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The mechanical response of adhesive joints is strongly influenced by damage mechanisms exhibiting tension—
compression asymmetry, driven by the opening and closure of microcracks. In this work, a strain-based
formulation for isotropic damage with unilateral effects is employed. The damage model is developed within a
thermodynamically consistent framework with internal variables. Moreover, it provides a physically motivated
representation of microcrack-induced degradation, incorporating recovery effects associated with crack closure
and allowing for distinct responses under tensile and compressive loading conditions. The formulation is
applied to a thin adhesive layer connecting two elastic adherents, and an asymptotic analysis is performed
to derive an effective mechanical description of the damage evolution of the bonded joint. The predictive
capabilities of the proposed approach are assessed through the analysis of a uniaxial test on a butt joint. The
results highlight the role of unilateral effects in governing the global response, particularly in terms of stiffness
degradation, damage evolution and the difference between tensile and compressive regimes.

1. Introduction joints [6,7]. Continuum Damage Mechanics (CDM) provides a rigorous

thermodynamic setting for modeling progressive stiffness degradation

The reliable prediction of damage and failure in bonded assem-
blies remains a central issue in structural engineering. Structural ad-
hesives are widely employed to join metallic, composite and hybrid
components, offering advantages such as stress redistribution, weight
reduction and improved fatigue resistance compared to traditional
mechanical fastening. In many applications, the adhesive layer plays
a decisive mechanical role: its degradation governs stiffness loss, load
transfer capability and, ultimately, structural integrity.

From a mechanical point of view, structural adhesives exhibit a
markedly different response in tension and compression. In tension,
microdefects such as voids, inclusions and microcracks tend to open
and propagate, leading to stiffness degradation, brittle-like failure,
and eventual decohesion. Under compression, however, the same mi-
crodefects may close, partially restoring stiffness and delaying damage
progression. This phenomenon results in an intrinsic unilateral behav-
ior, characterized by asymmetric constitutive responses under positive
and negative normal strains. Such tension—-compression asymmetry can
occur in quasi-brittle materials such as concrete [1,2], in ductile mate-
rials such as metals [3,4], in polymers [5], and also composite adhesive

induced by distributed microdefects [8-10]. Within this framework,
the material response is derived from a free energy potential coupled
with an appropriate dissipation pseudo-potential, ensuring consistency
with the second law of thermodynamics. To account for unilateral
effects, several strategies have been proposed in the literature: for
instance, the spectral decomposition [11], where the strain tensor
is split according to the sign of its principal values, allowing the
elastic energy associated with positive and negative eigenvalues to be
treated separately; the volumetric—deviatoric decomposition [12,13],
in which only the deviatoric part of the strain energy contributes to
the damage process; the star-convex model [14], where the remaining
elastic energy density depends exclusively on the negative trace of the
strain tensor. A comprehensive discussion of more advanced phase-
field formulations incorporating tension-compression asymmetry can
be found in [15].

As pointed out by many authors (see, e.g., [16-18]), the account
of the unilateral effects often leads to serious inconsistencies in macro-
scopic formulations. The approach introduced by Welemane and
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Cormery [19-21] provides a consistent and physically motivated con-
tinuum description of microcrack opening—closure effects, within the
framework of thermodynamics with internal variables. The model is
characterized by a damage representation based on the distribution
density of microcracks and formulated through fabric tensors. It in-
corporates a recovery condition associated with microcracks closure,
derived from micromechanical considerations, and avoids the use of
spectral decompositions, while the damage evolution law follows the
standard thermodynamic arguments. In addition, the formulation pos-
sesses a modular structure, allowing it to be extended to different levels
of damage induced anisotropy, see [19,22].

When adhesive joints are analyzed at the structural scale, interface
models, most notably Cohesive Zone Models (CZMs), are frequently
adopted. In these formulations, the thin adhesive layer is replaced
by a zero-thickness surface endowed with a traction-separation law,
see for example [23-27] and the references therein. Although such
models are computationally efficient and capable of reproducing com-
plex nonlinear phenomena, their constitutive parameters are often
phenomenological and not directly linked to the physical properties
or microstructure of the actual adhesive layer. This lack of a rigorous
connection between bulk damage mechanisms and interface laws limits
the predictive capability of cohesive approaches, particularly when
tension—compression asymmetry and microcrack closure effects are
involved. Damage processes in interphases have also been addressed in
homogenization approaches. For instance, Nazarenko et al. [28] pro-
posed a statistical damage model for spring-layer interfaces in random
particular composites. In that model, the spring stiffness is reduced
according to the local fraction of damaged interface, which is esti-
mated through a Weibull distribution of local interfacial strengths. The
Weibull parameters provide a phenomenological statistical description
of damage activation.

In the context of thin adhesive layer, a consistent alternative con-
sists in deriving interface models from a three-dimensional damaging
interphase by means of asymptotic techniques. Starting from a thin
adhesive layer, whose thickness depends on a small parameter ¢, one
can apply asymptotic expansion method with respect to ¢, transforming
the original three-dimensional equilibrium problem into an effective
imperfect interface model. In this way, the transmission conditions
at the interface inherit the constitutive features of the bulk adhesive,
including damage evolution and unilateral effects. The asymptotic tech-
niques have been applied in different contexts such as linear [29-
32] and nonlinear elastic interface models [33,34], contact of rough
surfaces [35], initially isotropic [36,37] or anisotropic [38] damag-
ing materials, taking into account also unilateral effects [39], and
multiphysics theories [40,41].

The objective of the present work is to develop a mechanically con-
sistent formulation for the description of damage evolution in thin ad-
hesive layers exhibiting unilateral effects. Starting from a strain-based
isotropic damage model capable of representing microcrack opening
and closure mechanisms, following and adapting the approaches de-
veloped in [19-21], the study aims to derive a structural description of
the interface behavior suitable for bonded assemblies. In contrast with
statistical damage descriptions based on phenomenological strength
distributions, the present formulation obtains the interface response
from a thermodynamically consistent damage model and from the
asymptotic limit of a thin adhesive layer.

To illustrate the predictive capabilities of the proposed approach,
the model is applied to the analysis of a bonded structure subjected
to uniaxial test, under hard (displacement-controlled) and soft (force-
controlled) loading device conditions, respectively. In particular, the
response of a butt joint is investigated, allowing the influence of
unilateral damage effects on the global force-displacement behavior
to be highlighted. The theoretical analysis allowed the characteriza-
tion of different regimes (elastic, damage evolution and snap-back
instabilities) and the associated activation thresholds, in terms of the
constitutive material parameters. The numerical simulations provide
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insight into the evolution of damage under tensile and compressive
regimes and demonstrate the relevance of the proposed formulation for
the realistic modeling of adhesive joints.

The paper is organized as follows. Section 2 introduces the theoret-
ical framework of the strain-based isotropic damage evolution model,
with unilateral effects. Section 3 describes the asymptotic expansions
procedure adopted to derive the effective limit models for the thin
interphase and discusses the resulting formulations. Section 4 illustrates
the predictive capabilities of the proposed approach through the anal-
ysis of a uniaxial test on a butt joint, highlighting the influence of
unilateral damage effects on the structural response. Finally, Section 5
is devoted to the concluding remarks.

2. Theoretical framework of damage evolution

In this section, the isotropic version of the three-dimensional dam-
age model is presented, considering the approach developed in [19-
21]. The -constitutive model outlined below aims to represent
microcrack-induced degradation and the associated mechanical re-
sponse of quasi-brittle materials under rate-independent, isothermal
conditions and small deformations. The model considers a single dis-
sipative mechanism, namely the initiation and propagation of non-
interacting microcracks, and is grounded in a thermodynamically con-
sistent damage framework. Micromechanically based assumptions are
adopted to account for microcrack closure effects.

2.1. General formulation

In the sequel, Latin indices range in the set {1,2,3}, while Greek
indices are taken in the set {1,2}, and the Einstein’s summation conven-
tion is employed. The following notations are adopted: for all vectors
a=(a)and b= (b), @®b); :=ab;, @Ob),; := 1(a;b, + a;b) and
a® :=a®a...®a, i €N, denote the dyadic, the symmetric diadic and
the ith dyadic products, respectively. Thus, a®2 = a ® a. Moreover, the
same notation will be used for the vector and tensor scalar products,
ie,a-b:=gb,and A-B := A;; By, for all vectors a = (q;) and b = (b;),
and for all tensors A = (4;;), B = (B;)).

The damage scalar variable d, accounting for the isotropic part of
the microcrack density distribution function p, is defined as follows:

d = i'/p(n)a’s, (@9)]
4r Ky

with p(n) = p(—n) a scalar and dimensionless measure of the extent of
crack-like defects orthogonal to unit vector n, S = {fn€R3,n-n=1}
the unit sphere and ds the infinitesimal surface element on S. Vari-
able d thus corresponds to the density of all microcracks within the
representative volume.

The free energy per unit volume, depending on the linearized strain
tensor e, is chosen on the form :

Wie,d) := Wy(e) + L / w(d,e,n) ds (@3]
4z Js

where W (e) := %(2[409 - e + Ay(tre)?) is the free energy of the undam-
aged material, assumed to be isotropic and linear elastic with Lamé’s
constants A, and y, e := %(Vu + VTu) is the linearized strain tensor,
with u the displacement field, and trA := A - I represents the trace of
tensor A, with I the identity tensor. The elementary energy function
w that characterizes the energy modification induced by each set of
parallel microcracks is assumed to be linear with respect to the density,
and supposed to account for the different contribution of microcracks
whether they are opened or closed, so that:

w(d,e,n) :=d h(e,n), 3

with
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h,..(e,n) for
— open
hie,m) : { h,ps(€;m)  for

g(e,n) >0,

g(en) <0, Q)

where function g represents the opening-closure criterion of microc-
racks. The general expressions of functions A,,,,, h.,s and g can be
determined considering the representation theories of tensorial func-
tions in terms of e and n® and the continuity conditions for the
nonlinear (multilinear) behavior, since W must be of class C!. A last
requirement is the account of the recovery of properties induced by
the closure of microcracks, which is based on micromechanical consid-
erations [42]. Following [19,20], the energy function associated with
a given microcrack state is written as

h(e,n) :=ae-e+ f(tre) +;(tre:(e~n¢’3’2)+qoe2 n® 4y (tr(en®2))2. 5)

In this expression, h(-) denotes either ,,,,(-) Or A.,(-), depending on
whether the microcracks are open or closed, respectively. Accordingly,
the ten coefficients {a, S, v, p,w} take the values associated with the
considered microcrack state, namely {, o> Bopens Xopens Popens Wopen} fOT
open microcracks and {a o5, Beioss Xeloss Petoss Weios) fOr closed micro-
cracks. These material parameters are not independent, since they
are related through continuity and recovery conditions. Moreover the
opening-closure criterion takes the form :

gle,n)=4e- n®? + o,tre, 6)

where §, and 6, are two material constants. Denoting S°"(e) =
{nesS, gn,e) >0} and S(e) = {(n € S, g(n,e) <0} respectively the
open and closure domains, namely the set of normal vectors respec-
tively to open and to closed microcracks, the thermodynamic potential
can be decomposed in this way:

d
We.d) = Wy(e)+ 5 / Ropen(e. m)d's

Sopen(e)

d
L [eetonie) hetos (€. )ds

4 7
= Wy(e) + Eéhope"(e,n)ds

d
=17 [sctosge)[Popen = Petosl(@,m)ds

since S = S¢(e) U S°/%5(e) and S (e) N S°5(e) = @, whatever e.
Accordingly, one obtains the following global form for the free energy:

d
Wie,d) = Wy(e) + W,,.,(e,d) — ™ / [Popen = Perosl(e,m)ds, (8)
T J sclos(e)

where W,,,.,(e,d) denotes the damage contribution to the free energy
when all microcracks are open, whereas the last term accounts for the
modification induced by crack closure. Since the functions 4 and g are
positively homogeneous with respect to e, of degree two and degree
one, respectively, the continuity requirements imposed on the potential
W lead to the following conditions [22]:

_ = L. = 4. —4,
[h hejosl(e,n) = 2e He)= 2e (Ge) 2g (e,n), 9

open
2 -
where H := M and G := & ® % As fs ds = 4z, relevant
calculations lead to such simplified form of Eq. (8):

Wie,d) = Wy(e)+d <ae - e + f(tre)* — A / 2, n)ds> (10)
87 Sclos(e)

where a, f, and 4 are independent constitutive parameters. Within the
free energy, the terms in « and g thus define the damage contribution
to energy when microcracks are all open, while the integral part is
related to its variation due to the possible closure of some defects,
according to the loading. The influence of this latter term on the
effective mechanical properties of microcracked materials has been
investigated in [19,20] (see also [22] for the stress-based version of the
model). In particular, considering an initially isotropic damage state,
characterized by an equal microcracks density in all direction of space,
the partial closure of microcracks induces an anisotropic mechanical
response, as discussed in [21].
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The constitutive parameters « and f can be identified on the basis of
micromechanical arguments. Consider a representative volume element
of a homogeneous, isotropic, linear elastic matrix weakened by an array
of randomly distributed, flat penny-shaped microcracks. Assuming a
dilute concentration of non-interacting and frictionless microcracks, the
free energy of the microcracked medium, depending on the microcracks
state (open or closed), can be derived through several approaches.
These include: (i) the application of the Legendre-Fenchel’s transform
to the free enthalpy [43]; (ii) a strain-based formulation relying on
crack displacement jumps [44]; and (iii) Eshelby’s method applied to
thin ellipsoidal defects [45]. These approaches enable the determina-
tion of « and f from the configuration of all open cracks the expression
of « and B, either in terms of the Lamé’s coefficients 4, and py:

16410(Ag + 240)(9Ag + 10ug)
45(Ag + Ho)(BAg + 4up)
220(Ag + 2,40)(45/13 + 12040 o + 76;4(2))
45uq(Ag + Ho)(3Ag + 4ug)

or, equivalently, from the undamaged Young’s modulus E, and shear
modulus :

_ 16(Ey — 12p9)(Ey — 44p)
- 45 (Eo — 64p)

_ 2(Eg = 4uo)(Ep — 2pg)(Ey = 36 Eg g + 14445)
B 45(Eq — 6419) (Eq — 340)? '

The above relations imply that « and f are both negative coefficients.

1D

)

12

2.2. Special case under study

In the present paper, a special case of the opening-closure criterion
(6) will be taken into account. Considering 5, = 0, one has:

g(e,n) = g(e) = o,tre.

Since the criterion is independent of the normal n to cracks, micro-
cracks can only be either all opened or all closed, and the material
remains isotropic. In this case, the thermodynamic potential reduces
to:
i (o- 3 [ o) 7
Wie,d)=Wye)+d |ae-e+ | f— — ds | (tre)~|, (13)
8« SCI‘”(e)
2(a +3p)
3

« for all opened cracks, i.e., g(e) > 0 and S/*(e) = &:

with Q := A(S% = . Hence, one has:

W (e,d) = Wy(e) +d [ae - e+ fi(tre)*] , 14
« for all closed cracks, i.e., g(e) <0 and S/%(e) = S:

W (e, d) = Wy(e)+d [d'e- e+ (tre)?’], (15)

with o/ =aand p/ = p— 2 =2,
2 3
From the thermodynamic potential, it is possible to derive the constitu-
tive laws in terms of the Cauchy’s stress tensor ¢ and the scalar thermo-
dynamic force related to damage F,. As continuity conditions on coef-
ficients {aopen’ ﬂopen’ KXopen> Popens Wopen} and {aclos7 ﬂclos’/Yclos’ Pelos> Wclox}
have been met to ensure that W (and thus h) is of class C!, they are

defined by:

oW,
g W _ W d [ oh(e)

de  oe Esae

ow 1
Fd = _W = —E/Sh(e)ds

ds,
16)

Introducing the same decomposition on $°¢(e) and S¢*(e) used to
simplify the form of the free energy in Eq. (7), we thus get:

o = Ag(tre)l + 2upe +2d [ae + <ﬁ — £/ ds) (tre)I] s
871' Sd‘”(e)

F;=- [ae e+ <ﬁ - £/ ds) (tre)z] ,
8 5”[‘”(9)

a7
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that makes appear again the damage contribution when all microcracks
are open and the modification induced by closed microcracks. More
specifically, the above constitutive relations can be rewritten as follows:

o= AMd)(tre)l +2u(d)e  for g(e) > 0, a1s)
- N(d)(tre)l +2u(d)e for g(e) <0,
— (ae-e+ ptre)?)  for g(e)>0,

F, = (19)

- (ae ce— %(tre)z) for g(e) <0,
where A(d) := g +2pd, X(d) := 4y — Sad and u(d) := g + ad.
2.3. Damage evolution law

The evolution of damage is formulated within the classical frame-
work of thermodynamics with internal variables. A single dissipative
mechanism is assumed, namely the initiation and growth of micro-
cracks, which are considered non-interacting at the microscale. The
damage process is modeled as progressive and rate independent, im-
plying that its evolution depends exclusively on the loading history.
Consistently with this assumption, dissipation is governed by a scalar
dissipation potential of the form:

D(d,d) = R(d)d, (20)

where d denotes the damage evolution rate. Following the approach
by J.J. Marigo [46], the resistance function R(d) is assumed to depend
linearly on the damage variable,

R(d) = ko(1 +nd), 21

with k, > 0 representing the initial damage resistance and n > 0
controlling its evolution as damage progresses. These two coefficients
should be identified through experimental tests on the material [19]:
the parameter k, may be determined from the damage initiation point
while the coefficient # makes it possible to account for positive or
negative work hardening in the non-linear stress—strain response, with
special cases of pure brittle behavior after damage initiation (if » = 0) or
non-evolving damage (if # — o). Considering the dissipation potential
(20) ensures positive dissipation and provides a physically motivated
description of the increasing resistance to further microcrack growth.
Combining this damage functions with the normality rule, the damage
evolution law reads:

o
d = ASL(F?,d) = A

A=0 for f(F;,d)<0,

. . (22)
A=0 for f(F,.d)=0, f(F;.d)<0,

A=ids o g for f(F.d)=0, f(F,.d)=0,

where f(F,;,d) := F; — R(d) represents the yield function, (f), :=
Max{0, f'} is the positive part of f, equivalent to the Macaulay’s brack-
ets, and A denotes the damage multiplier, determined by the consis-
tency condition [19,47].

3. Statement of the problem

In the sequel, an orthonormal Cartesian reference frame (O; i, i,,i3)
is introduced, and the coordinates (x;,x,,x3;) are used to identify a
generic material point. Let us consider a composite assembly made
of three media, two adherents and a thin adhesive layer, occupying a
smooth bounded domain Q¢ c R3, as depicted in Fig. 1(a).

The domain Q¢ := Qf U B* U Q° depends on the parameter
e, as follows: (i) the adhesive layer occupies the domain Bf :=
{(xl,xz,x3) € Q° ! |x3] < % }, where hf denotes its thickness; (ii) its
plane mid-surface is given by S := {(xl,xz,x3) EQF I x3= O}, which
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represents the interface in the limit problem; (iii) the adherents oc-
cupy the subdomains Q5 := {(xy,xp,x3) € Q° : £x3 > % }; @iv) the

interfaces between the adhesive and the adherents are denoted by
¢ 1= {(xl,xz,x3) €0 ixy=221

The asymptotic expansion developed below relies on the classical
thin-layer hypothesis, namely that the adhesive thickness is much
smaller than the characteristic dimensions of the bonded structure.
Accordingly, the small parameter ¢ is introduced through the relation
h® = eh, with ¢ < 1. Moreover, the interfaces are assumed to be
geometrically regular and homogeneous at the macroscopic scale. In
particular, effects related to surface roughness, local thickness varia-
tions, or spatially non-uniform adhesive properties along the interface
are not included in the present formulation. The loading process is
assumed to be quasi-static and body forces inside the adhesive layer
B¢ are neglected. The structure is subjected to body forces f¢, acting in
¢4, and to surface tractions g°, applied on a portion of the boundary

Iy cog* with strictly positive measure. The composite is fully clamped
on another portion of the boundary Iy C 9€¢. The boundary sets
Iy and I are assumed to be located sufficiently far from the inter-

phase. Appropriate regularity assumptions on the external loads are
introduced to guarantee the well-posedness of the equilibrium problem.

As customary, the governing equations of the equilibrium problem,
paired with the constitutive laws (24), can be written :

divée® +f¢ =0 in QF,

on® =g° on F;,

[ofis]1 =0 on S¢, 23)
[ué] =0 on Sf_f,

ut =0 on Ij,

where div® denotes the divergence operator, [[f] is the jump function
at the interfaces S%, i.e [f] := F(xhe/2) — f(xh%/2). In the sequel, if
necessary, the notation f, f stands for the restriction of function f in
the adherents and in the adhesive, respectively.

The two adherents are assumed to be linearly elastic materials and
non-damaging, with constitutive relations specified below:

6¢ = Cet, 24)

where C¢ = (C_‘fj 1) represents the fourth-order elasticity tensor, which
satisfies the classical major and minor symmetries properties. The
material of the adhesive layer is assumed to be linear elastic, ini-
tially isotropic and damaging, and its constitutive law is expressed
in Egs. (18) and (19). Finally, the damage evolution equations are
described in (22).

4. Asymptotic expansions method

Given the small thickness of the adhesive layer, namely h¢ = ¢h,
we seek the solution of the equilibrium problem by means of an
asymptotic expansion with respect to the small parameter . In order to
apply the asymptotic expansions method, the e-dependent domain Q¢
is mapped onto a fixed reference domain 2 through a classical change
of variables [48], illustrated in Fig. 1.

+ In the adhesive layer, the following rescaling of the transverse
coordinate is introduced:

(x1,X2,%3) € BY +— (2,23,23) = (x|, %, 2) € B, (25)

where B := {(xl,xz,x3)€ Q: |x3] < g} Moreover, for any
scalar- or vector-valued field v defined on B¢, we define the
rescaled field 0(zy, z5, z3) = v(x}, X, X3).
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Microcracks
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Fig. 1. Geometry of the bonded assembly composed of two adherent bodies and an adhesive thin layer: reference configuration (a), rescaled configuration (b)

and limit configuration (c).

+ In the adherents, the following change of variables is adopted:
(x5 %0, x3) € 5 > (21,22, 23) = (X1, Xp, X3 % g 16%) € Q,, (26)

where Q, := {(xl,xz,x3) €EQ: +x3> g} For any scalar- or

vector-valued field v defined in Qf, we set 3(z,, 2, z3) = v(x, X5,
X3).

The volume and surface forces are assumed to be independent of &,

so that f6(x;,xy,x3) = f(z1,2,.23) and gf(x;,xy,x3) = 8(z1,2,23).
According to the above change of variables, one has

9 _9 9 _,.9 g

0z,  0x, 0z3 0x3

Finally, we assume that the solution of the equilibrium problem
admits the following asymptotic expansions:

6 =6"+¢e8" +0(e),
o =" +ea' +oe), @7
65 =6"+¢e6! +o(e),
2 =1’ + e + o(e),

where the first two equations are written in the adhesive, and the last
two are written in the adherents. Applying the change of variables to
the governing Egs. (23) and substituting the expansions (27) into the
rescaled problem yields the leading-order terms and the associated limit
problem.

4.1. The strain field

In the rescaled configuration of the adhesive layer, the displacement
gradient reads

~0 ~0 ~0 A1
0 0 aj, Yip Mo "3
A 1 ~0 0 ~0 ~1
£ = =
Vit = . 0 0 Uy, |+|iy, By, G|+ o(e). (28)
~0 ~0 ~0 ~
0 0 i, Usp H3p U3y

where (-); denotes the partial derivatives with respect to z;. Accord-
ingly, the strain tensor admits the expansion

A 1.1, A

& ==+ + o), 29
&

where &' :=1% 03, and & := 0, 0i, + 0} O1i;.

Within the rescaled adherents, the displ’acement gradient takes the
form

0 0 0
ip o s
e _ |70 =0 =0
v = iy, Uy, Uy, + o(¢), (30)
0 0 0
U1 U3p U33

leading to the strain expansion

& =& +cé +o(e?), (31)

with & =8, @i, p 2 0.
4.2. The equilibrium equations

The governing Egs. (23) can be rewritten in the rescaled configura-
tion. Considering the equilibrium equations in the adhesive layer and
exploiting the asymptotic expansion of the stress field (27), one obtains

_l.o ~0 1
=033 +6igq T 6535 1 00) (32)
By sorting the terms with the identical power of ¢, we get

855 =0, (33)

~0

which implies that 6 is independent of the thickness coordinate

z;. The continuity of the stress vector across the adhesive-adherent
interfaces then leads to

%1 =0, (34

meaning that the jump of the stress vector vanishes at z; = +h/2.
The rescaled equilibrium equations in the adherents read

divé’ +f =0 in Q,, 6'0n=g on I,. (35)

The displacement and the stress vector are continuous across the
interfaces S% and S,, in the reference and rescaled configurations,

respectively. From displacement continuity, one has
WX, +6h/2) = W (7, £h/2) = 0°(Z, £h/2), K =(x,), E=(z,) €S. (36)

Expanding the displacement in a Taylor’s series with respect to x; and
using (27), it follows that

(X, +eh/2) = u*(X,0%) + o(e) = u’(&, 0%) + o(e). (37)
Thanks to the continuity conditions, we have:

u'(%, 0%) + o(e) = 8%z, +h/2) + o(e) = #°(Z, £h/2) + oe), (38)
and therefore

w(%,0%) = 0°(Z, £h/2) = 00, £h/2). (39
Analogous arguments can be applied to the stress field, leading to
[6%]1=0, (40)
where [f] := f(X,0%) — f(X,07) denotes the jump of a quantity across
the limit interface .S as e — 0, see Fig. 1(c). The above results imply that

the stress vector evaluated at the level of the interface is continuous
and, thus, [¢°i;] = 0.
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4.3. The constitutive laws and the damage evolution equations

Since the material of the adhesive is assumed to be soft, i.e., me-
chanically compliant, the undamaged Lamé’s constants are assumed to
depend linearly on &, so that 23 = €4, and fi§ = efg. Same scaling
assumptions are used for the material coefficients related to damage,
namely @ = e& and f* = &fi,. Consequently, the scaling of the
damaging Lamé’s constants is A¢(d) := e(iy + 2fd) = ei(d), V*(d) :=
e(/lo — —ad) = eA'(d), and pf(d) := = &(fig + @d) = €ji(d). Moreover, the
opening-closure criterion is assumed to be such that: §¢ = 4. Let us
recall that & and § are assumed to satisfy the same micromechanical
relations as the corresponding bulk coefficients « and g, defined in
Egs. (11)-(12). Under the usual elastic admissibility conditions for the
undamaged adhesive, these relations imply & < 0, and § < 0, and, thus,
—-@+§ >o.

Considering the adhesive constitutive law (18) at order 0, one has

ﬁ(d)a? + (A(d) + ﬁ(d))ﬁo 65 for ao >0,
6% = (41)
! ﬁ(d)ﬁi + A d)+ ﬂ(d))ﬁo 55 for *g , <0

The independence of &,3 with respect to the thickness coordinate leads
to Mo to be also does independent of z3, and thus, 2? is linear in terms
of 23 The contlnulty conditions of the dlsplacements at the interface
entails that a% = [“ 1. By substituting the results in (41), we obtain
the following exp11c1t expression of the stress vector at the level of the

interface:
T[] + (A(d) + pd)ldliy)  for  [ud]> 0,

6% =49 I R (42)
SR+ (A (@) + p@)udliy) - for  [u3] <0.

Notably, the normal stiffness of the interfacial law, A(d) + 24(d),
depends on the sign of [ug]. In particular, when [ug] > 0, e.g., in the
presence of debonding, the normal stiffness vanishes at the critical
damage level

Ao + 24
2@+p)

+ =
crit *

(43)
Conversely, when [ug] <0, e.g., in the presence of contact, the normal
stiffness vanishes at
_ 3(d + 2fp)
crit * T _T'
Damage levels above and below these critical values are not admissible,
as the normal stiffness would become negative. Thus, the levels dcr i
identify full damage at debonding and at closure. Interestingly, if 4, >
—2fiy/3, then dt < d ., implying that the model allows full damage
to occur later in contact than under debonding. Such behavior is fully
consistent with the damage evolution observed at the bulk material
scale [3,42]. As observed for rocks and concrete, damage initiation
occurs at higher load levels and evolves more slowly under axial
compression than under axial tension. Under tensile loading, defects
are open regardless of their orientation. In contrast, under compres-
sive loading, some cracks, particularly those whose normal is nearly
aligned with the loading axis, tend to close. As a result, compression
produces a delayed and progressive damage evolution, since closed
cracks contribute less to damage mechanisms.
The tangential stiffness of the interfacial law vanishes at the same
critical damage level for both debonding and contact:
4 = Ho

crit &

(44)

(45)

This observation is again consistent with the assumptions under-
lying the adopted damage model. In particular, this refers to the
recovery condition associated with microcrack closure. The correspond-
ing restoration of elastic properties derives from the micromechanical
analysis of frictionless microcracks, following the same identification
procedure used for the parameters a and § (see Section 2.1). Within
this framework, a set of closed microcracks does not to contribute to
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the degradation of the elongation modulus along their normal direc-
tion, nor to the degradation of the volumetric modulus in any spatial
direction. As shown in [42], closed defects can only undergo frictionless
sliding; consequently, the shear modulus is unaffected by microcrack
closure and no stiffness recovery occurs in shear. Accordingly, the
tangential stiffness remains independent of the crack state, and thus,
of debonding and contact conditions.

Let us now consider the thermodynamic damage force F¢, expressed
in (19). By applying the change of coordinates, the scaling of the mate-
rial constants and assuming an asymptotic development F v = éﬁyl) +
Fg + o(e), the thermodynamic force at the lowest order of ¢, takes the
following expression in terms of the jump of the displacements:

1 ——( (0P + [wg1? )+(a+ﬂ)[u°]) for [u3]> 0.
EV= (46)
o (20O + 1Py + 211 for [ud]<0.

The constitutive coefficient of the adherents are assumed to be
independent of &, so that C¢ = C. Substituting the expansions of the
rescaled displacement and stress into the constitutive equations of the
adherents, we obtain the following relations:

50 = Ce°.

Finally, the damage evolution Egs. (22) can be rewritten at the
lowest order, taking into account the results obtained in the previous
sections. Indeed, considering the following scaling 128 = 5120 and 7#¢ = 7,
the resistance function takes the form: f%; = éfco(l + #d). Thus, we
obtain:

d=0 for f(FSV.ay=0, F(FV.a)<0,

d=0 for f(£\V, ) <0, (47)
A1)

d= { d A>+ >0 for fF(FCV. dy=0, FE, )=
kot d d

where f(£{7",d) 1= £ — ko(1 + 7).

Remark 1. The above scaling corresponds to the soft-interface model
considered in the present work. In particular, the linear dependence on
e of the undamaged Lamé coefficients, 28 and 4, which is typical of
soft-interface asymptotic regimes, naturally entails the same scaling for
the damage-related coefficients @ and /%, since these parameters enter
the adhesive constitutive law through the damaged elastic moduli.
This choice yields finite interfacial tractions and finite displacement
jumps at the leading order of the expansion. Moreover, since the
thermodynamic force associated with damage is quadratic in the strain,
the scaling kf = @ is required in order to obtain a non-trivial
damage crlterlon in the limit problem. Other scalings are possible and
would lead to different asymptotic regimes: stiffer layers would tend
to perfect-interface conditions at leading order, whereas softer layers
would lead to vanishing tractions or degenerate interface laws, unless
different load or displacement scalings were introduced.

5. Application of the interface damage model to a butt joint

In this Section, the interface damage model derived above is applied
to simulate the damaging behavior of the adhesive in a symmetric butt
joint under normal loading. Our aim is to investigate the macroscopic
force—displacement response and the damage evolution under hard and
soft loading devices.

The joint consists of two identical adherent blocks, @2, , with the
same L and height H,, in contact via the damaging interface model
described by Eqgs. (34), (42), (46) and (47). The composite structure
undergoes axial loading in the direction of the x;-axis, perpendicular
to the adhesive’s plane.

The two adherents are composed of the same isotropic and linear
elastic material, with engineering constants E, v. The adhesive’s thick-
ness is denoted h, so that the total height of the composite is H,,, =
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H, + H_ + h. Under a soft loading device, body forces are neglected
and uniform normal surface forces of intensity g; are applied to the
upper and lower bases of the composite. Under a hard loading device,
a relative normal displacement A along the x;-axis is applied to the
upper and lower bases of the composite, and ¢; are the corresponding
surface reaction forces.

In the two adherents, the stress tensor is assumed to take the simple
form

6 =q;(i; ®1y), (48)

where i; is the unit vector of the x;-axis. With this choice, the trans-
mission conditions (34) and the equilibrium Egs. (35) are identically
satisfied.

Let @, be taken to denote the displacement field in ©,. The con-
stitutive equations in £, and the compatibility conditions within the
adhesive require that

0,00 = <—%xa + [”;J ) i, + <"E3xg + %) i, (49)

where x € Q,, and [y], i = 1,2,3, are the displacement jumps across
the damaging interface S, modeling the damaging thin adhesive layer.

The macroscopic response of the composite is characterized by its
force—displacement response, P — A, where

A= o, g2 = W lgmmm—n2) 3 (50)

is the macroscopic normal displacement, and P is the macroscopic
normal force

P(t) = q3A, (51

where A is the bonding area. In view of Egs. (49) and (50), the jump [u5]
is linked to the force P and to the macroscopic normal displacement 4
as follows:
[us3]=4- thot' (2)
- EA

By substituting the expression of the stress in the adherents (48)
into (42), and using (34) and (52), we find that the in-plane jumps
across the interface vanish, [4,] = 0, = 1,2, and that the following
force-displacement relation holds:

_ x(d) EA
I+ x@) Hy

where

(53)

— Hnn i0 + 2/20 — Hrm ﬁ (54)

x(d) i=c —cyd, c: 7 T @ n B

in which ¢; > 0. The material parameter 7 has different values for
contact and debonding. It is defined as follows:

—@a+48 PHiy

p s @+p), A>—72, 55)
’ —24 A< PHio
3% = "Ea -

By definition, the function y(d) is positive only for d in [0, ¢, /c)).
Since the values of ¢, and d_,, are defined and positive, one has 7 > 0
and ¢, > 0. Using the definitions of ¢|, ¢, and 7, we can show that
¢)/c; = d=,, where + is associated with the first case and — with the
second case in Eq. (55). Since dfm are the critical damage levels for
debonding or contact at the interface, as defined in Egs. (43) and (44),
damage states with d > d*, are excluded from the damage evolution
of the adhesive interface.

Using (48), (42), (34) and (52), the driving force (46) takes the
following form:

N A p H, 2
EV=p(s-——2 56
¢ “'\hWTEAn 56)

In the next Subsections, the two cases of a hard and a soft loading
device are considered separately.
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5.1. Hard loading device

We now consider the behavior of the adhesive joint under an im-
posed normal displacement A. For the sake of simplicity, we set ﬁ;l) =
F,y for the hard device case. Substituting the force-displacement
relation (53) into the driving force expression (56), the latter takes the
form:

4 4\?
Tan = T3 r@p (i) ©7)

Depending on 4, different regimes may occur.

Proposition 5.1 (Elastic Regime). Consider the joint under hard de-
vice loading. Let the imposed macroscopic normal displacement A(t) be a
continuous function satisfying

A(t) € (=Ac, Ay) Vi €[0,TI, (58)

where the elastic limits under contraction A- and extension A are defined
as

3k, k
dc i=h(+ep\[=22  Ap i=h(l+e) s (59)

witha <0, <0 defined as in Section 2.1. Assume moreover that the
initial damage is null, i.e. d(0) = 0.

Then the damage criterion is never activated for any t € [0, T], implying
that the damage variable does not evolve:

dit)=0 Vvt € [0,T]. (60)

The corresponding macroscopic force—displacement response of the joint is
linear elastic and is given by
(4] EA

P =
® (1+¢) H,y

A(D). (61)

Proof. For d =0, the damage driving force (57) simplifies to

7 4y?
o s (3
M7 At \h
By definition, the two values A = —4, and 4 = A; are the unique

solutions to the equation 7, = k for = —2&/3 and § = —(& + f),
respectively. Therefore, the condition (58) is equivalent to ;5 < fco.
This implies that under the condition (58) the damage cannot evolve,
i.e.,, d = 0, and therefore d(tf) = 0. Substituting d = 0 into the
macroscopic equilibrium relation (53) gives the linear elastic response
(61). O

Remark 2. Proposition 5.1 shows that the elastic regime is independent
of the parameter # of the resistance function. Proposition 5.1 can be
extended to states with non-vanishing initial damage. Indeed, assume
that d(0) = d, € [0, dfm), where the plus sign applies under extension
(4 > 0) and the minus sign under contraction (4 < 0). If the imposed
normal displacement 4 satisfies the condition

A1) € (—Ac(dy), Ar(dy))

where the elastic thresholds A-(d) and 4;(dy) are defined as

3ko(1 + fid
Ac(dy) = h(l + ;((do))@’ ©3)

 ko(1 + dy)

a+p
then the damage criterion is never activated, and the damage variable
remains constant and equal to the initial value, i.e. d(t) = d, V¢ € [0, T].
This occurs because the values A.(dy) and 4;(d,) are the solutions of
the damage activation condition

vt € [0,T],

(64)

Ar(dy) = h(1 + y(dy))

FFau(4,dy), dy) =0,
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under the contraction and the extension of the joint, respectively. If the
value of 4 falls within these values, the macroscopic force-displacement
response of the joint is linear elastic and takes the form

(c; —cdy) EA

P@t) =
(I4+¢) —crdy) H,py,

A1), (65)

characterized by a stiffness reduced by the presence of the term c,d,,,
and depending on the initial damage. Since dZ, = ¢,/c,, this reduced
stiffness in any elastic loading-unloading path is always well-defined
for dy € [0,d% ).

crit

Eq. (65) can be interpreted as the elastic unloading-reloading path
law of the joint and is followed until damage activation. Once that the
threshold for damage activation is exceeded, damage initiates in the
adhesive, which further reduces the macroscopic stiffness of the joint.
Depending on the material parameters and the initial damage level, the
joint may exhibit a stable response or experience snap-back instability
in the A — d plane, as shown in the following proposition.

Proposition 5.2 (Damage Evolution and Snap-Back in Extension). Con-
sider the joint under hard device loading and assume that the imposed
macroscopic normal displacement A(t) is a monotonically increasing func-
tion of time. Let the initial damage be prescribed, d(0) = d,, € [0,d” ), and
assume that the elastic limit in extension, A;(d,), is exceeded.

Then the damaging equilibrium path A — d under hard device loading is
implicitly defined by the relation

Ad) = hyf M (+e —ed), del0d,), (66)

with = —(a@ + f). Let d,y, denote the stationary point of the equilibrium
path:

1/(1+c¢ 2
dypig :=§( o ' —5)- 67)

crit

Different situations may arise depending on the material parameters and
initial damage.

A. If 14 ¢ —3cydy > 0 and ¢; < 1/2 then the following three cases are
possible.

(A1) 7 < HL2+“1 (brittle failure). The equilibrium path is mono-

tomcally decreasing (unstable) for all d € (do,d:fm) At the
end of the elastic regime, i.e., after reaching A = A;(d,), the
damage suddenly jumps from d = d, to d},, where failure
occurs.

A2 —2_ <h<

I4+c)=3cpdy - 12

snap-back). The equilibrium path admits a local maximum at
dg, - After the elastic regime, damage evolves from d = d,, to
d = dg,y following the equilibrium path (66). After reaching
A = A(dgy), the damage suddenly jumps from d = dg,p to

d?t ., where failure occurs.
crit

(A.3) 7 262 (stable damage evolution). The equlllbrlum path is
monotonlcally increasing in the interval (dy,d},). After the
elastic regime, damage evolves continuously along the equi-
librium path (66) from d = d, until failure, occurring at
d=d*,

crit*

B. If 14¢;—3c,dy > 0 and ¢; = 1/2, then the following cases are possible:

2¢y
B i< 50

(B.2) i > HL (stable damage evolution followed by snap-

back), as in case A.2. In this case, dy,y < d, for every

n.

(brittle failure), as in case A.1.

C. If 14¢;—3¢c,dy > 0 and ¢; > 1/2, then the following cases are possible:

(CD) 0<h<—22

S Tmoon (brittle failure), as in the case A.1.
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(Cc.2) 4 > H# (stable damage evolution followed by snap-

back), as in the case A.2.

D. If 1 + ¢ — 3cydy < 0 (brittle failure), then case A.1 occurs for any
> 0.

Proof. After damage initiation, the evolution of the adhesive is gov-
erned by the third case of the consistency conditions (47). From the
expression of the damage driving force under hard device loading (57),
the first condition £ (Fyp-d) = 0 yields the relation (66), which defines
the damaging equilibrium path. Once A(d) is explicitly characterized,
the second relation f(F,,d) = 0 is automatically satisfied.

By differentiating A(d) with respect to d, we obtain

! IA‘O
Ad) = —
7 +4d)
Imposing 4'(d) = 0 yields the unique critical point d,;; defined in (67),
which corresponds to a local maximum, since ¢, > 0. The stability of
the system at damage initiation depends on the sign of 4’(d,). We now
distinguish the different cases.
First, assume that 1 + ¢; — 3¢,dy > 0 and ¢; < 1/2, corresponding to
case A.

(ﬁ(l +¢; —3ed) — 2c2). (68)

N 2¢o
(A1) IfO < 7 < m,

then dy,; < d,, implying that 4’'(dy) < 0.
This means that the system is in an unstable state at the end of
the elastic regime. After increasing 4, a snap-back occurs immedi-
ately: damage discontinuously increases from d, to d = d}, and
the adhesive fails. Correspondingly, the force-displacement curve
of the joint exhibits a sudden drop to P =0.

A2 If 2 < i < 22 < dgy < dt,,
that A’(do) > 0. After the end of the elastic regime, damage
evolves along the ascending branch of the equilibrium path (66)
starting from d = d;, up to its local maximum d = d,j. At this
point 4’(d,,) = 0 and further increments of 4 make the damage
suddenly jumps from d,y to d, . The latter value corresponds
to the total damage of the adhesive, and correspondingly the
macroscopic force P drops to zero.

< dgy, implying that 4’(d) > 0 for all

implying

(A.3)

2¢ +
-2 it
d € [dy,d}, ,) Damage evolves continuously along the equilibrium
path from d = dj up to d = d}_, the limit corresponding to full
adhesive damage. The force-displacement response of the joint
exhibits a smooth stiffness reduction until P = 0.

Next, assume that 1 + ¢; —3c,dy > 0 and ¢; =
case B.

1/2, corresponding to

~ 2¢y
BN If4< I+c;—3cpdy’

then dy,; < d,, implying that 4’(dy) < 0. As in
case A.1, the system is unstable at the end of the elastic regime
and brittle failure occurs immediately.

(B.2) If 7 > ﬁ, then dy < dg,y < d},,, implying that 4'(dy) > 0.
Damage first evolves along the stable branch of the equilibrium
path (66) from d = d;, to d = d;y;. At this point, 4'(dy,y) = 0, and
further increments of A lead to snap-back, with a sudden jump

from d,p to d, .
Next, assume that 1 + ¢; — 3c,dy > 0 and ¢; > 1/2, corresponding to
case C.

2cy

CDHDIf0o<h < m, then dg,y < d, for 4 < Tre —3ad and case
A.1 occurs, i.e. the behavior is brittle.
(Cc2) 1f i > 29 then d,,p; is always smaller that 4, and case

I+c;=3cpdy’
A.2 occurs, i.e. the damaging behavior is initially stable followed
by snap-back.

Lastly, considering case D, if 1 + ¢; — 3¢,d, < 0, then dyy < d,
for any positive value of the hardening parameter 7. Case A.l always
occurs, and the joint behavior is always brittle. []
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Fig. 2 illustrates schematically the three subcases A.1, A.2, and A.3
analyzed in case A of Proposition 5.2. On the left side, the equilibrium
path in the A — d plane is shown. The green line corresponds to the
elastic regime, the red line to stable damage evolution, and the magenta
line to a non-equilibrium path characterized by a snap-back instability,
indicated by an arrow. The right side shows the resulting macroscopic
force-displacement response.

An analogous analysis can be performed under contraction, i.e., for
A < 0. In this case, the equilibrium path under hard device loading
is again given by (66), with a minus sign in front of & to indicate
contraction, and 7 = -2&/3. The existence of a snap-back is now
governed by the condition d,; < d_,. Since the damage value at
which snap-back occurs, dy,;;, depends on 7 via c,, its value generally
differs between the extension and contraction loading regimes. Since
¢, is typically larger under extension, snap-back is more likely to occur
under extension than under contraction.

Finally, we note that the damage variable d is introduced as a
geometrical density parameter that describes the microstructural state
of the interface. Therefore, damage is considered here to be generated
not only by the mechanical loading history, but also by defects arising
from manufacturing processes, thermal loads or chemical processes.
This implies that the initial value d, is not required to be reachable
through a continuous damage evolution starting from an undamaged
state. In particular, damage values with d, > d,, are admissible
as initial configurations, even though such states cannot be realized
through a stable loading path under hard device conditions. We em-
phasize that the condition 4’(d;) > 0 is necessary for the existence of a
continuous post-elastic damage evolution, but not for the existence of
a mechanical response. When this condition is violated, as in the case
A.1 of Proposition 5.2, the joint exhibits an elastic response up to the
activation threshold, followed by an immediate failure.

5.2. Soft loading device

We now consider the response of the joint under soft device loading,
where the macroscopic normal force P is prescribed and the displace-
ment 4 is calculated using Eq. (53). Let us set 13";_” 1= F,g for the soft
device case. Substituting the force-displacement relation (53) into the
driving force expression (56), we obtain:

o172
P H, (i)z

Fc=
57 > \EA

The occurrence of the snap-back is different from the hard device
case. Here, the instability is observed in the P-d plane.

The elastic regime is identical under hard and soft device loading,
so Proposition 5.1 and its extension to the case of non-vanishing initial
damage, d(0) = d, € [0, a':m), still holds. The macroscopic force—
displacement response of the joint is linear elastic and given again
by (61). In terms of applied force, the elastic regime starting from
vanishing damage corresponds to P(t) € (—Pc(d,), Pr(d,)), where

ci—cdy EA
Po(dy) 1= ——20_ =2 A (dy),
e (o) L+c¢y —crdy Hyy c(@)
¢ — ¢yd, EA
Pr(dy) 1= ——20 Ar(dp). (69)

1+¢| —cydy H,,

Proposition 5.3 (Damage Evolution and Snap-Back in Traction). Consider
the joint under soft device loading, where the macroscopic normal force P(t)
is positive and prescribed. Let the initial damage be prescribed, d(0) = d,, €
[0, dm 1), and assume that the applied force is greater than Pr(d,), the elastic
limit corresponding to damage initiation.

Then the damaging equilibrium path P — d under soft device loading is
implicitly defined by the relation

EAn _[ko(1 +7d)
P(d) = L (e —ed),  d €[dg.d],). (70)
H,, Y !
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Let d ;¢ denote the stationary point of the equilibrium path:

dsbs=%<c—l—%>~ (71)

& N
Different situations may arise depending on the material parameters and
initial damage.

(A) If ¢; — 3cydyy > 0, then the following two cases are possible.

ADO < h < ﬁ
monotonically decreasmg for all d € (dy,d}, ). At the end of
the elastic regime, i.e., after reaching P = Pp(d,), the damage
suddenly Jjumps from d = d, to d,, where failure occurs.

(A2) 7> - (stable damage evolution followed by snap-back).

(brittle failure). The equllibnum path is

3c dy
The equzllbnum path admits a local maximum at d,g. After
the elastic regime, damage evolves along the equilibrium path
(70) from d = d, to d = d,g. After reaching P = P(d,s), the
damage suddenly jumps from d = d g to d7.. , corresponding
to the adhesive failure.

(B) If ¢; —3c¢ydy <0, then case A.1 above occurs for any # > 0.

Proof. After damage initiation, the evolution follows the third case of
the consistency condition in (47). Using the expression of the driving
force under soft device loading, the condition f(F,g,d) = 0 yields the
relation (70), which defines the damaging equilibrium path. The second
condition fi (Fys.d) = 0 is then automatically satisfied.

By differentiating P(d) with respect to d, we obtain

IAC A
EAh‘/T" — (e —eyd) -1 +7d ). (72)
Ho V7 \2+/1+7d

Imposing P'(d) = 0 gives the critical point d ¢ defined in (71),
corresponding to a local maximum since ¢, > 0. We now distinguish
the different cases.

First, let us consider case A, with ¢; — 3¢,d, > 0.

P'(d)=

(A1) If0<;1<

3 ot then d,,¢ < d,, implying that P’(d,) < 0. The

equilibrium path is not accessible from the initial state under soft
device loading. Consequently, after increasing P, a brittle failure
occurs immediately: damage discontinuously increases from d,, to
d= dcm, the limit of full adhesive damage.

(A2) If i > - then dg, ¢ > d,), implying that P’(dy) > 0. After the

3 2dg’
end of the elastic regime, damage evolves along the ascending
branch of the equilibrium path (70) starting from d = d,, up to its
local maximum d = d,g. At this point P/(dg) = 0 and further
increments of P lead to instability, with a sudden jump from d ;¢

to d* , corresponding to failure.
crit

For case B, if ¢; —3c,d, <0, then d ;¢ < d,, for any positive value of
the parameter # > 0. Hence case A.1 always occurs. The joint is always
unstable at the end of the elastic regime, resulting in brittle failure. []

Comparison of (67) and (71) shows that d,g < d, 5. Therefore, for
the same material parameters ¢, ¢, and #, a snap-back is more likely
to occur under soft device loading than under hard device loading.
In other words, the system may exhibit a snap-back in the P — d
plane under soft device loading even when the response in the 4 — d
plane under hard device loading is a stable damage evolution along the
equilibrium path (66).

Moreover, unlike the hard device case, a fully stable evolution up
to failure analogous to the third case of Proposition 5.2 is impossible
under soft device loading. This is because d ;g is always less than a7
for any #. So, if dy < d,;s, then the force P(d) always reaches the local
maximum, from which a snap-back occurs.

An analogous analysis can be performed under compression, i.e. for
P < 0. In this case, the equilibrium path under soft device loading is
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Case A - d diagram P-A diagram
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Fig. 2. Schematic representation of subcases A.1, A.2, and A.3 of Proposition 5.2. Green denotes the elastic regime, red the stable damage evolution, and magenta
the snap-back instability. Left: A —d equilibrium path. Right: macroscopic force-displacement response. Arrows indicated snap-back instability. The cross denotes
complete damage. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

again given by (70), with a minus sign in front of EAh/H,,, to indicate
compression, and 7 —2a/3. The existence of a snap-back is now
governed by the position of d, ¢ relative to the initial damage, d,, and
the compressive failure limit, d_

crit®
5.3. Numerical simulations

To investigate the nonlinear response of the adhesive butt joint, we
implemented our theoretical results in MATLAB [49]. First, we show
that our model can successfully reproduce experimental data [50].
Next, we apply the model to illustrate the stability conditions and
snap-back phenomena discussed in Proposition 5.2.

5.3.1. Experimental validation and numerical results for the soft loading
device

To assess the physical plausibility of the interface model, we com-
pare its predictions with the experimental data for axially loaded
adhesive butt joints reported by Adams and Coppendale in [50]. These
authors analyzed butt joints composed of EN 25 steel adherents and
BSL 308A film adhesive. The tests were conducted quasi-statically by
recording the extensometer reading between increments of applied
load. This experimental setup corresponds to a soft loading device. To
compare with our simulations, we digitized the experimental stress—
strain data from the published results using the web based software
WebPlotDigitizer [51].
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The geometrical and initial material properties of the adherents and
the adhesive used in the simulation are listed in Table 1. The damage
parameters k, and 7 were chosen to match the nonlinear softening
branch of the experimental tensile curve. The initial damage is set to
zero, i.e., dy = 0.

In the left side of Fig. 3, the stress—strain response predicted by the
model, represented by the continuous and dashed lines, is compared
with the experimental data points, marked with crosses. The model
exhibits excellent agreement with the experimental observations both
in traction and compression. In tension, the model captures the tran-
sition from linear elasticity (green line) to the softening response (red
line), and it reproduces the progressive stiffness degradation observed
in the experiment. In compression, the model matches the experimental
stiffness. However, the numerical prediction extends to significantly
higher stress levels than the experimental data. This is consistent with
the experimental procedure reported in [50], where it is reported that
the specimens were first loaded in compression without reaching fail-
ure, to allow for subsequent testing in tension. The damage evolution
is shown on the right side Fig. 3. The model predicts that at the
maximum compressive stress of 340 MPa reached in the experiment,
the damage variable reaches a value of d ~ 0.04. This indicates that,
although the damage threshold was slightly exceeded, the resulting
material degradation was minimal (4%). Our numerical prediction of
the damage is consistent with the experimental procedure, in which
the specimen was first loaded in compression to a stress of 340 MPa
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Table 1
Geometrical and material parameters used in the numerical simulations.
Quantity Symbol Value Unit
Total height H,, 24.50* mm
Geometry Adhesive’s thickness h 0.39" mm
Bonded section area A 641¢ mm?
Young’s modulus E 2104 GPa
Adberents Poisson’s ratio v 0.30¢ -
Undamaged Young’s modulus E, 3.31¢ GPa
Undamaged Shear modulus Ao 1.20¢ GPa
; i f
Adhesive Damage resistance ,fo 0.70 ) MPa
Damage parameter il See note? -
Damage parameter & -1510.34 MPa
Damage parameter I -13875.02 MPa

2 Gauge length, as reported in [50].

b Total adhesive thickness, as reported in [50].

¢ Calculated from reported inner (36 mm) and outer (46 mm) diameters [50].
4 Assumed value for EN25 steel.
¢ Values reported in [52].

f Value chosen to give a good qualitative fit to the experimental data, cf. Section 5.3.2.
8 Under soft loading device, value chosen for good qualitative fit: 4 = 80 (Fig. 3), cf.
Section 5.3.2. Under hard loading device, /4 = 0.4 (Fig. 5), 4 = 4.0 (Fig. 6), # = 40.0

(Fig. 7).

and, since no apparent damage was caused by the compression test,
the specimen was subsequently loaded to failure in tension [50].

Finally, note that, given the chosen geometrical and material pa-
rameters, the model predicts a stable damage evolution (red and blue
curves) followed by snap-back (magenta and cyan lines), in both trac-
tion and compression.

5.3.2. Parameter assignment and robustness

The parameters of the interface model have different origins. The
geometric parameters of the joint are taken from the experimental
configuration [50]. The elasticity properties of the adherents are stan-
dard values for the considered materials. The undamaged elasticity
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constants of the adhesive, Eo and j,, are obtained from [52]. The
damage parameters & and f are computed from the micromechanical
relations (12), and therefore they inherit the interpretation associated
with the opening and closure of microcracks.

The remaining parameters of the interfacial damage law are the
damage resistance k, and the damage parameter 4. These parameters
govern different aspects of the damage process. The parameter k,
represents the initial resistance to damage and therefore affects the
onset of damage. The parameter # controls the damage evolution and
the position of the stationary points of the equilibrium paths, d;—'b. In the
present application, these two parameters were calibrated by matching
the nonlinear part of the tensile response of the experimental test, while
keeping the other geometric and material parameters fixed.

A sensitivity analysis was carried out under soft loading conditions
to assess the robustness of the predictions with respect to the calibrated
values. Starting from the reference values listed in Table 1, k, and #
were varied independently by +30%. Fig. 4 shows the resulting eight
responses compared with the reference response.

The stress—strain response appears robust with respect to the con-
sidered variations of both k, and # over the strain range covered by
experimental data. Indeed, in this range all the perturbed curves remain
close to the reference case and exhibit the same qualitative behavior.
The same conclusion applies to the tensile part of the stress—damage
response, where only minor variations are evident.

Large differences emerge in the compression part of the stress—
damage response, even though the overall structure of the response
is preserved in all cases. As expected from its role in the resistance
function, the stable damage evolution branches becomes wider for
larger values of 7. The stress plateau reached at snap-back is also
sensitive to changes in both parameters, with larger values generally
associated with higher plateau levels in absolute value.

The asterisks in Fig. 4 mark the stationary points d, for the different
sensitivity cases. The maximum relative variation with respect to the
reference case is approximately 6.1% for d;; and only 0.35% for d;.
Overall, the results of the sensitivity analysis demonstrate that the main
predictions of the model are robust with respect to moderate variations
of the two calibrated parameters, ]}0 and 7.
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5.3.3. Numerical results for the hard loading device

To investigate the stability conditions and snap-back phenomena
predicted by Proposition 5.2 under the hard loading device, numerical
simulations were performed by varying the parameter #, while keeping
the geometric and remaining material parameters fixed, as listed in Ta-
ble 1. For those values, we find that the parameter ¢, is approximately
1.91. The corresponding values of the parameter ¢, are 0.62 and 9.54
for extension and contraction, respectively. These values explain why
the conditions for snap-back differ between extension and contraction.
Since ¢; > 1/2, we fall into case C of Proposition 5.2, so that only
two regimes are possible, depending on #: elastic behavior followed by
snap-back (case C.1, corresponding to case A.1), and damage evolution
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followed by snap-back (case C.2, corresponding to case A.2). Three
distinct cases were simulated, corresponding to the following values of
i1 : 0.4,4.0 and 40.0.

The results of the simulations are presented in Figs. 5-7 in terms of
the macroscopic force-displacement response of the joint. This repre-
sentation is preferred over the adhesive stress—strain response because
the snap-back is clearly visualized in the P — A plane as a vertical
drop in the force at a fixed displacement. First, consider the case with
/1 = 0.4. With this low value, the joint exhibits a brittle behavior during
both extension and contraction, as shown in Fig. 5. This corresponds to
the case A.1 of Proposition 5.2, where the condition dy,; < 0 = d,

is satisfied. Thus, at the end of the elastic regime (green line), the
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damage suddenly jumps from d 0 to the failure threshold d*,
(magenta line in extension, cyan line in contraction). Correspondingly,
the force-displacement curve of the joint drops to zero force.

Fig. 6 illustrates an intermediate case with 4 = 4.0. Here, the re-
sponse is brittle in extension (magenta line), as in case A.1, but damage
evolves in a stable way (blue curve) followed by snap-back (cyan line)
in contraction, as in case A.2. This occurs because in extension the
condition for the brittle regime is met, d:_; u <0, while in contraction,
the condition for stable initiation is satisfied, d,y =129 >0. This
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(For interpretation of the references to color in this figure

behavior is due to the different values taken by the parameter ¢, in
traction and in compression, which in turn is related, via 7, to the
microcrack-induced asymmetry at the basis of the damage model.
Finally, for a sufficiently high hardening parameter, # = 40.0, after
the elastic regime (green line), the damage evolution is initially stable
under both extension and contraction, as in case A.2. This behavior is
shown in Fig. 7. The joint follows the stable branch of the equilibrium
path (red curve in tension, blue in contraction) until the displacement
reaches the local maximum A(d,,;). Beyond this point, equilibrium
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cannot be maintained under displacement control, the adhesive fails
and the force drops to zero.

6. Conclusions

In this work, the mechanical behavior of thin adhesive layers
exhibiting tension-compression asymmetry has been investigated by
adopting a strain-based isotropic damage model with unilateral effects
within a thermodynamically consistent framework.

A novel interface model, including the corresponding damage evo-
lution, has been formally derived through the asymptotic expansions
method. The resulting formulation is able to capture stiffness degrada-
tion under tensile loading together with partial stiffness recovery under
compression, consistently reflecting the microcrack opening—closure
mechanisms. This provides a clear link between the micromechanical
interpretation of damage and the macroscopic response of bonded
structures. From a modeling perspective, the proposed approach offers
a consistent and physically grounded alternative to standard cohesive
interface models, whose parameters are often only phenomenologically
defined.

The range of validity of the proposed interface law is restricted to
sufficiently thin adhesive layers, smooth and macroscopically homoge-
neous interfaces. For relatively thick adhesive layers, the zero-th order
interface law may no longer be sufficient, and higher-order terms in
the asymptotic expansion should be retained. Rough or heterogeneous
interfaces, pronounced through-thickness stress or strain gradients,
localized edge effects, or abrupt spatial variations along the interface
may instead require an enrichment of the initial three-dimensional
model. Such effects could be incorporated, for instance, by accounting
explicitly for surface roughness, local thickness variations, or interfacial
heterogeneities (see e.g. [37]), or by adopting generalized continuum
theories, such as strain gradient or micropolar elasticity (see e.g. [53]).

The application to a uniaxial test on a butt joint has highlighted
the relevance of unilateral effects in governing the global mechanical
behavior. The numerical results show that the tension-compression
asymmetry significantly influences both the evolution of damage and
the force-displacement response, leading to markedly different behav-
iors under tensile and compressive regimes. In particular, the model
reproduces distinct stiffness characteristics and activation thresholds
for damage, which cannot be captured by classical symmetric formula-
tions. Indeed, the analytical results established in Propositions 5.1 and
5.2 for a hard loading device and Proposition 5.3 for a soft loading de-
vice, clarify the qualitative properties of the solution, highlighting the
conditions under which different mechanical global responses occur,
namely elastic regime, damage evolutions with softening and snap-back
instabilities in extension and contraction.

The validation presented in this work, although limited to a uniaxial
butt joint configuration, was intended as a first controlled benchmark
for assessing the consistency of the proposed interface formulation. This
configuration was selected because it allows the effects of unilateral
damage to be examined separately from additional complexities related
to geometry, mixed-mode interaction, or non-proportional loading.
In this setting, the model is able to highlight the role of tension—
compression asymmetry in the activation of damage, the degradation
or recovery of stiffness, and the occurrence of unstable post-peak
responses. Nevertheless, broader validation is still required to evaluate
the predictive capabilities of the model in more general applications.
Future developments will therefore focus on mixed-mode loading con-
ditions, more complex bonded joint geometries, and cyclic or non-
proportional loading paths, where the coupling between normal and
tangential displacement jumps is expected to play a significant role.
The incorporation of rate-dependent effects, such as viscoelasticity, and
a more detailed analysis of stability and post-critical behavior also
represent important directions for further research.
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