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ABSTRACT

Cluster strong lensing cosmography is a promising probe of the background geometry of the Universe and several studies have
emerged thanks to the increased quality of observations using space- and ground-based telescopes. For the first time, we used a
sample of five cluster strong lenses to measure the values of cosmological parameters and combine them with those from classical
probes. In order to assess the degeneracies and the effectiveness of strong-lensing cosmography in constraining the background
geometry of the Universe, we adopted four cosmological scenarios. We found good constraining power on the total matter density of
the Universe (Ωm) and the equation of state of the dark energy parameter w. For a flat wCDM cosmology, we found Ωm = 0.30+0.09

−0.11 and
w = −1.12+0.17

−0.32 from strong lensing only. Interestingly, we show that the constraints from the cosmic microwave background (CMB)
are improved by factors of 2.5 and 4.0 on Ωm and w, respectively, when combined with our posterior distributions in this cosmological
model. In a scenario where the equation of state of dark energy evolves with redshift, the strong lensing constraints are compatible
with a cosmological constant (i.e. w = −1). In a curved cosmology, our strong lensing analyses can accommodate a large range of
values for the curvature of the Universe of Ωk = 0.28+0.16

−0.21. In all cosmological scenarios, we show that our strong lensing constraints
are complementary and in good agreement with measurements from the CMB, baryon acoustic oscillations, and Type Ia supernovae.
Our results show that cluster strong lensing cosmography is a potentially powerful probe to be included in the cosmological analyses
of future surveys.

Key words. cosmology: observations – cosmological parameters – dark energy – gravitational lensing: strong –
galaxies: clusters: general

1. Introduction

Cosmological observations suggest that the Universe is mostly
composed of somewhat unconventional components whose
nature is still not fully understood. Observations of the cosmic
microwave background (CMB, Smoot et al. 1992; Hinshaw et al.
2013; Planck Collaboration VI 2020), baryon acoustic oscilla-
tions (BAO, Efstathiou et al. 2002; Eisenstein et al. 2005; DES
Collaboration 2021), and Type Ia supernovae (SNe, Riess et al.
1998; Perlmutter et al. 1999; Astier et al. 2006; Scolnic et al.
2018) indicate that the evolution of the Universe at large scales
(>1 Mpc) is well described by the concordance Λ cold dark mat-
ter (ΛCDM) model. These ‘classical’ probes converge to a sce-
nario where baryonic and CDM accounts for ≈30% of the energy
density of the Universe. The remaining ≈70% is composed of
dark energy associated with the cosmological constant Λ, and
the Universe geometry must be very close to flat, that is with a
vanishing curvature (Ωk ≈ 0).

? Cosmological parameters posterior distributions are only avail-
able at the CDS via anonymous ftp to cdsarc.u-strasbg.fr
(130.79.128.5) or via http://cdsarc.u-strasbg.fr/viz-bin/
cat/J/A+A/657/A83

However, deviations from these values and different models
describing the dark energy can be accommodated by the current
data, see for example Motta et al. (2021) for a recent review.
Moreover, at smaller scales, the flat ΛCDM model has difficul-
ties to explain some properties related to structure formation,
for instance the sub-halo population in galaxy clusters (Grillo
et al. 2015; Carlsten et al. 2020; Meneghetti et al. 2020) and
the inner slope of dark matter halos (Sand et al. 2004; Gnedin
et al. 2004, 2011; Newman et al. 2011, 2013a,b; Martizzi et al.
2012; Schaller et al. 2015), when comparing simulations with
observations. These issues motivate further tests on the ΛCDM
model, both at small and large scales, and they play an essen-
tial role in the concept and design of cosmological observations
and projects, such as the Baryon Oscillation Spectroscopic Sur-
vey (Dawson et al. 2013), the Dark Energy Survey (Abbott et al.
2018; DES Collaboration 2021; Porredon et al. 2021), the Kilo-
Degree Survey (van Uitert et al. 2018; Joudaki et al. 2018), and
the Planck satellite (Planck Collaboration VI 2020), to mention
a few.

Strong gravitational lensing, among many other appli-
cations in astrophysics (see e.g. Schneider et al. 1992; Kneib
& Natarajan 2011), can also be used to probe the background
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geometry of the Universe. On galaxy scales, significant progress
has been made in the last decade in order to increase the accu-
racy of lens modelling and thus to obtain precise measurements
of some relevant cosmological parameters (see e.g. Suyu et al.
2010; Chen et al. 2019; Wong et al. 2020; Shajib et al. 2020;
Birrer et al. 2020). In these systems, the primary sensitivity
is on the Hubble constant from the measurements of time delays
between multiple images of the same source, especially of
strongly lensed quasars (e.g. Fassnacht et al. 2002; Courbin et al.
2018; Millon et al. 2020a,b). Although measurements of the val-
ues of Ωm and Ωk are also possible when the lens galaxy dynami-
cal data are available (Grillo et al. 2008; Cao et al. 2012) or when
two or more sources at different redshifts are multiply lensed
(Collett & Auger 2014; Smith & Collett 2021), they are either
observationally expensive or rare and they are prone to intrinsic
mass-sheet degeneracies because of the small number of multi-
ply lensed sources (Schneider 2014).

In contrast, massive galaxy clusters can generate dozens of
multiple images from sources in a large interval of redshifts.
Because of that, they are excellent systems to probe Ωm, Ωk,
and also the equation of state parameter w of the dark energy.
Cluster strong lensing cosmography has been discussed in the
past (Blandford & Narayan 1992); however, it requires high-
quality data, more specifically, high-resolution imaging and deep
spectroscopy to identify and measure redshifts of a large num-
ber of multiple images. The possibility of constraining cos-
mological parameters with this methodology was explored in
more detail in subsequent works using simulated data (Link
& Pierce 1998; Golse et al. 2002; Gilmore & Natarajan 2009;
D’Aloisio & Natarajan 2011). It was only with the combi-
nation of imaging with the Hubble Space Telescope (HST)
and extensive spectroscopy from different instruments in the
field of the galaxy cluster Abell 1689 that the first competitive
cosmological constraints were obtained in Jullo et al. (2010).
Moreover, a collection of models of dark energy with differ-
ent equations of state was studied using the constraints from
Abell 1689 (Magaña et al. 2015, 2018). Later, with the deploy-
ment of the Multi Unit Spectroscopic Explorer (MUSE; Bacon
et al. 2014) at the Very Large Telescope (VLT), the num-
ber of spectroscopically confirmed multiple images in clusters
has increased significantly (see e.g. Richard et al. 2015; Grillo
et al. 2016; Caminha et al. 2017a). Based on MUSE spec-
troscopy and HST data, in Caminha et al. (2016a) we have shown
that the combination of a regular total mass distribution and a
large number of multiple images with redshifts in the range of
zsrc = [0.7−6.1] makes the cluster Abell S1063 an excellent sys-
tem for cluster strong lensing cosmography. Finally, in Grillo
et al. (2018, 2020), a similarly high-precision lens model of
MACS J1149, which is one of the very few galaxy clusters with
measured time delays between the multiple images of a time-
varying source, was used to measure the values of the Hubble
constant, Ωm and ΩΛ.

Although the number of galaxy clusters with accurate strong
lensing models has increased in recent years, a combined cos-
mographical analysis using a cluster sample has not been car-
ried out yet. In addition to improving the figure of merit, the
combination of different clusters is important to mitigate pos-
sible systematic effects that might affect the individual strong-
lensing models in different ways, for instance, line-of-sight per-
turbers, intrinsic degeneracies in the models that depend on the
cluster redshift and distribution of background sources, mass
components external to the cluster cores, etc. In this work,
we use a sample of five clusters, acting as strong lenses, with
deep spectroscopy from MUSE and HST photometry from the

Cluster Lensing And Supernova survey with Hubble (CLASH;
Postman et al. 2012) with well studied lens models in the lit-
erature, including Abell S1063 that also belongs to the Hubble
Frontier Fields (HFF; Lotz et al. 2017).

This paper is structured as follows. In Sect. 2 we present our
cluster sample and some aspects of strong lens modelling. The
methodology and the cosmological constraints from the lensing
analyses are shown in Sect. 3, and the combination with other
probes is explored in Sect. 4. Finally, in Sect. 5 we summarise
our results and discuss future developments of this work.

2. Cluster sample and strong lensing models

In this work, we use clusters with strong lensing models based
on extensive HST photometry and deep spectroscopy, mainly
from VLT/MUSE. They are the CLASH ‘gold sample’ presented
in Caminha et al. (2019), consisting of the clusters RX J2129,
MACS J1931, MACS J0329, and MACS J2129. We have also
included the HFF target Abell S1063, which has been shown
to be a very efficient cluster for cosmography, given its com-
bination of regular mass distribution and the high number of
strong lensing constraints (see e.g. Caminha et al. 2016a). This
sample of clusters has a redshift range of zlens ≈ [0.23−0.59]
with a large number of multiple images. Thanks to dedicated
spectroscopic follow-ups (Belli et al. 2013; Rosati et al. 2014;
Caminha et al. 2016a,b, 2019; Huang et al. 2016; Karman et al.
2017; Monna et al. 2017), many multiple images have spec-
troscopic confirmation in the range zsrc ≈ [0.7−6.9], thus pro-
viding exceptional constraints to the strong lensing models. As
pointed out by D’Aloisio & Natarajan (2011) and Acebron et al.
(2017), this large redshift range is particularly important to
reduce the biases and intrinsic degeneracies on the cosmolog-
ical constraints obtained from strong lensing analyses, which
we describe in Sect. 3. In our models, we use only families of
multiple images with spectroscopic confirmation in order not
to include any additional free parameter (i.e. the background
source redshift) and to ensure we have not misidentified multiple
images.

We modelled the mass distribution of our cluster sample
using a superposition of parametric profiles. In detail, the clus-
ter scale components were parameterised by pseudo-isothermal
elliptical mass distributions (PIEMD, Kassiola & Kovner 1993).
We also tested the Navarro-Frenk-White model (NFW, Navarro
et al. 1996, 1997) to describe the cluster scale mass distribu-
tion, however these models are less accurate in predicting the
multiple image positions in comparison to PIEMD models. In
Appendix A, we discuss the best fit models using the NFW
profile. The cluster members were modelled by dual pseudo-
isothermal mass distributions with a vanishing core radius
(Elíasdóttir et al. 2007; Suyu & Halkola 2010), and they follow
a constant total mass-to-light ratio to reduce the number of free
parameters. For more details on the observational data and the
mass modelling of the cluster sample used in this paper, we refer
readers to the works of Caminha et al. (2016a, 2019).

In Table 1, we list the degree of freedom (d.o.f. ≡ number
of constraints – number of free parameters) and the number of
free parameters (Nfree) for each cluster and the different cosmo-
logical models we consider in this work. Moreover, we also pro-
vide the root mean square (rms) of the differences between the
model predicted and observed positions of the multiple images,
and the reduced image-plane χ2. The models with fixed cosmol-
ogy have from eight to 16 free parameters, a number that is rel-
atively simple to sample with commonly used MCMC codes,
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Table 1. Summary of the different strong lensing models.

Model ID d.o.f. Nfree rms [′′] χ2/d.o.f.
Cluster RX J2129
zcluster = 0.234, Nsrc = 7, zsrc = [0.68−3.43]

R2129 fixed 22 8 0.20 0.15
R2129 Ωm 21 9 0.19 0.15
R2129 Ωm, w 20 10 0.19 0.16
R2129 Ωm,Ωk 20 10 0.19 0.15
R2129 Ωm, w0, wa 19 11 0.19 0.16
Cluster Abell S1063
zcluster = 0.348, Nsrc = 20, zsrc = [0.73−6.11]
A1063 fixed 56 14 0.37 0.53
A1063 Ωm 55 15 0.36 0.53
A1063 Ωm, w 54 16 0.36 0.54
A1063 Ωm,Ωk 54 16 0.36 0.54
A1063 Ωm, w0, wa 53 17 0.36 0.54
MACS J1931
zcluster = 0.352, Nsrc = 7, zsrc = [1.18−5.34]
M1931 fixed 12 12 0.38 0.91
M1931 Ωm 11 13 0.37 0.96
M1931 Ωm, w 10 14 0.37 1.05
M1931 Ωm,Ωk 10 14 0.38 1.07
M1931 Ωm, w0, wa 9 15 0.35 1.06
MACS J0329
zcluster = 0.450, Nsrc = 9, zsrc = [1.31−6.17]
M0329 fixed 12 16 0.24 0.43
M0329 Ωm 11 17 0.23 0.46
M0329 Ωm, w 10 18 0.21 0.40
M0329 Ωm,Ωk 10 18 0.23 0.50
M0329 Ωm, w0, wa 9 19 0.21 0.44
MACS J2129
zcluster = 0.587, Nsrc = 11, zsrc = [1.05−6.85]
M2129 fixed 40 14 0.56 1.18
M2129 Ωm 39 15 0.56 1.20
M2129 Ωm, w 38 16 0.55 1.19
M2129 Ωm,Ωk 38 16 0.55 1.23
M2129 Ωm, w0, wa 37 17 0.55 1.31

Notes. The columns are the cluster model ID (including the cluster
name and the cosmological model), the degrees of freedom (d.o.f.), the
number of free parameters (Nfree), the root mean square (rms) of the
differences between the observed and model predicted image positions,
and the image position χ2 per d.o.f. (i.e., the reduced χ2) for positional
uncertainties of 0′′.5. For the cosmological model specified in the first
column, the listed cosmological parameters indicate the parameters that
are allowed to vary. For each cluster we also quote the redshift (zcluster),
the number of multiply lensed sources (Nsrc) and their redshift range
(zsrc). The models with fixed cosmology assume a flat-ΛCDM scenario
with Ωm = 0.3.

for instance the bayeSys algorithm1 implemented in the lenstool
software that we use (Kneib et al. 1996; Jullo et al. 2007; Jullo
& Kneib 2009). We note that in some models, the presence of a
second dark matter halo is favoured by the best-fitting models.
However, these secondary components are located outside the
strong lensing region, that is at projected distances from the clus-
ter centre larger than &200 kpc, acting as perturbers and they are
not the main contributors for the formation of multiple images
used in this work.

1 http://www.inference.org.uk/bayesys/

Clusters with more complex total mass distributions, for
instance merging systems or cases with prominent perturbers
along the line-of-sight at different redshifts, demand an increased
number of free parameters to predict the positions of all multi-
ple images. This is the case of some HFF and CLASH clusters,
such as MACS J0416, Abell 370, Abell 2744, MACS J1149, and
MACS J1206 (Grillo et al. 2016; Caminha et al. 2017a,b; Mahler
et al. 2018; Lagattuta et al. 2019; Bergamini et al. 2021; Richard
et al. 2021). These clusters need from 21 to ≈40 free parameters
to characterise their mass components, compared to fewer than
20 free parameters for the clusters in our sample indicated in
Table 1. The high number of free parameters makes it challeng-
ing to sample the likelihood, especially the cosmological param-
eters that have a small impact on the multiple image positions.
Moreover, the fact that they are merging systems and we use a
combination of relatively simple parametric models might intro-
duce a bias in our measurement of the cosmological parameters.
One possibility is to explore more complex, or semi-parametric
models (see e.g. Beauchesne et al. 2021) to describe such com-
plex mass distributions. In this work, we focus on the sample of
clusters with a regular mass distribution, and the cosmographi-
cal analyses of clusters with a more complex total mass distri-
bution and/or in a merging state will be the subject of a future
publication.

3. Strong lensing cosmological constraints

In this section we describe the methodology and assumptions we
adopted in our cluster strong lensing models to probe the back-
ground cosmology of the Universe. The results of our strong
lensing analyses, that is the constrained parameters and their
posterior distributions, are presented at the end of this section.

3.1. Distance ratios from multiply lensed sources

Through its relation to the angular diameter distances, the strong
lensing effect is affected by the background geometry of the Uni-
verse. The relation between the observed (θ) and intrinsic (β)
positions of a lensed galaxy i is given by the so-called lens equa-
tion:

βi = θi −
DL,S i

DO,S i
α(θi), (1)

where DL,S i and DO,S i are the angular diameter distances
between the lens (L) and the background source (Si), and the
observer (O) and the background source, respectively. The func-
tion α is the deflection angle and this quantity only depends on
the projected total lens potential ψ(θ) of the deflector and the
position of the lensed image via the relation α(θ) ∝ ∇ψ (θ).
From this equation, the ratio of the cosmological distances and
the lens potential are degenerate through a multiplicative factor.
However, in the case of more than one multiple-image family at
different redshifts, this degeneracy is strongly reduced since the
projected lens potential of the cluster is the same for all sources.
Thus, the positions of the multiple images of two background
sources Si and S j provide information on the quantity

Ξi j ≡
DL,S iDO,S j

DL,S jDO,S i
· (2)

For Ns background sources that are strongly lensed by the same
cluster, we therefore obtain Ns − 1 independent distance ratios
Ξi j. The measurements of these Ξi j then yield information on
the background cosmology. Specifically in our cluster sample,
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the number of multiply lensed background sources used as input
in the lens models are 7, 20, 7, 9, and 11 for RXJ 2129,
Abell S1063, MACS J1931, MACS J0329, and MACS J2129,
respectively.

3.2. Cosmological models

We consider four different cosmological models to assess the
degeneracies and the effectiveness of strong-lensing cosmogra-
phy in constraining the background geometry of the Universe.
They are as follows:

– Flat-ΛCDM cosmology is the simplest model adopted here.
It is a flat Universe where only Ωm varies and the other
parameters are fixed (w = −1, wa = 0, and Ωk = 0).

– Flat-wCDM is also a flat cosmology in which the dark energy
equation of state parameter (w ≡ P/ρ) is allowed to vary, but
it does not depend on redshift (i.e. wa = 0).

– Curved-ΛCDM is a cosmological model with free curvature
and a fixed equation of state of dark energy (w = −1).

– CPL cosmology consists of a flat Universe where the dark
energy equation of state can vary with redshift using a
Chevallier-Polarski-Linder parametrisation (CPL, Chevallier
& Polarski 2001; Linder 2003) given by:

w(z) = w0 + wa
z

1 + z
· (3)

Moreover, we adopted flat priors for the values of the cosmolog-
ical parameters, allowing them to vary in the ranges:

Ωm = [0, 1], (4)
ΩΛ = [0, 1], (5)
w (orw0) = [−3, 0], (6)
wa = [−3, 3]. (7)

We note that in lenstool, the curvature is parameterised by the
parameter ΩΛ and the results here are presented in terms of Ωk,
converted with the linear relation Ωk = 1 −Ωm −ΩΛ.

3.3. Lens modelling

In order to obtain the cosmological constraints with our strong
lensing models, we first obtained the best-fit parameters for each
model (see Table 1) considering a positional error on the multi-
ple image positions of 0′′.5, and, in a second step, we ran lenstool
to sample the posterior distribution of the free parameters. To
secure sensible confidence intervals for the values of the param-
eters (i.e. error bars), we re-scaled the positional errors in order
to have χ2/d.o.f. = 1 in the sampling runs. The values of the
re-scaled errors are similar to those of the rms of each model
and range from 0′′.20 to 0′′.56. With this, we account for effects
that are not included in the modelling, such as line-of-sight mass
structures (Jullo et al. 2010; Host 2012), possible deviations of
some cluster members from the adopted scaling relations and
asymmetries in the cluster scale component that are not repre-
sented by simple elliptical models well. We left the chains run-
ning until they reached at least 106 points for all models and, in
the case of the CPL cosmology that has three free cosmological
parameters (Ωm, w0, wa), we allowed for a longer run to obtain
a minimum of 2 × 106 points to properly sample the parameter
space. We note that in all models, the Gelman-Rubin conver-
gence test (Brooks & Gelman 1998) results in values lower than
1.1 for all free parameters, which ensures that the chains have
reached convergence.

0.0 0.2 0.4 0.6 0.8 1.0

Ωm

0

1

2

3

4

5

6

7

P
D
F

R2129 zL = 0.23

A1063 zL = 0.35

M1931 zL = 0.35

M0329 zL = 0.45

M2129 zL = 0.59

Combined

Fig. 1. One-dimensional PDFs for the flat-ΛCDM cosmology, where
only the value of Ωm varies. Strong lensing constraints of each cluster
are shown in different colours. Filled regions indicate the 68% confi-
dence intervals. The grey curve shows the combined constraints from
all five clusters. Values and combination with other cosmological probes
are presented in Table 2.

In total, we sampled the parameter space of 20 independent
models for all five clusters in the four different cosmological
models. From the MCMC chains, we computed the probability
distribution functions (PDFs) of the cosmological parameters,
and the combined constraints were obtained by multiplying the
PDFs of each cluster of a specific cosmology, that is,

Ptotal
j =

5∏
i=1

Pi(cosmo j), (8)

where five is the number of clusters we use in this work, j refers
to one of the four adopted cosmologies, and Pi is the PDF of
cluster i marginalised over its total mass parameters. When com-
bining this with other cosmological observables (see Sect. 4),
the function Ptotal

j is further multiplied with the PDFs from the
additional probes. To obtain the constrained values of each cos-
mological parameter, we projected the combined PDF in the
corresponding direction and computed the median value and
confidence interval of the one-dimensional distribution.

3.4. Cosmological constraints from lensing clusters

In Fig. 1, we show the PDFs of the flat-ΛCDM cosmological
model for each cluster in different colours. The single PDFs are
somewhat broad, with a 68% confidence level interval of the
order of ≈0.2−0.4. Despite having a relatively small model rms
(see Table 1), we note that the PDF of RX J2129 seems to over-
estimate the value of Ωm when comparing it to the other clus-
ters, but with a long tail towards low values. This might be due
to the fact that the multiple images are located within a very
small region of the cluster core (<100 kpc), and their redshift
interval is zsrc = [0.68−3.43], whereas the other clusters have at
least one multiple image family at zsrc > 5. The more restricted
source redshift range in RX J2129 results in larger uncertain-
ties on Ωm, and the higher Ωm value is statistically consistent
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0.0 0.2 0.4 0.6 0.8 1.0

Ωm

−3.0

−2.5

−2.0

−1.5

−1.0

−0.5

0.0

w

R2129 zL = 0.23

A1063 zL = 0.35

M1931 zL = 0.35

M0329 zL = 0.45

M2129 zL = 0.59

Combined

0.0 0.2 0.4 0.6 0.8 1.0

Ωm

−3.0

−2.5

−2.0

−1.5

−1.0

−0.5

0.0

w

0.25 0.30

Ωm

−
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Strong Lensing

(5 clusters)
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SL × CMB

Fig. 2. Cosmological constraints for the flat-wCDM cosmological model, where Ωm and w are free parameters. Left panel: 68% confidence levels
from the strong lensing analyses for each cluster (coloured regions) and the combined constraint shown by the grey region. The yellow circle
shows the median value of the constrained cosmological parameters (see Table 2). Right panel: combination with other cosmological observables.
The inset box shows the additional combination with BAO and SN. The contours indicate the 68% and 95% confidence regions. The strong lensing
confidence levels are almost perpendicular to those obtained from the CMB and when combined, strong lensing improves the CMB constraints by
factors of 2.5 and 4.0 on Ωm and w, respectively.

with those of the other clusters within 2σ2. Therefore, the com-
bined constraint is not significantly affected by this cluster. From
Table 1, the changes to the values of the best-fit rms and reduced
χ2 are very small. This indicates that the model with fixed cos-
mology (i.e. Ωm = 0.3) is already close to the actual value; thus
Ωm has a slight impact on the best-fit models. When combin-
ing all clusters, however, we obtained a narrower constraint of
Ωm = 0.24+0.06

−0.05.
In the left panel of Fig. 2, we show the 68% confidence regions

for the parameters Ωm and w in the flat-wCDM scenario (i.e.
Ωk = 0). Similar to Fig. 1, the constraints from individual clus-
ters are relatively wide, except for Abell S1063. As we men-
tioned before and as discussed in Caminha et al. (2016a), this clus-
ter has a remarkably regular shape in combination with a large
number of spectroscopically confirmed multiple images. More-
over, the intrinsic degeneracies between these two cosmologi-
cal parameters change with respect to the lens redshift through
the distance ratio constraints in Eq. (2). Lenses at lower redshifts
tend to have an extended ‘tail’ towards higher values of Ωm for
low values of w (see, e.g. RX J2129 and MACS J1931), form-
ing an inverted L-shaped constraint in the w−Ωm plane. Such an
L-shaped degeneracy is less pronounced for higher-redshift clus-
ters, such as MACS J0329 and MACS J2129. In this cosmology,
the strong lensing combined constraints (median and 68% confi-
dence levels) are Ωm = 0.30+0.09

−0.10 andw = −1.12+0.17
−0.32 (see Table 2).

We also explore the possibility of constraining the curvature
of the Universe with our strong lens models. In order to main-
tain the number of free parameters describing the curved-ΛCDM
cosmology, we fixed the value w = −1 and varied those of Ωm
and Ωk. In the left panel of Fig. 3, we show the strong lensing
constraints on these two parameters. Through our prior range,
regions of nonphysical values of ΩΛ are excluded (see Sect. 3.2)
and indicated in the figure. In this scenario, the combined con-

2 With five clusters, it is statistically likely that one or two clusters would
yield constraints that are not consistent within 1σ with the constraints
from other clusters, but they are likely to be consistent within 2σ.

straint on the dark matter density parameter is Ωm = 0.39+0.08
−0.11.

The median value is somewhat larger when comparing it with the
flat-wCDM cosmology, but it is consistent within the 68% con-
fidence interval. On the other hand, the curvature is not strongly
constrained and our models provide a relatively large interval,
Ωk = 0.28+0.16

−0.21. Although large, these constraints on Ωk are still
complementary to those from other cosmological probes, as we
discuss in Sect. 4.

Finally, in Fig. 4 we show the constraints on the three cos-
mological parameters of the CPL scenario from our models.
Because of the additional free parameter wa (see Eq. (3)), the
strong lensing constraints of each single cluster are wider and
difficult to visualise. Thus, only the 68% confidence level of the
combined constraints are shown in each two-dimensional pro-
jection of the three parameters. We note that the region where
wa > −w0 was removed because it yields a Universe model
dominated by dark energy at early times and this is excluded
by high-redshift studies (see e.g. Wright 2007; Kowalski et al.
2008; Komatsu et al. 2011; Planck Collaboration VI 2020). In
this scenario, we obtain the following constraints from the strong
lensing only analyses: Ωm = 0.35+0.07

−0.11, w0 = −1.00+0.32
−0.43 and

wa = −0.95+1.43
−1.31.

In all cosmological scenarios, the values of Ωm are in agree-
ment within the 68% confidence levels (see Table 2), although
the size of this interval increases with the number of free cosmo-
logical parameters, as expected. Overall, the current precision of
the lensing models, which is reached thanks to the deep spec-
troscopy available, provides meaningful constraints from the
strong-lensing-only analyses. The combination and complemen-
tarity of our strong-lensing constraints with other observational
probes is discussed in the following section.

4. Combination with other cosmological probes

To explore the full potential of our cluster-strong-lensing cos-
mological constraints, we combined our results with those from
other probes in this section. In order to be consistent with
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Table 2. Summary of the cosmological constraints.

Flat-ΛCDM Ωm δΩm

SL 0.239+0.056
−0.054 –

CMB 0.315+0.007
−0.007 –

SL×CMB 0.314+0.007
−0.007 1.01

CMB×BAO×SN 0.310+0.006
−0.005 –

SL×CMB×BAO×SN 0.310+0.006
−0.005 1.00

Flat-wCDM Ωm δΩm w δw

SL 0.296+0.086
−0.105 – −1.12+0.17

−0.32 –

CMB 0.186+0.057
−0.032 – −1.60+0.31

−0.23 –

SL×CMB 0.283+0.018
−0.018 2.52 −1.12+0.07

−0.07 4.00

CMB×BAO×SN 0.306+0.008
−0.008 – −1.03+0.03

−0.03 –

SL×CMB×BAO×SN 0.303+0.007
−0.007 1.07 −1.04+0.03

−0.03 1.07

Curved-ΛCDM Ωm δΩm Ωk δΩk

SL 0.391+0.076
−0.109 – 0.2813+0.1588

−0.2082 –

CMB 0.352+0.023
−0.024 – −0.0106+0.0068

−0.0065 –

SL×CMB 0.330+0.021
−0.020 1.15 −0.0048+0.0053

−0.0062 1.16

CMB×BAO×SN 0.309+0.006
−0.006 – 0.0008+0.0020

−0.0020 –

SL×CMB×BAO×SN 0.308+0.006
−0.006 1.03 0.0010+0.0020

−0.0020 1.00

CPL Ωm δΩm w0 δw0 wa δwa

SL 0.354+0.070
−0.105 – −1.01+0.32

−0.43 – −0.95+1.43
−1.31 –

CMB×BAO 0.340+0.027
−0.027 – −0.59+0.27

−0.28 – −1.22+0.75
−0.78 –

SL×CMB×BAO 0.315+0.019
−0.019 1.40 −0.84+0.21

−0.19 1.36 −0.71+0.56
−0.65 1.26

CMB×BAO×SN 0.306+0.011
−0.011 – −0.96+0.09

−0.08 – −0.27+0.29
−0.33 –

SL×CMB×BAO×SN 0.304+0.011
−0.010 1.03 −0.96+0.09

−0.08 1.02 −0.35+0.28
−0.33 1.01

previous works and quantify the improvement on the figure of
merit of the combined constraints, we use the publicly available
posterior distributions from the Planck Collaboration (Planck
Collaboration VI 2020). Specifically, we consider the chains
containing constraints from CMB plus lensing power spectrum
reconstruction likelihood, since for the CPL cosmology, the
CMB-only chain is not available. The other measurements come
from Type Ia Supernovae (SNe) using the Pantheon sample
(Scolnic et al. 2018), and BAO using results from the 6-degree
Field Galaxy Survey and Sloan Digital Sky Survey Main Galaxy
Sample (Carter et al. 2018) as well as a compilation of differ-
ent analyses of the BOSS DR12 data (Ross et al. 2017; Beutler
et al. 2017; Vargas-Magaña et al. 2018). We refer the reader to
Sects. 5.1 and 5.2 of Planck Collaboration VI (2020) for more
details on these additional probes.

In Table 2, we summarise the median and the 68% confi-
dence levels of the cosmological parameters constrained from
our combined strong lensing models only (SL), CMB, BAO, and
SN, and their combinations. To quantify the improvement on the
figure of merit from the incorporation of the strong lensing con-
straint, we define the quantity δi as the ratio between the 68%
confidence interval of the cosmological parameter i, obtained
from the constraints without and with strong lensing results.

For the flat-ΛCDM cosmology, the CMB-only constraints
are very stringent compared to all other probes and they dom-

inate the combined posterior distributions. Although the values
of Ωm are consistent, the degeneracy between this parameter and
the cluster mass distributions in the strong lensing models yields
a relatively large statistical error. In this simple cosmology, there
are no improvements on the figure of merit when including the
strong lensing information on the combined probes (see the val-
ues of δΩm on Table 2). Nevertheless, considering models with
additional free cosmological parameters, the strong lensing anal-
yses add substantial constraints on the cosmological parameters.

The combined constraints for the flat-wCDM cosmology are
shown in the right panel of Fig. 2, where the contours indi-
cate the 68% and 95% confidence-level intervals. Interestingly,
strong lensing and CMB have an almost perpendicular parame-
ter degeneracy, and the combination of SL×CMB improves sig-
nificantly over the individual constraints. The error bars on the
parameters Ωm and w are reduced by factors of 2.5 and 4.0,
respectively (see Table 2). Naturally, the improvement is minor
in the case where the other three probes are combined, that is
CMB×BAO×SN. However, the strong lensing information can
still reduce the error bars by factors of ≈5%.

In the right panel of Fig. 3, we show the combined con-
straints for the curved-ΛCDM cosmological model. As dis-
cussed in the previous sections, cluster strong lensing is not
very efficient in constraining the curvature of the Universe and
provides a large error bar on this parameter. However, it still
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Fig. 4. Confidence levels for the CPL model. Here we show in grey
the 68% confidence level for the strong-lensing-only analyses for bet-
ter visualisation, and the yellow circle indicates the median values of
Table 2. The 68% and 95% combined constraints of different probes
are shown with coloured contours. The region where wa > −w0 was
excluded because it produces a non-physical cosmology. In this cos-
mology with one additional free parameter, our strong lensing models
are still capable of improving the constraints when combined to classi-
cal probes, especially on the parameters w0 and wa of the dark energy
equation of state.

improves the constraints on Ωk when combined with the CMB.
From Table 2, the figure of merit improves by a factor of ≈1.15
on both Ωm and Ωk when both observables are considered. When
combining all observables, the improvements on Ωm are compa-
rable to the flat-wCDM cosmology, but the constraint on Ωk is

not affected. Such an effect is due to the large confidence region
obtained from the strong lensing analyses (see both panels of
Fig. 3) that tends to overestimate the value of the curvature of
the Universe. The results from other probes, which indicate that
the Universe is very close to being flat, and the weak constrain-
ing power on Ωk make cluster-strong-lensing cosmography not
very efficient in probing this particular cosmological scenario.

For the CPL cosmology, the constraint from CMB only is
not available in the public release from Planck Collaboration VI
(2020) because of difficulties in the convergence of the poste-
rior distribution. Therefore, we first combined the strong-lensing
constraints with the CMB×BAO probes. In addition to the 68%
confidence regions of the strong lensing analyses displayed in
Fig. 4, we also show the 68% and 95% regions for the combined
constraints. The combined SL×CMB×BAO constraints improve
the error bars on the three parameters Ωm, wa and w0 by fac-
tors of ≈1.4−1.3 (see Table 2 for more details). Although the
parameter degeneracies of all probes have similar directions in
the wa−Ωm plane, the probes have good complementarity in the
other two projections. In particular, high values of w0 allowed by
the CMB×BAO probe are excluded by the strong lensing anal-
yses. We note that our results are also in excellent agreement
when including constraints from SN (see the last row of Table 2).
All of these results demonstrate that cluster strong lensing cos-
mography can be used to constrain cosmological parameters and
complement other standard probes.

5. Conclusions

In this work, we use galaxy cluster strong lenses to constrain
the parameters of the background cosmology of the Universe for
the first time using a sample of galaxy clusters. Thanks to the
large number of multiple image families with spectroscopic red-
shifts, we are able to obtain competitive parameter constraints.
In order to estimate the efficiency of strong lensing cosmography
in constraining cosmological parameters, we adopted four dif-
ferent cosmologies. Moreover, we quantified the improvements
when combining our posterior distributions with classical cos-
mological probes (i.e. CMB, BAO, and SN). Our main results
are summarised as follows:
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– We used the strong lensing models of each cluster to obtain
the posterior distributions of the cosmological parameters.
The combined constraints using the strong lensing models
are all in agreement with other probes. Only for the curva-
ture of the Universe (Ωk) in the curved-ΛCDM model are the
strong lensing constraints not stringent. Thus, cluster strong
lensing cosmography is not efficient in probing the curvature
parameter Ωk.

– On the other hand, the strong lensing analyses provide strin-
gent constraints on the dark energy equation of state parame-
ters. In the case of a flat-wCDM cosmology, we obtain values
of Ωm = 0.30+0.09

−0.11 and w = −1.12+0.17
−0.32 for the 68% confidence

interval. The interval for the parameter w is comparable to
the CMB constraints (see Table 2).

– For the flat-wCDM and CPL cosmologies, the strong lensing
constraints on the equation of state for the dark energy com-
ponent are consistent with the standard ΛCDM model (i.e.
w or w0 =−1 and wa = 0) within the 68% confidence level.
Even though the constraints on w0 are weak, the parameter
degeneracies in the CPL cosmology have some complemen-
tarity with other probes, especially in the projections w0−Ωm
and w0−wa (see Fig. 4).

– When combining strong lensing and CMB constraints, we
find that we can improve the figure of merit on the cosmolog-
ical parameters by significant factors. In the flat-wCDM cos-
mology, the constraints on Ωm and w improve by factors of
2.5 and 4.0, respectively. For the curved-ΛCDM cosmology,
the improvement is of the order of 1.15 in both Ωm and Ωk
parameters. In the more complex CPL cosmological model,
we combined the strong lensing posterior distributions with
the CMB×BAO constraints, leading to an improvement of
≈1.4−1.3 on the three free parameters (Ωm, w0, and wa).

– Finally, we find excellent agreement of our strong lensing
analyses when comparing them to the three ‘classical’ probes
(CMB, BAO, and SN) altogether. For the parameter Ωk, the
combined constraint is not affected because strong lensing is
weakly sensitive to this parameter. However, in all other cos-
mological models, we show that cluster strong lensing cos-
mography can be a complementary probe and contribute to
the combined probes.

Here we perform these analyses using a sample of five cluster
strong lenses because of our knowledge of these systems from
previous detailed works. These cosmological constraints can be
further improved by including new strong lensing models of
additional clusters with similar data. For instance, the number
of clusters with deep spectroscopy, mainly using MUSE, is con-
stantly increasing (see e.g. Richard et al. 2021) and these will be
included in future analyses.

Moreover, several cosmological surveys from the ground and
space, such as the Rubin Observatory Legacy Survey of Space
and Time (LSST, Ivezić et al. 2019), Euclid Space Telescope
(Laureijs et al. 2011; Scaramella et al. 2021), and the Nancy
Grace Roman Space Telescope (Spergel et al. 2015), will start
to operate in the next few years. They will map most of the vis-
ible sky with unprecedented image quality and depth, and pro-
vide a large number of galaxy clusters that can be followed up
with deep spectroscopy, increasing our sample of clusters by fac-
tors of tens and perhaps hundreds. With data from this upcoming
generation of telescopes, we might also be able to discern among
different cosmological models. Finally, we make the posterior
distributions (in the format of parameter chains) of the cosmo-
logical and lens mass parameters obtained in this work publicly
available.
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Appendix A: NFW and gNFW models

Table A.1. Summary of the NFW models.

Model ID DOF Nfree rms[′′] χ2/DOF δBIC

R2129 Ωm-NFW 21 9 0.29 0.35 1.08
R2129 Ωm, w-NFW 20 10 0.29 0.36 1.07
R2129 Ωm,Ωk-NFW 20 10 0.29 0.36 1.07
R2129 Ωm, w0, wa-NFW 19 11 0.29 0.38 1.07
A1063 Ωm-NFW 55 15 0.38 0.58 1.02
A1063 Ωm, w-NFW 54 16 0.37 0.56 1.01
A1063 Ωm,Ωk-NFW 54 16 0.38 0.58 1.01
A1063 Ωm, w0, wa-NFW 53 17 0.36 0.54 1.00
M1931 Ωm-NFW 11 13 0.40 1.11 1.02
M1931 Ωm, w-NFW 10 14 0.39 1.18 1.02
M1931 Ωm,Ωk-NFW 10 14 0.40 1.20 1.02
M1931 Ωm, w0, wa-NFW 9 15 0.37 1.16 1.01
M0329 Ωm-NFW 11 17 0.27 0.60 1.02
M0329 Ωm, w-NFW 10 18 0.24 0.55 1.02
M0329 Ωm,Ωk-NFW 10 18 0.27 0.65 1.02
M0329 Ωm, w0, wa-NFW 9 19 0.24 0.60 1.02
M2129 Ωm-NFW 39 15 0.87 2.95 1.48
M2129 Ωm, w-NFW 38 16 0.86 2.92 1.46
M2129 Ωm,Ωk-NFW 38 16 0.85 2.89 1.43
M2129 Ωm, w0, wa-NFW 37 17 0.84 2.93 1.40

Notes. In addition to the quantities shown in Table 1, here we also list
the ratio of the Bayesian Information Criteria between the NFW and the
corresponding PIEMD models in the column δBIC.

In order to test the adopted mass profile parameterisation, we
have also considered the NFW and generalised-NFW (gNFW,
Zhao 1996; Jing & Suto 2000; Wyithe et al. 2001) profiles to
describe the cluster-scale component. These parameterisations
are less accurate in predicting the positions of the observed mul-
tiple images (see e.g. Jullo et al. 2010; Grillo et al. 2015; Cam-
inha et al. 2019).

The summaries with the best fit values for the NFW and
gNFW models are shown in Tables A.1 and A.2, respectively.

Table A.2. Summary of the gNFW models.

Model ID DOF Nfree rms[′′] χ2/DOF δBIC

R2129 Ωm-gNFW 20 10 0.21 0.20 1.08
R2129 Ωm, w-gNFW 19 11 0.21 0.21 1.07
R2129 Ωm,Ωk-gNFW 19 11 0.21 0.21 1.07
R2129 Ωm, w0, wa-gNFW 18 12 0.21 0.21 1.07
A1063 Ωm-gNFW 54 16 0.37 0.57 1.04
A1063 Ωm, w-gNFW 53 17 0.36 0.53 1.02
A1063 Ωm,Ωk-gNFW 53 17 0.36 0.55 1.03
A1063 Ωm, w0, wa-gNFW 52 18 0.36 0.53 1.02
M1931 Ωm-gNFW 10 14 0.34 0.89 1.02
M1931 Ωm, w-gNFW 9 15 0.34 0.98 1.02
M1931 Ωm,Ωk-gNFW 9 15 0.34 0.99 1.02
M1931 Ωm, w0, wa-gNFW 8 16 0.30 0.87 1.01
M0329 Ωm-gNFW 10 18 0.21 0.41 1.03
M0329 Ωm, w-gNFW 9 19 0.20 0.42 1.04
M0329 Ωm,Ωk-gNFW 9 19 0.21 0.45 1.03
M0329 Ωm, w0, wa-gNFW 8 20 0.20 0.47 1.04
M2129 Ωm-gNFW 38 16 0.56 1.25 1.03
M2129 Ωm, w-gNFW 37 17 0.56 1.29 1.05
M2129 Ωm,Ωk-gNFW 37 17 0.56 1.29 1.03
M2129 Ωm, w0, wa-gNFW 36 18 0.56 1.32 1.04

Notes. Same as Table A.1 but for the gNFW model.

In all cases, the NFW model provides a higher rms when com-
paring it to the corresponding model with a PIEMD profile (see
Table 1). The gNFW model provides marginally better rms val-
ues for the clusters MACS J1931 and MACS J0329 with an
improvement not better than ≈ 15%. However, the Bayesian
information criteria (Schwarz 1978) always increase (see col-
umn δBIC in table A.1) when compared to the PIEMD mod-
els, thus the introduction of an additional free parameter in the
gNFW models is not justified. We note that the implementation
of these models in the lenstool software assumes elliptical sym-
metry in the lens potential due to numerical simplicity, instead
of a more realistic elliptical mass distribution. We thus adopt the
PIEMD parameterisation as a reference in this work.
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