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Abstract. Drawing inspiration from the extended finite element method (X-FEM), we propose for
two-dimensional elastic fracture problems, an extended virtual element method (X-VEM). In the
X-VEM, we extend the standard virtual element space with the product of vector-valued virtual
nodal shape functions and suitable enrichment fields, which reproduce the singularities of the exact
solution. We define an extended projection operator that maps functions in the extended virtual
element space onto a set spanned by the space of linear polynomials augmented with the
enrichment fields. Several numerical examples are adopted to illustrate the convergence and
accuracy of the proposed method, for both quadrilateral and general polygonal meshes.

Introduction

Numerical techniques for the solution of problems that admit singular or discontinuous solutions
such as fracture propagation in solids have attracted significant attention in the last two decades.
Among these, enriched finite element approximations based on the partition-of-unity concept [1]
and the eXtended Finite Element Method (X-FEM) [2] have become widely popular. More
recently, extended finite element formulations for polygonal meshes have been proposed [3] even
though, on polygonal elements, the construction of shape functions is generally cumbersome and
additional numerical integration issues must be carefully addressed [4]. The Virtual Element
Method (VEM) is a stabilized Galerkin scheme proposed in [5] to solve partial differential
equations on general polygonal meshes that overcomes many of the difficulties related to standard
polygonal finite element formulations. The VEM can be looked at as a generalization of the Finite
Element Method (FEM) in which the explicit knowledge of the basis functions is not needed, since
the bilinear form and the continuous linear functional deriving from the variational formulation,
are approximated by means of elliptic projections of the basis functions onto suitable polynomial
spaces, which turn out to be computable from the degrees of freedom of the method. More recently,
taking inspiration from the X-FEM, an eXtended Virtual Element Method (X-VEM) has been
proposed in [6,7], for the scalar Laplace problem with singularities and discontinuities, and in [8]
for fracture problems in two-dimensional linear elasticity. Here, we summarize the main finding

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 license. Any further distribution of
this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI. Published under license by Materials
Research Forum LLC.

1



related to the extended virtual element formulation for linear elastic fracture problems proposed in
[8], in which the displacement field exhibits both crack-tip singularities and discontinuities. An
enriched virtual element space is constructed by resorting to an additional set of virtual basis
functions, starting from suitably chosen vectorial enrichment fields which allow to incorporate
additional information about the exact solution, improving numerical accuracy in the presence of
singularities. The X-VEM for elastic fracture proves to be more flexible with respect to the X-
FEM since it is applicable to arbitrary polygonal meshes, while using a very simple one-
dimensional quadrature rule for the computation of all the integrals involved.

Two-dimensional elasticity model
Let us consider a linear elastic body occupying the two-dimensional domain ©Q e R?, bounded by
" cut by a traction-free internal crack I' .. We denote the displacement field on Q by u(x) and
assume small strains and displacements. The boundary is such that ' =", UI', UT"_. Prescribed
displacements g e C°(I",) are imposed on T, whereas tractions t e C°(I",) are imposed on T,.
Let o be the Cauchy stress tensor. In the absence of body forces, equilibrium equations read
V-6=0 in Q, 1)
with the natural boundary conditions

6-n=t ,
t )
c-n=0 on I,
where n is the unit outward normal, and the essential boundary condition
u=g on I,. 3)
The small strain tensor ¢ is related to the displacement field u by the compatibility equation
1
g(u) = E(V(u) +V' (u)). (4)
Lastly, the isotropic linear elastic constitutive for a homogeneous material reads
o(u) =C :g(u), )
Where C is the fourth-order elasticity tensor.
To state the weak form of the problem we define the test function space as:
U, ={ve[H"(@J :v=0 on T, v discontinuous on T}. (6)

The weak form of the equilibrium equation reads as: Find the admissible displacement field u such
that

a(u,v) = [o(v):&(u)dx= [ €-vdl =b(v) Vvel, @)
Q T,
Extended virtual element formulation

We now summarize the formulation of the extended virtual element method for fracture problems
in two-dimensional elasticity presented in . Let T ={Q, },, be a family of decompositions of (2 into



nonoverlapping polygonal elements E with nonintersecting boundary OE , barycenter
Xe =(Xg,Ye)' ,area |E|, and diameter he =sup, . x-y|.

Enrichment with singular fields. The main concept of the X-VEM is to enrich the standard virtual
element space by means of independent fields carrying information about the singularities

affecting the exact solution. For the problem at hand, we choose the enrichment fields 0' =u' / h"?

and 0" =u" /h¥*, where u'and u" are the exact asymptotic crack-tip displacement fields for
mode | and mode Il crack opening respectively, and h the maximum elemental diameter of the
mesh [8]. We observe that these fields satisfy equilibrium. In order to define the extended virtual

element space, we first introduce the local virtual element space V" (E):

VM(E) ={v" = (v],v))" e V'(E):v] =V} }, (8)

Xy
where V"(E) =[V“(E)]2 with V"(E) the standard virtual element space, spanned by the scalar

virtual basis functions {gol}l“fl . Hence, the space V""(E) is generated by the linear combination

Ne

of the basis functions {goi* = (goi,(pi)T} Then, we define the matrices ' and " as

=1

@ o a0
1//'5[0 A,}, l//”z{o A,,}, 9)
Uy Uy

so that the local extended virtual element space Vy (E) reads as

VY (E)=V"(E)®yw'V" (E)®y" V" (E). (10)

A basis of this space can be obtained as the union of the basis functions of V} (E), w'V""(E) and
w"V" (E). Therefore, at every enriched node the vector-valued field v’ (x) that belongs to the
extended virtual element space V (E) is characterized by four values and for an element whose
nodes are all enriched, we have 4N_ degrees of freedom. We denote the basis functions of V{ (E)
by the symbol ¢. , i=1,...,4N. , where

(¢,,0)" for 1<i<2Ng, i odd,
0,0)" for 1<i<2N, i even,
D=3, al T - (11)
(U,¢,0,0)  for 1+2Ng <i<3Ng,
(0, ¢,0) )" for 1+3N_ <i<4N_.
Finally, the extended global virtual element space V; reads:
2
Vi ={v; e[H(Q)] Ve e VI(E) VEth}. (12)

Since {p }'= are not known in the interior of the element, we construct a convenient projection
operator that allows to compute the approximations a, (-,-): V¢ (E)xVy (E) >R and



by (-): Vg (E) > R of the exact bilinear form a(-,-) and the linear functionalb(-) appearing in
(7). The extended virtual element formulation then reads: Find u} e Vy , such that

ag (uy, Vi) =bg (Vi) Wi e Vg, (13)
where the bilinear form a; (+,-) is built element-wise as

ay (U, Vi) = D ayt (U, vy) YUy v e Vs, (14)
EeQ

and we set b (v}) =b(v}). To construct a bilinear form av* (-,-) which is computable from the
degrees of freedom, we extend the vector-valued linear polynomial space ¢'(E) to a subspace
¢, of V} (E) which includes the linear polynomials and the additional enrichment functions Q'

and 0" . Such space is spanned by the eight linearly independent vector fields representing the

three fundamental rigid body motions, the three independent deformation modes and the two

enrichment fields:
lj”
J’[ ATI j} (15)
Uy

R BHAHHHI

We then define the extended elliptic projection operator I15 : V3 (E) — ¢, (E) for each element
E, which is the solution of the following variational problem:
[o(ay): e vy) dx = [o(ay):e(vi)dx  Vay €, (E), (16)
E E

with the additional conditions

h _ . h
[T5 vy =Vy,
(I V3)r = (Ve
where () and GR represent the average translation and rotation. Then, the local extended bilinear
form can be computed as:

Al (v W) = (T3 (Vi) T3 (Wh)) + 5 (v —TT3 (Vi) wh —TT5 (wh))

(17)

— [T (v ) 115 (W} ) i+ SE (v} ~I15 (Vi) wh — I3 (W), O

where SZ(-,-) is a suitable stabilization term needed to guarantee linear consistency and stability
of the method. According to the virtual element methodology, S{(-,-) can be any symmetric,
positive definite, continuous bilinear form defined on the kernel of the extended projection
operator IT5 . In [8], we provide two possible choices of the stabilization term by considering the

standard dofi-dofi and D-recipe formulations in our extended setting. Such choices are widely
accepted in the VEM literature and in some cases they were theoretically proved to be effective to
guarantee stability.



Numerical examples

Patch test. We first conduct an extended patch test, addressing the enrichment with singular fields.
The extended patch test ensures that the singular enrichment fields can be exactly reproduced using
the X-VEM. To this aim, we consider a square elastic plate that occupies the region (—1,1)> under
plane strain conditions, with a horizontal crack of unit length that extends from (-1,0) to (0,0).
A coarse mesh of 64 polygonal elements are considered, where all the nodes in the domain are
enriched the near-tip displacement fields are imposed on the boundary of the domain by requiring
that all the enriched boundary degrees of freedom are equal to 1 and all the standard boundary
degrees of freedom are equal to 0. The relative error in strain energy for the extended patch tests

is of the order of 107*2.
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Figure 1: X-VEM convergence in strain energy for the mixed-mode benchmark problem with both topological
and enrichment strategies enrichment.

Convergence study. We investigate the convergence of the X-VEM for the problem of a
twodimensional square plate under plain strain conditions in the presence of a horizontal crack,
extending from the boundary to the center of the specimen. The geometry of the domain is the
same adopted as that for the extended patch test. On the boundary of the domain, we apply the
exact near-tip mixed mode I and mode Il displacement fields, which are also employed as
enrichment fields for the X-VEM and represent the exact solution for the problem at hand. Both
quadrilateral and general polygonal meshes are considered. To compute the element stiffness
matrix, we follow two different strategies: topological enrichment and geometric enrichment. In
the topological enrichment, we only enrich the node located at the singularity of the solution
whereas in geometric enrichment we enrich all the nodes within a given radius from the origin. As



in extended finite element methods, due to the presence of the singularity in the crack tip, the
theoretical convergence rate for this problem is R = 1 that is non-optimal. As shown in Fig. 1, both
VEM and X-VEM with topological enrichment converge in strain energy with a rate close to 1, in
agreement with theory. It turns out that the X-VEM s insensitive to the type of mesh
(quadrilaterals or polygons), and the results from the X-VEM are consistently more accurate than
those from standard VEM. In order to establish if the proposed X-VEM can deliver the optimal
convergence rate R = 2 that is predicted by theory, we enrich all nodes that are located within a
ball of radius r, =0.5 from the origin. As shown in Fig. 1, in the case of geometric enrichment,

the convergence rate is close to 2, which is consistent with theory.
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