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ON MORI CHAMBER AND STABLE BASE LOCUS DECOMPOSITIONS

ANTONIO LAFACE, ALEX MASSARENTI, AND RICK RISCHTER

ABsTrRACT. The effective cone of a Mori dream space admits two wall-and-chamber decompositions called Mori
chamber and stable base locus decompositions. In general the former is a non trivial refinement of the latter.
We investigate, from both the geometrical and the combinatorial viewpoints, the differences between these
decompositions. Furthermore, we provide a criterion to establish whether the two decompositions coincide for
a Mori dream space of Picard rank two, and we construct an explicit example of a Mori dream space of Picard
rank two for which the decompositions are different, showing that our criterion is sharp. Finally, we classify the
smooth toric 3-folds of Picard rank three for which the two decompositions are different.
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1. INTRODUCTION

Mori dream spaces, introduced by Y. Hu and S. Keel in [HK0Q], are varieties whose total coordinate ring,
called the Coz ring, is finitely generated. The birational geometry of a Mori dream space is encoded in its cone
of effective divisors together with a chamber decomposition on it, called Mori chamber decomposition. Two
effective divisors lie in the interior of the same Mori chamber if there is an isomorphism between the target
spaces of the corresponding dominant rational maps making the obvious triangular diagram commutative.

The birational geometry of a Mori dream spaces can also be described via the Variation of Geometric Invariant
Theory of its Cox ring. As proven in [HKO00], Section 3.3.4], and Appendix A in the case
of complete toric varieties using the volume function, from this point of view GIT chambers correspond to Mori
chambers.

The pseudo-effective cone of a projective variety with zero irregularity, so in particular of a Mori dream space,
can be decomposed into chambers depending on the stable base locus of the corresponding linear series. Such
decomposition, called stable base locus decomposition, in general is coarser than the Mori chamber decomposition.

The Mori theory of important classes of moduli spaces such as moduli of curves [Has05|, [HH09|, [HH13],

Hilbert schemes of points on surfaces [BCI3|, [ABCH13|, Kontsevich spaces of stable maps [Che0§|, [CCI0],
[CCTI], spaces of complete forms [Hueld|, [Mas18al, [Mas18b|, and moduli spaces of parabolic bundles [Muk05],

[AMI6] have recently been studied in a series of papers.

In this paper, given a Mori dream space X, we aim to understand how far is the stable base locus decompo-
sition of Eff(X) from determining its Mori chamber decomposition. In Section Bl we produce examples of Mori
dream spaces for which the two decompositions are different and we interpret them both from the geometric
and the combinatorial viewpoints.

Date: September 13, 2019.
2010 Mathematics Subject Classification. Primary 14E05, 14110, 14M15; Secondary 14J45, 14MXX.
Key words and phrases. Mori dream spaces, Mori chamber decomposition, stable base locus decomposition, Cox rings.

1


http://arxiv.org/abs/1805.10925v3

2 ANTONIO LAFACE, ALEX MASSARENTI, AND RICK RISCHTER

While producing examples of either non compact varieties or of varieties with Picard rank greater than or
equal to three turns out to be fairly feasible, it is quite tricky to exhibit a normal Q-factorial projective Mori
dream space of Picard rank two for which the Mori chamber decomposition is a non trivial refinement of the
stable base locus decomposition. In Example we construct such a Mori dream space, and at the best of our
knowledge this is the fist example of a projective variety displaying this particular behavior appearing in the
literature.

Theorem 1.1. Let Z be the toric variety with Cox ring K[Ty,...,T11] whose grading matriz and irrelevant
ideal are the following

112 2 2 2 1 0 0 0 0
e-looi itV wm@-ammam

and let F,G be two general polynomials of degree (2,2) in the T;. Then the ring
K[Ty,...,T11]
(F,G)
is the Cox ring of a projective normal Q-factorial Mori dream space X < Z of Picard rank two. Furthermore,

the Mori chamber decomposition of Eff(X) consists of three chambers while its stable base locus decomposition
consists of two chambers.

By Proposition if X is a toric 3-fold such that the two decompositions differ inside the movable cone
then there are at least five Mori chambers in the movable cone, and Examples B.8] B.9] show that Proposition
is sharp meaning that one can have that the two decompositions differ inside the movable cone with five
chambers and with three chambers in dimension higher than three. In Section dlwe restrict to the smooth case,
and we classify smooth toric 3-folds of Picard rank three such that their Mori chamber and stable base locus
decomposition do not coincide.

Theorem 1.2. Let X be a smooth toric 3-fold of Picard rank three such that its Mori chamber and stable base
locus decomposition do not coincide. Then the Mori chamber decomposition of X is one of the seven types listed
in the following table.

grading matrix Effective cone grading matriz Effective cone

1 0 0 1 0 O 1 0 01 0 O
Gi:=|la 1 0 0 1 O Go:=|a 1 0 0 1 O
g 0 1 0 0 1 B v 1 0 0 1
a,B>0 a,B,7y<0
1 0 ~ 1 0 O 1 g v 1 0 0
Gg:=[-1 1 0 0 1 O Gy:=(-1 1 0 0 1 O
0 1 1 0 1 0 1 1 O 1
v>0 B>0>x
1 8 4 1 0 1 8 4 1 0
Gs:=[(—-1 1 0 0 1 O Gg:=(—-1 1 0 0 1 O
[o 1 10 1] [0 11 0 1]
B<0<~ B<y—1<-1
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Where, in the pictures, the black region is the semi-ample cone and the two gray regions are the GIT chambers
sharing the same stable base locus. In particular, for any smooth toric 3-fold the Mori chamber and the stable
base locus decomposition coincide inside the movable cone.

In Section Bl we focus on Mori dream spaces of Picard rank two. Recall that a Mori dream space can be
recovered as a GIT quotient, with respect to a suitable polarization, of the spectrum of its Cox ring by a torus.
In the fist part of Section Bl assuming that the Picard rank is two, we reach a simple description of the non
semi-stable loci with respect to all the possible polarizations, and of the stable base loci of effective divisors
in terms of the generators of the Cox ring. Thanks to these characterizations in Theorem [5.8 we get technical
criteria on the non semi-stable loci aimed to establish whether the Mori chamber and the stable base locus
decomposition of a given Mori dream space of Picard rank two coincide. As observed in Corollary the
irreducibility of the non semi-stable loci is a sufficient condition for the two decompositions to coincide.

In Theorem [5.14] we prove that under suitable inequalities, that need just the knowledge of the generators of
the Cox ring in order to be checked, the two decompositions coincide. Furthermore, in Proposition we get
another criterion for the equality of the decompositions. The usefulness of these results lies in the fact that in
general, even in Picard rank two, the stable base locus decomposition is considerably easier to compute than
the Mori chamber decomposition.

Note that if X is a projective Mori dream space of Picard rank two we can fix a total order on the classes in
the effective cone: w < w’ if w is on the left of w’. Given two convex cones A, \’ contained in the effective cone
we will write A < X if w < w’ for any w € A and w’ € A. Denote by {fi,..., f-} a minimal set of homogeneous
generators for the Cox ring R(X) of X, and let w; = deg(f;) for any i.

The criteria in the Proposition 5.2 Theorem .14 and Corollary can be summarized in the following
statement.

Theorem 1.3. Let X be a Q-factorial Mori dream space with Picard rank two, {f1,..., fr} a minimal set of
homogeneous generators for the Cox ring R(X), w; := deg(fi), and Aa be the ample chamber of X. Denote by
¢ the codimension of X into its canonical toric embedding [ADHL15] Section 3.2.5]. Define

ht = #{fi »wi=Aa} and hTi=E{fi 1w < Aa}
If one of the following two conditions is satisfied

(i) all the generators of R(X) appear in the walls of the stable base locus decomposition of Eff (X),
(1) h~™ > c and h* > ¢,
then the Mori chamber decomposition and the stable base locus decomposition of Eff(X) coincide.

In particular, if Z is a projective normal Q-factorial toric variety with tk(Cl(Z)) = 2, and X S Z is a
projective normal Q-factorial Mori dream hypersurface such that v*: C1(Z) — CI(X) is an isomorphism, then
the Mori chamber and the stable base locus decompositions of both Eff (Z) and Eff(X) coincide.

As observed in Remark 16, Theorem [l shows that the bounds in Theorem item (i7) can not be
improved. Indeed in Theorem [Tl we have h™ = ¢ = 2.

In Subsection B17 we show how Theorem [[3] item (i¢), together with the classification of Picard rank two
varieties, with a torus action of complexity one in [FHN16, Theorem 1.1] immediately implies that the Mori
chamber decomposition is equal to the stable base locus decomposition for this class of varieties. Note that, as
shown by the examples in Subsection 517 Lemma along with the proof of Theorem provide a concrete
method to compute Mori chamber decompositions.

We would like so stress that these results can also be useful in order to compute the Sarkisov factorization
of a birational map X --+ Y between two Q-factorial Fano varieties of Picard rank one. Indeed, if there exists
a Mori dream space Z of Picard rank two admitting a dominant morphism Z — X then such a factorization is
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determined by a so called 2-ray game on Z, and such a 2-ray game is in turn determined by the Mori chamber
decomposition of Eff(Z). We refer to [Cor95|, [HM13], [AZ16], [Ahm17| for details on this topic and explicit
examples.

Finally, in Section[6lwe apply Theorem [[3litem (i) to show that the Mori chamber decomposition of the blow-
up G(r,n); of the Grassmannian G(r, n), parametrizing r-planes in P", at a point coincides with its stable base
locus decomposition, and can be described in terms of linear systems of hyperplanes containing the osculating
spaces of G(r,n) at the blown-up point. This provides a positive answer to [MR18, Question 6.9].

All through the paper we will work over an algebraically closed field K of characteristic zero, and given
a Q-factorial Mori dream space X we will denote by MCD(X) and SBLD(X) respectively the Mori chamber
decomposition and the stable base locus decomposition of its effective cone.

Acknowledgments. We thank the referee for giving us suggestions that lead us to Section [ Proposition 212
Proposition and Examples 3.8 and

The first named author was partially supported by Proyecto FONDECYT Regular N. 1150732, Proyecto
FONDECYT Regular N. 1190777 and by project Anillo ACT 1415 PIA Conicyt. The second named author is a
member of the Gruppo Nazionale per le Strutture Algebriche, Geometriche e le loro Applicazioni of the Istituto
Nazionale di Alta Matematica "F. Severi" (GNSAGA-INDAM).

2. MORI CHAMBER AND STABLE BASE LOCUS DECOMPOSITIONS

Let X be a normal projective variety over an algebraically closed field of characteristic zero. We denote by
N'(X) the real vector space of R-Cartier divisors modulo numerical equivalence. The nef cone of X is the
closed convex cone Nef(X) « N1(X) generated by classes of nef divisors. The movable cone of X is the convex
cone Mov(X) c N*(X) generated by classes of movable divisors. These are Cartier divisors whose stable base
locus has codimension at least two in X. The effective cone of X is the convex cone Eff(X) = N!(X) generated
by classes of effective divisors. We have inclusions Nef(X) < Mov(X) < Eff(X).

We will denote by N1(X) be the real vector space of numerical equivalence classes of 1-cycles on X. The
closure of the cone in N7 (X) generated by the classes of irreducible curves in X is called is called the Mori cone
of X, we will denote it by NE(X).

A class [C] € Ny(X) is called moving if the curves in X of class [C] cover a dense open subset of X. The
closure of the cone in N;(X) generated by classes of moving curves in X is called the moving cone of X and
we will denote it by mov(X). We refer to [Deb(1, Chapter 1] for a comprehensive treatment of these topics.

We say that a birational map f : X --+ X’ to a normal projective variety X' is a birational contraction if its
inverse does not contract any divisor. We say that it is a small Q-factorial modification if X' is Q-factorial and
f is an isomorphism in codimension one. If f : X --» X’ is a small Q-factorial modification, then the natural
pull-back map f* : NY(X’') - N*(X) sends Mov(X’) and Eff(X’) isomorphically onto Mov(X) and Eff(X),
respectively. In particular, we have f*(Nef(X’)) ¢ Mov(X).

Definition 2.1. A normal projective Q-factorial variety X is called a Mori dream space if the following condi-
tions hold:
- Pic (X)) is finitely generated, or equivalently h!(X,Ox) = 0,
- Nef (X) is generated by the classes of finitely many semi-ample divisors,
- there is a finite collection of small Q-factorial modifications f; : X --+ X, such that each X, satisfies
the second condition above, and Mov (X) = |, f*(Nef (X3)).

By [BCHM10, Corollary 1.3.2] smooth Fano varieties are Mori dream spaces. In fact, there is a larger class
of varieties called log Fano varieties which are Mori dream spaces as well. By the work of M. Brion [Bri93| we
have that Q-factorial spherical varieties are Mori dream spaces. An alternative proof of this result can be found
in [Perl4l Section 4].

The collection of all faces of all cones f*(Nef (X;)) in Definition 2] forms a fan which is supported on
Mov(X). If two maximal cones of this fan, say f(Nef (X;)) and f#(Nef (X)), meet along a facet, then there
exist a normal projective variety Y, a small modification ¢ : X; --» X;, and h; : X; - Y and h; : X; - Y
small birational morphisms of relative Picard number one such that h; o ¢ = h;. The fan structure on Mov(X)
can be extended to a fan supported on Eff(X) as follows.

Definition 2.2. Let X be a Mori dream space. We describe a fan structure on the effective cone Eff (X), called
the Mori chamber decomposition. We refer to [HKO00, Proposition 1.11] and [Okal6l Section 2.2] for details.



ON MORI CHAMBER AND STABLE BASE LOCUS DECOMPOSITIONS 5

There are finitely many birational contractions from X to Mori dream spaces, denoted by ¢; : X --+ Y;. The
set Exc(g;) of exceptional prime divisors of g; has cardinality p(X/Y;) = p(X) — p(Y;). The maximal cones C
of the Mori chamber decomposition of Eff(X) are of the form: C; = {gf(Nef(Y;)),Exc(g;)). We call C; or its

interior C; a mazimal chamber of Bff(X).

Definition 2.3. Let X be a normal projective variety with finitely generated divisor class group Cl(X) :=
WDiv(X)/PDiv(X), in particular h*(X,Ox) = 0. The Cox sheaf and Cox ring of X are defined as

R:= B 0x(D) R(X) :=T(X,R)
[D]eC1(X)

Recall that R is a sheaf of Cl(X)-graded Ox-algebras, whose multiplication maps are discussed in [ADHL15|
Section 1.4]. In case the divisor class group is torsion-free one can just take the direct sum over a subgroup of
WDiv(X), isomorphic to Cl(X) via the quotient map, getting immediately a sheaf of Ox-algebras. Denote by
X the relative spectrum of R and by X the spectrum of R(X). The Cl(X)-grading induces an action of the
quasi-torus Hx := Spec C[C1(X)] on both spaces. The inclusion Ox — R induces a good quotient px: X — X
with respect to this action. Summarizing we have the following diagram

X
Z?XJ(
X

to which we will refer as the Cox construction of X. In case R(X) is a finitely generated algebra the complement

cX

of X in the affine variety X has codimension > 2. This subvariety is the irrelevant locus and its defining ideal
is the srrelevant ideal Jir(X) € R(X).

Remark 2.4. By [HKO00, Proposition 2.9] a normal and Q-factorial projective variety X over an algebraically
closed field K, with finitely generated Picard group is a Mori dream space if and only if R(X) is a finitely
generated K-algebra. Furthermore, the following equality holds

dim R(X) = dim(X) + rank Cl(X)
see for instance [ADHLI5 Theorem 3.2.1.4].

Let X be a normal Q-factorial projective variety, and let D be an effective Q-divisor on X. The stable base
locus B(D) of D is the set-theoretic intersection of the base loci of the complete linear systems |sD| for all
positive integers s such that sD is integral

B(D) = (] B(sD).
s>0
Since stable base loci do not behave well with respect to numerical equivalence, we will assume that A' (X, Ox) =
0 so that linear and numerical equivalence of Q-divisors coincide.

Then numerically equivalent Q-divisors on X have the same stable base locus, and the pseudo-effective cone
ﬁ(X ) of X can be decomposed into chambers depending on the stable base locus of the corresponding linear
series called stable base locus decomposition, see [CAFGI1T, Section 4.1.3] for further details.

If X is a Mori dream space, satisfying then the condition h'(X,Ox) = 0, determining the stable base locus
decomposition of Eff (X) is a first step in order to compute its Mori chamber decomposition.

Remark 2.5. Recall that two divisors Dj, Dy are said to be Mori equivalent if B(Dy) = B(D3) and the
following diagram of rational maps is commutative

X(Dljj —_— \}(Dg)

where the horizontal arrow is an isomorphism. Therefore, the Mori chamber decomposition is a refinement of
the stable base locus decomposition.
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Let X be a Mori dream space with Cox ring R(X) and grading matrix . The matrix @ defines a surjection
Q: E — Cl(X)
from a free, finitely generated, abelian group E to the divisor class group of X. Denote by « the positive
quadrant of Eg := E ®z Q. Let eq,...,e, be the canonical basis of Eg. Given a face y9 < v we say that
i€{l,...,r} is a cone index of ~ if e; € 9. The face 7y is an F-face if there exists a point of X = Spec(R(X))
whose i-th coordinate is non-zero exactly when ¢ is a cone index of 7o [ADHL15], Construction 3.3.1.1]. The set
of these points is denoted by X (7p).

Example 2.6. If R(X) = % then 79 = cone(ey, e4) is an F-face and

X(y0) = {(1,0,0,24,0) € X : 2114 # 0}
On the other hand, cone(es, e3, e4) is not an F-face.

Given the Cox construction of X we denote by X(79) € X the image of X (7o), and given an F-face 7y its
image Q(v0) € Cl(X)g is an orbit cone of X. The set of all orbit cones of X is denoted by 2. Accordingly to
[ADHL15| Definition 3.1.2.6] a class w € C1(X) defines the GIT chamber

(2.7) Aw) = ﬂ w
{we: wew}

If w is an ample class of X the corresponding GIT chamber is the semi-ample cone of X. The variety X can
be reconstructed from the pair (R(X), ®) formed by the Cox ring together with a bunch of cones, consisting of
certain subsets of the orbit cones [ADHL15| Definition 3.1.3.2]. According to [ADHL15 Example 3.1.3.6] every
GIT chamber A defines a bunch of orbit cones

PN i={weQ:w 2%

Given a class w € CI(X) we denote by A*"!(w) the subset of Cl(X)g consisting of all classes which have the
same stable base locus of w.

Proposition 2.8. Let X be a normal variety with finitely generated Cox ring, bunch of orbit cones ®, and let
w € Cl(X) be a class of X. Then

APl(w) = ﬂ w N ﬂ w®
{wed : wew} {wed : w¢w}
Proof. Recall that, according to [ADHLI5, Construction 3.2.1.3], the set of relevant faces rlv(®) is the set of
faces of v which are mapped by @ to elements of ®. Each relevant face 9 < v defines a subset X (vy) € X
consisting of all the points of X whose i-th Cox coordinate is non-zero exactly when ¢ is a cone index of g
[ADHL15, Construction 3.3.1.1]. By [ADHL15| Proposition 3.3.2.8] the stable base locus of a class w is the
union

(2.9) B(w) = U X(10)

{ryoerlv(®) : wEQ(v0)}
Applying @Q to the elements of the set {yo € rlv(®) : w ¢ Q(y0)} one gets the set {w € ® : w ¢ w} and the
former set is completely determined by the latter. We claim that two classes w,w’ define the same stable base
locus if and only if the following holds
(2.10) wed:wewl={wed : wew}

Clearly, if w,w’ define the same stable base locus then (ZI0) holds. Now, assume that there is an w € ®
such that v’ ¢ w and w € w. Let 7 < 7 be such that Q(y) = w. It suffices to show that X(vo) is not
contained in the stable base locus of w. Indeed if X (1) is any strata which contains X (7g) then vo < 71, so
that w € w = Q(v) € Q(y1). Thus X (v1) does not appear in ([Z3), and the claim is proved. Finally, the
statement follows by observing that if

w' e ﬂ wN ﬂ w®

{wed : wew} {wed : we¢w}

then the cones which contain, respectively do not contain w’ are the same of those which contain, respectively
do not contain w. O
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Corollary 2.11. Let X be a normal variety with finitely generated Cox ring, bunch of orbit cones ® and let
w € CI(X) be a class of X. Then the following inclusion holds

Mw) € AP (w)

Proof. 1t is a direct consequence of Proposition and of the following equalities

AMw) = ﬂ w= ﬂ wN ﬂ w®

{we: wew} {we: wew} {we: we¢w}

where the first is by definition while the second is due to the fact that any two classes in the relative interior
A(w) determine the same chamber. O

Proposition 2.12. Let X be a normal variety with finitely generated Cox ring, bunch of orbit cones ®, and
wy,we € CI(X). Then the following are equivalent:

(]) )\sbl(wl) _ )\sbl(w2);

(2) {wed :wew}={wed : wy ew};

(3) ﬂ{welb:wlew} W= ﬂ{we@:wgew} w-
Moreover, if ® = ®(\), with A distinct from A1 and A2, then each of the above condition is implied by cone(A U
A1) N A2 # 0 and cone(A U Ag) N Ay # 0.

Proof. The equivalence of (1) with (2) is given by the proof of Proposition 2.8 and the implication (2) = (3) is
clear. To prove (3) = (2) it suffices to observe that if there is an w €  such that wy € w but wa ¢ w, then wsy
would be contained in [ eq . yyee) @ DUt DOt in (N g, 4, ey @, SO that the two sets will be different. Finally if

cone(A U A) N A2 # 0 holds then any orbit cone w € ®(\) which contains A\; must intersect the interior of Ay so
that Ay S w. Thus {we ® : wy € w} S {we P : wy € w} holds. Similarly one proves the opposite inclusion. O

Proposition 2.13. Let X be a toric 3-fold such there are two Mori chambers in Mov(X) whose union gives a
single stable base locus chamber. Then there are at least five Mori chambers inside Mov(X).

Proof. Assume there are four Mori chambers inside Mov(X'), and consider the chamber corresponding to Nef(X).
If the three remaining chambers Cy,Ca,Cs are adjacent to Nef(X), and C7,Cs, Cs are the corresponding three
distinct flipping curves, then by Nakamaye’s theorem [Laz04, Theorem 10.3.5] we get that the stable base locus
of a divisor in C; is C;, and hence the stable base loci of divisors in Cy,Cs,Cs are distinct. Note that this
argument works also for three or less chambers.

If Cy,C2 are adjacent to Nef(X) and Cs is not then again Nakamaye’s theorem yields that divisors in Cy,Ca
have as base loci two different irreducible curves. Furthermore, the base locus of a divisor in C3 is a curve with
two components.

Now, let Cy,...,C4 be four consecutive maximal Mori chambers contained in the moving cone of a Q-factorial
toric threefold X of Picard rank n and let X = X3,..., X4 be the corresponding birational models of X. Assume
that C; is the ample cone of X. Let 7; := C; n C; and let I';; € X; be the new irreducible curve produced by
the wall crossing of 7;;. By the previous argument the two chambers with the same stable locus are C3 and Cs.
In order for C3 and C4 to have the same stable base locus on X the center I'sy © X4 of the small Q-factorial
modification given by the wall crossing of 734 must be an irreducible curve which does not exists in X. This
is possible only if this curve is the strict transform of the curve I'yo created by the wall crossing of 72. In
particular

I'sy ~ al'1p 4 BT a3,

with o, 8 € Q. If we denote by H;; the linear span of the cone 7;; in Clg(X), then the above discussion implies
that the three hyperplanes His, Hos, H34 lie on a pencil. Each of these hyperplanes must contain at least n — 1
of the n + 3 classes of generators of the Cox ring. Assuming that the intersection Hio n Ho3 n H34 contains r
of these classes then we have the following inequality

3n—1—-r)+r<n+3

which implies 7 = n — 3. If r = n — 3 then each of the three hyperplanes must contain exactly two more classes
of generators. Up to symmetries the possible configurations of the six classes on the three hyperplanes are the
following.
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X KKK XX

In the last four cases at least one of the facets 7;; would be not contained in the interior of the moving cone (see
Proposition [ADHL15, 3.3.2.3]). In the first two cases there would be at least six Mori chambers in the moving
cone.

If » = n — 2 then each of the three hyperplanes contains at least one more class. The possible configurations
are the following, where in each case still two more generators have to be added to the picture.

In the first case it is possible to fulfill these conditions only if the two more classes are as in the picture below.

In this case the moving cone contains at least five Mori chambers, as shown in Example B8 In the last case, up
to symmetry there is again one possibility for the open chambers where the two new classes can belong. This
is displayed in the picture below.

However, in this last case we can have either five or three chambers in the movable cone.

If r = n — 1 then again each of the three hyperplanes contains at least one more class, so that the above
configurations still apply. Here we have to add only one more class to the picture and thus one of the three
cones 7;; would not be contained in the interior of the moving cone. (I

Examples and [3.9 in the next section show that Proposition [Z.13] is sharp in the sense that one can has
Mori chamber decomposition distinct from the stable base locus decomposition inside the movable cone with
five chambers and with three chambers in dimension higher than three.

3. EXAMPLES

In this section we give examples of varieties for which the Mori chamber and the stable base locus decompo-
sition do not coincide, and we analyze this phenomenon from both the geometrical and the combinatorial point
of view.

Example 3.1. (Birational viewpoint) Consider a plane II < P™ and five general points p1,...,ps € II. Let
f : X — P™ be the blow-up of P" at p1,...,ps with exceptional divisors F1,..., E5. Then the strict transform
Il © X of IT is a del Pezzo surface of degree four. In particular II is a Mori dream space.

Let eq,...,e5 be classes of a line in the exceptional divisors, and [ the pull-back a a general line in P". Let
C = X be an irreducible curve. If C gets contracted by f the C ~ me; with m > 0 for some i € {1,...,5}.
Otherwise, we may write C ~d— mie; — — mses, that is C is the strict transform of a curve C' < IP’" of
degree d having multiplicity m; at p; for ¢ = 1, ...y D.

Ifd<my+---+msthen C < II and C < II. In this case we may write C as a linear combination with
non-negative coefficients of eq,...,es5,l —e; —¢€;,2l —e1 — — e5 since these are the generators of NE( ). If
d = mj + -+ + ms5 then we may write

C~ml—e)+..ms(l—e5) + (d—mq — - —ms)l
where | —e; = (I — e; — ej) + ;. Therefore,

E(X):<€i,l—€i—ej,QZ—el_..._e5>
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Now, let D < P™ be the divisor given by the union of n — 2 general hyperplanes containing II. For the strict
transform D < X of D we have D ~ (n —2)(H — E; —--- — Ej5), and

~Kx—eD~n+1—en—2)H—((n—1)—e(n—2))(Ey +...E5)

where H is the pull-back of the hyperplane section of P" via the blow-up morphism. Now, note that (—Kx *65)'
(I—ei—e;) = e(n—2)—n+3, (—Kx—eD)- (21—61-— -—e5) = 3¢(n—2)—3n+7,and (—Kx—eD)-e; = n—1—¢(n—2).
3n 7 n—1

<6—2

Furthermore since D is the union of n — 2 smooth 1rredu01ble divisors intersecting transversally along the
surface II the pair (X, eD) is klt for any 0 < € < 1. Then, for any 3 Sn— g < € < 1 the divisor €D induces a log
Fano structure on X, and [BCHMI0, Corollary 1.3.2] yields that X i 1s a Mori dream space.

Now, consider the divisor D; ~2H — E1 — -+ — E‘Z — -+ — F4 where the hat means that F; does no appear
in the expression of D;. Note that D; is nef, and since D} > 0 it is also big. Therefore, D; is semi-ample and

Therefore, if n > 3 we have that —Kx — eD is ample for any 3

big. Now, consider a curve C' < X

~

C"\"04112(1761*62)4’"'4’0&415(1*64765)+ﬂél 5 +7v1€1 + -+ Y565

.....

where 6'1,___75 ~ 2l —ey — -+ —e5. Assume that D; - C = Y1 + -+ + 5 = 0. Hence we may write
C~ (QﬂJrOéLQ+"'+Oé475)lf(ﬂ+0&172+"'+04115)61 7“'*(5‘%0&415)65

Since 28+ 12+ -+ s <B+oi2+ -+ a5+ -+ [+ ass we conclude that C 1l

Then, a large enough multiple of D; induces a birational morphism fp, : X — X, contracting II onto a P!
contained in X;, and whose exceptional locus is exactly ﬁ, that is Exc(f;) = II. Indeed, Di\ﬁ yields the fibration
II — P! induced by the linear system of conics in IT through py,..., D, .., Ps5.

Let fp, : X — X; and fp, : X — X be the morphisms induced respectively by D; and D;. From now on

we will assume that n > 4 so that fp, is a small contraction. Then Exc(fp,) = Exc(fp,) = II. On the other
hand, D; and D; give rise to two different flops

\ Ip, Ip; /
X,

Therefore, X and X~ correspond to two different chambers C™ and C~ of the Mori chamber decomposition of
Mov(X). On the other hand, by Nakamaye’s theorem [Laz04, Theorem 10.3.5] the base locus of x* is Exc(fp,)
and the base locus of x~ is Exc(fp,). These base loci are respectively the stable base loci of D; and D;.

Finally, since Exc(fp,) = Exc(fp,) = IT we conclude that C~ U CT is a unique chamber of the stable base
locus decomposition of Mov(X).

More generally, for ¢ = 1,...,5 we get five different chambers, all of them adjacent to Nef(X), of the Mori
chamber decomposition of Mov(X) whose union gives a single chamber of its stable base locus decomposition.
Furthermore, the stable base locus of a divisor in this chamber is exactly the surface II.

Example 3.2. (Cox rings viewpoint) Let X be the toric variety with Cox ring R(X) := K|[T4,...,T5] whose
grading matrix and irrelevant ideal are the following

Q=[(1) (1) :i ? ﬂ Jiee(X) = (T, Ty) 0 (T, T5) n {T3,T5)

The degrees of the generators are displayed in the following picture together with the semi-ample cone A 4 which
is the gray region
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wa Wy

AA

w3 Ws

The matrix @ defines the following exact sequence where the right hand side Z? is identified with the divisor
class group of X

07375 %72 590

Denote by «y the positive quadrant of Q°. Since the Cox ring is a polynomial ring the §-faces are all the faces of
~ and the orbit cones are all their projections in Q2. It follows that the maximal GIT chambers of X are all the
2-dimensional cones generated by pairs of consecutive rays. Recall that A4 is the GIT chamber corresponding
to the semi-ample cone, generated by w1, ws. The corresponding bunch of orbit cones is

®(A4) := {orbit cones w such that w® 2 A%}

In particular the only orbit cone of ® which contains ws is the whole of Q?. Denote by ); ; the cone determined
by w; and wj, and observe that cone(Ag U X2 3) = cone(Aa UA24) = Q2. Thus, by Proposition 212 we conclude
that )\Sbl(’wg) = )\273 ) )\274.

Example 3.3. (Fans viewpoint) Let v1 ..., v5 € Z3 be a set of vectors which is Gale dual to the set w1, ..., ws €
Z? in Example We can assume v ..., v5 to be the five columns of the following matrix

100 -1 -1
01 0 1 2
0 01 1 0

These vectors generate the one dimensional cones of a fan ¥ whose cones are displayed in the following picture

U3 Vg

V1 V2 "U5
The toric variety X = X(X) is the same as the one previously defined in Example The displayed fan
structure correspond to choosing the semi-ample chamber to be the GIT chamber A4 of the previous picture.
The following are the fan structures of the toric varieties whose semi-ample cone is respectively cone(ws,wy)
and cone(ws, ws).

U3 Vg U3 (%2
vy Vg U5 v Vo s

Example 3.4. (Compactification) Let Y be the toric variety with Cox ring R := K|[T1,...,Ts] whose grading
matrix and irrelevant ideal are the following

0 2 2 0 1 1
0 1 T (Y) =T, Ty 0 {T1, Ts) 0 {T3,T5)

N <T27 T3; T6> N <T27 T47 T6>

The toric variety Y is a completion of the variety X in Example obtained by adding the vector (1, —4, —2)
to the primitive generators of the one dimensional cones of X. The maximal cones of Y have the following
indexes: [1,2,3], [2,3,4], [2,4,5], [1,2,6], [2,5,6], [1,3,6], [3,4,6], [4,5,6]. The variety Y is Q-factorial, non-
Gorenstein, with 2Ky Cartier. The effective cone of Y has 16 maximal GIT chambers, and the moving cone of
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Y has 3 maximal chambers. The columns of each of the following matrices generate a maximal GIT chamber
of the moving cone, where the first one corresponds to the semi-ample cone

1

—_

1 1 2 2 1 2 2 1 2 46
A=1]1 1 1 1 M = 1 3 3 My=1[1 1 3 3
1 2 3 4 1 2 2 4 1 3 4 8

The columns of each of the following matrices generate a maximal GIT chamber of the effective cone of X.

1 1
Ci=|1 Ca=]1
1 1

O W N
= W &~
S W N
N W N

The stable base locus of a divisor which lies in the interior of either C; or Cq is V(T3). Thus the union of these
two chambers is a unique stable base locus chamber. On the other hand, if we denote by X; the projective toric
variety whose semi-ample cone is given by M, then from the point of view of X; the GIT chambers coincide
with the stable base locus chambers.

Example 3.5. Consider the toric variety Z = Z(A) with fan A = Q3 given in the following picture

V3 o p Vg
V2 » Us
V1 « » Ug
One can take for instance vy, ...,vs to be the columns of the following matrix

-1 -1 -1 1 11
-1 0 1 -1 0 1
1 1 1 1 11

Then Z is a non-complete Mori dream space 3-fold with Picard number three and with Cox ring generated by
six free variables with degrees given by the columns w1, ..., wg of the following matrix

1 -2 1 0 0 0
1 -1 0 -1 1 O
2 -2 0 -1 0 1

The effective cone of Z is the whole of Q3, it has 14 maximal GIT chambers and six of them are in the movable
cone. Let us denote by Z; := Z();),j = 1,...,6 the different models where Z = Z;, and A;,j = 1,...,6 are
the corresponding GIT chambers. The related fans are the following

Ay

A1 A2 AS ’ AG
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and the possible flips are as follows

In Z we have that Ao, A3, A4 are in distinct stable base locus chambers but A5 and A\g are inside the same stable
base locus chamber. More precisely, if w; € Aj,j =1,...,6 then the stable base loci are

B(wi) = &, B(wz2) = l1,4,B(ws) =l14 Uli5,B(ws) =140 l24,B(ws) =B(we) =liavlisulay
where [; ; is the curve in the intersection of the toric divisors D;, D; corresponding to the vectors v;,v; in the
fan A.

Geometrically we see that the flip ng has I3 5 as flipping curve, and ls 5 does not exist in Z;. Therefore, the
flipping curve in the last flip is not visible from the point of view of Z;.

Note that we can produce an example of a complete 3-fold W with Picard number four such that MCD(W) #
SBLD(W) taking
. = (050771)
and including the relevant additional cones.

The following will be the leading example in the Section Bl Indeed, we will produce a complete Mori dream
space X of Picard rank two such that MCD(X) # SBLD(X).

Example 3.6. (Fundamental example) Let Z be the toric variety with Cox ring K[T1,...,T11] whose grading
matrix and irrelevant ideal are the following
112 2 2 2 1 0 0 0 O
@= 11

0 0 1 1 1 1 2 1 1 ter(Z) :<T1)T2>0<T37"')T11>

Denote by w; € Z? the degree of T;. The following picture displays the degrees of the generators of the Cox ring
together with the three maximal GIT chambers of the moving cone, where the shaded one is the ample cone
wr

AA
w1, W2

Let Z = K'! be the spectrum of the Cox ring of Z and let X be the affine subvariety defined by
={F=G=0}cZ

where F, G are general polynomial of degree (2,2) in the 7T;. that is general linear combinations of the following

monomials

TPTE TPTE TPTR, TPTH 13T T3T§ TRTR, TTH;

T3Ts  T3Ty T3Tho 13T Tyls TiTy TiTio TaThs;

TsTs  TsTy Ts5Thwo 15T Tels TeTy  TeTio TeThs;

T, T5T17.

(3.7)

It is immediate to check that for F, G general enough X is irreducible and codimy(Sing(Y)) 2. Since a local
complete intersection is Cohen-Macaulay by Serre’s criterion on normahty we get that X is a normal variety.
Let pz: Z — Z be the characteristic space morphism of Z and let X =X nZ The image of X via pz is
a subvariety X of Z. Since X is irreducible and normal, and X is a GIT quotient of X by a reductive group
[Bril0, Theorem 1.24 (vi)] yields that X is irreducible and normal as well. We claim that

X = Zariski closure of p, (X nZ')in Z
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where Z' is the smooth locus of Z. Indeed Z’ contains the open subset Z” of Z obtained by removing the union
of all the toric subvarieties of the form pz(V (T}, T;)), for any pair of indexes 4, j. Since the Zariski closure of
p, (X nZ")in Z equals X the claim follows.
Observe that codim(X\X) > 2. Thus if one can show that the pull-back +*: C1(Z) — CI(X), induced by
the inclusion, is an isomorphism then by [ADHLI15, Corollary 4.1.1.5], it follows that the Cox ring of X is
K[Ty,...,T;
R(X)z [ 13_) 11]
I(X)
Note that each of wy ¢, ws. 7 and w711 is an orbit cone of X. In particular, the three maximal chambers X, A,
Aa of the moving cone are GIT chambers. On the other hand, since wj 2 7 is not an orbit cone, it follows that
each orbit cone contains
{w:dMaCwand N Sw}={w: A4 Swand A\ & w}
Then X and )\ are contained in the same SBL chamber. It remains to show that
*: Cl(Z) — CI(X)

is an isomorphism. Note that the K* x K* action on X\(V (Ty) u V(T})) is trivial, so if we remove the images
of V(Tz) u V(T3) from X, the resulting variety is isomorphic to an affine space. Therefore, C1(X) is generated
by the classes of the images of the two irreducible divisors V(T};) n X, with i € {2,8}, and p(X) < 2.

Note that crossing the wall corresponding to wq,ws we get a morphism f : Z — P'. Furthermore, X ¢ Z
is not contained in any fiber of f, and hence f restricts to a surjective morphism fx : X — P!, This forces
p(X) = 2. Finally, we conclude that the images of V(13), V(T3) form a basis of CI(X) and p(X) = 2.

We finish the present section with two examples of toric complete varieties in which the Mori chamber and
stable base locus decomposition do not coincide even inside the movable cone.

Example 3.8. Let X be a toric variety with the following grading matrix

2 013 1 3
Q=13 22 11 2
3113 30

This is a toric 3-fold whose Mori chamber and stable base locus decomposition do not coincide even inside
the movable cone. More precisely, its effective cone has 17 GIT chambers, of these 5 are inside the movable
cone. The picture below shows a section of the Mori chamber decomposition of Eff(X). The 5 inner chambers,
two triangles and three quadrilaterals, are the GIT chambers of the movable cone. There are five possible
models, the picture shows in black a chosen semi-ample cone, and in the corresponding model the two gray GIT
chambers C and C’ share the stable base locus.

If one chooses any of the other four models the situation is similar, the two GIT chambers opposite to the
chosen semi-ample cone inside the movable cone will have the same stable base locus.

Example 3.9. Let X be a toric variety with the following grading matrix

110000 1
Q=10 0110 01
00001 11

This is a toric 4-fold whose Mori chamber and stable base locus decomposition do not coincide inside the
movable cone. More precisely, its effective cone has 3 GIT chambers, all of them inside the movable cone since
Eff(X) = Mov(X). The picture below shows a section of the Mori chamber decomposition of Eff (X). There are
three possible models, the picture shows in black a chosen semi-ample cone, and in the corresponding model
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the two gray GIT chambers C and C’ have the stable base locus. If one chooses any of the other two models the
situation is the same.

Remark 3.10. All the computations of this section have been implemented in Magma [BCP97| and Maple
[HK15] programs. For convenience of the reader we include, as ancillary files in the arXiv version of the paper,
the following files:

- Readme.txt, a text on how to use the remaining files;
- SBLib.m, the Magma library containing all the functions needed to verify our examples;
- Examples.txt, the examples.

For an optimized version, implemented in Maple and Singular, of some of the algorithms presented in this
library see |[Keil2]. The library SBLib.m contains nine commands which we briefly describe here.

- Ffaces: computes the F-faces of an ideal I of a polynomial ring according to [ADHL15, Remark 3.1.1.11].

- Eff: computes the effective cone of a family of vectors in a rational vector space according to [ADHLIS5,
Definition 2.2.2.5]. It takes as input the grading matrix whose columns are the relevant vectors.

- Mov: computes the moving cone of a family of vectors in a rational vector space according to [ADHLIS5,
Definition 2.2.2.5]. It takes as input the grading matrix whose columns are the named vectors.

- OrbitCones: computes the orbit cones as projections of the F-faces according to [ADHL15, Proposition
3.1.1.10]. It takes as input a pair consisting of the set of F-faces together with the grading matrix.

- GitChamber: computes the GIT chamber defined by a class w according to [ADHLI15, Definition 3.1.2.6].
It takes as input a pair consisting of the set of orbit cones together with a class w.

- GitFan: computes the GIT quasi-fan, that is the collection of all the git cones, of the set of orbit cones
according to [Keil2, Algorithm 8]. It takes as input a pair consisting of the set of orbit cones together with
a class w.

- BunchCones: computes a bunch of orbit cones defined by a GIT chamber A according to [ADHLI5] Example
3.1.3.6]. It takes as input a pair consisting of the set of orbit cones together with a class w in the relative
interior of A.

- SameSbl: decides whether two classes wi,ws have the same stable base locus according to Proposition 2.8
It takes as input a triple consisting of a bunch of orbit cones together with the two classes wy and ws.

- FindTriples: determines all the triples (A4, A1, A2) of GIT chambers such that A; and Ay are contained in
the same stable base locus chamber of the variety whose semi-ample chamber is A 4. It works according to

Proposition 2.8, and takes as input a triple consisting of the grading matrix, the set of orbit cones and the
GIT fan.

4. SMOOTH TORIC 3-FOLDS OF PICARD RANK THREE

In this section we prove Theorem Let N be a finitely generated free abelian group, M := Hom(N, Z),
Ng := N®z Q, and let X := X (3) be a smooth projective toric variety defined by a fan ¥ € Ng. Since X is
projective ¥ is the normal fan of the Riemann-Roch polytope A € Mg of any ample divisor of X, in particular
each facet of A corresponds to a one dimensional cone of 3. Since X is smooth each maximal cone of X is
simplicial so that each vertex of A has valence n := dim(X).

When X is a threefold of Picard rank three the polytope A has six facets and all its vertexes have valency
three. If we denote by (v,e, f) the vector consisting of the number of vertexes, edges and facets of A, then
the conditions f = 6, 2¢ = 3v and v — e + [ = 2 give (v,e, f) = (8,12,6). According to the classification of
hexahedra there are only two possible topological types for A, displayed in the following pictures.
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| ‘ | | . |
3
3
Number the facets of each polytope from 1 to 6 and let C; be the primitive generator of the inward normal
vector to the i-th facet. Any vertex is labeled by a triple (i, 7, k) in such a way that

(40) det(Ci,Cj,C’k) =1.

For the type I polytope the vertexes labels are: (1,2,3), (2,4,3), (1,6,2), (1,3,5), (4,2,6), (1,5,6), (3,4,5),
(4,6,5), while for the type II polytope the vertexes labels are: (1,2,3), (1,3,5), (1,6,2), (2,4,3), (1,5,6),
(4,2,6), (6,5,3), (3,4,6). Without loss of generality we can assume {C7,Cs,C3} to be the canonical basis of
Ng ~ Q3. Thus the matrix whose columns are the primitive generators of the fan ¥ and its orthogonal have
the form

1 0 O a1 a2 as —ay —bl —C1 1 0 0
P=]10 1 0 b1 b2 b3 Q = —a9 _b2 —C2 0 1 0
0 0 1 C1 C2 C3 —as 7b3 —C3 0 0 1
Applying conditions ([£0) to all type I triples gives the following equations a; = by = ¢3 = —1, agc; =

bsca = asby = 0, asbscy + agzbica = 0. These equations cut out the union of six three-dimensional affine spaces
which are in a unique orbit of the S action which permutes the coordinates. One of these spaces is given by

a1 =by =c3=—1,by =c; = cy =0. The corresponding ) matrix is
1 0 0 1 00
Ql = —as 1 0 0 1 0
—as —b3 1 0 0 1
Any integer vector (ag, as, b3) gives an example of a smooth toric threefold whose defining fan is of type I.
Applying conditions (£0) to all the type II triples gives the following equations a1 = by = ¢3 = —1,
bsca = ascp = 0, asbs +az +1 =0, bg + azb; + 1 = 0. These equations cut out the union of three irreducible
subvarieties of dimension two. Two of these are the affine spaces a1 = by =b3 =c3=—-1,a3=co=0,a3 =1
and a1 = by = a3z =c3 = —1, b3 =c¢; =0, by = 1. The ) matrix for points on the first affine space is
1 7b1 —C1 1 0 0
Q:=1-1 1 0 0 1 0
0 1 1 0 0 1
The second affine space gives a similar () matrix. The third variety has equations a; = by = ¢3 = —1,

c1 =cg=0,a203+a3+1=0,asby +b3+1=0. Considering only integer points this third variety is the union
of a point and two one parameter families corresponding to the following grading matrices

1 1010 0 1 -1 0100 1 00100
Qs:=|-1 100 1 0[,Qi=|-a2 1 00 1 0/,Qs5:=| —az 1 0 0 1 0
0 11001 1 0 100 1 —as+1 1 1 0 0 1

Note now that the case Q3 is a sub-case of Q5 and the case U5 is a sub-case of (J1. Therefore it is enough
to analyze Q1,Q2 and Q4. We will call A, B,..., F the columns of Q). Note that in all cases D = (1,0,0), E =
(0,1,0) and F = (0,0,1).

In the case of ()1 we have C' = F and the point B moves in the half line from F' to E. There are three
possibilities b3 < 0,b3 = 0,b3 > 0. If b3 = 0 there is nine possibilities for the point A according to as and ag
being negative, zero or positive. If b3 < 0 we now have four more possibilities depending if the point A is above
or below the line DF, therefore 13 possibilities. For b3 > 0 we have 13 possibilities as well. Summing up we
have 35 possibilities. Choosing a particular value of by, as, as for each of the 35 cases and computing the Mori
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chamber and the stable base locus decomposition one gets exactly two cases where the Mori chamber and stable
base locus decomposition do not coincide, corresponding to the following matrices

1 0 01 00 1 00100
Gii=|la 1 0 0 1 0|l,0,86>0,Ga:=|a 1 0 0 1 0],,8,7y<0
g 01 0 0 1 g v 1 0 0 1

Now, consider the case Q2. In this case A is fixed, B moves in the line connecting (0,1,1) to D and C moves
in the line DF. If ¢; = 0 then C' = D and B has three possibilities according to sign of b;. If ¢; < 0 there are
five possibilities for b; depending on the sign and on which of the inequalities b; > ¢; and b; < ¢; holds. For
c1 > 0 there are five possibilities as well but now what matters is the sign of by and if it is greater than ¢; + 1
or not. Therefore there are 13 possibilities to check. Computing explicitly the decompositions we get 4 new
possible types of varieties whose Mori chamber and stable base locus decompositions do not coincide:

(1 0 v 1 0 0 1 B v 1 0 0]

G3:=|-1 1 0 0 1 0|,y>0, Giy=|-1 1 0 0 1 0[,8>0>1%
0 1 1.0 0 1 0 1 1 00 1
1 B v 1 0 0 1 B v 1 0 0]

Gs:=|-1 1 0 0 1 0f[,8<0<7y, Gg:=|—-1 1 0 1 0f,B<y—-1<-1
0 1 1 0 0 1 0 1 1 00 1

Finally, doing the same with Q4 we have to consider four cases: az < 0 (A inside the triangle DEF), az =0
(A in the midpoint of CF'), az = 1 (A in the line BF'), and az > 2 (A below the line BF'). Doing this we get a
single new type:

1 =10 10 0
Gr=|1 1 00 10
1 0 100 1

This proves Theorem

5. MORI DREAM SPACES OF PICARD RANK TWO

Let X be a Mori dream space with divisor class group Cl(X) of rank two. Since X is a projective variety its
effective cone is pointed. Moreover C1(X) has rank two so that we can fix a total order on the classes in the
effective cone w < w' if w is on the left of w’. Given two convex cones A\, X contained in the effective cone we
will write

A< )N ifw<w foranywe \and w €\

Denote by {f1, ..., fr} a minimal set of homogeneous generators for the Cox ring R(X) of X, and let w; = deg(f;)
for any 1.

Proposition 5.1. Let X be a projective Q-factorial toric variety with Picard rank two. Then the Mori chamber
and the stable base locus decompositions of Eff (X) coincide.

Proof. Let A4 be the semi-ample cone of X and let X', \ be two distinct maximal GIT chambers of X.

According to (ZI0) it suffices to show that there exists an orbit cone of the bunch which contains one of
Aa u X, Aa U XN but not the other. Since X is complete the effective cone is pointed, so that, since the Picard
rank is two, one can order the GIT chambers of X.

Assuming ) < )\, we have three possibilities: either N < Ay <X, or Ag <N < XN, or X <)\ < \4. Since
X is toric each pair of degrees of generators of the Cox ring span an orbit cone. Thus in the first two cases we
can find an orbit cone which contains Ag U X’ but not A4 U \”, while in the last case we can find an orbit cone
which contains A4 U A’ but not Ay U X. O

The following is our first simple criterion implying the equality of the two chamber decompositions for a
Q-factorial Mori dream space of Picard rank two.

Proposition 5.2. Let X be a projective Q-factorial Mori dream space with Picard rank two. If all the generators
of R(X) appear in the walls of the stable base locus decomposition of Eff (X) then the Mori chamber and the
stable base locus decompositions of Eff(X) coincide.
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Proof. By (Z1)) the Mori chamber decomposition is a subdivision of Eff(X) whose walls are given by some of
the generators of R(X), and it is a refinement of the stable base locus decomposition. Since, by hypothesis all
the generators appear as walls of the stable base locus decomposition such a refinement must be trivial. ([

Now, we develop some technical results in order to describe the semi-stable loci corresponding to the GIT
chambers of the Mori chamber decomposition of a Mori dream space of Picard rank two.

Lemma 5.3. Let X be a Mori dream space with Picard rank two, A € Clg(X) a mazimal GIT chamber of X,
and X () the corresponding subset of semi-stable points of X. Then the following holds

X\XTN) =V (fi - wi <N OV(fi: A<w;)

Proof. By [ADHLI5, Theorem 3.1.2.8] we have X~ (A\) = X (w) for any w € \°, where the second semi-stable
locus is the complement of the zero set of all the homogeneous sections of the Cox ring whose degree is a positive
multiple of w. If we choose such a class w € A\° so that w < w; for any w; € A\° then each monomial in f1,..., f,
of degree nw must contain at least one f; with w; < A. Thus the inclusion

V(fi - wi <A X\X (N
follows. The analogous inclusion for V(f; : A < w;) can be proved in a similar way.

To prove the opposite inclusion observe that if T € X is a point which does not belong to the union V(f; :
w; K A) U V(fi + X< w,), then there exist two sections f;, with w; < A, and f;, with A < w;, each of which
does not vanish on 7.

Take non negative a,b € Z such that aw; + bw; € A°. Since f; fjl-’ is a homogeneous element of the Cox ring
of degree aw; + bw; € A° which does not vanish on Z, the point 7 is in YSS(/\). O
Lemma 5.4. Let X be a Mori dream space with Picard rank two and let A\, \' < Clg(X) be two mazimal distinct
GIT chambers of X with A < ). Then the following inclusion is strict

V(fiwi <N)SV(fi i wi <)
Proof. Assume that the equality V(f; : w; < X) = V(f; : w; < A) holds. By hypothesis the inclusion

=758

V(f; - A< w;) < V(fi : N <w;) holds. Thus by Lemma .3 there would be an inclusion X~ (X) < X (\).
By J[ADHL15, Theorem 3.1.2.8] the latter inclusion would imply A € X, a contradiction. O

eca at a Mori dream space X is a good quotient of its characteristic space X = X"\ 4), and denote
Recall that a Mori d X d quotient of its characterist X=X

by pa,: X - X the good quotient map. The following simple characterization of stable base loci will be
fundamental for the rest of the paper.

Lemma 5.5. If A\ < A then the stable base locus of a class w € X is

(5.6) B(w) = pa, (X\X"(N) = pas (X A V(fi 1 w; <)
If X = A4 then the stable base locus of a class w € X\ is
(5.7) B(w) = pa, (X\X (V) = pay X A V(i 2wy > X))

Proof. In order to prove (B.6) just note that the first equality holds by definition while the second equality
is due to Lemma (53] and the fact that A < A4. Clearly (57) can be proved using a completely analogous
argument. (I

The following is the main technical tool of the paper.

Theorem 5.8. Let X = X(Aa) be a Q-factorial Mori dream space with Picard rank two corresponding to the
maximal chamber Aa of the Mori chamber decomposition of Eff (X). If for any N < XA < Ag we have

(5.9) V(firwi SM\V(fi rwi 22a) S V(fi 0 wi K N\V(fi + wi = Aa)
and for any Aa < A < XN we have
(5.10) V(fl LW = )\)\V(fl Twp < )\A) < V(fl LW = )\/)\V(fl Tw; < )\A)

then the Mori chamber and the stable base locus decompositions of Eff (X) coincide.
Furthermore, if for any A < Aq4 < N we have that

V(fi w S I\V(fi : wi <Aa)0V(fi :w; =Aa))
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is different from
V(fi w2 NNV (fi :wi <Aa) OV (fi 2 w; = Aa))

then the stable base locus chambers of Eff(X) are conver.

Proof. Let X be a maximal non-ample GIT chamber of X. Assume that A < A4, where A4 is the ample cone
of X. By (&.6) in Lemma [5.5] the stable base locus of a class w € A is

B(w) = pa, (X\X(N) = pa, (X n V(fi : w; < A))

Now let X < A be any maximal GIT chamber distinct from A and A 4. Without loss of generality we can
assume that M < X then by Lemma [5.4] we deduce the following

V(fi :wi<A) S V(fi rwi <A)SV(fi:
V(fi :wizAa) 2V (fi cwi =) 2V(fi -

K2

)
)
where all the inclusions are strict. Taking the intersection with X is equivalent to remove from V(f; : w; <

A) < V(fi : w; <)) the common subset V(f; : w; < A4) and their intersection with V(f; : w; = Aa). So
hypothesis (2.9) yields that

w; <A
w; = A

4

XaV(fitw; <A #XnV(fi i wi <X)

Since X is Q-factorial, the good quotient pj , : X > X is geometric [ADHLI5, Corollary 1.6.2.7]. It follows
that the images of the above sets via py, remain distinct in X and thus that B(w) # B(w’) for any w € A° and
w' e N°.

Now, assume that A4 < A. Then (&7) in Lemma [55] yields that the stable base locus of a class w € X is

B(w) = pa, (X\X(N) = pau (X V(fi : w; = N))

In this case if )’ is a maximal chamber distinct from A such that Ay < A < N Lemma [5.3] yields the following
strict inclusions

V(fi: M) G V(i rwiZA) EV(fi rwi=X)

V(fi Aa) 2V (fi s wi <A) 2V (fi 1 wi <NX)

To conclude it is enough to argue as in the previous case using (B.I0) instead of (E.9).

Summing up we showed that any pair of distinct GIT chambers lying on the same side of A4 gives two
different stable base locus chambers. Therefore, the Mori chamber decomposition of Eff (X) coincide with its
stable base locus decomposition.

Finally, an analogous argument shows that if A < A4 < X and our last hypothesis holds then for any w € A
and w’ € X' we have B(w) # B(w), and hence the stable base locus chambers of Eff(X) are convex. O

w; = w
w; < w

Remark 5.11. Let us consider the Mori dream space X in Example Note that [B.7)) yields

V(fi:wi)AA):{leTQZﬁzézo}

where F' , G are general linear combinations of the following monomials

T3Ty 13Ty T3T10 13T Tyls TuTy TyTio TuThr;
TsTsy 15Ty T5Tio Ts5Th TeTz Telo TeT10 T6Th1;

K2

) ={T7 =Ty = Ty = T1o = T11 = 0}
N={Th =Ty =Ty =To = Tio =T = 0} U {T7 = Ty = Ty = Tho = T11 = 0}
and V(f; : w; = Aq) D {Th =Ty =Tg = Ty = T19 = T11 = 0} contains a component of the set V(f; : w; < X).

w; < A

In what follows we work out some interesting consequences of Theorem (.8

Corollary 5.13. Let X = X(\a) be a Q-factorial Mori dream space with Picard rank two corresponding to
the maximal chamber Aa of the Mori chamber decomposition of Eff(X). If for any mazimal chamber \ we
have that V(f; : w; < X) and V(f; : w; = A) are irreducible then the Mori chamber and the stable base locus
decompositions of Eff(X) coincide.
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Proof. Without loss of generality we may assume that X < A < A4. Since V(f; : w; < X) is irreducible either
V(fi iwiz )2V (fi :w; <XN)or V(fi : wi = da)nV(fi : w; <)) isa closed subset of V(f; : w; < \).

Assume that V(f; : w; = da) 2 V(fi + w; < XN). Then since V(f; : w; = N) € V(fi : w; = Aa) we
get that X*(\4) < X*(\'), and [ADHLI5L Theorem 3.1.2.8] yields that A’ © A4, a contradiction. Therefore,
V(fi : w; = Aa) intersects V(f; : w; < XN) in a closed subset, and to conclude it is enough to apply Theorem
O

Now, we are ready to prove the main result of the paper.

Theorem 5.14. Let X be a Q-factorial Mori dream space with Picard rank two, {f1,..., fr} a minimal set of
homogeneous generators for the Cox ring R(X), w; := deg(f;), and Aa be the ample chamber of X. Denote by
¢ the codimension of X into its canonical toric embedding [ADHL15] Section 3.2.5]. Define

At = :/%lé{fZ Tw = )\A} and h™ := :/%lé{fZ Tw; < )\A}

If = > c and h* > ¢, then the Mori chamber and the stable base locus decomposition of Eff(X) coincide.
Proof. Consider pj, : X - X, let X be the total space of X, and Z =~ A" be the affine space with coordinates

given by the f;. Let X', X be two chambers of the Mori chamber decomposition of Eff(X) as in the following
picture

Recall that by ([G.0) in Lemma [5.5] the stable base loci of classes w € A, w’ € X are given respectively by

B(w) = pr, (R\X" () = paa (X 0 V(i + wi <)
B(w') = pa, (X\X (X)) = pa (X 0 V(fi : wi < X))

and the non semi-stable locus of A4 is
V(fl Dwp < )\A) U V(fl Tw = )\A)

Now, X < A" has dimension dim(X) + 2, and hence any irreducible component of the intersection X n V(f; :
w; < ) has dimension greater than or equal to dim(X) + 2 — b/, where b/ = #{f; : w; < N'}. Assume that
an irreducible component of X N V(fi : w; < X) is contained in X N V(fi : w; = Aa). Then such component
must be contained in
V(fi,fj Lw; < )\',wj Z AA)

which has dimension r — ' — h*. This forces h™ < ¢, a contradiction with our hypothesis. Now, to conclude
that A, X' are two different stable base locus chambers it is enough to recall that Lemma B4 yields V(f; : w; <

When Ay < A < X we argue in a completely analogous way, and then to conclude it is enough to apply
Theorem [5.8] O

The following is the first immediate consequence of Theorem .14

Corollary 5.15. Let Z be a projective normal Q-factorial toric variety with tk(Cl(Z)) = 2, and X € Z a
projective normal Q-factorial Mori dream hypersurface such that +*: Cl(Z) — ClI(X) is an isomorphism. Then
the Mori chamber and the stable base locus decompositions of both Eff(Z) and Eff(X) coincide.

Proof. For a toric variety the claim follows from Proposition (.1l and it is also an immediate consequence of
Theorem .14 with ¢ = 0. In general, following the notation in the proof of Theorem [B.14] there are always
at least two generators in the sets {f; : w; = Aa}, {fi : w; < Aa} otherwise Ay would be a chamber of
Eff(X)\ Mov(X). Since ¢ = codimz(X) = 1 we conclude by Theorem (.14 O
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Remark 5.16. Theorem [5.14]is sharp. Indeed, the Mori dream space in Example has three Mori chamber
but just two stable base locus chambers. In this example At = ¢ = 2.

Remark 5.17. An intrinsic quadric is a normal Q-factorial projective Mori dream space with Cox ring defined
by a single quadratic relation. Smooth intrinsic quadrics with small Picard rank have been studied recently in
[FHIS|. By Corollary the Mori chamber and the stable base locus decomposition of the effective cone of
an intrinsic quadric of Picard rank two coincide.

5.17. Picard rank two varieties with a torus action of complexity one. Recall that a variety with a
torus action of complexity one is a normal complete algebraic variety X with an effective action of a torus T’
such that the biggest T-orbits are of codimension one in X.

Proposition 5.18. Let X be smooth rational projective variety of Picard rank two that admits a torus action
of complexity one. Then the Mori chamber and the stable base locus decomposition of Eff (X)) coincide.

Proof. By [FHN16L Theorem 1.1] any smooth rational projective variety of Picard rank two with a torus action
of complexity one, with just one exception, is a Mori dream hypersurface in its canonical toric embedding.
Therefore, with the exception of the variety No. 13 in the statement of [FHN16, Theorem 1.1] the claim follows
directly from Corollary E.I5

On the hand, the Cox ring of the exceptional variety X has eight generators T1,...,Ts, with deg(T}) =
deg(T3) = deg(Ts) = deg(T%7), and deg(T) = deg(Ty) = deg(Ts) = deg(Ts). Therefore, both the Mori chamber
and the stable base locus decomposition of Eff(X) consist of a single chamber which is indeed the nef cone of
X. O

In what follows we apply the techniques developed in this section to compute the stable base locus decom-
position which by Proposition [5.18 coincide with the Mori chamber decomposition, of the effective cones of the
varieties in [FHN16, Theorem 1.1].

Example 5.19. (No. 6 in [FHN16, Theorem 1.1]) In this case X is a variety of dimension m + 3 with Cox ring
given by
E[T1,..., T, St -, Sm]

R(X) =
(X) (ThTs + T5Ty + T2Ts)
with m > 1, and grading matrix
0 2¢+1 a b ¢ 1 1 ... 1
1 1 111 00 ... 0

with a,b,¢c 2 0, a < b and a+ b = 2c+ 1. Here we develop the case 0 < a < ¢, when a = 0 or a = ¢ a similar
argument will work. Therefore, MCD(X) is a possibly trivial coarsening of the following decomposition

w1 w3 Ws W4 wa
)\5 )\4 )\3 >\2
A
. SiyeetySm

where A\; = A4 is the ample cone of X. Note that (5:6) in Lemma 5.5 yields

B(w) =pay (X nV(fi t wi < X)) = pu(X 0 {Tu=Ts = T5 = T1 = 0}) ifwe y;
B(w) =p>\A()/(:mV(fi swp < Ag)) =p,\A()£m{T5=T3=T1 =0}) ifw e As;
B(w) =p>\A()A(mV(fi sw; < A\g)) =p,\A()A(m{T3=T1 =T2Ts = 0}) ifwe \g;
B(’LU) = p)\A(X N ‘/v(fZ w; < )\5)) = P/\A(X N {Tl =T3T, + T52T6 = 0}) ifw e As.

Therefore, MCD(X) = SBLD(X) = {4, A2, A3, Ag, A5 }.

Example 5.20. (No. 8 in [FHN16, Theorem 1.1]) In this case X is a variety of dimension m + 3 with Cox ring
given by
E[T1,..., T, St -, Sm]

R(X) =~
&) (ThTs + T5Ty + T5T5)
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with m > 2, and grading matrix
0 000O0OO0OT1 1 ... 1
111 1 110 a ... anm
with 0 < ag < --- < a,, and a,, > 0. We develop the case 0 < as < --- < a,,, the same argument will work in
the remaining cases as well. Therefore, MCD(X) is a possibly trivial coarsening of the following decomposition
wi, ..., Ws Wm+6

)\m )\mfl
1 Wm+5

ng

AL
wr

where A, = A4 is the ample cone of X. Note that (5.7) in Lemma yields
B(w) :p)\A(X e V(fz Dw; = Aj)) :p)\A()? N {S] == Sl = T1T2 +T3T4 +T5T6 = 0})
if we\j, for j =1,...,m — 1. Therefore, MCD(X) = SBLD(X) = {Aa, An—1,- .., A1}
For all the other varieties listed in [FHNI16, Theorem 1.1], with the exception of the varieties No. 3 and
No. 12 for generic parameters, arguing similarly we get that the Mori chamber decomposition of the variety

coincide with the one of the ambient toric variety which is given by the corresponding grading matrix in [FHN16,
Theorem 1.1]. In the following we study the two exceptional cases.

Example 5.21. (No. 3 in [FHNI6, Theorem 1.1]) In this case X is a 3-fold with Cox ring given by
k[Tla s 7T6]
(W T2T3 + TuTs + T3)

0 0 1 1 11

110 2—-a a 1
with @ = 1. Therefore, in the case a > 3 the MCD(X) is a possibly trivial coarsening of the following
decomposition

R(X) =

with m > 2, and grading matrix

w1, W2 Ws

A4 A3

where Ay = A4 is the ample cone of X. Note that (5.7) in Lemma 55 yields

B(’LU) = pAA():\(\V N ‘/v(fZ Tw = )\3)) = pAA():\(\V N {T6 = T3 = T4 = 0}) ifwe )\3;
B(w) =p,\A()A( NV (fi + w; = X)) =p,\A()A( N{Te =T5 =Ty =0}) ifwe Ay
B(w) =pr,(X nV(fi : w; = A1) = pa, (X n {Ty =0}) ifwe \;.
Therefore, MCD(X) = SBLD(X) = {Aa, A2 U A3, A1}.
In the case a = 2, MCD(X) is a possibly trivial coarsening of the following decomposition

wi, W ws
A4
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where Ay = A4 is the ample cone of X. Note that (57) in Lemma 5. yields

B(w) ZPAA():( NV(fi : wi = A2)) =pAA():( N{Ts=T5 =T, =0}) ifwe gy
B(’LU) ZP/\A(X M ‘/v(fZ Tw = )\3)) ZP/\A(X M {T6 = T3 = T4 = 0}) ifwe )\3.

Therefore, MCD(X) = SBLD(X) = {\a, A2 U As}.
In the case a = 1, MCD(X) is a possibly trivial coarsening of the following decomposition

w1, W2 Wy, Ws, We
A
A2
w3

where Ay = A4 is the ample cone of X. Now (5.7) in Lemma 5.5 yields
B(w) = pa (X AV(fi : wi =) =pas (X 0 {T5=0}) ifweAy.
Therefore, MCD(X) = SBLD(X) = {4, A2}

Example 5.22. (No. 12 in [FHN16, Theorem 1.1]) In this case X is a variety of dimension m + 2 with Cox
ring given by
E[Ty,...,T5,51,...,5m]

(TWT + T5Ty + T2)

1 1 1110 ... 0

0 2¢ a b ¢c 1 ... 1
with 0 < @ < ¢ < b and a + b = 2¢. Therefore, in the case 0 < a < ¢ < b, MCD(X) is a possibly trivial
coarsening of the following decomposition

R(X) =

with m > 2, and grading matrix

Wm+1y -+ Wm+5s w2
As A

where A5 = A4 is the ample cone of X. Note that (5.7) in Lemma 5.5 yields

B(w) = pa,(X aV(fi twi 2 M) =pra(X 0 {Ty=T5 = Ts = T1 = 0}) ifwe Ay;
B(w) = p,\A()f NV(fi: w = A3)) = pAA()E N{Ts =T =T, = 0}) ifw e As;
B(w) =px,(X nV(fi : wi= X)) =pr,( X n{T5 =Ty =T5 =0}) ifw e \g.
B(w) = pa, (X AV(fi : wi = M) =pa, (X~ {Ty = Ts5Ty + T2 = 0}) ifwe \.

Therefore, MCD(X) = SBLD(X) = {\a, Ay, A2 U A3, A1}
If there is an equality in any of the inequalities 0 < a < ¢ < b, then some w; coincide and the corresponding
chambers collapse as in Example 5.2l For instance, if ¢ = 0 then w; = w3 and the chamber A\; does not exist.

6. GRASSMANNIANS BLOW-UPS

Let G(r,n) be the Grassmannian parametrizing r-planes in P, and G(r,n); the blow-up of P™ at k general
points. These blow-ups have been studied in [MR18]|. In particular the stable base locus decomposition of
Eff(G(r,n)1) has been computed in [MR18, Theorem 1.3].

In this section we will compute the Cox ring of G(r,n); by exploiting its spherical nature, and as a consequence
of Proposition [5.2] we will answer positively to [MR18|, Question 6.9] which ask whether the decomposition given
in [MR18, Theorem 1.3] is the Mori chamber decomposition of Eff(G(r,n)1).
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Definition 6.1. A spherical variety is a normal variety X together with an action of a connected reductive
affine algebraic group ¢, a Borel subgroup 4 € ¢, and a base point xg € X such that the %-orbit of zg in X
is a dense open subset of X.

Let (X,¥, 2, xo) be a spherical variety. We distinguish two types of Z-invariant prime divisors: a boundary
divisor of X is a ¥-invariant prime divisor on X, a color of X is a %-invariant prime divisor that is not
&-invariant.

For instance, any toric variety is a spherical variety with &8 = ¢ equal to the torus. For a toric variety there
are no colors, and the boundary divisors are the usual toric invariant divisors.
Set A :={I c{0,...,n},|I| =r+1} and N := |A| + 1. Define the Hamming distance on A as

A1, J) = 1|~ |~ | = |J| =~ J]

for each I,J € A. Note that, with respect to this distance, the diameter of A is r + 1. We consider the
Grassmannian G(r,n) in the usual Pliicker embedding G(r,n) < PV.
For each pair I = {ig < --- < ip_1},J = {jo < - < jrg1} < {0,...,n} with |I| = r,|J| = r + 2, define a
quadratic polynomial
r+1
— t,, . . ~
(6.2) Fry = Z (=1 Dio..iv—15tPyjy 5y s
t=0
Then the ideal of K[p;,I € A] generated by the Fy; is the ideal defining G(r,n) = PV [Shal3 Section I1.4].
We denote by G(r,n); the blow-up of G(r,n) at p = {eq, ..., ey, where {eq,...,e,} is the canonical basis of
K"*! by H the pull-back to G(r,n); of the hyperplane section of PV and by E the exceptional divisor of the
blow-up.

Proposition 6.3. In the polynomial ring K[S, Ty, I € A] consider the ideal J generated by the Pliicker relations
©2) in the coordinates Tr. Then
K[S,Ty,I€A]

~

R(G(r,n)1) = 3
and the degree of the variable Tt in CI(G(r,n)1) = Z[H] + Z[E] is (1, —d(I,{0,...,7})), where deg(S) = (0,1).
Proof. By [MR18| Proposition 4.1] under the action of the reductive group

G = { (‘3 g) A€ GL,41,B€GL,_,| det(A)det(B) = 1} < SLnit

the blow-up G(r,n); is a spherical variety. We consider the Borel subgroup # < ¢ of matrices with upper
triangular blocks. Consider the divisors Dy, ..., Dy41 in G(r,n) defined as D; := {[X] € G(r,n) : T nT; # &},
where

Fo={dtrr1,---56n);

F1 = <607 Crily.-ny 6n71>;

FrJrl = <€0; ey CpyCryly .. ;enfr71>;

I’ ={egy...,ery.
Pulling-back these divisors via the blow-up map we obtain divisors in G(r,n);. For sake of simplicity we will
use the same notation for divisors in G(r,n) and their pull-backs in G(r,n)1.

Now, note that & preserves the dimension of the intersection of a given subspace of P" with I'y and with I".
Therefore ¥ - Dy = Dy and &4 - E = E that is, Dy and E are boundary divisors. Note also that each D; is a
PB-invariant but not a ¥-invariant prime divisor, and therefore Dy, ..., D, 1 are colors.

In order to determine the ¢-orbit of D1, ..., D,+1 we have to describe these divisors explicitly as zeros of
polynomials in the Pliicker coordinates.

In G(r,n) the divisor Dy is given by Dy = V(po,...r). Indeed, if g € Dy then ¢ = [¥] with ¥ n Ty # @ and
therefore it can be represented with a matrix whose first row is of the form (0,...,0,a,41,...,a,).

This implies that pg._,(¢) = 0. Conversely, if po..»(q) = 0 then the most left (r + 1) x (r + 1) sub-matrix
of any matrix representing ¢ has zero determinant, therefore there is another representation of ¢ such that the
first row has the following form (0, ...,0,as41,...,a,), and we conclude that g € Dy.
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Similarly, setting I; = {eo,...,ej_1,€r41,...,€n—j} for j = 0,...,7 4+ 1, we have D; = V(ps,). Note that
d(I;,Io) = j for any j. More generally, one can consider the prime divisor Dy := V(py) for any I € A. We claim
that the linear span of the orbit ¢ - D; is given by

(6.4) lin (% - D;) = {Ds;d(J,1o) = 5}>,5 = 0,....r + 1

Note that given I,1’ € A with distance one and such that the non shared indexes, say i € I\I',i’ € I'\I are
in {0,...,r} we can find a g € ¢ such that g(e;) = ey and g(e;) = e; for j # 4,¢. The same holds if the non
shared indexes are in {r + 1,...,n}, and we get that

{DJ;d(J,Io)=j}Cg-Dj,j=0,...,T+1

Since the D; such that d(J,Iy) = j,j = 0,...,r + 1, give a generating set of H°(G(r, n), Og(rn (1)) we get
(64). Now, let S and T be the canonical sections associated respectively to E and D;. By [ADHLI5, Theorem
4.5.4.6] S, Ty, I € A are generators of R(G(r,n)1). Furthermore, by |[Ris17, Lemma 7.2.1] for any I € A we have
that

multee, ey Dr =1+ dim(es, i ¢ 1) n{eo, ..., er)) = [({0,...,n}]\I) n {0,...,r}| = d(I, Io)

Therefore, if deg(S) = (0,1) the degree of the other generators of R(G(r,n)1) in Pic(G(r,n)1) = Z[H]|®Z|[ E]
is given by deg(Tr) = (1, —d(I, Ip)).
The matrix representing this grading has size 2 x (N + 1) and is of the following form

A0 1 1 1
"o -1 a1 2 =+
Our next aim is to find relations among the generators of R(G(r,n);). Note that for each pair I = {ijp < --- <
ir—1t,Jd ={jo < - <jrr1} < {0,...,n} with |I| = r,|J| = r + 2, the polynomial
r+1
Gry = Z(_1)tTi°'“iT*1jf’Tj1~~-jAt~-~jT+1
=0

is homogeneous of degree (2, —|I\Iy| — |J\Io|). Let J < K[T7,I € A] be the ideal generated by the Gy;. Since

w is the homogeneous coordinate ring of G(r,n), then

dim(K [Ty, T € Al/3) = (r+ D)(n—7r) +1
and Remark 2.4 yields
dim(K[S,T7,I € Al/J)=(r+ 1)(n — r) + 2=dim(G(r,n)1) + rank(Pic(G(r,n)1))) =dim(R(G(r,n)1))

where we denote by J the ideal generated by the polynomials Gr; in K[S,Tr,I € A]. We conclude that there
are no further relations in R(G(r,n)1) and hence R(G(r,n)1) = M as claimed. O

Now, we are ready to compute the Mori chamber decomposition of Eff(G(r,n)1).

Proposition 6.5. Let G(r,n); be the blow-up of the Grassmannian G(r,n) at a point. Then we have that
Eff(G(r,n)1) =<E,H — (r + 1)E), Nef(G(r,n);) =<(H,H — E) and

(H,H —rE) ifn=2r+1;

Mov(G(r,n);) = {<H,H (r+1E) ifn>2r+1.

Furthermore, MCD(G(r,n)1) and SBLD(G(r,n)1) coincide and their walls are given by the divisors E, H, H —
E,...,H — (r+ 1)E as represented in the following picture
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Ca= [EvH);
Co = Nef(G(r,n)) =(H,H — E),
Ci=(H—iE,H—(i+1)E] fori=1,...,r,

H-(r+1)E

where with the notation C; = (H —iE, H — (i + 1)E] we mean that the ray spanned by H — (i + 1)E belongs to
C; but the ray spanned by H —iE does not, and similarly with the notation C_1 = [E, H) we mean that the ray
spanned by E belongs to C_1 but the ray spanned by H does not.

Proof. The claims on the effective, nef and movable cones follow from [MRI8, Theorem 1.3]. Furthermore, by
[MRI8| Theorem 1.3] the decomposition displayed in the statement is the stable base locus decomposition of
Eff(G(r,n)1). Now, by Proposition all the generators of R(G(r,n)1) appear in the walls of the stable base
locus decomposition of Eff (G(r,n)1), and then Proposition (.2 yields that the Mori chamber and the stable base
locus decomposition of Eff(G(r,n);) coincide. O
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