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 A B S T R A C T

In structural engineering, accurate modeling of material damage is crucial, particularly the 
tension–compression asymmetry observed in quasi-brittle materials and adhesive joints. While 
cohesive interface models are commonly employed in the analysis of bonded structures, the 
parameters of these models frequently lack a direct correlation with the physical properties 
of the adhesive layer. To address this issue and capture the tension–compression asymmetry, 
this study uses asymptotic analysis to derive two new interface damage models (termed F1d 
and F2d) from a thin damaging interphase. The proposed models are formulated within a 
thermodynamically consistent framework. The F1d model uses a single damage variable with an 
asymmetric evolution law, whereas the more advanced F2d model uses separate variables for 
tensile and compressive damage, enabling independent evolution kinetics. To bridge the gap 
between scales and link macroscopic damage to micro-defect evolution, the new models are 
coupled with two micromechanical schemes: the non-interacting Kachanov–Sevostianov model 
and the Mori–Tanaka–Benveniste model, the latter of which accounts for defect interactions. 
The theoretical formulations of the models are presented, and their predictive capabilities are 
demonstrated through numerical simulations of a bonded joint under axial loading.

. Introduction

Predictive modeling of material damage and failure is crucial in structural engineering. Among the various approaches, 
ontinuum Damage Mechanics (CDM) is a powerful framework for describing the progressive loss of stiffness and strength in 
aterials under load caused by the nucleation and growth of micro-defects, such as voids and cracks (Lemaitre, 1985; Lemaitre, 
haboche, Benallal, & Desmorat, 2009; Park, Ahmed, & Voyiadjis, 2021). A key challenge in CDM is formulating models that 
apture overall softening behavior and accurately represent material-specific characteristics, such as distinct responses to tensile 
ersus compressive stress. This tension–compression asymmetry, also known as ‘‘(quasi) unilateral effect’’ or ‘‘microdefects/crack 
losure effect’’ (Fassin, Eggersmann, Wulfinghoff, & Reese, 2019; Murakami, 1988), is a prominent feature of many engineering 
aterials. It is most notable in quasi-brittle materials such as concrete (Frémond & Nedjar, 1995; Mazars, Berthaud, & Ramtani, 
990), but also occurs in ductile materials such as metals (Wei, Gerke, & Brünig, 2023; Wei, Zistl, Gerke, & Brünig, 2022), composite 
dhesive joints (Yang, Yan, Liu, & Ran, 2012; Zhang, Ramesh, & Chin, 2008) and polymers (Liu et al., 2021), where different 
ailure mechanisms are observed under different loading conditions. More specifically, in concrete, damage under tension is typically 
ominated by the opening and coalescence of microcracks, resulting in a rapid, brittle-like damage. In contrast, under compression, 
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damage involves a more complex process of microcrack closure, frictional sliding, and pore collapse (Mazars & Pijaudier-Cabot, 1989; 
Shah, Swartz, & Ouyang, 1995; Van Mier, 1996). This results in significantly higher compressive strength and a more progressive, 
pseudo-ductile failure mode.

Accurately capturing this asymmetry is essential in numerical simulations and for a realistic analysis of structures subjected 
to complex loading, as it prevents the prediction of compressive dominant failure and ensures a more realistic representation 
of damage and fracture behavior. A widely adopted strategy involves incorporating tension–compression asymmetry through 
energy decompositions, thereby enabling a directional distinction in damage driving forces. Some examples are: the spectral 
decomposition (Miehe, Welschinger, & Hofacker, 2010), which decomposes the elastic strain energy density by distinguishing 
between positive and negative eigenvalues of the strain tensor; the volumetric-deviatoric decomposition (Amor, Marigo, & Maurini, 
2009; Lancioni & Royer-Carfagni, 2009), where the degradable energy is expressed by the deviatoric part of the strain tensor; the 
star-convex model (Vicentini, Zolesi, Carrara, Maurini, & De Lorenzis, 2024), in which the residual energy density only depends on 
the negative trace of the strain tensor. For more details on refined tension–compression asymmetry phase-field theories, the reader 
can refer to Zhang, Han, Zhang, Reese, and Brepols (2025). As it will be specified in the sequel, the present work will adopt the 
spectral decomposition strategy to take into account this asymmetry.

To address problems in bonded structures, several approaches are available in the literature (Kumar & Mittal, 2013; Ries, 2024; 
Tserpes et al., 2022). Among these, interface models are widely used in many engineering disciplines. These models can simulate 
various phenomena, including cohesive fracture, delamination in composites, strain localization and the bond between structural 
components (Abrate, Ferrero, & Navarro, 2015; Alfano & Crisfield, 2001; Barenblatt, 1962; Corigliano, 1993; Elices, Guinea, Gomez, 
& Planas, 0000; Needleman, 1990; Park & Paulino, 2011). A key feature of Cohesive Zone Models (CZMs) is the characterization 
of a physically thin layer, such as an adhesive bond, as a zero-thickness surface. The constitutive behavior is then described by a 
relationship linking the continuous traction across the interface to the displacement field jump. Although simple linear relationships 
can be employed, interface laws can also incorporate complex nonlinear effects, including damage, plasticity and viscous phenomena. 
This results in a wide range of models being presented in the scientific literature, see for example Alfano and Sacco (2006), Cazes, 
Simatos, Coret, and Combescure (2010), Corigliano and Ricci (2001), Kim (2011) and Xu and Lu (2013) and the references therein.

A major limitation of CZMs is that the material parameters of the cohesive interface law are often unrelated to the physics of the 
thin layer being modeled. One way to overcome this problem is the use of the asymptotic methods (Ciarlet, 1997; Sánchez-Palencia, 
1980). These techniques can be employed to obtain interface models starting from a thin interphase with vanishing thickness 
and a variety of constitutive behaviors that can be linked to the microstructure of the material. The resulting imperfect interface 
model is expressed in terms of transmission conditions associated with jumps in the traction and displacement fields, inheriting the 
material properties of the thin interphase. The development of interface models via asymptotic techniques has been advanced by 
various mathematical approaches. These include classical variational methods (Benveniste, 1987; Benveniste & Miloh, 1986; Javili, 
Kaessmair, & Steinmann, 2014) and techniques such as asymptotic expansion methods, which have been applied in linear (Geymonat, 
Hendili, Krasucki, Serpilli, & Vidrascu, 2014; Lebon & Rizzoni, 2010, 2011; Rizzoni, Dumont, Lebon, & Sacco, 2014; Serpilli & Lenci, 
2016) and nonlinear elasticity (Krasucki, Münch, & Ousset, 2004; Rizzoni, Dumont, & Lebon, 2017). The scope has since expanded 
to the contact of rough surfaces (Raffa, Lebon, & Vairo, 2016) damaging materials (Bonetti, Bonfanti, Lebon, & Rizzoni, 2017; Raffa, 
Lebon, & Rizzoni, 2022), and multiphysics theories (Bauzet, Dumont, Lebon, & Nabet, 2025; Dumont, Serpilli, Rizzoni, & Lebon, 
2020; Rizzoni, Serpilli, Raffa, & Lebon, 2023; Serpilli, 2014; Serpilli, Rizzoni, Lebon, & Dumont, 2019).

Motivated by these considerations, this work introduces two novel interface damage models, denoted with F1d and F2d, designed 
to describe the behavior of thin adhesive layers joining two linear elastic adherents, by means of the asymptotic expansions 
method. The underlying constitutive models have been formulated within a thermodynamically consistent framework and are able to 
represent tension–compression asymmetry (Freddi & Frémond, 2006; Frémond, 2002; Frémond & Nedjar, 1995, 1996), through the 
aforementioned spectral decomposition of the strain tensor into positive and negative parts. The proposed damage evolution models 
generalize those introduced in Frémond’s theory (Frémond, 2002) and are applied to thin interphase layers. More specifically, the 
F1d model employs a single damage variable, 𝜌, but incorporates asymmetry through the structure of the damage evolution law. 
The F2d model is characterized by a more advanced damage description, that introduces separate internal variables for tensile, 𝜌𝑡, 
and compressive, 𝜌𝑐 , damage. This allows for independent control over their respective initiation thresholds and evolution kinetics. 
The main objective of this paper is to present the complete theoretical formulation of the model F1d and F2d models and to prove 
their qualitative and predictive capabilities through numerical examples on a benchmark problem. A rigorous calibration against 
specific experimental data is intended as the subject of future work.

To relate macroscopic damage to material degradation at the microscale, the two frameworks are coupled with two distinct 
micromechanical schemes: the non-interacting Kachanov-Sevostianov (KS) approximation (Kachanov, 1994; Kachanov & Sevos-
tianov, 2018; Kachanov, Tsukrov, & Shafiro, 1994; Pronina, Narykova, & Kachanov, 2025), and the Mori–Tanaka-Benveniste (MTB) 
model (Mori & Tanaka, 1973; Pronina et al., 2025), the latter of accounts for defect interactions. This paper presents the theoretical 
formulation of these models and demonstrates their predictive capabilities by means of numerical simulations of a joint undergoing 
tensile and compressive loadings. Notably, the KS and MTB schemes provide the crucial link between the damage variable(s), 𝜌 (or 
𝜌𝑡, 𝜌𝑐 ), and the effective elastic moduli of the adhesive. The derivatives of these moduli enter the damage evolution law, that is the 
asymptotic limit of the damage evolution law in the three-dimensional Frémond’s models.

The coupling of the continuum damage framework with the KS and MTB micromechanical schemes relies on a two-step approach. 
We have three distinct scales (or even four, if we consider microcracks): the structure (macroscale, characteristic dimension, say 
𝐿), the interphase (mesoscale, characteristic dimension, say ℎ𝜀) and the material (microstructure, characteristic dimension, say 𝜂), 
with 𝜂 ≪ ℎ𝜀 ≪ 𝐿. In our two-step methodology, we first perform ‘homogenization’ at the microstructure scale (transition to the 
2 
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Fig. 1. Geometry of the bonded assembly composed of two adherent bodies and an adhesive thin layer: reference configuration (a), rescaled 
configuration (b) and limit configuration (c).

mesoscale, via the KS or MTB schemes) and then ‘homogenization’ in the direction of the adhesive thickness (transition to the 
macroscale). This two-step approach is standard in multi-scale mechanics for deriving simplified structural models from complex 
microstructured continua, see for example Ponte Castañeda and Willis (1995).

Our methodology is related to, yet distinct from, micromechanical approaches, where the damage criterion is formulated directly 
as an energy release rate derived from the homogenized potential energy of the cracked material. Dormieux et al. proposed 
an example of this approach (Dormieux, Kondo, & Ulm, 2006). Pichler et al. proposed an alternative methodology that links 
micromechanics and damage evolution (Pichler, Hellmich, & A. Mang, 2007). In their study, they combined propagation criteria 
for a single penny-shaped crack embedded in an infinite matrix and subjected to remote stresses with the dilute and Mori–
Tanaka micromechanical schemes. These combinations implicitly define a rate-independent damage evolution law, enabling the 
full strain-softening curve to be derived. While all these methods aim to incorporate microstructural information into a continuum 
model, they differ fundamentally in their starting points: a microscopic stress criterion (Pichler et al., 2007); a macroscopic 
energy criterion (Dormieux et al., 2006); or a thermodynamically derived kinetic law, as in Freddi and Frémond (2006), Frémond 
(2002) and Frémond and Nedjar (1995, 1996) and in the present work. This results in different types of damage evolution: rate-
independent (Dormieux et al., 2006; Pichler et al., 2007) versus rate-dependent (Freddi & Frémond, 2006; Frémond, 2002; Frémond 
& Nedjar, 1995, 1996).

The paper is organized as follows. Section 2 presents the overview of the equilibrium problem of an assembly made of two bodies, 
adhesively joint with a damaging thin layer. The F1d and F2d damage evolution equations are respectively presented. Section 3 
deals with the asymptotic expansions method and the derivation of the two damage evolution limit models. To numerically assess 
the damage models, a benchmark problem of a composite medium subjected to tensile and compressive axial loads is presented 
in Section 4, highlighting the main differences between F1d and F2d, and using two different micromechanical homogenization 
schemes (KS and MTB, respectively). Finally, Section 5 is devoted to the concluding remarks.

2. Overview of the problem

In the sequel, Greek indices range in the set {1, 2}, Latin indices range in the set {1, 2, 3}, and Einstein’s summation convention 
with respect to repeated indices is adopted. The following notations for the scalar and dyadic products are also introduced: 
a ⋅ b ∶= 𝑎𝑖𝑏𝑖, (a ⊗ b)𝑖𝑗 ∶= 𝑎𝑖𝑏𝑗 , and (a ⊙ b)𝑖𝑗 ∶= 1

2 (𝑎𝑖𝑏𝑗 + 𝑎𝑗𝑏𝑖), for all vectors a = (𝑎𝑖) and b = (𝑏𝑖). Moreover, we note with 
⟨𝑓 ⟩± ∶= Max{0,±𝑓} the positive and negative part of the scalar function 𝑓 , respectively, equivalent to the Macaulay’s brackets, and 
A± = (𝐴±

𝑖𝑗 ) the positive and negative parts of tensor A, obtained after diagonalization (for more details, see Appendix).
Let us consider a composite structure made of three media, two adherents and a thin adhesive layer, occupying a smooth bounded 

domain 𝛺𝜀 ⊂ R3, as depicted in Fig.  1(a).
The domain 𝛺𝜀 depends on the parameter 𝜀 in a sense which will be made precise later. An orthonormal Cartesian frame 

(𝑂, 𝐞1, 𝐞2, 𝐞3) is introduced and the triplet (𝑥1, 𝑥2, 𝑥3) is taken to denote the three coordinates of a material point. The adhesive 
occupies the domain 𝐵𝜀, defined as 𝐵𝜀 ∶=

{

(𝑥1, 𝑥2, 𝑥3) ∈ 𝛺𝜀 ∶ |𝑥3| <
ℎ𝜀

2

}

, with thickness ℎ𝜀, whose plane mid-surface is 
𝑆 = {(𝑥1, 𝑥2, 𝑥3) ∈ 𝛺𝜀 ∶ 𝑥3 = 0}, modeling the interface in the limit problem. The adherents occupy the domains 𝛺𝜀

± =
{

(𝑥1, 𝑥2, 𝑥3) ∈ 𝛺𝜀 ∶ ±𝑥3 >
ℎ𝜀

2

}

. The interfaces between the adhesive and the adherents are denoted with 𝑆𝜀
± =

{

(𝑥1, 𝑥2, 𝑥3) ∈ 𝛺𝜀 ∶ 𝑥3
= ± ℎ𝜀

2

}

. The assembly is subjected to body forces f𝜀, acting in 𝛺𝜀
±, and surface forces g𝜀, applied to the partition of the boundary 

𝛤 𝜀 ⊂ 𝜕𝛺𝜀 with strictly positive measure. The composite is fully clamped on a portion of the boundary 𝛤 𝜀 ⊂ 𝜕𝛺𝜀. The boundary sets 
𝑔 0

3 
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𝛤 𝜀
𝑔  and 𝛤 𝜀

0  are assumed to be located far from the interphase. Body forces are neglected in 𝐵𝜀. Suitable regularity assumptions are 
made on the external loads to ensure the wellposedness of the equilibrium problem.

In the sequel, u𝜀 = (𝑢𝜀𝑖 ) denotes the displacement field, while e𝜀 denotes the linearized strain tensor, with components 
𝑒𝜀𝑖𝑗 ∶=

1
2 (𝑢

𝜀
𝑖,𝑗 + 𝑢𝜀𝑗,𝑖). Notation (⋅),𝑖 represents the partial derivative with respect to 𝑥𝑖. The two adherents and the adhesive are made 

of linearly elastic materials, whose constitutive laws are defined as follows: 
𝜎𝜀𝑖𝑗 = 𝐶𝜀

𝑖𝑗𝑘𝑙𝑒
𝜀
𝑘𝑙 , (1)

where 𝝈𝜀 = (𝜎𝜀𝑖𝑗 ) and 𝐶𝜀
𝑖𝑗𝑘𝑙 represents the Cauchy’s stress tensor and the elastic constants, respectively. The elasticity tensor satisfies 

the classical major and minor symmetries properties. We suppose that the material of the adhesive is damaging, with distinct and 
different damage behaviors under tension and compression.

As customary, the governing equations of the equilibrium problem, paired with the constitutive laws (1), can be written : 
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜎𝜀𝑖𝑗,𝑗 + 𝑓 𝜀
𝑖 = 0 in 𝛺𝜀,

𝜎𝜀𝑖𝑗𝑛
𝜀
𝑗 = 𝑔𝜀𝑖 on 𝛤 𝜀

𝑔 ,

[[𝜎𝜀𝑖3]] = 0 on 𝑆𝜀
±,

[[𝑢𝜀𝑖 ]] = 0 on 𝑆𝜀
±,

𝑢𝜀𝑖 = 0 on 𝛤 𝜀
0 .

(2)

In the sequel, the notation 𝑓, 𝑓 stands for the restriction of function 𝑓 in the adherents and in the adhesive, respectively. In (2), 
[[𝑓 ]] denotes the jump function at the interfaces 𝑆𝜀

±, i.e [[𝑓 ]] ∶= 𝑓 (±ℎ𝜀∕2) − 𝑓 (±ℎ𝜀∕2).
The above equations needs to be coupled with the evolution damage equation inside the adhesive layer. It is assumed that the 

constitutive parameters depend on one or two damage parameters, usually indicate with 𝜌, which can be thought as a micro-crack or 
micro-voids volumetric density. In particular, two different damage evolution models will be considered in the asymptotic analysis, 
based on Frémond’s damage theory (Frémond, 2002): (i) the Frémond’s 1-damage parameter (F1d) evolution model (Frémond & 
Nedjar, 1995, 1996); (ii) the Frémond’s 2-damage parameters (F2d) evolution model (Frémond & Nedjar, 1995, 1996). The above 
damage models allows to distinguish the damage evolution behavior under tensile and compressive loads.

The following subsections details the thermodynamically consistent derivation of the state and damage evolution laws from a 
postulated free energy potential and a pseudo-potential of dissipation, following the approach proposed by Frémond.
The F1d evolution model

The adhesive material is assumed to be linear elastic, depending on one damage parameter 𝜌 ∈ [0, 1]. The asymmetry between 
tension and compression is induced by the damage variable. In particular, we consider the following free energy 𝛹 𝜀

1 : 

𝛹 𝜀
1 = 1

2

(

2𝜇̂𝜀(𝜌)𝑒𝜀𝑖𝑗𝑒
𝜀
𝑖𝑗 + 𝜆̂𝜀(𝜌)(𝑒𝜀𝑠)

2
)

− 𝜔̂𝜀(𝜌) + 𝐼[0,1](𝜌), (3)

where 𝜆̂𝜀 and 𝜇̂𝜀 the Lamé’s constants, depending on 𝜌, 𝑒𝜀𝑠 ∶= Tr ê𝜀 = 𝑒𝜀11 + 𝑒𝜀22 + 𝑒𝜀33 is the trace of the strain tensor, 𝜔𝜀 = 𝜔𝜀(𝜌) < 0
denotes the damage initiation threshold expressed as a volumetric energy, similar to Dupré’s energy, cf. Frémond (2002), and 𝐼𝐴 is 
the indicator function of the set 𝐴, i.e. 𝐼𝐴(𝑥) = 0 if 𝑥 ∈ 𝐴 and 𝐼𝐴(𝑥) = +∞ otherwise. The constitutive equation for the damaging 
adhesive can be obtain as follows: 

𝜎̂𝜀𝑖𝑗 =
𝜕𝛹 𝜀

1
𝜕𝑒𝜀𝑖𝑗

= 2𝜇̂𝜀(𝜌)𝑒𝜀𝑖𝑗 + 𝜆̂𝜀(𝜌)𝑒𝜀𝑝𝑝𝛿𝑖𝑗 , (4)

with 𝛿𝑖𝑗 the Kronecker’s symbol. The evolution of the damage parameter is introduced through a pseudo-potential of dissipation, 
considering a generalization of the Frémond’s theory with one damage parameter (Frémond & Nedjar, 1995): 

𝛷𝜀
1 =

1
2
𝜂̂𝜀𝜌̇2 − 1

2
𝜌̇
(

2𝜇̂𝜀
,𝜌(𝜌)𝑒

−,𝜀
𝑖𝑗 𝑒−,𝜀𝑖𝑗 + 𝜆̂𝜀,𝜌(𝜌)⟨𝑒

𝜀
𝑠⟩

2
−

)

+ 𝐼[0,+∞)(𝜌̇), (5)

where 𝜂̂𝜀 is a positive viscosity parameter. The effect of the indicator function is to make it compulsory for 𝜌̇ to be non-negative 
and, thus, the degradation of the adhesive is an irreversible process. The form of the pseudo-potential of dissipation is chosen such 
that damage results only from extensions.

By means of the Clausius-Duhem relation 
𝜕𝛹 𝜀

1
𝜕𝜌

+
𝜕𝛷𝜀

1
𝜕𝜌̇

∋ 0, (6)

the F1d model damage evolution equations can be written in the following form: 

𝜂̂𝜀𝜌̇ =
⟨

𝜔̂𝜀
,𝜌(𝜌) −

1
2

(

2𝜇̂𝜀
,𝜌(𝜌)𝑒

+,𝜀
𝑖𝑗 𝑒+,𝜀𝑖𝑗 + 𝜆̂𝜀,𝜌(𝜌)⟨𝑒

𝜀
𝑠⟩

2
+

)⟩

+
. (7)

Remark 1. The proposed model represents a generalization of the damage theory, proposed by Frémond and Nedjar (1995). 
Indeed, by considering the simple case of a linear dependence of the elastic coefficients with respect to damage parameter 𝜌, 
i.e. 𝜆̂𝜀(𝜌) = (1 − 𝜌)𝜆̂𝜀 and 𝜇̂𝜀(𝜌) = (1 − 𝜌)𝜇̂𝜀, and the explicit expression for the threshold energy, 𝜔̂𝜀(𝜌) = 𝑤̂𝜀𝜌+𝑀𝜀(log(1 − 𝜌) + 𝜌), it is 
4 
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possible to recover the initial model proposed in Frémond and Nedjar (1995). With these assumptions, 𝜆̂𝜀,𝜌(𝜌) = −𝜆̂𝜀 and 𝜇̂𝜀
,𝜌(𝜌) = −𝜇̂𝜀, 

𝜔̂𝜀
,𝜌(𝜌) = 𝑤̂𝜀 −𝑀𝜀 𝜌

1−𝜌  and thus, 

𝜂̂𝜀𝜌̇ =
⟨

𝑤̂𝜀 −𝑀𝜀 𝜌
1 − 𝜌

+ 1
2

(

2𝜇̂𝜀𝑒+,𝜀𝑖𝑗 𝑒+,𝜀𝑖𝑗 + 𝜆̂𝜀⟨𝑒𝜀𝑠⟩
2
+

)

⟩

+
. (8)

The above expression is formally equivalent to cf. Frémond and Nedjar (1995, Eq. (12)), with the choice 𝜌 = 1 − 𝛽 for the damage 
parameter.

The F2d evolution model
When damage is produced, microcracks appear in the zones where extensions exist. When changing the sign of the principal 

deformations by changing the sign of the loading, these microcracks close. In the previous damage model, the unilateral behavior 
appears only at the macroscopic (global) level, while the closure of microcracks in compression gives rise to a unilateral phenomenon 
at the microscale, as highlighted by the experiments. Hence, following Frémond’s approach, two distinct damage parameter 
𝜌𝑡, 𝜌𝑐 ∈ [0, 1] in tension and compression are respectively considered. The adhesive material is assumed to be linear elastic isotropic. 
In particular, let us consider the following free energy 𝛹 𝜀

2 : 

𝛹 𝜀
2 = 1

2

(

2𝜇̂𝜀(𝜌𝑡)𝑒
+,𝜀
𝑖𝑗 𝑒+,𝜀𝑖𝑗 + 𝜆̂𝜀(𝜌𝑡)⟨𝑒𝜀𝑠⟩

2
+ + 2𝜇̂𝜀(𝜌𝑐 )𝑒

−,𝜀
𝑖𝑗 𝑒−,𝜀𝑖𝑗 + 𝜆̂𝜀(𝜌𝑐 )⟨𝑒𝜀𝑠⟩

2
−

)

−𝜔̂𝜀
𝑡 (𝜌𝑡) − 𝜔̂𝜀

𝑐 (𝜌𝑐 ) + 𝐼 (𝜌𝑡, 𝜌𝑐 ),
(9)

where (𝜌𝑡, 𝜌𝑐 ) ∈  ∶= {(𝑥, 𝑦), 𝑥 ∈ [0, 1], 𝑦 ∈ [0, 1], 𝑥 ≤ 𝑦}, 𝜔̂𝜀
𝑡 = 𝜔̂𝜀

𝑡 (𝜌𝑡) and 𝜔̂𝜀
𝑐 = 𝜔̂𝜀

𝑐 (𝜌𝑐 ) are the negative damage initiation thresholds 
in tension and compression, respectively. The pseudo-potential of dissipation, considering the Frémond’s theory with two damage 
parameters (Frémond & Nedjar, 1995) takes the following form: 

𝛷𝜀
2 =

1
2
(

𝜂̂𝜀𝑡 𝜌̇𝑡
2 + 𝜂̂𝜀𝑐 𝜌𝑐

2) − 1
2
𝜌𝑐

(

𝜆̂𝜀,𝜌𝑐 (𝜌𝑐 )⟨𝑒
𝜀
𝑠⟩

2
−

)

+ 𝐼[0,+∞)2 (𝜌̇𝑡, 𝜌𝑐 ), (10)

where 𝜂̂𝜀𝑡  and 𝜂̂𝜀𝑐  are the viscosity parameters in tension and compression, respectively. The constitutive equation for the damaging 
adhesive can be obtain as follows: 

𝜎̂𝜀𝑖𝑗 =
𝜕𝛹 𝜀

2
𝜕𝑒𝜀𝑖𝑗

= 2𝜇̂𝜀(𝜌𝑡)𝑒
+,𝜀
𝑖𝑗 + 𝜆̂𝜀(𝜌𝑡)⟨𝑒𝜀𝑠⟩+𝛿𝑖𝑗 − (2𝜇̂𝜀(𝜌𝑐 )𝑒

−,𝜀
𝑖𝑗 + 𝜆̂𝜀(𝜌𝑡)⟨𝑒𝜀𝑠⟩−𝛿𝑖𝑗 ). (11)

Taking into account the Clausius-Duhem relations: 
𝜕𝛹 𝜀

2
𝜕𝜌𝑡

+
𝜕𝛷𝜀

2
𝜕𝜌̇𝑡

∋ 0,
𝜕𝛹 𝜀

2
𝜕𝜌𝑐

+
𝜕𝛷𝜀

2
𝜕𝜌̇𝑐

∋ 0, (12)

we get: 

𝜂̂𝜀𝑡 𝜌̇𝑡 =
⟨

𝜔̂𝜀
𝑡,𝜌𝑡

(𝜌𝑡) −
1
2

(

2𝜇̂𝜀
,𝜌𝑡
(𝜌𝑡)𝑒

+,𝜀
𝑖𝑗 𝑒+,𝜀𝑖𝑗 + 𝜆̂𝜀,𝜌𝑡 (𝜌𝑡)⟨𝑒

𝜀
𝑠⟩

2
+

)⟩

+
,

𝜂̂𝜀𝑐 𝜌̇𝑐 =
⟨

𝜔̂𝜀
𝑐,𝜌𝑐

(𝜌𝑐 ) −
1
2

(

2𝜇̂𝜀
,𝜌𝑐
(𝜌𝑐 )𝑒

−,𝜀
𝑖𝑗 𝑒−,𝜀𝑖𝑗

)⟩

+
.

(13)

Remark 2. The present model generalizes the two-damage parameter theory, proposed by Frémond and Nedjar (1996). Indeed, by 
considering the hypothesis of 𝜆̂𝜀(𝜌𝑡) = (1 − 𝜌𝑡)𝜆̂𝜀 and 𝜇̂𝜀(𝜌𝑡) = (1 − 𝜌𝑡)𝜇̂𝜀 (same for 𝜆̂𝜀(𝜌𝑐 ) and 𝜇̂𝜀(𝜌𝑐 )), and the explicit expression for 
the threshold energy, 𝜔̂𝑡

𝜀(𝜌𝑡) = 𝑤̂𝜀
𝑡 𝜌𝑡 + 𝑀𝜀

𝑡 (log(1 − 𝜌𝑡) + 𝜌𝑡) (same for 𝜔𝑐
𝜀(𝜌𝑐 )), it is possible to recover the initial model proposed. 

Thus, 

𝜂̂𝜀𝑡 𝜌̇𝑡 =
⟨

𝑤̂𝜀
𝑡 −𝑀𝜀

𝑡
𝜌𝑡

1 − 𝜌𝑡
− 1

2

(

2𝜇̂𝜀
,𝜌𝑡
(𝜌𝑡)𝑒

+,𝜀
𝑖𝑗 𝑒+,𝜀𝑖𝑗 + 𝜆̂𝜀,𝜌𝑡 (𝜌𝑡)⟨𝑒

𝜀
𝑠⟩

2
+

)

⟩

+
,

𝜂̂𝜀𝑐 𝜌̇𝑐 =
⟨

𝑤̂𝜀
𝑐 −𝑀𝜀

𝑐
𝜌𝑐

1 − 𝜌𝑐
− 1

2

(

2𝜇̂𝜀
,𝜌𝑐
(𝜌𝑐 )𝑒

−,𝜀
𝑖𝑗 𝑒−,𝜀𝑖𝑗

)

⟩

+
.

(14)

The above expressions are formally equivalent to cf. Frémond and Nedjar (1996, Eq.(23)), with the choice of the damage parameter 
𝜌𝑡 = 1 − 𝛽𝑡 (same for 𝜌𝑐).

3. Asymptotic expansions

Given the small thickness of the adhesive, let us set ℎ𝜀 = 𝜀ℎ, and look for the solution of the equilibrium problem by using 
asymptotic expansions method with respect to the small parameter 𝜀. In order to perform an asymptotic analysis, it is necessary to 
transform the 𝜀-dependent domain 𝛺𝜀 into a fixed domain 𝛺 through the classical change of coordinates (Ciarlet, 1997), see Fig.  1:

• in the adhesive, the coordinates transformation takes the following form: 
(𝑥1, 𝑥2, 𝑥3) ∈ 𝐵𝜀 → (𝑧1, 𝑧2, 𝑧3) = (𝑥1, 𝑥2,

𝑥3
𝜀
) ∈ 𝐵, (15)

where 𝐵 ∶=
{

(𝑥1, 𝑥2, 𝑥3) ∈ 𝛺 ∶ |𝑥3| <
ℎ
2

}

. In addition, given any (scalar or vector) field 𝑣 defined in 𝐵𝜀, it is set 𝑣̂(𝑧1, 𝑧2, 𝑧3) =
𝑣(𝑥 , 𝑥 , 𝑥 );
1 2 3
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• In the adherents, the following change of variable is introduced 
(𝑥1, 𝑥2, 𝑥3) ∈ 𝛺𝜀

± → (𝑧1, 𝑧2, 𝑧3) = (𝑥1, 𝑥2, 𝑥3 ±
ℎ
2
∓ 𝜀ℎ

2
) ∈ 𝛺±, (16)

where 𝛺± ∶=
{

(𝑥1, 𝑥2, 𝑥3) ∈ 𝛺 ∶ ±𝑥3 >
ℎ
2

}

. In addition, given any (scalar or vector) field 𝑣 defined in 𝛺𝜀
±, it is set 𝑣̄(𝑧1, 𝑧2, 𝑧3) =

𝑣(𝑥1, 𝑥2, 𝑥3).

The volume and surface forces are supposed to be independent of 𝜀, so that f𝜀(𝑥1, 𝑥2, 𝑥3) = f(𝑧1, 𝑧2, 𝑧3) and g𝜀(𝑥1, 𝑥2, 𝑥3) = g(𝑧1, 𝑧2, 𝑧3). 
Moreover, according to the change of variables, one has 𝜕

𝜕𝑧𝛼
= 𝜕

𝜕𝑥𝛼
 and 𝜕

𝜕𝑧3
= 𝜀 𝜕

𝜕𝑥3
 in 𝐵𝜀.

Finally, we assume that the solution of the equilibrium problem can be written as a series of powers of 𝜀, as follows: 
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝝈̂𝜀 = 𝝈̂0 + 𝜀 𝝈̂1 + 𝑜(𝜀),

𝐮̂𝜀 = 𝐮̂0 + 𝜀 𝐮̂1 + 𝑜(𝜀),

𝝈̄𝜀 = 𝝈̄0 + 𝜀 𝝈̄1 + 𝑜(𝜀),

𝐮̄𝜀 = 𝐮̄0 + 𝜀 𝐮̄1 + 𝑜(𝜀).

(17)

By applying the change of coordinate to the governing equation (2), and by injecting (17) into the rescaled problem, the leading 
term of the asymptotic expansions and its associated limit problem.

3.1. The strain field

The displacement gradient in the rescaled configuration of the adhesive takes the following form: 

∇û𝜀 = 1
𝜀

(

0 𝑢̂0𝛼,3
0 𝑢̂03,3

)

+

(

𝑢̂0𝛼,𝛽 𝑢̂1𝛼,3
𝑢̂03,𝛼 𝑢̂13,3

)

+ 𝑜(𝜀). (18)

Thus, the strain tensor can be expanded as: 

ê𝜀 = 1
𝜀
ê−1 + ê0 + 𝑜(𝜀), (19)

with ê−1 ∶= û0,3⊙e3 and ê0 ∶= û0,𝛼 ⊙e𝛼 + û1,3⊙e3. Within the rescaled adherents, the displacement gradient takes the following form: 

∇ū𝜀 =
(

𝑢̄0𝛼,𝛽 𝑢̄0𝛼,3
𝑢̄03,𝛼 𝑢̄13,3

)

+ 𝑜(𝜀). (20)

Thus, the strain tensor can be expanded as: 

ē𝜀 = 1
𝜀
ē−1 + ē0 + 𝑜(𝜀), (21)

with ē−1 = 0 and ē0 ∶= ū0,𝛼 ⊙ e𝛼 + ū0,3 ⊙ e3.

3.2. The equilibrium equations

The governing equations (2) can be rewritten in the rescaled configuration. Considering the equilibrium system defined in the 
adhesive domain, and thanks to the asymptotic development of the stresses (17), one has: 

0 = 1
𝜀
𝜎̂𝜀𝑖3,3 + 𝜎̂𝜀𝑖𝛼,𝛼 = 1

𝜀
𝜎̂0𝑖3,3 + 𝜎̂0𝑖𝛼,𝛼 + 𝜎̂1𝑖3,3 + 𝑜(𝜀). (22)

By identifying the terms with identical power in 𝜀, we get: 
𝜎̂0𝑖3,3 = 0, (23)

and, thus, 𝜎̂0𝑖3 is independent of the thickness coordinate 𝑧3. The continuity conditions of the stress vector at the interface leads to: 

[[𝜎̂0𝑖3]] = 0, (24)

meaning that the jump of the stress vector at 𝑧3 = ± ℎ
2  vanishes.

Considering the rescaled equilibrium equations in the adherents at the lowest order: 
𝜎̄0𝑖𝑗,𝑗 + 𝑓𝑖 = 0 in 𝛺±, 𝜎̄0𝑖𝑗𝑛𝑗 = 𝑔𝑖 on 𝛤𝑔 . (25)

The displacement and stress vector are continuous across the surfaces 𝑆𝜀
± and 𝑆±, both in the reference and rescaled configuration, 

respectively. From the continuity of the displacements, it follows that: 

u𝜀(x̄,±𝜀ℎ ) = ū𝜀(z̄,±ℎ ) = û𝜀(z̄,±ℎ ), x̄ = (𝑥 ), z̄ = (𝑧 ) ∈ 𝑆. (26)

2 2 2 𝛼 𝛼
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By expanding the displacements in Taylor’s series along 𝑥3 and considering (17), one has: 

u𝜀(x̄,±𝜀ℎ
2
) = u𝜀(x̄, 0±) + 𝑜(𝜀) = u0(x̄, 0±) + 𝑜(𝜀). (27)

By virtue of the continuity conditions, we get: 
u0(x̄, 0±) + 𝑜(𝜀) = ū0(z̄,±ℎ

2
) + 𝑜(𝜀) = û0(z̄,±ℎ

2
) + 𝑜(𝜀), (28)

giving 
u0(x̄, 0±) = ū0(z̄,±ℎ

2
) = û0(z̄,±ℎ

2
). (29)

Same results are obtained for the stress field. Thus, 
[𝜎0𝑖3] = 0, (30)

with [𝑓 ] ∶= 𝑓 (x̄, 0+) − 𝑓 (x̄, 0−) represents the jump across the surface 𝑆 of 𝑓 on the limit configuration, as 𝜀 tends to zero, see Fig. 
1(c).

3.3. The constitutive law and damage evolution models

Since the material of the adhesive is assumed to be soft, i.e., mechanically compliant, the elasticity tensor is assumed to be 
linearly dependent on 𝜀: 𝐶̂𝜀

𝑖𝑗𝑘𝑙 = 𝜀𝐶̂𝑖𝑗𝑘𝑙, and, thus, 𝜆̂𝜀 = 𝜀𝜆̂ and 𝜇̂𝜀 = 𝜀𝜇̂. The elastic moduli will depend on one or two damage 
parameters. Their explicit relation will be explicitly defined in the subsequent sections.

3.3.1. The F1d evolution model
The thermodynamically consistent state and damage evolution laws for the F1d evolution model were derived in Section 2, cf. 

Eqs. (3)–(8). Considering the adhesive constitutive law (4), at the zero-th order of the asymptotic expansion, it is obtained that 
𝜎̂0𝑖3 = 𝐶̂𝑖3𝑗3(𝜌)𝑢̂0𝑗,3 = 𝜇̂(𝜌)𝑢̂𝜀𝑖,3 + (𝜆̂(𝜌) + 𝜇̂(𝜌))𝑢̂𝜀3,3𝛿𝑖3. (31)

Since 𝜎̂0𝑖3 is independent of 𝑧3, we obtain also that 𝑢̂0𝑖,3 does not depend on the thickness coordinate, and thus, 𝑢̂0𝑖  is an affine function 
of 𝑧3. Moreover, thanks to the continuity conditions at the interface, we get that 𝑢̂0𝑖,3 =

[𝑢0𝑖 ]
ℎ . By substituting the result in (31), we 

have: 
𝜎̂0𝑖3 =

1
ℎ
𝐶̂𝑖3𝑗3(𝜌)[𝑢0𝑗 ] =

1
ℎ
(𝜇̂(𝜌)[𝑢0𝑖 ] + (𝜆̂(𝜌) + 𝜇̂(𝜌))[𝑢03]𝛿𝑖3). (32)

The constitutive coefficient of the adherents are assumed to be independent of 𝜀, so that 𝐶̄𝜀
𝑖𝑗𝑘𝑙 = 𝐶̄𝑖𝑗𝑘𝑙. Substituting the expansions 

of the rescaled displacement and stress into the constitutive equations of the adherents, we obtain the following relations:
𝜎̄0𝑖𝑗 = 𝐶̄𝑖𝑗𝑘𝑙𝑒

0
𝑘𝑙 .

In order to apply the asymptotic expansions method to the damage evolution Eq.  (7), let us first compute the negative part 𝑒−,𝜀𝑖𝑗
of the strain tensor. Keeping the terms of order 1∕𝜀, the rescaled strain tensor in the adhesive takes the following form: 

ê𝜀 = 1
𝜀
ê−1 + 𝑜(1) = 1

𝜀

⎛

⎜

⎜

⎜

⎜

⎝

0 0 1
2 𝑢̂

𝜀
1,3

0 0 1
2 𝑢̂

𝜀
2,3

1
2 𝑢̂

𝜀
1,3

1
2 𝑢̂

𝜀
2,3 𝑢̂𝜀3,3

⎞

⎟

⎟

⎟

⎟

⎠

+ 𝑜(1). (33)

Let us apply the spectral decomposition to the first approximation of the strain tensor, in order to compute its eigenvalues and the 
negative part of the tensor (for more details, see Appendix). This entails that 

𝑒+,𝜀𝑖𝑗 𝑒+,𝜀𝑖𝑗 = Tr(𝐞̂+,𝜀𝐞̂+,𝜀) ≈ 1
𝜀2

(

⟨𝛾𝜀+⟩
2
+ + ⟨𝛾𝜀−⟩

2
+
)

= 1
𝜀2
(𝛾𝜀+)

2,

⟨𝑒𝜀𝑠⟩
2
+ ≈ 1

𝜀2
⟨𝑢̂𝜀3,3⟩

2
+,

(34)

where 𝛾𝜀± ∶= 1
2

(

𝑢̂𝜀3,3 ± |û𝜀,3|
)

, |û𝜀,3| ∶=
√

(𝑢̂𝜀1,3)
2 + (𝑢̂𝜀2,3)

2 + (𝑢̂𝜀3,3)
2, are two eigenvalues. Since 𝛾𝜀+ ≥ 0 and 𝛾𝜀− ≤ 0, we obtain that 

⟨𝛾𝜀−⟩+ = 0 e ⟨𝛾𝜀+⟩+ = 𝛾𝜀+. Note that, in general, ⟨𝑓 + 𝑔⟩+ ≠ ⟨𝑓 ⟩+ + ⟨𝑔⟩+, i.e., the negative part of a function is not linear operator and, 
thus, cannot be distributed on the sum. However, as a first approximation of the asymptotic procedure, we can retain the lowest 
terms of order 1∕𝜀, that is, ⟨ 1𝜀 𝑢̂𝜀3,3 + 𝑜(1)⟩+, and neglect the higher-order terms.

Let us rescale Eqs. (7), with the assumptions that 𝜔̂𝜀(𝜌) = 1
𝜀 𝜔̂(𝜌), 𝜂̂𝜀 = 1

𝜀 𝜂̂, 𝜆̂𝜀 = 𝜀𝜆̂ and 𝜇̂𝜀 = 𝜀𝜇̂, keeping the terms at order 1∕𝜀, 
see Bonetti et al. (2017): 

𝜂̂𝜌̇ =
⟨

𝜔̂,𝜌(𝜌) −
1
2

(

2𝜇̂,𝜌(𝜌)(𝛾𝜀+)
2 + 𝜆̂,𝜌(𝜌)⟨𝑢̂𝜀3,3⟩

2
+

)⟩

+
+ 𝑜(1), (35)

Then, by considering the asymptotic expansion of the unknowns, truncating the power series at the zero-th order and by using 
the matching conditions, together with the results obtained the first part of this section, we get: 

𝜂̂𝜌̇ =
⟨

𝜔̂,𝜌(𝜌) −
1

2ℎ2
(

2𝜇̂,𝜌(𝜌)(𝛾0+)
2 + 𝜆̂,𝜌(𝜌)⟨[𝑢03]⟩

2
+
)

⟩

+
, (36)

where 𝛾0 ∶= 1 ([𝑢0] ± |[u0]|
)

, with |[u0]| ∶=
√

[𝑢0]2 + [𝑢0]2 + [𝑢0]2.
± 2 3 1 2 3
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3.3.2. The F2d evolution model
The thermodynamically consistent state and damage evolution laws for the F1d evolution model were derived in Section 2, cf. 

Eqs. (9)–(14). Considering the adhesive constitutive law (11), at the zero-th order of the asymptotic expansion, it is obtained that 
𝜎̂0𝑖3 = 𝐶̂𝑖3𝑗3(𝜌𝑡)(𝑒−1𝑗3 )

+ − 𝐶̂𝑖3𝑗3(𝜌𝑐 )(𝑒−1𝑗3 )
−, (37)

where (𝑒−1𝑗3 )± denote the components of the positive and negative parts of tensor (𝑒−1𝑗3 ). Component-wise, by means of the spectral 
decomposition described in Appendix, it is possible to write: 

𝜎̂0𝛼3 =
1
2 (𝜇̂(𝜌𝑡) + 𝜇̂(𝜌𝑐 ))𝑢̂0𝛼,3 +

1
2 (𝜇̂(𝜌𝑡) − 𝜇̂(𝜌𝑐 ))

𝑢̂0𝛼,3 𝑢̂
0
3,3

|û0,3|
,

𝜎̂033 =
1
2 (𝜅̂(𝜌𝑡) + 𝜅̂(𝜌𝑐 ))𝑢̂03,3 +

1
4 (𝜅̂(𝜌𝑡) − 𝜅̂(𝜌𝑐 ))

(

|û0,3| +
(𝑢̂03,3)

2

|û0,3|

)

,
(38)

with 𝜅̂ ∶= 𝜆̂ + 2𝜇̂. Since Eqs. (38) must be satisfied for arbitrary values of the Lamé’s constants, and by means of the independence 
of 𝜎̂0𝑖3 with respect to 𝑧3, it is possible to infer that quantities 𝑢̂0𝑖,3, 

𝑢̂0𝛼,3 𝑢̂
0
3,3

|û0,3|
 and |û0,3| +

(𝑢̂03,3)
2

|û0,3|
 are also constant in 𝑧3. Thus, 𝑢̂0𝑖  are 

affine functions of 𝑧3, and, by virtue of the continuity conditions at the top and bottom interfaces with the adherents, 𝑢̂0𝑖,3 =
[𝑢0𝑖 ]
ℎ . By 

substituting the jumps of the displacements into expression (38), one has: 

𝜎̂0𝛼3 =
1
2ℎ (𝜇̂(𝜌𝑡) + 𝜇̂(𝜌𝑐 ))[𝑢0𝛼] +

1
2ℎ (𝜇̂(𝜌𝑡) − 𝜇̂(𝜌𝑐 ))

[𝑢0𝛼 ][𝑢
0
3]

|[𝐮0]| ,

𝜎̂033 =
1
2ℎ (𝜅̂(𝜌𝑡) + 𝜅̂(𝜌𝑐 ))[𝑢03] +

1
4ℎ (𝜅̂(𝜌𝑡) − 𝜅̂(𝜌𝑐 ))

(

|[𝐮0]| +
[𝑢03]

2

|[𝐮0]|

)

.
(39)

Note that when 𝜌𝑡 = 𝜌𝑐 ∶= 𝜌, 𝜎̂0𝛼3 = 1
ℎ 𝜇̂(𝜌)[𝑢

0
𝛼] and 𝜎̂033 = 1

ℎ 𝜅̂(𝜌)[𝑢
0
3], and, thus, the classical spring-type conditions are recovered, 

see Bonetti et al. (2017). It is worth mentioning, that the above interface transmission conditions are non linear with respect to the 
displacement jumps.

By rescaling (13) and applying the same arguments adopted for the F1d damage evolution model, we obtain: 

𝜂̂𝑡𝜌̇𝑡 =
⟨

𝜔̂𝑡,𝜌𝑡 (𝜌𝑡) −
1

2ℎ2

(

2𝜇̂,𝜌𝑡 (𝜌𝑡)(𝛾
0
+)

2 + 𝜆̂,𝜌𝑡 (𝜌𝑡)⟨[𝑢
0
3]⟩

2
+

)⟩

+
,

𝜂̂𝑐 𝜌̇𝑐 =
⟨

𝜔̂𝑐,𝜌𝑐 (𝜌𝑐 ) −
1
ℎ2
𝜇̂,𝜌𝑐 (𝜌𝑐 )(𝛾

0
−)

2
⟩

+
.

(40)

4. A benchmark numerical example

In this Section, we present the numerical application of the two aforementioned damage evolution models to a composite 
structure, consisting of two adherents bonded by an adhesive layer that can undergo damage. The composite’s equilibrium response 
under axial loading is analyzed in order to evaluate the behavior predicted by each damage model. For the sake of brevity and 
considering the results of the asymptotic analysis at the lowest order (e.g. the zero-th order), the apex ‘‘0’’ from the previous notation 
for the stress, strain and displacement components is omitted. In the following, the index ‘‘0’’ will be used to denote the values of 
the material parameters before damage.

The adherents are modeled as two identical, isotropic elastic blocks, denoted 𝛺±, of common length 𝐿 and height 𝐻±, as depicted 
in Fig.  2. The adhesive’s thickness is denoted by ℎ, so that the total height of the composite is 𝐻𝑡𝑜𝑡 = 𝐻+ +𝐻− + ℎ. In the case of 
a soft device, uniform normal distributed forces of intensity 𝑞3, respectively, are applied to the boundaries of the two blocks and 
body forces are neglected. In the case of a hard device, relative normal displacements are applied to the upper and lower bases of 
the composite, and 𝑞3 are distributed reaction forces.

In the two adherents, the stress tensor is assumed to take the simple form 

𝝈̄ = 𝑞3 (𝐞3 ⊗ 𝐞3), (41)

with 𝐞3 the unit vector of the 3-axis. This particular choice of stress distribution ensures that the transmission conditions (24) and 
the equilibrium equations (25) are automatically satisfied. The adherents are assumed to be composed of isotropic linear elastic 
materials with elasticity parameters 𝐸, 𝜈.

Let 𝐮̄± be the displacement field in the upper (lower) block. The constitutive equations in the two adherents and compatibility 
with the adhesive require that 

𝐮̄±(𝐱) =
(

−
𝜈 𝑞3
𝐸

𝑥1 ±
[𝑢1]
2

)

𝐞1 +
(

−
𝜈 𝑞3
𝐸

𝑥2 ±
[𝑢2]
2

)

𝐞2 +
(

𝑞3
𝐸
𝑥3 ±

[𝑢3]
2

)

𝐞3, 𝐱 ∈ 𝛺±, (42)

where [𝑢𝑖] denote the displacement jumps across the adhesive limit surface 𝑆. These jumps account for the adhesive’s deformation 
and depend on the particular damage model (F1d or F2d).

The mechanical behavior of the composite block is given by its force–displacement response 𝐹 −𝐷, where 

𝐷 ∶= (𝐮̄ (𝑥 , 𝑥 ,𝐻 + ℎ∕2) − 𝐮̄ (𝑥 , 𝑥 ,−𝐻 − ℎ∕2)) ⋅ 𝐞 (43)
+ 1 2 + − 1 2 − 3
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Fig. 2. Geometric configuration and applied loads for a composite, made of two adherent blocks joined by a damaging adhesive, and subjected 
to uniform normal load.

is the macroscopic normal displacement, and the macroscopic force is 
𝐹 (𝑡) = 𝑞3𝐴, (44)

with 𝐴 the bonded area. Using Eqs. (42) and (43), the jump [𝑢3] can be related to the force 𝐹  and to the macroscopic normal 
displacement 𝐷 as follows: 

[𝑢3] = 𝐷 − 𝐹
𝐸𝐴

𝐻𝑡𝑜𝑡. (45)

In the case of soft device, 𝐹  is prescribed, while in the case of hard device 𝐷 is prescribed.

4.1. Explicit forms of damage-dependent moduli from micromechanical schemes

The soft, isotropic elastic adhesive joining the adherent can undergo damage. To model the softening behavior of the adhesive 
when damaged, the damage parameter 𝜌 is identified by the porosity of the medium, defined as the volume fraction of pores. 
In particular, two different modeling approaches are adopted to link the macroscopic softening of the material to the porosity. 
The first is the Kachanov-Sevostianov (KS) micromechanical homogenization scheme, which relies on the approximation of non-
interacting microvoids (Kachanov, 1994; Kachanov & Sevostianov, 2018; Kachanov et al., 1994; Pronina et al., 2025). The second is 
the approximated Mori–Tanaka-Benveniste (MTB) scheme, which accounts for the effect of pore interactions on the overall elastic 
properties (Benveniste, 1986; Mori & Tanaka, 1973; Stefaniuk & Kachanov, 2024).

According to the KS scheme, for a random distribution of spheroidal voids in a linear elastic isotropic matrix, the following 
structure for the effective Young’s modulus 𝐸̂𝐾𝑆 (𝜌) and shear modulus 𝐺̂𝐾𝑆 (𝜌) emerges:

𝐸̂𝐾𝑆 (𝜌) =
𝐸̂0

(1 + 𝐶𝐸 𝜌)
, (46)

𝐺̂𝐾𝑆 (𝜌) =
𝐺̂0

(1 + 𝐶𝐺 𝜌)
,

where 𝐸̂0, 𝐺̂0 are the initial elasticity parameters of the undamaged adhesive, and 𝐶𝐸 , 𝐶𝐺 are shape factors, depending on the 
particular distribution of defects, see Kachanov and Sevostianov (2018) and Pronina et al. (2025). The corresponding Lamé’s 
parameter are

𝜆̂𝐾𝑆 (𝜌) = 𝐺̂𝐾𝑆 (𝜌)
𝜉 − 2 + (𝜉𝐶𝐺 − 2𝐶𝐸 )𝜌
3 − 𝜉 + (3𝐶𝐸 − 𝜉𝐶𝐺)𝜌

, (47)

𝜇̂𝐾𝑆 (𝜌) = 𝐺̂𝐾𝑆 (𝜌), (48)

with 𝜉 ∶= 𝐸̂0∕𝐺̂0.
The MTB micromechanical scheme introduces the inhomogeneities into the average stress over the matrix, that may differ from 

the stress applied remotely. Porosity increases the average stress in the matrix by a factor of 1∕(1 − 𝜌), thereby increasing its strain 
9 



M. Serpilli et al. International Journal of Engineering Science 217 (2025) 104384 
Fig. 3. Normalized effective shear modulus as a function of damage for KS and MTB micromechanical descriptions, shown for two different 
values of the shape factor 𝐶𝐺..

contribution. This gives for the effective Young’s modulus 𝐸̂𝑀𝑇𝐵(𝜌) and shear modulus 𝐺̂𝑀𝑇𝐵(𝜌) the following expressions:

𝐸̂𝑀𝑇𝐵(𝜌) =
𝐸̂0

(1 + 𝐶𝐸 𝜌∕(1 − 𝜌))
, (49)

𝐺̂𝑀𝑇𝐵(𝜌) =
𝐺̂0

(1 + 𝐶𝐺 𝜌∕(1 − 𝜌))
,

where 𝐸̂0, 𝐺̂0 are again the initial elasticity parameters, and 𝐶𝐸 , 𝐶𝐺 shape factors. The corresponding Lamé’s parameter are

𝜆̂𝑀𝑇𝐵(𝜌) = 𝐺̂𝑀𝑇𝐵(𝜌)
𝜉 − 2 + (𝜉𝐶𝐺 − 2𝐶𝐸 )𝜌∕(1 − 𝜌)
3 − 𝜉 + (3𝐶𝐸 − 𝜉𝐶𝐺)𝜌∕(1 − 𝜌)

, (50)

𝜇̂𝑀𝑇𝐵(𝜌) = 𝐺̂𝑀𝑇𝐵(𝜌). (51)

These explicit functions for 𝜇̂(𝜌) and 𝜆̂(𝜌), along with their derivatives 𝜇̂,𝜌 and 𝜆̂,𝜌, couple the micromechanical descriptions to 
the damage evolution laws (36) and (40) derived in Section 3.3.

Fig.  3 illustrates the degradation of the normalized effective shear modulus, 𝐺̂(𝜌)∕𝐺̂0 as a function of the damage parameter 𝜌
for both the KS and MTB micromechanical schemes. Two values for the shape factor, 𝐶𝐺 = 2.2 and 𝐶𝐺 = 4.0, are considered to 
demonstrate its influence. For any given value of shape factor, the MTB model consistently predicts a more rapid degradation of 
the effective modulus with increasing damage compared to the KS model. At higher damage levels, the 𝜌∕(1 − 𝜌) term in the MTB 
formulation leads to a significant decrease in stiffness, driving the effective modulus to zero as 𝜌 approaches unity. In contrast, the 
KS model shows a more gradual decline and retains a non-zero modulus (𝐺̂(𝜌)∕𝐺̂0 = 1∕(1+𝐶𝐺)) even at damage values approaching 
𝜌 = 1. For both KS and MTB schemes, increasing the shape factor 𝐶𝐺 results in a faster rate of shear modulus degradation. This 
implies that the same level of damage 𝜌 has a more detrimental effect on the material’s effective stiffness.

4.2. The F1d evolution model

In the F1d model, the adhesive behavior is modeled as an imperfect interface governed by the transmission conditions (32) and 
by the damage evolution equation (36). Substituting the stress representation (41) into the transmission conditions (32) and the 
damage evolution equation (36), we obtain the conditions [𝑢1] = 0 and [𝑢2] = 0 and the following differential–algebraic system of 
equations:

𝑞3 = (2𝜇̂(𝜌) + 𝜆̂(𝜌))
[𝑢3]
ℎ

, (52)

𝜂̂𝜌̇ =

⟨

𝑤̂ −
(2𝜇̂,𝜌(𝜌) + 𝜆̂,𝜌(𝜌))

2ℎ2
⟨[𝑢3]⟩2+

⟩

+

, (53)

assuming 𝜔̂(𝜌) ∶= 𝑤̂𝜌, for simplicity. In (53), the last term within Macauley’s brackets vanishes in compression, thereby distinguishing 
between the cases of traction and compression.
10 
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Table 1
Geometrical, material, and loading parameters used in the numerical simulations.
 Quantity Symbol Value Unit  
 Figs.  4–10 Fig.  11  
 
Geometry

Adherents’ height 𝐻± 50.00a 24.50f mm  
 Adhesive’s thickness ℎ 1.00b 0.39f mm  
 Bonded section area A 400 × 100a 644.03f,g mm2  
 Adherents Young’s modulus 𝐸 38.00a 210.00f GPa  
 Poisson’s ratio 𝜈 0.20a 0.30f –  
 

Adhesive

Undamaged Young’s modulus 𝐸̂0 0.342c 3.28f GPa  
 Undamaged shear modulus 𝐺̂0 0.120c 1.20f GPa  
 Damage rate Coeff. 𝜂̂𝑡,𝑐 0.072a 15.00h MPa s 
 Damage threshold 𝑤̂𝑡,𝑐 0.011a See notei MPa  
 Shape factor 𝐶𝐸 2.20e 2.20e –  
 Shape factor 𝐶𝐺 2.20e 2.20e –  
 Initial damage 𝜌0 0d 0d –  
  Loading  device Loading rate 𝐹̇ 10d 0.9j kN/s  
 Displacement rate 𝐷̇ 1d – mm/s  
a Value based on the study by Freddi and Frémond (2006).
b Value assumed for consistency with the thin-layer assumption of the interface model.
c Value typical of a structural adhesive, cf. Technical (0000).
d Assumed value for illustrative virtual tests.
e Value corresponding to a collective of randomly oriented prolate spheroidal pores, cf. Pronina et al. (2025, Fig. 1).
f Value based on the experimental work by Adams and Coppendale (1976, 1979).
g Calculated from reported inner (36 mm) and outer (46 mm) diameters (Adams & Coppendale, 1976).
h Value chosen to give a good qualitative fit to the experimental data; assumed 𝜂̂ = 𝜂̂𝑡 = 𝜂̂𝑐 .
i Values chosen for good qualitative fit: 𝑤̂𝑡 = 0.0365 MPa (KS), 𝑤̂𝑡 = 0.8 MPa (MTB), and 𝑤̂𝑐 = 30 MPa (for both schemes).
j Assumed quasistatic loading rate for the soft device simulation.

4.3. The F2d evolution model

In the F2d model, the transmission conditions (39) together with the damage evolution Eq.  (40) govern the damaging adhesive 
behavior. Substituting Eq.  (41) into Eqs. (39) and (40), we obtain the conditions [𝑢1] = 0 and [𝑢2] = 0 and the following 
differential–algebraic system of equations:

𝑞3 =
𝜅̂(𝜌𝑡)
ℎ

⟨[𝑢3]⟩+ +
𝜅̂(𝜌𝑐 )
ℎ

⟨[𝑢3]⟩−, (54)

𝜂̂𝑡𝜌̇𝑡 =

⟨

𝑤̂𝑡 −
(2𝜇̂,𝜌𝑡 (𝜌𝑡) + 𝜆̂,𝜌𝑡 (𝜌𝑡))

2ℎ2
⟨[𝑢3]⟩2+

⟩

+

, (55)

𝜂̂𝑐 𝜌̇𝑐 =

⟨

𝑤̂𝑐 −
𝜇̂,𝜌𝑐 (𝜌𝑐 )

ℎ2
⟨[𝑢3]⟩2−

⟩

+

, (56)

where we have assumed 𝜔̂𝑡(𝜌𝑡) ∶= 𝑤̂𝑡 𝜌𝑡, and 𝜔̂𝑡(𝜌𝑐 ) ∶= 𝑤̂𝑐 𝜌𝑐 , for simplicity. Notably, in the simple case of axial loading 
considered here, the interface transmission condition (54) becomes linear with respect to the displacement jumps. In the evolution 
equations (55) and (56), the presence of the Macauley’s brackets distinguish between the cases of traction and compression.

4.4. Numerical results

In this Subsection, the coupled differential–algebraic problems of the two models, F1d and F2d, governing the adhesive’s response 
are solved numerically to illustrate its damaging behavior under the KS and MTB micromechanical schemes. The geometrical and 
initial material properties of the adherents and the adhesive are chosen to simulate a realistic case and are detailed in Table  1. 
The chosen values of the geometrical and material parameters ensure that damage evolution and failure occur within a simulated 
timeframe of 50 s and that the differences between the model formulations are observable.

Simulations of tensile-compression tests are performed in the cases of hard and soft devices. In the simulations for a hard device, 
the overall normal displacement 𝐷 is prescribed as follows: 

𝐷 = 𝐷̇𝑡, (57)

where 𝑡 is the time and 𝛿̇ is given in Table  1. In the simulations for a soft device, the distributed normal force 𝐹  is prescribed as 
follows: 

𝐹 = 𝐹̇ 𝑡, (58)
11 
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Fig. 4. Force–displacement responses (top panel) and damage evolutions (bottom panel) for the F1d model with the KS micromechanical scheme, 
considering hard and soft loading device.

where 𝐹̇  is given in Table  1.
For the F1d evolution model, the problem is governed by Eqs. (52), (53), (47), (48), with the initial condition 𝜌(0) = 𝜌0. For all 

simulations presented, the initial damage is assumed to be zero, i.e., 𝜌0 = 0.
For the F2d evolution model, the problem is governed by the system of differential–algebraic of equations (DAEs) (54)–(56), 

together with (47), (48), and the initial condition 𝜌(0) = 𝜌0.
We performed simulations for each micromechanical scheme (KS and MTB), considering four cases: two loading cases (soft and 

hard devices) and two damage models (F1d and F2d). For each case, the governing system of first-order differential–algebraic of 
equations (DAEs) is solved numerically in MATLAB (2024) using the ode15s solver, implementing a dedicated differential–algebraic 
function. Null initial conditions were set for the state vector (𝜌, 𝐹 ) or (𝜌,𝐷) for the F1d model, and (𝜌𝑡, 𝜌𝑐 , 𝐹 ) or (𝜌𝑡, 𝜌𝑐 , 𝐷) for the F2d 
model, representing an initially undamaged state with zero initial stresses and consistent with zero initial applied global strains. 
Relative and absolute error tolerances for the solver were set to 10−4 and 10−6, respectively. To assist the solver in identify consistent 
initial conditions for the DAE system, the InitialSlope option was set to a zero vector.

4.4.1. Joint’s response for the F1d model
In the following section the numerical results of the F1d model are presented. Fig.  4 illustrates the force–displacement (𝐹 −𝐷) 

and damage-time response of the joint for the F1d model using the KS micromechanical scheme. The top panel of the Figure shows 
the macroscopic force–displacement responses of the F1d damage model when using hard and soft loading devices. As expected, 
both responses exhibit identical initial elastic stiffness since they share the same undamaged adhesive material properties (𝐸̂0, 𝜈̂0) 
and adherent material properties. Damage initiation, marked at 𝜌 = 0.005 by open circles for the hard device and filled circles for 
the soft device, occurs slightly earlier for the soft device. After damage initiation, the curve for the hard device displays a ductile 
plateau while the curve for the soft device exhibits a slightly ascending branch until complete damage is reached, which occurs 
at lower force and displacement levels for the hard device. The force–displacement response in compression is linear elastic for 
both loading devices. A notable tension–compression asymmetry is observed for the hard device, with normal compressive forces 
far exceeding tensile ones. This is due to the term within Macauley’s brackets in the damage law (53), whose deactivation under 
compression slows down the damaging process. The damage evolution plots, shown in the bottom panel of Fig.  4, further explain the 
mechanical responses. In traction, adhesive damage occurs rapidly, reaching full damage (𝜌 = 1) more quickly in the hard loading 
device. In compression, the term within Macauley’s brackets in Eq.  (53) vanishes, deactivating the damage, which remains constant 
at the initial zero value. This causes the linear elastic response.

Fig.  5 shows the response of the joint for the F1d model with the MTB micromechanical scheme. In traction, the response 
after the onset of damage is qualitatively different compared to the KS scheme. Hard device simulation demonstrates stable post-
peak softening, whereby the reaction force decreases as the material’s stiffness degrades due to damage, enabling the entire failure 
process to be traced. By contrast, the soft device exhibits unstable, catastrophic failure at the critical time 𝑡 ≈ 28.7 s, corresponding 
to a finite-time singularity in the DAE system. Indeed, as damage accumulates, the adhesive’s stiffness decreases. This requires a 
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Fig. 5. Force–displacement responses (top panel) and damage evolutions (bottom panel) for the F1d model with the MTB micromechanical 
scheme, considering hard and soft loading device.

rapid increasing displacement to withstand the prescribed load. This larger displacement, in turn, accelerates the rate at which the 
damage evolves. The resulting positive feedback loop causes a finite-time singularity in the governing equations, where the damage 
parameter 𝜌𝑡 and the displacement 𝐷 approach infinity. The ode15s solver’s inability to proceed beyond this point correctly identifies 
the critical time of structural collapse. Under compression, the response of the system is linear elastic, due again to the deactivation 
of the damage parameter caused by the term within Macauley’s brackets in Eq.  (53).

The tension–compression asymmetry, characterized by high compressive strength and a lower softening tensile response, as 
predicted by the F1d model in the MTB case, is consistent with experimental observations on axially loaded butt joints composed 
of steel adherends joined with BSL 308 A film adhesive, as studied by Adams and Coppendale (1979, Figure 6). They measured a 
peak tensile stress of approximately 75 MPa for the butt joint, which sustained compressive stresses of over 300 MPa before failing. 
Their results also show a softening behavior in traction and a nearly linear response in compression, trends which are well-captured 
by our model. This qualitative agreement preliminarily verifies the model’s physical plausibility and demonstrates its potential to 
accurately represent real material responses.

4.4.2. Joint’s response for the F2d model
A main feature of the F2d damage model is the different description of damage nucleation and evolution in traction and 

compression regulated by the damage thresholds 𝑤̂𝑡, 𝑤̂𝑐 , and damage rate coefficients 𝜂̂𝑡, 𝜂̂𝑐 , respectively. At this stage, to demonstrate 
the F2d model’s capability to represent different material behaviors by varying the relative values of these parameters, two cases 
were considered for both micromechanical schemes KS and MTB:

• Case (a): the damage thresholds and damage rate coefficients 𝑤̂𝑡, 𝑤̂𝑐 , and 𝜂̂𝑡, 𝜂̂𝑐 , are identical for tensile and compressive modes. 
In particular, 𝑤̂𝑡 = 𝑤̂𝑐 = 𝑤̂, and 𝜂̂𝑡 = 𝜂̂𝑐 = 𝜂̂, with 𝑤̂ and 𝜂̂, see Table  1.

• Case (b): the tensile parameters were reduced of a factor 10, i.e. 𝑤̂𝑡 = 𝑤̂∕10, 𝜂̂𝑡 = 𝜂̂∕10, while the compression parameters were 
left unmodified, i.e. 𝑤̂𝑐 = 𝑤̂, 𝜂̂𝑐 = 𝜂̂.

For case (a) in hard and soft devices, the macroscopic force–displacement responses is shown in 6 and in Fig.  7 for the schemes KS 
and MTB, respectively. Even with these symmetric material parameters, a significant tension–compression asymmetry is observed, 
with a ductile behavior both in traction and in compression. This is due to the fact that the damage parameter for tension, 𝜌𝑡, evolves 
only in traction and the damage parameter for compression, 𝜌𝑐 , evolves only in compression, as shown in the middle and bottom 
panels of Fig.  6. The tensile force–displacement curve was stopped when 𝜌𝑡 = 1, and the compressive force–displacement curve 
when 𝜌𝑐 = 1. Moreover, the evolutions of 𝜌𝑡 and 𝜌𝑐 are regulated differently by the differential equations (55) and (56) due to the 
presence of the positive and negative parts of the jump, and the different elasticity coefficients involved (2𝜇̂,𝜌𝑡 + 𝜆̂,𝜌𝑡  vs. 𝜇̂,𝜌𝑡 ). These 
differences leads to earlier damage initiation for 𝜌𝑡 in traction, see the middle and bottom panels of Fig.  6, as well as lower force 
and displacement values at full damage compared to compression. With the KS micromechanical scheme, the force–displacement 
13 
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Fig. 6. Case (a): force–displacement responses (top panel) and damage evolutions under traction and compression (middle and bottom panels, 
respectively) for the F2d model with the KS micromechanical scheme, considering hard and soft loading device.

Fig. 7. Case (a): force–displacement responses (top panel) and damage evolutions under traction and compression (middle and bottom panels, 
respectively) for the F2d model with the MTB micromechanical scheme, considering hard and soft loading device.

curve for the hard device shows a ductile plateau immediately after damage initiation, whereas the curve for the soft device shows 
an ascending branch until complete damage occurs. The micromechanical MTB scheme produces a more complex response. Under 
displacement control (hard device), a stable post-peak softening response occurs both in traction and in compression: the reaction 
force (𝐹 ) decreases as the material’s stiffness degrades due to damage. Under loading control (soft device), finite-time singularities 
at 𝑡 ≈ 28.7 s and 𝑡 ≈ 54.2 s occur in traction and in compression, respectively, corresponding to catastrophic failure of the joint.
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Fig. 8. Case (b): force–displacement responses (top panel) and damage evolutions under traction and compression (middle and bottom panels, 
respectively) for the F2d model with the KS micromechanical scheme, considering hard and soft loading device.

In case (b), illustrated in Figs.  8 and 9 for the KS and MTB schemes, respectively, the material is assumed to be more susceptible to 
tensile damage. This is achieved by reducing both the tensile damage threshold, 𝑤̂𝑡 = 𝑤̂∕10, and the tensile damage rate coefficient, 
𝜂̂𝑡 = 𝜂̂∕10, relative to their compressive counterparts, 𝑤̂𝑐 = 𝑤̂, 𝜂̂𝑐 = 𝜂̂, where 𝑤̂ and 𝜂̂ are the baseline values from Table  1. As expected, 
these parameters’ modification leads to earlier damage initiation for 𝜌𝑡 under traction, as shown by its evolution represented in 
middle panel of Fig.  8. Correspondingly, for both micromechanical schemes, the maximum tensile force is substantially lower 
compared to case (a) and failure now occurs at much smaller displacements. Also in this case, the MTB schemes produces softening 
under displacement control and catastrophic failure under loading control at times 𝑡 ≈ 10.6 s in traction and 𝑡 ≈ 54.2 s in compression. 
The compressive response is similar to case (a).

Fig.  10 illustrates the dependence of the maximum force, 𝐹𝑚𝑎𝑥, and the damage onset time, 𝑡𝑜, on the traction damage rate 
coefficient, 𝜂𝑡, and the traction damage threshold, 𝜔𝑡, during uniaxial traction for the two micromechanical schemes (KS and MTB) 
and the two loading devices (hard and soft). The top-left panel shows that 𝐹𝑚𝑎𝑥 increases with increasing values of 𝜂𝑡 in all cases. 
Higher values of 𝜂𝑡 delay damage evolution, enabling the joint to withstand greater stresses before failing. Force control (soft device, 
pink/red curves) consistently allows for higher peak forces than displacement control (hard device, blue curves). In this regime, the 
KS model (solid lines) predicts greater strength than the MTB model (dashed lines). The top-right panel shows that 𝐹𝑚𝑎𝑥 depends 
strongly on the damage threshold 𝜔𝑡, increasing significantly as the threshold for damage initiation rises. The responses for the two 
loading devices and the two micromechanical schemes are nearly identical, indicating that the peak force is primarily governed by 
the damage threshold and is largely independent of the loading type or micromechanical model for this loading path. The bottom 
panels show the time to damage onset, 𝑡𝑜. As expected, 𝑡𝑜 increases with both 𝜂𝑡 and 𝜔𝑡, as these parameters increase the resistance 
of the material to damage. Force control results in a significantly longer time to damage initiation than displacement control for any 
given set of damage parameters. As the maximum force, 𝐹𝑚𝑎𝑥, and the damage onset time, 𝑡𝑜, during uniaxial compression exhibit 
similar trends with respect to the compression damage rate coefficient, 𝜂𝑐 , and the compression damage threshold, 𝜔𝑐 , they are not 
reported here.

4.5. Comparison with experimental results

To verify the physical plausibility of the models, their predictions were compared with the classic experimental data for 
axially loaded adhesive butt joints reported by Adams and Coppendale (1979). In their study, butt joints were fabricated using 
EN 25 steel adherents and BSL 308 A film adhesive. The digitized stress–strain curve from their results was obtained using 
WebPlotDigitizer (Rohatgi, 2024) and it is presented in Fig.  11. This figure also shows the stress–strain curves predicted by the 
F1d and F2d models, which use the geometric and material parameters listed in Table  1. In the case of pure uniaxial tension, 
the compressive damage variable 𝜌𝑐 in the F2d model is not activated. Consequently, the F2d model governing equations reduce 
to those of the F1d model. For this reason, the predicted curves for the F1d and F2d models coincide for each micromechanical 
scheme. The results show strong qualitative agreement with the experimental data. Models based on the KS scheme predict initial 
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Fig. 9. Case (b): force–displacement responses (top panel) and damage evolutions under traction and compression (middle and bottom panels, 
respectively) for the F2d model with the MTB micromechanical scheme, considering hard and soft loading device.

Fig. 10. Maximum force, 𝐹𝑚𝑎𝑥, and damage onset time, 𝑡𝑜, for the F2d model under pure traction vs. the damage rate coefficient 𝜂𝑡 and the 
damage threshold 𝜔𝑡 for the micromechanical schemes (KS and MTB). The two cases of soft and hard device are considered.
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Fig. 11. Comparison of F1d and F2d model predictions with experimental data. The simulated stress–strain curves for the KS and MTB model 
variants are plotted against digitized experimental data for a BSL308 A adhesive butt joint from Adams and Coppendale (1979). Black markers 
indicate the predicted point of damage initiation for the KS and MTB models, respectively.

linear behavior up to a stress of approximately 20 MPa (indicated by a black marker), which matches the onset of nonlinearity 
observed in the experiment. This is followed by progressive softening which closely tracks the shape of the experimental curve 
until failure occurs. In contrast, models using the MTB scheme predict a more extended linear elastic range, with damage initiation 
occurring at a much higher stress of around 67 MPa. This is followed by an horizontal plateau that indicates a ductile adhesive’s 
failure. While both micromechanical schemes provide a good overall fit, the KS variant captures the onset of damage more accurately 
in this particular experimental case.

5. Conclusion

In this paper, two interface damage models capable of representing tension–compression asymmetry, F1d and F2d, were developed 
starting from continuum damage mechanics and using asymptotic expansion techniques. Two distinct micromechanical schemes 
were implemented for each framework to link damage evolution to material stiffness degradation: the Kachanov-Sevostianov (KS) 
scheme and the Mori–Tanaka-Benveniste (MTB) scheme. The predictive capabilities of these model combinations were demonstrated 
through numerical simulations of the axial loading of a joint consisting of linear elastic adherents connected by the degrading 
interface.

The numerical results clearly showed that both the F1d and F2d frameworks effectively captured a significant tension–
compression asymmetry. This was primarily due to the formulation of the damage evolution law, which deactivated the positive 
part of the displacement jump across the interface under compressive normal stress. The more advanced F2d model, which 
utilizes separate internal variables for tensile (𝜌𝑡) and compressive (𝜌𝑐) damage, exhibited an even more significant flexibility. By 
independently tuning the damage thresholds (𝑤̂𝑡, 𝑤̂𝑐) and damage rate coefficients (𝜂̂𝑡, 𝜂̂𝑐) parameters for each mode, the F2d model 
can represent a wide variety of material behaviors, from ductile tensile responses to brittle tensile failure, and reproduce different 
levels of tension–compression asymmetry.

Furthermore, the choice of micromechanical scheme was shown to be critical for predicting the ultimate failure characteristics. 
The Kachanov-Sevostianov (KS) formulation, due to its 1∕(1 + 𝐶𝜌) structure, inherently retains a non-zero residual stiffness even 
as damage 𝜌 approaches unity. This characteristic results in an ascending branch or a ductile plateau in the force–displacement 
response under displacement control, without a complete loss of load-carrying capacity within the model’s formulation. In contrast, 
the Mori–Tanaka-Benveniste (MTB) scheme, which incorporates the 𝜌∕(1−𝜌) term, drives the effective moduli to zero as 𝜌 approaches 
one. This complete degradation of stiffness leads to qualitatively different failure modes depending on the loading control. Under 
displacement control, a post-peak softening branch occurs where the force decreases with increasing displacement. Under force 
control, this zero-stiffness state would correspond to a ductile response.

The numerical simulations have effectively proved the theoretical potential of the proposed F1d and F2d models, showing that 
a wide range of realistic physical behaviors can be represented, including ductility and strong tension–compression asymmetry. 
Another contribution of this study is the qualitative assessment of the models against literature experimental data. As shown in Fig. 
11, the predictions from both the KS and MTB variants of the F1d and F2d models are in strong qualitative agreement with the 
experimental stress–strain curves for adhesive butt joints reported by Adams and Coppendale (1979). In particular, the KS-based 
models accurately capture the experimentally observed onset of nonlinearity, while the MTB-based models effectively represent 
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the post-peak softening and ductile failure. This agreement serves to validate the fundamental ability of the F1d and F2d models 
to represent real material responses. While the parameters used for this comparison were chosen to provide a good qualitative 
fit and are not the result of a rigorous calibration, this validation establishes the basis for future work. The next step will be an 
experimental validation campaign, involving specific mechanical tests to calibrate the full set of F1d and F2d model parameters and 
to quantitatively assess their predictive accuracy. Furthermore, the F1d and F2d frameworks could be extended to incorporate other 
physical phenomena, such as load-induced anisotropy or rate-dependent viscoelastic effects.

In this respect, it is important to notice that the versions of the KS and MTB schemes used in this work are formulated for an 
isotropic distribution of micro-defects. Consequently, they describe a degradation of the effective stiffness that remains isotropic, 
governed by the evolution of the scalar damage variable(s), 𝜌 (or 𝜌𝑡, 𝜌𝑐). The multi-axial nature of the stress state in an adhesive joint 
is expected to induce a preferential orientation of microcracks, even under a globally uniaxial applied load, leading to an evolution of 
load-induced anisotropy in the material’s effective stiffness. However, the present study aims to introduce the F1d and F2d modeling 
approaches and specifically investigate their capacity to capture tension–compression asymmetry in the axial direction. Therefore, 
the simplification of isotropic damage is adopted. Extending the F1d and F2d models to account for anisotropic damage will be the 
focus of future work.

The successful implementation and comparison with literature experimental data in this work provide a basis for these future 
investigations and suggest that the proposed models hold significant potential for the advanced structural analysis of bonded joints.
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Appendix

In this section, the positive and negative parts of the first approximation of the strain tensor are computed. Let us recall that the 
positive and negative part of tensor A are defined as follows: 

Positive part: A+ ∶=
∑

𝑖 max(𝜆𝑖, 0)n𝑖 ⊗ n𝑖,
Negative part: A− ∶=

∑

𝑖 max(−𝜆𝑖, 0)n𝑖 ⊗ n𝑖,
(59)

where 𝜆𝑖 and n𝑖 are the eigenvalues and eigenvectors of A, with |n𝑖| = 1, respectively. The positive and negative parts verify: 
A = A+ − A− and A+ ⋅ A− = 0.

The approximation of the strain tensor at order 1∕𝜀 takes the following particular form: 

E =

⎛

⎜

⎜

⎜

⎜

⎝

0 0 1
2𝑤1,3

0 0 1
2𝑤2,3

1
2𝑤1,3

1
2𝑤2,3 𝑤3,3

⎞

⎟

⎟

⎟

⎟

⎠

. (60)

By means of a spectral decomposition, the eigenvalues and the corresponding eigenvectors of tensor E can be explicitly computed. 
The eigenvalues take the following values, as customary: 

𝛾0 = 0, and 𝛾± ∶= 1
2
(

𝑤3,3 ± |w,3|
)

, (61)

with |w,3| ∶=
√

𝑤2
1,3 +𝑤2

2,3 +𝑤2
3,3. Note that 𝛾+ ≥ 0 and 𝛾− ≤ 0. Finally, applying the above definition, the positive and negative 

parts of tensor E have the following expressions: 

E+ = 1
4|w,3|

⎛

⎜

⎜

⎜

𝑤2
1,3 𝑤1,3𝑤2,3 2𝑤1,3𝛾+

𝑤1,3𝑤2,3 𝑤2
2,3 2𝑤2,3𝛾+

2

⎞

⎟

⎟

⎟

, (62)
⎝2𝑤1,3𝛾+ 2𝑤2,3𝛾+ 4𝛾+ ⎠
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E− = 1
4|w,3|

⎛

⎜

⎜

⎜

⎝

𝑤2
1,3 𝑤1,3𝑤2,3 −2𝑤1,3𝛾−
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⎞

⎟

⎟

⎟

⎠

. (63)
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