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Abstract

The definition of quasi-Hopf algebra, introduced by Drinfeld in [17], is obtained
by relaxing the coassociativity axiom in the definition of Hopf algebras. Their
importance lies in their ties to monoidal categories; they are relevant whenever
one needs to consider a non-strict category, meaning the associativity of the tensor
product is controlled by a non-trivial isomorphism.

Inspired by the work of Radford in [45], for H an arbitrary quasi-Hopf algebra,
we describe all the Hopf algebras of dimension 2 within the category of left Yetter-
Drinfeld modules over H and determine the biproduct quasi-Hopf algebras uniquely
associated to them. Classes of such biproduct quasi-Hopf algebras are obtained by
taking H as the Hopf algebra of functions on a group G, endowed with the quasi-
Hopf algebra structure provided by a non-trivial 3-cocycle on G, or as a quasi-Hopf
algebra with radical of codimension two. Particular attention is dedicated to analyze
the case in which G is a finite abelian group. In this way, we discover new classes
of quasi-Hopf algebras which can be used as examples to test general theories; see
[13] for a paper that uses a class of quasi-Hopf algebras computed here.

We apply the characterization result above to complete the classification of 6-
dimensional quasi-Hopf algebras, by proving that any such algebra is semisimple.
As byproducts, we provide examples of 6-dimensional quasi-bialgebras that are
not semisimple as algebras, as well as the concrete quasi-Hopf structures of the
6-dimensional semisimple quasi-Hopf algebras previously classified by Etingof and
Gelaki in [22] in terms of their category of representations.
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The introductory Chapter [1| contains no original results, Chapter [2] is entirely
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Introduction

Quasi-Hopf algebras were introduced in |17] by Drinfeld. Their structure is obtained
by relaxing the coassociativity axiom in the definition of Hopf algebras, asking for
the coassociativity to hold only up to the conjugation by an invertible element,
called the reassociator.

The main motivation to study quasi-Hopf algebra lies in their categorical inter-
pretation, whenever one needs to deal with concrete monoidal categories that are
not necessarily strict. This was indeed the reason behind their introduction in [17],
motivated by the need to work with monoidal categories in rational conformal field
theory. Namely, take C to be any rigid monoidal category with a field k as unit
object and which admits a fiber functor, i.e. an exact and faithful monoidal functor
P : C — Vecy; then C is equivalent to the category of representations of a Hopf alge-
bra H with base field k. Namely, H are the endomorphisms of P, whose coalgebra
maps are endowed by the monoidal structure of P.

If instead we ask P to be only a quasi-monoidal functor, meaning we remove
the associativity requirement from its monoidal structure, then H becomes a quasi-
Hopf algebra; see [24] and [14] for further details. Conversely, if H is a quasi-Hopf
algebra, the monoidal structure in its category of left modules y M is in general
non-strict, where the associativity constraint is determined by the reassociator of
H. The category of modules is always strict when H is a usual Hopf algebra.

Another notable property of the quasi-Hopf algebra structure is its stability
under twist-deformation: if we take H to be a quasi-Hopf algebra and F' an arbitrary
invertible element in H ® H, we can construct a new quasi-Hopf algebra, denoted by
Hp, on the algebra structure on H, by deforming its coproduct, counit, reassociator
and antipode by F'; from a categorical point of view, deforming the structure this
way is equivalent to changing the quasi-tensor structure on the functor P on a rigid
monoidal category C. If, on the other hand, H is a Hopf algebra, deforming H by
any twist yields, in general, a quasi-Hopf algebra with non-trivial reassociator; for
the deformed structure to be that of a usual Hopf algebra, we need the twist F' to
satisfy an additional 2-cocycle-like condition.

Coming back to what we stated above, quasi-Hopf algebras where originally
introduced in [17] to satisfy the need arising from dealing with non-strictness while
studying the representations of Drinfeld-Jimbo algebras. Another application of
quasi-Hopf algebras in the setting of mathematical physics comes from the study of
some Yang-Baxter equations; two particular classes of solutions, namely the vertex
and the face type elliptic solutions, are associated with two types of elliptic quantum
groups. It was proven in [26], [25], [1§] and [27] that both of them are quasi-Hopf
algebras.

One feature of the state of the art in the previously cited areas of mathematical
physics is the shortage of examples of non-strict monoidal categories equipped with



some extra structures. This is mainly due to the fact that we know only a few
"proper” concrete examples of quasi-Hopf algebras, in comparison, for instance, to
the many known examples of regular Hopf algebras.

Due to the technical nature of the axioms of quasi-Hopf algebras and their prop-
erties, it is usually very difficult to construct examples "by hand” or through com-
putationally easy methods. The alternative, and preferred, way to obtain examples
is through general constructions, often categorical in nature (such as the quan-
tum double), that produce quasi-Hopf algebras starting from various kind of data.
Furthermore, by classifying quasi-Hopf algebras in low dimension, we obtain some
useful ingredients to build, via said general constructions, more complex quasi-Hopf
algebras.

As such, this thesis is mainly interested in two problems:

1. classifying finite dimensional quasi-Hopf algebras up to twist-equivalence over
an algebraically closed field of characteristic 0,

2. constructing examples of quasi-Hopf algebras that are not just obtained by
twisting a known Hopf algebra, thus producing new (tensor) categories.

In [43], Radford proved that any Hopf algebra A with a projection covering the
embedding of a sub-Hopf algebra H is isomorphic to a biproduct B x H between H
and a Hopf algebra B in the braided monoidal category of Yetter-Drinfeld modules;
a biproduct, in the sense of Radford, is a Hopf algebra structure over the tensor
product B ® H, which generalizes the semidirect product between groups. Note
that the category of Yetter-Drinfeld modules over H, introduced by Yetter in [51]
and given its current name in [44] by Radford and Towber, is obtained as the center
of the left H-modules, a construction that associates a braided monoidal category
to any monoidal category.

If we instead take A to be a quasi-Hopf algebra with a projection over a sub-
quasi-Hopf, it was proven by Bulacu in [5| and by Bulacu and Nauwelaerts in [11]
that the previous results still hold, and we can associate to each braided Hopf algebra
B within the category of left Yetter-Drinfeld modules over an arbitrary quasi-Hopf
algebra H the biproduct quasi-Hopf algebra B x H, having the same reassociator
as its sub-object H. Moreover, it was shown in [14] by Bulacu and Torrecillas that
the biproduct structure B x H can be recovered by reconstruction theory from the
monoidal category gC of representations in C = g M of a central Hopf algebra B in
C. This thesis focus is precisely the way Radford’s biproduct can be used to tackle
the problems of classification and construction for quasi-Hopf algebras. We discuss
first its role in the classification of (quasi-)Hopf algebras.

Consider any pointed Hopf algebra H; the graded algebra gr(H), associated
with the coradical filtration of H, is a Hopf algebra with a projection, and so it
is determined as a biproduct by a braided Hopf algebra R within the category of
Yetter-Drinfeld modules over the Hopf algebra of grouplike elements in H. In the
context of Hopf algebra classification, the famous lifting method of Andruskiewitsch
and Schneider consists in studying the braided Hopf algebra R, transferring the
properties found to gr(H) and, finally, lifting them back to H. This method has
proved crucial for classifying pointed Hopf algebras, see the surveys [2, |4] for more
details.

When dealing with a quasi-Hopf algebra H, we are unable to approach the
technique through the coradical filtration, due to the lack of coassociativity in the



coalgebra structure of H. Instead, we can tackle the problem from the dual situation.
If H is a basic quasi-Hopf algebra (the dual notion to pointed, meaning that all
simple modules are 1-dimensional), the graded algebra gr(H), this time associated
with the filtration by powers of the Jacobson radical of H, is a quasi-Hopf algebra
with a projection on Hy = %, a semisimple quasi-Hopf algebra. In particular, Hy is
a group Hopf algebra over an abelian group G, considered as a quasi-Hopf algebra
via a reassociator determined by a 3-cocycle on G. The lifting method was used in
the setting of quasi-Hopf algebras by Etingof and Gelaki in [19, |20} 21|, appearing
for the first time in [19]. It was also used by Angiono in the paper [3].

The classification of semisimple Hopf algebras in dimension 6 was given by Ma-
suoka in [38], and Stefan showed in [49] that any Hopf algebra of dimension 6 is
semisimple, thus finishing the classification in dimension 6.

In this thesis (see Theorem , we complete, through the lifting method, the
classification of 6-dimensional quasi-Hopf algebras, by proving that any such algebra
is semisimple and then by using the characterization of semisimple 6-dimensional
quasi-Hopf algebras, in terms of their category of representations, given by Etingof
and Gelaki in [22]. By translating this result from the categorical language, we
provide in Theorem [4.2.5] an explicit list of all 6-dimensional quasi-Hopf algebras.
As a byproduct of the classification, we also provide in Remark examples of
6-dimensional quasi-bialgebras that are not semisimple as algebras, and hence are
not quasi-Hopf algebras.

Let us now focus on the role of Radford’s biproduct in the construction of new
quasi-Hopf algebras. Starting from a well known quasi-Hopf algebra H with a man-
ageable structure (e.g. a group algebra with quasi-Hopf structure endowed by a 3-
cocycle), finding braided Hopf algebras in the Yetter-Drinfeld modules over H allows
us to construct a new quasi-Hopf algebra, whose structure can be much more com-
plex than that of H. As an example, we can start by a commutative, cocommutative
and semisimple H; if there is a braided bialgebra B over H with non-trivial H-action
and H-coaction, this leads to a non-commutative, non-cocommutative structure on
B x H.

The construction of examples of needed complexity, but simple enough to allow
for manual computations was the original motivating desire behind our interest in
biproduct quasi-Hopf algebras. Concretely, inspired by the work of Radford in [45],
for an arbitrary quasi-Hopf algebra H with invertible antipode over a field k of
characteristic different from 2, we describe in Theorem [2.1.8] all the Hopf algebras
of dimension 2 within the category of left Yetter-Drinfeld modules over H. As
a direct consequence, we determine in Proposition the biproduct quasi-Hopf
algebras uniquely associated to them. All 2-dimensional braided Hopf over H are
either trivial, meaning isomorphic to the group Hopf algebra k[Cs] with trivial H-
action and coaction, or are isomorphic to B, ,, generated by the unit and a primitive
element, whose H-action and coaction are respectively controlled by an algebra map
o : H — k and an element v € H satisfying three relations. Then, computing new
examples of quasi-Hopf algebras reduces to finding all couples (o, v) satisfying the
three relations for a given H.

Classes of such biproduct quasi-Hopf algebras are obtained in Section by
taking H as the Hopf algebra of functions over a group GG, endowed with the quasi-
Hopf algebra structure provided by a non-trivial 3-cocycle on G, or in Section
as a quasi-Hopf algebra with radical of codimension two, classified by Etingof and
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Gelaki in [19]. Particular attention is dedicated to analyze the case in which G is a
finite abelian group; the case in which G is a product of two cyclic groups is treated
in great detail in Appendix [A]

The structure of the thesis is as follows: Chapter (1] serves as an introduction to
some fundamental topics needed to work with quasi-Hopf algebras, and contains no
original results.

Chapter [2] is focused on characterizing biproduct quasi-Hopf algebras of rank 2
and producing examples. Section [2.1| contains all the preliminary results needed to
prove Theorem 2.1.8l In Section [2.2] the characterization is specialized to function
algebras of a group G; Subsection El deals with the case in which G is abelian (see
Proposition and further analyzes the cases when G is the product of one, two
or more than three cyclic groups. On the other hand, Subsection provides an
example for G non-abelian, by considering in Proposition the case in which
G is a double dihedral group D,,. Section deals with the classification over well
known classes of quasi-Hopf algebras. In particular, Proposition [2.3.3| shows that
a finite dimensional quasi-Hopf algebra H with radical of codimension 2 has non-
trivial 2 dimensional braided Hopf algebras if and only if it is twist equivalent to a
Nichols Hopf algebra Hon.

Chapter [3] is centered on the study of 4-dimensional quasi-Hopf algebras. In
Section|3.1] we provide with Lemma[3.1.1|a characterization of the twist-equivalence
classes of the quasi-Hopf structures on the algebras of functions over a finite cyclic
group. In Section [3.2] we focus on the classification of 4-dimensional quasi-Hopf
algebras; in Subsection [3.2.1 we provide an alternative path to prove that non-
semisimple 4-dimensional quasi-Hopf algebras are twist equivalent to the Sweedler
Hopf algebra Hy, as originally proven by Etingof and Gelaki in [19]. Moreover,
we provide in Proposition [3.2.5| a classification of the isomorphism classes of quasi-
Hopf algebras obtained by twisting Hy. In Subsection |3.2.2| we provide a list of all
4-dimensional semisimple quasi-Hopf algebra, up to twist equivalence.

Chapter [ sole objective is to reach Theorem and to produce the list of
6-dimensional quasi Hopf algebras contained in Theorem In Section we
classify all 3-dimensional YD-Hopf algebras over the two dimensional quasi-Hopf
algebra H(2), showing in Proposition that all of them are associated with
semisimple biproducts; this implies that all 6-dimensional biproducts are semisimple,

see Corollary [L.1.11} In Section [.2] we prove Theorem by showing that

all 6-dimensional quasi Hopf algebras are biproducts, the section concludes with

Theorem 4.2.5|.

Appendix , after realizing that the relation (2.2.13]) in Corollary [2.2.11|reduces
to ([A.0.1)), is entirely devoted to solving the problem of determining the parameters

A, k such that the conic section Cy (z,y) = 0 has integer solution. The Appendix
concludes with a concrete example.
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Chapter 1

On quasi-Hopf algebras and their
surroundings

This first chapter is intended as a "toolbox”, containing all the necessary relation
and constructions needed to smoothly introduce the original results that lie at the
core of this thesis and are the focus of later chapters. Since most of the more
technical results are presented here without proof, we refer the interested reader to
the monograph |15 for a comprehensive overview of quasi-Hopf algebras, to 34} 36]
for general topics in Hopf algebra theory and to [24] for details on the representation
theory of quasi-Hopf algebras. Specific references will be provided when needed.

Unless otherwise specified, k denotes a fixed field and ®, in the context of vector
spaces, denotes ®;, the tensor product over k.

1.1 Braided monoidal categories

Monoidal categories provide the correct categorical interpretation of (quasi-)Hopf
algebras. Abstractly, monoidal categories generalize the tensor product of vector
spaces, allowing the definition of products and coproducts, and therefore of algebras
and coalgebras, over objects other than vector spaces.

Definition 1.1.1 A monoidal category is a datum (C,®,1,a,l,r), consisting of
a category C endowed with a functor ® : C x C — C, called the tensor product, a
distinguished object 1 € C, called the unit object of C, and the natural isomorphisms

axyz: (X®Y)®Z - X® (Y ®Z) (the associativity constraint, or associator),
Ix : 1® X — X (the left unit constraint, or left unitor),
rx : X ®1— X (the right unit constraint, or right unitor),

where XY, Z are objects in C, satysfing the two following diagrams, respectively
called the Pentagon Axiom and the Triangle Axiom, for any X, Y, Z, T € C:

12



1.1. Braided monoidal categories

(XeY)®((ZeT)

(XQY)®2)e ® (Y ®(Z&T))
le,Y,z®Idl deé@ay,z,T
(X®<Y®Z))®T aX’y®Z’T > X®((Y®Z)®T>7
(X®1)QY et y X®(18Y)

Tm %

X®Y.

A monoidal category (C,®,1,a,l,r) is strict if a,l and r are defined by identity
morphisms in C.

We can relate monoidal structures on categories through monoidal functors.

Definition 1.1.2 Let (C,®,1,a,l,7) and (D,0,¢e,a',’,r") be monoidal categories
and let F': C — D be a functor.

1. A monoidal functor is a triple (F, ¢y, p2), where s is defined by the morphisms
PY2.X,Y - F(X)DF(Y) — F(X & Y),

where XY € C, as a natural morphism, and ¢y : ¢ — F(1) is a morphism in
D such that the following diagrams are satisfied.

Vp(x),F(¥),F(2)
SR

(F(X)OF(Y)OF(Z) FX)OF(Y)OF(2))
F(X®Y)OF(Z) FX)® F(Y ® Z)

302,X®Y,Zl l@z,x,myz

F(X®Y)® Z) y F(X ® (Y ® 2))

F(ax,y,z)

wo0Id Id0p,
— —

(OF(x) 228 POF(X)  F(X)De 2229 F(X)OF()

llF(X)l l‘ﬁz,;,x T}:(X)l lsoz,x,;

2. The monoidal functor (F, ¢y, p2) is called strong monoidal if ¢ and ¢, are
defined by isomorphisms in D.

13



1.1. Braided monoidal categories

Remark 1.1.3 Let (C,®,¢e),(C’,0,1) and (D, ®’,¢') be monoidal categories; since
associator and unitors are not involved in the following construction, we consider
them to be strict. The composition of two monoidal functors (F, g, ¢s) : C — D
and (G, ¥,12) : D — C' is still a monoidal functor, namely (GF,G(¢o) © 1o, ¢2),
where the natural morphism ¢, is defined, for objects X,Y € C, by

(

Yo, F(X) F(Y)
RN

GF(X) & GF(Y) GFX)OFY)) “2X) ar(x oY), (L11)

Similarly, we can define the monoidal version of natural transformations, by
adding compatibility conditions with the monoidal structures of the functors as a
requirement.

Definition 1.1.4 Let C, D be monoidal categories (adopting the notation of the
previous Remark), and let (F, ¢o, ¢2), (G,%0,%2) : C — D be monoidal functors.
A monoidal natural transformation f (or natural morphism), from (F, g, p2) to
(G, 10,15) is a natural transformation f : F' — G satisfying the relations expressed
by the following diagrams for all objects X,Y € C:

F(X)OF(Y) 255 F(X®Y) D
fX®le le®Y and flT > €
GX)DGY) 3 GX ®Y) Fy

We can then define the monoidal versions of isomorphism and equivalence of
categories, by requiring the functors that realize the isomorphism (or equivalence)
to be monoidal.

Definition 1.1.5 Let C, D be monoidal categories.

1. C and D are monoidally isomorphic if there exists two monoidal functors
(F,¢0,2) : C — D and (G,¢g,12) : D — C such that FG = Idp and
GF = Id¢ as monoidal functors, where the identities are seen as monoidal
functors via trivial isomorphisms. In particular, this implies that ' and G are
strong monoidal.

2. C and D are monoidally equivalent if there exist two monoidal functors F', G
(using the same notation as before) and two monoidal natural isomorphisms
GF — Ide and FG — Idp, and we call F' a monoidal equivalence.

If F and G both are strong monoidal, we call F' a strong monoidal equivalence
between C and D.

Remark 1.1.6 (Mac Lane’s Coherence) Mac Lane’s strictification theorem, see [35,
Section 7.2], states that every monoidal category is strong monoidally equivalent to
a strict monoidal category. As a consequence, the commutativity of all diagrams
constructed from multiple copies of the unitors and associator is equivalent to the
commutativity of the triangle and pentagon axioms.

In particular, whenever we are dealing with the tensor product of multiple objects
in a monoidal category, we can move the parenthesis in the order we prefer; as long
as the parenthesis are in a fixed order at the start and at the end of the process,
any morphism constructed by composing associators, and unitors, with each others
will coincide with any other constructed in the same way.

14



1.1. Braided monoidal categories

1.1.1 Vector spaces graded by a group

In order to give an illustrative example of monoidal category and introduce notions
which will become relevant later in this chapter, we recall some basic notions from
group cohomology.

Let G be a group with neutral element e and k£ a field with unit 1. Denote
k* = k\ {0} and by K™(G,k*) the multiplicative group of maps from G" to k*
under pointwise multiplication. For any n € N*, there exist a map

On : K"(G,k*) — K" (G, k*)
defined by
On(f)(g1s- - gnt1) =

= f(927 s 7gn+1) H f(gh <o 9iJit1, - - 7gn+1)(_1)1f(gla s ’gn)(—l)""'l’
i=1

for any ¢1,..., 9,11 € G; it is a well known fact that Im(9,_1) C Ker(9,). We call
the elements of the group Z"(G, k*) := Ker(0,) n-cocycles, while the elements of
B"(G,k*) := B™"(G, k*) are referred to as n-coboundaries; the quotient H" (G, k*) :=
Z"(G,k*)/B™(G, k*) is known as the n-th cohomology group of G over the field k;
we say that two cocycle are cohomologus if they are in the same coset. We refer to
[48, Section 7.3] for additional details on the context around of the maps 0,. For
ease of use, we write down 0, explicitly for n in the range {1,2,3}:

n(f)(z,y) = f(z) flay)™" fy),
0a(9)(x,y,2) = 9(y, 2) g(zy,2) " g(x,y2) g(z,y)~",
O5(h)(z,y, 2,t) = h(y, z,t) h(zy, z,t)"" h(z,yz,t) h(z,y, 2t)" h(z,y, 2).

We are now able to explicitly write the definition of n-coboundaries and cocycles,
for n equal to 2 or 3.

Definition 1.1.7 2-cocycles and a 3-cocycles on G with coefficients in k* are maps
¢ : GxG — k* and, respectively, p : G X G x G — k* such that, for all z,y, z,t € G,

o(ry, 2) o(x,y) = ¢y, 2) ¢(x,y2), (1.1.2)
p(ry, 2,t) p(z,y, 2t) = 0(y, 2,t) @(r,y2,t) o(z,Yy, 2). (1.1.3)

The cocycles ¢, ¢ are 2(respectively 3)-coboundaries if there exist a map f : G — k*
(respectively g : G x G — k*) such that

oz, y) = f(@)f() flay)™ elz.y,2) =gy, 2) g(zy, 2)~" g(a,y2) g(z,y)~"
Remark 1.1.8 We say that a n-cocycle ¢ is normalized if ¢(g1, ..., g,) = 1 whenever
1€{g1,...,9,} € G. In particular, a 2-cocycle is normalized if and only if ¢(e, e) =
1. Indeed, by (L.1.2), we have ¢(z,z2) ¢(z,e) = ¢le,2) ¢(x,2) and ¢(z,e)? =
ole,e)p(x,e) for all z,z € G, implying ¢(e,z) = ¢(x,e) = ¢(e,e). Moreover,
following immediately from the definition, any 2-coboundary defined by a map such
that e — 14 is a normalized 2-cocycle.

On the other hand, any 3-cocycle ¢ is normalized if and only if p(z,e,y) = 1 for
all z,y € G; this condition implies p(e, z,y) = 1 and ¢(x,y,e) = 1 for all z,y € G,
by taking, respectively, either y or z equal to e in . Then, 3-coboundaries are
normalized if ¢(z,e) = ¢(e,y) for all z,y € G.

15



1.1. Braided monoidal categories

The following lemma explains why we can often consider 3-cocycles to be nor-
malized without loss of generality.

Lemma 1.1.9 Any 3-cocycle is cohomologous to a normalized 3-cocycle.

Proof. In the notation of Definition|1.1.7, by (1.1.3)) we obtain the relations ¢(x, e, t)
= (e, e, t)p(z, e, e) by setting y, z = e, and (e, e,e) = 1 by taking x =t = e. Then,
after defining f: G x G — k* : (x,y) — ¢(e,e,y) " p(z, e, e), we get

00y (f)(x, e, 2) =p(x,e,2)[(e, 2) f(x 2)7 f(z,2) flz,e)”
o(x,e,2)p(e e, z) (e e,e)ple, e, z)
“Lole e, 2) tp(x, e, e)p(e, e, e)p(e, e, x)
=p(x,e,z)p(e e, z)” 1gp(e,e z)~!
(

-1

which implies that @0y (f) is normalized. O

Remark 1.1.10 The same property also holds for a 2-cocycle ¢ in a stronger form;
it suffices to take f : G — k* to be the constant function = — ¢(e,e)™!, then
$01(f) = ¢(e,e)"1¢ is normalized. In short, any 2-cocycle is normalized up to a
scalar.

Example 1.1.11 Denote by €, the cyclic group of order n and by g one fixed
generator, and suppose k£ has a primitive n-th roots of the units £. It is a well
known fact that H3(C,,k*) = C,,, where a complete system of representatives for
the cohomology classes is given, for 0 < a < n — 1, by . (z,y,2) = ¢l where
|m] denotes the integer part of a rational number m; see e.g. |15, Example 1.16].

We say that a k-vector space V' is G-graded if there exist a family of sub-vector
spaces {V,}seq such that V = P, V;. We call an element v € V homogeneous
it v € V, for some g € G, called the degree of v and denoted by |v]. We denote
by Vec® the category whose objects are G-graded vector spaces, with morphisms
given by linear maps f : U — V preserving homogeneous components, meaning
f(Uy) CV, forall g eG.

We can endow the usual tensor product ® on the category of vector spaces Vecy
with extra structure, thus defining a tensor product on the category of G-graded
vector spaces Vec®. Namely, we define the graded components of U ® V, for two
given graded vector spaces U,V € Vec®, by

UeV),=@ .oV, foalged. (1.1.4)
z,ye€CG
zy=g
Moreover, we denote by [ and 7 the left and right unitors of Vecy, defined respec-
tively by the canonical maps (Ix)y : k® U — U and (ry)y : V® k — V for any
vector spaces U and V.
We are now able to recall the following correspondence of structures, the proof
of which is straightforward, if a bit technical. We refer to [15, Proposition 1.13] for
all the details.
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1.1. Braided monoidal categories

Proposition 1.1.12 There is a bijection between monoidal structures on Vec® of
the form (Vec®, ®,a, k, I, ) and normalized 3-cocycles on G with coefficients in k.

Namely, the associator a of Vec® is defined, for any G-graded vector space
U, V,W, by a normalized 3-cocycle ¢ € Z3(G,k*) as follows:

avvw((u®v) @w) = p(ul, |v], |w]) @ (v w). (1.1.5)

1.1.2 Braided monoidal categories

We define the braiding of a monoidal category, which can be thought of as an
extension of the usual flip7: U®V - VU : u®v — v ®u, a morphism in Vecy,

to an arbitrary monoidal category. For any monoidal category C, we can define the
flip functor 7 : C x C — C x C by 7((A, B)) = (B, A) for objects A, B in C and

7((f,9)) = (g, f) for morphisms f, g in C.

Definition 1.1.13 Let C be a monoidal category. A pre-brading on C is a natural
transformation o : ® = ®o7 defined by morphisms 04 5 : A®Q B — B® A satistying,
for any object A, B,C in C, the Hexagon Axioms, meaning, in the notations of
Definition [I.1.1], the commutativity of the following diagrams:

XA, B,C

(A9 B)C 225 A (BeC) 225 (BeO)® A
UA,B®1C\L laB'C’A (116)
(BRA)®C — BR(A®(C) —— B (C® A),

QB A,C 1p®oa,c

0A®B,C
—

A®(B®C) 225 (A9 B)& C C®(A® B)
1A®0B,Cl lag‘,lA,B (1.1.7)
A®<C®B)T)(A@C)@BJWB(C(X)A)@B

RV WeN:;

We call ¢ a braiding if it is a natural isomorphism. Moreover, the couple (C, o) is
called a (pre-)braided monoidal category if o is a (pre-)braiding on C.

Example 1.1.14 o The flips yy : UV = VU :u®v+— v®u, for any

vector spaces U and V', define a braiding on Vecy.

e The braiding of a monoidal category is generally not unique; if (C,c) is a
braided monoidal category, we can define another braiding on C through the
inverse of the braiding c¢. Namely, C" := (C, ¢), where ¢ is defined by cxy =
Cyx-

Definition 1.1.15 Let (C,0) and (D, ¢’) be (pre-)braided monoidal categories. A
strong monoidal functor (F, ¢, p2) is said to be (pre-)braided monoidal if it satisfies

the following diagram for all X,Y € C, where ® and X denote, respectively, the
tensor products in C and D.

FIX)RF(Y) —2X , F(X®Y)
o (X),F(Y)l lF("X’Y’ (1.1.8)

Moreover,
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1.1. Braided monoidal categories

e (C,0) and (D, ¢’) are isomorphic as (pre-)braided monoidal categories if there
exists (pre-)braided monoidal functors (F, g, p2) : C — D and (G, ¢, ¢2) :
D — C such that GF = ide and F'G = idp, where 1d; and idp are seen as
(pre-)braided monoidal functors;

e similarly, (C,0) and (D,¢’) are equivalent as (pre-)braided monoidal cate-
gories if they are equivalent as monoidal categories through two (pre-)braided
monoidal functors F' and G.

1.1.3 Braided bialgebras

Algebraic structures in certain braided monoidal categories play a central role in our
constructions; as intuition suggests, one can define algebraic structures on an object
in a braided monoidal category by requiring the structure maps to be morphism in
the category, and by dealing with parenthesis and the unit object (playing the role
of the base field) through the associator and unitors.

Definitions 1.1.16 Let (C,®,1,a,l,7) be a monoidal category.

e A monoid in C is a triple (M, u,w), where p: M @ M — M and u : 1 — M
are morphisms in C such that

M& (Mo M)

(Mo M) M M®M (1.1.9)
;t@idl lﬂ
MeM , M,

m

1oM —" Mo M

/| / L-c@u (1.1.10)

ME— M®L

e A comonoid in C is a triple (C,d,¢€), where § : C' — C ® C and ¢ : C' — 1 are
morphisms in C such that

®(C®C0)

Col)e % C (1.1.11)
5®idT TE
C®C ¢ C,

8

1leC 1 cgC

l / lldg,g (1.1.12)

C+——(C®l.

Example 1.1.17 A monoid in the category Vec® of vector spaces graded by a group
G is a G-graded algebra, assuming Vec? is strict as a monoidal category.
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1.1. Braided monoidal categories

In what follows, we will call monoids and comonoids in the category of left
modules y M over a (quasi-)Hopf algebra H, respectively, algebras and coalgebras
in y M. Equivalently, they are known as, respectively, H-module algebras and H-
module coalgebras. We define a quasi-Hopf algebra in the next section.

Consider now two monoids (M, pps, upr) and (N, py, uy) in a braided monoidal
category (C,®,1,a,l,r) with braiding . We can endow the tensor product M & N
with a monoid structure, namely M @ N = (M & N, upen, Upen), Where pyen
and upse Ny are morphisms defined through composition as described by the following
diagrams.

HKMQN

(M®N)®(M®N) = > M ®N
M®(N®(MeN)) (M®M)®(N®N)

ideN}M,Nl TGM{MNM (1.1.13)
M@ ((N® M)® N) M®(M®(N®N))

idM@(CNm W,N,N

M® ((M®N)®N),

M®N—>

W@h / (1.1.14)

1®1.

Note that we can define ppygn using different compositions of associators in
order to move the parenthesis; by coherence, see Remark [1.1.6] all such definitions
coincide.

Definitions 1.1.18 Let C be a braided monoidal category.

e A bialgebra in C is a collection (B, u, u, A, €) such that (B, g, u) is an monoid
inC, (B,A,¢) is a comonoid in C and A : B — B® B is multiplicative, in the
sense that the following diagram commutes.

B®B —222 , (B®B) ® (BYB)

“l lﬂB@B (1.1.15)
B > BRDB.

e A Hopf algebra in C is a bialgebra B in C such that the identity idg has an
inverse S in Home(B, B) with respect to the convolution product *, meaning
a morphism S : B — B such that S xidg = idg * S = uoe. We refer to
[15, Lemma 2.57] for further details on the convolution product, defined by
fxg=po(f®g)od, forall f,g € Home(B,B).

We call bialgebras and Hopf algebras in braided monoidal categories braided
bialgebras and braided Hopf algebras, respectively.
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1.2. Quasi-Hopf algebras

1.2 Quasi-Hopf algebras

Quasi-Hopf algebras, introduced by V.G. Drinfeld in [17], extend the class of Hopf
algebras, by relaxing the coassociativity axiom.

Definition 1.2.1 A quasi-bialgebra is a quadruple (H, A, &, ®) consisting of a k-
associative algebra H with unit 1, two algebramaps A: H - H®H ande: H — k
and an invertible element ® in H ® H ® H, called the reassociator, such that the
following relations hold

(Idy ® A)(A(R)) = (A ® Idg)(A(R)D, (1.2.16)
(Idg ®e)(A(R)) = h, (e@1Idy)(A(R)) = h, (1.2.17)

for all h € H. Moreover, ® is a normalized 3-cocycle, in the sense that

1®®)(Idy ® AR Idy)(2)(P®1)
= (ldg ® ldg ® A)(®)(A ® Idg @ 1du)(P),
(d®@eeldy)(®) =11 (1.2.19)

(1.2.18)

We use a Sweedler-like notation for both the reassociator and the coproduct map
A. More precisely, we omit the summation and summarize the components of the
tensor product, for all h in H, as A(h) = hy ® hy for the coproduct and as

P=X'0X’0X=Y'eV?’@Y)=2'92’02%=--.
(I)_l:l’1®x2®1’3:y1®y2®yszzl®z2®z3:...

for the reassociator, using upper case letters to denote ® and lower case letters to
denote its multiplicative inverse.

Example 1.2.2 Let k be a field of characteristic different from 2 and let pL = (1+
g)/2. The first nontrivial example of quasi-bialgebra is the quadruple (k[Cy], A, e, @),
where k[C5] is the group algebra associated with the cyclic group of order 2, gener-
ated by an element g, A is determined by A(g) = g® g, € is determined by (g) = 1
and P=1R101—-2p_ ®p_Qp_.

Definition 1.2.3 A quasi-bialgebra H is called a quasi-Hopf algebra if there exists
an anti-algebra morphism S : H — H and elements «, 5 € H such that, for all
h € H, we have:

S(hy)ahg = e(h)a, h15S(hy) = e(h)B, (1.2.20)
X'3S(X%)aX? =1, S(z")ar?BS(x?) = 1. (1.2.21)

In this case, we call (S5, «, 5) the antipode of H.

Remarks 1.2.4 We recall some useful properties of quasi-bialgebras and quasi-Hopf
algebras, which will be of use in the later chapters.

1. We say that a quasi-bialgebra (quasi-Hopf algebra) is genuine when it is not
a bialgebra (respectively Hopf algebra), meaning its reassociator @ is different
from 1®1® 1.
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1.2. Quasi-Hopf algebras

2. Deviating from Drinfeld’s definition in [17], we do not require a quasi-Hopf
algebra H to have a bijective antipode. However, whenever H is finite dimen-
sional or quasi-triangular, H has a bijective antipode. We refer to [6] and [12]
for all the details.

3. Differently from Hopf algebras, an antipode (5, «, ) of a quasi-Hopf algebra
H is not unique. Namely, for any invertible element u in H, (uSu™!, ua, fu=")
is an antipode of H. Moreover, it is possible to prove that all antipodes of
H are related to (S, «a, 8) by conjugation as seen above; see |15, Proposition
3.17].

4. Consider two finitely dimensional k-vector spaces U, V'; we can assume, without
loss of generality, that the left (or, equivalently, right) tensor components of
each element in U®V are linearly independent. Indeed, if we take u; ®@vi+. ..+
U, v, €URV, (e1,...,€mn) to be the basis on U and u; = uie; +...+u’ e,
we can compute

U R+ ... +u, Qu, :(uiel+...+u71nem)®v1+...
+ (ufer + ...+ uney,) v,
=e1 @ (ujvy + ... +ulv,) + ...
+em @ (ub vy + .. Fulvy,).
As an immediate consequence, we can consider all elements in the image of

a coproduct A to have either left or right component linearly independent,
without loss of generality. This will often prove useful during computations.

5. For a quasi-Hopf algebra H, we define a left integral in H as an element ¢t € H
such that ht = e(h)t for all h € H. As far as we are concerned, the importance
of integrals in H resides in the fact that they characterize the semisimplicity
of H; more precisely, H is semisimple as an algebra if and only if there exists
a left integral ¢ in H such that ¢(t) = 1. We refer to [40] for all the details.

Owing to [6, Theorem 2.5], if H has bijective antipode, the space of left inte-
grals in H is non-zero if and only if H is finite dimensional. Moreover, if it is
nonzero, the space of left integrals in H has dimension one.

Definition 1.2.5 Let (H,A,¢,®) and (H,A’, ¢/, d") be quasi-bialgebras. A quasi-
bialgebra morphism f : (H,A,e,®) — (H,A', €, d’) is an algebra map f: H — H’
such that

(fefloA=Aof €of=c and (f@f®f)(®)=2"
When f is invertible, we say that it is a quasi-bialgebra isomorphism.

Definition 1.2.6 Let (H,A,¢e,®, S, a, ) and (H', A, €/, 9", 5", o/, 5') be quasi-Hopf
algebras. A quasi-Hopf algebra morphism

f : (H7 A? 67 ¢7 S7 &7 /8) % (H7 Al? 6’7 ®/7 SI? O{/’ /8/)
is a quasi-bialgebra morphism f : (H, A, e, ®) — (H, A, €, ®’) such that
Sof=foS. fla)=a and f(3)=4.

When f is invertible, we say that it is a quasi-Hopf algebra isomorphism.
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1.2. Quasi-Hopf algebras

One important property of the structure of a quasi-Hopf algebra H is the stability
under deformation by an arbitrary invertible element F' in H ® H; for technical
reasons, we require here F' to also be "normalized” with respect to the counit e.
This is a remarkable departure from the behavior of Hopf algebras, whose structure
is stable only under twist deformation by an invertible element in H ® H satisfying
2-cocycle-like properties. Indeed, twisting a Hopf algebra structure by a general
invertible element results in a quasi-Hopf algebra.

Proposition 1.2.7 Let H be a quasi-bialgebra and let F' = F'® F? be an invertible
element in H® H, with inverse F~' = G' ® G?, such that e(F')F* =1 = ¢(F?)F".
Define
Ap:H - H®H:hw— FAh)F, (1.2.22)
bp = (1® F)(idg @ A)(F)®(A®idy)(FY)(F*®1). (1.2.23)
Then Hp = (H, Ap, e, Pr) is a quasi-bialgebra.
Proof. 1t is easy to check that Hp satisfies all quasi-bialgebra axioms; we refer to
[15, Proposition 3.5] for all the computational details. O

Corollary 1.2.8 In the notations of Proposition[1.2.7, if H is a quasi-Hopf algebra,
then Hp 1s also a quasi-Hopf algebra.

Proof. One can directly check that (H, Ag, e, @) admits the antipode (S, ar, Sr)

defined by
Sp =S, ar=5S(G"YG? and Br = F'BS(F?). (1.2.24)

]

Definition 1.2.9 We call two quasi-bialgebras or quasi-Hopf algebras H and H’
twist equivalent if there exist an invertible element F' in H ® H such that H' is
isomorphic to Hp.

We present some important identities holding for a quasi-Hopf algebra H with
invertible antipode, relating the following elements

pr = p'e@p’ =z @a’8S(a?),
i = ¢'9¢ =X aX?X?,
P = 171®p = X*S7H(X'8) © X7,
a = ¢ ¢ =S’ @’

The following relations will be used extensively in Chapter

Proposition 1.2.10 Let H be a quasi-Hopf algebra; whenever S™% appears, we
assume H to have invertible antipode. For all h € H, we then have

A(h)pr(1® S(he)) = pr(h®1), (1.2.29)
(1@ S (he))grA(l) = (h®1)gr, (1.2.30)
A(ha)pr(S~H () @ 1) = pr(l@h), (1.2.31)
(S(h1) @ 1)qrA(hs) = (1@ h)qr, (1.2.32)
Furthermore, the following relations hold:
1S (P))arAp") = 1®1, (1.2.33)
Algpr(1® S(¢?) = 1®1, (1.2.34)
(SE) @ DaA@p?) = 1@, (1.2.35)
A@)pe(STH@)®1) = 1®1. (1.2.36)
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1.2.1 A few examples

Next, we provide some useful examples of quasi-Hopf algebras, each of which will
play a role in a later chapter.

A (trivial) example of quasi-Hopf algebra is given by any Hopf algebra with
unit 1, by taking 1 ® 1 ® 1 as reassociator and the unit as both the distinguished
elements of the antipode; the rest of the structure is induced by the structure maps
of the Hopf algebra. In particular, the first example of a non-commutative and
non-cocommutative Hopf algebra is the Sweedler’'s Hopf algebra Hy.

Definition 1.2.11 The Sweedler’s Hopf algebra H, is a unital 4-dimensional algebra
generated by ¢,z with relations ¢> = 1, 22 = 0, zg = —gx, whose Hopf algebra
structure is determined by

Alg)=9g®g, Alx)=gQz+2®1,
e(g) =1, e(xz) =0,
S(g) = g and S(z) = —guz.

The study of Hy in the context of twist-deformation will be the focus of Section
in Chapter [3]

Let G be a finite group and ¢ the Hopf algebra of functions on GG, meaning the
set of algebra maps k[G] — k under pointwise multiplication, where k[G] denotes the
group algebra of G in k and the unit of £ is the constant map 1. For w € Z3(G, k*)
a normalized 3-cocycle of G with values in k*, define ®,, € k¢ ® k& ® k& by

®, = Z w(g1,92,93) Py @ Py, @ Py, (1.2.37)

91,92,93€G

where {P,} ec is the basis of k¢ dual to the basis {g},eq of the group Hopf algebra
k[G]. Then k%, endowed with the (co)multiplication and (co)unit coming from the
(co)algebra structure of k%, can also be seen as a quasi-bialgebra with reassociator
®,,. From here on, we denote this quasi-bialgebra structure on k¢ by k< it is easy
to check that kS is, moreover, a quasi-Hopf algebra, with antipode determined by
the triple (S, a, ) consisting of S(P,;) = P,-1, for all g € G, a = ¢, the counit of
k[G], and B given by ((g) = w(g,g7 ', g)7!, for all ¢ € G. Sometimes, in order to
avoid an excessively heavy notation, we will write (k% ®,,) to address kS

Take G = C,,, where C,, denotes the cyclic group of order n > 2, and denote
by g its generator. Suppose that there exist a n-th root of the unit £ in k. We
can identify k“* with the group algebra k[C,], via the correspondence ng — 1, for
j €40,...,n—1}, where 1; := %2?2—01 £~ gt defines a complete system of orthog-
onal idempotents in k[C,]; see |15, Proposition 3.57]. Under this identification, a
normalized 3-cocycle w endows k[C),] with a quasi Hopf algebra structure, from here
on denoted by k,[C,]. In general, this same construction works for an arbitrary
finite abelian group G. We will see this in detail at the start of Section [2.2.1]

Consider now n = 2; it is a well known fact that, up to cohomological equiv-
alence, the only non-trivial normalized 3-cocycle in Z3(Cs, k*) is @ : (g%, ¢°, g¢) —
(=1)2l*3°) where |r]| denotes the integer part of a rational number r. Thus, we
recover the simplest non-trivial example of quasi-Hopf algebra, H(2) := kz[Cs],
described in Example [1.2.2
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1.3 Yetter-Drinfeld modules

The categorical setting of large part of the results in this thesis is the category of
left Yetter-Drinfeld modules over a quasi-bialgebra H, denoted by £y D, introduced
for both the Hopf and quasi-Hopf case by S. Majid in [37].

The Yetter-Drinfeld modules form a subcategory of the left modules over H, and
can be realized as the categorical center of such category; we refer to [15, Section
8| for all the details on this construction. In actuality, there are 4 types of Yetter-
Drinfeld modules, depending on whether we use the left or right center construction
of the left or right modules over H. We will focus for now only on the left-left
version.

Definition 1.3.1 Let H be a quasi-bialgebra. The objects of £YD are left H-
modules M endowed with a left H-coaction, denoted by A\y; : M — H ® M, with
Av(m) = mi_1) ® myg), such that e(m_q))mp = m and, for all m € M,

X'miy @ (X% mp) -y X? @ (X* - myg)) o)

1.3.38
:Xl(Yl-m)[_1]1Y2®X2(Y1-m)[_1]2Y3®X3-<Y1-m)[0]. ( )

It is compatible with the left H-module structure on M, in the sense that
hlm[_l] (24 hg . m[[)] == (hl . m)[_l}hQ X (hl . m)[o], (1339)

forall h € H and m € M.

Remark 1.3.2 We recall a few basic facts on Yetter-Drinfeld modules over quasi-
bialgebras.

1. #YD is a pre-braided monoidal category, with pre-braiding:
M@N = NQM:mn— my)-n&mq);

moreover, when H is a quasi-Hopf algebra with bijective antipode, YD is a
braided monoidal category; see [15, Proposition 8.12].

2. The monoidal structure on gyD, induced by the left center construction on
g M, is such that the forgetful functor £YD — M is strong monoidal; in
particular, given two modules M, N in YD, the H-coaction Ayen on M, N
is defined, for each m € M and n € N, by

Mren(m®@n) = X' ('Y m)_y2® (Y - n)_Y?

5 ) 1 3 3 5 (1.3.40)

® X (l’ Y 'm)[o] ® X x -(Y 'n)[o].

3. The main difference in the monoidal structure of YD between the cases

in which H is a Hopf or a quasi-Hopf algebra lies in the non-strictness of the

category. When H is a quasi-Hopf algebra with reassociator ® = X'®@ X?@ X3,

the Yetter-Drinfeld modules £Y D inherits the associator ay vy, where U, V, W

are left (Yetter-Drinfeld) H-modules, from the left modules y M; namely, for
all u,v,w in U,V and W respectively, ayyw is determinde by ® as follows:

auny(U@v)@uw) =@ (U (vew)=X"ue (X* v X* w).

The left and right unitors are trivial in both F M and gyD.
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In this and the following chapters, we will often call an algebra, coalgebra, and
so on, in #YD a Yetter-Drinfeld algebra, coalgebra and so on. This terminology
will sometimes be abbreviated to YD-algebra, coalgebra, et cetera.

Proposition 1.3.3 Let B be a Yetter-Drinfeld module on a quasi-Hopf algebra H.
We can characterize braided structures on g)}D as follows:

1. B is a YD-algebra when equipped with a unital multiplication mg : B ® B —
B:b®Vb — bY such that
h-(6b") = (hy-0)(hy-b"), h-1gp=c(h)lp,
I1p- ® 1 = 1y ® 15,
(bb")b" = (X' - B)[(X?-b)(X?-0")], (1.3.42)
(66") 1y @ (b)) = X (2'Y" - b) gz (Y2 - b)Y ?
® (X2 (Y- b)) (X2 - (Y2 - 0') ),

(1.3.41)

(1.3.43)

for allh € H and b,b',b"” € B, where 13 € B denotes the unit of B.

2. A YD-coalgebra on B is obtained by endowing it with a comultiplication Ay :
B = B®B:bw b ®by and counit eg : B — k such that, for allb € B,

Ap(h-b)=h1-by®hy-by, ep(h-b)=-c(h)ep(b),

ep(b1)by = b = e5(by)by, (1.3.44)

X' by @ X2 b1 ® X7 by = by @ by @ by, (1.3.45)
b1 ® bjoy, @ byg, = X (@'Y b))z (Y2 - by) g Y?

® X ('Y b)) @ X2 (Y2 b)), (1.3.46)

eg(bp))bi_1) = g5(b)1,

where we used the notation

b1y ® bio ® by == (Ap ® 1dp)(Ag(b)),
by ® by ® by == (Idp ® Ap)(Ag(b)).

3. A bialgebra in TYD on B is a YD-algebra on the module B that is at the same
time a YD-coalgebra such that the comultiplication Ag and the counit 5 are
algebra morphisms in gyD, where B ® B is considered an algebra in gyD
via the tensor product algebra structure defined in . Ezxplicitly, for all
bt € B, the following relations must hold:

Ap(lp) =1p®1p, ep(lp) =1k, ep(bb’) =cp(b)ep(b'), (1.3.47)
Ap(o0) = (5 X" b1) (Y (X7 b) 0} ) s
® (y1Y? - (21 X% by)) (1Y P27 X5 by).
Proof. Follows directly from Section [1.1.3], by computing the relations displayed by
the diagram in the section using the monoidal structure of 2YD, as described in
Remark [1.3.2
Regarding the YD-algebra case, note that (1.3.41)) expresses the H-linearity of
the multiplication and unit morphisms of B, ((1.3.42) is just the associativity of my
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1.4. Biproduct quasi-Hopf algebras

in yM and £YD and is the H-colinearity of mp in EYD; see (1.3.40)
for the coaction of the tensor product. Note that , are the required
condition on B for it to be an algebra in 7 M or, equivalently, an H-module algebra.

Likewise, in the braided coalgebra case, observe that expresses the fact
that Ay and g5 are left H-linear and gz is counit for Agz. In other words, B
is a left H-module coalgebra, that is, a coalgebra in yM. The relation
corresponds to the coassociativity of Ag in yM or, equivalently, in ZY D, while
(1.3.46)) expresses the left H-colinearity of Ag and g5 in £YD.

The last point follow similarly, by computing (|1.3.48]) from (|1.1.13]). O

In conclusion, we recall by Definition [I.1.18] translated to the setting of Propo-
sition , that a Hopf algebra in £V D is a YD-bialgebra B for which there exists
a morphism Sp : B — B in YD, called antipode, such that Sz (b1)by = g5(b)1p =
b1S(by), for all b € B.

1.4 Biproduct quasi-Hopf algebras

While the research contained in this thesis mainly focuses on classifying YD-Hopf
algebras, we are interested in constructing regular quasi-Hopf algebras, for the sake
of low-dimensional classification and to be used as examples. The bridge covering
the gap between these two structures is the biproduct construction.

It was proven by D. E. Radford in [43| that any bialgebra with a projection
over one of its sub-bialgebras can be characterized as a biproduct between a braided
bialgebra and the sub-bialgebra; as we are about to see, a biproduct, in the sense of
Radford, is a bialgebra structure over the tensor product between the sub-bialgebra
and the braided bialgebra.

The same result also holds for quasi-bialgebras and quasi-Hopf algebras; owing
to [5}, 41, |11], we recall the biproduct construction, piece by piece.

Proposition 1.4.1 Let B be a module over a quasi-Hopf algebra H.

e [f B is a H-module algebra (or, in particular, a YD-algebra over H), we can
associate to it a k-algebra B#H , called the smash product of B and H. As a
vector space B#H equals B ® H, while its multiplication is defined by

(b#h)(6'#1) = (2 - b)(2*hy - b )F#2 hoh,
for allb,b’ € B and h,h' € H. This multiplication is unital, with unit 1g x 1.

e [f B is a YD-coalgebra (so, in particular, it is a YD-module), we can associate
to it the k-coalgebra B > H, called the smash product coalgebra of B and H,
built on the k-vector space B ® H as follows, where we write b > h in place
of b ® h to distinguish this coalgebra structure from B ® H.

A(b > h) =y' X" by > y*Y (@' X? - bo)_y2” X I

1.4.49
RYSY?- (21 X% b2)j0) >< ysY 323 X3 hy ( )

and (b > h) = ez(b)e(h), for allb € B and h € H.
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1.4. Biproduct quasi-Hopf algebras

e Last but not least, if B is a YD-bialgebra, B#H and B > H determine a
quasi-bialgebra structure on B ® H, with reassociator

(1@ XY e (1 XH) e (1@ X?).

The structure is denoted in what follows by B x H and called the biproduct
quasi-bialgebra of B and H. Moreover, if B is a YD-Hopf algebra with antipode
Sp, B x H is a quasi-Hopf algebra with antipode defined by

S(bxh)=(1p x S(X'zb_yyh)a)

(X22) - Sy(b) x X32285(2%)) (1.4.50)

and by the distinguished elements 1g X a and 1g X 5.

Proof. We refer to [5], |41] for the proof of the first two points, and to |11] for the
proof of the last. O

As peviously stated and similarly to the Hopf case, according to [11] biproduct
quasi-Hopf algebras characterize quasi-Hopf algebras with a projection. This means

that, if there exist quasi-Hopf algebra morphisms H #A such that m = Idy,

then there exists a Hopf algebra B in YD such that A is isomorphic to B x H as
a quasi-Hopf algebra. Conversely, it is clear that any biproduct quasi-Hopf algebra
B x H has a projection on H, namely with ¢ : H — B x H : h — 1 x h and
m:BxH— H:bxhw eg(b)h.

1.4.1 The graded algebra

We conclude this section by recalling the construction of the graded algebra asso-
ciated to a quasi-Hopf algebra; we will see how, in some cases, the graded algebra
can be characterized as a biproduct.

Let A be a finite dimensional nonsemisimple quasi-Hopf algebra, meaning that
the underlying algebra structure is nonsemisimple, and denote by J the Jacobson
radical of A. Then J # 0 is a nilpotent ideal of A and the quotient algebra A/J is
semisimple. For a positive integer m, denote A,, := J™/J™! and, by convention,
J° = A. Denote by gr(A) = @,,~¢ Am the graded algebra associated to the filtration
of A given by the powers of J.

We say that a quasi-Hopf algebra A is basic if all the irreducible representations
of A are 1-dimensional or, equivalently, A/J ~ k x --- x k as an algebra.

Definition 1.4.2 Let H be a quasi-Hopf algebra. An ideal I of the underlying
algebra structure of H is called a quasi-Hopf ideal if A(I) CI®Q H+H®1, (1) =0
and S(I) C I.

As the intuition suggests, the definition of a quasi-Hopf ideal is such that the
quotient H/I admits a unique quasi-Hopf algebra structure such that the canonical
projection m : A — Ag turns into a quasi-Hopf algebra morphism; we refer to 15|
Proposition 3.29] for further details. The following has an identical proof as |28
Lemma 1.1], its Hopf version.

Proposition 1.4.3 If a quasi-Hopf algebra H is a basic algebra, its Jacobson radical
J 1s a quasi-Hopf ideal of H.
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1.4. Biproduct quasi-Hopf algebras

Let A be a finite dimensional nonsemisimple quasi-Hopf algebra which is also
basic; we want to describe Ay. Since J is a quasi-Hopf ideal of A, the quotient
Ay = A/J is a quasi-Hopf algebra. Since A is basic, and so Ag ~ k X --- X k as
algebras, it follows that Ay ~ k% ~ k[G], for some finite abelian group G, and
therefore Aqy is a usual group Hopf algebra viewed as a quasi-Hopf algebra via a
normalized 3-cocycle ¢ of G. In other words, Ay = ky[G] and the reassociator ¢ of
A projects through 7®3 onto ¢.

Coming back to the graded algebra, gr(A) admits a quasi-Hopf algebra struc-

ture such that the canonical linear maps A0<:>;gr(A) are quasi-Hopf algebra

morphisms obeying pi = Id 4,.
Namely, by denoting as p,, : J™ — A,, the canonical k-linear projection, so that
Po = p, the quasi-coalgebra structure of gr(A) is defined, for all z € J™, m > 0, by

A Ap = Y A@A i pa(@) = Y (s @ p)Ae);

st+t=m st+t=m

note that A,, is well defined since one can show by induction that

AJ™C Y e d, T CKer( Y (pa@p)A).

s+t=m s+t=m
Likewise, the antipode of gr(A) is given, for all x € J™, m > 0, by
St A = Ap i D) = pr(S()).

The other structures of gr(A) are induced by the quasi-Hopf algebra structure of
Ay, as a substructure of gr(A).

In conclusion, since gr(A) is a quasi-Hopf algebra with a projection on Ag, we
know that there is a braided Hopf algebra B in j,‘gyD such that gr(A) ~ B x Ay, as
quasi-Hopf algebras; in particular, we get that dimy Ay divides dimggr(A); this fact
will be used extensively while proving the main classification results in chapters
and [l
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Chapter 2

Biproduct quasi-Hopft algebras of
rank 2

In this chapter, we classify all rank 2 biproducts over a quasi-Hopf algebra H with
invertible antipode, over a field k of characteristic different from 2. Thus, we provide
a way to produce examples of quasi-Hopf algebras from previously known ones, to
be used to test general theories (see for instance |13]). Computing such concrete
structures is the focus of Section 2.2l and Section 2.3

2.1 Two-dimensional braided Hopf algebras

Inspired by the Hopf case [45], we will characterize the 2-dimensional Hopf algebras
B in #YD. To reach this objective, we start by describing the YD-algebras of
dimension 2 in £YD.

First, let B be a 2-dimensional vector space with basis {1,n} that admits a left
H-module algebra structure. Since n? + rn + sl = 0 for some r,s € k, as in [45],
one can assume without loss of generality that n? = wl for a certain w € k, by

replacing n with m :=n+ £1; then {1, m} is a basis of B such that m* = w1, where

r2

W = T S.

If -: H® B — B provides the left H-module structure on B, it follows that the
H-action is determined by two k-linear maps o,v : H — k, this means elements in
the dual space H* of H, in the sense that, for all h € H, the action is trivial on the

unit, meaning h - 1 =¢(h)1, and
h-n=1(h)l+o(h)n. (2.1.1)

Remark 2.1.1 We endow H* with a possibly non-associative multiplication given by
the convolution product (o¢)(h) = o(h1)y(hs), for all 0,7 € H*; it is unital with
unit e, the counit of H.

Lemma 2.1.2 There is a 1-to-1 correspondence between H-module algebra struc-
tures on a 2-dimensional vector space B with basis {1,n} as above (n? = wl for a
certain w € k) and couples (0,v) € H* x H*, such that o is a k-algebra map and,
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2.1. Two-dimensional braided Hopf algebras

for all h,h' € H, the following relations are satisfied:

(hl') = e(h)(W) + (R (k) , Yo = —op , > =w(e —0?), (2.1.2)
XX (X3)+w[ (X (X2X7)+

+ (X X?)P(X7) + o (XX (X)) =0,
w[l — o (X'X2X7)] = (X (X?)o (X°)+
+o(XDY(X)P(X?) + 9(X o (XY (XP).

Proof. Recall (2.1.1)); since h-(k'-n) = (hh')-n, for all h, k' € H, and {1,n} is a basis
of B, it follows that o is an algebra map and v is an (e, 0)-derivation (meaning the
first equality in holds). These two conditions on (¢, ) characterize H-module
structures on B.

We see now when B is, moreover, an H-module algebra. Looking at the associa-
tivity of the multiplication my of B, by counitality of H, one can show that
holds if and only if it holds for b = b’ = b” = n; the latter is equivalent to

(2.1.3)

(2.1.4)

wn = [H(X)1+ o (X)) (X)L + o (X)) [H(X*)1 + o(X7)n),

and a simple computation ensures us that this happens only if , are
satisfied.

Finally, similar to the computation performed in [45, Proposition 1], the action-
product compatibility condition is satisfied if and only if it is verified, for
all h € H, by b = b’ = n; in turn, in this case, the condition is equivalent to
Yo + o =0 and Y? + wo? = we. O

We now move to analize the coalgebra case. Assume from now on that B is a
2-dimensional H-module algebra, using the same notation as in Lemma [2.1.2]

Lemma 2.1.3 Let B be as in the above and assume that B admits a left H-module
coalgebra structure given by (Ag,ep) such that Ag(1) = 1®1 and eg(1) = 1. Then
Y =0, w(o?—¢)=0, w[l —a(X'X2X?)] =0, and the coalgebra structure of B is
completely determined by two elements b, b’ € B obeying the following conditions:

hbza@ﬁlzy—de

for all h € H. In addition, n = b+ gg(n)b’ and Ag(n) =b®1+V @n.

Proof. The proof is similar to the one given in |45, Corollary 1]; the major difference
lies in the additional complications that arise in proving 1 = 0.

We write Ag(n) =b® 1+ ®n for some b,V € B. From the counit properties,
we get that e5(b) =0, e5(0') = 15 and n = b+ g5(n)b’. Now, the coassociativity of
Ap is fulfilled if and only if is verified for b = n, which is the same as

Ap(b) =bR@1+V @b+ ()t -V @2V,
Ap(t) =o' -V @2 V.

Likewise, ((1.3.44]) holds if and only if it holds for b = n or, equivalently, if

G(h)1+ o(h)b = h-b+1p(ho)hy -

2.1.7
and o(h)V' = o(ha)hy -V, ( )
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2.1. Two-dimensional braided Hopf algebras

for all h € H. We claim that the two conditions above are equivalent to the fact
that h -0 = e(h)b/, h-b = o(h)b, for all h € H, and ¢» = 0. Indeed, for g as in
(1.2.26)), we compute that, for all h € H,

o(S7'(h2))o(q*hi2)q hay - ¥/ = o(S7 (ha)@*h1a)q by -
[[230) )
= o(¢*)hg" - V.

On the other hand by using the fact that o is an algebra morphism and the second

relation in , we get that

(S (ha))o(q*haa)q b - V' = o (S (h2))o(q*)q" - (o (hag) s - V)
‘Ei)awlm»><>< gt v
=" o(S7(S(h1)ahs))o(STHX)XH) XV
|D

(h)a(q*)q" -V,

for all h € H. Thus, we have shown, for all h € H,

o(Ahg' -V = e(h)o(¢®)q" - b (2.1.8)

)

Consequently,

o(SHa)h-t = o(SHax?XP)2XHha' XV
B2 (57 (@)a?)o () ha'qh - ¥
@13 _

= e(ha')o(S7H(2")a%)o(q*)q" -V = e(h)o(q®)q" - V),
for all h € H. Together with ((1.2.33)) and the second equality in (2.1.7]), this implies
that, for all h € H,

(1.2.33)

(Wt =" e(h)a(5” L")’ pa)a' Y
jgﬂ'dewlwﬁlw<>q v
= o(STHap")p)h -V =h- Y

as stated. Now, by considering b = n — gz(n)V/ in we get that (hg)hy -
bV —eg(n)h - b = —eg(n)o(h)V, for all h € H, and so (¢(h) — e(h)eg(n))t =
—eg(n)o(h)b', for all h € H. As gg(l/) = 1, the last equality coincides with
Y = egp(n)(e — 0); in particular, o and ¢ commute and anti-commute and the same
time. Since we work over a field of characteristic different from 2, it follows that

Yo = oy =0 in H*. Thus, with the help of (1.2.34]) we see that

W(h) " Y (gip'h)o(a:p°S(a%))
B2 i mn o0 ) S(ahe)
PETp(ph)o(q p?S(g*he)) + o (0 (g ) ) (6 )2)o (0 S (g%ha)

1226

R ((at)ole! 55 (¢)o (@S @) B e,

)

where we use in the third equality the fact that v is an (e, o)-derivation; here k :=
Y(ax)o(22S(x?®)). Then, the (g, 0)-derivation condition on v reads as o(h/)x = 0,
for all #’ € H, and therefore, since « is invertible, » = 0 and h - b = o(h)b, for
all h € H. The remaining details follow by Lemma from straightforward
computations. O
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2.1. Two-dimensional braided Hopf algebras

Summing up, we have proved so far that a 2-dimensional H-module algebra and
coalgebra B is determined by an algebra morphism o € H*, a scalar w and two
elements b,0' € B. Next we analyze what happens when we require B to be a
(co)algebra in #YD; we denote by p: B> b b_1) ® bjg € H® B a left coaction
of H on B and assume that p(1) =1® 1.

Lemma 2.1.4 For B as above, the left Yetter-Drinfeld module structures on B are
determined by two elements u,v € H satisfying e(u) = 0, e(v) =1 and

Alu) = o(@ur? @ 2° + o(2' X?) X vr? @ uX>2®, (2.1.9)
AW) = o(@ Xy X vy @ 2?0 X3y, (2.1.10)

hu = o(hy)uhs, (2.1.11)
o(ho)hiv = o(hi)vhs (2.1.12)

for all h € H, defining the H-coaction by p(n) =u® 14+ v n.
Furthermore,
e B is a coalgebra in TY D if and only if u = g5(n)(1 —v) and

U 1—|—U®b:b[_1] ®b[0] +bf_1]u®bf0], (2.1.13)
vl =o(X?) X' X7 by; (2.1.14)

e B is an algebra in BY D if and only if

u[l + o(z'2*)2? = 0, (2.1.15)
u? = wlo(z2'2? X2 X?) X vz — o(y'y?)y?). (2.1.16)
Proof. 1t is clear that p is defined by p(n). As p is counital, we have that e(u) = 0

and e(v) = 1. Moreover, the coassociativity of p in ([1.3.38]), which reduces to the
case when b = n, is equivalent to

U114+ o(X)XvRuX’ @1+ 0(X)XvevX?®@n
=oc(YHAW)(Y?*@Y?) @1+ (XY X' XHAW)(Y?@Y?) @n.

Since {1,n} is a basis of B, the above relation is equivalent to the two conditions

(2.1.9) and (2.1.10). In a similar manner one can prove that ([1.3.39)) reduces in our
case to the two conditions (2.1.11) and (2.1.12]). Indeed, it suffices for the Yetter-
Drinfeld condition (|1.3.39) to be verified for b = n, which is equivalent to

hu ® 1+ o(h2)hiv @ n = o(hy)uhy @ 1 + o(hy)vhy @ n,

for all h € H. Then, by a simple direct computation we obtain that the last condition

holds if and only if (2.1.11)) and (2.1.12) are satisfied. We now check when B is a
coalgebra in Y D.

From the third equality in (1.3.44), i.e. the counitality of B, we get £5(1)u +
ep(n)v = eg(n)l, which is equivalent to u = ez(n)(1 — v); in particular, v and v
commute. Similarly, the comodule coassociativity condition holds for any
b € B if and only if it holds for n; by using the fact that Ag(n) =b® 1 + 0 ®@n,
one can easily see that holds for b = n if and only if

UR1IR1I+vb1+vV @n
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2.1. Two-dimensional braided Hopf algebras

By using again the fact that {1,n} is a basis for B it follows immediately that the
above equality coincides with the relations m

In our context, B being an algebra in HyD reduces to the condition (|1.3.43 m As
in the coalgebra case, it can be directly verified that in our context the coproduct
multiplicativity condition on the coaction holds if and only if

o(2' Y'Y Hur®vY? + o(Y'YH)ouY? =0, (2.1.17)
o(r' Y'Y urPuY? + wo(x'2?Y'YEXEXP) X urtoY? = wl. (2.1.18)

As in the Hopf case, see the proof of |45, Corollary 1], we show that v has a right

inverse, implying that (2.1.17] [2.1.18]) and (2.1.15} [2.1.16|) are equivalent.

Recall that v and v commute. For h € H, we have that

(11.2.33)) _

o = 0(8 Hp*)a*pa)hg'prv
21:.12 (S l(hgp) 2(h1p1)2)q1(h1p1)11} (2119)
( )

o(S™ (hap?)q?) o (h1ipt)q vhaapy = o (q*)q vh,

where, for h € H, we denote h := o(S™'(hop?))o(h11p])hi2ps. Now, from the
formula of A(v) in (2.1.10]), since e(v) = 1, we deduce that

(T-2.26)

1 — q¢'85(¢%)

= q'uBS(¢’v)

BT o (y X %) e X oy BS (gPate X )

E1.19)

= o(Q")Q"vh,

where Q' ® % is a second copy of ¢qr and ki := o(y' X223)¢* 2! X192 BS (® 220 X3y3).
So 0(Q?)Q'v has a right inverse. Since o is an algebra morphism, ([1.2.21]) implies
that o(Q?)Q! is invertible in H with inverse given by o (S~ (z3)z?)o (S~ (a)) ot
where o(S7'(a))™! = o(S7H(S(2")2?B8S(2?)) = o(STHX'BS(X?)X?)). Hence v

has a right inverse, as stated. O

At last, we need one final preliminary result.

Proposition 2.1.5 Let B be a 2-dimensional bialgebra in £y D with basis {1,n},
determined by o € H*, w € k, u,v € H and b,b' € B as in the above. Then

b+ o(u)b'b+wb? = wl, (2.1.20)
o(0)bb+ b = 0. (2.1.21)

Consequently, if b =1 then u = 0.

Proof. We have studied all the conditions required for B to be an algebra and a
coalgebra in £V D. The only one left in order to completely describe the bialgebra
structure of B in ¥YD is the product-coproduct compatibility condition ,
which holds in our case if and only if it holds for b = b’ = n. By using the relations
obtained so far, one can show that Ay is multiplicative if and only if

Vol+bh@n+o@bb@l+o@)bbeon+wh?®1 = wl®l.

It is clear that the above relation is equivalent to the relations (2.1.20)) and ( m
thus completing the description of B as a braided bialgebra.
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Assume now b = 1, so n = b+ ex(n)l. As {1,n} is a basis in B, we cannot
have b = 0, and we can not have b = 1 since £5(b) = 0. Therefore {1,b} is another
basis for B. In addition, yields 0 = —o(u)b; thus n? = wl leads us to
o(u) = 2e5(n) and w = gp(n)*

By way of contradiction, assume that u # 0. Then u = g5(n)(1 — v) implies
eg(n) #0, and so w # 0 and o(u) # 0. Hence entails to 02 = . It follows

that v =1 — 20(u) " u, and the equality reads as
o(ho)hi(1 —20(u)'u) = o(h)(1 —20(u)  u)hy,
for all h € H, which, owing to (2.1.11]), it is equivalent to
o(hy)hy — a(hi)hy = 20(u) ' (o(ho)hy — h)u,

for all h € H. By applying o to the both sides of the above equality, since 02 = &,
we get that 20(u)~'(e — ¢) = 0, hence 0 = e. But this yields 0 = e(u) = o(u) # 0,
a contradiction. O

We now have all the ingredients needed to describe the 2-dimensional braided
Hopf algebras B within #Y D, provided that H is a quasi-Hopf algebra with bijective
antipode. To simplify the presentation, we introduce the following family of braided
Hopf algebras.

Definition 2.1.6 Let H be a quasi-Hopf algebra and (o,v) a couple consisting of
an algebra map o : H — k and an element v € H verifying o(v) = —1, ¢(v) = 1,

(2.1.10) and (2.1.12)). Then B, is the 2-dimensional vector space with basis {1,n}

endowed with the following braided Hopf algebra structure:

e B,, belongs to #YD via the H-action determined by h-1 = e(h)1, h-n =
o(h)n, for all h € H, and the H-coaction given by 1 — 1® 1, n+— v ® n;

e as an algebra, B, , is unital with unit 1 and is generated by 1 and n under the
relation n? = 0;

e the coalgebra structure of B, is defined by A(1) =1®1, A(n) =n®1+1®n
and (1) =1, g(n) = 0;

e the braided antipode S is determined by S(1) =1, S(n) = —n.

The fact that B, , is indeed a braided Hopt algebra will follow from the proof of
Theorem 2.1.8

Remark 2.1.7 Tt is easy to see that the trivial H-(co)module structure (given by
the counit, respectively by the unit, of H) turns k[C,] into an object of £YD and,
moreover, into a braided Hopf algebra in £y D (the braided Hopf structure equals
the one considered in the Hopf case); in what follows, we will refer to this braided
Hopf algebra structure of k[C5] as being the trivial one.

The next result can be viewed as the quasi-Hopf version of |45, Theorem 1].
Theorem 2.1.8 Let H be a quasi-Hopf algebra with bijective antipode over a field k
of characteristic different from 2. If B is a braided Hopf algebra in BYD then B is

isomorphic to a braided Hopf algebra of type B, or to the group Hopf algebra k[Cs]
considered in gyD via the trivial structure.
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2.1. Two-dimensional braided Hopf algebras

Proof. As before, we consider B determined by ¢ € H*, w € k, u,v € H and
b,V € B satisfying the relations mentioned above. Parallel to the Hopf case in [45,
Theorem 1], we distinguish two cases.

Case 1. If ¥/ = 1, by Proposition we get u = 0; clearly, b # 0. Thus
(2.1.21)) is equivalent to o(v) = —1; consequently, v # 1 and so u = g5(n)(1 — v)
is equivalent to ez(n) = 0. Therefore, n = b and wl = n? = b* = —c(u)b = 0; see
the last part of the proof of Proposition . We conclude that w = 0 and n? = 0.
Now, a simple inspection tells us that the braided Hopf algebra B is nothing but
B, ., as presented in Definition ; the details are left to the reader. In particular,
this shows that B, is indeed a Hopf algebra in 2D, as previously claimed.

Case 2. Assume that ' # 1. Since ez(0') = 1, it follows that {1,b'} is a basis
of B for which h-1=¢(h)l and h-b = e(h)V', for all h € H. We deduce from here
that h - b = e(h)b, for all b € B. But h-n = o(h)n, for all h € H, and therefore
o = ¢ in this case. We obtain from that v = 0, and from that
b{fl]v ® bEO] =v®b. We know from the proof of Lemma that, in general, v is
right invertible, hence bf—1] ® bfo} = 1® V. Keeping in mind that {1,V'} is a basis
of B and the fact that p(1) = 1 ® 1, it follows that p(b) = 1 ® b, for all b € B.
By taking b = n, with the help of p(n) =u® 1+ v ®n = v ®n, we conclude that
v = 1. Summing up, v = 0, v = 1 and ¢ = ¢; similarly to the previous case, a
simple inspection guarantees us that B is in this case the group Hopf algebra k[C5],
equipped with the trivial braided Hopf algebra structure. For this, note that

(Ap(n)? = G@1+Ven)’=P®1+0?@n?
(b @ wb?) ® 182D ®1=Agz(n?),

since reduces to b'b = —bb’; but {1,b'} is a basis for B, so B is a commu-
tative algebra, and therefore bb' = b'b = 0. The above equality tells us that Ay is
multiplicative in the usual way, hence Az (0?) = (Ag((0))? = b2 @V?. Aseg(V) =1,
it follows that b is a grouplike element of the (ordinary) Hopf algebra B, hence
1,V,b"? are linearly independent elements of B, provided that they are pairwise dis-
tinct. Since B is 2-dimensional it follows that b € {1,b'}. But we required for B
to have an antipode, and this occurs only in the case when b = 1; for more details
we refer to |16, Exercise 4.3.7]. O

For further use, we present the quasi-Hopf algebra structures of B x H coming
from 2-dimensional braided Hopf algebras B. As before, we work over a field of
characteristic different from 2. Also, remark that, in general, B x H is a free right
H-module of rank equals dimy(B).

Proposition 2.1.9 Let A be a quasi-Hopf algebra with a projection H#A ,

mi = Idy, such that A is a free right H-module of rank 2. The algebra A identifies
either to Hy, or H(0)¢ ., where:

e H, is the unital k-algebra generated by g and H with relations g> = 1 and
gh = hg, for allh € H. H is a quasi-Hopf subalgebra of Hy, and A(g) = g®g,
e(g) = 1 and S(g) = g complete the quasi-Hopf algebra structure of H,. In
other words, H, is the tensor product of the quasi-Hopf algebras k[Cs] and H,
the former being seen as the group Hopf algebra with trivial reassociator.
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o Let (o,v) be a couple consisting of an algebra morphism o : H — k and an
element v € H subject to relations

o(v) = -1, (2.1.22)
e(v) = 1, (2.1.23)
Aw) = oy'2? X' X vy @ 2?vX3y?, (2.1.24)
o(ha)hiv = o(hy)vhs, (2.1.25)

for allh € H. Then H(0),, is the unital k-algebra generated by 6 and H with
relations 6% = 0 and hf = o(h1)0hy, for all h € H. The quasi-Hopf algebra
structure of H(0),., is defined in such a way that H is a quasi-Hopf subalgebra
of it and

AB) = o( X2V X'2? ® 0X32® + o(2')02° @ 23, (2.1.26)
S(0) = —o(X?x3)S( X 'zv)abd X 32 BS(2?). (2.1.27)

Proof. By [11], A identifies to B x H as a quasi-Hopf algebra, for some 2-dimensional
braided Hopf algebra B. If B = k[C,], A identifies to H,. When B = B,,, A
identifies to H(0),,. Note that § = n x 1, where {1,n} is the basis of B as in the
Case 1 of the proof of Theorem the formulas for A(f) and S(0) follow from

(1.4.49)) and (|1.4.50|), respectively. 0

To conclude the section, we present a Corollary that can be used to apply The-
orem to the classification of small-dimensional quasi-Hopf algebras.

Corollary 2.1.10 Let A, H be quasi-Hopf algebras over a field k of characteristic

different from 2 and suppose that there are quasi-Hopf algebra morphisms H # A

such that mi = Idy. If A is a free right H-module of rank 2 and H is finite dimen-
stonal, the following assertions hold.

1. If A is semisimple then so is H and A ~ H, as a quasi-Hopf algebra.

2. If A is not semisimple and H is semisimple then A ~ H(0),, as a quasi-Hopf
algebra, for some o,v,6 as in Proposition [2.1.9;

3. If both A, H are not semisimple then A~ H, or A~ H(0),, as a quasi-Hopf
algebra.

Proof. We have A ~ B x H, for some 2-dimensional braided Hopf algebra B; so
Theorem [2.1.8| applies.

As in [43] §2 Proposition 3], one can show that a left integral ¢ in B x H is of the
form tp x ty with tg € B and ty € H such that btg = e5(b)tp, for all b € B, and
h-tg =e(h)tp, hty = e(h)ty, for all h € H. Consequently, B x H is semisimple if
and only if H is semisimple and tp satisfies, moreover, e5(tg) = 1. Note that, for
B = B,, such an element ¢5 does not exist. On the other hand, for B = k[C5] one
can take t5 = (14 g), where g is the generator of Cs.

1. Since A is finite dimensional and semisimple and H can be identified to a
quasi-Hopf subalgebra of A, by [15, Corollary 7.82] we obtain that H is semisimple.
By the above comments it follows that A ~ H, = k[C3]® H as a quasi-Hopf algebra.

2., 3. If A is not semisimple then either H is not semisimple and B is arbitrary
or H is semisimple and B = B, ,. O
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2.2. The algebra of functions on a finite group

2.2 The algebra of functions on a finite group

Let G be a finite group, w a normalized 3-cocycle on G and kS the Hopf algebra of
functions on G, seen as a quasi-Hopf algebra with reassociator ®, as in . In
this section, with the help of Theorem [2.1.8] we characterize 2-dimensional braided
Hopf algebras B in :gyD. We will see that the structure of B is determined by a
pair (p, g) consisting of a map p : G — k* and an element g € G satisfying certain
conditions.

The next lemma can be seen as the non-commutative version of the result stated
at the beginning of subsection 2.2 in [33].

Lemma 2.2.1 Let w be a normalized 3-cocycle on G and g € G. Define hgw :
G x G — k*, for any x,y € G, by

w(g, z,y)w(z,y,g)
w(z,g,y)

bgw(xu y) -

Then byw is a normalized 2-cocycle on G if and only if

w(gz, y, 2)w(z, gy, 2)w(z, y, 92) = w(zg, y, 2)w(z, yg, 2)w(z, ¥, 29), (2.2.1)

For all z,y,z € G. In particular, byw is a normalized 2-cocycle on G, provided that
g 1s in the center of G.

Proof. byw is normalized since w is so. By applying the 3-cocycle condition (|1.1.3)
for several times, we compute that

w(g, z, y)w(z, y, g)w(g, vy, 2)w(zy, 2, 9)
w(z,g,y)w(zy, g, 2)
w(gr,y, 2)w(g, v, y2)w(z,y, g)w(ry, 2, 9)
w(z, g, y)w(ry, 8, 2)w(,y, 2)
w(gz,y, 2)w(g, v, y2)w(g, T, y2)w(z, y, §2)w(ry, 2, 9)
w(z, g, y)w(y, 9, 2)w(z, yg, 2 )w(z, y, 2)
w(ge,y, 2)w(g, v, yz)w(r,y, g2)w(y, 2, g)w(r, Yz, §)
w(z, g, y)w(y, 8, 2)w(z, yg, 2)w(z, y, 29)
w(gr,y, 2)w(z, gy, 2)w(z, y, §2)
w(rg,y, 2)w(,yg, 2)w(z,y, 29)’

e, )y, 2)

= bgw(x, yz)bg(y, 2)

for all z,y, z € GG, and so our assertions follow. O

To simplify the notation, we denote the map 0, defined in Subsection [1.1.1], by
0 for the rest of this section.

Lemma 2.2.2 Let G be a finite group and w a normalized 3-cocycle on G. Giving a
pair (o,v) for kS satisfying the conditions in Deﬁm’tz’on 1s equivalent to giving
a pair (g,p) consisting of an element g in the center of G and a map p : G — k*
obeying the relations

ple) =1, p(g)=—1 and bdyw = Jp.
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2.2. The algebra of functions on a finite group

Proof. Keeping in mind the quasi-Hopf algebra structure of k%, an algebra map
o : k% — k is completely determined by an element g € k[G] satisfying A(g) = g®g
and £(g) = 1. Thus, g € G and o(p) = (g), for all p € kC.

An element v € k% is completely determined by a map p : G — k, in the sense
that v = Y p(x)P,, where, as before, {P,},cc is the basis of k¢ dual to the basis

zeG
{9}4ec of k[G]. We have e(v) = 1 and o(v) = —1 if and only if p(e) = 1 and
p(g) = —1, respectively.

We now look at the condition o(p2)p1v = o(p1)ves, which must be valid for all
¢ € kG or, equivalently, for any Py, h € G. Since A(P,) = ny:h P, ® P,, we get
that >°,,_,0(P)Pv =723, _,0(P)vb, forall h € H. Thus Pyy-1v = vy, for
all h € H, and this fact holds if and only if gh = hg, for all h € G; in other words,
if and only if g is an element in the center of G.

Finally, we claim that A(v) = o(y'23X?)2! X vy? @ 220 X3y3 is equivalent to
bw = Jp. Indeed, since @' = > w(g1, 92, 93) " Py @ Py, @ Py, we compute
that

c(XHXv@uvX? = Z w(g1,8,93) Py v @ vP,,

91,93€G

= Y wiz,8,y)p()py) P, @ P,

z,yeG

and, likewise,

w(z, g,y
oy X)X v @ o Xy’ = Y ¥,O(Jf/’)p(y)Pm ® Py

m,yEG W(g’ x? y)
We then have
oy 3 X ) X oy? @ 22 X3y® = Z w(z,9,y) p(x)p(y) Py ® P,
o wle Y@,y g)
_ Z p(x)p(y) P,®P,
2 byl )
On the other hand, A(v) = Y~ p(g)P,y-1 ® P,, and so

9y
AW) = o(y'23 X' X vy? @ 220 X3P
holds if and only if }° ;p(9) Pyt = D .cq biw)(i(z)P for all y € G. The latest
assertion is then clearly equivalent to p(zy)bgw(z,y) = p(z)p(y), for all x,y € G. If
there exist some = € G such that p(z) = 0, then p(xy) = 0, for all y € G, meaning
that p(g) = 0, for all g € G, which is false. So we can consider p : G — k*, and we
conclude that byw = Op. O

The result below is an immediate consequence of Lemma and Theorem[2.1.8]

Proposition 2.2.3 Non-trivial 2-dimensional braided Hopf algebras in :g)}D are

in a one-to-one correspondence with couples (g, p) consisting of an element g in the
center of G and a map p: G — k* obeying p(e) =1, p(g) = —1 and byw = 0p.

In the following, we apply Proposition to various finite groups G.
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2.2. The algebra of functions on a finite group

2.2.1 Finite abelian groups

Let G = C) x ... x C, be a finite abelian group; C}; stands for the cyclic group of
order m;, generated by g;, 1 < j < n. In general, for m a non-zero positive integer,
denote by &, a primitive m-th root of unity in k. Then 1, ;. (0 <j <m;—1, for
all 1 <1 < mn) given by

n m;—1
Lt = H (Z fmf”gl> (2.2.2)

define a family of orthogonal idempotents of k[G]. It is well known that k¢ and
k|G| identify as Hopf algebras through the correspondence P g T 1,,..j.- The

: , , , a -
inverse of this correspondence maps g{' ... ¢» to [, ( oy Pgt) where Py €

k% is determined by ﬁgf (91" ... go) = 014, for all gi* ... g € G.
A set of representative 3-cocycles on G was given in [33]; namely, denote by A
the set of sequences a with integer elements, having the form

(Cla e Cly e 3By C125 -5 Gy oo 5 G €123y - - -5 Crsty -« - - 7Cnf2,n71,n) (223>

1<l <n 1<i<j<nandl <r < s <t < n;the ¢;’s and the ¢.4's
are ordered by the lexicographical order and (u,v) stands for the greatest common

divisor between the integers u, v, and an analogous notation is used for (u, v, w).
For a in A, define w, : G x G x G — k* by

with 0 < ¢ <my—1,0 < ¢; < (my,m;) and 0 < ¢.5p < (M, M5, my), for all

u)@(gi1 .. .gfl”,g{1 ) gfl",g1 .. .gﬁ") =
crig| = estit[ 252 | —crstkrisi (224)
= Hf NIk I oy

1<s<t<n 1<r<s<t<n
Owing to [32, Proposition 3.8], {wa}eea is a set of representative normalized 3-
cocycles for G. Furthermore, w, is an abelian 3-cocycle if and only if ¢, = 0 for all
1 <r <s<t<n (for the definition of an abelian 3-cocycle we refer to [32]).

In the computations we are about to tackle, sometimes we need a common root
of unity, one from which we can derive all the others roots of unity. This is why we
set M := LCM{(m,,ms,m;)|1 <7 <s<t<n}and fix £y a primitive M-th root
of unity in k; then, without loss of generality, we assume that g, m,m,) = %m,
where, for all 1 < r < s <t < n, M,y = M 7 In addition, we define

(m'r7m57mt
M, = M,gcrg, forall 1 <r <s<t<n.

rst —

Js +k.s

Proposition 2.2.4 For g = g{l cgiheCrx ... xCpanda=(c1,...,Ch9n-1n)
as in , bgwy 15 a coboundary 2-cocycle if and only if n =2 orn > 3 and for
any 1 <r < s <n the following divisibility hold:

M| Z urs - Z 7"US Z rswfw’ (225)

v=r+1 w=s+1

as a convention, a sum for which its summands do not exist is equal to zero.

Moreover, if holds, then byw, = byws, where a = (C1,...,Cn2n—1,) de-
fined by ¢; = ¢;, ¢;; = ¢ and ¢ = 0 induces the abelian 3-cocycle w; on G
associated to a.
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2.2. The algebra of functions on a finite group

Proof. We start by noting that, for a € A and g = g{l ...gl" € G, we have
bawalgl - gis 91" - g

_ chlflL lml H 6cstft|_

1<s<t<n 1<r<s<t<n

].>+ s

_Crst(krjsft+frksjt_k'rfsjt)
II « :

mr7m37mt)

With a as in the statement of the proposition, we show that byws is a coboundary
2-cocycle. Indeed, by specializing the above formula for @, we have that

- afil Bk car il 2558
dqwalgl - g gyt ghn) = HS I e

1<s<t<n
g1tk — (Jﬁ-kz) ks—(js+ks)
lfl AT IR my C,Stf Jstks '(rfl‘ls:’ -S)ms
= sml IT &~
=1 1<s<t<n
) k .
" gqugcucll €CStft]s€Cstftks
SiE =
afildi+k); cst ft(dsths) g
= 15 2 1<s<t<mn Smims
k1 k
fb( - ) fﬁ(gl ---gnn)

Y

(j1+k1) i1+k1) 1,
fg( 1 1 ""1 N .gr,(ih 1) )

where f; : G — k* is defined by fg(g{l.. )= T, € le”l H1<S<t<n505tﬁj5,

mims
(7 +kl);nl denotes, for 1 < [ < n, the remainder of the lelSlOIl of j; + k; by
m; and §ml2 € k is such that {"s = &,,; similarly, &, € k such that {7, = &,
1

Next, define byws : G x G — k* by

j In k kn —crst(krjsfe+frksjt—Fkr fsj
ogws(gl gl gt gk = [ g ibdhedid,

1<r<s<t<n

We claim that byws is a coboundary 2-cocycle if and only if it is trivial, meaning

that ; j j
H 5(7CT5,5(kr]sft*ﬁﬂks]t*]frfth) — 1’ (226)

mr7m57mt)
1<r<s<t<n

forall 0 < g,k <m;y—1land1<1<n.
Indeed, assume that there exists a map p : G — k* such that

p(glt . gip(gh gk = byws(glt . gl gt gk )p(g L gy

)

forall 0 < i,k <m;—1,1<[1<n. For1 <i<n—1, we then have

Z Mrstkrjsftf Z Mrstjt(frksfkrfs)
ai4+1 a . 1<r<s<t<n 1<r<s<t<n o
b (gz 7gz+1 gnn) _£M - 17

since both sums that appear in the exponent of £y, are equal to zero (for the first
sum the only possible non-zero summand is obtained when s = ¢ but then r < ¢
implies k. = 0, while for the second sum the only possible non-zero summand is
obtained when ¢ = 4, in which case r < s < ¢ implies k, = ks = 0). Thus, for any
1 <i<n—1, we have that

Aj+4+1

p(gi)p(git .. gom) = baw=(g, gittt - g )p(gi .. gam) = p(gi™ - .. gam),
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2.2. The algebra of functions on a finite group

forall 0 < a; < my— 1,7 <1 < n. By mathematical induction, it follows that

p(gi" - gnr) = p(gi') - .. plgyr), for all g/* € Cp, 1 <1 <n.
Likewise, for 1 <1 <n, js = 05,0 and k; = d4;b for all 1 < s,¢ < n, we have

[ a b o —Crstkrjsft H Cmtfr s]t H Cr-stk?rfsjt
bgwa(gl Y gl ) - H f(mr,ms,mt) 5'("77/7‘777’7157"’”1& g(mTva7mt)

1<r<s<t<n 1<r<s<t<n 1<r<s<t<n

_ é‘ Crltak'rft é‘ crsiafrks é‘crslakrfs _ 1

_ mmmlymf (mr,muml (mT7m37ml) o
1<r<i<t<n 1<r<s<i<n 1<r<s<i<n

a b ( + )"nl .
and therefore p(gi")p(9;) = p(g, ). It is now clear that

i = p(gl)p(gy") .. plgl)p(ghr)

= plgl" ... gMp(gt* ... gk,

and we conclude that byw=(gi* ... gin, g¥ ... gk») =1, forall g ... gln, g¥" ... g* € G,
as stated.

It remains to show that is equivalent to the divisibility in . We are
free to assume that n > 3, since for n = 2 there is nothing to prove.

Clearly, for all 0 < k;, 5, <m; — 1, 1 <1 <n, is equivalent to

M|S = Z Mrst( erft + frksjt - krfsjt)- (2'2’7>

1<r<s<t<n

We will rewrite S so that we can get the scalar k,.j, as common factor, where r and
s, for any 1 < r < s < n, are considered fixed. Towards this end, we split S into a
sum of three parts: Sy 1= — > 1 o Migkrdsfe, S2 = = X1 cpcscran Mg frksgi
and S3 1= Y1 cpan Migkrfsje. For a given pair (r,s) with 1 < r < s < n, the
scalar k,.j, appears as a summand of S; defined by r < s < w < n, as a summand
of Sy determined by 1 < u < r < s and as a summand of S3 given by r < v < s.
Hence, is equivalent to the fact that, for all 0 < kj, 5, <m; — 1,1 <[ < n,

Z ijS <_ Z ursfu + Z rvs Z rsw ) :

1<r<s<n u=1 v=r+1 w=s+1

It is now clear that this divisibility is equivalent to ([2.2.5)). O

Our next objective is translating condition to a form suitable for concrete
computations. We start by analyzing the case n > 3, where G is the product of
more than 2 cyclic groups, as the case n = 2 is more complicated than it appears, as
we will see later in this section and in Appendix [A] We will deal with the simplest
case, n = 1, last.

For n > 3, the divisibility in (2.2.5|) reduces to a system of ( g > linear congru-
ences mod M, in n unknowns fi,..., f,. Equivalently, (2.2.5) reduces to a homo-

. . n
geneous linear system in n + ( ) unknowns fi,..., fn, T, Wwhere 1 <r < s <mn,

2
n .

and ( 9 ) equations; namely,

XA =0, (2.2.8)
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2.2. The algebra of functions on a finite group

with X = (f17 ey fn,xlg, ey LI, X235 -y L2y o v s ;xnfln) and
An—l An—2 Tt A2 Al
MI,_4 0 - 0 0
A= 0 MI, o -+ 0 0 ,
0 0 - 0 ML
where
ijjﬂ ijj+2 e Mlcjn
Mjcfljj+1 Mﬁljﬂz Mjcoljn
Anj = 0 _ij+1j+2 _ijﬂn
ij+1j+2 0 U - ;ij+2n
M0 M0 —M¢jj+3n
Mjcj-i-ln Mjcj-i-Qn 0

is an n by n — j matrix, for all 1 < j <n — 1. The system ([2.2.8]) can be solved as
follows.
A is an n 4+ n by n matrix with integer coefficients, where, for simplicity, we

have denoted ( Z

modular matrices U, V such that UAV = diag(dy,...,d,,0,...,0); here U is an
n + n-square matrix, V' is an n-square matrix and di,...,d, are non-zero integers
such that dq|ds|...|d,, 1 < r < n. Thus is equivalent to (XU 1D = 0,
where D = diag(dy, . ..,d,,0,...,0). This says that XU = (0,...,0, 911, --,Yn)
for some integers y,41,...,y,. Then X = U(0,...,0,y,41,...,Yyn) is the general so-
lution of , solution determined by an arbitrary family of integers y, .1, ..., Yn.
Furthermore, we show that » = n and that U can be somehow obtained from the
Schmidt normal form D' = U'A'V' of A" := (A,,_1,..., A1), an n by n matrix.

Indeed, if, in general, O,,, stands for the zero m by p matrix and O,, = O, m,
we see that

U/ Onm A, /I U/A/ ! 'D, _.
(On,n pr-l )(Mln)v _(MV’—l >V _(M1n>_'B'

Assume now that D’ = diag(d),...,d,0,...,0), for non-zero integers d},...,d

Y r!

which satisfy d|...|d.,;; v’ < n is the rank of A’. For each 1 < j < 7/, consider

) by n. As the ring of integers Z is a PID, there exist uni-
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2.2. The algebra of functions on a finite group

integers «j, f3; such that a;d; + 8;M = (d;, M), and define U” as being the matrix

aq 0 e 0 0 Jo3! 0 . 0 0
0 Qo s 0 0 0 By - 0 0
b L Ope P E e Opa
0 0 o ap 0 0 0 - Busg 0
0 0 e 0 Qp 0 0 e 0 By
Onfr/,r/ Onfr’,nfr’ Onfr’,r’ ]nfr’
M d}
@ 0 0 CEDN
M
0 —@m 0 0 @an
: : : Oy 11 e L Opnr
M d;/,
0 0 c—@n 0 0 0 Sy 1’1M) 0
M d,
0 0 - 0 @ 0 0 0 Gy
On—r’,r’ In—r’ On—r’,r’ O'n,—r’,n—r’

The Laplace’s cofactor expansion along the first two rows of U”, together with a

,r/

mathematical induction on r/, ensures that the determinant of U” is equal to (—1)".
Also, by direct computation, we reach the equality

U"B = diag((d}, M), ..., (d.,,M),M,...,M) =D,
which says that the invariant factors of B, and therefore of A, are
(dy, M)|...|(d.,,M)|M...|M,

!/
and thus in number of n. Finally, we can take U = U” ( OU 37_? ) and V =V’

as unimodular matrices obeying UAV = D, from where we deduce that (2.2.8)) has
the solution X = (0,...,0,¥y1,...,y,)U, after renumbering the y’s. It follows now

that o
<f17'-'7fn):X< " "a“)
On,n On,n
M M (2.2.9)
— R _r— ! !
_( (dlle)’, (d/r/7M)7yT+17 7y7’b>U

is the solution of ; here vy, ..., y, are arbitrary integers.

The method presented above allows us to concretely determine the solution of
(2.2.8)), in particular, in the case when n = 3. In general, for an m by p matrix A
with integer entries and 1 < j < min(m, p), A;(A) is our notation for the greatest
common divisor of all j by 7 minors of A; we make the convention that if all j by j

minors of A are equal to zero, then A;(A) = 0. It is well known that, modulo a sign,
the invariants factors dy,...,d, of A are given by d; = f?—%, forall 1 < j <,
i

where Ag(A) := 1.

Example 2.2.5 Using the same notation as in Proposition [2.2.4] specializing it to
the case n = 3, byw, is coboundary if and only if

le,LLM/? fQZVM/v f3:)\M/7

M
(M,c123) "

for some natural numbers A, u, v, where M’ =
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A 0 0 w
Proof. The matrix A takes the form ( ); here A" = 0 —v 0 |, where
MI;
v 0 0
v = Miy, = % = c193. If 0 := (v, M), one can see easily that A;(A) =

0, Ay(A) = (v, M2 0M) =02 ((¥)*, (&)*,224) = 92 and, similarly, A3(A) =
(v3, M3, v>M,vM?) = 3. Thus, d; = dy = d3 = 0. Also, one can see directly that

for u,w € Z such that uv + wM = 0, the matrix

0 0 u w 0 0 0 00

0 —u 0 0 w O 000

U 0 0 0 0 w ) 0 00

U = 0 0 M o 0 0 satisfies UA = 00 0
0 M’ 0 0 2 0 000

M 0 0 0O 0 o 0 00

and that U is unimodular, provided that M’ = & and o' =
the system ([2.2.8)) has the space of solutions

ol

. Hence, for n = 3,

{(0,0,0, =\, v — p)U|p,v, A € Z}
= {(uM' v M AM', = ' v’ —p") |, v, X € Z},

concluding the proof. O

Remark 2.2.6 By the proof of Proposition , bgw, is coboundary if and only
if holds, in which case byw, = bgws. It is easy to see that holds
in the case when (m,, mgs, my)|crst(fr, fs, fi), for all 1 < r < s <t < n. For
n = 3, Example 2.2.5 tells us that M = (mq, ma, m3) | (M, c123)(f1, f2, f3), which is
equivalent to (my, ma, m3)|cia3(f1, f2, f3), is a necessary and sufficient condition for
bgw, to be coboundary.

As a concrete example, take m; = my = m3 = 4. Then g € G satisfying
is g = ¢ if c193 € {1, 3}, and respectively g € {gig395 | 7,7,k € {0,2}} if c1o3 = 2.
Remark 2.2.7 The rank of A’ is not, in general, equal to n. For instance, we are
about to see that, for n = 4, the rank of A’ is always less or equal to 3. To simplify

the notation, if a,...,as4 € Z, we denote by a;, ,, the greatest common divisor of
Qiys -5 a;, forall 1 <k <4and {iy,...,5} C{1,...,4}.
For n =4,
0 0 0 —ay —ag —as
. A ) . 0 aq a9 0 0 —Qy
A= ( M ) where A" = a0 a0 a 0 ,
—Q9 —das 0 —ay 0 0

provided that a; = =My, ag = —M{,,, a3 = —Mj,, and ay = —Ms,,. We have
that Al(A/) = 419234,

Ao(A) = (a2, a051 <i < j<4)
= (CL16L12, 1034, A2023, 2014, 43034, A3012, 44034, CL4CL12)
= (a1a1234, 201234, @3041234, CL46L1234) = a%234,

As(A) = (a0l <i,5,1 <4)

= apoaa(a], a1 <t <4,1<i<j<4)=aly,,
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and Ay(A’') = 0. Thus, 7 < 3 and " = 3 if and only if at least one of the a; is
non-zero. Now, if U’, V' are unimodular matrices satisfying

I; O
U AV — ( (123413 3 ))
01,3 01,3

it follows that the solution of ({2.2.8)) is parametrized by y1, Y2, y3, ¥4 € Z such that

nM yo M ys M ) /
) ) y =\ — y T ’ .
(fi: Jor 3. J4) < (a1234, M)" (a123a00) "  (@1234, M) g

We now come back to the general case n > 3. For G = C),,, x ... x Cy,, a finite
abelian group and w, a 3-cocycle on G determined by a € A as in (2.2.4), denote
by Y, the 1 by n matrix defined as follows by y = (Y1, Yn) € 2™

" :(_ylM' LA y)
Y (dll,M)"“’<d;,,M), r'+1ly-59n | -

As before, M = LCM{(m,,ms,my)|l < r < s < t < n} and d}|...|d. are
the invariant factors of the matrix A’ that is part of the definition of the matrix
A associated to the system (2.2.8]). So, if U’,V’ are unimodular and such that
U'AV' = diag(d'l,...,d.,,0,...,0), then Y,U’ is a solution for and, more-
over, any solution of (2 - is of this type.

Furthermore, denote by C the symmetric matrix which has the main diagonal
given by the elements < 7, o 2 and on the position (s,t) the element 5 , for
all 1 < s <t <n. Also, denote by C" the matrix U'C'U’, where 'Z stands for the

transpose matrix of any matrix Z. It follows that C’ is a symmetric matrix with
rational entries.

Proposition 2.2.8 Let G = Cy x ... x C,, be a finite abelian group as in the above,
and w, a 3-cocycle on G defined by a € A. Let

N = LCM{m?,msmt\l <j<nl<s<t<n}.
kG
1. If there exists a non-trivial 2-dimensional braided Hopf algebra in " YD, then
N s even. Consequently, at least one of mq,...,m, is even. -

2. Assuming N is even, there is a one-to-one correspondence between non-trivial

G
2-dimensional braided Hopf algebras in kwin and y = (Y1,...,Yn) € Z" for

which there exists (A1, ..., A\,) € Z"™ such that for A = (ml ,2—’;) U,
1
N, +Y, Y, — 5 € Z. (2.2.10)

Proof. Owing to Proposition[2.2.3] the non-trivial 2-dimensional Hopf algebras within
k;yD are characterized by pairs (g, p) consisting of an element g = g{l .ghhed

and a map p : G — k* fulfilling p(e) = 1, p(g) = —1 and byw, = Jp. By keeping
the notation established in the proof of Proposition [2.2.4) such a pair (g, p) is deter-
mined by a solution (fi, ..., f,) of (2.2.8) and a group morphism ¢ : G — k* obeying
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Y(g) f3(g) = —1; in general, if o is a coboundary 2-cocycle and o = dp; = 0p,, for
some maps py,pe : G — k*, then ¥ : G — k* given by 9(g) = p1(g)p2(g)~?, for
all g € G, is a group morphism. But ¢ is given by an n—tuple (A, ..., A\n) with
0< A\ <m;—1,forall 1 <j<mn,in the sense that ¥(g7"...¢%") = 5’\1‘” .52{;“",
forall 0 <a; <mj; —1, with 1 <j <n.

Take &y to be a primitive root of unity of order N in k£ and assume, without loss
of generality, that

N
2 N

o _N
émj = fNja fm 5]\[ ) and €msmt - ]T\[nsmt7

forall1 <j<nand1<s<t<n. Then,

> Aty

I(g .. gty =&y and

(9" - gn") éNn (2:2.11)
I SR

folo?' o) =&y 7 T :

for all 0 < a; <m; —1,1 <75 < n. Therefore, giving a non-trivial 2-dimensional
G

k
Hopf algebra within ,c*YD is equivalent to giving a solution (f,..., f,) of (2.2.8

such that, for some integers \i,..., \,,
i 2355 N +E sz ) estfsft py
m; msmy
N " e = 1. (2.2.12)

Moreover, it is clear that (2.2.12)) holds if and only if N is even and

2
Z)\fj_l'z ]f 4 Z CStf;;Lft—%EZ.

j=1 m; J 1<s<t<n

As any solution (fi,..., f,) of (2.2.8) is of the form Y, U’, for some y € Z", our proof
follows. - - O

We use the isomorphism provided by (2.2.2) in order to return to our initial
context: G is a finite abelian group and kg, [G] is the Hopf group algebra of k and
G considered as a quasi-Hopf algebra with reassociator

— i1 in o J1 Jn ol lny1. o
= E Wa( g1 Gns g1 G g1 G ) iy i @ Ly @ Luy
i,j,lEN

Here, assuming C' = C,,,, X ... x C,,, as in the above, we have denoted by i an
n-tuple (iq,...,i,) € Z™ with the property that 0 < i, < m; — 1, for all 1 <[ < n,
and by N the set of all these n-tuples i.

Corollary 2.2.9 With the same notation as z'n Pmposition if there exists a
non-trivial 2-dimensional Hopf algebra within & . {g}yD then N is even. Further-

more, assuming N even, a non-trivial Hopf algebra of dimension 2 in ke {g}yD 18

of the form B,,, where o : k|G] — k is an algebra morphism and v is an element
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in k[G], and both are determined by a solution §f = (f1,..., fu) € Z™ of and
(A1,..., An) € Z™ obeying as follows:

n
J1 Jn — fljl
O-(gl gn) - Hgmlv
=1
(Z JJ Z ]fJJ+ > Cstlsft)N
_ Z j=1 ™ j=1 j 1<s<t<n 5T
v - <.]\7 ]'ll ----- In>

[EN
for all gi* ... gl € G.

Proof. 1t follows by Proposition and the quasi-Hopf algebra identification k¢ =
k|G| produced by the correspondence ngl gin 1, . ;.- Keeping in mind the proof
1 9n

of Lemma [2.2.2 for f and (A,...,\,) as in the statement, we deduce that, for ¢

and f; as in (2.2.11])),
4 n m;—1 n
ottt = T1(3 ot at) - TTet

=1

and

l In
vo= Z(ﬁfg)(gf N R VA
[EN
(Z ]J Z JfJJ+ S Cstlsft)N
ST T 1 ien T
- Z CN 1ll ~~~~~ ln?

[eEN

as stated. Note that o(v) = —1 is equivalent to (2.2.12)), since (1, . ;.) = 6. O

-----

Examples 2.2.10 Let n = 3, G = C},,, X Cppy, X Cpp, and w, be a 3-cocycle on G.
Recall that M = (mq, mg, ms3), M' = (Mf\fm) and that any solution of (2.2.8)) is of
the form (f1, fo, f3) = (ui M, ua M’ usM’), with /~01 [i2, 13 integers. It is immediate
that M'[M|my, for all 1 < j < 3. Set now m/; := for all 1 < j < 3.

In this particular case, (2.2.12)) becomes
3
Ajl Cguj Crsfbrfls 1
>y, 3 e len

= 1<r<s<3 L
For this to happen, at least one of the integers m/, mj, mj has to be even. Therefore,
we assume that the set J, := {1 < j < 3|m/ € 2Z} is non-empty. Furthermore, we

M/7

set u; =0, for all j € {1,2,3}\J., and p; = mT;, for all j € J.. Then, if we set

c::ch+ Z Crs,

j€Je r,$€Je;r<s

(2.2.12)) becomes



2.2. The algebra of functions on a finite group

The latest condition is fulfilled if and only if ¢ is even and },_; A; + 5 is an odd
number. Thus, if J, is non-empty and c¢ is even, there exists at least one non-trivial
2-dimensional Hopf algebra within szg)}D

The condition "¢ is even” is only sufficient. For instance, we can take m; = 12,
me = 18, m3 = 30 and ¢35 = 4, so that M =6, M' =3, m| =4, m), =6, mj = 10
and J, = {1,2,3}. Then, for ¢; =3, co =7, c3 = 14, c1o = 1, ¢33 = 3 and 93 = 5,
we compute ¢ = 33, an odd number. Furthermore, for (f1, f2, f3) = (3u1, 32, 3u3)
with 0 <y < 3,0 < s <5and 0 < g <9, a solution of in this particular
case, the condition becomes

3 1 3 2 0 T

- —/\ — -
1 + - Aopio + 10 8 + = 6t T+ 4M2+
N 63 N 3 n 27 n 3 B 1 c7
50#3 8#1#2 40M1N3 4/i2/~43 5
For py = 2 and ps = 5, this reduces to

3 3 27 33 1
-2 Mt — 2+ = —-€Z
1 1,u1+2 3+16M1+ g 26 ;

and is satisfied in each of the following cases: (1) u1 =0,0 <A ; < 11,0 < Ay < 17
and \g € {1,3,...,29}; (2) 11 =2,0< Ay < 17, and 0 < A\; < 11 and 0 < A3 < 29
such that \; + A3 is odd. We conclude that this case provides plenty of non-trivial
2-dimensional braided Hopf algebras, although ¢ is odd.

We conclude the list of examples by pointing out that it might happen to have
no non-trivial 2-dimensional braided Hopf algebras; for example, when n = 3 and
m’; is odd, for all 1 < j < 3.

Next, we deal with the case n = 2. We expected things to be simpler here but, as
we will see, this is not the case. To start, assume G = Cy,, X Cypy, with Gy, generated
by g;, an element of order m; > 2, with 1 < j < 2. As before, set M = (my, my),
the greatest common divisor of my, ms, and let w, be the 3-cocycle on G defined by
a = (c1,¢2,¢12), where 0 < ¢; <mj — 1 and 0 < ¢15 < M, as follows:

01222L31+ IJ

wa(91 95, g1 93, 91 957) = by~ ™

Jitk;
oy

As we have seen in the proof of Proposition [2.2.4] byw, = 0fy is a coboundary

Ji ,.J2

2-cocycle, for all g = g1 92 € G here f; : G — k™ is given, for all g7'gy> € G, by
folgl 93 = 2%?55511_[56”"”-

If kg, [G] is the quasi-Hopf algebra with reassociator

Oy = > walgi'g®, gl g8 g8 95%) Lirin @ Ly gy © Liyy,
i,j,lEN

built on the Hopf group algebra k[G], by using the same arguments as in the proof
of Proposition [2.2.8, we get the following result.
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Corollary 2.2.11 Let N = LCM(m?,m3, mims). If there exists a non-trivial 2-
dimensional Hopf algebra within :ZQEJJD then N is even.

Assuming N even, a non-trivial Hopf algebra of dimension 2 in Z?EJ}D is of

the form B, with o : k[G] — k an algebra morphism and v € k|G|, determined by
f=(f1,f2), A = (M1, X2) € N satisfying

A A ] ; 1
1 + 2/ + C1f_12 + CQf_22 + C12 fife -5 €Z (2.2.13)
mi meo ml m2 mqms 2

as follows, for all gl'gl? € G:

f1i1 f2j2>
S et el DA
J1 J2 _ (ml mg
o(g1'9’) = &n )
2 Ails N fals c1ol1 f
JAVANE 22739 4 C12°1J2
<]’§1 mj +]'§1 m? mimy N
v o= E CN 1[1712.

l[eEN

The classification provided by Corollary entails to condition (2.2.13)). We
will see in Appendix[A] that reduces to finding the rational points of a conic
section, an arithmetic problem with a rather laborious solution. However, there are
particular situations when can be solved on the spot, through the use of
elementary methods. As an example of such a situation, we will analyze the case
when m; = my = 2; in other words, when G is the Klein group Cs x Cs. As before,
denote by g; and g the generators of G and by o, 4, : G — k the algebra morphism
determined by oy, f,(g1'g}?) = (—1)/191+272 for all g]' g2 € G; here (fi, fa) is a fixed
pair of integers f1, f in the set {0,1}. We also denote by i a fixed primitive root of
unity of order 4 in k.

Example 2.2.12 For G the Klein four group, the 2-dimensional non-trivial Hopf
algebras in Zzg{g)}D are of the form B, ,, with a € A, o : k[G] — k and v € k[G]
given by the table below, using the notation established in Corollary [2.2.11]

a=(c1,0,¢3) | Opp | (A1, 2) v Opgs | (A, A2) | @
001 (0’ 1) g2 J10 (170) 9

(07 07 0) (17 1) 9192 (17 1) 9192
011 (0, 1) go 011 (1,0) g1

(0,0,1) o1 | (0,1) gt =+ 5 o | (1L,0) | ¢
(1,1) g = %92 + %9192 (L,1) | 9192

(0, 1, 1) 011 (0,0) f)+ = %(91 + gg) + %(1 — 9192) 10 (1, 0) g1
(17 1) h™ = %(gl + 92) — %(1 - 9192) (17 1) 9192

(1,0,0) oo | (0,1) 92 o | (1,1) | 9192
(1, 0, 1) 001 (0, 1) ng 011 (O, 0) a1
(17 1) g (17 1) g2

(0,1,0) oo | (1,0) 9 o | (1,1) | 9192
(1,1,0) o1 (0,0) hT o1 (1,1) h~

Proof. The 2-dimensional non-trivial Hopf algebras in 2?EyD are parametrized

by fl,fg,/\l,/\g € {07 1} SUCh that 4|2()\1f1 + )\Qfg) + le122+ Cgfg + Clgflfg — 2.
Equivalently, 2| f2 + cof2 + crafifo and A fi + Aofs + 1 +62f§+612f1f2 is an odd
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integer. But ¢y f2, cofs, ciafifo € {0,1}, so, either all are equal to zero, or two of
them are equal to one and the last one is equal to zero; in the former case, A1 fi+ Az fo
is odd, meaning that A\;f; = 1 and Ay fo = 0 or vice versa, while in the latter case
A f1+ Ao fa is even, and so is A\ f1 = Ao fo € {0,1}.

When ¢ f2 = coff = c1af1fo = 0 and A\ f1 + Xaof2 is odd, we cannot have f1, fo,
respectively Aj, Ag, simultaneously equal to zero. By considering the cases (f1, f2)
equal to (0,1), (1,0) and respectively (1,1), we obtain the solutions shown in the
table for a € {(0,0,0),(0,0,1),(1,0,0),(0,1,0)}, as well as those mentioned for
a = (1,0,1) and a = (0,1,1) in the case when oy, is 0¢; and o049, respectively.
In a similar manner, we treat the cases: (i) ¢if2 = 0, cof7 = ciaf1fo = 1 and
A fi+ Xaofyis even; (i) o1 f2 = cofs = 1, ciafifo = 0 and Ay f1 + Ao fo is even; (iii)
cift =cififo =1, cof2 = 0and Ay fi+ Ao fo is even. Following simple computations,
they produce the remaining six parameterizations in the table. Take note that v
can be computed in each case by using the formulas

1 1
Loo=—-14+g1)1+g2); Lig=—(1—g1)(1+g2);

4 4
1 1
lo1 = Z(l +a1)(1—g2); 111 = 1(1 —q1)(1 — g2).

[]

It remains to study the case when n = 1, that is, when G is a cyclic group of
order m > 2; we denote by g the generator of G. Towards this end, we fix a primitive
root of unity q of order m? in k and take ¢ = g™, a primitive root of unity of order
m in k. Then, for 0 < ¢ < m — 1, ke,|G] is the Hopf group algebra k[G], considered
as a quasi-Hopf algebra via the reassociator

m—1
o.= Y WL el (2.2.14)
i,4,1=0
As before, 1; = % 221:—11 ¢ 7%g* denotes an idempotent of the group algebra, for all
0<7<m—-1.
Using again the same arguments as in the proof of Proposition [2.2.8, we get the
following result.

Proposition 2.2.13 If there exists a non-trivial 2-dimensional Hopf algebra within

]Zi gyD, the greatest common divisor of ¢ and m is even.

Assuming (c¢,m) even, a non-trivial Hopf algebra of dimension 2 in ﬁz{g}yz) 18
of the form By, with o : k[G] — k an algebra morphism and v € k[G], determined

by f,A€40,...,m— 1} satisfying

A >
Mod Loy (2.2.15)

m m2 2

as follows, for all ¢/ in G

o(g’) = ¢ and v= qu’\j+cfj1j.
j=1
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Proof. If there is a non-trivial Hopf algebra of dimension 2 in ZZC{%)}D, then there

exist f,A € {0,...,m — 1} and k € Z such that 2¢f? + 2mAf — (2k + 1)m? = 0. Tt
follows that m is even, so we only need to prove that c is also even. For ¢ = 0, there
is nothing to prove, while for ¢ # 0 the equality (2¢f +mA)? = 2¢(2k + 1)m? + A\?m?
says that 2c¢(2k + 1) + A\? is a square, let us say it is equal to w?, for some scalar w.
Then X and w have the same parity, which tells us that ¢ must be even. O

Corollary 2.2.14 Keeping the above notation, if (c,m) is even there is always a

non-trivial Hopf algebra of dimension 2 in ’;ic{g}yn

Proof. Let d = (¢, m), a non-zero even number, and let ¢’ and m’ be coprime integers
such that ¢ = d¢’ and m = dm’. We saw that is equivalent to the existence
of z € Z such that (2cf +m)? = 2¢(22 + 1)m? + A*m?. It follows that m|2cf +m,
so Z|cf; if we write 2¢f = mt, for some t € Z, then (t + \)? = 2¢(2z + 1) + A2,
hence t? + 2\t = 2¢(2z + 1). Therefore, ¢ is even and we can write ¢f = muv, for
some integer v. Furthermore, as ¢'f = m'v, we find s € Z such that f = sm’
and v = sc. To conclude the proof, we show that we can always find s, A, z such
that 2s(¢’s + A) = (22 + 1)d. Indeed, one can take s = ¢ and A,z such that
A = 2z+1— 5; note that, there is at least one z € Z such that £ <2z+1<m+ 3,

because m > 2. O

Remark 2.2.15 In the Hopf algebra case, meaning when ¢ = 0, non-trivial Hopf
algebras of dimension 2 in ’;{g}yD are determined by pairs (f, \) with A\f = (2z+1)7F,
for some z € Z.

2.2.2 A non-abelian example

Next, we want to apply Lemma to a finite non-abelian group G. There are
two main obstacles we must avoid while choosing the group G; namely, we want
the center of G to be not-trivial and, on the other hand, we need to be able to
find explicitly the representatives for the 3-cocycles of G. A first candidate that
satisfies both of these conditions is the dihedral group D,, with 2n elements, n an
even natural number, since for n odd, D,, is centerless; but, although we have a full
description for H3(D,,, k*) (see [29, 30]) we don’t have the concrete formulas for the
representatives of the 3-cocycles of D,,. Nevertheless, we can overcome this issue by
working with the so called double dihedral group D,,, instead of D,,. We take n > 2
since, otherwise, D; ~ C is an abelian group.

Definition 2.2.16 For any n > 1, the double dihedral group D,, is a group of order
4n, generated by R and X with relations:

R™=¢, X?*=R", and XR=R'X,
where e denotes the neutral element.

In the following, we sometimes identify the elements of D,, with pairs (4,a), in
the sense that (A, a) = X4R% here A € {0,1} and a € {-n+1,...,n}. Thus, dj,,
the reminder of the division of a by 2n, is replaced by (a)s,, a new reminder modulo
2n which lies in the range —n + 1,...,n. Note that (a)s, is uniquely determined
by the property that R* = R and (a)y, € {—n + 1,...,n}, for all a € Z.
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To find a relation between these two reminders, observe that R* = R*2lz:1" with
a—2[5=|n € {0,...,2n—1}, provided that a € {—n+1,...,n}. Likewise, provided
that a € {0,...,2n — 1}, R* = R*PU%" with a + 2[%%|n € {-n+1,...,n}.
Therefore, for all a € Z, we can alternatively define the second remainder by
n — al, —a
n — 2
2n In=a+2] 2n

Indeed, R?*" = e implies R* = R and since (a)9, can also be written in the form
(@Yo, =n — (n — a)h,, it follows that (a)s, € {—n+1,...,n}.

Lemma 2.2.17 For any n € N, the center Z(D,,) of the double dihedral group D,
equals {e, R"}.

Proof. For a € {0,...,2n — 1} we have that RX R = XR*!'and XR*R = XRoH,
so XR* does not belong to Z(D,), unless n = 1. On the other hand, XR* =
R™X, so R% is in the center of D, if and only if R?* = e, which is equivalent to

a € {0,n}. O

n

(a)ay := ay, + 2| |n. (2.2.16)

Owing to [42], H3(D,,, k*) ~ Z4,. However, only half of the representatives for
the cohomology classes of H*(D,,k*) can be defined in an explicit way. To use
this presentation, we need to assume that k& has characteristic different from 2 and
contains a 2n? primitive root of unity, glenoted by &,2. We also fix the primitive
roots &, = &2, &, = " and & = &7, and for p € {0,...,2n — 1}, we define
wp:ananDn%k:*by

wp(XAR, XPRY XOR®)

o 5P((—I)B+Ca((—1)cb-|rc—((_1)Cz7+c-|rnBC’>gn)—"72ABC)
 Sop2
2.16) p((—l)BJrcHa(QLWJW&%BC)—%ABC)
= Sop2

n—(=1)%b—c—n
B ép(f1)B+C+1aBC€P(*1)B+C+1GLWJg—pABC
- S2n n 4

for all couples (4, a), (B,b), (C,c) with A, B,C € {0,1} and a,b,c € {—n+1,...,n}.
Then (w,)o<p<on—1 are non-cohomologous normalized 3-cocycles for D,,.

(2.2.17)

Y

Lemma 2.2.18 The normalized 2-cocycle bpnw, on D, is determined by
pa(_1\B_
bRnwp(XARa, XBRb) — (_1)pAB£n2 ((=1) 1)7

for all A,B € {0,1} and a,b € {—n+1,...,n}. Furthermore, if f : D, — k* is
given by f(XAR) = (=126, for all A € {0,1} and a € {-n +1,...,n}, then
brrw, = Of; therefore, bpnw, is a coboundary 2-cocycle.

Proof. We compute, for all (A, a) and (B, b) as in the statement of the lemma, that
wy(R™, XAR* XBRY)w,(XAR, XBRV, R™)

. XA a XB b —
browp (X RY, R) w,(XARe, R*, XBRY)

n—(—l)Ba—b—nAB

P EHAB (p(-DAT P BT p(-1) a5
- P(—l)BﬂaL%J
n—(— )Bn—b
(_DPApr(—l)B“a(L—QZJ—L;,LJ)
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2.2. The algebra of functions on a finite group

Our assertion follows from the fact that

b n—(—l)Bn—bJ_{ 0,if B=0 1

o -1 2n ~1,if B=1 25((_1)3‘1)'

Finally, for f : D, — k* as in the statement of the lemma, we have that

XARa XBR? _1)A+B —p(a+b)
0f(XARa,XBRb) _ f( )f( ) _ ( /) 52;1,
f(XAR“XBRb) f(X(A+B)2R<(—1) a+b+nAB>2n)

(2.2.16) (_1)2|.A+TBJg;p(a—(—l)Ba—nAB) _ (_1)pAB§Z?a((_1)B_1)

— bRnwp(XARa, XBRb)7

forall A, B €{0,1} and a,b € {—n+1,...,n}, as stated. So our proof is complete.
]

Proposition 2.2.19 For the quasi-Hopf algebra (lfD",q)wp), there are non-trivial

Dn,
(k ,‘1>wp;yD if and only if either p is odd or

2-dimensional braided Hopf algebras in (kDn @
)y FWp

p and n have different parities.

Proof. Owing to Lemma and Proposition [2.2.3] giving a non-trivial braided
EPn @,
Ekbn,cm,:;
such that p(R") = —1 and bgnw, = dp. Moreover, as we have observed in the proof
of Proposition , any two maps py, pg : D, — k* satisfying Op; = Op, are related
through a group homomorphism ¥ : D,, — k*, in the sense that p;(g) = p2(g)9(g),
for all g € G. Therefore, by Lemma , B is determined by a map p: D, — k*
given by p(X4R%) = (=12 *9(XARY), forall A € {0,1} and a € {—n+1,...,n},
where ¥ : D,, — k* is a suitable group homomorphism.

It is immediate that a group homomorphism 9 : D,, — k* is parametrized by two
scalars v and &, in k, with 0 < s < 2n — 1, obeying v* = (—1)% and v&5, = v&;,°.
If follows that s € {0,n} and v? = (—1)*, and therefore there are four group
homomorphisms ¥ : D,, — k*; namely, they are determined by the couples

(ﬁ(X)v 19(R)) € {<1’ 1)a (_L 1)7 (547117 _1>> (_527 _1)}'

Summing up, there are exactly four maps p : D,, — k* for which Drnw, = Op.
They are given by

Hopf algebra B of dimension 2 in VD is equivalent to defining p : D,, — k*

pr: XARY i (=1)76,",

pa s XAR 5 &1

P XARY = (=€) (-1)°6,",

pr XARY = 14(—1)76,",
forall A€ {0,1} and a € {—n+1,...,n}. Our assertion follows now from the fact
that pi(R") = po(R") = (=1)7 and p3(R") = pa(R") = (=1)""". N

To conclude, we present a concrete example, using the most famous double di-
hedral group.
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2.3. Some non-commutative, non-cocommutative examples

Example 2.2.20 (Quaternion group) When n = 2, D, is the quaternion group Q,
the group generated by X and R with relations R* = e, X? = R? and XR = R3X;
we can obtain the original presentation of () by taking —1 = R?, i = X, j = R and
k = X R; indeed, we can easily verify that 2 = j2 = k? = ijk = —1.

Owing to Proposition [2.2.19] there are non-trivial 2-dimensional braided Hopf

D
E’;Dz’i“P;yD if and only if p is either 1 or 3. If this is the case, we get 8
b wp

non-trivial 2-dimensional braided Hopf algebras which give rise to 8 quasi-Hopf alge-
bras of dimension 16, all of the form H(6),; recall that v =Y~ , . p(X*R*) Pxage,
and that o : kP2 — k is given by 0(Pxape) = d400an, for all A € {0,1} and
a€{-n+1,...,n}.

algebras within

2.3 Some non-commutative, non-cocommutative
examples

The classification of quasi-Hopf algebras with radical of codimension 2 was obtained
in [19] by P. Etingof and S. Gelaki; namely, they proved that there are precisely four
types of such quasi-Hopf algebras, denoted by H(2), H,(8), H_(8) and H(32). Note
that, as we are about to see, H,(8), H_(8) and H(32) contain H(2) as a quasi-Hopf
subalgebra. Recall that H(2) := (k[Cs), ®), where P =1®1®1—-2p_ @ p_ @ p_.

Throughout this section, k is a field which contains a primitive 4-th root of
unit q. Our next aim is to construct new classes of quasi-Hopf algebras from an
H e {H(2),H+(8),H(32)} and a pair (o,v) of H satisfying conditions ({2.1.22)) to
, for all h € H; see Proposition for all the detail on the construction.

By using the classification of the 4-dimensional quasi-Hopf algebras, see Section
B3-2] if follows that, for H(2), a pair (o, v) like the one above cannot exist. To obtain
a direct argument for this assertion, we can first look at the elements v = pul +vg €
H(2) for which e(v) = 1 and o(v) = —1. As we cannot have o(g) = 1, otherwise
this would imply o = ¢, and so the contradiction 1 = —1, we get o(g) = —1; thus
p+v=1and p —v = —1, and hence v = ¢g. Then o(p_) =1 and read as
A(g) = o(2%)2'g ® 2%g, in turn equivalent to ¢ ® g = g ® g — 2p_ ® p_. This latter
equality is false.

So, for H = H(2), Proposition only produces quasi-Hopf algebras of the
form k[Cs] ® H(2), which are quasi-Hopf algebras built on the Hopf group algebra
structure of k[Cy x Cy], with the help of the reassociator ® of H(2). We will see
below that a similar situation also occurs when H € {H(8), H(32)}.

Recall from [19] that H(32) is the k-algebra generated by g, x and y with relations

@=1 gr=-zg9, gy=-yg, 2'=y'=0 and yz=quy.

The quasi-Hopf algebra structure of H(32) is defined in such a way that k[(g)] is a
quasi-Hopf subalgebra of H(32), and by

Alx)=2® (p+ +ap-) +1®@pix+g@p-1,
Aly) =y® (py —ap-) +1@pry + g@p_y,
S(x) = —x(p+ +ap-), S(y) = —y(p+ — qp-),
() = e(y) =
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2.3. Some non-commutative, non-cocommutative examples

H,(8) is the unital k-algebra generated by g, x subject to the relations
=1 2z'=0 and gz =—zg;

the quasi-Hopf algebra structure of Hy(8) is defined in a similar way to that of
H(32), with structure maps determined by:

Alx) =2®(py +qp-) +1@pr+gRp_z,
S(x) = —x(p+ +qp-), €(z) =0.

Following the notation of [19], H,(8) and H_(8) correspond to the case when q =i
and q = —i, respectively.

Lemma 2.3.1 For H € {H,(8),H(32)}, a 2-dimensional braided Hopf algebra in
BYD is isomorphic to the Hopf group algebra k[Cs), regarded as an object in YD
through the trivial action and coaction.

Proof. An algebra morphism o : H — k is determined by o(g) € {£1} and o(x) = 0,
provided that H = Hy(8), which follows by the relation z* = 0; in the case when
H = H(32), in addition we must have o(y) = 0.

Let v € H be such that ¢(v) = 1 and o(v) = —1. We cannot have o(g) = 1;
otherwise 0 = €, and so 1 = —1, a contradiction. We conclude that o(g) = —1. Set
v = v + vy with vy € k[(g)] and v; = Z;fo,zzl Nigia!, for some \j; in k provided
that H = H,(8), otherwise, when H = H(32), set v; = Zgl'f:iio;lﬂ;éo Ning’zlyt for
some Aj; in k. We have ¢(vg) = 1 and o(vy) = —1, relations which force vy = ¢;
thus v = g + ;.

We now ask for v to satisfy the additional relation o(he)hiv = o(hy)vhs, for all
h € H. By taking h = g, we get that vg = gv, hence gv; = v1g, a fact which
gives us, in the case when H = Hy(8), v; = (Z;zo Ajg?)z? for some \; € k, and
respectively v; = Z;’if’:O;Hte@A} Ning’z'y" in the case when H = H(32). Likewise,
by taking h = z, as o(py) = 0 and o(p_) = 1 we get that qzv = vp oz — vp_x,
relation equivalent to qzv = vgz; for H = Hy(8), this is equivalent to

1

1
—qgz +ad_ (1N g2’ =z + (O Mg/ )a?,
7=0

Jj=0

and, for H = H(32), it yields

1,3,3 1,3,3
—qg9r +q Z (=1 gyt = o + Z Njiqtg? Tty
Jl,t=0 4L,t=0
I+te{2,4} I+te{2,4}
In both cases we are lead to a contradiction, thus concluding our proof. O]

Hence, for H = Hy(8), our techniques give rise to a single quasi-Hopf algebra of
dimension 16, which will be denoted by H,(16) in what follows, through the trivial
biproduct construction, meaning that H,(16) equals Hy(8)y, = k[Cs] ® Hy(8); see
Proposition for all the details. In particular, we recall that H,(16) contains
H,(8) as a quasi-Hopf subalgebra, whose generators we now denote by ¢; and z, and
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2.3. Some non-commutative, non-cocommutative examples

a second group-like element go, which commutes with all the elements of Hy(8) and
such that gq, g2, = generate H,(16) as an algebra.

In the next proposition, we show how, starting from a quasi-Hopf algebra H
which admits only trivial 2-dimensional braided Hopf algebras, we can obtain non-
trivial structures by taking the trivial rank 2 biproduct of H as the base quasi-Hopf
algebra. Namely, we consider H = Hy(8) and are able to recover one non-trivial
2-dimensional braided Hopf algebra.

Proposition 2.3.2 For H,(16), the only pair (o,v) satisfying (2.1.29) to (2.1.25)
is given by the k-algebra morphism o : Hy(16) — k, determined by o(g1) = 1,
o(g92) = =1 and o(x) = 0, and the element v = go. Furthermore, Hy(8)(0)(o) is
a 32-dimensional quasi-Hopf algebra isomorphic to the tensor product quasi-Hopf
algebra of Hy and Hy(8).

Proof. We write v as

1,13
v= Z wigigs + Y Nuglgse'
7,0=0 7l 10
I—

for some g, A\jiw € k. We also denote o(g;) = v; € {£1}, 0 < j < 1; as we have
already remarked, we cannot have both vy, v5 equal to 1, otherwise we would obtain
o = ¢, and thus 1 = —1 Since e(v) = 1, we have Z _o Mij = 1; similarly, since
o(v) = —1 we have Z I o Vivhuy = —1.

For h = gy, the equahty o(hg)hiv = o(hy)vhy reads as vg; = gyv, which is in
turn equivalent to

1,1 1,153 1,153

]+1 z A1 1t ]+1 z 2t
E 1191 E Nugl " ghrt = E 119195 + § Ajitgi
7,0=0 J,1=0 J,1=0 J,1=0

t=1 t=1

It follows that Aj; = 0 for any odd ¢, and so

1,1
v=") uaglgs + (Z Aﬂ!ﬁQé) z?,

.77l:0 _],l:O

for some 7, Aj; € k. With v written this way, one can easily check that the relation

(2.1.25)) is satisfied by h = g9 too. When we check (2.1.25) for h = z, we land
at wrv = v(py + vip-)z, where w := (3(1+ X)) + (1 —11)). This last equality
reduces to

1,1 1,1
W( Z(—l)jﬂjlg{glz)x + w( Z(—l)jAjzgigé)Jfg
7,0=0 7,0=0
1,1
= (D pinlpsgh + (=1 vip_gh))x + (D Nalprg? + (1Y ip_gh))a®,
Jil=0 4, 1=0

where we adopted the notation py = %(1 + ¢g1). For 0 < j <1, the above relation
leads to the system

Y

{w(lmjl — 1) = poj(p+ + vip—) + pai(pr — vip-)
w(Aoj1 = A1jgr) = Aoj(p+ + vip-) + Aij(ps — vip-)
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2.3. Some non-commutative, non-cocommutative examples

which is equivalent to

w(toj — p1j) = poj + i1;

w(ptoj + paz) = valpoy — pag)
w(Xoj — A1j) = doj + Ay ’
w(Aoj + A1j) =11 (AOJ A1j)

we reduce to two cases, v, € {—1,1}, that will be analyzed separately in what
follows.

Case 1: v = 1. Weget w=1, 15 = —1and p; = A\; =0, forall 0 < 5 < 1.
As in the above, we conclude that v = gy + (A1 + pugs)z?, for some \, u € k. On the
other hand, the condition on v holds if and only if A(v) = v ® v, because
o(p-) = 0; recall that p_ = %(1 —¢g1) and 0(g1) = 1 = 1. A simple computation
yields

A*) =2’ @ g+ (1+qz@pr+(1—q)gr@pz+g Qa7

and with this we obtain by direct computation that A(v) = v ® v is equivalent to
A=pu=0.

Summing up, v = g and o is determined by o(g1) = 1, 6(g2) = —1 and o(z) = 0.
Furthermore, Hy(8)(0)(s,.) is the quasi-Hopf algebra generated as a k-algebra by
g1, g2, x, 0, subject to relations

gGi=g=1 *=60=0, g19= 00, T =-g,
G2x =292, 10 =091, G20 = —0gs, x0 =0p x+0Op_x =0z

The quasi-coalgebra structure is given in such a way that g; and gy are grouplike
elements, A(x) =z ® (py +qp-) + 1@ piz+ 91 @p_z, A(f) = go®0 + 0 ® 1,
e(z) = €(f) = 0 and the reassociator is the same as H(2), d =1—-2p_ ® p_ ® p_;
the antipode is defined in a similar manner to the one of Hy(8), namely by S(z) =
—x(py + qp—). A simple inspection shows us that the k-algebra generated by go
and 0 is a Hopf subalgebra of H,(16)(6)(, which coincides with Hy, and that
Hy(16)(0)(00) = Hy ® Hy(8) as quasi-Hopf algebras.

Case 2: v; = —1. Then, we are provided with w = q, p1; = quo; and A\y; = qAo;,
for all 0 < j < 1, where q denotes here any primitive 4-th root of unity (we can
assume it to be q without loss of generality). Thus

U—ZMOJ 1+ qg1)g3 + ZAOJ 1+ qg1)93) 2

7=0

Now, e(v) = 1 implies o + fo1 = %(1 —q), while o(v) = —1 implies pgo + vafio1
—2(1 + q). Hence, (1 — vo)por = 1, and therefore o = —1, pgo = —2 and pg1 =
We conclude that

1
5

1
q 1 j
v =51+ ag) + 5 (1 +ag)e + (D 7(1+ag)gd)2
=0

for some 7,7, € k. Finally, we have o(p_) = 1 and a simple computation shows

that p_v = vp_. Hence, (2.1.24]) reduces to
AW) =vQv—2p v @P_v=poRV+p_v & g1v.
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2.3. Some non-commutative, non-cocommutative examples

With v as presented above, 1 ® 1 appears in the formula of A(v) with coefficient
—3. On the other hand, since

1

1 1 4
pev =51 = ape + S+ apege + L+ ape (D 70d)2
j—O

1
(I—a)p-g2+ (1 —q)p }:%@ :

1(1+ -+ 5
V= —= -
p S+ ap-+5

1 q 2
mvz5@—4&)+§ﬂ—qmmm+ﬂl—qmﬂggﬁﬁﬁﬂ

it follows that 1 ® 1 appears in the formula of pyv ® v + p_ ® gyv with coefficient
—3(1—q)—5(1+q) = —3(1+q). We conclude that —1(1+q) = —4, which implies
q = 1, so this case cannot occur, since ¢ is a primitive root. O

We end this section by pointing out that, provided H has radical of codimension
2, we can find non-trivial 2-dimensional Hopf algebras within ZYD only when H
is a twist deformation of a Hopf algebra. To this end, recall that, for n a non-
zero natural number, the Nichols Hopf algebra Hs» is the k-algebra generated by
g,T1, ..., T, with relations ¢> = 1, 2?2 = 0, gr; = —x,g, for all 1 < i < n — 1, and
rix; = —xjx;, for all 1 <4 # j < n —1. The Hopf algebra structure of Han is
designed in such a way that g is a grouplike element and z; is (g, 1)-skew primitive,
foralll1 <i<n.

Proposition 2.3.3 Let H be a finite dimensional quasi-Hopf algebra with radical of
codimension 2. There are non-trivial 2-dimensional braided Hopf algebras in LY D
if and only if H is twist equivalent to a Nichols Hopf algebra Hon, for some n > 1.

Proof. We start with the direct implication. By Lemma and the comments
made at the beginning of this section, H is not twist equivalent to one of the quasi-
Hopf algebras H(2), Hq(8) or H(32). In other words, owing to |19, Theorem 3.4],
the reassociator of H in trivial on 1-dimensional H-modules; by |19, Theorem 3.1},
it follows now that H is twist equivalent to Hsn, for some n > 1.

Conversely, by [11] it suffices to show that there are non-trivial 2-dimensional
Hopf algebras within H“’" "YD. Indeed, Theoremsays that 2-dimensional braided
Hopf algebras over HQn are parametrized by couples (o, v) consisting of an algebra

morphism o : Hy» — k and a grouplike element v € Han such that o(v) = —1 and
o(hg)hiv = o(hy)vhy, for all h € Hyn. Thus, v = g and ¢ must obey o(g) = —1;
the second condition reduces to a tautology, as it is equivalent to x;,9 = —gux;,

forall 1 <i< n Concluding, (o, g) provides a non-trivial braided Hopf algebra of
dimension 2 in H "YD, as needed. Furthermore, the resulting Hopf algebra Hon (6),,

identifies with Hynt1, so that the Nichols algebras Hyn can be viewed as a tower of
biproduct Hopf algebras. n
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Chapter 3

On the Sweedler Hopf algebra

The aim of this section is to illustrate how the characterization obtained in Theo-
rem can be applied to the classification of quasi-Hopf algebras in low dimen-
sion. This is done by providing an alternative path to prove that non-semisimple
4-dimensional quasi-Hopf algebras are twist equivalent to the Sweedler Hopf algebra
Hy, a result reached in [19] by Etingof and Gelaki, through cohomological means.
A similar purely algebraic approach will be used later, in Chapter [4, to complete
the classification of 6 dimensional quasi-Hopf algebras. Additionally, we construct
a infinite class of non-isomorphic quasi-Hopf algebras of dimension 4.

3.1 Twist-equivalence for the cyclic group algebra

In this short section, we prove a Lemma, originally from [10], which will play a role
in Section and in Chapter 4] The base field k£ will be here an algebraically closed
field of characteristic 0.

Let G be a finite group and w € Z3(G, k*) a normalized 3-cocycle of G; the quasi-
Hopf algebra structure of k& produces a monoidal structure on the category Rep(k<)
of representations of k¥; by [24, Remark 2.6.2], there is a correspondence between
equivalence classes of Rep(kG) and twist equivalence classes of kS. Furthermore,
owing to [24, Remark 2.6.2], the equivalence classes of these monoidal categories
Rep(kS), for any w € Z3(G, k*), are in a one-to-one correspondence with the orbits
of the group action

Out(G) x H* (G, k*) — H* (G, k*) : (f,©) — [w. (3.1.1)

Here Out(G) is the group of outer automorphisms of G and f*w € Z3(G,k*) is
defined by f*w(g1,g2,93) = w(f(91), f(g2), f(g3)), for all g1, 92,95 € G. Therefore,
for a finite group G, the number of quasi-Hopf algebras of the form kS, with w €
Z3(G, k*), which are not pairwise twist equivalent is equal to the number of orbits
Oz of the group action defined by (3.1.1).

We are interested in applying the previously mentioned result in |24, Remark
2.6.2] to an arbitrary finite cyclic group C,,. For this, let £ be a n-th root of unity
and o a generator for C),.

It is well known that 3-cocycle representatives for the group C,, are given by
{pga | 0 <a <n—1}, where, for all 0 <i,j,l <n—1,

ea (0,07, o) = €l (3.1.2)
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3.1.  Twist-equivalence for the cyclic group algebra

Since C,, is abelian, Out(C,) = Aut(C,) ~ U(Z,); Aut(C,) is the group au-
tomorphisms of C), and U(Z,) is the group of invertible residue classes modulo n:
UlZ, ={s|]1<s<n-1, (s,n) = 1}, where (s,n) is the greatest common
divisor of s and n. Finally, denote n; := ﬁ, provided that 1 < b < n, and let ¢(n)
be the order of the group U(Z,) (so ¢ is the Euler’s function).

Lemma 3.1.1 For G = C,,, the group action in can be written, for 0 < a <
n — 1, as follows:

(f; bea) = beseas (3.1.3)

provided that f € Aut(C,,) ~ U(Z,) is defined by 1 < s < n—1 such that (s,n) =1
(that is, [ is determined by f(o) = 0°). Consequently,

)
3

el ifke{0,1}
|Og| = < 228l if k=2 ,
2nel ifk >3

where ng = Qkplll ...plt is the factorization of ne as a product of distinct primes.
Proof. 1f f is defined by s as in the statement of the lemma, we compute that

(Si)/L(Sj)/:(Sl)/J as“wj
)

f*¢§a (O'i, Uj, O_l) — ¢£a (O_(si)” O'(sj)l7 0(51)/) _ fa :f
where, for a natural number m, m’ stands for the remainder of the division of m by
n. We have m = |™|n + m/, and by applying this formula for suitable m’s we get

that

L (sg) + (s)’ = ((s9)" + (sD))" _ (s)" + (sD)' = (s(G + 1))’

(s7)" + (Sl)’J _ -

~ sjtsl—s(i+1) sj sl s(j+1)
- . )12+ |
g+l SJ sl s(j+1)
= S P 2 12,
for all 0 < 7,1 < n —1, and therefore
. . } . (187 s s+’
f*qsfa(UZaO—J?Ul) = ¢§s2a(0'270],0—l) staz(L%j+L%J7L :l J> (314)

Define w : C,, x C,, x C,, = k* by
w(ot, ol oty = gsai(L L= 1)

for all 0 <i,4,1 <n —1. We claim that there exists a map h : C,, x C,, — k* such
that, for all 0 <4, 5,1 <n —1,

w(o®, 07, 0") = h(o?,dYh(c™ ') h(o?, eV Vh(o?, 07)

This would imply that w is a coboundary 3-cocycle, and so f*¢¢ and qﬁgsza are
cohomologous.
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3.2.  Quasi-Hopf algebras of dimension 4

Indeed, take h(o%,07) = &9l5%) for all 0 < 4,5 < n — 1. We have, for all
0<1,75,l <n—1, that
h(o?, e Yh(c™) o) h(o?, o (o, 07)
_ gsajL%Jérfsa(z#j)/L%jgsai[“%wjgfsait%J
_ S—saiI_%lJ—i-sai\_s(jTH)IJ—saiL%J _ W(Oi,O'j,Ul),
as stated. This ends the first part of the proof.

It follows now that the orbit Og equals {¢&%¢ 1 < s <n,(s,n)=1}. In addi-
tion, for s,s' € U(Z,) we have s’a = s?a (mod n) if and only if s*> = s'* (mod n,).
We conclude that |Og| = |U (Z,,)?|, where, for a finite multiplicative group G, we
denote G®? = {¢? | g € G}, if G is additive, we denote (2)G = {2¢ | g € G}.
Summarizing, the size of Og is equal to ¥(n,); for an integer u > 2, ¥(u) is the
number of quadratic residue mod u. It is well known that ¥ (uv) = ¥ (u)(v) for
any (u,v) = 1, so if n, = 2¥p ... pl* is the factorization of n, as a product of
distinct prime numbers then (ng) = ¥(25)¢(p') ... 4(pl*). On the other hand, by
[46, Theorem 7.3], we know that U(Zs) = 1, U(Z4) ~ Zo, U(Zy) =~ Zo X ZLgi—
for I > 3, and that U(Z,) ~ Z,:) for any odd prime p (all are group isomor-
phisms). Hence, at the level of sets, U(Z3)® ~ {1}, U(Z4)® ~ (2)Zy ~ {1}, and
U(Zy)? ~ (2) (Zgy X Ziyi—2) =~ (2)Zgi—2 ~ Zoy—s, for all for | > 3 (note that Z; := 1,
the trivial group). Likewise, if p is an odd prime number and m a natural number,
U(Zyn)® == (2)Zp(my =~ Z% at the level of sets. We conclude that

W 2a) if ke {0,1}
o(py ...pf S
vng) = p@) D) Jia) ppmg
2na) ik >3
as stated. O

We are now free to proceed with the first application to the classification of quasi-
Hopf ablgebras of the characterization result obtained in the previous chapter.

3.2 Quasi-Hopf algebras of dimension 4

Throughout this section k is an algebraic closed field of characteristic 0. We need
this assumption on k£ in order to make use of the classification of Hopf algebras
H in dimension 4: if H is not semisimple then H is isomorphic to Hy; if H is
semisimple, H is isomorphic to a Hopf group algebra. The original aim that lead us
to prove Proposition [2.1.9] was to provide a similar result for quasi-Hopf algebras,
and especially to produce a quasi-Hopf analogue for Hy; as we will see, a result of
Etingof and Gelaki in [19] says that the latter is not possible. Nevertheless, we will
use the same result to show that, in dimension 4, the class of quasi-Hopf algebras
twist equivalent to H4 provides infinitely many non-isomorphic quasi-Hopf algebras.

3.2.1 The nonsemisimple case

It was shown in [19, Corollary 3.6] that a 4-dimensional nonsemisimple quasi-Hopf
algebra A is twist equivalent to Hy. The proof in [19] was done in two steps. Namely,
the authors show that:
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3.2.  Quasi-Hopf algebras of dimension 4

1. gr(A) is a Hopf algebra isomorphic to Hy, and therefore a selfdual Hopf algebra,

2. the third Hochschild cohomology of H, with coefficients in k, H?(Hy, k), is
trivial.

Then, the classification result follows from [21, Proposition 2.3] which states that a
finite dimensional quasi-Hopf algebra A with gr(A) a Hopf algebra is twist equivalent
to a Hopf algebra, provided that H3(gr(A)*, k) = 0 (gr(A) is the graded algebra
associated to A, more details will be given below).

We present in this subsection an alternative proof for 1. Towards this end, for a
4-dimensional non-semisimple quasi-Hopf algebra A we show that gr(A) ~ A ~ H,
as an algebra, and then we use the representative 3-cocycles of k[C5] to see that
gr(A) ~ H, as a Hopf algebra.

Consider now the graded algebra gr(A) associated with A; in the following,
we will use the notation established in Section [[.4.T Other than what previously
discussed, another notable thing about gr(A) is the fact that each A,, can be seen
as a two-sided two-cosided quasi-Hopf module over Ag, with natural Ag-actions and
coactions; we refer to |5] for the detailed definition of the category ﬁg/\/lﬁg. By
the structure theorems proved in [47], it follows that A, is a free left and right
Ag-module, for all m > 0.

When dimpA = 4, % is a semisimple algebra of dimension at most 3, thus A
is basic and the results mentioned above apply. In particular, they allow us to
show that dimyJ = 2. To this end, we need another classical result, proved in [1}
Theorem 1.4.9]. Namely, if A is a k-algebra with Jacabson radical J and é} is a
separable k-algebra then there exists a semisimple k-subalgebra S of A such that
A can be written as the direct sum of k-spaces A = J & S; obviously, % ~ S as
k-spaces.

Lemma 3.2.1 Let A be a nonsemisimple quasi-Hopf algebra of dimension 4 with
Jacobson radical J. Then dim,J = 2.

Proof. Since dimg(J) is at most 3, we show that it cannot be equal to 1 or 3.

If dimgJ = 1, as J? is properly included in .J, it follows that J? = 0. Hence
gr(A) = é @ J ~ A as k-vector spaces. We get form here that 3 = dimy(A4y) is a
divisor of 4 = dimygr(A), a contradiction.

If dimgJ = 3, Ag is a 1-dimensional quasi-Hopf algebra. This means that Ay = k,
the trivial Hopf algebra, and therefore gr(A) ~ B x Ay ~ B is an ordinary Hopf
algebra. If J2 = 0, as above we get that gr(A) = ?G}J ~ A as k-spaces, hence gr(A)
is a 4-dimensional Hopf algebra whose Jacobson radical is of dimension 3. We are
lead to a contradiction, since the classification of 4-dimensional Hopf algebras says
that the Jacobson radical must be zero or of dimension 2. Thus dimyJ? € {1, 2}.

Assume that dimyJ? = 1; this forces J* = 0, and therefore gr(A) = Ay ® % @ J*
is a 4-dimensional Hopf algebra whose Jacobson radical % @ J? has dimension 3;
we saw that this is false. So it remains that dim;J? = 2, in which case either
gr(A) = Ay ® A; @ J? (provided that J®> = 0) or gr(A) = Ay @ A, & Ay & J?
(provided that J? # 0, and so dimJ? = 1); in both cases we get that gr(A) is a 4-
dimensional Hopf algebra whose Jacobson radical is of dimension 3, a contradiction
we met for several times during this proof. O]

We now have all the necessary ingredients to show that gr(A) is a Hopf algebra.
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3.2.  Quasi-Hopf algebras of dimension 4

Proposition 3.2.2 Let A be a nonsemisimple quasi-Hopf algebra of dimension 4.
Then A and gr(A) are isomorphic as algebras and gr(A) is a Hopf algebra isomorphic
to H4.

Proof. As before, J stands for the Jacobson radical of A. Then dimyJ = 2 and
J? = 0; we cannot have dim;J? = 1, otherwise A; = % is a one dimensional vector
space and at the same time a free module over Ay, a 2-dimensional vector space.

Thus gr(A) = ? @ J ~ Ais a 4-dimensional quasi-Hopf algebra, and we will
next see that it is isomorphic to A as an algebra. Towards this end, for all a €
A, consider a = S(a) + J(a) the decomposition of @ in A = S @& J, where S is
the semisimple subalgebra of A given by [1, Theorem 1.4.9]. Since J* = 0, for
all a,a’ € A, ad’ = S(a)S(a') + S(a)J(a’) + J(a)S(a’), so S(aa’) = S(a)S(a’) and
J(aa") = S(a)J(a")+ J(a)S(a), for all a,a’ € A. It follows that S induces an algebra
morphism from A to S, which we denote by 7s, such that st = Ids (¢ : S — A is the
inclusion, an algebra morphism, too). In addition, the canonical k-isomorphism p :
S — Ag : s+ p(s) turns into a k-algebra isomorphism, its inverse being determined
by Ao — S : p(a) — S(a). We deduce from here that ( : A =S J — AgdJ = gr(A)
given by ((a) = p(S(a)) + J(a) = p(a) + J(a), for all a € A, is a k-isomorphism.
It is a k-algebra morphism as well, since the graded algebra structure of gr(A) is
defined by p,,(2)pn(y) = pman(zy), for all positive integers m and n, x € J™ and
y € J", and therefore in our case p(a)r = pi(azx) = ar and wp(a) = pi(va) = za,
for all a € A, x € J; then we compute that, for all a,d’ € A,

¢(a)(a’) = plaa’) +p(a)J(d’) + J(a)p(a’)
= plad’) +S(a)J(d') + J(a)S(a’) = p(ad’) + J(aa') = ((ad’),

as needed. Clearly, ((14) = p(14) is equal to the unit of gr(A), hence A ~ gr(A) as
k-algebras.

Consequently, A ~ B x Ay as an algebra, for a certain braided Hopf algebra
B € ﬁgyD. Since A is not semisimple and Ay is, Corollary implies that
A ~ Ay(0),., for an algebra morphism o : Ay — k and v € Ay such that e(v) = 1,
o(v) = —1. But, as an algebra, Ay = k[Cs] = k[(g)], so ¢ is determined by o (1) = 14,
o(g) = =1 (if o(9) = 1, 0 = ¢, fact that implies 1 = ¢(v) = o(v) = —1, a
contradiction); this forces v = g. It is clear now that, up to isomorphism, A = H,
as an algebra.

On the other hand, there exists a quasi-Hopf algebra morphism p : A — A, and
an algebra morphism v : Ay ~ S < A given by v(p(a)) = S(a), for all a € A, such
that pv = Ids,. We proved that A = H, as an algebra, so S = k[(g)] and J is the
subspace of A generated by x and gz, where g, x are the algebra generators of Hy. By
identifying Ay to ks[(g)] as a quasi-Hopf algebra (for a certain 3-cocycle ¢ of (g)), we
deduce that there exists a surjective quasi-Hopf algebra morphism p : A — ky[(g)]
that acts as identity on the subalgebra S = k[(g)] of A. In particular, if the quasi-
coalgebra structure of A is defined by (A, ¢) then A(g) = g ® g and (g) = 1.

Denote by (Z,g) the quasi-coalgebra structure of gr(A) induced by the quasi-
coalgebra structure (A,e) of A. Since x € J and J C A is a quasi-Hopf ideal,
Alz) =a®@z+b®gr + 2 ® c+ gr @ d, for some elements a, b, ¢,d of A such that
e(a) =¢£(c) =1 and £(b) = e(d) = 0. As A(z)? =0 and

Alz) = (peold+Id®p)A(z)
= pla) @z +pb) ® gr + x @ p(c) + gr ® p(d),
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3.2.  Quasi-Hopf algebras of dimension 4

a direct computation yields p(a) = py + A\p_, p(b) = up_, p(c) = py — Ap_ and
p(d) = —pup_, for some \, u € k such that \2 — p? = 1.

It is well known that, for k& a field of characteristic different from 2, the third
cohomology group H?({g), k*) is isomorphic to Cy. The representative 3-cocycles of
(g) are given by the trivial one and ¢ = 1 — 2p_ ® p_ ® p_. Since ¢ is also the
reassociator of gr(A), in the former case we get that the "p_ ® p_ ® —” component
of qb(z ® Id)(Z( )) has — equal to x — 2p_x while the "p_ ® p_ ® —” component
of (Id ® A)( ())¢ has — equal to \2x + AUgT — Apigr — prr — 2pyr =x —2p .
The quasi-coassociativity of A says that gb(A ® Id)(A( ) = (Id® A)( ()¢, and
this implies p,x = p_x, a contradiction.

We reduce to the case in which ¢ is trivial, hence ¢ = (1 ® F)(Id ® A)(F)(A ®
IA)(FY)(F~' @ 1), for some twist F of k[Cy]. It can be easily seen that F =
1 — kp_ ®@p_, for some k € k different from 1, with inverse F’=! =1 — “Hp-@p_.
A straightforward computation leads us to ¢ = 1 ® 1 ® 1. Therefore, as gr(A) ~
B x k[C3] is a 4-dimensional nonsemisimple Hopf algebra (once more, gr(A) ~ A as
an algebra), from the classification of 4-dimensional Hopf algebras we conclude that
gr(A) and Hy are isomorphic Hopf algebras. O

As we have already mentioned, owing to Etingof and Gelaki, a nonsemisimple
4-dimensional quasi-Hopf algebra is twist equivalent to Hy. In what follows we
want to determine when two twist-deformations of H, are isomorphic as quasi-Hopf
algebras.

For a general quasi-Hopf algebra H, a situation when this fact occurs is when
the twists IF, G of H are related through a special invertible element o, as described
by the following lemma, which is the quasi-Hopf analogue of Propositions 2.3.3 and
2.3.5 in [36].

Lemma 3.2.3 Let H be a quasi-Hopf algebra; if there exists an invertible o € H
such that
g(o)=1, o'=8(0) and G=(oc'®oc FA(0), (3.2.1)

then ¢ : Hr — Hg defined by o(h) = o~ ho, for all h € H, is a quasi-Hopf algebra
1somorphism.

Proof. Denote by ¢ the reassociator of H, by ¢p the reassociator of the twisted quasi-
Hopf algebra Hr and F = F1 @ F?2, G =G' @ G2, F ! =Pl P?, G ! = Q' @ O°.

By the third equality in @, we obtain the relations, in Sweedler notation, F =
oGlo ' ® 0G0y and F~! = 0,90 ® 0, Q%0 L. Since the arguments in the proof
of [36, Propositions 2.3.5] hold for quasi-Hopf algebras too, we conclude by checking

Por) = (1@ F)(Id ® A)(F)p(A @ 1d)(F) " ((F)~ ©1))
= o 'FIX'PIP oo L FIFXPIP 0 @ 0 L FEF,X P
2D G97'X 101,010, © G'G105, X201,050° ® G°G05) X306, Q7
G'X'010, ® G'T°X2Q10" ® X5, X*Q?
= (186) e A)G)A e I)G) (B ©1) = de.

where we put a line over a twist or its components to distinguish multiple copies. [
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3.2.  Quasi-Hopf algebras of dimension 4

For H = H,, an invertible element o € H, satisfying (o) = 1 has the form
0= py+Ap_+pprx+op_x, with0# X, p, 0 € k; then 0~ = py+A\p_+ppLa+0p_,
where A = A1, 5= —pA~' and g = —pA~L. If follows that ¢! = S(o) if and only
if o =p, +Ap_ and \? =1, thus ¢ € {1,g}.

The existence of o as in the above is only a sufficient condition for Hr and Hg
to be isomorphic quasi-Hopf algebras. An example in this sense is given by Hy; for
this, we need the lemma below.

Lemma 3.2.4 Let F be a twist on Hy such that Hy and (Hy)z are isomorphic as
quasi-Hopf algebras, where Hy is seen as a quasi-Hopf algebra with trivial reassoci-
ator. Then F =1 —71gx ® z, for some T € k, and the isomorphism ¢ between H,
and (Hy)F is determined by a non-zero scalar w, in the sense that ¢(g) = g and

o(r) = wr.
Proof. Recall that pL = %(1 + g); they are orthogonal idempotent elements of Hy
such that 1 = p, +p_ and p, —p_ = g. Then {p+,pLx} is a basis for H; and, with
respect to this basis, any element F € Hy; ® Hy obeying e(F1)F? =1 =¢(F?)F'is
of the form

F=p+®1l+p_Qpi+ap-@py +bp-Qp_x
+ep- @pyx + pup- @ p- +vp_r @ p_x, (3.2.2)
TP @ pi¥ +upLT @ po +UpLT QP + wWpT @ P,

for some scalars a, b, c, u, v, 7,u,v,w € k; in what follows, we will refer to them as
being the scalars defining F. It is easy to see that F is a twist (that is, in this case,
F is invertible in Hy ® H,) if and only if @ # 0, in which case the scalars defining
F~1, denoted by @, ..., w, are given by

I b c 0w v
a=—, b:__7 C=——, H= -, V=——,
a a a a a
_ _ u  _  ub _
T=——-7T, U=——, U=——0v, W=——
a a a a

Now, let ¢ : Hy — (Hy4)F be a quasi-Hopf algebra isomorphism. It follows from the
definition of a quasi-Hopf isomorphism that ar = fr =1and ?r =1®1® 1. In
other words, F1S(F?) =1 = 5(G")G? and (10F)(IdRA)(F) = (F@1)(AxId)(F),
where F~1:= G' ® G2

We have S(py) = px, S(p-z) = —pix and S(pyz) = p_z, as prr = aps.
Therefore, F1S(F?) = 1 holds if and only if a = 1 and v = ¢ = 0. Likewise,
S(G1)G? = 1, which is equivalent to S(F')F? = 1, holds if and only if ¢ = 1 and
b= p=0. Thus

F=11+vp 2Q@p 4+ Tp_ QR pix +0pix Q@p_x +wpyrr Q@ por.

With this simplified formula of F in mind, since

>

(p-) =p+ @p- +p- Qpy,
Alp_x)=pr @p_r+pr@p_ —p_ Qpsyr+p_T @ py,
Alpy) =pr @py +p_Qp_,

(

A(p4x) =py QpyT +pr2 @ pp —p-Q@p-T+p-TQp-,
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3.2.  Quasi-Hopf algebras of dimension 4

we see that (1 ® F)(Id ® A)(F) equals to

111+ (vp-r@upyr) @ (py @p-r+prr@p_ —p- @pyr+p_a®py)
Hp_r +wpyw) @ (py @prr+pr@py —p-@pr+parp)
+1® (Vp-x @ p-x + TP-T @ P + Vp+T @ p-T + Wp4T @ P4 ),

and that (F ® 1)(A ® Id)(F) equals to

1@1@1+ (py @p-2+p1r@p- —p-@prr+p-r@py) @ (Vp-T @ Tpy)
+(pr @pir+pr@py —p-Rpr+p rp_) @ (vp_T WP T)
+Hvpr@p r+Tp r@pir+upir @p o+ wpyr @ pyw) @ 1

Hence, we have (1 ® F)(Id ® A)(F) = (F ® 1)(A ® Id)(F) if and only if

v(py @p_r+prr@p. —p- @prr+p_x @ py)
+7(pr @pyT+pr@py —p-@p T +p TRp)
=VUpy @pr+ TPy @pyr +Up- @p_rFwp. @prax+rp r@Tpiw @ 1;

v(py @p-r+pr@p. —p- @pir+p o py)
+w(py @prr +prr@py —p-@p-r+p T Rp-)
=Up_ QP r+Tp_ QP T+ upL Qp_x+wpy Qpir+ovp_r® 1+ wpir R 1;

1@ (vp-2 @ p_ + TP_2 @ pot + vppx @ p_T + WpLT @ poi)
=py @ (p-r® (vp_x +7pix) + prz @ (vp_x + wpyx))
—p- @ (pyx @ (vp_x + Tpix) + p_x @ (vp_x + wp, ).

A simple inspection ensures us that the three equalities above if and only if w =
v = —T = —v, in which case

F=14+1p-x® (p-x+psx) —Tp12 @ (p-v +piz) =1-T9r @,

as stated. Now, for F = 1 — 7gxr ® x, it can be easily checked that Ar = A,
thus (Hy)r is a Hopf algebra equal to Hy. Consequently, defining a quasi-Hopf
algebra isomorphism between Hy and (Hy)r is equivalent to giving a Hopf algebra
automorphism of Hy. Perhaps it is folklore that any Hopf algebra automorphism ¢
of H, is defined by a non-zero scalar as in the statement of the lemma. If this is not
the case, as an algebra automorphism of Hy, ¢ is determined by ¢(g) = g+ Az + pgx
and ¢(r) = wr + dgx, for some A, p,w,d € k with (w,d) # 0, since g = 1, 22 = 0,
e(g) =1 and e(x) = 0. From (p ® ¢)(9) = ¢(g9) ® ¢(g) we get A = p =0, and from
Alp(x)) = (p @ ¢)(g @z + 2 ® 1) we deduce that § = 0. Summing up, ¢(g9) = g
and p(r) = wr with 0 # w € k. O

Proposition 3.2.5 Let F, G be twists on Hy determined by a,...,w € k and by
a,...,w € k respectively. Then (Hy)p and (Hy)g are isomorphic as quasi-Hopf
algebras if and only if a = ' and there exist 0 # w, Kk € k such that (V',c,py/,u'") =

w(b, e, p,u), vV =wv+ka, 7 =T+ K, vV = w — Kk and W' = ww — K.

Proof. Take note that ¢ : (Hy)r — (Ha4)g is a quasi-Hopf algebra isomorphism if
and only if ¢ : Hy — (H4)]F;1G is also a isomorphism of quasi-Hopf algebras, where
F, := (¢ ®@ ¢)(F) with inverse F_'. Denote F = F_'G; by Lemma m there exist
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3.2.  Quasi-Hopf algebras of dimension 4

0 # w,k € k such that G = F,(1 ® 1 — kgzr ® x), where ¢ is defined by ¢(g) = g,
¢(x) = wz. Equivalently, G = F, — kF,(gz ® x), hence G equals to

pi®1+p @p, +ap. Op_ +whp @p x+wep Dpia
Fwpp_r @ p_ + (W + Ka)p_r @ p_x + (WT + K)p_T @ pia
+wup r @ po + (W — K)pex @ po + (W — K)ppx @ py,

as previously stated. O

Remarks 3.2.6 1. As a continuation to the comments made before Lemma [3.2.4]
and of Lemma [3.2.3] note that the case when F and G are related through a
special element o € Hy (which, in Hy, can be either 1 or g) occurs if and only
if K =0 and w? = 1.

2. For a # &', the quasi-Hopf algebras (H4)r and (H,)g are not isomorphic. We
conclude that there are infinitely many non-isomorphic nonsemismple quasi-
Hopf algebras of dimension 4, all twist equivalent to Hy.

3.2.2 The semisimple case

For the sake of completeness, we conclude this section by pointing out the classes
of non twist equivalent semisimple quasi-Hopf algebras H of dimension 4, over an
algebraically closed field k of characteristic 0.

Proposition 3.2.7 Let H be a semisimple quasi Hopf algebra of dimension 4. Then,
H s twist equivalent to one of the following non-twist equivalent quasi-Hopf algebras:

® koo [Ca] for any a € {0,1,2,3}, the usual Hopf algebra k[C4], seen as a quasi-
Hopf algebra with reassociator defined by

3
o, = Y el el
3,5,1=0

o kg, ,.[Co x O] for any a,b,c € {0,1}, the Hopf algebra k[Cy x Cs] seen as a
quasi-Hopf algebra with reassociator

Bopo = Z (—1)eilBe il el 1 91, @ 14, (3.2.3)
AMGORY
where {1;; 1= %1Zt,se{o,u(-Uitﬂsgfgi}me{o@} and g1, g2 denote two fized gen-
erators of Cy x Cs.

In particular, there are 12 semisimple quasi-Hopf algebras in dimension 4 which are
not pairwise twist equivalent.

Proof. Since any irreducible representation of H is one dimensional, it follows that,
as an algebra, H is the group algebra of k£ and a group of order 4. Consequently, H
is a commutative algebra, and therefore a usual Hopf algebra. Equivalently, H is a
the group Hopf algebra of £ and a group G with 4 elements, seen as a quasi-Hopf
algebra via a normalized 3-cocycle on G. G is either the cyclic group C, or the Klein
group Cy x (.
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3.2.  Quasi-Hopf algebras of dimension 4

e For G = (,, it is well known that 3-cocycle representatives for C,, are given
by {¢ea | 0 <a <n—1} (se eg. |15, Example 1.16]), where £ is a primitive root of
unity of degree n in k and, for all 0 <+¢,7,0l <n —1,

pea(0?, 07 0") = §aitj7ﬂj. (3.2.4)
Then, by Lemma (3.1.1] the action in (3.1.1)) can be restated, for 0 < a <n —1, as

(f; dea) = Peszar (3.2.5)

provided that f € Aut(C,,) ~ U(Z,) is defined by 1 < s < n—1 such that (s,n) =1,
meaning that f is determined by f (o) = o°. If we take now n = 4, as s> = 1 (mod 4)
for all s € {1, 3}, and so the action in is trivial, then it follows by |24, Remark
2.6.2] that we have 4 quasi-Hopf algebra structures on k[Cy] which are not pairwise
twist equivalent.

e For G = (5 x (y, the 3-cocycle representatives where described explicitly in
[8, Theorem 3.5] and |31, Proposition 3.9]. Following the presentation of the second
paper, these are determined by the parameters a, b, c € {0,1} as follows:

Gabe(913, 9105, 91g5) = (1)L E AT el

for all 7,7, s,t,1,7 € {0,1}; since {1;;}; je1013 form a complete system of orthogonal
idempotents on k[Cy x Cy], we obtain (3.2.3)) by identifying k2*¢2 with k[Cy x Cy]
through the isomorphism Pg{gg — 1;; Furthermore, by the comments made after the
proof of [8, Theorem 3.5], since Out(Cy x Cy) = Aut(Cy x Cy) ~ S3, we conclude
that for G = (5 x (5 the group action in is trivial, and therefore we have 8
quasi-Hopf algebra structures on k[Cy x Cy] which are not pairwise twist equivalent.

To conclude, we notice that k[Cy] and k[Cy x Cs] are isomorphic as algebras,
both are isomorphic to k%, but not as Hopf algebras. Indeed, if there exists a Hopf
algebra isomorphism ¢ : k[Cy x Cy] — k[C4] then ¢ behaves well with respect
to the antipodes Skic,) and Sk, xcy) of k[Cy] and k[Cy x Cy], respectively. Since
Sklcaxcy) is the identity morphism, we get that Siic,) o ¢ = ¢ or, equivalently, that
Skicy) = Idgjc,); this is false. O
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Chapter 4

Quasi-Hopf algebras of dimension 6

In this chapter, we complete the classification of 6-dimensional quasi-Hopf algebras,
over an algebraically closed field of characteristic 0, by proving that all of them are
semisimple. We do this mainly by characterizing YD-bialgebras in the category of
Yetter-Drinfeld modules over H(2).

Finally, by translating the main result of [22] from the language of fusion cat-
egories to that of algebras, we are able to produce a complete list of quasi-Hopf
algebras in dimension 6, up to twist equivalence.

4.1 Free biproduct (quasi-)Hopf algebras of rank
3 over (5

We are working over a field k which is algebraically closed and of characteristic 0; we
need this condition to make use of results in the classification of Fusion categories
and Hopf algebras. For m a non-zero natural number, unless otherwise stated, we
keep denoting by C), the cyclic group of order n and by g one of its generators.

Let H(2) be the group Hopf algebra k[Cs], seen as a quasi-Hopf algebra with
reassociator &5 =1®1® 1 —2p_ ® p_ ® p_, where py = %(1 + g). The antipode
is the identity map and the distinguished elements are & = g and § = 1; in what
follows, we denote this quasi-Hopf structure on k[Cs] by H(2).

As a preliminary step in proving our main result, we describe all the 6-dimensional
quasi-Hopf algebras with a projection onto H(2), by classifying braided Hopf alge-
bras of dimension 3 in flgin The other case, of 6-dimensional quasi-Hopf algebras
A with a projection that covers the embedding of a 3-dimensional quasi-Hopf subal-
gebra of A, was considered in Chapter [2] see in particular Proposition [2.2.13] since
all 3 dimensional quasi-Hopf algebras are group quasi-Hopf algebras over Cs.

It is well known that, up to isomorphism, there are three 6-dimensional Hopf
algebras: k[Cg], the group Hopf algebra of the cyclic group of order 6, k[Ss], the
group Hopf algebra of the symmetric group with 3 letters and, finally, the dual
Hopf algebra to k[S3], denoted by k3; for all details on the classification of low
dimensional Hopf algebras we refer to [50]. As we will see, this classification yields

for free the classification of the 3-dimensional Hopf algebras in ﬁgﬂw)

Proposition 4.1.1 Let H denote the Hopf algebra k[Cs]. If B is a 3-dimensional
braided Hopf algebra in YD, then B is isomorphic to one of the following braided
Hopf algebras:
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e Bg,, the group Hopf algebra k[Cs] viewed as an object of YD wia trivial H -
action and H -coaction.

e Bs,, the group Hopf algebra k[Cs] considered in LY D wvia the trivial H-coaction
and H-action defined by g - x = 2%, where x stands for a generator of Cs.

e B,, the group Hopf algebra k[Cs] regarded as an object of BYD wvia the trivial
H-action and H-coaction determined by
MNzt) =py @' +p_ @), (4.1.1)

where x is the generator of C3 and (2i) is the remainder of the division of 2i
by 3, i € {0,1,2}.

Moreover, via the biproduct construction, we have a one-to-one correspondence
between Bg,, Bs,, B. and, respectively, k[Cs|, k[Ss], k2.

Proof. The group isomorphism Cg ~ C3 x C5 produces a Hopf algebra isomorphism
k[Cs] ~ k[C5 x Cy] ~ k[C3] ® k[Cs], where k[C5] ® k[C5] has the tensor product Hopf
algebra structure. It follows form here that k[Cs] can be realized as the biproduct
Hopf algebra between B¢, and k[Cs], since the trivial H-action and H-coaction
translate, through the biproduct construction, to the tensor product Hopf algebra
structure.

The symmetric group S3 identifies to the semidirect product of groups C3 > Cj.
Moreover, if o € S3 is a cycle of length 3 and 7 € S5 is a transposition, C3 = (o),
Cy = (1) and 70 = o~ '7. In Hopf algebra language, the inclusion i : k[Cy] — k[Ss] is
a Hopf algebra morphism and the projection 7 : k[S5] — k[Cy] given by 7(o'77) = 77,
0<i<2and0<j<1,isa Hopf algebra morphism that covers i. Thus, k[S5] is a
biproduct Hopf algebra between a braided Hopf algebra B within £YD and k[Cy).
As B = Im(FE), with E : k[S3] — k[Ss] given by E(c'7t7) = o'77S(n(c'17)) = o7,
for all 0 < ¢ < 2 and 0 < 5 < 1, we obtain that B = k[C5] as a k-vector space,
and an object of 2V D with structure determined by 7> 0’ = 7o't = 07 = ¢V’
and o' — 7(0') ® o' = 1 ® o', for all 0 < i < 2; > here denotes the conjugation,
meaning that, for g;, g2 € G a group, g, > g2 := ¢1929; . The structure of B as
a Hopf algebra in #YD equals the structure of the group Hopf algebra k[C3], and
therefore B = Bg,.

With the same notation as above, we have a Hopf algebra morphism 7* : k&% —
k[Cy]* = K[C,] that covers the Hopf algebra inclusion 7* : k[Cy] = k[Cy]* — k°3; the
Hopf algebra identification k[Cy|* = k[Cy] is given by 1 — Py + P, and 7 — P, — P,
where { Py, P, } is the basis of k[Cy]* dual to the basis {1, 7} of k[C5]. Note that, the
inverse of this correspondence is determined by P, — p, and P, — p_. So, as in
the previous case, k% can be characterized as a biproduct Hopf algebra between a
braided Hopf algebra B’ in YD and k[C,]. Explicitly, if { P;;} is the basis of k°? dual
to the basis {077} of k[Ss], we have that 7* : k[C5] — k3 is given by 7*(1) = ¢ and
(1) = Zi’jl:o(—l)j P,;, where ¢ is the counit of k[S;] or, alternatively, the unit of
k5. Likewise, i* : k%% — k[Cy) is determined by i*(Py) = d; op+ and i*(P;1) = d;0p-,
0 <14 < 2, where 9, ; denotes the Kronecker’s delta of 7 and j. By using the definition
of the projection E : k% — B’ we find that E(Pyy) = Py, + Py and E(P;;) = 0, for
all 0 < ¢ < 2, and this fact implies that B’ is spanned by {P,o + Py | 0 < i < 2}.
Moreover, if we denote e; := Pjy + P;1, 0 < i < 2, then {eg,e1,e2} is a basis of
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B’ defined by idempotents such that eq 4+ e; + e; = 1. In addition, if we consider
Cs = (o), e;(0!) = d;y, for all 0 < 4,1 < 2, then {ep, €1, ez} can be seen as the dual
basis of the basis {1, 0,02} of k[C3]. More explicitly, the isomorphism between B’
and k[C3]* = k[Cs] can be uncovered as follows.

Let w be a primitive root of unity of order 3 and set = := ey + we; + w?ey. We
compute that 22 := ey + w?e; + wey and 23 = ey + €; + e3 = 1. Since {1, z,2?} is
another basis of B’, we conclude that B’ ~ k[Cs] = k[(x)] as k-algebras. Further-
more, the braided coalgebra structure of B’ in YD, with coproduct map denoted
by A, is determined by

Ale;) = Z ey ® ey, Vie{0,1,2},

(utv)'=¢

where the sum is over u, v € {0, 1,2} such that the remainder (u+v)’ of the division
of u+ v by 3 equals i. By a brief direct computation, we obtain that A(z) =
r ® x, and therefore B’ ~ k[C3] as Hopf algebras. Finally, the H-action on B’ is
trivial becasue B’ is a commutative algebra and 7 has order 2, therefore 71> e; =
7 (7)e;m* (1) = 7*(7%)e; = e;. Considering the left H-coaction on B’, it is given by
e; — (i* @ Idp)(Ale;)) = p+ ® €; + p— @ ey, for all 0 < 7 < 2, where A is the
comultiplication of £%. In terms of z, we have 2' — p, ® 2 + p_ @ V", for all
0<1<2.

Hence, any 6-dimensional Hopf algebra is a biproduct Hopf algebra, and as such
it is determined by a braided Hopf algebra in Y D. Then, by the classification result
mentioned above, we have that B¢, Bg, and B, are the only types of 3-dimensional
braided Hopf algebras in £y D. n

It is well-known that, for a finite dimensional Hopf algebra H, the category of
left-right Yetter-Drinfeld modules over H, y YD, is isomorphic, even as a braided
category, to the category of left modules over the quantum double D(H) of H; for
more details, we refer the reader to [34]. As far as we are concerned, if M € ;YD
then M is a left D(H )-module via the action (h* > h)-m = h*((h-m)a))(h-m) ),
for all h* € H* and h € H, where - is the left H-action on M and M > m +—>
my ® may € M ® H denotes the right action of H on M. Conversely, any left
D(H)-module M can be seen in 5D via the following structure, for all h € H
and m € M,

h-m=(exxh)m and mHZ(eiDﬂl)m@)ei,
i=1

where {¢, ¢;} denote the elements of dual bases in H* and H respectively, and the
juxtaposition denotes the action of D(H) on M.

On the other hand, by considering [15, Theorem 8.14] for our Hopf algebra H,
the categories ZJJD and gy YD are monoidally isomorphic; the inverse functors that
provide the isomorphism act as identity on modules and morphisms, and transport
the left (respectively right) H-coaction into a right (respectively left) one with the
help of the inverse of the antipode S of H (respectively, with the help of S). Con-
sequently, 2D is monoidally isomorphic to the category of left D(H)-modules.

If we now take H to be equal to the Hopf algebra k[C5], one can see that

D(H) = [Co]" @ k[Ca] = k[Ca)] ® k[Ca] = k[Cy x Cb]
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[

as a Hopf algebras. It is well known that k[Cy x Cy] = k[Cy4] as algebras, so, for
H = k[Cs], we have four one dimensional non-isomorphic simple D(H)-modules
by the Wedderburn—Artin theorem, and therefore four non-isomorphic simple left
Yetter-Drinfeld modules over H, which will be denoted in what follows by M]’f,

where 7,7 € {0,1}. As the M7’s are all one dimensional, we consider M i+ = km/; for

some non-zero vector mf . By using the correspondences mentioned above between
D(H)-modules and left Yetter-Drinfeld modules over H, we have the following left
Yetter-Drinfeld module structure for M;:

g- m; = (—1)jm§- and A(mé-) =¢'® m; (4.1.2)
Using the same notation as in Proposition |4.1.1, we have that

Bs, = k1 @ k(x + 2°) @ k(x — 27)
= My & My & My,

B, =k(1+z+2°) @ k(z + 2%) @ k(z — 2?)
= My & My & M,.

(4.1.3)
(4.1.4)

We now move to the quasi-Hopf setting. In what follows, q is a primitive fourth
root of unity in k or, equivalently, g*> = —1.

Proposition 4.1.2 The left Yetter-Drinfeld module category fIg;yD s a semisimple
monoidal category with 4 simple objects, denoted by M;, for any 0 < i < 3. FEach
M; is one dimensional and if m; is a generator of M;, M; is in YD with structure
given by

g-m;=(=1)'m; and Xm;) = (py+q'p_) @m;. (4.1.5)

Proof. By |7, Proposition 2.10], D(H(2)) is generated as an algebra by X =g
and Y = (P, — P,) > 1; here { P, P,} is the basis of k[C5]* dual to the basis {1, g}
of k[Cy]. The generators X and Y verify the relations X? = 1 and Y? = X, thus
we have D(H(2)) = k[(Y)] = k[C4] as an algebra. Then, the quasi-Hopf algebra
structure of D(H(2)) is defined by

1 3 3 2 3
(V)=—5(Y Y +YiaY+Y oY - Y2 oY),
(Y) = _17
®=1-2p* @p¥ @p?,
D(Y):Y7 OéD:X, BD:17

>

™

n

where, in reference to the notation used before for k[Cs], we set p* = (1 — X); note
that X = Y? is a grouplike element of D(H (2)) of order two, so p* is an idempotent
element of D(H (2)).

As in the Hopf case, we have an isomorphism of categories

Ho) YD = g YD ~ by M ~ ey M;

see 15, Theorems 8.14 and 8.29]. Since jic,)M is a semisimple category with four

one dimensional non-isomorphic simple objects, we deduce that ZE;;))D is also a
semisimple category with four non-isomorphic simple objects, all of dimension one.
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Denote by M;, for j € {0, 1, 2,3}, the simple modules over k[C4], whose structure

is determined, for any m € M;, by Y - m = ¢’m. In what follows, we describe the

four simple objects of gg;)}D

The correspondence in [15, Lemma 8.28] allows us to compute the simple objects
of (2 Y D@ still denoted by {M;};. Since H(2) = k[(X)] = k[C5] as a subalgebra
of D(H(2)), the left H(2)-action on M; is given, for all m € M;, by

X-m=Y?m=q%m=(-1)'m.
Also, by the quoted result, the right H(2)-coaction on M; is defined by
p(m) = (Pr>apy)m @ S™H(p*)py + (Py pa py)m @ S~ (p*)gpy,
where, calling back to (1.2.25), pr =p' @ p?> = 2! @ 2?8S(23) =1 - 2p_ @ p_. It is
immediate that A(p) @ p? =g g@p_ +1®1® p,, hence
p(m) = —(Prxag)m®@p- + (P> g)m @ p-
P 1)m @ py + (Py < 1)m @ py
= (BB mgm®p + (P + Py m Dm e p,
= —(Y(exg)m@p_+ (e )m @ ps
= Y’mep. +mep,
= mOp. —'mRp-=m@p, —q MmO p_.

To achieve our aim, we use the functor described in [15, Theorem 8.14] in order
to get the left Yetter-Drinfeld structure over H(2) of M;. To this end, we need the

elements defined in (1.2.26) and ((1.2.27)), namely
qr = q1®q2 ::X1®Sfl(aX3)X2
= 1®g+2p_-Qp_

= 1®py —g®p_,
pr = P ep=X5TN(X18) e X?
1®p++g®p_.

A simple computation ensures us that
(Alg) ®q*)2" =1~ 2p, @pr @p-
and since py - m = £(1 £ ¢*¥)m, for all m € M;, we get that, for all m € M;,
(5° - m)wp' ® (B* - m))
= (p+-m)a) @ (p+ - M) + (- - M)1)g @ (P - m)(0)
1 . » 1 . »

= 5(1+a%)(pr —a7p)@m+S(1-a7)(py —a/p)g@m

= (pr —q'p)@m
Now, by [15, Lemma 8.28], the left H(2)-coaction on M; is given, for m € M;, by

Am) = qi2'S(@2*(F* - m)hip') ® gaa® - (5 - m)o
= S((p* - m)myp") ® (p* - m) o)
—2P+S(Pf (252 : m)(l)ﬁl) Qpy - (252 : m)(o)

= (pr—q7’p)@m,
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The left H(2)-module structure on M;, considered as a left Yetter-Drinfeld module,
remains the same, namely g - m = (—1)’m, for all m € M;. By switching 1 and 3
and, respectively, 0 and 2, we obtain the structure of the simple objects {M;}o<;<3

f gg;yD as in the statement of the proposition. n

Corollary 4.1.3 Let B be a 3-dimensional bialgebra in ZE;;))D B s isomorphic
as a Yetter-Drinfeld module to one of the following:

My & Ma; & Moy; (4.1.6)
MO D M2i D M2j+1; (417)
Mo © Maiy1 @ Maja, (4.1.8)

where i,j € {0,1} and {M}, are as in Proposition[{.1.4

Proof. The Corollary follows directly from Proposition by considering the last
two relations in ((1.3.41)), which imply that one of the Yetter-Drinfeld submodules of
B, containing the unit, must be isomorphic to M,. O

In the next lemma we show that, for a braided bialgebra, the case (4.1.8) does

not occur.

Lemma 4.1.4 Let B be a 3-dimensional bialgebra in Zg;yD In the notation of
Proposition[{.1.7, B is not isomorphic as a Yetter-Drinfeld module to My@® M1 &
Maj1.

Proof. Suppose the contrary; namely, that B = k1 ® kx & ky is a bialgebra in
ggin with unit 1 and z,y € B such that kx ~ My, and ky ~ My as left
Yetter-Drinfeld H(2)-modules, for some i, € {0,1}. We move to characterize the
braided bialgebra structure of B in terms of its generators x,y. For instance, by

applying (1.3.41)) to x,y, we deduce that
g-*t=a g-y'=v g-ay=wy, g-yr=yz, (4.1.9)
implying that 22, 4%, 2y, yx € k1; equivalently,

?=wl, y¥*=d'l, ay=I11, yxr=rl, (4.1.10)

for some scalars w,w’,l,r € k. Secondly, py -x = py -y = 0 and p_ -z = z,
p_ -y = y. These relations together with (|1.3.42]) applied to the generators x,y lead
to the following equalities:

wr = (zz)r = —z(rx) = —w, = (yy)y = —y(yy) = —w'y; (4.1.11)
wy = (zx)y = —x(zy) = —lz, rz=(yx)r = —y(zx) = —wy; (4.1.12)
lx = (zy)r = —a(yz) = —rz, ly = (vy)y = —z(yy) = —w'z; (4.1.13)
ry = (yr)y = —yley) = —ly, 'z = (y)r = —y(yz) = —ry. (4.1.14)

Thus [ = r = w = W' = 0, and therefore B is generated as an algebra by x,y with
relations 2% = y? = a2y = yx = 0.
From g5(g - b) = €(g9)eg(b) = g5(b), we get exz(z) = ex(y) = 0. Thus, if we

consider Ap(z) =", 1cr1 4,1 Tab @ @ b, the counit properties say that

Ap(2)=1®02+2Q 1+ 0,2 Q2+ 0,y QY+ 0,y QY + 0,y . (4.1.15)
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The first relation in (|1.3.44)) applied to x reduces to —Agz(z) = (9 ® g) - Ag(x),
and is equivalent to

0 -1 0 0O -1 0
—1 —0u —0uy | = -1 0w 0y |- (4.1.16)
0 —0y —oyy 0 oy oy

We conclude that A(x) = 2 ® 1+ 1 ® z and g(z) = 0, that is, = is a primitive
element. Consequently, by considering ((1.3.48)) for b = 2 and b’ = z, since 22 = 0,
p_-x =z and p, -z =0, we get that 0 = Ag(2?) equals

WX DO N ) XD 6 Y (X)) Y
F X )Y @ X DX 1) ® (Y (X2 )Y XY - a)
F X DAY (X ) XD ) @ (102 (0 X2 ) ) (Y P2 XE - 1)
FXT )Y @ X2 Dyt 2) @ (Y (X 1) (Y XD 1)
=l +rRr+r ) 2@z +2°®1=(14+¢"""r® 2.
Hence, 1 + g% = 0 for a certain i € {0, 1}, a contradiction. O

We study now the case (4.1.7)). For simplicity, we first look at the algebra case.

Lemma 4.1.5 Let B be a 3-dimensional algebra in 2;)7D 1somorphic as a Yetter-
Drinfeld module to My ® Ma; ® My; 1. Then B is zsomorphzc to one of the following

algebras in Zggyp
o BY =kl ® kT ®ky~ My® My® Myjq in Z%J/D, with relations

P =y =15=yx =0

Bég =kl Dk ©ky ~ My® My D Myjiq in gg%yD, with relations

=1, §=0, =7y yT=-7;

Bgo =kl Dk ©ky ~ My® My D Myjiq in f[g;yD, with relations

2?=0, 9=z, zy=yz=0;

BY = k1@ k3 & kyj ~ My ® Mo ® Myjy1 in 5 VD, with relations

=0, =0, TY=yr=7y;

B&SC =kl @ kx ® ky ~ My D My D My in ggin, with relations

;o y=0, zy=yr=y.

Proof. We use arguments similar to the ones in the proof of Lemma [£.1.4] Assume
that B =kl ® kx @ ky ~ Mo ® Mo & Mojiq mH ))D for some 1, j € {0, 1}

We have g- = x and g-y = —y, so the first relatlon in (1.3.41)) yields g- 2% = 22
and g-y?> = y%. Thus, 22 = al+ Sz and y?> = al+ Sz, for some scalars o, @, 3, B € k.
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Likewise, ¢ - (zy) = —zy and ¢ - (yx) = —yx, hence zy = vy and yz = 7y, for some
scalars v,7 € k.

Clearly, p_-z = 0 and p_-y = y. Therefore, the associativity of the multiplication
of B, expressed by the relation in ((1.3.42)), is equivalent to the following equalities:

zr), (yy)y = —ylyy), (yr)r=y(zr), (r2)y=2(7Y),
(zy)z = z(yz), (zy)y ==z(yy), (yo)y=vy(2y), (yy)z =y(yx).

®
=2
=

|
=y

These are satisfied if and only if

By+7)=-2a, F=a+pBy, Y =a+p7,

oo (4.1.17)
af =ay=ay, a+pB8=py=7p7.

The last condition remaining to be studied is the colinearity of the multiplication
of B. By ([1.3.43)), applied to our structure, we find that Ag(z?) equals

XYY a) g2 (Y2 m)[,l].Y?’ ® (X% (@'Y ) (X2 (Y? - 2)q)
= X'(py + (-1)'p_ )@ (X* 2)(X? 2) = 1®a?,

and so B(py + (—1)'p_) ® z = 81 @ x; we conclude that i = 0 or = 0.
In a similar way, we compute that

Ms(y?) = X'(2' - y) g2y @ (X7 (2 y)o) (X2 - yp)
= (py—p_) QY +20- Ry =10y

hence B(py + (—1)'p_)te = f1 ® x; so, either i = 0 or B = 0.
By using ([1.3.43) for z and vy, we get

Y(p+ + 97 p ) @y = Ag(zy) = v(ps + TP ) @y,

and therefore i = 0 or v = 0. Similarly, for y and =z,

F(ps + a7 ) @y = Ap(yx) = F(py + ¢*T ) @y,

which reduces to ¢ =0 or 7 = 0.

Case 1: i=1. Weget 3 =3 =~ =7 =0, implying a = @ = 0, too. Hence
B = BY.

Case 2: i=0. We get the relations stated in ; we distinguished the fol-
lowing possibilities:

2.1: v # 7. Then =0, so @ = 0, too. In addition, ¥ = 8 — v, 7> = a + 37,
4o # —B? and z,y verify 22 = al + Bz, y> = 0, 2y = vy and yz = (B8 — 7).
If we set o’ := gl —x and § := §—7 then 6 # 0 and 2/? = §°1, 2’y = dy and
yr' = —0y. Take now T := 02’ toget 72 =1, 9> =0, Ty = y and yT = —y. It is
clear at this point that the correspondence defined by Z — §~'2’ = 6‘1(§1 —x) and
Y +— y defines an algebra isomorphism between B and B in gg;yD Note that
Bl ~ B =kl @& k(6" (41 — x)) ® ky ~ My © My & Myj .y in 335 Y D.

2.2: v = 7. In this case, we are reducing to Sy = —@, 72 = a + 7, off = ay
and @+ BB = By. We must stress the fact that v =7 means that v and 7 are both
equal to one of the solutions of the equation t?> — 8t — a = 0; in other words, the
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assumption 7 = 7 does not impose any extra condition on a and S like, for instance,
B? = —4a.

Assume  # 0. We have vy = ’y——— a_—(%)275:_% and v = a + By is

automatically satisfied. Then B is generated by x,y with relations (:C + %1)2 =0,
y?> =al + fr and 2y = yr = —%. Hence, if we take 2’ := x + %1 then 22 = 0, y? =

Ba! and 2’y = yz' = 0, with B # 0. We deduce from here that the correspondence
T~ B’ =al+ Bz = y? § — y, produces an isomorphism of algebras between
BY, and B in ;5 YD. Note that BY, ~ B = k1 & ky? & ky ~ My & My & Mpj4; in
H(2)
H(2)Y D B
In the case when 8 = 0, we get @ = 0, so B is generated by x,y with relations
2= al+ Br, y?> = 0 and 2y = yz = vy, where o, 8,7 are scalars obeying 72 =
._ B ._ B _ _ —
a+By. Fora’ := 51—z and ¢ := 5—7, we have that 2> = §*1 and 2’y = ya' = dy. If
we have 3? = —4aq, this leads to 62 = 0, and thus the correspondence z — 2’ = gl—x

and § — y defines an algebra isomorphism between B and B in g@)yD Note
that, in this case B ~ B = k1 ® k(51 — 2) & ky =~ My & My @ My, in H@)yD
Finally, if we have that 3% # —4q«, and therefore § # 0, we take T := §~'2’ which

satisfies 2 = 1, Ty = yT = y and y> = 0. We conclude that the correspondence
T 0l = 5_1(§1 — x) and 7 — y defines an algebra isomorphism between B

and B in ;5 VD. Note that Bl ~ B = k1@ k(21 — x) & ky ~ My & My & My;

in 1) VD. O

Proposition 4.1.6 Let B be a 3-dimensional bialgebra in ggg)ﬁD If B is isomor-
phic as a Yetter-Drinfeld module to My @ Ma; & Majy1, then B is isomorphic to one
of the following braided bialgebras:

1. B{, with comultiplication and counit given by

Alz)=—3(1®l-1®z-—201-2z®2), g(z)=1; (4.1.18)

Aly)=310y+yel+z@y+yea), c(y) =0 -
2. B2, with comultiplication and counit given by

Aly) =3(10y+y0l-z0y—yo), c(y) = 0. o
3. B{%, with comultiplication and counit given by

Alz)=1(101+1@r+201—-z®1), e(z) = —1; (4.1.20)

Aly) =;(1®0y+yel-r0y—yo), y) =0. o

Proof. We use the results obtained in Lemma [4.1.5; for simplicity, we consider,
notation wise, the generators of the braided bialgebra B as being x,y, rather that
i) g AISO7 we set éB(x) = Zp7qe{17x7y} Opgq P ® q and éB(y) = Zp,qe{l,x,y} Tp,q P ® q.

Since g-y = —y, by the second relation in (??) we obtain e5(y) = 0. The equality
—A(y) = Alg-y) = (9 @ g)A(y) implies 711 = o0 = 7y = 0 and (1 4+ (=1)")11, =
14+ (=171 =0, 1+ (-1)"*H7, = (1 +( 1)"*1)7, . = 0. We use now the counit
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properties to get 7, = 7,1 = 0 and 7,1 + €(2)7y, = 1 = 11y + £(2) 7. Summing
up, we have

A) =Tyl Qy+ Tyt Qyu+ 11y Q1+ 7,,y @2,

with (1+(=1)"") 7, = A+ (-7, =0and 7y 1 +e(2)1y = 1 = 71y + () Ty

From now on, for a bialgebra B in £YD with comultiplication Ap, if b,¥ are
elements in B, the product Agz(b)Az(b) in B ® B is made with respect to the
tensor product algebra structure of B ® B within £YD; see the right hand side of
the equality . There are situations when the braided tensor algebra B ® B
equals the usual tensor product k-algebra between B and itself, for instance when
the left H-action on B is trivial, but, as we are about to see, this is generally not
the case.

Denote A(y) = y1 ® y2 = ¥ ® y5. With the help of ([1.3.48)), which, we recall,
expresses the multiplicativity of the morphism A, we compute that

Al = @' X"y Y (@ X y) e XY y))
DY - (' X% - y) o) (3 Y 2° X5 - )
= 7Yt )y oy @ (Y2 (2 y)) (Y32 - )
Tyt (V! - y)pne® - y) @ (V2 - (@' y)) (Y27 - )
+ra ()WY @y
7y ()WY 'y - y) @ (U7Y? - wp) (53 Y - yh)
= Tl Y+ Ty Teyyi T @ Yoy
FT1yTy1Y[-1] * Y @ Yjo] + T1,yTy2Y[-1] - Y D Yjo]T
F Ty Tyt @Y + T:?,yx(y[—l] 1) @ Yoy
F ey Ty 1 (Y-1) - Y) @ Yjo) + Tay Tyt (Y-1) - Y) @ Yo7
FTy 1Ty @Y + Ty 1TeyyT QY + Ty2,1y2 ®1
FTy1Tya’ @ T + TyaTiyy @ LY + Ty Tayy(T-1) - ) @ Tiopy
7Ty (U ) (Pxy - y) @7 - 2y
+70 .yt ) WPy - y) @y - (2)
14 (2—1) n q2j+11 — (2—1) )
+(1+ ¥ )y Ty @y + 21170l @ @

1+<_1)i 2j+11_(_1)i 2 2
( 5 +q 5 Ja* ®y

(=D @+ T ® L+ Tty (T Ay 0y
+T1y Ty (V97T + VY @y + Tay Ty V(L + 47y @ 4.

2

= Tiyl ® y2 + Tl,yT:c,y(l + TRy

+72

x?y

fi=11y,=7.,=0andm,=7,1=1 SoA[®*) =10¢y*+(1+g? M)y ®
y + 9> ® 1, and this forces y*> # 0, a contradiction. We conclude that ¢ = 0, and
therefore

AW ) =1, 100" + 21y Tayz @y + (1 + ¢ )T, 7 1y @ y + 2117y @ @
+7'x27yl'2 R y? + TyQ,ny Rz’ + T;lyQ 1+ Ty 1Tey (VT +F)y @y
+7—1,y7_y,z(7q2]+1 + 'Y)y KXY+ TI,yTy,x77(1 + q2]+1)y X y.
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Similarly, by using the fact that g -z = x and ¢ - y = —y, we see that
A)=0111®1 401,10 +0,12Q1+0,,2Qx+0,,y Yy

with 011 = —¢(2z)o1, and 01, = 0,1 = 1 — &(x)0,,. Owing to the above relations,
the coassociativity of A on z, see (|1.3.45)), reduces to

OyyOz,1 = OyyTyl = OyyTly, Oza0yy = OyyTay = OyyTya-

Likewise, the coassociativity of A on y is equivalent to

_ _ 2 _
Ty1Tye = TyxzOz1;,  Ox1Tzy = TiyTey, Tpy = OzaTzy;
2

Toe = TyaOnar  OyyTye = —OyyTay-

Case 1: 0,, #0. Then 7,y = Tys = 030 =0, T1y = Ty1 = 0g1 = 01, = 1 and

011 = —&(x). Thus, A(y) = 1@y+y®1 and A(y®) = 10y* +y* @1+ (1+97 )y y.
We cannot have y? = 0, so y? = z. Consequently,

Alz)=1Qz+20 1+ (1+q7 )y y;

together with A(z) = 0111®1+1®2r+2®1+0,,y®y, this implies 017 = £(z) =0
and 0,, =14 q¥ #£0.

Summarizing, B = BY, as an algebra in gg;yD, and is a coalgebra in g M
with structure determined by

Alz)=201+1@z+(1+q7 )y @y,
Aly) =10y+y®l,
g(x) =0, g(y) = 0.

Moreover, A(y?) = A(y)A(y). Similarly to the computation of A(y?) carried out
above, one can find that

A@)A(z) = 23y @29+ 71 @ T2
+0y7y(yl : ?/)(y2yl($1 . y)[,uxQ - 1)
DY - (2" ) (Y *2” - 9)
= 20Qx+0y,y(y1 - T) QYo + 0yyy @y
+oo ()WY (@t y)ga® - y)
D Y? - (@' y)o) (1Y 2’ - y)
20 Q x — 2q2j+1(y1 . y)(y2yly[_1] ) ® (yi’)y2 ) y[O])(y§Y3 y)
2r@x+20y - Y)Yy @y’ (Y2 -y9)(Y?-y)
20012y Y Y@y r=2002r -2 @2 =0,

and therefore A(z?) = A(x)A(z). Likewise, A(2)A(y) = ¢z ®@y — y ® z) and
A(yY)A(z) =g (y®@x — 2 ®y), so A is not multiplicative.

Case 2: o0,, = 0. We start by noting that is already satisfied by z, v,
so we will pay attention only to the other remaining relations. We distinguish two
possibilities.

21: 75, = 0. We reduce to 7, = 1, Tir = TypOgz aNd Ty 1Ty, = Tyo0s1.
Furthermore, we cannot have 7,, = 0. Indeed, for 7,, = 0 we have 7,; = 1 and
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Ay) = 10y+y®1; thus A(y)Ay) = 109> +12 @1+ (1+q¢¥ )y @y, which implies
y* # 0, and so y? = x. We obtain that A(x) = A(y?) = 1Qr+2@1+(1+9¥y®vy,
hence 011 =0, 01, = 0,1 =1 and 0,, = 1 4+ ¥ #£ 0. We get g(z) = 0, and this
contradicts the fact that 2% = 1.

Thus, in this case we have that 7,1 = 0,1 = 01, = a, Ty, = 0., = b and
011 = —¢(z)a, with a+e(x)b=1,0#0. If y> =z, v =7 = 0 and z* = 0, from the
general formula of A(y?) computed above we deduce that

A=A =12z +a(l+q? Ny @y + 2z @2 + d’r ® 1.

Comparing this with A(z) =011 ® 1+ al @z +ar ® 1 + bxr ® x, we arrive at the
contradiction a = 0 and a = 1.

We conclude that y* = 0, and, by using again the formula for A(y?) found above,
we land at a(1 + % %) 4+ b(79% ™ +v) = 0.

Suppose we are dealing with BY2. Then a = —b and 0y, = £(z)b; we compute

A@)A(z) = 011201 @ x9 — bry @ T3 — bry ® 29 + brxr; @ xIy
= O'ill X 1— 2()0’1711 X x — 21)0’1’127 X 1+ (2b2 + bO'Ll)LZ' X Z,

which forces 01 ; = 0 and b = 0, a contradiction.
The only possibility left is B = B2, when we have a = ¢*™'b and

A(@)A(z) = (01, =01 ®@1+297 b+ o) (1®@r+ 2@ 1) —2b(b— 011)7 @ .

Asaz®=1and b#0, 07, =b0*+ 1 and 0,; = b= 0; a contradiction. So this case is
not possible.
22: Suppose that 7,, # 0. Then it follows 0,, = T,y # 0, 71y = 0z1 = O1,4,

2 _ _
Tow = TyaOza and 7y 1Tyr = Ty20z1-

22 lf1y, =0, wehave 7,1 =1, 71y =0,1 =01 :=aand 7,y = 0,, = b #0.
Therefore, the coproduct of B reduces to

Ax)=011l®1+al@r+ar@1+br® e,
Aly) =al®@y+y1+br®y.

In a manner similar to the one above, we compute that

A@)A(x) = 0111 ® 1+ az; @ xxg + axr; @ T3 + brry @ vas
= 0'%711 & 14 2010'1’11 X x + 2@0’1’11’ &® 1
+2(a® + boy1)r @ T + a®1 ® 2% + 2abr ® 2
+a’r? ® 14 2abr* @ v + b2 ® 22
o If 22 = 0, we get 013 = a = 0, and therefore A(y) = y ® 1 + bz ® y and
AAY) = ¥* @1 + b(yg¥™ +7)y @ y. We cannot have y> = 0, otherwise
vg¥ 1 +75 = 0, which is false for any scalars %, «v. Thus ? = z, and since we have
A(z) = bx ® z, we get again a contradiction.
elf 2> =1, a(b+011) =0, 07, +b° +2a®> =1 and a® + boy 1 = 0. Since y* =0,
a(l+ g¥*) +b(qg¥* — 1) = 0 or, equivalently, a = —q%1b. Then, as ry = y,

Aly) = Al@)AlY) = 01191 @y +ays +ays + azyy @ yo + by © xyp
= (@®+ bV +ab+bo )1 @y+ (a+o011)y®1
+(a®> +2ab+bo1 1)z @y + (a+b)y ® .
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Consequently, b = —a = bq?*!, so b = 0, which is not the case.
22,: Suppose now 7,, # 0; here, we have 7,, = 0,, = 75y = b # 0 and
Ty =1—e(@)rpy =1—¢e(@)Tys =Ty1 = 01 = 01, = a. Therefore,

Alz)=0111®1+al@r+ar®1+br @z,
Al =al®@y+ay@1+br@y+by® .

The formula for A(z) is the same as in the subcase 22,. Thus, assuming 2> = 0, we
get 011 = a =0 and A(y)A(y) = b*7(1 + ¢¥ )y ® y. We cannot have y* = 0,
otherwise, v =% = 1 and b = 0. It follows that y?> = z, implying v =5 = 0 and
A(z) = A(y)A(y) = 0. So, b = 0 which is false.

Hence we have, by necessity, 22 = 1, and this fact forces

alb+011) =0, 2a°+b*+07;,=1 and a®+boy; =0.

In particular, we deal with B2 or B{%, hence y? = 0, zy = y and yx = Jy with
7 either 1 or —1. The fact that 0 = A(y?) = A(y)A(y) is equivalent to a® = b? if
7= —1and toa= —bif 7y =1. Then, by A(y) = A(xy) and
A@)A(y) = 011y1 @ Y2 + a1 @ Ty + azy; @ Yo + bry; @ Ty
= (a01,1+a2+ab+52)(1®y+y® 1)

+(a* +2ab + bo1 1) (z @y +y @ 7)),

we obtain that acy; + a® + ab + b* = a and a® + 2ab + boy; = b. Similarly,
FA(y) = A(yx) and

AA(z) = 01191 @ Y2 + ays ® yar + ay1((Y2)[-1] - ) ® (Y2)[0
+0y1 (Y2)[-11 - ) ® (y2) o)z
= (aoi 1 +75a* +ab+0*) 1@y +y®1)
+(boy 1 +72ab + a*)(z @y +y @ x)

reduces to acy1 + Ja® + ab + Fb? = Fa and boy; + F2ab + a* = Fb. The eight
relations that guarantee a braided bialgebra structure on B}) or B take place
simultaneously in the following cases:

e For BY, if a = b # 0 then they reduce to 011 = —a, 4> = 1 and 2a® = a.

Thus, 017 = —3 and a = b = 3, leading to the braided bialgebra structure on Bjo
stated in (4.1.18)).

e For ByY, if a = —b # 0, the above mentioned eight relations reduce to 011 = a,
40> = 1 and 2a® = a. Therefore, 017 = a = £ and b = —1, leading to the second
braided bialgebra structure on BjY stated in .

e For B}, these relations lead to 017 = a = § and b = —3. We then get the

last braided bialgebra in statement; namely, the one described in .

It remains to show that the three braided bialgebra structures that we just
obtained are not isomorphic. Assume the opposite, and take v a braided bialgebra
isomorphism with target bialgebra in 2. and source bialgebra in 1. or 3.; then ¢ (z)? =
1 and ¢(y)? = 0. For z = al 4+ bz + cy € B}? we have

22 = (a® + b*)1 + 2abx + be(xy + yz) + 2ac = (a® + b*)1 + 2abx + 2ac.

Thus, 22 = 1 if and only if z € {£1,+x + cy}, and z? = 0 if and only if z = /.
If the source of 1 is, for instance 1., owing to the definition of the counits, we get
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that ¢(z) = —z + cy and Y(y) = 'y, ¢ # 0. Then ¥(y) = (zy) = Y(x)¥(y) is

equivalent to 'y = —c'y, so ¢ = 0, and this is false. Likewise, if the source of ¢ is 3.
then ¢/(z) =z +cy and ¢(y) = 'y, ¢ # 0. Thus 'y = P(y) = Y(yz) = ¥(y)d(z) =
dy(x + cy) in BYY, so dy = —c'y. We get ¢ =0, a contradiction. O

If (B,mB,QB,éB,gB) is a bialgebra in a braided category (C,c), so is the bial-
gebra BoPTP~ " defined as the same object B equipped with the multiplication
mpCp,p, unit 1, comultiplication CE}BA  and counit g5.

Remarks 4.1.7 1). For the bialgebra BY in 1. above, set T := (14 ). One can see
easily that

®7T, e(T) =1, (4.1.21)
Ay) =ZTRy+y®7I, (y) =

We denote by B the braided bialgebra copy of BJY in 1., defined by the relations in
(4.1.21)).

In the same spirit, for the bialgebra BjY in 2. above, set T := 1(1 — z). Then

=7, =0 Ty=0, yT =1,

Af) =701, e(T) =1, (4.1.22)
Aly) =TRy+y®7T, £(y) =0.

We denote by B the braided bialgebra copy of BlY in 2., defined by the relations in

m Observe that B = B"P~ as braided blalgebras
Finally, for the blalgebra Bl% in 3. above, set again 7 : %(1 —x). Then

Z2=7, y° =0, Ty =0, yT = 0,

é(f)—w@w () =1, (4.1.23)
Aly) =T@y+y®7, £(y) =0.

We denote by B® the braided bialgebra copy of B in 3., defined by the relations
in (4.1.23). Note that B = (B°)P™P~ as bralded blalgebras.

2). Neither B, B nor B¢ is a braided Hopf algebra; indeed, if S would be an
antipode for B, B or r B¢, S(Z) would be a bilateral inverse of Z, which contradicts the
fact that T is a zero divisor in any of the three mentloned bialgebras. Consequently,
there are no braided Hopf algebras within 2 H yD which as objects in H yD are
isomorphic to My @ My; & Majy1.

Proposition 4.1.8 We describe the structure of three quasi-Hopf algebras with a
projection on H(2):

e The biproduct quasi-bialgebra H := Bx H(2) can be described as follows. As an
algebra, it is unital and generated by G =1x g, X =T x 1 and Y =y x 1 with
relations G* =1, X? =X, Y? =0, GX = XG, GY = -YG, XY =Y and
Y X =0. The quasi-coalgebra structure of H is determined by the reassociator
®=1-2P . ® P.® P_, where P, := %(1 + G), the comultiplication

AG)=GeGE, AX)=X®X,
AY)= (P + ¢ T'PIXRY +Y® P, X —-GY @ P_X,

and counit e(G) =e(X) =1 and e(Y') = 0.

(4.1.24)
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e Similarly, the biproduct quasi-bialgebra H := B x H(2) is the unital algebra
generated by G == 1x g, X =1 xz and Y = 1 x y with relations G* = 1,
X?=X,Y?=0,GX = XG, GY = -YG, XY =0and YX =Y. Its
quasi-bialgebra structure is given by the reassociator ® =1—-2P_. P ® P_,
comultiplication

AG)=GRG AX)=X®X,
AY)= (P +q%"'"PIX QY +Y®P, X —GY @ P_X

and counit e(G) = e(X) =1 and e(Y) = 0, where Py :=
opposite version of H.

(1+G). H is the

1
2

e Last but not least, H® := B°x H(2) is the unital algebra generated by G := 1xg,
X =1xz andY = 1xy with relations G* =1, X?* = X, Y? =0, GX = XG,
GY = =YG and XY =Y X = 0. Its quasi-bialgebra structure is given by the
reassociator ® =1 —2P_ ® P_ ® P_, comultiplication

AG)=G®G, AX)=X®X,
AY)= (P +q9"'PIX QY +Y® P, X -GY @ P.X

and counit e(G) =¢e(X) =1 and e(Y) = 0. As before, Py :== (1 £G).

Proof. Follows through a direct computation by the biproduct construction, see the
previously cited results in [11]. O

Proposition 4.1.9 A 3-dimensional Hopf algebra within the category of left Yetter-
Drinfeld modules over H(2) is isomorphic, in the notation of Proposition to
either Be, or B,.

Proof. It follows from the results proved so far that all 3-dimensional Hopf alge-
bras in gg;yD are isomorphic, as Yetter-Drinfeld modules, to My ® My @ My;.
In particular, H(2) acts trivially on all 3-dimensional Hopf algebras in gggyD;
therefore, the reassociator disappears in all the relations from (|1.3.41)) to (1.3.48)).
Consequently, we reduced to the relations that determine the Hopf algebras within

ﬁgjyp This implies that the 3-dimensional Hopf algebras in gg;yD coincide with
those in Z{gjyp on which H(2) acts trivially. O

Remark 4.1.10 Proposition [4.1.9|implies that all 6-dimensional quasi-Hopf algebras
with a projection on H (2) are semisimple. Indeed, we know from Proposition [4.1.1]
that the biproduct quasi-Hopf algebras Bg, x H(2) and B, x H(2) are isomorphic
as algebras to k[Cg] and k%, respectively.

Corollary 4.1.11 All biproduct quasi-Hopf algebras of dimension 6 are semisimple.

Proof. Let B x H be a 6-dimensional biproduct quasi-Hopf algebra that is free of
rank 3 over the 2-dimensional quasi-Hopf algebra H. Up to twisting, H is either
k[Cy] or H(2), see for instance [15, Example 1.16]. By [11, Theorem 5.1], B x H is
isomorphic to a biproduct quasi-Hopf algebra, a free module of rank 3 over either
k[C5] or H(2). Then, our assertion follows from Remark and the fact that all
6-dimensional Hopf algebras are semisimple. O
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4.2 Quasi-Hopf algebras of dimension 6

Let p < ¢ be distinct prime numbers. In |22, Theorem 6.3, Etingof and Gelaki
classify the fusion categories of Frobenius-Perron dimension pg with all the simple
objects having integer dimension. As a byproduct, they also obtain the classification
of the pg-dimensional semisimple quasi-Hopf algebras in terms of their category of
representations. For p = 2, a special situation occurs in the result quoted above,
and more types of object appear in the classification. We are concerned with the
case pg = 6; in [22], this special case of the theorem is attributed to T. Chmutova.

In this section we prove that any 6-dimensional quasi-Hopf algebra is semisimple,
and this fact completes the classification of quasi-Hopf algebras in dimension 6, over
a field k of characteristic zero and algebraically closed. Equivalently, in the language
of thensor categories, we also get the classification of finite tensor categories with
Frobenius-Perron dimension 6 with all the objects having integer Frobenius-Perron
dimension.

To prove the classification results mentioned above, we need the lemma below.
Recall that a k-algebra A is basic if all the irreducible representations of A are 1-
dimensional or, equivalently, if % ~ k x ... x k as an algebra, where J, is the
Jacobson radical of A.

Lemma 4.2.1 Any 6-dimensional non-semisimple quasi-Hopf algebra is basic.

Proof. By way of contradiction, assume that there is a 6-dimensional non-semisimple
quasi-Hopf algebra that is not basic. Then, if we denote by J the Jacobson radical
of H, J is a non-zero nilpotent ideal of H and H, := % is a semisimple algebra of
dimension 4 or 5, owing to the Wedderburn-Artin theorem. The case dimyHy = 4
cannot occur since ¢, the counit of H, provides a 1-dimensional representation of H,
forcing Hy ~ k*; thus H is basic, which is false.

So, we reduced to the case dimyHy = 5, when Hy ~ k x My(k) as an algebra;
M, (k) is the algebra of 2-square matrices. Also, dimgJ = 1, and we assume that J
is generated by the non-zero element x. Last but not least, denote by p : H — Hj
the canonical projection, a k-algebra morphism.

Owing to |1, Theorem 1.4.9], there exists a semisimple subalgebra S of H such
that H = S & J as k-vector spaces; we can see immediately that, S ~ H, as k-
vector spaces. Since J? = 0, it is easy to check that S — Hy : s — p(s) is a
k-algebra isomorphism, hence S ~ k x My(k) as algebras. Clearly, J nilpotent
implies e(x) = 0. Therefore, it follows that e, the counit of H, restricts to an
algebra morphism € : S — k: e(s @ Az) = &(s), forall h=s@® I \r € H=S® J.
As S ~ k x My(k) has a unique 1-dimensional representation, it follows that  is
the unique algebra morphism from S to k, and that Ker(g) ~ My(k). This last
fact allows us to see that the multiplication of H can be expressed in terms of the
multiplication of S and z as

(s®Ax)(s" ® Na) = ss' ® (NE(s) + Ne(s))x,

for all s,s' € S and Az, Nx € J; here A and )\ are arbitrary scalars. We wrote an
element in H =S @ J as s @ Ax in order to distinguish the S and J components of
the elements in H. Thus, if we take {1, E;; | 1 <4,5 < 2} as the canonical basis of
S obtained from the canonical basis of k x Ms(k) through the algebra isomorphism
S ~ k x My(k), then {1, E;;,x | 1 < i4,j < 2} is a basis of H and the algebra
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structure of H is determined by the following rules: 1 is the unit of H and, since
e(x) =0and e(E;;) =0 for all 1 <4,j <2, for any 1 <4,j,s,¢t <2 we have

l’2 = O, (L’Eij = Eijl’ =0 and EijEst = 5j,sEit.
We look now at A(z), an element in H ® H which we will write as

,J
ij s,t 1,7

s )\Z,uij,'y,%j and 0. By using that ¢ is counit for A,
we get A =0, p=~vy=T1and \j; = \j; =0, for all 1 <4, j <2. Thus

for some scalars A, y, A;j, A,

ij s,t i,J
But A is multiplicative, and therefore A(z)A(z) = A(z?) = 0. On the other hand,

A(r)A(z) = 2@z + Z E;® Z AUNYI B,
0,

s,t,u,v

and thus A(z?) cannot be zero. Thus, we landed to a last contradiction, and so our
proof is finished. O

Let H be a basic quasi-Hopf algebra which is not semisimple, and take J the
Jacobson radical of H. We recall that J is also a quasi-Hopf ideal of H, thus Hy =
% has a unique quasi-Hopf algebra structure with respect to which the canonical
projection p : H — Hj, which becomes a quasi-Hopf algebra morphism.

Moreover, we denote here by A the graded algebra gr(H) = €,,,~, Hy» associated
to the filtration of H by powers of J, introduced in Section [[.4.1} where H,, =
%, for all m > 0, and we use again the convention J° = H. Then A has a
canonical quasi-Hopf algebra structure, with reassociator ® defined by a 3-cocycle of
the group G obtained through algebra isomorphisms Hy ~ k x ... x k ~ k% ~ k[G].
Consequently, when H is not semisimple and basic we have quasi-Hopf algebra

morphisms H, <:>;r gr(H) such that i = Idy,, hence gr(H) is a biproduct quasi-

Hopf algebra between a braided Hopf algebra B in l,zz {g}yp and k¢ [G]. Furthermore,
each homogenous component H,, of H can be seen as an object in the category of
two-sided two-cosided Hopf module over Hj,. Since any object of this category is
free as a left and right Hy-module, it follows that so is every H,,; we refer to [47]
for all the details.

We are now ready to present the main result of this section.

Theorem 4.2.2 Any 6-dimensional quasi-Hopf algebra is semisimple.

Proof. Assume that there exists a non-semisimple quasi-Hopf algebra of dimension
6. Since Lemma {4.2.1] guarantees us that H is basic, we can than apply all the
results mentioned above. We distinguish the following cases.
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Case 1: dim;J = 1. We have dim;Hy = 5 and J? = 0, thus H; cannot be free
over Hy.

Case 2: dimyJ = 2. Similarly, dimyHy = 4 and since dimyH; is at most 2 and
so it cannot be a non-zero power of 4, H; is not free over Hj.

Case 3: dim;J = 3. As dim,Hy = 3, we must have J? = 0. Therefore, gr(H) =
Hy @ J has dimension 6 and is a biproduct quasi-Hopf algebra between a braided
Hopf algebra B in Zz{gg}yz) and ke[Cs), for a certain 3-cocycle ® of k[C3]. Then B
has dimension 2 and by the results obtained in [9] it follows that gr(H) is semisimple.
This is false because in this particular case the Jacobson radical of gr(H) is J and
J is not the null ideal.

Case 4: dimgJ = 4. We have dimj,Hy = 2, which imposes dimJ? € {0,2}. If
dimgJ? = 0, gr(H) = Hy @ J has again dimension 6 and it is a biproduct between a
braided Hopf algebra B in Zi{gij and ke [Cy), for a certain 3-cocycle ® of k[Cs].
Then B has dimension 3 and by the results obtained in the previous section it
follows that gr(H) is semisimple. But the Jacobson radical of gr(H) is J # 0, a
contradiction. We also reach the same contradiction when dim;.J? = 2, because
J3 =0 and so gr(H) = Hy® H, & H, is of dimension 6, too.

Case 5: dimgJ = 5. Since Hy ~ k is the trivial Hopf algebra, gr(H) is an
ordinary Hopf algebra. By the definition of gr(H), dimg(gr(H)) = dimg(H) = 6,
and it follows from here that gr(H) is a semisimple Hopf algebra. On the other
hand, the Jacobson radical of gr(H) has dimension 5, so it cannot be the null ideal.

So our assumption is false, therefore any quasi-Hopf algebra of dimension 6 is
semisimple. O

Remark 4.2.3 Since the quasi-bialgebras in Proposition are all non-semisimple
algebras, it follows that they do not admit a quasi-Hopf algebra structure.

We translate Theorem to the language of tensor categories.

Corollary 4.2.4 Let C be a finite tensor category of Frobenius-Perron dimension
6 such that every object of C has integer Frobenius-Perron dimension. Then C is a
fusion category.

Proof. 1t is a direct consequence of Theorem and [23, Proposition 2.6]. O

We end this section by giving an explicit presentation for all 6-dimensional quasi-
Hopf algebras. Our presentation is in concordance with the classification of fusion
categories produced in [22].

The cohomology groups of the dihedral group were characterized in [29] and [30];
consequently, we have a description for H3(Ss, k*). Explicit formulas for 3-cocycle
representatives for the group S3 can be deduced from the formula (3.2.8) in [42].
Namely, they are given by

1 2

. _nL;
wp _ Z Z qp(fl)J"’LzL( 1)3]+lj(_1)pIJL’ (421>

1,J,L=04,5,1=0

where q is a primitive 3-rd root of unity and p is in the range 0,...,5. This fact
completes [22, Corollary 4.2], where it is shown that H3(S3, C*) ~ Cg, but 3-cocycle
representatives were not given.

In what follows, we consider the symmetric group S3 generated by 7 and o, where
T is a transposition, while ¢ is a cycle of length 3.
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4.2. Quasi-Hopf algebras of dimension 6

Theorem 4.2.5 Let q be a primitive 3-rd root of unity and & a primitive 6-th root
of unity. Then, any 6 dimensional quasi-Hopf algebra is twist equivalent to one of
the following:

o (k[Cq],®,), the group Hopf algebra k[Cg], seen as a quasi-Hopf algebra with
reassociator

5
o, = Y ¢l 101, (4.2.2)
i,4,1=0

where, if g generates Cq, {1; = %Z?:o &gt | 0 < i < 5} is the set of
primitive idempotents of Cg. There are 6 quasi-Hopf algebras of this type
which are not twist equivalent, given by 0 < a < 5.

o (k%,®,), the dual of the group Hopf algebra k[Ss], endowed with the reassoci-
ator

1 2 s
=y > gV (L P o Pl @ P (4.2.3)

I1,J,L=01,5,1=0

Here {P.i,i | 0 < T < 1,0 < i < 2} is the basis of k dual to the basis
{r1o? |0 <1 <1,0<i<2} of k[S3]. There are 6 quasi-Hopf algebras of this
type which are not twist equivalent, given by 0 < p < 5.

e The group Hopf algebra k[Ss].

o (k[S5],W,), the group Hopf algebra k[Ss] with reassociator ¥, obtained from a
non-trivial 3-cocycle of C3 = (o) which commutes with T @ T ® T; namely,

2
V=Y Ul a5 -130-15D) 1, 9 1, @ 1, (4.2.4)

1,J,1=0

where {1; := %Z?:o q Yot | 0 < i < 2} is the set of primitive idempotents of
C3 = (o) and (m)" denotes the remainder of the division of the integer m by

3. There are 2 quasi-Hopf algebras of this type which are not twist equivalent,
defined by a € {1,2}.

Proof. Follows by Theorem and [22, Theorem 6.3]. To get the reassociator
(4.2.2)), we have identified the Hopf algebra of functions on Cg, k¢, with the group
Hopf algebra k[Cg] by using the usual isomorphism provided by the correspondence
Py +— 1;, for all 0 < ¢ < 5. Then, we made use of to get for free all the
non-twist equivalent structures on k[Cs].

The fact that, for 0 < a # b < 5, the quasi-Hopf algebras (k[Cs], ,) and
(k[Cs], ®,) are not twist equivalent can be proved as follows. By the proof of
Lemma 3.1.1, | Og |= {§* [ 1 < 5 < 5,(5,6) = 1}| = 1, for all 0 < a < 5,
since s?a = a (mod 6) for all s € U(Zg). Hence, for G = Cy the group action defined
by has 6 orbits; now our claim follows from |24, Remark 2.6.2].

Likewise, to get we used the fact that k[S3] is a dual quasi-Hopf algebra
(for the definition, see for instance |15, Section 3.7]; it is the dual structure to a
quasi-Hopf algebra) with reassociator defined by . Then, passing to the dual
of k[S3] we obtain &% with th e reassociator mentioned in (4.2.3). As in the previous
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4.2. Quasi-Hopf algebras of dimension 6

case, by using the fact that Out(S;) = 1, see |46, Theorem 7.5], and [24, Remark
2.6.2], we get that (k% ®,)o<,<5 are 6 quasi-Hopf algebras which are not pairwise
twist equivalent.

The only thing left to prove is the fact that 1,, 1 < a < 2, defined by

Ya(oh, 07, ot) = quil el B - 15 )-14))

is a 3-cocycle for the group C5 and, moreover, it is invariant under the action of
Cy; the latter means that ¥,(0?, 07, 0') = V(07" 077,07, for all 0 < i,5,1 < 2.
Towards this end, we show that 1, is cohomologus to ¢g. Indeed, if we take
ga : C3 X C5 — k defined by g4(c%, 07) := q¥l2), for all 0 < i,j < 2, then

(j+l)’)

i . . ity —1 i i L1
¢q‘1(0 70-]70-1)ga<0-.770-l)ga(0-( +J) 7O-l) ga(a 70- ga<0- ?O-J)
G+0’

_ qulitqeild) qeild) qraGrils) quil ) qmeild) — (0%, o7 ot).

Moreover, V,(0,0,0) = q% = ¥.(02,0% 0%) , VYa(0,0,0%) = 1 = P,(0% 0% 0),
Yo(o,0%,0) = 1 = ,(02,0,0%), Ya(0%,0,0) = ¢** = ,(0,0% 0%). The rest of
the invariance conditions for ¢, follow from v, being normalized, as g,(c%,1) =1 =
ga(1,07) for any 7 and j. O

Remark 4.2.6 ¥, produces a quasi-Hopf algebra structure on k[(o)] ~ k[Cj5], twist
equivalent to the one produced by ®g., defined in , on k[C3]. In addition,
the natural embedding of k[C5] in k[S3] can be seen as a quasi-Hopf algebra embed-
ding of (k[C3], ¥, ) into (k[S3], ¥,). But there is no quasi-Hopf projection covering
this embedding, because (k[S3], ¥,) cannot be described as a biproduct quasi-Hopf
algebra.
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Appendix A

Braided bialgebras over two cyclic
groups

This section is focused on devising a strategy to find solutions to the relation (2.2.13]),
each of which yelds a biproduct quasi-Hopf algebra over the product of two finite
cyclic groups. In what follows, assume we are in the context and notation of Corol-
f1 z0

lary [2.2.11} In addition, we write ;- = % and n% = %, for some integers zy and

Yo, where L denotes the least common multiple between my and m..
For A = (A, \2) € Z? and k € Z, define the map Cyy : Z x Z — Z, for all
(z,y) € Z%, by
Cox(z,y) = 20122 + 2c9y* + 2c19wy + 20 L + 2\, Ly — (2k + 1)L, (A.0.1)
one can immediately see that (2.2.13]) reduces to finding parameters A, k for which
the conic section C, x(z,y) = 0 has rational points in Z?; in other words, we study

the existence of integer solutions for the parametric equation Cy y(z,y) = 0. In the
following, we will show a way to determine the solutions of this equation.

A.1 Rational points

We can determine the rational points C, x(z,y) = 0 by reducing C, , to its standard
form. More precisely, we must deal with one of the following cases.
Case I: ¢; # 0. We rewrite Cy x(z,y) as

2 2
C12 /\1 40162 — 012 2
Can(z,y) =2 ( 2 —L) e b
/\’k(x y) al” + 201y + 2C1 + 201 Y
2 901 — A A2
pA ey, (—1 + 2k + 1) L2,
C1 201

We denote by § := 4cjc — ¢35 the discriminant of Cy .
Case I;: 6 = 0. We reduce to solving in Z the system

{201$ +enytML=2 (A.1.2)

§2 + 2(2)\201 — )\1612)Ly - ()\% + 2(2k + 1)01)L2 = 0.

The Diophantine equation 2c;z+c12y = v has solutions in Z if and only if (2¢1, ¢12) 7.
If this is the case and (xg, 1) is a particular solution of

2c1 4 c19y = (A.1.3)
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A.1. Rational points

then the general solution of (A.1.3)) is (z,vy) = (—ci2u+ o, 2c1u+ 1)), for any u € Z.
So, for T = AL + (2¢1, ¢12)v, we have to look for those integers Aq, A2, k for which
the equation in (u,v) € Z2,

()\1[/ + (201, 012)7})2 + 2(2)\201 — /\1012)L(201U + y0> — (/\% + 2(2]{? + 1)01)[/2 =0

has solutions. This equation is solved case by case, by finding first v such that
(A2 + 2(2k + 1)e1) L? — 2(2X9¢1 — Micia) L(2c1u + y) = w?, for any integer w, and
then v obeying A\ L + (2¢1, ¢19)v = +w.

Case Io: 0 # 0. We rewrite Cy i (z,y) as

1

1 1
—(2 ML) 4+ —— 2X0c1 — A IL?— —d
(2c12 + c12y + M L)* + 2615(5y + (2X\2q 1¢12)L) 268"

201
where d := (A20 + (2Xa¢c1 — Aic12)? + 2(2k + 1)c10) L% We have to solve in Z the
equation

7° + 0y = d, (A.1.4)

and then to find the integers A1, Ao, k for which the linear system

(Sy + (2)\201 — )\1012)L =7
200+ coy+ ML=y

has solutions (x,y) in Z* To be more accurate, the values of z,y are limited by
mq, me, respectively, so the values of x, ¥ are also limited. We get in this way bounds
for d, and therefore for k. Then, for any possible k, we solve first and then
the linear system. Note also that the Pell-type equation has a finite number
of solutions, provided that 6 > 0 or § < 0 and —¢ is a square. When 0 < 0 and
square free, the equation has no solution or an infinite number of solutions;
in the latter case, we refer to [39] for the algorithm to find those solutions.

Case II: ¢; = 0. We distinguish four possibilities.

Case I1: ¢o # 0 and ¢ = 0. We write

1 1
Con(m,y) = =——(2c0y + Mo L)* + 20\ Lo — — (A3 + 2(2k + 1)cy) L2
2cy 2¢y
Our problem reduces to the finding of those integers A\, Ao, k for which there exists
z,y,w € Z such that (A3 + 2(2k + 1)co) L? — 4\ jcoLx = w? and 2c0y + Ao L = Fw.
Case I15: ¢5 # 0 and ¢ # 0. We have now that

2
Cap(z,y) = 07(012.@ + ML) (c}yx + cac1oy — (A1c2 — Aacra)L)
12
2A1(Ajco — A
i < 1( 1C2 2012)

2
€12

— 2k — 1) L2

So, we have to find integers Ai, Ao, k such that the elementary equation

2(c12y + )\1L) (Céﬁ + CoC12Y — ()\1C2 - )\chg)L)
= ((2/6 + 1)C%2 — 2)\1()\162 — )\2012))[/2

has solutions in Z.
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Case I15: ¢ = 0 and c3 # 0. We have that

2 1
C>\7k(ZL‘, y) = C—12(0121' + /\QL)(Clgy + >\1L) — C—12 ((2]{3 + 1)012 + 2)\1/\2) LZ,

and so we must find integers Ai, A9, £ for which the elementary equation
2(C12.T -+ )\2L) <612y -+ )\1[1) = (Zk' —+ 1)612 + 2)\1)\2

has solutions in Z. Observe that there is no solution in this case, provided that c;,
is odd.

Case I14: co = 0 and ¢ = 0. It is easy to see that in this case we reduce our
problem to the solving of the Diophantine equation 2A\;z + 2\y = (2k + 1)L, which
has solutions in Z if and only if we choose A, Ao, k such that (A, A2)[(2k + 1)%;
where we notice that L is even.

A.2 An example

We exemplify the method of finding rational points for a conic section as in the
above, for the case when m; = 2 and my = 6. Thus, M = 2, L. = 6, N = 36,
A1, c1,c10 € {0,1}, Xg,c0 € {0,--- 5} and % = ¢, fa = y, so that » € {0,3} and
y € {0,---,5}. The desired braided Hopf algebra structures are then parametrized
by (z,y) € Z* for which Cy x(x,y) = 0 for some X and k, where

Con(m,y) = 2c12% + 2e2y° + 2c100y + 1207 + 12Xy — 36(2k + 1).

Note that § = 4cyc9 —0%2 is equal to zero if and only if ¢;co = ¢15 = 0. Parallel to the
cases considered in Subsection [A.T] we have the following possibilities. The notation
below is the one we used in the subsection that we just mentioned. In addition, by
(x,y; A1, A2, k) we understand that (x,y) is a rational point for C, j, determined by
A= (A1, \) and k.

Case I1: ¢1 =1 and 0 = 0, that is, ¢; = 1 and ¢ = ¢;2 = 0. The Diophantine
equation reduces to 2z 4 6\; = T, and forces 36(\? + 4k + 2) — 24\yy to be a square.
Thus, 3 | Aoy and \? + 4k + 2 — 2% is a square. Observe that we cannot have
A2 = 0, for otherwise 4k 4 2 or 4k + 3 is a square, a contradiction, by recalling that
A € {0,1}.

o If Xy € {1,2,4,5}, y = 3 and we must have \? —2)\, +4k +2 a square. A square
is congruent to 0 or 1 modulo 4. If we consider our square congruent to 0 modulo
4 then (A1, Ao, k) € {(0,1,¢%),(0,5,¢* +2)}, t € Z. When (A, Ao, k) = (0,1,¢%) we
get v = +6t, y =3, \y = 0, \y = 1 and k = t2, and we are forced to take t = 0.
Hence, (0,3;0,1,0) is a rational point. Likewise, when (A1, Ao, k) = (0,5,1* + 2)
we deduce that © = £6t, y = 3; we get that (0,3;0,5,2) is a rational point, too.
Analogously, if the above mentioned square is congruent to 1 modulo 4 we get that
(A, do k) € {(1,1,¢2 +1),(1,5,t> +t + 1)}, t € Z; only the first triple yields a
rational point, namely (0,3;1,1,0).

o If \y = 3, \? — 2y + 4k + 2 is a square; we proceed as in the previous case. We
deduce that (A, y, k) € {(1,1,#2+¢), (1,3, t2+t+1), (1, 5, 2+t+2), (0, 1, ¢2), (0, 3, £+
1), (0,5, +2)|t € Z}. Since T* = 36(A\} + 4k +2) — 72y and T = 22+ 6, € {6,12}
for Ay = 1 and 7 € {0,6} for A\; = 0, we conclude that the rational points are:
(0,1;1,3,0), (0,3;1,3,1), (0,5;1,3,2), (0,1;0,3,0), (0,3;0,3,1) and (0, 5;0, 3, 2).
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Case Iy: ¢y = 1 and § # 0; equivalently, ¢; = ¢19 = 1 or ¢y = 1, ¢ = 0 and
o €{1,--- 5}

Iy, ¢ =12 = 1. We have § < 0 if and only if co = 0, and this is why we treat
this case separately.

e For ¢y = 0, the Pell’s type equation reads 7% —3% = d, with T = —y+6(2X\s— A1),
¥ =2r+y+ 6\ and d = 36(4\% — 4\ )y — 4k — 2). Having this particular shape,
it can be solved directly by considering its equivalent form

(@ +6X)(x +y — 6(Aa — A1) = 18(=2X5 + 2\ Ay + 2k + 1).

As we observed, z € {0,3}. If z = 0, we reduce to Aoy = 6k + 3. So (A\a,y) €
{(3,1), (1,3)}, and therefore (0,3; A1, 1,0) and (0, 1; A1, 3,0), A\; € {0, 1}, are rational
points. Likewise, for z = 3 we reduce to (2A2+1)y+6A; = 3(4k+1), which ensures us
that 3|(14+2X2)y. If A\ =0, y = 3 and A\ = 2k. If \y = 1 then y+ 2\, = 4k+1, thus
(1, A k) € {(1,0,0),(3,1,1), (5,0, 1)}. If Ao € {2,3}, y = 3 and A, + Ny = 2&. If
Ay = 4 then 3y+2X\; = 4k+1, hence (y, A\, k) = (1,1,1). Finally, if \ = 5 theny = 3
and A\; = 2k — 5. We deduce that the rational points are (3,3;0,0,0), (3,1;0,1,0),
(3,3:1,1,1), (3,5:0,1,1), (3,3;0,2,1), (3,3:1,3,2), (3,1;1,4,1), (3,3;1,5,3).

e Consider ¢y € {1,---,5}, so that 6 =4cy—1 € {3,7,11,15,19}. As \; € {0,1}
and z € {0,3}, to treat this case easily, we consider the four cases we might have.
More precisely, we first notice that, in terms of x and y, our equation 72 + 6y = d
reads as

(6 + 1Dy +4(x 4+ 6X)y + da(x 4+ 6)1) — 72(2k + 1) = 0.

-If A\ =0, for x = 0 we get coy? + 62y — 18(2k + 1) = 0 which provides solutions
only when ¢ € {2,4}: (0,3;0,0,0), (0,3;0,2,1), (0,3;0,4,2) and, respectively,
(0,3;0,1,1), (0,3;0,3,2), (0,3,0,5,3). For x = 3 the equation becomes coy? +
3(2A2 + 1)y — 9(4k + 1) = 0, and admits solutions only when ¢y € {2,4}; namely:
(3,3;0,1,1), (3,3;0,3,2), (3,3;0,5,3) and, respectively, (3,3;0,0,1), (3,3;0,2,2),
(3,3:0,4,3).

-If Ay = 1, for 7 = 0 we have coy® 46Xy —18(2k+1) = 0, the same equation as in
the case when A\; = = = 0; so, it gives the rational points (0, 3;1,0,0), (0,3;1,2,1),
(0,3;1,4,2) when ¢, = 2, and (0,3;1,1,1), (0,3;1,3,2), (0,3;1,5,3) when ¢y = 4.
Likewise, z = 3 yields coy® 4+ 3(2\2 + 1)y — 9(4k — 1) = 0, and we have solutions
only when ¢ € {2,4}: (3,3;1,0,1), (3,3;1,2,2), (3,3;1,4,3) and, respectively,
(3,3:1,1,2), (3,3;1,3,3), (3,3:1,5,4).

I,: c; =1,c10=0and ¢y € {1,---,5}. Tt is more convenient to turn 7°+46y* = d
in terms of x,y; we have that coy® + 6oy + 22+ 6 2 —18(2k+1) = 0. For z = 0, we
obtain that 6|coy? and y # 0; we have y = 3, otherwise ¥ is even, and so y* + 2y is
a multiple of 4 and equal to 6(2k 4 1) which is false. Thus, for z = 0, we must have
¢y € {2,4} and y = 3, and this leads to ¢y + 2(Ay — 2k — 1) = 0; so, for ¢o = 2 we
get the rational points (0,3; A1, 2t,t), \; € {0,1} and ¢ € {0, 1,2}, while for ¢; = 4
we obtain the rational points (0,3; A1, 2t + 1,¢+ 1), A\; € {0,1} and ¢t € {0, 1, 2}.

Similarly, for x = 3, we have coy® + 6Xoy + 18\, — 9(4k +1) = 0,50 y # 0
and 3|coy?. It follows that either ¢ = 3 or y = 3. One can see that in the first
case, when c¢; = 3, we have the rational points (3,1;0,1,0), (3,3;0,2t — 1,t) with
t € {1,2,3} and (3,5;0,5,6), provided that A\; = 0, and respectively (3,1;1,4,1),
(3,3;1,2(t — 1),t) with t € {1,2,3} and (3,5;1,2,4), provided that A\; = 1. The
second case, when y = 3, leads to the following rational points: (3, 3; A1, Ag, k) with

A+ Ay =2k+ 1’202, since there are 6 solutions for each possible value of ¢o, hence 18
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in total; more precisely: for ¢ = 1 they are (3, 3;0,2¢,t) and (3, 3;1,2t+1,¢t+1) with
t € {0,1,2}; for ¢ = 3 they are given by (3,3;0,2t 4+ 1,¢t+ 1) and (3, 3; 1, 2t,t) with
t € {0,1,2}; for co = 5 the rational points are (3, 3;0, 2¢,t+1) and (3, 3; 1, 2t+1,t+2)
with ¢ € {0,1,2}.

Case I1;: ¢ € {1,--+,5}, ¢1 = ¢12 = 0. We check when 9(\2 + 2(2k + 1)cy) —
6A1cox is a square.

e When \jz = 0, if A3 — w? = —2(2k + 1)cy, for some integer w, then Ay and w
have the same parity; this forces ¢y even, so c3 € {2,4}. Note that +3w = coy+ 3.

— For ¢y = 2, since any square is 0, 1 or 4 modulo 8, \3 + 4(2k + 1) a square
implies that A2 is 0 or 4 modulo 8, so Ay € {0,2,4}. When \; = 0, 2k+1 is a square,
hence k = 2t(t + 1), t € Z; we get that w = £2(2t + 1) and y = £3(2¢ + 1), forcing
y = 3 and ¢t = 0. Concluding, we have (z,3;A1,0,0) as rational points, provided
that Az = 0; they are 3 in total. Likewise, when \y = 4, we have 2k + 2 = (%)2
and 2y +6 = &%, for some even integer w, so k = 2t2 — 1 and y = £6t — 3, for some
t € Z, forcing y = 3 and k = 1; we get in this case the rational points (z,3; 1,2, 1)
with \ixz = 0; again, they are 3. Finally, for \y = 4, 2k +5 = (%)2 is a square
and y + 6 = %, and therefore k = 2(t* + ¢ — 1) and y + 6 = £3(2¢ + 1), for some
t € Z; these facts entail to y = 3 and k = 2, and so we get another 3 rational points:
(x,3; \1,4,2), whenever \jz = 0.

— For ¢ = 4, A3 + 8(2k + 1) a square implies that Ay € {1,3,5}, since a square
equals 0, 1, 4 or 9 modulo 16. For Ay = 1, 16k +9 = (%)2 and 4y + 3 = £7, for
some even integer w, hence k = 4t% + 3t or k = 4t> + 5t + 1, for some t € Z; we get
that 4y +3 = £3(8t +3) or dy +3 = £3(8¢ +5), t € Z, thus y = 3 and k = 1,
leading to the rational points (x,3; A1, 1, 1), where A\;x = 0; there are 3 in total. In

the case when Ay = 3, 16(k + 1)+ 1 = (%)2 is a square and 4y 4+ 9 = %, and so
k=4t*+t—1ork=4t*4+T7t+2, t €Z; we obtain that 4y + 9 = £3(8¢ + 1) or
dy +9 = £3(8¢t + 7), for some t € Z, so y = 3 and k = 2, and we have the rational
points (z, 3; A1, 3,2) whenever A\;z = 0. Similarly, when \; =5, 16(k+2)+1 = (%’)2
is a square and 4y + 15 = %, and we must have k = 42+t —2o0r k=412 + Tt + 1,
for some t € Z; we deduce that 4y 4+ 15 = £3(8t + 1) or 4y + 15 = £3(8t + 7), hence
y =3 and k = 3, and we have the rational points (x, 3; A1, 5, 3), whenever \jz = 0.

e Assume that Mz # 0 or, equivalently, that \y = 1 and x = 3. We have
A2+ dkcy = (%)2 and cpy + 3y = £%, for some even integer w. Clearly, 3|cy and
we distinguish two possibilities.

— If cp = 3, A2+ 12k = (y + \2)?, and therefore y? + 2 oy — 12k = 0. We get
y € {0,2,4}, and the rational points (3,0;1, A5,0), 0 < Ay < 5, and the points in
((3,2:1,3t — 1,4), (3,4; 1,3t — 2,20)|t € {1,2}}.

— If ¢o # 3, we have y = 3 and ¢y + 2\ = 4k. This leads us to the following
rational points: (3,3;1,2t — 1,¢) with ¢ € {1,2,3}, provided that c; = 2, and
(3,3;1,2t — 2,t) with t € {1, 2,3}, provided that ¢y = 4.

Case IIy: ¢; =0, c3 # 0 and ¢35 # 0. We must solve in Z the equation

(y +6A1) (2 + coy — 6(A1ca — A2)) = 18(2k + 1 — 2X\ 1 (A1ca — A2)).

o If \; = 0, we reduce to y(z + coy + 6X2) = 18(2k + 1), which imposes the
following discussion.

—y=1: 24 cy+6Xy = 18(2k + 1), with the unique solution z = ¢y = 3, Ay = 2
and k = 0; the associated rational point is (3, 1;0, 2, 0).
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A.2. An example

—y =2 242cy+6Xy = 9(2k+1), which imposes z = 3; thus co+3X = 3(3k+1),
leading to co = 3 and Ay = 3k, and so to the rational points (3,2;0,3t,t), t € {0,1}.

—y =3 x4 3¢y + 6X2 = 6(2k + 1), which for z = 0 gives ¢o € {2,4} such that
Ca+2X\y = 2(2k+1), while for x = 3 gives ¢y € {1, 3,5} such that co+2X\y = 4k+1; so
we get the following rational points: (0, 3;0,2k, k) with k£ € {0, 1,2}, provided that
co =2;(0,3;0,2k — 1, k) with k£ € {1, 2,3}, provided that co = 4; (3, 3;0, 2k, k) with
k € {0,1,2}, provided that co = 1; (3,3;0,2k — 1, k) with k£ € {1,2,3}, provided
that ¢ = 3; (3,3;0,2k — 2, k) with k € {1,2,3}, provided that ¢y = 5.

e If \; = 1, we proceed as in the previous case. The equation becomes (y +
6)(z + coy — 6cg + 6X2) = 18(2k + 1 — 2¢9 + 2)\3) and we cannot have y = 2.

—y =02z =32k+1); thusz = 3,0 # c3,\y € {0,---,5} and k = 0,
so we have 30 rational points of the form (3,0;1, A2,0), no matter how we choose
o €{1,--- 5}

—y =1 ¢+ Tx + 6y = 18(2k + 1), hence 6|cs + x; we get ¢o = x = 3 and
Ay = 6k — 1, so the rational points are (3,1;1,5,1), provided that ¢, = 3.

—y =3 x+co+2Xy = 2(2k + 1), which yields the rational points (0, 3; 1, 2k, k)
with & € {0,1,2}, provided that ¢ = 2; (0,3;1,2k — 1,k) with & € {1,2,3},
provided that ¢o = 4; (3,3;1,2k — 1,k) with k£ € {1,2,3}, provided that ¢; = 1;
(3,3;1,2k — 2, k) with k € {1,2,3}, provided that ¢o = 3; (3,3;1,2k — 3,k) with
k € {2,3,4}, provided that ¢y = 5;

—y =4 5(x — 2c5 + 6X2) = 9(2k + 1 — 2¢o + 2)\y), with general solution
r—209+6Xy = 9t and 2k+1—2c0+2Xs = 5t, t € Z. It follows that z— (2k+1)+4Xs =
4t, so x = 3, and since = — 3(2k + 1) + 4co = —6t it follows that co = 3, too. We
reduce to t = k — 2 and 2\ = 3k — 5, and so we get the following rational points:
(3,4;1,3s — 1,2s + 1) with s € {1, 2}, provided that ¢y = 3.

—y=>5 11(z—ca+6Xy) = 18(2k+1—2co+2)2), and therefore 2 —co+6Xy = 18¢
and k+ 1 — 2cy +2\y = 11t, t € Z. As 6|z — ¢z, we have x = ¢ = 3, which leads
to Ay = 3t and 2k — 5 = 5t. We get the rational point (3,5;1,3,5), provided that
Cy = 3.

Case II3: ¢y = ¢o = 0 and c¢12 # 0. There is no rational point in this case since
c12 = 1 is odd.

Case Ily: ¢ = 5 = ¢12 = 0. We must solve the Diophantine equation A\jx+ Aoy =
3(2k +1).

— If Mz = 0, Ay = 3(2k + 1) forces k € {0,1,2,3}. We obtain the follow-
ing 15 rational points (x, 1;A1,3,0), (z,3; A1, 1,0), (x,3;A\,3,1), (z,3;A1,5,2) and
(x,5; \1,3,2), whenever \jz = 0.

— If Myz # 0, we have \; = 1, = 3 and Ay = 6k with £ € {0,1,2}. When
k =0, either y = 0 or A\y = 0, giving 12 rational points: (3,0;1, A5,0), 0 < Ag < 5,
and (3,y;1,0,0) with 0 <y < 5. For k = 1, either Ay = 3 or y = 3, and we get
the rational points (3,2;1,3,1) and (3,3;1,2,1). For k =2, (y, \2) € {(3,4),(4,3)},
and we get the rational points (3,3;1,4,2) and (3,4;1,3,2).
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A.2. An example

We summarize our classification result in the table below. The notation we use

is the same as in Example [2.2.12]
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