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Abstract

The definition of quasi-Hopf algebra, introduced by Drinfeld in [17], is obtained
by relaxing the coassociativity axiom in the definition of Hopf algebras. Their
importance lies in their ties to monoidal categories; they are relevant whenever
one needs to consider a non-strict category, meaning the associativity of the tensor
product is controlled by a non-trivial isomorphism.

Inspired by the work of Radford in [45], for H an arbitrary quasi-Hopf algebra,
we describe all the Hopf algebras of dimension 2 within the category of left Yetter-
Drinfeld modules over H and determine the biproduct quasi-Hopf algebras uniquely
associated to them. Classes of such biproduct quasi-Hopf algebras are obtained by
taking H as the Hopf algebra of functions on a group G, endowed with the quasi-
Hopf algebra structure provided by a non-trivial 3-cocycle on G, or as a quasi-Hopf
algebra with radical of codimension two. Particular attention is dedicated to analyze
the case in which G is a finite abelian group. In this way, we discover new classes
of quasi-Hopf algebras which can be used as examples to test general theories; see
[13] for a paper that uses a class of quasi-Hopf algebras computed here.

We apply the characterization result above to complete the classification of 6-
dimensional quasi-Hopf algebras, by proving that any such algebra is semisimple.
As byproducts, we provide examples of 6-dimensional quasi-bialgebras that are
not semisimple as algebras, as well as the concrete quasi-Hopf structures of the
6-dimensional semisimple quasi-Hopf algebras previously classified by Etingof and
Gelaki in [22] in terms of their category of representations.
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Introduction

Quasi-Hopf algebras were introduced in [17] by Drinfeld. Their structure is obtained
by relaxing the coassociativity axiom in the definition of Hopf algebras, asking for
the coassociativity to hold only up to the conjugation by an invertible element,
called the reassociator.

The main motivation to study quasi-Hopf algebra lies in their categorical inter-
pretation, whenever one needs to deal with concrete monoidal categories that are
not necessarily strict. This was indeed the reason behind their introduction in [17],
motivated by the need to work with monoidal categories in rational conformal field
theory. Namely, take C to be any rigid monoidal category with a field k as unit
object and which admits a fiber functor, i.e. an exact and faithful monoidal functor
P : C → Veck; then C is equivalent to the category of representations of a Hopf alge-
bra H with base field k. Namely, H are the endomorphisms of P , whose coalgebra
maps are endowed by the monoidal structure of P .

If instead we ask P to be only a quasi-monoidal functor, meaning we remove
the associativity requirement from its monoidal structure, then H becomes a quasi-
Hopf algebra; see [24] and [14] for further details. Conversely, if H is a quasi-Hopf
algebra, the monoidal structure in its category of left modules HM is in general
non-strict, where the associativity constraint is determined by the reassociator of
H. The category of modules is always strict when H is a usual Hopf algebra.

Another notable property of the quasi-Hopf algebra structure is its stability
under twist-deformation: if we take H to be a quasi-Hopf algebra and F an arbitrary
invertible element in H⊗H, we can construct a new quasi-Hopf algebra, denoted by
HF , on the algebra structure on H, by deforming its coproduct, counit, reassociator
and antipode by F ; from a categorical point of view, deforming the structure this
way is equivalent to changing the quasi-tensor structure on the functor P on a rigid
monoidal category C. If, on the other hand, H is a Hopf algebra, deforming H by
any twist yields, in general, a quasi-Hopf algebra with non-trivial reassociator; for
the deformed structure to be that of a usual Hopf algebra, we need the twist F to
satisfy an additional 2-cocycle-like condition.

Coming back to what we stated above, quasi-Hopf algebras where originally
introduced in [17] to satisfy the need arising from dealing with non-strictness while
studying the representations of Drinfeld-Jimbo algebras. Another application of
quasi-Hopf algebras in the setting of mathematical physics comes from the study of
some Yang-Baxter equations; two particular classes of solutions, namely the vertex
and the face type elliptic solutions, are associated with two types of elliptic quantum
groups. It was proven in [26], [25], [18] and [27] that both of them are quasi-Hopf
algebras.

One feature of the state of the art in the previously cited areas of mathematical
physics is the shortage of examples of non-strict monoidal categories equipped with
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some extra structures. This is mainly due to the fact that we know only a few
”proper” concrete examples of quasi-Hopf algebras, in comparison, for instance, to
the many known examples of regular Hopf algebras.

Due to the technical nature of the axioms of quasi-Hopf algebras and their prop-
erties, it is usually very difficult to construct examples ”by hand” or through com-
putationally easy methods. The alternative, and preferred, way to obtain examples
is through general constructions, often categorical in nature (such as the quan-
tum double), that produce quasi-Hopf algebras starting from various kind of data.
Furthermore, by classifying quasi-Hopf algebras in low dimension, we obtain some
useful ingredients to build, via said general constructions, more complex quasi-Hopf
algebras.

As such, this thesis is mainly interested in two problems:

1. classifying finite dimensional quasi-Hopf algebras up to twist-equivalence over
an algebraically closed field of characteristic 0,

2. constructing examples of quasi-Hopf algebras that are not just obtained by
twisting a known Hopf algebra, thus producing new (tensor) categories.

In [43], Radford proved that any Hopf algebra A with a projection covering the
embedding of a sub-Hopf algebra H is isomorphic to a biproduct B×H between H
and a Hopf algebra B in the braided monoidal category of Yetter-Drinfeld modules;
a biproduct, in the sense of Radford, is a Hopf algebra structure over the tensor
product B ⊗ H, which generalizes the semidirect product between groups. Note
that the category of Yetter-Drinfeld modules over H, introduced by Yetter in [51]
and given its current name in [44] by Radford and Towber, is obtained as the center
of the left H-modules, a construction that associates a braided monoidal category
to any monoidal category.

If we instead take A to be a quasi-Hopf algebra with a projection over a sub-
quasi-Hopf, it was proven by Bulacu in [5] and by Bulacu and Nauwelaerts in [11]
that the previous results still hold, and we can associate to each braided Hopf algebra
B within the category of left Yetter-Drinfeld modules over an arbitrary quasi-Hopf
algebra H the biproduct quasi-Hopf algebra B × H, having the same reassociator
as its sub-object H. Moreover, it was shown in [14] by Bulacu and Torrecillas that
the biproduct structure B ×H can be recovered by reconstruction theory from the
monoidal category BC of representations in C = HM of a central Hopf algebra B in
C. This thesis focus is precisely the way Radford’s biproduct can be used to tackle
the problems of classification and construction for quasi-Hopf algebras. We discuss
first its role in the classification of (quasi-)Hopf algebras.

Consider any pointed Hopf algebra H; the graded algebra gr(H), associated
with the coradical filtration of H, is a Hopf algebra with a projection, and so it
is determined as a biproduct by a braided Hopf algebra R within the category of
Yetter-Drinfeld modules over the Hopf algebra of grouplike elements in H. In the
context of Hopf algebra classification, the famous lifting method of Andruskiewitsch
and Schneider consists in studying the braided Hopf algebra R, transferring the
properties found to gr(H) and, finally, lifting them back to H. This method has
proved crucial for classifying pointed Hopf algebras, see the surveys [2, 4] for more
details.

When dealing with a quasi-Hopf algebra H, we are unable to approach the
technique through the coradical filtration, due to the lack of coassociativity in the
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coalgebra structure ofH. Instead, we can tackle the problem from the dual situation.
If H is a basic quasi-Hopf algebra (the dual notion to pointed, meaning that all
simple modules are 1-dimensional), the graded algebra gr(H), this time associated
with the filtration by powers of the Jacobson radical of H, is a quasi-Hopf algebra
with a projection on H0 =

H
J
, a semisimple quasi-Hopf algebra. In particular, H0 is

a group Hopf algebra over an abelian group G, considered as a quasi-Hopf algebra
via a reassociator determined by a 3-cocycle on G. The lifting method was used in
the setting of quasi-Hopf algebras by Etingof and Gelaki in [19, 20, 21], appearing
for the first time in [19]. It was also used by Angiono in the paper [3].

The classification of semisimple Hopf algebras in dimension 6 was given by Ma-
suoka in [38], and Ştefan showed in [49] that any Hopf algebra of dimension 6 is
semisimple, thus finishing the classification in dimension 6.

In this thesis (see Theorem 4.2.2), we complete, through the lifting method, the
classification of 6-dimensional quasi-Hopf algebras, by proving that any such algebra
is semisimple and then by using the characterization of semisimple 6-dimensional
quasi-Hopf algebras, in terms of their category of representations, given by Etingof
and Gelaki in [22]. By translating this result from the categorical language, we
provide in Theorem 4.2.5 an explicit list of all 6-dimensional quasi-Hopf algebras.
As a byproduct of the classification, we also provide in Remark 4.1.7 examples of
6-dimensional quasi-bialgebras that are not semisimple as algebras, and hence are
not quasi-Hopf algebras.

Let us now focus on the role of Radford’s biproduct in the construction of new
quasi-Hopf algebras. Starting from a well known quasi-Hopf algebra H with a man-
ageable structure (e.g. a group algebra with quasi-Hopf structure endowed by a 3-
cocycle), finding braided Hopf algebras in the Yetter-Drinfeld modules over H allows
us to construct a new quasi-Hopf algebra, whose structure can be much more com-
plex than that of H. As an example, we can start by a commutative, cocommutative
and semisimple H; if there is a braided bialgebra B over H with non-trivial H-action
and H-coaction, this leads to a non-commutative, non-cocommutative structure on
B ×H.

The construction of examples of needed complexity, but simple enough to allow
for manual computations was the original motivating desire behind our interest in
biproduct quasi-Hopf algebras. Concretely, inspired by the work of Radford in [45],
for an arbitrary quasi-Hopf algebra H with invertible antipode over a field k of
characteristic different from 2, we describe in Theorem 2.1.8 all the Hopf algebras
of dimension 2 within the category of left Yetter-Drinfeld modules over H. As
a direct consequence, we determine in Proposition 2.1.9 the biproduct quasi-Hopf
algebras uniquely associated to them. All 2-dimensional braided Hopf over H are
either trivial, meaning isomorphic to the group Hopf algebra k[C2] with trivial H-
action and coaction, or are isomorphic to Bσ,v, generated by the unit and a primitive
element, whose H-action and coaction are respectively controlled by an algebra map
σ : H → k and an element v ∈ H satisfying three relations. Then, computing new
examples of quasi-Hopf algebras reduces to finding all couples (σ, v) satisfying the
three relations for a given H.

Classes of such biproduct quasi-Hopf algebras are obtained in Section 2.2 by
taking H as the Hopf algebra of functions over a group G, endowed with the quasi-
Hopf algebra structure provided by a non-trivial 3-cocycle on G, or in Section 2.3
as a quasi-Hopf algebra with radical of codimension two, classified by Etingof and
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Gelaki in [19]. Particular attention is dedicated to analyze the case in which G is a
finite abelian group; the case in which G is a product of two cyclic groups is treated
in great detail in Appendix A.

The structure of the thesis is as follows: Chapter 1 serves as an introduction to
some fundamental topics needed to work with quasi-Hopf algebras, and contains no
original results.

Chapter 2 is focused on characterizing biproduct quasi-Hopf algebras of rank 2
and producing examples. Section 2.1 contains all the preliminary results needed to
prove Theorem 2.1.8. In Section 2.2 the characterization is specialized to function
algebras of a group G; Subsection 2.2.1 deals with the case in which G is abelian (see
Proposition 2.2.4) and further analyzes the cases when G is the product of one, two
or more than three cyclic groups. On the other hand, Subsection 2.2.2 provides an
example for G non-abelian, by considering in Proposition 2.2.19 the case in which
G is a double dihedral group D̄n. Section 2.3 deals with the classification over well
known classes of quasi-Hopf algebras. In particular, Proposition 2.3.3 shows that
a finite dimensional quasi-Hopf algebra H with radical of codimension 2 has non-
trivial 2 dimensional braided Hopf algebras if and only if it is twist equivalent to a
Nichols Hopf algebra H2n .

Chapter 3 is centered on the study of 4-dimensional quasi-Hopf algebras. In
Section 3.1, we provide with Lemma 3.1.1 a characterization of the twist-equivalence
classes of the quasi-Hopf structures on the algebras of functions over a finite cyclic
group. In Section 3.2 we focus on the classification of 4-dimensional quasi-Hopf
algebras; in Subsection 3.2.1, we provide an alternative path to prove that non-
semisimple 4-dimensional quasi-Hopf algebras are twist equivalent to the Sweedler
Hopf algebra H4, as originally proven by Etingof and Gelaki in [19]. Moreover,
we provide in Proposition 3.2.5 a classification of the isomorphism classes of quasi-
Hopf algebras obtained by twisting H4. In Subsection 3.2.2 we provide a list of all
4-dimensional semisimple quasi-Hopf algebra, up to twist equivalence.

Chapter 4 sole objective is to reach Theorem 4.2.2 and to produce the list of
6-dimensional quasi Hopf algebras contained in Theorem 2.1.8. In Section 4.1, we
classify all 3-dimensional YD-Hopf algebras over the two dimensional quasi-Hopf
algebra H(2), showing in Proposition 4.1.9 that all of them are associated with
semisimple biproducts; this implies that all 6-dimensional biproducts are semisimple,
see Corollary 4.1.11. In Section 4.2, we prove Theorem 4.2.2, by showing that
all 6-dimensional quasi Hopf algebras are biproducts, the section concludes with
Theorem 4.2.5.

Appendix A, after realizing that the relation (2.2.13) in Corollary 2.2.11 reduces
to (A.0.1), is entirely devoted to solving the problem of determining the parameters
λ, k such that the conic section Cλ,k(x, y) = 0 has integer solution. The Appendix
concludes with a concrete example.
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Chapter 1

On quasi-Hopf algebras and their
surroundings

This first chapter is intended as a ”toolbox”, containing all the necessary relation
and constructions needed to smoothly introduce the original results that lie at the
core of this thesis and are the focus of later chapters. Since most of the more
technical results are presented here without proof, we refer the interested reader to
the monograph [15] for a comprehensive overview of quasi-Hopf algebras, to [34, 36]
for general topics in Hopf algebra theory and to [24] for details on the representation
theory of quasi-Hopf algebras. Specific references will be provided when needed.

Unless otherwise specified, k denotes a fixed field and ⊗, in the context of vector
spaces, denotes ⊗k, the tensor product over k.

1.1 Braided monoidal categories

Monoidal categories provide the correct categorical interpretation of (quasi-)Hopf
algebras. Abstractly, monoidal categories generalize the tensor product of vector
spaces, allowing the definition of products and coproducts, and therefore of algebras
and coalgebras, over objects other than vector spaces.

Definition 1.1.1 A monoidal category is a datum (C,⊗, 1, a, l, r), consisting of
a category C endowed with a functor ⊗ : C × C → C, called the tensor product, a
distinguished object 1 ∈ C, called the unit object of C, and the natural isomorphisms

aX,Y,Z : (X ⊗ Y )⊗ Z → X ⊗ (Y ⊗ Z) (the associativity constraint, or associator),

lX : 1⊗X → X (the left unit constraint, or left unitor),

rX : X ⊗ 1 → X (the right unit constraint, or right unitor),

where X,Y, Z are objects in C, satysfing the two following diagrams, respectively
called the Pentagon Axiom and the Triangle Axiom, for any X, Y, Z, T ∈ C:
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1.1. Braided monoidal categories

(X ⊗ Y )⊗ (Z ⊗ T )

((X ⊗ Y )⊗ Z)⊗ T X ⊗ (Y ⊗ (Z ⊗ T ))

(X ⊗ (Y ⊗ Z))⊗ T X ⊗ ((Y ⊗ Z)⊗ T ),

aX,Y,Z⊗TaX⊗Y,Z,T

aX,Y,Z⊗Id

aX,Y ⊗Z,T

Id⊗aY,Z,T

(X ⊗ 1)⊗ Y X ⊗ (1⊗ Y )

X ⊗ Y.

aX,1,Y

rX⊗Id Id⊗lY

A monoidal category (C,⊗, 1, a, l, r) is strict if a, l and r are defined by identity
morphisms in C.

We can relate monoidal structures on categories through monoidal functors.

Definition 1.1.2 Let (C,⊗, 1, a, l, r) and (D,□, e, a′, l′, r′) be monoidal categories
and let F : C → D be a functor.

1. A monoidal functor is a triple (F, φ0, φ2), where φ2 is defined by the morphisms

φ2,X,Y : F (X)□F (Y ) → F (X ⊗ Y ),

where X, Y ∈ C, as a natural morphism, and φ0 : e → F (1) is a morphism in
D such that the following diagrams are satisfied.

(F (X)□F (Y ))□F (Z) F (X)□(F (Y )□F (Z))

F (X ⊗ Y )□F (Z) F (X)⊗ F (Y ⊗ Z)

F ((X ⊗ Y )⊗ Z) F (X ⊗ (Y ⊗ Z))

α′
F (X),F (Y ),F (Z)

φ2,X,Y □Id Id□φ2,Y,Z

φ2,X⊗Y,Z φ2,X,Y ⊗Z

F (αX,Y,Z)

e□F (X) F (1)□F (X)

F (X) F (1⊗X)

φo□Id

l′
F (X)

φ2,1,X

F (lX)

F (X)□e F (X)□F (1)

F (X) F (X ⊗ 1)

Id□φo

r′
F (X)

φ2,X,1

F (rX)

2. The monoidal functor (F, φ0, φ2) is called strong monoidal if φ0 and φ2 are
defined by isomorphisms in D.
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1.1. Braided monoidal categories

Remark 1.1.3 Let (C,⊗, e), (C ′,□, 1) and (D,⊗′, e′) be monoidal categories; since
associator and unitors are not involved in the following construction, we consider
them to be strict. The composition of two monoidal functors (F, φ0, φ2) : C → D
and (G,ψ0, ψ2) : D → C ′ is still a monoidal functor, namely (GF,G(φ0) ◦ ψ0, ϕ2),
where the natural morphism ϕ2 is defined, for objects X, Y ∈ C, by

GF (X)⊗′ GF (Y )
ψ2,F (X),F (Y )−→ G(F (X)□F (Y ))

G(φ2,X,Y )
−→ GF (X ⊗ Y ). (1.1.1)

Similarly, we can define the monoidal version of natural transformations, by
adding compatibility conditions with the monoidal structures of the functors as a
requirement.

Definition 1.1.4 Let C, D be monoidal categories (adopting the notation of the
previous Remark), and let (F, φ0, φ2), (G,ψ0, ψ2) : C → D be monoidal functors.
A monoidal natural transformation f (or natural morphism), from (F, φ0, φ2) to
(G,ψ0, ψ2) is a natural transformation f : F → G satisfying the relations expressed
by the following diagrams for all objects X, Y ∈ C:

F (X)□F (Y ) F (X ⊗ Y )

G(X)□G(Y ) G(X ⊗ Y )

fX⊗fY

φ2,X,Y

fX⊗Y

ψ2,X,Y

and

G(1)

e

F (1)

ψ0

φ0

f1 .

We can then define the monoidal versions of isomorphism and equivalence of
categories, by requiring the functors that realize the isomorphism (or equivalence)
to be monoidal.

Definition 1.1.5 Let C, D be monoidal categories.

1. C and D are monoidally isomorphic if there exists two monoidal functors
(F, φ0, φ2) : C → D and (G,ψ0, ψ2) : D → C such that FG = IdD and
GF = IdC as monoidal functors, where the identities are seen as monoidal
functors via trivial isomorphisms. In particular, this implies that F and G are
strong monoidal.

2. C and D are monoidally equivalent if there exist two monoidal functors F , G
(using the same notation as before) and two monoidal natural isomorphisms
GF → IdC and FG→ IdD, and we call F a monoidal equivalence.

If F and G both are strong monoidal, we call F a strong monoidal equivalence
between C and D.

Remark 1.1.6 (Mac Lane’s Coherence) Mac Lane’s strictification theorem, see [35,
Section 7.2], states that every monoidal category is strong monoidally equivalent to
a strict monoidal category. As a consequence, the commutativity of all diagrams
constructed from multiple copies of the unitors and associator is equivalent to the
commutativity of the triangle and pentagon axioms.

In particular, whenever we are dealing with the tensor product of multiple objects
in a monoidal category, we can move the parenthesis in the order we prefer; as long
as the parenthesis are in a fixed order at the start and at the end of the process,
any morphism constructed by composing associators, and unitors, with each others
will coincide with any other constructed in the same way.
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1.1. Braided monoidal categories

1.1.1 Vector spaces graded by a group

In order to give an illustrative example of monoidal category and introduce notions
which will become relevant later in this chapter, we recall some basic notions from
group cohomology.

Let G be a group with neutral element e and k a field with unit 1. Denote
k∗ = k \ {0} and by Kn(G, k∗) the multiplicative group of maps from Gn to k∗

under pointwise multiplication. For any n ∈ N∗, there exist a map

∂n : Kn(G, k∗) → Kn+1(G, k∗)

defined by

∂n(f)(g1, . . . , gn+1) =

= f(g2, . . . , gn+1)
n∏︂
i=1

f(g1, . . . , gigi+1, . . . , gn+1)
(−1)if(g1, . . . , gn)

(−1)n+1

,

for any g1, . . . , gn+1 ∈ G; it is a well known fact that Im(∂n−1) ⊆ Ker(∂n). We call
the elements of the group Zn(G, k∗) := Ker(∂n) n-cocycles, while the elements of
Bn(G, k∗) := Bn(G, k∗) are referred to as n-coboundaries; the quotient Hn(G, k∗) :=
Zn(G, k∗)/Bn(G, k∗) is known as the n-th cohomology group of G over the field k;
we say that two cocycle are cohomologus if they are in the same coset. We refer to
[48, Section 7.3] for additional details on the context around of the maps ∂n. For
ease of use, we write down ∂n explicitly for n in the range {1, 2, 3}:

∂1(f)(x, y) = f(x) f(xy)−1 f(y),

∂2(g)(x, y, z) = g(y, z) g(xy, z)−1 g(x, yz) g(x, y)−1,

∂3(h)(x, y, z, t) = h(y, z, t) h(xy, z, t)−1 h(x, yz, t) h(x, y, zt)−1 h(x, y, z).

We are now able to explicitly write the definition of n-coboundaries and cocycles,
for n equal to 2 or 3.

Definition 1.1.7 2-cocycles and a 3-cocycles on G with coefficients in k∗ are maps
ϕ : G×G→ k∗ and, respectively, φ : G×G×G→ k∗ such that, for all x, y, z, t ∈ G,

ϕ(xy, z) ϕ(x, y) = ϕ(y, z) ϕ(x, yz), (1.1.2)

φ(xy, z, t) φ(x, y, zt) = φ(y, z, t) φ(x, yz, t) φ(x, y, z). (1.1.3)

The cocycles ϕ, φ are 2(respectively 3)-coboundaries if there exist a map f : G→ k∗

(respectively g : G×G→ k∗) such that

ϕ(x, y) = f(x)f(y)f(xy)−1, φ(x, y, z) = g(y, z) g(xy, z)−1 g(x, yz) g(x, y)−1.

Remark 1.1.8 We say that a n-cocycle ϕ is normalized if ϕ(g1, . . . , gn) = 1 whenever
1 ∈ {g1, . . . , gn} ⊆ G. In particular, a 2-cocycle is normalized if and only if ϕ(e, e) =
1. Indeed, by (1.1.2), we have ϕ(x, z) ϕ(x, e) = ϕ(e, z) ϕ(x, z) and ϕ(x, e)2 =
ϕ(e, e)ϕ(x, e) for all x, z ∈ G, implying ϕ(e, z) = ϕ(x, e) = ϕ(e, e). Moreover,
following immediately from the definition, any 2-coboundary defined by a map such
that e ↦→ 1k is a normalized 2-cocycle.

On the other hand, any 3-cocycle φ is normalized if and only if φ(x, e, y) = 1 for
all x, y ∈ G; this condition implies φ(e, x, y) = 1 and ϕ(x, y, e) = 1 for all x, y ∈ G,
by taking, respectively, either y or z equal to e in (1.1.3). Then, 3-coboundaries are
normalized if ϕ(x, e) = ϕ(e, y) for all x, y ∈ G.
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1.1. Braided monoidal categories

The following lemma explains why we can often consider 3-cocycles to be nor-
malized without loss of generality.

Lemma 1.1.9 Any 3-cocycle is cohomologous to a normalized 3-cocycle.

Proof. In the notation of Definition 1.1.7, by (1.1.3) we obtain the relations φ(x, e, t)
= φ(e, e, t)φ(x, e, e) by setting y, z = e, and φ(e, e, e) = 1 by taking x = t = e. Then,
after defining f : G×G→ k∗ : (x, y) ↦→ φ(e, e, y)−1φ(x, e, e), we get

φ∂2(f)(x, e, z) =φ(x, e, z)f(e, z) f(x, z)
−1 f(x, z) f(x, e)−1

φ(x, e, z)φ(e, e, z)−1φ(e, e, e)φ(e, e, z)

φ(x, e, e)−1φ(e, e, z)−1φ(x, e, e)φ(e, e, e)φ(e, e, x)−1

=φ(x, e, z)φ(e, e, z)−1φ(e, e, x)−1

=φ(x, e, z)φ(x, e, z)−1 = 1,

which implies that φ∂2(f) is normalized.

Remark 1.1.10 The same property also holds for a 2-cocycle ϕ in a stronger form;
it suffices to take f : G → k∗ to be the constant function x ↦→ ϕ(e, e)−1, then
ϕ∂1(f) = ϕ(e, e)−1ϕ is normalized. In short, any 2-cocycle is normalized up to a
scalar.

Example 1.1.11 Denote by Cn the cyclic group of order n and by g one fixed
generator, and suppose k has a primitive n-th roots of the units ξ. It is a well
known fact that H3(Cn, k

∗) ∼= Cn, where a complete system of representatives for

the cohomology classes is given, for 0 ≤ a ≤ n− 1, by φa(x, y, z) = ξax⌊
y+z
n

⌋, where
⌊m⌋ denotes the integer part of a rational number m; see e.g. [15, Example 1.16].

We say that a k-vector space V is G-graded if there exist a family of sub-vector
spaces {Vg}g∈G such that V =

⨁︁
g∈G Vg. We call an element v ∈ V homogeneous

if v ∈ Vg for some g ∈ G, called the degree of v and denoted by |v|. We denote
by V ecG the category whose objects are G-graded vector spaces, with morphisms
given by linear maps f : U → V preserving homogeneous components, meaning
f(Ug) ⊆ Vg for all g ∈ G.

We can endow the usual tensor product ⊗ on the category of vector spaces V eck
with extra structure, thus defining a tensor product on the category of G-graded
vector spaces V ecG. Namely, we define the graded components of U ⊗ V , for two
given graded vector spaces U, V ∈ V ecG, by

(U ⊗ V )g :=
⨁︂
x,y∈G
xy=g

Ux ⊗ Vy for all g ∈ G. (1.1.4)

Moreover, we denote by lk and rk the left and right unitors of V eck, defined respec-
tively by the canonical maps (lk)U : k ⊗ U → U and (rk)V : V ⊗ k → V for any
vector spaces U and V .

We are now able to recall the following correspondence of structures, the proof
of which is straightforward, if a bit technical. We refer to [15, Proposition 1.13] for
all the details.
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1.1. Braided monoidal categories

Proposition 1.1.12 There is a bijection between monoidal structures on V ecG of
the form (V ecG,⊗, a, k, lk, rk) and normalized 3-cocycles on G with coefficients in k.

Namely, the associator a of V ecG is defined, for any G-graded vector space
U, V,W , by a normalized 3-cocycle φ ∈ Z3(G, k∗) as follows:

aU,V,W ((u⊗ v)⊗ w) = φ(|u|, |v|, |w|) ⊗ (v ⊗ w). (1.1.5)

1.1.2 Braided monoidal categories

We define the braiding of a monoidal category, which can be thought of as an
extension of the usual flip τ : U ⊗V → V ⊗U : u⊗ v ↦→ v⊗u, a morphism in V eck,
to an arbitrary monoidal category. For any monoidal category C, we can define the
flip functor τ : C × C → C × C by τ((A,B)) = (B,A) for objects A,B in C and
τ((f, g)) = (g, f) for morphisms f, g in C.
Definition 1.1.13 Let C be a monoidal category. A pre-brading on C is a natural
transformation σ : ⊗ → ⊗◦τ defined by morphisms σA,B : A⊗B → B⊗A satisfying,
for any object A,B,C in C, the Hexagon Axioms, meaning, in the notations of
Definition 1.1.1, the commutativity of the following diagrams:

(A⊗B)⊗ C A⊗ (B ⊗ C) (B ⊗ C)⊗ A

(B ⊗ A)⊗ C B ⊗ (A⊗ C) B ⊗ (C ⊗ A),

αA,B,C

σA,B⊗1C

σA,B⊗C

αB,C,A

αB,A,C 1B⊗σA,C

(1.1.6)

A⊗ (B ⊗ C) (A⊗B)⊗ C C ⊗ (A⊗B)

A⊗ (C ⊗B) (A⊗ C)⊗B (C ⊗ A)⊗B.

α−1
A,B,C

1A⊗σB,C

σA⊗B,C

α−1
C,A,B

α−1
A,C,B

σA,C⊗1B

(1.1.7)

We call σ a braiding if it is a natural isomorphism. Moreover, the couple (C, σ) is
called a (pre-)braided monoidal category if σ is a (pre-)braiding on C.
Example 1.1.14 • The flips τU,V : U ⊗ V → V ⊗ U : u ⊗ v ↦→ v ⊗ u, for any

vector spaces U and V , define a braiding on V eck.

• The braiding of a monoidal category is generally not unique; if (C, c) is a
braided monoidal category, we can define another braiding on C through the
inverse of the braiding c. Namely, Cin := (C, c), where c is defined by cX,Y =

c−1
Y,X .

Definition 1.1.15 Let (C, σ) and (D, σ′) be (pre-)braided monoidal categories. A
strong monoidal functor (F, φ0, φ2) is said to be (pre-)braided monoidal if it satisfies
the following diagram for all X,Y ∈ C, where ⊗ and ⊠ denote, respectively, the
tensor products in C and D.

F (X)⊠ F (Y ) F (X ⊗ Y )

F (Y )⊠ F (X) F (Y ⊗X).

φ2,X,Y

σ′
F (X),F (Y ) F (σX,Y )

φ2,Y,X

(1.1.8)

Moreover,

17



1.1. Braided monoidal categories

• (C, σ) and (D, σ′) are isomorphic as (pre-)braided monoidal categories if there
exists (pre-)braided monoidal functors (F, φ0, φ2) : C → D and (G, ϕ0, ϕ2) :
D → C such that GF = idC and FG = idD, where idC and idD are seen as
(pre-)braided monoidal functors;

• similarly, (C, σ) and (D, σ′) are equivalent as (pre-)braided monoidal cate-
gories if they are equivalent as monoidal categories through two (pre-)braided
monoidal functors F and G.

1.1.3 Braided bialgebras

Algebraic structures in certain braided monoidal categories play a central role in our
constructions; as intuition suggests, one can define algebraic structures on an object
in a braided monoidal category by requiring the structure maps to be morphism in
the category, and by dealing with parenthesis and the unit object (playing the role
of the base field) through the associator and unitors.

Definitions 1.1.16 Let (C,⊗, 1, a, l, r) be a monoidal category.

• A monoid in C is a triple (M,µ, u), where µ : M ⊗M → M and u : 1 → M
are morphisms in C such that

M ⊗ (M ⊗M)

(M ⊗M)⊗M M ⊗M

M ⊗M M,

id⊗µaM,M,M

µ⊗id µ

µ

(1.1.9)

1⊗M M ⊗M

M M ⊗ 1.

u⊗id

l
µ

id⊗u

r

(1.1.10)

• A comonoid in C is a triple (C, δ, ϵ), where δ : C → C ⊗ C and ϵ : C → 1 are
morphisms in C such that

C ⊗ (C ⊗ C)

(C ⊗ C)⊗ C C ⊗ C

C ⊗ C C,

aC,C,C id⊗δ

δ⊗id

δ

δ

(1.1.11)

1⊗ C C ⊗ C

C C ⊗ 1.

l

ϵ⊗id

id⊗ϵδ

r

(1.1.12)

Example 1.1.17 A monoid in the category V ecG of vector spaces graded by a group
G is a G-graded algebra, assuming V ecG is strict as a monoidal category.
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1.1. Braided monoidal categories

In what follows, we will call monoids and comonoids in the category of left
modules HM over a (quasi-)Hopf algebra H, respectively, algebras and coalgebras
in HM. Equivalently, they are known as, respectively, H-module algebras and H-
module coalgebras. We define a quasi-Hopf algebra in the next section.

Consider now two monoids (M,µM , uM) and (N,µN , uN) in a braided monoidal
category (C,⊗, 1, a, l, r) with braiding σ. We can endow the tensor product M ⊗N
with a monoid structure, namely M ⊗N = (M ⊗ N,µM⊗N , uM⊗N), where µM⊗N
and uM⊗N are morphisms defined through composition as described by the following
diagrams.

(M ⊗N)⊗ (M ⊗N) M ⊗N

M ⊗ (N ⊗ (M ⊗N)) (M ⊗M)⊗ (N ⊗N)

M ⊗ ((N ⊗M)⊗N) M ⊗ (M ⊗ (N ⊗N))

M ⊗ ((M ⊗N)⊗N),

µM⊗N

aM,N,M⊗N

idM⊗a−1
N,M,N

µM⊗µN

idM⊗(cN,M⊗idN )

a−1
M,M,N⊗N

idM⊗aM,N,N

(1.1.13)

M ⊗N 1

1⊗ 1.

uM⊗N

uM⊗uN l1=r1
(1.1.14)

Note that we can define µM⊗N using different compositions of associators in
order to move the parenthesis; by coherence, see Remark 1.1.6, all such definitions
coincide.

Definitions 1.1.18 Let C be a braided monoidal category.

• A bialgebra in C is a collection (B, µ, u,∆, ϵ) such that (B, µ, u) is an monoid
in C, (B,∆, ϵ) is a comonoid in C and ∆ : B → B⊗B is multiplicative, in the
sense that the following diagram commutes.

B ⊗B (B⊗B)⊗ (B⊗B)

B B⊗B.

∆⊗∆

µ µB⊗B

∆

(1.1.15)

• A Hopf algebra in C is a bialgebra B in C such that the identity idB has an
inverse S in HomC(B,B) with respect to the convolution product ∗, meaning
a morphism S : B → B such that S ∗ idB = idB ∗ S = u ◦ ϵ. We refer to
[15, Lemma 2.57] for further details on the convolution product, defined by
f ∗ g = µ ◦ (f ⊗ g) ◦ δ, for all f, g ∈ HomC(B,B).

We call bialgebras and Hopf algebras in braided monoidal categories braided
bialgebras and braided Hopf algebras, respectively.
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1.2. Quasi-Hopf algebras

1.2 Quasi-Hopf algebras

Quasi-Hopf algebras, introduced by V.G. Drinfeld in [17], extend the class of Hopf
algebras, by relaxing the coassociativity axiom.

Definition 1.2.1 A quasi-bialgebra is a quadruple (H,∆, ε,Φ) consisting of a k-
associative algebra H with unit 1, two algebra maps ∆ : H → H⊗H and ε : H → k
and an invertible element Φ in H ⊗ H ⊗ H, called the reassociator, such that the
following relations hold

(IdH ⊗∆)(∆(h)) = Φ(∆⊗ IdH)(∆(h))Φ−1, (1.2.16)

(IdH ⊗ ε)(∆(h)) = h, (ε⊗ IdH)(∆(h)) = h, (1.2.17)

for all h ∈ H. Moreover, Φ is a normalized 3-cocycle, in the sense that

(1⊗ Φ)(IdH ⊗∆⊗ IdH)(Φ)(Φ⊗ 1)

= (IdH ⊗ IdH ⊗∆)(Φ)(∆⊗ IdH ⊗ IdH)(Φ),
(1.2.18)

(Id⊗ ε⊗ IdH)(Φ) = 1⊗ 1. (1.2.19)

We use a Sweedler-like notation for both the reassociator and the coproduct map
∆. More precisely, we omit the summation and summarize the components of the
tensor product, for all h in H, as ∆(h) = h1 ⊗ h2 for the coproduct and as

Φ = X1 ⊗X2 ⊗X3 = Y 1 ⊗ Y 2 ⊗ Y 3 = Z1 ⊗ Z2 ⊗ Z3 = · · ·
Φ−1 = x1 ⊗ x2 ⊗ x3 = y1 ⊗ y2 ⊗ y3 = z1 ⊗ z2 ⊗ z3 = · · ·

for the reassociator, using upper case letters to denote Φ and lower case letters to
denote its multiplicative inverse.

Example 1.2.2 Let k be a field of characteristic different from 2 and let p± = (1±
g)/2. The first nontrivial example of quasi-bialgebra is the quadruple (k[C2],∆, ε,Φ),
where k[C2] is the group algebra associated with the cyclic group of order 2, gener-
ated by an element g, ∆ is determined by ∆(g) = g⊗ g, ε is determined by ε(g) = 1
and Φ = 1⊗ 1⊗ 1− 2p− ⊗ p− ⊗ p−.

Definition 1.2.3 A quasi-bialgebra H is called a quasi-Hopf algebra if there exists
an anti-algebra morphism S : H → H and elements α, β ∈ H such that, for all
h ∈ H, we have:

S(h1)αh2 = ε(h)α, h1βS(h2) = ε(h)β, (1.2.20)

X1βS(X2)αX3 = 1, S(x1)αx2βS(x3) = 1. (1.2.21)

In this case, we call (S, α, β) the antipode of H.

Remarks 1.2.4 We recall some useful properties of quasi-bialgebras and quasi-Hopf
algebras, which will be of use in the later chapters.

1. We say that a quasi-bialgebra (quasi-Hopf algebra) is genuine when it is not
a bialgebra (respectively Hopf algebra), meaning its reassociator Φ is different
from 1⊗ 1⊗ 1.
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1.2. Quasi-Hopf algebras

2. Deviating from Drinfeld’s definition in [17], we do not require a quasi-Hopf
algebra H to have a bijective antipode. However, whenever H is finite dimen-
sional or quasi-triangular, H has a bijective antipode. We refer to [6] and [12]
for all the details.

3. Differently from Hopf algebras, an antipode (S, α, β) of a quasi-Hopf algebra
H is not unique. Namely, for any invertible element u in H, (uSu−1, uα, βu−1)
is an antipode of H. Moreover, it is possible to prove that all antipodes of
H are related to (S, α, β) by conjugation as seen above; see [15, Proposition
3.17].

4. Consider two finitely dimensional k-vector spaces U, V ; we can assume, without
loss of generality, that the left (or, equivalently, right) tensor components of
each element in U⊗V are linearly independent. Indeed, if we take u1⊗v1+. . .+
un⊗vn ∈ U ⊗V , (e1, . . . , em) to be the basis on U and ui = ui1e1+ . . .+u

i
mem,

we can compute

u1 ⊗ v1 + . . .+ un ⊗ vn =(u11e1 + . . .+ u1mem)⊗ v1 + . . .

+ (un1e1 + . . .+ unmem)⊗ vn

=e1 ⊗ (u11v1 + . . .+ un1vn) + . . .

+ em ⊗ (u1mv1 + . . .+ unmvn).

As an immediate consequence, we can consider all elements in the image of
a coproduct ∆ to have either left or right component linearly independent,
without loss of generality. This will often prove useful during computations.

5. For a quasi-Hopf algebra H, we define a left integral in H as an element t ∈ H
such that ht = ε(h)t for all h ∈ H. As far as we are concerned, the importance
of integrals in H resides in the fact that they characterize the semisimplicity
of H; more precisely, H is semisimple as an algebra if and only if there exists
a left integral t in H such that ε(t) = 1. We refer to [40] for all the details.

Owing to [6, Theorem 2.5], if H has bijective antipode, the space of left inte-
grals in H is non-zero if and only if H is finite dimensional. Moreover, if it is
nonzero, the space of left integrals in H has dimension one.

Definition 1.2.5 Let (H,∆, ϵ,Φ) and (H,∆′, ϵ′,Φ′) be quasi-bialgebras. A quasi-
bialgebra morphism f : (H,∆, ϵ,Φ) → (H,∆′, ϵ′,Φ′) is an algebra map f : H → H ′

such that

(f ⊗ f) ◦∆ = ∆′ ◦ f, ϵ′ ◦ f = ϵ and (f ⊗ f ⊗ f)(Φ) = Φ′.

When f is invertible, we say that it is a quasi-bialgebra isomorphism.

Definition 1.2.6 Let (H,∆, ϵ,Φ, S, α, β) and (H ′,∆′, ϵ′,Φ′, S ′, α′, β′) be quasi-Hopf
algebras. A quasi-Hopf algebra morphism

f : (H,∆, ϵ,Φ, S, α, β) → (H,∆′, ϵ′,Φ′, S ′, α′, β′)

is a quasi-bialgebra morphism f : (H,∆, ϵ,Φ) → (H,∆′, ϵ′,Φ′) such that

S ′ ◦ f = f ◦ S, f(α) = α and f(β) = β.

When f is invertible, we say that it is a quasi-Hopf algebra isomorphism.
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One important property of the structure of a quasi-Hopf algebraH is the stability
under deformation by an arbitrary invertible element F in H ⊗ H; for technical
reasons, we require here F to also be ”normalized” with respect to the counit ϵ.
This is a remarkable departure from the behavior of Hopf algebras, whose structure
is stable only under twist deformation by an invertible element in H ⊗H satisfying
2-cocycle-like properties. Indeed, twisting a Hopf algebra structure by a general
invertible element results in a quasi-Hopf algebra.

Proposition 1.2.7 Let H be a quasi-bialgebra and let F = F 1⊗F 2 be an invertible
element in H ⊗H, with inverse F−1 = G1 ⊗G2, such that ϵ(F 1)F 2 = 1 = ϵ(F 2)F 1.
Define

∆F : H → H ⊗H : h ↦→ F∆(h)F−1, (1.2.22)

ΦF := (1⊗ F )(idH ⊗∆)(F )Φ(∆⊗ idH)(F
−1)(F−1 ⊗ 1). (1.2.23)

Then HF = (H,∆F , ϵ,ΦF ) is a quasi-bialgebra.

Proof. It is easy to check that HF satisfies all quasi-bialgebra axioms; we refer to
[15, Proposition 3.5] for all the computational details.

Corollary 1.2.8 In the notations of Proposition 1.2.7, if H is a quasi-Hopf algebra,
then HF is also a quasi-Hopf algebra.

Proof. One can directly check that (H,∆F , ϵ,ΦF ) admits the antipode (SF , αF , βF )
defined by

SF = S, αF = S(G1)αG2 and βF = F 1βS(F 2). (1.2.24)

Definition 1.2.9 We call two quasi-bialgebras or quasi-Hopf algebras H and H ′

twist equivalent if there exist an invertible element F in H ⊗ H such that H ′ is
isomorphic to HF .

We present some important identities holding for a quasi-Hopf algebra H with
invertible antipode, relating the following elements

pR = p1 ⊗ p2 = x1 ⊗ x2βS(x3), (1.2.25)

qR = q1 ⊗ q2 = X1 ⊗ S−1(αX3)X2, (1.2.26)

pL = ˜︁p1 ⊗ ˜︁p2 = X2S−1(X1β)⊗X3, (1.2.27)

qL = ˜︁q1 ⊗ ˜︁q2 = S(x1)αx2 ⊗ x3. (1.2.28)

The following relations will be used extensively in Chapter 2.

Proposition 1.2.10 Let H be a quasi-Hopf algebra; whenever S−1 appears, we
assume H to have invertible antipode. For all h ∈ H, we then have

∆(h1)pR(1⊗ S(h2)) = pR(h⊗ 1), (1.2.29)

(1⊗ S−1(h2))qR∆(h1) = (h⊗ 1)qR, (1.2.30)

∆(h2)pL(S
−1(h1)⊗ 1H) = pL(1⊗ h), (1.2.31)

(S(h1)⊗ 1)qL∆(h2) = (1⊗ h)qL, (1.2.32)

Furthermore, the following relations hold:

(1⊗ S−1(p2))qR∆(p1) = 1⊗ 1, (1.2.33)

∆(q1)pR(1⊗ S(q2)) = 1⊗ 1, (1.2.34)

(S(˜︁p1)⊗ 1)qL∆(˜︁p2) = 1⊗ 1, (1.2.35)

∆(˜︁q2)pL(S−1(˜︁q1)⊗ 1) = 1⊗ 1. (1.2.36)
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1.2.1 A few examples

Next, we provide some useful examples of quasi-Hopf algebras, each of which will
play a role in a later chapter.

A (trivial) example of quasi-Hopf algebra is given by any Hopf algebra with
unit 1, by taking 1 ⊗ 1 ⊗ 1 as reassociator and the unit as both the distinguished
elements of the antipode; the rest of the structure is induced by the structure maps
of the Hopf algebra. In particular, the first example of a non-commutative and
non-cocommutative Hopf algebra is the Sweedler’s Hopf algebra H4.

Definition 1.2.11 The Sweedler’s Hopf algebraH4 is a unital 4-dimensional algebra
generated by g, x with relations g2 = 1, x2 = 0, xg = −gx, whose Hopf algebra
structure is determined by

∆(g) = g ⊗ g, ∆(x) = g ⊗ x+ x⊗ 1,

ε(g) = 1, ε(x) = 0,

S(g) = g and S(x) = −gx.

The study of H4 in the context of twist-deformation will be the focus of Section 3.2
in Chapter 3.

Let G be a finite group and kG the Hopf algebra of functions on G, meaning the
set of algebra maps k[G] → k under pointwise multiplication, where k[G] denotes the
group algebra of G in k and the unit of kG is the constant map 1k. For ω ∈ Z3(G, k∗)
a normalized 3-cocycle of G with values in k∗, define Φω ∈ kG ⊗ kG ⊗ kG by

Φω =
∑︂

g1,g2,g3∈G

ω(g1, g2, g3) Pg1 ⊗ Pg2 ⊗ Pg3 , (1.2.37)

where {Pg}g∈G is the basis of kG dual to the basis {g}g∈G of the group Hopf algebra
k[G]. Then kG, endowed with the (co)multiplication and (co)unit coming from the
(co)algebra structure of kG, can also be seen as a quasi-bialgebra with reassociator
Φω. From here on, we denote this quasi-bialgebra structure on kG by kGω ; it is easy
to check that kGω is, moreover, a quasi-Hopf algebra, with antipode determined by
the triple (S, α, β) consisting of S(Pg) = Pg−1 , for all g ∈ G, α = ε, the counit of
k[G], and β given by β(g) = ω(g, g−1, g)−1, for all g ∈ G. Sometimes, in order to
avoid an excessively heavy notation, we will write (kG,Φω) to address kGω .

Take G = Cn, where Cn denotes the cyclic group of order n ≥ 2, and denote
by g its generator. Suppose that there exist a n-th root of the unit ξ in k. We
can identify kCn with the group algebra k[Cn], via the correspondence P j

g ↦→ 1j, for

j ∈ {0, . . . , n− 1}, where 1j :=
1
n

∑︁n−1
t=0 ξ

−tjgt defines a complete system of orthog-
onal idempotents in k[Cn]; see [15, Proposition 3.57]. Under this identification, a
normalized 3-cocycle ω endows k[Cn] with a quasi Hopf algebra structure, from here
on denoted by kω[Cn]. In general, this same construction works for an arbitrary
finite abelian group G. We will see this in detail at the start of Section 2.2.1.

Consider now n = 2; it is a well known fact that, up to cohomological equiv-
alence, the only non-trivial normalized 3-cocycle in Z3(C2, k

∗) is ω : (ga, gb, gc) ↦→
(−1)a⌊

b+c
2

⌋, where ⌊r⌋ denotes the integer part of a rational number r. Thus, we
recover the simplest non-trivial example of quasi-Hopf algebra, H(2) := kω[C2],
described in Example 1.2.2.
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1.3. Yetter-Drinfeld modules

1.3 Yetter-Drinfeld modules

The categorical setting of large part of the results in this thesis is the category of
left Yetter-Drinfeld modules over a quasi-bialgebra H, denoted by H

HYD, introduced
for both the Hopf and quasi-Hopf case by S. Majid in [37].

The Yetter-Drinfeld modules form a subcategory of the left modules over H, and
can be realized as the categorical center of such category; we refer to [15, Section
8] for all the details on this construction. In actuality, there are 4 types of Yetter-
Drinfeld modules, depending on whether we use the left or right center construction
of the left or right modules over H. We will focus for now only on the left-left
version.

Definition 1.3.1 Let H be a quasi-bialgebra. The objects of H
HYD are left H-

modules M endowed with a left H-coaction, denoted by λM : M → H ⊗M , with
λM(m) = m[−1] ⊗m[0], such that ε(m[−1])m[0] = m and, for all m ∈M ,

X1m[−1] ⊗ (X2 ·m[0])[−1]X
3 ⊗ (X2 ·m[0])[0]

= X1(Y 1 ·m)[−1]1Y
2 ⊗X2(Y 1 ·m)[−1]2Y

3 ⊗X3 · (Y 1 ·m)[0].
(1.3.38)

It is compatible with the left H-module structure on M , in the sense that

h1m[−1] ⊗ h2 ·m[0] = (h1 ·m)[−1]h2 ⊗ (h1 ·m)[0], (1.3.39)

for all h ∈ H and m ∈M .

Remark 1.3.2 We recall a few basic facts on Yetter-Drinfeld modules over quasi-
bialgebras.

1. H
HYD is a pre-braided monoidal category, with pre-braiding:

M ⊗N → N ⊗M : m⊗ n ↦→ m(−1) · n⊗m(0);

moreover, when H is a quasi-Hopf algebra with bijective antipode, HHYD is a
braided monoidal category; see [15, Proposition 8.12].

2. The monoidal structure on H
HYD, induced by the left center construction on

HM, is such that the forgetful functor H
HYD → HM is strong monoidal; in

particular, given two modules M,N in H
HYD, the H-coaction λM⊗N on M,N

is defined, for each m ∈M and n ∈ N , by

λM⊗N(m⊗ n) = X1(x1Y 1 ·m)[−1]x
2(Y 2 · n)[−1]Y

3

⊗X2 · (x1Y 1 ·m)[0] ⊗X3x3 · (Y 2 · n)[0].
(1.3.40)

3. The main difference in the monoidal structure of H
HYD between the cases

in which H is a Hopf or a quasi-Hopf algebra lies in the non-strictness of the
category. WhenH is a quasi-Hopf algebra with reassociator Φ = X1⊗X2⊗X3,
the Yetter-Drinfeld modules HHYD inherits the associator aU,V,W , where U, V,W
are left (Yetter-Drinfeld) H-modules, from the left modules HM; namely, for
all u, v, w in U, V and W respectively, aU,V,W is determinde by Φ as follows:

aM,N,V ((u⊗ v)⊗ w) ↦→ Φ · (u⊗ (v ⊗ w)) = X1 · u⊗ (X2 · v ⊗X3 · w).

The left and right unitors are trivial in both HM and H
HYD.
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1.3. Yetter-Drinfeld modules

In this and the following chapters, we will often call an algebra, coalgebra, and
so on, in H

HYD a Yetter-Drinfeld algebra, coalgebra and so on. This terminology
will sometimes be abbreviated to YD-algebra, coalgebra, et cetera.

Proposition 1.3.3 Let B be a Yetter-Drinfeld module on a quasi-Hopf algebra H.
We can characterize braided structures on H

HYD as follows:

1. B is a YD-algebra when equipped with a unital multiplication mB : B ⊗ B →
B : b⊗ b′ ↦→ bb′ such that

h · (bb′) = (h1 · b)(h2 · b′), h · 1B = ε(h)1B ,

1B [−1] ⊗ 1B [0] = 1H ⊗ 1B,
(1.3.41)

(bb′)b′′ = (X1 · b)[(X2 · b′)(X3 · b′′)], (1.3.42)

(bb′)[−1] ⊗ (bb′)[0] = X1(x1Y 1 · b)[−1]x
2(Y 2 · b′)[−1]Y

3

⊗ (X2 · (x1Y 1 · b)[0])(X3x3 · (Y 2 · b′)[0]),
(1.3.43)

for all h ∈ H and b, b′, b′′ ∈ B, where 1B ∈ B denotes the unit of B.

2. A YD-coalgebra on B is obtained by endowing it with a comultiplication ∆B :
B → B ⊗B : b ↦→ b1 ⊗ b2 and counit εB : B → k such that, for all b ∈ B,

∆B(h · b) = h1 · b1 ⊗ h2 · b2, εB(h · b) = ε(h)εB(b),

εB(b1)b2 = b = εB(b2)b1,
(1.3.44)

X1 · b11 ⊗X2 · b12 ⊗X3 · b2 = b1 ⊗ b21 ⊗ b22, (1.3.45)

b[−1] ⊗ b[0]1 ⊗ b[0]2 = X1(x1Y 1 · b1)[−1]x
2(Y 2 · b2)[−1]Y

3

⊗X2 · (x1Y 1 · b1)[0] ⊗X3x3 · (Y 2 · b2)[0],
εB(b[0])b[−1] = εB(b)1,

(1.3.46)

where we used the notation

b11 ⊗ b12 ⊗ b2 := (∆B ⊗ IdB)(∆B(b)),

b1 ⊗ b21 ⊗ b22 := (IdB ⊗∆B)(∆B(b)).

3. A bialgebra in H
HYD on B is a YD-algebra on the module B that is at the same

time a YD-coalgebra such that the comultiplication ∆B and the counit εB are
algebra morphisms in H

HYD, where B ⊗ B is considered an algebra in H
HYD

via the tensor product algebra structure defined in (1.1.13). Explicitly, for all
b, b′ ∈ B, the following relations must hold:

∆B(1B) = 1B ⊗ 1B, εB(1B) = 1k, εB(bb
′) = εB(b)εB(b

′), (1.3.47)

∆B(bb
′) = (y1X1· b1)(y2Y 1(x1X2· b2)[−1]x

2X3
1 · b′1)

⊗ (y31Y
2 · (x1X2· b2)[0])(y32Y 3x3X3

2 · b′2).
(1.3.48)

Proof. Follows directly from Section 1.1.3, by computing the relations displayed by
the diagram in the section using the monoidal structure of HHYD, as described in
Remark 1.3.2.

Regarding the YD-algebra case, note that (1.3.41) expresses the H-linearity of
the multiplication and unit morphisms of B, (1.3.42) is just the associativity of mB
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1.4. Biproduct quasi-Hopf algebras

in HM and H
HYD and (1.3.43) is the H-colinearity of mB in H

HYD; see (1.3.40)
for the coaction of the tensor product. Note that (1.3.41, 1.3.42) are the required
condition on B for it to be an algebra in HM or, equivalently, an H-module algebra.

Likewise, in the braided coalgebra case, observe that (1.3.44) expresses the fact
that ∆B and εB are left H-linear and εB is counit for ∆B. In other words, B
is a left H-module coalgebra, that is, a coalgebra in HM. The relation (1.3.45)
corresponds to the coassociativity of ∆B in HM or, equivalently, in H

HYD, while
(1.3.46) expresses the left H-colinearity of ∆B and εB in H

HYD.
The last point follow similarly, by computing (1.3.48) from (1.1.13).

In conclusion, we recall by Definition 1.1.18, translated to the setting of Propo-
sition 1.3.3, that a Hopf algebra in H

HYD is a YD-bialgebra B for which there exists
a morphism SB : B → B in H

HYD, called antipode, such that SB(b1)b2 = εB(b)1B =
b1S(b2), for all b ∈ B.

1.4 Biproduct quasi-Hopf algebras

While the research contained in this thesis mainly focuses on classifying YD-Hopf
algebras, we are interested in constructing regular quasi-Hopf algebras, for the sake
of low-dimensional classification and to be used as examples. The bridge covering
the gap between these two structures is the biproduct construction.

It was proven by D. E. Radford in [43] that any bialgebra with a projection
over one of its sub-bialgebras can be characterized as a biproduct between a braided
bialgebra and the sub-bialgebra; as we are about to see, a biproduct, in the sense of
Radford, is a bialgebra structure over the tensor product between the sub-bialgebra
and the braided bialgebra.

The same result also holds for quasi-bialgebras and quasi-Hopf algebras; owing
to [5, 41, 11], we recall the biproduct construction, piece by piece.

Proposition 1.4.1 Let B be a module over a quasi-Hopf algebra H.

• If B is a H-module algebra (or, in particular, a YD-algebra over H), we can
associate to it a k-algebra B#H, called the smash product of B and H. As a
vector space B#H equals B ⊗H, while its multiplication is defined by

(b#h)(b′#h′) = (x1 · b)(x2h1 · b′)#x3h2h′,

for all b, b′ ∈ B and h, h′ ∈ H. This multiplication is unital, with unit 1B × 1.

• If B is a YD-coalgebra (so, in particular, it is a YD-module), we can associate
to it the k-coalgebra B >◁ H, called the smash product coalgebra of B and H,
built on the k-vector space B ⊗H as follows, where we write b >◁ h in place
of b⊗ h to distinguish this coalgebra structure from B ⊗H.

∆(b >◁ h) = y1X1 · b1 >◁ y2Y 1(x1X2 · b2)[−1]x
2X3

1h1

⊗ y31Y
2 · (x1X2 · b2)[0] >◁ y32Y 3x3X3

2h2
(1.4.49)

and ε(b >◁ h) = εB(b)ε(h), for all b ∈ B and h ∈ H.
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1.4. Biproduct quasi-Hopf algebras

• Last but not least, if B is a YD-bialgebra, B#H and B >◁ H determine a
quasi-bialgebra structure on B ⊗H, with reassociator

(1B ⊗X1)⊗ (1B ⊗X2)⊗ (1B ⊗X3).

The structure is denoted in what follows by B × H and called the biproduct
quasi-bialgebra of B and H. Moreover, if B is a YD-Hopf algebra with antipode
SB, B ×H is a quasi-Hopf algebra with antipode defined by

S(b× h) = (1B × S(X1x11b[−1]h)α)

(X2x12 · SB(b[0])×X3x2βS(x3))
(1.4.50)

and by the distinguished elements 1B × α and 1B × β.

Proof. We refer to [5, 41] for the proof of the first two points, and to [11] for the
proof of the last.

As peviously stated and similarly to the Hopf case, according to [11] biproduct
quasi-Hopf algebras characterize quasi-Hopf algebras with a projection. This means

that, if there exist quasi-Hopf algebra morphisms H
i →→ A
π
←← such that πi = IdH ,

then there exists a Hopf algebra B in H
HYD such that A is isomorphic to B ×H as

a quasi-Hopf algebra. Conversely, it is clear that any biproduct quasi-Hopf algebra
B × H has a projection on H, namely with i : H → B × H : h ↦→ 1 × h and
π : B ×H → H : b× h ↦→ ϵB(b)h.

1.4.1 The graded algebra

We conclude this section by recalling the construction of the graded algebra asso-
ciated to a quasi-Hopf algebra; we will see how, in some cases, the graded algebra
can be characterized as a biproduct.

Let A be a finite dimensional nonsemisimple quasi-Hopf algebra, meaning that
the underlying algebra structure is nonsemisimple, and denote by J the Jacobson
radical of A. Then J ̸= 0 is a nilpotent ideal of A and the quotient algebra A/J is
semisimple. For a positive integer m, denote Am := Jm/Jm+1 and, by convention,
J0 = A. Denote by gr(A) =

⨁︁
m≥0Am the graded algebra associated to the filtration

of A given by the powers of J .
We say that a quasi-Hopf algebra A is basic if all the irreducible representations

of A are 1-dimensional or, equivalently, A/J ≃ k × · · · × k as an algebra.

Definition 1.4.2 Let H be a quasi-Hopf algebra. An ideal I of the underlying
algebra structure of H is called a quasi-Hopf ideal if ∆(I) ⊆ I⊗H+H⊗I, ε(I) = 0
and S(I) ⊆ I.

As the intuition suggests, the definition of a quasi-Hopf ideal is such that the
quotient H/I admits a unique quasi-Hopf algebra structure such that the canonical
projection π : A → A0 turns into a quasi-Hopf algebra morphism; we refer to [15,
Proposition 3.29] for further details. The following has an identical proof as [28,
Lemma 1.1], its Hopf version.

Proposition 1.4.3 If a quasi-Hopf algebra H is a basic algebra, its Jacobson radical
J is a quasi-Hopf ideal of H.
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1.4. Biproduct quasi-Hopf algebras

Let A be a finite dimensional nonsemisimple quasi-Hopf algebra which is also
basic; we want to describe A0. Since J is a quasi-Hopf ideal of A, the quotient
A0 = A/J is a quasi-Hopf algebra. Since A is basic, and so A0 ≃ k × · · · × k as
algebras, it follows that A0 ≃ kG ≃ k[G], for some finite abelian group G, and
therefore A0 is a usual group Hopf algebra viewed as a quasi-Hopf algebra via a
normalized 3-cocycle ϕ of G. In other words, A0 = kϕ[G] and the reassociator Φ of
A projects through π⊗3 onto ϕ.

Coming back to the graded algebra, gr(A) admits a quasi-Hopf algebra struc-

ture such that the canonical linear maps A0
i →→ gr(A)
p

←← are quasi-Hopf algebra

morphisms obeying pi = IdA0 .
Namely, by denoting as pm : Jm → Am the canonical k-linear projection, so that

p0 = p, the quasi-coalgebra structure of gr(A) is defined, for all x ∈ Jm, m ≥ 0, by

∆m : Am →
∑︂
s+t=m

As ⊗ At : pm(x) ↦→
∑︂
s+t=m

(ps ⊗ pt)∆(x);

note that ∆m is well defined since one can show by induction that

∆(Jm) ⊆
∑︂
s+t=m

Js ⊗ J t, Jm+1 ⊆ Ker(
∑︂
s+t=m

(ps ⊗ pt)∆).

Likewise, the antipode of gr(A) is given, for all x ∈ Jm, m ≥ 0, by

Sm : Am → Am : pm(x) ↦→ pm(S(x)).

The other structures of gr(A) are induced by the quasi-Hopf algebra structure of
A0, as a substructure of gr(A).

In conclusion, since gr(A) is a quasi-Hopf algebra with a projection on A0, we
know that there is a braided Hopf algebra B in A0

A0
YD such that gr(A) ≃ B×A0, as

quasi-Hopf algebras; in particular, we get that dimkA0 divides dimkgr(A); this fact
will be used extensively while proving the main classification results in chapters 3
and 4.
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Chapter 2

Biproduct quasi-Hopf algebras of
rank 2

In this chapter, we classify all rank 2 biproducts over a quasi-Hopf algebra H with
invertible antipode, over a field k of characteristic different from 2. Thus, we provide
a way to produce examples of quasi-Hopf algebras from previously known ones, to
be used to test general theories (see for instance [13]). Computing such concrete
structures is the focus of Section 2.2 and Section 2.3.

2.1 Two-dimensional braided Hopf algebras

Inspired by the Hopf case [45], we will characterize the 2-dimensional Hopf algebras
B in H

HYD. To reach this objective, we start by describing the YD-algebras of
dimension 2 in H

HYD.
First, let B be a 2-dimensional vector space with basis {1, n} that admits a left

H-module algebra structure. Since n2 + rn + s1 = 0 for some r, s ∈ k, as in [45],
one can assume without loss of generality that n2 = ω1 for a certain ω ∈ k, by
replacing n with m := n+ r

2
1; then {1,m} is a basis of B such that m2 = ω1, where

ω = r2

4
− s.

If · : H ⊗B → B provides the left H-module structure on B, it follows that the
H-action is determined by two k-linear maps σ, ψ : H → k, this means elements in
the dual space H∗ of H, in the sense that, for all h ∈ H, the action is trivial on the
unit, meaning h · 1 = ε(h)1, and

h · n = ψ(h)1 + σ(h)n. (2.1.1)

Remark 2.1.1 We endow H∗ with a possibly non-associative multiplication given by
the convolution product (σψ)(h) = σ(h1)ψ(h2), for all σ, ψ ∈ H∗; it is unital with
unit ε, the counit of H.

Lemma 2.1.2 There is a 1-to-1 correspondence between H-module algebra struc-
tures on a 2-dimensional vector space B with basis {1, n} as above (n2 = ω1 for a
certain ω ∈ k) and couples (σ, ψ) ∈ H∗ ×H∗, such that σ is a k-algebra map and,
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for all h, h′ ∈ H, the following relations are satisfied:

ψ(hh′) = ε(h)ψ(h′) + ψ(h)σ(h′) , ψσ = −σψ , ψ2 = ω(ε− σ2), (2.1.2)

ψ(X1)ψ(X2)ψ(X3) + ω[ψ(X1)σ(X2X3)+

+ σ(X1X2)ψ(X3) + σ(X1X3)ψ(X2)] = 0,
(2.1.3)

ω[1− σ(X1X2X3)] = ψ(X1)ψ(X2)σ(X3)+

+ σ(X1)ψ(X2)ψ(X3) + ψ(X1)σ(X2)ψ(X3).
(2.1.4)

Proof. Recall (2.1.1); since h·(h′ ·n) = (hh′)·n, for all h, h′ ∈ H, and {1, n} is a basis
of B, it follows that σ is an algebra map and ψ is an (ε, σ)-derivation (meaning the
first equality in (2.1.2) holds). These two conditions on (σ, ψ) characterizeH-module
structures on B.

We see now when B is, moreover, an H-module algebra. Looking at the associa-
tivity of the multiplication mB of B, by counitality of H, one can show that (1.3.42)
holds if and only if it holds for b = b′ = b′′ = n; the latter is equivalent to

ωn = [ψ(X1)1 + σ(X1)n][ψ(X2)1 + σ(X2)n][ψ(X3)1 + σ(X3)n],

and a simple computation ensures us that this happens only if (2.1.3, 2.1.4) are
satisfied.

Finally, similar to the computation performed in [45, Proposition 1], the action-
product compatibility condition (1.3.41) is satisfied if and only if it is verified, for
all h ∈ H, by b = b′ = n; in turn, in this case, the condition is equivalent to
ψσ + σψ = 0 and ψ2 + ωσ2 = ωε.

We now move to analize the coalgebra case. Assume from now on that B is a
2-dimensional H-module algebra, using the same notation as in Lemma 2.1.2.

Lemma 2.1.3 Let B be as in the above and assume that B admits a left H-module
coalgebra structure given by (∆B, εB) such that ∆B(1) = 1⊗1 and εB(1) = 1k. Then
ψ = 0, ω(σ2 − ε) = 0, ω[1 − σ(X1X2X3)] = 0, and the coalgebra structure of B is
completely determined by two elements b, b′ ∈ B obeying the following conditions:

∆B(b) = b⊗ 1 + b′ ⊗ b, ∆B(b
′) = b′ ⊗ b′, εB(b) = 0, εB(b

′) = 1k, (2.1.5)

h · b = σ(h)b, h · b′ = ε(h)b′, (2.1.6)

for all h ∈ H. In addition, n = b+ εB(n)b
′ and ∆B(n) = b⊗ 1 + b′ ⊗ n.

Proof. The proof is similar to the one given in [45, Corollary 1]; the major difference
lies in the additional complications that arise in proving ψ = 0.

We write ∆B(n) = b⊗ 1 + b′ ⊗ n for some b, b′ ∈ B. From the counit properties,
we get that εB(b) = 0, εB(b

′) = 1k and n = b+ εB(n)b
′. Now, the coassociativity of

∆B is fulfilled if and only if (1.3.45) is verified for b = n, which is the same as

∆B(b) = b⊗ 1 + b′ ⊗ b+ ψ(x3)x1 · b′ ⊗ x2 · b′,
∆B(b

′) = σ(x3)x1 · b′ ⊗ x2 · b′.

Likewise, (1.3.44) holds if and only if it holds for b = n or, equivalently, if

ψ(h)1 + σ(h)b = h · b+ ψ(h2)h1 · b′

and σ(h)b′ = σ(h2)h1 · b′,
(2.1.7)
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for all h ∈ H. We claim that the two conditions above are equivalent to the fact
that h · b′ = ε(h)b′, h · b = σ(h)b, for all h ∈ H, and ψ = 0. Indeed, for qR as in
(1.2.26), we compute that, for all h ∈ H,

σ(S−1(h2))σ(q
2h12)q

1h11 · b′ = σ(S−1(h2)q
2h12)q

1h11 · b′
(1.2.30)
= σ(q2)hq1 · b′.

On the other hand, by using the fact that σ is an algebra morphism and the second
relation in (2.1.7), we get that

σ(S−1(h2))σ(q
2h12)q

1h11 · b′ = σ(S−1(h2))σ(q
2)q1 · (σ(h12)h11 · b′)

(2.1.7)
= σ(S−1(h2))σ(q

2)σ(h1)q
1 · b′

(1.2.26)
= σ(S−1(S(h1)αh2))σ(S

−1(X3)X2)X1 · b′
(1.2.20)
= ε(h)σ(q2)q1 · b′,

for all h ∈ H. Thus, we have shown, for all h ∈ H,

σ(q2)hq1 · b′ = ε(h)σ(q2)q1 · b′. (2.1.8)

Consequently,

σ(S−1(α))h · b′ = σ(S−1(αx3X3)x2X2)hx1X1 · b′
(1.2.26)
= σ(S−1(x3)x2)σ(q2)hx1q1 · b′

(2.1.8)
= ε(hx1)σ(S−1(x3)x2)σ(q2)q1 · b′ = ε(h)σ(q2)q1 · b′,

for all h ∈ H. Together with (1.2.33) and the second equality in (2.1.7), this implies
that, for all h ∈ H,

ε(h)b′
(1.2.33)
= ε(h)σ(S−1(p2)q2p12)q

1p11 · b′
(2.1.7)
= ε(h)σ(S−1(p2)p1)σ(q2)q1 · b′

(1.2.25)
= σ(S−1(αp2)p1)h · b′ = h · b′,

as stated. Now, by considering b = n − εB(n)b
′ in (2.1.7) we get that ψ(h2)h1 ·

b′ − εB(n)h · b′ = −εB(n)σ(h)b′, for all h ∈ H, and so (ψ(h) − ε(h)εB(n))b
′ =

−εB(n)σ(h)b′, for all h ∈ H. As εB(b
′) = 1k, the last equality coincides with

ψ = εB(n)(ε− σ); in particular, σ and ψ commute and anti-commute and the same
time. Since we work over a field of characteristic different from 2, it follows that
ψσ = σψ = 0 in H∗. Thus, with the help of (1.2.34) we see that

ψ(h)
(1.2.34)
= ψ(q11p

1h)σ(q12p
2S(q2))

(1.2.29)
= ψ((q1h1)1p

1)σ((q1h1)2p
2S(q2h2))

ψ der.
= ψ(p1)σ(q1h1p

2S(q2h2)) + σ(p1)ψ((q1h1)1)σ((q
1h1)2)σ(p

2S(q2h2))
ψσ=0,(1.2.20)

= ε(h)ψ(x1)σ(q1βS(q2))σ(x2S(x3))
(1.2.26)
= ε(h)κ,

where we use in the third equality the fact that ψ is an (ε, σ)-derivation; here κ :=
ψ(x1)σ(x2S(x3)). Then, the (ε, σ)-derivation condition on ψ reads as σ(h′)κ = 0,
for all h′ ∈ H, and therefore, since κ is invertible, ψ = 0 and h · b = σ(h)b, for
all h ∈ H. The remaining details follow by Lemma 2.1.2 from straightforward
computations.
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Summing up, we have proved so far that a 2-dimensional H-module algebra and
coalgebra B is determined by an algebra morphism σ ∈ H∗, a scalar ω and two
elements b, b′ ∈ B. Next we analyze what happens when we require B to be a
(co)algebra in H

HYD; we denote by ρ : B ∋ b ↦→ b[−1] ⊗ b[0] ∈ H ⊗ B a left coaction
of H on B and assume that ρ(1) = 1⊗ 1.

Lemma 2.1.4 For B as above, the left Yetter-Drinfeld module structures on B are
determined by two elements u, v ∈ H satisfying ε(u) = 0, ε(v) = 1 and

∆(u) = σ(x1)ux2 ⊗ x3 + σ(x1X2)X1vx2 ⊗ uX3x3, (2.1.9)

∆(v) = σ(x3X2y1)x1X1vy2 ⊗ x2vX3y3, (2.1.10)

hu = σ(h1)uh2, (2.1.11)

σ(h2)h1v = σ(h1)vh2 (2.1.12)

for all h ∈ H, defining the H-coaction by ρ(n) = u⊗ 1 + v ⊗ n.
Furthermore,
• B is a coalgebra in H

HYD if and only if u = εB(n)(1− v) and

u⊗ 1 + v ⊗ b = b[−1] ⊗ b[0] + b′[−1]u⊗ b′[0], (2.1.13)

v ⊗ b′ = σ(X3)X1b′[−1]v ⊗X2 · b′[0]; (2.1.14)

• B is an algebra in H
HYD if and only if

u[1 + σ(x1x3)x2] = 0, (2.1.15)

u2 = ω[σ(x1x3X2X3)X1vx2v − σ(y1y2)y3]. (2.1.16)

Proof. It is clear that ρ is defined by ρ(n). As ρ is counital, we have that ε(u) = 0
and ε(v) = 1. Moreover, the coassociativity of ρ in (1.3.38), which reduces to the
case when b = n, is equivalent to

u⊗ 1⊗ 1 + σ(X2)X1v ⊗ uX3 ⊗ 1 + σ(X2)X1v ⊗ vX3 ⊗ n

= σ(Y 1)∆(u)(Y 2 ⊗ Y 3)⊗ 1 + σ(X3Y 1)(X1 ⊗X2)∆(v)(Y 2 ⊗ Y 3)⊗ n.

Since {1, n} is a basis of B, the above relation is equivalent to the two conditions
(2.1.9) and (2.1.10). In a similar manner one can prove that (1.3.39) reduces in our
case to the two conditions (2.1.11) and (2.1.12). Indeed, it suffices for the Yetter-
Drinfeld condition (1.3.39) to be verified for b = n, which is equivalent to

hu⊗ 1 + σ(h2)h1v ⊗ n = σ(h1)uh2 ⊗ 1 + σ(h2)vh2 ⊗ n,

for all h ∈ H. Then, by a simple direct computation we obtain that the last condition
holds if and only if (2.1.11) and (2.1.12) are satisfied. We now check when B is a
coalgebra in H

HYD.
From the third equality in (1.3.44), i.e. the counitality of B, we get εB(1)u +

εB(n)v = εB(n)1, which is equivalent to u = εB(n)(1 − v); in particular, u and v
commute. Similarly, the comodule coassociativity condition (1.3.46) holds for any
b ∈ B if and only if it holds for n; by using the fact that ∆B(n) = b ⊗ 1 + b′ ⊗ n,
one can easily see that (1.3.46) holds for b = n if and only if

u⊗ 1⊗ 1 + v ⊗ b⊗ 1 + v ⊗ b′ ⊗ n

= b[−1] ⊗ b[0] ⊗ 1 + b′[−1]u⊗ b′[0] ⊗ 1 + σ(X3)X1b′[−1]v ⊗X2 · b′[0] ⊗ n.
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By using again the fact that {1, n} is a basis for B, it follows immediately that the
above equality coincides with the relations (2.1.13, 2.1.14).

In our context, B being an algebra in H
HYD reduces to the condition (1.3.43). As

in the coalgebra case, it can be directly verified that in our context the coproduct
multiplicativity condition on the coaction (1.3.43) holds if and only if

σ(x1x3Y 1Y 2)ux2vY 3 + σ(Y 1Y 2)vuY 3 = 0, (2.1.17)

σ(x1x3Y 1Y 2)ux2uY 3 + ωσ(x1x3Y 1Y 2X2X3)X1vx2vY 3 = ω1. (2.1.18)

As in the Hopf case, see the proof of [45, Corollary 1], we show that v has a right
inverse, implying that (2.1.17, 2.1.18) and (2.1.15, 2.1.16) are equivalent.

Recall that u and v commute. For h ∈ H, we have that

hv
(1.2.33)
= σ(S−1(p2)q2p12)hg

1p11v
(1.2.30)
= σ(S−1(h2p

2)q2(h1p
1)2)q

1(h1p
1)1v (2.1.19)

(2.1.12)
= σ(S−1(h2p

2)q2)σ(h11p
1
1)q

1vh12p
1
2 = σ(q2)q1vh,

where, for h ∈ H, we denote h := σ(S−1(h2p
2))σ(h11p

1
1)h12p

1
2. Now, from the

formula of ∆(v) in (2.1.10), since ε(v) = 1, we deduce that

1
(1.2.26)
= q1βS(q2)

(1.2.20)
= q1v1βS(q

2v2)
(2.1.10)
= σ(y1X2x3)q1x1X1vy2βS(q2x2vX3y3)

(2.1.19)
= σ(Q2)Q1vℏ,

where Q1 ⊗Q2 is a second copy of qR and ℏ := σ(y1X2x3)q1x1X1y2βS(q2x2vX3y3).
So σ(Q2)Q1v has a right inverse. Since σ is an algebra morphism, (1.2.21) implies
that σ(Q2)Q1 is invertible in H with inverse given by σ(S−1(x3)x2)σ(S−1(α))−1x1,
where σ(S−1(α))−1 = σ(S−1(S(x1)x2βS(x3)) = σ(S−1(X1βS(X2)X3)). Hence v
has a right inverse, as stated.

At last, we need one final preliminary result.

Proposition 2.1.5 Let B be a 2-dimensional bialgebra in H
HYD with basis {1, n},

determined by σ ∈ H∗, ω ∈ k, u, v ∈ H and b, b′ ∈ B as in the above. Then

b2 + σ(u)b′b+ ωb′2 = ω1, (2.1.20)

σ(v)b′b+ bb′ = 0. (2.1.21)

Consequently, if b′ = 1 then u = 0.

Proof. We have studied all the conditions required for B to be an algebra and a
coalgebra in H

HYD. The only one left in order to completely describe the bialgebra
structure of B in H

HYD is the product-coproduct compatibility condition (1.3.48),
which holds in our case if and only if it holds for b = b′ = n. By using the relations
obtained so far, one can show that ∆B is multiplicative if and only if

b2 ⊗ 1 + bb′ ⊗ n+ σ(u)b′b⊗ 1 + σ(v)b′b⊗ n+ ωb′2 ⊗ 1 = ω1⊗ 1.

It is clear that the above relation is equivalent to the relations (2.1.20) and (2.1.21),
thus completing the description of B as a braided bialgebra.
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Assume now b′ = 1, so n = b + εB(n)1. As {1, n} is a basis in B, we cannot
have b = 0, and we can not have b = 1 since εB(b) = 0. Therefore {1, b} is another
basis for B. In addition, (2.1.20) yields b2 = −σ(u)b; thus n2 = ω1 leads us to
σ(u) = 2εB(n) and ω = εB(n)

2.
By way of contradiction, assume that u ̸= 0. Then u = εB(n)(1 − v) implies

εB(n) ̸= 0, and so ω ̸= 0 and σ(u) ̸= 0. Hence (2.1.2) entails to σ2 = ε. It follows
that v = 1− 2σ(u)−1u, and the equality (2.1.12) reads as

σ(h2)h1(1− 2σ(u)−1u) = σ(h1)(1− 2σ(u)−1u)h2,

for all h ∈ H, which, owing to (2.1.11), it is equivalent to

σ(h2)h1 − σ(h1)h2 = 2σ(u)−1(σ(h2)h1 − h)u,

for all h ∈ H. By applying σ to the both sides of the above equality, since σ2 = ε,
we get that 2σ(u)−1(ε− σ) = 0, hence σ = ε. But this yields 0 = ε(u) = σ(u) ̸= 0,
a contradiction.

We now have all the ingredients needed to describe the 2-dimensional braided
Hopf algebras B within H

HYD, provided that H is a quasi-Hopf algebra with bijective
antipode. To simplify the presentation, we introduce the following family of braided
Hopf algebras.

Definition 2.1.6 Let H be a quasi-Hopf algebra and (σ, v) a couple consisting of
an algebra map σ : H → k and an element v ∈ H verifying σ(v) = −1, ε(v) = 1,
(2.1.10) and (2.1.12). Then Bσ,v is the 2-dimensional vector space with basis {1, n}
endowed with the following braided Hopf algebra structure:

• Bσ,v belongs to H
HYD via the H-action determined by h · 1 = ε(h)1, h · n =

σ(h)n, for all h ∈ H, and the H-coaction given by 1 ↦→ 1⊗ 1, n ↦→ v ⊗ n;

• as an algebra, Bσ,v is unital with unit 1 and is generated by 1 and n under the
relation n2 = 0;

• the coalgebra structure of Bσ,v is defined by ∆(1) = 1⊗1, ∆(n) = n⊗1+1⊗n
and ε(1) = 1, ε(n) = 0;

• the braided antipode S is determined by S(1) = 1, S(n) = −n.

The fact that Bσ,v is indeed a braided Hopf algebra will follow from the proof of
Theorem 2.1.8.

Remark 2.1.7 It is easy to see that the trivial H-(co)module structure (given by
the counit, respectively by the unit, of H) turns k[C2] into an object of HHYD and,
moreover, into a braided Hopf algebra in H

HYD (the braided Hopf structure equals
the one considered in the Hopf case); in what follows, we will refer to this braided
Hopf algebra structure of k[C2] as being the trivial one.

The next result can be viewed as the quasi-Hopf version of [45, Theorem 1].

Theorem 2.1.8 Let H be a quasi-Hopf algebra with bijective antipode over a field k
of characteristic different from 2. If B is a braided Hopf algebra in H

HYD then B is
isomorphic to a braided Hopf algebra of type Bσ,v or to the group Hopf algebra k[C2]
considered in H

HYD via the trivial structure.
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Proof. As before, we consider B determined by σ ∈ H∗, ω ∈ k, u, v ∈ H and
b, b′ ∈ B satisfying the relations mentioned above. Parallel to the Hopf case in [45,
Theorem 1], we distinguish two cases.

Case 1. If b′ = 1, by Proposition 2.1.5 we get u = 0; clearly, b ̸= 0. Thus
(2.1.21) is equivalent to σ(v) = −1; consequently, v ̸= 1 and so u = εB(n)(1 − v)
is equivalent to εB(n) = 0. Therefore, n = b and ω1 = n2 = b2 = −σ(u)b = 0; see
the last part of the proof of Proposition 2.1.5. We conclude that ω = 0 and n2 = 0.
Now, a simple inspection tells us that the braided Hopf algebra B is nothing but
Bσ,v, as presented in Definition 2.1.6; the details are left to the reader. In particular,
this shows that Bσ,v is indeed a Hopf algebra in H

HYD, as previously claimed.
Case 2. Assume that b′ ̸= 1. Since εB(b

′) = 1, it follows that {1, b′} is a basis
of B for which h · 1 = ε(h)1 and h · b′ = ε(h)b′, for all h ∈ H. We deduce from here
that h · b = ε(h)b, for all b ∈ B. But h · n = σ(h)n, for all h ∈ H, and therefore
σ = ε in this case. We obtain from (2.1.15) that u = 0, and from (2.1.14) that
b′[−1]v ⊗ b′[0] = v ⊗ b′. We know from the proof of Lemma 2.1.4 that, in general, v is

right invertible, hence b′[−1] ⊗ b′[0] = 1 ⊗ b′. Keeping in mind that {1, b′} is a basis

of B and the fact that ρ(1) = 1 ⊗ 1, it follows that ρ(b) = 1 ⊗ b, for all b ∈ B.
By taking b = n, with the help of ρ(n) = u⊗ 1 + v ⊗ n = v ⊗ n, we conclude that
v = 1. Summing up, u = 0, v = 1 and σ = ε; similarly to the previous case, a
simple inspection guarantees us that B is in this case the group Hopf algebra k[C2],
equipped with the trivial braided Hopf algebra structure. For this, note that

(∆B(n))
2 = (b⊗ 1 + b′ ⊗ n)2 = b2 ⊗ 1 + b′2 ⊗ n2

= (b2 ⊗ ωb′2)⊗ 1
(2.1.21)
= ω1⊗ 1 = ∆B(n

2),

since (2.1.21) reduces to b′b = −bb′; but {1, b′} is a basis for B, so B is a commu-
tative algebra, and therefore bb′ = b′b = 0. The above equality tells us that ∆B is
multiplicative in the usual way, hence ∆B(b

′2) = (∆B(b
′))2 = b′2⊗b′2. As εB(b′) = 1,

it follows that b′2 is a grouplike element of the (ordinary) Hopf algebra B, hence
1, b′, b′2 are linearly independent elements of B, provided that they are pairwise dis-
tinct. Since B is 2-dimensional it follows that b′2 ∈ {1, b′}. But we required for B
to have an antipode, and this occurs only in the case when b′2 = 1; for more details
we refer to [16, Exercise 4.3.7].

For further use, we present the quasi-Hopf algebra structures of B ×H coming
from 2-dimensional braided Hopf algebras B. As before, we work over a field of
characteristic different from 2. Also, remark that, in general, B ×H is a free right
H-module of rank equals dimk(B).

Proposition 2.1.9 Let A be a quasi-Hopf algebra with a projection H
i →→ A
π
←← ,

πi = IdH , such that A is a free right H-module of rank 2. The algebra A identifies
either to Hg or H(θ)ζ,v, where:

• Hg is the unital k-algebra generated by g and H with relations g2 = 1 and
gh = hg, for all h ∈ H. H is a quasi-Hopf subalgebra of Hg, and ∆(g) = g⊗g,
ε(g) = 1 and S(g) = g complete the quasi-Hopf algebra structure of Hg. In
other words, Hg is the tensor product of the quasi-Hopf algebras k[C2] and H,
the former being seen as the group Hopf algebra with trivial reassociator.
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• Let (σ, v) be a couple consisting of an algebra morphism σ : H → k and an
element v ∈ H subject to relations

σ(v) = −1, (2.1.22)

ε(v) = 1, (2.1.23)

∆(v) = σ(y1x3X2)x1X1vy2 ⊗ x2vX3y3, (2.1.24)

σ(h2)h1v = σ(h1)vh2, (2.1.25)

for all h ∈ H. Then H(θ)σ,v is the unital k-algebra generated by θ and H with
relations θ2 = 0 and hθ = σ(h1)θh2, for all h ∈ H. The quasi-Hopf algebra
structure of H(θ)σ,v is defined in such a way that H is a quasi-Hopf subalgebra
of it and

∆(θ) = σ(X2x1)vX1x2 ⊗ θX3x3 + σ(x1)θx2 ⊗ x3, (2.1.26)

S(θ) = −σ(X2x12)S(X
1x11v)αθX

3x2βS(x3). (2.1.27)

Proof. By [11], A identifies to B×H as a quasi-Hopf algebra, for some 2-dimensional
braided Hopf algebra B. If B = k[C2], A identifies to Hg. When B = Bσ,v, A
identifies to H(θ)σ,v. Note that θ ≡ n × 1, where {1, n} is the basis of B as in the
Case 1 of the proof of Theorem 2.1.8; the formulas for ∆(θ) and S(θ) follow from
(1.4.49) and (1.4.50), respectively.

To conclude the section, we present a Corollary that can be used to apply The-
orem 2.1.8 to the classification of small-dimensional quasi-Hopf algebras.

Corollary 2.1.10 Let A,H be quasi-Hopf algebras over a field k of characteristic

different from 2 and suppose that there are quasi-Hopf algebra morphisms H
i →→ A
π
←←

such that πi = IdH . If A is a free right H-module of rank 2 and H is finite dimen-
sional, the following assertions hold.

1. If A is semisimple then so is H and A ≃ Hg as a quasi-Hopf algebra.

2. If A is not semisimple and H is semisimple then A ≃ H(θ)σ,v as a quasi-Hopf
algebra, for some σ, v, θ as in Proposition 2.1.9;

3. If both A,H are not semisimple then A ≃ Hg or A ≃ H(θ)σ,v as a quasi-Hopf
algebra.

Proof. We have A ≃ B × H, for some 2-dimensional braided Hopf algebra B; so
Theorem 2.1.8 applies.

As in [43, §2 Proposition 3], one can show that a left integral t in B×H is of the
form tB × tH with tB ∈ B and tH ∈ H such that btB = εB(b)tB, for all b ∈ B, and
h · tB = ε(h)tB, htH = ε(h)tH , for all h ∈ H. Consequently, B ×H is semisimple if
and only if H is semisimple and tB satisfies, moreover, εB(tB) = 1k. Note that, for
B = Bσ,v such an element tB does not exist. On the other hand, for B = k[C2] one
can take tB = 1

2
(1 + g), where g is the generator of C2.

1. Since A is finite dimensional and semisimple and H can be identified to a
quasi-Hopf subalgebra of A, by [15, Corollary 7.82] we obtain that H is semisimple.
By the above comments it follows that A ≃ Hg ≡ k[C2]⊗H as a quasi-Hopf algebra.

2., 3. If A is not semisimple then either H is not semisimple and B is arbitrary
or H is semisimple and B = Bσ,v.
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2.2 The algebra of functions on a finite group

Let G be a finite group, ω a normalized 3-cocycle on G and kGω the Hopf algebra of
functions on G, seen as a quasi-Hopf algebra with reassociator Φω as in (4.2.2). In
this section, with the help of Theorem 2.1.8, we characterize 2-dimensional braided

Hopf algebras B in
kGω
kGω
YD. We will see that the structure of B is determined by a

pair (ρ, g) consisting of a map ρ : G → k∗ and an element g ∈ G satisfying certain
conditions.

The next lemma can be seen as the non-commutative version of the result stated
at the beginning of subsection 2.2 in [33].

Lemma 2.2.1 Let ω be a normalized 3-cocycle on G and g ∈ G. Define ♭gω :
G×G→ k∗, for any x, y ∈ G, by

♭gω(x, y) =
ω(g, x, y)ω(x, y, g)

ω(x, g, y)
.

Then ♭gω is a normalized 2-cocycle on G if and only if

ω(gx, y, z)ω(x, gy, z)ω(x, y, gz) = ω(xg, y, z)ω(x, yg, z)ω(x, y, zg), (2.2.1)

For all x, y, z ∈ G. In particular, ♭gω is a normalized 2-cocycle on G, provided that
g is in the center of G.

Proof. ♭gω is normalized since ω is so. By applying the 3-cocycle condition (1.1.3)
for several times, we compute that

♭gω(x, y)♭gω(xy, z) =
ω(g, x, y)ω(x, y, g)ω(g, xy, z)ω(xy, z, g)

ω(x, g, y)ω(xy, g, z)

=
ω(gx, y, z)ω(g, x, yz)ω(x, y, g)ω(xy, z, g)

ω(x, g, y)ω(xy, g, z)ω(x, y, z)

=
ω(gx, y, z)ω(g, x, yz)ω(g, x, yz)ω(x, y, gz)ω(xy, z, g)

ω(x, g, y)ω(y, g, z)ω(x, yg, z)ω(x, y, z)

=
ω(gx, y, z)ω(g, x, yz)ω(x, y, gz)ω(y, z, g)ω(x, yz, g)

ω(x, g, y)ω(y, g, z)ω(x, yg, z)ω(x, y, zg)

= ♭gω(x, yz)♭g(y, z)
ω(gx, y, z)ω(x, gy, z)ω(x, y, gz)

ω(xg, y, z)ω(x, yg, z)ω(x, y, zg)
,

for all x, y, z ∈ G, and so our assertions follow.

To simplify the notation, we denote the map ∂2, defined in Subsection 1.1.1, by
∂ for the rest of this section.

Lemma 2.2.2 Let G be a finite group and ω a normalized 3-cocycle on G. Giving a
pair (σ, v) for kGω satisfying the conditions in Definition 2.1.6 is equivalent to giving
a pair (g, ρ) consisting of an element g in the center of G and a map ρ : G → k∗

obeying the relations

ρ(e) = 1, ρ(g) = −1 and ♭gω = ∂ρ.
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Proof. Keeping in mind the quasi-Hopf algebra structure of kG, an algebra map
σ : kG → k is completely determined by an element g ∈ k[G] satisfying ∆(g) = g⊗g
and ε(g) = 1. Thus, g ∈ G and σ(φ) = φ(g), for all φ ∈ kG.

An element v ∈ kG is completely determined by a map ρ : G → k, in the sense
that v =

∑︁
x∈G

ρ(x)Px, where, as before, {Pg}g∈G is the basis of kG dual to the basis

{g}g∈G of k[G]. We have ε(v) = 1 and σ(v) = −1 if and only if ρ(e) = 1 and
ρ(g) = −1, respectively.

We now look at the condition σ(φ2)φ1v = σ(φ1)vφ2, which must be valid for all
φ ∈ kGω or, equivalently, for any Ph, h ∈ G. Since ∆(Ph) =

∑︁
xy=h Px ⊗ Py, we get

that
∑︁

xy=h σ(Py)Pxv =
∑︁

xy=h σ(Px)vPy, for all h ∈ H. Thus Phg−1v = vPg−1h, for
all h ∈ H, and this fact holds if and only if gh = hg, for all h ∈ G; in other words,
if and only if g is an element in the center of G.

Finally, we claim that ∆(v) = σ(y1x3X2)x1X1vy2 ⊗ x2vX3y3 is equivalent to
♭gω = ∂ρ. Indeed, since Φ−1

ω =
∑︁

g1,g2,g3∈G ω(g1, g2, g3)
−1Pg1 ⊗Pg2 ⊗Pg3 , we compute

that

σ(X2)X1v ⊗ vX3 =
∑︂

g1,g3∈G

ω(g1, g, g3)Pg1v ⊗ vPg3

=
∑︂
x,y∈G

ω(x, g, y)ρ(x)ρ(y)Px ⊗ Py

and, likewise,

σ(y1X2)X1vy2 ⊗ vX3y3 =
∑︂
x,y∈G

ω(x, g, y)

ω(g, x, y)
ρ(x)ρ(y)Px ⊗ Py.

We then have

σ(y1x3X2)x1X1vy2 ⊗ x2vX3y3 =
∑︂
x,y∈G

ω(x, g, y)

ω(g, x, y)ω(x, y, g)
ρ(x)ρ(y)Px ⊗ Py

=
∑︂
x,y∈G

ρ(x)ρ(y)

♭gω(x, y)
Px ⊗ Py.

On the other hand, ∆(v) =
∑︁
g,y∈G

ρ(g)Pgy−1 ⊗ Py, and so

∆(v) = σ(y1x3X2)x1X1vy2 ⊗ x2vX3y3

holds if and only if
∑︁

g∈G ρ(g)Pgy−1 =
∑︁

x∈G
ρ(x)ρ(y)
♭gω(x,y)

Px, for all y ∈ G. The latest

assertion is then clearly equivalent to ρ(xy)♭gω(x, y) = ρ(x)ρ(y), for all x, y ∈ G. If
there exist some x ∈ G such that ρ(x) = 0, then ρ(xy) = 0, for all y ∈ G, meaning
that ρ(g) = 0, for all g ∈ G, which is false. So we can consider ρ : G → k∗, and we
conclude that ♭gω = ∂ρ.

The result below is an immediate consequence of Lemma 2.2.2 and Theorem 2.1.8.

Proposition 2.2.3 Non-trivial 2-dimensional braided Hopf algebras in
kGω
kGω
YD are

in a one-to-one correspondence with couples (g, ρ) consisting of an element g in the
center of G and a map ρ : G→ k∗ obeying ρ(e) = 1, ρ(g) = −1 and ♭gω = ∂ρ.

In the following, we apply Proposition 2.2.3 to various finite groups G.
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2.2. The algebra of functions on a finite group

2.2.1 Finite abelian groups

Let G = C1 × . . . × Cn be a finite abelian group; Cj stands for the cyclic group of
order mj, generated by gj, 1 ≤ j ≤ n. In general, for m a non-zero positive integer,
denote by ξm a primitive m-th root of unity in k. Then 1j1,...,jn (0 ≤ jl ≤ ml− 1, for
all 1 ≤ l ≤ n) given by

1j1,...,jn :=
1

m1 . . .mn

n∏︂
l=1

(︄
ml−1∑︂
t=0

ξ−tjlml
gtl

)︄
(2.2.2)

define a family of orthogonal idempotents of k[G]. It is well known that kG and
k[G] identify as Hopf algebras through the correspondence P

g
j1
1 ...gjnn

↦→ 1j1,...,jn . The

inverse of this correspondence maps gj11 . . . g
jn
n to

∏︁n
l=1

Ä∑︁ml−1
t=0 ξtjlml

˜︁Pgtlä, where ˜︁Pgtl ∈
kG is determined by ˜︁Pgtl (ga11 . . . gann ) = δt,al , for all g

a1
1 . . . gann ∈ G.

A set of representative 3-cocycles on G was given in [33]; namely, denote by A
the set of sequences a with integer elements, having the form

(c1, . . . , cl, . . . , cn, c12, . . . , cij, . . . , cn−1,n, c123, . . . , crst, . . . , cn−2,n−1,n) (2.2.3)

with 0 ≤ cl ≤ ml − 1, 0 ≤ cij ≤ (mi,mj) and 0 ≤ crst ≤ (mr,ms,mt), for all
1 ≤ l ≤ n, 1 ≤ i < j ≤ n and 1 ≤ r < s < t ≤ n; the cij’s and the crst’s
are ordered by the lexicographical order and (u, v) stands for the greatest common
divisor between the integers u, v, and an analogous notation is used for (u, v, w).

For a in A, define ωa : G×G×G→ k∗ by

ωa(g
i1
1 . . . g

in
n , g

j1
1 . . . g

jn
n , g

k1
1 . . . gknn ) :=

=
n∏︂
l=1

ξ
clil⌊

jl+kl
ml

⌋
ml

∏︂
1≤s<t≤n

ξ
cstit⌊ js+ks

ms
⌋

mt

∏︂
1≤r<s<t≤n

ξ−crstkrjsit(mr,ms,mt)
.

(2.2.4)

Owing to [32, Proposition 3.8], {ωa}a∈A is a set of representative normalized 3-
cocycles for G. Furthermore, ωa is an abelian 3-cocycle if and only if crst = 0 for all
1 ≤ r < s < t ≤ n (for the definition of an abelian 3-cocycle we refer to [32]).

In the computations we are about to tackle, sometimes we need a common root
of unity, one from which we can derive all the others roots of unity. This is why we
set M := LCM{(mr,ms,mt)|1 ≤ r < s < t ≤ n} and fix ξM a primitive M -th root
of unity in k; then, without loss of generality, we assume that ξ(mr,ms,mt) = ξMrst

M ,
where, for all 1 ≤ r < s < t ≤ n, Mrst := M

(mr,ms,mt)
. In addition, we define

M c
rst =Mrstcrst, for all 1 ≤ r < s < t ≤ n.

Proposition 2.2.4 For g = gf11 . . . gfnn ∈ C1 × . . .× Cn and a = (c1, . . . , cn−2,n−1,n)
as in (2.2.3), ♭gωa is a coboundary 2-cocycle if and only if n = 2 or n ≥ 3 and for
any 1 ≤ r < s ≤ n the following divisibility hold:

M |
r−1∑︂
u=1

M c
ursfu −

s−1∑︂
v=r+1

M c
rvsfv +

n∑︂
w=s+1

M c
rswfw; (2.2.5)

as a convention, a sum for which its summands do not exist is equal to zero.
Moreover, if (2.2.5) holds, then ♭gωa = ♭gωā, where ā = (c̄1, . . . , c̄n−2,n−1,n) de-

fined by c̄i = ci, c̄ij = cij and c̄rst = 0 induces the abelian 3-cocycle ωā on G
associated to a.
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2.2. The algebra of functions on a finite group

Proof. We start by noting that, for a ∈ A and g = gf11 . . . gfnn ∈ G, we have

♭gωa(g
j1
1 . . . g

jn
n , g

k1
1 . . . gknn )

=
n∏︂
l=1

ξ
clfl⌊

jl+kl
ml

⌋
ml

∏︂
1≤s<t≤n

ξ
cstft⌊ js+ks

ms
⌋

mt

∏︂
1≤r<s<t≤n

ξ
−crst(krjsft+frksjt−krfsjt)
(mr,ms,mt)

.

With ā as in the statement of the proposition, we show that ♭gωā is a coboundary
2-cocycle. Indeed, by specializing the above formula for a, we have that

♭gωā(g
j1
1 . . . g

jn
n , g

k1
1 . . . gknn ) =

n∏︂
l=1

ξ
clfl⌊

jl+kl
ml

⌋
ml

∏︂
1≤s<t≤n

ξ
cstft⌊ js+ks

ms
⌋

mt

=
n∏︂
l=1

ξ
clfl

jl+kl−(jl+kl)
′
ml

ml
ml

∏︂
1≤s<t≤n

ξ
cstft

js+ks−(js+ks)
′
ms

ms
mt

=
n∏︂
l=1

ξclfljl
m2

l
ξclflkl
m2

l

ξ
clfl(jl+kl)′ml

m2
l

∏︂
1≤s<t≤n

ξcstftjsmtms
ξcstftksmtms

ξ
cstft(js+ks)′ms
mtms

=
fg(g

j1
1 . . . g

jn
n ) fg(g

k1
1 . . . gknn )

fg(g
(j1+k1)′m1
1 . . . g

(j1+k1)′mn
n )

,

where fg : G → k∗ is defined by fg(g
j1
1 . . . g

jn
n ) :=

∏︁n
l=1 ξ

clfljl
m2

l

∏︁
1≤s<t≤n ξ

cstftjs
mtms

,

(jl + kl)
′
ml

denotes, for 1 ≤ l ≤ n, the remainder of the division of jl + kl by
ml and ξm2

l
∈ k is such that ξml

m2
l
= ξml

; similarly, ξmtms ∈ k such that ξms
mtms

= ξmt .

Next, define ♭gωa : G×G→ k∗ by

♭gωa(g
j1
1 . . . g

jn
n , g

k1
1 . . . gknn ) =

∏︂
1≤r<s<t≤n

ξ
−crst(krjsft+frksjt−krfsjt)
(mr,ms,mt)

.

We claim that ♭gωa is a coboundary 2-cocycle if and only if it is trivial, meaning
that ∏︂

1≤r<s<t≤n

ξ
−crst(krjsft+frksjt−krfsjt)
(mr,ms,mt)

= 1, (2.2.6)

for all 0 ≤ jl, kl ≤ ml − 1 and 1 ≤ l ≤ n.
Indeed, assume that there exists a map ρ : G→ k∗ such that

ρ(gj11 . . . g
jn
n )ρ(gk11 . . . gknn ) = ♭gωa(g

j1
1 . . . g

jn
n , g

k1
1 . . . gknn )ρ(g

(j1+k1)′m1
1 . . . g

(jn+kn)′mn
n ),

for all 0 ≤ jl, kl ≤ ml − 1, 1 ≤ l ≤ n. For 1 ≤ i ≤ n− 1, we then have

♭gωa(g
ai
i , g

ai+1

i+1 . . . g
an
n ) = ξ

−
∑︁

1≤r<s<t≤n

Mrstkrjsft−
∑︁

1≤r<s<t≤n

Mrstjt(frks−krfs)

M = 1,

since both sums that appear in the exponent of ξM are equal to zero (for the first
sum the only possible non-zero summand is obtained when s = i but then r < i
implies kr = 0, while for the second sum the only possible non-zero summand is
obtained when t = i, in which case r < s < i implies kr = ks = 0). Thus, for any
1 ≤ i ≤ n− 1, we have that

ρ(gaii )ρ(g
ai+1

i+1 . . . g
an
n ) = ♭gωa(g

ai
i , g

ai+1

i+1 . . . g
an
n )ρ(gaii . . . g

an
n ) = ρ(gaii . . . g

an
n ),
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2.2. The algebra of functions on a finite group

for all 0 ≤ al ≤ ml − 1, i ≤ l ≤ n. By mathematical induction, it follows that
ρ(ga11 . . . gann ) = ρ(ga11 ) . . . ρ(gann ), for all gall ∈ Cl, 1 ≤ l ≤ n.

Likewise, for 1 ≤ l ≤ n, js = δs,la and kt = δt,lb for all 1 ≤ s, t ≤ n, we have

♭gωa(g
a
l , g

b
l ) =

∏︂
1≤r<s<t≤n

ξ−crstkrjsft(mr,ms,mt)

∏︂
1≤r<s<t≤n

ξ−crstfrksjt(mr,ms,mt)

∏︂
1≤r<s<t≤n

ξcrstkrfsjt(mr,ms,mt)

=
∏︂

1≤r<l<t≤n

ξ−crltakrft(mr,ml,mt)

∏︂
1≤r<s<l≤n

ξ−crslafrks(mr,ms,ml)

∏︂
1≤r<s<l≤n

ξcrslakrfs(mr,ms,ml)
= 1,

and therefore ρ(gal )ρ(g
b
l ) = ρ(g

(a+b)′ml
l ). It is now clear that

ρ(g
(j1+k1)′m1
1 . . . g

(jn+kn)′mn
n ) = ρ(gj11 )ρ(gk11 ) . . . ρ(gjnn )ρ(gknn )

= ρ(gj11 . . . g
jn
n )ρ(gk11 . . . gknn ),

and we conclude that ♭gωa(g
j1
1 . . . g

jn
n , g

k1
1 . . . gknn ) = 1, for all gj11 . . . g

jn
n , g

k1
1 . . . gknn ∈ G,

as stated.
It remains to show that (2.2.6) is equivalent to the divisibility in (2.2.5). We are

free to assume that n ≥ 3, since for n = 2 there is nothing to prove.
Clearly, for all 0 ≤ kl, jl ≤ ml − 1, 1 ≤ l ≤ n, (2.2.6) is equivalent to

M |S := −
∑︂

1≤r<s<t≤n

M c
rst(krjsft + frksjt − krfsjt). (2.2.7)

We will rewrite S so that we can get the scalar krjs as common factor, where r and
s, for any 1 ≤ r < s ≤ n, are considered fixed. Towards this end, we split S into a
sum of three parts: S1 := −

∑︁
1≤r<s<t≤nM

c
rstkrjsft, S2 := −

∑︁
1≤r<s<t≤nM

c
rstfrksjt

and S3 :=
∑︁

1≤r<s<t≤nM
c
rstkrfsjt. For a given pair (r, s) with 1 ≤ r < s ≤ n, the

scalar krjs appears as a summand of S1 defined by r < s < w ≤ n, as a summand
of S2 determined by 1 ≤ u < r < s and as a summand of S3 given by r < v < s.
Hence, (2.2.7) is equivalent to the fact that, for all 0 ≤ kl, jl ≤ ml − 1, 1 ≤ l ≤ n,

M |
∑︂

1≤r<s≤n

krjs

(︄
−

r−1∑︂
u=1

M c
ursfu +

s−1∑︂
v=r+1

M c
rvsfv −

n∑︂
w=s+1

M c
rswfw

)︄
.

It is now clear that this divisibility is equivalent to (2.2.5).

Our next objective is translating condition (2.2.5) to a form suitable for concrete
computations. We start by analyzing the case n ≥ 3, where G is the product of
more than 2 cyclic groups, as the case n = 2 is more complicated than it appears, as
we will see later in this section and in Appendix A. We will deal with the simplest
case, n = 1, last.

For n ≥ 3, the divisibility in (2.2.5) reduces to a system of

Å
n
2

ã
linear congru-

ences mod M , in n unknowns f1, . . . , fn. Equivalently, (2.2.5) reduces to a homo-

geneous linear system in n+

Å
n
2

ã
unknowns f1, . . . , fn, xrs, where 1 ≤ r < s ≤ n,

and

Å
n
2

ã
equations; namely,

XA = 0, (2.2.8)
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2.2. The algebra of functions on a finite group

with X = (f1, . . . , fn, x12, . . . , x1n, x23, . . . , x2n, . . . , xn−1n) and

A =

â
An−1 An−2 · · · A2 A1

MIn−1 0 · · · 0 0
0 MIn−2 · · · 0 0
...

...
...

...
...

0 0 · · · 0 MI1

ì
,

where

An−j =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

M c
1jj+1 M c

1jj+2 · · · M c
1jn

...
...

...
...

M c
j−1jj+1 M c

j−1jj+2 · · · M c
j−1jn

0 0 · · · 0
0 −M c

jj+1j+2 · · · −M c
jj+1n

M c
jj+1j+2 0 · · · −M c

jj+2n

M c
jj+1j+3 M c

jj+2j+3 · · · −M cjj + 3n
...

...
...

...
M c

jj+1n M c
jj+2n · · · 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
is an n by n− j matrix, for all 1 ≤ j ≤ n− 1. The system (2.2.8) can be solved as
follows.

A is an n + n by n matrix with integer coefficients, where, for simplicity, we

have denoted

Å
n
2

ã
by n. As the ring of integers Z is a PID, there exist uni-

modular matrices U , V such that UAV = diag(d1, . . . , dr, 0, . . . , 0); here U is an
n + n-square matrix, V is an n-square matrix and d1, . . . , dr are non-zero integers
such that d1|d2| . . . |dr, 1 ≤ r ≤ n. Thus (2.2.8) is equivalent to (XU−1)D = 0,
where D = diag(d1, . . . , dr, 0, . . . , 0). This says that XU

−1 = (0, . . . , 0, yr+1, . . . , yn)
for some integers yr+1, . . . , yn. Then X = U(0, . . . , 0, yr+1, . . . , yn) is the general so-
lution of (2.2.8), solution determined by an arbitrary family of integers yr+1, . . . , yn.
Furthermore, we show that r = n and that U can be somehow obtained from the
Schmidt normal form D′ = U ′A′V ′ of A′ := (An−1, . . . , A1), an n by n matrix.

Indeed, if, in general, Om,p stands for the zero m by p matrix and Om = Om,m,
we see thatÅ

U ′ On,n

On,n V ′−1

ãÅ
A′

MIn

ã
V ′ =

Å
U ′A′

MV ′−1

ã
V ′ =

Å
D′

MIn

ã
=: B.

Assume now that D′ = diag(d′1, . . . , dr′ , 0, . . . , 0), for non-zero integers d′1, . . . , d
′
r′

which satisfy d′1| . . . |d′r′ ; r′ ≤ n is the rank of A′. For each 1 ≤ j ≤ r′, consider
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integers αj, βj such that αjd
′
j + βjM = (d′j,M), and define U ′′ as being the matrix

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

α1 0 · · · 0 0 β1 0 · · · 0 0
0 α2 · · · 0 0 0 β2 · · · 0 0
...

... · · · · · · ... Or′,n−r′
...

... · · · ...
... Or′,n−r′

0 0 · · · αr′−1 0 0 0 · · · βr′−1 0
0 0 · · · 0 αr′ 0 0 · · · 0 βr′

On−r′,r′ On−r′,n−r′ On−r′,r′ In−r′

− M
(d′1,M)

0 · · · 0 0
d′1

(d′1,M)
0 · · · 0 0

0 − M
(d′2,M)

· · · 0 0 0
d′2

(d′2,M)
· · · 0 0

...
... · · · ...

... Or′,n−r′
...

... · · · ...
... Or′,n−r′

0 0 · · · − M
(d′

r′−1
,M)

0 0 0 · · ·
d′
r′−1

(d′
r′−1

,M)
0

0 0 · · · 0 − M
(d′

r′ ,M)
0 0 · · · 0

d′
r′

(d′
r′ ,M)

On−r′,r′ In−r′ On−r′,r′ On−r′,n−r′

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

The Laplace’s cofactor expansion along the first two rows of U ′′, together with a
mathematical induction on r′, ensures that the determinant of U ′′ is equal to (−1)r

′
.

Also, by direct computation, we reach the equality

U ′′B = diag((d′1,M), . . . , (d′r′ ,M),M, . . . ,M) = D,

which says that the invariant factors of B, and therefore of A, are

(d′1,M)| . . . |(d′r′ ,M)|M . . . |M,

and thus in number of n. Finally, we can take U = U ′′
Å

U ′ On,n

On,n V ′−1

ã
and V = V ′

as unimodular matrices obeying UAV = D, from where we deduce that (2.2.8) has
the solution X = (0, . . . , 0, y1, . . . , yn)U , after renumbering the y’s. It follows now
that

(f1, . . . , fn) = X

Å
In On,n

On,n On,n

ã
=

Å
− y1M

(d′1,M)
, . . . ,− yr′M

(d′r′ ,M)
, yr′+1, . . . , yn

ã
U ′

(2.2.9)

is the solution of (2.2.5); here y1, . . . , yn are arbitrary integers.
The method presented above allows us to concretely determine the solution of

(2.2.8), in particular, in the case when n = 3. In general, for an m by p matrix A
with integer entries and 1 ≤ j ≤ min(m, p), ∆j(A) is our notation for the greatest
common divisor of all j by j minors of A; we make the convention that if all j by j
minors of A are equal to zero, then ∆j(A) = 0. It is well known that, modulo a sign,

the invariants factors d1, . . . , dr of A are given by dj =
∆j(A)

∆j−1(A)
, for all 1 ≤ j ≤ r,

where ∆0(A) := 1.

Example 2.2.5 Using the same notation as in Proposition 2.2.4, specializing it to
the case n = 3, ♭gωa is coboundary if and only if

f1 = µM ′, f2 = νM ′, f3 = λM ′,

for some natural numbers λ, µ, ν, where M ′ = M
(M,c123)

.
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Proof. The matrix A takes the form

Å
A′

MI3

ã
; here A′ =

Ñ
0 0 υ
0 −υ 0
υ 0 0

é
, where

υ := M c
123 = c123M

(m1,m2,m3)
= c123. If d := (υ,M), one can see easily that ∆1(A) =

d, ∆2(A) = (υ2,M2, υM) = d2
Ä(︁

υ
d

)︁2
,
(︁
M
d

)︁2
, υ
d
M
d

ä
= d2 and, similarly, ∆3(A) =

(υ3,M3, υ2M,υM2) = d3. Thus, d1 = d2 = d3 = d. Also, one can see directly that
for u,w ∈ Z such that uυ + wM = d, the matrix

U =

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 u w 0 0
0 −u 0 0 w 0
u 0 0 0 0 w
0 0 −M ′ υ′ 0 0
0 M ′ 0 0 υ′ 0

−M ′ 0 0 0 0 υ′

⎞⎟⎟⎟⎟⎟⎟⎠ satisfies UA =

⎛⎜⎜⎜⎜⎜⎜⎝
d 0 0
0 d 0
0 0 d
0 0 0
0 0 0
0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
and that U is unimodular, provided that M ′ = M

d
and υ′ = υ

d
. Hence, for n = 3,

the system (2.2.8) has the space of solutions

{(0, 0, 0,−λ, ν − µ)U |µ, ν, λ ∈ Z}
= {(µM ′, νM ′, λM ′,−λυ′, νυ′,−µυ′)|µ, ν, λ ∈ Z},

concluding the proof.

Remark 2.2.6 By the proof of Proposition 2.2.4, ♭gωa is coboundary if and only
if (2.2.6) holds, in which case ♭gωa = ♭gωā. It is easy to see that (2.2.6) holds
in the case when (mr,ms,mt)|crst(fr, fs, ft), for all 1 ≤ r < s < t ≤ n. For
n = 3, Example 2.2.5 tells us that M = (m1,m2,m3) | (M, c123)(f1, f2, f3), which is
equivalent to (m1,m2,m3)|c123(f1, f2, f3), is a necessary and sufficient condition for
♭gωa to be coboundary.

As a concrete example, take m1 = m2 = m3 = 4. Then g ∈ G satisfying (2.2.6)
is g = 1G if c123 ∈ {1, 3}, and respectively g ∈ {gi1g

j
2g
k
3 | i, j, k ∈ {0, 2}} if c123 = 2.

Remark 2.2.7 The rank of A′ is not, in general, equal to n. For instance, we are
about to see that, for n = 4, the rank of A′ is always less or equal to 3. To simplify
the notation, if a1, . . . , a4 ∈ Z, we denote by ai1...ik the greatest common divisor of
ai1 , . . . , aik , for all 1 ≤ k ≤ 4 and {i1, . . . , ik} ⊆ {1, . . . , 4}.

For n = 4,

A =

Å
A′

MI6

ã
, where A′ =

Ü
0 0 0 −a1 −a2 −a3
0 a1 a2 0 0 −a4

−a1 0 a3 0 a4 0
−a2 −a3 0 −a4 0 0

ê
,

provided that a1 = −M c
123, a2 = −M c

124, a3 = −M c
134 and a4 = −M c

234. We have
that ∆1(A

′) = a1234,

∆2(A
′) = (a2i , aiaj|1 ≤ i < j ≤ 4)

= (a1a12, a1a34, a2a23, a2a14, a3a34, a3a12, a4a34, a4a12)

= (a1a1234, a2a1234, a3a1234, a4a1234) = a21234,

∆3(A
′) = (aiajal|1 ≤ i, j, l ≤ 4)

= a1234(a
2
t , aiaj|1 ≤ t ≤ 4, 1 ≤ i < j ≤ 4) = a31234,
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and ∆4(A
′) = 0. Thus, r′ ≤ 3 and r′ = 3 if and only if at least one of the aj is

non-zero. Now, if U ′, V ′ are unimodular matrices satisfying

U ′A′V ′ =

Å
a1234I3 O3

O1,3 O1,3

ã
,

it follows that the solution of (2.2.8) is parametrized by y1, y2, y3, y4 ∈ Z such that

(f1, f2, f3, f4) =

Å
− y1M

(a1234,M)
,− y2M

(a1234,M)
,− y3M

(a1234,M)
, y4

ã
U ′.

We now come back to the general case n ≥ 3. For G = Cm1 × . . .×Cmn a finite
abelian group and ωa a 3-cocycle on G determined by a ∈ A as in (2.2.4), denote
by Yy the 1 by n matrix defined as follows by y = (y1, . . . , yn) ∈ Zn:

Yy =

Å −y1M
(d′1,M)

, . . . ,
−yr′M
(d′r′ ,M)

, yr′+1, . . . , yn

ã
.

As before, M = LCM{(mr,ms,mt)|1 ≤ r < s < t ≤ n} and d′1| . . . |d′r′ are
the invariant factors of the matrix A′ that is part of the definition of the matrix
A associated to the system (2.2.8). So, if U ′, V ′ are unimodular and such that
U ′A′V ′ = diag(d′1, . . . , d′r′ , 0, . . . , 0), then YyU

′ is a solution for (2.2.8) and, more-
over, any solution of (2.2.8) is of this type.

Furthermore, denote by C the symmetric matrix which has the main diagonal
given by the elements c1

m2
1
, . . . , cn

m2
n
and on the position (s, t) the element cst

2msmt
, for

all 1 ≤ s < t ≤ n. Also, denote by C ′ the matrix U ′CtU ′, where tZ stands for the
transpose matrix of any matrix Z. It follows that C ′ is a symmetric matrix with
rational entries.

Proposition 2.2.8 Let G = C1 × . . .×Cn be a finite abelian group as in the above,
and ωa a 3-cocycle on G defined by a ∈ A. Let

N = LCM{m2
j ,msmt|1 ≤ j ≤ n, 1 ≤ s < t ≤ n}.

1. If there exists a non-trivial 2-dimensional braided Hopf algebra in
kGωa

kGωa
YD, then

N is even. Consequently, at least one of m1, . . . ,mn is even.

2. Assuming N is even, there is a one-to-one correspondence between non-trivial

2-dimensional braided Hopf algebras in
kGωa

kGωa
YD and y = (y1, . . . , yn) ∈ Zn for

which there exists (λ1, . . . , λn) ∈ Zn such that, for Λ′ :=
Ä
λ1
m1
, . . . , λn

mn

ä
U ′,

Λ′ tYy + Yy C
′ tYy −

1

2
∈ Z. (2.2.10)

Proof. Owing to Proposition 2.2.3, the non-trivial 2-dimensional Hopf algebras within
kGωa

kGωa
YD are characterized by pairs (g, ρ) consisting of an element g = gf11 . . . gfnn ∈ G

and a map ρ : G → k∗ fulfilling ρ(e) = 1, ρ(g) = −1 and ♭gωa = ∂ρ. By keeping
the notation established in the proof of Proposition 2.2.4, such a pair (g, ρ) is deter-
mined by a solution (f1, . . . , fn) of (2.2.8) and a group morphism ϑ : G→ k∗ obeying
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ϑ(g)fg(g) = −1; in general, if σ is a coboundary 2-cocycle and σ = ∂ρ1 = ∂ρ2, for
some maps ρ1, ρ2 : G → k∗, then ϑ : G → k∗ given by ϑ(g) = ρ1(g)ρ2(g)

−1, for
all g ∈ G, is a group morphism. But ϑ is given by an n-tuple (λ1, . . . , λn) with
0 ≤ λj ≤ mj − 1, for all 1 ≤ j ≤ n, in the sense that ϑ(ga11 . . . gann ) = ξλ1a1m1

. . . ξλnanmn
,

for all 0 ≤ aj ≤ mj − 1, with 1 ≤ j ≤ n.
Take ξN to be a primitive root of unity of order N in k and assume, without loss

of generality, that

ξmj
= ξ

N
mj

N , ξm2
j
= ξ

N

m2
j

N , and ξmsmt = ξ
N

msmt
N ,

for all 1 ≤ j ≤ n and 1 ≤ s < t ≤ n. Then,

ϑ(ga11 . . . gann ) = ξ

n∑︁
j=1

λjaj
mj

N

N and

fg(g
a1
1 . . . gann ) = ξ

n∑︁
j=1

cjajfj

m2
j

N+
∑︁

1≤s<t≤n

cstftas
mtms

N

N ,

(2.2.11)

for all 0 ≤ aj ≤ mj − 1, 1 ≤ j ≤ n. Therefore, giving a non-trivial 2-dimensional

Hopf algebra within
kGωa

kGωa
YD is equivalent to giving a solution (f1, . . . , fn) of (2.2.8)

such that, for some integers λ1, . . . , λn,

ζ

n∑︁
j=1

λjfj
mj

N+
n∑︁

j=1

cjf
2
j

m2
j

N+
∑︁

1≤s<t≤n

cstfsft
msmt

N

N = −1. (2.2.12)

Moreover, it is clear that (2.2.12) holds if and only if N is even and

n∑︂
j=1

λjfj
mj

+
n∑︂
j=1

cjf
2
j

m2
j

+
∑︂

1≤s<t≤n

cstfsft
msmt

− 1

2
∈ Z.

As any solution (f1, . . . , fn) of (2.2.8) is of the form YyU
′, for some y ∈ Zn, our proof

follows.

We use the isomorphism provided by (2.2.2) in order to return to our initial
context: G is a finite abelian group and kΦa [G] is the Hopf group algebra of k and
G considered as a quasi-Hopf algebra with reassociator

Φa =
∑︂
i,j,l∈N

ωa(g
i1
1 . . . g

in
n , g

j1
1 . . . g

jn
n , g

l1
1 . . . g

ln
n )1i1,...,in ⊗ 1j1,...,jn ⊗ 1l1,...,ln .

Here, assuming C = Cm1 × . . . × Cmn as in the above, we have denoted by i an
n-tuple (i1, . . . , in) ∈ Zn with the property that 0 ≤ il ≤ ml − 1, for all 1 ≤ l ≤ n,
and by N the set of all these n-tuples i.

Corollary 2.2.9 With the same notation as in Proposition 2.2.8, if there exists a

non-trivial 2-dimensional Hopf algebra within
kΦa [G]

kΦa [G]YD, then N is even. Further-

more, assuming N even, a non-trivial Hopf algebra of dimension 2 in
kΦa [G]

kΦa [G]YD is

of the form Bσ,v, where σ : k[G] → k is an algebra morphism and v is an element
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in k[G], and both are determined by a solution f = (f1, . . . , fn) ∈ Zn of (2.2.8) and
(λ1, . . . , λn) ∈ Zn obeying (2.2.12) as follows:

σ(gj11 . . . g
jn
n ) =

n∏︂
l=1

ξfljlml
,

v =
∑︂
l∈N

ζ

Ç
n∑︁

j=1

λjlj
mj

+
n∑︁

j=1

cjfj lj

m2
j

+
∑︁

1≤s<t≤n

cstlsft
msmt

å
N

N 1l1,...,ln ,

for all gj11 . . . g
jn
n ∈ G.

Proof. It follows by Proposition 2.2.8 and the quasi-Hopf algebra identification kG ∼=
k[G] produced by the correspondence P

g
j1
1 ...gjnn

↦→ 1j1,...,jn . Keeping in mind the proof

of Lemma 2.2.2, for f and (λ1, . . . , λn) as in the statement, we deduce that, for ϑ
and fg as in (2.2.11),

σ(gj11 . . . g
jn
n ) =

n∏︂
l=1

(︄
ml−1∑︂
t=0

ξtjlml
˜︁Pgtl (gf11 . . . gfnn )

)︄
=

n∏︂
l=1

ξfljlml
,

and

v =
∑︂
l∈N

(ϑfg)(g
l1
1 . . . g

ln
n )1l1,...,ln

=
∑︂
l∈N

ζ

Ç
n∑︁

j=1

λjlj
mj

+
n∑︁

j=1

cjfj lj

m2
j

+
∑︁

1≤s<t≤n

cstlsft
msmt

å
N

N 1l1,...,ln ,

as stated. Note that σ(v) = −1 is equivalent to (2.2.12), since σ(1j1,...,jn) = δj,f.

Examples 2.2.10 Let n = 3, G = Cm1 × Cm2 × Cm3 and ωa be a 3-cocycle on G.
Recall that M = (m1,m2,m3), M

′ = M
(M,c123)

and that any solution of (2.2.8) is of

the form (f1, f2, f3) = (µ1M
′, µ2M

′, µ3M
′), with µ1, µ2, µ3 integers. It is immediate

that M ′|M |mj, for all 1 ≤ j ≤ 3. Set now m′
j :=

mj

M ′ , for all 1 ≤ j ≤ 3.
In this particular case, (2.2.12) becomes

3∑︂
j=1

λjµj
m′
j

+
3∑︂
j=1

cjµ
2
j

m′2
j

+
∑︂

1≤r<s≤3

crsµrµs
m′
rm

′
s

− 1

2
∈ Z.

For this to happen, at least one of the integersm′
1, m

′
2, m

′
3 has to be even. Therefore,

we assume that the set Je := {1 ≤ j ≤ 3|m′
j ∈ 2Z} is non-empty. Furthermore, we

set µj = 0, for all j ∈ {1, 2, 3}\Je, and µj =
m′

j

2
, for all j ∈ Je. Then, if we set

c :=
∑︂
j∈Je

cj +
∑︂

r,s∈Je;r<s

crs,

(2.2.12) becomes ∑︂
j∈Je

λj
2

+
c

4
− 1

2
∈ Z.
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The latest condition is fulfilled if and only if c is even and
∑︁

j∈Je λj +
c
2
is an odd

number. Thus, if Je is non-empty and c is even, there exists at least one non-trivial

2-dimensional Hopf algebra within
kΦa [G]

kΦa [G]YD.

The condition ”c is even” is only sufficient. For instance, we can take m1 = 12,
m2 = 18, m3 = 30 and c123 = 4, so that M = 6, M ′ = 3, m′

1 = 4, m′
2 = 6, m′

3 = 10
and Je = {1, 2, 3}. Then, for c1 = 3, c2 = 7, c3 = 14, c12 = 1, c13 = 3 and c23 = 5,
we compute c = 33, an odd number. Furthermore, for (f1, f2, f3) = (3µ1, 3µ2, 3µ3)
with 0 ≤ µ1 ≤ 3, 0 ≤ µ2 ≤ 5 and 0 ≤ µ3 ≤ 9, a solution of (2.2.8) in this particular
case, the condition (2.2.12) becomes

3

4
λ1µ1 +

1

2
λ2µ2 +

3

10
λ3µ3 +

27

16
µ2
1 +

7

4
µ2
2+

+
63

50
µ2
3 +

3

8
µ1µ2 +

27

40
µ1µ3 +

3

4
µ2µ3 −

1

2
∈ Z.

For µ2 = 2 and µ3 = 5, this reduces to

3

4
λ1µ1 +

3

2
λ3 +

27

16
µ2
1 +

33

8
µ1 −

1

2
∈ Z,

and is satisfied in each of the following cases: (1) µ1 = 0, 0 ≤ λ1 ≤ 11, 0 ≤ λ2 ≤ 17
and λ3 ∈ {1, 3, . . . , 29}; (2) µ1 = 2, 0 ≤ λ2 ≤ 17, and 0 ≤ λ1 ≤ 11 and 0 ≤ λ3 ≤ 29
such that λ1 + λ3 is odd. We conclude that this case provides plenty of non-trivial
2-dimensional braided Hopf algebras, although c is odd.

We conclude the list of examples by pointing out that it might happen to have
no non-trivial 2-dimensional braided Hopf algebras; for example, when n = 3 and
m′
j is odd, for all 1 ≤ j ≤ 3.

Next, we deal with the case n = 2. We expected things to be simpler here but, as
we will see, this is not the case. To start, assume G = Cm1×Cm2 with Cmj

generated
by gj, an element of order mj ≥ 2, with 1 ≤ j ≤ 2. As before, set M = (m1,m2),
the greatest common divisor of m1, m2, and let ωa be the 3-cocycle on G defined by
a = (c1, c2, c12), where 0 ≤ cj ≤ mj − 1 and 0 ≤ c12 ≤M , as follows:

ωa(g
i1
1 g

i2
2 , g

j1
1 g

j2
2 , g

k1
1 g

k2
2 ) = ξ

c12i2⌊ j1+k1
m1

⌋
m2

2∏︂
l=1

ξ
clil⌊

jl+kl
ml

⌋
ml .

As we have seen in the proof of Proposition 2.2.4, ♭gωa = ∂fg is a coboundary

2-cocycle, for all g = gf11 g
f2
2 ∈ G; here fg : G→ k∗ is given, for all gj11 g

j2
2 ∈ G, by

fg(g
j1
1 g

j2
2 ) := ξc12f2j1m1m2

2∏︂
l=1

ξclfljl
m2

l
.

If kΦa [G] is the quasi-Hopf algebra with reassociator

Φa =
∑︂
i,j,l∈N

ωa(g
i1
1 g

i2
2 , g

j1
1 g

j2
2 , g

k1
1 g

k2
2 ) 1i1,i2 ⊗ 1j1,j2 ⊗ 1l1,l2 ,

built on the Hopf group algebra k[G], by using the same arguments as in the proof
of Proposition 2.2.8, we get the following result.
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Corollary 2.2.11 Let N = LCM(m2
1,m

2
2,m1m2). If there exists a non-trivial 2-

dimensional Hopf algebra within
kΦa [G]

kΦa [G]YD then N is even.

Assuming N even, a non-trivial Hopf algebra of dimension 2 in
kΦa [G]

kΦa [G]YD is of

the form Bσ,v, with σ : k[G] → k an algebra morphism and v ∈ k[G], determined by
f = (f1, f2), λ = (λ1, λ2) ∈ N satisfying

λ1f1
m1

+
λ2f2
m2

+ c1
f 2
1

m2
1

+ c2
f 2
2

m2
2

+ c12
f1f2
m1m2

− 1

2
∈ Z (2.2.13)

as follows, for all gj11 g
j2
2 ∈ G:

σ(gj11 g
j2
2 ) = ξ

(︂
f1j1
m1

+
f2j2
m2

)︂
N

N ,

v =
∑︂
l∈N

ζ

Ç
2∑︁

j=1

λjlj
mj

+
n∑︁

j=1

cjfjlj

m2
j

+
c12l1f2
m1m2

å
N

N 1l1,l2 .

The classification provided by Corollary 2.2.11 entails to condition (2.2.13). We
will see in Appendix A that (2.2.13) reduces to finding the rational points of a conic
section, an arithmetic problem with a rather laborious solution. However, there are
particular situations when (2.2.13) can be solved on the spot, through the use of
elementary methods. As an example of such a situation, we will analyze the case
when m1 = m2 = 2; in other words, when G is the Klein group C2 ×C2. As before,
denote by g1 and g2 the generators of G and by σf1f2 : G→ k the algebra morphism
determined by σf1f2(g

j1
1 g

j2
2 ) = (−1)f1j1+f2j2 , for all gj11 g

j2
2 ∈ G; here (f1, f2) is a fixed

pair of integers f1, f2 in the set {0, 1}. We also denote by i a fixed primitive root of
unity of order 4 in k.

Example 2.2.12 For G the Klein four group, the 2-dimensional non-trivial Hopf

algebras in
kΦa [G]

kΦa [G]YD are of the form Bσ,v, with a ∈ A, σ : k[G] → k and v ∈ k[G]

given by the table below, using the notation established in Corollary 2.2.11.

a = (c1, c2, c3) σf1f2 (λ1, λ2) v σf1f2 (λ1, λ2) v
σ01 (0, 1) g2 σ10 (1, 0) g1

(0, 0, 0) (1, 1) g1g2 (1, 1) g1g2
σ11 (0, 1) g2 σ11 (1, 0) g1

(0, 0, 1) σ01 (0, 1) g+ := 1+i
2
g2 +

1−i
2
g1g2 σ10 (1, 0) g1

(1, 1) g− := 1−i
2
g2 +

1+i
2
g1g2 (1, 1) g1g2

(0, 1, 1) σ11 (0, 0) h+ := 1
2
(g1 + g2) +

i
2
(1− g1g2) σ10 (1, 0) g1

(1, 1) h− := 1
2
(g1 + g2)− i

2
(1− g1g2) (1, 1) g1g2

(1, 0, 0) σ01 (0, 1) g2 σ01 (1, 1) g1g2
(1, 0, 1) σ01 (0, 1) g+ σ11 (0, 0) g1

(1, 1) g− (1, 1) g2
(0, 1, 0) σ10 (1, 0) g1 σ10 (1, 1) g1g2
(1, 1, 0) σ11 (0, 0) h+ σ11 (1, 1) h−

Proof. The 2-dimensional non-trivial Hopf algebras in
kΦa [G]

kΦa [G]YD are parametrized

by f1, f2, λ1, λ2 ∈ {0, 1} such that 4|2(λ1f1 + λ2f2) + c1f
2
1 + c2f

2
2 + c12f1f2 − 2.

Equivalently, 2|c1f 2
1 + c2f

2
2 + c12f1f2 and λ1f1 + λ2f2 +

c1f21+c2f
2
2+c12f1f2
2

is an odd
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integer. But c1f
2
1 , c2f

2
2 , c12f1f2 ∈ {0, 1}, so, either all are equal to zero, or two of

them are equal to one and the last one is equal to zero; in the former case, λ1f1+λ2f2
is odd, meaning that λ1f1 = 1 and λ2f2 = 0 or vice versa, while in the latter case
λ1f1 + λ2f2 is even, and so is λ1f1 = λ2f2 ∈ {0, 1}.

When c1f
2
1 = c2f

2
2 = c12f1f2 = 0 and λ1f1 + λ2f2 is odd, we cannot have f1, f2,

respectively λ1, λ2, simultaneously equal to zero. By considering the cases (f1, f2)
equal to (0, 1), (1, 0) and respectively (1, 1), we obtain the solutions shown in the
table for a ∈ {(0, 0, 0), (0, 0, 1), (1, 0, 0), (0, 1, 0)}, as well as those mentioned for
a = (1, 0, 1) and a = (0, 1, 1) in the case when σf1f2 is σ01 and σ10, respectively.
In a similar manner, we treat the cases: (i) c1f

2
1 = 0, c2f

2
2 = c12f1f2 = 1 and

λ1f1 + λ2f2 is even; (ii) c1f
2
1 = c2f

2
2 = 1, c12f1f2 = 0 and λ1f1 + λ2f2 is even; (iii)

c1f
2
1 = c12f1f2 = 1, c2f

2
2 = 0 and λ1f1+λ2f2 is even. Following simple computations,

they produce the remaining six parameterizations in the table. Take note that v
can be computed in each case by using the formulas

10,0 =
1

4
(1 + g1)(1 + g2); 11,0 =

1

4
(1− g1)(1 + g2);

10,1 =
1

4
(1 + g1)(1− g2); 11,1 =

1

4
(1− g1)(1− g2).

It remains to study the case when n = 1, that is, when G is a cyclic group of
orderm ≥ 2; we denote by g the generator of G. Towards this end, we fix a primitive
root of unity q of order m2 in k and take q = qm, a primitive root of unity of order
m in k. Then, for 0 ≤ c ≤ m− 1, kΦc [G] is the Hopf group algebra k[G], considered
as a quasi-Hopf algebra via the reassociator

Φc =
m−1∑︂
i,j,l=0

qci⌊
j+l
m

⌋1i ⊗ 1j ⊗ 1l. (2.2.14)

As before, 1j =
1
m

∑︁m−1
s=1 q

−jsgs denotes an idempotent of the group algebra, for all
0 ≤ j ≤ m− 1.

Using again the same arguments as in the proof of Proposition 2.2.8, we get the
following result.

Proposition 2.2.13 If there exists a non-trivial 2-dimensional Hopf algebra within
kΦc [G]

kΦc [G]YD, the greatest common divisor of c and m is even.

Assuming (c,m) even, a non-trivial Hopf algebra of dimension 2 in
kΦc [G]

kΦc [G]YD is

of the form Bσ,v, with σ : k[G] → k an algebra morphism and v ∈ k[G], determined
by f, λ ∈ {0, . . . ,m− 1} satisfying

λf

m
+
cf 2

m2
− 1

2
∈ Z, (2.2.15)

as follows, for all gj in G:

σ(gj) = qfj and v =
m∑︂
j=1

qmλj+cfj1j.
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Proof. If there is a non-trivial Hopf algebra of dimension 2 in
kΦc [G]

kΦc [G]YD, then there

exist f, λ ∈ {0, . . . ,m− 1} and k ∈ Z such that 2cf 2 + 2mλf − (2k + 1)m2 = 0. It
follows that m is even, so we only need to prove that c is also even. For c = 0, there
is nothing to prove, while for c ̸= 0 the equality (2cf +mλ)2 = 2c(2k+1)m2+λ2m2

says that 2c(2k + 1) + λ2 is a square, let us say it is equal to ω2, for some scalar ω.
Then λ and ω have the same parity, which tells us that c must be even.

Corollary 2.2.14 Keeping the above notation, if (c,m) is even there is always a

non-trivial Hopf algebra of dimension 2 in
kΦc [G]

kΦc [G]YD.

Proof. Let d = (c,m), a non-zero even number, and let c′ andm′ be coprime integers
such that c = dc′ and m = dm′. We saw that (2.2.15) is equivalent to the existence
of z ∈ Z such that (2cf +mλ)2 = 2c(2z+1)m2+λ2m2. It follows that m|2cf +mλ,
so m

2
|cf ; if we write 2cf = mt, for some t ∈ Z, then (t + λ)2 = 2c(2z + 1) + λ2,

hence t2 + 2λt = 2c(2z + 1). Therefore, t is even and we can write cf = mv, for
some integer v. Furthermore, as c′f = m′v, we find s ∈ Z such that f = sm′

and v = sc′. To conclude the proof, we show that we can always find s, λ, z such
that 2s(c′s + λ) = (2z + 1)d. Indeed, one can take s = d

2
and λ, z such that

λ = 2z+1− c
2
; note that, there is at least one z ∈ Z such that c

2
≤ 2z+1 < m+ c

2
,

because m ≥ 2.

Remark 2.2.15 In the Hopf algebra case, meaning when c = 0, non-trivial Hopf
algebras of dimension 2 in

k[G]
k[G]YD are determined by pairs (f, λ) with λf = (2z+1)m

2
,

for some z ∈ Z.

2.2.2 A non-abelian example

Next, we want to apply Lemma 2.2.2 to a finite non-abelian group G. There are
two main obstacles we must avoid while choosing the group G; namely, we want
the center of G to be not-trivial and, on the other hand, we need to be able to
find explicitly the representatives for the 3-cocycles of G. A first candidate that
satisfies both of these conditions is the dihedral group Dn with 2n elements, n an
even natural number, since for n odd, Dn is centerless; but, although we have a full
description for H3(Dn, k

∗) (see [29, 30]) we don’t have the concrete formulas for the
representatives of the 3-cocycles of Dn. Nevertheless, we can overcome this issue by
working with the so called double dihedral group D̄n, instead of Dn. We take n ≥ 2
since, otherwise, D̄1 ≃ C4 is an abelian group.

Definition 2.2.16 For any n ≥ 1, the double dihedral group D̄n is a group of order
4n, generated by R and X with relations:

R2n = e, X2 = Rn, and XR = R−1X,

where e denotes the neutral element.

In the following, we sometimes identify the elements of D̄n with pairs (A, a), in
the sense that (A, a) ≡ XARa; here A ∈ {0, 1} and a ∈ {−n+ 1, . . . , n}. Thus, a′2n,
the reminder of the division of a by 2n, is replaced by ⟨a⟩2n, a new reminder modulo
2n which lies in the range −n + 1, . . . , n. Note that ⟨a⟩2n is uniquely determined
by the property that Ra = R⟨a⟩2n and ⟨a⟩2n ∈ {−n + 1, . . . , n}, for all a ∈ Z.
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To find a relation between these two reminders, observe that Ra = Ra−2⌊ a
2n

⌋n with
a−2⌊ a

2n
⌋n ∈ {0, . . . , 2n−1}, provided that a ∈ {−n+1, . . . , n}. Likewise, provided

that a ∈ {0, . . . , 2n − 1}, Ra = Ra+2⌊n−a
2n

⌋n with a + 2⌊n−a
2n

⌋n ∈ {−n + 1, . . . , n}.
Therefore, for all a ∈ Z, we can alternatively define the second remainder by

⟨a⟩2n := a′2n + 2⌊n− a′2n
2n

⌋n = a+ 2⌊n− a

2n
⌋n. (2.2.16)

Indeed, R2n = e implies Ra = R⟨a⟩2n , and since ⟨a⟩2n can also be written in the form
⟨a⟩2n = n− (n− a)′2n, it follows that ⟨a⟩2n ∈ {−n+ 1, . . . , n}.

Lemma 2.2.17 For any n ∈ N, the center Z(D̄n) of the double dihedral group D̄n

equals {e, Rn}.

Proof. For a ∈ {0, . . . , 2n− 1} we have that RXRa = XRa−1 and XRaR = XRa+1,
so XRa does not belong to Z(D̄n), unless n = 1. On the other hand, XRa =
R−aX, so Ra is in the center of D̄n if and only if R2a = e, which is equivalent to
a ∈ {0, n}.

Owing to [42], H3(D̄n, k
∗) ≃ Z4n. However, only half of the representatives for

the cohomology classes of H3(D̄n, k
∗) can be defined in an explicit way. To use

this presentation, we need to assume that k has characteristic different from 2 and
contains a 2n2 primitive root of unity, denoted by ξ2n2 . We also fix the primitive

roots ξn = ξ2n, ξ2n = ξn and ξ4 = ξ
n2

2 , and for p ∈ {0, . . . , 2n − 1}, we define
ωp : D̄n × D̄n × D̄n → k∗ by

ωp(X
ARa, XBRb, XCRc)

= ξ
p
(︂
(−1)B+Ca((−1)Cb+c−⟨(−1)Cb+c+nBC⟩2n)−n2

2
ABC

)︂
2n2

(2.2.16)
= ξ

p

Å
(−1)B+C+1a(2⌊n−(−1)Cb−c−nBC

2n
⌋n+nBC)−n2

2
ABC

ã
2n2

= ξ
p(−1)B+C+1aBC
2n ξ

p(−1)B+C+1a⌊n−(−1)Cb−c−nBC
2n

⌋
n ξ−pABC4 ,

(2.2.17)

for all couples (A, a), (B, b), (C, c) with A,B,C ∈ {0, 1} and a, b, c ∈ {−n+1, . . . , n}.
Then (ωp)0≤p≤2n−1 are non-cohomologous normalized 3-cocycles for D̄n.

Lemma 2.2.18 The normalized 2-cocycle ♭Rnωp on D̄n is determined by

♭Rnωp(X
ARa, XBRb) = (−1)pABξ

pa
2
((−1)B−1)

n ,

for all A,B ∈ {0, 1} and a, b ∈ {−n + 1, . . . , n}. Furthermore, if f : D̄n → k∗ is
given by f(XARa) = (−1)Aξ−pa2n , for all A ∈ {0, 1} and a ∈ {−n + 1, . . . , n}, then
♭Rnωp = ∂f ; therefore, ♭Rnωp is a coboundary 2-cocycle.

Proof. We compute, for all (A, a) and (B, b) as in the statement of the lemma, that

♭Rnωp(X
ARa, XBRb) =

ωp(R
n, XARa, XBRb)ωp(X

ARa, XBRb, Rn)

ωp(XARa, Rn, XBRb)

=
ξ
p(−1)A+B+1nAB
2n ξ

p(−1)A+B+1n⌊n−(−1)Ba−b−nAB
2n

⌋
n ξ

p(−1)B+1a⌊− b
2n

⌋
n

ξ
p(−1)B+1a⌊n−(−1)Bn−b

2n
⌋

n

= (−1)pABξ
p(−1)B+1a

Å
⌊− b

2n
⌋−⌊n−(−1)Bn−b

2n
⌋
ã

n .

52



2.2. The algebra of functions on a finite group

Our assertion follows from the fact that

⌊− b

2n
⌋ − ⌊n− (−1)Bn− b

2n
⌋ =
ß

0, if B = 0
−1, if B = 1

=
1

2
((−1)B − 1).

Finally, for f : D̄n → k∗ as in the statement of the lemma, we have that

∂f(XARa, XBRb) =
f(XARa)f(XBRb)

f(XARaXBRb)
=

(−1)A+Bξ
−p(a+b)
2n

f(X(A+B)′2R⟨(−1)Ba+b+nAB⟩2n)
(2.2.16)
= (−1)2⌊

A+B
2

⌋ξ
−p(a−(−1)Ba−nAB)
2n = (−1)pABξ

pa
2
((−1)B−1)

n

= ♭Rnωp(X
ARa, XBRb),

for all A,B ∈ {0, 1} and a, b ∈ {−n+1, . . . , n}, as stated. So our proof is complete.

Proposition 2.2.19 For the quasi-Hopf algebra (kD̄n ,Φωp), there are non-trivial

2-dimensional braided Hopf algebras in
(kD̄n ,Φωp )

(kD̄n ,Φωp )
YD if and only if either p is odd or

p and n have different parities.

Proof. Owing to Lemma 2.2.17 and Proposition 2.2.3, giving a non-trivial braided

Hopf algebra B of dimension 2 in
(kD̄n ,Φωp )

(kD̄n ,Φωp )
YD is equivalent to defining ρ : D̄n → k∗

such that ρ(Rn) = −1 and ♭Rnωp = ∂ρ. Moreover, as we have observed in the proof
of Proposition 2.2.8, any two maps ρ1, ρ2 : D̄n → k∗ satisfying ∂ρ1 = ∂ρ2 are related
through a group homomorphism ϑ : D̄n → k∗, in the sense that ρ1(g) = ρ2(g)ϑ(g),
for all g ∈ G. Therefore, by Lemma 2.2.18, B is determined by a map ρ : D̄n → k∗

given by ρ(XARa) = (−1)Aξ−pa2n ϑ(XARa), for all A ∈ {0, 1} and a ∈ {−n+1, . . . , n},
where ϑ : D̄n → k∗ is a suitable group homomorphism.

It is immediate that a group homomorphism ϑ : D̄n → k∗ is parametrized by two
scalars υ and ξs2n in k, with 0 ≤ s ≤ 2n − 1, obeying υ2 = (−1)s and υξs2n = υξ−s2n .
If follows that s ∈ {0, n} and υ2 = (−1)s, and therefore there are four group
homomorphisms ϑ : D̄n → k∗; namely, they are determined by the couples

(ϑ(X), ϑ(R)) ∈ {(1, 1), (−1, 1), (ξn4 ,−1), (−ξn4 ,−1)}.

Summing up, there are exactly four maps ρ : D̄n → k∗ for which ♭Rnωp = ∂ρ.
They are given by

ρ1 : X
ARa ↦→ (−1)Aξ−pa2n ,

ρ2 : X
ARa ↦→ ξ−pa2n ,

ρ3 : X
ARa ↦→ (−ξn4 )A(−1)aξ−pa2n ,

ρ4 : X
ARa ↦→ ξnA4 (−1)aξ−pa2n ,

for all A ∈ {0, 1} and a ∈ {−n+ 1, . . . , n}. Our assertion follows now from the fact
that ρ1(R

n) = ρ2(R
n) = (−1)p and ρ3(R

n) = ρ4(R
n) = (−1)n+p.

To conclude, we present a concrete example, using the most famous double di-
hedral group.
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Example 2.2.20 (Quaternion group) When n = 2, D̄2 is the quaternion group Q,
the group generated by X and R with relations R4 = e, X2 = R2 and XR = R3X;
we can obtain the original presentation of Q by taking −1 = R2, ī = X, j̄ = R and
k̄ = XR; indeed, we can easily verify that ī2 = j̄2 = k̄2 = īj̄k̄ = −1.

Owing to Proposition 2.2.19, there are non-trivial 2-dimensional braided Hopf

algebras within
(kD̄2 ,Φωp )

(kD̄2 ,Φωp )
YD if and only if p is either 1 or 3. If this is the case, we get 8

non-trivial 2-dimensional braided Hopf algebras which give rise to 8 quasi-Hopf alge-
bras of dimension 16, all of the form H(θ)v,σ; recall that v =

∑︁
A,a ρ(X

ARa)PXARa ,

and that σ : k̄D2 → k is given by σ(PXARa) = δA,0δa,n, for all A ∈ {0, 1} and
a ∈ {−n+ 1, . . . , n}.

2.3 Some non-commutative, non-cocommutative

examples

The classification of quasi-Hopf algebras with radical of codimension 2 was obtained
in [19] by P. Etingof and S. Gelaki; namely, they proved that there are precisely four
types of such quasi-Hopf algebras, denoted by H(2), H+(8), H−(8) and H(32). Note
that, as we are about to see, H+(8), H−(8) and H(32) contain H(2) as a quasi-Hopf
subalgebra. Recall that H(2) := (k[C2],Φ), where Φ = 1⊗ 1⊗ 1− 2p− ⊗ p− ⊗ p−.

Throughout this section, k is a field which contains a primitive 4-th root of
unit q. Our next aim is to construct new classes of quasi-Hopf algebras from an
H ∈ {H(2), H±(8), H(32)} and a pair (σ, v) of H satisfying conditions (2.1.22) to
(2.1.25), for all h ∈ H; see Proposition 2.1.9 for all the detail on the construction.

By using the classification of the 4-dimensional quasi-Hopf algebras, see Section
3.2, if follows that, for H(2), a pair (σ, v) like the one above cannot exist. To obtain
a direct argument for this assertion, we can first look at the elements v = µ1+ νg ∈
H(2) for which ε(v) = 1 and σ(v) = −1. As we cannot have σ(g) = 1, otherwise
this would imply σ = ε, and so the contradiction 1 = −1, we get σ(g) = −1; thus
µ + ν = 1 and µ− ν = −1, and hence v = g. Then σ(p−) = 1 and (2.1.24) read as
∆(g) = σ(x3)x1g ⊗ x2g, in turn equivalent to g ⊗ g = g ⊗ g − 2p− ⊗ p−. This latter
equality is false.

So, for H = H(2), Proposition 2.1.9 only produces quasi-Hopf algebras of the
form k[C2] ⊗H(2), which are quasi-Hopf algebras built on the Hopf group algebra
structure of k[C2 × C2], with the help of the reassociator Φ of H(2). We will see
below that a similar situation also occurs when H ∈ {H±(8), H(32)}.

Recall from [19] thatH(32) is the k-algebra generated by g, x and y with relations

g2 = 1, gx = −xg, gy = −yg, x4 = y4 = 0 and yx = qxy.

The quasi-Hopf algebra structure of H(32) is defined in such a way that k[⟨g⟩] is a
quasi-Hopf subalgebra of H(32), and by

∆(x) = x⊗ (p+ + qp−) + 1⊗ p+x+ g ⊗ p−x,

∆(y) = y ⊗ (p+ − qp−) + 1⊗ p+y + g ⊗ p−y,

S(x) = −x(p+ + qp−), S(y) = −y(p+ − qp−),

ϵ(x) = ϵ(y) = 0.
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Hq(8) is the unital k-algebra generated by g, x subject to the relations

g2 = 1, x4 = 0 and gx = −xg;

the quasi-Hopf algebra structure of Hq(8) is defined in a similar way to that of
H(32), with structure maps determined by:

∆(x) = x⊗ (p+ + qp−) + 1⊗ p+x+ g ⊗ p−x,

S(x) = −x(p+ + qp−), ϵ(x) = 0.

Following the notation of [19], H+(8) and H−(8) correspond to the case when q = i
and q = −i, respectively.

Lemma 2.3.1 For H ∈ {Hq(8), H(32)}, a 2-dimensional braided Hopf algebra in
H
HYD is isomorphic to the Hopf group algebra k[C2], regarded as an object in H

HYD
through the trivial action and coaction.

Proof. An algebra morphism σ : H → k is determined by σ(g) ∈ {±1} and σ(x) = 0,
provided that H = Hq(8), which follows by the relation x4 = 0; in the case when
H = H(32), in addition we must have σ(y) = 0.

Let v ∈ H be such that ε(v) = 1 and σ(v) = −1. We cannot have σ(g) = 1;
otherwise σ = ε, and so 1 = −1, a contradiction. We conclude that σ(g) = −1. Set
v = v0 + v1 with v0 ∈ k[⟨g⟩] and v1 =

∑︁1,3
j=0,l=1 λjlg

jxl, for some λjl in k provided

that H = Hq(8), otherwise, when H = H(32), set v1 =
∑︁1,3,3

j,l,t=0;l+t̸=0 λjltg
jxlyt for

some λjlt in k. We have ε(v0) = 1 and σ(v0) = −1, relations which force v0 = g;
thus v = g + v1.

We now ask for v to satisfy the additional relation σ(h2)h1v = σ(h1)vh2, for all
h ∈ H. By taking h = g, we get that vg = gv, hence gv1 = v1g, a fact which
gives us, in the case when H = Hq(8), v1 = (

∑︁1
j=0 λjg

j)x2 for some λj ∈ k, and

respectively v1 =
∑︁1,3,3

j,l,t=0;l+t∈{2,4} λjltg
jxlyt in the case when H = H(32). Likewise,

by taking h = x, as σ(p+) = 0 and σ(p−) = 1 we get that qxv = vp+x − vp−x,
relation equivalent to qxv = vgx; for H = Hq(8), this is equivalent to

−qgx+ q(
1∑︂
j=0

(−1)jλjg
j)x3 = x+ (

1∑︂
j=0

λjg
j+1)x3,

and, for H = H(32), it yields

−qgx+ q

1,3,3∑︂
j,l,t=0

l+t∈{2,4}

λjlt(−1)jgjxl+1yt = x+

1,3,3∑︂
j,l,t=0

l+t∈{2,4}

λjltq
tgj+1xl+1yt.

In both cases we are lead to a contradiction, thus concluding our proof.

Hence, for H = Hq(8), our techniques give rise to a single quasi-Hopf algebra of
dimension 16, which will be denoted by Hq(16) in what follows, through the trivial
biproduct construction, meaning that Hq(16) equals Hq(8)g2 = k[C2] ⊗ Hq(8); see
Proposition 2.1.9 for all the details. In particular, we recall that Hq(16) contains
Hq(8) as a quasi-Hopf subalgebra, whose generators we now denote by g1 and x, and
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a second group-like element g2, which commutes with all the elements of Hq(8) and
such that g1, g2, x generate Hq(16) as an algebra.

In the next proposition, we show how, starting from a quasi-Hopf algebra H
which admits only trivial 2-dimensional braided Hopf algebras, we can obtain non-
trivial structures by taking the trivial rank 2 biproduct of H as the base quasi-Hopf
algebra. Namely, we consider H = Hq(8) and are able to recover one non-trivial
2-dimensional braided Hopf algebra.

Proposition 2.3.2 For Hq(16), the only pair (σ, v) satisfying (2.1.22) to (2.1.25)
is given by the k-algebra morphism σ : Hq(16) → k, determined by σ(g1) = 1,
σ(g2) = −1 and σ(x) = 0, and the element v = g2. Furthermore, Hq(8)(θ)(σ,v) is
a 32-dimensional quasi-Hopf algebra isomorphic to the tensor product quasi-Hopf
algebra of H4 and Hq(8).

Proof. We write v as

v =

1,1∑︂
j,l=0

µjlg
j
1g
l
2 +

1,1;3∑︂
j,l=0
t=1

λjltg
j
1g
l
2x

t,

for some µjl, λjlt ∈ k. We also denote σ(gj) = νj ∈ {±1}, 0 ≤ j ≤ 1; as we have
already remarked, we cannot have both ν1, ν2 equal to 1, otherwise we would obtain
σ = ε, and thus 1 = −1. Since ε(v) = 1, we have

∑︁1,1
j,l=0 µij = 1; similarly, since

σ(v) = −1 we have
∑︁1,1

j,l=0 ν
j
1ν

l
2µjl = −1.

For h = g1, the equality σ(h2)h1v = σ(h1)vh2 reads as vg1 = g1v, which is in
turn equivalent to

1,1∑︂
j,l=0

µjlg
j+1
1 gl2 +

1,1;3∑︂
j,l=0
t=1

(−1)tλjltg
j+1
1 gl2x

t =

1,1∑︂
j,l=0

µjlg
j
1g
j
2 +

1,1;3∑︂
j,l=0
t=1

λjltg
j+1
1 gl2x

t.

It follows that λjlt = 0 for any odd t, and so

v =

1,1∑︂
j,l=0

µjlg
j
1g
l
2 +

(︄∑︂
j,l=0

λjlg
j
1g
l
2

)︄
x2,

for some µjl, λjl ∈ k. With v written this way, one can easily check that the relation
(2.1.25) is satisfied by h = g2 too. When we check (2.1.25) for h = x, we land
at ωxv = v(p+ + ν1p−)x, where ω :=

(︁
1
2
(1 + λ1) +

q
2
(1− ν1)

)︁
. This last equality

reduces to

ω
(︁ 1,1∑︂
j,l=0

(−1)jµjlg
j
1g
l
2

)︁
x+ ω

(︁ 1,1∑︂
j,l=0

(−1)jλjlg
j
1g
l
2

)︁
x3

=
(︁ 1,1∑︂
j,l=0

µjl(p+g
l
2 + (−1)jν1p−g

l
2)
)︁
x+

(︁ 1,1∑︂
j,l=0

λjl(p+g
2
l + (−1)jν1p−g

l
2)
)︁
x3,

where we adopted the notation p± = 1
2
(1 ± g1). For 0 ≤ j ≤ 1, the above relation

leads to the system®
ω(µ0j1− µ1jg1) = µ0j(p+ + ν1p−) + µ1j(p+ − ν1p−)

ω(λ0j1− λ1jg1) = λ0j(p+ + ν1p−) + λ1j(p+ − ν1p−)
,
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which is equivalent to ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ω(µ0j − µ1j) = µ0j + µ1j

ω(µ0j + µ1j) = ν1(µ0j − µ1j)

ω(λ0j − λ1j) = λ0j + λ1j

ω(λ0j + λ1j) = ν1(λ0j − λ1j)

;

we reduce to two cases, ν1 ∈ {−1, 1}, that will be analyzed separately in what
follows.

Case 1: ν1 = 1. We get ω = 1, ν2 = −1 and µ1j = λ1j = 0, for all 0 ≤ j ≤ 1.
As in the above, we conclude that v = g2 + (λ1 + µg2)x

2, for some λ, µ ∈ k. On the
other hand, the condition (2.1.24) on v holds if and only if ∆(v) = v ⊗ v, because
σ(p−) = 0; recall that p− = 1

2
(1 − g1) and σ(g1) = ν1 = 1. A simple computation

yields

∆(x2) = x2 ⊗ g1 + (1 + q)x⊗ p+x+ (1− q)g1x⊗ p−x+ g1 ⊗ x2,

and with this we obtain by direct computation that ∆(v) = v ⊗ v is equivalent to
λ = µ = 0.

Summing up, v = g2 and σ is determined by σ(g1) = 1, σ(g2) = −1 and σ(x) = 0.
Furthermore, Hq(8)(θ)(σ,v) is the quasi-Hopf algebra generated as a k-algebra by
g1, g2, x, θ, subject to relations

g21 = g22 = 1, x2 = θ2 = 0, g1g2 = g2g1, xg1 = −g1x,
g2x = xg2, g1θ = θg1, g2θ = −θg2, xθ = θp+x+ θp−x = θx.

The quasi-coalgebra structure is given in such a way that g1 and g2 are grouplike
elements, ∆(x) = x ⊗ (p+ + qp−) + 1 ⊗ p+x + g1 ⊗ p−x, ∆(θ) = g2 ⊗ θ + θ ⊗ 1,
ε(x) = ε(θ) = 0 and the reassociator is the same as H(2), Φ = 1 − 2p− ⊗ p− ⊗ p−;
the antipode is defined in a similar manner to the one of Hq(8), namely by S(x) =
−x(p+ + qp−). A simple inspection shows us that the k-algebra generated by g2
and θ is a Hopf subalgebra of Hq(16)(θ)(σ,v) which coincides with H4, and that
Hq(16)(θ)(σ,v) = H4 ⊗Hq(8) as quasi-Hopf algebras.

Case 2: ν1 = −1. Then, we are provided with ω = q, µ1j = qµ0j and λ1j = qλ0j,
for all 0 ≤ j ≤ 1, where q denotes here any primitive 4-th root of unity (we can
assume it to be q without loss of generality). Thus

v =
1∑︂
j=0

µ0j(1 + qg1)g
j
2 +

(︁ 2∑︂
j=0

λ0j(1 + qg1)g
j
2

)︁
x2.

Now, ε(v) = 1 implies µ00 + µ01 =
1
2
(1− q), while σ(v) = −1 implies µ00 + ν2µ01 =

−1
2
(1 + q). Hence, (1 − ν2)µ01 = 1, and therefore ν2 = −1, µ00 = − q

2
and µ01 =

1
2
.

We conclude that

v = −q

2
(1 + qg1) +

1

2
(1 + qg1)g2 +

(︁ 1∑︂
j=0

τj(1 + qg1)g
j
2

)︁
x2,

for some τ1, τ2 ∈ k. Finally, we have σ(p−) = 1 and a simple computation shows
that p−v = vp−. Hence, (2.1.24) reduces to

∆(v) = v ⊗ v − 2p−v ⊗ p−v = p+v ⊗ v + p−v ⊗ g1v.
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With v as presented above, 1 ⊗ 1 appears in the formula of ∆(v) with coefficient
− q

2
. On the other hand, since

p+v =
1

2
(1− q)p+ +

1

2
(1 + q)p+g2 + (1 + q)p+

(︁ 1∑︂
j=0

τjg
j
2

)︁
x2,

p−v = −1

2
(1 + q)p− +

1

2
(1− q)p−g2 + (1− q)p−

(︁ 1∑︂
j=0

τjg
j
2

)︁
x2,

g1v =
1

2
(1− qg1) +

q

2
(1− qg1)g2 + q(1− qg1)

(︁ 1∑︂
j=0

τjg
j
2

)︁
x2,

it follows that 1 ⊗ 1 appears in the formula of p+v ⊗ v + p− ⊗ g1v with coefficient
− q

8
(1− q)− 1

8
(1+ q) = −1

4
(1+ q). We conclude that −1

4
(1+ q) = − q

2
, which implies

q = 1, so this case cannot occur, since q is a primitive root.

We end this section by pointing out that, provided H has radical of codimension
2, we can find non-trivial 2-dimensional Hopf algebras within H

HYD only when H
is a twist deformation of a Hopf algebra. To this end, recall that, for n a non-
zero natural number, the Nichols Hopf algebra H2n is the k-algebra generated by
g, x1, . . . , xn with relations g2 = 1, x2i = 0, gxi = −xig, for all 1 ≤ i ≤ n − 1, and
xixj = −xjxi, for all 1 ≤ i ̸= j ≤ n − 1. The Hopf algebra structure of H2n is
designed in such a way that g is a grouplike element and xi is (g, 1)-skew primitive,
for all 1 ≤ i ≤ n.

Proposition 2.3.3 Let H be a finite dimensional quasi-Hopf algebra with radical of
codimension 2. There are non-trivial 2-dimensional braided Hopf algebras in H

HYD
if and only if H is twist equivalent to a Nichols Hopf algebra H2n, for some n ≥ 1.

Proof. We start with the direct implication. By Lemma 2.3.1 and the comments
made at the beginning of this section, H is not twist equivalent to one of the quasi-
Hopf algebras H(2), Hq(8) or H(32). In other words, owing to [19, Theorem 3.4],
the reassociator of H in trivial on 1-dimensional H-modules; by [19, Theorem 3.1],
it follows now that H is twist equivalent to H2n , for some n ≥ 1.

Conversely, by [11] it suffices to show that there are non-trivial 2-dimensional
Hopf algebras within H2n

H2n
YD. Indeed, Theorem 2.1.8 says that 2-dimensional braided

Hopf algebras over H2n are parametrized by couples (σ, v) consisting of an algebra
morphism σ : H2n → k and a grouplike element v ∈ H2n such that σ(v) = −1 and
σ(h2)h1v = σ(h1)vh2, for all h ∈ H2n . Thus, v = g and σ must obey σ(g) = −1;
the second condition reduces to a tautology, as it is equivalent to xig = −gxi,
for all 1 ≤ i ≤ n. Concluding, (σ, g) provides a non-trivial braided Hopf algebra of
dimension 2 in H2n

H2n
YD, as needed. Furthermore, the resulting Hopf algebra H2n(θ)σ,g

identifies with H2n+1 , so that the Nichols algebras H2n can be viewed as a tower of
biproduct Hopf algebras.
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Chapter 3

On the Sweedler Hopf algebra

The aim of this section is to illustrate how the characterization obtained in Theo-
rem 2.1.8 can be applied to the classification of quasi-Hopf algebras in low dimen-
sion. This is done by providing an alternative path to prove that non-semisimple
4-dimensional quasi-Hopf algebras are twist equivalent to the Sweedler Hopf algebra
H4, a result reached in [19] by Etingof and Gelaki, through cohomological means.
A similar purely algebraic approach will be used later, in Chapter 4, to complete
the classification of 6 dimensional quasi-Hopf algebras. Additionally, we construct
a infinite class of non-isomorphic quasi-Hopf algebras of dimension 4.

3.1 Twist-equivalence for the cyclic group algebra

In this short section, we prove a Lemma, originally from [10], which will play a role
in Section 3.2 and in Chapter 4. The base field k will be here an algebraically closed
field of characteristic 0.

Let G be a finite group and ω ∈ Z3(G, k∗) a normalized 3-cocycle of G; the quasi-
Hopf algebra structure of kGω produces a monoidal structure on the category Rep(kGω )
of representations of kGω ; by [24, Remark 2.6.2], there is a correspondence between
equivalence classes of Rep(kGω ) and twist equivalence classes of kGω . Furthermore,
owing to [24, Remark 2.6.2], the equivalence classes of these monoidal categories
Rep(kGω ), for any ω ∈ Z3(G, k∗), are in a one-to-one correspondence with the orbits
of the group action

Out(G)×H3(G, k∗) → H3(G, k∗) : ( ˆ︁f, ω) ↦→ f ∗ω. (3.1.1)

Here Out(G) is the group of outer automorphisms of G and f ∗ω ∈ Z3(G, k∗) is
defined by f ∗ω(g1, g2, g3) = ω(f(g1), f(g2), f(g3)), for all g1, g2, g3 ∈ G. Therefore,
for a finite group G, the number of quasi-Hopf algebras of the form kGω , with ω ∈
Z3(G, k∗), which are not pairwise twist equivalent is equal to the number of orbits
Oω of the group action defined by (3.1.1).

We are interested in applying the previously mentioned result in [24, Remark
2.6.2] to an arbitrary finite cyclic group Cn. For this, let ξ be a n-th root of unity
and σ a generator for Cn.

It is well known that 3-cocycle representatives for the group Cn are given by
{ϕξa | 0 ≤ a ≤ n− 1}, where, for all 0 ≤ i, j, l ≤ n− 1,

ϕξa(σ
i, σj, σl) = ξai⌊

j+l
n

⌋. (3.1.2)
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3.1. Twist-equivalence for the cyclic group algebra

Since Cn is abelian, Out(Cn) = Aut(Cn) ≃ U(Zn); Aut(Cn) is the group au-
tomorphisms of Cn and U(Zn) is the group of invertible residue classes modulo n:
U(Zn) = {s | 1 ≤ s ≤ n − 1 , (s, n) = 1}, where (s, n) is the greatest common
divisor of s and n. Finally, denote nb :=

n
(n,b)

, provided that 1 ≤ b ≤ n, and let φ(n)

be the order of the group U(Zn) (so φ is the Euler’s function).

Lemma 3.1.1 For G = Cn, the group action in (3.1.1) can be written, for 0 ≤ a ≤
n− 1, as follows:

(f, ϕξa) ↦→ ϕξs2a, (3.1.3)

provided that f ∈ Aut(Cn) ≃ U(Zn) is defined by 1 ≤ s ≤ n− 1 such that (s, n) = 1
(that is, f is determined by f(σ) = σs). Consequently,

|Oˆ︂ξa | =
⎧⎪⎨⎪⎩

φ(na)
2t

if k ∈ {0, 1}
φ(na)
2t+1 if k = 2
φ(na)
2t+2 if k ≥ 3

,

where na = 2kpl11 . . . p
lt
t is the factorization of na as a product of distinct primes.

Proof. If f is defined by s as in the statement of the lemma, we compute that

f ∗ϕξa(σ
i, σj, σl) = ϕξa(σ

(si)′ , σ(sj)′ , σ(sl)′) = ξa(si)
′⌊ (sj)′+(sl)′

n
⌋ = ξasi⌊

(sj)′+(sl)′
n

⌋,

where, for a natural number m, m′ stands for the remainder of the division of m by
n. We have m = ⌊m

n
⌋n +m′, and by applying this formula for suitable m’s we get

that

⌊(sj)
′ + (sl)′

n
⌋ =

(sj)′ + (sl)′ − ((sj)′ + (sl)′)′

n
=

(sj)′ + (sl)′ − (s(j + l)′)′

n

=
sj + sl − s(j + l)′

n
− ⌊sj

n
⌋ − ⌊sl

n
⌋+ ⌊s(j + l)′

n
⌋

= s⌊j + l

n
⌋ − ⌊sj

n
⌋ − ⌊sl

n
⌋+ ⌊s(j + l)′

n
⌋,

for all 0 ≤ j, l ≤ n− 1, and therefore

f ∗ϕξa(σ
i, σj, σl) = ϕξs2a(σ

i, σj, σl) ξ
−sai

(︂
⌊ sj

n
⌋+⌊ sl

n
⌋−⌊ s(j+l)′

n
⌋
)︂
. (3.1.4)

Define ω : Cn × Cn × Cn → k∗ by

ω(σi, σj, σl) = ξ
−sai

(︂
⌊ sj

n
⌋+⌊ sl

n
⌋−⌊ s(j+l)′

n
⌋
)︂
,

for all 0 ≤ i, j, l ≤ n− 1. We claim that there exists a map h : Cn × Cn → k∗ such
that, for all 0 ≤ i, j, l ≤ n− 1,

ω(σi, σj, σl) = h(σj, σl)h(σ(i+j)′ , σl)−1h(σi, σ(j+l)′)h(σi, σj)−1.

This would imply that ω is a coboundary 3-cocycle, and so f ∗ϕξa and ϕξs2a are
cohomologous.
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3.2. Quasi-Hopf algebras of dimension 4

Indeed, take h(σi, σj) := ξsai⌊
sj
n
⌋, for all 0 ≤ i, j ≤ n − 1. We have, for all

0 ≤ i, j, l ≤ n− 1, that

h(σj, σl)h(σ(i+j)′ , σl)−1h(σi, σ(j+l)′)h(σi, σj)−1

= ξsaj⌊
sl
n
⌋ξ−sa(i+j)

′⌊ sl
n
⌋ξsai⌊

s(j+l)′
n

⌋ξ−sai⌊
sj
n ⌋

= ξ−sai⌊
sl
n
⌋+sai⌊ s(j+l)′

n
⌋−sai⌊ sj

n
⌋ = ω(σi, σj, σl),

as stated. This ends the first part of the proof.
It follows now that the orbit Oξa equals {ξs2a | 1 ≤ s ≤ n, (s, n) = 1}. In addi-

tion, for s, s′ ∈ U(Zn) we have s2a ≡ s′2a (mod n) if and only if s2 ≡ s′2 (mod na).
We conclude that |Oξa| = |U(Zna)

(2)|, where, for a finite multiplicative group G, we

denote G(2) := {g2 | g ∈ G}; if G is additive, we denote (2)G := {2g | g ∈ G}.
Summarizing, the size of Oξa is equal to ψ(na); for an integer u ≥ 2, ψ(u) is the
number of quadratic residue mod u. It is well known that ψ(uv) = ψ(u)ψ(v) for
any (u, v) = 1, so if na = 2kpl11 . . . p

lt
t is the factorization of na as a product of

distinct prime numbers then ψ(na) = ψ(2k)ψ(pl11 ) . . . ψ(p
lt
t ). On the other hand, by

[46, Theorem 7.3], we know that U(Z2) = 1, U(Z4) ≃ Z2, U(Z2l) ≃ Z2 × Z2l−2

for l ≥ 3, and that U(Zpi) ≃ Zφ(pi) for any odd prime p (all are group isomor-
phisms). Hence, at the level of sets, U(Z2)

(2) ≃ {1}, U(Z4)
(2) ≃ (2)Z2 ≃ {1}, and

U(Z2l)
(2) ≃ (2) (Z2 × Z2l−2) ≃ (2)Z2l−2 ≃ Z2l−3 , for all for l ≥ 3 (note that Z1 := 1,

the trivial group). Likewise, if p is an odd prime number and m a natural number,
U(Zpm)(2) ≃ (2)Zφ(pm) ≃ Zφ(pm)

2

at the level of sets. We conclude that

ψ(na) = ψ(2k)
φ(pl11 . . . p

lt
t )

2t
=

⎧⎪⎨⎪⎩
φ(na)
2t

if k ∈ {0, 1}
φ(na)
2t+1 if k = 2
φ(na)
2t+2 if k ≥ 3

,

as stated.

We are now free to proceed with the first application to the classification of quasi-
Hopf ablgebras of the characterization result obtained in the previous chapter.

3.2 Quasi-Hopf algebras of dimension 4

Throughout this section k is an algebraic closed field of characteristic 0. We need
this assumption on k in order to make use of the classification of Hopf algebras
H in dimension 4: if H is not semisimple then H is isomorphic to H4; if H is
semisimple, H is isomorphic to a Hopf group algebra. The original aim that lead us
to prove Proposition 2.1.9 was to provide a similar result for quasi-Hopf algebras,
and especially to produce a quasi-Hopf analogue for H4; as we will see, a result of
Etingof and Gelaki in [19] says that the latter is not possible. Nevertheless, we will
use the same result to show that, in dimension 4, the class of quasi-Hopf algebras
twist equivalent to H4 provides infinitely many non-isomorphic quasi-Hopf algebras.

3.2.1 The nonsemisimple case

It was shown in [19, Corollary 3.6] that a 4-dimensional nonsemisimple quasi-Hopf
algebra A is twist equivalent to H4. The proof in [19] was done in two steps. Namely,
the authors show that:
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3.2. Quasi-Hopf algebras of dimension 4

1. gr(A) is a Hopf algebra isomorphic toH4, and therefore a selfdual Hopf algebra;

2. the third Hochschild cohomology of H4 with coefficients in k, H3(H4, k), is
trivial.

Then, the classification result follows from [21, Proposition 2.3] which states that a
finite dimensional quasi-Hopf algebra A with gr(A) a Hopf algebra is twist equivalent
to a Hopf algebra, provided that H3(gr(A)∗, k) = 0 (gr(A) is the graded algebra
associated to A, more details will be given below).

We present in this subsection an alternative proof for 1. Towards this end, for a
4-dimensional non-semisimple quasi-Hopf algebra A we show that gr(A) ≃ A ≃ H4

as an algebra, and then we use the representative 3-cocycles of k[C2] to see that
gr(A) ≃ H4 as a Hopf algebra.

Consider now the graded algebra gr(A) associated with A; in the following,
we will use the notation established in Section 1.4.1. Other than what previously
discussed, another notable thing about gr(A) is the fact that each Am can be seen
as a two-sided two-cosided quasi-Hopf module over A0, with natural A0-actions and
coactions; we refer to [5] for the detailed definition of the category A0

A0
MA0

A0
. By

the structure theorems proved in [47], it follows that Am is a free left and right
A0-module, for all m ≥ 0.

When dimkA = 4, A
J

is a semisimple algebra of dimension at most 3, thus A
is basic and the results mentioned above apply. In particular, they allow us to
show that dimkJ = 2. To this end, we need another classical result, proved in [1,
Theorem 1.4.9]. Namely, if A is a k-algebra with Jacabson radical J and A

J
is a

separable k-algebra then there exists a semisimple k-subalgebra S of A such that
A can be written as the direct sum of k-spaces A = J ⊕ S; obviously, A

J
≃ S as

k-spaces.

Lemma 3.2.1 Let A be a nonsemisimple quasi-Hopf algebra of dimension 4 with
Jacobson radical J . Then dimkJ = 2.

Proof. Since dimk(J) is at most 3, we show that it cannot be equal to 1 or 3.
If dimkJ = 1, as J2 is properly included in J , it follows that J2 = 0. Hence

gr(A) = A
J
⊕ J ≃ A as k-vector spaces. We get form here that 3 = dimk(A0) is a

divisor of 4 = dimkgr(A), a contradiction.
If dimkJ = 3, A0 is a 1-dimensional quasi-Hopf algebra. This means that A0 = k,

the trivial Hopf algebra, and therefore gr(A) ≃ B × A0 ≃ B is an ordinary Hopf
algebra. If J2 = 0, as above we get that gr(A) = A

J
⊕J ≃ A as k-spaces, hence gr(A)

is a 4-dimensional Hopf algebra whose Jacobson radical is of dimension 3. We are
lead to a contradiction, since the classification of 4-dimensional Hopf algebras says
that the Jacobson radical must be zero or of dimension 2. Thus dimkJ

2 ∈ {1, 2}.
Assume that dimkJ

2 = 1; this forces J3 = 0, and therefore gr(A) = A0⊕ J
J2 ⊕J2

is a 4-dimensional Hopf algebra whose Jacobson radical J
J2 ⊕ J2 has dimension 3;

we saw that this is false. So it remains that dimkJ
2 = 2, in which case either

gr(A) = A0 ⊕ A1 ⊕ J2 (provided that J3 = 0) or gr(A) = A0 ⊕ A1 ⊕ A2 ⊕ J3

(provided that J3 ̸= 0, and so dimkJ
3 = 1); in both cases we get that gr(A) is a 4-

dimensional Hopf algebra whose Jacobson radical is of dimension 3, a contradiction
we met for several times during this proof.

We now have all the necessary ingredients to show that gr(A) is a Hopf algebra.
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3.2. Quasi-Hopf algebras of dimension 4

Proposition 3.2.2 Let A be a nonsemisimple quasi-Hopf algebra of dimension 4.
Then A and gr(A) are isomorphic as algebras and gr(A) is a Hopf algebra isomorphic
to H4.

Proof. As before, J stands for the Jacobson radical of A. Then dimkJ = 2 and
J2 = 0; we cannot have dimkJ

2 = 1, otherwise A1 =
J
J2 is a one dimensional vector

space and at the same time a free module over A0, a 2-dimensional vector space.
Thus gr(A) = A

J
⊕ J ≃ A is a 4-dimensional quasi-Hopf algebra, and we will

next see that it is isomorphic to A as an algebra. Towards this end, for all a ∈
A, consider a = S(a) + J(a) the decomposition of a in A = S ⊕ J , where S is
the semisimple subalgebra of A given by [1, Theorem 1.4.9]. Since J2 = 0, for
all a, a′ ∈ A, aa′ = S(a)S(a′) + S(a)J(a′) + J(a)S(a′), so S(aa′) = S(a)S(a′) and
J(aa′) = S(a)J(a′)+J(a)S(a′), for all a, a′ ∈ A. It follows that S induces an algebra
morphism from A to S, which we denote by πS, such that πSι = IdS (ι : S → A is the
inclusion, an algebra morphism, too). In addition, the canonical k-isomorphism p :
S → A0 : s ↦→ p(s) turns into a k-algebra isomorphism, its inverse being determined
by A0 → S : p(a) ↦→ S(a). We deduce from here that ζ : A = S⊕J → A0⊕J = gr(A)
given by ζ(a) = p(S(a)) + J(a) = p(a) + J(a), for all a ∈ A, is a k-isomorphism.
It is a k-algebra morphism as well, since the graded algebra structure of gr(A) is
defined by pm(x)pn(y) = pm+n(xy), for all positive integers m and n, x ∈ Jm and
y ∈ Jn, and therefore in our case p(a)x = p1(ax) = ax and xp(a) = p1(xa) = xa,
for all a ∈ A, x ∈ J ; then we compute that, for all a, a′ ∈ A,

ζ(a)ζ(a′) = p(aa′) + p(a)J(a′) + J(a)p(a′)

= p(aa′) + S(a)J(a′) + J(a)S(a′) = p(aa′) + J(aa′) = ζ(aa′),

as needed. Clearly, ζ(1A) = p(1A) is equal to the unit of gr(A), hence A ≃ gr(A) as
k-algebras.

Consequently, A ≃ B × A0 as an algebra, for a certain braided Hopf algebra
B ∈ A0

A0
YD. Since A is not semisimple and A0 is, Corollary 2.1.10 implies that

A ≃ A0(θ)σ,v, for an algebra morphism σ : A0 → k and v ∈ A0 such that ε(v) = 1,
σ(v) = −1. But, as an algebra, A0 = k[C2] = k[⟨g⟩], so σ is determined by σ(1) = 1k,
σ(g) = −1 (if σ(g) = 1, σ = ε, fact that implies 1 = ε(v) = σ(v) = −1, a
contradiction); this forces v = g. It is clear now that, up to isomorphism, A = H4

as an algebra.
On the other hand, there exists a quasi-Hopf algebra morphism p : A→ A0 and

an algebra morphism υ : A0 ≃ S ↪→ A given by υ(p(a)) = S(a), for all a ∈ A, such
that pυ = IdA0 . We proved that A = H4 as an algebra, so S = k[⟨g⟩] and J is the
subspace of A generated by x and gx, where g, x are the algebra generators ofH4. By
identifying A0 to kϕ[⟨g⟩] as a quasi-Hopf algebra (for a certain 3-cocycle ϕ of ⟨g⟩), we
deduce that there exists a surjective quasi-Hopf algebra morphism p : A → kϕ[⟨g⟩]
that acts as identity on the subalgebra S = k[⟨g⟩] of A. In particular, if the quasi-
coalgebra structure of A is defined by (∆, ε) then ∆(g) = g ⊗ g and ε(g) = 1.

Denote by (‹∆, ˜︁ε) the quasi-coalgebra structure of gr(A) induced by the quasi-
coalgebra structure (∆, ε) of A. Since x ∈ J and J ⊆ A is a quasi-Hopf ideal,
∆(x) = a⊗ x + b⊗ gx + x⊗ c + gx⊗ d, for some elements a, b, c, d of A such that

ε(a) = ε(c) = 1 and ε(b) = ε(d) = 0. As ‹∆(x)2 = 0 and‹∆(x) = (p⊗ Id + Id⊗ p)∆(x)

= p(a)⊗ x+ p(b)⊗ gx+ x⊗ p(c) + gx⊗ p(d),
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3.2. Quasi-Hopf algebras of dimension 4

a direct computation yields p(a) = p+ + λp−, p(b) = µp−, p(c) = p+ − λp− and
p(d) = −µp−, for some λ, µ ∈ k such that λ2 − µ2 = 1.

It is well known that, for k a field of characteristic different from 2, the third
cohomology group H3(⟨g⟩, k∗) is isomorphic to C2. The representative 3-cocycles of
⟨g⟩ are given by the trivial one and ϕ = 1 − 2p− ⊗ p− ⊗ p−. Since ϕ is also the
reassociator of gr(A), in the former case we get that the ”p− ⊗ p− ⊗−” component

of ϕ(‹∆ ⊗ Id)(‹∆(x)) has − equal to x − 2p−x while the ”p− ⊗ p− ⊗ −” component

of (Id ⊗ ‹∆)(‹∆(x))ϕ has − equal to λ2x + λµgx − λµgx − µ2x − 2p+x = x − 2p+x.

The quasi-coassociativity of ‹∆ says that ϕ(‹∆⊗ Id)(‹∆(x)) = (Id⊗ ‹∆)(‹∆(x))ϕ, and
this implies p+x = p−x, a contradiction.

We reduce to the case in which ϕ is trivial, hence ϕ = (1⊗ F )(Id⊗∆)(F )(∆⊗
Id)(F−1)(F−1 ⊗ 1), for some twist F of k[C2]. It can be easily seen that F =
1− κp− ⊗ p−, for some κ ∈ k different from 1k, with inverse F−1 = 1− κ

κ−1
p− ⊗ p−.

A straightforward computation leads us to ϕ = 1 ⊗ 1 ⊗ 1. Therefore, as gr(A) ≃
B× k[C2] is a 4-dimensional nonsemisimple Hopf algebra (once more, gr(A) ≃ A as
an algebra), from the classification of 4-dimensional Hopf algebras we conclude that
gr(A) and H4 are isomorphic Hopf algebras.

As we have already mentioned, owing to Etingof and Gelaki, a nonsemisimple
4-dimensional quasi-Hopf algebra is twist equivalent to H4. In what follows we
want to determine when two twist-deformations of H4 are isomorphic as quasi-Hopf
algebras.

For a general quasi-Hopf algebra H, a situation when this fact occurs is when
the twists F, G of H are related through a special invertible element σ, as described
by the following lemma, which is the quasi-Hopf analogue of Propositions 2.3.3 and
2.3.5 in [36].

Lemma 3.2.3 Let H be a quasi-Hopf algebra; if there exists an invertible σ ∈ H
such that

ε(σ) = 1, σ−1 = S(σ) and G = (σ−1 ⊗ σ−1)F∆(σ), (3.2.1)

then φ : HF → HG defined by φ(h) = σ−1hσ, for all h ∈ H, is a quasi-Hopf algebra
isomorphism.

Proof. Denote by ϕ the reassociator ofH, by ϕF the reassociator of the twisted quasi-
Hopf algebra HF and F = F1 ⊗F2, G = G1 ⊗ G2, F−1 = P1 ⊗ P2, G−1 = Q1 ⊗Q2.
By the third equality in (3.2.1), we obtain the relations, in Sweedler notation, F =
σG1σ−1

1 ⊗σG2σ−1
2 and F−1 = σ1Q1σ−1⊗σ2Q2σ−1. Since the arguments in the proof

of [36, Propositions 2.3.5] hold for quasi-Hopf algebras too, we conclude by checking

φ⊗3(ϕF) = φ⊗3((1⊗ F)(Id⊗∆)(F)ϕ(∆⊗ Id)(F)−1((F)−1 ⊗ 1))

= σ−1F1X1P1
1P

1
σ ⊗ σ−1F1F2

1X
2P1

2P
2
σ ⊗ σ−1F2F2

2X
3P2σ

(3.2.1)
= G1σ−1

1 X1σ11Q1
1Q1 ⊗ G1G2

1σ
−1
21
X2σ12Q1

2Q
2 ⊗ G2G2σ

−1
22
X3σ2Q2

(1.2.16)
= G1X1Q1

1Q1 ⊗ G1G2

1X
2Q1

2Q
2 ⊗ G2G2X

3Q2

= (1⊗G)(Id⊗∆)(G))ϕ(∆⊗ Id)(G)−1((G)−1 ⊗ 1) = ϕG,

where we put a line over a twist or its components to distinguish multiple copies.
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3.2. Quasi-Hopf algebras of dimension 4

For H = H4, an invertible element σ ∈ H4 satisfying ε(σ) = 1 has the form
σ = p++λp−+ρp+x+ϱp−x, with 0 ̸= λ, ρ, ϱ ∈ k; then σ−1 = p++λp−+ρp+x+ϱp−x,
where λ = λ−1, ρ = −ρλ−1 and ϱ = −ρλ−1. If follows that σ−1 = S(σ) if and only
if σ = p+ + λp− and λ2 = 1, thus σ ∈ {1, g}.

The existence of σ as in the above is only a sufficient condition for HF and HG
to be isomorphic quasi-Hopf algebras. An example in this sense is given by H4; for
this, we need the lemma below.

Lemma 3.2.4 Let F be a twist on H4 such that H4 and (H4)F are isomorphic as
quasi-Hopf algebras, where H4 is seen as a quasi-Hopf algebra with trivial reassoci-
ator. Then F = 1 − τgx ⊗ x, for some τ ∈ k, and the isomorphism φ between H4

and (H4)F is determined by a non-zero scalar ω, in the sense that φ(g) = g and
φ(x) = ωx.

Proof. Recall that p± = 1
2
(1 ± g); they are orthogonal idempotent elements of H4

such that 1 = p+ + p− and p+ − p− = g. Then {p±, p±x} is a basis for H4 and, with
respect to this basis, any element F ∈ H4 ⊗H4 obeying ε(F1)F2 = 1 = ε(F2)F1 is
of the form

F = p+ ⊗ 1 + p− ⊗ p+ + ap− ⊗ p+ + bp− ⊗ p−x

+cp− ⊗ p+x+ µp− ⊗ p− + νp−x⊗ p−x, (3.2.2)

+τp−x⊗ p+x+ up+x⊗ p− + vp+x⊗ p−x+ wp+x⊗ p+x,

for some scalars a, b, c, µ, ν, τ, u, v, w ∈ k; in what follows, we will refer to them as
being the scalars defining F . It is easy to see that F is a twist (that is, in this case,
F is invertible in H4 ⊗H4) if and only if a ̸= 0, in which case the scalars defining
F−1, denoted by a, . . . , w, are given by

a =
1

a
, b = − b

a
, c = − c

a
, µ = −µ

a
, ν = −ν

a
,

τ =
cµ

a
− τ, u = −u

a
, v =

ub

a
− v, w = −w

a
.

Now, let φ : H4 → (H4)F be a quasi-Hopf algebra isomorphism. It follows from the
definition of a quasi-Hopf isomorphism that αF = βF = 1 and ΦF = 1 ⊗ 1 ⊗ 1. In
other words, F1S(F2) = 1 = S(G1)G2 and (1⊗F)(Id⊗∆)(F) = (F⊗1)(∆⊗Id)(F),
where F−1 := G1 ⊗ G2.

We have S(p±) = p±, S(p−x) = −p+x and S(p+x) = p−x, as p±x = xp∓.
Therefore, F1S(F2) = 1 holds if and only if a = 1 and u = c = 0. Likewise,
S(G1)G2 = 1, which is equivalent to S(F1)F2 = 1, holds if and only if a = 1 and
b = µ = 0. Thus

F = 1⊗ 1 + νp−x⊗ p−x+ τp−x⊗ p+x+ vp+x⊗ p−x+ wp+x⊗ p+x.

With this simplified formula of F in mind, since

∆(p−) = p+ ⊗ p− + p− ⊗ p+,

∆(p−x) = p+ ⊗ p−x+ p+x⊗ p− − p− ⊗ p+x+ p−x⊗ p+,

∆(p+) = p+ ⊗ p+ + p− ⊗ p−,

∆(p+x) = p+ ⊗ p+x+ p+x⊗ p+ − p− ⊗ p−x+ p−x⊗ p−,
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3.2. Quasi-Hopf algebras of dimension 4

we see that (1⊗F)(Id⊗∆)(F) equals to

1⊗ 1⊗ 1 + (νp−x⊗ vp+x)⊗ (p+ ⊗ p−x+ p+x⊗ p− − p− ⊗ p+x+ p−x⊗ p+)

+(τp−x+ wp+x)⊗ (p+ ⊗ p+x+ p+x⊗ p+ − p− ⊗ p−x+ p−x⊗ p−)

+1⊗ (νp−x⊗ p−x+ τp−x⊗ p+x+ vp+x⊗ p−x+ wp+x⊗ p+x),

and that (F ⊗ 1)(∆⊗ Id)(F) equals to

1⊗ 1⊗ 1 + (p+ ⊗ p−x+ p+x⊗ p− − p− ⊗ p+x+ p−x⊗ p+)⊗ (νp−x⊗ τp+x)

+(p+ ⊗ p+x+ p+x⊗ p+ − p− ⊗ p−x+ p−x⊗ p−)⊗ (vp−x⊗ wp+x)

+(νp−x⊗ p−x+ τp−x⊗ p+x+ vp+x⊗ p−x+ wp+x⊗ p+x)⊗ 1.

Hence, we have (1⊗F)(Id⊗∆)(F) = (F ⊗ 1)(∆⊗ Id)(F) if and only if

ν(p+ ⊗ p−x+ p+x⊗ p− − p− ⊗ p+x+ p−x⊗ p+)

+τ(p+ ⊗ p+x+ p+x⊗ p+ − p− ⊗ p−x+ p−x⊗ p−)

= νp+ ⊗ p−x+ τp+ ⊗ p+x+ vp− ⊗ p−x+ wp− ⊗ p+x+ νp−x⊗ τp+x⊗ 1;

v(p+ ⊗ p−x+ p+x⊗ p− − p− ⊗ p+x+ p−x⊗ p+)

+w(p+ ⊗ p+x+ p+x⊗ p+ − p− ⊗ p−x+ p−x⊗ p−)

= νp− ⊗ p−x+ τp− ⊗ p+x+ vp+ ⊗ p−x+ wp+ ⊗ p+x+ vp−x⊗ 1 + wp+x⊗ 1;

1⊗ (νp−x⊗ p−x+ τp−x⊗ p+x+ vp+x⊗ p−x+ wp+x⊗ p+x)

= p+ ⊗
(︁
p−x⊗ (νp−x+ τp+x) + p+x⊗ (vp−x+ wp+x)

)︁
−p− ⊗

(︁
p+x⊗ (νp−x+ τp+x) + p−x⊗ (vp−x+ wp+x)

)︁
.

A simple inspection ensures us that the three equalities above if and only if w =
v = −τ = −ν, in which case

F = 1 + τp−x⊗ (p−x+ p+x)− τp+x⊗ (p−x+ p+x) = 1− τgx⊗ x,

as stated. Now, for F = 1 − τgx ⊗ x, it can be easily checked that ∆F = ∆;
thus (H4)F is a Hopf algebra equal to H4. Consequently, defining a quasi-Hopf
algebra isomorphism between H4 and (H4)F is equivalent to giving a Hopf algebra
automorphism of H4. Perhaps it is folklore that any Hopf algebra automorphism φ
of H4 is defined by a non-zero scalar as in the statement of the lemma. If this is not
the case, as an algebra automorphism of H4, φ is determined by φ(g) = g+λx+ρgx
and φ(x) = ωx + δgx, for some λ, ρ, ω, δ ∈ k with (ω, δ) ̸= 0, since g2 = 1, x2 = 0,
ε(g) = 1 and ε(x) = 0. From (φ⊗ φ)(g) = φ(g)⊗ φ(g) we get λ = ρ = 0, and from
∆(φ(x)) = (φ ⊗ φ)(g ⊗ x + x ⊗ 1) we deduce that δ = 0. Summing up, φ(g) = g
and φ(x) = ωx with 0 ̸= ω ∈ k.

Proposition 3.2.5 Let F, G be twists on H4 determined by a, . . . , w ∈ k and by
a′, . . . , w′ ∈ k respectively. Then (H4)F and (H4)G are isomorphic as quasi-Hopf
algebras if and only if a = a′ and there exist 0 ̸= ω, κ ∈ k such that (b′, c′, µ′, u′) =
ω(b, c, µ, u), ν ′ = ω2ν + κa, τ ′ = ω2τ + κ, v′ = ω2v − κ and w′ = ω2w − κ.

Proof. Take note that φ : (H4)F → (H4)G is a quasi-Hopf algebra isomorphism if
and only if φ : H4 → (H4)F−1

φ G is also a isomorphism of quasi-Hopf algebras, where

Fφ := (φ⊗φ)(F) with inverse F−1
φ . Denote F = F−1

φ G; by Lemma 3.2.4, there exist
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3.2. Quasi-Hopf algebras of dimension 4

0 ̸= ω, κ ∈ k such that G = Fφ(1 ⊗ 1 − κgx ⊗ x), where φ is defined by φ(g) = g,
φ(x) = ωx. Equivalently, G = Fφ − κFφ(gx⊗ x), hence G equals to

p+ ⊗ 1 + p− ⊗ p+ + ap− ⊗ p− + ωbp− ⊗ p−x+ ωcp− ⊗ p+x

+ωµp−x⊗ p− + (ω2ν + κa)p−x⊗ p−x+ (ω2τ + κ)p−x⊗ p+x

+ωup+x⊗ p− + (ω2v − κ)p+x⊗ p− + (ω2w − κ)p+x⊗ p+x,

as previously stated.

Remarks 3.2.6 1. As a continuation to the comments made before Lemma 3.2.4
and of Lemma 3.2.3, note that the case when F and G are related through a
special element σ ∈ H4 (which, in H4, can be either 1 or g) occurs if and only
if κ = 0 and ω2 = 1.

2. For a ̸= a′, the quasi-Hopf algebras (H4)F and (H4)G are not isomorphic. We
conclude that there are infinitely many non-isomorphic nonsemismple quasi-
Hopf algebras of dimension 4, all twist equivalent to H4.

3.2.2 The semisimple case

For the sake of completeness, we conclude this section by pointing out the classes
of non twist equivalent semisimple quasi-Hopf algebras H of dimension 4, over an
algebraically closed field k of characteristic 0.

Proposition 3.2.7 Let H be a semisimple quasi Hopf algebra of dimension 4. Then,
H is twist equivalent to one of the following non-twist equivalent quasi-Hopf algebras:

• kϕξa [C4] for any a ∈ {0, 1, 2, 3}, the usual Hopf algebra k[C4], seen as a quasi-
Hopf algebra with reassociator defined by

Φa =
3∑︂

i,j,l=0

ξai⌊
j+l
n

⌋ 1i ⊗ 1j ⊗ 1l.

• kϕa,b,c [C2 × C2] for any a, b, c ∈ {0, 1}, the Hopf algebra k[C2 × C2] seen as a
quasi-Hopf algebra with reassociator

Φa,b,c =
∑︂

i,j,s
t,l,r∈{0,1}

(−1)ai⌊
l+s
2

⌋+bj⌊ l+s
2

⌋+cj⌊ r+t
2

⌋ 1ij ⊗ 1st ⊗ 1lr, (3.2.3)

where {1ij := 1
4

∑︁
t,s∈{0,1}(−1)it+jsgt1g

s
2}i,j∈{0,1} and g1, g2 denote two fixed gen-

erators of C2 × C2.

In particular, there are 12 semisimple quasi-Hopf algebras in dimension 4 which are
not pairwise twist equivalent.

Proof. Since any irreducible representation of H is one dimensional, it follows that,
as an algebra, H is the group algebra of k and a group of order 4. Consequently, H
is a commutative algebra, and therefore a usual Hopf algebra. Equivalently, H is a
the group Hopf algebra of k and a group G with 4 elements, seen as a quasi-Hopf
algebra via a normalized 3-cocycle on G. G is either the cyclic group C4 or the Klein
group C2 × C2.
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3.2. Quasi-Hopf algebras of dimension 4

• For G = Cn, it is well known that 3-cocycle representatives for Cn are given
by {ϕξa | 0 ≤ a ≤ n− 1} (se e.g. [15, Example 1.16]), where ξ is a primitive root of
unity of degree n in k and, for all 0 ≤ i, j, l ≤ n− 1,

ϕξa(σ
i, σj, σl) = ξai⌊

j+l
n

⌋. (3.2.4)

Then, by Lemma 3.1.1, the action in (3.1.1) can be restated, for 0 ≤ a ≤ n− 1, as

(f, ϕξa) ↦→ ϕξs2a, (3.2.5)

provided that f ∈ Aut(Cn) ≃ U(Zn) is defined by 1 ≤ s ≤ n−1 such that (s, n) = 1,
meaning that f is determined by f(σ) = σs. If we take now n = 4, as s2 ≡ 1 (mod 4)
for all s ∈ {1, 3}, and so the action in (3.2.5) is trivial, then it follows by [24, Remark
2.6.2] that we have 4 quasi-Hopf algebra structures on k[C4] which are not pairwise
twist equivalent.

• For G = C2 × C2, the 3-cocycle representatives where described explicitly in
[8, Theorem 3.5] and [31, Proposition 3.9]. Following the presentation of the second
paper, these are determined by the parameters a, b, c ∈ {0, 1} as follows:

ϕa,b,c(g
i
1g
j
2, g

s
1g
t
2, g

l
1g
r
2) = (−1)ai⌊

l+s
2

⌋+bj⌊ l+s
2

⌋+cj⌊ r+t
2

⌋,

for all i, j, s, t, l, r ∈ {0, 1}; since {1ij}i,j∈{0,1} form a complete system of orthogonal
idempotents on k[C2 ×C2], we obtain (3.2.3) by identifying kC2×C2 with k[C2 ×C2]
through the isomorphism Pgi1g

j
2
↦→ 1ij Furthermore, by the comments made after the

proof of [8, Theorem 3.5], since Out(C2 × C2) = Aut(C2 × C2) ≃ S3, we conclude
that for G = C2 × C2 the group action in (3.1.1) is trivial, and therefore we have 8
quasi-Hopf algebra structures on k[C2×C2] which are not pairwise twist equivalent.

To conclude, we notice that k[C4] and k[C2 × C2] are isomorphic as algebras,
both are isomorphic to k4, but not as Hopf algebras. Indeed, if there exists a Hopf
algebra isomorphism φ : k[C2 × C2] → k[C4] then φ behaves well with respect
to the antipodes Sk[C4] and Sk[C2×C2] of k[C4] and k[C2 × C2], respectively. Since
Sk[C2×C2] is the identity morphism, we get that Sk[C4] ◦ ϕ = ϕ or, equivalently, that
Sk[C4] = Idk[C4]; this is false.
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Chapter 4

Quasi-Hopf algebras of dimension 6

In this chapter, we complete the classification of 6-dimensional quasi-Hopf algebras,
over an algebraically closed field of characteristic 0, by proving that all of them are
semisimple. We do this mainly by characterizing YD-bialgebras in the category of
Yetter-Drinfeld modules over H(2).

Finally, by translating the main result of [22] from the language of fusion cat-
egories to that of algebras, we are able to produce a complete list of quasi-Hopf
algebras in dimension 6, up to twist equivalence.

4.1 Free biproduct (quasi-)Hopf algebras of rank

3 over C2

We are working over a field k which is algebraically closed and of characteristic 0; we
need this condition to make use of results in the classification of Fusion categories
and Hopf algebras. For n a non-zero natural number, unless otherwise stated, we
keep denoting by Cn the cyclic group of order n and by g one of its generators.

Let H(2) be the group Hopf algebra k[C2], seen as a quasi-Hopf algebra with
reassociator Φ2 = 1 ⊗ 1 ⊗ 1 − 2p− ⊗ p− ⊗ p−, where p± = 1

2
(1 ± g). The antipode

is the identity map and the distinguished elements are α = g and β = 1; in what
follows, we denote this quasi-Hopf structure on k[C2] by H(2).

As a preliminary step in proving our main result, we describe all the 6-dimensional
quasi-Hopf algebras with a projection onto H(2), by classifying braided Hopf alge-

bras of dimension 3 in
H(2)
H(2)YD. The other case, of 6-dimensional quasi-Hopf algebras

A with a projection that covers the embedding of a 3-dimensional quasi-Hopf subal-
gebra of A, was considered in Chapter 2, see in particular Proposition 2.2.13, since
all 3 dimensional quasi-Hopf algebras are group quasi-Hopf algebras over C3.

It is well known that, up to isomorphism, there are three 6-dimensional Hopf
algebras: k[C6], the group Hopf algebra of the cyclic group of order 6, k[S3], the
group Hopf algebra of the symmetric group with 3 letters and, finally, the dual
Hopf algebra to k[S3], denoted by kS3 ; for all details on the classification of low
dimensional Hopf algebras we refer to [50]. As we will see, this classification yields

for free the classification of the 3-dimensional Hopf algebras in
k[C2]
k[C2]

YD.

Proposition 4.1.1 Let H denote the Hopf algebra k[C2]. If B is a 3-dimensional
braided Hopf algebra in H

HYD, then B is isomorphic to one of the following braided
Hopf algebras:
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4.1. Free biproduct (quasi-)Hopf algebras of rank 3 over C2

• BC6, the group Hopf algebra k[C3] viewed as an object of HHYD via trivial H-
action and H-coaction.

• BS3, the group Hopf algebra k[C3] considered in H
HYD via the trivial H-coaction

and H-action defined by g · x = x2, where x stands for a generator of C3.

• B∗, the group Hopf algebra k[C3] regarded as an object of HHYD via the trivial
H-action and H-coaction determined by

λ(xi) = p+ ⊗ xi + p− ⊗ x(2i)
′
, (4.1.1)

where x is the generator of C3 and (2i)′ is the remainder of the division of 2i
by 3, i ∈ {0, 1, 2}.

Moreover, via the biproduct construction, we have a one-to-one correspondence
between BC6, BS3, B∗ and, respectively, k[C6], k[S3], k

S3.

Proof. The group isomorphism C6 ≃ C3 ×C2 produces a Hopf algebra isomorphism
k[C6] ≃ k[C3×C2] ≃ k[C3]⊗k[C2], where k[C3]⊗k[C2] has the tensor product Hopf
algebra structure. It follows form here that k[C6] can be realized as the biproduct
Hopf algebra between BC6 and k[C2], since the trivial H-action and H-coaction
translate, through the biproduct construction, to the tensor product Hopf algebra
structure.

The symmetric group S3 identifies to the semidirect product of groups C3 >◁ C2.
Moreover, if σ ∈ S3 is a cycle of length 3 and τ ∈ S3 is a transposition, C3 = ⟨σ⟩,
C2 = ⟨τ⟩ and τσ = σ−1τ . In Hopf algebra language, the inclusion i : k[C2] → k[S3] is
a Hopf algebra morphism and the projection π : k[S3] → k[C2] given by π(σiτ j) = τ j,
0 ≤ i ≤ 2 and 0 ≤ j ≤ 1, is a Hopf algebra morphism that covers i. Thus, k[S3] is a
biproduct Hopf algebra between a braided Hopf algebra B within H

HYD and k[C2].
As B = Im(E), with E : k[S3] → k[S3] given by E(σiτ j) = σiτ jS(π(σiτ j)) = σi,
for all 0 ≤ i ≤ 2 and 0 ≤ j ≤ 1, we obtain that B = k[C3] as a k-vector space,
and an object of HHYD with structure determined by τ ▷ σi = τσiτ = σ−i = σ(2i)′

and σi ↦→ π(σi) ⊗ σi = 1 ⊗ σi, for all 0 ≤ i ≤ 2; ▷ here denotes the conjugation,
meaning that, for g1, g2 ∈ G a group, g1 ▷ g2 := g1g2g

−1
1 . The structure of B as

a Hopf algebra in H
HYD equals the structure of the group Hopf algebra k[C3], and

therefore B = BS3 .
With the same notation as above, we have a Hopf algebra morphism i∗ : kS3 →

k[C2]
∗ ≡ k[C2] that covers the Hopf algebra inclusion π∗ : k[C2] ≡ k[C2]

∗ → kS3 ; the
Hopf algebra identification k[C2]

∗ ≡ k[C2] is given by 1 ↦→ P1+Pτ and τ ↦→ P1−Pτ ,
where {P1, Pτ} is the basis of k[C2]

∗ dual to the basis {1, τ} of k[C2]. Note that, the
inverse of this correspondence is determined by P1 ↦→ p+ and Pτ ↦→ p−. So, as in
the previous case, kS3 can be characterized as a biproduct Hopf algebra between a
braided Hopf algebra B′ in H

HYD and k[C2]. Explicitly, if {Pij} is the basis of kS3 dual
to the basis {σiτ j} of k[S3], we have that π

∗ : k[C2] → kS3 is given by π∗(1) = ε and
π∗(τ) =

∑︁2,1
i,j=0(−1)jPij, where ε is the counit of k[S3] or, alternatively, the unit of

kS3 . Likewise, i∗ : kS3 → k[C2] is determined by i∗(Pi0) = δi,0p+ and i∗(Pi1) = δi,0p−,
0 ≤ i ≤ 2, where δi,j denotes the Kronecker’s delta of i and j. By using the definition
of the projection E : kS3 → B′, we find that E(Pi0) = Pi0 + Pi1 and E(Pi1) = 0, for
all 0 ≤ i ≤ 2, and this fact implies that B′ is spanned by {Pi0 + Pi1 | 0 ≤ i ≤ 2}.
Moreover, if we denote ei := Pi0 + Pi1, 0 ≤ i ≤ 2, then {e0, e1, e2} is a basis of
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B′ defined by idempotents such that e0 + e1 + e2 = 1. In addition, if we consider
C3 = ⟨σ⟩, ei(σl) = δi,l, for all 0 ≤ i, l ≤ 2, then {e0, e1, e2} can be seen as the dual
basis of the basis {1, σ, σ2} of k[C3]. More explicitly, the isomorphism between B′

and k[C3]
∗ ∼= k[C3] can be uncovered as follows.

Let ω be a primitive root of unity of order 3 and set x := e0 + ωe1 + ω2e2. We
compute that x2 := e0 + ω2e1 + ωe2 and x3 = e0 + e1 + e2 = 1. Since {1, x, x2} is
another basis of B′, we conclude that B′ ≃ k[C3] = k[⟨x⟩] as k-algebras. Further-
more, the braided coalgebra structure of B′ in H

HYD, with coproduct map denoted
by ∆, is determined by

∆(ei) =
∑︂

(u+v)′=i

eu ⊗ ev, ∀ i ∈ {0, 1, 2},

where the sum is over u, v ∈ {0, 1, 2} such that the remainder (u+v)′ of the division
of u + v by 3 equals i. By a brief direct computation, we obtain that ∆(x) =
x ⊗ x, and therefore B′ ≃ k[C3] as Hopf algebras. Finally, the H-action on B′ is
trivial becasue B′ is a commutative algebra and τ has order 2, therefore τ ▷ ei =
π∗(τ)eiπ

∗(τ) = π∗(τ 2)ei = ei. Considering the left H-coaction on B′, it is given by
ei ↦→ (i∗ ⊗ IdB′)(∆(ei)) = p+ ⊗ ei + p− ⊗ e(2i)′ , for all 0 ≤ i ≤ 2, where ∆ is the
comultiplication of kS3 . In terms of x, we have xi ↦→ p+ ⊗ xi + p− ⊗ x(2i)

′
, for all

0 ≤ i ≤ 2.
Hence, any 6-dimensional Hopf algebra is a biproduct Hopf algebra, and as such

it is determined by a braided Hopf algebra in H
HYD. Then, by the classification result

mentioned above, we have that BC6 , BS3 and B∗ are the only types of 3-dimensional
braided Hopf algebras in H

HYD.

It is well-known that, for a finite dimensional Hopf algebra H, the category of
left-right Yetter-Drinfeld modules over H, HYDH , is isomorphic, even as a braided
category, to the category of left modules over the quantum double D(H) of H; for
more details, we refer the reader to [34]. As far as we are concerned, if M ∈ HYDH

then M is a left D(H)-module via the action (h∗ ▷◁ h) ·m = h∗((h ·m)(1))(h ·m)(0),
for all h∗ ∈ H∗ and h ∈ H, where · is the left H-action on M and M ∋ m ↦→
m(0) ⊗ m(1) ∈ M ⊗ H denotes the right action of H on M . Conversely, any left
D(H)-module M can be seen in HYDH via the following structure, for all h ∈ H
and m ∈M ,

h ·m = (ε ▷◁ h)m and m ↦→
n∑︂
i=1

(ei ▷◁ 1)m⊗ ei,

where {ei, ei} denote the elements of dual bases in H∗ and H respectively, and the
juxtaposition denotes the action of D(H) on M .

On the other hand, by considering [15, Theorem 8.14] for our Hopf algebra H,
the categories HHYD and HYDH are monoidally isomorphic; the inverse functors that
provide the isomorphism act as identity on modules and morphisms, and transport
the left (respectively right) H-coaction into a right (respectively left) one with the
help of the inverse of the antipode S of H (respectively, with the help of S). Con-
sequently, HHYD is monoidally isomorphic to the category of left D(H)-modules.

If we now take H to be equal to the Hopf algebra k[C2], one can see that

D(H) = k[C2]
∗ ⊗ k[C2] ∼= k[C2]⊗ k[C2] ∼= k[C2 × C2]

71
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as a Hopf algebras. It is well known that k[C2 × C2] ∼= k[C4] as algebras, so, for
H = k[C2], we have four one dimensional non-isomorphic simple D(H)-modules
by the Wedderburn–Artin theorem, and therefore four non-isomorphic simple left
Yetter-Drinfeld modules over H, which will be denoted in what follows by M i

j ,

where i, j ∈ {0, 1}. As the M j
i ’s are all one dimensional, we consider M i

j = kmi
j for

some non-zero vector mj
i . By using the correspondences mentioned above between

D(H)-modules and left Yetter-Drinfeld modules over H, we have the following left
Yetter-Drinfeld module structure for M j

i :

g ·mi
j = (−1)jmi

j and λ(mi
j) = gi ⊗mi

j. (4.1.2)

Using the same notation as in Proposition 4.1.1, we have that

BS3 = k1⊕ k(x+ x2)⊕ k(x− x2)

=M0
0 ⊕M0

0 ⊕M0
1 ,

(4.1.3)

B∗ = k(1 + x+ x2)⊕ k(x+ x2)⊕ k(x− x2)

=M0
0 ⊕M0

0 ⊕M1
0 .

(4.1.4)

We now move to the quasi-Hopf setting. In what follows, q is a primitive fourth
root of unity in k or, equivalently, q2 = −1.

Proposition 4.1.2 The left Yetter-Drinfeld module category
H(2)
H(2)YD is a semisimple

monoidal category with 4 simple objects, denoted by Mi, for any 0 ≤ i ≤ 3. Each
Mi is one dimensional and if mi is a generator of Mi, Mi is in

H
HYD with structure

given by
g ·mi = (−1)imi and λ(mi) = (p+ + qip−)⊗mi. (4.1.5)

Proof. By [7, Proposition 2.10], D(H(2)) is generated as an algebra by X = ε ▷◁ g
and Y = (P1 − Pg) ▷◁ 1; here {P1, Pg} is the basis of k[C2]

∗ dual to the basis {1, g}
of k[C2]. The generators X and Y verify the relations X2 = 1 and Y 2 = X, thus
we have D(H(2)) = k[⟨Y ⟩] ∼= k[C4] as an algebra. Then, the quasi-Hopf algebra
structure of D(H(2)) is defined by

∆(Y ) = −1

2
(Y ⊗ Y + Y 3 ⊗ Y + Y ⊗ Y 3 − Y 2 ⊗ Y 3),

ε(Y ) = −1,

Φ = 1− 2pX− ⊗ pX− ⊗ pX− ,

SD(Y ) = Y, αD = X, βD = 1,

where, in reference to the notation used before for k[C2], we set p
X
− = 1

2
(1−X); note

that X = Y 2 is a grouplike element of D(H(2)) of order two, so pX− is an idempotent
element of D(H(2)).

As in the Hopf case, we have an isomorphism of categories

H(2)
H(2)YD ≃ H(2)YDH(2) ≃ D(H(2))M ≃ k[C4]M;

see [15, Theorems 8.14 and 8.29]. Since k[C4]M is a semisimple category with four

one dimensional non-isomorphic simple objects, we deduce that
H(2)
H(2)YD is also a

semisimple category with four non-isomorphic simple objects, all of dimension one.
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Denote byMj, for j ∈ {0, 1, 2, 3}, the simple modules over k[C4], whose structure
is determined, for any m ∈ Mj, by Y ·m = qjm. In what follows, we describe the

four simple objects of
H(2)
H(2)YD.

The correspondence in [15, Lemma 8.28] allows us to compute the simple objects
of H(2)YDH(2), still denoted by {Mj}j. Since H(2) = k[⟨X⟩] ∼= k[C2] as a subalgebra
of D(H(2)), the left H(2)-action on Mj is given, for all m ∈Mj, by

X ·m = Y 2 ·m = q2jm = (−1)jm.

Also, by the quoted result, the right H(2)-coaction on Mj is defined by

ρ(m) = (P1 ▷◁ p
1
2)m⊗ S−1(p2)p11 + (Pg ▷◁ p

1
2)m⊗ S−1(p2)gp11,

where, calling back to (1.2.25), pR = p1 ⊗ p2 = x1 ⊗ x2βS(x3) = 1− 2p− ⊗ p−. It is
immediate that ∆(p1)⊗ p2 = g ⊗ g ⊗ p− + 1⊗ 1⊗ p+, hence

ρ(m) = −(P1 ▷◁ g)m⊗ p− + (Pg ▷◁ g)m⊗ p−

+(P1 ▷◁ 1)m⊗ p+ + (Pg ▷◁ 1)m⊗ p+

= −((P1 − Pg) ▷◁ g)m⊗ p− + ((P1 + Pg) ▷◁ 1)m⊗ p+

= −(Y (ε ▷◁ g))m⊗ p− + (ε ▷◁ 1)m⊗ p+

= −Y 3m⊗ p− +m⊗ p+

= m⊗ p+ − q3jm⊗ p− = m⊗ p+ − q−jm⊗ p−.

To achieve our aim, we use the functor described in [15, Theorem 8.14] in order
to get the left Yetter-Drinfeld structure over H(2) of Mj. To this end, we need the
elements defined in (1.2.26) and (1.2.27), namely

qR = q1 ⊗ q2 := X1 ⊗ S−1(αX3)X2

= 1⊗ g + 2p− ⊗ p−

= 1⊗ p+ − g ⊗ p−,

pL = p̃1 ⊗ p̃2 := X2S−1(X1β)⊗X3

= 1⊗ p+ + g ⊗ p−.

A simple computation ensures us that

(∆(q1)⊗ q2)Φ−1 = 1− 2p+ ⊗ p+ ⊗ p−

and since p± ·m = 1
2
(1± q2j)m, for all m ∈Mj, we get that, for all m ∈Mj,

(˜︁p2 ·m)(1)p̃
1 ⊗ (p̃2 ·m)(0)

= (p+ ·m)(1) ⊗ (p+ ·m)(0) + (p− ·m)(1)g ⊗ (p− ·m)(0)

=
1

2
(1 + q2j)(p+ − q−jp−)⊗m+

1

2
(1− q2j)(p+ − q−jp−)g ⊗m

= (p+ − qjp−)⊗m.

Now, by [15, Lemma 8.28], the left H(2)-coaction on Mj is given, for m ∈Mj, by

λ(m) = q11x
1S(q2x3(p̃2 ·m)1p̃

1)⊗ q12x
2 · (p̃2 ·m)0

= S((p̃2 ·m)(1)p̃
1)⊗ (p̃2 ·m)(0)

−2p+S(p−(p̃
2 ·m)(1)p̃

1)⊗ p+ · (p̃2 ·m)(0)

= (p+ − q−jp−)⊗m.
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The left H(2)-module structure on Mj, considered as a left Yetter-Drinfeld module,
remains the same, namely g ·m = (−1)jm, for all m ∈ Mj. By switching 1 and 3
and, respectively, 0 and 2, we obtain the structure of the simple objects {Mj}0≤j≤3

of
H(2)
H(2)YD as in the statement of the proposition.

Corollary 4.1.3 Let B be a 3-dimensional bialgebra in
H(2)
H(2)YD. B is isomorphic

as a Yetter-Drinfeld module to one of the following:

M0 ⊕M2i ⊕M2j; (4.1.6)

M0 ⊕M2i ⊕M2j+1; (4.1.7)

M0 ⊕M2i+1 ⊕M2j+1, (4.1.8)

where i, j ∈ {0, 1} and {Ml}l are as in Proposition 4.1.2.

Proof. The Corollary follows directly from Proposition 4.1.2, by considering the last
two relations in (1.3.41), which imply that one of the Yetter-Drinfeld submodules of
B, containing the unit, must be isomorphic to M0.

In the next lemma we show that, for a braided bialgebra, the case (4.1.8) does
not occur.

Lemma 4.1.4 Let B be a 3-dimensional bialgebra in
H(2)
H(2)YD. In the notation of

Proposition 4.1.2, B is not isomorphic as a Yetter-Drinfeld module to M0⊕M2i+1⊕
M2j+1.

Proof. Suppose the contrary; namely, that B = k1 ⊕ kx ⊕ ky is a bialgebra in
H(2)
H(2)YD with unit 1 and x, y ∈ B such that kx ≃ M2i+1 and ky ≃ M2j+1 as left

Yetter-Drinfeld H(2)-modules, for some i, j ∈ {0, 1}. We move to characterize the
braided bialgebra structure of B in terms of its generators x, y. For instance, by
applying (1.3.41) to x, y, we deduce that

g · x2 = x2, g · y2 = y2, g · xy = xy, g · yx = yx, (4.1.9)

implying that x2, y2, xy, yx ∈ k1; equivalently,

x2 = ω1, y2 = ω′1, xy = l1, yx = r1, (4.1.10)

for some scalars ω, ω′, l, r ∈ k. Secondly, p+ · x = p+ · y = 0 and p− · x = x,
p− · y = y. These relations together with (1.3.42) applied to the generators x, y lead
to the following equalities:

ωx = (xx)x = −x(xx) = −ωx, ω′y = (yy)y = −y(yy) = −ω′y; (4.1.11)

ωy = (xx)y = −x(xy) = −lx, rx = (yx)x = −y(xx) = −ωy; (4.1.12)

lx = (xy)x = −x(yx) = −rx, ly = (xy)y = −x(yy) = −ω′x; (4.1.13)

ry = (yx)y = −y(xy) = −ly, ω′x = (yy)x = −y(yx) = −ry. (4.1.14)

Thus l = r = ω = ω′ = 0, and therefore B is generated as an algebra by x, y with
relations x2 = y2 = xy = yx = 0.

From εB(g · b) = ε(g) εB(b) = εB(b), we get εB(x) = εB(y) = 0. Thus, if we
consider ∆B(x) =

∑︁
a,b∈{1,x,y} σab a⊗ b, the counit properties say that

∆B(x) = 1⊗ x+ x⊗ 1 + σxxx⊗ x+ σyyy ⊗ y + σxyx⊗ y + σyxy ⊗ x. (4.1.15)
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The first relation in (1.3.44) applied to x reduces to −∆B(x) = (g ⊗ g) ·∆B(x),
and is equivalent toÑ

0 −1 0
−1 −σxx −σxy
0 −σyx −σyy

é
=

Ñ
0 −1 0
−1 σxx σxy
0 σyx σyy

é
. (4.1.16)

We conclude that ∆(x) = x ⊗ 1 + 1 ⊗ x and ε(x) = 0, that is, x is a primitive
element. Consequently, by considering (1.3.48) for b = x and b′ = x, since x2 = 0,
p− · x = x and p+ · x = 0, we get that 0 = ∆B(x

2) equals

(y1X1 · 1)(y2Y 1(x1X2 · x)[−1]x
2X3

1 · 1)⊗ (y31Y
2 · (x1X2 · x)[0])(y32Y 3x3X3

2 · x)
+ (y1X1 · x)(y2Y 1(x1X2 · 1)[−1]x

2X3
1 · 1)⊗ (y31Y

2 · (x1X2 · 1)[0])(y32Y 3x3X3
2 · x)

+ (y1X1 · 1)(y2Y 1(x1X2 · x)[−1]x
2X3

1 · x)⊗ (y31Y
2 · (x1X2 · x)[0])(y32Y 3x3X3

2 · 1)
+ (y1X1 · x)(y2Y 1(x1X2 · 1)[−1]x

2X3
1 · x)⊗ (y31Y

2 · (x1X2 · 1)[0])(y32Y 3x3X3
2 · 1)

=1⊗ x2 + x⊗ x+ x[−1] · x⊗ x[0] + x2 ⊗ 1 = (1 + q2i+1)x⊗ x.

Hence, 1 + q2i+1 = 0 for a certain i ∈ {0, 1}, a contradiction.

We study now the case (4.1.7). For simplicity, we first look at the algebra case.

Lemma 4.1.5 Let B be a 3-dimensional algebra in
H(2)
H(2)YD, isomorphic as a Yetter-

Drinfeld module to M0⊕M2i⊕M2j+1. Then B is isomorphic to one of the following

algebras in
H(2)
H(2)YD:

• B00
2o := k1⊕ kx̄⊕ kȳ ≃M0 ⊕M2 ⊕M2j+1 in

H(2)
H(2)YD, with relations

x̄2 = ȳ2 = x̄ȳ = ȳx̄ = 0;

• B10
0o := k1⊕ kx̄⊕ kȳ ≃M0 ⊕M0 ⊕M2j+1 in

H(2)
H(2)YD, with relations

x̄2 = 1, ȳ2 = 0, x̄ȳ = ȳ, ȳx̄ = −ȳ;

• B0
0o := k1⊕ kx̄⊕ kȳ ≃M0 ⊕M0 ⊕M2j+1 in

H(2)
H(2)YD, with relations

x̄2 = 0, ȳ2 = x̄, x̄ȳ = ȳx̄ = 0;

• B00
0o = k1⊕ kx̄⊕ kȳ ≃M0 ⊕M0 ⊕M2j+1 in

H(2)
H(2)YD, with relations

x̄2 = 0, ȳ2 = 0, x̄ȳ = ȳx̄ = ȳ;

• B10c
0o := k1⊕ kx̄⊕ kȳ ≃M0 ⊕M0 ⊕M2j+1 in

H(2)
H(2)YD, with relations

x̄2 = 1, ȳ2 = 0, x̄ȳ = ȳx̄ = ȳ.

Proof. We use arguments similar to the ones in the proof of Lemma 4.1.4. Assume
that B = k1⊕ kx⊕ ky ≃M0 ⊕M2i ⊕M2j+1 in

H(2)
H(2)YD, for some i, j ∈ {0, 1}.

We have g ·x = x and g ·y = −y, so the first relation in (1.3.41) yields g ·x2 = x2

and g ·y2 = y2. Thus, x2 = α1+βx and y2 = α1+βx, for some scalars α, α, β, β ∈ k.
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Likewise, g · (xy) = −xy and g · (yx) = −yx, hence xy = γy and yx = γy, for some
scalars γ, γ ∈ k.

Clearly, p−·x = 0 and p−·y = y. Therefore, the associativity of the multiplication
of B, expressed by the relation in (1.3.42), is equivalent to the following equalities:

(xx)x = x(xx), (yy)y = −y(yy), (yx)x = y(xx), (xx)y = x(xy),

(xy)x = x(yx), (xy)y = x(yy), (yx)y = y(xy), (yy)x = y(yx).

These are satisfied if and only if

β(γ + γ) = −2α, γ2 = α+ βγ, γ2 = α+ βγ,

αβ = αγ = αγ, α + ββ = βγ = βγ.
(4.1.17)

The last condition remaining to be studied is the colinearity of the multiplication
of B. By (1.3.43), applied to our structure, we find that λB(x

2) equals

X1(x1Y 1 · x)[−1]x
2(Y 2 · x)[−1]Y

3 ⊗ (X2 · (x1Y 1 · x)[0])(X3x3 · (Y 2 · x)[0])
= X1(p+ + (−1)ip−)

2 ⊗ (X2 · x)(X3 · x) = 1⊗ x2,

and so β(p+ + (−1)ip−)⊗ x = β1⊗ x; we conclude that i = 0 or β = 0.
In a similar way, we compute that

λB(y
2) = X1(x1 · y)[−1]x

2y[−1]g ⊗ (X2 · (x1 · y)[0])(X3x3 · y[0])
= (p+ − p−)⊗ y2 + 2p− ⊗ y2 = 1⊗ y2,

hence β(p+ + (−1)ip−)tx = β1⊗ x; so, either i = 0 or β = 0.
By using (1.3.43) for x and y, we get

γ(p+ + q2j+1p−)⊗ y = λB(xy) = γ(p+ + q2(i+j)+1p−)⊗ y,

and therefore i = 0 or γ = 0. Similarly, for y and x,

γ(p+ + q2j+1p−)⊗ y = λB(yx) = γ(p+ + q2(j+i)+1p−)⊗ y,

which reduces to i = 0 or γ = 0.
Case 1: i=1. We get β = β = γ = γ = 0, implying α = α = 0, too. Hence

B = B00
2o .

Case 2: i=0. We get the relations stated in (4.1.17); we distinguished the fol-
lowing possibilities:

2.1: γ ̸= γ. Then β = 0, so α = 0, too. In addition, γ = β − γ, γ2 = α + βγ,
4α ̸= −β2 and x, y verify x2 = α1 + βx, y2 = 0, xy = γy and yx = (β − γ)y.
If we set x′ := β

2
1 − x and δ := β

2
− γ then δ ̸= 0 and x′2 = δ21, x′y = δy and

yx′ = −δy. Take now x := δ−1x′ to get x2 = 1, y2 = 0, xy = y and yx = −y. It is
clear at this point that the correspondence defined by x ↦→ δ−1x′ = δ−1(β

2
1−x) and

y ↦→ y defines an algebra isomorphism between B10
0o and B in

H(2)
H(2)YD. Note that

B10
0o ≃ B = k1⊕ k(δ−1(β

2
1− x))⊕ ky ≃M0 ⊕M0 ⊕M2j+1 in

H(2)
H(2)YD.

2.2: γ = γ. In this case, we are reducing to βγ = −α, γ2 = α + βγ, αβ = αγ
and α+ ββ = βγ. We must stress the fact that γ = γ means that γ and γ are both
equal to one of the solutions of the equation t2 − βt − α = 0; in other words, the
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assumption γ = γ does not impose any extra condition on α and β like, for instance,
β2 = −4α.

Assume β ̸= 0. We have γ = γ = −α
β
, α = −

(︁
α
β

)︁2
, β = −2α

β
and γ2 = α + βγ is

automatically satisfied. Then B is generated by x, y with relations
(︁
x + α

β
1
)︁2

= 0,

y2 = α1 + βx and xy = yx = −α
β
. Hence, if we take x′ := x+ α

β
1 then x′2 = 0, y2 =

βx′ and x′y = yx′ = 0, with β ̸= 0. We deduce from here that the correspondence
x̄ ↦→ βx′ = α1 + βx = y2, ȳ ↦→ y, produces an isomorphism of algebras between
B0

0o and B in
H(2)
H(2)YD. Note that B0

0o ≃ B = k1⊕ ky2 ⊕ ky ≃ M0 ⊕M0 ⊕M2j+1 in
H(2)
H(2)YD.

In the case when β = 0, we get α = 0, so B is generated by x, y with relations
x2 = α1 + βx, y2 = 0 and xy = yx = γy, where α, β, γ are scalars obeying γ2 =
α+βγ. For x′ := β

2
1−x and δ := β

2
−γ, we have that x′2 = δ21 and x′y = yx′ = δy. If

we have β2 = −4α, this leads to δ2 = 0, and thus the correspondence x̄ ↦→ x′ = β
2
1−x

and ȳ ↦→ y defines an algebra isomorphism between B00
0o and B in

H(2)
H(2)YD. Note

that, in this case B00
0o ≃ B = k1⊕ k(β

2
1− x)⊕ ky ≃ M0 ⊕M0 ⊕M2j+1 in

H(2)
H(2)YD.

Finally, if we have that β2 ̸= −4α, and therefore δ ̸= 0, we take x := δ−1x′ which
satisfies x2 = 1, xy = yx = y and y2 = 0. We conclude that the correspondence
x̄ ↦→ δ−1x′ = δ−1(β

2
1 − x) and ȳ ↦→ y defines an algebra isomorphism between B10c

0o

and B in
H(2)
H(2)YD. Note that B10c

0o ≃ B = k1⊕ k(β
2
1− x)⊕ ky ≃M0 ⊕M0 ⊕M2j+1

in
H(2)
H(2)YD.

Proposition 4.1.6 Let B be a 3-dimensional bialgebra in
H(2)
H(2)YD. If B is isomor-

phic as a Yetter-Drinfeld module to M0⊕M2i⊕M2j+1, then B is isomorphic to one
of the following braided bialgebras:

1. B10
0o , with comultiplication and counit given by

∆(x) = −1
2
(1⊗ 1− 1⊗ x− x⊗ 1− x⊗ x), ε(x) = 1;

∆(y) = 1
2
(1⊗ y + y ⊗ 1 + x⊗ y + y ⊗ x), ε(y) = 0.

(4.1.18)

2. B10
0o , with comultiplication and counit given by

∆(x) = 1
2
(1⊗ 1 + 1⊗ x+ x⊗ 1− x⊗ x), ε(x) = −1;

∆(y) = 1
2
(1⊗ y + y ⊗ 1− x⊗ y − y ⊗ x), ε(y) = 0.

(4.1.19)

3. B10c
0o , with comultiplication and counit given by

∆(x) = 1
2
(1⊗ 1 + 1⊗ x+ x⊗ 1− x⊗ x), ε(x) = −1;

∆(y) = 1
2
(1⊗ y + y ⊗ 1− x⊗ y − y ⊗ x), ε(y) = 0.

(4.1.20)

Proof. We use the results obtained in Lemma 4.1.5; for simplicity, we consider,
notation wise, the generators of the braided bialgebra B as being x, y, rather that
x̄, ȳ. Also, we set ∆B(x) =

∑︁
p,q∈{1,x,y} σp,q p⊗ q and ∆B(y) =

∑︁
p,q∈{1,x,y} τp,q p⊗ q.

Since g ·y = −y, by the second relation in (??) we obtain εB(y) = 0. The equality
−∆(y) = ∆(g · y) = (g ⊗ g)∆(y) implies τ1,1 = τx,x = τy,y = 0 and (1 + (−1)i)τ1,x =
(1+(−1)i)τx,1 = 0, (1+(−1)i+1)τx,y = (1+(−1)i+1)τy,x = 0. We use now the counit
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properties to get τ1,x = τx,1 = 0 and τy,1 + ε(x)τy,x = 1 = τ1,y + ε(x)τx,y. Summing
up, we have

∆(y) = τ1,y1⊗ y + τx,yx⊗ y + τy,1y ⊗ 1 + τy,xy ⊗ x,

with (1+(−1)i+1)τx,y = (1+(−1)i+1)τy,x = 0 and τy,1+ε(x)τy,x = 1 = τ1,y+ε(x)τx,y.
From now on, for a bialgebra B in H

HYD with comultiplication ∆B, if b, b
′ are

elements in B, the product ∆B(b)∆B(b
′) in B ⊗ B is made with respect to the

tensor product algebra structure of B ⊗ B within H
HYD; see the right hand side of

the equality (1.3.48). There are situations when the braided tensor algebra B ⊗ B
equals the usual tensor product k-algebra between B and itself, for instance when
the left H-action on B is trivial, but, as we are about to see, this is generally not
the case.

Denote ∆(y) = y1 ⊗ y2 = y′1 ⊗ y′2. With the help of (1.3.48), which, we recall,
expresses the multiplicativity of the morphism ∆, we compute that

∆(y2) = (y1X1 · y1)(y2Y 1(x1X2 · y2)[−1]x
2X3

1 · y′1)
⊗(y31Y

2 · (x1X2 · y2)[0])(y32Y 3x3X3
2 · y′2)

= τ1,yY
1(x1 · y)[−1]x

2 · y′1 ⊗ (Y 2 · (x1 · y)[0])(Y 3x3 · y′2)
+τx,yx(Y

1(x1 · y)[−1]x
2 · y′1)⊗ (Y 2 · (x1 · y)[0])(Y 3x3 · y′2)

+τy,1(y
1 · y)(y2 · y′1)⊗ y3 · y′2

+τy,x(y
1 · y)(y2Y 1x[−1] · y′1)⊗ (y31Y

2 · x[0])(y32Y 3 · y′2)
= τ 21,y1⊗ y2 + τ1,yτx,yy[−1] · x⊗ y[0]y

+τ1,yτy,1y[−1] · y ⊗ y[0] + τ1,yτy,xy[−1] · y ⊗ y[0]x

+τx,yτ1,yx⊗ y2 + τ 2x,yx(y[−1] · x)⊗ y[0]y

+τx,yτy,1x(y[−1] · y)⊗ y[0] + τx,yτy,xx(y[−1] · y)⊗ y[0]x

+τy,1τ1,yy ⊗ y + τy,1τx,yyx⊗ y + τ 2y,1y
2 ⊗ 1

+τy,1τy,xy
2 ⊗ x+ τy,xτ1,yy ⊗ xy + τy,xτx,yy(x[−1] · x)⊗ x[0]y

+τy,xτy,1(y
1 · y)(y2x[−1] · y)⊗ y3 · x[0]

+τ 2y,x(y
1 · y)(y2x[−1] · y)⊗ y3 · (x[0]x)

= τ 21,y1⊗ y2 + τ1,yτx,y
(︁
1 +

1 + (−1)i

2
+ q2j+11− (−1)i

2

)︁
x⊗ y2

+(1 + q2j+1)τ1,yτy,1y ⊗ y + 2τy,1τy,xy
2 ⊗ x

+τ 2x,y
(︁1 + (−1)i

2
+ q2j+11− (−1)i

2

)︁
x2 ⊗ y2

+(−1)iτ 2y,xy
2 ⊗ x2 + τ 2y,1y

2 ⊗ 1 + τy,1τx,y(γq
2j+1 + γ)y ⊗ y

+τ1,yτy,x(γq
2j+1 + γ)y ⊗ y + τx,yτy,xγγ(1 + q2j+1)y ⊗ y.

If i = 1, τx,y = τy,x = 0 and τ1,y = τy,1 = 1. So ∆(y2) = 1⊗ y2 + (1 + q2j+1)y ⊗
y + y2 ⊗ 1, and this forces y2 ̸= 0, a contradiction. We conclude that i = 0, and
therefore

∆(y2) = τ 21,y1⊗ y2 + 2τ1,yτx,yx⊗ y2 + (1 + q2j+1)τ1,yτy,1y ⊗ y + 2τy,1τy,xy
2 ⊗ x

+τ 2x,yx
2 ⊗ y2 + τ 2y,xy

2 ⊗ x2 + τ 2y,1y
2 ⊗ 1 + τy,1τx,y(γq

2j+1 + γ)y ⊗ y

+τ1,yτy,x(γq
2j+1 + γ)y ⊗ y + τx,yτy,xγγ(1 + q2j+1)y ⊗ y.
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Similarly, by using the fact that g · x = x and g · y = −y, we see that

∆(x) = σ1,11⊗ 1 + σ1,x1⊗ x+ σx,1x⊗ 1 + σx,xx⊗ x+ σy,yy ⊗ y

with σ1,1 = −ε(x)σ1,x and σ1,x = σx,1 = 1− ε(x)σx,x. Owing to the above relations,
the coassociativity of ∆ on x, see (1.3.45), reduces to

σy,yσx,1 = σy,yτy,1 = σy,yτ1,y, σx,xσy,y = σy,yτx,y = σy,yτy,x.

Likewise, the coassociativity of ∆ on y is equivalent to

τy,1τy,x = τy,xσx,1, σx,1τx,y = τ1,yτx,y, τ 2x,y = σx,xτx,y,

τ 2y,x = τy,xσx,x, σy,yτy,x = −σy,yτx,y.

Case 1: σy,y ̸= 0. Then τx,y = τy,x = σx,x = 0, τ1,y = τy,1 = σx,1 = σ1,x = 1 and
σ1,1 = −ε(x). Thus, ∆(y) = 1⊗y+y⊗1 and ∆(y2) = 1⊗y2+y2⊗1+(1+q2j+1)y⊗y.
We cannot have y2 = 0, so y2 = x. Consequently,

∆(x) = 1⊗ x+ x⊗ 1 + (1 + q2j+1)y ⊗ y;

together with ∆(x) = σ1,11⊗1+1⊗x+x⊗1+σy,yy⊗y, this implies σ1,1 = ε(x) = 0
and σy,y = 1 + q2j+1 ̸= 0.

Summarizing, B = B0
0o as an algebra in

H(2)
H(2)YD, and is a coalgebra in H(2)M

with structure determined by

∆(x) = x⊗ 1 + 1⊗ x+ (1 + q2j+1)y ⊗ y,

∆(y) = 1⊗ y + y ⊗ 1,

ε(x) = 0, ε(y) = 0.

Moreover, ∆(y2) = ∆(y)∆(y). Similarly to the computation of ∆(y2) carried out
above, one can find that

∆(x)∆(x) = xx1 ⊗ x2 + x1 ⊗ xx2

+σy,y(y
1 · y)(y2Y 1(x1 · y)[−1]x

2 · x1)
⊗(y31Y

2 · (x1 · y)[0])(y32Y 3x3 · x2)
= 2x⊗ x+ σy,yy(y[−1] · x)⊗ y[0] + σy,yy ⊗ yx

+σ2
y,y(y

1 · y)(y2Y 1(x1 · y)[−1]x
2 · y)

⊗(y31Y
2 · (x1 · y)[0])(y32Y 3x3 · y)

= 2x⊗ x− 2q2j+1(y1 · y)(y2Y 1y[−1] · y)⊗ (y31Y
2 · y[0])(y32Y 3 · y)

= 2x⊗ x+ 2(y1 · y)(y2Y 1 · y)⊗ y3 · ((Y 2 · y)(Y 3 · y))
= 2x⊗ x− 2(y1 · y)(y2 · y)⊗ y3 · x = 2x⊗ x− 2y2 ⊗ x = 0,

and therefore ∆(x2) = ∆(x)∆(x). Likewise, ∆(x)∆(y) = q2j+1(x ⊗ y − y ⊗ x) and
∆(y)∆(x) = q2j+1(y ⊗ x− x⊗ y), so ∆ is not multiplicative.

Case 2: σy,y = 0. We start by noting that (1.3.46) is already satisfied by x, y,
so we will pay attention only to the other remaining relations. We distinguish two
possibilities.

21: τx,y = 0. We reduce to τ1,y = 1, τ 2yx = τyxσxx and τy,1τy,x = τy,xσx,1.
Furthermore, we cannot have τy,x = 0. Indeed, for τy,x = 0 we have τy,1 = 1 and
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∆(y) = 1⊗y+y⊗1; thus ∆(y)∆(y) = 1⊗y2+y2⊗1+(1+q2j+1)y⊗y, which implies
y2 ̸= 0, and so y2 = x. We obtain that ∆(x) = ∆(y2) = 1⊗x+x⊗1+(1+q2j+1)y⊗y,
hence σ1,1 = 0, σ1,x = σx,1 = 1 and σx,x = 1 + q2j+1 ̸= 0. We get ε(x) = 0, and this
contradicts the fact that x2 = 1.

Thus, in this case we have that τy,1 = σx,1 = σ1,x := a, τy,x = σx,x := b and
σ1,1 = −ε(x)a, with a+ ε(x)b = 1, b ̸= 0. If y2 = x, γ = γ = 0 and x2 = 0, from the
general formula of ∆(y2) computed above we deduce that

∆(x) = ∆(y2) = 1⊗ x+ a(1 + q2j+1)y ⊗ y + 2abx⊗ x+ a2x⊗ 1.

Comparing this with ∆(x) = σ1,11⊗ 1 + a1⊗ x+ ax⊗ 1 + bx⊗ x, we arrive at the
contradiction a = 0 and a = 1.

We conclude that y2 = 0, and, by using again the formula for ∆(y2) found above,
we land at a(1 + q2j+1) + b(γq2j+1 + γ) = 0.

Suppose we are dealing with B00
0o . Then a = −b and σ1,1 = ε(x)b; we compute

∆(x)∆(x) = σ1,1x1 ⊗ x2 − bx1 ⊗ x2 − bx1 ⊗ xx2 + bxx1 ⊗ xx2

= σ2
1,11⊗ 1− 2bσ1,11⊗ x− 2bσ1,1x⊗ 1 + (2b2 + bσ1,1)x⊗ x,

which forces σ1,1 = 0 and b = 0, a contradiction.
The only possibility left is B = B10

0o , when we have a = q2j+1b and

∆(x)∆(x) = (σ2
1,1 − b2)1⊗ 1 + 2q2j+1(b+ σ1,1)(1⊗ x+ x⊗ 1)− 2b(b− σ1,1)x⊗ x.

As x2 = 1 and b ̸= 0, σ2
1,1 = b2 + 1 and σ1,1 = b = 0; a contradiction. So this case is

not possible.
22: Suppose that τx,y ̸= 0. Then it follows σx,x = τx,y ̸= 0, τ1,y = σx,1 = σ1,x,

τ 2y,x = τy,xσx,x and τy,1τy,x = τy,xσx,1.
221: If τy,x = 0, we have τy,1 = 1, τ1,y = σx,1 = σ1,x := a and τx,y = σx,x = b ̸= 0.

Therefore, the coproduct of B reduces to

∆(x) = σ1,11⊗ 1 + a1⊗ x+ ax⊗ 1 + bx⊗ x,

∆(y) = a1⊗ y + y ⊗ 1 + bx⊗ y.

In a manner similar to the one above, we compute that

∆(x)∆(x) = σ1,11⊗ 1 + ax1 ⊗ xx2 + axx1 ⊗ x2 + bxx1 ⊗ xx2

= σ2
1,11⊗ 1 + 2aσ1,11⊗ x+ 2aσ1,1x⊗ 1

+2(a2 + bσ1,1)x⊗ x+ a21⊗ x2 + 2abx⊗ x2

+a2x2 ⊗ 1 + 2abx2 ⊗ x+ b2x2 ⊗ x2.

• If x2 = 0, we get σ1,1 = a = 0, and therefore ∆(y) = y ⊗ 1 + bx ⊗ y and
∆(y)∆(y) = y2 ⊗ 1 + b(γq2j+1 + γ)y ⊗ y. We cannot have y2 = 0, otherwise
γq2j+1 + γ = 0, which is false for any scalars γ, γ. Thus y2 = x, and since we have
∆(x) = bx⊗ x, we get again a contradiction.

• If x2 = 1, a(b+ σ1,1) = 0, σ2
1,1 + b2 + 2a2 = 1 and a2 + bσ1,1 = 0. Since y2 = 0,

a(1 + q2j+1) + b(q2j+1 − 1) = 0 or, equivalently, a = −q2j+1b. Then, as xy = y,

∆(y) = ∆(x)∆(y) = σ1,1y1 ⊗ y2 + ay1 + xy2 + axy1 ⊗ y2 + bxy1 ⊗ xy2

= (a2 + b2 + ab+ bσ1,1)1⊗ y + (a+ σ1,1)y ⊗ 1

+(a2 + 2ab+ bσ1,1)x⊗ y + (a+ b)y ⊗ x.
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Consequently, b = −a = bq2j+1, so b = 0, which is not the case.
222: Suppose now τy,x ̸= 0; here, we have τy,x = σx,x = τx,y := b ̸= 0 and

τ1,y = 1− ε(x)τx,y = 1− ε(x)τy,x = τy,1 = σx,1 = σ1,x := a. Therefore,

∆(x) = σ1,11⊗ 1 + a1⊗ x+ ax⊗ 1 + bx⊗ x,

∆(y) = a1⊗ y + ay ⊗ 1 + bx⊗ y + by ⊗ x.

The formula for ∆(x) is the same as in the subcase 221. Thus, assuming x2 = 0, we
get σ1,1 = a = 0 and ∆(y)∆(y) = b2γγ(1 + q2j+1)y ⊗ y. We cannot have y2 = 0,
otherwise, γ = γ = 1 and b = 0. It follows that y2 = x, implying γ = γ = 0 and
∆(x) = ∆(y)∆(y) = 0. So, b = 0 which is false.

Hence we have, by necessity, x2 = 1, and this fact forces

a(b+ σ1,1) = 0, 2a2 + b2 + σ2
1,1 = 1 and a2 + bσ1,1 = 0.

In particular, we deal with B10
0o or B10c

0o , hence y2 = 0, xy = y and yx = γy with
γ either 1 or −1. The fact that 0 = ∆(y2) = ∆(y)∆(y) is equivalent to a2 = b2 if
γ = −1 and to a = −b if γ = 1. Then, by ∆(y) = ∆(xy) and

∆(x)∆(y) = σ1,1y1 ⊗ y2 + ay1 ⊗ xy2 + axy1 ⊗ y2 + bxy1 ⊗ xy2

= (aσ1,1 + a2 + ab+ b2)(1⊗ y + y ⊗ 1)

+(a2 + 2ab+ bσ1,1)(x⊗ y + y ⊗ x),

we obtain that aσ1,1 + a2 + ab + b2 = a and a2 + 2ab + bσ1,1 = b. Similarly,
γ∆(y) = ∆(yx) and

∆(y)∆(x) = σ1,1y1 ⊗ y2 + ay1 ⊗ y2x+ ay1((y2)[−1] · x)⊗ (y2)[0]

+by1((y2)[−1] · x)⊗ (y2)[0]x

= (aσ1,1 + γa2 + ab+ γb2)(1⊗ y + y ⊗ 1)

+(bσ1,1 + γ2ab+ a2)(x⊗ y + y ⊗ x)

reduces to aσ1,1 + γa2 + ab + γb2 = γa and bσ1,1 + γ2ab + a2 = γb. The eight
relations that guarantee a braided bialgebra structure on B10

0o or B10c
0o take place

simultaneously in the following cases:
• For B10

0o , if a = b ̸= 0 then they reduce to σ1,1 = −a, 4a2 = 1 and 2a2 = a.
Thus, σ1,1 = −1

2
and a = b = 1

2
, leading to the braided bialgebra structure on B10

0o

stated in (4.1.18).
• For B10

0o , if a = −b ̸= 0, the above mentioned eight relations reduce to σ1,1 = a,
4a2 = 1 and 2a2 = a. Therefore, σ1,1 = a = 1

2
and b = −1

2
, leading to the second

braided bialgebra structure on B10
0o stated in (4.1.19).

• For B10c
0o , these relations lead to σ1,1 = a = 1

2
and b = −1

2
. We then get the

last braided bialgebra in statement; namely, the one described in (4.1.20).
It remains to show that the three braided bialgebra structures that we just

obtained are not isomorphic. Assume the opposite, and take ψ a braided bialgebra
isomorphism with target bialgebra in 2. and source bialgebra in 1. or 3.; then ψ(x)2 =
1 and ψ(y)2 = 0. For z = a1 + bx+ cy ∈ B10

0o we have

z2 = (a2 + b2)1 + 2abx+ bc(xy + yx) + 2ac = (a2 + b2)1 + 2abx+ 2ac.

Thus, z2 = 1 if and only if z ∈ {±1,±x + cy}, and z2 = 0 if and only if z = c′y.
If the source of ψ is, for instance 1., owing to the definition of the counits, we get
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that ψ(x) = −x + cy and ψ(y) = c′y, c′ ̸= 0. Then ψ(y) = ψ(xy) = ψ(x)ψ(y) is
equivalent to c′y = −c′y, so c′ = 0, and this is false. Likewise, if the source of ψ is 3.
then ψ(x) = x+ cy and ψ(y) = c′y, c′ ̸= 0. Thus c′y = ψ(y) = ψ(yx) = ψ(y)ψ(x) =
c′y(x+ cy) in B10

00 , so c
′y = −c′y. We get c′ = 0, a contradiction.

If (B,mB, ηB,∆B, εB) is a bialgebra in a braided category (C, c), so is the bial-
gebra Bop+,cop−, defined as the same object B equipped with the multiplication
mBcB,B, unit ηB, comultiplication c−1

B,B∆B and counit εB.

Remarks 4.1.7 1). For the bialgebra B10
0o in 1. above, set x := 1

2
(1+x). One can see

easily that

x2 = x, y2 = 0, xy = y, yx = 0,

∆(x) = x⊗ x, ε(x) = 1, (4.1.21)

∆(y) = x⊗ y + y ⊗ x, ε(y) = 0.

We denote by B the braided bialgebra copy of B10
0o in 1., defined by the relations in

(4.1.21).
In the same spirit, for the bialgebra B10

0o in 2. above, set x := 1
2
(1− x). Then

x2 = x, y2 = 0, xy = 0, yx = y,

∆(x) = x⊗ x, ε(x) = 1, (4.1.22)

∆(y) = x⊗ y + y ⊗ x, ε(y) = 0.

We denote by B the braided bialgebra copy of B10
0o in 2., defined by the relations in

(4.1.22). Observe that B = Bop+,cop− as braided bialgebras.

Finally, for the bialgebra B10c
0o in 3. above, set again x := 1

2
(1− x). Then

x2 = x, y2 = 0, xy = 0, yx = 0,

∆(x) = x⊗ x, ε(x) = 1, (4.1.23)

∆(y) = x⊗ y + y ⊗ x, ε(y) = 0.

We denote by Bc the braided bialgebra copy of B10c
0o in 3., defined by the relations

in (4.1.23). Note that Bc = (Bc)op+,cop− as braided bialgebras.
2). Neither B, B nor Bc is a braided Hopf algebra; indeed, if S would be an

antipode for B, B or Bc, S(x) would be a bilateral inverse of x, which contradicts the
fact that x is a zero divisor in any of the three mentioned bialgebras. Consequently,
there are no braided Hopf algebras within

H(2)
H(2)YD, which as objects in

H(2)
H(2)YD are

isomorphic to M0 ⊕M2i ⊕M2j+1.

Proposition 4.1.8 We describe the structure of three quasi-Hopf algebras with a
projection on H(2):

• The biproduct quasi-bialgebra H := B×H(2) can be described as follows. As an
algebra, it is unital and generated by G = 1×g, X = x×1 and Y = y×1 with
relations G2 = 1, X2 = X, Y 2 = 0, GX = XG, GY = −Y G, XY = Y and
Y X = 0. The quasi-coalgebra structure of H is determined by the reassociator
Φ = 1− 2P− ⊗ P− ⊗ P−, where P± := 1

2
(1±G), the comultiplication

∆(G) = G⊗G, ∆(X) = X ⊗X,

∆(Y ) = (P+ + q2j+1P−)X ⊗ Y + Y ⊗ P+X −GY ⊗ P−X,
(4.1.24)

and counit ε(G) = ε(X) = 1 and ε(Y ) = 0.
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• Similarly, the biproduct quasi-bialgebra H := B × H(2) is the unital algebra
generated by G := 1 × g, X = 1 × x and Y = 1 × y with relations G2 = 1,
X2 = X, Y 2 = 0, GX = XG, GY = −Y G, XY = 0 and Y X = Y . Its
quasi-bialgebra structure is given by the reassociator Φ = 1− 2P− ⊗ P− ⊗ P−,
comultiplication

∆(G) = G⊗G, ∆(X) = X ⊗X,

∆(Y ) = (P+ + q2j+1P−)X ⊗ Y + Y ⊗ P+X −GY ⊗ P−X

and counit ε(G) = ε(X) = 1 and ε(Y ) = 0, where P± := 1
2
(1 ± G). H is the

opposite version of H.

• Last but not least, Hc := Bc×H(2) is the unital algebra generated by G := 1×g,
X = 1×x and Y = 1×y with relations G2 = 1, X2 = X, Y 2 = 0, GX = XG,
GY = −Y G and XY = Y X = 0. Its quasi-bialgebra structure is given by the
reassociator Φ = 1− 2P− ⊗ P− ⊗ P−, comultiplication

∆(G) = G⊗G, ∆(X) = X ⊗X,

∆(Y ) = (P+ + q2j+1P−)X ⊗ Y + Y ⊗ P+X −GY ⊗ P−X

and counit ε(G) = ε(X) = 1 and ε(Y ) = 0. As before, P± := 1
2
(1±G).

Proof. Follows through a direct computation by the biproduct construction, see the
previously cited results in [11].

Proposition 4.1.9 A 3-dimensional Hopf algebra within the category of left Yetter-
Drinfeld modules over H(2) is isomorphic, in the notation of Proposition 4.1.1, to
either BC6 or B∗.

Proof. It follows from the results proved so far that all 3-dimensional Hopf alge-
bras in

H(2)
H(2)YD are isomorphic, as Yetter-Drinfeld modules, to M0 ⊗ M2i ⊗ M2j.

In particular, H(2) acts trivially on all 3-dimensional Hopf algebras in
H(2)
H(2)YD;

therefore, the reassociator disappears in all the relations from (1.3.41) to (1.3.48).
Consequently, we reduced to the relations that determine the Hopf algebras within
k[C2]
k[C2]

YD. This implies that the 3-dimensional Hopf algebras in
H(2)
H(2)YD coincide with

those in
k[C2]
k[C2]

YD on which H(2) acts trivially.

Remark 4.1.10 Proposition 4.1.9 implies that all 6-dimensional quasi-Hopf algebras
with a projection on H(2) are semisimple. Indeed, we know from Proposition 4.1.1
that the biproduct quasi-Hopf algebras BC6 ×H(2) and B∗ ×H(2) are isomorphic
as algebras to k[C6] and k

S3 , respectively.

Corollary 4.1.11 All biproduct quasi-Hopf algebras of dimension 6 are semisimple.

Proof. Let B × H be a 6-dimensional biproduct quasi-Hopf algebra that is free of
rank 3 over the 2-dimensional quasi-Hopf algebra H. Up to twisting, H is either
k[C2] or H(2), see for instance [15, Example 1.16]. By [11, Theorem 5.1], B ×H is
isomorphic to a biproduct quasi-Hopf algebra, a free module of rank 3 over either
k[C2] or H(2). Then, our assertion follows from Remark 4.1.10 and the fact that all
6-dimensional Hopf algebras are semisimple.
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4.2 Quasi-Hopf algebras of dimension 6

Let p < q be distinct prime numbers. In [22, Theorem 6.3], Etingof and Gelaki
classify the fusion categories of Frobenius-Perron dimension pq with all the simple
objects having integer dimension. As a byproduct, they also obtain the classification
of the pq-dimensional semisimple quasi-Hopf algebras in terms of their category of
representations. For p = 2, a special situation occurs in the result quoted above,
and more types of object appear in the classification. We are concerned with the
case pq = 6; in [22], this special case of the theorem is attributed to T. Chmutova.

In this section we prove that any 6-dimensional quasi-Hopf algebra is semisimple,
and this fact completes the classification of quasi-Hopf algebras in dimension 6, over
a field k of characteristic zero and algebraically closed. Equivalently, in the language
of thensor categories, we also get the classification of finite tensor categories with
Frobenius-Perron dimension 6 with all the objects having integer Frobenius-Perron
dimension.

To prove the classification results mentioned above, we need the lemma below.
Recall that a k-algebra A is basic if all the irreducible representations of A are 1-
dimensional or, equivalently, if A

JA
≃ k × . . . × k as an algebra, where JA is the

Jacobson radical of A.

Lemma 4.2.1 Any 6-dimensional non-semisimple quasi-Hopf algebra is basic.

Proof. By way of contradiction, assume that there is a 6-dimensional non-semisimple
quasi-Hopf algebra that is not basic. Then, if we denote by J the Jacobson radical
of H, J is a non-zero nilpotent ideal of H and H0 := H

J
is a semisimple algebra of

dimension 4 or 5, owing to the Wedderburn-Artin theorem. The case dimkH0 = 4
cannot occur since ε, the counit of H, provides a 1-dimensional representation of H,
forcing H0 ≃ k4; thus H is basic, which is false.

So, we reduced to the case dimkH0 = 5, when H0 ≃ k ×M2(k) as an algebra;
M2(k) is the algebra of 2-square matrices. Also, dimkJ = 1, and we assume that J
is generated by the non-zero element x. Last but not least, denote by p : H → H0

the canonical projection, a k-algebra morphism.
Owing to [1, Theorem 1.4.9], there exists a semisimple subalgebra S of H such

that H = S ⊕ J as k-vector spaces; we can see immediately that, S ≃ H0 as k-
vector spaces. Since J2 = 0, it is easy to check that S → H0 : s ↦→ p(s) is a
k-algebra isomorphism, hence S ≃ k × M2(k) as algebras. Clearly, J nilpotent
implies ε(x) = 0. Therefore, it follows that ε, the counit of H, restricts to an
algebra morphism ε : S → k: ε(s ⊕ λx) = ε(s), for all h = s ⊕ λx ∈ H = S ⊕ J .
As S ≃ k ×M2(k) has a unique 1-dimensional representation, it follows that ε is
the unique algebra morphism from S to k, and that Ker(ε) ≃ M2(k). This last
fact allows us to see that the multiplication of H can be expressed in terms of the
multiplication of S and x as

(s⊕ λx)(s′ ⊕ λ′x) = ss′ ⊕ (λ′ε(s) + λε(s′))x,

for all s, s′ ∈ S and λx, λ′x ∈ J ; here λ and λ′ are arbitrary scalars. We wrote an
element in H = S⊕ J as s⊕ λx in order to distinguish the S and J components of
the elements in H. Thus, if we take {1, Eij | 1 ≤ i, j ≤ 2} as the canonical basis of
S obtained from the canonical basis of k ×M2(k) through the algebra isomorphism
S ≃ k × M2(k), then {1, Eij, x | 1 ≤ i, j ≤ 2} is a basis of H and the algebra
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4.2. Quasi-Hopf algebras of dimension 6

structure of H is determined by the following rules: 1 is the unit of H and, since
ε(x) = 0 and ε(Eij) = 0 for all 1 ≤ i, j ≤ 2, for any 1 ≤ i, j, s, t ≤ 2 we have

x2 = 0, xEij = Eijx = 0 and EijEst = δj,sEit.

We look now at ∆(x), an element in H ⊗H which we will write as

∆(x) =1⊗ (λ1 +
∑︂
i,j

λijEij + µx)

+
∑︂
i,j

Eij ⊗ (λ′ij1 +
∑︂
s,t

λijstEst + µijx) + x⊗ (γ1 +
∑︂
i,j

γijEij + θx),

for some scalars λ, µ, λij, λ
′
ij, λ

ij
st, µij, γ, γij and θ. By using that ε is counit for ∆,

we get λ = 0, µ = γ = 1 and λij = λ′ij = 0, for all 1 ≤ i, j ≤ 2. Thus

∆(x) = 1⊗ x+
∑︂
i,j

Eij ⊗ (
∑︂
s,t

λijstEst + µijx) + x⊗ (1 +
∑︂
i,j

γijEij + θx).

But ∆ is multiplicative, and therefore ∆(x)∆(x) = ∆(x2) = 0. On the other hand,

∆(x)∆(x) = 2x⊗ x+
∑︂
i,j

Eij ⊗
∑︂
s,t,u,v

λiustλ
uj
tvEsv,

and thus ∆(x2) cannot be zero. Thus, we landed to a last contradiction, and so our
proof is finished.

Let H be a basic quasi-Hopf algebra which is not semisimple, and take J the
Jacobson radical of H. We recall that J is also a quasi-Hopf ideal of H, thus H0 =
H
J

has a unique quasi-Hopf algebra structure with respect to which the canonical
projection p : H → H0, which becomes a quasi-Hopf algebra morphism.

Moreover, we denote here by A the graded algebra gr(H) =
⨁︁

m≥1Hm associated
to the filtration of H by powers of J , introduced in Section 1.4.1, where Hm =
Jm

Jm+1 , for all m ≥ 0, and we use again the convention J0 = H. Then A has a
canonical quasi-Hopf algebra structure, with reassociator Φ defined by a 3-cocycle of
the group G obtained through algebra isomorphisms H0 ≃ k× . . .× k ≃ kG ≃ k[G].
Consequently, when H is not semisimple and basic we have quasi-Hopf algebra

morphisms H0
i →→ gr(H)
π

←← such that πi = IdH0 , hence gr(H) is a biproduct quasi-

Hopf algebra between a braided Hopf algebra B in
kΦ[G]
kΦ[G]YD and kΦ[G]. Furthermore,

each homogenous component Hm of H can be seen as an object in the category of
two-sided two-cosided Hopf module over H0. Since any object of this category is
free as a left and right H0-module, it follows that so is every Hm; we refer to [47]
for all the details.

We are now ready to present the main result of this section.

Theorem 4.2.2 Any 6-dimensional quasi-Hopf algebra is semisimple.

Proof. Assume that there exists a non-semisimple quasi-Hopf algebra of dimension
6. Since Lemma 4.2.1 guarantees us that H is basic, we can than apply all the
results mentioned above. We distinguish the following cases.
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4.2. Quasi-Hopf algebras of dimension 6

Case 1: dimkJ = 1. We have dimkH0 = 5 and J2 = 0, thus H1 cannot be free
over H0.

Case 2: dimkJ = 2. Similarly, dimkH0 = 4 and since dimkH1 is at most 2 and
so it cannot be a non-zero power of 4, H1 is not free over H0.

Case 3: dimkJ = 3. As dimkH0 = 3, we must have J2 = 0. Therefore, gr(H) =
H0 ⊕ J has dimension 6 and is a biproduct quasi-Hopf algebra between a braided
Hopf algebra B in

kΦ[C3]
kΦ[C3]

YD and kΦ[C3], for a certain 3-cocycle Φ of k[C3]. Then B

has dimension 2 and by the results obtained in [9] it follows that gr(H) is semisimple.
This is false because in this particular case the Jacobson radical of gr(H) is J and
J is not the null ideal.

Case 4: dimkJ = 4. We have dimkH0 = 2, which imposes dimkJ
2 ∈ {0, 2}. If

dimkJ
2 = 0, gr(H) = H0 ⊕ J has again dimension 6 and it is a biproduct between a

braided Hopf algebra B in
kΦ[C2]
kΦ[C2]

YD and kΦ[C2], for a certain 3-cocycle Φ of k[C2].
Then B has dimension 3 and by the results obtained in the previous section it
follows that gr(H) is semisimple. But the Jacobson radical of gr(H) is J ̸= 0, a
contradiction. We also reach the same contradiction when dimkJ

2 = 2, because
J3 = 0 and so gr(H) = H0 ⊕H1 ⊕H2 is of dimension 6, too.

Case 5: dimkJ = 5. Since H0 ≃ k is the trivial Hopf algebra, gr(H) is an
ordinary Hopf algebra. By the definition of gr(H), dimk(gr(H)) = dimk(H) = 6,
and it follows from here that gr(H) is a semisimple Hopf algebra. On the other
hand, the Jacobson radical of gr(H) has dimension 5, so it cannot be the null ideal.

So our assumption is false, therefore any quasi-Hopf algebra of dimension 6 is
semisimple.

Remark 4.2.3 Since the quasi-bialgebras in Proposition 4.1.8 are all non-semisimple
algebras, it follows that they do not admit a quasi-Hopf algebra structure.

We translate Theorem 4.2.2 to the language of tensor categories.

Corollary 4.2.4 Let C be a finite tensor category of Frobenius-Perron dimension
6 such that every object of C has integer Frobenius-Perron dimension. Then C is a
fusion category.

Proof. It is a direct consequence of Theorem 4.2.2 and [23, Proposition 2.6].

We end this section by giving an explicit presentation for all 6-dimensional quasi-
Hopf algebras. Our presentation is in concordance with the classification of fusion
categories produced in [22].

The cohomology groups of the dihedral group were characterized in [29] and [30];
consequently, we have a description for H3(S3, k

∗). Explicit formulas for 3-cocycle
representatives for the group S3 can be deduced from the formula (3.2.8) in [42].
Namely, they are given by

ωp =
1∑︂

I,J,L=0

2∑︂
i,j,l=0

qp(−1)J+Li⌊ (−1)Lj+l
3

⌋(−1)pIJL, (4.2.1)

where q is a primitive 3-rd root of unity and p is in the range 0, . . . , 5. This fact
completes [22, Corollary 4.2], where it is shown that H3(S3,C∗) ≃ C6, but 3-cocycle
representatives were not given.

In what follows, we consider the symmetric group S3 generated by τ and σ, where
τ is a transposition, while σ is a cycle of length 3.
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4.2. Quasi-Hopf algebras of dimension 6

Theorem 4.2.5 Let q be a primitive 3-rd root of unity and ξ a primitive 6-th root
of unity. Then, any 6 dimensional quasi-Hopf algebra is twist equivalent to one of
the following:

• (k[C6],Φa), the group Hopf algebra k[C6], seen as a quasi-Hopf algebra with
reassociator

Φa =
5∑︂

i,j,l=0

ξai⌊
j+l
3

⌋1i ⊗ 1j ⊗ 1l, (4.2.2)

where, if g generates C6, {1i := 1
6

∑︁5
t=0 ξ

−tigt | 0 ≤ i ≤ 5} is the set of
primitive idempotents of C6. There are 6 quasi-Hopf algebras of this type
which are not twist equivalent, given by 0 ≤ a ≤ 5.

• (kS3 ,Φp), the dual of the group Hopf algebra k[S3], endowed with the reassoci-
ator

Φp =
1∑︂

I,J,L=0

2∑︂
i,j,l=0

qp(−1)J+Li⌊ (−1)Lj+l
3

⌋(−1)pIJL PτIσi ⊗ PτJσj ⊗ PτLσl . (4.2.3)

Here {PτIσi | 0 ≤ I ≤ 1, 0 ≤ i ≤ 2} is the basis of kS3 dual to the basis
{τ Iσi | 0 ≤ I ≤ 1, 0 ≤ i ≤ 2} of k[S3]. There are 6 quasi-Hopf algebras of this
type which are not twist equivalent, given by 0 ≤ p ≤ 5.

• The group Hopf algebra k[S3].

• (k[S3],Ψa), the group Hopf algebra k[S3] with reassociator Ψa obtained from a
non-trivial 3-cocycle of C3 = ⟨σ⟩ which commutes with τ ⊗ τ ⊗ τ ; namely,

Ψa =
2∑︂

i,j,l=0

qai⌊
j+l
3

⌋+ai(⌊ (j+l)′
2

⌋−⌊ j
2
⌋−⌊ l

2
⌋) 1i ⊗ 1j ⊗ 1l, (4.2.4)

where {1i := 1
3

∑︁2
t=0 q

−tiσt | 0 ≤ i ≤ 2} is the set of primitive idempotents of
C3 = ⟨σ⟩ and (m)′ denotes the remainder of the division of the integer m by
3. There are 2 quasi-Hopf algebras of this type which are not twist equivalent,
defined by a ∈ {1, 2}.

Proof. Follows by Theorem 4.2.2 and [22, Theorem 6.3]. To get the reassociator
(4.2.2), we have identified the Hopf algebra of functions on C6, k

C6 , with the group
Hopf algebra k[C6] by using the usual isomorphism provided by the correspondence
Pgi ↦→ 1i, for all 0 ≤ i ≤ 5. Then, we made use of (3.2.4) to get for free all the
non-twist equivalent structures on k[C6].

The fact that, for 0 ≤ a ̸= b ≤ 5, the quasi-Hopf algebras (k[C6],Φa) and
(k[C6],Φb) are not twist equivalent can be proved as follows. By the proof of

Lemma 3.1.1, | Oξa |= |{ξs2a | 1 ≤ s ≤ 5, (s, 6) = 1}| = 1, for all 0 ≤ a ≤ 5,
since s2a ≡ a (mod 6) for all s ∈ U(Z6). Hence, for G = C6 the group action defined
by (3.1.1) has 6 orbits; now our claim follows from [24, Remark 2.6.2].

Likewise, to get (4.2.3) we used the fact that k[S3] is a dual quasi-Hopf algebra
(for the definition, see for instance [15, Section 3.7]; it is the dual structure to a
quasi-Hopf algebra) with reassociator defined by (4.2.1). Then, passing to the dual
of k[S3] we obtain k

S3 with th e reassociator mentioned in (4.2.3). As in the previous
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4.2. Quasi-Hopf algebras of dimension 6

case, by using the fact that Out(S3) = 1, see [46, Theorem 7.5], and [24, Remark
2.6.2], we get that (kS3 ,Φp)0≤p≤5 are 6 quasi-Hopf algebras which are not pairwise
twist equivalent.

The only thing left to prove is the fact that ψa, 1 ≤ a ≤ 2, defined by

ψa(σ
i, σj, σl) = qai⌊

j+l
3

⌋+a(⌊ (j+l)′
2

⌋−⌊ j
2
⌋−⌊ l

2
⌋),

is a 3-cocycle for the group C3 and, moreover, it is invariant under the action of
C2; the latter means that ψa(σ

i, σj, σl) = ψa(σ
−i, σ−j, σ−l), for all 0 ≤ i, j, l ≤ 2.

Towards this end, we show that ψa is cohomologus to ϕqa . Indeed, if we take

ga : C3 × C3 → k defined by ga(σ
i, σj) := qai⌊

j
2
⌋, for all 0 ≤ i, j ≤ 2, then

ϕqa(σ
i, σj, σl)ga(σ

j, σl)ga(σ
(i+j)′ , σl)

−1
ga(σ

i, σ(j+l)′)ga(σ
i, σj)

−1

= qai⌊
j+l
3

⌋qai⌊
j
2
⌋ qaj⌊

l
2
⌋ q−a(i+j)⌊

l
2
⌋ qai⌊

(j+l)′
2

⌋ q−ai⌊
j
2
⌋ = ψa(σ

i, σj, σl).

Moreover, ψa(σ, σ, σ) = qa = ψa(σ
2, σ2, σ2) , ψa(σ, σ, σ

2) = 1 = ψa(σ
2, σ2, σ),

ψa(σ, σ
2, σ) = 1 = ψa(σ

2, σ, σ2), ψa(σ
2, σ, σ) = q2a = ψa(σ, σ

2, σ2). The rest of
the invariance conditions for ψa follow from ψa being normalized, as ga(σ

i, 1) = 1 =
ga(1, σ

j) for any i and j.

Remark 4.2.6 Ψa produces a quasi-Hopf algebra structure on k[⟨σ⟩] ≃ k[C3], twist
equivalent to the one produced by Φqa , defined in (3.2.4), on k[C3]. In addition,
the natural embedding of k[C3] in k[S3] can be seen as a quasi-Hopf algebra embed-
ding of (k[C3],Ψa) into (k[S3],Ψa). But there is no quasi-Hopf projection covering
this embedding, because (k[S3],Ψa) cannot be described as a biproduct quasi-Hopf
algebra.
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Appendix A

Braided bialgebras over two cyclic
groups

This section is focused on devising a strategy to find solutions to the relation (2.2.13),
each of which yelds a biproduct quasi-Hopf algebra over the product of two finite
cyclic groups. In what follows, assume we are in the context and notation of Corol-
lary 2.2.11. In addition, we write f1

m1
= x0

L
and f2

m2
= y0

L
, for some integers x0 and

y0, where L denotes the least common multiple between m1 and m2.
For λ = (λ1, λ2) ∈ Z2 and k ∈ Z, define the map Cλ,k : Z × Z → Z, for all

(x, y) ∈ Z2, by

Cλ,k(x, y) = 2c1x
2 + 2c2y

2 + 2c12xy + 2λ1Lx+ 2λ2Ly − (2k + 1)L2; (A.0.1)

one can immediately see that (2.2.13) reduces to finding parameters λ, k for which
the conic section Cλ,k(x, y) = 0 has rational points in Z2; in other words, we study
the existence of integer solutions for the parametric equation Cλ,k(x, y) = 0. In the
following, we will show a way to determine the solutions of this equation.

A.1 Rational points

We can determine the rational points Cλ,k(x, y) = 0 by reducing Cλ,k to its standard
form. More precisely, we must deal with one of the following cases.

Case I: c1 ̸= 0. We rewrite Cλ,k(x, y) as

Cλ,k(x, y) = 2c1

Å
x+

c12
2c1

y +
λ1
2c1

L

ã2
+

4c1c2 − c212
2c1

y2

+
2λ2c1 − λ1c12

c1
Ly −

Å
λ21
2c1

+ 2k + 1

ã
L2.

We denote by δ := 4c1c2 − c212 the discriminant of Cλ,k.
Case I1: δ = 0. We reduce to solving in Z the system®

2c1x+ c12y + λ1L = ˜︁x˜︁x2 + 2(2λ2c1 − λ1c12)Ly − (λ21 + 2(2k + 1)c1)L
2 = 0.

(A.1.2)

The Diophantine equation 2c1x+c12y = γ has solutions in Z if and only if (2c1, c12)|γ.
If this is the case and (x0, y0) is a particular solution of

2c1x+ c12y = γ (A.1.3)
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then the general solution of (A.1.3) is (x, y) = (−c12u+x0, 2c1u+y0), for any u ∈ Z.
So, for ˜︁x = λ1L + (2c1, c12)v, we have to look for those integers λ1, λ2, k for which
the equation in (u, v) ∈ Z2,

(λ1L+ (2c1, c12)v)
2 + 2(2λ2c1 − λ1c12)L(2c1u+ y0)− (λ21 + 2(2k + 1)c1)L

2 = 0

has solutions. This equation is solved case by case, by finding first u such that
(λ21 + 2(2k + 1)c1)L

2 − 2(2λ2c1 − λ1c12)L(2c1u + y0) = ω2, for any integer ω, and
then v obeying λ1L+ (2c1, c12)v = ±ω.

Case I2: δ ̸= 0. We rewrite Cλ,k(x, y) as

1

2c1
(2c1x+ c12y + λ1L)

2 +
1

2c1δ
(δy + (2λ2c1 − λ1c12)L)

2 − 1

2c1δ
d,

where d := (λ21δ + (2λ2c1 − λ1c12)
2 + 2(2k + 1)c1δ)L

2. We have to solve in Z the
equation ˜︁x2 + δ˜︁y2 = d, (A.1.4)

and then to find the integers λ1, λ2, k for which the linear system®
δy + (2λ2c1 − λ1c12)L = ˜︁x
2c1x+ c12y + λ1L = ˜︁y

has solutions (x, y) in Z2. To be more accurate, the values of x, y are limited by
m1,m2, respectively, so the values of ˜︁x, ˜︁y are also limited. We get in this way bounds
for d, and therefore for k. Then, for any possible k, we solve first (A.1.4) and then
the linear system. Note also that the Pell-type equation (A.1.4) has a finite number
of solutions, provided that δ > 0 or δ < 0 and −δ is a square. When δ < 0 and
square free, the equation (A.1.4) has no solution or an infinite number of solutions;
in the latter case, we refer to [39] for the algorithm to find those solutions.

Case II: c1 = 0. We distinguish four possibilities.
Case II1: c2 ̸= 0 and c12 = 0. We write

Cλ,k(x, y) =
1

2c2
(2c2y + λ2L)

2 + 2λ1Lx−
1

2c2
(λ22 + 2(2k + 1)c2)L

2.

Our problem reduces to the finding of those integers λ1, λ2, k for which there exists
x, y, ω ∈ Z such that (λ22 + 2(2k + 1)c2)L

2 − 4λ1c2Lx = ω2 and 2c2y + λ2L = ±ω.
Case II2: c2 ̸= 0 and c12 ̸= 0. We have now that

Cλ,k(x, y) =
2

c212
(c12y + λ1L)(c

2
12x+ c2c12y − (λ1c2 − λ2c12)L)

+

Å
2λ1(λ1c2 − λ2c12)

c212
− 2k − 1

ã
L2.

So, we have to find integers λ1, λ2, k such that the elementary equation

2(c12y + λ1L)(c
2
12x+ c2c12y − (λ1c2 − λ2c12)L)

= ((2k + 1)c212 − 2λ1(λ1c2 − λ2c12))L
2

has solutions in Z.
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Case II3: c2 = 0 and c12 ̸= 0. We have that

Cλ,k(x, y) =
2

c12
(c12x+ λ2L)(c12y + λ1L)−

1

c12
((2k + 1)c12 + 2λ1λ2)L

2,

and so we must find integers λ1, λ2, k for which the elementary equation

2(c12x+ λ2L)(c12y + λ1L) = (2k + 1)c12 + 2λ1λ2

has solutions in Z. Observe that there is no solution in this case, provided that c12
is odd.

Case II4: c2 = 0 and c12 = 0. It is easy to see that in this case we reduce our
problem to the solving of the Diophantine equation 2λ1x+2λ2y = (2k+1)L, which
has solutions in Z if and only if we choose λ1, λ2, k such that (λ1, λ2)|(2k + 1)L

2
;

where we notice that L is even.

A.2 An example

We exemplify the method of finding rational points for a conic section as in the
above, for the case when m1 = 2 and m2 = 6. Thus, M = 2, L = 6, N = 36,
λ1, c1, c12 ∈ {0, 1}, λ2, c2 ∈ {0, · · · , 5} and f1

2
= x

6
, f2 = y, so that x ∈ {0, 3} and

y ∈ {0, · · · , 5}. The desired braided Hopf algebra structures are then parametrized
by (x, y) ∈ Z2 for which Cλ,k(x, y) = 0 for some λ and k, where

Cλ,k(x, y) = 2c1x
2 + 2c2y

2 + 2c12xy + 12λ1x+ 12λ2y − 36(2k + 1).

Note that δ = 4c1c2−c212 is equal to zero if and only if c1c2 = c12 = 0. Parallel to the
cases considered in Subsection A.1, we have the following possibilities. The notation
below is the one we used in the subsection that we just mentioned. In addition, by
(x, y;λ1, λ2, k) we understand that (x, y) is a rational point for Cλ,k, determined by
λ = (λ1, λ2) and k.

Case I1: c1 = 1 and δ = 0, that is, c1 = 1 and c2 = c12 = 0. The Diophantine
equation reduces to 2x+6λ1 = ˜︁x, and forces 36(λ21+4k+2)−24λ2y to be a square.
Thus, 3 | λ2y and λ21 + 4k + 2 − 2λ2y

3
is a square. Observe that we cannot have

λ2 = 0, for otherwise 4k + 2 or 4k + 3 is a square, a contradiction, by recalling that
λ1 ∈ {0, 1}.

• If λ2 ∈ {1, 2, 4, 5}, y = 3 and we must have λ21−2λ2+4k+2 a square. A square
is congruent to 0 or 1 modulo 4. If we consider our square congruent to 0 modulo
4 then (λ1, λ2, k) ∈ {(0, 1, t2), (0, 5, t2 + 2)}, t ∈ Z. When (λ1, λ2, k) = (0, 1, t2) we
get x = ±6t, y = 3, λ1 = 0, λ2 = 1 and k = t2, and we are forced to take t = 0.
Hence, (0, 3; 0, 1, 0) is a rational point. Likewise, when (λ1, λ2, k) = (0, 5, t2 + 2)
we deduce that x = ±6t, y = 3; we get that (0, 3; 0, 5, 2) is a rational point, too.
Analogously, if the above mentioned square is congruent to 1 modulo 4 we get that
(λ1, λ2, k) ∈ {(1, 1, t2 + t), (1, 5, t2 + t + 1)}, t ∈ Z; only the first triple yields a
rational point, namely (0, 3; 1, 1, 0).

• If λ2 = 3, λ21 − 2y+4k+2 is a square; we proceed as in the previous case. We
deduce that (λ1, y, k) ∈ {(1, 1, t2+t), (1, 3, t2+t+1), (1, 5, t2+t+2), (0, 1, t2), (0, 3, t2+
1), (0, 5, t2+2)|t ∈ Z}. Since ˜︁x2 = 36(λ21+4k+2)− 72y and ˜︁x = 2x+6λ1 ∈ {6, 12}
for λ1 = 1 and ˜︁x ∈ {0, 6} for λ1 = 0, we conclude that the rational points are:
(0, 1; 1, 3, 0), (0, 3; 1, 3, 1), (0, 5; 1, 3, 2), (0, 1; 0, 3, 0), (0, 3; 0, 3, 1) and (0, 5; 0, 3, 2).
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Case I2: c1 = 1 and δ ̸= 0; equivalently, c1 = c12 = 1 or c1 = 1, c12 = 0 and
c2 ∈ {1, · · · , 5}.

I21 : c1 = c12 = 1. We have δ < 0 if and only if c2 = 0, and this is why we treat
this case separately.

• For c2 = 0, the Pell’s type equation reads ˜︁x2−˜︁y2 = d, with ˜︁x = −y+6(2λ2−λ1),˜︁y = 2x + y + 6λ1 and d = 36(4λ22 − 4λ1λ2 − 4k − 2). Having this particular shape,
it can be solved directly by considering its equivalent form

(x+ 6λ2)(x+ y − 6(λ2 − λ1)) = 18(−2λ22 + 2λ1λ2 + 2k + 1).

As we observed, x ∈ {0, 3}. If x = 0, we reduce to λ2y = 6k + 3. So (λ2, y) ∈
{(3, 1), (1, 3)}, and therefore (0, 3;λ1, 1, 0) and (0, 1;λ1, 3, 0), λ1 ∈ {0, 1}, are rational
points. Likewise, for x = 3 we reduce to (2λ2+1)y+6λ1 = 3(4k+1), which ensures us
that 3|(1+2λ2)y. If λ2 = 0, y = 3 and λ1 = 2k. If λ2 = 1 then y+2λ1 = 4k+1, thus
(y, λ1, k) ∈ {(1, 0, 0), (3, 1, 1), (5, 0, 1)}. If λ2 ∈ {2, 3}, y = 3 and λ1 + λ2 = 2k. If
λ2 = 4 then 3y+2λ1 = 4k+1, hence (y, λ1, k) = (1, 1, 1). Finally, if λ2 = 5 then y = 3
and λ1 = 2k − 5. We deduce that the rational points are (3, 3; 0, 0, 0), (3, 1; 0, 1, 0),
(3, 3; 1, 1, 1), (3, 5; 0, 1, 1), (3, 3; 0, 2, 1), (3, 3; 1, 3, 2), (3, 1; 1, 4, 1), (3, 3; 1, 5, 3).

• Consider c2 ∈ {1, · · · , 5}, so that δ = 4c2−1 ∈ {3, 7, 11, 15, 19}. As λ1 ∈ {0, 1}
and x ∈ {0, 3}, to treat this case easily, we consider the four cases we might have.
More precisely, we first notice that, in terms of x and y, our equation ˜︁x2 + δ˜︁y2 = d
reads as

(δ + 1)y2 + 4(x+ 6λ2)y + 4x(x+ 6λ1)− 72(2k + 1) = 0.

- If λ1 = 0, for x = 0 we get c2y
2 + 6λ2y − 18(2k + 1) = 0 which provides solutions

only when c2 ∈ {2, 4}: (0, 3; 0, 0, 0), (0, 3; 0, 2, 1), (0, 3; 0, 4, 2) and, respectively,
(0, 3; 0, 1, 1), (0, 3; 0, 3, 2), (0, 3, 0, 5, 3). For x = 3 the equation becomes c2y

2 +
3(2λ2 + 1)y − 9(4k + 1) = 0, and admits solutions only when c2 ∈ {2, 4}; namely:
(3, 3; 0, 1, 1), (3, 3; 0, 3, 2), (3, 3; 0, 5, 3) and, respectively, (3, 3; 0, 0, 1), (3, 3; 0, 2, 2),
(3, 3; 0, 4, 3).

- If λ1 = 1, for x = 0 we have c2y
2+6λ2y−18(2k+1) = 0, the same equation as in

the case when λ1 = x = 0; so, it gives the rational points (0, 3; 1, 0, 0), (0, 3; 1, 2, 1),
(0, 3; 1, 4, 2) when c2 = 2, and (0, 3; 1, 1, 1), (0, 3; 1, 3, 2), (0, 3; 1, 5, 3) when c2 = 4.
Likewise, x = 3 yields c2y

2 + 3(2λ2 + 1)y − 9(4k − 1) = 0, and we have solutions
only when c2 ∈ {2, 4}: (3, 3; 1, 0, 1), (3, 3; 1, 2, 2), (3, 3; 1, 4, 3) and, respectively,
(3, 3; 1, 1, 2), (3, 3; 1, 3, 3), (3, 3; 1, 5, 4).

I22 : c1 = 1, c12 = 0 and c2 ∈ {1, · · · , 5}. It is more convenient to turn ˜︁x2+δ˜︁y2 = d
in terms of x, y; we have that c2y

2+6λ2y+x
2+6λ1x−18(2k+1) = 0. For x = 0, we

obtain that 6|c2y2 and y ̸= 0; we have y = 3, otherwise y is even, and so y2+2λ2y is
a multiple of 4 and equal to 6(2k+1) which is false. Thus, for x = 0, we must have
c2 ∈ {2, 4} and y = 3, and this leads to c2 + 2(λ2 − 2k − 1) = 0; so, for c2 = 2 we
get the rational points (0, 3;λ1, 2t, t), λ1 ∈ {0, 1} and t ∈ {0, 1, 2}, while for c2 = 4
we obtain the rational points (0, 3;λ1, 2t+ 1, t+ 1), λ1 ∈ {0, 1} and t ∈ {0, 1, 2}.

Similarly, for x = 3, we have c2y
2 + 6λ2y + 18λ1 − 9(4k + 1) = 0, so y ̸= 0

and 3|c2y2. It follows that either c2 = 3 or y = 3. One can see that in the first
case, when c2 = 3, we have the rational points (3, 1; 0, 1, 0), (3, 3; 0, 2t − 1, t) with
t ∈ {1, 2, 3} and (3, 5; 0, 5, 6), provided that λ1 = 0, and respectively (3, 1; 1, 4, 1),
(3, 3; 1, 2(t − 1), t) with t ∈ {1, 2, 3} and (3, 5; 1, 2, 4), provided that λ1 = 1. The
second case, when y = 3, leads to the following rational points: (3, 3;λ1, λ2, k) with
λ1+λ2 = 2k+ 1−c2

2
, since there are 6 solutions for each possible value of c2, hence 18
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in total; more precisely: for c2 = 1 they are (3, 3; 0, 2t, t) and (3, 3; 1, 2t+1, t+1) with
t ∈ {0, 1, 2}; for c2 = 3 they are given by (3, 3; 0, 2t+1, t+1) and (3, 3; 1, 2t, t) with
t ∈ {0, 1, 2}; for c2 = 5 the rational points are (3, 3; 0, 2t, t+1) and (3, 3; 1, 2t+1, t+2)
with t ∈ {0, 1, 2}.

Case II1: c2 ∈ {1, · · · , 5}, c1 = c12 = 0. We check when 9(λ22 + 2(2k + 1)c2) −
6λ1c2x is a square.

• When λ1x = 0, if λ22 − ω2 = −2(2k + 1)c2, for some integer ω, then λ2 and ω
have the same parity; this forces c2 even, so c2 ∈ {2, 4}. Note that ±3ω = c2y+3λ2.

− For c2 = 2, since any square is 0, 1 or 4 modulo 8, λ22 + 4(2k + 1) a square
implies that λ22 is 0 or 4 modulo 8, so λ2 ∈ {0, 2, 4}. When λ2 = 0, 2k+1 is a square,
hence k = 2t(t+ 1), t ∈ Z; we get that ω = ±2(2t+ 1) and y = ±3(2t+ 1), forcing
y = 3 and t = 0. Concluding, we have (x, 3;λ1, 0, 0) as rational points, provided

that λ1x = 0; they are 3 in total. Likewise, when λ2 = 4, we have 2k + 2 =
(︁
ω
12

)︁2
and 2y+6 = ±ω

2
, for some even integer ω, so k = 2t2− 1 and y = ±6t− 3, for some

t ∈ Z, forcing y = 3 and k = 1; we get in this case the rational points (x, 3;λ1, 2, 1)

with λ1x = 0; again, they are 3. Finally, for λ2 = 4, 2k + 5 =
(︁
ω
12

)︁2
is a square

and y + 6 = ±ω
4
, and therefore k = 2(t2 + t− 1) and y + 6 = ±3(2t + 1), for some

t ∈ Z; these facts entail to y = 3 and k = 2, and so we get another 3 rational points:
(x, 3;λ1, 4, 2), whenever λ1x = 0.

− For c2 = 4, λ22 + 8(2k + 1) a square implies that λ2 ∈ {1, 3, 5}, since a square

equals 0, 1, 4 or 9 modulo 16. For λ2 = 1, 16k + 9 =
(︁
ω
6

)︁2
and 4y + 3 = ±ω

2
, for

some even integer ω, hence k = 4t2 + 3t or k = 4t2 + 5t+ 1, for some t ∈ Z; we get
that 4y + 3 = ±3(8t + 3) or 4y + 3 = ±3(8t + 5), t ∈ Z, thus y = 3 and k = 1,
leading to the rational points (x, 3;λ1, 1, 1), where λ1x = 0; there are 3 in total. In

the case when λ2 = 3, 16(k + 1) + 1 =
(︁
ω
6

)︁2
is a square and 4y + 9 = ±ω

2
, and so

k = 4t2 + t − 1 or k = 4t2 + 7t + 2, t ∈ Z; we obtain that 4y + 9 = ±3(8t + 1) or
4y + 9 = ±3(8t + 7), for some t ∈ Z, so y = 3 and k = 2, and we have the rational

points (x, 3;λ1, 3, 2) whenever λ1x = 0. Similarly, when λ1 = 5, 16(k+2)+1 =
(︁
ω
6

)︁2
is a square and 4y+15 = ±ω

2
, and we must have k = 4t2 + t− 2 or k = 4t2 +7t+1,

for some t ∈ Z; we deduce that 4y+15 = ±3(8t+1) or 4y+15 = ±3(8t+7), hence
y = 3 and k = 3, and we have the rational points (x, 3;λ1, 5, 3), whenever λ1x = 0.

• Assume that λ1x ̸= 0 or, equivalently, that λ1 = 1 and x = 3. We have
λ22 + 4kc2 =

(︁
ω
6

)︁2
and c2y + 3λ2 = ±ω

2
, for some even integer ω. Clearly, 3|c2y and

we distinguish two possibilities.
− If c2 = 3, λ22 + 12k = (y + λ2)

2, and therefore y2 + 2λ2y − 12k = 0. We get
y ∈ {0, 2, 4}, and the rational points (3, 0; 1, λ2, 0), 0 ≤ λ2 ≤ 5, and the points in
{(3, 2; 1, 3t− 1, t), (3, 4; 1, 3t− 2, 2t)|t ∈ {1, 2}}.

− If c2 ̸= 3, we have y = 3 and c2 + 2λ2 = 4k. This leads us to the following
rational points: (3, 3; 1, 2t − 1, t) with t ∈ {1, 2, 3}, provided that c2 = 2, and
(3, 3; 1, 2t− 2, t) with t ∈ {1, 2, 3}, provided that c2 = 4.

Case II2: c1 = 0, c2 ̸= 0 and c12 ̸= 0. We must solve in Z the equation

(y + 6λ1)(x+ c2y − 6(λ1c2 − λ2)) = 18(2k + 1− 2λ1(λ1c2 − λ2)).

• If λ1 = 0, we reduce to y(x + c2y + 6λ2) = 18(2k + 1), which imposes the
following discussion.

− y = 1: x+ c2 +6λ2 = 18(2k+1), with the unique solution x = c2 = 3, λ2 = 2
and k = 0; the associated rational point is (3, 1; 0, 2, 0).
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− y = 2: x+2c2+6λ2 = 9(2k+1), which imposes x = 3; thus c2+3λ2 = 3(3k+1),
leading to c2 = 3 and λ2 = 3k, and so to the rational points (3, 2; 0, 3t, t), t ∈ {0, 1}.

− y = 3: x+ 3c2 + 6λ2 = 6(2k + 1), which for x = 0 gives c2 ∈ {2, 4} such that
c2+2λ2 = 2(2k+1), while for x = 3 gives c2 ∈ {1, 3, 5} such that c2+2λ2 = 4k+1; so
we get the following rational points: (0, 3; 0, 2k, k) with k ∈ {0, 1, 2}, provided that
c2 = 2; (0, 3; 0, 2k− 1, k) with k ∈ {1, 2, 3}, provided that c2 = 4; (3, 3; 0, 2k, k) with
k ∈ {0, 1, 2}, provided that c2 = 1; (3, 3; 0, 2k − 1, k) with k ∈ {1, 2, 3}, provided
that c2 = 3; (3, 3; 0, 2k − 2, k) with k ∈ {1, 2, 3}, provided that c2 = 5.

• If λ1 = 1, we proceed as in the previous case. The equation becomes (y +
6)(x+ c2y − 6c2 + 6λ2) = 18(2k + 1− 2c2 + 2λ2) and we cannot have y = 2.

− y = 0: x = 3(2k + 1); thus x = 3, 0 ̸= c2, λ2 ∈ {0, · · · , 5} and k = 0,
so we have 30 rational points of the form (3, 0; 1, λ2, 0), no matter how we choose
c2 ∈ {1, · · · , 5}.

− y = 1: c2 + 7x + 6λ2 = 18(2k + 1), hence 6|c2 + x; we get c2 = x = 3 and
λ2 = 6k − 1, so the rational points are (3, 1; 1, 5, 1), provided that c2 = 3.

− y = 3: x+ c2+2λ2 = 2(2k+1), which yields the rational points (0, 3; 1, 2k, k)
with k ∈ {0, 1, 2}, provided that c2 = 2; (0, 3; 1, 2k − 1, k) with k ∈ {1, 2, 3},
provided that c2 = 4; (3, 3; 1, 2k − 1, k) with k ∈ {1, 2, 3}, provided that c2 = 1;
(3, 3; 1, 2k − 2, k) with k ∈ {1, 2, 3}, provided that c2 = 3; (3, 3; 1, 2k − 3, k) with
k ∈ {2, 3, 4}, provided that c2 = 5;

− y = 4: 5(x − 2c2 + 6λ2) = 9(2k + 1 − 2c2 + 2λ2), with general solution
x−2c2+6λ2 = 9t and 2k+1−2c2+2λ2 = 5t, t ∈ Z. It follows that x−(2k+1)+4λ2 =
4t, so x = 3, and since x − 3(2k + 1) + 4c2 = −6t it follows that c2 = 3, too. We
reduce to t = k − 2 and 2λ2 = 3k − 5, and so we get the following rational points:
(3, 4; 1, 3s− 1, 2s+ 1) with s ∈ {1, 2}, provided that c2 = 3.

− y = 5: 11(x−c2+6λ2) = 18(2k+1−2c2+2λ2), and therefore x−c2+6λ2 = 18t
and k + 1 − 2c2 + 2λ2 = 11t, t ∈ Z. As 6|x − c2, we have x = c2 = 3, which leads
to λ2 = 3t and 2k − 5 = 5t. We get the rational point (3, 5; 1, 3, 5), provided that
c2 = 3.

Case II3: c1 = c2 = 0 and c12 ̸= 0. There is no rational point in this case since
c12 = 1 is odd.

Case II4: c1 = c2 = c12 = 0. We must solve the Diophantine equation λ1x+λ2y =
3(2k + 1).

− If λ1x = 0, λ2y = 3(2k + 1) forces k ∈ {0, 1, 2, 3}. We obtain the follow-
ing 15 rational points (x, 1;λ1, 3, 0), (x, 3;λ1, 1, 0), (x, 3;λ1, 3, 1), (x, 3;λ1, 5, 2) and
(x, 5;λ1, 3, 2), whenever λ1x = 0.

− If λ1x ̸= 0, we have λ1 = 1, x = 3 and λ2y = 6k with k ∈ {0, 1, 2}. When
k = 0, either y = 0 or λ2 = 0, giving 12 rational points: (3, 0; 1, λ2, 0), 0 ≤ λ2 ≤ 5,
and (3, y; 1, 0, 0) with 0 ≤ y ≤ 5. For k = 1, either λ2 = 3 or y = 3, and we get
the rational points (3, 2; 1, 3, 1) and (3, 3; 1, 2, 1). For k = 2, (y, λ2) ∈ {(3, 4), (4, 3)},
and we get the rational points (3, 3; 1, 4, 2) and (3, 4; 1, 3, 2).
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We summarize our classification result in the table below. The notation we use
is the same as in Example 2.2.12.

a = (c1, c2, c12) σf1f2 (λ1, λ2) a = (c1, c2, c12) σf1f2 (λ1, λ2)
σ01 (0, 3), (1, 3) σ03 (0, 1), (1, 1), (0, 3)
σ12 (1, 0), (1, 3) (1, 3), (0, 5), (1, 5)

(0, 0, 0) σ05 (0, 3), (1, 3) (0, 0, 0) σ10 (1, 0), (1, 1), (1, 2)
σ11 (0, 3), (1, 0) (1, 3), (1, 4), (1, 5)
σ15 (0, 3), (1, 0) σ13 (0, 1), (0, 3), (0, 5)
σ14 (1, 0), (1, 3) (1, 0), (1, 2), (1, 4)

(1, 0, 0) σ01 (0, 3), (1, 3) (1, 0, 0) σ03 (0, 1), (0, 3), (0, 5)
σ05 (0, 3), (1, 3) (1, 1), (1, 3)

(0, 1, 1) σ10 (1, 0), (1, 1), (1, 2) (0, 1, 1) σ13 (0, 0), (0, 2), (0, 4)
(1, 3), (1, 4), (1, 5) (1, 1), (1, 3), (1, 5)

σ01 (0, 3), (1, 3) σ03 (0, 1), (1, 1)
(1, 0, 1) σ11 (0, 1), (0, 2), (1, 4) (1, 0, 1) σ13 (0, 0), (0, 2)

σ15 (0, 1) (1, 1), (1, 3), (1, 5)
(1, 1, 0) σ13 (0, 0), (0, 2), (0, 4) (1, 2, 0) σ03 (0, 0), (0, 2), (0, 4)

(1, 1), (1, 3), (1, 5) (1, 0), (1, 2), (1, 4)
(1, 3, 0) σ13 (0, 1), (0, 3), (0, 5) (1, 3, 0) σ11 (0, 1), (1, 4)

(1, 0), (1, 2), (1, 4) σ15 (0, 5), (1, 2)
(1, 4, 0) σ03 (0, 1), (0, 3), (0, 5) (1, 5, 0) σ13 (0, 0), (0, 2), (0, 4)

(1, 1), (1, 3), (1, 5) (1, 1), (1, 3), (1, 5)
σ03 (0, 0), (0, 2), (0, 4) σ03 (0, 1), (0, 3), (0, 5)

(1, 2, 1) (1, 0), (1, 2), (1, 4) (1, 4, 1) (1, 1), (1, 3), (1, 5)
σ13 (0, 1), (0, 3), (0, 5) σ13 (0, 0), (0, 2), (0, 4)

(1, 0), (1, 2), (1, 4) (1, 1), (1, 3), (1, 5)
σ03 (0, 0), (0, 2), (0, 4) σ10 (1, 0), (1, 1), (1, 2)

(0, 2, 0) (1, 0), (1, 2), (1, 4) (0, 3, 0) (1, 3), (1, 4), (1, 5)
σ13 (0, 0), (0, 2), (0, 4) σ12 (1, 2), (1, 5)

(1, 1), (1, 3), (1, 5) σ14 (1, 1), (1, 4)
σ03 (0, 1), (0, 3), (0, 5) σ03 (0, 0), (0, 2), (0, 4)

(0, 4, 0) (1, 1), (1, 3), (1, 5) (0, 2, 1) (1, 0), (1, 2), (1, 4)
σ13 (0, 1), (0, 3), (0, 5) σ10 (1, 0), (1, 1), (1, 2)

(1, 0), (1, 2), (1, 4) (1, 3), (1, 4), (1, 5)
σ10 (1, 0), (1, 1), (1, 2) σ03 (0, 1), (0, 3), (0, 5)

(1, 3), (1, 4), (1, 5) (0, 4, 1) (1, 1), (1, 3), (1, 5)
σ11 (0, 2), (1, 5) σ10 (1, 0), (1, 1), (1, 2)
σ12 (0, 0), (0, 3) (1, 3), (1, 4), (1, 5)

(0, 3, 1) σ13 (0, 1), (0, 3), (0, 5) σ13 (0, 0), (0, 2), (0, 4)
(1, 0), (1, 2), (1, 4) (0, 5, 1) (1, 1), (1, 3), (1, 5)

σ14 (1, 2), (1, 5) σ10 (1, 0), (1, 1), (1, 2)
σ15 (1, 3) (1, 3), (1, 4), (1, 5)
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