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A pairing on an arbitrary ground set 2 is a triple B :=
(U, F,A), with U, A two sets and F : U x Q2 — A a map. Sev-
eral properties of pairings arise after considering the Moore
set system Mgz and the abstract simplicial complex Ny on
), defined by taking the maximum and the minimal elements
of the equivalence collections with respect to a specific equiva-
lence relation ~sg3, respectively called minimal and mazimum
partitioners.

In the present work we first detect various sufficient condi-
tions allowing us to represent specific subfamilies of abstract
simplicial complexes as the family of all the minimal parti-
tioners of some pairing on the same ground set. Next, we
classify two suitable subcollections of pairings by using gener-
alized matroidal-like properties of M. More in detail, we first
determine a sufficient condition on 8 ensuring that the fam-
ily N is a closable finitary simplicial complez and call the
resulting pairings attractive. On an arbitrary ground set €2, at-
tractiveness, together with a finiteness condition, implies that
the minimal members of the equivalence collections of each
X € Mgy with respect to ~q all have the same cardinality.
Nevertheless, the converse does not hold, neither in the finite
case. To this regard, we find some counterexamples inducing
us to introduce the class of quasi-attractive pairings. We car-
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ried out a detailed analysis of quasi-attractive pairings: for
instance we characterize them from a lattice-theoretic point
of view and, on a finite ground set 2, also in term of exchange
properties of suitable set systems.
Finally, by taking the adjacence matrix of a simple undirected
graph G as a model of pairing, we show that the Petersen
graph induces an attractive pairing, while the Erdds’ friend-
ship graphs induce a quasi-attractive, but not attractive, one.
© 2024 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction
1.1. General premise

One of the main ideas of Granular Computing (briefly GrC) and Combinatorial
Database Theory consists of the attempt of minimizing the number of attributes needed
to produce a given degree of knowledge from a large amount of data, i.e. to induce
suitable clusters of objects, according to some similarity criterion.

Very often, data is arranged in a tabular form and attributes label columns, while
objects label rows. Therefore, from a formal point of view, the main structure to be used
in the scope of GrC to collect data is the so-called Pawlak’s information table [39,41].
As a matter of fact, a Pawlak’s information table is a quadruple (U, Att, Val, F'), where
U is a non-empty finite set of objects, Att is a non-empty finite set of attributes, Val is
a non-empty set of values and the map F': U x Att — Val is called information map.

Nevertheless, it is possible to keep the underlying idea of Pawlak’s axiomatization
even when attributes form an infinite set. Though such an assumption loses significance
in the context of practical applications from computer sciences or applied sciences, it be-
comes interesting when approaching with different abstract combinatorial and algebraic
structures. Hence, let us provide the generalized notion of a pairing on a fixed arbitrary
(even infinite) ground set ) as a triple B := (U, A, F'), where U and A are two non-empty
sets and F': U x Q — A is a map. As it can be clearly understood from the previous
very general definition, pairings have been used as a concrete framework starting from
which to determine suitable collections of subsets, set operators and set binary relations
whose interrelations yield a good combinatorial potential, with applications in various
scopes of research, such as design theory [6,24], discrete dynamical systems [1,2], com-
mutative algebra [13], monoid theory [14] categorical homotopy theory [30] and order
theory [5,17,18].

A fundamental and relevant tool of the analysis carried out in the present paper is
the so-called relation of functional dependence, commonly used in combinatorial database
theory [18,19,32,41]. Functional dependence is a specific binary relation defined on the
powerset of a given ground set €). Its combinatorial analysis leads to new and interesting
research perspectives and fits within a more general approach of investigation aimed
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at outlining suitable criteria for defining hierarchical clusterings to acquire information
on large amounts of data or on abstract structure [37,38,42]. It is now well established
that functional dependence set relations yield a cryptomorphic version of closure opera-
tors (see Theorem 2.2). The aforementioned result has been recently formalized through
the technical notions of sub-bijection and linking maps [15], that actually formalize the
correspondences between various mathematical structures axiomatized in terms of set
systems, binary set relations or set operators, and whose analysis has been recently re-
lated to their interactions with set-theoretical operations or already pre-existing algebraic
or topological structures assigned on € [13-15].

At this point, it is worthwhile noticing that the trait d’union between the theory of
functional dependences and pairings comes from a suitable pairing relation. To describe
it, given a pairing P = (U, A, F) on Q we first need to introduce the binary relation
=x on U by setting v =x v <= [F(u,z) = F(u',z) Yz € X], for any u,u’ € U.
Next, we may define the wanted pairing relation «gq on the powerset £(€2) of Q as
follows: for each X,Y e P(Q), we set Y «g X if and only if for any u,u’ € U such
that w =x u' it also results that u =y u’. It may be shown that <y is a dependence
set relation on €2 and, furthermore, that any dependence set relation on a given ground
set 2 may be described as the pairing relation induced by some pairing 8 on  (see
Theorem 2.9). Due to the cryptomorphism between dependence set relations, closure
operators and Moore set systems (i.e. families closed under arbitrary intersections), the
aforementioned representation theorem holds for any closure operator and any Moore
set system on (). Correspondingly, with any pairing 8 we associate a closure operator
Mgp(X) :={2€ Q| {2z} «p X} and its fixed point set Mgy, whose members coincide
with the maximum elements of the equivalence collections of the symmetrization ~g of
the preorder «g (whence the term mazimum partitioners).

The present work is a continuation of the research carried out in [12]. As the underlying
idea of Pawlak’s theory consists of minimizing the number of subsets yielding a fixed
degree of knowledge, the perfect candidates for the role of knowledge optimizer are played
by the minimal members of each equivalence class with respect to ~qp. We call them
manimal partitioners and denote the family of all the minimal partitioners of 8 by the
symbol Ny. The previous family is an example of abstract simplicial complez, i.e. a set
system closed under taking subsets. This fact is very interesting as it allows to link GrC
and the theory of pairings to combinatorial algebraic topology [33] in such a way, for
instance, the techniques of the latter field [31,40] may be applied to analyze how the
information produced by large amounts varies of data or to give new information on
algebraic and combinatorial structures.

Unlike maximum partitioners, it is not always possible to construct a pairing whose
family of minimal partitioner coincides with a given abstract simplicial complex (see
Example 2.10 for further details). Therefore, a representation theorem for abstract sim-
plicial complex must contain limitations: while waiting for a complete description of
abstract simplicial complexes through pairings, we exhibit some conditions (both in the
finite case and in the infinite case) that could be useful for future research.
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Now, one of the conditions which implies the representability of an abstract simplicial
complex on a finite ground set in terms of the family of minimal partitioners of a pairing
is the matroidality of the complex itself. In addition, My satisfies various matroidal-like
properties without being a matroid. Therefore, the analysis of the relationship between
matroidality and minimal partitioners lends itself to be a good starting point for our
research.

As matroidality is a condition holding only on finite ground sets, to generalize our
perspective we need to work with a cyptomorphic definition of matroidality, involving
the validity of the so-called MacLane-Steinitz exchange azxiom for a closure operator
[26]. Thus, in this work, we study in detail two specific subcollections of pairings defined
by adding some extra condition using <« and related to the cryptomorphisms exhibit
in Theorem 2.4. To this regard, we call attractive those pairings such that {z} <y
(X ~{z}) u{y} whenever X € P(Q), y € Q and = € X are such that {y} ¢g X and
{z} 4y X~ {z}. On the other hand, we call quasi-attractive those pairings for which
there exists y, € Y such that {z} «gp (X~ {z}) U {y.}, whenever X »p Y and z € X.

After having determined a whole range of technical properties for attractive and
quasi-attractive pairings on an arbitrary ground set (), we also exhibit some non-trivial
examples from graph theory. Here, the relation =x may be reinterpreted as a local sym-
metry relation in the sense of Erdés [22] as, for any two non-adjacent vertices v, v’ of a
graph such that v =x v, the automorphism group of the subgraph induced by X u{v,v'}
turns out to be non-trivial (for further details see [10]).

In the next subsection we explain the main properties of attractive and quasi-
attractive pairings.

1.2. Attractive and quasi-attractive pairings

The results of Section 2 (and mainly Theorems 2.4 and 2.9) allow us to take into
account all those pairings whose closure operator My is both algebraic and symmetrizing
(see Section 2 for definitions). The resulting pairings are called locally finite attractive
pairings. This kind of pairings are important because their minimal partitioner family
Ny is a non-trivial example of closable finitary simplicial complex [15].

In locally finite attractive pairings, the minimal partitioners Y of a given X € Mgy
such that My (Y) = X all have the same cardinality (see [11]). The members of the afore-
mentioned collection are named the PB-reducts of X, a fundamental tool of combinatorial
database theory and data mining thanks to which it is possible to minimize the attribute
subsets inducing a given degree of information [39,41]. Their computation (at least on
finite ground sets) has been brought back to the well-known problem of determining the
minimal transversals of a suitable hypergraph and has been recently used in the con-
text of simple undirected graphs, where B-reducts have been completely characterized
for specific kinds of graphs from both an algebraic and a geometric point of view in
[10]. Restricting to finite ground sets - and so dropping out the redundant assumption
of locally finiteness - to require attractiveness implies that the previous collections of
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minimal partitioners behave as the family of X-bases of a matroid. Thus, in Section 3
we analyze attractive pairings on arbitrary - even infinite - ground sets and, also in such
a situation, we interpret the JB-reducts of X as a sort of generalized bases.

One of the problems we solved in this work is to fully describe when a locally finite
pairing is attractive (see Theorem 3.10). To this regard, we proved that a locally finite
pairing is attractive if and only if the equality between the family of the §B-reducts of
X and the collection of the maximal members of N N P(X) holds for any X € £(12).
In particular, the previous set-theoretic equality and attractiveness become equivalent
when €2 is finite. Nevertheless, if we drop out local finiteness and still work with infinite
ground sets, the previous condition becomes only necessary for attractiveness. Therefore,
the study of attractiveness becomes richer as more varied. For instance, in Theorem 3.8
we show that attractiveness is a sufficient condition for the collection of the maximal
members of Ny n (X)), for any X € P(Q), to satisfy a generalized version of the ex-
change axiom for the bases of a matroid [7,26]. Therefore, our results represent a further
attempt of relating matroids to the field of granular computing, rough set theory and
combinatorial database theory, as it has been done in [21,29,35,36]

On the other hand, it must be noticed that the uniform cardinality of the family of
all the *B-reducts of X € Mg simply gives a necessary condition for attractiveness, even
when (2 is a finite set. Indeed, examples of non-attractive pairings for which the B-reducts
of any maximum partitioner have uniform cardinality occur in various scopes. In general,
as we also said in the above subsection, we may weaken the condition of being attractive
by requiring, for any x € X, the existence of y, € Y for which {z} «g (X~ {z}) u{y.},
whenever X w~q Y. We call a pairing satisfying the above property quasi-attractive and
devoted our attention to them throughout Section 4. With regard to such a new subclass
of pairings, we demonstrate that they are indeed a weaker version of attractive ones.
Successively, we show that in any quasi-attractive pairing 3 on an arbitrary set 2 (even
infinite) satisfying local finiteness, the PB-reducts of X € My have the same cardinality.
Furthermore, when () is a finite set, the collection of all the B-reducts of any maximum
partitioner X satisfies the exchange property characterizing the bases of a matroid on
Q, though Ny need not to be a matroid. In this sense, quasi-attractiveness relates to the
matroidality of a specific sub-set system of Ny.

In general, it is not an easy task to find non-trivial families of attractive or quasi-
attractive pairings; however, in Sections 5 and 6 we exhibit some specific models of
attractive and quasi-attractive pairings from graph theory. Indeed, depending on the
structural property we want to highlight, we can represent any simple undirected graph
G with a finite vertex set by means of a matrix, i.e. a numerical data table. This is
the basic idea of classical algebraic graph theory [25], according to which the algebraic
properties of the matrices and of related structures associated with a graph translate into
geometric and combinatorial properties of the graph itself. As can be easily understood,
the definition of the map F' assumes a fundamental relevance when choosing the matrix
to be associated with the graph and, thus, when assigning an interpretation to a problem
where graph occurs.
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For instance, the adjacence matrix of a simple undirected graph G has been recently
interpreted as a pairing PB[G] on its vertex set [10]. In such a case, the corresponding
pairing relation may be explicitly rewritten as follows: Y <« X if and only if the con-
dition (v ~x <= v ~x Va € X) implies that (v~y <= v' ~y VyeY), for each
v,v" € V(G), and where ~ denotes the usual adjacence relation.

From an intuitive standpoint, the relation < describes how local symmetry transmits

with respect to the variation of the vertex subset inducing it, i.e. whenever two vertices
are symmetric with respect to a vertex subset X, then they must also be symmetric with
respect to the vertex subset Y. So, one may ask for how the addition or the deletion of
vertices from a given vertex subset yields a change in the induced local symmetries. In
this sense, the behavior of the minimal vertex subset describing the same information
about local symmetry as X becomes fundamental. As a consequence, when the adjacence
matrix of a graph induces an attractive pairing, the set system Ng forms a matroid on
V(G) [26,43,44] and this provides another way to associate a matroid with a graph,
different from the usual construction of the graphic matroid [34].
In addition, when G is attractive, the reducts of the vertex set V(G) are exactly the
bases of the matroid Mg. Let us point out that reducts admit alternative interpretations
when changing the matrix associated with the graph: for instance, when we consider the
pairing B[G, d] induced by the distance matrix of a graph, the B[G, d]-reducts of V(G)
are exactly the resolvent subsets, that are fundamental to compute the metric dimension
of the graph [27].

One non-trivial example of a graph whose adjacence matrix induces an attractive
pairing is the Petersen graph. Starting from the previous result, an interesting problem
to be considered for further and future research concerns the characterization of the
structural properties of all those graphs whose adjacence matrix induces an attractive
pairing, in line with what it is usually done when new specific properties, operations or
quantities are introduced in graph theory [3,20].

Similarly, as quasi-attractiveness is actually weaker than attractiveness, we exhibit a
family of graphs whose adjacence matrices induce a quasi-attractive but not attractive
pairing, namely the Erdés’ friendship graph F,. These graphs have been introduced in
well-known paper by Erdos et al. [23], where the authors investigated further extremal
properties in graphs and, next, have been extensively analyzed in [8]. More in detail,
Erdos’ friendship graphs arise as a solution to a problem which is classically exposed in
an informative manner as follows: if a group of people has the property that every pair of
people has exactly one friend in common, there exists a person who is friend to all the
others?

To conclude, again as a consequence of the result of Section 6, we want to empha-
size that also in this case the problem of characterizing the structural properties of all
those graphs whose adjacence matrix induces a quasi-attractive pairing remains open for

successive research.
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2. Reviews, notations and some fundamental results

Notations. In what follows, we denote by Q a given arbitrary (even infinite) set and by
£(Q) [resp. Pun(Q)] its powerset [resp. the family of its finite subsets]. If X € £5,(Q),
we denote by || X | the number of elements of X. We call X a k-subset of Q if | X| = k. In
general, for any k > 1 we denote the family of all k-subsets of Q by £ (). If X, Y € £(Q),
we denote by X \Y the difference between X and Y and by X A Y their symmetric
difference. We call the elements of SS(Q2) := P(F(QQ)) set systems on 2 and those of
BSR(R2) := R(£(Q) x R(2)) binary set relations on Q. We say that F € SS(Q2):

o has uniform cardinality if it is non-empty and all its members have the same cardi-
nality;

e is a Moore system on Q if Q € F and NF' € F for every F' € F. We use the symbol
MSY(Q) to denote the collection of all the Moore set systems on ;

e is an abstract simplicial complex on Q if X e FandY ¢ X = Y € F. We use the
symbol ASC(2) on 2 to denote the collection of all the abstract simplicial complexes
on €);

e is a finitary simplicial complez if it is an abstract simplicial complex on €2 such that
X € F whenever X € £(Q2) and F € F for any F € £5,(X). A finitary simplicial
complex is called closable if there exists Y € £(Y \ X) such that |X'|| = |[Y’| and
X' u(Y \Y’") e Max(F) whenever X,Y € Max(F) and X’ € (X \Y). We use
the symbol CFSC(2) to denote the collection of all the closable finitary simplicial
complexes on €);

o is exchangeable if VXY e F Vo e X \Y [Jye Y N X (X A {=z,y} ¢ F)].

When (2 is a finite set, we say that an abstract simplicial complex F on € is a matroid
on ( if

o for any X,Y € F such that | X| = |Y||+1, there exists € X \Y such that Yuz e F.

A set operator on € is a map o : P(Q) — £(Q), and we denote by OP(Q2) the
family of all the set operators on . We say that o € OP(Q2) is a closure operator
if, for any X,Y € (), we have that X ¢ o(X), that o(c(X)) = o(X) and that
YcX = o(Y) co(X). We denote by COP () the family of all the closure operators
on Q. We say that o € OP(£) is:

o algebraic if o(X) =U{co(F) | F € Ps,(X)}, for any X € £(Q);
o symmetrizing if whenever Z € R(2), z,y € Q and z € o(Z u {y}) \ 0(Z), then
yeo(Zuzx).

We respectively denote by ACOP(€2) and ASCOP(2) the collections of all the algebraic
closure operators and of all the symmetrizing algebraic closure operators.



8 C. Bisi, F.G. Infusino / Advances in Applied Mathematics 162 (2025) 102778

Posets and Lattices. A poset is a pair P = ({,<), where Q is a set and < is a binary,
reflexive, antisymmetric and transitive relation on €). Let P be a given poset and x, y € €.
We call upset of z the subset (gc)}2 ={zeQ|z<z}. Wewritez<yifz<yandz+y.
Moreover we use the symbol z||y to say that x and y are two non-comparable elements
in P. We say that y covers x (or that x is a co-cover of y), denoted by x <y, if x <y
and there exists no element z € ) such that x < z < y. We denote by (y)iz< the family of
all the co-covers of y in Q. We set Za(y) = {z € (y)5°| 2’ € Qand 2’ <y = 2/ < 2}
and Z(Q) := {x € Q| Ia(x) # @}. Clearly, if Zo(z) # @, it contains only one element.
We respectively denote the families of the minimal and of the maximal elements in P by
Min(P) and Max(P).

The Fundamental Cryptomorphisms. In the present subsection we give the notion of
sub-bijection in order to catch the non-formalized concept of cryptomorphism [4] when
the involved structures are axiomatized by means of set systems, binary set relations or
set operators.

Definition 2.1. Let 2 be a fixed ground set. We call any map 3 : &f — £ a linking map
if o7, % € {SS(Q),BSR(Q), 0P () }. Moreover, if 8: o/ — % and v : B — o are two
linking maps, &’ ¢ & and %’ ¢ B, we say that a formal writing of the type

(o | o) == (2| #)

is a sub-bijection if:

(i) B(A)e A for all Ae &' and v(B) € &’ for all Be %',
(i1) v(B(A)) =A for all Ae &’ and B(v(B)) =B for all Be %A'.

In the next result we use the formalism of sub-bijections to express the classi-
cal Birkhoff cryptomorphism between Moore set systems and closure operators [16].
Moreover, closure operators turn out to be cryptomorphic (i.e. in sub-bijection) to the
so-called dependence set relations [41]. To this end, first recall that a binary set relation
D « BSR(Q) is said a dependence set relation on  if:

(D1) YS X = (YV,X)eD;
(D2) (Z,Y),(Y,X)eD = (Z,X)eD;
(D3) (Y, X)eD «— VyeY [({y},X)eD];

for any X,Y, Z € £(£2). We denote by DR(2) the family of all the dependence set relations
on ().
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Theorem 2.2. [11] In the diagram below
Cl P
(SS(2) | MSY(©)) = (OP(0) | COP(2)) =——— (BSR(2) | DR(2)))

we get three corresponding sub-bijections, where:

o D:0ecOP(Q) > P(0):={(Z,W)ef(Q)xP(Q) | Z<ca(W)}eBSR(Q);

e U:R eBSR(2) » Ur € OP(Q), where Ur(X) = U{Y € Q) | (Y,X) € R}] for
any X € P(Q);

Cl: F € SS(Q) —» Clg € OP(Q), where Clg(X) :={Y € F | X ¢ Y} for any
X ef(Q);

e Fix:0eOP(Q) » Fix(0) ={X eR(Q) | o(X) =X} eSS(Q).

At this point we exhibit another fundamental sub-bijection involving specific kinds
of set operators and set systems. To this regard, we need to introduce the following
collections of set operators.

Definition 2.3. We call finitary simplicial operator on § any o € OP(2) such that:

o 0(X)cX for any X €£(Q);

o if X<V, then o(X)2Xno(Y);

e yeON[XUuo(Xu{y})] = IFF ePan(X) (yeQ~a(Fu{y}));

o ifyeQN[Xuo(Xu{y})] and zeo(X u{z})\ X, then z e o(X u{y,z});
We denote by FSO(2) the family of all the finitary simplicial operators on 2. Moreover,
we say that a finitary simplicial operator is normal if it also satisfies the following
condition:

o if X ef(Q) and y € Q are such that y € o(X U {y}), then o(X)u{y} co(X U {y}).

We denote by NFSO(2) the family of all the normal finitary simplicial operators on (2.

Theorem 2.4. [15] In the diagram below

(OP(Q) | FSO(Q)) # (OP(Q) | ACOP(Q))

| |

(OP(Q) | NFSO(Q)) # (OP(Q) | ASCOP()) # (SS(Q) | CFSC(Q))

we get three corresponding sub-bijection, where the vertical arrows are inclusions and:
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e 0:0€OP(Q) (o) ={Xef(Q)|VxeX[z¢o(X~{z}])}SS(Q);
E:F eSS(Q) —» &x € OP(Q), with

Xu{exeQ X | Xu{z}¢F} if XeF
§r(X) =
U{Es(Y) | Y e FnR(X)} if X eP(QNF

for any X € P(Q);

p:0€0P(Q) » ¢, € OP(Q), where p,(X) =X u{ye QX |yé¢o(Xu{y})} for
any X € P(Q);

C:0€e0P(Q) ~ ¢ € OP(Q), where (,(X) :=={x e X | z ¢ a(X ~{z})}, for any
X eP(Q).

L]

Remark 2.5. In the diagram occurring in the statement of Theorem 2.4, one might expect
the existence of some suitable subfamily of abstract simplicial complexes in the upper
right corner that is related to ACOP(Q2) through a sub-bijection. Actually, such a family
cannot be found: to be convinced of this once and for all, assume ) to be a finite
ground set, so that the collection of algebraic closure operators on €2 consists of all the
closure operators on . If there would exist a sub-bijection between ACOP(2) and some
subcollection of ASC(£2), then such a sub-bijection should hold for our fixed finite set
Q. Now, notice that any abstract simplicial complex on € becomes a Moore set system
after adding €2 and, moreover, there also exist Moore set systems that are not of the
previous form. In other terms, the number of closure operators on € is strictly greater
than that of abstract simplicial complexes for large |€2||. This proves the non-existence
of a sub-bijection involving closure operators and subcollections of abstract simplicial
complexes on a finite ground set €.

Pairings. We call pairing on Q a triple B = (U, F,A), where U, A are non-empty
sets and F : U x ) — A is a map having domain U x  and codomain A. Let PR()
denote the family of all pairings on Q. Fix an arbitrary B = (U, F,A) € PR(Q). For any
X € P(Q), we define the equivalence relation =x on U, that we call X-symmetry relation
(we refer to [10] for the reasons motivating our terminology), as follows

Vu,u' €U [uzsx v : <= F(u,z)=F(u',x) VreX]

Let [u]x the equivalence class of u with respect to =x and mp(X) = {[u]x | v e U}.
Using the equivalence relation =x, we get a binary relation < on £(Q) by setting, for
each X,Y € P(Q),

X «pY = (Vu,u' eU [usy v’ = u=xu'])

We call <« a pairing relation on Q and we have «<gpe DR(). Furthermore, for each
X,Y e P(2) we set
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XapVie= X«pYandV «3 X < Vu,u' €U (u=x v’ < u=y u)

The relation ~gy is an equivalence relation and we denote by [ X ].,, the equivalence class
of X e P(Q).
At this point, let us provide the notion of -reduct of a subset X.

Definition 2.6. Let Y ¢ X € (Q2). We say that Y is a P-reduct of X if X «p Y and,
for every y € Y [X <p Y N {y}]. We denote by Ry (X) the set of all P-reducts of X. If
X =Q, we write Ry instead of Ry (2).

In the next result we recall some properties of the relation < and of two associated
set systems and of the family of the X-reducts, for each subset X € £(Q).

Proposition 2.7. [9] Let X € (). The following conditions hold:

(1) the subset family [ X ]a,,
may be equivalently expressed as follows:

is closed under unions and its mazimum Mg (X) := U[X]ng

My(X) = {ze Q| {2} «p X} = {z€Q| X U {2} oy X}
—{zeQluzx o = F(u,2) = F(u',2));

(it) the set operator My : W e P(Q2) » My (W) € P(Q) is a closure operator on Q, the
set system Mg == {W e R(Q) | Mp(W) =W} e MSY(Q2) and M(B) := (Mg,C) isa
complete lattice;

(71) the set system Ny = U{Min([X]sy) | X e My} = {X e P(Q) | Vz e X [z €
QN Myp(X ~A{x})]} is an abstract simplicial complex on Q;

(iv) Min([X]e,) = Rp(X) € Max(Nyp nR(X)).

Remark 2.8. (¢): Readers may consult results of Sections 3, 6 and 7 of [9] to get proofs
for the claims of Proposition 2.7.

(it): For any X € £(Q) and Y ¢ X, it results that ¥ € Ry(X) if and only if the
conditions below hold:

(a) mp(X) =mp(Y);
(b) mp(X) #mp(Y ~ {y}) for every y e Y.

We call the members of Mg and of Nig the mazimum partitioners and the minimal
partitioners of 9B, respectively [12]. In the next fundamental result, we see that any
dependence set relation [and, by Theorem 2.2, resp. any Moore set system, any closure
operator] on 2 may be represented as the «g [resp. My, My] of some pairing 8 on
Q. This result is fundamental as it justifies the investigations of the next sections. As
a matter of fact, in Section 3 we analyze all those pairings (on arbitrary - even infinite
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ground sets) whose closure operator is symmetrizing, while in Section 4 we broaden our
analysis to those pairings satisfying a weaker condition.

Theorem 2.9. [11,12] Let Q be an arbitrary ground set (even infinite). The following
identities hold:

MSY(Q) = {My | FePR(Q)}, CLOP(Q) = {My | F e PR(D)},
DR() = {+<g| B ¢ PR(2)}

Let us see what happens for simplicial complexes. In general, not every simplicial
complex may be represented as the family My of some pairing P on

Example 2.10. Let Q = {1,2,3,4,5} and

F=A{2,{1},{2}, {3}, {4}, {5}, {1,2},{2,3},{3,4},{4,5},{1,5}} ¢ ASC(Q)

be ordered lexicographically (and expressed in string notation). Then F cannot be rep-
resented as the set system N of some pairing . Indeed, note that

mp({i}) [ mp({i +1}) (1)

where the indices are taken modulo 5. In fact, fix two elements, say 1 and 2 (the other
allowable cases can be treated in a similar way). If mp({1}) = mp({2}), then {1,2} ¢
Ng; moreover, if m({1}) < m3({2}) (< denotes the usual partial order between set
partitions), we easily get My ({2}) & My ({1}) and this is impossible since otherwise the
subset {1,2} does not belong to Niy. The case mp({2}) < m({1}) may be analyzed in
the same way.

Let us see that three distinct points cannot induce the same the set partition. In fact,
we will always find two consecutive points within the same class, say ¢ and 7 + 1, so
{i,i+1} ~p {i} and, hence, {i,i+1} ¢ Ny.

Assume now that two points, say 1 and 3 (the other allowable cases can be treated in
a similar way), induce the same set partition, i.e. mp({1}) = m({3}). By (1), we have
[{1}H]ey = ({1}, {3}, {1,3}}.

At this point, the following cases may occur:

(i) {2} »p {4} and 7 ({2})|lmp ({5});
(ii) {2} »qp {5} and mq({2})|lmp ({4});
(iii) mp({2}) < mp({4}) (or mp({4}) < mp({2})), mp({2H)|lmp({4}) and mou({4})]]
mp({5});
(iv) 7qu({2}) < mp({5}) (or mp({5}) < mp({2})), mp({2})llmp({5}) and myp({4})]|
mp({5});
(v) 7T?;:x({Z})Ilﬁqs({4}), mop ({21)[lmop ({5}) and mop ({4}) || ({5}).
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It can be easily checked that in all the above cases the subset {1,4} € F.

On the other hand, assume that mp({1}) < m({3}) (the case mp({3}) < mp({1}) is the
same). Clearly, we cannot have mp({1}) < 73 ({3}) < m({1,3}), otherwise {1,3} € Ny.
Assume now that {5} ~p {3}, then [{3}]~,, = {{3},{5},{3,5}} and the global symmetry
class of {1} contains {1,5}, so {1,5} ¢ Np.

The last case to be investigated is mp({1}) < mp({3}), [{3}]~y = {{3}} and [{1}], =
[{11,41,3}). By (1), mp (2Dl (3}). So, i [{2,3}]ay = {{2,3}}, then {1,2,3} € Nig.
On the other hand, it could happen that [{2,3}]~, = {{1,2},{2,3},{1,2,3}}. However,
in this case, by the above argument, we also have my({2})||7({5}), so we would have
{2,5} € N, that is again an absurd.

Finally, assume that the set partitions of the singletons are all non comparable. If the
global symmetry collections of each element ¢ contain only the subset {i}, then {i,i+1}
must cover both {i} and {7+ 1}. Note that [{7,i+ 1}]., = {{i,i+1}} otherwise, within
such an equivalence class, we would always find a minimal element not belonging to F.
Furthermore, the case in which the collections are respectively [{i}], = {{i},{i +2}}
(where the indices are taken modulo 5) cannot occur, otherwise that the set partitions
of two singletons are comparable, in contrast with our assumptions.

Let us now prove two representation results for suitable collections of abstract sim-
plicial complexes. First we prove that any closable finitary simplicial complex on 2 may
be represented as the collection Ny of some pairing on 2 as a consequence of the Rep-
resentation Theorem for closure operators 2.9.

Theorem 2.11. Let Q be an arbitrary ground set. Then the correspondence 3 € PR(Q))
Ny € CFSC(R) is surjective.

Proof. Let F ¢ CFSC(f2). By Theorem 2.4 we can consider the associated algebraic,
symmetrizing closure operator {x. At this point, Theorem 2.9 ensures the existence of
some pairing ‘P € PR(Q2) such that My = 7. To conclude our proof, we claim that
Ny = F. By part (4ii) of Proposition 2.7 and by Theorem 2.4 it results that Ny = {X €
PQ) | Ve eX [xe QN Mp(X ~{z})]} =0(Myp)=0({r)=F. O

In the next result, we provide a sufficient condition on the simplicial complex ensuring

its representability in terms of the set system Ny, for some P € PR(£2). To this regard,
set

Fla={XePOQ)NF|[3GcF (X =JG)] and [VH e Max(F) (H ¢ X)]}
Definition 2.12. Let F € ASC(2). We say that F is strict if F' = @.

We are now ready to show that strict simplicial complexes on finite ground sets may
be represented through pairings.
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Theorem 2.13. Let ) be a finite set and F € ASC(Q) be strict. Then there exists a pairing
P € PR(Q) such that Nog = F.

Proof. Let F € ASC(€2). We can consider on F a well-order in such a way that Go := @
is the first element and the maximal elements of F are listed last. Set U := F\ Max(F) =
{Go,G1,...,Gp} for some integer m € N, and define the map F: U x Q2 — N as follows:

0 ifi=0o0rz¢ UF
F(G“Z) = F(Gi_l,z) if z € Gi7 (2)
F(Gi—1,2)+1 ifz¢G,.

Consider then the pairing 9P := (U, F,N) € PR(£). We will show that Mg = F. To this
regard, let us first prove that

G e Max(F) and F € F \ Max(F) = mp(G) # mp(F) (3)
We split the proof in the following two parts:
o mp(G) = G1|Ga...|G,

Suppose by contradiction the existence of G, G; € U such that G; =¢ G;. This is equiva-
lent to say that F'(G,,2) = F'(Gj,z) for every z € G. Without loss of generality, suppose
i < j. By (2) we must necessarily have F(G;,z) = F(G,-1,2), so that z € G; for every
z € G. This implies that G ¢ G, contradicting the maximality of G.

o There exist G;,G; € U, with ¢ # j, such that G; = G;.

Since F' € F \ Max(F), by our choice of U there must exist an index j = 0,...,m for
which G; = F. Now, by (2) we get F'(Gj_1,2) = F(Gj,z) for any z € F'. This shows that
GZ‘ =F Gj.

As a consequence, we deduce that 7w (G) # mp(F) whenever G € Max(F) and F €
F ~ Max(F). This proves (3).

At this point, we can show the equality My = F. In order to show the inclusion
F ¢ Ny, it suffices to show that Max(F) ¢ Ng. Take then G € Max(F) and suppose
by contradiction that G ¢ Ng. Then there exists B ¢ G such that m(G) = mp(B).
As F is an abstract simplicial complex, it follows that B € F \ Max(F). By what we
proved above, it results that 7 (G) # m(B), contradicting our choice of B. Therefore,
we deduce that F' e Ny, whence Max(F) ¢ Nip.

Conversely, let A ¢ F. We claim that A ¢ Ny. Since F' = @, we have to distinguish
two possible cases.

(a) For every G ¢ F we have A +UG.
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ay az as ag as
Gy 0= 0l 0l 0l 0l
Gy a1 €G1,01 az ¢ Gy, 1= az ¢G1, > 1] ag ¢ Gy, > 1] as ¢ Gy, > 11
Go a; ¢ Go, > 1] ay e Gy, 1 az ¢ Gy, > 1+1= ag ¢ Gy, > 1+11 as ¢ Go, > 1+11]
G a; ¢G3, > 1+1] ay ¢ Gz, > 1+1] az €G3, 2] ay ¢ Gz, > 2+1= as ¢G3, >2+11
Gy a; ¢G4, > 2+11 ay ¢ Gy, > 2+11 az ¢G4, > 2+11 ag € Gy, 31 as ¢ Gy, > 3+1=
G5 a1 ¢G5, 4= az ¢G5, >3+1= az ¢G5, >3+11 ag ¢G5, >3+11 a5 € G5, 4|
Gg a; € Gg, 4 = ay € Gg, 4| az ¢ Gg, >4 +1= ag ¢ Gg, >4+11] as ¢ Gg, >4+11]
Gr a; € Gy, 4= as ¢ Gy, > 4+1) az € Gy, 51 ay ¢ Gy, > 5+1= as ¢ Gy, > 5+11
Gy a1 €Gg, 41 as ¢ Gg, > 5+1= az ¢ Gg, >5+1= as €Gg, > 6] a5 ¢ Gg, > 6+11]
Gy a; ¢ Gg, 5] as € Gg, 6 = az € Gg, 6] ayg ¢ Gg, > 6+1= as ¢ Gg, > 7+11
Gio | a1 ¢G10, >5+1] | azeGip, 61 az ¢ Gio, > 7= ay € Gig, > 7= as ¢ Gig, >8+11]
G ay ¢ Gi1, > 7 az ¢ Gy, > 7 az € Gi1, > 7 ag € Gry, > 7 as ¢ Gi1, > 10

Fig. 1. A visualization of the recursive construction of the map Fiy for the abstract simplicial complex of
Example 2.14.

In view of our assumption, there exists z € A\ UF. By (2) we get mp({z}) = mp(2) =
GoG1...Gn, ie. G =1,y Gy for every G, Gj € U. Let now A=A~ {z}. Then 77:43(;13 =
mp(A), so that A ¢ Min([;f]mm), that is A ¢ Nip.

(b) There exists H € Max(F) such that H & A.

By (2) we easily get the equality mq(A) = mp(H ), whence A ¢ Min([H |~ ). This shows
also in the present case that A ¢ Nz and the proof concludes here. O

Example 2.14. Let Q = {a1, a2, a3, a4, a5} and
F=1{2,1,2,3,4,5,12,13,14,23, 24,34, 15, 25, 35,45, 123, 124, 134, 234} € ASC(Q)

be ordered lexicographically (and expressed in string notation on the indices of the
elements of 2) in such a way that its maximal members are listed last. It is quite easy
to see that F' =
of Theorem 2.13, we now construct a suitable pairing P8 representing F. The reader

@, i.e. F is strict. Following the construction proposed in the proof

may see in Figs. 1 and 2 the detailed construction and the resulting pairing. Clearly,
our construction gives rise to one of the pairings representing F. The same abstract
simplicial complex is represented by the Frdos’ friendship graph Fy (see Section 6 for
details).

2.1. Graphs and pairings

We refer the reader to [20] for any general notion concerning graph theory. Let
G = (V(G),E(G)) be a finite simple (i.e. no loops and no multiple edges are al-
lowed) undirected graph, with vertex set V(G) = {vi1,...,v,} and edge set E(G).
If v,0v" € V(G), we will write v ~ " if {v,0'} € E(G) and v + v’ otherwise. We
call the set Ng(v) = {w € V(G) | v ~ w} the neighborhood of v in G and we set
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N oo|o|alk|slwiN| == lOo]e

N[ N[o|o|ja|luo|slwiN|Nf=lo|e

N (N[N ook lwlw|Nnf=lo|e

HO|0(N[ |G|~ |lWiN|~O|e

o

Fig. 2. The pairing P representing the abstract simplicial complex of Example 2.14.

Ng(A) =U{Ng(v) |v e A} for any A € P(V(G)). We say that a graph G is regular if
[Na(v)| = | Ng(w)]|| for each v,w € V(G) and, in particular, we say that G is k-regular if
[ Ng(v)| =k for each v € V(G). Moreover, we say that G is strongly regular with param-
eters (n,k, A\, v) if it is a k-regular graph on n vertices, every two adjacent vertices have
A common neighbors and every two non-adjacent vertices have v common neighbors.
Two graphs G = (V(G),E(G)) and H = (V(H),E(H)) are said isomorphic, denoted
by G = H, if there exists a bijection ¢ : V(G) — V(H) such that for all v,v" € V(G) it
results that {v,v'} € E(GQ) < {¢(v),d(v')} € E(H). We say that H = (V(H), E(H))
is a subgraph of G if V(H) ¢ V(G) and E(H) ¢ E(G). If X ¢ V(G), the generated
subgraph by X in G, denoted by G[X], is the graph having X as vertex set and such
that, for any v,v’" € X, {v,v'} ¢ E(G[X]) if and only if {v,v'} € E(G).
If v and w are two distinct vertices of G and k > 1 is an integer, a k-path (or
sometimes simply a path) between v and w is a graph P, = (V(Px),E(Fy)), where
V(Py) ={vo,...,ux}, E(Px)={{,v1},...,{vk-1,vk}}, v1 =v and vy = w. In such a case,
the number k — 1 is called the length of the path. In particular, any 1-path is a single
vertex. We denote by d(v,w) the distance between v and w, i.e. the length of any shortest
path between v and w. By convention, we also assume that d(u,u) = 0 for any u € V(G).
We say that a graph G is connected if for any two distinct vertices v,w € V(G) there
exists a path between them. If a graph is not connected, we call the maximal connected
subgraphs of G the connected components of G. We will denote by Py, . . any disjoint
union of s paths Py, ,..., Py, , where Py, is a k;-path, for ¢ =1,...,s. Below we give some
classical examples of graphs with vertex set {vy,...,v,}:

o Complete graph on n vertices. It is denoted by K,, and E(K,,) = P2(V(K,)).
e n-cycle. It is denoted by C,, and E(C,,) = {{vi,v2},{ve,v3},...,{vn-1,0n},{vVn,v1}}.

There are various ways of associating a pairing with a graph. All of these assignments
depend on the existence of various ways of associating a matrix with a graph. Below, we
summarize some possible examples of the matrices used to investigate a graph from an
algebraic perspective:



C. Bisi, F.G. Infusino / Advances in Applied Mathematics 162 (2025) 102778 17

GRAPHS

INCIDENCE ADJACENCE LAPLACIAN METRIC

Given a graph G, for each of the previous tipologies of matrices we can consider a suitable
associated pairing. For instance, we write B[G, adj] (or simply G) when considering the
pairing induced by the adjacence matrix (that we call adjacence pairing), i.e. B[G] :=
(V(G),F,{0,1}) e PR(V(Q)) of G, where

1 if u~w

F(u,v):= {0

otherwise
For any X € P(V(G)), the relation =x translates as
Vo,v" e V(G) [v=x v <= Ng(v) n X = Ng(v') n X]

On the other hand, we write B[G, met] when considering the pairing induced by the dis-
tance matrix (that we call distance pairing), i.e. PB[G, met] := (V(G),d,N) e PR(V(G))
of G, where d: V(G) x V(G) — N denotes the usual distance between vertices of G.

3. Attractive pairings

In the present section we provide the notion of attractive pairing on €2 and next
analyze some basic properties of such structures. The previous notions generalize to the
arbitrary case the analysis of the matroidal-like properties of the minimal partitioners of a
pairing. In the first subsection, we exhibit a sufficient condition ensuring the matroidality
of Nig. In the second subsection, we deal with attractive pairings in general. Such a
collection of pairings has been introduced in [11] and various examples coming from
algebra and topology have been exhibited: for instance, the pairing B = (R2,d,Rs),
where d: R? x R2 — Ry is the post-office metric defined by setting

0 if =y,
d(xa y) =
lz| + |y| otherwise.

turns out to be an attractive pairing.

In this section we refine and improve the analysis carried out in [11]. There, it has
been shown that Rz (X) admits uniform cardinality when B is a locally finite attrac-
tive pairing and X € M. This is a matroidal-like property that allows us to think of
Ry (X) as a sort of bases. Thus, here we better investigate the matroidal-like properties
of Ry (X), by showing that Ry (X) coincides with Max(Ngp n (X)) and forms an ex-
changeable set system when P is attractive, while when ‘B is locally finite the equality
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of the previous two set systems characterizes attractiveness. In particular, when 3 is
both locally finite and attractive, then the set system Ny is a closable finitary simplicial
complex and, when Q is finite, it turns out to be a matroid. We use the last result to
exhibit two families of graphs inducing attractive pairings.

Given an attractive pairing 3, we will see that the family of all P-reducts of each
subset X € () coincides with the family of the maximal members of N contained in
X and form an exchangeable set system. We finally demonstrate that when € is a finite
set, the coincidence between Re(X) and Max(Nyp N (X)) becomes also a sufficient
condition for attractiveness.

3.1. Matroidality on finite ground sets

Throughout the present subsection we assume ) to be a finite set. We will detect a
sufficient condition ensuring the matroidality of the family of the minimal partitioners
of a pairing on 2. To this regard, let us define the function rky : £(2) — N as follows:

VX eP(Q) [rkp(X) :=max{|Z] | ZeMax(Ngpnf(X))}]
In the next result, we state some basic properties of the function rkeyg.

Proposition 3.1. The function rky satisfies the following properties:

(7) rkgp(@) =0y

(i) rkg(X) <rkg(Y) whenever X €Y € £(Q);

(7ii) 0 <rkep(X) < |X| for any X € P(Q);

(i) rkp(X) <rkp(X u{z}) <tkgp(X) +1 for any X e P(Q) and z € Q;
(0) N = {X €9(Q) | rlog (X) = | X1 }.

Let us observe that the map rky behaves as the rank function of a matroid whose
independent set coincides with Ny and whose bases are the elements of Max(Ng).
However, in general, Ny is not a matroid, even if it has many matroidal-like properties.

At this point, let us introduce the set operator Drky : £(2) — £(Q) defined as
follows:

Drkg(X) := {2z € Q| rkp(X u{z}) = rkp(X)}

In the next result we show that My is a matroid on Q when the operators Drkyg and
Mgy coincide.

Theorem 3.2. If Drkyg (X) = My (X) for any X € R(Q), then Ny is a matroid on Q.
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Proof. Assume that Drkg(X) = Mg(X) for any X € £(Q2). We now prove that rky is
the rank function of a matroid (see Theorem 2.15 of [26]). In view of parts (7) and (iv)
of Proposition 3.1, we must only prove that

VX eP(Q), 2,y e QN X [rkp(X u{z}) =rkp(X u{y})
=rtkp(X) = rkp(X u{z}u{y}) = rkp(X)]
Assume that rkp(X u{z}) = rkp(X u{y}) = rkep(X), so that z,y € Drkgp(X) = My (X).
Hence, X u{z} u{y} »p X. Moreover, it clearly results that My (X u{z}) = Drkg(X u
{2}) = Drlg(X) = Mys(X) and My (X U {y}) = Drkgp (X U {y}) = Drkgp (X) = Mys (X).
Thus, y € My (Xu{z}) = Drkg (X u{z}), therefore we conclude that rky (X u{z}u{y}) =

rkyp (X U {z}) = rkgz(X). This shows our claim and, by part (v) of Proposition 3.1, we
have that rky is the rank function of the matroid Ng. ©

3.2. Attractive pairings

In the present subsection we provide the notions of locally finite and attractive pairings
on 2 and, next, we will exhibit various results on them.

Definition 3.3. We say that a pairing P € PR(Q) is locally finite if
VXY eRP(Q),VyeY [V «p X = 31X, €Pun(X) ({y} «p Xy)

We denote by PRy(2) the set of all locally finite pairings on . Moreover, we say that
B is attractive if

VX eP(Q),VyeQVreX [{y} 4«p X and {2} k«p X {2} = {z} 9 X & {z,y}]

We denote by PR, (€2) the collection of all attractive pairings on © and by PRy () :=
PRA(2) nPRy¢(Q2) to denote the collection of all locally finite, attractive pairings on €2.

It is evident that when Q is a finite set, then a pairing 8 € PR(QQ) is locally finite.
Let us now alternatively characterize the condition for a pairing of being attractive.

Proposition 3.4. The following two conditions are equivalent:

(i) P PR.(Q);
(i) VX e P(Q),Vy e QN X, Vo e X [{y} «p X and {y} +p X {2} = {2} «gp
X a{z,y}].

Proof. (i) = (ii): Let X € £(Q), y € @~ X and z € X be such that {y} «p X
and {y} <<p X \ {z}. Suppose by contradiction that {z} g X A {z,y}. If we set
A=X 2r{z,y} = (X ~{z})u{y}, then we can restate the last two assumptions as
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{z} fp A and {y} fp AN {y} = X~ {z},

so that, since P € PR, (12), we conclude that {y} +p A A {z,y} = X, absurd.

(i) == (i): Let X e (Q), y € Q and = € X be such that {y} ¢<p X and {z} 4y
X~ {z}. Suppose by contradiction that {z} «gp X A {z,y}. If we set A:=X A {z,y} =
(X N~ {z}) u{y}, then we can restate the last two assumptions as

{z} «p A and {z} 45 AN {y} = X~ {z},
so that by our hypothesis we conclude that {y} «yp A A {z,y} = X, absurd. O

Remark 3.5. We refer the reader to Proposition 6.7 of [11] to find an equivalent proof of
Proposition 3.4 involving a third condition for defining attractiveness, that here we do
not use.

In the next result we provide a property satisfied by any attractive pairing.
Proposition 3.6. Let P € PR,(Q2), X € £(Q) and y,z € Q be such that
My ({z}) n My (X) = & and My({z}) n My (X U {y}) # & (4)
Then My({y}) n My(X U{z}) # 2.
Proof. By part (i) of Proposition 2.7 there exists u € {2 such that
{u} << {2} and {u} <q X u{y} (5)
As {u} <« {2}, the first condition in (4) implies that
fu} fop X (6)

If u =y, then we clearly have My ({y}) n Myu(X u{z}) # @. Thus suppose u # y and
assume by contradiction that

Myp({y}) n Myp(Xu{z}) =2 (7)

Hence, by part (i) of Proposition 2.7 and by (D1) and (D2), we easily deduce that
{y} 4y X. Now, by (5) and (6), using part (i¢) of Proposition 3.4 applied to X u{y},
uwe QN (X u{y}) and to y, we get the condition {y} «gp X U {u}, whence X u{y} «y
Xu{u}. At this point, from the second condition of (5) we deduce that Xu{y} ~qp Xu{u}.
So, using the first condition of (5), we easily check that X u {y} <y X u{z}. Thus, by
(D1), it results that {y} «p X u{z}, whence y € My ({y}) n Myp(X u{z}), in contrast
with (7). This shows that My ({y}) n Mp(Xu{z})+2. O



C. Bisi, F.G. Infusino / Advances in Applied Mathematics 162 (2025) 102778 21

In [11] it has been proved that the collection of all the B-reduct of a maximum parti-
tioner X is always non-empty set when the pairing is both locally finite and attractive.
Let us recall such a result.

Theorem 3.7. [11]. Let P € PRy () and X € My, Then Ryg(X) has uniform cardinal-
ity.

At this point, we will establish two specific properties of attractive pairings on ar-
bitrary ground sets, namely the fact that the X-reducts coincide with the maximal
members of Ny contained in X and form an exchangeable set system.

Theorem 3.8. Let P € PR, (Q). Then, for any X € £(Q) the following conditions hold:

(i) Rep(X) = Max(Nop n (X)),
(#) Max(Ngp NnR(X)) is an exchangeable set system on €.

Proof. (i): Let X € £(2). We claim that Rz (X) = Max(Ngp n§(X)). To this regard, it
suffices to show the inclusion Max(Ng n#(X)) € Ry (X) since, by part (iv) of Propo-
sition 2.7, the reverse inclusion is always true. Take therefore Y € Max(Nyp nR(X)). We
will first demonstrate that X < Y. Assume by contradiction the existence of z € X
such that

{z} p Y (8)

Hence z € Q ~ Myp(Y) by part (i) of Proposition 2.7. Moreover, as Y € Ny, it results
that {y} <gp Y N {y} for any y € Y. Using (8) and the fact that P € PR,(Q2), it follows
that the condition

(v} fp Y & {z,y} 9)

holds for any y € Y. Consider now the subset Y u{z}. In view of (8) and of (9), it easily
follows that Y u{z} e Ng n§(X), contradicting the fact that ¥ € Max(Nyp n§(X)) and
proving that X «gp Y.

Now, fix some y € Y. We have X < Y \ {y} since, otherwise, we would get {y} <«
Y «qp X «qp Y N {y}, which contradicts the assumption that ¥ € Ng. So Y € Ryp(X).
(#i): Let B,C € Max(Nyp n (X)) and z € B\ C. In view of the previous part (i),
we have that Ry (X) = Max(Ngp n#(X)). Thus B ~gp C. Now, as B € N, it results
that {x} ¢ B\ {z}. Therefore B g B\ {z} and we deduce that C' ¢q B\ {z}. In
particular, there exists y € C' such that

{y} #p B~ {z}. (10)

This forces y € C'\ B and {y} <y B. Therefore, in view of part (ii) of Proposition 3.4,
we have {z} «y B A {z,y}. Hence
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V1 v2 V3 V4 Vs
[ 0 1 0 0 0
V2 1 0 1 0 0

O O O O O
o ;; 1\); 1‘)1 Bl vy | O 1 0 1 0
vg | O 0 1 0 1
U5 0 0 0 1 0

Fig. 3. The Graph Ps of Example 3.9 and its Adjacence Matrix.
B A {x,y} m;pBU{y} ~p B. (11)

Set B’ := B A {x,y}. Clearly, B € £(X). We claim that B’ € Nig or, equivalently, that

{0} fp BN {V (12)

for each b’ € B’. In view of (10), the claim holds when we take b’ := y. So, take b’ € B\ {«x}
and assume by contradiction that (12) does not hold. Thus

{b'} «p BNV} = (B~ {z}) & {y, b} (13)

Notice that

{0} S B {0}, (14)

otherwise {b'} <y B~ {V'}, contradicting the fact that B € Ni. Now, using part (i7)
of Proposition 3.4 on the conditions (13) and (14), we get {y} «qp (B~ {z,b'})u{d'} =
B~ {z}, which contradicts (10). Therefore, we conclude that (12) holds for each b’ € B’.
This shows that B’ € Nig.

Finally, let B” e Max(Ngpnf (X)) be such that B' ¢ B”. As Max(Ngpnf (X)) = Ry (X),
we get B” € Ryp(X), contradicting (11). So, B € Max(Nypnf (X)) and Max(Npnf(X))
is exchangeable. O

In the following example, we see that if Max(Ng nf(X)) is exchangeable for any X e
£(£2) (but not necessarily equal to Ry (X) for some X € £(€2)), then the corresponding
pairing should not be attractive.

Example 3.9. Let us consider the pairing R := [ Ps, adj] induced by the adjacence matrix
of the graph Ps, where V := V(P5). In Fig. 3 it has been explicited the adjacence matrix
of Ps and its geometric representation.

By using part (i) of Proposition 2.7 we can easily check that:

M‘B = {@7 {U1}7 {’U2}’ {U?’}a {U4}7 {’05}, {111,’[}2}, {Ulav4}7 {0271]3}7 {1)2’715},

{U37U4}a {U47U5}7 {U17035U5}7 {UQaU37U4}a {U17U27’U3av5}7 {’Ul,U3,U4,U5},V},

while in view of part (7ii) of the same Proposition we get
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Ny = {2, {v1}, {va}, {vs}, {va}, {vs}, {v1,v2}, {v1, 03}, {v1,va}, {v1, 05}, {v2, v3},
{v2,v4}, {va,v5}, {vs, va}, {v3, v5}, {va, 05}, {v1,v2,v3}, {v1,v2, va}, {v1, 02,05},

{’U],Ug,vzl}, {Ul,’U4,’U5},{’U2,7}3,’U5}, {U27U47’U5}7 {U3,’U47’U5}},

so that, through part (iv) of Proposition 2.7 we can easily show that Ry (V) =

{{v1,v2,v4}, {v2,v4,v5}}. However, we refer the reader to [9,10] for an alternative and

quite interesting technique useful to the determination of Rgz(V) (and in general of

Ry (X) for each X € (V') that involves the computation of the minimal transversals of

the so-called hypergraph of the dissymetry neighborhoods of pairs of vertices of a graph G

(equivalently hypergraph of the discernibility neighborhoods according to the terminology
stated in [9] for an arbitrary pairing). In addition, we have:

Max(Ngp nP(V)) = {{v1,v2,v3}, {v1,v2,v4}, {v1,v2,05}, {v1, 03,04},
{v1, 04,05}, {va2,v3,05}, {v2,va, 05}, {v3, va, 05} },
Max(Ng NP ({v1,v2,v3,v4})) = {{v1,v2,v3}, {v1,v2,va}, {v1,v3,04}},
Max(Nyp n({v1,v2,v3,v5})) = {{v1,v2,v3}, {v1,v2,v5}, {v2, v3,v5 1},
Max(Ng NP ({v1,v2,v4,05})) = {{v1,v2,v4}, {v1,v2, 05}, {v1,v4, 05}, {v2, 04,05} },
Max(Ng NP ({v1,v3,v4,v5})) = {{v1,v3,v4}, {v1,v4, 05}, {v3,v4,05}},
Max(Ng NP ({ve,v3,v4,05})) = {{v2, v3,v5}, {v2,v4, 05}, {v3, 04,05} },
Max(Nyp n0({v1,v3,05})) = {{v1,vs}, {v1, 05}, {vs, 05} },
Max(Nyp 00 ({v2,v3,04})) = {{v2, vs}, {v2, 04}, {05, 04} },
and Max(Ngp nf(X)) = {X} for the remaining vertex subsets X. A simple computation
shows that Max(Ng n§(X)) is exchangeable for each X € (V).
On the other hand, let us observe that Ps is not an attractive graph. In fact, just take

X = {va,v3,v4}, v = v3 and y = v;. Then {v3} «p X A {v1,v3} = {vi,v2,v4} since
{vi,v2,v4} mp V.

Let us consider a locally finite pairing. Then it results that the condition Max(Ng N
(X)) = Rp(X) for any X € P(2) characterizes attractiveness. Thus, in the case of a
locally finite pairing, we have that the family of all the minimal partitioners is a closable
finitary simplicial complex and, in particular, a matroid when (2 is a finite set [26]. This
we now present.

Theorem 3.10. Let B € PRye(2). The following conditions are equivalent:

(i) B € PRa(Q);
(i7) VX e P(Q) [Max(Ny nP(X)) = Ry (X)].
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Furthermore, Ny is a closable finitary simplicial complex when B € PRy (Q) and, in
particular, Ny is a matroid such that Ry (X) is the family of all its X -bases, for each
X e P(Q), when Q is a finite set and P € PR, ().

Proof. The statement concerning the fact that N € CFSC follows from Theorem 2.4.
(i) = (i1): It has been already shown in part (i) of Theorem 3.8.
(i) = (i): Let us define the non-decreasing map pgs : 40 (Q2) > N, where:

pp(F) == max{|F'| | F" e Max(Np nR(F))}. (15)
Fix now F € £4,(Q2). We claim that

My (F) = {w e Q| py(F) = p(F U {w})}. (16)

To this regard, let z € My (F'), so that F'u {z} ~p F by part (i) of Proposition 2.7.
Take now Y € Ryg(F u{z}) = Max(Nyp nP(F u{z})) be such that |Y| = pp(Fu{z}). If
z € QNY, then we clearly have Y € Ryp(F'), whence Y| < pp(F) < pp(Fu{z}) = Y],
Le. pgp(F) = pp(F U {z}).

On the other hand, if z € Y, we have Y = C' u {z} for some C € P(F'). Notice that
C ¢ Ry (F) otherwise, by part (i) of Remark 2.8 we would have mp (Y~ {z}) = mp(C) =
mp(F) = mp(F u{z}), contradicting the fact that Y € Roz(F u {z}). Nevertheless, since
Y € Ny, we must necessarily have C' € N n f(F) and, thus, C' ¢ D for some D €
Max(Ng nP(F)) = Ry (F). This means that |C| < pp(F) and, hence, we deduce that

pp(Fuiz}) = Y] =[C]+1<pp(F)

As py is non-decreasing, we also have py (F') < pp(F'u{z}) proving the left inclusion of
(16).
Conversely, to prove the reverse inclusion, let z € Q be such that pp(F) = pp(F u {z})
and assume by contradiction that z € Q \ My (F), i.e. F ¢ F u{z} by part (z) of
Proposition 2.7. Let moreover Y € Max(Ng n#(F)) = Ryp(F) be such that |V =
pp(F) = pp(F u{z}). Clearly, it follows that Y € Ny nf(F u{z}). So Y € Max(Ngp n
P(Fu{z})) = Rp(Fu{z}), whence mp(F) = mp(Y) = mp(F u {z}) by part (ii) of
Remark 2.8, in contrast with the fact that z € Q \ My (F'). This shows (16).

Let now X € P(Q), y € @ and = € X be such that {y} +p X and {z} 4<p X\ {z}.
Assume by contradiction that

{z} «p X & {z,y}, (17)

so that there exists I, € £gn(X A {x,y}) such that {z} «gp F,. We can choose F; to
be minimal with respect to such a property. Then F, is a minimal element of its same
equivalence class [F} ], . At this point, in view of our choices of 2,y and X, note that:
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Vs
V1 V2 V3 V4 U5
U3 4 v |0 |1 |1 |1 |1
Vo 1 0 1 1 1
vs | 1 1 0 1 1
V4 1 1 1 0 1
b v2 vs |1 |1 |1 |1 |o
Fig. 4. The Graph K5 and its Adjacence Matrix.
VF € Pan(X) [{y} $p F] and VG e Ppn(X ™ {o}) [{2) 4 G]  (18)

In fact, if it were {y} «q F for some finite subset ' of X, then by (D1) we would
also have {y} <« X, absurd. In a similar way, if {} <y G for some finite subset G of
X~ {z}, then by (D1) we would also have {z} «qp X \ {z}, that is absurd.

Let us now check that y € F,,. Suppose by contradiction that y ¢ F,,. Then we would
have F, € £, (X \ {z}) and {2} < F,, in contrast with the second condition of (18).
Hence y € F,.

Let now H := F, u{z}. It is straightforward to check that F, € Rqs(H ). Let moreover
E, = (Fy ~ {y}) u{z}. In view of (18) we easily deduce that

pp(H) = pp(Fou{y}) =pp(Fo) +1, and  py(Fy) = pp(Fo s {2}) +1

Then we get

pp(Fe s {y}) = 1Fa s (9} = |Fall = 1= p () - 1= (B0 () -1
= pp(Fo) > py (B~ () = |l - 1,

absurd. Therefore, we must have {z} ¢«qp X & {z,y}, i.e. Pe PR,(Q). O

In the next results we see an application of the equivalence stated in Theorem 3.10 in
the case of the adjacence pairing induced by complete graphs and of the metric pairing
induced by n-cycles. In Fig. 4 we represent the adjacence matrix of K.

Proposition 3.11. Letn > 2 and P[K,,,adj] e PR(V(K,)). The following conditions hold:
(i) for any X € P(V(K,)) we have that

X} if 1 Xl <n-1
Rsp(X) = MaX(./V;p HP(X)) =
{AeP(V(E)) | [Al=n-1} i X =V(EKy)

(”) S’B[K'madﬂ € PRa(V(Kn))



26 C. Bisi, F.G. Infusino / Advances in Applied Mathematics 162 (2025) 102778

Proof. (i): Straightforward.
(it): Just use the above part (i) and Theorem 3.10. O

Proposition 3.12. Let n > 2 and B :=P[C,,,d]. The following conditions hold:

(i) M _{{@}U{{Ui}|i:L...,n}uV(Cn) if n=2k+1
VORI ey u{v s} | i= 1., 2 OV(C) if n=2k
(ii) PB[Cn,d] € PRo(V(Cy)).

Proof. (i): We clearly have (@) = vy ... v, and mp ({v;}) # (@) forevery i = 1,...,n.
In fact, the vertex v; constitutes a single block in the set partition with respect to the
{v; }-symmetry partition, because it is the only vertex whose distance from itself is 0.
Thus My (2) = 2.

Let n = 2k + 1 be an odd integer. Since each {v; }-symmetry block distinct from that
of v; (for every i =1,...,n) contains exactly two vertices, we have that {v;} #y {v;} if
i # j. Next, let X := {v;,v;}. Since we cannot find two distinct vertices having the same
respective distances from v; and v;, we conclude that 7w (X) = 73 (V(Cp)) = v1]. .. |vp.
This shows our claim when n is odd.

Assume now that n = 2k is an even integer. In the remaining proof, we assume the
index sums to be taken modulo n. First of all, notice that both {v;} and {v;,2 } constitute
two distinct {v; }-symmetry blocks for every i = 1,...,n, while the other symmetry blocks
are constituted by pairs of vertices. Thus {v;} ~q {v;} if and only if j = i+ 5. Thus My
does not contain singletons when n is even. Furthermore, we clearly have mq({v;}) =
Tp({vieg }) = mp({vi, vieg }).

Next, let X := {v;,v;}. Since we cannot find two distinct vertices having the same re-
spective distances from v; and v; when j # i+ %, we conclude that mop(X) = 7 (V(Cy,)) =
v1|...|v, when j #i+ 5. This shows our claim when n is even.

(i7): Let first n > 2 be an odd integer. Then, by the above part (i) we have

X if | X <2

Ry (X) =
»(X) {PQ(X) otherwise

Suppose now that n > 2 is an even integer and let G := {{v;,v;s2 [ i=1,...,5}. Then,
by the above part (i) we have

X if [ X|]<2and X ¢G
Rp(X) =1 {{vi} . {visz}} ifXeG
Po(X)NG otherwise

Hence, in both cases, we can check that Ry (X) = Max(Ngp n R(X)) for every X e
£(V(Cyp)). Therefore, we conclude that B[Ch,,d] € PR(V(Cy,)) in view of part (ii) of
Theorem 3.10. O
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Remark 3.13. It may be easily checked that in general the adjacence pairings PB[C,,, adj]
are not attractive. As a matter of fact, let G := C5 and take X := {v1,vs}, x := vo and
y := v3. Then it results that {y} ¢ X, {2} ¢ X ~ {z} but {z} «¢ X & {z,y}.

4. Quasi-attractive pairings

In this section we introduce the notion of quasi-attractive pairing. It originates by
assuming a specific property which is indeed weaker than attractiveness, as we will
see in Proposition 4.1. Furthermore, we will firstly provide a characterization of quasi-
attractiveness in terms of order-theoretical properties of Mgy. Next, we investigate the
main properties of quasi-attractive pairings, above all in relation to the behavior of the
set system Ry (X), for any X € (). In particular, we will demonstrate that when
is a finite set, quasi-attractiveness becomes equivalent to require the exchangeability of
Ry (X) for any X € £(2). In this way, we relate quasi-attractiveness to the matroidality
of a sub-set system of Ng.

Let us first provide a necessary condition for attractive pairings, which will be used
in the successive part in order to introduce a new subclass of pairings.

Proposition 4.1. Let P € PR, () and X,Y € P(Q) be such that X ~p Y. Then

VreX [Ty, €Y ({z} «p (X~ {z})u{ys})]

Proof. Let X,Y € () be such that X ~qp Y and fix 2 € X. There is nothing to prove if
xz €Y. So assume that x € Q \Y. First note that if {z} < X \ {z}, then the condition
{x} «p (X ~{z}) u {y} holds for each y € Y. Therefore, we may also suppose that
{z} 4p X ~ {z}. Then, using the assumption that X ~gp Y, we may find an element
Yy € Y such that {y,} <qu X \ {z}. Hence, by (D1), (D2) and the fact that ¥ ~qp X, it
follows that {y,} <y X. Now, since P € PR,(2), by part (ii) of Proposition 3.4 we get

{2} «p (X~ {zh) vy} O

In view of Proposition 4.1, we may now provide the fundamental notion of quasi-
attractive pairing and the corresponding notion of quasi-attractive pairing.

Definition 4.2. We say that a pairing P € PR(Q) is quasi-attractive if for each X, Y € £(Q)
such that X ~p Y and any x € X

Fya €Y [{z} «p (X~ {z}) v{ya})]

We denote by PRqa(€2) the collection of all quasi-attractive pairings on € and also set
PRifga () = PRis(2) N PR ().
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Let us characterize the condition for a pairing of being quasi-attractive in terms of a
specific property of the complete lattice MI(J3). More in detail we will demonstrate that
a pairing is quasi-attractive if and only if for any X € £(Q2) the elements of Z(F), where
F is the upset of My (X) in M(), are exactly those of the form My(X u{z}), where

{2} fop X.

Theorem 4.3. The following conditions are equivalent:

(1) P e PRaa (),
(it) YVZ e M, VY €RP(Q), Ve eQ [{2} kp Z and YN Z + @ and ZUY ~np ZUu{z} —
JyeY ({z} «p Zu{y}];
(ii7) for any X € P(Q) the elements ofI((ng(X))jwm) are ezactly those of the form
Myp(X u{z}), where {z} ¢p X.

Proof. (i) = (ii): Let Z € My, Y € £(Q) and = € Q be such that Y\ Z # @ and
Z Y ~sp Zu{z}. If {z} «p Z, there is nothing to prove. So, assume that {z} ¢y Z.
As P € PRqa(£2), there must be some y € Y \ Z such that {z} «yp Zu {y}.

(i) == (i): Let X,Y € £(Q) be such that X ~p Y and = € X. We claim that
P € PR (Q). If {x} < X \ {z}, there is nothing to prove. Analogously, if z € Y n X,
the claim is obvious. So, take z € X \Y and assume that {z} g X \ {z}. Set Z :=
My (X N {z}). Hence {z} <y Z. At this point, it is immediate to check that

Furthermore, since X ~gp Y, there exists y € Y such that {y} <y Z. In particular,
yeY N Z. Notice also that Y uZ ~g Y. Thus, by (19) and by our choice of Y, it follows
that Z u{z} »p ZUY. So, we can use our assumption to find an element y, € Y such
that {z} «p ZU{y,}. As Z »p X ~ {x}, we conclude that {z} «qp (X~ {z})u{y,}.

(i) = (iii): Let P € PRGa (). We claim that for any X € £(2) the elements of
I((M‘p(X))IWp) are exactly those of the form My (X u{z}), with {z} 4y X. To this
end, fix X € (Q) and an element z € Q such that {z} g X. Consider the subsets

V. ={weQ| Mp(Xu{z})=Mp(Xu{w})} and X" := Mp(Xu{z})\Y..

It clearly follows that Mg (X) ¢ X' ¢ Myp(X u{z}). We now claim that X’ € Mgy. To
this regard, assume by contradiction the existence of an element w € My (X')~ X', Thus
it results that w € Y, whence X u{w} ~p X'. Now, as P € PRy, (Q2), there exists z/, € X'
such that

{w} «p [(Xufwh) ~{whu{al,} = X ufa,}.

Thus, we deduce that X u{w} «y Xu{x],}. It is also evident that X u{z],} «p Xu{w}
since x;, € X'. As w € Y, we also get the relation X u{z],} »p X U{z}, whence z;, € Y,
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contradicting our choice of «},. This shows that X’ e M.

Let now X" € Mgy be such that My (X) € X ¢ My (X u{z}). We clearly have X" ¢ X'
Therefore, X is the only co-cover of My (X u{z}) in the upset of My (X) in the lattice
M(R).

Conversely, let W € Z(F), where F := (Msp(X));Am. Denote by W' the corresponding
co-cover. Then My (X) € W' ¢ W. Suppose by contradiction that no element of the form
Myp(X u{z}), with {z} ¢q X, coincides with W. Since W' € Zx(W), it follows that
Myp(X u{z}) c W' whenever {z} ¢y X. Thus, taking all the elements w € W such that
{w} ¢ X, we get W € W', which is an absurd. Therefore, there exists z €  such that
{2} g X and W = Mp(X u {z}).

(iit) = (i): Take X ~p Y and fix € X. Set X' := X \ {z}. There is nothing to
prove if {z} «gp X'. Therefore, assume that {z} <y X’. Thus, by our assumption, we
have that Myp(X'u{z}) € I((Mm(X'))jwm). As a consequence, we can consider the set

Be(Myp(X'u {x}))i\;qg It is quite easy to check that B cannot contain points of Z :=
{zeQ| X'u{z} »p X' U{z}}. Thus Mp(X') ¢ B< Mp(X'u{z})\Z ¢ Mp(X'u{z}),
so that B = My (Mg (X' u{z})\ Z). At this point, notice that Y n Z # @. Indeed, if
it were false, then we would have Y ¢ Myu(X'u{z})\ Z, whence Mp(Y) = Myp(X) =
Myp(X"u{z}) ¢ B, absurd.

Fix any point y, € Y n Z. Then, by the definition of Z, we get {z} «p X' U{y,} =
(X ~{z}) u{ys}, from which we conclude that P € PRqa(2). O

In this section we will demonstrate that when one has a locally finite quasi-attractive
pairing, then all the B-reducts of a maximum partitioner X have the same cardinality.
Moreover, we will also deduce that quasi-attractiveness on a finite set {2 may be charac-
terized by the fact that the J-reducts of any subset X € £(€2) form an exchangeable set
system, property which characterizes the X-bases of a matroid on €2, though in general
Ng is not a matroid.

In the next result we will prove that all the reducts of a maximum partitioner of a
locally finite quasi-attractive pairing have the same cardinality.

Theorem 4.4. Let P € PRigqa (2) and X € Mgy be such that Ryp(X) # &. Then Ryp(X)
has uniform cardinality.

Proof. Let W = {wq,...,w,},V = {v1,...,0m} € Rp(X) be such that m < n. Take
v1 € V. As P € PRqa(Q2), there exists an element of W, say wq, such that {v} «g
(V~{vr)) uf{w}. Set VD =V and

V(Q) = (V AN {’Ul}) U {wl} = {’LUl,’Ug,. .. ,’Um}.

It is immediate to check that V() N v mp V ~p W. Therefore, we may use again
the assumption that 3 € PRqa(£2) on the subsets V() and W and to the element vy in
order to find wy € W such that {va} «q (V® \ {va}) U {wa}. Set
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V(S) = (V(Q) N {1}2}) U {’UIQ} = {wl,wg,vg, .. .,’Um}.

Clearly we get V(&) ~p W and, thus, we may iterate the above procedure until we reach
a subset V(™) = {w1,...,wn} & W such that y(m) ~p W. Thus, we conclude that
W ¢ Ry (X), contradicting our choice of W. This proves the claim when (2 is finite.
Let now  be an infinite set and also assume W € Ry (X) to be infinite. Also the subset
V must be infinite. In fact, note that for any v € V' there must correspond some finite
subset F, € Pan(W) such that {v} «g F,. Let now Y := U{F, | v € V}. Clearly, it
results V «qp Y and Y € W, whence Y »p V ~wp W ong X Since W e Ry(X), we must
necessarily have Y = W. If V' were finite, even the subset Y (and so W) would be finite,
which is impossible by our assumption. So V' is infinite.

At this point, notice that |[W]| < Yev | EFo] < Ro||[V| = |V Repeating the above ar-
gument and exchanging the role of W and V, the conclusion of the present theorem
holds. O

Corollary 4.5. If Q is a finite set, P € PRy (Q) and X € (), then Ry (X) has uniform
cardinality.

In the next result we will characterize quasi-attractiveness on finite sets through the
fact that the set system of the P-reducts of any subset X is exchangeable.

Theorem 4.6. Let ) be a finite set. Then the following conditions are equivalent:

(i) B €PRqa();
(ii) for any X € () the set system Ry (X) is exchangeable.

Proof. (i) == (ii): Let X e P(R), Y,Z e Rpp(X) and y e YN Z. As Y w~gp Z and
P € PRy (), there exists z € Z such that

{y} «p Y~ {y})u{z}. (20)

Set W:= (Y~ {y})u{z}. In order to show that Rqz(X) is exchangeable, we will demon-
strate that z € Z\Y and W e Ryp(X). First of all, notice that z € Z \'Y, otherwise,
by (20), we would get z # y and {y} «p W =Y \ {y}, contradicting the assumption
Y € Ryp(X). Therefore, since y € Y \ Z, it follows that ||[W| = |Y'|. Moreover, again by
(20), we get

W g Y U{z) ey ¥, (21)

where the second equivalence follows by the fact that ¥ ~p Z and z € Z.

Assume now by contradiction that W ¢ Ryp(X). AsY € Rp(X), we have that X «gp
Y, therefore, by (21), we also have that X «q W. As W ¢ Ry (X) there exists w e W
such that X «q W\ {w}. Take
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Gu = {W e P(W ~ {w}) [ X «p W'}

Then G,, # & because X «y W N {w} and, since Q is finite, we have Min(G,,) # &. Let
then W* e Min(G,,). Then X «gy W* and, by the minimality of W* in G,,, we get

W e Rp(X) and W7 < [W]=]Y] (22)

As Y e Ryp(X), the conditions in (22) contradict Corollary 4.5. So W € Rp(X).

(i) == (i): Let X,Y € P(Q2) be such that X ~p Y and let z € X. We claim the
existence of y € Y such that {z} «qp (X ~{z})u{y}. If {z} «p X ~ {z} we clearly have
{z} «p (X ~{z})u{y} for any y € Y, so there is nothing to prove. Similarly, if z € X nY’,
just choose y = x to get the claim.

Therefore, we may assume that X are incomparable Y with respect to set-theoretical
inclusion and take z € X \Y such that

{2} fop X {a} (23)

Consider at this point the set system Hx = {A € [X]s, | € A}. As X e Hx and Q is
finite, we have that Min(H x) # @. Let X € Min(H x ). We claim that X € Ry (Mg (X)).
As X ¢ [ X ]aq, we clearly have My (X) «op X.

Let now X’ ¢ X and assume that X' e [X]ag, le. X mp X. Then z € O~ X’ and,
using (D1)-(D3), we easily deduce that {z} «q X \ {z}, in contrast with (23). So
X € Rop(My(X)).

Denote now by Y’ some B-reduct of Y. In view of our assumptions, we easily deduce
that X and Y are incomparable with respect to set-theoretical inclusion. So, as X ,Y'e
Rep (M (X)), by the exchangeability of Res(Msp(X)) there exists y, € Y\ X such that
{z} «p (X~ {z}) U{ye}. As X € P(X), it follows that {z} «p (X~ {z}) U {y.} «p
(X ~A{z}) u{ys}, ie. PePRGW(Q). O

Remark 4.7. When ( is a finite set and P € PR, (€2), the equality Ry (X) = Max(Ny n
(X)) does not hold, as we will see in the last section. Nevertheless, notice that in
general Ry coincides with the family of the bases of a matroid on 2 which is a sub-set
system of Ng.

5. The Petersen graph is attractive

In the previous Section 3 we investigated the main general properties of attractive
pairings and determined two specific kinds of attractive pairings derived from graphs by
means of the theoretical results we gave for a generic attractive pairing. In the present
section we prove that the adjacence pairing P3[Pet, adj] induced by the Petersen graph is
attractive. By the convention stated in Subsection 2.1, here we will replace J3[Pet, adj]
by Pet. In Fig. 5 we represent the Petersen graph and its corresponding adjacence matrix
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)

2 I\Z 1.0/I 5
Vi | V2 | V3 | Y4 | V5 | Ve | V7 | Vs | V9 | V1o

v |0 |1 ]o o |1 |1 o o o |o

w2 |1 |0 |1 |0 |O O |1 [0 [0 |oO u e

vs |0 |1 |0 |1 o o o |t |0 |o /8 9\

ve |0 |0 |1 [0 |1 Jo o o |1 |o

vs |1 |0 o |1 J]o o o o |o |1 3| o4

v |1 |0 |O |O O O o 1 |1 ]o

vv O |1 O |O O O o |0 |1 |1

vs |0 |0 |1 |0 |0 |1 o |0 [0 |1

ve |O |O |O |1 |O |1 |1 [0 [0 |oO

vo |0 O J]O O |1 Jo |1 |1 o |o

Fig. 5. On the left, the Adjancence Matrix of the Petersen Graph Pet, while on the right with the Symmetry
Partition Blocks Induced by X = {1, 3, 8}.

and, as an example, we exhibit the symmetry partition with respect to the vertex subset
X = {1,3,8}, ie. Wpet(X) = 1}1?]71}9|U2|U3U10|U4U8|U5|1}6. .
The vertices of the Petersen graph can be identified with the 2-subsets of 5 :=
{1, 2,3, 4,5}, in such a way that two vertices X and Y are adjacent if and only if
their corresponding 2-subsets are disjoint. In what follows, we write v;; to denote the
vertex identified with {i, j}; moreover, the letters h, i, j, k, | will denote all elements
in 5 in an arbitrary order. Recall that Pet is a strongly regular graph, with parameters
(10,3,0,1). In other terms, every vertex of Pet admits 3 neighbors and, for any v, w € Pet,

0 ifv~w
| Npet (v) N Npet (w) = .
1 ifvrw

In what follows, we will provide a characterization of the geometric configurations
induced by the members of the Moore system Mpg; and, next, taking into account the
previous structural properties of Pet, we demonstrate that it induces an attractive graph.

We divide the proof in some propositions, where we analyze the various cases occur-
ring, and next we recollect them in a single statement. First of all notice that if | X| <1,
then X € Mpey since the Petersen graph is connected and twin-free (i.e. any two vertices
v and w are such that Ng(v) # Ng(w)). Furthermore, 2-subsets of V' (Pet) are maximum
partitioners. This we now present.

Proposition 5.1. We have that P2(V (Pet)) € Mpet.

Proof. Set G := Pet. We claim that any 2-subset X belongs to M. To this regard, by
part (i) of Proposition 2.7 it suffices to show that whenever we take u € V(G) \ X, then
7q(X) # mg(X u{u}), i.e. there exists z,2" € V(G) such that z =x 2’ but z #x,q.y 2"
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To this end, let X = {v,w} and u € V(G) \ X. Assume first that v ~ w. Two cases
may occur: either u + v and u + w or u is adjacent to only one vertex of X. In the
first case, by our choice of v and w and since u + v, by the strong regularity we get
Ng(u) n Ng(v) = {z} and Ng(v) n Ng(w) = @. Let moreover 2z’ € Ng(v) ~ {z}. It may
be easily checked that z =x 2" and z #xyu) 2"

In the second case, suppose that u ~ v and u + w. Then there exist h,i,j,k € 5
such that w = v;5, v = vpr and u = v;. Using the strong regularity of G, it may be
easily checked that Ng(X) = {vij, vih, Vjn, Vnk, Uk, Vni } # V(G). Therefore there exists
2 € V(G) N [Ng(w)u Ng(v) U Ng(u)]. Moreover, let us note that there exists 2’ € V(G)
such that 2z’ + v, 2’ + w and 2’ ~ u. In fact, as Ng(u) = {v,u/,u”}, using the strong
regularity of G it is straightforward to see that uv’,u” ¢ Ng(v) U Ng(w). Let 2" := v’ (the
case z' = u" is the same). Then z =x 2’ but z #xy(. 2"

Take now X = {v,w}, with v + w. Three cases may occur: or v, w and u form a 3-path,
or u~vand u+w or u, v and w are three non-adjacent vertices. In the first situation,
the vertex u is the only element of Ng(v) n Ng(w). Let v = v;; and w = v;;, for some
h,i,j € 5. So u = vy;. Take then z = vp; and 2’ = vy, It is straightforward to see that
z=x 2 and z Fxuquy 2

In the second situation, let v = v;; and w = vy, for some h,i,j € 5. We may take u = vpg.
Notice that there exist z,t € V(G) such that {z} = Ng(u) n Ng(w) and {t} = Ng(w) n
N¢g(v). Denote by 2’ the third vertex which is adjacent to w. It may be easily seen that
z=x 2 and z Fxuquy 2

In the third case, we have that u, v and w are three non-adjacent vertices. If v = v;; and
w = v;;, for some h,i,j € 5, then there are exactly three vertices non-adjacent to both v
and w, namely v = v, z = v and 2’ = vy. Hence, we get z ~ u and 2" + u. Therefore
z=x 2 and z #x,(uy 2. Thus X € Mg when X is a 2-subset. O

Let us now characterize the maximum partitioners with three elements.
Proposition 5.2. Let X € £3(V (Pet)). Then X € Mpe if and only if Pet[X] = P ;.

Proof. Set G := Pet and let X = {u,v,w} be 3-subset. Let first G[X] 2 Py 1. In view of
the strong regularity of G, it may be easily shown that |Ng(X)| = 7. Thus, the three
vertices in V(G) \ Ng(X) form a single X-symmetry block. It is a simple exercise to
check that @ # V(G) N\ No(X u{t}) ¢ V(G) \ Ng(X) whenever t ¢ X. So X € M.

Assume now that G[X] = Py 11. Then there exists z € V(G) \ X such that either
X = Ng(z) or z is not adjacent to any of the three vertices of X. In the first case, the
addition of the vertex z to X does not affect the induced symmetry partition, i.e. 7¢(X) =
(X u{z}). In the second case, let us note that 7¢(X) = X u{z}[{t}iev (@) (xufz})- In
fact, there is no pair of adjacent vertices in X u{z} and, because of the strong regularity
of G, the vertices of V(G) \ (X u{z}) are the common neighbors of pairs of vertices
of X u {z}. Nevertheless, by the same reason, it results that 7g(X u {z}) = 7 (X).
Therefore, when G[X ] = Py 1,1, we conclude that X ¢ Mg.
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Let G[X] z Ps;. Without loss of generality, suppose that u ~ v and v ~ w. Let z € V(G)
be such that v ~ z, z + u and z + w. Then we have that 75 (X) = 1g(Xu{z}). In fact, the
other two vertices t,t' € Ng(z) \ {v} are not adjacent to the vertices of X, so t =x t' and
t =xu(zy t'. The other X-symmetry blocks remain the same since the involved vertices
are not adjacent to z. Thus 7g(X) =mg(X u{z}), ie. X ¢ Mg. O

In the following result we will exhibit all the 4-subsets of Pet which are also maximum
partitioners.

Proposition 5.3. Let X € £4(V(Pet)). Then X € Mpe if and only if G[X] 2 Pagy or
G[X]=2 Pi111 or G[X] 2 Hy, where Hy has the following form:

.

Proof. Set G :=Pet and let X = {u,v,w,t}. Assume that G[X] 2 Py, with u ~ v, v ~ w
and w ~ ¢. Without loss of generality, we may suppose that v = v;j, u = vp, W = Vhi
and t = v;;. Therefore, it may be easily checked through the strong regularity of G that
N (X) = {vij, Vi, Vnk, Vit, Unjs Uik, Vji, Vki, Vik - Thus | Ng(X) N\ Ng(X)| = 1. Denote by
¢ the third vertex in Ng(v). It does not belong to X. Set B := X u {c}. We claim that
me(X) = mg(X u{c}). To this end, take two distinct vertices z,z" € V(G) such that
z =x z'. Using the strong regularity, it may be easily proved the existence of a unique
element x € X such that z ~z and 2z’ ~ z. As a consequence, we also have z + 2.

Notice now that neither z = w nor = = t. In fact, if 2,2’ € Ng(u) (the case of ¢ is
similar), since u + ¢, only one among z and 2z’ must be adjacent to ¢ and this implies
z #x Z', in contrast with our assumption. So, either x = v or z = w. If 2,2’ € Ng(v), it
may be easily checked that z = u and 2’ = ¢, so that z = 2'.

On the other hand, if z, 2" € Ng(w), it is straightforward to check that z =t and 2’ = y,
where y denotes the third vertex of Ng(w). Clearly, we cannot have ¢ ~ y, otherwise we
would find a 4-cycle in G. This implies that z = 2/, showing that 7 (X) = 7g(X u{c}),
whence X ¢ Mg.

Assume now that G[X] = P51, with u ~ v and v ~ w. Without loss of generality, we
may suppose that v = v;5, u = vp;, w = vp and ¢ = vy;. Then, using the strong regularity
of G, we have Ng(X) = {vih,vij,vhk,vik,vil,vkl,vjk,vjl}, so that [ Ng(X) N\ Ng(X)| =2
and t € V(G) N\ Ng(X). Denote by ¢ the vertex in V(G) ~ (Ng(X) u {t}) and set
B := X u{c}. We claim that 7g(X) = 7g(B). To this end, take two distinct vertices
z,z" € V(@) such that z =x 2’

It may happen that either z,2" € V(G)\ Ng(X) or z = u and 2’ = w. In fact, let z € X
be the only vertex which is both adjacent to z and to z’. It cannot be x =t since the
strong regularity of G implies that every neighbor of ¢ is also a neighbor of one among
u,v and w; moreover it cannot be z = u (the case x = w is similar) since the vertices u
and ¢ share only a common neighbor by the strong regularity of G. Thus z = v and then
z=wuand 2’ = w.
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At this point, it is straightforward to check that g (X) = 75 (B), whence X ¢ Mg.

Assume now that G[X] 2 P11, with v ~ w. Without loss of generality, we may
suppose that v = v;;, w = v, v = vj and ¢ = vy. Using the strong regularity of G, we have
Ng(X) = {vjl,vkl,vij,vhk,vhj,vhl,vik,vjk}. Thus V(G) N Ng(X) = {Ul'h,v,;l} = {u,t}.
Furthermore, by the previous computation, we observe that Ng(w)nNg(u)nNg(t) = @
and Ng(v) n Ng(u) n Ng(t) has only one element, that we denote by {c}.

Set B := X u{c}. We claim that 7g(X) = mg(B). To this end, take two distinct
vertices z,z’ € V(G) such that z =x 2. If z ~ 2/, then by the strong regularity it follows
that z,2" € V(G) \ Ng(X), while if z + 2’ then there exists a unique vertex x € Q such
that z ~ z and 2’ ~ 2 so that, if ¢ X, then we again have z,2’ € V(G) \ Ng(X). The
previous computations force the vertex = to coincide with v. Therefore we get z = y and
2" = w, where y denotes the third vertex in Ng(v). As z =x 2/, we may have either z = u
and 2’ =t or z =y and 2’ = w. It is now straightforward to check that 7g(X) = 7¢(B).

Let G[X] 2 P11,1,1- The vertices of X are all isolated and, by the strong regularity
of G, any pair of vertices of X admits one common neighbor. This suffices to show that
7a(X) = X|{v}veng (x)- Take now c € V(G) N X. Hence there are two vertices of X, say
v and w, such that c € Ng(v) n Ng(w). Then we get v =x u and v #x (¢} u, proving that
X e Mg.

Let now assume that G[X] = Hy, with u ~ v, v ~ w and v ~ ¢. Then there exists a
vertex a such that X = {a} u Ng(a). As v is the common neighbor of each pair of non-
adjacent vertices in X, we deduce that any vertex of X \ {a} admits two other distinct
neighbors, so Ng(X) = V(G). Now, let 2,2’ € V(G) be such that z =x z’. Then there
exists only a vertex x € X such that z ~x and 2’ ~ x. So, it may be easily checked that
7a(X) = v|Na(v) | (Na(y) N {v})yene(v)- Take now ¢ € V(G) ~ X. Denote by 2,2’ the
elements of Ng(t) \ {v}. If c € Ng(z) (the case c € Ng(2') is similar), then z £xy¢.) 2
Moreover, if ¢ = z (the case ¢ = 2’ is similar), then t #x,;) u. Thus X € Mg.

Finally, assume that G[X] = P» o, with adjacencies u ~ v and w ~ t. We first find
the symmetry partition induced by X. Since u ~ v, there exist four distinct indices
h, j, k, 1 €5 such that u = vp; and v = vy, Furthermore, as w ~ ¢ without being adjacent
to u and v, we may have {w,t} = {v;j, v} or {w, t} = {vi, vjr}. Assume that {w, t} =
{vik, vjl} (the proof in the other case is similar). Since v;; + vj;, there exists only a
vertex, namely vy, which is adjacent to both v;; and vj;. Similarly, let vy, be the only
vertex adjacent to both v;; and vk, vn; be the only vertex adjacent to both vy and vy,
and vp; be the only vertex adjacent to both vy and v. In this way, we get Ng(X) =
{vij, Vi1, Vik, V1, Vhk, Unis Uni, VR b = V(G) N {vir, vk ). Thus, it results that vy =x vj, since
they are not adjacent to the vertices in X.

At this point, take z,2" € Ng(X) be such that z =x 2’. Using the strong regularity of
G, we find a unique vertex x € X such that z ~ x and 2’ ~ . Without loss of generality,
let « = v;;. Thus {z,2"} € {Vk, vn,vne }- Nevertheless, vy ~ vy but vig + vi; similarly,
Upk ~ vj; but vy + vy and, finally, v, * vig. This forces z = 2’ and, therefore, we get
T (X) = {v}vene )|V (G) N No(X).
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To conclude the proof, we claim that X € M. It suffices to demonstrate that any
vertex ¢ ¢ X is always adjacent to only one among the vertices of V(G) \ Ng(X). To
this end, notice that ¢ € {vn,Vnj, Vnk, Vni, Vjk, Vit }, that Ng(vi) = {vn;, vk, vnk} and
Ne(vjk) = {Vnhi,Vni,va}. Hence, there always exists an edge between the vertices in
V(G) ~ X and those of V(G) \ Ng(X). As no pair of vertices may have two common
neighbors, we get m7g(X) # ng(X u{c}), ie. X e Mg. O

In the next technical result, whose proof is straightforward, we exhibit the following
properties of specific 4-subsets to be used when showing the attractiveness of the relation

“~Pet-

Lemma 5.4. Let X = {u,v,w,t} € £4(V(Pet)) be such that Pet[X] is isomorphic to one
among P31, Py11, Py. Then there exists Y € RP(V(Pet)) containing X, with mpey(X) =
7pet(Y) and Pet[Y] 2 Hs, where Hs has the following form:

—<

Hs

In the next two propositions we respectively investigate the behavior of the 5-subsets
and of the 6-subsets of Pet.

Proposition 5.5. Let X € 5(V (Pet)). Then one of the following cases occurs:

(Z) X e Rpet;
(i1) there exists a 6-subset Y € Mpey such that X €Y and mpet (X ) = 7pet (Y).

Proof. Let X € (V(Pet)) be a 5-subset. By the proof of Theorem 7.10 of [10], it results
that Pet[X ] is isomorphic to one among the geometric configurations Cs, Ps, Py 1, Po2 1,
P; 11 or H3, where Hs is as in the statement of Lemma 5.4. In the first four cases, we
have that X € Rpet, while in the latter two cases, just following the proof of Theorem
7.10 of [10], we can check the existence of a 6-subset ¥ € Mpe such that X €Y and
WPct(X) = WPct(Y)~ 0O

Lemma 5.6. Let X € Ps(V (Pet)). Then the following conditions are equivalent:
(i) X #pet V(Pet);

(i7) X = Npet(v) & Npet(w) where v ~ w;
(iti) Pet[X] = Hy, where Hy has the form:

H,
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Proof. In our proof we set G := Pet.

(i) <= (i4i): It has been already proved in Proposition 7.2 of [10].

(it) == (i): Assume that X = Ng(v) & Ng(w) for some two adjacent vertices
v and w. Without loss of generality, we can suppose that Ng(v) := {w,v’,v”} and
Ng(w) = {v,w’,w"}, with o', 0" w’,w" distinct vertices. Let us check that v’ =x v"
(and similarly w’ =x w"). We have v’ ~ v and v"" ~ v by our choice of Ng(v). Moreover,
by the strong regularity, we have v’ + w, v" + w and v' + v"". Next, we also have v’ + w'.
Indeed, if had v ~ w’, then we would obtain Ng(v') n Ng(w) = {v,w'}, in contrast
with the fact that non-adjacent vertices in G must have only one common neighbor. A
similar argument shows that v’ + w”, v + w’ and v + w”. This proves that v’ =x v".
Hence, since 7 (V(G)) = v1]...|v1p because G is a twin-free graph, we conclude that
X #¢ V(G).

(i) = (41): Assume X #¢ V(G). We claim that X = Ng(v) A Ng(w), for some two
adjacent vertices v and w. As X #¢ V(G), there exist two distinct vertices v’,v" € V/(G)
such that v =x v"”. Let us check that v’ + v"". Suppose by contradiction that v’ ~ v”.
Then v’,v"” ¢ X because otherwise Fg(v',v") =0+ 1 = Fg(v',0v"), whence v' #£x v", in
contrast with the assumption. Now, in view of the strong regularity, v' and v” cannot
have a common neighbor. Thus, as v’ =x v”, we have that v’ + x and v + z for
every ¢ € X. Being Ng(v') = {v"”,v1,v5} and Ng(v'") = {v', 0,05}, we deduce that
Ng(v)UNg(0") cV(G)N X, but |[Ng(v')uNg(v")| = 6 by the strong regularity of G,
while [|[V(G) ~ X| =4, absurd. Thus, we proved that v + v".

Again by the strong regularity, there exists a unique vertex v € V(G) such that v ~ v’
and v ~ v”. Set Ng(v') := {v,v],v5} and Ng(v") := {v,v{, 05}, with vi,v5, 0], v] be
distinct vertices. Observe that v] ¢ X because otherwise F'(v',v]) =1# 0= F(v",v7), in
contrast with the fact that v’ =x v”. Similarly, we have v} ¢ X, v{ ¢ X and v} ¢ X. As
X is a 6-subset, we deduce that v € X. Analogously, being {v',v"} n {v],v},v{,v5} = @,
we get {v',v"} € X.

At this point, consider Ng(v) = {v/,v"”,w}. Note that w # v{, otherwise {w} € Ng(v')n
N¢(v), in contrast with the strong regularity of G. Similarly, we have that w # v{, w # v}
and w # vy, ie. weX.

Finally, let Ng(w) = {v,w’,w"}. Hence {w’,w"} n{v’',v"} = @ because v ~ w. Let us
see that w’ € X and w” € X. Suppose by contradiction that w’ ¢ X (the proof for w” is
the same). Without loss of generality, we may suppose that w’ = v{. Then, by what we
proved above, it results that w + v'. Furthermore, we have Ng(w) n Ng(v') = {v,w’},
contradicting the strong regularity of G. So, we must have w’ € X. This proves that
X = Ng(v) U Ng(w) = Ng(v) & Ng(w), with v ~w. O

Proposition 5.7. Let X € £6(V (Pet)) be such that Pet[X] = Ho. Then X € Mpet.
Proof. Let u € V(G) ~ X. In view of part (i) of Proposition 2.7, we need to find two

vertices z,2" € V(G) such that z =x 2" and 2 #xf,) 2'. Using the same notations as
those of the proof of Lemma 5.6, without loss of generality we may assume u = v]. Set
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z:=v" and 2’ :=v". Then z =x 2’ and, moreover, z ~ u and 2’ + u, whence z #x,y} 2'.
This proves that X e Mg. 0O

Corollary 5.8. We have that £7(V (Pet)) c [V (Pet)]

RNPet *

Let us recollect the above results in the following theorem, where we provide all the
members of Mpegt.

Theorem 5.9. Let X € P(V(Pet)). Then X € Mpe if and only if one of the following
conditions holds:

| X1 < 2;

o X =V (Pet);

|X| =3 and G[X]=Ps1;

HXH =4 and G[X] = PQ,Q, or G[X] = P171,171 or G[X] I~ Hl,'
[X] =6 and X = Npet(v) & Npet(w), for some v ~w.

In the next result we will demonstrate that the Petersen graph is attractive.
Theorem 5.10. Let V := V(Pet). We have that Pet € PR,(V).

Proof. Set G := Pet. In view of Theorem 5.9, we may assume that 1 < |A|| < 6. Fur-
thermore, by Proposition 5.5, Lemma 5.6 and Proposition 5.7, notice that when A is a
6-subset it is never possible to choose at the same time two vertices b € 2 and a € A such
that {b} <+¢ A and {a} <«g A\ {a}.

Let now A be a singleton or a 2-subset. Hence, in view of Theorem 5.9 for any choice
of b e Q and a € A such that {b} <g A and {a} +c A~ {a} it easily follows that
{a} 4¢ A 2 {a,b}.

Let A be an arbitrary 3-subset. Clearly, {a} <«g A\ {a} for any a € A. Let {b} g A
and set X := (A~ {a}) u{b}. Three possible cases may occur:

. G[A] = P171’1.

As we argued in Proposition 5.2, there exists z € V(G) such that either A = Ng(z) or z
is not adjacent to any of the three vertices of A. Suppose first that A = Ng(2) for some
z € V(G). Then we get be V(G) N\ (Au{z}). Hence either G[X]| 2 Py1 or G[X]2 Py 1.
If G[X] 2 P51, in view of Proposition 5.2 we clearly have {a} +¢ X. Otherwise, if
G[X] 2 Py 1,1, there exists w € V(G) which is not adjacent to the vertices of X. Again
by the proof of Proposition 5.2, it results that X ~g X u {w} and, by Proposition 5.3,
that X u{w} € Mg. So, {a} ¢ X.

Suppose now that there exists z € V(G) which is not adjacent to any of the three
vertices of A. By the proof Proposition 5.2 it results that X ~g X u{z} and we also
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have X u {z} € Mg by Proposition 5.3. So, we get b # z. On the one hand, if b is
adjacent to two vertices of A, when a is one of them and we replace it with b, we obtain
G[X] 2 P21 and, thus {a} < X; while when a is the remaining vertex and we replace
it with b, we obtain G[X] 2 Ps. By Proposition 5.2, there exists y € V(G) ~ {a} such
that Mg(X) =X u{y} and X u{y} = H;. Thus, again, {a} +c X.

On the other hand, if b is adjacent to only one vertex of A, when a is one of the two
remaining vertices and we replace it with b, we obtain G[X ]2 P, ; and, thus {a} ¢ X;
while when a ~ b, we get G[X ] = Py ;1. By our choice of b, there must necessarily exists
t € V(G) such that Ng(t) = X. Therefore Mg(X) = X u{t} and, thus, {a} g X.

o G[A] =z Ps.

Let z be the third vertex adjacent to the central vertex of the 3-path A. Then b # z in
view of Proposition 5.3. Thus, either b is adjacent to only one of the remaining vertices
of the 3-path A or b € V(G)\ Ng(A). In the first case, when we choose a to be the second
extreme of the 3-path A, we obtain G[X] 2 Ps so, taking the vertex y which is adjacent
to the central vertex of the 3-path X, we conclude that y # a and Mg(X) = X u {y},
whence {a} +g X; otherwise when we choose a to be one of the other vertices, it results
that G[X] = P, 1 and, hence {a} 4 X. In the second case, whenever we replace a vertex
a with b we get G[X] 2 Po; and, hence {a} ¢ X.

U G[A] = P2’1

If @ is the isolated vertex, b can be adjacent to at least one of the remaining vertices, so
that G[X] 2 Ps. In such a situation, denote by v the central vertex of the resulting 3-path
G[X]. As Mg(X) = X u{y} where y is the third vertex of Ng(v) and y # a, we conclude
that {a} 4 X. On the other hand, b can be an isolated vertex, i.e. G[X] 2 P51, and
then {a} ¢ X as X € Mg.

Let now A = {u,v,w,t} be a 4-subset. In view of Propositions 5.2 and 5.3 it may be
easily checked that A\ {a} »g A for any a € A if and only if either G[A] = P1 1,11 or
G[A] 2 H;. So, we need to examine the remaining four possible main cases.

o G[A] = P272.

Without loss of generality, assume that u ~ v and w ~ t. Take a € A and be V(G) \ A
and set X := A A {a,b}. We may have either b € V(G) \ Ng(A) or b is adjacent to
only one vertex of any of the two 2-paths, for instance b € Ng(u) n Ng(w). On the one
hand, if b € V(G)\ Ng(A), then G[X ] 2 P51 1. Moreover, in view of Proposition 5.3 and
Lemma 5.4, we get Mg(X) = X u{z,y} where z is adjacent to b, to the other isolated
vertex of X and to one of the vertices of the 2-path of X, while y is the third neighbor
of the previous vertex of the 2-path of X. As a ¢ {z,y}, we conclude that {a} ¢ X.

On the other hand, if b € Ng(u) n Ng(w) we have either G[X] 2 P31 or G[X] 2 Py.
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When G[X] 2 P51, by the proof of Proposition 5.3 we get Mg(X) = X u{z,y}, where
x € V(G) N (Ng(A) u {v}) and y € Ng(z) n Ng(v); while, when G[X] = Py, we get
Mg (X) = X u{z,y}, where z is the third vertex of Ng(b) and y is the third vertex of
Ng(u). In both the previous situations, we get a ¢ {x,y}, whence {a} g X.

. G[A] ~ Py.

Without loss of generality, assume that « ~ v, v ~ w and w ~ t. Let {b} g A. In view of
Proposition 5.3, it follows that b ¢ Ng(v) U Ng(w). Set X := A A {a,b}. Some possible
subcases may occur.

We may remove an extreme a of the 4-path, say u, or an inner vertex, say v. Let first
a = u. On the one hand, we may have b ~ ¢, whence G[ X | 2 Py. Then Mg(X) = Xu{x,y}
where x € Ng(w) and y € Ng(t). Clearly, a ¢ {x,y} and hence {a} g X. On the other
hand, we may have b ~ uw or b ¢ Ng(A). We get G[X] = P31 and reasoning as in the
proof of Proposition 5.3, it follows that Mg (X) = X u{z,y} where x € Ng(w) n Ng(b)
and y is the third vertex of Ng(«). Thus again a ¢ {z,y} and {a} ¢ X.

Let now a = v. Some possible cases may occur. We may have b ~ u and b + ¢, whence
G[X] 2 P 2. By Proposition 5.3 it easily follows that {a} +q X.

We may also have b€ Ng(u) N Ng(t). Then G[X ] = P, and, by Lemma 5.4, Mg(X) =
X u{z,y}, where z € Ng(t) and y € Ng(b). Therefore, a ¢ {z,y} and again {a} ¢ X.

We may have b ~ ¢t and b + u. In such a case, we get G[X] = P;;. By Lemma 5.4,
we get Mg(X) = X u{x,y}, where z € Ng(t) n Ng(u), y € Ng(x) and y # u. Clearly
a ¢ {z,y} and therefore {a} o X.

Finally, we may have b ¢ Ng(A), whence G[X] 2 Pz11. In this situation, by
Lemma 5.4 notice that Mg (X) = X u {z,y} where 2 € Ng(t) n Ng(u) and y € Ng(t).
Thus, once again {a} ¢ {z,y}, so {a} +¢ X.

. G[A] = P371.

Without loss of generality, assume that v ~ v and v ~ w. In view of Lemma 5.4, it follows
that b cannot be the common neighbor of v and ¢ and, moreover, called such a common
neighbor z, we cannot have b ~ z. Therefore, we may choose b to be adjacent to only one
extreme of the 3-path or to be adjacent to one extreme of the 3-path and to the isolated
vertex. In any case, we are assuming b ~ u. Let then a € A and set X := AA{a,b}. Suppose
that b is only adjacent to u as in the first situation listed above. If a = v we get G[X]
P, 1,1 and thus, by Lemma 5.4, we get Mg(X) = X u{z,y}, where x € Ng(w) n N (b)
and y ~ b. Clearly v ¢ {z,y}, so that {a} ¢¢ X. If a = w we get G[X] = P;; and thus,
by Lemma 5.4, we get Ma(X) = X u{z,y}, where x € Ng(u) n Ng(¢) and y ~ x. Clearly
w ¢ {x,y}, whence {a} g X. If a =t we get G[X] 2 P, and thus, by Lemma 5.4, we
get Mg (X) = X u{z,y}, where x € Ng(u) and y € Ng(v). Clearly, ¢ ¢ {x,y} and hence
{a} e X.

In the second case, if a = w we get G[X ] = P; and thus, by Lemma 5.4, we get Mg(X) =
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X u{x,y}, where z € Ng(b) and y € Ng(u). Clearly w ¢ {z,y} and hence {a} g X. If
a=v we get G[X] = P37 and thus, by Lemma 5.4, we get Mg (X) = X u{z,y}, where
2 € Ng(b) n Ng(w) and y € Ng(z). Clearly v ¢ {z,y} and hence {a} g X. If a =t we
get G[X] 2 P, and thus, by Lemma 5.4, we get Mo(X) = X u{z,y}, where z ~ v and
y ~u. Clearly t ¢ {x,y} and hence {a} +¢ X. Finally, if a = u, we get G[X] 2 P2 2 which
belongs to Mg by Theorem 5.9. So again {a} +a X.

o G[A] = P27171.

Without loss of generality, assume that u ~ v. Let z € Ng(w) n Ng(t). In view of the
proof of Proposition 5.3, it follows that only one of the vertices u and v is adjacent to z.
Suppose that wu is such a vertex (the case of the vertex v is similar). Then the condition
{b} 4 A becomes b ¢ Ng(u)U A by Lemma 5.4. Therefore, it may happen that either b
is adjacent to only one isolated vertex of A or b ~ v and it is also adjacent to one isolated
vertex of A.

Suppose first that b is adjacent to only one isolated vertex of A, say b ~ w. Let now
aeAandset X :=AA{ab} If a =t we get G[X] = Py and, using Theorem 5.9,
we easily deduce that {a} ¢ X. If a = w, we get G[X] 2 Py 1,1. Our choice of b and
Lemma 5.4 imply that Mg(X) = X u{z,y}, where z € Ng(t) n Ng(v) and y € Ng(v).
Clearly, w ¢ {z,y} and hence {a} < X. If a = u, we again get G[X] = P»11. Now, as
Ng(w)n Ng(v)n Ng(t) =@, by Lemma 5.4 we deduce that Mg(X) = X u{z,y}, where
x € Ng(v) n Ng(b) and y € Ng(b). Clearly, u ¢ {x,y} and hence {a} ¢ X. If a = v,
once again we get G[X] 2 P1,1. Now, as Ng(w) n Ng(u) n Ng(t) + @, by Lemma 5.4
we deduce that Mg (X) = X u{z,y}, where z € Ng(u) n Ng(w) and y € Ng(w). Clearly,
v ¢ {z,y} and hence {a} g X.

Suppose now that b ~ v and it is also adjacent to one isolated vertex of A, say b ~ w.
Fix a € A and set X = A A {a,b}. If a = ¢, we get G[X] = P;. By Lemma 5.4 we
deduce that Mg(X) = X u{x,y}, where z € Ng(b) and y € Ng(v) and, as t ¢ {z,y}, we
conclude that {a} ¢ X. If a = w, we get G[X] = P3 ;. By Lemma 5.4 we deduce that
Mg (X) = Xu{z,y}, where x € Ng(v)nNg(t) and y € Ng(z). Clearly w ¢ {z,y} and thus
{a} 4¢ X.If a = u, we again get G[X] = P3 ;. By Lemma 5.4 we deduce that Mg (X) =
X u{z,y}, where z € Ng(b) n Ng(t) and y € Ng(zx). Clearly, u ¢ {z,y} and hence
{a} 4¢ X. If a=v, we get G[X] 2 Py 1,1. In view of Lemma 5.4, there exists a 6-subset
B containing X and inducing the same symmetry partition as X. Let © € Ng(u)nNg(t).
If y € Ng(b), we would have v € B and, in particular, {b} «¢g A, contradicting our choice
of b. Therefore, B = Mg(X) = X u{x,y}, where x € Ng(w) n Ng(t) and y € Ng(w).
Clearly u ¢ {x,y} and hence {a} g X.

Finally, assume that A = {u,v,w,t,2} is a 5-subset. By Proposition 5.5 and Theo-
rem 5.9, we may only suppose either G[A] 2 Ps 11 or G[A] = H3, where Hj is as in the
statement of Lemma 5.4.

In the first case, let u ~ v and v ~ w. Let {b} < A. In view of Proposition 5.5, we can
choose b to be adjacent to one extreme of the 3-path and to one isolated vertex. Without
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(o]
Vg v3

C v1 | v2 | v3 | V4 | Us
V1 0 1 0 1 0
Vo 1 0 1 0 0
V3 0 1 0 1 0
vy 1 0 1 0 1
Vs 0 0 0 1 0

U1 V2

Fig. 6. The Graph of Example 5.11 and its Adjacence Matrix.

loss of generality, take b € Ng(u) n Ng(t). Let a € A be such that {a} g A\ {a}. In
view of Lemma 5.4, the only choice of a is v. Set X := A A {a,b}. Then G[X] = P51 1.
By Propositions 5.5 and 5.7 we get X ¢ B, where B € M is a 6-subset such that
G[B] 2 Hs. The unique way to obtain such a B consists of adding to X the vertex
y € Ng(b) n Ng(z) n Ng(w). Clearly, y # a and thus {a} +¢ X.

In the second case, let v ~ w, w ~u, u ~t and u ~ z. Let {b} <k A. Then b ¢ Ng(w).
Without loss of generality, we may have either b € Ng(v) n Ng(t) or be Ng(t) ~ Ng(v).
In both situations, it follows that X 2 Hs and adding the remaining vertex y of Ng(t),
we get X € X u{y} and X ~g X U{y}. As y # a, we conclude that {a} ¢ X. This
completely proves our result. O

The example of the Petersen graph may induce to think the existence of a relation
between strongly regularity and attractiveness. Nevertheless, there is no link between the
above properties. In fact, in reference to the discussion of the 5-cycle at the beginning of
Section 5, notice that when a graph is strongly regular, it does not necessarily turn out
to be an attractive graph. The converse does not even hold as we will see in the following
example.

Example 5.11. Consider the non-regular graph G in Fig. 6 and its corresponding
PB[G, adj], denoted again by G due to the convention stated in Subsection 2.1.
It may be easily shown that

MG = {Qa {vlav3av4}7 {UQ}a {U5}7 {’Ul,Ug,'Ug,U4}, {’1)1,1)3,1)4,’05}, V(G)}

and that

[2]ee ={2}, [{v1,v3,v4}]ng = {1}, {vs}, {va}, {v1,v3}, {v1,va}, {vs, 04}, {v1, 03, 04}},
[{v2}]e6 = {2},
[{vstlee = {{vs}}, [{vz,vs}lag = {{v2,05}},
[{v1,v2,v3,04} |ug = {{v1, 02}, {v2,v3}, {v2,va}, {v1,v2,v3},{v1, 02,04}, {v2,v3,04},

{U17027’U37U4}}7
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Fig. 7. The Graph Fjy.

[{U1,U3,U47U5}]~G = {{Ul,v5}7 {U3,U5}, {U4,U5}, {U1,U3,U5}, {U1,U4,U5}, {U3,U4,U5},

{'[)17’03,1)4,'1)5}},

[V(G)]WG = {{’Ul,’l}g,vg,}, {v23U37U5}7 {”UQ,’U4,U5}, {U15U27U37U5}3 {’111,1)2,’1)4,1}5},

{Uz,U37U4705}7 V(G)}~

The reader can now easily check that G is an attractive graph by using Theorem 3.10.
6. Friendship graphs are quasi-attractive but not attractive

We now find a model of quasi-attractive pairing induced by the adjacence matrix of
a specific graph family. To be more detailed, in this section we deal with a family of
graphs inducing a quasi-attractive relation. This is the so-called Erdds’ friendship graph
F,,. We will characterize the members of the Moore system Mz and, next, we will prove
that adjacence pairing of F}, is quasi-attractive but not attractive by using the structural
properties of F,, and the results of the previous sections.
Let us consider the set V := {v1,v2,...,02,4+1} and take the partition T := {Sy,...,S,,
Sn+1} of V. where S; := {vg;_1,v9;} for each i = 1,...,n, and Sy,,1 := {van41}. Let F, be
the graph with vertex set V(F,) := V and edge set E(G) = {S1,...,Sn, {vj,v2ns1}7" }-
As an example, in Fig. 7 we represent Fy.

Fix a non-empty vertex subset X € £(V'). We set

Ox ={SeT~{Sp1}| ScX}, Wx:=0x
Fx={SeT||SnX|=1}, Zx:={J{SnX|SeFx} and
Yx = J{S~X|SeFx}.
We now exhibit the X-symmetry partition of P[F,,adj] (from now on F,, in

agreement with the convention of Subsection 2.1) for each non-empty vertex subset
X eRP(V(F,)) N {@}. We leave the details to readers.
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Proposition 6.1. For each non-empty vertex subset X € P(V(F,)) ~ {@}, we have that

Yxu {Ugn+1}|V(G) N\ (YX U {'U2n+1})
7r, (X) = if X ={v;} for somei=1,...,2n (24)
{V}vevy [{wwewy [V2n1[V(G) N (Yx UWx U{vans1})  otherwise

In the next result we will characterize the maximum partitioners of the graph F,.
Proposition 6.2. Let X € P(V(F,)). Then X € Mg, if and only if it results that

(1) X[ <1or

(2) X =V(F,) or

(3) X =Zx uWx U{vans1}, where Zx and Wx satisfy one of the following conditions:
(A) |Zx ~ {vansi )| <1 and | Zx ~ {vaner | + 220 < - 1;
(B) [Zx ~ {vanaa }] > 2.

Proof. Set G := F),. There is nothing to prove when X = V(G). Moreover, in view of
(24), it easily follows that @ € M. It may be also easily checked that all singletons are
maximum partitioners of G. In fact, let X = {v,w} and fix one of its vertices, say v.
Assume that v € S; for some ¢ = 1,...,n and denote by v’ the remaning vertex of S;.
Then either v € Wx or v’ € Yx. In both cases, by (24) we see that mg(X) #+ mg({v}) and
ra(X) £ ma({w)).

Consider now a vertex subset X # V(G) such that | X|| > 2 and X = Zx UWxU{van41}.
We will show that X € Mg if and only if one among the conditions (A) and (B) of the
statement holds. By Proposition 2.7, it suffices to show that for each w € V(G)\ X there
exist two vertices u,u’ such that u =x v’ and u #xy,y v if and only if X satisfies one
among the conditions (A) and (B) of the statement.

Take then w ¢ X, so that w € S; for some ¢ = 1,...,n, and denote by w’ the remaining
vertex of S;. Notice first that if w’ ¢ X, then w,w’ € V(G)\ (Yx UWx U{vap+1}), so that
w =x w'. Furthermore, as w' € Yxg,y and w € Zx gy N {V2n41}, We get w Fxupwy w'.
So, if Zx \ {vans1} =@, then X € Mg.

Suppose therefore that w’ € X, whence w’' € Zx \ {va,41}. Two possible cases may
occur:

o [Zx N {vani}] =1 and [ Zx ~ {vopir )| + Bl < -1,

so that we get w <n -2, ie. there exists S;, where j # ¢, such that S; N X = @. Let
uwe S; and set v = w'. As u,u’ € V(G) N (Yx UWx U{v2ps1}), by (24) we easily get
u=x u'. Nevertheless, as w' € W,y and S;n(Xu{w}) = @, again by (24) we conclude
that u #Xu{w} u'.

o 1Zx ~{vzna } 225
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so there must be a vertex u € Zx ~ {w’,van41} and which clearly belongs to S;, for
some j # 4. Set v’ := w’'. We get u,u’ € V(G) N (Yx UWx U {va,41}) whence, by (24),
it follows that u =x u’. Nevertheless, as u € Wy, and u’ € Zx(,}, we conclude that
UFExU{wy U

In this way we showed that if X satisfies one among the conditions (A) and (B),
then X € M¢. Conversely, let X € Mg~ {V(G)} be such that | X|| > 2. In view of (24),
if vape1 € V(G) N X, then wg(X) = mg(X U {vans1}). Thus, also by the definition of
Zx and Wy, we get X = Zx UWx U {van41}. Clearly, if | Zx \ {vans1}]| > 2, we obtain
Condition (B) of the statement. Therefore, in our successive argument, we can suppose
that | Zx \ {van+1}] < 1.

We will demonstrate that Condition (A) of the statement holds. To this regard, let
w ¢ X and suppose that w € S; for some i = 1,...,n. As X € Mg, we have that
ma(X) = mg(X u{w}). Moreover, denote by w’ the remaining vertex of S;. Suppose first
that w’ ¢ X. Then S; n X = & so that, in view of the definition of Gx, we have S; ¢ Gx.
By our assumption on the number of elements of Zx \ {v2,+1}, we can find another S;
(with ¢ # [) for which S; ¢ Gx. Thus w <n-2and |Zx ~ {vons1}| + w <n-1,ie.
Condition (A) holds in this case.

Finally, suppose that w' € X. Hence w' € Zx ~ {van41} and S; ¢ Gx. Since X € Mg,
by (6.1) we cannot have X = U S;. Hence there exists another S; (with ¢ # [) for

1<j<2n+1
i*j
which S; ¢ Gx. Thus w <n-2and | Zx ~ {vons1 }| + w <n -1, i.e. Condition (A)
holds also in this case. O

We are now able to characterize the minimal partitioners of F,.

Proposition 6.3. Let X € P(V(F,)) ~ {@}. Then X € N, if and only if one of the
following conditions holds:

(1) | X cn-2 and vaps1 € V(Fp) N X;
(i) X ={vans1};
(i13) | X| =2 and vope1 € X.

Proof. Set G := F},. There is nothing to prove if | X | < 1. Assume therefore that | X| > 2.
We firstly claim that X ~g V(G) if and only if either | X|| > 2n or |[X]| = 2n -1 and
van+1 ¢ X. To this end, by Proposition 6.2 it results that X ~g V(G) if and only if the
two following cases occur: either | Zx N\ {vap41}| =1 and w =n-lor Zx~{vops1} =@
and M =n. The latter case implies that | X | = 2n, while the former implies that either
| X| =2n or | X| =2n-1, depending on whether vs,,1 belongs or not to X.

Suppose now X #g V(G). Let us prove that [X]
if X # {v;,v2n41}. To this end, assume that [X]., contains two elements. Assume by

~¢ contains two elements if and only

contradiction that X = {v;,va,41} for some i = 1,...,2n. By Proposition 6.2 it results
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that X € Mg and, since each singleton belongs to Mg, we conclude that [X ], =
{{vi,van+1}}, in contrast with our choice of X.

Conversely, let us assume that X # {v;,v9,4+1} and suppose moreover that vg,41 €
V(G)\ X. By (24) we clearly have X ~g X U{van+1} and, using Proposition 6.2, it may
be easily checked that [X]s,

Proposition is now immediate. 0O

contains only X and X U {vap41}. The conclusion of our

Remark 6.4. Proposition 6.3 and part (iv) of Proposition 2.7 ensure that Ry ¢ Max(Ny)
since the last family contains the vertex subsets of the form {v;, va,41}, withi=1,...,2n,
while the former does not.

At this point, notice that F} = K3, i.e. it is complete graph on 3 vertices. By what we
said at the beginning of Section 5, K3 is attractive and, hence, it is also quasi-attractive.
In the next theorem we will demonstrate that friendship graphs are quasi-attractive but
not attractive. To this regard, we will prove that Rp, (X) forms an exchangeable set
system for any X € (), so that Theorem 4.6 ensures the quasi-attractiveness of F,,,
while using Theorem 3.10 we will check that F), cannot be attractive.

Theorem 6.5. Let V := V(F),). Then F,, € PRqa(V) NPR4(V) for each n > 2.

Proof. In view of Proposition 6.3, it is immediate to check that Rp, (X) forms an ex-
changeable set system for any X € £(€Q). Thus, by Theorem 4.6 we conclude that F), is
quasi-attractive for each n > 2.

To show that Fj, is not attractive, by the last statement of Theorem 3.10 it suffices to
prove that N, is not a matroid. To this regard, take the vertex subsets X = {von, von+1}
and Y = {v1,v2,v2,}. In view of Corollary 6.3, it results that X,Y € N, . Nevertheless,
notice that neither X u{v1} nor X u{vs} belong to Ng,. Thus N, is not a matroid
and the graph F,, cannot be attractive. O

Remark 6.6. Theorem 6.5 gives an example of quasi-attractive graph which is not regular
and, a fortiori, which is not strongly regular. The converse does not even hold, as one
may see taking again the 5-cycle Cs. Let X := {v1,vg,v4}, Y := {v1,v3,05} and z := vy.
It may be easily checked that X ~¢, Y and that neither {2} «c, (X \ {z}) u{vs} nor
{z} «c, (X ~{z})u{vs} hold.

7. Conclusions

In the present work we analyzed the representability of abstract simplicial complexes
on () as the minimal partitioners of some pairing on the same ground set and, next,
we dealt with the matroidal-like properties of the set systems N and Ry (X), for any
subset X of a given ground set ). Indeed, when ) is finite and P is attractive, the
minimum partitioner family forms a matroid on 2. In addition, we characterized attrac-
tiveness on finite ground sets in terms of the equality Rz (X) = Max(Ng nR(X)) (for
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each X € £(Q)) and checked that in general it is only necessary for attractiveness, as
well as the exchangeability of Max(Ny n(X)). However, the most important contri-
bution of this paper is the introduction of the larger class of quasi-attractive pairings.
We characterized them from a lattice-theoretic point of view in Theorem 4.3 and, suc-
cessively, we proved that quasi-attractiveness, together with a local finiteness condition,
ensures the uniformity of the cardinality of the members of Ry (X) (for each X € £(2))
and that, on finite ground sets, quasi-attractiveness is equivalent to the exchangeabil-
ity of Rgs(X). Thus, as for attractiveness, we related quasi-attractiveness to suitable
properties of Ry (X).

Different research lines may be outlined starting from our manuscript. Firstly, it seems
appropriate to enhance the formal and mathematical framework, possibly analyzing the
abstract theoretical properties occurring in the definition of specific subcollections of
pairings, even on infinite ground sets. So doing, on the one hand, it is possible to carry
out some interpretations of the theoretical results in concrete situations occurring in and
deriving from applications and, on the other hand, it is possible to improve the formal
techniques of rough set theory and data mining.

Secondly, Theorem 2.4 gives information about the possibility of exhibiting cryptomor-
phic axiomatizations of attractiveness in terms of suitable kinds of simplicial complexes,
closure operators or simplicial operators. However, nothing is known about such a possi-
bility for quasi-attractiveness. Consequently, a problem that our paper still leaves open
concern the attempt of axiomatizing attractiveness through suitable set systems or set
operators.

Thirdly, the relationship between matroidality and minimal partitioners may be inves-
tigated more deeply, trying to exhibit a complete characterization of all those situations
where N turns out to be a matroid. In such a context, a valid help may come from
the attempt of characterizing all the abstract simplicial complexes representable as the
minimal partitioner family of some pairing, so extending the analysis undertaken at the
end of Section 2.

In addition, in [30] linking maps and sub-bijections have been extended at a functorial
level to get a categorical setting for the analysis of mathematical structures. Therefore,
the categorical counterpart of our analysis may be reached after defining a suitable
category PR of pairings and pairing homomorphisms and taking some of its specific
subcategories and suitable functors from them to the category of matroids [28] or of
simplicial complexes [15]. So, the questions we may pose are: which subcategories do we
have to consider to enrich our investigation? After choosing them suitably, which are the
properties they satisfy and, in particular, which are those inherited from PR? How to
relate the categorical analysis of these subcategories of pairings with those of matroids
and simplicial complexes?

Finally, following the idea of the last two sections of the paper, the models exhibited
enable us to leave open the problems of characterizing all those graphs whose adjacence
pairing is attractive or quasi-attractive. Nevertheless, such a problem arises in all those
cases where we interpret a graph as a pairing, so that the analysis may lead to differ-
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ent characterizations depending on whether we deal with metric pairings, or laplacian
pairings or incidence pairings or any other pairing that may be induced by means of a
graph.
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