bi+1 P
0 Sﬁu i 0 3ﬁu '
sup W dr<cC sup _|h|V +1]ds,
i+ ;
To™ Ihi<ho LPi+1 (B 4ng) To O<lkl<ho LA (B +a1g)

o fori =i + joo — 1

0 8}2114 Bisotjco
sup W dt
~§ o<trl<ho || 1R || pins e (Byjo)
0 5%14 Bisotjoo—1
< C oot joo—] Sup W +1 dt.
Ul UL AN L PN (BRigg 4 joo—1+4h0)
Hence, recalling that y = 1 — &, we conclude
0 2 ﬁiooJr.foo
sup 8hu dt < C(N,48,p,s).
~3 0<ln<ho [ 1RI"E | 5 - ’
8 0 LPieotjoo (By4)
Now we apply Proposition 5.1 again, with
Ty = > ! <7 <0 =4h
0= 87 2 —_ 1= ’ M - 0,
1 3 3 5
B =Biwtjor V=¥ ————, R+4hg=- and R —4hg= - —8ho > -.
oot oo 4 4 8
We obtain (ignoring again the first term in the left-hand side)
Bicotjoo +1
Spu
sup sup _ < C(N, 6, p,s).

(1—¢) ﬁﬁiooJrjoo

1el—1/2,0] 0<|h|<ho Ficot
iootjoo 11|  Biootjoo +1 (Bs/g)

|h|

Once we land here, as before we can repeat the arguments at the end of the proof of
Theorem 4.2 and use the Morrey-type embedding, this time with

Biss+j
p=0-¢e) B+ ¢ Bico+
This gives
sup [u(.7t)]cs(31/2) <C(N,d,p,s),
te[—1/2,0]

and the proof is concluded. 0
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6. Regularity in time

In this section, we prove Holder regularity in time using the previously obtained
regularity in space. This approach uses energy estimates to control the growth of local
integrals which yields a Campanato—type estimate. For u € L' (Bg(xo)), we will use
the notation

Uxy,R = ][ udx.
Br(x0)

When the center xq is clear from the context, we often simply write ug. For u €
L'(Qr.r(x0.10)), we set

U(xo.10).Rir = ][ udxdz.
OR.r(x0,10)

Again, when the center (xo, fo) is clear from the context, we simply write ug ;.
The following simple Poincaré—type inequality will be useful.

Lemma 6.1. Let 1 < p < oo and let B, = B, (xq). Suppose that u € W5 P (B,), then
for any nonnegative n € C3°(B,) such that 7, = 1, there holds

oN*sp s lu(x) —u(y)|”
14 7 7
”n”LOO(B )> //”rXBr )C - y|N+S'D dx dy

6.1)

IM—(L“?) |pdx<<

Proof. By using the fact that || p, Ndx = |B;] and Jensen’s inequality, we obtain

dx

/ u=Gamrax = [
B,

/ (u(x) —u(y) n(y) dy

| 1Br|

||n||LOO(B,

<o //3 () — u(y)|? dx dy

- IIHIILoc(B,) @r )N-Hp// lu(x) —u(? dx ds.
B |B | - X By |)C _y|N+Sp

This concludes the proof. g

Proposition 6.2. Let p > 2 and suppose that u is a local weak solution of
u+ (—Ap)°u=0, in By x (=2, 0],
such that
llll oo @M xc[—1,01) = 1,
and

sup [u(, t)]C‘S(B]/z) < Kj, foranys < § < O(s, p), (6.2)
te[—1/2,0]
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where O (s, p) isthe exponent definedin (1.5). Then thereis a constantC = C(N, s, p,
Ks, §) > 0 such that

lu(x,t) —u(x,t)| < Clt — 1|, forevery (x,t), (x,7) € Q1

kY )
il

-

where
1

sp
5 =2

J/:

In particular, u € C,V(Q%,%) for any y < T'(s, p), where ' (s, p) is the exponent
defined in (1.5).

Proof. We take (xo, t0) € Q1/4,1/4 and choose

0 ! 0<#6 !
<r<-, <0 < —.
8 8

Consider the parabolic cylinder

Or.0(x0, 10) = By (xg) x (to — 0, to].

Observe that by construction we have

1
0Oro(x0,10) C B3 x (——,0} .
8 2

Letn € C(‘)X’ (By/2(x0)) be a non-negative cut-off function, such that

_ C
n=nllLeB,pxo) o0 Brialxo), 7, =1 and [Vl s 00) = g

for some constant C = C(||n]| > s, o) N ) > 0. Observe that, thanks to the con-
dition on its average, we have

1 o BOOL

Il 28, 0 = T = =
e T 1B ol S Byl

Thus the constant appearing in (6.1) will only depend on N, s and p.
We now write

w0 =it = (e, 1) = wn), ) + (@) =T ) + (G ) = W)y,

where we have set

@m, () = ][ u(y, ) n(y) dy.
Br(x())
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Then

][ Ju(x, 1) = Tl dx dr <
Or0(x0,10) Or.0(x0,10)

+,

Or,0(x0,10)

+
Or.0(x0,%0)

=: A1+ Ay + Aj.

w(x, 1) — W,(r)‘ dx d

Urg — (un),g| dxdt

Wr,@ - Wr (t)‘ dx dt

‘We first note that

Ay =

Urpg — W)y

<],
Or,0(x0,10)

+ ][ ‘(u Mo — n),(r)‘ du dr
Qr.0(x0,10)

= A1 + Az.

][ (u(x, 0 — (u n),ﬁ) dxdr
Or,0(x0,10)

w(x, 1) — W,(r)‘ dx d

(6.3)

Thus it suffices to estimate A; and A3. In view of Lemma 6.1, we have

Ay < ][
Or,0(x0,10)

1

rer o ulx,t) —uy,n|? g

SC( _/ // . ) = iy, D) dxdydt>,
[Or.0(x0, 1) J1g—0 JI B, (xp)x B, (xp)  1X — Y[V TSP

for some C = C(N,s, p) > 0. Recalling that § > s and using the spatial Holder
continuity of u, we find that

1

u(x.t) — (u_n)r(t)’p dx dt) ’

Al <CKsr®,  forsomeC = C(N,s, p) > 0. (6.4)

Indeed, by observing that for every x € B,(xo) we have B, (xo) C Ba2,(x) C By,
we get

y ulx,t) —u(y, n|? ' "
// % dvdy < K/ / (/ x — y|¢=9) PN dy> dx
By (xo)xBy(xg) X =[NP By (x0) \J By, (x)

_ KY 1By (xo)l N oy 2r)6-97,
6-=s5)p
where we used spherical coordinates to compute the last integral. Observe that the
width 6 of the time interval does not come into play here.
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We now turn to A3 and first note that

][Qr.H(XOsZO)

W,y — n)r(t)‘ dxdr = ][ ‘(u Do — n),(t)‘ dr

fh—
7[ m
to—0

10 o
<f 4 [@no -,
to—60 Jto—0

fo -
][ [(u My (T) — (u n)r(t)] dt| dr
1

0—0

thus

Avs sup [, (T = (T ©.5)

To, T (to—0,10]

If Ty, Ty € (t9—0, to] with Ty < T, we use the weak formulation (3.2) with ¢ (x, t) =
n(x) and f = 0, to obtain

(B, o)l [Camy, (To) = T, ()

= / u(x, To) n(x) dx — / u(x, Ty) n(x) dx
By (x0)

By (x0)

T
= / // Jpux, ) —u(y, 7)) (n(x) = n(y))du(x, y)dt
To RN xRN

IA

T
/ // Tp (e, 1) — u(y, 1) (7x) — 1) dax, y) d
To By (x0) x By (x0)

T
/ // Jpu(x, v) —u(y, 7)) n(x)dulx, y)dr
To RN\ By (x0)) x Br/2(x0)
=J1+ ). (6.6)

+2

In order to control J,, we claim that for t € [—1/2,0], x € B,(xg) and y € RN,
lu(x,t) —u(y,t)| < C|x — y|5, for some C = C(Ks, §) > 0. 6.7)

Indeed, if y € By > this follows directly from the assumption. On the other hand, if
y € RV\ B, /2, then by construction

-8
e =y > 870 = 87 Jlull oo (101 = — ) = u(y, 0l

Additionally, if y € RN \B,(x0) and x € B;;2(x0), we have

ly — xol.

N =

>

SRl

lx =yl =1y = xol = |x —xol = |y — xo| —
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Thus, by using this and (6.7), we get

lu(x, 1) —u(y, n|r~!
T2 < 2(Ty = To) Inll(B,px0))  SUP // Nsp  dydx
re[—1/2.01 J) RN\ B, (x0)) x B2 (x0) [x — ¥l

<co // Ix — y|(P=DE=N=sp 4y dy
(RN\ By (x0)) % Br/2(x0)

scor [ oyl b Nrgy
RN\ B, (x0)

<Co rN+8 (p—1)—s 3

for some C = C(8, N, s, p, Ks) > 0. Observe that we used that§ (p — 1) —s p <O,
in order to assure that the integral on RN \ B (x¢) converges.
As for Ji, we have for § > s

p—1
P

10
J1 = [nlwsp (B, (x0)) / <// lu(x, 1) —u(y, )|’ du(x, y)> dt
to—0 By (x0) x By (x0)

p—1
P

_y N_ [T
<CK/! Yo S/ <// Ix—yl‘“’d,u(x,y)) de
to—0 By (x0) x By (x0)

p—1

= CK;U_IH (rN+(8_S)p> P

= CK} ™ grNTeptiph)

for some C = C(N, s, p,§) > 0. By recalling (6.5) and using the estimates on J; and
J> in (6.6), we have thus shown that

A3 <C(1+ Kg’_l)er‘s(p_l)_”’, for some C = C(8, N, s, p) > 0.
Hence, by also using (6.4) and (6.3), we get
A+ Ar+ A3 <CKsrP + CKP o2 p=Dsw, (6.8)

‘We now have to distinguish two cases:
e Cases p > (p — 1). We choose 6 as follows

o= L0

8

Observe that since s p > (p — 1), then O(s, p) = 1 and we always have?

sp—8(p—2)> 1. (6.9)

5Indeed, observe that
sp=z(p—-D=pP-2)+1>8(p—-2)+1,

thanks to the fact that 0 < § < 1. This in turn implies (6.9).
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We thus obtain from (6.8)

][ lu —t,9|dxdr <Cr°,  forsome C = C(8, Ks, N, s, p) > 0.
Or0(x0,10)

By the characterization of Campanato spaces on RV *! with respect to a general metric
(see [11, Teorema 3.I] and also [16, Theorem 3.2]), this implies that u is §—Holder
continuous in Q1/4,1/4 With respect to the metric

~ 1
d((x, 1), (y, ) =[x — y| + |11 — 1| 772072
By keeping (6.9) into account, we can infer that d is a true metric. Thus, in particular,
we have the estimate
1

sup Ju(x, 7)) —ulx, )| < Clu —nl’,  fory = 55

X€Byy4 ? - (P - 2)

where C = C(§, K5, N, s, p) > 0. Observe that the continuous function

1

8r—>sp—, for0 <6 < 1,
-2
is increasing and that
lim ! = ! .
5/1%_(1)_2) sp—(p—2)

Thus forevery 0 <y < 1/(s p — (p — 2)), there exists s < § < 1 such that
1

5P .
T—(P—2)

J/:

The proof is over in this case.
e Case s p < (p — 1). In this case, we revert the hierarchy between time and space
and choose r as follows

@r)y P8 _g e = %QW

Observe that the exponent on 6 is positive: indeed, for p = 2 this is straightforward,
while for p > 2 we use that

s p
S(p—2)< ——(p—2)<sp.
p—1
‘We further notice that now

sp—(p—28=<1, (6.10)
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up to choose § sufficiently close® to s p/(p — 1). This time, we obtain from (6.8)
8
][ lu —urpldxdt < COsr=-23, for some C = C(§, Ks, N, s, p) > 0.
Or,0(x0,70)

Again by the Campanato—type theorem of [11, Teorema 3.1I], this shows that u is
(6/(s p — (p — 2) §))—Holder continuous in Q14,14 with respect to the metric

d((x, 1), (v, 1)) = |x — y[S P~ P28 |7 — p).

Observe that this is indeed a metric, thanks to (6.10). In particular, we have the estimate

1
sup u(x. ) —u(x. )| <Clu—nl, fory=qgp5—,
xEBij4 5 (p—2)

where C = C(§, Ks, N, s, p) > 0. We now use that the continuous function

1
I—)Sp—, 0<8< sp,
= (=2 p=1

8

is increasing and that

1
Iim ————=1.
s N
o == (p—2)

Thus, for every y < 1, there exists s < < s p/(p — 1) such that

1
Y=sp -
— —(p—2
5 =2
This concludes the proof in this case, as well. 0

7. Proof of the main theorem

Before proving our main result, we will need the following lemma, which allows
us to control the parabolic Sobolev-Slobodeckii seminorm of a local weak solution u
in terms of its L°° norm.

%More precisely, it is sufficient to take

with 0 < ¢ < s/(p — 1) such that

e(p—2<1——P_
p—1

Such a choice is feasible, since now s p < (p — 1).
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Lemma 7.1. Let @ C RY be a bounded and open set, I = (to,t1], p > 2 and
0 < s < 1. Let u be a local weak solution of

u+ (—Ap)°u=0, in Q2 x 1,
such that
ue L2.(I; L¥RY)).

Then for every xo € 2 and Ty € I such that Q2 g 2 rsr(x0, Tp) € Q2 X I, we have

N To 71’
R~ ‘/T [u]{))V'Y"’(BR(X())) dt 5 C (”u”LW(RNx[TO—RSP’TO]) + 1):

0—%Rsl’
for some C = C(N, s, p) > 0.

Proof. Without loss of generality, we may suppose that xo = 0 and 7o = 0. Let us
set

k = ||M||LOO(RNX[7R,TPYO]) + 1 and ﬁ: u—+ k

Then # is still a local weak solution in  x I and & > 1in RY x [—R*”, 0]. For all

¢(x, 1) = n(x) ¥ (r) with
WECOO such that l/f(t):()fortf_R‘Vl’ and ¥ (0) =1,

and n € Cgo (B2 Rr), we get from a slight modification of [31, Lemma 2.2]

0 P
u,t)o( dr
[ lweoneen]
0 P
sc/ // max [z, 0, y.0)| 16,1~ (v, 017 dadi
—RsP JJByrxBaR
+cf sup / d—y> (/0 / 7, P ¢(x, )P dxdt
xesuppn JRN\ B, g |x —)’|N+Sp —RSP JByp 7 ’
0 P! -
+C/ sup / %dy/ u(x,t)o(x, )P dx | dr
—Rrs» \xesuppn JRN\ By 1X — Y|V TSP By

1 (9 N P -
+—/ / T, 1) <i> dxdt+/ (x., 0) dx.
2 ) por Bar ot + Bar

We choose 7 such that

n=1 inBg, |Vnl<

1Re!

== 1 N
and n=0 inR \B%R,

and ¥ such that

Y =1 in —zR”’ 0 and |Y/| <
a 8 ’ RSP’
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It is then a routine matter to show that

0 0

P _ ~1p N p 2 N p

/_ZRSP[u]ws,,,(BR)dt_/_sz[u]WS,,,(BR)dtSCR (kP +k* +k) < CR"K”,
8 8

where C = C(N, s, p) > 0 and we used that p > 2 and k > 1. This proves the
claimed estimate. O

We are now in the position to prove Theorem 1.2.

Proof of Theorem 1.2. The continuity in space is contained in Theorem 5.2, thus we
only need to prove the continuity in time. We take for simplicity 7o = 0. If u is a local
weak solution as in the statement, we obtain from (5.2)

c
sup - [u(s Dlesprpon =55 (”””L”(RNX[—RS”’OD + 1)

te[f R;p,O]
1
C —N 0 14 !
TR (R /_;RH,[”]WWBRUO» f

An application of Lemma 7.1 gives

C
sup [u(, t)]C‘S(BR/z(xO)) < _R5 (”u”LOO(RNX[_RSp’O]) + 1) . (7])
te[— RIP 0]
2 i

‘We set
N = llull oo @¥ x—rsr.op + 1.

then fora € [-R*7(1 — N, ;—p ), 0], we define the rescaled function

" _ b L e
R,a(x,t)_NRu Rx,Np_zR t+al.
R

This is a local weak solution in B (xg) x (—2, 0] satisfying the hypothesis of Propo-
sition 6.2. Indeed, by construction

luR o “LOO(RNx[f],O]) =1

and the estimate on the spatial Holder seminorm (6.2) of ug o follows from (7.1).
From Proposition 6.2 we obtain

sup [ug,o(x, )lerq-1/4,0) < C,
xeB|/4

forevery 0 < y < I'(s, p). The claimed result follows by scaling back and varying «
as in the proof of Theorem 4.2. 0
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Appendix A. Existence for an initial boundary value problem

In order to give the definition of weak solution for an initial boundary value problem,
we need to define a suitable functional space. We assume that 2 € Q' c RV, where
Q' is a bounded open set in R" . Given a function

v e whr@)n Ll ®Y),
we define as in [21] (see also [4, Proposition 2.12]) the space
X5P(Q, Q) = {v e WHP(@) N LY RY) : v =1y on RN\Q} .
When v = 0, the boundedness of Q' entails that
XoP@, @) ={vew?@)n Lf;l(RN) cv=00nRV\Q} c W5P(Q).

We endow the space X" (2, Q') with the norm W*?(Q’), then this is a reflexive
Banach space. Thanks to the previous inclusion, we also have that

WSP(@)* C (X" (@, )
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Definition A.1. Let I = [t, 1] and p > 2. With the notation above, assume that the
functions ug, f and g satisfy

uo € LX),
fel?; (X)),
g € LP(I; WP (@) N LP~'(1; LI,  (RN)) and 9, € LP (I; (WHP(Q)*).

We say that u is a weak solution of the initial boundary value problem

du+ (—Apu=f, inQxI,
u=g, on(RY\Q)xI, (A.1)
u(-, fo) = ug, on 2,

if the following properties are verified:

w e LP(I; WHP()) N LP~' (15 LY, (RN)) N C (I3 LA ());
uexgyﬂxwﬂanmmwwtelumae@@»@)=g@Jx

limy o [l 1) —uoll 2@y = 0;

forevery J = [Ty, T1]1 C I andevery¢ € LP~1(J; XyP(Q, @)NCL(J; L2(Q))

—//u(x,t)8,¢(x,t)dxdt
JJQ
+/// Jpux, 1) —u(y, ) (@, 1) — ¢y, 1)) dx dydr
J JJRN xRN

lx — y|NEsp

= / u(x, To) ¢ (x, Ty) dx —/ u(x, Ty) ¢(x, Ty) dx
Q Q

+/J<f(-,l),¢(ut))dl~

The starting point for proving the existence of weak solutions is an abstract theorem
for parabolic equations in Banach spaces. Before stating the theorem, we will briefly
explain its framework. Let V be a separable reflexive Banach space and let H be a
Hilbert space that we identify with its dual, i.e. H* = H. Suppose that V is dense and
continuously embedded in H.If v € V and h € H, we identify / as an element of V*
through the relation’

(h,v) = (h,v)n. (A.2)

Here (-, -) denotes the duality pairing between V and V* and (-, -) g denotes the scalar
product in H. Let I be an interval and 1 < p < oo. By [28, Proposition 1.2, Chapter
III], we have

W,(I):={veLPU;V): v oe LP/(I; VY cC CU; H), (A.3)

7With these identifications, we have V. C H C V*. This is sometimes called in the literature Gelfand
triple.
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and
forve W,(I), t — ||v(t)||%1, is absolutely continuous
d
3 IvOIE =20, vw).

More generally, by [28, Corollary 1.1, Chapter III], for every u, v € W, (/) the scalar
product ¢ +— (u(t), v(t)) g is an absolutely continuous function and there holds

%(u(t), vy = W (@), v@®)) + W' @), u@)), foraetel.  (Ad)

We recall that an operator A : V — V* is said to be

e monotone if for every u,v € V,
(A(w) — A(), u —v) > 0;

e hemicontinuous if the real function A — (A(u+ A v), v) is continuous, for every
u,veVv.

Theorem A.2. Let V be a separable, reflexive Banach space and let V = LP(I; V),
for1l < p < 0o, where I = [tg, t1]. Suppose that H is a Hilbert space such that V is
dense and continuously embedded in H and that H is embedded into V* according
to the relation (A.2). Assume that the family of operators A(t, ) : V. — V* t €l
satisfies:

(i) forevery v € V, the function A(-,v) : I — V* is measurable;

(ii) for almost every t € I, the operator A(t,-) : V. — V* is monotone, hemicon-

tinuous and bounded by

LA, v)|lys < C (||v||$*‘ +k(t)), forveV and keLP (D),
(iii) there exist a real number B > 0 and a function £ € L' (I) such that
(A, v),v) + £@) = Bllv|Y, fora.e.telandveV.

Then for each f € V* = Lp/(l; V*) and ug € H, there exists a unique u € W,(I)
satisfying

W' () + A, u(t) = f(t), inV*,  u(to) =upin H.

This means thatu € V, u’ € V* and

/ W (1), p(1)) di + / CAG, w()), (1)) di = /1 F@O.¢0)dr,  forall ¢ € V.

I I

Proof. The existence of a unique solution u € V is contained in [28, Proposition 4.1,
Chapter III]. The condition (ii7) is slightly different here, due to the presence of the
function £(¢), but the proof of [28, Proposition 4.1, Chapter III] goes through with
minor changes. 0
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In order to prove existence for our problem (A.1), we will use Theorem A.2 with
the choice V = X| (s)’p (2, /). This is the content of the next result, which generalizes
[25, Theorem 2.5]. The latter only deals with the case f = g = 0.

Theorem A.3. Let p > 2, let I = (19, 1] and suppose that g satisfies
g € LP(I; WHP(Q) NLP(I; Lf;l(RN)), drg € LV (I; (WHP(2)"),
Jim flgC, 1) = gollz2 @) =0, for some go € LA(%2).
Suppose also that
fe LV (I (X7 (@, 2.

Then for any initial datum ug € L*(2), there exists a unique weak solution u to
problem (A.1).

Proof. We denote by g the mapping g : I — W*P(Q), given by (g(2))(x) = g(x, 1).

For almost every ¢ € I, we define the operator

A X;’(f)(sz, QN — (WSP(Q)*,

by

xQ |x — y|NFs P

Jp(w(x) — gy, 1)) p(x)
dxdy.
//SZX(RN\Q’) |x — y|N+sp T

Itis easy to check that A; (v) € (W*?(Q'))* wheneverv € X;’(f) (22, ). Additionally,

A, is amonotone operator, see [21, Lemma 3]. We now define A : X(s)’p (,Q)xI —
(W*:P(2'))* to be the operator defined by

(A ). ) ://, Jp(wx) —v(y) (@) — () dx dy
+2

A, 1) = A (v + g(1)).
Observe that this is well-defined, since

v+g@t) e X;*(f)(sz, Q, for every v € X7 (22, Q).

We next show that the operator A, together with the spaces
V=x,"(20) V=Ll X,'(Q, Q) ad H=L*Q),

fits into the framework of Theorem A.2. Since p > 2 and ' is bounded, Xg’p (2, Q)
is dense and continuously embedded in L?(£2). This follows from Hélder’s inequality
and the fact that smooth compactly supported functions are dense in both spaces. Note
that A inherits the property of monotonicity from A, since

(Aw, ) = A, 1), u —v) = (A, 1) — A(v, 1), u + g(1) — (v + g(1)))
= (A +g) — A(v+g@®), u+g@)
—(w+g®») =0.
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We next claim that
[(A(v, 1), ¢)| < Cllvllwyp(g/) I lws.r

+C (IO + 18ON N o ) I8l (A5)

(RM)
We have
B Jp((x) —v(y) + (gx, 1) —g(y, 1)) (@(x) — P (y))
A0 9) _//99 v — yNFer ‘ (/‘i 6
) // Jp(w(x) + g(x, 1) — gy, 1) ¢ (x) drd '
Qx(RN\Q') |x — y|N+sp .

The first term on the right-hand side of (A.6) can be bounded by

(”U”WS P(Q) + ”g(t)”WS P(Q) ) ||¢||WS’1’(SZ’)7
using Holder’s inequality. For the second term we observe that, when x € 2 and
y € RN\,
1 1 1 C
— < < ,
C 1+ [yINFsP = |x — y|N+sP = 14 |y|N+sp

where C > 1depends only on the distance between 2 and €. Since 1/(1+|y|V+57)
L'(RM), the second term in the right-hand side of (A.6) can be estimated by

¢ [ (e + lgee i) 19
Q

lg(y, )P~
e (/]RN\Q' 1+|y|N+Sp >/|¢(x)|dx

= C (g + 18O 50, ) 1910 + lgOI” 1611

L” ‘(RN)

= C (10 + 18O e gy + 1O ) I8llwen@n,

LP 1 RN)
where we used the continuous inclusion W* 7 (") C LP(£2). This finally shows (A.5).
Observe that

t > 8Oy + IO’ belongs to L” (1),

L’”R)

thanks to the assumptions on g. Thus in order to verify (ii) of Theorem A.2, we are
left with proving hemicontinuity. For this, fixed ¢t € I and A, A9 € R, we consider

(AW +1v,1),v) — (A + Ao v, 1), v), foru,v e Xg" (2, Q).
In order to show that this differences goes to 0 as A goes to Ao, it is sufficient to write
(A(u +rv, 1), v) — (A(w + rgv, 1), v) = (Alu + Av,t) — A(u + Ag v, 1), v)

= (A +gt)+rv)
— A(u + g(t) + 29 v), v)
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and then use [21, Lemma 3]. This proves that .4 is hemicontinuous for almost every
tel.

Finally, as for hypothesis (iii) of Theorem A.2, we observe thatif v € Xg’p (2,92,
then by using Poincaré inequality we have

lvllwsr) = lIvllLe) + [VIwsr@) < C [vlwsr@).

for a constant C = C(N, p, s, 2, Q) > 0. Additionally, using Holder’s inequality
and Young’s inequality, we obtain

p

(A(v,1),v) > ¢ [U]{;yvs.p(g/) -G ”g(t)llsvx,p(g/) -G ||g(t)||L§;l(RN)'

By combining this with the previous estimate, hypothesis (iii) of Theorem A.2 is
checked. According to (A.3), g € C({; LZ(Q)) and we may define gop = g(#p) in
LZ(Q). From Theorem A.2, for every ug € LZ(Q) we obtain a unique solution

veW,(l) = {(p e LP(I; XS (R, Q) : ¢ € LV (I; (X3P (<, Q’))*)},
to the problem
V(@) + AW(). 1) = —g/(0) + £ in LY (I (X37(Q. @)%, with v(t) = o — go.

Observe that again by (A.3), we also have v € C(I; L2(2)). Since v is a solution, we
have

1 n

(A (0() + 81)), $(0)) dr = / ). () dr,

4]

n
/ ')+ g @), p)dr + /
1

0 fo

forevery ¢ € LP(I; Xg’p(Q, ")). Upon setting u = v + g, we find that

ueC; L*(Q)NLP(I,; X;’(f’)

with du € LP (15 (X3P (Q, Q')),

(Q, Q) NLP(I; LY, RYY),

and it verifies

n

1 131
/(u’(t),¢(t)>dt+/ (Az(u(t)),qﬁ(t))dt:/ (f (), () dt,
/7

0 4] fo

for every ¢ € LP(I; X(s)’p(Q, ')). In particular, if we take J = [Ty, T1] C I and
¢ elLP(J; Xg‘p(Q, Q')), by extending ¢ to be 0 outside J we get

T

T T
/T W (1), ¢ () dt + / (A (D)), (1)) di = / ), (1)) dt

0 To To
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If now the test function ¢ is further supposed to belong to L”(J; Xg’p (2,2 N
C'(J; L*(R)), by using (A.4) we can integrate by parts
T, , T d T\ ,
/ (W' (1), () dt = / P12y di — / (o), ' (1) d
To To t To

T

= (T, (T1)) 120y — W(T0), ¢(T0)) 12(q) — /T (u(), ¢' (1)) dr

0

= / u(x, Ty) ¢(x, Ty) dx — / u(x, To) ¢ (x, Tp) dx
Q Q

T
- / w(o), /(1)) dt.
Tt

0

Thus we obtained
/Qu<x,T]>¢<x,T1>dx—/Qu(x,Tow(x,To)dx—/<u<r>,¢’(r>>dr
J

+/J<At(u(r>>,¢>dr _ /J(f(t),cﬁ(t))dt,

for every J = [To, T1] C I and every ¢ € LP(J; Xy7 (2, Q) N C'(J; L2(Q)). By
recalling the definition of 4;, this shows u is a weak solution of (A.1). O

Proposition A.4. (Comparison principle) Let p > 2, let I = [to, 1] and suppose that
g satisfies

g € LP(I; WhP(@) NLP(1: LY, RYN)), 9,g € L7 (I3 (W™ (Q)"),

li 1) — _ L3 ().
,L“?()”g(’t) gollz2(@)=0,  for some gy € L7(2)

Given an initial datum ug € L*(2), we consider the unique weak solution u to the
initial boundary value problem

du+ (—=Ap)°u=0, inQxI,
u=g, on(RM\Q) xI,
u(-, to) = ug, on 2.
If there exists M € R such that
ug < M in Q and nginRNxI,

then we also have

u(x,t) <M, inRN x 1.
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Proof. Wetake J = [Ty, T1] € (1, t1), by proceeding as in the first part of Lemma 3.3
we obtain

L (ptutn = utem) (660 = 9 00)) dute. )
Ty RN xRN

0

Tl_,'
/ / dqu (x, 1) p(x, 1) dr dx + X(e)
To+5

/Q [ue. Ty v To) = (x.To +5) ¢ (x. To+ 5 ) | v
+ /Q [,f (x, T — ;) ® (x, T — %) —u(x, 1) ¢(x, Tl)]

forevery ¢ € LP((—1,0); Xy7 (2, 2)NCL(—1,0); L*(Q)). We still use the nota-
tion ¢¢ and u® for the convolution in the time variable, as defined in (3.3). Moreover.
we still indicate by X (¢) the error term (3.7). We now take the test function

Ppx, 1) = W (x, 1) — M)+

Observe that this function is only Lipschitz in time, but it is not difficult to see that
Lipschitz functions are still feasible test functions (by a simple density argument)
This gives

T]—f Tl_,
// u(x, 1) p(x, t)dtdx_//
T0+2 T

u’(x,t) W (x,t) — M)y drdx
0+2

// (ua(x 1) — )+ dr dx
To+5 2
E/Q( (le—g)—M> dx

1

—5/32<u8(x,T0+§>—M)2 dx.

+

On the other hand

/Q [u(x, To) b (x. To) — u <x, To + %) P (x, o + g)] dx
[ e (= 3) o (v 1= 5) —ut o 1) ax

_ /Q [u(x, To) (u® (x, To) — M)4 — u® (x, To + %) (u’f (x, To+ %) - M)J dx
—i—/Q |:u5 (x, T — g) (us (x, T — ¢

2) - M)+ —u(x, Ty @ (x, Ty) — M)J dx.

8By construction, for x € RVN\Q and 1 € J we have

ua(,\f,t)zl /7 {(g) u()c,tfa)dozl /
e Jog” \e €

)

¢(2) st —ordo = M,

ol M

fore < 1. Thus u®(-.1) — M)1 € X' (2. Q)
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By taking the limit as € goes to 0, we thus get
T

1
L (e —ue)
x (e = M)y = (uiy.0) = M) )
dp(x, y)dt +l / (u (x, T1) — M)} dx — 1 / (u (x, To) — M)% dx = 0.
2 Q 2 Q
By using that (see [5, Lemma A.2])
Jpla—=b)((a—M)y —(b—M);) = [(a— M)y — b —M),|’,

we thus get

Ty 1
[ RS A RIS RV

0
1 2
——/(u()c,Tl)—M)+ dx.

2 Ja

This is valid for every rp < Ty < T} < t;. By using the Monotone Convergence
Theorem on the left-hand side and the fact that u € C(I; L%(Q2)) on the right-hand
side, we can pass to the limit as Ty goes to ¢y and obtain

n P 1 5
0< /to [(u — M)Jr]ws.p(RN) dr < 5 /Q(M()(x) — M)+ dx
_1 / (M(X’Tl)—M)%_ dx
2 Q

= _% /Q(u (x, T1) — M)? dx.
We used that ug < M on 2, by assumption. This implies that
ulx, ) <M, fora.e. x € Q.
Since 77 is arbitrary, we finally get that
ulx,t) <M, fora.e.x € Q, forr e I.

This concludes the proof. g
As a straightforward consequence of the previous result, we get the following

Corollary A.5. (Global L estimate) Under the assumptions of Proposition A.4,
assume further that

g e L®U;L®MRYN)Y)  and  uge LX(RQ).
Then

lullpoomiy 1y < lluollzoeo) + 181l Loo®N x 1)-
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Proof. By using Proposition A.4 with

M = |luollL) + 118l Lo ®N x1)»

we get u < M. To get the lower bound, it is sufficient to observe that —u solves
the initial boundary value problem for the same equation, with data —g < M and
—up < M. By Proposition A.4 again, we get —u < M, as well. O

We also include the following comparison principle with bounded subsolutions.

Proposition A.6. (Comparison with subsolutions) Let p > 2, I = [t9, 1] and sup-
pose that v € L®(I; L®(RN)) is a local weak subsolution in Q x I satisfying

ve LP(I; WHP(R) NCU; LX), v e LP (11 (WHP(2)),
lim v(, 1) = voll 2y = 0. for some v & L* ().
—1o

Consider the unique weak solution u to the initial boundary value problem

du 4+ (=Ap)°u=0, inQxI,
u=mu, onRN\QxI,
u(-, to) = vg, on 2.

Then
u(x,t) > v(x,t), inRY x I.

Proof. The proof is almost identical with the proof of Proposition A.4. We give some
details below. Take J = [Ty, T1] € (fo, t1). Again, as in the first part of Lemma 3.3,
we obtain

T
/ // (pee, D) = 00, 0) = Jp(ate, 1) = u(y,1)
To RN xRN
(¢8(x, 1) — ¢y, t)) du(x, y)dr

Ty —£
—i_//l 23t(v£(x,t)—u‘g(x,r))<1>(x,t)dtdx+2(8)
Q JT

€
0+§

< /Q [0, 7o) —ute. 7o) px. To)

- (v"3 (x, To + E) —uf (x, To + f))
2 2

¢(x,To+§>]dx

A (e S PO

— (wx, T1) —u(x, T1)) ¢ (x, Tl)i| dx,
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for every non-negative ¢ € LP((—1,0); X5”(Q, Q) N C'((—1,0); L*(R)). The
quantity X (¢) is still defined in (3.7), with v — u in place of u. Observe that now we
have an inequality, since v is merely a subsolution. Take the test function

¢(X, t) = (vé‘(x’ t) - Mg(-x1 t))"r
This gives

Ti—%
//” 80 (¥, 1) — u (x, 7)) b (x, 1) di dx
T

0+2

-5
//1 (v (x, 1) —u®(x, 1)) W (x,1) —u(x, 1))+ drdx
T

0+2

/ / B WD w0l

To+5 2

R
_ % /Bz (4 (. To+ £) —u (7o + g))i dx.

As before, the terms

/Q[(U(X, To) — u(x, Tp)) ¢ (x, To)

S (e
—uf (x, To + %)) é (x To + )] dx
R T P

—(x, T1) —u(x, T1) ¢(x, T1) ] dx

go to zero, as & goes to 0. Therefore, by taking the limit as & goes to 0, we arrive at

T
[ L (o = 60 = gyt = utr.0)
To RN xRN

x (e, ) = e D) = 0 1) = u(y, D)) dpa(x, y) dr
+ ! / W, T1) —u(x, )2 dx — ! / ( (x, To) — u (x, Tp))2 dx <O0.
2 Ja 2 /B,
By [4, Lemma A.3], we have

(p@a=b = Jpc=d) ((@= 0 = b—d)y)
>Cla—b—(c—d)" " [(a—c)y — (b—d)4]
> Clla—c)y — (b—d)l?,
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for some C = C(p) > 0. Then

T
o A (CEONS
0

< % / (W (x, To) — u (x, Tp))3 dx — % / (u (x, 1) —u (x, T1))% dx,
o Q

for every 1o < Ty < T < t1. We can now let Ty converge to #y and obtain

T, 1
0 E C/ [(U - u)‘l’]l;vs.p(RN) dt S _5 / (U (x’ T]) —Uu (-x’ Tl))i dx‘
1o Q
This implies
u(x, Ty) > v(x, Ty), fora.e. x € Q.

Since 77 is arbitrary, this entails the desired result. O

Appendix B. Some complements to the proof of Lemma 3.3

We keep on using the same notation of Lemma 3.3. For every 0 < || < ho/4 and
0 < ¢ < gp, we set

A = /TT I (e = s, = e, ) = us )
x (PO o0 7)) @) = (Fout 0,0 ) n()”) dudr,
and
I
= [ (e ) = Jytate, 0 = ucr.)
x ((F@wuer, ) 7)) n()? = (F@u(, 0)T®) n(»)?*) dud.

Then

|As —A| =

T
/TO //szxRN (7pun e, 1) = (v, 0) = Jp(ate, 1) = u(y, 1))
< (((F@uu® .07 (z))g — F(su(x,0)7(0) ()"

= (PG 0. %) = Fpuy,0) 7)) 107 dpedr

We need to show that

e—0
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We start by splitting the integral as follows

T
/Tol //RNXM (7pun e, 1) = un (v, 1) = Jp(ae, 1) = u(y, 1))
x (PO . w(®) = P, 0) 1)) neo?
= (PG o w0) = F@u. ) 7)) n0)?” ) dyudr

T
Ty By_pxBy_y
x (((Fowe o) 7)) = F@ute0) 1)) n0o?
= (6 0. %)~ Fonutr. 0 7@) n0)?) dpa

T
w20 (Tt 0 = wn . 0) = Ty, ) = u(y, 1)
To J By zpx(RN\Ba_y)

x ((Fonu® .1 rsm)s = F(Sputx, 0) 7)) n(0)P dudt =: ©1(e) + ().

We used that 1 vanishes on RN \By_2 . We now observe that

/TTl [(F((Shug(~, 1) Te(’))s np]lv’V“’(Bz—Zh) “

0
B T ep
p e(.

<Clnl¥s /TO [(Fowe .0 w) ]Wx,p(Bzizh)dt

T

wCIvn ™" [ (P o) |

LP(Ba—2n)

where we used the properties of convolutions, the fact that F is locally Lipschitz and the uniform
L®° bound (3.12). Thus, up to extracting a subsequence, we can infer weak convergence in

LP([To, T11; WP (Ba—24)),
of
&
(Fow ey ze ) P,
to the function
F(Spux, 1) t(t)n”.
By definition, this is the same as saying that the function

(Fomu ) we®) n0)? = (Foe 0. 7)) n(?

N
—+s
lx =yl P

’

weakly converges in LP ([Ty, T1]; LP(By_»j, X Ba_»p)). This permits to conclude that

lim ©;(¢) = 0,
e—0
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thanks to the fact that

JpQup (e, 1) —up(y, 1) — Jpu(x, 1) —u(y, 1))
N -1 ’
|X _ _)7| o +s (p—1)
belongs to L”' ([Ty, T11; L (Ba—2j X Ba—ap))-
For ®; (&) we use a similar argument. More precisely, we observe that if we set

J , 1) — , 1
3(x,z)=/ p (¥ )N””(y D4y, foraexeByop t €Ty, Tl
RN\ Bs_ |x — y|N+sp
we have
lup (e, )1P™L + Jugy (v, )P~
|&(x,t)|sch/ é R dy
RN\ B,_, L+ |y|¥Tsp

<C O 18,u )P )
< h<|uh(x )] + [18pu( )||Lsp;1(RN)

By using the definition of local weak solution, this implies that § € L ([To, T1] x By—21).On

the other hand, for r € [T, T1] and x € By_5; we have

1
[(Fou o we) nr| < i [ €@ PGt = sonldo
2

1
< Clinllf / | £(@) [8pu (x.t —£0)|do
-2
p
= Clnliz ”‘Shug”LOO([Tof%,T]Jr%]sz—M)'
By recalling (3.12), this implies that
&

(P, 0) e 0))

is uniformly bounded in L°°([Ty, T1] X Ba_2 ). The last two facts implies that

e—>0

T
-1 (Zpne. 1) = wn(y. 1)) F @, 1) neo)? dpd,
To ) By x(RN\By—p)

up to extracting a subsequence. In the exact same way, we can show that

T p .
tim [ ] (Fptun e,y = un(y ) (F@u*r,0) 7o) n0)” dped
To /) Branx(®Y\By-p)

T &
tim [ ] (Fpwer.0) = u(y.0) (F@w (.0 w () n00” dudr
To S Branx(RV\By—p)

e—>0

T
- / // (J,,(u(x, 1) —u(y, z))) F(Spu(x, 1)) n(x)P dudr.
To By o x(RN\By_p)

This in turn permits to infer that ®; (¢) goes to 0, as well. This concludes the proof of Lemma 3.3.
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