Journal of Scientific Computing (2023) 96:48
https://doi.org/10.1007/510915-023-02267-6

CORRECTION

®

Check for
updates

Correction to: A Line Search Based Proximal Stochastic
Gradient Algorithm with Dynamical Variance Reduction

Giorgia Franchini' - Federica Porta’ - Valeria Ruggiero? - llaria Trombini®3

Published online: 23 June 2023
© The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature 2023

Abstract

This file contains a revised version of the proofs of Theorems 3 and 4 of the paper [1].
In particular, a more correct argument is employed to obtain the inequality (A11) from
(A10), provided that a stronger hypothesis on the sequence {¢;} is included. The practical
implementation of the algorithm (Section 3) remains as it is and all the numerical experiments
(Section 4) are still valid since the stronger hypothesis on {g;} was already satisfied by the
selected setting of the hyperparameters.

Correction to:
Journal of Scientific Computing 94:23
https://doi.org/10.1007/s10915-022-02084-3

We restated both the statement and the proof of Theorem 3. We stress that the proof only
changes in obtaining the inequality (A11) from (A10), but for a better readability we report
all the arguments of the proof.

Theorem 3 Under the Assumptions 1 and 2, let {x®} be the sequence generated by the

iteration (7) with E(||e§k) 12176 < ex where {e} is a nonnegative non-increasing sequence
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such that Z/ji?) ex < +00 and oy € [Amin, Omax . Moreover, assume that condition (9)
holds and the function F is convex. Then the sequence {x®} converges to a solution of (1)
a.s.

(k) _ 1)

X X

Proof Let x* € X*. Since —————— — g® ¢ 9R(x**D)_ it holds that
ayg

R(y) = R(x**+D) 4 Lo _ e arg®)T (y —x*t), vy e RY.
O

It follows that, Vy € R4,
axR(y) = o RGx®HD) 4 () — x®HD — g g0 T (y — (D)
— g RV o (x®) — (YT () Dy g o OT (kD
and, hence, the following inequality holds
(EED = 2O (2 FHD) = g (RGETD) = R(y) + 07 44D — ) (A8
For y = x* the previous inequality gives
(x®FD 00T (o ) ) Dy S
>ap (R(x(k+‘>) — R(:Y) + g<k>T(x(k+1> —x® 4 k) _ x*)) .
As a consequence, we obtain the following relations:
EFD O (x By > g (R(x<k+1>) — RO + g (x® - x*)) +
— D )T (0 Dy g g7 (D) ()
= o (REHD) = RO + (VF D) 4 o) (0 = x4)) +
+ (D )T (D) _ ®) g (VE () 4 o7 (rED — 50
> ap (RGED) = R + F®) = FO)) + e (00 — v+
+ x®FD = xO2  a (VF ) 4 )T (0D — 1)
= o (RGHD) 4 RGM) = RGO) + F®) = Prt)) +
4 D k2 +ozke§,k)T(x(k) — )
+ap(VF(x®)y 4+ eék))T(x(kH) — x®)
= (R(x(k'H)) = RE®) + P®) = P(x")) + x40 — D24
+ae®” (B = x4 g (VF(x®) 4 )T (x+D _ @)
> o (R(x("“)) - R(x("))) + @D — B2 4 akeg"T(x(") — x5+
+ar(VF®) 4 )T D — x0), (A9)

where the second inequality follows from the convexity of F and the last inequality follows

from the fact that P(x®)) — P(x*) > 0. From a basic property of the Euclidean norm' we

Va=bl2+1b—cl> = lla—cl|?> =2(a—b)T(c—b), Va,b,cecRY.
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can write

(A9)
= I — B2 g ® = 2 = 2o (REEED) — RGD)) +

— kD b2y
—20pe®T (1 ® — 1) = 20 (VF(x®) 4 ¢ (x kD — 1 ®)
= 1 =22 = D — 202 = 20y (RGEED) - RGD)) +
— 203 VF(x O T (x KD _ xRy _ Zakei,k)r(x(k) —x*)+
_ 2a,<eg<>T(x(’<+1> — x®)

= Ix® — x*> — 2ake;k)T(x(k) —x") - Zcxkeék)T(x(kH) —x®)4
— 2 (R(x(k+1)) — RG®Y) 4 VE YT o+ _ x®)y 4

1
_i_m”x(k-kl) _x(k)||2>

= Ix® — )2 — 204 <hak (xO+D, 0y 4 eék)T(x(kJrl) _ x(k))) +
- Zake;k)T(x(k) —x%)
< 6 ® = 12 = 200 (o GFHV; xO) e (0D xB))
- 2akeék)T(x(k) —x).
In view of the hypotheses on the sequence {e}, it follows that

T
D — 252 = 5 ® = 62 = 20r (g (CFFD; 2 0) 4 DT (0D - 5 ®)) 4

+akw + /el ® — X2
NGS
= ”x(k) - x*”2 — 20max <h<xk (x(kJrl); x(k)) + ei,k)T(x(k+1) - x(k))) +
+a w+a Verllx® — x*)? Al0
max «/ﬁ max~/ Ek |l X x| ( )

Taking the conditional expectation in (A10) with respect to the o -algebra F, we obtain
E (10— 2215 ) = (1 + amary/E0) 16 — 212+
= 2arE (I 405 x0) e (ED O F) b yEr (ALD

By combining (A11) and part i) of Theorem 1 together with Lemma 3, we can state that
the sequence {[|x% — x*||}xen converges a.s.

Next we prove the almost sure convergence of the sequence {x*'} by following a strategy
similar to the one employed in [2, Theorem 2.1]. Let {xi*},- be a countable subset of the
relative interior ri(X*) that is dense in X*. From the almost sure convergence of lx® — x*|,
x* € X*, we have that for each i, the probability Prob({ flx® — x|} is not convergent) = 0.
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Therefore, we observe that
Prob(Vi 3b; s.t. . lim [x® — l=b)y=1- Prob({[lx® — x|} is not convergent)
—>+00

>1- ZProb({Hx(k) — x]'||} is not convergent) = 1,

1

where the inequality follows from the union bound, i.e. foreach i, {||x ®) —x7||}isaconvergent
sequence a.s. For a contradiction, suppose that there are convergent subsequences {ug; },
and {vg; }i; of {x®} which converge to their limiting points u* and v* respectively, with
lu*—v*|| = r > 0. By Theorem 2, u* and v* are stationary; in particular, since P is convex,
they are minimum points, i.e. u*, v* € X*. Since {x;"}i is dense in X*, we may assume that
foralle > 0, we have x;° and x;; are such that ||xi*1 —u*|| < eand ||xi*; —v*|| < €. Therefore,
for all k; sufficiently large,

* * * *k *
ok, — x; 1 < Nk, —u™ |+ ™ — x| < llug;, —u™|l + €.

On the other hand, for sufficiently large j, we have

ok, = xE 1 = v = u*l| =l = x| = o, = v*ll > r — € — log; = v*]| > r = 2e.

This contradicts with the fact that x®) — xl.*l is convergent. Therefore, we must have u* = v*,
hence there exists ¥ € X* such that x® — x. O

The same stronger assumption on the sequence {¢ } included in Theorem 3 must be added
also in Theorem 4. The proof of this theorem is revised since its starting point is inequality
(A11) which has been modified. We remark that the main arguments of the proof do not
change: indeed it is only different how to obtain (A13) from (A12).

Theorem 4 Under the Assumptions 1 and 2, let {x®} be the sequence generated by the
iteration (7) with E( ||e£,k) 11 Fk) < ek where {ex} is a nonnegative non-increasing sequence
such that Z,ji(o) ek < +oo and ay € [pmin, tmax]. Moreover, assume that condition (9)
holds, the function F is convex. Then, by denoting x'X) = ﬁ Zf:o x® we have

E(PE®) - Pax*)) =0 (%) . (10)
Furthermore, when E (Z}?O:o knk) < 00, we have
®) o ofl
E(P(xY) — P(x™)) _O<%>. (11)

Proof If we do not neglect the term P (x ®)y — P(x*) in (A9) and in all the subsequent
inequalities, instead of (A11) we obtain

E (I = 1217 = (1 + amar /B0 IS — 6|2+
T
+ 2e0r B (—h (D5 x®) — o0 (D — 0 )

— 20 E (P<x<k>> - P(x*)m) + a5k (A12)
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Summing the previous inequality from O to K and taking the total expectation, we obtain

Z]E (P(x<k>) ~ P(:Y) =

K
4 dmax @ (ZE( B (2D x®)) (k)T(x<k+1> <k>)|fk>>
=0

Amin

i (1 -2 - B -2 +

Amin

K
+ e (Z Vel ® — x| >+amax2f

2(x
min k k 0

T
1@ — x#)2 4 Zmax Z]E( By (x*HD; x @) — o8 (x (D — x(k))> +

20tmin Qmin k=0

=

— Zf E(lx® - 7| >+amax2f

"“”ko k=0

where the second inequality follows by neglecting the term —E(||xK+1 — x*|12). Now, we
observe that, at the end of the proof of Theorem 1, we prove that

ZE (—hak (x*FD; By eg‘)T(x(kH) — x(k))> < 4o00. *)
Asa consequence,
K T
DB (<o (D 60 — e (0D — 10 <,

Moreover, by considering the total expectation in (A11), Lemma 2 in Section 2.2.1 of [3]
together with (*) allows to state that E(|x® —x*|?) converges and thus there exists M such
that E(Jx® — x*||2) < M. We can write

K
1
ZIE (P(x(k)) — P(x*)) < 7 ||x(0) _x*Hz + O‘maxs n Umax EM

1 Omi o
k=0 min min min

+ Qmax€ (A13)

where we set £ = Y % /. Setting x &) = 214 S8 o x®, from the Jensen’s inequality,

we observe that E(P(x'%))) < 215 YK (E(P(x®)). Thus, by dividing (A13) by K + 1,
we can write

]E(P(Y(K)) P(x )) <;||x<°) e (xmis) .

K+ 1 \20in Umin
L o(omax cpr v 2 (A14)
K +1\20min max

Thus, we obtain the O(1/K) ergodic convergence rate of E (P (xK)) — P(x*)).
Now, we assume Y oo ke = Z. In (A13) the term 3 p_o E (P (x®) — P(x*)) is equal to
E (Zf:o P(x(k))) — (K 4+ 1)P(x*). We observe that, since 0 < P(x@) — P(x*), we can
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write
K

K
E (Z P(x“”)) ~KP(") <E (Z P<x<k>>> — (K + D) P(x")
k=1 k=0

1 o
< @ — x4 s
Umin Amin

amax - -
EM + o€

+

Amin
Now we determine a lower bound for E (Z,fz 1 P(x(k))). From the inequality (8), we have

that E (P (x®) — P(x**1)| 7 ) + ¢ > 0 and, hence, by considering the total expectation
we obtain E (P(x(k)) - P(x(k+l))) + E(nx) = 0. Thus, we have

M=

K
0= Y KE(PG®) = PGD)) + 3 KEMO)
k=1

»
Il
-

I
M =

K
E(P(x")) — KE(PxXTD) +E (Z k’lk) :

k=1 k=1
(A15)
Then, we can write
K
KE(PX) -5 <3 E (P(x(k))) . (A16)
k=1
Consequently, we can conclude that
(K+1) * 1 1 (0) %2 ¥max
E(P(x )—P(x™) < — ™ = X"+ ——8 )+
20min Amin
1 [« _ -
+ X 20’;:; EM + o€ + Z) .
O
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