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Abstract
The State-Dependent Riccati Equation (SDRE) approach is extensively utilized in
nonlinear optimal control as a reliable framework for designing robust feedback con-
trol strategies. This work provides an analysis of the SDRE approach, examining
its theoretical foundations, error bounds, and numerical approximation techniques.
We explore the relationship between SDRE and the Hamilton-Jacobi-Bellman (HJB)
equation, deriving residual-based error estimates to quantify its suboptimality. Addi-
tionally, we introduce an optimal semilinear decomposition strategy to minimize the
residual. From a computational perspective, we analyze two numerical methods for
solving the SDRE: the offline–online approach and the Newton–Kleinman iterative
method. Their performance is assessed through a numerical experiment involving
the control of a nonlinear reaction-diffusion PDE. Results highlight the trade-offs
between computational efficiency and accuracy, indicating better performance of the
Newton–Kleinman approach in achieving stable and cost-effective solutions in the
reported experiments.

Keywords State-dependent Riccati equation · Hamilton–Jacobi–Bellman equation ·
error bounds · Newton–Kleinman method

Mathematics Subject Classification 49L20 · 49N35 · 93C10 · 65F30

1 Introduction

Optimal control of nonlinear dynamical systems is a fundamental problem in engi-
neering, economics, and appliedmathematics. TheHamilton-Jacobi-Bellman equation
provides a rigorous framework for computing optimal feedback control laws, whose
foundational work dates back to Bellman’s seminal contributions [6], establishing
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dynamic programming as a cornerstone of optimal control theory. However, solving
the HJB equation in practical scenarios remains intractable due to its nonlinear and
high-dimensional nature. To mitigate this issue, various approximation techniques
have been developed, including sparse grids strategies [16], polynomial approxima-
tions [24, 26], applications of artificial neural networks [12, 27, 39] and regression-type
methods in tensor formats [15, 30]. In this context, the State-Dependent Riccati
Equation method has emerged as an effective approach, offering a computationally
feasible alternative by leveraging local approximations of the value function through a
Riccati-based formulation. The SDRE method extends the classical Linear Quadratic
Regulator (LQR) framework to nonlinear systems by representing the system dynam-
ics in a state-dependent linearized form. This transformation enables the application
of Riccati-based feedback synthesis, preserving the stabilizing properties of LQR
while maintaining adaptability to nonlinear dynamics. A key advantage of SDRE is
its ability to provide suboptimal yet computationally efficient solutions, making it
particularly useful in applications [21, 37, 38]. In [3], the authors developed a rigor-
ous formulation of SDRE-based control, demonstrating its effectiveness in stabilizing
nonlinear systems under mild regularity assumptions. Moreover, it has been shown
that the SDRE feedback induces a stationary Hamiltonian with respect to the control,
ensuring that as the state converges to zero, the necessary optimality conditions are
asymptotically satisfied at a quadratic rate. For a comprehensive discussion on this
topic, we refer to [9, 11]. Despite its advantages, the SDRE approach is not without
limitations. The choice of the semilinear representation can significantly impact the
accuracy of the solution, and existing methods often rely on heuristics for selecting an
appropriate decomposition. Furthermore, numerical solvers for the SDRE require effi-
cient methodologies for iteratively solving the associated Riccati equations. An initial
attempt tomitigate the computational complexity is presented in [5], where the authors
introduce a power series expansion for the SDRE solution. This approach involves
computing certain terms offline by solving a Riccati equation alongside a sequence
of Lyapunov equations. However, for high-dimensional problems, this method may
become impractical due to the computational burden and storage requirements associ-
ated with high-dimensional matrix equations. To address this challenge, the authors of
[2] proposed an offline-online approach based on a first-order approximation, wherein
the computational effort is partitioned into an intensive offline phase and a more effi-
cient online stage. Another promising avenue involves solving the SDRE using the
Newton-Kleinman method [25, 33], which capitalizes on the iterative nature of the
approximation process.

1.1 Contributions and Outline

This paper aims to provide a deeper understanding of the SDRE method by analyzing
its theoretical properties, deriving error bounds for the approximation, and exploring
computational techniques for its implementation. Our contributions include:

– a derivation of error bounds for the SDREapproximation, quantifying the deviation
from the optimal HJB solution;
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– an investigation of optimal semilinear representations that minimize the SDRE
residual error,

– a comparative study of numerical methods for solving the sequence of Riccati
equations, highlighting the advantages of iterative methods.

The paper is structured as follows: Section 2 formulates the infinite-horizon optimal
control problemand introduces key concepts related to theSDRE framework. Section 3
examines error bounds for the SDRE approach, focusing on the residual with respect
to the HJB equation and the existence of an optimal semilinear formulation. Section 4
presents numerical techniques for solving the SDRE, including a comparative analysis
of two computational methods applied to the control of a nonlinear reaction-diffusion
PDE. Finally, Section 5 concludes with a discussion on potential directions for future
research.

2 The Infinite Horizon Optimal Control Problem

In this section, we establish the formulation of the deterministic infinite-horizon opti-
mal control problem, for which we aim to derive a feedback control law. We begin by
presenting the optimal feedback synthesis via the Hamilton-Jacobi-Bellman frame-
work.

We consider a control-affine dynamical system governed by

ẏ(s) = f (y(s)) + B(y(s))u(s), s ∈ (0,+∞),

y(0) = x ∈ R
d .

(1)

Here, y : [0,+∞) → R
d represents the system state, while u : [0,+∞) → R

m

denotes the control input. The set of admissible control functions is given by
U = L∞([0,+∞);Rm). The system dynamics are described by the continuously
differentiable functions f : Rd → R

d and B : Rd → R
d×m , satisfying f (0) = 0.

When emphasizing the dependence of the control input on the initial state x ∈ R
d , we

explicitly denote it as u(t; x).
The objective is to minimize the following infinite-horizon cost functional:

J (u(· ; x)) :=
∫ +∞

0
y(s)�Qy(s) + u�(s)Ru(s) ds , (2)

where Q ∈ R
d×d is a symmetric positive semidefinite matrix, and R ∈ R

m×m is a
symmetric positive definite matrix. The goal is to determine an optimal control policy
in feedback form, meaning that the control law depends solely on the current state of
the system.

To this end, we define the value function corresponding to a given initial condition
x ∈ R

d as
V (x) := inf

u∈U
J (u(·; x)) , (3)
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which, according to standard dynamic programming principles, satisfies the HJB PDE
for every x ∈ R

d :

min
u∈Rm

{
( f (x) + B(x)u)�∇V (x) + x�Qx + u�Ru

}
= 0. (4)

TheHJB equation (4) is a first-order, fully nonlinear PDEdefined overRd , making it
computationally challenging, particularlywhend is large.We remark that thefiniteness
of the value function is not guaranteed a priori in nonlinear infinite-horizon problems.
However, as shown in the subsequent section, under suitable assumptions on the data,
the SDRE feedback yields a locally exponentially stable closed-loop system, from
which it follows that the associated infinite-horizon cost is finite for all initial conditions
in the corresponding region of attraction.

The optimal control minimizing the left-hand side of (4) can be derived explicitly
as

u∗(x) = −1

2
R−1B(x)�∇V (x) , (5)

leading to the following unconstrained form of the HJB equation:

∇V (x)� f (x) − 1

4
∇V (x)�B(x)R−1B(x)�∇V (x) + x�Qx = 0. (6)

The solution of the partial differential equation (6) presents significant compu-
tational challenges due to the well-known curse of dimensionality. Specifically, on
a structured grid with N grid points per dimension, the computational complexity
scales as O(Nd), rendering the problem intractable for high-dimensional systems.
Rather than directly computing the optimal value function and the associated optimal
trajectory, one may relax these requirements by seeking a suboptimal yet stabilizing
feedback control strategy. This consideration has contributed to the widespread adop-
tion of the SDRE approach. In the following section, we introduce its formulation and
examine its relationship with the HJB equation.

2.1 State-Dependent Riccati Equation

Under the regularity assumptions introduced in the previous section, Proposition 1 in
[10] guarantees the existence of a state-dependentmatrix function A(x) : Rd → R

d×d

such that f (x) = A(x)x . Accordingly, the dynamical system (1) can be written in the
semilinear form

ẏ(t) = A(y(t))y(t) + B(y(t))u(t). (7)

In dimension greater than one, this representation is non-unique, a feature that will
be exploited in the following discussion. Detailed results concerning uniqueness can
be found in [11]. In the special case where the matrix functions are constant, i.e.,
A(y(t)) = A ∈ R

d×d and B(y(t)) = B ∈ R
d×m , the problem reduces to the well-

known Linear Quadratic Regulator.
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To extend the classical LQR framework to the state-dependent setting, we introduce
stabilizability and detectability for non-constant matrix functions defined on a set
Ω ⊆ R

d .

Definition 2.1 Let Ω ⊆ R
d be a nonempty set. The pair (A(·), B(·)) is said to be

stabilizable on Ω if for every x ∈ Ω there exists a feedback matrix K (x) ∈ R
m×d

such that the matrix A(x) − B(x)K (x) is stable, that is, all its eigenvalues lie strictly
in the open left half of the complex plane.

Definition 2.2 Let Ω ⊆ R
d be a nonempty set. The pair (A(·),C) is said to be

detectable on Ω if the pair (A�(·),C�) is stabilizable on Ω in the sense of the
previous definition.

When A(·) and B(·) are constant, these definitions reduce to the classical LQR
notions of stabilizability and detectability. In this setting, when the pair (A, B) is
stabilizable and the pair (A, Q1/2) is detectable, the optimal feedback control for the
LQR is given by:

u(y) = −R−1B�Py,

where P ∈ R
d×d is the unique positive definite solution of the Continuous Algebraic

Riccati Equation (CARE)

A�P + PA − PBR−1B�P + Q = 0 .

The SDRE method generalizes this approach by allowing the system matrices to
depend on the state, leading to the control law

uS(y) = −R−1B�(y)P(y)y , (8)

where P(y) now satisfies a State-Dependent Riccati Equation:

A�(y)P(y) + P(y)A(y) − P(y)B(y)R−1B�(y)P(y) + Q = 0, (9)

with thematrices A(y) and B(y) evaluated at the state y. A practical implementation of
SDRE-based control for nonlinear stabilization employs a receding horizon strategy.
In Algorithm 1 the method is sketched. Specifically, at each discrete state yS(tk), the
matrices in equation (9) are fixed, and the corresponding Riccati equation is solved
for P(yS(tk)). The control input uS(yS(tk)) from equation (8) is then applied over a
short horizon to evolve the system dynamics. This process is repeated at the next state
yS(tk+1) iteratively.

Under suitable stability assumptions, it can be shown that the closed-loop system
governed by the feedback law (8) exhibits local asymptotic stability, as formalized in
the following theorem from [3].

Theorem 2.1 Assume that the system (1) is such that f (x) and ∂ f (x)
∂x j

(for j = 1, . . . , n)

are continuous in x for all ‖x‖ ≤ r̂ , where r̂ > 0. Assume further that A(x) and B(x)
are continuous and that the pair (A(x), B(x)) is stabilizable and the pair (A(x), Q1/2)

is detectable in some nonempty neighborhood of the origin O ⊆ Br̂ (0). Then, the
system with the control given by (8) is locally asymptotically stable.

123



   34 Page 6 of 25 Journal of Optimization Theory and Applications           (2026) 209:34 

Algorithm 1 The reduced horizon-SDRE method

Input: A(·), B(·), Q, R, initial conditions y0, time discretization {ti }NT
i=0

Output: Controlled trajectory {yS(ti )}NT
i=0

1: yS(t0) := y0
2: for n = 0, . . . , NT − 1 do
3: Compute P(yS(tn)) from (9)
4: Build the control uS(yS(tn)) from (8)
5: Integrate the system (7) to obtain yS(tn+1)

6: end for

Indeed, the authors obtain a stronger result. The system controlled by the feedback
law (8) is locally exponentially stable, i.e., there exist constants r > 0, C > 0, and
λ > 0 such that ‖yS(t)‖ ≤ C‖yS(0)‖e−λt , for all ‖yS(0)‖ ≤ r , t ∈ [0,+∞). This
exponential decay implies that the quadratic running cost is integrable over [0,+∞),
and therefore the value function is finite for all initial states within the region of
attraction of the stabilizing feedback, as anticipated in Section 2.

Beyond stabilization, an alternative perspective considers the deviation of the SDRE
approach from the optimality conditions dictated by HJB equation. To analyze this
discrepancy, we introduce the SDRE-based approximation of the value function:

VS(x) = x�P(x)x, (10)

where P(x) satisfies the SDRE (9). The feedback control (8) is derived from the
optimal control formula (5), under the assumption that the term involving the gradient
of P(x) is negligible. However, accounting for this term leads to themodified feedback
law:

ũS(x) = −1

2
R−1B(x)T∇VS(x), (11)

where ∇VS(x) = 2P(x)x + ϕ(x), with the correction term ϕ defined as

[ϕ(x)]i = x�Pxi (x)x, i = 1, . . . , d,

with Pxi (x) = ∂P(x)
∂xi

. By employing similar analytical techniques as those utilized in
the proof of Theorem 2.1 in [3], one can establish that the system dynamics under the
control ũS(x) exhibit local asymptotic stability, as formally stated in the following
result.

Theorem 2.2 Under the assumptions of Theorem 2.1, the systemwith the control given
by (11) is locally exponentially stable.

Proof Under the feedback control ũS(x), the closed-loop dynamics becomes

ẏ = A(y)y − B(y)R−1B(y)T P(y)y − 1

2
B(y)R−1B(y)Tϕ(y).

123



Journal of Optimization Theory and Applications           (2026) 209:34 Page 7 of 25    34 

Equivalently, this can be expressed as

ẏ = (A0 − B0R
−1B�

0 P0)y + h(y),

where A0 = A(0), B0 = B(0), P0 = P(0) and

h(y) = (
A(y) − A0

)
y −

(
B(y)R−1B(y)�P(y) − B0R

−1B�
0 P0

)
y

− 1

2
B(y)R−1B(y)�ϕ(y).

It follows directly that

lim
y→0

‖h(y)‖
‖y‖ = 0,

since all the state-dependent matrices in h(y) are continuous and the additional term
involving ϕ constitutes a perturbation of higher order in y. As a result, the stability
analysis proceeds within the same framework as employed in the proof of Theorem
2.1 from [3].

��
Now, given the SDRE ansatz (10), it is possible to compute its residual with respect

to the HJB equation (6) just inserting ∇VS(x) into (6), obtaining

x�(
P(x)A(x) + A�(x)P(x) − P(x)B(x)R−1B�(x)P(x) + Q

)
x + E(x) = 0,

with

E(x) = ϕ(x)�
(

[A(x) − B(x)R−1B(x)�P(x)]x − 1

4
B(x)R−1B(x)�ϕ(x)

)
.

(12)
The first term in the expression corresponds to the SDRE (9). As a result, it is either
exactly zero in the theoretical formulation or negligibly smallwhen consideringnumer-
ical approximations, depending on the accuracy of the numerical method employed.
The function E(x) quantifies the effect of the sub-optimality associatedwith the SDRE
approach. While the feedback control uS provides a stabilizing suboptimal control,
the function ũS accounts for the correction term E(x), making it a refined alternative
when optimality is a concern. Indeed, minimizing E(x) aligns the feedback law ũS
with the optimal control solution derived from the HJB equation. We note that fixing
the semilinear form A(x), the residual E(x) can be explicitly determined by com-
puting the derivatives {Pxi (x)}i . Whenever we want to stress the dependence on the
semilinear form, we write P(x; A(x)) and E(x; A(x)).

To obtain the derivatives {Pxi (x)}i , we differentiate the SDRE (9) with respect to
xi , yielding the following Lyapunov equation:

Pxi (x)Acl(x) + A�
cl(x)Pxi (x) + Λi (x) = 0, (13)
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where

Λi (x) = P(x)Axi (x) + A�
xi (x)P(x)

− P(x)(Bxi (x)R
−1B�(x) + B(x)R−1B�

xi (x))P(x)

and
Acl(x) = A(x) − B(x)R−1B�(x)P(x),

which is referred to as the closed-loop system matrix.
Equation (13) defines a Lyapunov equation for Pxi (x). Solving this equation for

each i ∈ {1, . . . , d} allows for the computation of the residual term (12), thereby
quantifying the deviation introduced by the omitted gradient terms. In particular, if
the residual vanishes for all x , then the SDRE formulation is equivalent to the HJB
equation. Conversely, if the residual does not vanish, one may incorporate E(x) into
the running cost to show that the function VS(x) satisfies a modified HJB equation.
Consequently, VS(x) adheres to a dynamic programming principle, as formalized in
the following result.

Proposition 2.1 Define the augmented running cost by

�̃(x, u) = x�Qx + u�Ru + E(x), (14)

where E(x) is given by (12). Then, the function VS(x) satisfies:

– The modified HJB equation:

min
u∈Rm

{
∇VS(x)

�(
A(x)x + B(x)u

)
+ �̃(x, u)

}
= 0. (15)

– The dynamic programming principle (DPP):

VS(x) = inf
u∈U

{∫ T

0
�̃
(
x(s), u(s)

)
ds + VS

(
x(T )

)}
, (16)

for every T ≥ 0.

Proof As E(x) is defined as the residual of VS(x) with respect to the HJB equation
(4), it satisfies a modified HJB equation in which the running cost is given by the
augmented formulation (14). The DPP formulation in (16) follows directly from the
classical theory of HJB equations; see, for instance, [4] for further details.

��
Example 2.1 (Linear Quadratic Regulator) A fundamental and straightforward exam-
ple is the LQR. In this case, the systemmatrices A(x) = A and B(x) = B are constant,
implying that the solution to the SDRE is also constant. Specifically, under these con-
ditions, the HJB equation and the SDRE approach (which, in this case, reduces to the
standard LQR formulation) coincide, yielding the exact optimal value function and
the corresponding optimal feedback control law.
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Example 2.2 (Van Der Pol oscillator) We consider the dynamics

ẋ = A(x)x + B(x)u,

with

A(x) =
(

0 1

−1 −0.5 (1 − x21 )

)
, B(x) =

(
0
x1

)
.

and cost functional (2) with

Q =
(
0 0

0 1

)
, R = 1.

A direct computation shows that the constant choice

P(x) = I =
(
1 0

0 1

)

satisfies the SDRE (9).
Since P(x) is constant, its derivatives vanish and the residual (which involves the

derivatives {Pxi (x)}i ) is identically zero. In this scenario, despite the state-dependent
nature of the system matrices, full optimality is achieved as a consequence of the
SDRE solution remaining constant.

3 Error Bounds based on the Residual

We have established that the residual of the SDRE solution with respect to the HJB
equation can be quantified using equation (12), which relies on solving the Lyapunov
equations for the derivatives {Pxi }i . In this section, our objective is to derive an error
bound between the SDRE approximation (10) and the optimal value function (3),
based on the residual E(x). For a discounted optimal control problem, where the cost
functional is defined as

J (u(· ; x)) :=
∫ +∞

0
e−ρt

(
y(s)�Qy(s) + u�(s)Ru(s)

)
ds ,

with ρ > 0, it follows that the dynamic programming operator exhibits L∞-
contractive (see, e.g., [13]). This property enables the derivation of an error estimate
of the form

‖Ṽ − V ‖∞ ≤ ‖EṼ ‖∞
ρ

,

where Ṽ represents an approximation of the value function, and EṼ denotes its resid-
ual with respect to the HJB equation (see [1, 17] for related approaches). However,
this methodology is not applicable in our setting, as we consider an undiscounted
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framework where ρ = 0. Instead, we employ the dynamic programming principle
(16) for the perturbed value function VS(x) in conjunction with the local asymptotic
stability of the SDRE-controlled trajectory. A similar approach has been explored in
the extended abstract [18], where the authors establish a qualitative error bound based
on the residual analysis.

Proposition 3.1 Under the assumptions of Theorem 2.1, the following error bound
holds in some nonempty neighborhood of the origin

|VS(x) − V (x)| ≤ max
{∫ ∞

0
|E(y∗(t))|dt,

∫ ∞

0
|E(ỹS(t))|dt

}
, (17)

where y∗(t) denotes the state trajectory corresponding to the optimal control (5), and
ỹS(t) is the trajectory associated with the control (11).

Furthermore, assume that both controlled trajectories are exponentially stable and
remain in a neighborhood Ω of the origin. Then there exists a constant C > 0 such
that

|VS(x) − V (x)| ≤ C

λ
‖E‖∗,Ω ‖x‖, x ∈ Ω, (18)

where

‖E‖∗,Ω := sup
z∈Ω\{0}

|E(z)|
‖z‖ .

Proof Applying the DPP for the optimal value function, we obtain that for any T ≥ 0

V (x) =
∫ T

0
�
(
y∗(s), u∗(s)

)
ds + V

(
y∗(T )

)
, (19)

where y∗(t) is the state trajectory corresponding to the optimal control u∗(t).
Now, applying the same control u∗(·) into the DPP for the SDRE approximation,

we obtain

VS(x) ≤
∫ T

0

[
�
(
y∗(s), u∗(s)

) + E
(
y∗(s)

)]
ds + VS

(
y∗(T )

)
. (20)

By subtracting equation (19) from equation (20) and utilizing the local asymptotic
stability of the trajectory, the terminal terms vanish in the limit as T → +∞, leading
to

VS(x) − V (x) ≤
∫ ∞

0
E

(
y∗(s)

)
ds.

A similar bound for V (x) − VS(x) can be derived by considering the control ũS
given in (11), obtaining the bound (17).

Now, by definition of ‖E‖∗,Ω ,

|E(z)| ≤ ‖E‖∗,Ω‖z‖, z ∈ Ω.
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Hence, using exponential stability,

|E(y∗(t; x))| ≤ ‖E‖∗,Ω‖y∗(t; x)‖ ≤ C‖E‖∗,Ωe−λt‖x‖,

and similarly for ỹS(t; x). Therefore,
∫ ∞

0
|E(y∗(t; x))| dt ≤ C‖E‖∗,Ω‖x‖

∫ ∞

0
e−λt dt = C

λ
‖E‖∗,Ω‖x‖.

The same estimate holds along ỹS(t; x), which proves (18).
��

The norm ‖E‖∗,Ω in the error bound (18) can be evaluatedwithin a compact domain
Ω provided that both the controlled trajectories y∗(t) and ỹS(t) remain within Ω .

The error bound given in (17) is purely theoretical, as it relies on knowledge of
the optimal trajectory y∗(t). However, if VS(x) ≤ V (x), the inequality is obtained
considering the integral of the residual along the trajectory computed via ũS and it is
a practical indicator, since it is fully computable. This approach involves computing
the controlled trajectory ỹS(t) and evaluating the residual based on the methodology
outlined in Section 2.1. In the following example, we show that, for the given scenario,
this indicator, derived from the SDRE trajectory, guarantees the validity of the upper
bound.

Example 3.1 (Van Der Pol oscillator) Let us consider again the setting of Example 2.2.
Let us consider a different choice for semilinear form

A(x) =
(

−x2 1 + x1
−1 −0.5 (1 − x21 )

)
, B(x) =

(
0
x1

)
.

In this scenario, the semilinear form does not represent an optimal solution, and
consequently, E(x) remains nonzero for certain values of x ∈ R

2. Let us examine
the initial condition x0 = (−0.5, 0.5) and compute the trajectory governed by the
controller ũS . Subsequently, we evaluate the error |V (x) − VS(x)| along the SDRE-
controlled trajectory, together with the error bound as specified in (17). The results are
presented in the left panel of Figure 1. The integral of the residuals computed along the
optimal trajectory y∗(t) and the trajectory ỹS(t) exhibit similar behavior. Therefore,
only the integral corresponding to the latter is presented in Figure 1. It is observed that
as the state approaches the origin, the error diminishes towards zero, while the error
bound remains closely aligned with the peaks of the error, indicating its effectiveness
as an error predictor. Finally, in the right panel of Figure 1, the trajectory obtained
through the SDRE controller is depicted, where it is evident that the system stabilizes
towards the origin.

3.1 Optimal Semilinear Form

In the previous sections, we introduced the SDRE methodology, which relies on the
semilinear representation (7) of the dynamical system. This representation plays a
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Fig. 1 Van Der Pol example. Left: The temporal evolution of both the error between the value function and
its SDRE approximation and the corresponding error bound as given in (17) along the trajectory induced
by the SDRE controller. Right: controlled solution using the SDRE controller

fundamental role, as different choices of semilinear forms can lead to varying outcomes
in the control strategy. A natural question that arises is whether there exists at least one
semilinear decomposition for which the residual term E(x) vanishes entirely. This is a
critical consideration, as the presence of E(x) contributes to the sub-optimality of the
SDRE approach. The following result provides an affirmative answer to this question
by establishing the existence of such a semilinear form, under the assumption that the
residual exhibits a sign change for two distinct semilinear formulations.

Proposition 3.2 Let us consider the assumptions of Theorem 2.1 and a fixed x ∈ R
n.

Consider a fixed base semilinear form A0(x) satisfying A0(x)x = f (x), then the
general semilinear form is parameterized as

A(x) = A0(x) + Z(x),

where the free matrix Z(x) is any matrix in

Z(x) = {Z ∈ R
n×n : Zx = 0}.

Given the mapping

Φ : Z(x) → R, Φ(Z) = E(x; A0 + Z),

suppose that Φ(0n×n) ≤ 0 and there exists Z1 ∈ Z(x) such that Φ(Z1) > 0. Then
there exists a choice of Z∗ ∈ Z(x) such that

E(x; A0(x) + Z∗) = 0.

Proof Since every semilinear form A(x) satisfying A(x)x = f (x) can be written as

A(x) = A0(x) + Z(x),
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with Z(x)x = 0, the freedom in choosing A(x) is equivalent to the freedom in choosing
Z(x) in the vector space

Z(x) = {Z ∈ R
n×n : Zx = 0}.

Note that if x �= 0, then Z(x) is a linear subspace of dimension n(n − 1). With the
above parameterization, the residual in the HJB equation can be viewed as a function

Φ : Z(x) → R, Φ(Z) = E(x; A0(x) + Z).

This mapping is continuously differentiable, as it results from the composition of
smooth functions. Indeed, the residual E(x; A0(x) + Z) involves smooth operations
and the SDRE solution P(x; A0(x)+Z) depends smoothly on its parameters (see, e.g.,
[32, 36]). In the caseΦ(0n×n) = 0, the result follows by setting Z∗ = 0n×n . Otherwise,
assumeΦ(0n×n) < 0. By hypothesis, there exists Z1 ∈ Z(x)withΦ(Z1) > 0. Define
the function f : [0, 1] → R by f (t) = Φ(t Z1). Since scalar multiplication in Z(x)
is continuous and Φ is continuous, the composition f is continuous on [0, 1]. Notice
that:

f (0) = Φ(0n×n) < 0 and f (1) = Φ(Z1) > 0.

By the intermediate value theorem, there exists a t0 ∈ (0, 1) such that f (t0) = 0.
Setting Z∗ = t0Z1, which belongs to Z(x) because Z(x) is a linear subspace and is
closed under scalar multiplication, we obtain

Φ(Z∗) = Φ(t0Z1) = 0,

completing the proof.
��

The aforementioned result is not merely theoretical, but also provides a systematic
approach for constructing the optimal semilinear form. Given a reference semilinear
form A0(x) and an alternative semilinear form A0(x) + Z(x), with Z(x) ∈ Z(x) and
the corresponding residual E(x) exhibits a sign change, an optimal semilinear form
can be obtained by considering the continuous path A0(x) + t Z(x) for t ∈ [0, 1] and
identifying the point where the residual vanishes. For instance, fixing two pairs of
indices (i1, j1) and (i1, j2), one may consider the following class of matrices in the
set Z(x)

[Z(x)]i, j =

⎧⎪⎨
⎪⎩
x j2 (i, j) = (i1, j1),

−x j1 (i, j) = (i1, j2),

0 otherwise.

(21)

It is straightforward to check that Z(x)x = 0 for all x ∈ R
d . A theoretical char-

acterization of when such semilinear forms exist is generally difficult. However, the
construction becomes possible whenever the admissible class Z(x) contains at least
one perturbation Z(x) for which the associated residual, evaluated along the path
A0(x) + t Z(x), changes sign. In practice, this can be assessed by introducing sev-
eral (possibly random) perturbations of the baseline semilinear form and verifying
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whether such a sign change occurs. If identifying the sign-changing semilinear form
proves challenging, the problem can be reformulated from an optimization perspec-
tive. Specifically, for a fixed x ∈ R

d and a base semilinear form A0(x), one can seek
to minimize the residual norm by solving the optimization problem:

min
Z∈Z(x)

|E(x; A0 + Z)|2. (22)

One approach to tackling this problem is through a parametrization of the vector space
Z(x). In [23] the authors attempt to solve the minimization problem (22) by consid-
ering a first-order Taylor expansion of the parametrization forZ(x), while in [14], the
authors restrict the minimization to a class of Z(x) formed using the class of linear
perturbation described by (21). In both cases, the proposed numerical experiments
demonstrate that the technique can generate a more stabilizing feedback. However,
these methodologies are affected by dimensionality constraints and are primarily suit-
able for low-dimensional systems.

Remark 3.1 Pursuing optimal or near-optimal semilinear forms remains possible in
high dimension by exploiting additional structure. One option is to restrict Z(x) to
sparse, block-diagonal, or low-rank, whose complexity scales linearly rather than
quadratically with the state dimension; see, e.g., [7]. Another strategy relies on
projection-based model reduction: one computes an optimal semilinear form in a
reduced-order model and lifts it back to the full space, following standard reduced-
order optimal control techniques [22].

Alternatively, randomized and sampling-based approaches can be employed: by
probing a small number of random directions in Z(x), one can efficiently detect sign
changes of the residual E(x; A0 + t Z) even in very large dimensions, leveraging
ideas from high-dimensional randomized numerical linear algebra [20]. Finally, data-
driven surrogate models may approximate the mapping Z �→ E(x; A0 + Z) at fixed
x , reducing the high-dimensional optimization to a learned low-complexity problem.
Such approaches have been successful in the approximation of high-dimensional HJB-
type equations [15, 29].

Example 3.2 (Allen-Cahn equation) We consider the following nonlinear Allen-Cahn
PDE with homogeneous Neumann boundary conditions:

∂t y(t, x) = σ∂xx y(t, x) + y(t, x)(1 − y(t, x)2) + u(t, x),
y(0, x) = y0(x),

where x ∈ [0, 1] and t ∈ (0,+∞). The associated cost functional is given by

J (u, y0) =
∫ ∞

0

∫ 1

0
(|y(t, x)|2 + γ̃ ‖u(t, x)|2)dx dt .

By discretizing the PDE using finite difference schemes with d grid points, we obtain
the following system of ODEs:

ẏ(s) = A0(y)y(s) + u(s),
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Fig. 2 Allen-Cahn example. Variation of the residual as a function of the parameter α in the semilinear
form, demonstrating the existence of at least one zero for y0(x) = cos(πx) (left) and y0(x) = sin(πx)
(right)

where

A0(y) = σ AΔ + Id − diag(y � y), y ∈ R
d ,

with � denoting the Hadamard (element-wise) product, Id ∈ R
d×d being the identity

matrix and AΔ arising from the discretization of the Laplace operator with homo-
geneous Neumann boundary conditions. We set σ = 10−q , d = 100, γ̃ = 0.1 and
y0(x) = cos(πx). Our objective is to determine an optimal semilinear form A(x) such
that the residual E(y0; A(x)) vanishes. To this end, we introduce a linear perturbation
as defined in (21), specifically choosing i1 = j1 = 1 and j2 = 2, meaning that we
perturb the first two entries of the first row of the semilinear form. We consider the
parameterized form A(x;α) = A0(x) + αZ(x), with α ∈ R. Left panel of Figure
2 illustrates the behavior of the residual E(y0;α) as the parameter α varies over the
interval [−10, 10]. The results exhibit a quadratic-like behavior, with at least one zero
in the interval (9, 10), where a change of sign is observed. The root can be computed
using theMATLAB function fzero, yielding α∗ ≈ 9.23, at which the residual attains
the value 5.5·10−15. A similar result is obtained when considering the initial condition
y0(x) = sin(πx), as shown in the right panel of Figure 2, where the zero occurs at
α∗ ≈ 5.74.

4 Numerical Methods for the Approximation of the SDRE

In this section, we examine the numerical approximation of the SDRE methodology,
highlighting that its implementation necessitates the repeated solution of the CAREs
throughout the time integration process. This study investigates and compares two dis-
tinct numerical approaches for solving the sequence of CAREs, both of which adhere
to Algorithm 1. For simplicity, we focus on the case B(x) = B. We work under the
assumptions of Theorem 2.1: f (x) and ∂ f (x)

∂x j
( j = 1, . . . , n) are continuous near
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the origin, A(x) is continuous, and the pairs (A(x), B) and (A(x), Q1/2) are, respec-
tively, stabilizable and detectable in a nonempty neighborhood of the origin. The
first approach, known as the offline–online method, employs a first-order approxima-
tion of the solution and precomputes specific components to mitigate computational
costs during real-time execution. The second approach employs an iterative scheme,
referred to as the Newton–Kleinman method, in which the Riccati solution from the
previous time step is used as an initial guess for the subsequent iteration. These two
techniques are evaluated in terms of computational efficiency and accuracy through a
numerical experiment involving the optimal control of a nonlinear reaction-diffusion
PDE.

4.1 Offline–Online Approach

Suppose that the semilinear form admits the decomposition

A(x) = A0 +
r∑
j=1

f j (x)A j = A0 + Ã(x), (23)

where A0, A j ∈ R
d×d and f j : Rd → R for j ∈ {1, . . . , r}. This formulation is

commonly encountered in the optimal control of PDEs, where the system dynamics
include both a linear operator (e.g., diffusion or convection) and a nonlinear term, such
as a reaction component.

Within this framework, the solution to the Riccati equation can be approximated as

P(x) ≈ P0 +
r∑
j=1

Pj f j (x) = P0 + W (x), (24)

where:

– P0 is computed by solving the CARE for the linearized system corresponding to
A0:

A�
0 P0 + P0A0 − P0SP0 + Q = 0, (25)

with S = BR−1B�.

– Each Pj is obtained by solving an associated Lyapunov equation

PjC0 + C�
0 Pj + Q j = 0, j = 1, . . . , r ,

with C0 = A0 − SP0 and Q j = P0A j + A�
j P0.

This methodology remains computationally feasible when the number of scalar
nonlinear terms, r is small. However, inmany practical scenarios r is comparable to the
system dimension d, which can be arbitrarily large, making the direct implementation
impractical due to the excessive computational burden.When both r and d are large, an
offline–online strategy can be adopted to mitigate computational complexity. During
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the offline phase, the matrix P0 is precomputed by solving (25). In the online phase,
for a given state x , the termW (x) is computed by solving a single Lyapunov equation:

W (x)C0 + C�
0 W (x) + Q(x) = 0, (26)

where

Q(x) =
r∑
j=1

Q j f j (x) = P0 Ã(x) + Ã(x)�P0.

The resulting feedback law is then given by

uO(x) = −R−1B�(
P0 + W (x)

)
x . (27)

Algorithm 2 Offline-online SDRE

Input: A(·), B, Q, R, initial conditions y0, time discretization {ti }NT
i=0

Output: Controlled trajectory {yO (ti )}NT
i=0

Offline phase
1: Compute the solution P0 from (25)

Online phase
2: yO (t0) := y0
3: for n = 0, . . . , NT − 1 do
4: Compute W (yO (tn)) from (26)
5: Build the control uO (yO (tn)) from (27)
6: Integrate the system (7) to obtain yO (tn+1)

7: end for

The method is sketched in Algorithm 2. This approach is attractive in real–time
applications because it decouples the heavy computation (solved offline) from the
online computation that is reduced to the resolution of one Lyapunov equation per time

step. However, the stability of the closed-loop matrix C(x) = A(x)− S
(
P0 +W (x)

)
is not inherently guaranteed. The following proposition provides a rigorous framework
under which this approach ensures the stability of the closed-loop matrix.

Proposition 4.1 Given the semilinear form (23) and P0 the solution of the CARE
(25). Let W (x) be the unique solution of the Lyapunov equation (26) and let C0 be
diagonalizable with decomposition C0 = VΛV−1.

Then if ∥∥∥ Ã(x)
∥∥∥

(
1 + ‖S‖M

2

α
‖P0‖

)
< α, (28)

where α = minλ∈σ(C0) |Re(λ)|, with Re(·) denoting the real part operator, and M =
cond(V ) = ‖V ‖‖V−1‖, the closed-loop matrix C(x) = A(x) − S

(
P0 + W (x)

)
is

Hurwitz (i.e. with eigenvalues with negative real part).
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Proof The solution W (x) of the Lyapunov equation (26) can be expressed as

W (x) = −
∫ ∞

0
eC

�
0 t Q(x)eC0t dt .

Since P0 is the unique solution of the CARE (25), the corresponding closed-loop
matrix C0 is Hurwitz. Consequently,

‖eC0t‖ = ‖VeΛt V−1‖ ≤ Me−αt ,

with α = minλ∈σ(C0) |Re(λ)|. Applying this bound to the integral representation of
W (x), we obtain

‖W (x)‖ ≤ M2‖Q(x)‖
∫ +∞

0
e−2αt dt = M2

2α
‖Q(x)‖.

Furthermore, we note that

‖Q(x)‖ ≤ 2‖P0‖‖ Ã(x)‖.

Noting that C(x) = C0 + C1(x) = C0 + Ã(x) − SW (x), a sufficient condition
for the closed-loop matrix C(x) to be stable is that the norm of C1(x) remains strictly
less than the stability margin α of C0. By applying the derived bound on ‖W (x)‖ and
‖Q(x)‖, this requirement leads to the computable stability criterion given by (28).

��
The result presented above establishes a condition under which the closed-loop

matrixC(x) remains Hurwitz, thereby ensuring the synthesis of a stabilizing feedback
law.However, if the normof the nonlinear perturbation ‖ Ã(x)‖ is excessively large, the
stability of the closed-loop matrix may be compromised. In such cases, the resulting
controlled trajectory may fail to converge to the desired equilibrium. In the following
section, we introduce an alternative approach based on an iterative scheme, which,
although possibly requiring the solution of additional Lyapunov equations, ensures
the stability of the closed-loop matrix under less restrictive conditions.

4.2 Newton–KleinmanMethod

An alternative approach relies on the resolution of the full SDRE (9) at each state
of the dynamical system, thereby avoiding the approximation error introduced by the
decomposition in (24). Since the SDRE must be solved at multiple time steps, an effi-
cient strategy involves employing an iterative scheme, such as the Newton–Kleinman
(NK) method. At a given time step tn for a fixed state x , the NK method refines an
initial guess P(0)(x) iteratively, updating it according to the recurrence relation

P(k+1)(x) = P(k)(x) + ΔP(x), (29)
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where the correction ΔP(x) is computed by solving the Lyapunov equation

(A(x) − SP(k)(x))�ΔP(x) + ΔP(x)(A(x) − SP(k)(x)) = −R(P(k), x), (30)

with the residual

R(P(k), x) = A�(x)P(k)(x) + P(k)(x)A(x) − P(k)(x)SP(k)(x) + Q.

The procedure is repeated until the residual R(P(k̃), x) falls below a prescribed
threshold or the maximum number of iterations is reached. Subsequently, we assign
Pn(x) := P(k̃)(x). In the context of time–varying nonlinear systems, one can warm
start the NK iteration by using the Riccati solution from the previous time step
as the initial guess P(0). The technique is outlined in Algorithm 3. This strategy,
which leverages the temporal continuity of the Riccati solution to enhance compu-
tational efficiency and convergence, is referred to as the cascade Newton–Kleinman
(C-NK) method. In [33], the authors demonstrate that if the time step is sufficiently
small, bounded by a computable threshold, then the solution from the previous iter-
ation P(yS(tn−1)) stabilizes the pair (A(yS(tn)), B), i .e., the closed-loop matrix
A(yS(tn)) − SP(yS(tn−1)) is stable, ensuring the convergence of the NK scheme
(see [25] for a precise formulation).

The warm start strategy can be applied only from the second time step onward, as
the initial Riccati solution at the first time step cannot be obtained from a previous
iteration. Consequently, the first instance of the SDRE (9) is solved using a direct
method, such as the MATLAB function icare. This step is analogous to the first
phase of the offline-online method, where the initial Riccati equation (25) must be
solved. The method does not require the input matrix B to be constant; it can be
applied as well when B is state dependent, namely B = B(x).

The key distinction between these two methods lies in their computational require-
ments: while the offline-online approach necessitates solving a single Lyapunov
equation per time step, the cascade Newton–Kleinman scheme may require multi-
ple iterations to achieve convergence. The availability of a suitable initial guess in the
C-NK method not only accelerates convergence but also ensures a stabilizing initial
condition, provided that the time step is sufficiently small. In the following section,
we present a numerical experiment demonstrating the effectiveness of this technique.

4.3 Numerical Example

Throughout this discussion, we denote by χω(·) the indicator function over the sub-
domain ω ⊂ R. The interval ωc specifies the region where the control input is
applied, while ωo designates the observation domain where the system dynamics are
monitored. We consider the nonlinear Zeldovich-type equation with homogeneous
Neumann boundary conditions:

∂t y(t, x) = σ∂xx y(t, x) + νy(t, x) + μy(t, x)2(1 − y(t, x)) + u(t, x)χωc (x),
y(0, x) = y0(x),
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Algorithm 3 C-NK SDRE

Input: A(·), B, Q, R, initial conditions y0, time discretization {ti }NT
i=0

Output: Controlled trajectory {yS(ti )}NT
i=0

1: yS(t0) := y0
2: Compute P0 = P(y0) from (9)
3: Compute the control uS(y0) from (8)
4: Integrate the system (7) to obtain yS(t1)
5: for n = 1, . . . , NT − 1 do
6: Compute Pn from (29)-(30) with guess Pn−1
7: Build the control uS(y(tn)) from (8)
8: Integrate the system (7) to obtain yS(tn+1)

9: end for

with x ∈ [0, 1] and t ∈ (0,+∞). The corresponding cost functional is given by

J (u, y0) =
∫ +∞

0

∫
ωo

|y(t, x)|2 dx + γ̃

∫
ωc

|u(t, x)|2 dx dt .

By discretizing the PDE using a finite difference scheme with d grid points, we obtain
the following system of ODEs

ẏ(s) = A(y)y(s) + u(s),

with
A(y) = A0 + μ diag(y − y � y), y ∈ R

d ,

A0 = σ AΔ + ν Id .

Here, � denotes the Hadamard product, Id ∈ R
d×d is the identity matrix and AΔ is

the discrete Laplacian matrix arising from the finite difference approximation with
Neumann boundary conditions. We set the discretization dimension to d = 100 and
initialize the system with y0(x) = cos(πx). The dynamical system is discretized
using a semi-implicit first-order integration scheme, where the diffusion term is treated
implicitly, while the reaction and control terms are handled explicitly. A fixed time
step of Δt = 0.02 is employed, with the final simulation time set to T = 4, leading
to a total of 200 time steps. We conduct a comparative analysis of the offline-online
method (Algorithm 2), the C-NK method (Algorithm 3), and the "icare approach",
which is based on Algorithm 1 and utilizes the MATLAB function icare to solve
the Riccati equations. In the C-NK method, the stopping criterion for the residual is
set to 10−5. Two different parameter configurations are considered:

1. σ = 0.2, γ̃ = 0.01, ν = 0.5 where the control is applied in ωc = [0.2, 0.5] and
the observation is restricted to ωo = [0.5, 0.7], leading to a partial-domain control
and monitoring setup.

2. σ = 10−2, γ̃ = 0.1, ν = 0.5 with full-domain control and observation regions
ωc = ωo = [0, 1], meaning that both the control and observation mechanisms
cover the entire spatial domain.
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Fig. 3 Zeldovich example. Left: Decay of the singular values of the Riccati solution P(y0) for the two
different cases. Right: Off diagonal decay for the solution P(y0) in the second case

These two scenarios exhibit distinct behaviors in the decay of the singular values of the
Riccati solution. Fixing μ = 1, we solve the corresponding SDRE at the initial condi-
tion y0. The decays of the singular values for both test cases are illustrated in the left
panel of Figure 3. In the first case, the singular values exhibit a rapid decay, suggest-
ing a low-rank structure in the solution. In the second case, the singular values decay
slowly, indicating that the Riccati solution is full-rank. For high-dimensional prob-
lems, these two cases require different numerical treatments. For low-rank solutions,
there exists a substantial body of literature on efficient methods for solving low-rank
Lyapunov and Riccati equations. For further details, we refer the reader to [8, 34, 35].
Conversely, in the full-rank setting, the sparsity and potential banded structure of the
solution can be effectively leveraged, as illustrated in the right panel of Figure 3. For
further details, the reader is referred to [19, 28, 31] and the references therein. A com-
prehensive analysis and implementation of these advanced techniques fall beyond the
scope of this study. Given the problem dimension considered, the Lyapunov equations
are solved using the MATLAB function lyap, while the initial Riccati equation is
computed employing the MATLAB command icare.

Case 1
We first consider the scenario where the control and observation domains are given

by ωc = [0.2, 0.5] and ωo = [0.5, 0.7], respectively, with parameters σ = 0.2,
γ̃ = 0.01 and ν = 0.5. The reaction parameter μ varies within the set {1, 2}. Table 1
presents the CPU time and the total cost obtained using different numerical approaches
for the considered values of μ. The results indicate that the most efficient method,
achieving the lowest total cost, is the C-NK approach. While the SDRE method based
on icare yields a total cost comparable to that of C-NK, being approximately 60
times slower. Conversely, the offline-online approach requires up to four times the
CPU time and results in a higher total cost. The superior computational efficiency of
C-NK can be attributed to the fact that, for certain time steps, the previously computed
solution exhibits a low residual. As a result, the resolution of a Lyapunov equation
is not required at every step, reducing computational overhead. In the case μ = 2,
the control law generated by the offline-online method fails to stabilize the system, as
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Table 1 Zeldovich example (Case 1). Comparison of the performance in the computation of the controlled
trajectory via the offline-online approach, C-NK method and via the icare-based SDRE

offline-online C-NK icare
μ CPU time Total cost CPU time Total cost CPU time Total cost

1 0.98 3.10e-01 0.27 3.08e-01 15.7 3.08e-01

2 1.02 1.63e+03 0.25 8.56e-01 15.5 8.56e-01
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Fig. 4 Zeldovich example (Case 1). Running cost for the controlled trajectories with the different techniques
with μ = 1 (left) and μ = 2 (right)

illustrated in the right panel of Figure 4. Furthermore, Figure 4 demonstrates that the
C-NK and icare-based methods exhibit similar performance trends.

Case 2
In this second case, we consider the fully controlled and observed setting, where

ωc = ωo = [0, 1]. The parameters are set to σ = 10−2, γ̃ = 0.1 and ν = 0.5,
while the reaction coefficient μ varies within the set {1, 2}. The results obtained for
the three numerical techniques across different values of μ are summarized in Table
2 and illustrated in Figure 5. For the choice μ = 2, the final simulation time is
reduced to 0.6, due to the fast divergence of the offline-online method. The observed
trends are consistent with those in the previous case. Once again, the C-NK method
demonstrates the best performance in terms of both computational efficiency and total
cost. The icare-based SDRE approach achieves the same total cost as C-NK, but
its computational time is more than 40 times higher for the first choice of μ, further
emphasizing the efficiency of C-NK. Regarding the offline-online method, for μ = 1
the total cost is comparable to that of the other two techniques. As in the previous case,
increasing the reaction coefficient to μ = 2 results in the failure of the offline-online
approach to stabilize the system.
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Table 2 Zeldovich example (Case 2). Comparison of the performance in the computation of the controlled
trajectory via the offline-online approach, C-NK method and via the icare-based SDRE

offline-online C-NK icare
μ CPU time Total cost CPU time Total cost CPU time Total cost

1 0.53 2.49e-01 0.46 2.38e-01 21.2 2.38e-01

2 0.16 3.57e+04 0.30 2.78e-01 8.11 2.78e-01
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Fig. 5 Zeldovich example (Case 2). Running cost for the controlled trajectories with the different techniques
with μ = 1 (left) and μ = 2 (right)

5 Conclusions

This work provides an analysis of the State-Dependent Riccati Equation method for
nonlinear optimal control, focusing on its theoretical foundations, numerical approxi-
mations, and computational efficiency. We examined the relationship between SDRE
and the HJB equation, deriving error estimates based on the residual introduced by
the SDRE approximation. Our analysis highlighted the role of the semilinear decom-
position in influencing the accuracy of the SDRE approach and proposed an optimal
decomposition strategy to minimize approximation errors.

Froma computational perspective,we compared twonumericalmethods for solving
the SDRE: the offline–online approach and the Newton–Kleinman iterative method.
Numerical experiments demonstrated that while the offline–online approach offers a
reduced computational burden, it may fail to stabilize the system under certain con-
ditions. In contrast, the C-NK method consistently provided more accurate and stable
controlled solutions, making it a preferable choice in real-time control applications.

Future work could explore more efficient numerical methods for solving the
sequence of Riccati equations in high-dimensional settings, leveraging low-rank
approximations, sparsity-preservingmethods, or data-driven techniques. Additionally,
extending the SDRE framework to stochastic control scenarios would be a valuable
direction for further research.
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