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Abstract. In this paper, we introduce model-based transition rates for controlled
compartmental models in mathematical epidemiology, with a focus on the effects of con-
trol strategies applied to interacting multi-agent systems describing contact formation
dynamics. In the framework of kinetic control problems, we compare two prototypical
control protocols: one additive control directly influencing the dynamics and another
targeting the interaction strength between agents. The emerging controlled macroscopic
models are derived for an SIR compartmentalization to illustrate their impact on epi-
demic progression and contact interaction dynamics. Numerical results show the effec-
tiveness of this approach in steering the dynamics and controlling epidemic trends, even
in scenarios, where contact distributions exhibit an overpopulated tail.

Keywords: Kinetic models; mathematical epidemiology; multi-agent systems; non-

pharmaceutical interventions; optimal control.

1. Introduction

In this work, we focus on the derivation of model-based transition rates for controlled
compartmental models in mathematical epidemiology, emphasizing the impact of
a centralized control strategy applied to interacting multi-agent systems describ-
ing contact formation dynamics. Control methods in compartmental epidemiology
have been extensively studied to define optimal model-oriented non-pharmaceutical
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interventions over variable time horizons [5, 6, 10, 21, 24, 39, 47]. Further approaches
have focused on control methods to optimize vaccination procedures and quaran-
tine measures, see, e.g. [7, 13, 15, 23, 25, 32]. In this direction, the problem of
controlling multi-agent systems has recently emerged as a natural follow-up to the
description and modeling of their self-organizing features [3, 8, 16, 17, 19, 20]. In
the case of large systems, significant contributions have been made in the context
of the derivation of control strategies for mean-field and kinetic equations, see, e.g.
[1, 2, 4, 33, 34, 46] and the references therein.

The evolution of epidemics can be understood as the result of unobservable
interactions among a large number of agents of heterogeneous populations, whose
transitions are influenced by multidimensional factors, including both behavioral
aspects and the biological characteristics of the pathogen [26, 30, 31, 36, 37, 40, 45].
In this context, kinetic theory emerges as a robust mathematical framework to
understand the emerging statistical properties of large multi-agent systems [12, 14,
22, 27, 28, 48]. A key motivation for introducing kinetic-type equations lies in their
multi-scale features, which connects the microscopic level of individual agents, where
fundamental interactions occur, to the macroscopic level, where data are typically
available. This characteristic links the kinetic approach to the effective evolution
of multi-agent systems. Moreover, the ability to derive macroscopic models that
are consistent with the underlying microscopic interaction dynamics is crucial for
parameter estimation, which in turn supports effective decision-making processes. In
this context, we refer to [29, 35, 49] for comparisons of these modeling approaches
with structured real data, particularly with respect to demographic factors such
as age.

In this work, we focus on a kinetic model for epidemic dynamics in which the pop-
ulation of agents is divided into compartments and the mass of each compartment
changes in connection with microscopic dynamics defining the emerging contact
distribution of the system which characterizes the heterogeneity of the population
[11, 12, 41, 50]. The dynamics of the particles are governed by a simple transi-
tion operator consistent with growth-type operators [44, 48]. At the kinetic level,
this model may lead to the emergence of an equilibrium distribution character-
ized by power-law tails. This behavior is associated with an increased probability
of encountering agents with a large number of contacts, and consequently, with a
higher potential for epidemic spread. To highlight this phenomenon we considered a
macroscopic model derived in the presence of a local incidence rate which depends,
at variance with the approach defined in [28, 29], on higher-order moments of the
contact distribution.

To tackle this scenario, we propose a control mechanism acting on the contact
dynamics, with the goal of converting a fat-tailed distribution into a slim-tailed
distribution. Existing strategies, although effective in steering the mean number of
contacts toward a target value, appear insufficient to contain epidemic transmission
in the presence of overpopulated tails.
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In detail, we consider two control strategies aimed at influencing the dynamics of
the multi-agent system. The first approach employs an additive control mechanism
that directly modifies the agents’ individual dynamics, while the second targets
the interaction strength between agents, effectively shaping the overall interaction
structure. By deriving the corresponding controlled macroscopic models, we apply
these strategies to an SIR compartmentalization of the society. This allows us to
investigate their impact on both the progression of an epidemic and the dynamics
of contact interactions within the population. The comparison highlights that con-
trolling the interaction is capable of influencing the nature of the contact structure
of agents by shaping the tail of the contact distribution. The effectiveness of the
control is tested by means of the direct computation of the emerging equilibria,
whose moments evolve through a consistent macroscopic model obtained through
an equilibrium closure.

This paper is organized as follows. In Sec. 2, we recall basic concepts of kinetic
modeling for epidemic dynamics, and the emerging equilibrium densities of con-
tact formation dynamics have been obtained. Hence, in Secs. 2.1–2.3, we embed
the obtained equilibrium density in the kinetic model to derive the evolution of
observable quantities. The control of the tail behavior is discussed in Sect. 3 by
comparing two control strategies. In Sec. 3.1, the emerging distributions of the
resulting Fokker–Planck equations for the two control protocols are computed and
compared, and the macroscopic equations are obtained in Sec. 3.2. Finally, in Sec. 4,
we present several numerical results.

2. Kinetic Compartmental Models with Contact Structure

We consider a prototypical system of agents subdivided into the following epidemi-
ological relevant states: susceptible (S) agents are the ones that can contract the
disease, infected and infectious, (I) agents are responsible for the spread of the dis-
ease, and removed (R) agents cannot spread the disease. In the following, we will
indicate with C = {S, I, R} the considered compartmentalization of the population.

We denote by fJ = fJ(x, t) : R
+ × R

+ → R
+, J ∈ C, the distribution of the

number of contacts x ∈ R
+ at time t ≥ 0 of agents in the compartment J ∈ C.

Hence, the contact distribution f(x, t) of the society is obtained as follows:

∑
J∈C

fJ(x, t) = f(x, t),
∫

R+
f(x, t)dx = 1,

and the mass fractions of the population in each compartment are defined as

ρJ(t) =
∫

R+
fJ(x, t)dx,

while their moment of order r > 0 is given by

ρJ(t)mr,J (t) =
∫

R+
xrfJ(x, t)dx.
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In the following, we discuss the evolution of the contact distributions fJ(x, t) due
to microscopic interactions. In the following, to simplify notation, we will indicate
with mJ(t) = m1,J(t) the mean, corresponding then to the cases r = 1.

2.1. Kinetic models for epidemic spreading

Following the approach presented in [28], we are interested in the evolution of the
kinetic densities (fJ )J∈C solution to⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∂tfS(x, t) = −K(fS, fI)(x, t) +
1
τ
QS(fS)(x, t),

∂tfI(x, t) = K(fS , fI)(x, t) − γIfI(x, t) +
1
τ

QI(fI)(x, t),

∂tfR(x, t) = γIfI(x, t) +
1
τ
QR(fR)(x, t),

(2.1)

where γI > 0 is the recovery rate, τ > 0 is the time scale of the contact dynamics,
and the QJ are suitable thermalisation operators that will be introduced in Sec. 2.2.
In (2.1), the transmission of the infection is governed by the local incidence rate

K(fS, fI)(x, t) = fS(x, t)
∫

R+
κ(x, x∗)fI(x∗, t)dx∗, (2.2)

where κ(x, x∗) is the contact function weighting the frequency of contacts between
susceptible and infected agents. We highlight that the case κ(x, x∗) ≡ β > 0 corre-
sponds to the hypothesis of a homogeneous transmission between agents as in the
classical SIR model. To take into account the influence of the shape of the contact
distribution of infected in the transmission dynamics, we may consider

κ(x, x∗) =
L∑

�=1

β�(xx∗)�, (2.3)

where β� ≥ 0 are proportionality parameters, and � = 1, . . . , L determines the
relevant moments of the contact distribution in the infection dynamics. In [28], the
case L = 1 has been considered, for which the mean number of connections of the
infected population weights the spread of the infection. In this case, we get

K(fS , fI)(x, t) = β1xfS(x, t)ρI(t)mI(t).

More generally, higher-order moments of the distribution are necessary to char-
acterize the spread of the infection. To understand the impact of the tails of the
contact distribution, we can consider the case L = 2. Hence, under this hypothesis,
the incidence rate defined in (2.2) reads

K(fS , fI)(x, t) = β1xfS(x, t)ρI(t)mI(t) + β2x
2fS(x, t)ρI(t)m2,I(t).

In this case, we obtain information on the impact of the mean and energy of the
contact distribution on the evolution of the disease. Within the choice in (2.3), the
incidence rate is proportional to the product of the mean number of contact of
susceptible and infected agents and on their energies.
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2.2. Contact formation dynamics

We consider a large system of N � 0 agents that are identified by their number
of daily contacts xi ∈ R

+, i = 1, . . . , N . The dynamics of each agent is modi-
fied through deterministic variations of the contact structure due to environmental
factors, and by random fluctuations in the contact variation due to population
heterogeneities. Following the approach presented in [28] and indicating by x′ the
post-interaction number of contacts of an agent, we get

x′ = x + εΨ(x/mJ)x + xη, (2.4)

where

Ψ(x/mJ) =
α

2δ

((
x

mJ

)δ

− 1

)
(2.5)

is a generic growth function which describes logistic-type growths for any δ > 0, von
Bertalanffy-type growths for δ < 0 and coincides with a Gompertz growth function
in the limit δ → 0, see [44]. In (2.4), we further introduced the random variable η

such that, denoting by 〈·〉 the expectation with respect to the distribution of the
introduced random variable, we get 〈η〉 = 0 and

〈
η2

〉
= εσ2, while in (2.5) α > 0 is

a proportionality constant.
Hence, following the approach in [18, 42], we can characterize the contact for-

mation dynamics for the generic compartment fJ = fJ(x, t) by considering the
following space homogeneous Boltzmann-type equation:

∂

∂t
fJ(x, t) = QJ(fJ )(x, t) :=

〈∫
R+

B(x)
1
′J fJ(′x, t)dx

〉
− fJ(x, t), (2.6)

where ′x ≥ 0 denote the pre-transition number of contacts that produces the post-
transition contacts x ≥ 0 following the transition scheme (2.4), while ′J denotes
the determinant of the Jacobian of the transformation ′x → x. In (2.6), the term
B(x) : R

+ → R
+ is the collision kernel tuning the interaction frequency which may

depend on the number of contacts x ≥ 0. In [35], the kernel

B(x) = x− 1+δ
2 , (2.7)

has been considered. The kinetic equation (2.6) can be conveniently written in
weak form by introducing a test function ϕ(·). Hence, the evolution of observable
quantities is given as follows:

d

dt

∫
R+

ϕ(x)fJ (x, t)dx =
∫

R+
B(x) 〈ϕ(x′) − ϕ(x)〉 fJ(x, t)dx.

The introduced operator is always mass preserving: by choosing ϕ(x) = 1 we get∫
R+

QJ(fJ)(x, t)dx = 0.
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It is momentum-preserving if δ ≡ ±1 since from (2.1) we get∫
R+

xQJ (fJ)(x, t)dx = − α

2δ

∫
R+

x1− 1+δ
2

((
x

mJ

)δ

− 1

)
fJ(x, t)dx.

More generally, for any δ ∈ (−1, 1), the momentum is not a conserved quantity for
the introduced collision operator.

In view of the complexity of obtaining an analytical expression on the large time
behavior of the kinetic equation (2.6), it is possible to derive from the introduced
kinetic model a reduced complexity Fokker–Planck-type partial differential equation
for which the study of asymptotic properties is easier, see [42]. In the quasi-invariant
limit, we get the following operator:

Q̄J(fJ )(x, t) =
α

2δ
∂x

[
x1− 1+δ

2

((
x

mJ

)δ

− 1

)
fJ +

σ2

2
∂x

(
x2− 1+δ

2 fJ

)]
. (2.8)

For the sake of brevity, we omit here the details of the derivation, we point the
interested reader to [28] for more details. We can observe how the derived Fokker–
Planck operator Q̄J(·) is mass preserving and momentum preserving if δ = ±1.

Remark 2.1. The process defined in (2.4) can be obtained in terms of a system
of Stochastic Differential Equations (SDEs) for the dynamics of each agent of the
system {xi}N

i=1 where the dynamics characterizing the number of contacts of each
agent is described as follows:

dxi = B(xi)Ψ(xi)dt +
√

2σ2xidW t
i ,

where {W t
i }N

i=1 is a set of independent Wiener processes and B(xi) ≥ 0 a factor
describing the interaction frequency of each agent, see [48]. Following [38], it can be
shown that in the limit N → +∞ the evolution of the system of agents is obtained
in terms of the evolution of a probability density solution to the Fokker–Planck
Eq. (2.8).

2.2.1. Equilibrium distribution of the Fokker–Planck equation

The Fokker–Planck-type operator defined in (2.8) is such that its equilibrium density
f q

J(x) can be computed as the unique solution to the following differential equation:

α

δ
x1− 1+δ

2

((
x

mJ

)δ

− 1

)
f q

J(x) + σ2∂x(x2− 1+δ
2 f q

J(x)) = 0, δ ∈ [−1, 1]

which is given by

f q
J(x) = Cδ,σ2,αx

α
σ2δ

−2+ 1+δ
2 exp

{
− α

σ2δ2

(
x

mJ

)δ
}

, (2.9)

where Cδ,σ2,α > 0 is a normalization constant.
The equilibrium solution obtained in (2.9) depends on the parameter δ ∈ [−1, 1]

of the model which influences the behavior of the tails. Indeed, we may observe
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how, for any 0 ≤ δ ≤ 1 the equilibrium distribution is characterized by slim tails
since it exhibits exponential decay for x � 0. In particular, in the case δ = 1, we
get a Gamma distribution

f q
J(x) =

λλ

mλ
JΓ(λ)

xλ−1 exp
{
− λx

mJ

}
, λ =

α

σ2
, (2.10)

having slim tails. In the case of the Gamma distribution, we have the following
relations on the first and second-order moment:∫

R+
xf q

J(x)dx = mJ ,

∫
R+

x2f q
J(x)dx =

λ + 1
λ

m2
J .

Furthermore, in the special case δ → 0, it can be shown that the equilibrium
density is a lognormal distribution [44]. On the other hand, for any δ < 0, the
equilibrium distribution is a fat-tailed distribution with polynomial decay for x � 0.
In particular, if δ = −1, we obtain the inverse Gamma distribution

f q
J(x) =

(λmJ )λ+1

Γ(λ + 1)
x−2−λ exp

{
−λmJ

x

}
, λ =

α

σ2
, (2.11)

for which we have∫
R+

xf q
J(x)dx = mJ ,

∫
R+

x2f q
J(x)dx =

λ

λ − 1
m2

J .

Therefore, the sign of the generally unknown parameter δ ∈ [−1, 1] has a strong
impact in terms of the behavior of the multi-agent system.

2.3. Macroscopic equations

In this section, we derive the evolution of observable quantities of the kinetic system
of Eq. (2.1). In Sec. 2.2.1, we have observed how the conserved quantities of the
contact formation dynamics are given by mass and momentum, for which we wish
to obtain a closed system of equations describing their evolution. In the following,
we introduce an approximation which is reminiscent of the equilibrium closure in
classical kinetic theory, see e.g. [9].

As observed in [48], under the hypothesis κ(x, x∗) ≡ β, corresponding to the
case where the infection dynamics is independent from the contact distribution, we
obtain a system defining the evolution of mass fractions given by the classical SIR
model. Indeed, integrating (2.1) in R

+, we get

d

dt
ρS = −βρSρI ,

d

dt
ρI = βρSρI − γIρI ,

d

dt
ρR = γIρI ,
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whereas from (2.1) we may compute 1/ρJ(t)
∫

R+
xfJ(x, t)dx from which we get

d
dtmJ (t) = 0 for all J ∈ C. A first attempt to incorporate the impact of social
contacts in the dynamics is obtained by choosing L = 1 from which we get

d

dt
ρS = −β1ρSmSρImI ,

d

dt
ρI = β1ρSmSρImI − γIρI ,

d

dt
ρR = γIρI ,

(2.12)

such equation can be coupled with the evolution of the mean number of connections
which is a conserved quantity of the collision operator (2.8). We get

d

dt
ρSmS = −β1ρSm2,SρImI ,

d

dt
ρImI = β1ρSm2,SρImI − γIρImI ,

d

dt
ρRmR = γIρImI .

(2.13)

In view of the fact that the equilibrium distribution of the operator (2.8) is either
a Gamma distribution, if δ = 1, or an inverse Gamma distribution, if δ = −1, in
the limit τ → 0+, we have the following equilibrium closure:

∫
R+

x2fS(x, t)dx ≈
∫

R+

x2ρS(t)f q
S(x, t)dx =

⎧⎪⎪⎨
⎪⎪⎩

λ + 1
λ

ρSm2
S , δ = 1,

λ

λ − 1
ρSm2

S , δ = −1,

(2.14)

where λ = α/σ2. Hence, we may couple the evolution of mass fractions with the
evolution of the first-order moment which, in its closed form reads

d

dt
mS = −β1m

2
SρImI(Λ − 1),

d

dt
mI = β1ρSmSmI(ΛmS − mI),

d

dt
mR = γI

ρI

ρR
(mI − mR),

(2.15)

where Λ = ((λ + δ)/λ)δ > 1 for any δ = ±1. The evolution of mass fractions (2.12),
coupled with the closed evolution of first-order moments (2.15), forms a new sys-
tem of macroscopic equations that inherits the properties of the microscopic agent-
based system describing the dynamics of contact formation. The evolution of the
mean number of contacts of the susceptible population is always decreasing in time,
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therefore the maximum number of contacts of the infected population is

m̄I =

⎧⎪⎪⎨
⎪⎪⎩

λ + 1
λ

mS(0), δ = 1,

λ

λ − 1
mS(0), δ = −1.

(2.16)

Furthermore, we can observe that

m̄
(δ=−1)
I > m̄

(δ=1)
I ,

and the number of contacts of the infected population corresponding to an inverse
Gamma closure (δ = −1) are higher compared to the number of contacts obtained
with a Gamma closure (δ = 1).

Consistently with the closure that we obtained, as λ → +∞, which means
σ2 → 0+, the two models describe the same trajectory. It is worth observing that,
if σ → 0+, we get a population with no contact heterogeneities and, therefore, we
collapse to the standard SIR model. In other words, the classical SIR model can

Fig. 1. Case L = 1: Epidemic trajectories of the system (2.12)–(2.13) with closure (2.14). The
continuous line corresponds to the evolution of the system obtained with a Gamma closure (G)
and the dashdotted line the evolution of the system with inverse Gamma closure (iG). As initial
condition we considered mJ (0) = 10, J ∈ C, and ρI (0) = ρR(0) = 10−5, ρS(0) = 1−ρI (0)−ρR(0)
and β1 = 10−3, γI = 1/14. From left to right we present the cases λ = 5 (left), λ = 2.5 (right).
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be obtained through a Dirac delta closure centered on the mean mJ . In Fig. 1, we
depict the epidemic trajectories for several σ2 = 0.2, 0.4 and fixed α = 1, in all
cases we considered as initial condition mJ (0) = 10 and ρI(0) = ρR(0) = 10−3,
ρS(0) = 1 − ρI(0) − ρR(0). We may observe that for larger λ the model obtained
with inverse Gamma closure provides a higher mean number of contacts for the
infected population.

Finally, in the case L = 2, the evolution of the masses reads

d

dt
ρS = −β1ρSmSρImI − β2ρSm2,SρIm2,I ,

d

dt
ρI = β1ρSmSmIρI + β2m2,SρSρIm2,I − γIρI ,

d

dt
ρR = γIρI ,

(2.17)

which can be coupled with the evolution of the mean number of contacts

d

dt
ρSmS = −β1ρSm2,SρImI − β2ρSm3,SρIm2,I ,

d

dt
ρImI = β1ρSm2,SρImI + β2ρSm3,SρIm2,I − γIρImI ,

d

dt
ρRmR = γIρImI .

(2.18)

As before, in the limit τ → 0+, we can obtained a closed evaluation of higher-order
moments through an equilibrium closure approach, i.e. by exploiting the information
in (2.10) and (2.11) for J ∈ {S, I}

∫
R

x2fJ (x, t)dx ≈
∫
R

x2f∞
J (x, t)dx =

⎧⎪⎪⎨
⎪⎪⎩

λ + 1

λ
ρJm2

J δ = 1,

λ

λ − 1
ρJm2

J δ = −1,

∫
R

x3fJ (x, t)dx ≈
∫
R

x3f∞
J (x, t)dx =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(λ + 1)(λ + 2)

λ2
ρJm3

J δ = 1,

λ2

(λ − 1)(λ − 2)
ρJm3

J δ = −1.

(2.19)

For fat-tailed distributions, the obtained closure is derived under the condition that
λ > 2, i.e. α

σ2 > 2, as the third-order moment must be well-defined. Hence, in the
limit τ → 0+, the evolution of mass fractions reads

d

dt
ρS = −β1ρSmSρImI − Λ2β2ρSm2

SρIm2
I ,

d

dt
ρI = β1ρSmSmIρI + β2Λ2ρSm2

SρIm2
I − γIρI ,

d

dt
ρR = γIρI ,

(2.20)
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which is coupled to the following system for the evolution of the mean number of
contacts:

d

dt
mS = −m2

SρImI

(
2β1

2λ − 1 + δ
+ 2β2

(
λ + δ

λ

)2δ 1
λ − 1 + δ

mSmI

)
,

d

dt
mI = ρSmSmI

[
β1 (ΛmS − mI) + β2Λ2

((
λ + 2δ

λ

)δ

mS − mI

)
mSmI

]
,

d

dt
mR = γI

ρI

ρR
(mI − mR) , (2.21)

where Λ = ((λ+δ)/λ)δ > 1 with δ = ±1. As in the case L = 1, the mean number of
contacts of the susceptible population decreases in time whereas, focussing only on
the effects of the second-order moments, if β1 = 0 the maximum number of contacts

Fig. 2. Case L = 2: Epidemic trajectories of the system (2.17)–(2.21) with closure discussed
in (2.19). The continuous line corresponds to the evolution of the system obtained with a Gamma
closure (G) and the dashdotted line the evolution of the system with inverse Gamma closure (iG).
As initial condition we considered mJ (0) = 10, J ∈ C, and ρI(0) = ρR(0) = 10−3, ρS(0) =
1 − ρI(0) − ρR(0) and β1 = 0, β2 = 10−5, γI = 1/14. From left to right we present the cases
λ = 10 (left), λ = 5 (right).
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of the infected population is given by

m̂I =

⎧⎪⎪⎨
⎪⎪⎩

λ + 2
λ

mS(0), δ = 1,

λ

λ − 2
mS(0), δ = −1,

(2.22)

and we have the following order relation between the obtained maxima in (2.22):

m̂
(δ=−1)
I > m̂

(δ=1)
I ,

for any λ > 0. Hence, the infected population reaches a higher number of contacts
in the presence of power-law tails. Furthermore, the obtained maxima for L = 1
in (2.16) and L = 2 in (2.22) are such that

m̄
(δ=−1)
I < m̂

(δ=−1)
I .

Therefore, the model obtained with taking into account higher-order moments pro-
duces a higher maximum in the mean number of contacts of infected population.

In Fig. 2, we depict the epidemic trajectories for several σ2 = 0.1, 0.2 and fixed
α = 1, in all cases we considered as initial condition mJ(0) = 10 and ρI(0) =
ρR(0) = 10−3, ρS(0) = 1 − ρI(0) − ρR(0). We may observe again that for larger λ

the model obtained with inverse Gamma closure provides higher mean number of
contacts for the infected population.

3. Control of the Tail Behavior

In this section, we will explore the potential to control the dynamics of contact
formation in a population, mimicking the role of Non-Pharmaceutical Interven-
tions (NPIs). These interventions aim to reduce the risk factors associated with the
transmission of infectious diseases by influencing how individuals interact within
the community.

The new kinetic description provides a powerful framework to analyse and quan-
tify the impact of such measures. Specifically, it allows us to highlight the effects of
policy-maker actions that directly target the contact distribution within the society.
This approach is particularly valuable when only partial information about the pop-
ulation’s contact patterns is available. By leveraging this mathematical approach,
we seek to understand how modifying contact dynamics to mitigate the spread of
an infection and guide the design of more effective intervention strategies.

In [29, 35], it has been shown that the design and implementation of selective
policies can significantly influence the behavior of contact distributions within a
population. These selective policies are measures specifically tailored to act differ-
entially on individuals based on their number of contacts, targeting specific sub-
groups rather than applying uniform interventions. The introduction of a penal-
ization mechanism inversely proportional to the number of contacts can effectively
alter the shape of the contact distribution. This approach enables a transition from
a fat-tailed distribution, which is characterized by a high probability of finding
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individuals with large number of contacts, to a slim-tailed distribution, such prob-
ability is negligible. This shift in the tail behavior of the contact distribution has
significant implications for public health strategies, as it suggests that selective
interventions can play a crucial role in reducing the potential for super-spreading
events and enhancing the overall effectiveness of non-pharmaceutical interventions
in controlling disease transmission.

To this end, in the following, we concentrate on the case δ = −1 which produces
inverse Gamma distributions (2.11) that are characterized by power-law tails. To
steer the system toward a prescribed number of contacts, we proceed as follows: we
consider a simple control protocol resulting from the following minimization:

argminu∈U

[
1
2

〈
(x′ − xT )2

〉
+

ν

2
u2

]
, (3.1)

where U defines the class of admissible controls such that x′ ≥ 0, xT ∈ R
+ is

the target contact number, and ν > 0 is a penalization coefficient. In (3.1), the
cost increases quadratically with the distance to a target state. This choice reflects
the fact that greater effort is required to contain populations with a large average
number of contacts. The cost could be different than zero, allowing the existence
of agents with a controlled nonzero number of contacts. The minimization (3.1) is
subject to the two possible dynamics that define the post-interaction state x′ ≥ 0.
Hence, the minimisation of the cost in (3.1) can be obtained through a Lagrange
multiplier approach, see [4, 44]. In detail, in the following, we will consider the
following transition laws:

(A) Additively controlled transition

x′ = x + ε(Ψ(x/mJ)x + u) + xη, (3.2)

with Ψ(x/mJ) given by (2.5). Such class of controls has been classically con-
sidered in several constrained multi-agent dynamics to enforce the emergence
of prescribed patterns through the addition of external force in the dynamics,
see e.g. [1, 4] and the references therein. In this case, the minimisation of (3.1)
gives

u∗ = − ε

ν + ε2
((x − xT ) + εΨ(x/mJ)x)

which leads to the constrained interaction

x′ = x +
νε

ν + ε2
Ψ(x/mJ)x +

ε2

ν + ε2
(xT − x) + xη. (3.3)

(B) Interaction-driven controlled transition

x′ = x + εΨ(x/mJ)xu + xη, (3.4)

which tries to modify the transition protocol of each single agent to steer the
mean number of contacts towards xT > 0. Again, the function Ψ(x/mJ) in (3.4)
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is the one defined in (2.5). Hence, the minimization of (3.1) gives

u∗ = − εΨ(x/mJ)x
ν + ε2(xΨ(x/mJ ))2

(x − xT ),

and the constrained interaction is given by

x′ = x − ε2(xΨ(x/mJ ))2

ν + ε2(xΨ(x/mJ ))2
(x − xT ) + xη. (3.5)

This control has been introduced in [44] in a related modeling setting.

It is worth noticing that in both cases (3.2)–(3.4), in the limit ν → 0+, we obtain
an instantaneous control of the transition which is driven towards xT > 0. Anyway,
the introduced controlled interactions have a different impact on the moments of
the emerging equilibrium distribution at the kinetic level.

3.1. Fokker–Planck model and controlled equilibria

We introduce the notation f
(A)
J (x, t), f

(B)
J (x, t) to denote the distribution of the

number of contacts of a multi-agent system characterized by microscopic constrained
interaction expressed by the controls (A) and (B), respectively, defined in (3.2)
and (3.4), in the compartment J . We fix δ = −1 from now on when considering the
controlled scenario, since we are interested in the control of fat-tailed distributions.
Proceeding as in Sec. 2.2, we obtain the evolution of observable quantities through
the following space homogeneous Boltzmann-type equation

d

dt

∫
R+

ϕ(x)f (H)
J (x, t)dx =

〈∫
R+

(ϕ(x′) − ϕ(x))f (H)
J (x, t)dx

〉
, (3.6)

where H = A, B, and we note that the kernel (2.7) is unitary for δ = −1. By
introducing the scaling of the penalization term ν → εν, in the quasi-invariant limit
and for ε → 0+, as observed in [44], we can obtain a Fokker–Planck-type equation
with a modified drift term that takes into account the presence of the control. In
terms of the controlled density f

(A)
J (x, t), this equation reads

∂tf
(A)
J (x, t)

= ∂x

{[
α

2δ

(mJ

x
− 1

)
x +

x − xT

ν

]
f

(A)
J (x, t) +

σ2

2
∂x(x2f

(A)
J (x, t))

}

= Q(A)(f (A)
J )(x, t) (3.7)

which has the steady state

f
(A),∞
J (x) = C−1,σ2,αx

λ
δ −2− 2

σ2ν exp
{
−λ

mJ

x
− 2

σ2ν

xT

x

}
, (3.8)

where the constant C−1,σ2,α > 0 is chosen such as the mass of the density is unitary.
We observe that the equilibrium distribution f

(A),∞
J is still a fat-tailed distribution
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and, therefore, the action of the control is not capable of modifying the tails of the
distribution.

On the other hand, in terms of the density f
(B)
J (x, t), the Fokker–Planck equation

derived from (3.6) reads

∂tf
(B)
J (x, t)

= ∂x

{
x2

ν

[
−α

2

(mJ

x
− 1

)]2

(x − xT )f (B)
J (x, t) +

σ2

2
∂x(x2f

(B)
J (x, t))

}

= Q(B)(f (B)
J )(x, t) (3.9)

whose equilibrium distribution, in the case δ → −1, reads

f
(B),∞
J (x) = C−1,σ2,αx−2−� exp

{
− α2

2σ2ν

[
−(2mJ + xT )x +

x2

2
+

m2
JxT

x

]}
,

where � = α2

2σ2ν (m2
J +2xT mJ). The obtained equilibrium density can be equivalently

rewritten as follows:

f
(B),∞
J (x) = C−1,σ2,αx−2−�N

(
2mJ + xT ,

2σ2κ

α2

)
χ(x ≥ 0)

× exp
{
− α2

2σ2ν

[
− (2m2

J + xT )2

2
+

m2
JxT

x

]}
,

(3.10)

where χ(·) the indicator function and N (·, ·) is a Gaussian distribution with mean
defined in the first entry and variance in the second entry. Hence, in the case of the
control (B), the equilibrium distribution exhibits slim tails.

Remark 3.1. We may notice that the evolution of the controlled densities
f

(H)
J (x, t), H = A, B, is obtained in terms of the Fokker–Planck Eqs. (3.7)–(3.9)

which conserve only the mass. Hence, the momentum is not a conserved quantity
for the presented control strategies.

3.2. Controlled macroscopic equations

In this section, we seek to obtain a closed system for the evolution of the main
moments of the controlled kinetic system:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∂tf
(H)
S (x, t) = −K(f (H)

S , f
(H)
I )(x, t) +

1
τ
Q

(H)
S (f (H)

S )(x, t),

∂tf
(H)
I (x, t) = K(f (H)

S , f
(H)
I )(x, t) − γIf

(H)
I (x, t) +

1
τ

Q
(H)
I (f (H)

I )(x, t),

∂tf
(H)
R (x, t) = γIf

(H)
I (x, t) +

1
τ
Q

(H)
R (f (H)

R )(x, t),

(3.11)
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with H = A, B and Q(H)(f (H))(x, t) defined in (3.7) and (3.9). As observed in
Remark 3.1, the only conserved quantity of the operators Q(H)(f (H)) is the mass.

To determine the evolution of mass fractions we integrate (3.11) to obtain the
evolution of the controlled macroscopic equations. In the case L = 1, we get

d

dt
ρ
(H)
S = −β1ρ

(H)
S m

(H)
S ρ

(H)
I m

(H)
I ,

d

dt
ρ
(H)
I = β1ρ

(H)
S m

(H)
S m

(H)
I ρ

(H)
I − γIρ

(H)
I ,

d

dt
ρ
(H)
R = γIρ

(H)
I ,

(3.12)

where in the limit τ → 0+, we recover the information on the constrained mean
value as follows:

m
(H)
1,J ρ

(H)
J ≈ ρ

(H)
J (t)

∫
R+

xf
(H),∞
J (x)dx,

where f (H),∞(x, t) is the steady state of the controlled problem which depends on
the adopted control strategy, see (3.8)–(3.10). Therefore, the case L = 1 is not
sufficient to observe the behavior of the tail distribution of the controlled contact
formation dynamics.

On the other hand, in the case L = 2, we get

d

dt
ρ
(H)
S = −β1ρ

(H)
S m

(H)
S ρ

(H)
I m

(H)
I − β2m

(H)
2,S ρ

(H)
S m

(H)
2,I ρ

(H)
I ,

d

dt
ρ
(H)
I = β1ρ

(H)
S m

(H)
S m

(H)
I ρ

(H)
I + β2m

(H)
2,S ρ

(H)
S ρ

(H)
I m

(H)
2,I − γIρ

(H)
I ,

d

dt
ρ
(H)
R = γIρ

(H)
I ,

(3.13)

whereas before, in the limit τ → 0+, we can close the system through an equilibrium
closure approach

m
(H)
J ρ

(H)
J ≈ ρ

(H)
J (t)

∫
R+

xf
(H),∞
J (x)dx,

m
(H)
2,J ρ

(H)
J ≈ ρ

(H)
J (t)

∫
R+

x2f
(H),∞
J (x)dx.

(3.14)

We observe that the control strategy (B), which ensures the contact distribution
f (B)(x) in (3.10) is slim-tailed, consistently results in a finite second-order moment
for the emerging controlled distribution. In contrast, control strategy (A) fails to
guarantee the finiteness of the second-order moment for the corresponding controlled
distribution, f (A),∞(x) in (3.8). At the level of epidemic dynamics, in the presence of
large multi-agent systems, this indicates that interaction-driven controls are more
effective than uniform-type controls in reducing the probability of finding agents
with high number of contacts.
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4. Numerical Tests

In this section, we present several numerical results. In particular, in Test 1 we check
for the long-time accordance between the numerical resolution of the Boltzmann-
type equation (2.6) with binary interaction rules given by (2.4)–(3.3)–(3.5) in the
quasi-invariant limit, and the limiting Fokker–Planck equations (3.7)–(3.9). Numer-
ical results, in both the uncontrolled and controlled scenario, are compared with the
corresponding analytical equilibrium distributions.

In Test 2 we investigate the behavior of the tails of the contact distribution in
the absence of epidemic exchange. We study the dependence of the different control
strategies with respect to the penalization ν and the parameter λ.

In Test 3 we check the consistency of the macroscopic limit, namely the accor-
dance between the system (2.1) in the limit τ → 0 with L = 2, and the sys-
tem (2.17)–(2.21) obtained with the moment closure described in Sec. 2.3.

In Test 4, we numerically solve the system (3.11) for H = A, B and different
penalization and scale parameters. We compare the results with the uncontrolled
scenario to study the effectiveness of the control strategies to reduce the spread of
the epidemics.

The Boltzmann-type equation (2.6) with binary interaction rules given by (2.4)–
(3.3)–(3.5) is solved with a classical DSMC scheme [42]. To construct the scheme,
we discretize the time domain with a step size Δt > 0 such that tn = nΔt, and
we denote by fn

J (x) an approximation of fJ(x, tn) at the nth time step. We then
substitute the kernel with BΣ(x) = min{B(x), Σ}, where Σ > 0 is an upper bound
for the kernel, and we rearrange the collisional operator to highlight the gain and
loss part. By applying a forward Euler method to approximate the time derivative,
we have

fn+1
J =

(
1 − ΣΔt

ε

)
fn

J +
ΣΔt

ε

P (fn)
Σ

, (4.1)

where P (·) is

P (f)(x, t) =
〈∫

R+
BΣ(x)

1
′J fJ(′x, t)dx

〉
+ (1 − Σ)fJ (x).

Provided Δt < ε/Σ, Eq. (4.1) is a convex combination of probability density func-
tion, and we can apply the classical DSMC approach. For further details, see [42].

For the Fokker–Planck equations (2.4)–(3.3)–(3.5) in the absence of epidemic
exchange, i.e. Test 1–2, we adopt a Structure-Preserving (SP) implicit scheme, as
proposed in [43]. To numerically solve the system for Test 3–4, we rely on a time
splitting technique [35]. In particular, we first rewrite the system in vector form:

∂f(H)

∂t
(x, t) = P(x, f(H)(x, t)) +

1
τ
Q(H)(f(H)(x, t)),

where f(H) = {f (H)
J }J and Q(H) = {Q(H)

J }J , with J = {S, I, R} and H = A, B,
and P is the vector representing the mass exchange between the compartments.
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Denoting by f(H),n(x) an approximation of f(H)(x, tn) at the nth time step, the
splitting reads

Fokker–Planck contact dynamics:

⎧⎪⎪⎨
⎪⎪⎩

∂f(H),∗

∂t
= 1

τ Q(H)(f(H),∗),

f(H),∗(x, 0) = f(H),n(x),

(4.2)

Epidemic dynamics:

⎧⎪⎪⎨
⎪⎪⎩

∂f(H),∗∗

∂t
= P(x, f(H),∗∗),

f(H),∗∗(x, 0) = f(H),∗(x, Δt).

(4.3)

Finally, the solution at time tn+1 is f (H),n+1(x) = f (H),∗∗(x, Δt). The Fokker–
Planck contact dynamics (4.2) is solved with an implicit SP approach. The system
of epidemic exchange (4.3) is solved with a fourth-order Runge–Kutta method.

4.1. Test 1 : Boltzmann to Fokker–Planck

In this test, we consider the dynamics of a single Boltzmann-type equation, in the
quasi -invariant collision limit, to check the consistency of the large time solution
with the steady state of the derived Fokker–Planck equation, in both the uncon-
trolled and controlled scenarios. In detail, we first compare Eq. (2.6) expressing
the microscopic transition (2.4), with the large time solution of (2.8), for both
δ = +1,−1. Then, we consider the controlled scenario with δ = −1 and we
solve (3.3)–(3.5) and (3.7)–(3.9), respectively. All the numerical results are also
compared with the corresponding analytical equilibrium distribution.

We fix the parameters α = 1, σ2 = 0.2, mJ = 5, the x-domain [0, 100], and
xT = 3, ν = 1 for the controlled cases. For Maxwellian molecules corresponding
to the case with δ = −1, we choose Δt = ε = 0.01, while for the non-Maxwellian
case, i.e. δ = +1, we fix ε = 0.01 and we consider an upper bound for the kernel
B(·) such that Δt = ε/10 = 0.001. The time domain is [0, Tf ], with Tf = 50
in the uncontrolled case, and Tf = 20 in the controlled scenario. For the DSMC
simulations, we consider N = 106 particles and a histogram reconstruction with 400
bins in the x-domain. For the resolution of the Fokker–Planck equation, we choose
Δx = 0.1. The initial condition, in all the simulations, is a normalized uniform
distribution f(x, 0) = U([6, 8]).

In Fig. 3, we may observe the accordance between the numerical solutions to
the Boltzmann equations (gray bricks) in the quasi-invariant interaction limit, the
limiting Fokker–Planck equations (black circled lines), and the corresponding equi-
librium distributions (solid red lines). This test shows that the long-time behavior
of the Boltzmann equation in the quasi-invariant limit and of the limiting Fokker–
Planck equation are in agreement with the analytical equilibrium distributions, in
both the uncontrolled and controlled scenario.
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Fig. 3. (Color online) Comparison of the long-time behavior of the numerical solution to the
Boltzmann equations (gray bricks) in the quasi-invariant interaction limit, the limiting Fokker–
Planck equations (black circled lines), and the corresponding equilibrium distributions (solid red
lines). Upper row: uncontrolled scenario with δ = −1 (left), and δ = +1 (right), with Tf = 50 in
both cases. Bottom row: controlled scenario with strategies A (left) and B (right), for δ = −1 and
with Tf = 20 in both cases. The x-domain is [0, 100], and it is cut for visualization purposes. The
other parameters are α = 1, σ2 = 0.2, mJ = 5, xT = 3, ν = 1, Δt = ε = 0.01 for δ = −1, and
Δt = ε/10 = 0.001 for δ = +1.

4.2. Test 2 : Tails’ behavior of the contact distribution

In this subsection, we consider a single Fokker–Planck-type equation that
describes the formation of the contact dynamics without epidemic exchange. We are
interested in understanding the tails’ behavior in the presence of the control strate-
gies (A) and (B), with respect to the penalization coefficient ν and the parameter
λ = α/σ2. We concentrate on the case δ = −1, since we have fat-tailed distribu-
tion at the equilibrium in the absence of the control. In all the tests, we fix the
parameters δ = −1, σ2 = 0.2, m = 10, and xT = 3.

In Figs. 4 and 5, we also fix α = 0.4 in a way that λ = 2, and we vary the
penalization coefficient ν. In particular, in Fig. 4, we show the first-order moment
m∞ and m

(H),∞
ν and the second-order moment m∞

2 and m
(H),∞
2,ν at the equilibrium
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Fig. 4. (Color online) First (left) and second (right)-order moment at the equilibrium vs. the
penalization coefficient ν. Solid black lines: uncontrolled scenario independent from the penaliza-
tion coefficient, thus constant; dashed red lines: additive control strategy (A); dashdotted blue
lines: multiplicative control strategy (B). The other coefficients are: δ = −1, σ2 = 0.2, m = 10,
xT = 3, and λ = 3.

as a function of ν for the control strategies (A) and (B). Obviously, in the uncon-
trolled scenario, there is no parametric dependence on ν and therefore the mean
and the energy are constants. We may notice that, as ν decreases, for both the
control strategies, the mean approaches the same value, which is the selected target
xT = 3. We can also observe that the control (B) reduces at the equilibrium both
the mean m

(H),∞
ν and the energy m

(H),∞
2,ν more than the control (A). In Fig. 5, we

observe the differences in the control of the tails of the distribution at the equilib-
rium f (H),∞(x). In fact, as noticed in the previous sections, the control strategy
(B) ensures that f (B),∞(x) is a slim-tailed distribution, while the strategy (A) not.
In these plots, we select ν = 1, 10, and we look at the equilibrium distribution in
semilogarithmic scale to highlight the behavior of the tails.

Finally, in Fig. 6, we fix the penalization coefficient ν = 1 and the vary α with σ2

fixed in a way that λ = 2, 4. As the value of λ decreases, the tails of the distribution
increasingly exhibit their power-law behavior. Consequently, for a fixed penalization
coefficient ν, the control reduces them less.

4.3. Test 3 : Consistency in the macroscopic limit without the

control

In this test, we investigate numerically the consistency of the macroscopic closure
of the kinetic system (2.1) with L = 2 and τ → 0 with the system of equations
for the mass and first-order moment (2.17)–(2.18). We choose the x-domain [0, 500]
discretized with step size Δx = 0.02, while the time domain is [0, 20] with time
step Δt = 0.01. The epidemiological parameters are β1 = 2 · 10−2, β2 = 2 · 10−6,
γ = 1/14, the other parameters are α = 1, σ2 = 0.2, in a way that λ = 5, and
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Fig. 5. (Color online) Contact distribution at the equilibrium for different penalization coefficients
and control strategies. From left to right: ν = 1, 10. In every plot the solid black line corresponds to
the uncontrolled scenario f∞(x), the dashed red lines to the additive control strategy A, f(A),∞(x),
and the dashdotted blue lines to the multiplicative control strategy B, f(B),∞(x). The other
coefficients are: δ = −1, σ2 = 0.2, m = 10, xT = 3, and λ = 2.

Fig. 6. Contact distribution at the equilibrium for different coefficients λ = 2, 4 and control strate-
gies A (left), and B (right). The other coefficients are: δ = −1, σ2 = 0.2, m = 10, xT = 3, and
ν = 1.

δ = −1. The initial distribution in every compartment J is

fJ(x, 0) = ρJ(0)
λλ

(m0
J)λΓ(λ)

xλ−1 exp
{
− λx

m0
J

}

with m0
J = 10 for every J , and initial masses ρI(0) = ρR(0) = 10−5 and ρS(0) =

1 − ρI(0) − ρR(0).
In Fig. 7, we observe that in the limit τ → 0+, we obtain a numerical evidence of

the consistency between the derived macroscopic system and the kinetic model (2.1)
with equilibrium closure approximation (2.17)–(2.18), as expected.
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Fig. 7. (Color online) Time evolution of the mass fraction (left) and mean (right) of system (2.1)
with L = 2, τ = 1 (red circles) and τ = 10−5 (blue triangles), together with the solution of (2.17)–
(2.18) (solid black lines). The epidemiological parameters are β1 = 2·10−2, β2 = 2·10−6, γ = 1/14,
the other parameters are Δx = 0.02, Δt = 0.01, α = 1, σ2 = 0.2, in a way that λ = 5, and δ = −1.

4.4. Test 4 : The controlled system

In this test, we compare the effect of the different control strategies by numerically
solve the system (3.11) with H = A, B. The adopted scheme is described at the
beginning of Sec. 4 with Δt = 0.01 and Δx = 0.02 in the domain [0, 500]. The
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Fig. 8. (Color online) Time evolution of the mass fractions ρJ(t) in every compartment J =
{S, I, R}. Left column: τ = 1 and ν = 1; right column: τ = 10−5 and ν = 1. The black lines
represent the uncontrolled scenario obtained by solving the system (2.17)–(2.18). The red circled
lines are the control A obtained by solving the system (3.11) with H = A, the blue triangulated
lines the control B, obtained by solving the same system with H = B. The epidemiological
parameters are β1 = 2·10−2, β2 = 2·10−6, and γ = 1/14. Initial masses are ρI(0) = ρR(0) = 10−2

and ρS(0) = 1 − 2 · 10−2. The other parameters are Δt = 0.01, Δx = 0.02 in the domain [0, 500],
δ = −1, α = 1 and σ2 = 0.2.
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epidemiological parameters are β1 = 2 · 10−2, β2 = 2 · 10−6 and γI = 1/14. We
choose in all tests δ = −1, α = 1 and σ2 = 0.2, so that λ = 5. The initial conditions
are

fJ(x, 0) = ρJ (0)
λλ

(m0
J)λΓ(λ)

xλ−1 exp
{
− λx

m0
J

}

with m0
J = 10 for every compartment J , and initial masses ρI(0) = ρR(0) = 10−2

and ρS(0) = 1 − ρI(0) − ρR(0).
In Fig. 8, we solve the kinetic system (3.11) for several values of τ > 0 and we

compare the results with the unconstrained system with L = 2. In this test, we fix
the penalization coefficient ν = 1 and we compare the effect of the control strategies
(A) and (B) for different scale parameter τ = 1, 10−5. We may observe how the
control (B), while shaping the contact distribution in a slim-tailed distribution,
is able to impact on the infection dynamics. On the other hand, the control (A)
as it does not modify the structure of the contact distribution, which retains its
overpopulated tail.

5. Conclusion

In this work, we focused on the macroscopic effects of kinetic control strategies
applied to epidemic dynamics. We discussed the derivation of general macroscopic
epidemic models, in which the epidemic transmission dynamics is influenced by a
general number of moments of the contact distribution. These models describe the
evolution of a controlled multi-agent system, obtained through an equilibrium clo-
sure approach. In detail, we considered two control strategies previously proposed
in the literature for similar models. Our results demonstrated how controlling the
interaction strengths can transform a contact distribution with an overpopulated
tail into a slim-tailed distribution, thereby reducing the heterogeneity in interac-
tions. Additionally, we discussed the role of power-law tails in epidemic dynamics
within the framework of the derived macroscopic models. Numerical results high-
lighted the effectiveness of the proposed approach in mitigating the spread of infec-
tion and demonstrated its potential for practical applications in epidemic control.
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