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ABSTRACT

A well-known conjecture of Babai states that if G is any finite simple group

and X is a generating set for G, then the diameter of the Cayley graph

Cay(G,X) is bounded by log |G|c for some universal constant c. In this

paper, we prove such a bound for Cay(G,X) for G = PSL(n, q), PSp(n, q)

or PSU(n, q) where q is odd, under the assumptions that X contains a

transvection and q 6= 9 or 81.

1. Introduction

Given a finite group G and a set X of generators of G, the associated (undi-

rected) Cayley graph Cay(G,X) is defined to have vertex set G and edge set

{{g, gx} : g ∈ G, x ∈ X}. The diameter of Cay(G,X) equals the maximum

over g ∈ G of the length of a shortest expression of g as a product of generators

in X and their inverses. The maximum of diam(Cay(G,X)), as X runs over all

possible generating sets of G, is denoted by diam(G).

In 1988 Babai [2] proposed the following conjecture.

Conjecture 1.1: If G is a non-abelian finite simple group, then

diam(G) ≤ (log |G|)c

for some absolute constant c.

Despite many efforts, Babai’s conjecture is still open for a general G. In view

of the Classification Theorem, the above conjecture should be proved for three

classes of simple groups: For alternating groups, for simple groups of Lie type

of bounded rank and for classical groups of large rank. (Note that if |G| is
bounded, then the above inequality trivially holds for a large enough c, so one

does not need to care about sporadic groups.)

In the paper [2], Babai and Seress established the following bound:

diam(An) < exp(
√
n logn(1 + o(1))).

Moreover, a similar bound holds for arbitrary permutation groups of degree n

(see [3]). Up to now, the best available bound for alternating groups was proved

by Helfgott and Seress [16], which says that

diam(Cay(An, S)) = exp(O((log n)4 log logn))

if S is any generating set of An.
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The first infinite series of finite simple groups for which the conjecture was

proved, by Helfgott [14], is PSL(2, p), where p is a prime. Later, with much

more effort, he succeeded to extend his results to PSL(3, p) (see [15]).

In fact, for simple groups of Lie type of bounded rank, Babai’s conjecture

is now completely solved. Note that this covers the case of exceptional simple

groups of Lie type. It is an easy consequence of the following “product theorem”:

Theorem 1.2 (Pyber–Szabó [23], Breuillard–Green–Tao [6]): For any positive

integer r, there is an ε = ε(r) > 0 such that if G is any finite simple group of

Lie type of rank r and X is a generating set of G, then either |X3| > |X |1+ε

or X3 = G.

As a consequence of this deep result one gets a strong form of Babai’s con-

jecture.

Corollary 1.3: If G is a finite simple group of Lie type of bounded rank r,

then for any generating set X of G

diam(Cay(G,X)) = O
( log |G|
log |X |

)c
,

where c depends only on r.

Proof. Let ε = ε(r) as in Theorem 1.2 and let k be the smallest integer satisfying

|X |(1+ε)k > |G|. Assuming that X(3k) 6= G, by a repeated use of Theorem 1.2

we get that

|X(3k)| > |X |(1+ε)k > |G|,
a contradiction. So, diam(Cay(G,X)) ≤ 3k. On the other hand, by choosing

c = log1+ε 3,

|X |(1+ε)k > |G| ⇐⇒ (1 + ε)k >
log |G|
log |X | ⇐⇒ 3k >

( log |G|
log |X |

)c
,

that is, k is the smallest integer satisfying 3k >
(

log |G|
log |X|

)c
. Hence

diam(Cay(G,X)) ≤ 3k ≤ 3
( log |G|
log |X |

)c
.

This concludes the proof.

In contrast to the above results, for classical groups G of large rank, the

best known bounds for diam(G) are very far from the bound predicted by

Conjecture 1.1. The best known upper bounds for diam(G) obtained in [5], [13]
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when G is a classical group of unbounded rank are exponential in q. More

precisely, it was proved in [13] that

diam(G) ≤ qO(n logn)2 .

On the other hand, for large enough q compared to n, this was strenghtened

by Bajpai, Dona and Helfgott [4] who proved that if G is a classical Chevalley

group of rank n defined over the field Fq, then

diam(G) ≤ (log |G|)1947n4 log(2n).

If we restrict our attention to generating sets X ⊂ G with special conditions,

then we might prove better bounds for diam(G,X). In particular, the second

author proved a suitable bound for diam(Cay(G,X)) when G = SL(n, p), p is

a prime and X is a generating set for G containing a transvection (see [12]).

Remark 1.4: In many cases, a simple group G is given as the image of a qua-

sisimple group G̃ under a surjective homomorphism τ : G̃ → G. Now, if X is

any generating set for G, then X̃ = τ−1(X) is a generating set for G̃ satisfying

diam(Cay(G̃, X̃)) = diam(Cay(G,X)). Since we also have |G̃| ≤ |G|O(1), a pos-

itive answer to Babai’s conjecture for G̃ implies the positive answer to Babai’s

conjecture for G.

The main result of this paper is the following.

Theorem 1.5: Let V be an n-dimensional vector space over the finite field Fq

where q is odd and G is one of SL(V ), Sp(V ) or SU(V ). Let X be a generating

set for G containing a transvection. Then diam(Cay(G,X)) ≤ (n log q)c for

some constant c provided that

• q 6= 9 if G = Sp(V );

• q 6= 81 if G = SU(V );

• q 6= 9 and q 6= 81 if G = SL(V ).

So Babai’s bound holds for these cases.

A common modification of conjectures of these types is the case of random

generators, which was also highlighted by Lubotzky [21]. A special case of one

of the main results of a beautiful paper by Eberhard and Jezernik (see [10, The-

orem 1.1]) says that if G is a classical group over Fq of rank n where q is bounded

and n is large enough, then by choosingX = {x, y, z} randomly from G, there is

a word w ∈ F3 of length nO(1) with high probability (with probability 1− e−cn
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for some absolute constant c) such that w(x, y, z) is an element of G of minimal

degree. Since the elements of minimal degree of SL(V ), SU(V ) and Sp(V ) are

exactly the transvections of these groups, a combined use of this result with the

main result of this paper implies the following.

Corollary 1.6: Let G be one of SL(n, q), Sp(n, q) or SU(n, q) where q satisfies

the assumptions of Theorem 1.5. Let us also assume that q is bounded. Let

X = {x, y, z}, where x, y, z are chosen randomly from G (i.e., independently

and with uniform distribution). Then

P (diam(Cay(G,X)) ≤ (log |G|)C) ≥ 1− e−cn

for some constants c, C. That is, Babai’s conjecture holds for three random

generators with high probability when n is large enough.

A part of our proof can be used to show the following, which holds even for

infinite fields.

Theorem 1.7: Let us assume that V is an n-dimensional non-degenerate sym-

plectic or unitary vector space over the field K, and G = Sp(V ) or G = SU(V ).

Let us assume that X is a generating set for G containing a transvection sub-

group over K0 ≤ K, where K0 = K in the symplectic case and |K : K0| = 2 in

the unitary case. Then diam(Cay(G,X)) ≤ nO(1) provided that |K0| > 2.

2. Preliminaries

Throughout this paper, we use the notation ℓX(Y ) for the length of Y over X .

This is defined as follows. For any X,Y ⊂ G with Y ⊂ 〈X〉 let ℓX(Y ) be the

smallest number k such that every element of Y can be written as a product of

at most k elements from X ∪X−1, that is,

ℓX(Y ) = min{k ∈ N |Y ⊂ (X ∪X−1 ∪ 1)k}.

Clearly, ℓ has the property ℓX(Z) ≤ ℓX(Y ) · ℓY (Z) for any X,Y, Z ⊂ G

with Y ⊂ 〈X〉, Z ⊂ 〈Y 〉, which makes us possible to “cut” the proof of Theo-

rem 1.5 into steps providing larger and larger generating sets having stronger

and stronger properties. Using the next lemma, as a first step we can assume

that X contains only transvections. We formulate it as a more general state-

ment.
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Lemma 2.1: In order to prove Babai’s conjecture for quasisimple groups, it is

sufficient to assume that the generating set X consists of conjugate elements.

Proof. Let X be any generating set of the quasisimple group G. Then there

exists a non-central element t ∈ X . For m > 0 an integer, let

Ym := {xm · · ·x1tx−1
1 · · ·x−1

m : x1, . . . , xm ∈ X ∪ {1}}.

Consider the ascending chain {〈Yi〉}∞i=1 of subgroups of G. Assume that

〈Yr〉 = 〈Yr+1〉 = H

for some r and some subgroup H of G. It follows that H is closed under

conjugation by elements of X . Since X is a generating set of G, the subgroup H

must be normal in G. Since G is quasisimple, H is either central or equal

to G. The subgroup H cannot be central, since it contains conjugates of t. We

conclude that H = G. It also follows that the length of the chain {〈Yi〉}∞i=1 is

at most r ≤ log2 |G|. Thus Y := Ym is a generating set for G for any integer m

at least log2 |G|. Furthermore, we have

ℓX(G) ≤ ℓX(Y ) · ℓY (G) ≤ (2 log2 |G|+ 1)ℓY (G).

So, if Babai’s bound holds for diam(Cay(G, Y )) = ℓY (G), then it also holds for

diam(Cay(G,X)) (with a slightly larger c).

2.1. Linear, Symplectic and Unitary Groups. Let F be any field and n

a positive integer. Let V be a vector space of dimension n over F . Usually F

will denote the finite field Fq of order q.

The group of all linear transformations on V is denoted by GL(V ) or GL(n, F )

or GL(n, q) in case F = Fq. Let f : V × V → F be a map. An element g in

GL(V ) is said to preserve f if f(gu, gv) = f(u, v) for all u, v ∈ V . The set

of all elements of GL(V ) preserving f is called the isometry group of f . A

vector v ∈ V is called singular if f(v, v) = 0.

We will assume that the map f is any of two types. It will be a symplectic

form, that is, a non-degenerate bilinear alternating form, or it will be a unitary

form, that is, a non-degenerate conjugate-symmetric sesquilinear form. Note

that f is called an alternating form if f(v, v) = 0 for all v ∈ V . From this it

follows that f is skew-symmetric, that is, f(u, v) = −f(v, u) for all u, v ∈ V .

In case f is a symplectic form, n must be even and the isometry group of f

is the symplectic group Sp(V ) or Sp(n, F ) or Sp(n, q) in case F = Fq. Now



Vol. TBD, 2024 DIAMETER OF CAYLEY GRAPHS 7

let f be a unitary form. Assume q is the square of an integer q0. Let σ be the

automorphism of F defined by the identity σ(λ) = λq0 for every λ ∈ F . The

form f is called a conjugate-symmetric sesquilinear form if

f(u, λv + w) = λf(u, v) + f(u,w) and f(w, v) = f(v, w)σ.

The isometry group of a unitary form is the general unitary group GU(V )

or GU(n, q). The group GU(n, q) has a subgroup, called the special unitary

group SU(V ) or SU(n, q0) of index q0 + 1 consisting of all elements with deter-

minant 1.

Throughout the paper G will denote Sp(V ), SU(V ), or the special linear

group SL(V ). We will assume that n ≥ 4. In particular, G is a quasisimple

group.

2.2. Transvections. The notion of a transvection was probably first intro-

duced by Artin. In this subsection we collect some basic facts about transvec-

tions which can be found in [1].

In [1, p. 160] an element t of GL(V ) is called a transvection if it keeps every

vector of some hyperplane W fixed and moves any vector v ∈ V by some vector

of W , that is, t(v)− v ∈W and t(v)− v 6= 0 if v 6∈W .

Artin determined the form of a transvection. Let φ 6= 0 be an element of

the dual space V ∗ of V . The set of all vectors v ∈ V such that φ(v) = 0 is a

hyperplane W . If ψ ∈ V ∗ also describes W , then ψ = c · φ for some c ∈ F×.

Let t be a transvection and let W be the associated hyperplane. Let φ ∈ V ∗ be

associated to W . Then t has the form t(x) = x+φ(x)w for x ∈ V and for some

fixed w in W , that is, φ(w) = 0. Conversely, any map of this form has fixed

point space the hyperplane associated to φ and every vector in V is moved by

a multiple of w. If t 6= 1, then the 1-dimensional subspace of W spanned by w

is called the direction of t.

It can be easily seen that every transvection is inside SL(V ), and they are

all conjugate to each other in GL(V ). Moreover, if n ≥ 3, then they are all

conjugate even in SL(V ).

2.3. Transvections in SL(V ), Sp(V ) and SU(V ). Recall that throughout

this paper G is any of the groups SL(V ), Sp(V ), SU(V ) where F is the finite

field Fq and V is a finite-dimensional vector space over F . In each case, let T
denote the set of all transvections in G.
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In the following we borrow several notions and concepts from [12].

Fix 0 6= u ∈ V and 0 6= φ ∈ V ∗ = Hom(V, F ) such that φ(u) = 0. The ele-

ment u⊗φ ∈ V ⊗V ∗ may be viewed as an endomorphism of V and t = 1+u⊗φ
is a transvection satisfying t(x) = x + φ(x)u for all x ∈ V . In fact, the set of

all transvections in SL(V ) is

T (SL(V )) = {1 + u⊗ φ | 0 6= u ∈ V, 0 6= φ ∈ V ∗, φ(u) = 0}.
Note that 1 + u ⊗ φ = 1 + v ⊗ ψ for some other choice of 0 6= v ∈ V and

0 6= ψ ∈ V ∗ such that ψ(v) = 0, if and only if, v = λu and φ = λψ for some

nonzero λ ∈ F .

From now on, if we write 1 + v ⊗ ψ for a transvection we assume 0 6= v ∈ V

and 0 6= ψ ∈ V ∗ with ψ(v) = 0.

Let f be a symplectic or unitary form on V . For u∈V let ϕu∈V ∗=Hom(V, F )

be the map defined as ϕu(x)=f(u, x) for all x∈V . Let t=1+ u⊗φ be a trans-

vection and let x, y ∈ V be arbitrary subject to the conditions x∈ ker(φ) and

y 6∈ker(φ). Assume that t preserves f . Then f(x, y)=f(tx, ty)=f(x, y + φ(y)u).

From this it follows that φ(y)f(x, u) = 0, that is, x ∈ ker(ϕu). Thus

ker(φ) = ker(ϕu)

since both spaces have dimension n − 1. This is equivalent to saying that

φ = λϕu for some 0 6= λ ∈ F . Notice also that f(u, u) = ϕu(u) = λ−1φ(u) = 0.

We conclude that the set of transvections in SL(V ) preserving the form f is

contained in the set {1 + λu ⊗ ϕu | λ ∈ F×, 0 6= u ∈ V, f(u, u) = 0}.
In case f is a symplectic form, the elements of this latter set are called

symplectic transvections and are precisely the transvections contained in Sp(V )

(see [25, Exercise 3.20]), so we have

T (Sp(V )) = {1 + λu ⊗ ϕu | λ ∈ F×, 0 6= u ∈ V, f(u, u) = 0}.
Finally, in case f is a unitary form, the transvection 1+ λu⊗ϕu with λ ∈ F ,

0 6= u ∈ V and f(u, u) = 0 preserves f if and only if Tr(λ) := λ+ λq0 = 0 (see

[25, Exercise 3.22]), so

T (Sp(U)) = {1 + λu ⊗ ϕu | 0 6= u ∈ V, f(u, u) = 0, λ ∈ F×, Tr(λ) = 0}.

2.4. Conjugating Transvections with Each Other. By Lemma 2.1, we

can assume that X contains only transvections. Starting from X , our goal is to

create the conjugate class of all the transvections. During the proof, our main

tool to achieve this goal will be to take conjugates t2t1t
−1
2 for some already
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generated transvections t1 and t2. The following lemma will be used many

times during the proof.

Lemma 2.2: Let t1 := 1 + a1 ⊗ φ1 and t2 := 1 + a2 ⊗ φ2 be two transvections.

Then

t2t1t
−1
2 = 1 + (a1 + φ2(a1)a2)⊗ (φ1 − φ1(a2)φ2).

Proof. For x ∈ V , we have

t2t1t
−1
2 (x)

= (1 + a2 ⊗ φ2)(1 + a1 ⊗ φ1)(1 − a2 ⊗ φ2)(x)

= (1 + a2 ⊗ φ2)(1 + a1 ⊗ φ1)(x − φ2(x)a2)

= (1 + a2 ⊗ φ2)(x− φ2(x)a2 + φ1(x)a1 − φ2(x)φ1(a2)a1)

= x+ φ1(x)a1 − φ2(x)φ1(a2)a1 + φ2(a1)φ1(x)a2 − φ2(a1)φ2(x)φ1(a2)a2

= x+ (φ1(x)− φ1(a2)φ2(x)) · (a1 + φ2(a1)a2)

= (1 + (a1 + φ2(a1)a2)⊗ (φ1 − φ1(a2)φ2))(x).

This proves the lemma.

2.5. Transvection Groups. Let t = 1+ u⊗ φ ∈ T . For any λ ∈ F×
q , let the

transvection 1 + λu⊗ φ be denoted by tλ. We have noted that tλtµ = tλ+µ for

any λ and µ in F×
q . In particular, t−1 = 1 + (−u)⊗ φ = 1− u⊗ φ.

For an arbitrary subset Λ ⊂ Fq, let t
Λ := {tλ |λ ∈ Λ}. This set is a group if

and only if Λ is a subgroup of the additive group of Fq.

In case G is a unitary group the notation q0 was introduced to be the prime

power which is the square root of q. For a unified treatment, we set q0 = q

in the cases when G is a special linear or a symplectic group. Using this no-

tation, for any t ∈ T we have that Fq0 is the largest subset Λ of Fq such

that tΛ ⊂ T . We call tFq0 the full transvection subgroup of G containing t.

Clearly, tFq0 contains the cyclic group 〈t〉 and the containment is proper if and

only if q0 is not a prime. More generally, for any subfield K of Fq0 , we call tK

the transvection subgroup over K containing t. Let Y ⊂ T be any subset of

transvections in G. For any subfield K of Fq0 , the K-closure of Y is defined as

the set Y K := {tλ | t ∈ Y, λ ∈ K×}. We say that Y is K-closed if Y K = Y .

Let G be a symplectic or a unitary group. In this case for every singular vector

0 6= v ∈ V , there is a unique associated full transvection subgroup, which we

denote by Tv. In the symplectic case, let λ0 = 1 and let F = Fq0 = Fq, while
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in the unitary case, let λ0 be a fixed element of Fq with Tr(λ0) = 0, and let

F = {λ ∈ Fq | Tr(λ) = 0}. In both cases 1 + λ0 · v ⊗ ϕv ∈ T . Now F = Fq0λ0

is a one-dimensional Fq0 -subspace of Fq and

Tv = (1 + v ⊗ ϕv)
F = (1 + λ0 · v ⊗ ϕv)

Fq0 .

Note that Tv = Tλv for every singular vector 0 6= v ∈ V and for every λ ∈ F×
q .

2.6. Transvection Graph. As before, let G be any of the groups SL(V ),

Sp(V ), SU(V ) and let T be the set of all transvections in G. Again, let F be

the finite field Fq. Let Y be any subset of T . We introduce the transvection

graph Γ(Y ) (as in [7]) and its labelled version Γ̃(Y ).

The directed graph Γ(Y ) has vertex set Y and two vertices s = 1 + u ⊗ φ

and t = 1 + v ⊗ ψ are connected by a directed edge [s, t] running from s to t if

and only if ψ(u) 6= 0. The set of edges in Γ(Y ) will be denoted by E(Y ). We

say that the edge [s, t] ∈ E(Y ) is one-way directed if [t, s] /∈ E(Y ), otherwise

(s, t) is called a two-way directed edge. This difference of notation will become

clear when we introduce cycles.

In the symplectic and unitary case, for any two transvections s = 1+λ·u⊗ϕu

and t = 1+µ·v⊗ϕv in Y we have [s, t] ∈ E(Y ) if and only if ϕv(u) = f(v, u) 6= 0

if and only if [t, s] ∈ E(Y ). Hence every edge in Γ(Y ) is two-way directed

and Γ(Y ) can be seen as an undirected graph. In that case Γ(Y ) is just the

same as the non-commuting graph (which was probably first mentioned in [22])

of G restricted to the vertex set Y . In general, st 6= ts if and only if at least

one of [s, t] ∈ E(Y ) and [t, s] ∈ E(Y ) holds. Therefore, in the linear case we

can think of Γ(Y ) as a refinement of the non-commuting graph on Y .

We next define the labelled transvection graph Γ̃(Y ). First, for every s ∈ Y ,

we fix us ∈ V and φs ∈ V ∗ satisfying s = 1+ us ⊗φs. Then Γ̃(Y ) is a complete

directed graph with label l(s, t) = φt(us) ∈ Fq for every (s, t) ∈ Y × Y . (Note

that l(s, t) does not only depend on s and t but also on how us, φs, ut, φt were

chosen.) Note that Γ(Y ) can be derived from Γ̃(Y ) by deleting all labels and

all edges with label 0.

In the special case when Y = T we get the full transvection graph Γ(T ) and

its labelled version Γ̃(T ). For Y ⊆ T , the graphs Γ(Y ) and Γ̃(Y ) can be seen

as the subgraphs of Γ(T ) and Γ̃(T ) induced by Y , respectively.

We now define the weight of a cycle in Γ̃(Y ). This concept will be the main

tool in Section 4.2.
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For any integer k ≥ 2 and for any transvections s1, s2, . . . , sk ∈ Y , let

w(s1, s2, . . . , sk) := l(s1, s2)l(s2, s3) . . . l(sk−1, sk)l(sk, s1)

be the weight of the k-tuple (s1, . . . , sk). If w(s1, . . . , sk) 6= 0 then we say that

(s1, . . . , sk) is a cycle (or closed path) in Γ(Y ).

Note that unlike the labels l(si, sj), the weight w(s1, . . . , sk) depends only

on the transvections s1, . . . , sk. In order to distinguish paths from cycles, we

use the notation [s1, s2, . . . , sk] for a directed path of length k and the notation

(s1, s2, . . . , sk) for a directed k-cycle.

2.7. The Dual of a Transvection Graph. We introduce the dual of a

transvection graph Γ(X). For this goal, let f : V × V → Fq be any fixed non-

degenerate symmetric bilinear function on V . Then for any x ∈ End(V ) let

x∗ ∈ End(V ) be the adjoint of x with respect to f , that is,

f(x(u), v) = f(u, x∗(v))

for any u, v ∈ V . Furthermore, for any u ∈ V let again ϕu ∈ V ∗ defined as

ϕu(v) = f(u, v) for all v ∈ V , so

T = {1 + u⊗ ϕv |u, v ∈ V \ {0}, f(u, v) = 0}.

Then we have the following.

Lemma 2.3:

(1) The map x → x∗ is Fq-linear, which is product-reversing, that is,

(x1x2)
∗ = x∗2x

∗
1 for every x1, x2 ∈ End(V ). As a consequence

ℓX(Y ) = ℓX∗(Y ∗)

for every X,Y ⊂ SL(V ).

(2) If t = 1 + u ⊗ ϕv is a transvection for some u, v ∈ V , then t∗ is also a

transvection. Moreover, t∗ = 1 + v ⊗ ϕu.

(3) For any set X of transvections, let X∗ := {t∗ | t ∈ X}. Then the ad-

joint map defines a weight-preserving anti-isomorphism Γ(X) → Γ(X∗),

which means that

(t1, t2)∈ E(X) ⇐⇒ (t∗2, t
∗
1)∈ E(X∗) and w(t1, t2, . . . , tk) = w(t∗k, t

∗
k−1, . . . , t

∗
1)

for any t1, t2, . . . , tk ∈ X .
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Proof. It is well known that the adjoint map is a product-reversing Fq-linear

transformation of End(V ). Therefore, for any elements x1, x2, . . . , xk ∈ X

and y ∈ Y , we have

y = x1x2 · · ·xk ⇐⇒ y∗ = x∗kx
∗
k−1 · · ·x1,

so ℓX(Y ) = ℓX∗(Y ∗).

Let t = 1+u⊗ϕv be a transvection with f(u, v) = 0. Then for every x, y ∈ V

we have

f(t(x), y)

= f(x+ ϕv(x)u, y) = f(x, y) + ϕv(x)f(u, y) = f(x, y) + f(v, x)f(u, y)

= f(x, y) + ϕu(y)f(x, v) = f(x, (1 + v ⊗ ϕu)y),

which means that t∗ = 1+v⊗ϕu. Since f(v, u) = f(u, v) = 0, it is clear that t∗

is a transvection.

Let t1, t2, . . . , tk ∈ X and write each ti as ti = 1+ui⊗ϕvi where f(ui, vi) = 0.

Now,

(t1, t2) ∈ E(X) ⇐⇒ ϕv2(u1) 6= 0 ⇐⇒ f(v2, u1) 6= 0

⇐⇒ ϕu1
(v2) 6= 0 ⇐⇒ (t∗2, t

∗
1) ∈ E(X∗).

Furthermore,

w(t1, . . . , tk) =

k∏

i=1

ϕvi+1
(ui) =

k∏

i=1

ϕui
(vi+1) = w(t∗k, . . . , t

∗
1).

This concludes the proof.

3. Determining groups generated by transvections in terms of the

transvection graph

Throughout this section let Y ⊂ T = T (SL(V )) be any fixed subset of transvec-

tions and H = 〈Y 〉 ≤ SL(V ). The goal of this section is to give answers to the

following general question: How do the properties of the (weighted) transvection

graph Γ(Y ) reflect the properties of the generated subgroup H = 〈Y 〉 ≤ SL(V )?

In the following we give several conditions of this type.
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3.1. Determining the Irreducibility of H. Recall that a directed graph Γ

is called strongly connected if for every two distinct vertices a, b in Γ there

exists a directed path from a to b. It is easy to see that strongly connectedness

is equivalent to the following condition: for every non-empty proper subset Z

of vertices of Γ there exists an edge going from a vertex inside Z to a vertex

outside Z.

We define the V -part and the V ∗-part of Y ⊂ T as follows

V Y := {v ∈ V | ∃φ ∈ V ∗ s.t. 1 + v ⊗ φ ∈ Y },
YV ∗ := {φ ∈ V ∗ | ∃v ∈ V s.t. 1 + v ⊗ φ ∈ Y }.

Theorem 3.1: H acts irreducibly on V if and only if the following three con-

ditions hold.

(1) V Y spans V ;

(2) YV ∗ spans V ∗;

(3) Γ(Y ) is strongly connected.

Proof. We may assume that the dimension of V is at least 2 and that |Y | ≥ 2.

Let 0 6= u ∈ V and let U := 〈h(u) : h ∈ H〉. Observe that since U is

the smallest H-invariant subspace containing u, the condition that H acts irre-

ducibly on V is equivalent to U = V for every 0 6= u ∈ V .

Let t1 = 1+ a1 ⊗ φ1 and t2 = 1+ a2 ⊗ φ2 be two distinct transvections in Y .

Assume that there is a directed edge in Γ(Y ) from t1 to t2, that is, φ2(a1) 6= 0.

Observe that if a1 ∈ U , then a2 = φ2(a1)
−1 · (t2(a1) − a1) ∈ U , since U is

H-invariant.

Assume that the three conditions of the statement hold.

Since YV ∗ spans V ∗, there exists t = 1 + a ⊗ φ ∈ Y such that φ(u) 6= 0.

Observe that a = φ(u)−1 · (t(u)− u) ∈ U .

Since Γ(Y ) is strongly connected, the fifth and the third paragraphs imply

that V Y ⊆ U . The first condition provides V = U .

Assume now that H acts irreducibly on V .

Let t = 1 + w ⊗ φ ∈ Y be arbitrary and let Z be the set of all transvec-

tions in Y that may be reached from t by a directed path in Γ(Y ). Ob-

serve that 〈V Z〉 is H-invariant because if w0 ∈ V Z and y = 1 + v ⊗ ψ ∈ Y

then y(w0) = w0 + ψ(w0)v ∈ 〈V Z〉 by the definition of Γ(Y ) and of Z. More-

over w ∈ V Z, so 〈V Z〉 = V . Part (1) follows. We claim that Z = Y . Assume

for a contradiction that Y \Z 6= ∅. Let ψ ∈ (Y \Z)V ∗ . Then ψ vanishes on V Z
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and so also on V , which is impossible. Since t was chosen arbitrarily, Γ(Y ) must

be strongly connected, giving (3).

We now prove (2). Let L := 〈YV ∗〉 ≤ V ∗. Then YV ∗ contains a basis

{φ1, . . . , φm} for L, where m ≤ n = dim(V ). Note that

I :=

m⋂

j=1

ker(φj) = {0},

for if 0 6= v ∈ I then v is fixed byH contradicting the fact thatH acts irreducibly

on V (and the dimension of V is at least 2). We have m ≤ n subspaces of V of

codimension 1 whose intersection is trivial. This implies that m = n, in other

words L = V ∗.

3.2. Determining the Defining Field for H. The next problem we deal

with is to determine the smallest subfield L ≤ Fq such that H is realisable

over L, that is, such that H is conjugate to a subgroup of SL(n, L) ≤ SL(V ).

It turns out that L can be determined from the weights of cycles of Γ(Y ).

Proposition 3.2 ([8, Proposition 2]): The field generated by the weights of all

the cycles in Γ(Y ) is equal to the field generated by the traces of the matrices

in H .

Remark 3.3: If H is irreducible on V , then the field generated by the traces

of the matrices in H ≤ SL(V ) is exactly the smallest subfield L such that H

is realisable over L (see [18, Corollary 9.23]). Thus, the field generated by the

weights of all the cycles in Γ(Y ) is equal to the smallest subfield L of Fq such

that H conjugates into SL(n, L) ≤ SL(n, q) ≃ SL(V ) (see [8, Corollary 1]).

Lemma 3.4: Let G be one of SL(n, q), Sp(n, q) or SU(n, q). Moreover, assume

that n ≥ 3 if G is the unitary group. Then the traces of the elements of G

generate Fq.

Proof. Let V be the underlying n-dimensional space over Fq, so G can be iden-

tified with SL(V ), Sp(V ) or SU(V ).

First let us assume that G = SL(V ) or Sp(V ). Let us choose a decomposition

V = U ⊕ U ′ with dim(U) = 2. In case of G = Sp(V ) let us also assume that U

is a non-degenerate subspace of V and U ′ = U⊥. Let {x, y} be a basis of U ,

symplectic in case G = Sp(V ), and let g ∈ GL(V ) satisfying

g(x) = y + (λ− n+ 2)x, g(y) = −x, g(u) = u for all u ∈ U ′.

Then g has trace equal to λ, and it belongs to G.
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Now, let G = SU(V ). Let U be a 3-dimensional non-degenerate subspace

of V , so V = U ⊕ U⊥ and U possesses a basis x, y, z with

f(x, x) = f(y, y) = f(x, z) = f(y, z) = 0, f(x, y) = f(z, z) = 1.

Let b be a generator of the cyclic group F×
q and let g ∈ SU(V ) be defined as

g(x) = b−q0y, g(y) = bx, g(z) = −bq0−1z, g(u) = u for all u ∈ U⊥.

Then the trace of g is −bq0−1 + n− 3. Let pr be the cardinality of the subfield

generated by the traces of elements. Note that bq0−1 ∈ Fpr and the order of

bq0−1 is q0+1. Then pr−1 is divisible by q0+1, which implies that pr = q.

3.3. Theorems of Dickson and Wagner. The first important result regard-

ing subgroups generated by transvections is due to Dickson, who gave a full

description of subgroups of SL(2, q) generated by two non-commuting transvec-

tions.

Theorem 3.5 (Dickson, see [11, Chapter 2, Theorem 8.4]): Assume r is the

power of an odd prime. Let δ be a generator of Fr and set

L =

〈(
1 1

0 1

)
,

(
1 0

δ 1

)〉
.

Then we have either

(1) L = SL(2,Fr) or

(2) r = 9, |Z(L)| = 2, L/Z(L) ∼= A5, and L contains a subgroup isomorphic

to SL(2, 3).

Dickson also gave a full description of subgroups of SL(2, q). The following

may be found in [17, pp. 213–214] and [9, p. 285].

Theorem 3.6 (Dickson’s Theorem): Let p be a prime and f a positive integer.

The subgroups of PSL(2, pf ) are the following.

(i) Elementary abelian p-group.

(ii) Cyclic group whose order z divides (pf ± 1)/k, where k = (pf − 1, 2).

(iii) D2z, where z is as in (ii).

(iv) A4, where p > 2 or p = 2 and f ≡ 0 (mod 2).

(v) S4, where p
2f − 1 ≡ 0 (mod 16).

(vi) A5, where p = 5 or p2f − 1 ≡ 0 (mod 5).
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(vii) The semidirect product of an elementary abelian group of order pm and

a cyclic group of order t, where t | pm − 1 and t | pf − 1.

(viii) PSL(2, pm), where m | f and PGL(2, pm), where 2m | f .

Let again V be an n-dimensional vector space over Fq. In most of our cases n

will be unbounded. We will be interested in subspaces U of V of bounded

dimension. Let U be a subspace of V of dimension k. Let W be another

subspace of V such that V = U ⊕ W . In particular, the dimension of W

is n − k. Let 1W denote the identity map on W . In the special case when

W = V we denote 1W by 1.

Let H be a subgroup of SL(U). Let us denote the subgroup

{g ∈ SL(V ) | g(U) = U, g(W ) = W, gU ∈ H, gW = 1W } ≤ SL(V )

byH⊕1W . Usually we use this construction forH = SL(U), or Sp(U) or SU(U).

In a similar way, for a matrix group M ≤ SL(k, q), let M ⊕ 1n−k denote the

subgroup {
m⊕ 1n−k :=

(
m 0

0 1n−k

) ∣∣∣m ∈M

}
,

where 1n−k denotes the identity matrix of size (n − k) × (n − k). Let H be a

subgroup of SL(V ) and let M be a subgroup of SL(k, q). By writing

H ≃M ⊕ 1n−k

it is meant that there is a direct sum decomposition V = U⊕W with dim(U) = k

and a subgroup H0 ≃ H of SL(U) such that H = H0⊕ 1W and the matrix form

of H0 is equal to M in a suitable basis of U . In the symplectic and unitary

cases when we write H ≃ M ⊕ 1n−k we tacitly assume that the underlying

decomposition V = U ⊕ W is orthogonal with respect to f , that is, fU is

non-degenerate and W = U⊥. In these cases H0 will be a subgroup of Sp(U)

or SU(U).

Now, we give a partial generalisation of Theorem 3.5.

Theorem 3.7: Let (s, t) ∈ E(T ) be a two-way directed edge and let K,Λ ⊆ F×
q

containing 1. Set δ := w(s, t) and M := Fp(K,Λ, δ). Then

〈sK, tΛ〉 ≃ SL(2,M)⊕ 1n−2,

unless p = 2 or M = F9.
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Proof. Write the transvections as s = 1+ v ⊗ φ and t = 1+w ⊗ ψ. Since (s, t)

is a two-way edge, φ(w) 6= 0 and ψ(v) 6= 0. Therefore

V = 〈v, w〉 ⊕ (ker(φ) ∩ ker(ψ)).

Choose a basis of V whose first two vectors are φ(w)v, w and the other vectors

form a basis of the n− 2-dimensional space ker(φ) ∩ ker(ψ). Then we get

H = 〈sK , tΛ〉 ≃ H0 ⊕ 1n−2

for some H0 ≤ SL(2, q). Therefore we may assume that n = 2, V = 〈v, w〉 and
H ≤ SL(2, q). Furthermore, in the basis {φ(w)v, w} the transvections sκ, tλ,

for κ ∈ K, λ ∈ Λ, have matrix form
(

1 κ

0 1

)
,

(
1 0

δλ 1

)
.

Now, the image ofH in PSL(2, q) (denoted by H̄) is one of the groups appearing

in Theorem 3.6. H̄ has two non-commuting p-subgroups, namely the images

of 〈sK〉 and 〈tΛ〉. Thus, H̄ cannot be of type (i), (ii) or (vii). For the remainder

of the proof, let us assume that p 6= 2. Then H̄ cannot be of type (iii). Now,

let us assume that p = 3 and H̄ is any of type (iv) or (v) or (vi), then we must

have KΛ ⊂ F3. If δ /∈ F9, then by Theorem 3.5 we have

|H | = |〈s, t〉| = |SL(2,F3(δ))| ≥ |SL(2, 27)| > 2|A5| ≥ |H |,

a contradiction. Thus δ ∈ F9, which means that either M = F9 or M = F3. In

the latter case we get that H = SL(2, 3) by Theorem 3.5. Now let us assume

that H̄ is of type (vi) and p = 5. Again, we must have KΛ ⊂ F5. Similarly as

before, if δ /∈ F5, then

|H | = |〈s, t〉| = |SL(2,F5(δ))| > 2|A5| ≥ |H |,

a contradiction.

Thus, we get that H̄ is of type (viii), so H = SL(2, L) for some subfield L

of Fq. Since M equals the subfield generated by all the weights of Γ({sK, tΛ}),
we get that L =M by Section 3.2.

The analogous question, which irreducible subgroups of SL(n, q) are generated

by transvections when n ≥ 3, was solved by Wagner.
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Theorem 3.8 ([24, Theorem 1.1]): Let V be a vector space over Fq of dimension

n ≥ 3 and letH be a subgroup of SL(V ). Let us assume thatH has the following

properties.

(1) H is generated by transvections,

(2) H acts irreducibly on V ,

(3) H contains a transvection subgroup of order larger than 2.

Then H is isomorphic to one of SL(n, L), SU(n, L) or Sp(n, L) for some sub-

field L of Fq.

Remark 3.9:

(1) Since the order of any transvection is p > 2 by our assumption, property

(3) will always follow automatically.

(2) Originally, in [24] this theorem was formed for subgroups of PSL(V )

generated by elations. (An elation is just the image of a transvection

under the natural map SL(V ) → PSL(V ).) But it is easy to see that

Wagner’s theorem is translated into the above theorem when we con-

sider subgroups of SL(V ).

3.4. Determining the Type of H. As we have seen in Remark 3.3, the

weights of the cycles determine the smallest subfield L of Fq such that an ir-

reducible subgroup of SL(n, q) generated by a set of transvections is realisable

over L. Now, we introduce two other parameters of cycles of Γ(T ). With their

help, one can determine whether a set of transvections generates SL(V ), SU(V )

or Sp(V ).

Definition 3.10: For any r1, r2, . . . , rk ∈ T we define

ds(r1, r2, . . . , rk) := w(r1, r2, . . . , rk) + (−1)k+1w(rk , rk−1, . . . , r1),

du(r1, r2, . . . , rk) := w(r1, r2, . . . , rk) + (−1)k+1w(rk , rk−1, . . . , r1)
√
q.

(du is only defined if q is a perfect square.) We say that a cycle (r1, . . . , rk) ⊂ T
is symplectic (or singular) if ds(r1, . . . , rk) = 0. Similarly, we say that

(r1, . . . , rk) ⊂ T is unitary if du(r1, r2, . . . , rk) = 0.

Remark 3.11:

(1) In [12], the notation detc was used instead of ds, but we changed it to

reflect its connection with the symplectic group.

(2) By the definition of ds and du, if (s, t) is a 2-cycle, that is, a two-way

directed edge, then (s, t) is always symplectic, while it is unitary if and

only if w(s, t) ∈ F√
q.
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(3) By an abuse of notation, we sometimes allow ourselves to say that an

arbitrary tuple (r1, . . . , rk) is symplectic/unitary even if it is not a cycle

(in neither direction).

(4) Clearly, a one-way directed cycle (i.e., a cycle, which is not a cycle in the

reverse direction) is never symplectic or unitary, while a k-tuple which

is not a cycle (in both of the two possible directions) is both symplectic

and unitary.

Theorem 3.12: Let us assume that n ≥ 3 and let Z ⊂ T ⊂ SL(n, q) be a set of

transvections such that Z generates an irreducible subgroup of SL(n, q) and the

weights of all cycles of Γ(Z) generate Fq. Then 〈Z〉 is one of SL(n, q), SU(n, q)

or Sp(n, q) and we have

〈Z〉 = Sp(n, q) ⇐⇒ every cycle of Γ(Z) is symplectic,

〈Z〉 = SU(n, q) ⇐⇒ every cycle of Γ(Z) is unitary,

〈Z〉 = SL(n, q) ⇐⇒ Γ(Z) contains both a non-symplectic and

a non-unitary cycle.

Proof. By Theorem 3.8 and by Remark 3.3, we have that 〈Z〉 must be isomor-

phic to one of SL(n, q), Sp(n, q) or SU(n, q).

Let us assume that 〈Z〉 = SU(n, q) and let (r1, r2, . . . , rk) be an arbitrary

cycle in Γ(Z). Using the description of unitary transvections, each ri can be

written in the form ri = 1 + λiui ⊗ ϕui
where ui ∈ V is singular and

Tr(λi) = λi + λ
√
q

i = 0.

Then we have

w(r1, r2, . . . , rk) = ϕu2
(λ1u1)ϕu3

(λ2u2) · · ·ϕu1
(λkuk)

=

k∏

i=1

λi · f(u2, u1)f(u3, u2) · · · f(u1, uk)

= (−1)k
k∏

i=1

λ
√
q

i · f(u1, u2)
√
qf(u2, u3)

√
q · · · f(uk, u1)

√
q

= (−1)k(f(u1, λ2u2)f(u2, λ3u3) · · · f(uk, λ1u1))
√
q

= (−1)kw(rk, rk−1, . . . , r1)
√
q,

so du(r1, r2, . . . , rk) = 0. A similar calculation shows that if 〈Z〉 = Sp(n, q),

then every cycle in Γ(Z) is symplectic.
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Let us assume that every cycle of Γ(Z) is symplectic. Then

〈Z〉 ≤ 〈ZFq 〉 = Sp(n, q)

by [12, Corollary 5.3].

Thus, it remains to prove that if Z generates SL(n, q), then Γ(Z) must contain

a non-unitary cycle. We prove this by using an argument which is very similar

to the one given in the proof of [12, Lemma 4.6].

For the remainder of the proof let q be a square and 〈Z〉 = SL(n, q). Let

us consider a set of transvections Z ′ ⊃ Z and let us assume that every cycle

in Γ(Z ′) is unitary. If there were a one-way directed edge (s, t) ∈ E(Z ′), then,

since Γ(Z ′) is strongly connected, there would be a directed cycle (s, t,r1, . . . , rm)

in Γ(Z ′). Clearly, such a cycle must be non-unitary. Therefore, every edge

of Γ(Z ′) is two-way directed. Furthermore, we know that w(s, t) ∈ F√
q for

every (s, t) ∈ E(Z ′) by Remark 3.11/(2). Now, for every (two-way) directed

cycle (r1, r2, . . . , rk) in Γ(Z ′) one can define

Pu(r1, . . . , rk) :=
w(r1, r2, . . . , rk)

w(rk , rk−1, . . . , r1)
√
q
.

Surely, a directed cycle (r1,. . ., rk) is unitary if and only if Pu(r1,. . ., rk)=(−1)k.

One can show that under the assumption that every 2-cycle is unitary, the

cycle parameter Pu is well-behaved under “gluing” two-way directed cycles.

More concretely, if a directed cycle (r1, . . . , rk) is obtained from two directed

cycles (r1, . . . , ri, q1, . . . , ql, rj , . . . , rk) and (ri, . . . , rj , ql, . . . , q1) (i < j) glued

along their joint subpath ri, q1, q2, . . . , ql, rj , then

(1)
Pu(r1, . . . , rk)

= Pu(r1, . . . , ri, q1, . . . , ql, rj , . . . , rk) · Pu(ri, . . . , rj , ql, . . . , q1).

(Observe that the joint subpath must be oppositely directed in the two cycles.)

Indeed,

Pu(r1, . . . , ri, q1, . . . , ql, rj , . . . , rk) · Pu(ri, . . . , rj , ql, . . . , q1)

=
w(r1, . . . , ri, q1, . . . , ql, rj , . . . , rk) · w(ri, . . . , rj , ql, . . . , q1)

w(rk, . . . , rj , ql, . . . , q1, ri, . . . , r1)
√
q · w(q1, . . . , ql, rj , . . . , ri)

√
q

=
w(r1, . . . , rk) ·

∏l−1
s=1 w(qs, qs+1) · w(ri, q1) · w(ql, rj)

w(rk, . . . , r1)
√
q ·∏l−1

s=1 w(qs, qs+1)
√
q · (w(q1, ri) · w(rj , ql))

√
q

= Pu(r1, . . . , rk).
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Let (s1, s2) ∈ E(Z ′) be any (two-way) directed edge and let t := s2s1s
−1
2 . We

claim that every cycle of Γ(Z ′ ∪ {t}) is unitary. Clearly, this should be checked

for cycles containing t. We prove this for 2-cycles and for some 3-cycles first.

Let

s1 = 1 + u1 ⊗ φ1, s2 = 1 + u2 ⊗ φ2,

so

t = 1 + (u1 + φ2(u1)u2)⊗ (φ1 − φ1(u2)φ2).

For any r = 1 + v ⊗ ψ ∈ Z ′ we have

w(r, t) = (φ1 − φ1(u2)φ2)(v) · ψ(u1 + φ2(u1)u2)

= φ1(v)ψ(u1) + φ1(v)φ2(u1)ψ(u2)

− φ1(u2)φ2(v)ψ(u1)− φ1(u2)φ2(v)φ2(u1)ψ(u2)

= w(s1, r) + w(r, s1, s2)− w(s2, s1, r) − w(s1, s2)w(r, s2).

Since (s1, r), (s1, s2), (r, s2) are unitary, their weights are in F√
q. Furthermore,

w(r, s1, s2) = −w(s2, s1, r)
√
q implies that

w(r, s1, s2)− w(s2, s1, r) ∈ F√
q,

as well. So, w(r, t) ∈ F√
q, that is, (r, t) is unitary.

Furthermore,

du(r, t, s2) = (φ1 − φ1(u2)φ2)(v) · φ2(u1 + φ2(u1)u2) · ψ(u2)
+ ((φ1 − φ1(u2)φ2)(u2) · ψ(u1 + φ2(u1)u2) · φ2(v))

√
q

= φ1(v)φ2(u1)ψ(u2)− φ1(u2)φ2(v)φ2(u1)ψ(u2)

+ (φ1(u2)ψ(u1)φ2(v))
√
q + (φ1(u2)φ2(u1)ψ(u2)φ2(v))

√
q

= w(r, s1, s2)− w(s1, s2)w(s2, r) + w(s2, s1, r)
√
q

+ w(s1, s2)
√
qw(s2, r)

√
q

= du(r, s1, s2)− w(s1, s2)w(s2, r) + w(s1, s2)w(s2, r) = 0.

A similar calculation shows that du(r, t, s1) = 0.

Finally, let (r1, r2, . . . , rk, t) be any cycle in Γ(Z ′ ∪{t}). Then both r1 and rk

are connected with at least one of s1 and s2. Indeed, writing ri = 1 + vi ⊗ ψi

for every i, the label of (rk, t) is φ1(vk)− φ1(u2)φ2(vk) and it is nonzero, so at

least one of φ1(vk) and φ2(vk) must be nonzero. Depending on the role of s1

and s2, there are two possibilities:
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t
r1

r2rk−1

rk

s1

t
r1

r2rk−1

rk

s1s2

Using the gluing property,

Pu(r1, r2, . . . , rk, t) =
Pu(r1, r2, . . . , rk, s1)

Pu(s1, r1, t) · Pu(s1, t, rk)
=

(−1)k+1

(−1)3 · (−1)3
= (−1)k+1

in the first case and

Pu(r1, r2, . . . , rk, t) =
Pu(r1, r2, . . . , rk, s2, s1)

Pu(s1, r1, t) · Pu(s1, t, s2) · Pu(s2, t, rk)

=
(−1)k+2

(−1)3 · (−1)3 · (−1)3
= (−1)k+1

in the second case. Hence (r1, r2, . . . , rk, t) is unitary.

Starting from Z we can construct new transvections by a repeated conjugation

of previously constructed transvections with each other. By our previous argu-

ment, if every cycle of Γ(Z) were unitary, then we could never get a non-unitary

cycle with such repeated conjugations. However, since 〈Z〉 = SL(n, q) and all

the transvections are conjugate in SL(n, q), we finally get all the transvections.

Clearly, the full transvection graph Γ(T ) contains also non-unitary cycles, which

proves that Γ(Z) must contain a non-unitary cycle.

4. The proof of the main theorem

By Lemma 2.1 and the previous section, in order to prove Theorem 1.5, we can

assume that the following properties hold for X .

(P1) G is any of SL(V ), Sp(V ), SU(V ) and X ⊂ T (G).

(P2) The sets VX and XV ∗ span V and V ∗ respectively and Γ(X) is strongly

connected.

(P3) The weights of all the cycles of Γ(X) generate Fq.
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(P4) If G = Sp(V ), then every cycle in Γ(T ) is symplectic.

(P5) If G = SL(V ), then Γ(X) contains a non-unitary cycle.

Note that all of these properties remain true when we add new transvections

to X .

4.1. Decreasing the Diameter of Γ(X). The goal of this section is to ob-

tain a set of transvections such that the diameter of the associated transvection

graph is small.

Lemma 4.1: There is a set of transvections X ′ ⊃ X , with ℓX(X ′) ≤ O(n)

and with the following property. For any s, t ∈ T with [s, t] /∈ E(T ) there is

an r ∈ X ′ such that [s, r], [r, t] ∈ E(T ). In other words, diam(Γ(X ′′)) ≤ 2 for

every X ′ ⊆ X ′′ ⊆ T .

Proof. Let s, t ∈ T be two transvections of the form s = 1+v⊗φ, t = 1+w⊗ψ
with [s, t] /∈ E(T ). If there is no edge going from s to any element of X then

ν(v) = 0 for every ν ∈ XV ∗ , which contradicts the fact that 〈XV ∗〉 = V ∗

since v 6= 0. Similarly, if there is no edge going from any element of X to t

then ψ(u) = 0 for every u ∈ VX, which contradicts the fact that 〈VX〉 = V

since ψ 6= 0. Since Γ(X) is strongly connected, there exists a path [s, r1, . . . , rk, t]

in Γ(X), where r1, . . . , rk ∈ X . Choose such a path of minimal length.

We claim that k ≤ n + 1. To prove this, write ri = 1 + vi ⊗ φi for ev-

ery i = 1, . . . , k. Observe that, by minimality of k, φi+1(vj) = 0 unless

j = i or (possibly) j > i + 1, and φi+1(vi) 6= 0 for every i = 1, . . . , k − 1.

Let α1, . . . , αk−1 ∈ F be such that
∑k−1

j=1 αjvj = 0. For any i ∈ {1, . . . , k − 1}
we have

0 = φi+1

( k−1∑

j=1

αjvj

)
=

k−1∑

j=i

αj · φi+1(vj).(Eq. i)

Starting from equation k − 1 and going backwards, using that φi+1(vi) 6= 0 for

all i = k − 1, k − 2, . . . , 1, it is clear that αj = 0 for all j = 1, . . . , k − 1. This

implies that {v1, . . . , vk−1} is linearly independent, therefore k ≤ n+ 1.

We claim that s, r, t is a path in Γ(T ), where

r = rkrk−1 · · · r2r1r−1
2 · · · r−1

k−1r
−1
k .

Observe that this claim will conclude the proof because k ≤ n + 1, so adding

the element r to X for every s, t ∈ T we get a set of transvections X ′ with

ℓX(X ′) ≤ 2n+ 1 satisfying the required property.
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Define ti := riri−1 · · · r2r1r−1
2 · · · r−1

i−1r
−1
i for all i with 1 ≤ i ≤ k, in partic-

ular t1 = r1 and tk = r. Write ti = 1 + wi ⊗ ψi. We claim that ψi(v) 6= 0 for

every i ≥ 1. If i = 1 then this is clear. Assume now i ≥ 2. By Lemma 2.2,

ti = riti−1r
−1
i = 1 + (wi−1 + φi(wi−1)vi)⊗ (ψi−1 − ψi−1(vi)φi).

We deduce that there exist nonzero scalars λi such that w1 = λ1v1, ψ1 = λ−1
1 φ1

and, if i ≥ 2, then

wi = λi(wi−1 + φi(wi−1)vi) ∈ 〈v1, . . . , vi〉,
ψi = λ−1

i (ψi−1 − ψi−1(vi)φi),

therefore ψi(v) = λ−1
i ψi−1(v) 6= 0 by using induction on i.

We also need ψ(wk) 6= 0. Since wk−1 ∈ 〈v1, . . . , vk−1〉, we have

ψ(wk) = ψ(λk(wk−1 + φk(wk−1)vk)) = λkφk(wk−1)ψ(vk).

We will prove by induction that φi+1(wi) 6= 0 for every i = 1, . . . , k − 1. Note

that w1 = λ1v1 hence φ2(w1) = λ1φ2(v1) 6= 0. Now assume i ≥ 2. Then, since

wi−1 ∈ 〈v1, . . . , vi−1〉, assuming φi(wi−1) 6= 0, we have

φi+1(wi) = φi+1(λi(wi−1 + φi(wi−1)vi)) = λiφi(wi−1)φi+1(vi) 6= 0.

This concludes the proof.

Since X ′ has small length over X , we may replace X by the set X ′ and keep

calling it X . By the previous lemma, from now on we can assume the property

(P6) The (directed) diameter of Γ(X ′) is at most 2 for any X ′ ⊇ X .

In what follows, we say that a directed path [r1, r2, . . . , rk] in Γ(T ) is two-way

directed, if it is also a directed path in the reverse direction, i.e. if (ri, ri+1)

is two-way directed for every 1 ≤ i < k. In a similar way, we can also define

the concept of two-way directed cycles, as well. A transvection graph Γ(Y ) is

said to be two-way connected, if for all vertices r, s ∈ Y , there is a two-way

directed path in Γ(Y ) connecting r and s. If Γ(Y ) is two-way connected, then

the two-way diameter of Γ(Y ) is defined as the smallest k such that every two

vertices in Y are connected in Γ(Y ) by a two-way directed path of length at

most k.

Note that if G is either SU(V ) or Sp(V ), then the diameter of Γ(X) coin-

cides with its two-way diameter because in these cases every edge is a two-way

directed edge. So the next claim is only interesting for G = SL(V ).
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Lemma 4.2: There exists a set of transvections X ′, containing X , such that

ℓX(X ′) ≤ O(1) with the following property. For every s, t ∈ T there

are r1, . . . , rk ∈ X ′ with k ≤ 5 such that s, r1, . . . , rk, t is a two-way directed

path. In other words, the two-way directed diameter of Γ(X ′′) is at most 6 for

every X ′ ⊆ X ′′ ⊆ T .

Proof. First, we increaseX to have the property that there is a two-way directed

edge from any s ∈ T into X . Let us assume that s ∈ T is an arbitrary vertex

which is not connected to any element of X by a two-way directed edge. Since

〈XV ∗〉 = V ∗, there is an r ∈ X with [s, r] ∈ E(T ). By property (P6), the

diameter of X ∪ {s} is at most 2, so there is a t ∈ X such that [r, t, s] is a

directed path. Let us write

s = 1 + u⊗ φ, r = 1 + v ⊗ ψ and t = 1 + w ⊗ χ.

Let

ts = trt−1 = 1 + (v + χ(v)w) ⊗ (ψ − ψ(w)χ).

By our assumption φ(v) = χ(u) = 0, while w(s, r, t) = ψ(u)χ(v)φ(w) 6= 0.

Thus, we have

φ(v + χ(v)w) = φ(w)χ(v) 6= 0 and (ψ − ψ(w)χ)(u) = ψ(u) 6= 0,

so (s, ts) is a two-way directed edge. Adding ts to X for every s which is not

connected to X by a two-way directed edge, the resulting X1 will have the

required property.

In view of the previous condition, we would like to increase X1 to an X ′ such

that the two-way distance of any r1, r2 ∈ X1 in Γ(X ′) is at most 4. (Note

that this property only implies that the two-way diameter of X ′ is at most 6.)

By property (P6), for any r1, r2 ∈ X1 there is an r ∈ X1 such that [r1, r, r2]

is a directed path. Therefore, it is enough to prove that we can increase X1

to X ′ ⊂ T (whose length over X is small enough) such that for any one-way

directed edge [r1, r2] ∈ X1 there is a t ∈ X ′ such that [r1, t, r2] is a two-way

directed path. After this the proof will become complete.

Let r1 = 1+u1⊗φ1 and r2 = 1+u2⊗φ2 be elements of X1 such that [r1, r2] is

a one-way directed edge, i.e., φ2(u1) 6= 0, φ1(u2) = 0. By property (P6), there

is a t = 1+ v ⊗ ψ ∈ X such that [r2, t, r1] is a directed path of length 2. If this

is a two-way path, then there is nothing to be done. Otherwise, we distinguish

two cases:
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Case 1: Exactly one of [r2, t] and [t, r1] is one-way directed.

Let us assume that, say, [r2, t] is a one-way directed edge but (t, r1) is a

2-cycle. Let t1 := r1tr
−1
1 = 1 + (v + φ1(v)u1)⊗ (ψ − ψ(u1)φ1). Now,

(ψ − ψ(u1)φ1)(u1) = ψ(u1) 6= 0, φ1(v + φ1(v)u1) = φ1(v) 6= 0,

(ψ − ψ(u1)φ1)(u2) = ψ(u2) 6= 0, φ2(v + φ1(v)u1) = φ1(v)φ2(u1) 6= 0,

so [r2, t1, r1] is two-way directed.

Case 2: Both of the edges in the path [r2, t, r1] are one-way directed.

Let again t1 = r1tr
−1
1 . The above calculation now shows that [r2, t1, r1] is a

directed path such that (r2, t1) is a 2-cycle, while [t1, r1] is a one-way directed

edge. Now, the same argument as in Case 1 can be applied but to the element

t2 = r2t1r
−1
2 to get a two-way directed path [r2, t2, r1].

Again, we may replace X by X ′ to ensure the following hereditary property.

(P7) The two-way diameter of Γ(X ′) is at most 6 for any X ′ ⊇ X .

4.2. Generating the Fq0-Closure of X. Throughout this section letX ⊆ G

be a set of transvections possessing all properties from (P1) to (P7). The goal

of this section is to generate the Fq0 -closure of X in short length over X .

Our main tool here is the concept of weight of cycles. In what follows, when

we talk about a directed cycle (r1, r2, . . . , rk) in Γ(T ), we generally mean that

the indices of its vertices are elements of Zk, so rk+1 = r1, rk+2 = r2, etc.

For every integer k ≥ 2, let Lk = Lk(X) be the subfield of Fq generated by

the weights of the cycles in Γ(X) of length at most k. The sequence {Li}∞i=2 is

an increasing sequence of subfields in Fq.

Lemma 4.3: Assume that the integer k ≥ 3 is such that Lk−1 < Lk. Then:

(1) k ∈ {3, 4, 5}.
(2) If k ∈ {4, 5} and (r1, . . . , rk) is a cycle whose weight is not in Lk−1,

then there is an index i with 1 ≤ i ≤ k such that [ri, ri+2] /∈ E(X).

Proof. Let (r1, . . . , rk) be a k-cycle in Γ(X) whose weight is not in Lk−1. Choos-

ing indices i and j with 1 ≤ i < j ≤ k, we claim that at least one of the following

holds:

• [ri, ri+1, . . . , rj ] is a path of minimum length in Γ(X) from ri to rj ;

• [rj , rj+1, . . . , rk, r1, . . . , ri] is a path of minimum length in Γ(X) from rj

to ri.
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Assume that the claim is false. Then j ≥ i + 2 and (i, j) 6= (1, k). Let

x1, . . . , xl, y1, . . . , ym ∈ X such that [ri, x1, . . . , xl, rj ] is a shorter path than

[ri, ri+1, . . . , rj ], that is, l < j − i − 1, and [rj , y1, . . . , ym, ri] is a shorter path

than the path [rj , rj+1, . . . , rk, r1, . . . , ri], that is, m < k− j+ i− 1. So we have

the following picture:
rj

rj−1 xl y1 rj+1

ri+1 x1 ym ri−1

ri

Let us consider the four directed cycles of the above picture. By assumption,

the three cycles

C1 := (ri, x1, . . . , xl, rj , rj+1, . . . , ri−1),

C2 := (ri, ri+1, . . . , rj−1, rj , y1, . . . , ym),

C3 := (ri, x1, . . . , xl, rj , y1, . . . , ym)

all have lengths smaller than k, so their weights are inside Lk−1. However,

w(r1, . . . , rk) =
w(C1) · w(C2)

w(C3)
,

so w(r1, . . . , rk) ∈ Lk−1, a contradiction. This completes the proof of the claim.

Now, let us assume that k ≥ 6 and let us choose i = 1, j = 4. By the previous

paragraph, either [r1, r2, r3, r4] is a path of shortest length between r1 and r4

or [r4, r5, r6, . . . , r1] is a path of shortest length between r4 and r1, in Γ(X).

However, both of these paths have length at least 3, while the diameter of Γ(X)

is at most 2 by (P6), a contradiction. So k ≤ 5, as claimed.

Now, let us assume that k ∈ {4, 5}. If, say, [r1, r3] ∈ E(X), then [r1, r2, r3] is

not the shortest path from r1 to r3, so, using the first paragraph of the proof

again, we get that [r3, . . . , rk, r1] must be a shortest path from r3 to r1 in Γ(X).

Since diam(Γ(X)) ≤ 2 by (P6), we get that k = 4 and [r3, r1] /∈ E(X). Hence

the last claim follows with i = 3.

In what follows for any subset Y ⊂ T we use the notation Y (k) for the set of

all transvections which can be written as a product of at most k many elements

of Y ∪ Y −1, that is, Y (k) := {t ∈ T | ℓY (t) ≤ k}.
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Using the previous lemma along with property (P3), we get that L5(X) = Fq.

The following lemma allows us to assume that L3(X) = Fq and |Fq : L2(X)| ≤ 2.

Lemma 4.4: There exists a set of transvections X ′ with ℓX(X ′) = O(1) such

that L3(X
′) = Fq and |Fq : L2(X

′)| ≤ 2.

Proof. Let k ≥ 3 be an integer. Let

r1 = 1 + u1 ⊗ φ1, r2 = 1 + u2 ⊗ φ2, . . . , rk = 1 + uk ⊗ φk ∈ Γ(X)

be arbitrary transvections. Besides that let ai :=φi+1(ui) for every index i with

1 ≤ i ≤ k and let b := φk(uk−2), c := φ1(uk−1) and d := φk−1(uk). Note

that these are certain labels in the transvection graph. We have the following

labelled graph:

r1

r2

ri−1
ri

ri+1

rk−2

rk−1rk

a
1

ai−1 ai

a
k
−
2

ak−1

ak

bc

d

(Note that only those edges appear on this picture, which have roles in the

forthcoming arguments.) By Lemma 2.2,

rkrk−1r
−1
k = 1 + (uk−1 + φk(uk−1)uk)⊗ (φk−1 − φk−1(uk)φk)

= 1 + (uk−1 + ak−1uk)⊗ (φk−1 − dφk).

Now, we calculate the weight of (r1, . . . , rk−2, rkrk−1r
−1
k ).

w(r1, . . . , rk−2, rkrk−1r
−1
k ) =

k−3∏

i=1

ai · ((φk−1 − dφk)(uk−2))(φ1(uk−1 + ak−1uk))

=
k−3∏

i=1

ai · (ak−2 − db)(c+ ak−1ak).
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Assume now that (r1, . . . , rk) is a cycle of minimal length with the property

that its weight is not in Lk−1(X). Observe that w(r1, . . . , rk−1) ∈ Lk−1(X)

because, if it is nonzero, then it is the weight of a (k − 1)-cycle. We would like

to apply the above process to (r1, . . . , rk). By Lemma 4.3, we have k ≤ 5. Let

us assume that k > 3. Then by using Lemma 4.3 again, we can also assume

that b = φk(uk−2) = 0. Then we have

w(r1, . . . , rk−2, rkrk−1r
−1
k ) =

k−3∏

i=1

ai · ak−2(c+ ak−1ak)

= w(r1, . . . , rk) + w(r1, . . . , rk−1).

By our assumption, w(r1, . . . , rk) 6∈ Lk−1(X) but w(r1, . . . , rk−1) ∈ Lk−1(X),

so

w(r1, . . . , rk−2, rkrk−1r
−1
k ) 6∈ Lk−1(X).

Since rkrk−1r
−1
k ∈ X(3) we get that the weights of the cycles in Γ(X(3)) of

length at most 4 generate Fq. Using this argument once again, we get that

L3(X
(9)) = Fq.

It remains to prove that we can extend X(9) to an X ′ with ℓX(X ′) = O(1)

such that |Fq : L2(X
′)| ≤ 2. If L2(X

(27)) = Fq, then we can choose X ′ = X(27),

so let us assume that L2(X
(27)) 6= Fq for the remainder.

Since L3(X
(9)) = Fq, we know that the weights of the 3 cycles in Γ(X(9))

along with L2(X
(9)) generate Fq. Let (r1, r2, r3) be any 3-cycle in Γ(X(9)),

whose weight is not inside L2(X
(9)). Using the same notation as in the first

part of the proof, we have the following diagram:

r1

r2 r3

a1

a2

a3

b

d

c

Now, r1, r2, r3, r3r2r
−1
3 ∈ X(27), so the weights

m1 := w(r1, r2) = a1c, m2 := w(r2, r3) = a2d

m3 := w(r3, r1) = a3b, m4 := w(r1, r3r2r
−1
3 ) = (a1 − db)(c+ a2a3)
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are elements of L2(X
(27)). Let δ = a1a2a3 = w(r1, r2, r3) /∈ L2(X

(9)). Then we

have

m4 = (a1 − db)(c+ a2a3) = m1 + δ − m1m2m3

δ
−m2m3,

so δ is a root of the polynomial

x2 + (m1 −m4 −m2m3)x−m1m2m3 ∈ L2(X
(27))[x].

Thus, we get that the weight of any 3-cycle in Γ(X(9)) is in a second degree

extension of L2(X
(27)). But such weights along with L2(X

(27)) generate Fq,

and Fq contains only at most one second degree extension of L2(X
(27)). This

readily implies that |Fq : L2(X
(27))| = 2.

Now, we show that if G 6= SL, then L2(X) = Fq0 can be achieved very easily.

(Recall that q0 = q unless G = SU(n, q), when q0 =
√
q.) In contrast, proving

this in case of G = SL seems to be much more difficult (see Section 4.3).

Lemma 4.5: If L3(X) = Fq and |Fq : L2(X)| ≤ 2, then L2(X
(3)) = Fq in the

symplectic case and L2(X) = Fq0 in the unitary case.

Proof. By our assumption, we already know that |L2(X)| ≥ √
q. Now, in the

unitary case the claim follows, since L2(T ) ≤ Fq0 holds by a combined use of

Theorem 3.12 and Remark 3.11/(2).

In the symplectic case, we take the last part of the previous proof. Let

ri = 1 + λiui ⊗ ϕui
∈ X for i = 1, 2, 3. In this case we have

dbc = ϕu2
(λ3u3)ϕu3

(λ1u1)ϕu1
(λ2u2)

= λ1λ2λ3(−ϕu3
(u2))(−ϕu1

(u3))(−ϕu2
(u1)) = −a1a2a3

hence (r1, r3r2r
−1
3 ) is a 2-cycle in X(3) whose weight is

w(r1, r3r2r
−1
3 ) = (a1 − db)(c+ a2a3) = a1a2a3 − dbc+ a1c− dba2a3

= 2w(r1, r2, r3) + w(r1, r2)− w(r1r3)w(r2r3).

Since the characteristic of Fq is different from 2, we have that w(r1, r2, r3)

is an element of the subfield generated by the 2-cycles of Γ(X(3)) for

any 3-cycle (r1, r2, r3) of Γ(X). Thus, the weights of the 2-cycles of Γ(X(3))

generate Fq.

Note that the above proof already used that q is odd, when G is a symplec-

tic group. Our next proof heavily relies on Theorem 3.7, so it uses our full

assumption on q.
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Lemma 4.6: Let L := L2(X) ≤ Fq0 and let us assume that L 6= F9. Then we

have the following:

(1) ℓX(XL) ≤ O((log |L|)c).
(2) If X contains a transvection subgroup sL0

0 over L0 for some subfield

L0 ≤ L, then ℓX(XL) ≤ O(|L : L0|c).

Proof. First, we show that if we can generate a transvection subgroup sL for

some s ∈ X , then we can generate XL in length ℓX∪sL(X
L)=O(1). Indeed, let

us assume that such an sL is already generated and let (s, r) be a two-way di-

rected edge in Γ(X). Using Theorem 3.7, we know that 〈sL, r〉≃SL(2, L)⊕ 1n−2.

In particular, rL ≤ 〈sL, r〉. By using Corollary 1.3, we get the following for some

constant c0.

ℓX∪sL(r
L) ≤ ℓ{sL,r}(〈sL, r〉) ≤ ℓ{sL,r}(SL(2, L)) = O

( log |SL(2, L)|
log |L|

)c0
= O(1).

Now, for an arbitrary t ∈ X let s, r1, r2, . . . , rk, t be a two-way directed path

in Γ(X) with k ≤ 5. (such a path exists by property (P7).) Using the above

argument repeatedly to the two-way edges (s, r1), (r1, r2), . . . , (rk, t), we get

that ℓX∪sL(t
L) = O(1), as claimed.

Now, we turn to the problem of generating a transvection subgroup over L.

If |L| = 3, the statement is trivial, so for the remainder we can assume that

|L| 6= 3, 9. Then there is a 2-cycle (s1, t1) in Γ(X) such that Fp(w(s1, t1)) � F9.

Let K1 := Fp(w(s1, t1)) ≤ L. Using Theorem 3.7 along with Corollary 1.3, we

get that

ℓX(sK1

1 ) ≤ ℓ{s1,t1}(s
K1

1 ) ≤ ℓ{s1,t1}(SL(2, K1))

= O((log2 |SL(2, K1)|)c0) = O((log2 |K1|)c0)

for some constant c0. Now, if K1 = L, then we are done.

Now assume that K1 < L and let (s2, t2) be a two-way directed edge in

Γ(X) with w(s2, t2) /∈ K1 such that the distance of s1 and s2 is the smallest

possible, and let K2 := K1(w(s2, t2)). Using the same procedure as in the first

paragraph to a shortest two-way path s1, r1, . . . , rk, s2, we can generate sK1

2 in

length ℓ
X∪s

K1
1

(sK1

2 ) = O(1). (Note that w(s1, r1), w(r1, r2), . . . , w(rk, s2) are

all elements of K1 by our assumption.) Then

〈sK1

2 , t2〉 = SL(2, K2)⊕ 1n−2 ≥ sK2

2
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by Theorem 3.7 so, by using Corollary 1.3, we get that

ℓ
X∪s

K1
1

(sK2

2 ) ≤ O(1) · ℓ{sK1
2

,t2}(〈s
K2

2 , t2〉)

≤ O
( log |SL(2, K2)|

log |K1|
)c0

= O(|K2 : K1|c0).

In general, if Ki < L2(X) and the Ki-closure of some si ∈ X is already gener-

ated, then we choose (si+1, ti+1) in Γ(X) with Ki+1 := Ki(w(si+1, ti+1)) > Ki

and we apply the above procedure to get s
Ki+1

i+1 in length

ℓ
X∪s

Ki
i

(s
Ki+1

i+1 ) = O(|Ki+1 : Ki|c0).

Finally, we get a strictly increasing chain of subfields K1 < K2 < · · · < Km = L

withm ≤ log log |L| and a 2-cycle (si, ti) in Γ(X) withKi+1 = Ki(w(si+1, ti+1))

for every i < m. Using the above procedure we can generate sLm in length

ℓX(sLm) = O((log |K1|)c0)
m−1∏

i=1

O(|Ki+1 : Ki|c0)

= O(log |L|c0)O(1)log log |L| ≤ O((log |L|)c).

So the proof of the first claim is complete.

Finally, the second claim follows by using essentially the same argument,

but we do not use the second paragraph. Instead, we choose s1 := s0 and

K1 := L0.

Now, we are in the position to generate the Fq0 -closure of X in short length

over X in many cases.

Corollary 4.7: Let M = Fq0 unless G = SL(n, q) with q perfect square, in

which case let M = F√
q. Then ℓX(XM ) = O((log q)c).

Proof. By Lemmas 4.4 and 4.5, we can assume that L2(X) = Fq0 unless

G = SL(n, q) with q a perfect square when we can assume that L2(X) ≥ F√
q

and L3(X) = Fq. An application of Lemma 4.6/(1) gives the result.

Replacing X with XM we can assume that

(P8) (a) If G = Sp(n, q) or G = SU(n, q) or q is not a perfect square, then

X is Fq0 -closed.

(b) If G = SL(n, q) and q is a perfect square, then X is M -closed with

M = F√
q and L3(X) = Fq.
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4.3. Gluing Triangles. The ultimate goal of this section is to finish the proof

of Theorem 1.5 for the case when G = SL(V ). In view of the previous sections,

we can assume thatX satisfies properties (P1)–(P7) and (P8)/(b). Therefore,X

is M -closed for M := F√
q and X contains a triangle whose weight is not in M .

By our assumptions on q, we have |M | ≥ 5.

The main difficulty we face now is to construct a 2-cycle (s, t) in short length

over X such that w(s, t) /∈M . In fact, we will be able to generate such a 2-cycle

in length ℓX(s, t) = O(1). To prove this, we will use the concept of non-unitary

cycles (see Definition 3.10).

We highlight that in the foregoing discussion, a large part of our calculations

remain valid only until the weight of each 2-cycle of the examined parts of the

transvection graph are inside M , that is, until each such 2-cycle is unitary (see

Remark 3.11/(2)). Since our primary goal is to construct a non-unitary 2-cycle,

it does not cause any problem, if we tacitly assume that during our proof all

intermediate two-way directed edges are unitary 2-cycles.

By Theorem 3.12, Γ(X) must contain a non-unitary cycle. Previously (see

Lemmas 4.3 and 4.4) we have seen how to construct a triangle of bounded

length over X whose weight is outside M . Using a similar argument, we can

also construct a non-unitary triangle of bounded length over X .

Lemma 4.8: We can assume that X contains a non-unitary triangle.

Proof. First, if X contains a one-way directed edge [r, s] ∈ E(X), then by

property (P6) there is a t ∈ X such that (r, s, t) is a one-way directed cycle,

which is non-unitary by Remark 3.11/(4). Therefore, for the remainder of this

proof we can assume that every edge in Γ(X) is two-way directed.

Let (r1, r2, . . . , rk) be a non-unitary cycle of minimal length in Γ(X). (Such

a cycle exists by property (P5).) By our assumption, every 2-cycle is unitary

in Γ(X), so we can use the gluing property of Pu (see Eq. (1)), to conclude

that (r1, r2, . . . , rk) cannot be obtained by gluing two shorter (and, therefore,

unitary) cycles of Γ(X).

Therefore, we get that (r1, r2, . . . , rk) must be a chordless cycle of length k≤5,

where “chordless” means that [ri, rj ] is an edge if and only if i−j ≡ ±1 (mod k).

If k > 3, then let s := rkrk−1r
−1
k . Now, (r1, r2, . . . , rk−2, s) is a (two-way)

directed cycle of length k− 1. Furthermore, s is connected by both rk and rk−1
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with a two-way edge. Using the gluing property we have

Pu(r1, . . . , rk) = Pu(r1, r2, . . . , rk−2, s) · Pu(r1, s, rk)

× Pu(rk, s, rk−1) · Pu(rk−1, s, rk−2).

Thus, we get a non-unitary cycle of length at most k−1 ≤ 4. If we still do not

have a non-unitary triangle, we use the above argument again for a non-unitary

4-cycle. So, we conclude that X(9) surely contains a non-unitary triangle.

For the remainder of this section, if s1, s2, s3, and so on, are transvections,

we use the usual notation si = 1 + ui ⊗ φi. Recall that, by Lemma 2.2,

s
sj
i = s−1

j sisj = 1 + (ui − φj(ui)uj)⊗ (φi + φi(uj)φj).

Lemma 4.9: For any g ∈ G, the conjugation by g defines a graph isomorphism

on Γ(T ). Moreover,

w(r1, r2, . . . , rk) = w(rg1 , r
g
2 , . . . , r

g
k)

for any r1, r2, . . . , rk ∈ T .

Proof. Both claims can be easily proved using the fact that if r = 1 + u⊗ φ is

a transvection, then

rg = g−1rg = 1 + g−1(u)⊗ (φ ◦ g).

Lemma 4.10: Let s1, s2, s3, s4, s5 be transvections such that the following hap-

pens.

s1 s2 s3

s4

s5

Assume that [s1, s3] is not a double edge. If [s1, s3] is a single edge, then the

triangle (s1, s3, s2) is non-unitary. If [s3, s1] is a single edge then the triangle

(s1, s2, s3) is non-unitary. Assume now that [s1, s3] and [s3, s1] are not edges.

Then the following happens:

s1 ss23

ss24

ss25
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Proof. If one of [s1, s3] and [s3, s1] is a single edge then the result follows from

Remark 3.11/(4). We have ss23 = 1+ (u3 − φ2(u3)u2)⊗ (φ3 + φ3(u2)φ2), hence

(φ3 + φ3(u2)φ2)(u1) = φ3(u2)φ2(u1) 6= 0,

φ1(u3 − φ2(u3)u2) = −φ2(u3)φ1(u2) 6= 0.

Therefore (s1, s
s2
3 ) is a double edge. By Lemma 4.9, we are done.

Lemma 4.11: If s1, s2, s3 are transvections then

w(s1, s2, s3)− w(s1, s3, s2) = w(s1, s3)− w(s1, s2)w(s2, s3)− w(ss21 , s3).

Proof. Note that ss21 = 1 + (u1 − φ2(u1)u2)⊗ (φ1 + φ1(u2)φ2), so

w(ss21 , s3) = (φ3(u1)− φ2(u1)φ3(u2)) · (φ1(u3) + φ1(u2)φ2(u3))

= w(s1, s3) + w(s1, s3, s2)− w(s1, s2, s3)− w(s1, s2)w(s2, s3).

The result follows.

Remark 4.12: Lemma 4.11 implies that whenever we have a triangle (s1, s2, s3)

such that w(s1, s2, s3) /∈ M but w(s1, s3, s2) ∈ M , then there are s, t ∈ T
with w(s, t) /∈ M and ℓX(s, t) ≤ 3, which is our main goal. So, for the rest of

this section we can assume that whenever w(s1, s2, s3) /∈ M for some already

generated s1, s2, s3 ∈ T , then w(s1, s3, s2) is also not in M .

The following lemma will be used many times in this section without referring

to it.

Lemma 4.13: Let s1, s2, s3, s4 ∈ X , λ ∈M and let

A := w(s1, s2, s3),

B := w(s1, s2, s4, s3)− w(s1, s2, s3, s4),

C := −w(s3, s4) · w(s1, s2, s4),
D := du(s1, s2, s3),

E := w(s1, s2, s4, s3)−w(s1, s2, s3, s4)+w(s2, s1, s4, s3)
√
q−w(s2, s1, s3, s4)

√
q,

F := −w(s3, s4) · du(s1, s2, s4).

Then

w(s1, s2, s
sλ4
3 ) = A+ λB + λ2C,

du(s1, s2, s
sλ4
3 ) = D + λE + λ2F,
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and we have the following:

(1) If either A ∈ M , C 6∈ M or A 6∈ M , C ∈ M then for every λ ∈ M× at

least one of w(s1, s2, s
sλ4
3 ), w(s1, s2, s

s−λ
4

3 ) does not belong to M .

(2) If at least one of D, E, F is nonzero, then there are at most two values

of λ for which du(s1, s2, s
sλ4
3 ) = 0.

Proof. Observe that s
sλ4
3 = 1+(u3−λφ4(u3)u4)⊗ (φ3+λφ3(u4)φ4). Therefore

w(s1,s2, s
sλ4
3 )

= φ2(u1) · (φ3(u2) + λφ3(u4)φ4(u2)) · (φ1(u3)− λφ4(u3)φ1(u4))

= φ2(u1)φ3(u2)φ1(u3)− λφ2(u1)φ3(u2)φ4(u3)φ1(u4)

+ λφ2(u1)φ3(u4)φ4(u2)φ1(u3)− λ2φ2(u1)φ3(u4)φ4(u2)φ4(u3)φ1(u4)

= A+ λB + λ2C.

In particular,

w(s1, s2, s
sλ4
3 ) + w(s1, s2, s

s−λ
4

3 ) = 2A+ 2λ2C.

Using the permutation (1 2) to the indices in the formulas given for A,B,C, an

easy calculation shows that

du(s1, s2, s
sλ4
3 ) = w(s1, s2, s

sλ4
3 ) + w(s2, s1, s

sλ4
3 )

√
q = D + λE + λ2F.

The remaining claims of the lemma are clear.

Lemma 4.14: Assume that we are in the case G = SL(V ) and that |M | = √
q.

Assume at least one of the following holds:

(1) There exist s1, s2, s3 ∈ X with w(s1, s2, s3) 6∈M and du(s1, s2, s3) 6= 0.

(2) There exist s1, s2, s3, s4 ∈ X with w(s1, s2, s3) 6∈M and du(s4, s3, s2) 6=0.

Then there exist t1, t2 ∈ T such that w(t1, t2) 6∈M and ℓX({t1, t2}) = O(1).

Proof. Assume case (1) holds. We have a triangle (s1, s2, s3) with the property

that w(s1, s2, s3) 6∈ M and du(s1, s2, s3) 6= 0. Note that we can assume that

w(s1, s2, s3)− w(s1, s3, s2) ∈M by Lemma 4.11, so

w(s1, s2, s3) + w(s1, s3, s2) 6= 0.

Indeed, if w(s1, s2, s3) + w(s1, s3, s2) = 0 then

2w(s1, s2, s3) = w(s1, s2, s3)− w(s1, s3, s2) ∈M

and the characteristic being odd, this would imply w(s1, s2, s3) ∈M , a contra-

diction.
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Define W := 〈u1, u2, u3〉Fq
. The fact that w(s1, s2, s3) +w(s1, s3, s2) 6= 0 im-

plies that dimFq
(W ) = 3 (in other words, u1, u2 and u3 are linearly independent

over Fq) and that we have a direct sum decomposition

V = 〈u1, u2, u3〉 ⊕ (ker(φ1) ∩ ker(φ2) ∩ ker(φ3)).

This is because if a linear combination µ1u1+µ2u2+µ3u3 (where µ1, µ2, µ3 ∈ Fq)

belongs to ker(φ1) ∩ ker(φ2) ∩ ker(φ3) (in particular, this happens if this linear

combination is zero) then applying φ1, φ2 and φ3 to such a linear combination

we obtain a homogeneous linear system in µ1, µ2, µ3 whose determinant is pre-

cisely w(s1, s2, s3)+w(s1, s3, s2). Moreover, a very similar argument shows that

φ1, φ2 and φ3 are linearly independent, and therefore span the dual space W ∗.

Since (s1, s2, s3) is a 3-cycle, the transvection graph Γ({s1, s2, s3}) is strongly
connected, therefore the group

H = 〈sM1 , sM2 , sM3 〉 ≤ GL(V )

is identified (via the direct sum decomposition above) with an irreducible sub-

group of GL(W ) (by Theorem 3.1). By Theorem 3.8 and by Section 3.2, H is

a special linear, unitary or symplectic group of dimension 3 over

M(w(s1, s2, s3)) = Fq.

But since the 3-cycle (s1, s2, s3) is non-symplectic and non-unitary, the group H

cannot be symplectic nor unitary, so H ∼= SL(3, q) by Theorem 3.12.

Let t1, t2 ∈ T (H) ⊂ T with w(t1, t2) /∈M . By Corollary 1.3,

ℓX(t1, t2) ≤ ℓ{sM
1

,sM
2

,sM
3

}(H) = O
( log |SL(3, q)|

log(3|M |)
)c

= O(1),

as claimed.

Assume case (2) holds. Now, we can assume that w(s1, s3, s2) /∈ M by Re-

mark 4.12. By applying a permutation to the indices if necessary, we can

assume that (s1, s2, s3) and (s2, s4, s3) are two triangles, with w(s1, s2, s3) /∈M

and du(s2, s4, s3) 6= 0. We can also assume that du(s1, s2, s3) = 0, furthermore

w(s2, s3, s4) ∈M and w(s2, s4, s3) ∈M× by case (1). We call a triangle “good”

if it is non-unitary and its weight is not in M . If we find a good triangle we

are done by case (1), so what we will do is look for a good triangle. By Re-

mark 3.11/(4), (s1, s2), (s2, s3) and (s3, s1) are double edges. So we have the
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following picture.

s1

s2 s3

s4

In each of the following cases we use Lemma 4.13 for a well-chosen triangle.

Case 1: [s4, s1] /∈ E(T ) or w(s2, s4, s1) /∈M .

We have

w(s2, s4, s
sλ3
1 ) = A+Bλ+ Cλ2

with

A = w(s2, s4, s1), B = w(s2, s4, s3, s1)− w(s2, s4, s1, s3) and

C = −w(s1, s3) · w(s2, s4, s3) ∈M×.

If [s4, s1] /∈ E(T ), then A = 0 and

B = w(s4, s3, s1, s2) =
w(s1, s2)w(s3, s1)w(s2, s4, s3)

w(s1, s3, s2)
/∈M,

so w(s2, s4, s
sλ3
1 ) /∈M for every λ ∈M×.

On the other hand, if A /∈M , then since C ∈M , w(s3, s1) · du(s2, s4, s3) 6= 0

and |M | ≥ 5, there exists λ ∈M such that (s2, s4, s
sλ3
1 ) is a good triangle.

Case 2: [s4, s1] ∈ E(T ) and ([s1, s4] ∈ E(T ) or [s3, s4] /∈ E(T )).

We have w(s3, s2, s
sλ4
1 ) = A + Bλ + Cλ2 with A = w(s3, s2, s1) /∈ M and

C = −w(s1, s4) · w(s3, s2, s4) ∈ M . In particular, at least one of w(s3, s2, s
sλ4
1 )

and w(s3, s2, s
s−λ
4

1 ) is not in M for any λ ∈M .

Now, we have du(s3, s2, s
sλ4
1 )=λE−λ2F for some E,F ∈Fq. If [s1, s4]∈E(T ),

then

F = w(s1, s4) · du(s2, s4, s3) 6= 0,

so there are at most two values λ ∈M such that du(s3, s2, s
sλ4
1 ) = 0. On the

other hand, if [s1, s4] /∈ E(T ) and [s3, s4] /∈ E(T ), then du(s3, s2, s
sλ4
1 ) = λE,
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where

E = w(s3, s2, s4, s1)− w(s3, s2, s1, s4) + w(s2, s3, s4, s1)
√
q − w(s2, s3, s1, s4)

√
q

= w(s3, s2, s4, s1) 6= 0,

so du(s3, s2, s
sλ4
1 ) 6= 0 for every λ ∈ M×. Since |M | ≥ 5, there is a λ ∈ M such

that (s3, s2, s
sλ4
1 ) is a good triangle.

Case 3: [s4, s1] is a one-way directed edge, (s4, s3) is a two-way directed edge,

w(s1, s2, s4) ∈M×.

Since

A = w(s1, s2, s3) 6∈M, C = −w(s3, s4) · w(s1, s2, s4) ∈M,

F = −w(s3, s4) · du(s1, s2, s4) 6= 0 and |M | ≥ 5,

we can find λ ∈M such that the triangle (s1, s2, s
sλ4
3 ) is good.

From now on, if a triangle is unitary and its weight is not in M then we call

it of “type 1” and if a triangle is non-unitary and its weight is inM then we call

it of “type 2”. Note that the edges of a triangle of type 1 are two-way directed

by Remark 3.11/(4).

Since Γ(X) contains a non-unitary triangle by Lemma 4.8 and L3(X) = Fq

by (P8)(b), using Lemma 4.14/(1) we may assume that in Γ(X) there are trian-

gles of both types. What we want is to find one of the two situations described

in Lemma 4.14 in the transvection graph spanned by a power of X whose expo-

nent is bounded by a constant. So in the following discussion we may assume

(by way of contradiction) that in every power of X whose exponent is bounded

by a constant, all non-unitary triangles are of type 2 and all triangles whose

weight is not inM are of type 1. Under this assumption, our goal is to generate

four transvections satisfying Lemma 4.14/(2) whose length over X is bounded.

Assume we have two triangles T1 = (s1, s2, s3) and T2 = (s4, s5, s6), with T1

of type 1 and T2 of type 2. By Remark 3.11/(4), T1 consists of double edges.

First, we want to reduce the problem to the case in which T1 and T2 share a

vertex.

Let us assume that T1 and T2 do not have a vertex in common. Let, say, s3

and s4 be chosen such that their two-way distance in Γ(X) is the smallest pos-

sible one, and let s3, r1, . . . , rk, s4 be a shortest two-way path in Γ(X), so k ≤ 5

by property (P7). If k ≥ 1, then we may apply Lemma 4.9 and Lemma 4.10 to
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change T2 to a triangle of type 2, whose distance from T1 is shorter. Using this

process at most 5 times, we may assume that we are in the following situation.

s1

s2

T1 T2
s3 s4

s5

s6

If du(s5, s6, s3) 6= 0, then we may replace T2 with (s5, s6, s3), while if

w(s1, s2, s4) /∈M then we may replace T1 with (s1, s2, s4) and reduce to the case

in which T1 and T2 share a vertex. Now, let us assume that du(s5, s6, s3) = 0

and w(s1, s2, s4) ∈M . Then

du(s5, s6, s
sλ4
3 ) = λE + λ2F

with F = w(s3, s4) · du(s5, s6, s4) 6= 0, so there is at most one λ ∈ M× such

that du(s5, s6, s
sλ4
3 ) = 0. Since |M | ≥ 5, we can choose λ ∈M× such that both

du(s5, s6, s
sλ4
3 ) 6= 0 and du(s5, s6, s

s−λ
4

3 ) 6= 0.

Since w(s1, s2, s3) /∈ M but w(s1, s2, s4) ∈ M , at least one of w(s1, s2, s
sλ4
3 ),

w(s1, s2, s
s−λ
4

3 ) is not in M . Up to replacing λ with −λ, we may assume that

w(s1, s2, s
sλ4
3 ) /∈ M . By our choice of λ, du(s

sλ4
3 , s5, s6) 6= 0, so at least one

of (s
sλ4
3 , s5, s6), (s

sλ4
3 , s6, s5) is a triangle. If, say, (s

sλ4
3 , s5, s6) is a triangle, then

it is a triangle of type 2 by our assumption.

So we are in the situation where T1 and T2 share a vertex as it can be seen

on Figure 1.

s1

s2

T1 T2
s3

s4

s5

Figure 1. Triangles of type 1 and 2.

Type 1: unitary, weight not in M .

Type 2: non-unitary, weight in M .

We consider several cases, which are distinguished by the directed edges ap-

pearing on these two triangles.
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Case 1: [s2, s5], [s3, s5], [s2, s4], [s5, s1], [s4, s1], [s4, s3] are not edges in Fig-

ure 1.

We would like to prove that w(ss31 , s
s3
2 , s

s4
5 ) 6∈M and that du(s

s3
1 , s

s4
5 , s

s4
3 ) 6= 0.

ss32

ss31 ss45

ss43

Note that

ss31 = 1 + (u1 − φ3(u1)u3)⊗ (φ1 + φ1(u3)φ3),

ss32 = 1 + (u2 − φ3(u2)u3)⊗ (φ2 + φ2(u3)φ3),

ss43 = 1 + (u3 − φ4(u3)u4)⊗ (φ3 + φ3(u4)φ4),

ss45 = 1 + (u5 − φ4(u5)u4)⊗ (φ5 + φ5(u4)φ4).

Since

φ5(u2) = φ5(u3) = φ4(u2) = φ1(u5) = φ1(u4) = φ3(u4) = 0,

we have

w(ss31 , s
s3
2 , s

s4
5 ) = φ2(u1)(−φ5(u4)φ3(u2)φ4(u3)) · (φ1(u3)φ3(u5))

= −w(s1, s2, s3) · w(s3, s4, s5) 6∈M,

being w(s1, s2, s3) 6∈ M and 0 6= w(s3, s4, s5) ∈ M . So we may assume that

(ss31 , s
s3
2 , s

s4
5 ) is a triangle of type 1. This implies that it is a two-way directed

cycle, so [ss31 , s
s4
5 ] ∈ E(T ). Moreover, by Lemma 4.9, [ss45 , s

s4
3 ] is a single edge,

being a conjugate of the single edge [s5, s3], and [ss43 , s
s3
1 ] ∈ E(T ) since

(φ1 + φ1(u3)φ3)(u3 − φ4(u3)u4) = φ1(u3) 6= 0

being

φ1(u4) = φ3(u4) = 0.

Thus, (ss31 , s
s4
5 , s

s4
3 ) is a one-way directed triangle, so

du(s
s3
1 , s

s4
5 , s

s4
3 ) 6= 0

and we are done.
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Case 2: [s4, s3] ∈ E(T ).

s1

s2

s3

s4

s5

Let λ ∈M (to be specified).

Assume first that w(s2, s1, s4) 6= 0. We may assume that both triangles

(s1, s2, s3) and (s1, s3, s2) are of type 1, by Remark 4.12. The triangle (s2, s1, s4)

is of type 2 (in which case we are done) unless (s1, s4) and (s4, s2) are double

edges (by Remark 3.11/(4)), so we may assume this is the case.

Since w(s2, s4) · du(s5, s3, s4) 6= 0, there are at most two values of λ ∈ M

such that du(s5, s3, s
sλ4
2 ) = 0. If w(s3, s1, s4) /∈ M then (s3, s1, s4) is a tri-

angle of type 1 and we are done, so now assume that w(s3, s1, s4) ∈ M .

Since w(s3, s1, s2) /∈M , at least one of w(s3, s1, s
sλ4
2 ) /∈M or w(s3, s1, s

s−λ
4

2 ) /∈M

for any λ ∈M . Since |M | ≥ 5, there exists λ ∈M such that du(s5, s3, s
sλ4
2 ) 6= 0

and w(s3, s1, s
sλ4
2 ) 6∈M . Thus, we are done in this case.

Assume now that w(s2, s1, s4) = 0. Since w(s2, s3) · du(s3, s4, s5) 6= 0, there

are at most two values of λ ∈M such that

du(s
s−λ
3

2 , s4, s5) = du(s2, s
sλ3
4 , s

sλ3
5 ) = 0.

Since w(s1, s2, s3) 6∈M , by Remark 4.12 we may assume that w(s2, s1, s3) 6∈M ,

so that w(s3, s4) · w(s2, s1, s3) 6∈ M being w(s3, s4) ∈ M×. We would like to

apply Lemma 4.13 in order to obtain that w(s2, s1, s
sλ3
4 ) 6∈M , while at the same

time du(s
s−λ
3

2 , s4, s5) 6= 0. It was proved in Lemma 4.13 that w(s2, s1, s
sλ3
4 ) can

be expressed as A+Bλ+ Cλ2. In our case we have

A = w(s2, s1, s4) = 0.

If α, β ∈M×, α 6= β satisfy Bα+Cα2 ∈M and Bβ+Cβ2 ∈M , then Cramer’s

rule implies B,C ∈M , which is not the case since

C = −w(s3, s4) · w(s2, s1, s3) 6∈M.

Thus w(s2, s1, s
sλ3
4 ) is in M for at most one value of λ ∈M×.

Since |M | ≥ 5, we obtain that there is a λ ∈M such that w(s2, s1, s
sλ3
4 ) /∈M

and du(s2, s
sλ3
4 , s

sλ3
5 ) 6= 0. We are done.
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Case 3: [s3, s5] ∈ E(T ).

s1

s2

s3

s4

s5

Let us apply the adjoint map to the above picture (see Section 2.7), and let

us choose

s′1 = s∗1, s′2 = s∗2, s′3 = s∗3, s′4 = s∗5, s′5 = s∗4.

Using Lemma 2.3, we get a graph Γ(s′1, s
′
2, s

′
3, s

′
4, s

′
5) as in Case 2. Thus, by

Case 2, there is a two-cycle (t1, t2) ∈ E(T ) with w(t1, t2) /∈M and

ℓs∗
1
,...,s∗

5
(t1, t2) = O(1).

So, by Lemma 2.3, we get a two-cycle (t∗1, t
∗
2)∈E(T ) with w(t∗1, t

∗
2)=w(t1, t2)/∈M

and ℓs1,...,s5(t
∗
1, t

∗
2) = O(1).

Case 4: [s4, s3] /∈ E(T ), [s3, s5] /∈ E(T ) and at least one of [s2, s4] ∈ E(T ) and

[s2, s5] ∈ E(T ).

s1

s2

s3

s4

s5

OR

s1

s2

s3

s4

s5

Let λ ∈M (to be specified).

Since [s4, s3] /∈ E(T ), w(s3, s4) = 0, moreover w(s1, s2, s3) 6∈ M , there-

fore, up to replacing λ with −λ, we may assume that w(s1, s2, s
sλ4
3 ) 6∈ M , so

that (s1, s2, s
sλ4
3 ) is a triangle of type 1. Therefore, it is two-way directed, so

[s
sλ4
3 , s2] ∈ E(T ). Since at least one of [s2, s4] and [s2, s5] is an edge and |M | ≥ 3,

we may choose λ ∈M such that φ5(u2) 6= ±λφ5(u4)φ4(u2) (the ± sign is needed

because in this argument we have possibly replaced λ with −λ). Therefore

φ5(u2) + λφ5(u4)φ4(u2) 6= 0, that is, [s2, s
sλ4
5 ] ∈ E(T ).

Note that [s
sλ4
5 , s

sλ4
3 ] is a single edge being a conjugate of the single edge [s5, s3].

By Remark 3.11/(4), the triangle (s2, s
sλ4
5 , s

sλ4
3 ) is of type 2.



44 M. GARONZI, Z. HALASI AND G. SOMLAI Isr. J. Math.

Case 5: [s4, s3] /∈ E(T ), [s3, s5] /∈ E(T ) and at least one of [s5, s1] ∈ E(T ) and

[s4, s1] ∈ E(T ).

s1

s2

s3

s4

s5

OR

s1

s2

s3

s4

s5

As in Case 3, one can reduce this case to Case 4 by using the adjoint map.

Now, we can finish the proof of our main theorem when G = SL(V ).

Proof of Theorem 1.5 for G = SL(V ). In the previous sections, we already

showed how we can generate an M -closed set of transvections X . The above

discussion implies that, in the case G = SL(V ), up to extending the M -

closed X with exponent bounded by O(1), we can reach L2(X) = Fq. Applying

Lemma 4.6/(2), we may assume that X is Fq-closed. In particular, such an X

contains a full transvection group over Fq in length (log |G|)O(1). Now, the

theorem follows from [12, Theorem 1.5].

4.4. Addition of Parameters Defining Transvections. In view of the

previous section, from now on we assume that V is a symplectic or unitary space

with defining form f , G = Sp(V ) or G = SU(V ) and X ⊂ G is an Fq0-closed

subset of generating transvections with diam(Γ(X)) ≤ 2. For simpler notation,

we can add 1 to X and assume that 1 ∈ X .

Recall that for any nonzero singular vector v ∈ V , the transvection subgroup

associated to v is Tv = (1 + v ⊗ ϕv)
F , where in the symplectic case F = Fq,

while in the unitary case F = Fq0 · λ0 where λ0 ∈ F×
q is any field element with

Tr(λ0) = 0. In what follows, for any nonzero singular v ∈ V , we denote by tv

an arbitrary nonzero element of the associated transvection subgroup Tv.

By our assumptions, we have X =
⋃ {Tv | v ∈ VX}. Our main goal is to

prove that

ℓX(T∑k
i=1

ai
) = O(nc)

for any Ta1
, . . . , Tak

⊂ X where k ≤ n and
∑k

i=1 ai is singular. Since 〈VX〉 = V

this implies that ℓX(T ) = O(nc). (Note that since Tai
= Tλiai

, we do not need

to take arbitrary linear combinations.) First we prove this for k = 2.

Lemma 4.15: Let Ta, Tb ⊂ X for some a, b ∈ V such that a + b is singular.

Then ℓX(Ta+b) ≤ c for some constant c.
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Proof. If 〈a〉 = 〈b〉, then Ta+b = Ta = Tb, so there is nothing to prove. If

(ta, tb) is a (two-way) directed edge, then let W = 〈a, b〉. Now, V = W ⊕W⊥

whereW⊥ = ker(ϕa)∩ker(ϕb), and the restriction toW defines an isomorphism

〈Ta, Tb〉 → 〈(Ta)W , (Tb)W 〉 ≃ SL(2, K) for some field K ≤ Fq. By Theorem 3.7,

K must be equal to Fq0 . Since (Ta+b)W ≤ SL(2,Fq0), we can apply the strong

form of Babai’s conjecture for SL(2, q0) to get

ℓX(Ta+b) ≤ ℓTa∪Tb
(Ta+b) = O

( log |SL(2, q0)|
log |Ta ∪ Tb|

)
= O(1).

Now, let us assume that (ta, tb) is not an edge. Since Γ(X) has diameter 2,

there exists a path ta, tc, tb in Γ(X) for some tc∈X . So c∈VX satisfies f(c, a)6=0,

and f(b, c) 6= 0.

Since f(b, a) = 0, f(a, a) = 0, f(c, a) 6= 0 we deduce that c 6∈ 〈a, b〉. This

implies that 〈a, b, c〉 is a space of dimension 3. Let

w := −f(c, b)a+ f(c, a)b.

It is not hard to see that 〈w〉 is the radical of the space 〈a, b, c〉. Since XV ∗

spans V ∗, there exists td ∈ X with f(d, w) 6= 0. Therefore, at least one of

(ta, td) and (tb, td) is an edge in Γ(X). Let W := 〈a, b, c, d〉 ≤ V . We claim that

the radical of W is trivial. Indeed, d 6∈ 〈w〉⊥ while 〈a, b, c〉 is contained in 〈w〉⊥
so 〈w〉⊥ ∩W = 〈a, b, c〉. Therefore, the radical of W is contained in the radical

of 〈a, b, c〉, which is 〈w〉. We conclude that the radical of W is trivial since w is

not orthogonal to d ∈W .

Let X ′ = (Ta)W ∪ (Tb)W ∪ (Tc)W ∪ (Td)W . We prove that it generates a

subgroup of SL(W ), isomorphic to either Sp(4, L) or SU(4, L) for a subfield

L ≤ Fq with |Fq : L| ≤ 2.

In order to do so we check that the conditions of Theorem 3.8 hold. Clearly,

conditions (1) and (3) hold. The irreducibility of X ′ will follow if we verify the

conditions of Theorem 3.1. Plainly, a, b, c, d span W and the non-degeneracy

of W implies condition (2). The transvection graph induced by X ′ is connected

since a and b are not orthogonal to c and d is not orthogonal to at least one

of a and b. Thus the corresponding transvections in the transvection subgroups

are connected and hence the induced subgraph of the transvection graph is

strongly connected since every edge is two-way directed in this case. Thus, by

Theorem 3.8, 〈X ′〉 ≃ Sp(4, L) or SU(4, L) for some subfield L ≤ Fq. Finally,

X ′ ⊂ SL(W ) is a union of full transvection groups over Fq0 , so the weights of

the cycles in Γ(X ′) generate a subfield L ≥ Fq0 , so |Fq : L| ≤ 2 holds.
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The bounded-rank case of the Babai conjecture (in its strong form) can be

applied to deduce that

ℓX(Ta+b) ≤ ℓX′((Ta+b)W ) ≤ O
( log |SL(4, q)|

log |X ′|
)
= O(1).

Remark 4.16: In the symplectic case, we managed to find elementary arguments

to prove this lemma with specific constant c = 21 as follows.

Case 1 (a,b) ∈ E(T ): Let Ta = (1+a⊗ϕa)
Fq , Tb = (1+b⊗ϕb)

Fq . Choosing

λ := ϕb(a)
−1, we get

Ta+b = (1 + λb ⊗ ϕb)(1 + a⊗ ϕa)
Fq (1− λb⊗ ϕb),

so ℓX(Ta+b) ≤ 3.

Case 2 (a,b) /∈ E(T ): Let Tc, Td ⊂ X as in the proof of Lemma 4.15.

First, let us assume that f(c, a+ b) 6= 0. Since (a, c) and (b, c) are edges by

construction, we have ℓX(Ta+c) ≤ 3 and ℓX(Tb−c) ≤ 3 by Case 1. Then we

have

f(a+ c, b− c) = f(c, a+ b) 6= 0,

so using Case 1 again we get that ℓTa+c∪Tb−c
(Ta+b) ≤ 3. Hence ℓX(Ta+b) ≤ 9.

Now, let us assume that f(c, a + b) = 0. By construction, f(d, a + b) 6= 0,

which implies that at least one of f(d, a) and f(d, b) is not zero. If both of them

are not zero, then we can use the same argument as in the previous case (but

using d instead of c). So let us assume, say, f(d, a) 6= 0 and f(d, b) = 0.

Let d′ = d if f(c, d) 6= 0, while d′ = a+ d if f(c, d) = 0. By our assumptions

and by Case 1,

ℓX(Td′) ≤ 3, (tc, td′), (ta, td′), (ta+b, td′) ∈ E(T ) but (tb, td′) /∈ E(T ).

Using the construction of Case 1 again, we can deduce that ℓX(Tτc+d′) ≤ 5 for

every τ ∈ F×
q . Since q > 2, we may choose a τ 6= 0 satisfying f(τc+ d′, a) 6= 0.

Now, tτc+d′ is a neighbour of each of ta, tb, ta+b, so the argument of the first

paragraph of Case 2 (but using τc + d′ instead of c) can be used to construct

ta+b. Using this construction in a careful way, one can show that ℓX(Ta+b) ≤ 21.

Now, we are able to generate all transvections in the symplectic case.

Theorem 4.17: Let us assume that G = Sp(V ) and let c be the constant in

Lemma 4.15. Then we have ℓX(T ) ≤ cnlog2 c. In view of Remark 4.16, the

bound ℓX(T ) ≤ 21n4.4 holds.
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Proof. Since T =
⋃

06=v∈V Tv it is enough to generate Tv for any 0 6= v ∈ V .

Our argument is essentially the same as the proof of [12, Lemma 4.12]. For the

convenience of the reader, we present a detailed proof.

Let v 6= 0 be a vector in V . Since VX spans V , there are a1, . . . , ak ∈ VX

such that k ≤ n and v =
∑k

i=1 ai. Let l(k) = ⌈log2 k⌉ so l(k) is the smallest

integer satisfying k ≤ 2l(k). We prove that ℓX(Tv) ≤ cl(k) ≤ cnlog2 c by using

induction on k.

The claim trivially holds for k = 1. For an arbitrary k ≤ n, let

v1 =

⌈k/2⌉∑

i=1

ai and v2 =

k∑

i=⌈k/2⌉+1

ai.

Let X ′ = X ∪ Tv1 ∪ Tv2 . Since

l(⌈k/2⌉) ≤ l(k)− 1,

by induction we have ℓX(X ′) ≤ cl(k)−1. On the other hand, ℓX′(Tv) ≤ c by

Lemma 4.15. So, ℓX(Tv) ≤ ℓX(X ′) · ℓX′(Tv) ≤ cl(k), as claimed.

For the remainder, let V be a unitary space over Fq and G = SU(V ). Now,

q0 =
√
q, so Fq is a 2-dimensional Fq0 -space.

Lemma 4.18: Let Tv1 , Tv2 , Tv3 ⊂ X for some v1, v2, v3 ∈ V and let us assume

that v1 + v2 + v3 is singular. Then ℓX(Tv1+v2+v3) ≤ c′ for some constant c′.

Proof. Let αij = f(vi, vj) for every i 6= j.

First, let us assume that Tr(αij) = 0 for some i 6= j. If, for example,

Tr(α12) = 0, then f(v1 + v2, v1 + v2) = α12 + α21 = Tr(α12) = 0, so v1 + v2 is

singular. Applying Lemma 4.15 twice, we get that

ℓX(Tv1+v2+v3) ≤ ℓX(Tv1+v2) · ℓX∪Tv1+v2
(Tv1+v2+v3) ≤ c2.

Thus, for the remainder we assume that Tr(αij) 6= 0 for every i 6= j. In

particular, each αij 6= 0 (i 6= j), that is, tv1 , tv2 , tv3 is a triangle in Γ(X).

Now, let us assume that α31/α21 /∈ Fq0 . We claim that there is a λ ∈ Fq such

that both λv1 + v2 and (1− λ)v1 + v3 are singular. For any λ ∈ Fq we have

λv1 + v2 is singular ⇐⇒ Tr(λα21) = f(λv1 + v2, λv1 + v2) = 0.

Similarly,

(1− λ)v1 + v3 is singular ⇐⇒ Tr((1 − λ)α31) = 0 ⇐⇒ Tr(λα31) = Tr(α31).
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For any γ ∈ F×
q , the function x→ Tr(xγ) is an Fq0 -linear map from Fq onto Fq0 ,

so {x ∈ Fq | Tr(xγ) = δ} ⊂ Fq is an affine line of the Fq0 -space Fq. Thus, we

need a λ ∈ Fq in the intersection of the affine lines

{x ∈ Fq | Tr(xα21) = 0} and {x ∈ Fq | Tr(xα31) = Tr(α31).}

Our assumption α31/α21 /∈ Fq0 exactly means that these lines are not parallel,

so there is a unique such λ. Using Lemma 4.15 again, we get that

ℓX(Tv1+v2+v3) ≤ ℓX(Tλv1+v2) · ℓX∪Tλv1+v2
(Tv1+v2+v3) ≤ c2.

Applying any permutation of the indices we can also assume that α12/α32 and

α23/α13 are in Fq0 for the remainder.

Finally, let k := α31/α21 = α13/α12 ∈ F×
q0 , l := α23/α13 = α32/α31 ∈ F×

q0 ,

and m := α12/α32 = α21/α23 ∈ F×
q0 . Then we have

α21 = mα23 = lmα13 = klmα12,

α13 =
α12

α21
α31 =

α31

klm
,

α32 =
α31

α13
α23 = klmα23.

Furthermore, 0 6= Tr(α12) = α12(1 + klm), so klm 6= −1. Thus, we get
∣∣∣∣∣∣∣

0 ϕv1(v2) ϕv1(v3)

ϕv2(v1) 0 ϕv2(v3)

ϕv3(v1) ϕv3(v2) 0

∣∣∣∣∣∣∣
= α12α23α31 + α21α32α13

= α12α23α31(1 + klm) 6= 0.

It follows that W := 〈v1, v2, v3〉 is a non-degenerate 3-dimensional subspace

of V and V =W ⊕W⊥. Thus, Tvi = (Tvi)W ⊕ 1W⊥ for each i, and

Tv1+v2+v3 = (Tv1+v2+v3)W ⊕ 1W⊥ .

Defining X ′ = (Tv1)W ∪ (Tv2)W ∪ (Tv3)W ⊂ SU(W ) we have 〈X ′〉 = SU(W )

by Theorem 3.1 and Theorem 3.8, so we can apply the strong form of Babai’s

conjecture to deduce that

ℓX(Tv1+v2+v3) ≤ ℓX′((Tv1+v2+v3)W ) ≤ O
( log |SU(3, q)|

log |X ′|
)
= O(1).

The proof is complete.

Lemma 4.19: Let v =
∑s

i=1 vi for some singular vectors v1, . . . , vs ∈ V . Then

v − λvi is singular for some 1 ≤ i ≤ s and for some λ ∈ Fq0 .
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Proof. If v is singular, then we can take λ = 0. Otherwise,

0 6= 2f(v, v) =

s∑

i=1

Tr(f(v, vi)),

so there is an i such that Tr(f(v, vi)) 6= 0. Choosing λ = f(v,v)
Tr(f(v,vi))

∈ Fq0 we

get that

f(v − λvi, v − λvi) = f(v, v)− λf(vi, v)− λf(v, vi)

= f(v, v)− λTr(f(v, vi)) = 0.

Theorem 4.20: Let us assume that G = SU(V ) and let c be the constant in

Lemma 4.18. Then we have ℓX(T ) ≤ O(n2 log2 c).

Proof. Let v∈V be any nonzero singular vector. We need to generate Tv fromX .

As in the symplectic case, since VX spans V , there exist a1, . . . , ak ∈ VX such

that k ≤ n and v =
∑k

i=1 ai, Tai
⊂ X for every 1 ≤ i ≤ k. Using the notation

l(k) = 2 log2 k, our goal is to prove that

ℓX(Tv) ≤ O(cl(k)) = O(n2 log2 c).

Previously we proved this claim for k ≤ 3. For an arbitrary 4 ≤ k ≤ n our goal

is to write v as a sum of 3 singular vectors v1, v2, v3 two of which are a linear

combination of roughly k/2 many ai’s. First we consider the decomposition

v = u1 + u2 with

u1 =

⌈k/2⌉∑

i=1

ai and u2 =

k∑

i=⌈k/2⌉+1

ai.

Using Lemma 4.19 with, say, i = 1 (which we can assume), we get that

v1 := u1 − λa1 is singular for some λ ∈ Fq0 . Now, if (1 + λ)a1 + u2 is singular,

then we choose

v2 = (1 + λ)a1 + u2, v3 = 0.

Finally, if (1 + λ)a1 + u2 = (1 + λ)a1 +
∑k

i=⌈k/2⌉+1 ai is not singular, then we

apply Lemma 4.19 again to write (1+λ)a1 +u2 = v2+ v3 with singular vectors

v2 = µas, v3 = (1 + λ)a1 + u2 − µas for some s ∈ {1, ⌈k/2⌉+ 1, . . . , k} and for

some µ ∈ Fq0 .

Let X ′ = X ∪ Tv1 ∪ Tv2 ∪ Tv3 . By our construction, each vi is a linear

combination of at most ⌈k/2⌉+ 1 < k many ai’s. Now, if k is bounded, then

ℓX(Tv) = O(1) follows by a repeated application of Lemma 4.18.
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So, we can assume that k ≥ 10 > 4/(
√
2− 1). Then

⌈k/2⌉+ 1 ≤ k/2 + 2 ≤ k/
√
2,

that is,

l(⌈k/2⌉+ 1) ≤ l(k/
√
2) = 2 log2(k/

√
2) = l(k)− 1.

Using an induction argument and Lemma 4.18, we get that

ℓX(Tv) ≤ ℓX(X ′) · ℓX′(Tv) ≤ O(cl(k)−1) · c = O(cl(k)).

The result follows.

In order to obtain our main result it is enough to see that ℓT (G) = O( log |G|
log |T | ).

Since T is a conjugacy class, one can see that this holds by a result of Liebeck

and Shalev [20]. On the other hand ℓT (G) = O(n2) can easily be proved using

explicit Gaussian elimination-like algorithm.

4.5. Proof of Theorem 1.7. The proof of Theorem 1.7 follows easily from

our previous proof. We only give a sketch here.

The only new thing we need is the following modification of Theorem 3.7 in

our situation.

Proposition 4.21: With the assumptions of Theorem 1.7, let (s, t) ∈ E(T )

andW = 〈s, t〉. Then H := 〈sK0 , t〉 ≃ Sp(W )⊕1W⊥ or SU(W )⊕1W⊥ , moreover

diam(Cay(H, {sK0 , t})) = O(1).

Now, in order to prove Theorem 1.7, first we can apply a modification of

the argument of Lemma 2.1 to get a generating set of transvections X for G

(containing a transvections subgroup over K0), in length O(n2) (for details,

see the second paragraph of the proof of [12, Lemma 4.2]). After that, we can

use the arguments of Section 4.1, to enlarge X in order to guarantee that the

diameter of Γ(X ′) is 2 for every X ⊂ X ′ ⊂ T . Now, we need only use the first

paragraph of the proof of Lemma 4.6 along with Proposition 4.21, to generate

the K0-closure of X , even in length O(1). After that, we can use (a modification

of) the arguments of Section 4.4 to get all the transvections.
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