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Abstract

This thesis presents the application of mathematical methods to the study of cognition
and neurodegeneration. The work is organized in three main parts, spanning theoretical
foundations, behavioral experiments, and applications to clinical data.

The first part introduces the theory of active inference. Within this framework, the
brain is seen as a Bayesian machine that employs probabilistic inference not only for
perception, but also to guide action. Action selection is formalized as the minimization
of expected free energy, representing a trade-off between seeking out preferred sensations
and information gain. Partially Observable Markov Decision Processes (POMDPs) are
then presented as formal models of discrete-time active inference.

The second part adopts the active inference approach to model the behavior of 20
healthy adults performing a color-word Stroop task under two levels of intentional cog-
nitive effort. A hierarchical POMDP was inverted on both choice and reaction time
data, and competing model structures were compared using Parametric Empirical Bayes.
The results suggest that voluntary modulation of effort can be explained by changes in
motivation.

The third part includes three mathematical approaches applied to clinical observations.
First, the age-specific prevalence of Alzheimer’s disease and frontotemporal dementia
was estimated using generalized logistic functions. Second, an age-adjusted diagnostic
cut-off for neurofilament light chain (NfL) was developed using a two-threshold Support
Vector Machine classifier, combined with Bayesian regression to account for confounding
variables. Third, the agreement between two laboratory platforms for the measurement
of NfLi concentrations was evaluated through regression analyses.

Overall, the thesis illustrates how mathematical modeling can be applied to different
areas of neuroscience, from abstract theories of cognition to practical challenges related
to clinical biomarkers.
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Introduction

Understanding how the human mind functions has always been challenging. However,
thanks to advances in computational modeling and neuroimaging, we can now describe
cognitive and neural processes using predictive and explanatory mathematical structures.
This thesis harbors from that tradition, by demonstrating how mathematics can serve
not merely as a tool for data analysis, but also as a framework for studying cognition,
behavior, and their clinical alterations.

It is only in recent decades that mathematics has become a central tool for under-
standing the brain. The first decisive step came from biophysics: in the 1950s, Hodgkin
and Huxley described the mechanisms of neuronal excitability through a system of dif-
ferential equations. However, the true revolution occurred in the 1990s with the advent
of functional magnetic resonance imaging (fMRI). This technology generated unprece-
dented volumes of data, forcing neuroscience to adopt computational methods capable of
extracting meaningful information from complex signals. Karl J. Friston was a key figure
in this revolution. He was the first to formalize the use of general linear models for fMRI
analysis and developed the SPM software, which remains one of the most widely used
tools for fMRI data today.

In the 2000s and 2010s, the focus gradually expanded from the brain’s physiology to
its way of processing information. Bayesian inference, reinforcement learning, and predic-
tive coding began to formalize perception, learning, and decision-making as algorithmic
processes. Behavior was no longer just measured; it was also explained as the result of
internal computations. Within this context, the active inference framework emerged as a
synthesis of these perspectives.

This thesis positions itself as a link between mathematics and empirical neuroscience.
It is structured in three main parts: first, a theoretical introduction to active inference;
second, an experimental application of this framework to a behavioral study on voluntary
effort; and finally, a set of clinical studies extending the inferential logic to biomedical
data.

Human cognition operates in a world of uncertainty. Every act of perception, memory,
or decision involves hidden causes that must be inferred from noisy sensory data. The
active inference framework, presented in Chapter 1, formalizes this idea. It assumes that
the brain continuously updates an internal generative model to minimize variational free
energy, which quantifies how well sensory inputs are explained by the brain’s predictions.
By minimizing this free energy, the brain improves its internal model while acting to make
its predictions come true. Therefore, perception and action emerge as complementary
elements of the same process.

Among the implementations of active inference, the discrete-time Partially Observable
Markov Decision Process (POMDP) formulation has proven to be particularly suitable
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Introduction

for modeling behavior. Here, cognition is expressed through a set of probabilistic ma-
trices and vectors representing the likelihood of observations, the state transitions, the
prior preferences, the initial beliefs, and the habitual tendencies. POMDP models are
computationally tractable, but their relevance to neuroscience depends on their biological
interpretability. In the POMDP formulation of active inference, it is hypothesized that
confidence about a potential course of action (policy) is associated with neuromodulatory,
mainly dopaminergic, transmission in basal ganglia-cortical loops, while prior preferences
may reflect processes in the limbic system. This interpretability supports testable hy-
potheses about brain function, rather than simply fitting behavioral data.

The discrete POMDP framework provides the methodological foundation for the ex-
perimental work described in Chapter 2, where it is used to model how people adjust
their cognitive effort when faced with conflicting demands. This phenomenon was stud-
ied using a variant of the Stroop task, a classical neuropsychological paradigm in which
participants are shown words that are names of colors (e.g., ‘red’), and are required to
indicate the color in which each word is written. To name the correct color, participants
must inhibit their automatic tendency to read the word. This conflict between habit-
ual and goal-directed responses offers a test of the brain’s capacity to modulate internal
precision (i.e., confidence) over the available policies.

Within the active inference framework, effort can be understood as the computational
cost of redistributing the probability over the policy space to favor accuracy over auto-
maticity. To capture this dynamic, a hierarchical POMDP model was employed: a higher
level encodes contextual information, providing priors for a lower level that represents
single-trial decisions. This hierarchical structure mirrors the functional architecture of
the brain, where slower contextual representations constrain faster perceptual and motor
processes. With a suitable POMDP model — and under the hypotheses upon which the
model is built — it is possible to infer the latent cognitive parameters that best explain
participants’ behavior. Indeed, using variational Bayesian inversion, these parameters
can be estimated in our experimental task from choices and response times, showing that
active inference models can capture behavior in a meaningful and interpretable way.

Finally, Chapter 3 covers applications in clinical research. While cognitive experi-
ments offer controlled environments to test theoretical models, clinical datasets present
distinctive challenges. They are often small, heterogeneous, constrained by ethical consid-
erations, and difficult to collect. Comorbidities and missing information further compli-
cate analyses. In such contexts, deterministic or purely data-driven approaches are often
insufficient. Probabilistic modeling provides a valid alternative: it allows uncertainty to
be expressed rather than ignored, incorporates prior knowledge about physiological lim-
its, and regularizes inference to avoid overfitting. In this way, modeling becomes safer,
ensuring that conclusions remain interpretable and robust.

Three studies are presented in Chapter 3. First, generalized logistic functions are
used to analyze the age-specific prevalence of Alzheimer’s disease and frontotemporal
dementia. Second, a two-threshold Support Vector Machine classifier is used to develop
an age-adjusted diagnostic cutoff for neurofilament light chain concentrations. Third,
a non-parametric Passing-Bablok regression is used to evaluate the agreement between
two laboratory platforms for biomarker concentrations. Although the domains differ, the
guiding principle remains the same: applying advanced mathematical methods to clinical
research.
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In sum, this thesis treats cognition and clinical measurement as problems of proba-
bilistic inference under uncertainty. The chapters that follow move from foundations to
applications: beliefs and precisions in Chapter 1 become testable hypotheses in Chapter
2, and finally are translated into clinical estimates in Chapter 3. The goal is to provide a
transparent and reproducible process for moving from assumptions to inferences.



Chapter 1

The Bayesian brain in action: a
guide to active inference

The active inference framework has become a powerful and increasingly popular approach
for modeling neurocognitive processes, especially for a class of models known as partially-
observable Markov decision processes (POMDPs) [1]. This formulation offers a flexible
modeling tool that makes it possible for researchers to simulate different kinds of cognitive
processes and also predict related neuronal responses using the theory of associated neural
processes [2].

An important characteristic of active inference is that it views decision-making as
unfolding from the same inferential mechanisms as perception. In contrast to passive
perceptual inference, however, decision-making involves choosing actions that are expected
to produce preferred sensory outcomes. For instance, an agent inside a dark room can infer
that moving closer to a light source will make it easier to see. At the same time, agents
also infer actions that reduce uncertainty and promote learning, such as checking different
routes on a map to discover the quickest path to a destination. In this way, behavior results
from the balance between reward maximization and information gain, a trade-off that has
been shown to be consistent with empirical observations about perception and decision
making [3].

In this chapter, we will focus specifically on the discrete formulation of active inference,
which treats time as a series of discrete steps and represents beliefs and actions as vectors
and matrices. However, it is important to note that this scope deliberately excludes
other formulations, such as continuous models or hybrid models that combine discrete
and continuous states.

1.1 The Bayesian brain

The Bayesian brain hypothesis states that the brain performs probabilistic inference to
interpret sensory input and guide behavior [4, 5]. According to this view, perception is
an inferential process that combines (top-down) prior information about the most likely
causes of sensations with (bottom-up) sensory stimuli [6]. This corresponds to the process
of estimating the most probable causes of sensory data, integrating prior beliefs with new
evidence.

The main assumption is that the brain is equipped with an internal model of how
sensory data are generated — a generative model. This model specifies a probabilistic
mapping from hidden causes (i.e., environmental states that cannot be observed directly)
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to observed data o. Therefore, the agent uses sensory data to infer the most plausible
hidden states s that could have generated them. This is formalized by Bayes’ theorem:

p(ols)p(s)
p(o)

Here, the term p(s) is the prior, which represents the agent’s beliefs about the state
of the world before receiving new data. The term p(o|s) is the likelihood, reflecting how
probable the observation o would be if the hidden cause was s. The resulting posterior
p(s|o) is the updated belief about s after observing o. Finally, p(o0) is the model evidence,
which serves as a normalizing constant ensuring that the posterior is a proper probability
distribution.

Once all possible states and observations are defined, the generative model is expressed
as a joint probability distribution p(s, o), which represents the likelihood of all combina-
tion of states and observations. By applying the product rule of probability, this joint
distribution can be factorized as:

p(slo) = (1.1)

p(s,0) = p(slo)p(o) = p(ols)p(s) (1.2)

The case of a single set of states and observations results in a two-dimensional distribu-
tion, while more complex models lead to higher-dimensional distributions. Although these
are harder to visualize and computationally more demanding, they can be conceptually
treated in the same way.

1.1.1 Surprise and Bayesian surprise

A computational implementation of the Bayesian brain is the predictive coding theory [7],
which suggests that the brain continuously generates predictions about incoming sensory
input and updates its beliefs by computing prediction errors. These errors are propagated
across hierarchical cortical areas to adjust predictions and improve future inference. The
process is driven by the minimization of surprise, mathematically defined as:

—log p(o) (1.3)

This quantity reflects how unlikely a sensory observation o is under the current model
of the world (and is therefore sometimes more explicitly written as — log p(o|m), where m
denotes the generative model). Therefore, the notion of evidence p(0) becomes especially
meaningful when framed in terms of surprise, as it quantifies how valid the model is as
a predictor of observations: the lower the evidence, the less adequate the model, and the
greater the resulting surprise. An unexpected stimulus — such as hearing a loud bang in
a quiet room — generates high surprise, since p(o0) is low. Thus, surprise quantifies how
‘wrong’ the system was in its prediction, regardless of whether it learns from the event.

However, minimizing surprise only would lead to pathological behavior (e.g., an agent
might remain in a dark room to avoid unexpected inputs). To behave adaptively, the
agent must also seek information-rich stimuli that improve its internal model. This leads
to the concept of Bayesian surprise [6], defined as the Kullback-Leibler (KL) divergence
between posterior and prior:

Dic1[p(s]o)[|p(s)] (1.4)
7
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where the KL divergence is a (non-symmetric) measure of dissimilarity between two dis-
tributions defined as the expected difference of the log of the distributions, with the
expectation taken with respect to the first distribution:

_ q0) | _ q(9)

Drala(0)0)] = By o2 25 Sa(0)log g (15)
Bayesian surprise quantifies the amount of belief updating. The difference between
surprise and Bayesian surprise can be summarized with the following example. Seeing
a cat coming out of the bush in front of the park bench where we are sitting may be
surprising, but not necessarily informative (we know cats exist and can be in a park). In
contrast, seeing a talking cat would induce high Bayesian surprise, as it forces a drastic
revision of prior beliefs about what a cat can do. These two notions of surprise play a
central role in the Free Energy Principle, which formalizes how agents balance prediction,

belief updating, and action. We will explore this framework in Section 1.3.

1.2 Active Inference: the fusion of action and per-
ception

The predictive coding framework models perception as a process of minimizing prediction
errors by updating internal beliefs. Active inference generalizes this principle by recog-
nizing that agents do not only update their beliefs passively, as they also act to fulfill
their predictions and preferences [6]. Both processes rely on the same generative model,
which not only predicts incoming sensory inputs based on hidden states, but also includes
expectations about the consequences of possible actions. In this way, the agent can simu-
late both how the world generates sensory data and how its own actions can shape future
observations.

Perception and action are thereby unified under a common principle: minimization
of surprise. Perception does it by updating beliefs so that they become more consistent
with incoming data; action, by changing the external world so that future sensory inputs
conform more closely to prior expectations. This dual route to surprise minimization
solves the so-called ‘dark-room problem’: an agent that only suppresses sensory surprise
would indeed prefer a static environment with fully predictable sensory signals; however,
a proper active agent will behave so as to increase the probability of attaining its preferred
sensations (according to its own phenotype') and of gathering the sensory data it needs
to decrease its uncertainty about the world [8, 9].

1.2.1 Generative model and generative process

An important point to consider now is the difference between generative model and gen-
erative process (see Figure 1.1). A generative model, as discussed above, is constituted
by beliefs about the world, and these beliefs may be inaccurate. In other words, the
explanations about how observations are produced do not need to be an exact description
of how they are actually generated. On the other hand, the generative process refers to

IFor the human phenotype, an extended period of sensory deprivation — such as that engendered by
a dark room — is hardly a preferred condition.



The Bayesian brain in action: a guide to active inference

what is actually happening in the real world. It describes the ‘ground truth’ behind the
real causes of sensory input [3]. Figure 1.1 represents this canonical architecture. The
external process occupies a hidden state denoted by s*, which is not directly observable
by the agent but gives rise to sensory observations o. The agent uses these observations to
build or refine its representation s of the external causes of the sensory data, by updating
the parameters of the generative model. This distinction is crucial: while s* is related to
the generative process, s belongs to the internal generative model of the agent.

PROCESS

hidden state
S *

Figure 1.1. Generative process and generative model. Adapted from Parr,
Pezzulo, and Friston [6, Figure 2.2].

At each point in time, the agent infers probabilistically the hidden causes of its sen-
sory input, and selects an action u intended to reduce the expected surprise of future
observations. This action (on the world) alters the external process, leading to a new
observation, and the cycle continues. Mathematically, the integration of action and per-
ception is achieved by including policies () in the generative model, which can be written
as:

p(s,0,m) = p(o|s, m)p(s|m)p(m) = p(o|s)p(s|m)p(r) (1.6)

where we have dropped the dependency on policies in the likelihood term, under the
assumption that likelihood mapping does not depend on policies.

Each policy corresponds to a possible sequence of actions that the agent could perform.
To select among them, the agent needs a mechanism to assign a higher value to some
policies compared to others. In the active inference scheme, as we will see later on,
these values are inferred on the basis of the likelihood of a policy to secure the preferred
sensations and harvest useful information; they are then converted into a probability
distribution over policies, which is finally sampled by the agent to decide its imminent
course of action. This connects the agent back to the generative process, since the selected
policy changes the true state of the world through action.

In this framework, learning corresponds to a slower optimization that adjusts the pa-
rameters of the model itself so that its long-term predictions track more faithfully the
statistical structure of the environment [6]. Neurobiologically, this has been linked to
experience-dependent plasticity and synaptic consolidation, furnishing an elegant hier-
archy of nested timescales: rapid inference (perception), rapid policy selection (action
selection), and slow structural adaptation (learning).

9
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1.3 The Free Energy Principle

As discussed in the previous sections, perception can be understood as the inversion of
a generative model. Formally, this is achieved by computing the posterior distribution
p(s|o, m) using Bayes’ theorem. However, in most realistic settings, especially when dealing
with high-dimensional or dynamic models, the posterior cannot be computed analytically.
This is because the model evidence p(o|m), which serves as a normalizing constant, involves
an intractable sum over all possible hidden causes:

p(o|m) = Zp ols)p (1.7)

To solve this computational problem, we can approximate the true posterior with
a more tractable distribution ¢(s|m), known as the proposal, and the surprise with an
approximation called variational free energy F, defined as follows:

_ q(sm)
FTr = Eq(s|7r) llog p(s, 0|7T)] (18)

The variational free energy F is computed separately for each possible policy. This is
necessary because different policies influence the hidden states of the generative process,
which in turn affect the likelihood of observing particular outcomes. For example, if
I believe that there is a chair on my left and a table on my right, then, conditional
on choosing the policy of looking left, observing a chair becomes more probable than
observing a table? [3]. This is also the reason why both the approximate posterior ¢(s|m)
and the generative model p(s, o|r) are conditioned on policies.

Now, we can prove that F) is an upper bound for the surprise, and also that their
difference is the KL divergence between the proposal and the true posterior (always non-
negative, as KLi divergences are). Indeed:

[ S|
FW:EQ(SM) 10g ( | ) 1

p(s;0lm)

q(s|m)

= Eqg(s}m) 10%

| p(slo,m p<o|7r>] -
= Bqy(sim) |log Zm - logp(OIW)] = (1.9)
= B |log ]m] — Eq(spm [log plo]|m)] =

= Dirlg(s|m)||p(s|o, m)] — log p(o]r)

Since the surprise —log p(o|m) is independent of the choice of proposal, the value of
F, will become smaller as the value of ¢(s|m) approaches the value of the true posterior
p(s|o, 7). In other words, minimizing the KL divergence is equivalent to minimizing the
variational free energy F,. This leads to the formulation of the Free Energy Principle
[10]: self-organizing systems, such as living organisms, can be described as minimizing
the probability of finding themselves in surprising states; they do so by minimizing a
tractable upper bound to surprise called variational free energy.

2 At the same time, observing the chair also provides evidence for having chosen the policy to look left.

10
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1.3.1 The variational free energy as an accuracy—complexity
trade-off

As discussed earlier, the goal of both perception and learning is to minimize variational free
energy to obtain an approximation of optimal posterior beliefs after each new observation.
However, it is important to emphasize that minimizing F, does not simply mean finding
the best-fitting approximation. Sensory input is usually noisy, and if the agent always
tried to fit each single trial perfectly, it would capture the noise instead of the real causes.
This would lead to unnecessary and metabolically expensive updates. In mathematics,
this phenomenon is known as overfitting. Fortunately, the way F, minimization works
naturally prevents this problem. Indeed, we could decompose variational free energy
according to the following passages:

-
|
e
=
&
3
—

Lo 40s1m) | _
- p(sa0|ﬁ)1 -
g 46Im) ] _
log p(s|7r)p(0|8)] N 10
;Ejm = Eq(eim [log plofs)] =

= Dgr[q(s|m)||p(s|m)] — Eq(si [log p(o]s)]

= Eq(sm) |log

The first term represents the complezity of the model (i.e, how much the beliefs need
to change to keep a high level of accuracy when new observations are received). The
second term (without the negative sign) quantifies the accuracy of the model (i.e., how
well it explains the data). Therefore, perception seeks to find the most parsimonious
changes in beliefs about the causes of sensory input that are still sufficient to explain
that input correctly (as in Occam’s razor). Minimizing the variational free energy implies
attempting to minimize complexity while trying, at the same time, to maximize accuracy,
and can thus be interpreted as an accuracy—complexity trade-off.

Equation 1.10 can also be interpreted in the language of inverse problems. These prob-
lems are often ill-posed, and focusing solely on data fit may lead to overfitting random
fluctuations rather than capturing the true underlying causes. The free-energy decompo-
sition makes explicit how active inference avoids this issue: the KL term acts as a penalty
on unwarranted deviations from the prior structure, thereby stabilizing the inversion of
the generative model. From this perspective, priors are reqularisers: their form and preci-
sion determine the geometry of the penalty that keeps inference well-posed. In particular,
Gaussian priors implement quadratic (Tikhonov/L2) penalization, whereas Laplace pri-
ors correspond to L1 penalties that promote sparsity. The choice of a prior family thus
specifies the regularization strategy [11].

1.3.2 The Free Energy Principle for active inference

As we mentioned earlier, active inference is not solely concerned with minimizing current
prediction error in perception: action selection aims at choosing policies expected to
minimize future variational free energy. Indeed, in addition to variational free energy Fj
(which focuses on minimizing prediction error and explaining current observations), we
need to define expected variational free energy G, which evaluates future outcomes that

11
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have not yet been observed. The task of action selection is to choose policies 7 that
minimize expected free energy [3].

Formally, the expected free energy for a given policy is defined as:

q(s|m
Gﬂ' = IEq(s,o|71') [log (’)]

p(s,olm)

I q(s|m)
=K s.0|m 1
‘1( 5 | ) i Og p(S‘O, W)p(O|7T)1
[ q(s|m)
) log 1 | _ R ] 1.11
T s e ) (111
[ q(s|m)
~E log 17 | _ g ]
alsol) | %8 (slo, W)] a(olr) Log p(0]|C)]

(s]o, )

q
= _EQ(S7O|71') |}Og (](S|7T) ‘| - ]E‘Z(O‘W) [lng(0|O)]

The approximation in the penultimate line involves two main steps: (1) replacing the
true posterior p(s|o, 7) with the approximate posterior ¢(s|o, 7), and (2) introducing prior
preferences p(o|C'), which encode the observations that the agent expects or desires.

This decomposition reveals two fundamental components of GG. Referring to the last
line of the Equation 1.11, the first term represents the negative expected information gain;
this term captures information-seeking behavior, such as exploring uncertain environments
before acting to obtain rewards. The second term represents the expected cost, which
evaluates how well the expected observations under a policy match the agent’s preferred
outcomes; this term drives reward-seeking behavior, pushing the agent toward policies
that maximize the probability of achieving its goals [12]. Thus, the expected free energy
associated with a policy is a value that represents a trade-off between the expected cost
of that policy and its expected information gain [3]. When the agent’s beliefs about (the
hidden states of) its world are imprecise, actions are typically more of the information-
seeking kind, aiming to reduce uncertainty. Conversely, when the agent is confident in its
beliefs, actions become more reward-seeking, focusing on achieving preferred outcomes.

From a numerical point of view, the expected cost in Equation 1.11 penalizes policies
expected to generate non-preferred outcomes and therefore acts as the regularizer in G.
Therefore, the precision of the preferences distribution plays an important role in decision-
making. When preferences are encoded with very high precision, G; minimization can lead
to risky behavior, where the agent strongly prioritizes obtaining the preferred sensations
even when little information about how to achieve them is available. On the other hand,
when the agent does not have strongly preferred observations (the distribution of the
preferences is imprecise), it tends to act more to gather new information — out of curiosity,
we could say. Thus, differences in the precision of prior preferences can help explain
individual variability in these behavioral strategies.

Finally, it is important to remark that the posterior over policies depends on both F
and G,. While F; evaluates how well a policy has worked so far, providing a retrospective
assessment, G, estimates how well the same policy is expected to perform in the future,
giving a prospective evaluation. In intuitive terms, F; answers the question “how good
has this action plan turned out so far?”, while G, addresses “how good do I expect things
to go if I continue to follow this action plan?” [3].

12
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1.4 Partially observable Markov decision processes
(POMDPs)

The expression POMDP (Partially Observable Markov Decision Process) refers to two
main ideas. The first is partial observability, which means that observations give only
probabilistic information about hidden states. The second is the Markov property, which
says that all relevant information about the distant past is already summarized in the
present belief about the state. This assumption is not always valid, but makes modeling
more feasible and in many cases is sufficient [13, 14]. When the Markov assumption is not
valid — for example when memory has to be modeled — it is necessary to include several
interconnected Markovian processes that evolve over different timescales. However, in
this Section, we will not treat these more complex models.

A POMDP is organized into trials and into time steps (or epochs) within each trial.
These internal steps are usually denoted by 7. It is important to note that 7 refers to the
time points for which the agent holds beliefs. This must be distinguished from the variable
t — although they are defined on the same temporal grid — which indicates the times when
new observations are received. This distinction is necessary because an observation in
the present may alter the belief about what has happened in the past. Imagine that you
begin in one of two rooms, one green and one blue, without knowing the color of the walls.
Later, if you open your eyes and perceive that the room is blue, you could revise your
belief about the earlier situation: you infer that you were already in the blue room from
the beginning. Formally, this means that the belief about the state at 7 = 1 is modified
after the observation at ¢ = 2. The inclusion of both ¢ and 7 in active inference means
that the agent continuously updates beliefs about states at all time points whenever a
new observation is acquired. In this way the model allows both retrospective inference,
as in the room example, and prospective inference, in which expectations about future
states are updated [3].

To make the concept easier to understand, it helps to look at some classical examples.
A very well-known one is the ‘Tiger Problem’ [14]. In this situation, an agent stands in
front of two doors: behind one there is a tiger, behind the other there is a treasure. The
agent may open a door (risking to meet the tiger), or decide to listen. Listening has a cost
— the value of the treasure decreases with decision time — but it provides some (uncertain,
that is, probabilistic) information about where the tiger is located. This example shows
clearly the tension in POMDPs between actions that collect information (exploration)
and actions that try to maximize immediate reward (ezploitation). Also in the previous
room scenario the agent can choose an exploratory action, like turning on the lights or
looking around, which costs something (e.g., in terms of the energy required) but reduces
uncertainty about the color of the room. Both examples show the same trade-off between
exploration and exploitation [15] and illustrate how POMDPs apply to many real-world
problems, where information is incomplete and the agent must balance between exploring
and exploiting.

Finally, it is necessary to underline that in POMDPs the agent never acts based on
the direct knowledge of the hidden states, since these cannot be accessed by definition.
Instead, the agent acts based on its beliefs about such states, which mathematically
are just probability distribution over possible hidden states. For example, in the Tiger
Problem, after listening the agent may believe that the tiger is behind the left door with
70% probability, and that it is behind the right door with 30% probability. Beliefs are
updated after each observation according to Bayes’ rule. This idea of acting based on
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beliefs instead of acting based on the real but hidden states will be important later for
understanding the relation between POMDPs and active inference [16].

1.4.1 Formal structure of a POMDP

Having introduced the basic intuition of POMDPs, we can now look more closely at their
matrix structure, which is represented in Figure 1.2. In Table 1.1 the reader can find a
summary of the symbols used in this Section.

Symbol Definition Dimension
S, Hidden state at time 7. one-hot vector in RI°!
or Observation at time 7. one-hot vector in RIC!
s Vector encoding the distribution over policies (i.e., se- R

quence of actions), reflecting the predicted value of each

policy.
A Matrix representing the probability that specific outcomes RIOIXIS]

will be observed given specific hidden states.
B Tensor encoding beliefs about how hidden states evolve RISIXISIx[HIxT
over time. At each time 7, the policy 7 prescribes a spe-

cific action, which selects the corresponding transition ma-

trix By -

C Matrix representing the degree to which some observed RIOXT
outcomes are preferred over others, technically modeled
as prior expectations over outcomes. C has a column for
each time point.

D Vector encoding prior beliefs about initial hidden states. RIS

E Vector representing the habits, technically modeled as a  RIM
prior probability distribution over policies.

F Variational free energy under the policies in . R

G Expected free energy under the policies in 7. R

A Inverse temperature parameter reflecting the policy pre- R™ (positive scalar)

cision.

Table 1.1. Summary of symbols used in the discrete POMDP formulation. Di-
mensions refer to the length of the trial (T'), and the cardinalities of the outcome
(l0]), state (]S|), and policy (|II]) spaces.

At the first time point in a trial (7 = 1), the model needs a prior distribution over
the possible hidden states. This is encoded in a vector, usually called D, which contains
one value for each possible state. If there are several factors of states, there will be one D
vector for each factor. This allows to represent, for example, independent beliefs about
the location of an object and about its sound.

When the process continues, the model needs to know how states evolve from one
time to the next, depending on which action is selected under a policy. This is given by
transition matrices B, , which specify the probability p(s,41|s;, 7) of reaching a state at
7 + 1 given the state at 7. Each column of B, ; corresponds to a state at 7 and each
row to a state at 7 + 1. In simple cases, there is a single B, matrix for a given factor,
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but when transitions are policy-dependent, there will be a B ; matrix for each possible
action. Thus, we can define the four-dimensional tensor B as a concatenation of all B -
for each time 7 and each possible action.

The link between hidden states and observations is given by the likelihood tensor
A. These arrays specify the probability p(o,|s,) of observing a certain outcome under a
given combination of hidden states. The dimension of A thus exceeds by one the number
of hidden factors. When there are multiple sensory modalities (for example, visual and
auditory), there is one A array for each modality.

The preferences about the outcomes, logp(o,|C), are encoded in the matrix C. This
matrix contains one value for each possible observation, usually expressed in logarithmic
preference terms. When there are multiple modalities, there is one C matrix for each
of them. The agent tries to select the policies which are more likely to secure the most
preferred observations, according to these C values.

The actions u can therefore be seen as selecting one of the possible B; . matrices
for each state factor. The evaluation of policies uses two quantities, the vectors F' and
G. The vector F' encodes the variational free energy of a policy given past observations,
while the vector G encodes the expected free energy of the policy (according to its foreseen
future observations). These are combined with a scalar parameter A > 0, which controls
the precision with which the policies are selected. This parameter can be thought of as
the agent’s prior belief about the confidence with which policies can be chosen on the
basis of G. It can also be seen as an inverse temperature: when X is high, the policy with
the lowest GG is chosen with high confidence, while when A is low, the selection is more
random.

The vector E, also shown in Figure 1.2, encodes prior habits about which policies
are usually preferred, independently of their expected free energy. The presence of E is
optional, but when included it allows to model habitual influences. In this way, both F
and G contribute to the posterior distribution over policies 7. Here, it is important to
highlight the difference between £ and C. The first encodes prior beliefs over policies, with
each entry specifying the prior probability assigned to a particular policy. In contrast,
the latter encodes prior preferences over outcomes at each time step, specifying which
observations are considered more desirable. In short, E represents priors over policies,
while C represents priors over outcomes.

The distribution over policies m depends both on prior beliefs about habits, encoded
in the E vector, and on the expected free energy G associated with each policy [2]. The
influence of G is scaled by the precision parameter A. The expected free energy G itself
is defined in terms of prior preferences C. The C matrices encode which observations are
more desirable than others, and therefore the policies expected to generate these preferred
outcomes will have lower G values. Formally, the prior over policies before any observation
is received is written as:

mo = o(log E — \G) (1.12)

where o denotes the softmax operator’. After an observation, the posterior over

3For a vector x € RE the softmax function is defined component-wise as:

exp(z;)

e =1, K.
> j—1exp(7;)

o(x); =
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Figure 1.2. Bayesian network representations of perception and policy selection in a
POMDP. Hidden states (orange nodes) evolve according to policy-dependent transition

matrices B, while observations (blue nodes) are generated through the likelihood matrices
A. Adapted from Smith, Friston, and Whyte [3, Figure 5].

policies incorporates also the variational free energy F', leading to:

T =o(logE — F — \G) (1.13)

In this way, both habits (£), past evidence (F'), and expected future outcomes (G)
contribute to policy selection. From the perspective of the generative model, once a pol-
icy is selected, it prescribes a sequence of actions; these actions determine which B .
matrices are applied, thereby generating hidden states over time, which in turn generate
observations via likelihood mapping A. This is the sense in which the diagram in Fig-
ure 1.2 represents a generative process: it shows how sequences of states and observations
can be generated given policies and preferences.

1.4.2 Message passing in POMDPs

Figure 1.2 shows how the previously introduced matrices and vectors are linked in the
generative model using the notation of Bayesian networks. In these diagrams, the circles
(or nodes) correspond to observations, hidden states, and policies, while the arrows (edges)
show conditional dependencies between them [11]. Observations at each time step (blue
nodes) are generated by hidden states (orange nodes) through a mapping encoded by
the likelihood matrices A. The B, . matrices specify the dependencies between states
in successive time steps, and the initial distribution over states is determined by the D
vector.

Let o1.r and uy.7_1 denote, respectively, the observed outcome and action sequences
in a trial of length 7. Generative models are formally defined as the joint probability
distribution over observations, states, and policies of the POMDP across time:

p(orr, S1.1, ™) (1.14)
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Using Markov property, this joint distribution can be factorized into a prior distri-
bution over the initial state and the policy, together with likelihood terms and state
transition terms:

T T
p(OI:T7 S1.T, 7T> = p(sl)p(ﬂ-) H p<07—|57) H p<57|37——17 7T) (]‘]‘5)
=1 T=2
Conditioning on the policy 7 gives:
T T
plovr, sirlm) = p(s1) [ plorlss) T p(se|sr—1, ) (1.16)
=1 T=2

Each distribution above can be expressed in matrix form using one-hot vectors (i.e.,
vectors of zeros with a one placed in the element corresponding to the state/observation
of interest):

o The prior over the first state is p(s;) = s; D, where s; is a one-hot vector selecting
the relevant entry of vector D.

o The likelihood of an observation given a state is p(o|s;) = ol A s,, where A is
the likelihood matrix, and the bilinear form selects the entry corresponding to the
realized state—outcome pair.

o The transition probability is p(s,|s,_1,7) = 5] B, s,_1, where B, . is the transition
matrix determined by the policy .

Using these identities, the joint distribution can be written as:

T T
p(ovr, s1.7|m) = 5{ D H ol As. H ER & S (1.17)
T=1 T=2

where the one-hot vectors s, and o, act as selectors. Their role is simply to select
the elements of A, B, ,, and D corresponding to the relevant state/output pair or cur-
rent /previous state pair.

Variational message passing is based on the mean-field approzimation, which assumes
that the approximate posterior (or proposal) factorizes into the product of independent
distributions [11, 17]. In the POMDPs under discussion here, the mean-field approxima-
tion assumes that the proposal ¢(si.7, m) factorizes as follows:

T
p(31:T|01:T77T) ~ Q(SI:T77T) = 9(77) H Q(Sr|77) (1-18)
=1

In variational message passing, the approximate posterior over each hidden state is
updated by combining local contributions — called messages — coming from the factors of
the generative model (i.e., square nodes in Figure 1.2) to the connected states. Specifically,
cach message 1,5, denotes the log-contribution sent from factor f to the state variable s..
To derive the update of beliefs about each hidden state from the mean-field factorization,

we apply the standard variational, or coordinate-ascent, rule [17, 18]:

log q(s,|m) o Eq(scsrlm) [log p(o1.1, S1.7|7)] (1.19)
Now we can consider the logarithmic form of Equation 1.16:
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T T
log p(o1.7, sir|m) = logp(s1) + > logp(o-]s;) + > log p(sy|sr—1, ) (1.20)
=1 T=2

Thus, inserting this term into the coordinate-ascent rule, we have:

S

log q(s-|m) o< Eg(se., imllog p(s1)] + Eq(se,im) [Z og p(oc|s¢)
(1.21)

T
T Eqscprlm) [Z log p(s¢|s¢-1, W)]
(=2

Therefore, we only need to retain terms that explicitly depend on the hidden variable
sr. All other terms, which involve states at time steps ( # 7, do not depend on s,
and thus behave as constants that are absorbed by normalization. Consequently, three
contributions remain:

log Q<ST’7T> X 10gp<07—|57) + IEq(sﬁkrhr) [logp(ST|ST—17 7)] +

(1.22)
+ Eq(SC#T‘T() [logp(8T+1 |S7'7 W)]

In other words, three messages can be identified: a forward message from the previous
state, a backward message from the next state, and a likelihood message from the observa-
tion at the current time point. We can express these messages with the matrix notation
used in Equation 1.17:

forward: logum, ,_ —s., = Eqes,_1jx) [log p(s7|s7—1,m)] = log(Br -1 5-—1) (1.23)
backward: 10g iB, s, = By(siijm) 108 p(57]5711,7)] = log(B, . $r41) (1.24)
likelihood: log pass, , = logp(o-|s,) = log(A o,) (1.25)

Adopting the matrix notation in Equation 1.22, belief updating can be written as®:

q(s-|m) = a(log Brr 1S—1x + logB;rr,TsTJrL,r + log ATOT) (1.26)

where we used a softmax function to obtain a valid probability vector. Note that for
7 = 1, the element B, ,_15._1 , is replaced by the prior over initial states D. These up-
dates could also be reformulated in terms of prediction errors that illustrate the biological
plausibility of this message passing scheme [20].

4Readers with specific interest in this topic may note that recent implementations of active inference
have used a refined algorithm — called marginal message passing — that is more robust to problems of
overconfidence that arise with variational message passing [19].
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1.4.3 Parameter estimation in a POMDP

Having introduced the formal structure of discrete POMDPs, it is now necessary to de-
scribe how these models can be inverted on empirical data. In this context, one can
distinguish between two types of generative models. The first is the subjective model,
namely the POMDP we assume the participant is using in order to plan their responses.
The second is the objective model, which is specified by the experimenter in terms of pri-
ors on the parameters of the subjective model. Model inversion consists in explaining the
subjective model through a numerically tractable objective model.

Here, it is important to distinguish between hidden states s, which represent hidden
variables evolving over time within the POMDP, and parameters ¢, which encode the
probabilistic mappings of the generative model (e.g., the likelihood matrix A, the transi-
tion matrix B, or the initial state prior D). The aim of model inversion is to estimate the
parameter values 6 that maximize the posterior probability of the model, given observed
behavior. Under the assumption of a flat prior distribution over models, this posterior
is proportional to the likelihood, so that parameter estimation often reduces to maxi-
mizing the likelihood term. Thus, a classical approach is maximum likelihood estimation
(MLE), in which one can perform a grid search over a predefined range of values, selecting
the combination of parameters that best reproduces behavior. However, a grid search is
feasible only for simple models with few parameters and is prone to overfitting.

In cognitive neuroscience a common approach is variational Bayes, in particular the
Variational Laplace method [21, 22]. This method assumes that the proposal distribution
q(0) is Gaussian, and applies a second-order Taylor expansion around the mode of the
variational free energy. In this way, closed-form update rules for the mean and covariance
of the Laplace approximation Fp4p are obtained. The minimum of the variational free
energy can then be found by solving:

OF1ap
00

=0 (1.27)

Through gradient descent on F14p, the approximate posterior is iteratively adjusted
until convergence to a stable minimum, providing estimates of the parameters. This
method is particularly suited for nonlinear but smooth generative models, which are
typical in neurobiological systems. It has been implemented in toolboxes such as SPM
[23], and it has been widely applied in Dynamic Causal Models (DCM) [24, 25]. Moreover,
the Laplace approximation is considered neurobiologically plausible, since it can be related
to predictive coding schemes where the brain updates beliefs about hidden states by local
gradient descent on variational energy.

An important step in variational Bayes is the choice of estimation priors. These are not
the priors of the participant, but initial values used during model fitting. The algorithm
starts from the prior means and iteratively adjusts them to reproduce the participant’s
behavior, while penalizing excessive deviation from the priors. This reflects the trade-off
between accuracy (fitting the data) and complexity (minimizing divergence from prior
values). The prior variances play a crucial role in this balance: small variances give more
weight to complexity minimization, while large variances privilege accuracy but increase
the risk of overfitting. Consequently, the setting of estimation priors, both in terms of
means and variances, is a sensitive step in variational Bayes, and it can strongly influence
the resulting posterior estimates.
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1.4.4 Hierarchical POMDPs

We can extend the POMDP framework to hierarchical, or so-called ‘deep temporal’, mod-
els. In the case of a two-level POMDP, the construction of such models is conceptually
similar to the single-level case, since it involves specifying two generative models and ar-
ranging them one below the other. The additional step consists in defining how the two
models exchange information. As shown in Figure 1.3, message passing between levels is
bidirectional: hidden states at the second level provide prior beliefs about the initial states
at the first level (top—down solid lines), while posterior beliefs over these initial states,
obtained at the end of a first-level trial, are treated as observations by the second level
(bottom—up dotted lines). In this sense, the second-level likelihood mapping A? defines
how posterior beliefs from the first level become observations at the higher level. This
hierarchical structure implies that the second-level model evolves at a slower timescale:
each time step in a second-level trial corresponds to the posterior beliefs after a complete
trial in the first-level model. Thus, the number of first-level trials matches the number of
time points in a second-level trial.

Figure 1.3. Bayesian network representation of a two-level POMDP. Hidden states at
the second level provide prior beliefs about the initial states at the first level, while
posterior beliefs over first-level states are treated as observations by the second level. In
the example shown here, the first level includes two state transitions within each trial, so
that second-level beliefs evolve on a slower timescale.

These hierarchical architectures are crucial to model perceptual and cognitive phe-
nomena with nested temporal dynamics, or in contexts where local inferences must be
combined to capture higher-order regularities. An intuitive example is reading: the first
level infers the identity of individual words, while the second level integrates sequences of
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words to infer the meaning of a sentence or a narrative [1, 26].

1.4.5 Software environments and libraries for active inference

From a practical perspective, active inference models can be implemented in both MAT-
LAB and Python. On the MATLAB side, the SPM DEM/MDP toolbox provides mature
routines for discrete-time, discrete-state POMDP formulations, with unified functions
for simulation and inversion via variational message passing (e.g., spm_MDP_VB_X.m) [23,
3]. In the open-source ecosystem, pymdp offers a Python library targeted at discrete
POMDPs, with a modular API for simulating agents, computing expected free energy,
and performing policy selection and state inference [27]. More recently, the Julia package
ActiveInference.jl has also been introduced [28].

At the algorithmic level, besides classical variational message passing, tutorials and
research papers have promoted message-passing formulations designed to improve numer-
ical robustness [29, 19]. In parallel, the use of modern automatic-differentiation (autodiff)
frameworks (e.g., PyTorch, TensorFlow) is growing for optimization in deep and contin-
uous active inference models; these approaches are promising but not yet standard in
cognitive and computational neuroscience.

In terms of computational burden, forward simulations of discrete POMDP agents are
typically lightweight — runtime tends to scale approximately linearly with the number
of epochs, the size of the latent state space, and the number of evaluated policies. By
contrast, model inversion is more demanding. Indeed, simple models with few parameters
are often fitted in seconds to minutes on a modern laptop (using MATLAB/SPM or
Python/pymdp), while inversions for hierarchical or long-horizon tasks can require hours
[27, 29].
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Chapter 2

Understanding mechanisms of
voluntary engagement of mental
effort using active inference

The theoretical framework outlined in Chapter 1 provides a formal basis for understanding
perception and action as processes of inference under uncertainty. This chapter represents
a transition from theory to data: it applies the active inference framework to model
voluntary engagement of cognitive effort in a classical behavioral task. The results of this
work have been submitted for publication and are currently under review.

2.1 Introduction

Mental effort is a widely used notion in daily life, often associated with the concepts of
willpower and self-control. Students are told to put more effort into doing their home-
work. Adults may have to learn the appropriate balance in their job between insufficient
engagement and excessive exertion that may result in burnout and be ultimately inef-
ficient. Despite its common use, mental effort remains a somewhat elusive concept in
cognitive neuroscience [30]. Part of the problem is that mental effort has at least three
distinct connotations [31, 32, 33]. First, it may refer to how many cognitive resources are
automatically recruited by a task, which varies according to task difficulty. This aspect
of effort — which we will call exogenous effort and which is not necessarily conscious —
was the subject of Daniel Kahneman’s seminal work [34], where it was essentially equated
to attentional allocation (see also [35]). The second aspect of effort, which we will call
endogenous, is an executive one, related to self-control and the ability to voluntarily mod-
ulate the degree of engagement in a demanding task [30, 36]. The third dimension of effort
is an affective, consciously experienced one [37], usually related to the aversive feeling (but
not always, see [38, 39, 40]) associated with the performance of a laborious undertaking
[41, 42]. These three aspects may not be easily dissociable and are often closely linked, as
exemplified by the finding that emotional arousal not only facilitates physical effort but
also decreases the perception of effort [43].

Two other factors are woven deeply into the fabric of mental effort, namely individual
motivation and the foreseen consequences of our actions. Several researchers have argued
for an intrinsic relationship between the amount of cognitive effort invested in a task and
its expected reward, within a cost-benefit computational framework [44, 45, 46, 47|, often
from a neuroeconomic perspective [48]. A key role appears to be played by dopaminergic
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transmission and mesolimbic circuits [49, 50, 51, 52, 53, 54], although cholinergic, nora-
drenergic, and serotonergic processes are also likely involved [55]. Other scholars have
proposed that the subjective feeling of effort results from a prediction of the degree to
which the ongoing task will disrupt homeostasis [56, 57].

The active inference approach licenses a fresh outlook on the topic of cognitive effort,
by defining it as a divergence between the probability distribution over the courses of
action (policies), conditioned on the current context, and the probability distribution
over the same policies that reflect our habitual behavior [58]. Put more simply, whenever
we perform a demanding task, we face a tension between the behavioral strategy we would
follow ‘automatically’, and the one which is required for the correct performance. This
tension, or divergence, is taken as a direct measure of the amount of effort associated
with the performance. This approach is in line with descriptions of decision making as a
process that pits effortful policies against habitual ones [59, 60], which have been more
recently cast in terms of model-based vs. model-free strategy selection (see [61]).

Among the many experimental psychology paradigms designed to contrast habitual
responses, one of the most widely used is the Stroop color-word interference task. In
this task, participants are shown words that represent color names printed in different
colors. In the ‘word’ condition, they are asked to read the words, that is, to report the
displayed text. In the ‘color’ condition, participants are asked to report the font color of
the presented word. Crucially, in different trials, the text and font color may be congruent
(i.e., the word ‘RED’ in red fonts), or incongruent (i.e., the word ‘RED’ in green fonts).
Given our habitual tendency to read words, responding to stimuli by stating their font
color is a policy that requires more effort compared to the natural action of reading the
word text.

An active inference model of the Stroop task was recently shown to reproduce various
characteristics of actual behavioral and neurophysiological data [58]. The model relied
on two key parameters, ¢ and e, which were used to represent the participant’s motiva-
tion to perform the task correctly and the strength of their habitual tendency to read
words (rather than name their colors). The present study uses empirical behavioral data
collected from a sample of volunteers performing the Stroop task to invert an adapted
version of that model and recover individual estimates of ¢ and e. Crucially, a modifica-
tion of the experimental paradigm was introduced: participants were asked to perform
the task on different blocks either “with maximum exertion” or “as relaxed as possible”.
This modification follows a previous neuroimaging study [31] that demonstrated measur-
able differences in both behavior and functional imaging findings with this intervention.
Therefore, in addition to the erogenous effort demands of the classical Stroop task, an
endogenous effort component was introduced as an explicit experimental manipulation by
instructing participants to apply varying levels of voluntary effort. The aim of this study
was to investigate the processes that take place when people respond to encouragement
to exert more effort. More specifically, we want to assess the relative evidence for two
hypotheses about the processes underlying the intentional engagement of cognitive effort:
is voluntary effort mediated by (1) increasing the motivation for an optimal performance
(e.g., “I'll do the task as if it was the most important thing today”), or (2) suppressing
the automatic habitual response (i.e., reading the word)? A further two hypotheses that
follow from this are that both (1) and (2) may be in play, or that neither (1) nor (2)
provide adequate explanations for the deployment of voluntary effort. While this study
is behavioral, with no direct neural measurements, and limited in terms of what we can
say about the neural underpinnings of effort, there is a wide literature relating concepts

23



Understanding mechanisms of voluntary engagement of mental effort using active inference

of effort to specific aspects of brain anatomy and physiology, to which we will relate in
the Discussion (see Section 2.4).

2.2 Methods

2.2.1 Participants

Twenty volunteers (12 females; mean age: 27.9 £+ 5.7 years; range: 18-43 years) took part
in the study. A history of psychiatric or neurological disorders and use of psychoactive
medications were considered exclusion criteria. The study was carried out according to the
2013 version of the Declaration of Helsinki, after approval by the local Ethics Committee
(protocol number: CEAR 2024/0144289). Written informed consent to participate in the
study was obtained from all volunteers.

2.2.2 Experimental design

A version of the color-word Stroop task with a finger-press response modality via a button
box was implemented. Participants were instructed to focus on visual stimuli presented
on a laptop screen using the PsychoPy software [62]. The stimuli consisted of 4 colored
words (‘RED’, ‘GREEN’, ‘YELLOW’, and ‘BLUE’), which were displayed either in a
semantically matching font color for congruent trials (e.g., the word ‘RED’ in red fonts),
or in a non-matching font color for incongruent trials (e.g., the word ‘RED’ in green fonts).
The Stroop interference effect, which is deemed to reflect effortful cognitive control, refers
to participants exhibiting longer response times and a higher number of errors during
incongruent trials, compared to congruent ones.

Each participant completed four runs of the experimental task. Each run consisted of
96 trials, yielding a total of 384 trials. The intertrial interval (between a response and the
onset of the following stimulus) was set at 1 s, and the participants were not constrained
by a time limit for responding. Each run was divided into four blocks of 24 stimuli. In
two of these blocks, participants were asked to respond to font color, while in the other
two they were instructed to respond to the written text (Figure 2.1).

v )

WITH MAXIMUM
> EXERTION > BLUE

N

Figure 2.1. Structure of an experimental block. Prior to each block, participants were
informed by textual cues about the target (“respond to the text” or “respond to the font
color”) and the degree of effort they were expected to invest in it. The word stimuli were
presented centrally, with a bottom row of color names labels (in white ink) reminding the
participant of the position of the corresponding buttons on the response box.

Crucially, as in Khachouf et al. [31], participants were instructed to perform alternating
runs with two distinct levels of effort: (a) “with maximum exertion” (EXERT condition)
or (b) “as relaxed as possible” (RELAX condition). As a consequence, our experimental

24



Understanding mechanisms of voluntary engagement of mental effort using active inference

design had 3 factors: effort (EXERT or RELAX), target (word or color) and congruency.
Note that the instructions to the participants focused on differentiating their mental
attitude adopted in performing the task, rather than on achieving a better (more accurate
and fast) performance in the EXERT vs. the RELAX condition. Thus, the ensuing
changes in behavioral responses can be attributed to the participants’ attempt to execute
an intentional modulation of effort. The instructions were displayed in the center of the
screen for a period of 2 seconds at the beginning of each block, reminding the participants
to put in high or low effort right before performing the task (Figure 2.1). To avoid order
effects, runs and blocks were counterbalanced across participants. In order to ensure full
comprehension of the task, all participants completed a practice run prior to the start of
the actual data collection.

2.2.3 Subjective task-load ratings

At the end of each run, participants were asked to rate their subjective workload using the
NASA-TLX rating instrument [63]. This consists of six questions, presented in random
order, addressing the following phenomenological dimensions:

1. Mental demand: how much thinking, deciding, or calculating was required

2. Physical demand: the amount and intensity of physical activity required to complete
the task

3. Temporal demand: the amount of time pressure involved in completing the task

4. Effort: the degree of exertion required to maintain the participant’s performance
level

5. Performance: the perceived level of success in completing the task

6. Frustration level: how insecure, discouraged, or content the participant felt during
the task

Each question was displayed in the center of the screen, followed by a horizontal line
labeled ‘very low’ on the left and ‘very high’ on the right. Participants responded by
positioning a cursor on the line and their selection was subsequently converted to a score
of 0 to 10 (inverted scores were used for the Performance reports).

2.2.4 Descriptive and basic statistics of collected data

Accuracy and response time data were examined via standard descriptive statistics, strat-
ified by all experimental conditions. To confirm the presence of the Stroop interference
effect (congruent vs. incongruent), we performed a three-way repeated measures ANOVA
on median response times. Then, to verify the effectiveness of the experimental manip-
ulation, we performed Wilcoxon signed-rank tests comparing the average NASA-TLX
ratings of the EXERT and RELAX blocks. This was done separately for each of the six
NASA-TLX dimensions, and the results were corrected for multiple comparisons using
the Bonferroni method, with a significance threshold set at pe,.. < 0.05.
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2.2.5 Generative model of the experimental task

We adopted a modeling approach based on the theoretical framework of active inference
(see Chapter 1 for a full description). The model implemented in this study builds on a
recently proposed active inference model for the Stroop task [58], with important adapta-
tions tailored to our experimental design. In this section, the core structure of the model
is discussed, emphasizing the modifications introduced with respect to [58]. For readers
seeking a more comprehensive overview of the original modeling approach, I recommend
consulting the cited work; however, Figures 2.2 and 2.3 are designed to provide some
mechanistic intuition which should be sufficient to understand the core principles of the
modeling used here. The model is a hierarchical POMDP, with a higher (slow) level that
encodes task instructions and sequences, and a lower (fast) level that controls trial-specific
actions.

In our POMDP model, the potential actions of participants in response to task in-
structions are represented by alternative policies m. These policies can be viewed as
probabilistic beliefs about the type of response to issue (responding to the text or to
the font color of the stimulus), which subsequently determine the button pressed on the
button box. In our case, there are just two available policies, i.e., “report the word text”
or “report the font color”. Habitual actions — word reading, in this case — are represented
by assigning a higher prior probability, which translates to being ‘easier’ to perform. In
contrast, non-habitual actions — like font-color naming, here — are encoded with a lower
prior probability, which corresponds to the requirement of a greater cognitive effort.

The prior over policies before any observation is received has been described in Equa-
tion 1.12:

o = o(log £ — \G)

More specifically, the vector G represents the expected free energy and each one of its
elements can be expressed as G, = o, - (logo, + C), where the probability distribution
o, describes the expected observations under the policy m, and C' is a log-probability
vector encoding prior preferences over observations'. G scores the implausibility (i.e.,
improbability given prior beliefs) of each policy, penalizing risky courses of action (i.e.,
whose anticipated observations differ from prior preferences). On the other hand, E
quantifies the strength of habitual bias or mental habit (larger values of E indicate less
habitual policies). Note that, while the elements of C' score observations, the elements
of E score policies. Cognitive effort can be defined as the divergence between context-
insensitive prior beliefs (E) and context-sensitive beliefs about how to act in the present
contingencies (G).

Figure 2.2 provides a graphical representation of the model’s structure. The outcomes
of the slow level function as priors for the fast level and, in turn, the outcomes of the fast
level correspond to the observable data. At the slow level, the model features three hidden
state factors: an instruction state, which determines whether the task involves reading
words or identifying font color; a narrative state, which changes from an instructional to
a response context; a response modality, which is the only policy-dependent term in the
generative model and determines the strategy without influencing the observables directly

In general, there is an additional term in the expected free energy, dealing with the expected entropy
of the conditional distribution representing the beliefs about how hidden states generate observations,
but this is suppressed here as it is a constant for our model.
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Figure 2.2. Hierarchical structure of the generative model, with a higher (slow) level
encoding the task instructions and sequence, and a lower (fast) level encoding trial-
specific features. Arrows indicate statistical dependencies: only the boxes related by a
dependency are linked by an arrow. Given the values of the parameters ¢, e, A and «
(see main text), the generative model provides a probabilistic estimation of the action
u(c, e, A\, ) —i.e., a vector whose elements are the probabilities for each possible action
conditioned upon the parameters — enabling the simulation of both choice and response
time data. Indeed, the graph in the bottom-left represents the probability distributions
of response times according to the computed confidence in the next response choice,
while the inset in the bottom-right shows a simulated response choice for the ‘report
the font color’ condition.

(actions that affect directly the observables are specified at the fast level). The outcomes
of the factors of the slow level correspond to the three states of the fast level with the
same labels. There are three other state factors in the fast level: the color of the font;
the written word; and a state that reports the correctness of the chosen mental action,
comparing the instruction and response modality at the slow level. Crucially, this state
has no influence over the generated observations.

Figure 2.3 illustrates the dynamics of information processing in the model. In the
figure, each level is annotated with a brief description. From the perspective of someone
performing the task, we assume she has prior weightings as to which modality she expects
to respond with, which are used to contextualize (1) transitions in intended response
modalities from stimulus to stimulus as represented in slow level states. These states
provide prior weighting (2) for faster states that deal with the transition from a new
stimulus to a behavioral response (e.g., from observing the blue stimulus to declaring it
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Figure 2.3. This figure is designed to provide some mechanistic detail on how the
model assumes participants solve the task of deciding how to respond to a given
stimulus presentation for the Stroop task. This is designed to be an accompaniment
to Figure 2.2, which details more specifics of how the model was set up to estimate
behavior in our analysis.

blue). The prior (2) and observational evidence (3) are combined through variational
inference to update these faster states. Still in the fast level, after transitioning (4) from
a viewing to a response state, the response is sampled (5) from a predictive distribution
(which depends upon 1-4) over possible responses. The fast states inferred at this stage
can be used to update the slower states (6) and the policy (7) through variational inference
such that revised priors can be brought to bear on the next stimulus presentation.

The formulation of the generative model here has a few subtleties worth unpacking.
The policy variable at the highest level of the model in Figure 2.3 represents decisions
about the modality to which we should attend, and not the words and colors themselves.
This influences the trajectories of the slow states to form weights for the two modalities.
These weights influence the fast states such that the distribution of predicted response
(from which the measured response is assumed to be sampled) is a weighted combination
of the color and word displayed. As this is a probabilistic weighting, the weights assigned
to each modality sum to one, meaning facilitation of one modality necessarily means the
suppression of the other. In effect, the (potentially opposing) influence of prior habits
and preferences jointly determines the relative weights.

Our analysis focused primarily on the probability vectors C' and E which, as described
above, reflect the motivation to perform the task well and the habitual bias toward reading
the word (wvs. stating the font color), respectively. In the computational model, these
vectors were expressed via their log-scaled forms, ¢ and e, so that:

C=explc)- 1 =17
p(c) - [ ] : 2.1)
E =exp(e)-[0.3 —0.3]
Higher values of ¢ indicate a stronger preference for accurate performance, while higher
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values of e indicate a greater strength of the habit to automatically read the word and thus
the need for increased cognitive effort to suppress this habitual response. The interaction
between these parameters reflects various individual scenarios, such as cases where a
strong motivation for accuracy (c) can mitigate the impact of a strong habitual tendency
(e) toward word reading over font color naming. Note that in [58], the E vector was defined
as F = exp(e)-[0.8; —0.8]. For e = 0, it corresponded to a probability of responding to the
word text (instead of to the font color) of 85%. In our empirical behavioral data, however,
the difference in reaction times between incongruent and congruent trials was smaller than
that in the simulations of [58]. Accordingly, we adopted a smaller multiplication factor,
reflecting a reduced prior bias toward responding to the word text.

Response choice

The generative model enables simulation of response choices as actions. Instead of simply
selecting the most probable action, actions are generated by sampling from a probability
distribution u, given by the expected observation at the next time step (itself determined
by averaging observations conditioned upon policies under a distribution 7 that scores
alternative policies based upon their expected free energy for the next time step). A
softmax function o is applied to the log outcome distribution weighted by a parameter A
to account for uncertainty in action not captured purely by this observation distribution:

uy =u(c,e,\) =0 ()\ log ) 7y - O7r,t+1> AERT (2.2)

Effectively, this means that the next controllable observation o,,; — i.e., the button
press — is sampled from w,. ;. The parameter \, typically referred to as ‘inverse temper-
ature’, regulates the level of stochasticity in action selection. Higher values of A result in
more deterministic actions, whereas lower values increase variability in decision-making.

Response times

Response times can also be simulated by the model, according to the level of confidence
of the agent about her response choice, following a common approach in drift-diffusion
models of decision-making [64]. More specifically, the response time is modeled here as a
function of the entropy of the predicted response choice distribution at the next time step,
Hiyy = —uyqq - log(ugy ). Higher entropy values correspond to longer response times:

1
re i =r(c,e, N\, ) = exp(a)exp(n + Hyyq) n ~ N (0, 1—6) aeR (2.3)

In this equation, the entropy term can be interpreted as the logarithmic drift rate that
governs decision time, with the Gaussian random variable n accounting for the stochastic
component of diffusion [64]. The constant exp(«) represents the baseline response time
under conditions of maximum confidence, where entropy approaches zero. In essence, a
represents the minimum expected response time, i.e., when the subject is fully certain
about her response choice; at each trial, within the active inference model, this minimum
reaction time is adjusted by an amount represented by the entropy H.

Simulated behavior

A characteristic feature of many behavioral tasks, including the Stroop, is a speed-accuracy
trade-off, whereby attempting to respond more quickly often causes a decrease in accuracy.
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Since the question of whether investing more effort in a task affects speed, accuracy,
or both is a relevant one, it is important that the simulated behavioral data from our
generative model exhibit a realistic relationship between speed and accuracy.

Figure 2.4 shows the accuracy and response times of the data generated by the model
using various values of the parameters ¢ and e. In panels A and B, when c is slightly below
0 (leftmost columns), an increase in e results in decreased accuracy and faster response
times. This means that when the motivation for performing the task well is low, the
presence of strong habitual behaviors that are discordant with the task requirements will
prevail, producing quick but inaccurate responses. In contrast, in the rightmost columns
of the grid plots, where c¢ is greater than 0, increasing e values lead to a (small) decline
in both accuracy and response speed. In other words, when motivation is strong, we will
generally observe fast and accurate responses, with only slight decreases in performance
as the cognitive demands of the task (in terms of its deviation from habitual behavior)
increase. Panel C of Figure 2.4 illustrates more explicitly the speed-accuracy trade-off for
various values of the ¢ and e parameters.

2.2.6 Model fitting and parameter estimation

We now turn to the central aim of the present approach: to infer the values of hidden causal
factors of behavior from measures of task performance and use these to test hypotheses.
In our case, this involves estimating the values of the parameters ¢, e, A\, and « for each
participant, by fitting the generative model to the observed data (response choices and
response times) via a Variational Laplace procedure (see Section 1.4.3). Our analysis was
implemented in MATLAB 2024b, using the functions of SPM toolbox (see Section 1.4.5).

Single-subject level

Our modeling approach uses as data not only the overall accuracy of the responses, but
also the sequence of choices (i.e., button presses), allowing for sequential effects to inform
model fitting. Therefore, the log-likelihood £ we used for model inversion depends on
both response choices and response times, according to the following formula:

1
L(re, 0,06, N ) =Y log(op - wp—1) — E(log re +uy - logu, — a)? (2.4)
t t

choices response times

where o; denotes the observed response choice (as a one-hot vector?) and r; denotes
the response time at time step .

Bayesian inference requires the definition of prior distributions for the model param-
eters. In our case, all prior distributions were chosen as Gaussian, resulting in normal
posteriors. The prior means of ¢ and e were set at 0. In this way, the prior preference

2A one-hot vector is a vector that is zero everywhere except for a single position where it values one.
Our response vector has five levels, corresponding to the four different button presses plus a null level,
representing the absence of a response. As instance, a response issued by pressing the second button in
the button box will be coded as o, = [0, 1,0,0,0]. As a consequence, the dot product o;-u;—; in Equation
2.4 extracts the probability assigned to the chosen action.
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Figure 2.4. Panels A and B illustrate the average accuracy and response times, re-
spectively, for simulated data under different prior beliefs. Panel C integrates this
information into a two-dimensional plot, illustrating the relationship between speed
and accuracy across different fixed levels of motivation (¢) and habit (e). The gradient
of the curve may be either positive or negative, indicating that an increase in speed can
be associated with either a decrease or an increase in accuracy. In all these simulations,
the other parameters were set as follows: A = i, a = ln(%), which correspond to the
values used in the simulations from Parr et al. [58]. Note that the graph includes some
zones of very poor accuracy, which correspond to high values of e and low values of c.
As our actual behavioral data did not exhibit such low levels of performance, we did
not expect to recover the corresponding combination of parameter values, and indeed,
these were not obtained.

(encoded as a probability) for being correct was set at exp(2) &~ 7.4 times the prior pref-
erence for being incorrect?; as for the prior bias for habitual policies, our specification of
the E vector implied that 65% of the time the participant expected to read the word,
while 35% of the time she expected to name the color*. In order to ensure the positivity

3The prior preference for choosing the ‘correct’ response modality (the one prescribed by the instruc-

tions) at the slow level was defined as C' = exp(c) - [1;—1]7. As a consequence, a prior value of ¢ = 0
corresponds to a log-probability vector C' = [1; —1], where the first event is exp(1)/exp(—1) = exp(2)

more probable than the second.

4Cognitive demand is represented as a log-probability vector E = exp(e) - [0.3; —0.3]T. A prior value

of e = 0 corresponds to a log-probability vector E = [0.3; —0.3]. When applying the softmax operator,

this results in a probability of exp(0.3)/(exp(0.3) + exp(—0.3)) ~ 0.65 for the first event
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of the parameter representing the stochasticity (or inverse temperature) in the model, we
defined A = exp(¢) and modeled ¢ using a Gaussian prior with a mean of In(1). Finally,
the parameter « (associated with the lower bound of response times) was modeled using
a Gaussian prior of mean In(3).

As for the variance of the Gaussian priors, we used % for all parameters. This is a
rather large value when dealing with log parameters, meaning that we are not using strong
priors. In other words, we are allowing these parameters significant flexibility to deviate
from their initial values, ensuring that our model fitting is predominantly guided by the
data.

The data from the EXERT and RELAX runs were used to fit the model separately for
each of the 20 participants, yielding a total of 40 sets of model parameters. To evaluate
the model’s predictive reliability, we also conducted posterior predictive checks. Indeed,
for each participant and each of the eight experimental conditions (effort x target X
congruence), we generated simulated behavioral data by sampling from the generative
model using parameter estimates obtained from the original model inversion. Simulated
data were processed identically to empirical data to compute average response times (RTSs)
per participant—condition combination. To quantify the agreement between simulated
and observed data, we regressed the mean observed RTs on the mean simulated RTs
using a Bayesian linear mixed-effects model with random slopes for both participants
and experimental conditions. Finally, a parameter recovery analysis was performed. For
each participant, we simulated behavioral data using the fitted parameters (c and e) and
re-inverted the model to obtain new parameter estimates.

Group-level

The group-level analysis aimed to determine whether the motivation parameter (¢) and
the bias parameter (e) differed between the two effort conditions. To address this, we
applied Parametric Empirical Bayes (PEB; [65]), which updates individual estimates and
predicts group-level ¢ and e parameters, representing the difference between the EXERT
and RELAX conditions. This approach mitigates overfitting and is well-suited for small
sample sizes.

PEB requires the specification of a design matrix to account for sources of variability
between subjects. While the first column contains all ones and represents the intercept,
the second column typically refers to the effect of interest; in our case, it contained 1
for EXERT models and 0 for RELAX models. The remaining columns captured the
subject-specific variability and were mean-centered® (Figure 2.5).

Bayesian Model Reduction (BMR; [65]) tests reduced versions of the full model ob-
tained with PEB, selecting the most plausible one and highlighting key group-level effects.
We used BMR to compare four models: the full model, which includes the effect of vol-
untary effort on both ¢ and e; a null model with no effect of voluntary effort on either
parameter; and two models with the effect of voluntary effort on only one parameter. In
the BMR scheme, if a model has a posterior probability greater than 90% its parameter
estimates are taken as the final values. Otherwise, the final estimates are computed as a
weighted average of the estimates from all the models, where the weights are the posterior
probabilities of the models (i.e., Bayesian model averaging). Credible intervals are also

5For instance, the second column assigns 1 to both cells corresponding to the first participant and
—2/(40 — 2) =~ —0.0526 to all other cells.
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Figure 2.5. Design Matrix of the PEB analysis. The first column represents the
intercept, while the second refers to the effect of interest, which is the effect of
intentional effort on motivation ¢ and bias e. The first twenty rows represent the
parameters relative to the EXERT data, and the last twenty rows the parameters
relative to the RELAX data.

computed using this procedure, thus we considered a posterior probability of being non-
zero higher than 90% as a criterion for reasonable evidence of the effect of voluntary effort
on the specified parameter. This allowed us to test if voluntary effort is mediated by (1)
increasing motivation for being correct, (2) suppressing the automatic habitual response,
by both (1) and (2), or by neither (1) nor (2).

2.3 Results

2.3.1 Descriptive and basic statistics of collected data
Accuracy and response times

The observed accuracy and response times are presented in Table 2.1 and Figure 2.6.
In both the EXERT and RELAX blocks, the color incongruent condition — where par-
ticipants had to respond to the font color and the stimulus was incongruent — yielded
the lowest accuracy and the longest response times. Performance in the word incongru-
ent condition — where participants had to respond to the stimulus text and the stimulus
was incongruent — was comparatively better, even if it remained slower and less accurate
than in all congruent conditions. In the RELAX condition, response times were generally
slower compared to the EXERT condition, although a relevant reduction in accuracy was
only observed in the color-incongruent condition (94.0% vs. 95.7%).

Within-subject statistical analysis on the Stroop effect

A three-way repeated-measures ANOVA was performed to investigate the effect of effort
(EXERT vs. RELAX), target (color-naming vs. word-naming), and congruency (congru-
ent vs. incongruent), as well as their interactions, on median response times. The results
are shown in Table 2.2.

The analysis revealed a significant main effect of effort, indicating that participants
responded faster during EXERT compared to RELAX trials (p < 0.001). A robust main
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Figure 2.6. Graphical representation of the observed behavioral data. The left
column illustrates accuracy across the various conditions (error bars represent
within-subject standard errors), while the remaining two columns display the
distributions of the observed response times for the two tasks (‘report the font
color’ and ‘report the word text’).

Table 2.1. Average values for the observed accuracy and response times (RTs) across
all eight conditions. For response times, within-subjects 95% confidence intervals (CI)
were computed using the standard Student’s t-based interval on the distribution of
participant-level mean response times.

effort  target congruency average accuracy average RT  RT 95% CI

EXERT color  congruent 98.2% 594 ms 531 - 657 ms
EXERT color incongruent 95.7% 719 ms 647 -791 ms
EXERT word  congruent 98.4% 607 ms 556 - 659 ms
EXERT word incongruent 96.8% 704 ms 638 - 770 ms
RELAX  color congruent 98.0% 694 ms 628 - 761 ms
RELAX color incongruent 94.0% 859 ms 774 -945 ms
RELAX word  congruent 98.0% 700 ms 638 - 762 ms
RELAX word incongruent 96.7% 806 ms 727 - 885 ms

effect of congruency was also observed, with slower responses for incongruent relative to
congruent stimuli (p < 0.001). No significant main effect of target was found (p = 0.559).

Importantly, a significant interaction between effort and congruency (p = 0.017) sug-
gests that the Stroop effect was modulated by effort, with a reduced interference effect
in the EXERT condition. The interaction between target and congruency did not reach
significance, although the result approached the threshold (p = 0.063), indicating a trend
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Table 2.2. Within-subject effects obtained from a three-way repeated measures
ANOVA on median response times.

Within-subject effect Estimate df F P
Effort 0.360 19 21.880 < 0.001
Target 0.005 19 0.353 0.559
Congruency 0.406 19 89.065 < 0.001
Effort * Target 0.001 19 0.310 0.584
Effort * Congruency 0.008 19 6.870 0.017
Target * Congruency 0.022 19  3.896 0.063

Effort * Target * Congruency 0.002 19  1.200 0.287

toward differential interference between color-naming and word-naming tasks.

To further investigate these effects, contrast analyses were performed comparing the
Stroop effect (incongruent vs. congruent) across the four combinations of target and
effort. Also, the effect of effort on the Stroop effect was tested. Results are reported in
Table 2.3. The Stroop effect was found to be present for both levels of target and both
levels of effort. However, the effect of effort on the Stroop effect was significant only in
the color-naming task. Thus, only in the color-naming task the intentional increase in
applied cognitive effort reduced the interference typically observed in the Stroop effect.

Table 2.3. Contrast analysis examining the Stroop effect (incongruent vs. congruent
response times) across effort and target conditions.

Contrast Estimate df t )
0.103 19 8.625 < 0.001

color: EXERT (incong. vs. cong.)

color: RELAX (incong. vs. cong.) 0.146 19 6.269 < 0.001
word: EXERT (incong. vs. cong.) 0.071 19 6.713 < 0.001
word: RELAX (incong. vs. cong.) 0.083 19 3.549  0.002
color: RELAX (incong. vs. cong.) - EXERT (incong. vs. cong.) 0.044 19 2306  0.033
word: RELAX (incong. vs. cong.) - EXERT (incong. vs. cong.) 0.012 19 0732 0.473

Subjective task load measurements

Three of the six NASA-TLX dimensions had statistically significant differences between
the EXERT and RELAX blocks. Specifically, in the Wilcoxon signed-rank tests, higher
values for the EXERT, compared to the RELAX, runs were reported for mental demand
(mean 6.57 vs. 5.15, effect size 0.87, 95% CI [0.72,0.96], p < 0.001), temporal demand
(mean 5.24 vs. 3.87, effect size 0.96, 95% CI [0.90,0.99], p < 0.001), and effort (mean 6.74
vs. 4.83, effect size 0.99, 95% CI [0.97,0.99], p < 0.001).

2.3.2 Model fitting and parameter estimation
Single-subject level estimation

Figure 2.7 illustrates the model’s parameter estimates across subjects. While the motivation-
related parameter c had tight credible intervals and is consistently larger in the EXERT
condition, the habit-related parameter e showed greater variability among participants.

35



Understanding mechanisms of voluntary engagement of mental effort using active inference

We did not observe any significant correlation between the NASA-TLX ratings and the
estimated values for the ¢ and e parameters — both separately for the EXERT and RELAX
conditions, and for the EXERT-RELAX differences.
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Figure 2.7. Posterior estimates and credible intervals for the parameters c, e, A, and «
in terms of their deviation from prior values.

Posterior predictive check and recovery analysis

The Bayesian linear mixed-effects model with random slopes for both participants and
experimental conditions used for posterior predictive checks yielded a posterior median
slope of 0.95 (95% CI [0.74, 1.17]) and an intercept of 0.11 (95% CI [-0.04, 0.26]), indi-
cating a close correspondence without systematic bias. Figure 2.8 reports a scatterplot
comparing observed and simulated response times.

Values obtained from the recovery analysis were strongly correlated with the original
ones (r = 0.90, p < 0.001 for ¢; r = 0.89, p < 0.001 for e), indicating excellent preser-
vation of the inter-individual ranking. A Bland-Altman analysis [66] further revealed
negligible mean bias (—0.08, 95% limits of agreement [-0.81, 0.48] for ¢; —0.01, 95% limits
of agreement [-0.70, 0.68] for e), suggesting no systematic over- or underestimation across
the parameter space.

Note that also in [58] the authors simulated data based on various combinations of
prior mean values for ¢ and e. Then, they inverted the generative model and the estimates
were compared to the hypothesized values of ¢ and e. Their results showed that the
recovered estimates for the ¢ parameter were in good agreement with the original ones.
For the e parameter, while their recovery was relatively poor, the rank order was preserved
(i.e. higher hypothesized values of e were associated with higher posterior values of e).
However, it is worthwhile to note that the values chosen in [58] for the prior mean of
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Figure 2.8. This scatterplot compares mean observed response times (RTs) and corre-
sponding simulated RTs across all participants and experimental conditions (each point
represents one participant—condition combination). The dashed diagonal line indicates
perfect agreement between observed and simulated data.

the parameters were relatively small, ranging between —0.25 and 0.25. In contrast, the
estimated values for the parameter in this study moved further away from zero. This might
be due to a number of factors (including our specific manipulation of engaged effort), and
it justifies the application of a specific recovery analysis on our real behavioral data.

Group level analysis

For a rigorous group analysis, we employed Parametric Empirical Bayes (PEB) followed
by Bayesian Model Reduction (BMR), to investigate how the ¢ and e parameters can
explain the effect of intentional investment of effort in the task. This analysis identifies
the model that best explains the observed differences between the EXERT and RELAX
conditions.

The left panel of Figure 2.9 shows that, although the ‘full model’ that includes the
effect of effort on both the ¢ and e parameters exhibits the highest posterior probability
(65.3%), the model with effort affecting only the ¢ parameter also demonstrates a sub-
stantial posterior probability (34.7%), while the model considering only e has a negligible
posterior probability. As all models have a posterior probability less than 90%, the final
parameter estimates are computed as a weighted average of the estimates from all models,
where the weights are their posterior probabilities.

Therefore, ¢ is the only parameter whose variation with respect to endogenous effort
has a probability of being non-zero higher than 90% (Figure 2.9, middle and right). This
finding suggests that the intentional engagement of effort primarily affects motivation,
as the parameter ¢, in contrast to the parameter e, is significantly higher in the EXERT
condition compared to the RELAX one. Nevertheless, the findings of this group-level
analysis do not preclude the possibility that, for certain individuals, endogenous effort
may be mediated by changes in the e parameter.
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Figure 2.9. Results of group-level analysis. BMR was used to compute posterior prob-
abilities of four models: a ‘full model’ that included both ¢ and e, a ‘null model’ that
excluded both, and two models that included only one of the parameters. The left panel
shows the posterior probability for each model, with an horizontal line indicating the 90%
probability level. The middle panel displays the posterior probability of being non-zero
for each second-level parameter (representing the difference in ¢ and e between EXERT
and RELAX blocks). These values are computed as the sum of the posterior probabilities
of the models where these parameters are present; for example the posterior probability
of group-level ¢ is the sum of the posterior probabilities of the full model and the ‘only
¢’ model. Note that the full model has a larger posterior probability than the one which
includes only the ¢ parameter, providing some evidence for the relevance of both param-
eters in explaining the data. However, this can be nuanced by computing final parameter
estimates from a weighted average (i.e., Bayesian model averaging), where the weights
are the posterior probabilities of the models. Indeed, the right panel of the Figure shows
these weighted averages with 90% credible intervals. From this graph, we can see that
the final posterior probability distribution for group-level e parameter has 90% credible
intervals that include zero. As such, if we apply an arbitrary 90% thresholding, we would
be unable to conclude that this parameter differ between EXERT and RELAX condition.

2.4 Discussion

We studied the effects of intentional investment of mental effort, using a Stroop task
and asking participants to perform it with maximum exertion (EXERT) or as relaxed
as possible (RELAX), in alternating runs. Incongruent stimuli in the classical Stroop
task already require a degree of cognitive effort to suppress the automatic tendency to
read the text in favor of identifying the font color. Thus, in addition to this exogenous
effort, which reflects the cognitive load imposed by task demands, our experimental design
introduced an explicit endogenous component of effort, namely a voluntary modulation
of the participant’s investment in performing the task. While exogenous effort is driven
by task difficulty, endogenous effort involves self-regulation and intentional control. As
the experimental conditions EXERT and RELAX differed only in the instruction about
how to do the task (not about what to do), the observed behavioral differences between
the two conditions can be interpreted as reflecting the cognitive processes associated with
the attempt to intentionally vary the degree of invested mental effort.

Parr et al. [58] developed an active inference model of the word-color Stroop task
simulating known features of task performance under a novel conceptualization of the
construct of mental effort. We used a slightly modified version of this model and fitted it
to actual performance data from the Stroop task. This approach allowed us to evaluate
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the relative evidence of two hypothesized mechanisms of intentional effort: a weakening
of the compulsive power of habitual policies, on the one hand, and an increase of intrinsic
motivation, on the other. One could ask why, given that many Stroop paradigms make
use of only the color-naming condition, we have elected to also include a word reading
condition. The reason for this is that, in estimating the e parameter, dealing with the
habitual effect of word reading, it is useful to be able to vary the demands placed on this
parameter over and above the effects of some trials being incongruent.

The results showed that voluntary engagement of effort in the EXERT condition was
associated with a significant increase in the motivation parameter (c¢) only, suggesting that
what participants do when asked to engage maximum effort is to endogenously intensify
their motivation, possibly by modulating precision weighting of connections in reward
circuits. This seems plausible as the alternative — i.e., modifying directly the strength of
our behavioral habits — may not be feasible in the sense that we may not have direct,
operational access to the relevant mechanisms (or more simply that modifying habit
strengths requires a longer time frame and cannot be performed in real time). It is also
possible that this autonomous intensification of motivation is implemented by activating
reward-related processes (not necessarily in an explicit, conscious manner), which would
align with experimental data showing that increasing the magnitude of a reward leads to
greater effort investments [67, 68] and improves executive function [69].

It is important to qualify some of the language used. Statements about motivation
and demand here refer explicitly to the inferred parameters ¢ and e, which may or may not
reflect commonly held psychological definitions of these attributes — although we suggest
that they do reflect a formalization of at least some definitions. In other words, stating
that ‘an instruction to voluntarily exert oneself led to an increase in their motivation’ is
really shorthand for saying that it led to an increase in the estimate of the ¢ parameter
that best explained their behavior. The meaning of the ¢ and e parameters comes from
their influence over decision making in the models in which they appear. The former de-
termines the degree to which a decision is made to maximize the probability of a particular
outcome, while the latter determines the degree to which a decision is biased in a context-
independent manner, which may have been accumulated following repeated performance
of those same decisions over time. Outside of the Stroop task, similar parameters have
been estimated in the context of motivated decision making tasks, including studies of
substance abuse disorders [70], pharmacological studies of serotonergic function [71], and
even in saccadic exploration tasks [72].

Although the mechanisms corresponding to the hypotheses cited above can both be
seen as instances of mental action — i.e., precision modulation from the point of view
of active inference [73, 74] — they differ arguably in the neural locations where precision
changes would be respectively implemented. In a previous fMRI study with a similar
experimental design, Khachouf et al. [31] observed significant activity changes triggered by
the instructional cue to apply intentional effort to the Stroop task in a wide mosaic of brain
regions, including areas belonging to the salience network (anterior/middle cingulate and
anterior insula cortex), to the fronto-parietal attentional network (superior parietal cortex,
supplementary and pre-supplementary motor area, frontal eye fields and superior frontal
gyrus, dorsolateral prefrontal cortex), to the corpus striatum of the basal ganglia, and
to the midbrain arousal system. Research on the neural bases of motivational processes
has consistently implicated the circuits supporting salience detection, attentional control
and reward [75, 76], with a particular focus on dopaminergic transmission [77, 78]. In the
clinic, the emergence of apathy in neurological conditions — especially in Parkinson’s and
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Alzheimer’s diseases, but also in stroke — has been associated with functional impairment
and anatomical atrophy in many of the same regions, in particular the medial frontal
cortex and the striatum [79, 80]. Parr et al. [58] proposed a tentative mapping of the
model’s architecture onto a subset of the brain regions listed above — see Figure 4 in the
cited reference. Also, a recent study using a transcranial stimulation protocol during an
N-back task, demonstrated the causal role of dorsolateral prefrontal cortex in motivating
the engagement of effortful cognitive control [81].

On this basis, it may be reasonable to hypothesize that the observed difference in the
estimated values of the ¢ parameter between the EXERT and RELAX conditions reflects
a process of precision weighting of the connections among the midbrain, dorsomedial stria-
tum, prefrontal cortex, anterior cingulate and insular cortex, primarily deployed through
the neuromodulatory action of catecholamines. Habit-driven, context-independent behav-
ior has been linked to the activity of the dorsolateral striatum — the posterior putamen
in humans [82] — within a circuit including sensorimotor and premotor cortices. On the
other hand, goal-directed, context-dependent behavior has been associated with the dor-
somedial striatum — mainly the caudate nucleus — which is connected to lateral, medial,
and orbital prefrontal regions, cingulate cortex, and other associative areas (see, e.g., [83,
84, 85]). In [31], the intentional engagement of effort in a Stroop task was associated
with a markedly increased activation of the dorsomedial striatum along with other re-
gions mentioned above but, notably, no significant change of activation was observed in
the dorsolateral striatum. Although this aligns with the present findings of an increase of
the motivation-related parameter ¢ — rather than the habit-related parameter e — driven
by intentional effort, the mapping of the observed effect onto specific neural circuits re-
mains speculative at this stage and will have to be verified by future imaging studies with
targeted functional connectivity analyses.

Several factors motivated the decision to model our data using an active inference
approach. First, this framework is particularly well suited for studies with limited sam-
ple sizes, especially in clinical populations where recruitment may be challenging. This
is because it explicitly captures uncertainty in parameter estimates, helping to quantify
whether additional data are needed, but also because it uses the full sequence of behavioral
measurements for each participant, rather than having to rely on summaries like overall
accuracy and average response times. Furthermore, each individual can be well character-
ized in terms of precise individual estimates, improving the inferences at the group level
if between-subject variability is not excessive. Second, active inference allows for the es-
timation of model parameters representing causal factors that are not directly observable
but are meaningfully interpretable, thus making it possible to explicitly test specific hy-
potheses about behavior and decision-making that depend on such hidden factors. Third,
the active inference framework naturally accounts for two sources of variability in be-
havior: the normal trial-to-trial variation (the choices are sampled from a probability
distribution) and a more general random variability implemented via the inverse temper-
ature parameter \; this latter feature enables the model to capture phenomena such as
distraction, which can lead participants to make errors that do not depend on motivation
or task demands. Finally, our operational definition of effort in terms of the divergence of
context-dependent actions from context-independent habitual policies — effectively a cost
functional — is consistent with current characterizations of effort as a cost-benefit decision
process within a neuroeconomic theoretical framework [45, 86, 87].

In summary, we have demonstrated the feasibility of a modeling approach based on
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active inference to the estimation of parameters related to effort and motivation from be-
havioral data collected during a Stroop task. While this is one of the few studies to date
in which active inference with model inversion has been applied to recover parameter esti-
mates from actual observed data — and in particular, with the use of a deep temporal model
— it is important to recognize some limitations. First, due to the use of a two-level gen-
erative model and the collection of hundreds of trials per participant, the computational
time required for model inversion is substantial, even when utilizing a high-performance
computing system. Second, the model was tested only on healthy participants, thus its
applicability to patient populations — an extension we consider both promising and rel-
evant — will need to be separately assessed and may require modifications to the model
to accurately reproduce behavior. Third, in our study, the psychological meaning of the
¢ parameter could not be directly confirmed by specific first-person ratings targeting mo-
tivation (which we did not collect), nor was motivation independently manipulated in
the experimental paradigm (e.g., via different amounts of monetary rewards), thus our
interpretation will need to be verified by future studies. Fourth, the employed experimen-
tal setup did not include a condition with a ‘natural’ (i.e., uninstructed) level of applied
effort, thus both the EXERT and the RELAX conditions may represent a deviation from
the natural level of effort investment. Fifth, since we did not include text stimuli without
semantic content (e.g., the string ‘XXXX’ in colored fonts), we were not able to assess
whether the manipulation of intentional effort influenced response facilitation (better per-

formance on congruent trials), interference (worse performance on incongruent trials), or
both.

It is also important to note that, while we found evidence for an association between
the voluntary deployment of cognitive effort, our model was applied only to a specific
cognitive task. Although the Stroop paradigm has often been used to study cognitive ef-
fort, the latter can involve various control mechanisms in different tasks or contexts — e.g.,
suppression of prepotent responses, increased attentional allocation to targets, enhanced
suppression of distractors [88] — thus our findings may not be directly generalizable to
all these different scenarios. In thinking about whether, and to what extent, the find-
ings here generalize to other settings and tasks, consider if we had asked participants
to specifically exert themselves to perform the task quickly. Here, we might expect to
have to define preferences — and habits — over the timings of their responses. While such
questions are vitally important in effort research, where speed-accuracy trade-offs are key
measures of the deployment of effort, this appears to be a different sort of instruction.
In principle, one could model this paradigm and might see a decrease in accuracy as
the preference for faster responses increases (or as habitual biases favoring slower, more
deliberative, responses are suppressed). Furthermore, the choice of the model and its pa-
rameters was informed by the general scheme of the active inference framework, leading
to the working definition of mental effort as the divergence between habitual actions and
context-dependent policies. This is a rather abstract definition and does not get into the
details (and, consequently, nor does the model) of how the high-level constructs of moti-
vation and habit exert a causal influence on specific control mechanisms. Indeed, there
is evidence for a complex role of cognitive control in the Stroop task through a variety
of potential mechanisms [89, 90, 91], but investigating this was beyond the scope of our
study. To some extent, our model is also agnostic about the mechanisms of deployment
of voluntary effort. One could, in principle, propose a further higher level for the model
at which decisions about modifications of either automatic response suppression or pref-
erence enhancement are made. In other words, these results do not preclude the narrative
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that “I have a preference for deploying more exertion because I have been asked to, and
in doing so will enhance my preferences to suppress the automatic response”. While this
is an interesting direction for future research, it would likely be impractical to efficiently
fit models of this size to data to answer these questions.

Despite the limitations, this work opens up significant opportunities for future re-
search. As mentioned above, it can be potentially extended to clinical populations to
investigate how conditions such as fatigue or psychological burnout are related to motiva-
tion and effortful engagement, which may have both important diagnostic and therapeutic
implications. Furthermore, the computational framework developed in this study could
be adapted to other neuropsychological tasks — e.g., the emotional Stroop [92, 93] — fa-
cilitating the development of normative models to support neurologists in the diagnostic
pathway.
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Chapter 3

Mathematical approaches for clinical
research in neuroscience

This chapter presents some mathematical approaches for clinical problems. These works
have been carried out within the European project UnaWireD, funded by the European
Research Council, under the supervision of Prof. Giovanna Zamboni and in close interdis-
ciplinary collaboration with neurologists and neuroscientists. Throughout the three years
of my doctoral studies, my activities have covered the design, the collection, and the anal-
ysis of behavioral and neuroimaging data, as well as the development of computational
models to explain the mechanisms underlying cognitive impairments.

3.1 Age-specific prevalence of the different clinical
presentations of Alzheimer’s disease and fron-
totemporal dementia in young-onset dementia

The first work presented refers to a project on the age-specific prevalence of Alzheimer’s
disease (AD) and frontotemporal dementia (FTD). My main contribution was the develop-
ment and implementation of mathematical models used to estimate the disease prevalence
across age groups. Specifically, I worked on the formulation and application of generalized
logistic regression functions to characterize the trajectories of both typical and atypical
clinical presentations of AD and FTD. This contribution was central to the results re-
ported in [94].

3.1.1 Introduction

Of all the causes of late-onset dementia, AD is certainly the most common one, accounting
for 70% of the cases [95]. The prevalence of AD increases with age across the entire
age spectrum [96, 97] including ages before 65 [98, 99, 100]. However, it is not known
whether the age-related increase in the prevalence of AD concerns only the most frequent
amnestic presentation, or also affects atypical presentations such as the logopenic variant
of primary progressive aphasia (IvPPA; [101]), posterior cortical atrophy (PCA; [102]),
and the behavioral-dysexecutive variant (be-dAD; [103]).

In young-onset dementia (YOD; dementia occurring before the age of 65), some studies
have reported similar prevalence for AD and FTD [104]. Epidemiological work focusing
on YOD suggested that FTD prevalence peaks between 55 and 59 years [98, 99, 105,
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106], whereas other studies indicated that prevalence may continue to rise at older ages
[100, 107]. As with AD, it is unknown whether age-related trends are shared across FTD
clinical presentations or primarily driven by its most common variant. Here, we focus
on the three FTD syndromes: the behavioral variant (bvFTD) and the two language
variants, nonfluent (nfPPA; [101]) and semantic (svPPA; [101]).

The purpose of the research presented here is to study the prevalence by age of onset of
different presentations of young-onset AD and FTD in a population-based study. Focusing
on YOD allowed us to have a clearer classification of different diagnosis, as co-pathology
is less frequent than in older-onset dementia [108].

3.1.2 Methods
Data collection

Young-onset AD and FTD cases were identified in a previous study conducted in the
province of Modena, Northern Italy, involving all the residents alive on census day (June
30th, 2019) who had received a diagnosis of YOD [109]. Exclusion criteria were: coexisting
diagnoses of developmental disorders, longstanding history of schizophrenia and bipolar
disorder, cognitive impairment in the context of a neurological disorder in which non-
cognitive symptoms were the most disabling, age younger than 30, and residence outside
the province of Modena on census day. Diagnoses were based on neurological examination,
clinical history, neuropsychological assessment, brain magnetic resonance imaging, and
also supported, when indicated, by measurement of cerebrospinal fluid and amyloid PET
imaging biomarkers. The study was conducted in accordance with local clinical research
regulations and conformed to the Declaration of Helsinki. All subjects provided informed
written consent (Study Number 186/2016, approved by the ethical committee Area Vasta
Emilia Nord, Italy).

Age-specific prevalence and cumulative occurrence

Age-specific prevalence (i.e., the prevalence stratified according to 1-year age groups) was
calculated using as denominator the Modena province residing population on January 1st,
2019. The age-specific prevalence function

number of cases with symptoms onset at age n
P(n) = : , neN
population of age n

tended to increase with advancing age but showed fluctuations because of the small
age groups. Therefore, to obtain more robustness, we defined the cumulative occurrence
function:

F(n) = number of cases with symptoms onset by age n, n €N

This function is non-decreasing and relates to age-specific prevalence as follows:

Pn) = F(n)—F(n—1)

= . 3.1
population of age n (3.1)

It follows that age-specific prevalence can be estimated using a regression model on
cumulative occurrence and then applying Equation 3.1.
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Regression model

Fitting a function to a sample of points requires first a selection of the family of candidate
functions. The ideal model should accommodate the variations of the true curve with the
smallest number of parameters [110]. In our case, the generalized logistic function [111]
provides a compromise between over-parameterized models that can fit data closely at the
cost of a large variance in the predictions, and under-parameterized models that suffer
from large lack-of-fit error. This function accommodates the sigmoidal shape expected
for cumulative occurrence over age:

A-D
1+ (m/C)?]"

where the integer n represents the age in the interval 30—64 years. Figure 3.1 represents
the trajectory of the generalized logistic function for different values of A, B, C, D, E. In
particular, A controls the inferior asymptote. As by definition the cumulative occurrence
must start at zero, and no cases were observed before age 42 in our sample, here A was
constrained to zero.

F(n)~D + (3.2)
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Figure 3.1. Effect of varying parameters on generalized logistic function. A controls the
inferior asymptote. B refers to the steepness of the curve. C' is related to the inflection
point. D controls the superior asymptote. E is the asymmetry factor (when £ = 1 the
curve is symmetric around the inflection point).

The best fit was selected by minimizing the residual sum of squares. Having fixed
A = 0, a four-parameter regression was obtained. The algorithm was implemented in
MATLAB, using the function fit and adapting the LP5 script of Cardillo [112]. The
procedure was repeated for each of the following diagnostic groups: amnestic AD, atypical
AD (wPPA, PCA, and be-dAD), bvFTD, and aphasic FTD (svPPA and nfPPA). Age-
specific prevalence of all-variants AD was calculated by summing up the estimates of
age-specific prevalence of amnestic AD and atypical AD. Age-specific prevalence of FTD
was calculated by summing up the estimates of age-specific prevalence of bvFTD and
aphasic FTD.
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3.1.3 Results

We identified 172 patients with a diagnosis of young-onset AD or FTD on census day.
Table 3.1 reports the number and rate of cases for each clinical presentation, stratified
by 5-year age group. The age-specific prevalence is plotted in Figure 3.2. Its oscillating
behavior justified the use of cumulative occurrence for fitting purposes.

Table 3.1.

Total cases and crude prevalence per 1,000,000 inhabitants (in brackets) of

the different clinical presentations of young-onset AD and FTD.

Age range 40-44 45-49 50-54 55-59 60—-64
Alzheimer’s disease (AD)
All AD cases 1(18) 2 (34) 14 (245) 31 (607) 58 (1322)
Amnestic AD 0(0) 0(0) 10(175) 20 (392) 44 (1003)
IvPPA 0(0) 2(34) 2(35  5(98) 10 (203)
PCA 1(19) 0(0) 2(35  1(20)  4(91)
be-dAD 0(0) 0(0) 0()  5(98) 0 (0)
Frontotemporal dementia (FTD)
All FTD cases 1(18) 3(51) 9(158) 20(392) 33 (752)
bvFTD 1(18) 1(17) 6(105) 16 (313) 27 (616)
svPPA 0(0) 2(34) 1(18) 2 (39) 6 (137)
nfPPA 0(0) 0(0) 235  2(39 0 (0)
Residents in Modena province 54,241 59,048 57,072 51,060 43,860

Age-specific prevalence across variants
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Age-specific prevalence across clinical presentations. The left panel shows

all-variants AD and all-variants FTD. The right panel shows amnestic AD, atypical AD,
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captured well the cumulative distributions. The estimated normalized cumulative occur-

rence functions® and their derivatives are represented in Figure 3.3.
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Figure 3.3. Top panels show the fit of regression models. The points indicate normalized
cumulative occurrences, while the curves represent the estimates. These graphs are meant
to compare the steepness of the curves, not the values on the y-axis, which were scaled
to 1. Bottom panels indicate the first derivatives of the estimated functions. Note that
the inflection point of a function corresponds to the maximum of its first derivative, thus
the peaks, marked with vertical lines, can be interpreted as the age when the cumulative
occurrence function slows its growth. For displaying purposes only, curves are extended
beyond the age of 64 (dotted lines)

Figure 3.4 shows the estimated age-specific prevalence by age of onset obtained using
Equation 3.1. The slope of this function increased with advancing age in both AD and
FTD in early years, but the two curves started to separate after 50 years of age, with

!The normalized cumulative occurrence of x is the percentage of people with a specific clinical pre-
sentation who had developed symptoms by age x, among those with that clinical presentation of YOD.
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AD increasing much more than FTD. This difference was mainly driven by amnestic AD.
Indeed, the estimated age-specific prevalence functions of all the clinical presentations
increased with advancing age in early ages, but the slope of such increase started to flatten
after the age of 60 for all the clinical presentations except for amnestic AD. Atypical AD
and aphasic FTD were the ones for which the estimated age-specific prevalence slowed
the most after 60. More precisely, the delta for age-specific prevalence between age 60
and age 64 was +75.3% for amnestic AD (from 706 cases/1,000,000 to 1238,/1,000,000),
+30.2% for bvFTD (from 500/1,000,000 to 651/1,000,000), +17.3% for aphasic FTD
(from 98/1,000,000 to 116/1,000,000), and 4+9.8% for atypical AD (from 287/1,000,000
to 315/1,000,000).

Estimated age-specific prevalence

AD vs FTD AD vs FTD, typical vs atypical
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Figure 3.4. Estimated age-specific prevalence functions. Left panel compares all-
variants AD and all-variants FTD, while the right panel compares amnestic AD,
atypical AD, bvFTD, and aphasic FTD.

3.1.4 Discussion

The study presented in this section aimed to establish whether the prevalence of different
clinical presentations of young-onset AD and FTD increases in the same way with age.
This difference was clearly shown by their estimated age-specific prevalence, which were
almost overlapping in the fifth decade, progressively separated in the sixth decade, and
showed a sharp increase of AD in the first half of the seventh decade.

When looking at the different clinical presentations of AD and FTD, we found that the
amnestic variant of AD increased disproportionally in age-specific prevalence compared
to atypical AD (including PCA, IvPPA, and be-dAD) and all the presentations of FTD.
Atypical AD and aphasic FTD were the clinical presentations for which the estimated
age-specific prevalence grew the least and almost stabilized after the age of 60, suggesting
that the most frequent clinical presentations are also those whose prevalence increases
the most with advancing age. This pattern suggests that normal aging, with its impact
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on hippocampal and frontal structures, amplifies the probability of memory-related pre-
sentations, whereas atypical variants are more likely to emerge earlier when additional
neurodevelopmental vulnerabilities are present [108, 113, 114].

The study presented here has limitations. First, the number of prevalent cases was
modest and may have biased the identification of associations between age and the less
frequent presentations of AD or FTD. However, we deem this to be unlikely, as the
atypical presentations of AD and aphasic presentations of FTD were pooled together to
increase group sample sizes. Second, the analysis was performed on crude occurrences.
The decision not to stratify by sex was based on the need to avoid reducing the model’s
statistical power. Furthermore, there is no consensus on whether YOD is differentially
frequent between sexes [115].

In conclusion, with this research we showed that the trajectories of age-specific preva-
lence differ across clinical presentations of AD and FTD in YOD. With increasing age,
atypical AD and aphasic FTD account for a progressively smaller proportion of cases,
while bvFTD and, especially, amnestic AD become predominant. These observations
support the view that age-related mechanisms may differentially affect the likelihood of
specific clinical presentations, contributing to the phenotypical variability observed within
neurodegenerative diseases.

3.2 Age-adjusted neurofilament light chain cutoffs for
neurodegenerative dementia diagnosis: a machine
learning approach

The second study presented in this chapter examines how serum and cerebrospinal fluid
(CSF) neurofilament light chain (NfL) levels differ between individuals with and without
neurodegenerative disorders, with the aim of developing an age-adjusted cutoff to help
clinical diagnosis. My primary contributions included implementing a Bayesian regression
to quantify the influence of diagnosis, age, and potential confounders on NfLL concentra-
tions, and applying a two-threshold Support Vector Machine (SVM) classifier to estimate
the cutoff equations. Results of this work have been submitted for publication and are
currently under review.

3.2.1 Introduction

Neurofilament light chain (NfL) proteins represent the most abundant intermediate fila-
ment protein expressed in mature neurons, providing structural stability and resistance to
mechanical stress [116]. After neuronal and axonal damage, increased quantities of NfLs
are released into the CSF and drained into the blood [117, 118]. Among other classes
of neurofilaments (heavy and medium chain), NfLis are considered the most promising
biomarkers, reflecting neuroaxonal damage in a wide variety of neurological diseases [119,
120]. For this reason, NfLs are considered as non-specific biomarkers of neurodegener-
ation and axonal damage. In particular, NfLs have considerable interest in the field of
neurodegenerative dementias, including Alzheimer’s disease (AD), frontotemporal demen-
tia (FTD), and Lewy’s body dementia (LBD). Its measurement in this context has proven
valuable not only for diagnosis but also for monitoring disease progression, assessing treat-
ment response, and predicting phenoconversion in genetic pathologies [121, 122]. Recent
studies have also suggested that an altered permeability of the blood—brain barrier and
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blood—CSF barrier can influence blood NfLL concentrations, although the exact influence
of such barrier permeability remains to be elucidated [123, 124].

Despite its promise, the use of NfLL measurement has not been fully implemented into
clinical practice yet, mainly because there are no reliable and universally applicable refer-
ence ranges to be used. Several confounding factors challenge the identification of cutoff
values based solely on absolute NfLi concentrations. An annual percentage increase in NfL
concentrations of at least 2.2%, with faster rises in older populations is reported in [125].
This age-related increase has been attributed to neuronal loss and increased blood-barrier
permeability that occur with aging [117]. Other physiological factors, including renal
function, blood sugar levels, sex, and body mass index (BMI), have also been implicated
in NfLi levels variability, though findings are inconsistent, and their effect size appears
smaller than that of age [126, 127, 128, 129]. With this study, we aimed to develop
age-adjusted NfL reference values to enhance the clinical use of NfL in the diagnosis of
neurodegenerative dementias.

3.2.2 Methods
Data collection

We retrospectively included all individuals who had presented to the Cognitive Neurology
Clinic at Modena University Hospital, Northern Italy, due to cognitive and/or behavioral
disturbances from 2009 to 2023. Inclusion criteria required participants to have completed
a comprehensive baseline diagnostic workup, including neuropsychological assessment,
blood test and a brain MRI scan. When clinically indicated, this also included lumbar
puncture and amyloid-PET. Moreover, participants had to have subsequently undergone
clinical follow-up for at least two years. Individuals younger than 30 years of age at the
time of baseline evaluation were excluded. All participants had provided written consent
for the storage of CSF and blood samples (Ethics Committee approval no 26/2017) and
for their use for research purposes (Ethics Committee approval 372/2021).

Subjects who had eventually received a clinical and biomarker-based diagnosis of AD
[130], FTD - including both behavioral and aphasic variants [101, 131], or LBD [132]
were included in the Neurodegenerative group (NDG). Subjects whose diagnostic workup
had not led to a diagnosis of a neurodegenerative condition and who had not clinically
progressed or worsened for at least two years of clinical follow-up were stratified in the
Other Etiology group (OE). They included subjects with a Primary Psychiatric Disorder
(PPD), cognitive disturbances due to Obstructive Sleep Apnea Syndrome (OSAS) or
vitamin deficiency, functional disorders, and iatrogenic disorders. Cognitively unimpaired
individuals with available blood and CSF samples were also included as a control group
(CTR) and aggregated with OE in the non-Neurodegenerative group (non-NDG) (Figure
3.5).

Demographic and clinical data were collected for all participants, as well as blood
creatinine values as renal function indicator. NfL. levels were measured in serum and
CSF samples. Analyses were conducted at the Neuroimmunology Laboratory of Modena
University Hospital using Ella™ (Ella Simple Plex assay technology, BioTechne, Protein-
Simple; see also Section 3.3) [133, 134].
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Subjects referring with
cognitive/behavioral disturbances

Other etiologies - OE
AD | l FTD | | LBD (PPD, OSAS, vitamin deficiency, functional

disorders, iatrogenic disorders)

Neurodegenerative Non-Neurodegenerative
(NDG) (non-NDG)

Figure 3.5. Sample characterization. Subjects referred for cognitive and/or behavioral
disturbances were first classified according to clinical and biomarker-based diagnosis.
Neurodegenerative dementias (i.e., AD, FTD, and LBD) were then classified in the NDG
group. Subjects with other non-neurodegenerative etiologies and cognitively unimpaired
controls were classified in the non-NDG group.

Comparison of NfL levels across groups

Median concentrations and interquartile ranges (IQR) of demographic and neurobiological
variables were calculated for both the NDG and non-NDG group. Serum and CSFE NfL
levels were log-transformed to achieve normal distributions [135]. The Shapiro-Wilk test
(o = 0.05) was employed to assess the normality of these transformed distributions.

We examined the effects of age, disease duration, creatinine, gender, and diagnosis on
log-transformed NfL levels using a Bayesian regression model. To investigate whether the
relationship between diagnosis and NfL levels was moderated by other clinical variables,
we included interaction terms between diagnosis and age, diagnosis and disease duration,
and diagnosis and creatinine. Separate analyses were conducted for serum and CSF NfL
levels. The model was implemented in R using the ‘brm’ function of the brms pack-
age [136], employing four Monte Carlo Markov Chains, each consisting of 2000 burn-in
iterations followed by 4000 sampling iterations.

Identification of an age-dependent cutoff

A machine learning algorithm was employed to establish a threshold differentiating NDG
and non-NDG groups based on age and log-transformed NfL levels. The exclusion of
the other variables included in the regression presented in the previous paragraph was
motivated by their lack of significant association with NfL levels (see results in Section
3.2.3). A Support Vector Machine (SVM) classification model with a linear kernel and
soft-margin regularization was developed using the MATLAB function ‘fitcsvm’ SVM
classifiers trained on imbalanced datasets may yield suboptimal performance, typically
favoring the majority class while underperforming on the minority class [137]. To address
this issue, we implemented a weighted SVM approach. More precisely, we used inverse-
frequency class weights, assigning each NDG case a weight equal to m and
each non-NDG case a weight equal to so that both classes contributed

1
number of non-NDG’
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approximately equally to the optimization problem.

To improve overall test accuracy and reduce the occurrence of false positive results,
we adopted a two-threshold classification strategy [138]. This approach defines an upper
threshold, above which individuals are classified as definitely NDG, and a lower thresh-
old, below which individuals are classified as definitely non-NDG. Participants with as-
say values falling between these two thresholds were classified as intermediate risk and
recommended for further clinical evaluations. Optimal thresholds were determined to
maximize specificity while ensuring a sensitivity of at least 85% and limiting the propor-
tion of intermediate results to less than 25% [139]. Model performance was evaluated
using leave-one-out cross-validation (LOO-CV). For each participant, a weighted SVM
model was trained on the remaining participants. Then, we applied the two-threshold
rule defined by that model to classify the left-out patient. This yielded an out-of-sample
predicted label for each individual. Sensitivity, specificity, accuracy, and the proportion
of intermediate classifications were computed from these LOO-CV predictions.

Finally, to quantify the uncertainty of our results, we performed a non-parametric
bootstrap with 1000 samples. For each bootstrap sample, we re-fitted the weighted SVM
and re-calculated the lower and upper CSF NfL thresholds to derive the 90% bootstrap
confidence intervals (5th-95th percentile).

3.2.3 Results
Data collection

A total of 217 individuals were recruited. Among them, 158 participants were classified
as NDG, including 47 with AD, 106 with FTD, and 5 with LBD. The remaining 59
participants were categorized as non-NDG, comprising 29 OE and 30 CTR.

The median concentrations of CSF and serum NfL in the NDG group were 1432
pg/mL (IQR: 899-2502) and 34.6 pg/mL (23.5-53.5), respectively. In contrast, median
concentrations of CSF and serum NfL in the non-NDG were 491 pg/mL (351-703) and 15.0
pg/mL (9.0-22.2). As expected, the median concentrations of both CSF and serum NfL
did not differ significantly between CTR and OE groups (see Table 3.2). The Shapiro-Wilk
test indicated that log-transformed NfL values were approximately normally distributed
for both CSF (p = 0.07) and serum (p = 0.19).

Comparison of NfL levels across groups

Figure 3.6 presents the results of Bayesian regression models assessing the effects of age
and diagnosis on NfL levels. In both biofluids, NfL levels were consistently higher in
NDG individuals compared to non-NDG participants. Additionally, NfL levels exhibited
a strong dependence by age, indicating that it is not possible to define an age-independent
cutoff between the two groups. The impact of disease duration, creatinine, and gender
was found to be not relevant in both models (see also Table 3.3 for more details).

As illustrated in Figure 3.6, the 90% credible interval for mean CSF NfL levels show
no overlap across most of the age spectrum. In contrast, for serum NfL, credible intervals
begin to overlap around age 70, indicating increased ambiguity at older ages. Conse-
quently, within the current dataset, an age-dependent cutoff can be reliably established
across the entire age range for CSF NfL but not for serum NfL. Therefore, the following
analyses will focus only on CSF.
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Table 3.2.

reported as median score and interquartile range (IQR; in brackets).

Descriptive statistics of demographic and neurobiological variables. Data are

NDG AD FTD LBD
num. of patients (males) 158 (80) 47 (18) 106 (59) 5 (3)
age (years) 65.1 (61.2 - 71.6) 63.5 (58.0 — 66.7) 66.0 (63.1 - 72.8) 64.4 (61.3 — 67.8)
disease duration (years) 2.8 (1.3 -4.3) 3.0 (1.1 -4.5) 2.8 (1.4-4.3) 1.2 (1.0 - 1.8)

creatinine (mg/dL)

CSF NfL (pg/mL)

serum NfL (pg/mL)

0.80 (0.72 - 0.91)
1432 (899 — 2502)
34.6 (23.5 — 53.5)

0.80 (0.72 — 0.90)
1364 (888 — 1822)
27.0 (22.8 — 41.2)

0.80 (0.71 — 0.93)
1486 (926 — 3399)
41.5 (24.0 - 58.9)

0.83 (0.78 — 0.87)
1004 (833 — 1206)
23.0 (22.0 — 25.0)

non-NDG OE CTR
num. of patients (males) 59 (22) 29 (14) 30 (8)
age (years) 58.6 (46.7 - 65.3) 59.9 (53.6 — 65.1) 55.8 (44.3 — 66.7)
disease duration (years) 0.0 (0.0 - 1.8) 2.4 (1.0 - 3.9) 0.0 (0.0 - 0.0)

creatinine (mg/dL)

CSF NfL (pg/mL)

serum NfL (pg/mL)

0.74 (0.68 — 0.84)
491 (351 — 703)
15.0 (9.0 — 22.2)

0.76 (0.68 — 0.86)
507 (400 — 717)
16.0 (11.6 — 21.6)

0.73 (0.68 — 0.81)
471 (337 - 682)
14.3 (6.6 — 24.7)
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Figure 3.6. Estimated NfL concentrations in CSF (left) and serum (right) as a function
of age and diagnosis. Solid lines indicate the expected mean levels, while the shaded
regions represent the 90% credible intervals.

Identification of an age-dependent cutoff

To enhance overall test accuracy and reduce the incidence of false positive results com-
pared to a single-threshold approach, we applied a two-threshold classification framework
to NfL, implemented using a leave-one-out cross-validated SVM model. If y represents
CSF NfL (pg/mL) and z the age in years, the lower cutpoint hyperplane was found to

have the equation:

y = exp(0.003584z + 6.3093)

while the upper one had the equation:

y = exp(0.003557x + 6.7166)
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Table 3.3. Estimates and 95% credible intervals for the parameters of the Bayesian
regression model. The dependent variable was NfL (CSF or serum), while the
predictors included age, diagnosis, disease duration, creatinine, gender, as well as
interaction terms included to account for potential differential effects of diagnosis
on age, disease duration, and creatinine. Variables whose credible intervals do not
contain zero are denoted in bold.

CSF (pg/mL)

serum (pg/mL)

Effect of diagnosis

Effect of age on non-NDG

Effect of age on NDG

Effect of age

Effect of disease duration on non-NDG
Effect of disease duration on NDG
Effect of disease duration

Effect of creatinine on non-NDG
Effect of creatinine on NDG
Effect of creatinine

Effect of female gender

1.79 [0.02, 3.60]
0.03 [0.02, 0.05]
0.02 [0.01, 0.03]
0.02 [0.01, 0.03]
0.00 [-0.08, 0.08]
0.02 [-0.03, 0.06]
0.01 [-0.04, 0.05]
-0.24 [-1.45, 0.98]
-0.13 [1.05, 0.79]
-0.18 [-0.99, 0.62]
-0.05 [-0.31, 0.23]

1.80 [0.37, 3.21]
0.04 [0.03, 0.06]
0.02 [0.01, 0.03]
0.03 [0.02, 0.04]
0.02 [-0.05, 0.09]
0.02 [-0.02, 0.06]
0.02 [-0.02, 0.06]
0.09 [-0.91, 1.11]
0.20 [-0.38, 0.77]

[-0.47, 0.75]

[-0.12, 0.33]

0.14
0.11

Participants with CSF NfL levels below the lower threshold can be classified as non-
NDG, while those with levels exceeding the upper threshold are classified as NDG. The
model achieved a specificity of 92.8% and a sensitivity of 85.6%, while restricting the
proportion of participants classified in the intermediate zone to 22.5%. Table 3.4 and
Figure 3.7 illustrate the variation of the two thresholds across the age spectrum.

Table 3.4. Age-dependent CSF NfL cutpoints for selected age categories. Values are
expressed in pg/mL, with 90% bootstrap confidence intervals shown in parentheses. Par-
ticipants with CSF NfL levels below the lower cutpoint are classified as non-NDG, whereas
those with values above the upper cutpoint are classified as NDG; values falling between
the two cutpoints define an intermediate zone of diagnostic uncertainty.

Age Lower cutpoint (pg/mL) Upper cutpoint (pg/mL)
40 635 (464 — 844) 952 (685 — 1319)
45 646 (510 — 799) 969 (753 — 1252)
50 657 (558 — 759) 987 (823 — 1200)
55 669 (598 — 738) 1005 (884 — 1163)
60 681 (599 — 761) 1023 (912 — 1168)
65 694 (574 — 800) 1041 (895 — 1229)
70 706 (545 — 858) 1060 (860 — 1320)
75 719 (515 — 933) 1079 (817 — 1421)
80 732 (487 - 1021) 1098 (771 — 1556)

3.2.4 Discussion

The study presented in this section is a comparison of NfLi levels measured in CSF and
serum between individuals with and without neurodegenerative conditions, with the aim
of establishing an age-adjusted reference framework to support the identification of neu-
rodegenerative pathologies in clinical settings. As expected, NfL levels were significantly
higher in neurodegenerative dementias compared to both cognitively unimpaired controls
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Figure 3.7. Two-threshold SVM classifier. Participants falling within the green region
are classified as non-NDG, while those in the red region are classified as NDG. The
gray intermediate region indicates an area of uncertainty. Colored dots represent par-
ticipants from the study cohort: red dots correspond to NDG participants, and green
ones represent non-NDG participants. For visual clarity, the y-axis scale is capped
at 3000 pg/mL; however, several participants exhibited CSF NfL levels exceeding this
value, all of whom belonged to the NDG group.

and individuals presenting with cognitive or behavioral disturbances but without evidence
of an underlying neurodegenerative disease. This finding reinforces the role of NfL as a
non-specific biomarker of neurodegeneration, supporting its potential use as a first-line
diagnostic tool to identify individuals at risk. Moreover, we showed that both CSF and
serum NfL levels did not differ significantly between CTR and OE groups, supporting the
decision to aggregate them within the non-NDG group. Rather than being a limitation,
this approach might more accurately reflect the clinical scenario, in which NfLL measure-
ment is typically applied to subjects with some neurological complaints, rather than to
strictly healthy individuals.

When evaluating potential confounders, NfLL concentrations increased significantly
with advancing age in both groups and biofluids. This finding highlights the limita-
tions of fixed, age-independent thresholds. Our model demonstrated that CSF NfL levels
remained significantly different between individuals with and without a neurodegenerative
condition across the entire age range. Conversely, serum NfL levels exhibited a substan-
tial overlap between groups beyond the age of 70, mainly due to a steeper age-related
increase among non-NDG individuals. This finding aligns with previous studies report-
ing a stronger effect of age on serum NfL and a greater inter-individual variability in its
level among older individuals [118, 117]. These patterns have been attributed to both
physiological and pathological factors, including a higher prevalence of co-pathologies in
older adults [122, 125, 126]. For these reasons, we identified our age-dependent cutoff
exclusively for CSF. Replicating our approach in a larger cohort will help to determine
whether the absence of a significant difference in serum NfL levels among older individuals
with and without a neurodegenerative condition is real or a mere consequence of insuf-
ficient amount of data. Should the overlap be confirmed, the use of serum NfL in older
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age groups may be limited, suggesting that reliable application of NfL. as a blood-based
biomarker might be restricted to younger individuals.

From a clinical point of view, the two-threshold approach allows balancing diagnostic
accuracy while ensuring that cases with borderline values are appropriately flagged for
further clinical evaluation rather than being prematurely assigned to a diagnostic cat-
egory. This approach aligns with real-world clinical decision-making where biomarker
interpretation often follows a probabilistic rather than a strictly binary process. The use
of intermediate ranges with two cutpoints has been successfully applied to other medical
conditions such as prehypertension and prediabetes [140]. A two cutoff approach has also
been applied to AD-specific biomarkers, including blood-based markers and amyloid-PET,
demonstrating its effectiveness [138, 139].

The study has limitations. First, the non-NDG group is smaller and younger than the
NDG group. However, to prevent the model from favoring the larger group in classification
we implemented a weighted classification approach, which assigns greater importance to
the minority class, improving classification balance. Second, although we included key
confounding factors such as sex, renal function, and disease duration, we lacked data on
other physiological (e.g., BMI) and pathological (e.g., diabetes) variables. These factors
have been variably associated with NfLi levels; however, it is plausible to hypothesize
that their contribution is largely mediated by age, given their higher prevalence in older
individuals.

In conclusion, this study proves the feasibility and advantages of an age-adaptive clas-
sification model for CSF NfL. Future research should focus on validating our approach
in larger, independent cohorts and exploring its applicability to blood-based NfL. mea-
surements, with the goal of optimizing its utility across different clinical contexts and age
groups.

3.3 Comparison of neurofilaments light chain concen-
trations measured by Ella™ and Lumipulse™ in

patients with cognitive impairment

The third study presented in this chapter refers to a comparative analysis of neurofilament
light chain (NfL) measurement in cerebrospinal fluid (CSF) and serum samples from
patients with cognitive disorders. Two advanced technologies were compared, specifically
the Ella™ microfluidic platform and the Lumipulse™ fully automated system. My main
contribution includes the development and implementation of statistical models such as
the Passing-Bablok regression. Results of this study are reported in [141].

3.3.1 Introduction

In the past three decades, ultrasensitive immunoassay technologies have been developed
with the purpose of making biomarkers more clinically useful. With these improvements,
NfLs have begun to be measured in blood, with studies reporting high correlations between
serum and CSF levels [117, 142, 143]. The gold standard for NfLL measurement in terms
of sensitivity is the single-molecule array (SIMOA™) digital immunoassay technology
from Quanterix. However, the assay cost often represents a limitation to its availability
in clinical laboratories. A recently introduced and cheaper ultrasensitive assay based on
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a microfluidic enzyme-linked immunosorbent assay (ELISA) system is Ella™ from Bio-
Techne [133, 134]. Ella™ performs immunoassays in a microfluidic cartridge, measuring
up to 72 samples in triplicate inside glass nanoreactors using a fluorescent substrate.
Another recent platform is the assay based on the Lumipulse™ platform from Fujirebio.
It is a fully automated chemiluminescent enzyme immunoassay (CLEIA), allowing for
fully automated processing of samples.

3.3.2 Methods

Data collection

Thirty patients seen at the Cognitive Neurology Clinic of Modena University Hospital,
Northern Italy, who had undergone blood testing and lumbar puncture as part of their di-
agnostic workup and had been clinically followed-up for two years, were recruited. They
were included in the present study if they had one of the following clinical diagnoses:
probable AD supported by abnormal CSF tau and amyloid biomarkers [130], FTD in-
cluding its behavioral and aphasic variants [101, 131], and non-progressive mild cognitive
impairment. The latter diagnostic group included subjects that had initially received a
clinical diagnosis of Mild Cognitive Impairment (MCI) [144] or Mild Neurocognitive Dis-
order [145] but were found to have normal CSF biomarkers, normal structural magnetic
resonance imaging of the brain and remained clinically stable for at least 2 years. All
individuals had provided written informed consent for the use of CSF and serum sam-
ples and personal data for both diagnostic and research purposes before sample collection
(Ethics Committee approvals no 26/2017, 372/2021).

CSF and serum NfL concentrations were assessed using two platforms: the Ella™
microfluidic platform (Bio-Techne, Minneapolis, USA) and the Lumipulse™ fully auto-
mated system for the CLEIA (Fujirebio Inc., Ghent, Belgium). Standard International
Procedures for biobanking were followed [146].

Statistical analysis

Statistical analyses were performed using MATLAB. Median concentrations and interquar-
tile ranges (IQR) of demographic and neurobiological variables were calculated. The
Shapiro—-Wilk test was used to check the normality of the distribution of NfL. concen-
trations in CSF and serum for both assays. As none of the variables were found to be
normally distributed, Spearman correlations were used to test the association between
serum and CSF NfL concentrations in the same sample series.

Given the non-normal distribution of data, we used the non-parametric Passing—
Bablok regression model to estimate a equation that explains the relationship between
the two assays, allowing for the estimation of the values with one method when only the
other is available and vice versa [147].

3.3.3 Results

The characteristics of the participants included in the study are reported in Table 3.5. Me-
dian concentrations of CSF and serum NfL were, respectively, 879 pg/mL (IQR 510-3641)
and 21.0 pg/mL (13.3-58.4) with Ella™ and 735 pg/mL (365-2897) and 21.2 pg/mL
(15.5-43.6) with Lumipulse™. As for the diagnostic group, NfL concentrations measured
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through the two assays in both blood and CSF were higher in FTD compared to AD and
non-progressive MCI, as well as in AD compared to non-progressive MCI (Table 3.5).

Table 3.5. Median and interquartile range (IQR; in brackets) of age, mini-mental state
examination (MMSE) score, disease duration, and NfLL concentrations according to plat-
form used and divided by diagnostic subgroup.

All MCI AD FTD
Number of participants 30 10 10 10
Age (years) 61 (54-66) 51 (43-56) 60 (56—66) 67 (63-68)
MMSE score 27 (23-28) 29 (27-30) 25 (24-27) 23 (19-27)
Disease duration (months) 24 (13-45) 29 (12-57) 14 (11-38) 24 (18-43)
NfL CSF (pg/mL)
Ella™ 879 (510-3641) 411 (286-510) 879 (690-1166) 6235 (3641-7309)
Lumipulse™ 735 (365—2897) 293 (209-365) 735 (648-859) 4785 (2897-6443)
NfL serum (pg/mL)
Ella™ 21.0 (13.3-58.4) 11.1 (7.6-17.4) 21.6 (15.8-27.7) 109.0 (62.6-137.0)
Lumipulse™ 21.2 (15.5-43.6) 14.6 (13.7-16.5) 20.5 (16.7-25.5)  63.8 (43.6-91.6)

Table 3.6. Estimates and 95% confidence intervals (in brackets) of the
Passing—Bablok coefficients.

Intercept Slope

NfL CSF model ~ —45.38 [~118.58, 20.42] 0.8261 [0.7038, 0.9289)]
NfL serum model 7.543 [5.828, 8.935] 0.5775 [0.5372, 0.6254]

Spearman correlations showed very strong associations between the two assays (r =
0.976, 95% confidence interval [0.950, 0.989] for CSF; r = 0.923, 95% confidence interval
[0.842-0.964] for serum). However, in the results of Passing-Bablok regression (Table 3.6
and Figure 3.8), the 95% confidence interval of the slope did not include 1, indicating a
significant proportional difference between the two methods. Consequently, the applica-
tion of a correction coefficient seems to be necessary. Conversion equations to estimate
Ella™ when only Lumipulse™ is available are:

Ella™ = 0.8261 x Lumipulse™ — 45.38 for CSF

3.5
Ella™ = 0.5775 x Lumipulse™ + 7.543  for serum (3:5)

On the other hand, when only Ella™ is available, the equations to obtain the corre-
sponding Lumipulse™ value are:

Lumipulse™ = 1.211 x Ella™ + 45.38 for CSF

3.6
Lumipulse™ = 1.732 x Ella™ — 7.543  for serum (3.6)
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Figure 3.8. Passing-Bablok results, shown both on linear and logarithmic scales. The
solid blue line represents the Passing—Bablok regression line, the dashed red line is the
identity line, and the dashed grey lines represent the 95% confidence intervals. These
graphics may be interpreted as follows: if the red identity line is outside of the confidence
intervals of the Passing—Bablok regression line, this indicates a proportional difference
between the two assays and thus a need for correction.

3.3.4 Discussion

In the study presented here, CSF and serum NfL levels in patients with cognitive disorders
due to different diseases (AD, FTD, and non-progressive MCI) were measured with two
different assays: Lumipulse™ and Ella™. Despite the high correlation, the two methods
exhibited a significant proportional difference. We therefore estimated the equations
allowing for the conversion from one to the other assay. These conversion equations
enable cross-assay comparisons and dataset harmonization, facilitating meta-analyses on
larger samples.

Before the study presented here, no previous similar comparisons had been made in
patients with cognitive impairment or neurodegenerative diseases, as only one study to
date has reported comparisons of NfL levels with Ella™ and Lumipulse™ in patients with
multiple sclerosis [148]. Several studies, instead, have compared Ella™ with SIMOA™
technology. In these studies, the differences between the two assays were ascribed to
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the use of different calibrators, namely naturally derived bovine NfLs for Ella™ and
recombinant human NfLs for SIMOA™ [134, 149]. In our study, this should not be an
issue as Lumipulse™, like Ella™, uses a naturally derived bovine NfL calibrator.

A theoretical limitation of our study was the size of our dataset, limited to 30 subjects.
However, the univariate analysis previously described is also applicable in the context of a
small sample size, and the narrow width of the confidence intervals suggests the stability
of the regression models across subjects. Moreover, we purposely included a sample of
patients with the two most common neurodegenerative dementias (AD and FTD) as well
as a sample of subjects with cognitive concerns without any biomarker abnormality or
clinical evidence of progression, allowing us to verify the correspondence between the two
different methodologies for NfLL measurement across a spectrum of patients representative
of those usually presenting in cognitive neurology clinics.

In conclusion, as the quantification of NfLs is gaining an increasingly important role
in neurodegenerative diseases associated with dementia (see Section 3.2), it is essential to
know all the possible sources of variation in their measurement, including the type of assay.
By establishing a reliable conversion factor, the results of different studies can be fully
compared, even when values are obtained with different methods in different biological
fluids. This could improve our understanding of the clinical importance of NfLs, which
will, in turn, promote the wider adoption of this promising biomarker.

3.4 Abstracts of additional published studies

In the final section of this chapter, I present the abstracts of other research projects
in which I was involved during my doctoral studies. These works are not discussed in
detail because they are less related to the topic of the thesis and a full inclusion would
have compromised the flow of the manuscript. In addition, most of these studies are
primarily clinical rather than mathematical or computational. However, their abstracts
are reported here to give a broader picture of my research activity and to show how my
research contributions extended beyond active inference modeling and the computational
analyses presented above. A complete list of published papers, along with oral and poster
presentations, is available at the end of the thesis.

3.4.1 Cognitive reserve in young-onset cognitive impairment

Cognitive reserve (CR) reflects brain’s resilience to pathology, enabling to maintain func-
tion despite structural damage. This study investigates its role in young-onset cognitive
impairment (<65 years) beyond brain integrity and neurodegeneration.

Participants underwent neuropsychological assessment — including the Cognitive Re-
serve Index questionnaire (CRIq) —, magnetic resonance imaging (MRI), and blood neuro-
filaments light-chain (NfLs) measurement. Scores of global cognition and domain-specific
cognition were derived from Principal Component Analyses of neuropsychological results.
Linear regression models estimated CR’s contribution to global and domain-specific cog-
nition, alongside age, sex, MRI measures, and NfLs as predictors.

Among the 115 participants, global cognition was significantly explained by CR (ef-
fect size (ES) = 0.229), gray matter volume (ES = 0.348), and NfLs (ES = -0.302). The
effect of CR was prominent on language and attentional-executive functions: while the
CRIq subscore related to education predicted performance in both these domains, the
subscore related to leisure activities was positively associated with the language domain
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only. These findings highlight CR’s protective role in young-onset cognitive impairment,
particularly for non-amnestic cognitive domains. Since a high CR can mask or compen-
sate for neurological cognitive disorders delaying its diagnosis, our results suggest that
measures of CR, including time spent on leisure activities, should be considered when
interpreting neuropsychological tests.

3.4.2 Resting-state networks and anosognosia in Alzheimer’s
disease

Recent evidence suggests that anosognosia or unawareness of cognitive impairment in
Alzheimer’s Disease (AD) may be explained by a disconnection between brain regions
involved in accessing and monitoring information regarding self and others. It has been
demonstrated that AD patients with anosognosia have reduced connectivity within the
default mode network (DMN) and that anosognosia in people with prodromal AD is posi-
tively associated with bilateral anterior cingulate cortex (ACC), suggesting a possible role
of this region in mechanisms of awareness in the early phase of disease. We hypothesized
that anosognosia in AD is associated with an imbalance between the activity of large-scale
resting-state functional magnetic resonance imaging (fMRI) networks, in particular the
DMN, the salience network (SN), and the frontoparietal network (FPN).

Sixty patients with MCI and AD dementia underwent fMRI and neuropsychologi-
cal assessment including the Anosognosia Questionnaire Dementia (AQ-D), a measure
of anosognosia based on a discrepancy score between patient’s and carer’s judgments.
After having applied Independent Component Analysis (ICA) to resting fMRI data we
performed: (i) correlations between the AQ-D score and functional connectivity in the
DMN, SN, and FPN, and (ii) comparisons between aware and unaware patients of the
DMN;, SN, and FPN functional connectivity.

We found that anosognosia was associated with (i) weak functional connectivity within
the DMN, in posterior and middle cingulate cortex particularly, (ii) strong functional
connectivity within the SN in ACC, and between the SN and basal ganglia, and (iii) a
heterogenous effect concerning the functional connectivity of the FPN, with a weak con-
nectivity between the FPN and PCC, and a strong connectivity between the FPN and
ACC. The observed effects were controlled for differences in severity of cognitive impair-
ment and age. Our results suggest that anosognosia in the AD continuum is associated

with a dysregulation of the functional connectivity of three large-scale networks, namely
the DMN, SN, and FPN.

3.4.3 Repeated brain MRI utility in identifying neurodegener-
ative disorders at the pre-dementia stage

Despite the increasing availability of biomarkers in clinical settings, diagnosing individu-
als with subtle cognitive/behavioral symptoms and normal structural brain imaging re-
mains challenging. In real-world settings, it is not feasible to subject all such patients to
costly and invasive second-level assessments, and there are no clear guidelines for identi-
fying those who should undergo these procedures beyond clinical follow-up and structural
imaging. The present study explores the potential of repeated magnetic resonance imag-
ing (MRI) in this context. We investigated whether detecting pathological brain volume
(BV) changes exceeding normal aging could aid in deciding whether advanced biomarker
testing is reasonable.
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Individuals with subtle cognitive/behavioral complaints underwent baseline and 18-
month follow-up assessments (neuropsychological evaluation, MRI, and biomarker tests).
Annualized percentage of BV change (PBVC/y), adjusted for age, sex, and scanner, was
calculated with SIENA, and classified whether exceeding the 80th/95th percentiles of
normative data. At follow-up, participants were classified (I) Converters/Non-Converters
based on clinical information, (IT) Non-converters+/Non-Converters- based on biomarkers
status, and (III) Underlying disease based on both clinical follow-up and biomarkers.
Logistic regressions assessed PBVC/y, baseline BV, and Mini-Mental State Examination
change as predictors of participants’ classification.

Among 110 participants, PBVC/y exceeding both the 80th/95th percentiles increased
the probability of being classified Converters or Alzheimer’s disease/Frontotemporal de-
mentia. Exceeding the 80th percentile increased the odds of being classified Non-Converters+.
Our results suggest that the application of SIENA normative data to repeated MRIs may
help in deciding whether or not performing more invasive and high-cost second-level pro-
cedures in individuals with early-stage and subtle cognitive/behavioral changes.

3.4.4 Neural correlates of emotional valence for faces and words

Stimuli with negative emotional valence are especially apt to influence perception and
action because of their crucial role in survival, a property that may not be precisely
mirrored by positive emotional stimuli of equal intensity. The aim of this study was to
identify the neural circuits differentially coding for positive and negative valence in the
implicit processing of facial expressions and words, which are among the main ways human
beings use to express emotions.

Thirty-six healthy subjects took part in an event-related fMRI experiment. We used
an implicit emotional processing task with the visual presentation of negative, positive,
and neutral faces and words, as primary stimuli. Dynamic Causal Modeling (DCM) of
the fMRI data was used to test effective brain connectivity within two different anatomo-
functional models, for the processing of words and faces, respectively.

In our models, the only areas showing a significant differential response to negative
and positive valence across both face and word stimuli were early visual cortices, with
faces eliciting stronger activations. For faces, DCM revealed that this effect was mediated
by a facilitation of activity in the amygdala by positive faces and in the fusiform face area
by negative faces; for words, the effect was mainly imputable to a facilitation of activity
in the primary visual cortex by positive words. These findings support a role of early
sensory cortices in discriminating the emotional valence of both faces and words, where
the effect may be mediated chiefly by the subcortical/limbic visual route for faces, and
rely more on the direct thalamic pathway to primary visual cortex for words.

3.4.5 Angry facial expressions elicit a late attentional withdrawal

Facial expressions of emotion are salient social cues that can trigger adaptive behavioral
responses — such as facilitated approach or avoidance movements in response to positive
or negative stimuli, respectively.

We conducted a behavioral experiment testing the hypothesis that while both happy
and angry faces initially capture attention, angry expressions subsequently prompt a
withdrawal of attention — a pattern consistent with aversive behavioral tendencies. Using
a target-detection paradigm, we varied the spatial location and timing (50 ms vs. 350
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ms) of targets relative to face stimuli. Results supported the hypothesis: angry faces led
to faster responses to targets appearing nearer to the observer (i.e., farther from the face)
at 350 ms, suggesting attentional retraction.

A follow-up fMRI experiment replicated this design with only the 350 ms delay. Be-
haviorally, responses were faster to targets near happy faces and away from angry ones.
These effects correlated with subjective reports of being attracted or repelled by the
expressions, as well as with individual differences in empathy and trait avoidance. Neu-
roimaging data revealed an interaction between emotion and target location in early visual
cortices, modulated by subjective attraction-retraction ratings.

These findings support the idea of attention disengaging from angry faces, with both
behavioral and neural correlates linked to individual affective dispositions.
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This thesis aimed to show how mathematical models can provide insight into both cog-
nitive mechanisms and clinical decisions. The first chapter introduced the framework of
active inference, starting from the assumption that every agent is equipped with a gen-
erative model — a probabilistic internal model used to simulate how the world generates
sensory inputs and how one’s own actions can shape future observations. According to
this view, perception is based on the minimization of variational free energy, which quan-
tifies the discrepancy between sensory evidence and brain’s predictions. However, active
inference is not solely concerned with minimizing prediction error: agents also minimize
expected free energy, a quantity that evaluates possible future outcomes that have not
yet been observed.

Active inference in Partially Observable Markov Decision Processes (POMDPs) was
then presented. In this framework, behavior is seen as a trade-off between actions that
collect useful information (exploration) and actions that try to maximize immediate re-
ward (ezxploitation). In POMDPs, concepts such as preferences (C') and policy priors (E)
can be interpreted as latent parameters of cognition, potentially measurable from behav-
ior. By viewing perception and action as two complementary parts of the same inferential
process, active inference frames cognition as a continuous loop of prediction and correc-
tion. This idea provided the theoretical background for the empirical work subsequently
presented in Chapter 2.

The study presented in Chapter 2 aimed at investigating how voluntary effort mod-
ulates cognitive control. Participants performed a Stroop color-word interference task
under two conditions: EXERT, in which they were asked to engage maximal effort, and
RELAX, in which they were encouraged to perform the task in a more relaxed man-
ner. Within the active inference framework, effort can be formally defined in terms of
the divergence between context-dependent goal-directed actions and context-independent
habitual policies. To capture this computational distinction, participants’ behavior was
modeled using a two-level POMDP including two latent cognitive parameters, ¢ and e —
corresponding to the vectors C' and F introduced in Chapter 1. These parameters rep-
resented, respectively, the individual’s motivation to perform the task correctly and the
strength of their habitual tendency to read words instead of naming their colors.

At the behavioral level, participants responded faster in the EXERT condition than
in the RELAX condition. A group-level Bayesian model inversion revealed that this dif-
ference was best explained by an increase in the motivational parameter (c), rather than
by a suppression of habit bias (e). This suggests that what participants do when asked
to exert maximum effort is to intensify their motivation. In other words, when people
‘try harder’, they do not necessarily inhibit automatic responses more strongly; instead,
they seem to enhance the subjective value of performing the task correctly. This inter-
pretation reframes effort as a form of meta-control, consistent with other studies linking
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effortful engagement to the activation of the dorsomedial striatum and other brain regions
associated with motivational control. From a computational perspective, voluntary effort
thus appears as an operation that increases the confidence in desired outcomes, thereby
sharpening policy selection.

The third chapter extended the inferential framework from cognitive processes to clin-
ical problems. Its general aim was to develop computational models to make diagnostic
inference more explicit and quantitative. Three main problems were addressed: modeling
the prevalence of different clinical presentations of early-onset dementia, defining an age-
adjusted decision threshold for clinical biomarkers, and assessing the agreement between
two measurement platforms for clinical biomarkers.

More specifically, in the first analysis, generalized logistic functions were fitted to pop-
ulation data to estimate age-specific prevalence curves for different clinical presentations
of young-onset Alzheimer’s disease (AD) and frontotemporal dementia (FTD). The results
showed that the most common form of both diseases (amnesic AD and behavioral FTD)
increased in prevalence across the entire age range, whereas atypical variants reached a
plateau earlier. These findings indicate that the prevalence of different phenotypes is not
uniform, suggesting that diagnostic priors should be conditioned on age.

The second study also analyzed the influence of age on a clinical variable. In this case,
a Support Vector Machine model was applied to define a two-threshold, age-adjusted
cutoff for a clinical biomarker, namely cerebrospinal fluid neurofilament light chain (CSF
NfL). The model divided the diagnostic space into three zones: negative, positive and
uncertain. This structure reflects the fact that borderline values are better flagged for
further assessment rather than prematurely assigned to a diagnostic category. The result-
ing model achieved satisfactory specificity and sensitivity, while also limitating the width
of the intermediate gray zone.

While the second study focused on the effect of age on biomarker interpretation,
the third addressed the measurement of NfL itself, both in serum and CSF. A Passing-
Bablok regression was applied to compare Ella™ and Lumipulse™ technologies, deriving
a conversion equation between the two platforms. This formula allows measurements to
be harmonized across different systems, enabling consistent inference in multi-site studies.
Moreover, these results can be integrated with those of the second study, where NfLL was
measured using the Ella™ platform: through the conversion equation, it becomes possible
to recover the diagnostic thresholds also for Lumipulse™ data.

All three clinical studies shared the fact that the guiding logic was inferential. More-
over, the explicit quantification of uncertainty — whether through credible intervals or
intermediate diagnostic zones — aligns with ethical imperatives in clinical practice: an
estimate only gains meaning when accompanied by a quantification of its uncertainty.

The active inference framework may offer powerful new tools for future clinical appli-
cations. For instance, in a task-based fMRI study, researchers may compare the latent
variables estimated by an active inference model with measures of functional activation or
effective connectivity (e.g., using Dynamic Causal Modeling). This approach would allow
testing whether the computational quantities that explain behavior are also reflected in
neural responses. Also, when using Dynamic Causal Modeling, latent cognitive variables
may be incorporated as subject-specific regressors in the group-level Parametric Empirical
Bayes analysis [150]. This would enable testing whether individual differences in policy
evaluation also predict effective connectivity changes.
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In a longer-term perspective, one could imagine defining a set of normative active
inference models for widely used neuropsychological tests (such as Stroop, Go/No-Go,
N-back, and Trail-Making), calibrated on healthy populations and stratified by age, ed-
ucation, and other demographical features. These models would provide clinicians with
personalized diagnostic tools, allowing parameters derived from a patient’s test to be com-
pared against normative distributions. More broadly, a curated library of validated task
models, shared code, and reference distributions would promote multi-site reproducibility
and facilitate integration with clinical decision-support systems. In this way, active in-
ference modeling could become a practical instrument in clinical workflows, offering not
only explanations for why a patient performs abnormally, but also quantitative estimates
of how much their control processes deviate from the normative population.

An example of a promising direction for future research concerns the application of
active inference to the study of implicit awareness (or anosognosia) in AD. Our group is
currently developing a model of the Emotional Stroop task — a behavioral experiment de-
signed to investigate how emotional and self-relevant information affects decision-making.
In this task, participants are asked to name the ink color of words that can be neutral,
negative, or disease-related (e.g., dementia, forgetful), while ignoring their meaning. A
typical finding is that, in the presence of explicit or implicit awareness, responses tend
to be slower for emotionally relevant words, reflecting interference driven by implicit
salience [92]. At the neural level, anosognosia has been linked to dysfunctions within
large-scale networks such as the default mode and the salience networks [151]. In a
POMDP model of this task, individual parameters could describe the subjective salience
assigned to disease-related and negative words, allowing the model to reproduce the char-
acteristic selective-slowing observed behaviorally. These model-derived “implicit salience”
parameters could provide mechanistic markers of altered self-referential processing, and
serve as quantitative indicators of awareness. In the long term, the active inference frame-
work may contribute to transforming anosognosia from a descriptive clinical concept into
a measurable computational phenotype. However, it is important to consider that, from
a methodological point of view, clinical deployment also requires parameter identifiabil-
ity and robustness to prior assumptions. Before a model can be used for inference, its
parameters must demonstrate strong parameter recovery and posterior predictive validity
under variations of prior means and variances. This check can be performed similarly to
the analysis presented in Section 2.3.2 of this thesis.

More generally, it should be emphasized that, like any computational model, active
inference is a formal tool for investigating empirical phenomena (in this case, the behavior
of a biological system), rather than a direct representation of reality. Consequently, the
results of an active inference model should not be read as “true” or “false” statements
about the world: they are model-dependent inferences, whose meaning and reliability
depend on the quality of the data and the assumptions encoded in the model. From
this perspective, a key methodological risk is to over-trust quantitative parameters sim-
ply because they are formally well-defined. For this reason, any prospective use of active
inference in clinical contexts requires systematic validation of the approach, including sta-
bility across sites and evidence that model-derived quantities provide reliable information
beyond established descriptive measures. These considerations do not diminish the value
of the framework. Active inference remains a particularly versatile modeling strategy:
it can generate testable predictions and mechanistic hypotheses, while also providing a
principled way to quantify uncertainty and to make explicit the assumptions that guide
inference.
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Finally, it is important to note that, from a mathematical point of view, active infer-
ence priors play a role similar to regularizers in numerical optimization. In active inference,
the variational free energy comprises an accuracy term and a complexity term, which de-
pend on prior beliefs over hidden states and policies (see Equation 1.10); this complexity
term acts as a penalty, ensuring that problems remain well-posed and preventing the
model from overfitting noisy observations. In this sense, choosing priors corresponds to
selecting a regularization strategy: Gaussian priors act as L2 or Tikhonov penalties, while
Laplace priors correspond to L1 penalties that promote sparsity in parameters or policies
(see Section 1.3.1). Therefore, from a numerical standpoint, priors control ill-conditioning
and stabilize inference, while from a neuroscientific point of view they encode assumptions
about habits, policies, and precisions that guide behavior. This analogy also clarifies why
active inference can be useful for medical studies: the free-energy criterion penalizes ex-
cessively flexible models in a way similar to classical regularizers, but also with an explicit
interpretation that can be examined and, when necessary, adapted to the clinical question
under investigation.

Taken together, the work presented in this thesis outlines a possible path toward a
stronger integration between computational neuroscience and medicine. By modeling how
individuals infer, decide, and adapt, the active inference framework offers a way to con-
nect behavioral experiments, clinical diagnostics, and theoretical neuroscience. The next
important step will be to embed these models into collaborative environments, where clin-
icians and data scientists can jointly develop tools that are both mathematically rigorous
and clinically relevant. Such an approach could transform active inference from a purely
computational framework into a clinical instrument, capable of guiding decisions in the
same probabilistic terms that the brain itself uses to act upon the world.
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