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The principle behind magnetic fusion is to cofine high temperature plasma inside a device in 
such a way that the nuclei of deuterium and tritium joining together can release energy. The 
high temperatures generated needs the plasma to be isolated from the wall of the device to avoid 
damages and the scope of external magnetic fields is to achieve this goal. In this paper, to face 
this challenge from a numerical perspective, we propose an instantaneous control mathematical 
approach to steer a plasma into a given spatial region. From the modeling point of view, we focus 
on the Vlasov equation in a bounded domain with self induced electric field and an external strong 
magnetic field. The main feature of the control strategy employed is that it provides a feedback 
on the equation of motion based on an instantaneous prediction of the discretized system. This 
permits to directly embed the minimization of a given cost functional into the particle interactions 
of the corresponding Vlasov model. The numerical results demonstrate the validity of our control 
approach and the capability of an external magnetic field, even if in a simplfied setting, to lead 
the plasma far from the boundaries.

1. Introduction

Plasma is an electrically conducting fluid where temperature is so high that electrons are separated by their atoms and free to move 
[1]. This is called the fourth state of the matter and, in this state, a gas looks macroscopically neutral meaning that it is composed by 
roughly the same number of positive and negative charges. Perturbations from neutrality arises only at the microscopic level, and they 
are responsible of the passage of currents inside the plasma [2]. Since most of the visible universe appears to be in the state of plasma, 
its behavior and properties are of intense interest to scientists in many disciplines ranging from physics, engineering to mathematics. 
In this framework, the development of numerical methods for solving plasma physics problems has attracted a lot of attention in 
the recent years [3--12]. In particular, it is of great interest the study of magnetized plasma for its application in the so called fusion 
devices, such as Tokamaks or Stellarators [13--16,12,17]. In these machines, a strong magnetic field tries to contain the plasma during 
the fusion process of deuterium with tritium, and to avoid the direct contact of the charged particles with the walls of the devices 
which will cause failure of the system. In order to describe such phenomenon, there exists many different mathematical models and 
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associated numerical methods [14,18--21,17] which are able to characterize at different levels the features observed during the time 
evolution of a plasma. The choice of the appropriate one depends on the spatial or temporal scale at which researchers are interested 
when studying the fusion phenomenon [21]. Typical examples are macroscopic MHD equations or microscopic kinetic models, with 
or without collisions. From the numerical approximation perspective, a very important role has been played in the recent past by the 
so-called asymptotic preserving methods [11,12,22--25]. These schemes are able to efficiently deal with the different physical scales 
involved in the dynamics, and are able to treat the problem of the quasi-neutrality in plasma [26--29]. We mention here also recent 
works discussing the presence of uncertainties in kinetic models of plasma physics [30,31].

In this work, we consider specifically one of the models commonly used to describe the evolution of a plasma when far from 
equilibrium, i.e. when collisions are not enough to reach an equilibrium state. The model is based on the Vlasov equation which 
describes the evolution of charged particles in an electromagnetic self-consistent or externally applied field. For one single species of 
the plasma, this reads as

𝜕𝑓 (𝑡,𝐱,𝐯)
𝜕𝑡 

+ 𝐯 ⋅∇𝐱𝑓 (𝑡,𝐱,𝐯) + 𝐹 (𝑡,𝐱,𝐯) ⋅∇𝐯𝑓 (𝑡,𝐱,𝐯) = 0, (1)

where

𝑓 = 𝑓 (𝑡,𝐱,𝐯), 𝑓 ∶ℝ+ ×ℝ𝑑𝑥 ×ℝ𝑑𝑣 , (2)

is the so-called distribution function giving the probability for the species, either ions or electrons, of being in a certain position of the 
𝑑𝑥 dimensional space and of the 𝑑𝑣 dimensional velocity space, and where 𝐹 (𝑡,𝐱,𝐯) represents a force field which can take different 
forms. For example, for the Vlasov-Poisson case, one has

𝐹 (𝑡,𝐱,𝐯) = 𝑞

𝑚
𝐄(𝑡,𝐱),

𝐄(𝑡,𝐱) = −∇𝐱𝜙(𝑡,𝐱), −Δ𝐱𝜙(𝑡,𝐱) =
𝜌(𝑡,𝐱) − 𝜌0(𝑡,𝐱)

𝜀0
,

(3)

where 𝑞 is the elementary charge, 𝑚 the mass of a single particle, 𝜀0 the permittivity, 𝐄(𝑡,𝐱) the electric field, 𝜙(𝑡,𝐱) the electric 
potential,

𝜌(𝑡,𝐱) = ∫
ℝ𝑑𝑣

𝑓 (𝑡,𝐱,𝐯)𝑑𝐯 (4)

the charge density, and 𝜌0(𝑡,𝐱) a static neutralizing background. On the other hand, in the Vlasov-Maxwell case one has

𝐹 (𝑡,𝐱,𝐯) = 𝐄(𝑡,𝐱) + 𝐯 ×𝐁(𝑡,𝐱), (5)

where 𝐁(𝑡,𝐱) represents the magnetic field, and where the equation (1) is coupled with the solution of the Maxwell equations

𝜕𝐄(𝑡,𝐱)
𝜕𝑡 

= 𝑐2∇𝐱 ×𝐁(𝑡,𝐱) − 𝐉 
𝜀0

, ∇𝐱 ⋅𝐁(𝑡,𝐱) = 0,

𝜕𝐁(𝑡,𝐱)
𝜕𝑡 

= −∇𝐱 ×𝐄(𝑡,𝐱), ∇𝐱 ⋅𝐄(𝑡,𝐱) =
𝜌(𝑡,𝐱) − 𝜌0(𝑡,𝐱)

𝜀0
,

(6)

with 𝐉 = 𝑞 ∫ℝ𝑑𝑣 𝑓 (𝑡,𝐱,𝐯)𝑑𝐯 the current density, 𝑐 the speed of light, and the compatibility condition

𝜕𝜌

𝜕𝑡 
+∇𝐱 ⋅ 𝐉 = 0. (7)

In this work, we set ourselves in an intermediate situation between the Poisson and the Maxwell systems in which the magnetic field 
is only external and given while the electric field is obtained from the solution of the Poisson equation, i.e.

−Δ𝐱𝜙(𝑡,𝐱) =
𝜌(𝑡,𝐱) − 𝜌0(𝑡,𝐱)

𝜀0
, 𝐁(𝑡,𝐱) = 𝐁𝑒𝑥𝑡(𝑡,𝐱),

𝐹 (𝑡,𝐱,𝐯) = 𝐄(𝑡,𝐱) + 𝐯 ×𝐁𝑒𝑥𝑡(𝑡,𝐱), 𝐄(𝑡,𝐱) = −∇𝐱𝜙(𝑡,𝐱).
(8)

Although the proposed model remains a simplfication of the Maxwell equations, it represents a step forward compared to the Vlasov

Poisson model, providing a foundation for exploring more realistic scenarios. The choice of the model (8) was made to specifically 
examine the ifluence of an externally imposed magnetic field while avoiding the full complexity of the Maxwell system. Similar 
modeling choices can be found in studies such as [7,23,32,33]. The extension to more comprehensive models is deferred to future 
investigations. The numerical solution of the multi-dimensional Vlasov-Poisson system (1)-(3), or the Vlasov-Maxwell system (1)-(6)

or of the Vlasov-Poisson with external magnetic field (8), is in itself a major challenge because of the high dimensionality, the intrinsic 
structural properties and the temporal and spatial scale involved.

In general, the aforementioned dynamics can be discretized using various numerical techniques, such as semi-Lagrangian schemes 
[6,34,8], finite difference, finite volume, or low-rank methods [35,36], and Discontinuous-Galerkin schemes [37--39]. These methods 
have demonstrated their ability to provide accurate solutions while maintaining some of the structural properties of the system. 
However, their computational cost increase significantly in multi-dimensional scenarios. In contrast, particle based methods, like 
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Particle-In-Cell (PIC) method [40,22,23,41--45], offer a flexible and efficient approach for plasma simulations, particularly in scenarios 
with complex dynamics and high-dimensional spaces. Another class of schemes, hybrid schemes, couples different models trying to 
combine the advantages of deterministic and particle solvers, as seen in [46--50] and related works.

In the present paper, we focus on PIC methods with the primary goal of designing efficient instantaneous control strategies. These 
strategies are based on the external magnetic field 𝐁𝑒𝑥𝑡(𝑡,𝐱), obtained as a solution of an optimality principle, and aim to minimize the 
mass hitting the boundaries and/or the thermal energy near the walls. We subsequently examine the numerical outcomes resulting 
from the implementation of these strategies. While there have been attempts in the literature to study the magnetic cofinement of 
plasma through numerical simulations, most of these efforts have focused on hydrodynamic models [51]. The control of microscopic 
models describing systems of charged particles and based on kinetic equations is a direction that has been largely unexplored in the 
past. We mention recent references [52,33], and also refer to [53] for the case of collisional kinetic equations.

A fundamental aspect when designing a numerical method to control a plasma simulation is the presence of an external magnetic 
field, which acts as a control on the system, necessary for the plasma to assume a desired cofiguration. To this aim, the general form 
of the functional we aim to minimize in the following reads

 (𝐁𝑒𝑥𝑡;𝑓 0;𝑓 ) ∶=

𝑇

∫
0 

⎛⎜⎜⎜⎝(𝑓,𝜓)(𝑡) + 𝛾

2 ∫
Ω𝑥

‖𝐁𝑒𝑥𝑡(𝑡,𝐱)‖2𝑑𝐱⎞⎟⎟⎟⎠𝑑𝑡, (9)

where Ω𝑥 ⊆ℝ𝑑𝑥 represents the space domain, (𝑓,𝜓)(⋅) is a running cost function, and 𝛾 acts as a weight penalizing the magnitude 
of the control ‖𝐁𝑒𝑥𝑡‖. For instance, by choosing

(𝑓,𝜓)(𝑡) = ‖‖‖∫
Ω 

𝜓(𝐱,𝐯)
(
𝑓 (𝑡,𝐱,𝐯) − 𝑓 (𝑡,𝐱,𝐯)

)
𝑑𝐱𝑑𝐯‖‖‖2, (10)

where Ω = Ω𝑥 × Ω𝑣 with Ω𝑣 ⊆ ℝ𝑑𝑣 and 𝑓 a certain target distribution, we are looking to steer the moments of the distribution 
functions towards a desired state. As an example, the specific case 𝜓(𝐱,𝐯) = 1 corresponds to force the density of the plasma to be as 
close as possible to a given cofiguration. Given the functional (9), the general form of the control problem we aim to study is given 
by

min 
𝐁𝑒𝑥𝑡∈𝑎𝑑𝑚

 (𝐁𝑒𝑥𝑡;𝑓 0;𝑓 )

subject to

𝜕𝑡𝑓 (𝑡,𝐱,𝐯) + 𝐯 ⋅∇𝐱𝑓 (𝑡,𝐱,𝐯) +
(
𝐄(𝑡,𝐱) + 𝐯 ×𝐁𝑒𝑥𝑡(𝑡,𝐱)

)
⋅∇𝐯𝑓 (𝑡,𝐱,𝐯) = 0,

−Δ𝐱𝜙(𝑡,𝐱) =
𝜌(𝑡,𝐱) − 𝜌0(𝑡,𝐱)

𝜀0
, 𝐄(𝑡,𝐱) = −∇𝐱𝜙(𝑡,𝐱).

(11)

The above problem has been analyzed theoretically in [54--57], where the magnetic field has been computed as the superposition of 
the fields that are generated from different coils. A simplfied cofiguration has been also analyzed theoretically in [33], deriving the 
control following a Lagrangian approach, and by solving the subsequent optimality system. Another similar research direction has 
been recently explored in [52], where the control is performed over the electric field. However, up to our knowledge, instantaneous 
control methods of the type described in [58--60] have never been investigated in the setting of plasma physics described by means 
of kinetic models which is the direction we aim to explore in this work. In more details we assume, as it will be clarfied later, 
that the external magnetic field may take different values on different parts of the domain, and, for this specific choice, we derive an 
instantaneous feedback control for the plasma which permits to drive the system towards the desired state. Furthermore, the feedback 
control is derived at both the particle and mesoscopic levels, where it is possible to demonstrate that by carefully designing the time 
discretization and introducing an appropriate scaling, the discretize-then-optimize (DtO) approach and the optimize-then-discretize 
(OtD) approach become equivalent. For analogous results in this direction over different models, see, for example, [61--64].

The rest of the paper is organized as follows. In Section 2 we describe the geometrical setting and we introduce the details 
of the control problem. In Section 3, we give a general overview of the type of numerical scheme we choose to approximate our 
model. In particular, we will focus on Particle-In-Cell methods together with well suited semi-implicit discretizations. In Section 4, 
we discretize the control problem and we derive different control strategies showing the consistency between discretize then optimize, 
and optimize then discretize approaches. In Section 5, we propose different numerical examples in which we apply the control to 
the plasma dynamics. A concluding Section 6 summarizes the work done and provides some future directions of investigation. In the 
Appendix A, for validation purposes, we analyze through some tests the proposed numerical method.

2. Problem setting

We restrict ourselves to a two dimensional setting in phase space, i.e. 𝑑𝑥 = 𝑑𝑣 = 2. This situation mimics the evolution of a plasma 
inside a three dimensional axisymmetric toroidal device. To give a precise definition of our simplfied setting, we first consider a two 
dimensional horizontal section of the three dimensional torus shown on the left of Fig. 1, which is obtained from the intersection of the 
(𝑋,𝑌 )-plane with the solid. We then focus on a portion of this section, enlightened in red. This section is successively approximated 
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Fig. 1. On the left the three dimensional torus, on the right the simplfied geometry considered. (For interpretation of the colors in the figure(s), the reader is referred 
to the web version of this article.)

by a rectangle in a new reference frame (𝑋⟂, 𝑌⟂) to simplify the description of the computational domain, as shown in the right 
picture in Fig. 1. For accurate description of the dynamics, directly evaluated over the section of the torus, we refer to [8]. 

Over this depicted geometry, the external magnetic field is supposed to be such that

𝐁𝑒𝑥𝑡(𝑡,𝐱) =
(
0,0,𝐵𝑒𝑥𝑡(𝑡,𝐱)

)
. (12)

Hence, the two dimensional Vlasov-Poisson equations with such external magnetic field reads as

𝜕𝑡𝑓 (𝑡,𝐱⟂,𝐯⟂) + 𝐯⟂ ⋅∇𝐱⟂𝑓 (𝑡,𝐱⟂,𝐯⟂)+

+
(
𝐄(𝑡,𝐱⟂) + 𝐯⟂ ×𝐁𝑒𝑥𝑡(𝑡,𝐱⟂)

)
⋅∇𝐯⟂𝑓 (𝑡,𝐱⟂,𝐯⟂) = 0,

𝐄(𝑡,𝐱⟂) = −∇𝐱⟂𝜙(𝑡,𝐱⟂), −Δ𝐱⟂𝜙(𝑡,𝐱⟂) = 𝜌(𝑡,𝐱⟂),

𝑓 (𝑡 = 0,𝐱⟂,𝐯⟂) = 𝑓0(𝐱⟂,𝐯⟂)

(13)

being 𝑓0(𝐱⟂,𝐯⟂) a certain initial condition, and where 𝐱⟂ = (𝑥, 𝑦), 𝐯⟂ = (𝑣𝑥, 𝑣𝑦) denote the coordinates orthogonal to the magnetic 
field, and where we took 𝜌0 = 0 and the scaling parameter 𝜀0 = 1 in the Poisson equation. In (13), 𝑓 (𝑡,𝐱⟂,𝐯⟂) represents an ensemble 
of charged particles lying on the 𝑥 − 𝑦 plane where we impose periodic boundary conditions in 𝑥 direction while, if not otherwise 
state, rflective boundary conditions are imposed in 𝑦 direction, mimicking the wall of the device. The aim then is to control in

stantaneously the dynamics described by (13) through an external magnetic field in order to let the charged particles to assume a 
desired cofiguration and to stay as far as possible from the walls. To reach this goal, the idea developed consists in using the external 
magnetic field 𝐁𝑒𝑥𝑡(𝑡,𝐱⟂) as a control variable able to steer the system.

However, to address a more realistic setting, instead of allowing 𝐁𝑒𝑥𝑡(𝑡,𝐱⟂) to take arbitrary pointwise values, we introduce a 
spatial discretization grid with 𝑁𝑐 cells. For each cell 𝐶𝑘 ⊂Ω𝑥, we derive a control 𝐵𝑒𝑥𝑡

𝑘
(𝑡) that assumes constant values within the 

cell. The cells are dfined such that 
⋃𝑁𝑐

𝑘=1𝐶𝑘 =Ω𝑥, 𝐶𝑘 ∩𝐶𝓁 = ∅ for all 𝑘 ≠ 𝓁, and 𝑘,𝓁 ∈ {1,… ,𝑁𝑐}. The corresponding state space for 
a single cell is denoted by Ω𝑘 = 𝐶𝑘×Ω𝑣. It is important to emphasize that the choice of 𝑁𝑐 is not dictated by numerical considerations 
but rather rflects the physical constraints of the underlying problem. Practically, it is unreasonable to expect that the coils used to 
generate the external magnetic field can produce highly complex, pointwise field structures. Naturally, relaxing this constraint to 
allow a pointwise magnetic field would simplify the control task, as discussed in detail in the numerical test section. Finally, we 
note that our method is inherently flexible and can be extended to accommodate any cofiguration of the external magnetic field. 
The decision to use a piecewise constant field was motivated by the desire to demonstrate that cofinement is achievable even with 
relatively simple cofigurations.

Hence, we reformulate the problem at the continuous level and over a finite time horizon [0, 𝑇 ] as follows

min 
𝐵𝑒𝑥𝑡∈𝑎𝑑𝑚

𝑁𝑐∑
𝑘=1

𝑘(𝐵𝑒𝑥𝑡
𝑘

;𝑓𝑘,𝑓 0
𝑘
), s.t. (13), (14)

where 𝑓𝑘 = 𝑓𝑘(𝑡,𝐱⟂,𝐯⟂) corresponds to the normalized particle density restricted to a single cell 𝐶𝑘 :

𝑓𝑘(𝑡,𝐱⟂,𝐯⟂) =
𝑓 (𝑡,𝐱⟂,𝐯⟂)

𝜌𝑘(𝑡) 
, 𝜌𝑘(𝑡) = ∫

Ω𝑘

𝑓 (𝑡,𝐱⟂,𝐯⟂) 𝑑𝐱⟂ 𝑑𝐯⟂,

with 𝜌𝑘(𝑡) > 0 the total cell density and with 𝐵𝑒𝑥𝑡 = (𝐵𝑒𝑥𝑡
1 ,… ,𝐵𝑒𝑥𝑡

𝑁𝑐
) now representing the vector of 𝑧 components of 𝐁𝑒𝑥𝑡(𝑡,𝐱⟂) dfined 

in (12) within each cell 𝐶𝑘, 𝑎𝑑𝑚 the set of admissible controls such that 𝑎𝑑𝑚 = {𝐵𝑒𝑥𝑡
𝑘
|𝐵𝑒𝑥𝑡

𝑘
∈ [−𝑀,𝑀],𝑀 > 0, 𝑘 = 1,… ,𝑁𝑐}, and 

where, for each 𝑘 = 1,… ,𝑁𝑐 , the cost functional is dfined as follows
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𝑘(𝐵𝑒𝑥𝑡
𝑘

;𝑓𝑘,𝑓 0
𝑘
) =

𝑇

∫
0 

( ∑
𝓁∈{x,v}

𝑘(𝑓𝑘,𝜓𝓁)(𝑡) +
𝛾

2 
‖𝐵𝑒𝑥𝑡

𝑘
(𝑡)‖2) 𝑑𝑡, (15)

with 𝛾 > 0 a penalization parameter of the control, and where the terms of the running cost 𝑘(𝑓𝑘,𝜓x)(𝑡), 𝑘(𝑓𝑘,𝜓v)(𝑡) aims at 
enforcing a specific cofiguration in the space and velocity distribution read as follows

𝑘(𝑓𝑘,𝜓𝓁) =
𝛼𝓁

2 
‖𝑚𝑘(𝑓𝑘,𝜓𝓁)(𝑡) − 𝜓̂𝓁,𝑘‖2 + 𝛽𝓁

2 
𝜎2
𝑘
(𝑓𝑘,𝜓𝓁)(𝑡), 𝓁 = {x,v}, (16)

with 𝜓𝓁 = 𝜓𝓁(𝐱⟂,𝐯⟂) a function of the state variables, 𝜓̂𝓁,𝑘 ≡ 𝜓̂𝓁,𝑘(𝐱⟂,𝐯⟂) the target state, 𝛼𝓁 , 𝛽𝓁 ≥ 0, and the following moment 
functions

𝑚𝑘(𝑓𝑘,𝜓𝓁)(𝑡) = ∫
Ω𝑘

𝜓𝓁(𝐱⟂,𝐯⟂)𝑓𝑘(𝑡,𝐱⟂,𝐯⟂)𝑑𝐱⟂𝑑𝐯⟂,

𝜎2
𝑘
(𝑓𝑘,𝜓𝓁)(𝑡) = ∫

Ω𝑘

‖𝜓𝓁(𝐱⟂,𝐯⟂) −𝑚𝑘(𝑓𝑘,𝜓𝓁)(𝑡)‖2𝑓𝑘(𝑡,𝐱⟂,𝐯⟂)𝑑𝐱⟂𝑑𝐯⟂. (17)

Now, the purpose of the first term in (16) is to force the moments of the distribution function in each cell 𝐶𝑘 , such as mass and 
momentum, towards a desired values 𝜓̂𝓁 . At same time, the second term aims at forcing the distribution function in such a way that 
the variance, in space and/or in velocity, is as small as possible. In other words, one of the scope of this second term is to avoid 
particles with large velocity lying on the tail of the distribution function to escape from the control and eventually to reach the walls.

Remark 1. In the rest of the paper we will use for simplicity the following notation 𝐵(𝑡, ⋅) = 𝐵𝑒𝑥𝑡(𝑡, ⋅), 𝐁(𝑡, ⋅) = 𝐁𝑒𝑥𝑡(𝑡, ⋅), 𝐱 = 𝐱⟂ and 
𝐯 = 𝐯⟂.

3. Particle-in-cell (PIC) methods

In this section we focus on the discretization of the Vlasov-Poisson equation (13). To this aim, we will rely on Particle-in-Cell 
(PIC) methods [40,41,23,10,65]which will be used to study the motion of 𝑁 particles approximating the single species plasma 
density 𝑓 (𝑡,𝐱,𝐯). We consequently dfine the approximated distribution function at time 𝑡𝑛+1 as

𝑓𝑁 (𝑡𝑛+1,𝐱,𝐯) =
𝑁∑
𝑚=1

𝜔𝑚𝛿(𝐱 − 𝐱𝑛+1
𝑚

)𝛿(𝐯− 𝐯𝑛+1
𝑚

), (18)

where 𝛿(⋅) is the Dirac-delta distribution, and 𝜔𝑚 is a weight related to the mass of each particle. Then, the trajectory of single particle 
𝑚 = 1,… ,𝑁 is computed from the characteristic curves originating from the Vlasov equation

𝑑𝐱𝑚(𝑡)
𝑑𝑡 

= 𝐯𝑚(𝑡), 𝐱𝑚(0) = 𝐱0
𝑚
,

𝑑𝐯𝑚(𝑡)
𝑑𝑡 

= 𝐯𝑚(𝑡) ×𝐁(𝑡,𝐱𝑚(𝑡)) +𝐄(𝑡,𝐱𝑚), 𝐯𝑚(0) = 𝐯0
𝑚
.

(19)

In order to integrate equation (19), we first introduce a spatial mesh of size Δ𝑥, with 𝑚𝑥 nodes in the 𝑥 direction, and of size Δ𝑦, 
with 𝑚𝑦 nodes in the 𝑦 direction. In the following we will denote by 𝐗𝐣 the nodes of the space grid assuming, for simplicity, to have 
a single index 𝑗 = 1,… ,𝑀𝑐 , with 𝑀𝑐 the total number of cells. The value of the electric field 𝐄(𝑡,𝐗𝐣) on the mesh points is computed 
through the solution of the Poisson equation by means of a finite difference method, while the computation of the magnetic field will 
be detailed later, and it will be the consequence of the minimization of the cost functional (15).

At each time 𝑡, the approximated density of the particles which is needed to solve the Poisson equation is reconstructed on each 
spatial cell 𝐗𝐣 considering the updated particles positions and velocities. The new position is due to a shift at velocity 𝐯𝑚(𝑡) in the 
physical space, while the new velocity being due to the force term acting at the particles position 𝐱𝑚. The value of the electric 
field at particle position 𝐱𝑚 corresponds to the value assumed by the electric field in the cell 𝑗 to which the particle with position 
𝐱𝑚 belongs. The system is initialized by sampling the initial position and velocity of each particle from a given initial distribution: 
𝑓 (𝑡 = 0,𝐱,𝐯) = 𝑓0(𝐱,𝐯). To do so, we first determine the mass of each particle by computing the total mass of the plasma, and by 
dividing it by the total number of particles 𝑁 used to approximate the distribution function, i.e.

𝜌𝑡𝑜𝑡 = ∫
Ω 

𝑓0(𝐱,𝐯)𝑑𝐱𝑑𝐯, 𝜔𝑚 =
𝜌𝑡𝑜𝑡

𝑁
. (20)

Then, the number of particles in each cell is given by

𝑁𝑗 =
⌊ 𝜌𝑗
𝑁

⌉
, (21)

where, to avoid any bias, ⌊⋅⌉ denotes the stochastic rounding, and 𝜌𝑗 is given by
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𝜌𝑗 = ∫
Ω𝑣

𝑓0(𝐱𝑗 ,𝐯)𝑑𝐯, ∀𝑗 = 1, ..,𝑀𝑐. (22)

Finally, we set uniformly in space the positions of the 𝑁𝑗 particles inside each cell 𝑗 = 1,… ,𝑀𝑐 . Following a similar argument, we 
associate to each particle a given velocity accordingly to a grid in velocity space with 𝑚𝑣𝑥

×𝑚𝑣𝑦
nodes, used to approximate the initial 

distribution in velocity. Let observe that the choice of assigning positions and velocities randomly or deterministically at 𝑡 = 0 will 
lead to different convergence rates of the PIC methods in the long time behavior as detailed in the Appendix A.

Now, for what concerns the time discretization, among all the possible methods, we focus on a semi-implicit strategy originally 
proposed in [22] to discretize the system of equations (19). This scheme was developed with the aim of handling strong magnetic 
field which may be the case in our setting. In fact, the magnetic field used to control the system may in principle take large value 
during the time evolution of the plasma when trying to force particles not to deviate from a desired direction. Thus, a semi-implicit 
method guarantees stability for a wider range of time steps and consequently is more suited for our scopes. We then consider a time 
interval [0, 𝑇 ] divided into 𝑁𝑡 intervals of size ℎ and we dfine 𝑡𝑛 = 𝑛ℎ and for any 𝑚 = 1,… ,𝑁 , one has the following first order in 
time scheme

𝐱𝑛+1
𝑚

= 𝐱𝑛
𝑚
+ ℎ𝐯𝑛+1

𝑚
,

𝐯𝑛+1
𝑚

= 𝐯𝑛
𝑚
+ ℎ𝐯𝑛+1

𝑚
×𝐁(𝑡𝑛,𝐱𝑛

𝑚
) + ℎ𝐄(𝑡𝑛,𝐱𝑛

𝑚
),

(23)

where 𝐁(𝑡𝑛,𝐱𝑛
𝑚
) is the external magnetic field, computed as a result of the control problem which will be set and solved in the next 

Section 4.

A second order in time extension of the above first order semi-implicit method can be used as well [22]. This reads

𝐱(1)
𝑚

= 𝐱𝑛
𝑚
+ ℎ

2 
𝐯(1)
𝑚
,

𝐯(1)
𝑚

= 𝐯𝑛
𝑚
+ ℎ

2 
(
𝐯(1)
𝑚

×𝐁(𝑡𝑛,𝐱𝑛
𝑚
) +𝐄(𝑡𝑛,𝐱𝑛

𝑚
)
)
,

(24)

where the apex (1) denotes the first stage, while the second stages, for 𝑚 = 1,… ,𝑁 , reads

𝐱(2)
𝑚

= 𝐱𝑛
𝑚
+ ℎ

2 
𝐯(2)
𝑚
,

𝐯(2)
𝑚

= 𝐯𝑛
𝑚
+ ℎ

2 
(
𝐯(2)
𝑚

×𝐁(𝑡𝑛+1,2𝐱(1)
𝑚

− 𝐱𝑛
𝑚
) +𝐄(𝑡𝑛+1,2𝐱(1)

𝑚
− 𝐱𝑛

𝑚
)
)
.

(25)

Finally, the numerical solution at time 𝑡𝑛+1 reads,

𝐱𝑛+1
𝑚

= 𝐱(1)
𝑚

+ 𝐱(2)
𝑚

− 𝐱𝑛
𝑚
,

𝐯𝑛+1
𝑚

= 𝐯(1)
𝑚

+ 𝐯(2)
𝑚

− 𝐯𝑛
𝑚
,

(26)

for any 𝑚 = 1,… ,𝑁 . A complete analysis of this family of semi-implicit PIC numerical methods can be found in [22].

4. Derivation of the instantaneous control strategy

As mentioned in Section 2, we consider a space discretization grid with 𝑁𝑐 cells of size Δ𝑐𝑥×Δ𝑐𝑦 with Δ𝑐𝑥 ≫Δ𝑥, and Δ𝑐𝑦 ≫Δ𝑦, 
and we provide a feedback control 𝐵𝑘, 𝑘 = 1,… ,𝑁𝑐 taking constant values in each cell 𝐶𝑘 at every instant of time 𝑡𝑛, and based 
on a one-step prediction of the dynamics. We stress that we consider the mesh Δ𝑐𝑥 × Δ𝑐𝑦 to be given, depending on the physics of 
the problem while the mesh Δ𝑥 × Δ𝑦 to depend on the level of resolution aimed in the approximation of the Vlasov equation (8). 
Once the physical and numerical setting have been dfined, the idea used to determine the expression of the magnetic field consists 
in splitting the time interval [0, 𝑇 ] into small time intervals of length ℎ, and to solve a sequence of optimal control problems of the 
general form

min 
𝐵∈𝑎𝑑𝑚

𝑁𝑐∑
𝑘=1

 ℎ
𝑘
(𝐵𝑘;𝑓𝑘,𝑓 0

𝑘
) =

𝑁𝑐∑
𝑘=1

𝑡+ℎ

∫
𝑡 

( ∑
𝓁∈{x,v}

𝑘(𝑓𝑘,𝜓𝓁)(𝜏) +
𝛾

2 
‖𝐵𝑘(𝜏)‖2) 𝑑𝜏. (27)

One can successively proceed as discussed in the Introduction 1 to derive the control strategy with the discretize-then-optimize (DtO) 
approach or with the optimize-then-discretize (OtD) one. In the following we follow the DtO path while in the final part of the section 
we will discuss the analogies and differences with the OtD method.

4.1. Discretize then optimize (DtO)

In this setting due to the implicit nature of the discretized dynamics given in (23), one can first notice that it is not possible to 
solve the one step optimal control problem analytically. For this reason, we derive an approximated expression of the magnetic field 
using first a different time discretization for the velocity term of the Vlasov equation (1), fully explicit, while keeping implicit the 
time integration for the particle position and then we plug this result into the semi-implicit scheme (23). This procedure provides a 
sub-optimal feedback control with respect to the original problem (15), containing an error of order ℎ. Nonetheless, as shown in the 
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numerical test Section, the control design guarantees that the particles remain far from the walls for all time of the simulations. In 
order to enforce such behavior we will consider the following choice for 𝜓𝓁 = 𝜓𝓁(𝐱,𝐯) in (27)

𝜓v(𝐱,𝐯) = 𝑣𝑦, 𝜓̂v,𝑘(𝐱,𝐯) = 𝑣̂𝑦,𝑘, 𝜓x(𝐱,𝐯) = 𝑦, 𝜓̂x,𝑘(𝐱,𝐯) = 𝑦̂𝑘. (28)

Now, based on the particle-based approximation induced by the PIC-scheme introduced in Section 3 we first restrict the optimization 
problem (27) to the domain Ω𝑘. Hence, we formulate the discretized version of (14) in a short time horizon [𝑡, 𝑡+ ℎ] as follows

min 
𝐵𝑘∈[−𝑀,𝑀]

 𝑁,ℎ

𝑘
(𝐵𝑘;𝑓𝑁

𝑘
,𝑓

𝑁,0
𝑘

), (29)

subject to a semi-implicit in time discretized Vlasov dynamics, fully explicit for the velocity terms, reading

𝑥𝑛+1
𝑖

= 𝑥𝑛
𝑖
+ ℎ𝑣𝑛+1

𝑥𝑖
,

𝑦𝑛+1
𝑖

= 𝑦𝑛
𝑖
+ ℎ𝑣𝑛+1

𝑦𝑖
,

𝑣𝑛+1
𝑥𝑖

= 𝑣𝑛
𝑥𝑖
+ ℎ𝑣𝑛

𝑦𝑖
𝐵𝑘 + ℎ𝐸𝑛

𝑥𝑖
,

𝑣𝑛+1
𝑦𝑖

= 𝑣𝑛
𝑦𝑖
− ℎ𝑣𝑛

𝑥𝑖
𝐵𝑘 + ℎ𝐸𝑛

𝑦𝑖
,

(30)

Now, by considering also a discretized version of (27) using the rectangle rule for approximating the integral in time, the functional 
in (29) reads as follows

 𝑁,ℎ

𝑘
(𝐵𝑘;𝑓𝑁

𝑘
,𝑓

𝑁,0
𝑘

) = ℎ

(𝑘(𝑓𝑁
𝑘
,𝜓x)(𝑡𝑛+1) +𝑘(𝑓𝑁

𝑘
,𝜓v)(𝑡𝑛+1) +

𝛾

2 
‖𝐵𝑘‖2) , (31)

and where

𝑘(𝑓𝑁
𝑘
,𝜓𝓁) =

𝛼𝓁

2 
‖𝑚𝑘(𝑓𝑁

𝑘
,𝜓𝓁)(𝑡𝑛+1) − 𝜓̂𝓁,𝑘‖2 + 𝛽𝓁

2 
𝜎2
𝑘
(𝑓𝑁

𝑘
,𝜓𝓁)(𝑡𝑛+1), 𝓁 = {x,v}, (32)

is equivalent to (16), with evaluation over the empirical density 𝑓𝑁
𝑘
(𝑡, 𝑥, 𝑣). Thus, by setting 𝜓x = 𝑦𝑛+1, 𝜓v = 𝑣𝑛+1

𝑦
, 𝜓̂x,𝑘 = 𝑦̂𝑘 and 

𝜓̂v,𝑘 = 𝑣̂𝑦𝑘 , target states, according to (28) and by direct computation over the empirical densities, we can rewrite the functional in 
(31) as

 𝑁,ℎ

𝑘
(𝐵𝑘) =

ℎ𝛼v

2 
‖𝑣̄𝑛+1

𝑦,𝑘
− 𝑣̂𝑦𝑘‖2 + ℎ𝛽v

2𝑁𝑘

∑
𝑖∈𝐶𝑘

‖𝑣𝑛+1
𝑦𝑖

− 𝑣̄𝑛
𝑦,𝑘
‖2+

+
ℎ𝛼x

2 
‖𝑦̄𝑛+1

𝑘
− 𝑦̂𝑘‖2 + ℎ𝛽x

2𝑁𝑘

∑
𝑖∈𝐶𝑘

‖𝑦𝑛+1
𝑖

− 𝑦̄𝑛
𝑘
‖2 + ℎ𝛾

2 
‖𝐵𝑛

𝑘
‖2, (33)

with

𝑦̄𝑘 =
1 
𝑁𝑘

∑
𝑗∈𝐶𝑘

𝑦𝑗 , 𝑣̄𝑦,𝑘 =
1 
𝑁𝑘

∑
𝑗∈𝐶𝑘

𝑣𝑦𝑗 , (34)

denoting the mean position and velocity over cell 𝐶𝑘, 𝑘 = 1,… ,𝑁𝑐 . Now, the following Proposition holds true.

Proposition 1. Assume the parameters to scale as

𝛼x →
𝛼x

ℎ 
, 𝛽x →

𝛽x

ℎ 
, 𝛾 → 𝛾ℎ, (35)

then the feedback control at cell 𝐶𝑘 associated to (33) reads as follows

𝐵𝑘 = ℙ[−𝑀,𝑀]

⎛⎜⎜⎝
𝑁,𝑛

v,𝑘
+𝑁,𝑛

x,𝑘

𝛾 +𝑁,𝑛

v,𝑘
+𝑁,𝑛

x,𝑘

⎞⎟⎟⎠ , (36)

where 𝛾 > 0,

𝑁,𝑛

v,𝑘
= 𝛼v(𝑣̄𝑛𝑦,𝑘 + ℎ𝐸̄𝑛

𝑦,𝑘
− 𝑣̂𝑦𝑘 )𝑣̄

𝑛
𝑥,𝑘

+
𝛽v

𝑁𝑘

𝑁𝑘∑
𝑖=1 

[
(𝑣𝑛

𝑦𝑖
+ ℎ𝐸𝑛

𝑦𝑖
− 𝑣̄𝑛

𝑦,𝑘
)𝑣𝑛

𝑥𝑖

]
,

𝑁,𝑛

x,𝑘
= 𝛼x(𝑦̄𝑛𝑘 + ℎ(𝑣̄𝑛

𝑦,𝑘
+ ℎ𝐸̄𝑛

𝑦,𝑘
) − 𝑦̂𝑘)𝑣̄𝑛𝑥,𝑘 +

𝛽x

𝑁𝑘

𝑁𝑘∑
𝑖=1 

[
(𝑦𝑛

𝑖
+ ℎ(𝑣𝑛

𝑦𝑖
+ ℎ𝐸𝑛

𝑦𝑖
) − 𝑦̄𝑛

𝑘
)𝑣𝑛

𝑥𝑖

]
,

𝑁,𝑛

v,𝑘
= ℎ

(
𝛼v(𝑣̄𝑛𝑥,𝑘)

2 +
𝛽v

𝑁𝑘

𝑁𝑘∑
𝑖=1 

(𝑣𝑛
𝑥𝑖
)2
)
, 𝑁,𝑛

x,𝑘
= ℎ2

(
𝛼x(𝑣̄𝑛𝑥,𝑘)

2 +
𝛽x

𝑁𝑘

𝑁𝑘∑
𝑖=1 

(𝑣𝑛
𝑥𝑖
)2
)
,

(37)

and with ℙ[−𝑀,𝑀](⋅) denoting the projection over the interval [−𝑀,𝑀]. In the limit ℎ→ 0 the control at the continuous level reads,
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𝐵𝑘(𝑡) = ℙ[−𝑀,𝑀]

(
1 
𝛾

(𝑁
v,𝑘

(𝑡) +𝑁
x,𝑘

(𝑡)
))

, (38)

with

𝑛
v,𝑘

(𝑡) = 𝛼v(𝑣̄𝑦,𝑘(𝑡) − 𝑣̂𝑦𝑘 )𝑣̄𝑥,𝑘(𝑡) +
𝛽v

𝑁𝑘

∑
𝑖∈𝐶𝑘

(𝑣𝑦𝑖 (𝑡) − 𝑣̄𝑦,𝑘(𝑡))𝑣𝑥𝑖 (𝑡),

𝑛
x,𝑘

(𝑡) = 𝛼x(𝑦̄𝑘(𝑡) − 𝑦̂𝑘)𝑣̄𝑥,𝑘(𝑡) +
𝛽x

𝑁𝑘

∑
𝑖∈𝐶𝑘

(𝑦𝑖(𝑡) − 𝑦̄𝑘(𝑡))𝑣𝑥𝑖 (𝑡).
(39)

Proof. We introduce the augmented Lagrangian

(𝐵𝑘,𝜆𝑘) =  𝑁,ℎ

𝑘
(𝐵𝑘) + 𝜆𝑘(|𝐵𝑘|−𝑀), (40)

with 𝜆𝑘(𝑡) the Lagrangian multiplier. Then, for each 𝑘 = 1,… ,𝑁𝑐 , we solve the optimality system{
𝜕𝐵𝑘

(𝐵𝑘,𝜆𝑘) = 0(
𝜕𝜆𝑘(𝐵𝑘,𝜆𝑘) = 0 if 𝜆𝑘 > 0

)
or 

(
𝜕𝜆𝑘(𝐵𝑘,𝜆𝑘) < 0 if 𝜆𝑘 = 0

)
.

(41)

From the first equation in (41) we get

𝜕𝐵𝑘
 =ℎ𝛼v

(
𝑣̄𝑛
𝑦,𝑘

− ℎ𝑣̄𝑛
𝑥,𝑘

𝐵𝑘 + ℎ𝐸̄𝑛
𝑦,𝑘

− 𝑣̂𝑦𝑘

)(
−ℎ𝑣̄𝑛

𝑥,𝑘

)
+

+
ℎ𝛽v

𝑁𝑘

∑
𝑖∈𝐶𝑘

{(
𝑣𝑛
𝑦𝑖
− ℎ𝑣𝑛

𝑥𝑖
𝐵𝑘 + ℎ𝐸𝑛

𝑦𝑖
− 𝑣̄𝑛

𝑦,𝑘

)(
−ℎ𝑣𝑛

𝑥𝑖

)}
+

+ ℎ𝛼x

(
𝑦̄𝑛
𝑘
+ ℎ(𝑣̄𝑛

𝑦,𝑘
− ℎ𝑣̄𝑛

𝑥,𝑘
𝐵𝑘 + ℎ𝐸̄𝑛

𝑦,𝑘
) − 𝑦̂𝑘

)(
−ℎ2𝑣̄𝑛

𝑥,𝑘

)
+

+
ℎ𝛽x

𝑁𝑘

∑
𝑖∈𝐶𝑘

{(
𝑦𝑛
𝑖
+ ℎ(𝑣𝑛

𝑦𝑖
− ℎ𝑣𝑛

𝑥𝑖
𝐵𝑘 + ℎ𝐸𝑛

𝑦𝑖
) − 𝑦̄𝑛

𝑘

)(
−ℎ2𝑣𝑛

𝑥𝑖

)}
+

+ ℎ𝛾𝐵𝑘 + 𝜆𝑘 sign(𝐵𝑘) = 0.

(42)

Then, if 𝜆𝑘 > 0, from 𝜕𝜆𝑘(𝐵𝑘,𝜆𝑘) = 0, we get |𝐵𝑘| =𝑀 . Consequently, by considering the two cases 𝐵𝑘 =𝑀 and 𝐵𝑘 = −𝑀 separately, 
and by assuming the parameters to scale as in (35), we get by setting 𝐵𝑘 = −𝑀 in (42), and since 𝜆𝑘 > 0

𝜆𝑘

ℎ2
=𝛼v

(
𝑣̄𝑛
𝑦,𝑘

+ ℎ𝑣̄𝑛
𝑥,𝑘

𝑀 + ℎ𝐸̄𝑛
𝑦,𝑘

− 𝑣̂𝑦𝑘

)(
−𝑣̄𝑛

𝑥,𝑘

)
+

+
𝛽v

𝑁𝑘

∑
𝑖∈𝐶𝑘

{(
𝑣𝑛
𝑦𝑖
+ ℎ𝑣𝑛

𝑥𝑖
𝑀 + ℎ𝐸𝑛

𝑦𝑖
− 𝑣̄𝑛

𝑦,𝑘

)(
−𝑣𝑛

𝑥𝑖

)}
+

+ 𝛼x

(
𝑦̄𝑛
𝑘
+ ℎ(𝑣̄𝑛

𝑦,𝑘
+ ℎ𝑣̄𝑛

𝑥,𝑘
𝑀 + ℎ𝐸̄𝑛

𝑦,𝑘
) − 𝑦̂𝑘

)(
−𝑣̄𝑛

𝑥,𝑘

)
+

+
𝛽x

𝑁𝑘

∑
𝑖∈𝐶𝑘

{(
𝑦𝑛
𝑖
+ ℎ(𝑣𝑛

𝑦𝑖
+ ℎ𝑣𝑛

𝑥𝑖
𝑀 + ℎ𝐸𝑛

𝑦𝑖
) − 𝑦̄𝑛

𝑘

)(
−𝑣𝑛

𝑥𝑖

)}
− 𝛾𝑀 > 0,

(43)

from which we get

𝑛
v,𝑘

+𝑛
x,𝑘

𝛾 +𝑛
v,𝑘

+𝑛
x,𝑘

< −𝑀, (44)

with 𝑛
v,𝑘

, 𝑛
x,𝑘

, 𝑛
v,𝑘

, 𝑛
v,𝑘

dfined as in (37). If conversely 𝜆𝑘 > 0 and 𝐵𝑘 =𝑀 , by scaling the parameters as in (35), following a 
similar argument we have

𝑛
v,𝑘

+𝑛
x,𝑘

𝛾 +𝑛
v,𝑘

+𝑛
x,𝑘

>𝑀. (45)

If finally 𝜆𝑘 = 0, and by assuming the parameters to scale as in (35), from the first equation in (41) we get

𝐵𝑘 =
𝑛

v,𝑘
+𝑛

x,𝑘

𝛾 +𝑛
v,𝑘

+𝑛
x,𝑘

, (46)

and from the second equation in (41), i.e. from 𝜕𝜆𝑘(𝐵,𝜆) < 0, we get

−𝑀 <𝐵𝑘 <𝑀. (47)

All in all we get 𝐵𝑘 dfined as in (36). Finally, in the limit ℎ→ 0 we recover equation (38). □
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As previously mentioned, the magnetic field derived in (38) is suboptimal because it is based on a different time discretization 
scheme (30) than the one used to evolve the particles (24)-(25)-(26), followed by a limiting process. The resulting limit value is 
then incorporated into the second-order discretized Vlasov equation (24)-(25)-(26) to guide particles toward the desired positions. 
Nevertheless, since the approach relies on an instantaneous control strategy whose limiting expression is independent of the chosen 
discretization, it can, in principle, be integrated into any Particle-in-Cell scheme, thereby generalizing the proposed method.

Remark 2. The feedback control obtained in (36) can be equivalently derived as an instantaneous control of the following functional 
on the interval [𝑡, 𝑡+ ℎ], without rescaling the parameters as in (35),

 𝑁,ℎ

𝑘
(𝐵𝑘) =

𝛼v

2 
‖𝑣̄𝑦,𝑘(𝑡+ ℎ) − 𝑣̂𝑦𝑘‖2 + 𝛽v

2𝑁𝑘

∑
𝑖∈𝐶𝑘

‖𝑣𝑦𝑖 (𝑡+ ℎ) − 𝑣̄𝑦,𝑘(𝑡)‖2+
+

𝑡+ℎ

∫
𝑡 

(
𝛼x

2 
‖𝑣̄𝑦,𝑘(𝜏) − ̂𝑘(𝜏)‖2 + 𝛽x

2𝑁𝑘

∑
𝑖∈𝐶𝑘

‖𝑣𝑦𝑖 (𝜏) − ̄𝑘,𝑖(𝜏)‖2) 𝑑𝜏

+ 𝛾

2 

𝑡+ℎ

∫
𝑡 
‖𝐵𝑘(𝜏)‖2 𝑑𝜏,

(48)

where we introduced the term

̂𝑘(𝜏) =
𝑦̂𝑘 − 𝑦̄𝑘(𝜏)

ℎ 
, ̄𝑘,𝑖(𝜏) =

𝑦̄𝑘(𝜏) − 𝑦𝑖(𝜏)
ℎ 

.

Hence, we consider the following discretization

 𝑁,ℎ

𝑘
(𝐵𝑘) =

𝛼v

2 
‖𝑣̄𝑛+1

𝑦,𝑘
− 𝑣̂𝑦𝑘‖2 + 𝛽v

2𝑁𝑘

∑
𝑖∈𝐶𝑘

‖𝑣𝑛+1
𝑦𝑖

− 𝑣̄𝑛
𝑦,𝑘
‖2+

+
ℎ𝛼x

2 
‖𝑣̄𝑛+1

𝑦,𝑘
− ̂𝑛

𝑘
‖2 + ℎ𝛽x

2𝑁𝑘

∑
𝑖∈𝐶𝑘

‖𝑣𝑛+1
𝑦𝑖

− ̄𝑛
𝑘,𝑖
‖2 + ℎ𝛾

2 
‖𝐵𝑘‖2, (49)

and we observe that the following reformulation is viable for the third term

ℎ𝛼x

2 
‖𝑣̄𝑛+1

𝑦,𝑘
− ̂𝑛

𝑘
‖2 = ℎ𝛼x

2 

‖‖‖‖‖‖
𝑦̄𝑛+1
𝑘

− 𝑦̄𝑛
𝑘

ℎ 
−
𝑦̂𝑛
𝑘
− 𝑦̄𝑛

𝑘

ℎ 

‖‖‖‖‖‖
2

=
𝛼x

2ℎ
‖‖‖𝑦̄𝑛+1𝑘

− 𝑦̃𝑛
𝑘

‖‖‖2 .
The same argument holds for the fourth term of (49).

4.2. Optimize then discretize (OtD)

In the previous section we proceeded by finding instantaneous control from the optimization of the discretized dynamics based 
on the PIC method. In what follows, we instead derive an instantaneous control directly from the continuous problem (14), showing 
successively consistency with the discretized dynamics by selecting an appropriate time discretization.

A first step toward the solution of the PDE-constrained optimal control problem (14) is the derivation of first order necessary 
conditions, as done for example in [54,33].

(𝐵𝑘,𝑓𝑘, 𝑞𝑘) =

𝑡+ℎ

∫
𝑡 

( ∑
𝓁∈{x,v}

𝑘(𝑓𝑘,𝜓𝓁)(𝜏) +
𝛾

2 
‖𝐵𝑘(𝜏)‖2) 𝑑𝜏

+

𝑡+ℎ

∫
𝑡 

∫
Ω𝑘

𝑞𝑘
(
𝜕𝑡𝑓𝑘 + 𝐯 ⋅∇𝑥𝑓𝑘 + (𝐄(𝑡,𝐱) + 𝐯 ×𝐁𝑘) ⋅∇𝑣𝑓𝑘

)
𝑑𝐱 𝑑𝐯 𝑑𝜏,

(50)

where 𝑞𝑘 = 𝑞𝑘(𝑡,𝐱,𝐯) denotes the Lagrangian multiplier.

Necessary conditions associated to (14) can be derived as first variations of (50), similarly to [54]. Hence, we retrieve the following 
adjoint equation

𝜕𝑡𝑞𝑘 + 𝐯 ⋅∇𝑥𝑞𝑘 + (𝐄(𝑡,𝐱) + 𝐯 ×𝐁𝑘(𝑡)) ⋅∇𝑣𝑞𝑘 =
∑
𝓁

𝑘(𝑡,𝜓𝓁), (51)

which is solved backward in time with terminal condition 𝑞𝑘(𝑡+ ℎ,𝐱,𝐯) = 0, and where the source terms 𝑘(𝑡,𝜓𝓁) are the variations 
of (16) with respect to the density 𝑓𝑘(𝑡, ⋅).

𝑘(𝑡,𝜓𝓁) = 𝛼𝓁𝜓𝓁(𝑥, 𝑣)
(
𝑚𝑘[𝜓𝓁](𝑡) − 𝜓̂𝓁,𝑘

)
+
𝛽𝓁

2 
‖𝑚𝑘[𝜓𝓁](𝑡) −𝜓𝓁(𝐱,𝐯)‖2. (52)
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The optimality condition associated to the variation (50) with respect to the magnetic field writes

𝐵𝑘(𝑡) = ℙ[−𝑀,𝑀]

⎛⎜⎜⎜⎝
1 
𝛾 ∫
Ω𝑘

𝐯 ×∇𝑣𝑞𝑘(𝑡,𝐱,𝐯)𝑓𝑘(𝑡,𝐱,𝐯) 𝑑𝐱 𝑑𝐯
⎞⎟⎟⎟⎠ , (53)

with ℙ[−𝑀,𝑀] the projection operator previously dfined.

In order to retrieve consistency with the instantaneous control in (38) we need to discretize the optimality system in time in a 
coherent way with respect to the forward dynamics of the particle scheme (30), since in general the two approaches do not commute 
[62,61]. Then we introduce the time splitting scheme for the adjoint equation as follows

𝑞∗
𝑘
= 𝑞𝑛+1

𝑘
+ ℎ(𝐄𝑛(𝐱) + 𝑣 ×𝐁𝑛

𝑘
) ⋅∇𝑣𝑞

𝑛+1
𝑘

− ℎ
∑
𝓁

𝑘(𝑡𝑛+1, 𝜓𝓁),

𝑞𝑛
𝑘
= 𝑞∗

𝑘
+ ℎ𝐯 ⋅∇𝑥𝑞

∗
𝑘
,

(54)

with terminal condition 𝑞𝑛+1
𝑘

(𝐱,𝐯) = 0, and

𝐵𝑘(𝑡𝑛) = ℙ[−𝑀,𝑀]

⎛⎜⎜⎜⎝
1 
𝛾 ∫
Ω𝑘

𝐯 ×∇𝑣𝑞
𝑛
𝑘
(𝐱,𝐯)𝑓𝑛

𝑘
(𝐱,𝐯) 𝑑𝐱 𝑑𝐯

⎞⎟⎟⎟⎠ . (55)

Since the terminal condition is zero, we have that the first step of the splitting scheme (54) corresponds to

𝑞∗
𝑘
= −ℎ

∑
𝓁

𝑘(𝑡𝑛+1, 𝜓𝓁) = −ℎ
(𝑘(𝑡𝑛+1, 𝑣𝑦) + 𝑘(𝑡𝑛+1, 𝑦)

)
.

Then, the term in the integral of (55) can be rewritten as

𝐯 ×∇𝑣𝑞
𝑛
𝑘
= 𝐯 ×∇𝑣

(
𝑞∗
𝑘
+ ℎ𝐯 ⋅∇𝑥𝑞

∗
𝑘

)
= −ℎ

∑
𝓁

𝐯 ×∇𝑣

(𝑘(𝑡𝑛+1, 𝜓𝓁) + ℎ𝐯 ⋅∇𝑥𝑘(𝑡𝑛+1, 𝜓𝓁)
)
,

and considering the choice for 𝜓𝓁(𝑥, 𝑣) designed in (28), we have

𝐯 ×∇𝑣𝑞
𝑛
𝑘
= ℎ𝑣𝑥𝜕𝑣𝑦𝑘(𝑡𝑛+1, 𝑣𝑦) + ℎ2𝑣𝑥𝜕𝑦𝑘(𝑡𝑛+1, 𝑦),

where we can compute directly from (52) the partial derivatives

𝜕𝑣𝑦𝑘(𝑡𝑛+1, 𝑣𝑦) = 𝛼v

(
𝑚𝑘(𝑓𝑘, 𝑣𝑦)(𝑡𝑛+1) − 𝑣̂𝑦,𝑘

)
+ 𝛽v

(
𝑣𝑦 −𝑚𝑘(𝑓𝑘, 𝑣𝑦)(𝑡𝑛+1)

)
,

𝜕𝑦𝑘(𝑡𝑛+1, 𝑦) = 𝛼x

(
𝑚𝑘(𝑓𝑘, 𝑦)(𝑡𝑛+1) − 𝑦̂𝑘

)
+ 𝛽x

(
𝑦−𝑚𝑘(𝑓𝑘, 𝑦)(𝑡𝑛+1)

)
.

Finally introducing the scaling (35) over the parameters 𝛼x, 𝛽v and 𝛾 and letting ℎ→ 0 we can retrieve the instantaneous control from 
(55) as follows

𝐵𝑘(𝑡) = ℙ[−𝑀,𝑀]

(
1 
𝛾

(v,𝑘(𝑡) +x,𝑘(𝑡)
))

, (56)

where 𝓁 are dfined as

v,𝑘(𝑡) ∶= ∫
Ω𝑘

𝑣𝑥𝜕𝑣𝑦𝑘(𝑡)𝑓𝑘(𝑡,𝐱,𝐯) 𝑑𝐱 𝑑𝐯,

x,𝑘(𝑡) ∶= ∫
Ω𝑘

𝑣𝑥𝜕𝑦𝑘(𝑡)𝑓𝑘(𝑡,𝐱,𝐯) 𝑑𝐱 𝑑𝐯,

which corresponds to the continuous version of the particle feedback control in (38)

Remark 3. The adjoint equation in (51) can be discretized using an alternative approach that still incorporates splitting. For instance, 
the discretized equation (54) can be rewritten by means of a semi-implicit discretization as follows

𝑞∗
𝑘
= 𝑞𝑛+1

𝑘
+ ℎ(𝐄𝑛+1(𝐱) + 𝑣 ×𝐁𝑛+1

𝑘
) ⋅∇𝑣𝑞

𝑛+1
𝑘

− ℎ
∑
𝓁

𝑘(𝑡𝑛+1, 𝜓𝓁),

𝑞𝑛
𝑘
= 𝑞∗

𝑘
+ ℎ𝐯 ⋅∇𝑥𝑞

∗
𝑘
,

with terminal condition 𝑞𝑛+1
𝑘

= 0. Since the terminal condition is zero, it is not possible to prove consistency without applying a 
splitting approach.
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Fig. 2. Two stream plasma test. Initial density (top left). Initial thermal energy (top right). Initial electric field (bottom left) and velocity (bottom right) in the 
𝑦-direction.

Remark 4. We remark that in the Lagrangian (50) we neglected the contribution of the Poisson equation, which depends itself on 
the density 𝑓𝑘(𝑡,𝐱,𝐯), and which would provide in the adjoint equation an additional source term as follows

𝜕𝑡𝑞𝑘 + 𝐯 ⋅∇𝑥𝑞𝑘 + (𝐄(𝑡,𝐱) + 𝐯 ×𝐁𝑘(𝑡)) ⋅∇𝑣𝑞𝑘 =
∑
𝓁

𝑘(𝑡,𝜓𝓁) +(𝑓𝑘, 𝑞𝑘)(𝑡,𝐱), (57)

where (𝑓𝑘, 𝑞𝑘)(𝑡,𝐱) in the two dimensional setting corresponds to the following non local term

(𝑓𝑘, 𝑞𝑘)(𝑡,𝐱) = −𝜇∫
Ω𝑘

𝐱 − 𝐲‖𝐱 − 𝐲‖2 ⋅∇𝑣𝑓𝑘(𝑡,𝐲,𝐰)𝑞𝑘(𝑡,𝐲,𝐰)𝑑𝐲𝑑𝐰, (58)

with 𝜇 > 0 a normalization constant. We refer to [54] for detail computation over the complete Lagrangian. However, this additional 
term does not affect the derivation of the instantaneous control (56) since its contribution vanishes at the level of the discretization 
used in (54) due to the zero terminal condition.

5. Numerical experiments

In this section we present several numerical results to test the behavior of the Vlasov system under the feedback control (38)

induced by the external magnetic field. We simulate the dynamics by means of the second order PIC method in (24)-(25)-(26), and 
we study the capability of the control to achieve the desired cofinement in two classical settings. The first problem concerns the 
simulation of a regular flow, while the second problem regards a well-known type of instability arising in fluids. We expect the first 
case to be easier to cofine the particles than in the second case due to higher mixing. For both situations, we show the case with 
and without control, where this latter is constructed in such a way to limit the accumulation of the mass close to the boundaries of 
the domain and correspondingly to avoid the thermal energy to grow excessively. In Appendix A some convergence numerical tests 
for the Vlasov-Poisson system are shown for code validation purposes.

5.1. Two stream plasma test case

We consider a two dimensional domain (𝑥, 𝑦) ∈ [0,40]×[−1.5,1.5] and we impose periodic boundary conditions in 𝑥 and rflective 
boundary conditions in 𝑦. As initial density we take the sum of two Gaussian distributions in space
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Fig. 3. Two stream plasma test with constant magnetic field 𝐵 = 1. First row: mass density taken at time 𝑡= 5, 𝑡 = 50 and 𝑡 = 100. Second row: mean velocity in the 
𝑦-direction (on the left), electric field in the 𝑦-direction (on the right).

𝜌±0 (𝐱) =
1 √
2𝜋𝜎

exp

(
−
(𝑦± 𝑐𝑦)2

2𝜎2

)
, (59)

with 𝑐𝑦 = 1 and 𝜎 = 0.3 and where the apex ± indicates whether the particles are lying on the positive or the negative part of the 
domain in the 𝑦-direction. We assume a plasma in thermodynamic equilibrium at 𝑡 = 0 and distributed accordingly to

𝑓0(𝐱,𝐯) = 𝑓+
0 (𝑡,𝐱,𝐯)𝜒(𝑦 ≥ 0) + 𝑓−

0 (𝑡,𝐱,𝐯)𝜒(𝑦 < 0), (60)

with

𝑓±
0 (𝐱,𝐯) =

𝜌±0 (𝐱) 
2𝜋𝑇0(𝐱)

exp

(
−
(𝑣𝑦 ± 𝑢𝑦)2 + 𝑣2

𝑥

2𝑇0(𝐱) 

)
, (61)

where the velocity in the 𝑦-direction is 𝑢𝑦 = ±5, denoting that the particles are in average pointing to the walls of the device at initial 
time. The initial temperature is

𝑇0(𝐱) = 1.5+0.1 sin
(
2𝜋(𝑦− 0.3)

1.2 

)
𝜒(𝑦 >= 0.3)+

− 0.1 sin
(
2𝜋(𝑦− 0.3)

1.2 

)
𝜒(𝑦 < −0.3).

(62)

We sample 𝑁 = 107 particles from the initial distribution with position (𝑥0
𝑖
, 𝑦0

𝑖
), and velocity (𝑣0

𝑥𝑖
, 𝑣0

𝑦𝑖
) accordingly to (61). In Fig. 2

the initial cofiguration is shown as well as the initial self-induced electric field.

We now start by assuming to have no control on the system, we instead set a constant external magnetic field 𝐵(𝑡,𝐱) = 1 acting 
on the particles. We then let the dynamics to evolve up to time 𝑇 = 100, choosing ℎ = 0.001 as time step. We also take 𝑚𝑥 ×𝑚𝑦, with 
𝑚𝑥 = 𝑚𝑦 = 64 cells for the space discretization, which are needed to reconstruct the density field from the particle distribution and 
to compute the electric field. 

Given the above detailed cofiguration, in Fig. 3, in the first row there are shown three different snapshots of the density at time 
𝑡 = 5, 𝑡 = 50 and 𝑡 = 100. The dynamics is such that particles move from the center to the 𝑦-boundaries and they are then rflected 
back again toward the center due to the choice of the rflective boundary conditions in 𝑦. After some time a spread of the density 
in all domain is observed (see again Fig. 3 on the right). In the second row we plot the mean velocity and the electric field in the 
𝑦-direction over time. In order to test after the effectiveness of the control, we compute also in this uncontrolled case, the percentage 
of mass hitting the walls over time as well as the thermal energy of the cells close to the boundaries. The mass at the boundaries at 
time 𝑡𝑛 is computed by
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Fig. 4. Two stream plasma test with constant magnetic field 𝐵 = 1. Density percentages dfined as in equation (63) (on the left). Thermal energy at the boundaries 
dfined as in (64) (on the right).

Fig. 5. Two stream plasma test with control. We set 𝛼x = 𝛼v = 1.5, 𝛽x = 𝛽v = 0.1, and 𝛾 = 10−3 . First row: mass density taken at time 𝑡 = 5, 𝑡 = 50 and 𝑡 = 100. Second 
row: mean velocity in the 𝑦-direction (on the left), electric field in the 𝑦-direction (in the middle), magnetic field (on the right).

𝜌𝑏(𝑡𝑛) = ∫
Ω𝑏

𝑓𝑁 (𝑡𝑛,𝐱,𝐯)𝑑𝐱𝑑𝐯, (63)

with 𝑓𝑁 (⋅) dfined as in (18) and Ω𝑏 = [−1.5,−0.625] ∪ [0.625,1.5] a region close to the 𝑦 boundaries where, in particular, the width 
in the 𝑦-direction corresponds to the size of one cell Δ𝑦. The thermal energy at the boundaries at time 𝑡𝑛 is instead computed as

𝜌𝑏(𝑡𝑛)𝑇𝑏(𝑡𝑛) =
1
2 ∫
Ω𝑏

|𝐯|2𝑓𝑁 (𝑡𝑛,𝐱,𝐯)𝑑𝐱𝑑𝐯+

− 1 
2𝜌𝑏(𝑡𝑛)

⎛⎜⎜⎜⎝
⎛⎜⎜⎜⎝∫Ω𝑏

𝑣𝑥𝑓
𝑁 (𝑡𝑛,𝐱,𝐯)𝑑𝐱𝑑𝐯

⎞⎟⎟⎟⎠
2

+
⎛⎜⎜⎜⎝∫Ω𝑏

𝑣𝑦𝑓
𝑁 (𝑡𝑛,𝐱,𝐯)𝑑𝐱𝑑𝐯

⎞⎟⎟⎟⎠
2⎞⎟⎟⎟⎠ ,

(64)

with 𝑓𝑁 (⋅) dfined as before and again Ω𝑏 = [−1.5,−0.625] ∪ [0.625,1.5].
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Fig. 6. Two stream plasma test with control. We set 𝛼x = 𝛼v = 1.5, 𝛽x = 𝛽v = 0.1, and 𝛾 = 10−3 . Density percentages dfined as in equation (63) (on the left). Thermal 
energy at the boundaries dfined as in (64) (on the right).

In Fig. 4 on the left the density percentages and, on the right, the thermal energy at the boundaries as a function of time are 
respectively shown. In the images, the mass density 𝜌𝑖(𝑡) represents the internal mass, i.e. 𝜌𝑖(𝑡) = 𝜌𝑡𝑜𝑡 − 𝜌𝑏(𝑡). As expected when 
particles hits the boundaries, the local energy increases while when far from them it drops down.

Controlling the velocity and the position field We suppose now that the magnetic field is obtained as the solution of a control problem 
aiming at minimizing the percentage of mass which hits the lower and upper boundaries (38). This result is obtained by forcing the 
velocities and the positions of the particles with a suitable 𝐁𝑒𝑥𝑡 . We suppose the spatial domain, on which the control is active, to 
be divided into 𝐾𝑥 × 𝐾𝑦 = 𝑁𝑐 cells 𝐶𝑘, we set 𝐾𝑥 = 1 and 𝐾𝑦 = 2, and we consider the instantaneous control (36) which aim at 
controlling both the particles positions and velocities. In details, we choose 𝛼x = 𝛼v = 1.5, 𝛽x = 𝛽v = 0.1, and 𝛾 = 10−3 with targets 
𝑦̂𝑘 = 0 for any 𝑘 = 1,2 and 𝑣̂𝑦1 = 1, 𝑣̂𝑦2 = −1, in such a way to force the mass to move toward the center of the domain and to remain 
in that region over time. In Fig. 5 in the first row, the density field at different times 𝑡 = 5, 𝑡= 50 and 𝑡 = 100 is shown. In the second 
row, the correspondent value of the velocity mean in the 𝑦 direction, of the electric field in the 𝑦 direction, and of the magnetic field 
in time are depicted. We observe that the instantaneous control realize a sort of bang-bang strategy which is activated once that the 
mass move sufficiently far away from the center of the domain. In Fig. 6, we plot the density percentages in time and the thermal 
energy at the boundaries. As for the previous cases, even if part of the mass still hits the boundaries the energy decreases toward 
zero, in other words, the control is effective. We consider now two new indicators which definition is given in the following 

𝜌𝑗
𝑦
(𝑡𝑛) = ∫

Ω𝑣

∫
Ω𝑗

𝑓 (𝑡𝑛,𝐱,𝐯)𝑑𝐱𝑑𝐯, 𝑈𝑗
𝑦
(𝑡𝑛) = 1 

𝜌
𝑗
𝑦(𝑡𝑛) ∫Ω𝑣

∫
Ω𝑗

𝑣𝑦𝑓 (𝑡𝑛,𝐱,𝐯)𝑑𝐱𝑑𝐯, (65)

where the superscript 𝑗 = {𝑈,𝐿} denotes the upper and lower regions of the space domain. Specifically, Ω𝐿 = [−1.5,0] and Ω𝑈 =
[0,1.5]. In Fig. 7 the plot of the quantities dfined in (65) versus time in the case without control (first row), and with control (second 
row) are shown. In the first scenario, results indicate oscillations of the particles in the 𝑦 direction. In the case with control instead, 
the image shows that particles are steered towards the center as expected.

5.2. Kelvin-Helmholtz instability

In this section, we focus on Kelvin-Helmholtz instability for charged particles [6,5,40,4] and we perform a similar analysis of the 
one detailed in the previous part by comparison of the controlled and uncontrolled cases. We choose periodic boundary conditions 
in 𝑥 and Dirichlet boundary conditions in 𝑦, and for the uncontrolled case we assume to have a strong magnetic field 𝐵 acting on the 
orthogonal plane. We consider a domain 𝑥 ∈ [0,40], 𝑦∈ [−5,5] and an initial density give by 

𝜌0(𝐱) =
1.5
2𝜋

sech
(

𝑦 
0.9

)
(1 + 𝜖0 cos(3𝑘0𝑥) + 𝜖1 sin(𝑘0𝑥))), (66)

with 𝑘0 = 0.15, 𝜖0 = 0.1, 𝜖1 = 0.001. We also take

𝑓0(𝐱,𝐯) = 𝑓+
0 (𝑡,𝐱,𝐯)𝜒(𝑦 ≥ 0) + 𝑓−

0 (𝑡,𝐱,𝐯)𝜒(𝑦 < 0), (67)

with

𝑓±
0 (𝐱,𝐯) =

𝜌0(𝐱) 
2𝜋𝑇0(𝐱)

exp

(
−
(𝑣𝑥 ± 𝑢𝑥)2 + 𝑣2

𝑦

2𝑇0(𝐱) 

)
, (68)

and 𝑢𝑥 = 1, denoting the mean velocity in the 𝑥 direction. The initial temperature is given by 
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Fig. 7. Two stream plasma test. Plot of the quantities 𝜌𝑗𝑦 , and 𝑈𝑗
𝑦 , 𝑗 = {𝑈,𝐿} in time. First row: uncontrolled case. Second row: controlled case. 

Fig. 8. Kelvin-Helmholtz instability test. Initial density (top left). Initial temperature (top center). Initial mean velocity in the 𝑥- direction (top right). Initial electric 
field in 𝑥 and 𝑦 direction (bottom).

𝑇0(𝐱) = 0.15 + 0.1cos
(
𝜋𝑦

2 

)
𝜒(−1 ≤ 𝑦 ≤ 1). (69)

Simulations are performed using 𝑁 = 107 particles sampled from the above initial distribution, with 𝑚𝑥 ×𝑚𝑦, 𝑚𝑥 =𝑚𝑦 = 64 cells (see 
Fig. 8). The final time is 𝑇 = 100 and we choose ℎ = 0.1 as time step. We assume 𝑁𝑐 =𝐾𝑥 ×𝐾𝑦 cells, with 𝐾𝑥 = 1, 𝐾𝑦 = 10, for the 
definition of the control, and we measure the density and the thermal energy on the boundaries taking Ω𝑏 = [−5,−4.8] ∪ [4.8,5]. In 
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Fig. 9. Kelvin-Helmholtz instability test: uncontrolled case. First row: density prfile at time 𝑡 = 5, 𝑡 = 50 and 𝑡 = 100. In red the velocity vector field. Second row: 
value of the electric field in time. Third row: density percentages at the boundaries (on the left) and thermal energy at the boundary over time (on the right).

Table 1
Kelvin-Helmholtz instability test: computational costs of a 
simulation up to time 𝑡 = 3, with and without control, using 
the first and second order schemes. Numerical simulations 
are run on a standard laptop equipped with an Intel(R) 
Core(TM) i7-1165G7 with 16 GB of RAM.

1st order scheme 2nd order scheme 
No control 23.12 s 44.95 s 
Control 33.91 s 68.53 s 

Fig. 9, in the first row, the density field at time 𝑡 = 5, 𝑡 = 10 and 𝑡 = 100 for the uncontrolled case with 𝐵 = 1.5 are shown. In red 
the velocity vector field is also represented. In the second row, the corresponding electric field, and in the third row, the density 
and thermal energy at the boundaries over time are depicted. The case of the instantaneous control dfined as in (36) is shown 
in Fig. 10. We set 𝛼x = 𝛼v = 1.5, 𝛽x = 𝛽v = 0.1, and 𝛾 = 10−4, with targets 𝑦̂𝑘 = 0, for 𝑘 = 1,… ,10, and 𝑣̂𝑦𝑘 = 1, 𝑘 = 1,… ,5 and 
𝑣̂𝑦𝑘 = −1, 𝑘 = 6,… ,10 to cofine the mass at the center of the domain as for the previous case. The results clearly show the capability 
of the instantaneous control strategy chosen to cofine the plasma and to reduce the thermal energy close to the walls. We also present 
in Fig. 11 the plot of the quantities dfined in (65), where we set Ω𝐿 = [−5,0] and Ω𝑈 = [0,5], in time. In the first row the case without 
control, and in the second row the case with control is reported. In the controlled case as expected these quantfiers remain constant 
in time. Finally, in Fig. 12, we compare the effectiveness of the control in cofining the plasma in terms of thermal energy at the 
boundaries for different values of the penalization parameter 𝛾 up to time 𝑡 = 3. The energy decreases proportionally to 𝛾 showing 
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Fig. 10. Kelvin-Helmholtz instability test: controlled case. First row: density prfile at time 𝑡 = 5, 𝑡 = 50 and 𝑡 = 100. In red the velocity vector field. Second row: 
electric and magnetic field over time. Third row: density percentages at the boundaries (on the left) and thermal energy at the boundaries (on the right).

that if one is willing to accept larger magnetic fields, the plasma can be more easily controlled. The central image in 12 instead shows 
the value of the thermal energy at the boundaries when one assumes to activate the control at different times, namely 𝑡𝑎𝑐𝑡 = 0, 𝑡𝑎𝑐𝑡 = 1
and 𝑡𝑎𝑐𝑡 = 2. The energy starts immediately to decrease once the control is switched on, i.e. there is no latency time. Finally, the 
right image shows the thermal energy at a given fixed time (𝑡 = 3) assuming that both the initial temperature 𝑇0 and the maximum 
magnitude of the control 𝑀 vary. The thermal energy decreases proportionally to the maximum allowed magnitude of the magnetic 
field control and increases as the initial temperature of the plasma increases, however showing that even for larger temperatures the 
control remains effective. Finally, Table 1 provides a comparison of the computational costs for the simulations discussed up to time 
𝑡 = 3, both for controlled and uncontrolled cases using the first and second order Particle-In-Cell schemes described earlier. The second 
order scheme exhibits higher computational costs compared to the first-order scheme due to the two-stages computation for each 
time step. However, as demonstrated in Appendix A, this additional cost is justfied by the improved accuracy it provides. Moreover, 
one can notice that the computational cost of the simulations increases slightly when control is applied, as this requires additional 
operations to determine the positions of particles within each cell and compute their mean position and velocity. Nevertheless, this 
cost remains comparable to that of the original problem, ensuring its practical feasibility.

6. Conclusions

In this work, we have studied the possibility of using instantaneous control strategies to numerically describe and cofine a 
plasma steered by the presence of an external magnetic field. The physical system is characterized by a kinetic equation of Vlasov 
type coupled with the Poisson equation to determine the intensity of the electric field. The Vlasov-Poisson system has been solved 
numerically using a second-order Particle-In-Cell method semi-implicit in time. In this setting, the optimal control problem has been 
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Fig. 11. Kelvin-Helmholtz instability test. Plot of the quantities 𝜌𝑗𝑦 , and 𝑈𝑗
𝑦 , 𝑗 = {𝑈,𝐿} in time. First row: no control. Second row: control. 

Fig. 12. Kelvin-Helmholtz instability test. Left: value of the thermal energy at the boundaries as the penalization term 𝛾 varies. Middle: thermal energy at the boundaries 
assuming to activate the control at different times. The case without control is denoted as 𝑡𝑎𝑐𝑡 =∞. Right: thermal energy at time 𝑡 = 3 as both the initial temperature 
and the control magnitude 𝑀 change.

approximated through an instantaneous control strategy based on a discretization of the cost functional over a single time step. In 
order to compute an explicit feedback control a further approximation based on a simpler time discretization of the dynamic has 
been adopted. Subsequently, this approximated feedback control was incorporated into the second-order PIC method. An analytical 
comparison of the discretize and then optimize strategy with the optimize and then discretize alternative has been also presented. 
Finally, we evaluated the resulting method in various typical scenarios encountered in cofinement problems. The numerical simu

lations showed that the approach outlined in this work effectively guides particles toward a desired cofiguration, paving the way 
for several future investigations. Specifically, we aim to extend this methodology to the Vlasov equation coupled with the Maxwell 
equations in a full three dimensional setting, to take into account the effect of collisions and to introduce uncertainty into the physical 
system.
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Appendix A

In this appendix we report some validations test of the numerical methods, in particular we analyze the convergence rates on 
the so-called Diocotron instability test case. We first compute the numerical error and the rate of convergence in time for the two 
semi-implicit PIC schemes introduced in Section 3 in the uncontrolled case. Next, we present the numerical error as the number of 
particles 𝑁 increases for two different cases: a stochastic initialization and a deterministic initialization for the PIC strategy.

Diocotron instability: dynamics We focus on the solution of the Vlasov-Poisson equation with an external magnetic field 𝐵 = 10 in a 
two dimensional setting. We take as initial density 

𝑓0(𝐱,𝐯) =
1 
2𝜋

(
1 + 𝛼 cos

(
𝑘 arctan

(
𝑦 
𝑥

)))
𝑒

(
−4

(√
𝑥2+𝑦2−6.5

)2)
𝑒

(
−
𝑣2𝑥+𝑣

2
𝑦

2 
)
, (A.1)

where 𝛼 = 0.2, 𝑘 = 7, 𝐱 ∈ [−10,10] × [−10,10], 𝐯∈ℝ2. We set Dirichlet boundary conditions both in 𝑥 and in 𝑦. We let the dynamics 
to evolve up to time 𝑇 = 200 with time step ℎ = 0.1. In Fig. A.13 the initial density and three snapshots of the dynamics taken at time 
𝑡 = 50, 𝑡= 100, 𝑡= 200 are shown. The presence of a strong magnetic field leads to the formation of vortices, as expected [22].

Diocotron instability: numerical errors Fig. A.14 shows the error in time of the semi-implicit numerical schemes introduced in Section 3. 
Denote by 𝑈 = [𝐱𝑚,𝐯𝑚] the position and velocity of each particle. The error in time is dfined as

𝑒𝑟𝑟𝑇 = ‖𝑈𝑇
𝑟𝑖𝑓

−𝑈𝑇 ‖∞, (A.2)

Fig. A.13. Diocotron instability. Snapshots of the dynamics taken at time 𝑡 = 50, 𝑡= 100 and 𝑡 = 200, described in equation (13) with 𝐵 = 10. 
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Fig. A.14. Diocotron instability. Error in time defined as in (A.2). On the left, the first order scheme, on the right, the second order scheme. 

Fig. A.15. Diocotron instability. Error as a function of the number of particles 𝑁 dfined as in (A.3) obtained by setting the initial positions and velocities randomly 
(on the left) and following a deterministic method (on the right).

with 𝑈𝑇
𝑟𝑖𝑓

a reference solution at time 𝑇 = 1 computed assuming 𝑁𝑡 = 210, and 𝑈𝑇 a solution computed at time 𝑇 = 1 with 𝑁𝑡 =
16,32,64,128. As expected, the error of the first order scheme is proportional to ℎ, while the one of the second order scheme is 
proportional to ℎ2, where ℎ is the time step size.

Finally, suppose the time step to be fixed and assume to vary the number of particles 𝑁 . Compute the error as

𝑒𝑟𝑟𝑁 =max
𝐯 

{‖𝑓𝑁𝑟𝑖𝑓 (𝐱,𝐯) − 𝑓𝑁 (𝐱,𝐯)‖∞} , (A.3)

where 𝑓𝑁𝑟𝑖𝑓 and 𝑓𝑁 represent the density function reconstructed with 𝑁𝑟𝑖𝑓 and 𝑁 particles respectively, with 𝑁𝑟𝑖𝑓 >>𝑁 . Fig. A.15

shows the error for 𝑁𝑟𝑖𝑓 = 107 and 𝑁 = 104,… ,106. If we assume to generate the initial position and velocity of each particles 
randomly, then the error in the PIC scheme is proportional to 1∕

√
𝑁 , as show on the left. If instead we assume to generate particles 

following a deterministic method, i.e. defining a phase space mesh and selecting as the initial positions and velocities of the particles 
the corresponding center of the cells, then the error in the PIC method is proportional to 1∕𝑁 , as show on the right.
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Data will be made available on request.
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