
New encodings of the (Euclidean) travelling 
salesperson problem in constraint answer 
set programming on difference logic 

ALESSANDRO BERTAGNON, Department of Environmental and Prevention 
Sciences, University of Ferrara, C.so Ercole I D’Este, 32, Ferrara, Italy. 
E-mail: alessandro.bertagnon@unife.it 

MARCO GAVANELLI, Department of Engineering, University of Ferrara, Via 
Saragat 1, Ferrara, Italy. 
E-mail: marco.gavanelli@unife.it 

Abstract 
The Travelling Salesperson Problem (TSP) is a very well-known problem in computer science. Many real-world instances 
belong to the class of Euclidean TSP, in which the nodes to be visited lie on the Euclidean plane, and additional information is 
available with respect to the generic TSP, i.e. the coordinates of the nodes to be visited are known. In previous publications, we 
showed that the additional available information can be exploited to speed up the search, both in Constraint Logic Program-
ming (CLP) and in Answer Set Programming (ASP). Constraint ASP (CASP) is a framework that joins CLP and ASP, and it 
aims at combining the features of both languages. In this article, we address the (Euclidean) TSP in CASP, and more specif-
ically in the clingo[DL] language and solver. We propose new encodings for the TSP in clingo[DL]; the new encodings are 
applicable to the general TSP (also to instances that are not Euclidean) and show a speedup of several orders of magnitude with 
respect to previous encodings. A further speedup can be obtained in Euclidean instances by exploiting geometric reasoning. 

1 Introduction 

One of the best-known problems in computer science is the famous Travelling Salesperson Problem 
(TSP); its name derives from the classic description of the problem: a Travelling Salesperson has to 
visit a set of cities exactly once, minimizing the total travelled distance. Formally, a graph G = (N , E) 
is given with weights on the edges w : E �→ R+; the objective is to find a closed path on the graph (a 
circuit) visiting all nodes exactly once, passing from one node to the following only taking existing 
edges, and minimizing the total weight of the edges in the circuit (the total length of the circuit).

The weight of an edge is also called the distance between the two connecting nodes. 
One often recurrent case of TSP is the Euclidean TSP, in which each node corresponds to a point in 

the plane, there is an edge for each pair of nodes, and the distance between two nodes is the Euclidean 
distance, i.e. it corresponds to the length of the segment connecting the two points. As the general 
TSP, also the Euclidean version is NP-Hard, although it admits a Polynomial Time Approximation 
Scheme [3, 43]. The usual approach to solve a Euclidean instance is to convert it into a general TSP 
(by computing a distance matrix) and then solving it with a usual TSP solver. Such an approach 
makes sense, since there exist very fast TSP solvers, such as Concorde [2]. 

Concorde is a solver based on a variety of techniques, including Integer Linear Programming and 
Local Search, and can solve in a short time very large instances (e.g. instances in the order of tens of 
thousands of nodes have been solved). Moreover, it is a complete approach, meaning that it is able 
to find the true optimal solution and also to prove that better solutions cannot exist (as opposed to 
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2 New encodings of the (Euclidean) TSP in CASP

heuristic methods, which can only find near-optimal solutions, and even when they find the optimal, 
they are unable to prove that no better solutions can exist). 

On the other hand, Concorde is able to solve only the TSP, and it cannot solve all variants of the 
TSP or other routing problems. Often, real-life problems are not as simple as academic problems, 
and, in the specific case we are addressing, they might include a routing component, in which the 
objective is to find a route, possibly minimizing the travelled distance, but also have to satisfy 
the so-called side constraints. For example, in the TSP with Time Windows the nodes cannot be 
reached at any possible time, but only within a time interval (e.g. they might represent shops or 
offices with opening hours); in the Generalized TSP one does not need to visit all nodes, but 
only a subset; in the Vehicle Routing Problem there are more than one vehicle available, and all 
start from a common node depot and there are capacity constraints on the vehicles. These are only 
some of the endless variants that may appear in real-life problems, and they cannot be addressed by 
algorithms tailored for the TSP. For these reasons, a variety of other more general techniques, which 
can accommodate side constraints or additional decision variables, are also used to solve routing 
problems; such techniques include Mixed-Integer Linear Programming (MILP), Constraint Logic 
Programming (CLP), Constraint Programming (CP) and Answer Set Programming (ASP), just to 
name a few. Notably, some of these languages are declarative, meaning that the user only has to state 
the problem in a declarative way (through logic sentences or constraints), while it is solely a task 
of the solver to find the solution of the problem, using clever techniques to reduce the search space 
(constraint propagation in the case of CLP or CP, linear relaxation in the case of MILP, or clause 
learning in the case of the most efficient modern ASP solvers [1, 26]). 

With these techniques, it was recently found that exploiting the additional information naturally 
present in the Euclidean case can reduce the search space and help find the optimal solution in a 
shorter time [9, 11]. For instance, in a Euclidean instance, not only the distance matrix is available, 
but also the coordinates of the nodes on the Euclidean plane are known. Such information can be 
enriched with the vast library of mathematical concepts defined since the dawn of geometry in the 
Euclidean plane, such as straight lines, segments, angles, linear combinations and convex hulls, just 
to name a few. The exploitation of such techniques to speed up Euclidean TSP solving were first 
successfully employed in the CLP on Finite Domains (CLP(FD)) research area [9], and improved 
through the integration of machine learning techniques [7]. More recently, these ideas were extended 
to the ASP logic language [11], where the speed-up was even more noticeable, and where the problem 
definition was significantly easier. 

To take advantage of both the ease of formulation offered by the ASP approach and the efficiency 
of CLP propagation techniques, various Constraint ASP (CASP) solvers have been proposed [4, 5, 
18, 19, 28, 33, 37, 40, 41, 47, 48]. Among the constraint languages used in CASP, Difference Logic 
is particularly well-suited for modelling problems involving inequalities over integer variables of the 
form x − y ≤ c .

In this context, clingo[DL]  [34] is an ASP solver that integrates Difference Logic constraints into 
the ASP framework. Although it supports a limited fragment of constraints, this restriction enables 
the use of highly specific and efficient propagation algorithms. 

In this work, we have a twofold contribution. First, we introduce new clingo[DL] encodings of the 
TSP; with the new encodings, we were able to find the optimal solution with a speed-up of several 
orders of magnitude with respect to the existing encoding in the literature, pushing the state of the 
art in TSP solving in the CASP realm with Difference Logic. 

Second, we extend the works in [9] and [11] about Euclidean TSP to the CASP realm. Since 
the language of clingo[DL] was enough to express the Euclidean TSP, such an approach is highly 
promising. We apply the techniques developed in the ASP encodings to speed up Euclidean instances 
also to the clingo[DL] encodings; the results show that even in the new encodings a further speed
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New encodings of the (Euclidean) TSP in CASP 3

up is obtained when exploiting the additional information in Euclidean instances. An extensive 
experimentation compares several ASP and clingo[DL] encodings. 

The rest of the article is organized as follows. The next section introduces the required 
preliminaries. Section 3 explains two TSP encodings in ASP. Section 4 recaps geometric reasoning 
techniques for the Euclidean TSP, and their implementation in ASP. Section 5 proposes new 
encodings of the TSP and of the Euclidean TSP for clingo[DL]. Section 6 describes the experimental 
evaluation and its results. Related work is discussed in Section 7, and, finally, we conclude. 

2 Preliminaries 

An ASP program Π is a finite set of implications H ← B called clauses. We report here the subset 
of the syntax of interest for this article; the interested reader can find the full ASP syntax in [12]. The 
head H is called the head of the clause, and it is either an atom of the form a(t1, .  .  . ,tn) (where 
t1, .  .  .tn are terms), or a choice atom {a(t1, .  .  .  ,tn)} or an aggregate atom. B is the body of the 
clause and consists of a set of literals of the form either a or not a, where a can be an atom or an 
aggregate atom. Aggregate atoms have the form A{t1, .  .  . ,tm:c1, .  .  .  ,cm} ◦  n where A is one of 
the keywords #sum, #min, #max or #count, while ◦ is a relational operator belonging to the set 
{=, <,>, >=, <=, !=}, where != stands for �=. If the body of a clause is empty, it is intended 
as the special value true, and the clause is called a fact. If the head of a clause is empty, it is intended
as the special value false, and the clause is called an Integrity Constraint (IC).

A choice rule of the form {a}:-Body can also be rewritten as a pair of clauses without choice 
rules: 

a:-Body,not na. 
na:-Body,not a. 

where na is a new atom not occurring elsewhere in the program. 
The declarative semantics of an ASP program Π is defined by the Stable Model semantics [30] 

of a corresponding ground program. 
While  a  program  Π can contain variables, a ground program gr(Π) can be built as an equivalent 

program that does not contain variables. Notice that in general even if Π is finite, its grounding 
gr(Π) could be infinite; for this reason, the various ASP solvers impose syntactic restrictions that 
ensure that there exists an equivalent ground program.

An interpretation I of a ground program Π is a subset of the set of atoms that occur in Π ;  an  atom  
a ∈ I is considered true in I , while if a /∈ I , then a is false in the interpretation I .

Given a ground program Π and an interpretation I ,  the  reduct Π I of Π with respect to I is a 
program defined as follows. All rules whose body is false in I are removed. An interpretation I is a 
stable model of program Π if there is no J ⊂ I such that J is a model for Π I [20]. 

The semantics of aggregate atoms follows the stable model semantics extended for aggregates 
[20]. Intuitively, an aggregate atom A{t1, .  .  . ,tm:c1, .  .  .  ,cm} ◦n is true under an interpretation I if 
the result of applying the aggregation operator A to the values of the terms ti for which the conditions 
ci hold in I , satisfies the comparison with respect to n using the relational operator ◦.

In order to simplify writing ASP encodings of complex problems, the standard ASP syntax [12] 
also contains conditional literals. A conditional literal has syntax A : B, where A is a literal and B 
is a conjunction of literals. A conditional literal occurring in the body of a predicate is expanded at 
grounding time as a conjunction of literals; the meaning of A : B is the conjunction of all instances 
of A such that B is true, or

∧
B A. For example, 

1 p:- a(X):b(X),c(X).
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4 New encodings of the (Euclidean) TSP in CASP

means that p is true if a(X) is true for all instances of X that make true the conjunction 
b(X),c(X). 

Intuitively, a CASP program Π is an ASP program in which the head of rules can also be a special 
atom C called a constraint; more precisely, a CASP program is built on a set of atoms A ∪ L where 
A is the set of regular atoms while L is the set of constraint atoms [34]. Regular atoms correspond to 
those used in standard ASP programs, and the term is used here to distinguish them from constraint 
atoms introduced in the CASP extension. While the meaning of regular atoms is defined in the logic 
program, the meaning of the constraint atoms is defined in an external theory T . Given a ground set 
of constraint atoms S,  a  solution is an assignment of numeric values to the numeric variables such 
that all the constraints in S are satisfied in T . For example, the atom 3*x <= 7 can be interpreted 
in the theory of linear equations over integers, and one solution is that the numeric variable x takes 
va lue 1.

A  set  X ⊆ A ∪ L is a constraint answer set of a program Π if there is some solution S such that 
X is a stable model of the logic program1 

Π ∪ {{a}.|a ∈ (L \ H(Π)) ∪ S} ∪ {:-a|a ∈ (L \ H(Π)) \ S}. 
where H(Π) is the set of atoms occurring in the head of a rule in Π .

In particular, in clingo[DL]  [34], a constraint has the form a − b ≤ c where c is an integer 
constant, while a and b are terms (which in the theory of integer linear equations are interpreted 
as numeric variables, named also DL variables). A set of DL constraints is satisfied if there exist 
integer values that can be assigned to all numeric variables occurring in the constraints, satisfying 
all the constraints.

Since each node in a graph of a Euclidean TSP is associated with a point in a plane, in the rest of 
the paper we will often use the terms ‘point’ and ‘node’ indistinctly. 

3 TSP encodings in ASP 

3.1 Input data 

The input data will be provided by means of predicates. 
Since each node of the graph corresponds to a point in the plane, we will exploit the information 

about coordinates of the points in order to improve the solution time of the TSP. The points to be 
visited are provided by the predicate point/3; it is usually defined as a set of facts of the form 
point(I,X,Y), where I is the node identifier, while X and Y are the coordinates of the point in 
the plane. To simplify the presentation, we will assume that the node identifier is an integer, although 
this is not a strictly necessary assumption; the only strong requirement is that the identifier of each 
node is unique. 

The edges and their weights are represented as facts cost/3; a fact cost(A,B,C) will 
represent an edge from node A to node B having weight (or cost) C. 

3.2 A Simple ASP encoding of the TSP 

One common encoding of the TSP in ASP is shown in Listing 1. The solution is provided by 
a predicate cycle/2;  an  atom  cycle(A,B) in the answer set will represent the fact that the 
travelling salesperson will take the edge from node A to node B.

1To simplify the exposition, we refer to the non-strict atoms only [34], since by default clingo[DL] uses the non-strict 
semantics. 
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New encodings of the (Euclidean) TSP in CASP 5

The first rule (line 1) ensures that each node A in the graph is visited, and that there is exactly one 
outgoing edge from A to any other node. Similarly, rule 2 states that for each node B there is exactly 
one incoming edge. 

These two rules alone do not forbid the set of edges to form two or more separate sub-tours; to 
ensure the edges selected to be in the TSP actually form a single route, the IC in line 3 imposes that 
all nodes should be reachable from an arbitrary initial node following only edges in the TSP. 

Predicate reached/1 is true for all the nodes reachable from the node having minimum 
identifier. 

Listing 1: Euclidean TSP encoding in ASP 
1 { cycle(A,B): cost(A,B,_) }=1:- point(A,_,_).
2 { cycle(A,B): cost(A,B,_) }=1:- point(B,_,_).
3:- point(B,_,_), not reached(B). 
4 firstpoint(X):- X = #min{ Y: point(Y,_,_) }.
5 reached(X):- firstpoint(X). 
6 reached(B):- cycle(A,B), reached(A). 

Finally, the objective function is reported in Listing 2. The function to be minimized is the sum of 
the costs C such that an edge AB is in the tour. 

Listing 2: Simple objective function for the TSP in ASP 
1 #minimize{ C,A,B: cycle(A,B), cost(A,B,C) } .
In the following, we will refer to this encoding (Listings 1 and 2) as the ASP Simple Encoding 

(ASP-SE) to distinguish it from other encodings introduced later. Although well-known and intuitive, 
ASP-SE suffers from a poor propagation of the bound in the branch-and-bound computation. For 
example, consider the TSP instance with 6 nodes shown in Figure 1. At a certain point in the 
computation, a solution has been found with a cost 50. In a successive state of the computation, 
the search algorithm has already assigned 3 edges, totaling a partial cost of 30; the partial circuit 
1-2-3-4 is already fixed. The figure shows only the remaining available edges, along with their 
associated costs. To complete the circuit, three additional edges are needed. We can immediately 
notice that even if we could choose three edges having cost 7 (the minimum that occurs in the 
instance), we would obtain a cost of 51, which is worse than the incumbent solution, and the search 
could be immediately stopped (possibly backtracking to a more promising node). On the other hand, 
the summation in Listing 2 cannot detect, in the current step of the computation, that the final cost 
will definitely be superior than that of the incumbent, and further search is necessary to try and 
assign the remaining edges to complete a circuit; clearly, as all possible combinations will provide a 
worse value than 50, this search is fruitless. 

3.3 Advanced encoding 

An objective function that performs better than the one in Listing 2, while remaining fully compatible 
with the encoding in Listing 1, was published in [27]. In current ASP syntax [12], it can be written 
as follows: 

Listing 3: Advanced objective function for the TSP in ASP 
1 outcost(X, C):- cost (X, _, C). 
2 order(X, C1, C2):- outcost(X, C1), outcost(X, C2), 
3 C1  < C2, 
4 C  <= C1 : outcost(X, C), C < C2.
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6 New encodings of the (Euclidean) TSP in CASP

FIGURE 1. Example of propagation. Graph drawn with ASPECT [10]. 

5 penalty(X, C1, C2-C1):- order(X, C1, C2), 
6 cycle(X, Y), cost(X, Y, C2). 
7 penalty(X, C1, C2-C1):- order(X, C1, C2), 
8 penalty(X, C2, _). 
9 #minimize { C,X,P1: penalty (X, P1, C) } .
In the following, we will refer to the combination of the encoding in Listing 1 with the advanced 

objective function in Listing 3 as the ASP encoding with PEnalty (ASP-PE). 
Predicate outcost(X,C) (line  1)  is  true  if  C is a cost of an edge outgoing from node X 

(independently of which edge or how many edges actually pro vide such cost).
The order/3 predicate (line 2) establishes an order between the costs of edges outgoing from 

each node. The conditional literal in line 4 is expanded, at grounding time, into a conjunction 
of inequalities; logically, it can be written as

∧
outcost(X ,C),C<C2 C ≤ C1, or

∧{C ≤ C1 | 
outcost(X , C), C < C2}, and read as all outcosts that are smaller than C2 are also smaller than 
or equal to C1. For example, in the graph in Figure 1, node 1 has four outgoing edges, with 
costs 7, 7, 9 and 10, so predicate outcost is true for outcost(1,7), outcost(1,9), 
outcost(1,10). Consider now predicate order:  if  we  take  C1=7 and C2=10, the conditional 
literal in line 4 is expanded to the set of atoms {C  <= 7 | outcost(1, C), C < 10} i.e. 
there  is  an  atom  C  <= 10 for all values of C that satisfies the goal outcost(1, C), C < 
10, namely C=7 and C=9. The conditional literal is expanded to 7<=7, 9<=7, which evaluates 
to false. This means that order(1,7,10) will not be in the answer set: this respects the 
intended meaning, since the cost immediately following 7 is not 10, but it is 9. The reader can verify 
that the answer set will contain order(1,7,9) and order(1,9,10). Although the condition
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New encodings of the (Euclidean) TSP in CASP 7

may become very long, the predicate order/3 is completely expanded to facts by the intelligent 
grounder gringo. 

Let us name c1, c2, c3, .  .  . , the costs for outgoing from node x, in increasing order. If we select an 
edge having cost ck ,  the  set  of  penalty atoms in the answer set will be {penalty(x, ci, ci+1 −ci) | 
1 ≤ i < k}, i.e. there will be the contributions {c2 − c1, c3 − c2, .  .  . ck − ck−1}. The #minimize 
statement (line 9) adds all these contributions and minimizes them. The two versions of the objective 
functions differ for a constant: in the advanced version, for each node the minimum outgoing cost 
is not counted. Since the y differ for a constant, the optimum obtained with one function is also
optimum for the other function.

Let us now reconsider the example presented in Figure 1. For the sake of clarity and to simplify the 
exposition, we assume that both objective functions yield the same value. Specifically, we suppose 
that the advanced objective function also includes, for each node, an additional term corresponding 
to the minimum outgoing cost. This could be achieved by adding a further clause: 

1 penalty(X, P, P):- P=#min{C:outcost(X, C)}. 
Now, in the situation depicted in Figure 1,  the  penalty predicate contains a contribution of 3 ·10 

(for the edges 1-2, 2-3 and 3-4) and would also contain a contribution of the minimum cost value of 
outgoing edges from nodes 4, 5 and 6, i.e. 3 · 7. Such contributions total 3 · 10 + 3 · 7 = 51, which is 
higher than the cost of the incumbent solution, so the search can immediately stop, even if the solver 
has not assigned the remaining edges, saving the exploration of a significant part of the search space.

4 Geometric reasoning for the Euclidean TSP 

In this section, we shortly recap the filtering based on geometric reasoning, and its implementation 
in ASP [11]. 

4.1 Avoiding intersections 

A well-known result in the literature of the Euclidean TSP (see, e.g. [22]) is that an optimal TSP 
cannot include two edges that cross each other, unless the Euclidean TSP instance is trivial. 

DEFINITION 1. 
A Euclidean TSP instance is trivial if the points corresponding to the nodes of the graph all lie on 
the same straight line. 

THEOREM 1. 
(Flood [22]). If c∗ is an optimal solution of a not trivial Euclidean TSP (see Definition1), then for 
each pair of edges ei,j, ek,l ∈ c∗, the edges ei,j and ek,l can intersect only in the endpoints.

The result is pretty intuitive, since, in case of crossing, there exists a 2-opt move (i.e. a 
modification of the solution swapping two edges) that provides a better solution. In fact, given a tour 
containing a crossing, a better tour can be obtained by removing the crossing edges and reconnecting 
the two parts of the tour avoiding the intersection; in the example in Figure 2, instead of taking the 
edges ei,j, and ek,l, a shorter tour takes ei,k and ej,l. The new tour is feasible, because in a Euclidean 
TSP all pairs of nodes are connected by an edge, and because the triangular inequality holds (so the 
weight w(ea,b) ≤ w(ea,c) + w(ec,b) for all triplets of edges ea,b, ea,c and ec ,b).

In order to detect if a segment AB crosses another segment CD, one can search for the intersection 
point by writing a system of linear equations. Each interior point of a segment AB can be obtained
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8 New encodings of the (Euclidean) TSP in CASP

FIGURE 2. A self-crossing circuit. 

by the convex combination of the coordinates of the two extremes: P = λA + (1 − λ)B, where 
λ ∈]0, 1[. The open interval ensures that endpoints are excluded, as we are only concerned with 
interior intersections. {

Q = A + r(B − A) 
Q = C + s(D − C)

By solving the system of equations, it is possible to define a relation stating when two segments 
have an intersection. The encoding in ASP of such a relation can be found in [11], where a predicate 
cross(A,B,C,D) is provided, which is true if segments AB and CD intersect. Most importantly, 
the predicate is expanded by intelligent grounders, such as gringo [29], into a set of facts, allowing 
for very efficient processing. In order to remove crossings, adding the following IC suffices: 

Listing 4: IC to avoid crossing edges 
2 :- cycle(A,B), cycle(C,D), cross(A,B,C,D). 

4.2 Convex hull reasoning 

A well-known consequence of Theorem 1 is that the external points of the TSP must always be 
visited in order. 

More precisely, the convex hull of a set of points in the Euclidean plane is the smallest convex 
set that contains all the points; if the set of points is finite, it corresponds to a convex polygon. 
The vertices of such a polygon will be denoted with H(P) = 〈H0, H1, .  .  . , H|H(P)|−1〉, and we will 
assume they are visited in counterclockwise order.

COROLLARY 1. 
(Deineko, van Dal and Rote [16]). Unless all nodes of the graph lie on the same line, nodes on the 
boundary of the convex hull are always visited in their cyclic order in an optimal TSP. 

In previous publications, we devised three ways to exploit Corollary 1 to speed up the search, and 
they were successful both in CLP [9] and in ASP [11]. 

In ASP, the points of the nodes on the boundary of the convex hull are provided through the 
hull/1 predicate. A counterclockwise order is provided by means of the convex_hull_next/2 
predicate: convex_hull_next(A,B) means that vertex B follows immediately vertex A in the 
counterclockwise visit of the vertices in H(P). 

The pruning obtained through this type of reasoning can be thought as a type of symmetry 
breaking; clearly in the experimental evaluation we will compare it with another symmetry breaking 
technique in order to have a fair comparison.
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New encodings of the (Euclidean) TSP in CASP 9

The first type of pruning imposes that the successor of a convex hull vertex cannot be any 
other vertex on the boundary of the convex hull, except for the immediate successor in the 
counterclockwise order: 

1 :- not convex_hull_next(X,Y), cycle(X,Y), hull(X), 
hull(Y). 

The second method is based on the angle that the incoming edge forms with the outgoing edge of 
a vertex on the border of the hull: if the visiting order is counterclockwise, the angle on the vertex 
always corresponds to a left turn. The following IC excludes that the angle can corresponds to a right 
turn: 

2:- hull(X), cycle(From,X), cycle(X,To), 
turn_right(From,X,To). 

3 turn_right(From,P,To):- point(From,X,Y), 
point(P,X0,Y0), point(To,X1,Y1), 
(Y-Y0)*(X1-X0)-(X-X0)*(Y1-Y0)<0. 

The third pruning method states that all paths starting from a node on the border of the hull 
cannot terminate on another vertex on the border of the hull, except for the following one on the 
counterclockwise order: 

4 path_hull(A,B):- hull(A), cycle(A,B), not hull(B). 
5 path_hull(A,C):- hull(A), cycle(B,C), not hull(C), 

path_hull(A,B). 
6:- not convex_hull_next(A,C), path_hull(A,B), 

cycle(B,C), hull(C). 

We devised several methods to compute, in ASP, the convex hull and the counterclockwise visit 
order of its vertices; in this work we adopt the one named JARIVS2, which proved most efficient 
[11]. 

5 TSP encodings for CASP with difference logic 

One of the issues in classic ASP solvers is that the grounding may become very large; one of the 
possible causes of large groundings is when some decision variable ranges on a large domain. The 
CASP set of languages exploit the compact representation of large domains in constraint solvers 
to alleviate the issue of large groundings in these situations. We will consider the language of 
clingo[DL], that features a very efficient implementation of ASP extended with difference logic 
constraints. 

The concrete syntax of a CASP clause in clingo[DL] is the following: 

7 &diff{ x1 − x2 <= k }:- Body.

where x1 and x2 are two DL variables, k is an integer constant, and Body is as usual the body of the 
clause. 

In clingo[DL], instead of using the #minimize statement, the most efficient way to solve an 
optimization problem is to identify one of the DL variables as the variable to minimize and pass 
a parameter to the command line of the solver, as follows: 

clingo-dl program.asp –minimize-variable=var
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10 New encodings of the (Euclidean) TSP in CASP

5.1 A first DL-based encoding 

In order to exploit the DL theory solver, one possibility is to add the code in Listing 5 to the basic 
TSP encoding (Listing 1); Listing 5 takes the same idea used by Rajaratnam et al. (see Listing 9 in 
[45]) in a warehouse delivery problem. 

An arbitrary node is selected as the starting point of the travel; it is the only node for which 
predicate firstpoint is true. To each node X is associated a variable visit(X), that intuitively 
represents the time in which node X is visited, if we interpret the costs on edges as times necessary 
to travel on that specific edge (of course, the costs could also be thought as distances, and in such a 
case visit(X) would represent the total length travelled when node X is reached). 

Listing 5: Simple DL encoding 
1 &diff{0-visit(X)}<=0:- point(X,_,_). 
2 &diff{visit(X)-visit(Y)} <= -C:- cycle(X,Y),

cost(X,Y,C), not firstpoint(Y). 
3 &diff{visit(X)-totalcost} <= -C:- cycle(X,F),

cost(X,F,C), firstpoint(F). 

Line 1 states that the visit time of each node cannot be less than zero; in principle this constraint is 
necessary only for the first node, but we found more efficient to constrain the visit time of all nodes. 
Line 2 states that if the edge XY is in the tour, then the visit time of Y cannot be lower than the visit 
time of X plus the travel time of the edge XY. 

Line 3 introduces the objective function totalcost (in the following we will always assume 
that clingo[DL] is invoked with the option –minimize-variable=totalcost): if the last 
edge goes from node X to the (first and final) node F, then the totalcost cannot be lower than 
the visit time of X plus the travel time of edge XF. 

In addition to the encoding by Rajaratnam et al. [45], further clauses can be added to provide 
an additional speed-up when the triangular inequality holds (such as in the Euclidean TSP); the 
following rules do not change the set of solutions, but can be added to further reduce the domain of 
the visit variables and obtain further pruning. 

Listing 6: Additional clauses to speed up the search 
4 &diff{0-visit(X)}<= -C:- point(X,_,_), cost(F,X,C), 

firstpoint(F). 
5 &diff{visit(X)-totalcost}<= -C:- point(X,_,_), 

cost(X,F,C), firstpoint(F). 

Clause 4 states that the travelled distance when reaching a node X cannot be lower than going 
directly from the first node to X. Clause 5 states that the totalcost cannot be lower than the total 
distance to reach a node X plus the distance from X to the first node. 

We will call Simple DL encoding with Triangular inequality (SDLT) the encoding including the 
Listings 1, 5 and 6. 

5.2 A second encoding 

The summation to compute the total cost introduces some inefficiencies, that cannot be avoided 
in clingo[DL] since the most efficient way to minimize an objective function is through the – 
minimize-variable directive. 

Clearly, the order in which the terms are summed is immaterial, so instead of performing the sums 
in the order the salesperson follows to travel each edge (as in the encoding in Section 5.1), another
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New encodings of the (Euclidean) TSP in CASP 11

way to compute the totalcost is to sum the single contributions of the edges, in the order of 
identifier. In other words, we assume that the nodes have identifiers in an integer interval (e.g. from 
1 to some maximum number n), and compute the sum of the costs of the outgoing edges 

totalcost = 
n∑

i=1 

w(i, nexti ) 

if (i, nexti) is an edge in the current circuit. The code in Listing 7 can be added to the basic TSP 
encoding (Listing 1) obtaining the summation in the new order. In such a code, the total cost is 
computed with the DL variables total(N), for each node N; the contribution of a single edge is 
computed in line 9 (similarly to line 2 of Listing 5), while the totalcost will be greater than or 
equal to the total obtained in the last node (Line 10 of Listing 7).

Listing 7: A second DL encoding 
6 &diff{total(X-1)-0}<=0:- firstpoint(X). 
7 &diff{0-total(X-1)}<=0:- firstpoint(X). 
8 lastpoint(X):- X = #max{ Y: point(Y,_,_) }.
9 &diff{total(N-1)-total(N)}<= -C:- point(N,_,_), 

cycle(N,B), cost(N,B,C). 
10 &diff{total(N)- totalcost}<= 0:- lastpoint(N).

Clearly, the total variables no longer have the interpretation of the time in which a node is 
visited. The main advantage of such an encoding is that now it is easier to impose bounds on the 
single total variables, which can speed up the search by restricting the set of available values for 
such variables. In the example in Figure 1, we noticed the importance of imposing that the cost for 
exiting from a node cannot be lower than the minimal weight among the edges exiting from such 
node. In order to impose such bound, we can add the following clauses: 

Listing 8: A second DL encoding 
11 &diff{total(N-1)-total(N)}<= -C:- point(N,_,_), 

mincost_exit_node(N,C). 
12 mincost_exit_node(N,C):- point(N,_,_), C = 

#min { Cost:cost(N,B,Cost), point(B,_, _), B!=N} .
We will name the encoding consisting of Listings 1, 7 and 8 DL encoding with Exit Bound (DLEB). 
It is also interesting to notice that the two encodings SDLT and DLEB perform orthogonal types 

of reasoning, and can also be used together, in order to use both the bounds (this is a common 
encoding technique for example in CP). On the other hand, having a dual representation could result 
in an overhead, so it makes sense to find experimentally if having the dual representation provides 
an improvement or a slowdown. 

5.2.1 Propagating Excluded Edges 
Beside imposing a static bound on the minimum cost for exiting a node (as done in encoding DLEB, 
Section 5.2), it would be important to provide a dynamic bound that takes into consideration the 
current choices the solver has made in a partial solution, without waiting for a full solution to be 
computed. 

Consider again the example in Figure 1: in encoding DLEB, until the solver has inserted in the 
(partial) answer set one atom of the form cycle(6,X) (for some node X), rule 9 (Listing 7) 
cannot be activated, so the current bound for exiting from node 6 is obtained by the first rule of
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12 New encodings of the (Euclidean) TSP in CASP

Listing 8, namely 7 (the weight of the edge 6–4). Suppose now that in some state of the search, the 
solver decided to remove the possibility to go from node 6 to node 4, i.e. the solver decided that 
cycle(6,4) will not be in the answer set. In such a state, the solver might not have decided yet 
whether to insert in the answer set cycle(6,5) or cycle(6,1): this will be decided in further 
branches of the search tree. On the other hand, since cycle(6,4) has been ruled out, the minimum 
cost for exiting from node 6 raises from 7 to 8, but the encoding DLEB is unable to find such an 
improved bound. In order to compute such an improved bound, the first idea would be to add a rule 
1 &diff{total(5)-total(6)}<= -8:- not cycle(6,4). 
Experimentally, we found that such a rule does not have good performance, probably because 

of the use of negation. ASP solvers are usually able to handle more effectively Horn clauses, i.e. 
clauses that do not have negation in the body. For this reason we decided to rewrite the choice rule 1 
in Listing 1, making explicit the even loop with negation (and adding as IC the degree constraints): 

Listing 9: Explicit generation of cycle and nocycle predicates 
1 cycle(X,Y):- cost(X,Y,_), not nocycle(X,Y). 
2 nocycle(X,Y):- cost(X,Y,_), not cycle(X,Y). 
3:- point(X,_,_), 1 != #count{ Y: cycle(X,Y) }.
4:- point(Y,_,_), 1 != #count{ X: cycle(X,Y) }.
Now, it is possible to add a Horn clause having in the body nocycle atoms, instead of negative 

literals using cycle. Such a clause can be used to strengthen the bound when, for a node N,  the  
edge connecting N to the closest possible node Good is remov ed:

Listing 10: Strengthening of the lower bound when the best cost is unavailable 
1 &diff{total(N-1)-total(N)}<= -C2:-
2 point(N,_,_), mincost_exit_node(N,C), order(N,C,C2), 
nocycle(N,Good):cost(N,Good,C). 

The conditional literal nocycle(N,Good):cost(N,Good,C) is necessary in case there are 
at least two nodes that are at the same distance from node N:  it  is  true  if,  for  all  Good nodes that are 
at the minimal distance from N, all the edges connecting N to Good are not selected (nocycle). If 
the edges having cost C equal to the minimum cost have been removed, then the cost for outgoing 
from node N will be at least C2,  if  C2 is the second-lowest possible cost for exiting from node N.

For example, if the closest node is at distance 3, and the second-closest node is at distance 7, when 
the edge to the closest node is excluded, the lower bound becomes 7. 

This encoding will be named DL encoding with Dynamic Bound on first cost (DLDB1). 

5.2.2 Generalization of the excluded edges strengthening 
Clearly, it would be interesting to generalize the strengthening also when further edges (beside the 
one with minimum cost) are removed. For this reason, we substitute the clause in Listing 10 with the 
following clause: 

Listing 11: Strengthening of the lower bound when the best costs are removed 
1 &diff{total(N-1)-total(N)}<= -C2:- point(N,_,_), 

outcost(N,C), order(N,C,C2), 
2 nocycle(N,Good):cost(N,Good,Cgood), Cgood<=C. 
A ground version of the clause in Listing 11 exists for each node N and for each cost C of an edge 

exiting from node N, and again it raises the lower bound of the cost for exiting node N to the next 
possible cost C2.
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New encodings of the (Euclidean) TSP in CASP 13

In this case, the conditional literal is true if all the edges connecting N to a Good node are excluded, 
where a node is Good if it has a cost lower than or equal to a cost C. 

We will call the encoding including the rule in Listing 11 the DL encoding with Dynamic Bound 
(DLDB). 

On the other hand, such a conditional literal can be expanded, during grounding, to a long sequence 
of nocycle atoms. Considering a TSP with n nodes, for each node we would have n − 1 outgoing 
edges; in the worst case they have all different weights. So, for each node, the clause in line 1 of 
Listing 11 is grounded to n − 1 clauses; to give an idea of the memory occupation, the number of 
nocycle atoms occurring in the first ground clause is 1, while the last ground clause has n − 1 
nocycle atoms. The total number of nocycle atoms for each node is O(n2); considering the 
ground clauses of all nodes of the TSP, the memory occupation of the ground version of the clause 
in Listing 11 can be estimated to O(n3). Such a large memory occupation can be detrimental also 
for the running time of the solver.

In order to reduce the memory occupation, one can write a recursive predicate 
worse_eq_than(N,C) that is true when the cost for the edge of the TSP outgoing from node N 
cannot be lower than C. Such a predicate can be defined as in Listing 12, and it can be used as in 
line 5. 

We will call the version using Listing 12 Compact DL encoding with Dynamic Bound (CDLDB). 

Listing 12: Strengthening of the lower bound when the best value is removed 
1 worse_eq_than(N,C2):- point(N,_,_), 

mincost_exit_node(N,C), order(N,C,C2), 
nocycle(N,Good):cost(N,Good,C). 

2 worse_eq_than(N,C2):- point(N,_,_), outcost(N,C), 
order(N,C,C2), 

3 worse_eq_than(N,C), 
4 nocycle(N,Good):cost(N,Good,C). 
5 &diff{total(N-1)-total(N)}<= -C2:-

worse_eq_than(N,C2). 

The number of nocycle atoms occurring in this version, in case the costs are all different, is 
only O(n2): in fact, each ground clause of predicate worse_eq_than(N,C) contains only one 
nocycle atom (since the costs are all different), and there is one ground clause for each node and 
each cost, i.e. O(n2). 

6 Experimental evaluation 

This section systematically compares different ASP and CASP encodings of the TSP, examining their 
computational efficiency and scalability in solving TSP instances. The experiments are designed 
to highlight the impact of encoding variations, including the introduction of geometric constraints 
presented in Sections 4.1 and 4.2. This exploration provides valuable insights into how specific 
encodings and constraints inf luence the practical applicability of (C)ASP in solving (Euclidean) 
TSP. 

As an ASP solver, we chose clingo 5.6.2 [35] and as a CASP solver, we chose clingo-dl 1.5.0 [34]. 
To create realistic Euclidean TSP instances, we utilized the generator from the DIMACS challenge 

[14], which produces instances in two categories: uniform and clustered. We randomly generated
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14 New encodings of the (Euclidean) TSP in CASP

instances from 10 to 50 nodes, in both classes. For each size and class, we generated 16 instances, 
for a total of 1312 instances. 

The uniform instances consist of points with integer coordinates distributed uniformly within a 
square with side length 103. Clustered instances are generated by first determining cluster centers, 
which are uniformly placed within a square of side 103. Each point is then randomly associated 
with a cluster center and two normally distributed variables, each of which is then multiplied by 
103/#nodes, rounded, and added to the corresponding integer coordinate of the chosen center to 
obtain the coordinates of the point. 

All tests were run with a time limit of 1800 s on Intel� Xeon� Platinum 8358 running at 2.6 
GHz, using only one core and with 8 GB of reserved memory. 

6.1 Comparing simple and advanced ASP encodings of the TSP 

We conducted a comparison between the ASP-SE encoding presented in Section 3.2 and the ASP-
PE encoding presented in Section 3.3, together with the geometric constraints (indicated as GEO) 
specific to the Euclidean TSP, as presented in Sections 4.1 and 4.2. The objective was to evaluate 
whether the geometric reasoning could provide an improvement in both encodings, and if the 
improvement was more significant when using a simple or advanced objective function. Figure 3a 
illustrates the computational time required to solve a progressively larger number of Euclidean 
TSP instances, with the horizontal axis showing the cumulative number of instances solved and 
the vertical axis indicating the CPU time in seconds. The introduction of geometric constraints 
significantly enhances performance: the ASP-SE + GEO encoding solves 406 instances compared 
to 236 instances solved by the standard ASP-SE encoding. Similarly, the ASP-PE + GEO encoding 
demonstrates a remarkable improvement, solving 722 instances compared to the 567 instances 
achieved by the ASP-PE encoding alone.

Figure 3b further compares the encodings as the problem size varies. Here, the horizontal axis 
represents the size of the Euclidean TSP instances, while the vertical axis indicates geometric mean 
of CPU time in seconds. At a problem size of 20 nodes, the ASP-SE encoding without geometric 
constraints times out, whereas the ASP-SE + GEO encoding solves the same instances in just a 
few seconds. Furthermore, while the ASP-PE encoding alone is limited to problem sizes around 
45 nodes, the ASP-PE + GEO encoding manages to solve instances of this size within a few 
minutes. Notably, the ASP-PE + GEO encoding scales much more effectively, as evidenced by its 
significantly slower growth in computational time, highlighting the combined advantages of ASP-PE 
encoding and geometric constraints.

6.2 Comparing DL-based encodings of the TSP 

The first comparison conducted among the Difference Logic-based encodings focused on evaluating 
SDLT (Section 5.1), DLEB (Section 5.2) and their combined use. Figure 4 provides a comparative 
analysis of the performance of these three DL-based encodings applied to the Euclidean TSP. 
Figure 4a shows CPU time as a function of the number of instances solved, with and without 
geometric constraints (labeled as GEO). Figure 4b presents a scatter plot comparing the CPU times 
for each encoding with and without geometric constraints, with the diagonal line indicating equal 
performance. 

In Figure 4a, SDLT represented by the leftmost curve, solves fewer instances within the same 
time limit compared to DLEB and the combined SDLT + DLEB approach. This suggests that, 
while SDLT is effective, it does not handle as many instances as efficiently as the other encodings. 
However, when geometric constraints are introduced, all configurations show improved performance,
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New encodings of the (Euclidean) TSP in CASP 15

FIGURE 3. Comparison of simple and advanced ASP encodings of the TSP particularly when using 
geometric constraints specific to the Euclidean TSP. 

FIGURE 4. Comparison of DL-based encodings: SDLT (Section 5.1), DLEB (Section 5.2) and their 
combined use. 

solving a larger number of instances within the same time limit. Figure 4b further reinforces this 
observation, with encodings that incorporate geometric constraints consistently outperforming their
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16 New encodings of the (Euclidean) TSP in CASP

FIGURE 5. Comparison of DL-based encodings: DLDB1 (Section 5.2.1), DLDB and CDLDB 
(Section 5.2.2). 

counterparts, with most points lying below the diagonal line. This improvement is particularly 
noticeable for SDLT which benefits most from geometric constraints but remains the least efficient 
encoding overall. The combined use of SDLT and DLEB does not show significant advantages, as 
DLEB alone appears to offer the best performance among the tested encodings. 

The second comparison among the DL-based encodings focused on evaluating DLDB1, DLDB 
and CDLDB. Figure 5, as in the previous case, presents both a cactus plot and a scatter plot. The 
cactus plot illustrates the CPU time required to solve an increasing number of Euclidean TSP 
instances, allowing for a comparison of the efficiency of each encoding in terms of instances solved 
within a given time limit. The scatter plot, on the other hand, compares the CPU times for each 
encoding with and without geometric constraints, providing a direct performance comparison for 
individual instances. Figure 5a shows that the three encodings perform similarly overall, solving a 
comparable number of instances within the same time limit. However, the introduction of geometric 
constraints creates a noticeable difference: with these constraints, CDLDB becomes the best-
performing encoding, followed by DLDB1, while DLDB proves to be the least efficient. The scatter 
plot in Figure 5b further highlights these differences, showing that although all three encodings 
benefit from geometric constraints, CDLDB gains the most, as indicated by its points lying below 
and farther from the diagonal line, ref lecting a greater performance improvement. 

The experiments reveal another notable finding, as shown in Figure 6: regardless of the use of 
geometric constraints, all our DL-based encodings outperform SDLT, which is the current state of 
the art for DL-based encodings in the literature. The plot employs a logarithmic scale, highlighting 
two critical observations. First, there is a substantial number of instances where SDLT times out. 
Second, for those instances where SDLT does not time out, all our proposed encodings solve the 
instances in under 2 s! To get an idea of the obtained speed up, we excluded those instances where 
all encodings exceed the 1800-s time limit and compared each encoding to SDLT: DLEB is 398 times
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New encodings of the (Euclidean) TSP in CASP 17

FIGURE 6. Comparison of DL-based encodings of the TSP without geometric constraints. 

faster than SDLT, while the combined SDLT + DLEB approach is 409 times faster. The encodings 
DLDB1, DLDB and CDLDB demonstrate speed-ups of 2281, 2804 and 2718 times, respectively .

The final comparison focused on the best-performing encodings identified in each previous 
analysis. As shown in Figure 7, while CDLDB initially emerged as the most efficient DL-based 
encoding, it is notably surpassed by DLEB once geometric constraints are introduced. Thus, 
geometric constraints not only enhance computational efficiency across encodings, but also shift 
the performance hierarchy, positioning DLEB as the optimal choice among DL-based encodings for 
solving Euclidean TSP instances when such constraints are applied. The graph also highlights the 
strong performance of the ASP-PE encoding, particularly when combined with geometric constraints 
(ASP-PE + GEO). 

6.3 Comparison to other CASP solvers and CLP 

In this section, we present a preliminary comparison between the ASP and CASP solvers, specifically 
ezcsp [4] and clingcon [28]. Additionally, we provide a brief analysis of how these new results 
compare with CLP experimental results presented in our previous publication [11], focusing on the 
implications of the new findings. The experimental data used for this comparison are based on the 
same 1312 instances described at the beginning of this section. 

To maintain consistency and avoid introducing biases through new or modified encodings, we 
utilized the existing encodings for the TSP presented by Yuliya Lierler in [38]. However, in our 
experiments we made two significant modifications compared to Lierler’s experimental setup. First, 
in [38] Lierler compared several CASP solvers on decision problems, as some of the solvers did not 
support optimization problems, so she necessarily had to consider the decision version of the TSP. 
We recall that the decision version of the TSP aims to find any solution having a cost lower than 
a given threshold, and that (for a given instance), it is significantly simpler than the optimization 
version (the decision version is in NP, while the optimization version is not). In this work, instead, 
we focus on the optimization version of the TSP. The clingcon solver supports optimization, by
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18 New encodings of the (Euclidean) TSP in CASP

FIGURE 7. Comparison of best-performing encodings with and without geometric constraints. 

adding a &minimize directive for the objective function. Second, since ezcsp does not support 
minimization of objective functions, we adopted the usual linear optimization approach, where the 
solver is called iteratively; in each iteration the threshold is set to the cost of the previous iteration. To 
provide a consistent reference with the previously illustrated results, we included the clingo solver 
in this comparison, even though it is not a CASP solver. For the clingo solver, we used the same 
encoding as for clingcon, but with the CASP-specific directives removed and the objective function 
implemented through the #minimize statement, making it equivalent to the ASP-SE encoding. 

The results are plotted in Figure 8, which shows the progression of the objective function value 
over time for each solver. The metric used is the ratio between the best solution found and the known 
optimal solution for each instance, with the curves in the plot representing the average performance 
across all 1312 instances. Among the tested systems, clingo converges faster towards the optimal 
solution, achieving on average a solution that is 72% more expensive than the optimum, followed 
by clingcon which also performs reasonably well but maintains a higher gap from the optimal 
solution compared to clingo, with an average solution 131% more expensive than the optimal. The 
ezcsp solver shows the slowest convergence, which is likely partly due to the iterative minimization 
technique we had to employ due to its lack of native support for optimization directives. All the 
results presented so far in this paper outperform the ASP-SE encoding, which in turn already showed 
superior performance compared to the clingcon and ezcsp solvers. The significant performance gap 
observed could potentially be mitigated by developing dedicated encodings that better leverage the 
specific features of the clingcon and ezcsp solvers or by incorporating our geometric constraints into 
these systems. This will be explored in future work. 

Regarding CLP experimental results, the instances and machines used in this article are the 
same as those in Bertagnon and Gavanelli [11], allowing a direct comparison with them. The 
previous study showed that CLP outperformed ASP by a significant margin. However, the new 
results presented in the current article indicate a substantial change in the performance hierarchy. 
While the CLP approach is significantly faster than the ASP approach using the basic encoding, 
the gap reduces when using the advanced encoding ASP-PE. Introducing geometric constraints 
shifts the balance, with ASP-PE + GEO outperforming the CLP encoding of the Euclidean TSP 
with geometric constraints. Specifically, the ASP-PE + GEO solver achieved a maximum speed-
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New encodings of the (Euclidean) TSP in CASP 19

FIGURE 8. Performance comparison of ASP and CASP solvers. The plot shows the ratio between 
the best solution found and the known optimal solution as a function of time (in seconds). Lower 
values indicate better performance. 

up of 3.66 and an average speed up of 1.55 over CLP with geometric constraints. These findings 
emphasize that the use of geometric information enhances significantly the performance of ASP 
solving, making even faster than CLP solutions. 

7 Related work 

The simple encoding of the TSP in ASP (Section 3.2) is present in various publications; e.g. [21] 
provides it without providing experimental results. 

The TSP was also addressed in extensions of ASP, such as CASP. Lierler [38] compares 
experimentally several CASP systems on various benchmarks; in particular she provides an encoding 
of the travelling salesman problem for the CASP language EZCSP. Such an encoding leverages on 
the fact that in EZCSP one can impose a constraint stating that the sum of several variables must 
be lower (or equal to) a constant. This is not possible in the language of clingo[DL], in which all 
constraints can involve at most two variables, so the summation must be implemented with pairs of 
difference constraints. It would be interesting to compare the performances of the different systems. 

A clingo[DL] encoding of a Delivery Problem is presented in [45]; the addressed problem is a 
multi-agent path finding problem, in which a f leet of robots transport items in a warehouse avoiding 
collisions. The problem includes a scheduling component, as well as a routing component. The routes 
are identified in a planar graph; due to the large size of the graphs, the authors opted to reduce the 
search space in various ways, potentially excluding the optimal solution but enabling them to find 
good solutions quickly. 

CP was also often used to address the TSP or some of its variants. One of the most successful 
formulation is the so-called successor representation, where each node in the graph is associated 
with a variable, and its value indicates the following node in the TSP. Such formulation uses the 
alldifferent constraint [46] and also a circuit constraint, which serves to prevent subtours 
to occur in solutions, and for which several propagation algorithms have been proposed [6, 13, 25, 
36]. Other research addressed extensions of the TSP, such as the Travelling Salesperson Problem
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with Time Windows (TSPTW). Pesant et al. [44] addressed the TSPTW using the minimum spanning 
tree relaxation. Focacci et al. [23, 24] introduced reduced costs filtering to optimization constraints. 
Benchimol et al. [8] propose a Lagrangian relaxation scheme to perform improved reduced cost 
filtering in the TSP. Isoart et al. [32] introduce further pruning based on k-cutsets. Deudon et al. [17] 
trained a neural network to predict the most promising variable to branch on during search, based on 
the coordinates of the points in a Euclidean TSP. 

8 Conclusion 

In this article, we addressed the TSP, with emphasis on its Euclidean version in CASP. 
The main contributions are two. First, we developed new encodings of the TSP in clingo[DL] 

[34], an efficient CASP system capable of handling difference constraints. The main advantage 
of clingo[DL] with respect to other CASP systems lies in its efficiency, leveraging on the fact 
that difference constraints can be solved in polynomial time. The main drawback stands in the 
expressivity, since it can handle only difference constraints, a problem that however does not 
affect the TSP formulations. The new encodings obtained impressive speed-ups of three orders of 
magnitude, enabling several instances that previously required over half an hour to be solved within 
seconds. 

The second contribution concerns the resolution of Euclidean TSP instances. We integrated 
geometric reasoning, previously successful in CLP(FD) [9] and ASP solvers [11] to the CASP 
framework. By exploiting geometric reasoning, a further speed up was obtained in all encodings. 

An extensive experimentation compared the developed encodings with improved ASP encodings 
found in the literature [27] and with other CASP systems. The geometric reasoning pruning 
synergizes with the advanced encoding [27] for the TSP: the combination of the improved encoding 
and the geometric reasoning makes ASP competitive with CLP solutions addressing the Euclidean 
TSP, while without the geometric reasoning ASP lags behind CLP solutions. 

We evaluated state-of-the-art CASP systems, including EZCSP and clingcon, using the same 
encodings found in the literature. Our experiments showed that both systems required more solving 
time than the ASP solver clingo. 

In future work, we plan to implement our advanced encodings for clingo[DL] and the geometric 
reasoning also in these systems, to assess the effectiveness of our approaches also in general CASP 
systems. 

Moreover, we intend to evaluate our approach against other well-known TSP solvers, including 
Concorde [2], LKH (Lin–Kernighan–Helsgaun) [31, 39], and general-purpose MILP solvers such as 
Gurobi and IBM ILOG CPLEX. Solution approaches for the TSP can be divided into two categories: 
one is devising a constraint model and pass it to a solver, while the second is devising an imperative 
algorithm (which itself can also invoke a number of times a solver). Our approach is definitely 
declarative and falls clearly in the first category: we only define encodings in a declarative way, and 
the (C)ASP solver finds a solution. 

The second category is definitely not declarative: an imperative algorithm has to be defined, 
possibly invoking a (typically exponential) number of times a solver. Concorde and LKH fall in 
this category. They are specifically tailored to the classical TSP and cannot accommodate side 
constraints, which are often essential in real-world scenarios. Additionally, LKH is a heuristic 
method and, although capable of producing near-optimal solutions, it cannot prove optimality. 

Concerning MILP, it has to be noted that the most efficient techniques (such as Branch-and-Cut 
or Lagrangian Relaxation) fall again in the second category: they are involved imperative algorithms
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that also invoke a MILP solver. Indeed, there exist also constraint models that can be passed to a 
MILP solver, but these are much slower than the best techniques developed in the MILP research 
area. The Miller-Tucker-Zemlin formulation [42] suffers from a not very effective linear relaxation, 
which reduces significantly the performance of the MILP solver. The Dantzig-Fulkerson-Johnson 
formulation [15], instead, requires an exponential number of constraints, and for this reason it is 
almost never used as a self-contained constraint model, but it is used within an imperative solving 
algorithm adding only the constraints that are strictly necessary. In contrast, declarative approaches 
such as CASP allow the user to focus on the high-level structure of the problem, relying on the solver 
to handle search and optimization. 

These additional experiments will help position our approach within the broader landscape of 
TSP-solving methods, clarifying its advantages in terms of f lexibility, generality and performance. 
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