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Using a data sample of eþe− collisions corresponding to an integrated luminosity of 7.93 fb−1 collected
with the BESIII detector at the center-of-mass energy 3.773 GeV, we perform the first amplitude analysis
of the decay Dþ → K0

SK
0
Sπ

þ. The absolute branching fraction of Dþ → K0
SK

0
Sπ

þ is measured to be
ð2.97� 0.09stat � 0.05systÞ × 10−3. The dominant intermediate process is Dþ → K0

SK
�ð892Þþ, whose

branching fraction is determined to be ð8.72� 0.28stat � 0.15systÞ × 10−3, including all the K�ð892Þþ
decays.
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I. INTRODUCTION

The masses of the charmed mesons, approximately
2 GeV=c2, fall within a region where nonperturbative
quantum chromodynamics (QCD) is no longer negligible.
This presents a challenge for studying the hadronic
transitions of charmed mesons. The lightest charmed
mesons D0ðþÞ can only decay through weak interactions,
and the related amplitudes are dominated by two-body
processes, i.e. D → VP, D → PP, D → SP, and D → VV
decays, where V, S, and P denote vector, scalar,
and pseudoscalar mesons, respectively. In particular, the
D → VP decays offer cleaner opportunities than other two-
body processes for clarifying the nonperturbative mecha-
nism of charmed meson decays [1–3]. Compared to the
D → SP decay, the VP system presents a more well-
defined quark content of the vector meson than that of
the scalar state, whose quark content is still a matter of
controversy and is further complicated by significant long-
distance rescattering effects [4–8]. The VP system also can
be more favorably described by the theoretical framework
than the PP and VV systems, due to the multiple-amplitude
composition of some P states [2,3] and the polarization in
VV systems [9].
While most of the theoretical predicted branching

fractions (BFs) of D → VP decays are consistent with
experimental measurements, that for Dþ → K0

SK
�ð892Þþ

shows inconsistency. TheDþ → K0
SK

�ð892Þþ decay is one
of the most important singly-Cabibbo-suppressed (SCS)
D → VP decays [10,11], which can be mediated via

color-favored, W-annihilation, and penguin diagrams [2]
as shown in Fig. 1. The predicted and measured values of
the BF BðDþ → K0

SK
�ð892ÞþÞ are listed in Table I, where

predicted BFs of the decay Dþ → K0
SK

�ð892Þþ are from
the pole model [12], the factorization-assisted topological-
amplitude [FAT (mix)] approach with ρ − ω mixing [13],
the topological diagram approach (TDA) with only tree
level amplitude [denoted as TDA (tree)] [1], including
QCD-penguin amplitudes [denoted as TDA (QCD-
penguin)] [2], and the updated analysis of the two-body
D → VP decays within the framework of the TDA [14].
The information of two-body decays can be extracted by

performing an amplitude analysis of decays with multiple-
body final states via intermediate resonance. The BESIII
Collaboration has measured the BF of Dþ → K0

SK
�ð892Þþ

to be ð8.69� 0.40stat � 0.64syst � 0.51BrÞ × 10−3 in the
amplitude analysis of Dþ → KþK0

Sπ
0 [11] using a data

sample corresponding to an integrated luminosity of
2.93 fb−1 at the center-of-mass energy 3.773 GeV, where
the third uncertainty is due to the quoted uncertainty
of BðDþ → KþK0

Sπ
0Þ [10]. This result differs from the

theoretical predictions in Refs. [1,2,13] by about 4σ.
However, the result is consistent with the predictions
based on Refs. [12,14], which suffers from large uncer-
tainties. Therefore, a more precise measurement of
Dþ → K0

SK
�ð892Þþ is needed to provide a more stringent

test of the models and to deepen our understanding of the
dynamics of charmed meson decays. A clearer environment
is expected to be offered in the Dþ → K0

SK
0
Sπ

þ decay
without the interference from Dþ → KþK�ð892Þ0 in
Dþ → KþK0

Sπ
0.

The Dþ → K0
SK

0
Sπ

þ decay has been previously
observed by the BESIII Collaboration with a BF of
BðDþ→K0

SK
0
Sπ

þÞ¼ð2.70�0.05stat�0.12systÞ×10−3 [15].
Using a data sample of eþe− collisions corresponding to an
integrated luminosity of 7.93 fb−1 [16–18] collected by the
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BESIII detector [19] at the center-of-mass energy
3.773 GeV, we performed the first amplitude analysis
and the absolute BF measurement of the SCS decay
Dþ → K0

SK
0
Sπ

þ. Charge-conjugate states are implied
throughout this paper, allowing for the signal-side decay
D− → K0

SK
0
Sπ

−.

II. DETECTOR AND MONTE CARLO
SIMULATION

The BESIII detector [19] records symmetric eþe−
collisions provided by the BEPCII storage ring [20] in
the center-of-mass energy range from 2.00 to 4.95 GeV,
with a peak luminosity of 1 × 1033 cm−2 s−1 achieved atffiffiffi
s

p ¼ 3.77 GeV. BESIII has collected large data samples
in this energy region [21–23]. The cylindrical core of
the BESIII detector covers 93% of the full solid angle
and consists of a helium-based multilayer drift chamber
(MDC), a plastic scintillator time-of-flight system (TOF),
and a CsI(Tl) electromagnetic calorimeter (EMC), which
are all enclosed in a superconducting solenoidal magnet

providing a 1.0 T magnetic field. The solenoid is supported
by an octagonal flux-return yoke with resistive plate
counter muon identification modules interleaved with steel.
The charged-particle momentum resolution at 1 GeV=c is
0.5%, and the dE=dx resolution is 6% for electrons from
Bhabha scattering. The EMC measures photon energies
with a resolution of 2.5% (5%) at 1 GeV in the barrel
(end cap) region. The time resolution in the TOF barrel
region is 68 ps, while that in the end cap region was 110 ps.
The end cap TOF system was upgraded in 2015 using
multigap resistive plate chamber technology, providing a
time resolution of 60 ps, which benefits 63% of the data
used in this analysis [24].
Simulated inclusive Monte Carlo (MC) samples, with

sizes that are 40 times the integrated luminosity of data, are
produced with a GEANT4-based [25] MC simulation pack-
age, which includes the geometric description of the BESIII
detector [26] and the detector response, and are used to
determine detection efficiencies and to estimate back-
grounds. The simulation models the beam energy spread
and initial state radiation (ISR) in the eþe− annihilations
with the generator KKMC [27]. The inclusive MC samples
consist of the production of DD̄ pairs, the non-DD̄ decays
of the ψð3770Þ, the ISR production of the J=ψ and
ψð3686Þ states, and the continuum processes incorporated
in KKMC. All particle decays are modeled with EVTGEN [28]
using BFs either taken from the Particle Data Group
(PDG) [29], when available, or otherwise estimated with
LUNDCHARM [30]. Final state radiation from charged final
state particles is incorporated using PHOTOS [31]. In this
work, two sets of MC samples, each comprising around
10 × 106 selected events, are used. The phase space (PHSP)
MC sample is generated with a uniform distribution in

TABLE I. Theoretical predictions of BðDþ → K0
SK

�ð892ÞþÞ
and the previous experimental measurement.

Model BðDþ → K0
SK

�ð892ÞþÞ ð×10−3Þ
Pole [12] 6.2� 1.2
FAT (mix) [13] 5.5
TDA (tree) [1] 5.02� 1.31
TDA (QCD-penguin) [2] 4.90� 0.21
TDA [14] 7.90� 0.25

BESIII measurement [11] 8.69� 0.40stat � 0.64syst � 0.51BF

(a) (b)

(c) (d)

FIG. 1. Topological diagrams contributing to the decayDþ → K0
SK

�ð892Þþ with (a) color allowed externalW-emission tree diagram,
(b)W-annihilation diagram, (c) color suppressed externalW-emission QCD-penguin diagram, and (d) QCD-penguin exchange diagram.
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phase space for the decayDþ → K0
SK

0
Sπ

þ, which is used to
calculate the normalization factor of the probability density
function (PDF) in the amplitude analysis. The signal MC
sample, which is used to estimate the detection efficiencies,
is generated according to the amplitude analysis results.

III. EVENT SELECTION

The process eþe− → ψð3770Þ → DþD− allows studies
of D decays with a tag technique [32,33]. There are two
types of samples used with the tag technique: single tag
(ST) and double tag (DT). In the ST sample, only one D−

meson is reconstructed through one of six hadronic decay
modes: D− → Kþπ−π−, Kþπ−π−π0, K0

Sπ
−, K0

Sπ
−π0,

K0
Sπ

−π−πþ, and KþK−π−. In the DT sample, the signal
Dþ is reconstructed through Dþ → K0

SK
0
Sπ

þ.
All charged tracks detected in the MDC must satisfy

jcos θj < 0.93, where θ is defined as the polar angle with
respect to the z-axis, which is the symmetry axis of the
MDC. For charged tracks not originating from K0

S decays,
the distance of closest approach to the interaction point (IP)
is required to be less than 1 cm in the transverse plane
(jVxyj) and less than 10 cm along the z-axis (jVzj). Particle
identification (PID) for charged tracks combines the dE=dx
measurement in the MDC with the time-of-flight meas-
urement of the TOF detector to define the likelihood
function LðhÞðh ¼ K; πÞ for each hadron (h) hypothesis.
The charged kaons and pions are identified by comparing
the likelihoods for the kaon and pion hypotheses,
LðKÞ > LðπÞ and LðπÞ > LðKÞ, respectively.
Each K0

S candidate is reconstructed from two oppositely
charged tracks satisfying jVzj < 20 cm. The two charged
tracks are assigned as πþπ− without imposing PID.
They are constrained to originate from a common vertex
and are required to have an invariant mass Mπþπ− such that
jMπþπ− −mK0

S
j < 12 MeV=c2, where mK0

S
is the known K0

mass [29]. The decay length of the K0
S candidate is required

to be greater than twice its resolution.
Photon candidates are selected using EMC showers.

The deposited energy of each shower in the barrel region
(j cos θj < 0.80) and in the end cap region (0.86 <
j cos θj < 0.92) must be greater than 25 and 50 MeV,
respectively. To exclude showers that originate from
charged tracks, the angle subtended by the EMC shower
and the position of the closest charged track at the EMC
must be greater than 10° as measured from the IP. The
difference between the EMC time and the event start time is
required to be within [0, 700] ns to suppress electronic
noise and showers unrelated to the event.
The π0 candidates are reconstructed from photon pairs

with invariant masses in the range ½0.115; 0:150� GeV=c2,
which corresponds to about 3 times the invariant mass
resolution. We require that at least one photon comes from
the barrel region of the EMC to improve the resolution.
Furthermore, the π0 candidates are constrained to the

known π0 mass [29] via a kinematic fit to improve their
energy and momentum resolution.
Two variables, the beam-constrained mass MBC and the

energy difference ΔE, are used to identify the Dþ mesons,

MBC ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
beam=c

4 − jp⃗Dþj2=c2
q

;

ΔE ¼ EDþ − Ebeam; ð1Þ

where Ebeam is the beam energy, and p⃗Dþ and EDþ are
the total reconstructed momentum and energy of the Dþ
candidate in the eþe− rest frame, respectively. The Dþ
signals appear as a peak at the known Dþ mass [29] in
the MBC distribution and as a peak at zero in the ΔE
distribution. The selection criteria of K0

S and πþ on the
signal side are the same as those on the tag side. For each
tag mode, if there are multiple combinations, the one giving
the minimum jΔEtagj is retained for further analysis. The
signal Dþ candidates are reconstructed from the particles
that have not been used for the tagged D− reconstruction.
They are identified using the energy difference and the
beam-constrained mass of the signal side, ΔEsig and Msig

BC,
calculated similar to Eq. (1), with D− replaced by Dþ. If
there are multiple combinations, the one giving the mini-
mum jΔEsigj is retained for further analysis.

IV. BACKGROUND STUDY

To increase the signal purity for amplitude analysis, we
require 1.863 < Mtag

BC < 1.877 GeV=c2 for all tag modes,
and 1.865 < Msig

BC < 1.875 GeV=c2 and −0.020<ΔEsig<
0.020GeV for the signal side. The boundaries of ΔEtag

requirements are listed in Table II. Then, we study the
sources of background for Dþ → K0

SK
0
Sπ

þ by analyzing
the inclusive MC samples. The main background is the
decay Dþ → K0

Sπ
þπ−πþ, since the combinatorial πþπ−

pairs may accidentally satisfy the K0
S selection criteria and

contribute as a peak around the Dþ mass in the MBC
distribution. This peaking background is estimated with
events in the K0

S sideband region, defined as 0.020 <
jMπþπ− −mK0

S
j < 0.044 GeV=c2. The two-dimensional

(2D) K0
S signal region is defined as the square region with

TABLE II. Requirements of ΔEtag for different D− tag modes.

D− decay ΔEtag ðGeVÞ
Kþπ−π− ð−0.025; 0.024Þ
Kþπ−π−π0 ð−0.057; 0.046Þ
K0

Sπ
− ð−0.025; 0.026Þ

K0
Sπ

−π0 ð−0.062; 0.049Þ
K0

Sπ
−π−πþ ð−0.028; 0.027Þ

KþK−π− ð−0.024; 0.023Þ
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both πþπ− combinations lying in the one-dimensional (1D)
K0

S signal region. The 2D K0
S sideband 1 (2) regions are

defined as the square regions with 1 (2) πþπ− combination(s)
located in the 1D K0

S sideband regions and the rest in the 1D
K0

S signal region. Figure 2 shows the 2D distribution of
Mπþπ−ð1Þ versusMπþπ−ð2Þ for theDþ → K0

SK
0
Sπ

þ candidates
in data, where the two K0

S candidates are randomized.
In this analysis, the combinatorial background in the

Mπþπ− distribution is assumed to be flat, and the net number
of Dþ → K0

SK
0
Sπ

þ signal events is estimated as

Nnet ¼ NK0
Ssig

−
1

2
Nsb1 þ

1

4
Nsb2; ð2Þ

where NK0
Ssig

, Nsb1, and Nsb2 are the numbers of Dþ meson
in the signal, the sideband 1, and the sideband 2 regions,
respectively, from fitting the MBC distributions of the
accepted candidate events as explained in the next para-
graph. The resultingMBC distributions are shown in Fig. 3,
and the measured value of Nnet is given in Table III.
There are 1177 DT events obtained for the amplitude

analysis with a signal purity of ð89.1� 2.9Þ%, which
is determined from a 2D unbinned maximum likelihood
fit to the MBC of the tag D− versus the MBC of the signal
candidates. Figure 4 shows the Mtag

BC versus Msig
BC distribu-

tion for the Dþ → K0
SK

0
Sπ

þ candidate events in data. The
signal events with both the tag and the signal side correctly
reconstructed concentrate around Msig

BC ¼ Mtag
BC ¼ mDþ ,

where mDþ is the known Dþ mass. The resolution of
the signal peak is primarily influenced by the momentum

resolution of the detector and the beam energy spread. The
Dþð−Þ momentum resolution σðDþð−ÞÞ causes the signal
peak to be smeared along the Msig

BCðMtag
BCÞ axis, while the

beam energy spread σðEbeamÞ blurs the signal peak along
the diagonal axis, Msig

BC þMtag
BC, due to its correlation with

theMsig
BC andMtag

BC variables. Additionally, the signal peak is
influenced by the ISR process, which makes the available
Ebeam smaller than the effective beam energy, leading to a
diagonal ISR tail oriented toward the high diagonal axis.
Besides signal events, we define three kinds of background.
Candidates with correctly reconstructed Dþ (or D−) and
incorrectly reconstructed D− (or Dþ) are denoted as BG-I,
which appear around the lines Msig

BC or Mtag
BC ¼ mDþ. Other

candidates appearing along the diagonal (mispartitioning
continuum) arise from decay modes sharing the same
final state particle combination with the signal (BG-II).
In these cases, one or more particles are associated with
the wrong D meson, assuming all final state particles
are well reconstructed. Consequently, the momentum of
each signal or tag side is misreconstructed by the same
amount, resulting in a corresponding shift in the MBC of
each side by the same amount. Moreover, some of the
candidates smeared along the diagonal are from con-
tinuum events. The remaining background events mainly
come from candidates reconstructed incorrectly on both
sides (BG-III). Here we list the PDFs for the correspond-
ing components [34,35] in the fit:

(i) Signal: sðx; yÞ,
(ii) BG-I: bðxÞ ·cyðy;Ebeam;ξyÞþbðyÞ ·cxðx;Ebeam;ξxÞ,
(iii) BG-II: czðz;

ffiffiffi
2

p
Ebeam; ξzÞ · gðk; 0; σkÞ,

(iv) BG-III: cxðx;Ebeam; ξxÞ · cyðy;Ebeam; ξyÞ.
Here, x ¼ Mtag

BC, y ¼ Msig
BC, z ¼ ðxþ yÞ= ffiffiffi

2
p

, and k ¼
ðx − yÞ= ffiffiffi

2
p

. The signal shape sðx; yÞ is described by
the 2D MC-simulated shape of DþD− convolved with
two independent Gaussian functions. For BG-I, the
function bðxÞ is described by the 1D MC-simulated shape
of DþðD−Þ convolved with a Gaussian. The parameters
of the Gaussian functions are obtained by a 1D fit to
the MBC distributions on the signal and tag side and
are fixed in the 2D fit. The BG-II fit component is given
by an ARGUS function in the diagonal axis multiplied
by a Gaussian in the antidiagonal axis. The function
cfðf;Ebeam; ξfÞ is the ARGUS function [36] defined as

cfðf;Ebeam; ξfÞ ¼ Aff

�
1 −

f2

E2
beam

�1
2

e
ξf

�
1− f2

E2
beam

�
; ð3Þ

where f denotes x, y, or z, Ebeam is fixed at 1.8865 GeV,
Af is a normalization factor, and ξf is a fit parameter.
The function gðk; σkÞ is a Gaussian distribution with a
mean value of zero and a standard deviation σk ¼
σ0 · ð

ffiffiffi
2

p
Ebeam − zÞp, where σ0 and p are parameters

determined by the fit. The BG-III fit component is given
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FIG. 2. Distribution of Mπþπ−ð1Þ versus Mπþπ−ð2Þ for the Dþ →
K0

SK
0
Sπ

þ candidate events in data. The red solid box denotes the
2D signal region. The blue (green) solid boxes indicate the 2D
sideband 1 (2) regions.
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by an ARGUS function in Msig
BC multiplied by an ARGUS

function in Mtag
BC.

V. AMPLITUDE ANALYSIS

We perform a three-constraint kinematic fit to ensure that
all the events lay within the phase space boundary, where
the invariant masses of the signal Dþ and the two K0

S

candidates are constrained to the corresponding known
masses [29]. The updated four-momenta of the final state
particles from the kinematic fit are used to perform the
amplitude analysis. The amplitude analysis of Dþ →
K0

SK
0
Sπ

þ is performed using an unbinned maximum like-
lihood fit. The likelihood function L is constructed as

lnL ¼
XNdata

k

ln½ωsigfSðpk
jÞ þ ð1 − ωsigÞfBðpk

jÞ� ; ð4Þ

where k indicates the kth event in the data sample, Ndata is
the number of surviving events, pj denotes the four-
momenta of the jth final state particles, fS (fB) is the
signal (background) PDF, and ωsig is the signal purity of
the DT events.

TABLE III. Yields obtained from the 2D fit. The uncertainties
are statistical only.

NK0
Ssig

1296� 37

Nsb1 244� 16
Nsb2 11� 4
Nnet 1177� 38
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FIG. 3. Projections onMtag
BC (left) andMsig

BC (center) of the 2D fit. The black points with error bars are data, the blue lines are the total fit,
the red lines are the signal shapes, the green lines are the sum of all backgrounds, and the pair of red arrows indicate the MBC signal
window. The right plots are theMtag

BC versusMsig
BC distributions, where the red box represents the signal region ofMBC. The first, second,

and third rows correspond to the fits to the candidate events in the signal, sideband 1, and sideband 2 regions, respectively.
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The signal PDF is given by

fSðpjÞ ¼
ϵðpjÞjMðpjÞj2R3ðpjÞR
ϵðpjÞjMðpjÞj2R3ðpjÞdpj

; ð5Þ

where ϵðpÞ is the detection efficiency and R3ðpÞ is the
three-body phase space. Based on the isobar model,
the total amplitude M is constructed as the coherent
sum of amplitudes of intermediate processes, given by
MðpÞ ¼ P

cnAnðpÞ, where cn ¼ ρneiϕn and AnðpÞ are
the complex coefficient and the amplitude for the nth
intermediate process, respectively. The magnitude ρn and
phase ϕn are free parameters in the fit. The model is
symmetrized with respect to the two identical K0

S mesons.
We use covariant tensors to construct the amplitudes, which
are written as

An ¼ PnSnFr
nFD

n ; ð6Þ
where Sn is the spin factor [37], Fr

n and FD
n are the Blatt-

Weisskopf barrier factors of the intermediate state and
the D� meson decays [38], respectively, and Pn is the
relativistic Breit-Wigner (RBW) function [39] describing
the propagator of the intermediate resonance. The back-
ground PDF is given by

fBðpjÞ ¼
BðpjÞR3ðpjÞR

ϵðpjÞBϵðpjÞR3ðpjÞdpj
; ð7Þ

where BϵðpjÞ ¼ BðpjÞ=ϵðpjÞ is the efficiency-corrected
background shape, and the ϵðpjÞ term is given by the

number of selected events from the PHSP MC samples
divided by the number of generated events in the M2

k0SK
0
S

versus M2
K0

Sπ
þ 2D space. The shape of the background in

data is modeled by the background events in the signal
region derived from the inclusive MC samples. The
invariant mass distributions of events outside the signal
region show good agreement between data and MC
simulation, thus validating the description from the inclu-
sive MC samples. We have also examined the distributions
of the background events of the inclusive MC samples
inside and outside the signal region. Generally, they are
consistent with each other within statistical uncertainties.
The background shape BðpÞ is modeled using a kernel
estimation method [40] implemented in ROOFIT [41] to
model the distribution of an input dataset as a superposition
of Gaussian kernels. The normalization integrals in the
denominators are calculated by the phase space MC
sample, which are

Z
ϵjMðpjÞj2R3dpj ∝

1

NMC

XNMC

kMC

jMðpkMC
j Þj2

jMgenðpkMC
j Þj2 ; ð8Þ

Z
ϵBϵðpjÞR3dpj ∝

1

NMC

XNMC

kMC

BϵðpkMC
j Þ

jMgenðpkMC
j Þj2 ; ð9Þ

where kMC is the index of the kth event of the MC sample
and NMC is the number of selected MC events. The
MgenðpjÞ is the signal PDF used to generate the MC
samples in MC integration.
Tracking, PID, and K0

S reconstruction efficiency
differences between data and MC simulation are corrected
by multiplying the MC events by a correction factor γϵ,
which is calculated as

γϵðpjÞ ¼
Y
n

ϵn;dataðpjÞ
ϵn;MCðpjÞ

; ð10Þ

where n refers to tracking, PID, or K0
S reconstruction, and

ϵn;dataðpjÞ and ϵn;MCðpjÞ are their efficiencies as a function
of the momenta of the daughter particles for data and
MC simulation, respectively. The specific values of these
efficiencies are obtained using different control samples.
More detailed information can be found in Sec. VII, as part
of the uncertainty studies for the BF measurement. By
weighting each MC event with γϵ, the MC integration is
modified to be

Z
ϵjMðpjÞj2R3dpj ∝

1

NMC

XNMC

kMC

γϵjMðpkMC
j Þj2

jMgenðpkMC
j Þj2 ; ð11Þ

Z
ϵBϵR3dpj ∝

1

NMC

XNMC

kMC

γϵBϵðpkMC
j Þ

jMgenðpkMC
j Þj2 : ð12Þ
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SK

0
Sπ

þ

candidate events in data of K0
S signal region. The cyan arrows

indicate the resolution caused by Dþð−Þ momentum resolution
ðσðDþð−ÞÞÞ, the red arrow by the beam energy spread ðσðEbeamÞÞ,
and the yellow arrow denotes the ISR effect. The pink and blue
arrows indicate the background due to incorrectly reconstructed
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For a decay process a → bc, the Blatt-Weisskopf barrier
factors [38] depend on the angular momentum L and the
momentum q of the final state particle b or c in the rest
system of a. They are taken as

FL¼0ðqÞ ¼ 1;

FL¼1ðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
z20 þ 1

z2 þ 1

s
;

FL¼2ðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z40 þ 3z20 þ 9

z4 þ 3z2 þ 9

s
; ð13Þ

where z ¼ qR and z0 ¼ q0R. The effective radius of
barrier R is fixed to be 3.0 ðGeV=cÞ−1 for the intermediate
resonances and 5.0 ðGeV=cÞ−1 for the Dþ meson. The
momentum q is given by

q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsa þ sb − scÞ2

4sa
− sb

s
; ð14Þ

where sa, sb, and sc are the invariant mass squared of
particles a, b, and c, respectively. The value of q0 is that
of q when sa ¼ m2

a, where ma is the mass of particle a.
The intermediate resonances K�ð892Þþ; K�

2ð1430Þþ,
f0ð1370Þ, a0ð1450Þ0, K�

0ð1680Þþ are parametrized with
the RBW formulas,

PðmÞ ¼ 1

m2
0 −m2 − im0ΓðmÞ ;

ΓðmÞ ¼ Γ0

�
q
q0

�
2Lþ1

�
m0

m

��
FLðqÞ
FLðq0Þ

�
2

; ð15Þ

wherem is the invariant mass of the decay products, andm0

and Γ0 are the rest mass and width of the intermediate
resonance, which are fixed to their known values [29]. The
energy-dependent width is denoted by ΓðmÞ.
The KπS-wave modeled by the LASS Collaboration

[42] is described by a K�
0ð1430Þ Breit-Wigner function

together with an effective range nonresonant component
with a phase shift, given by

AðmÞ ¼ F sin δFeiδF þ R sin δReiδRei2δF ; ð16Þ

with

δF ¼ ϕF þ cot−1
�
1

aq
þ rq

2

�
;

δR ¼ ϕR þ tan−1
�
MΓðmKπÞ
M2 −m2

Kπ

�
; ð17Þ

where the parameters FðϕFÞ and RðϕrÞ are the magnitudes
(phases) for the nonresonant state and resonance terms,

respectively. The parameters a and r are the scattering
length and effective interaction length, respectively. M
and Γ are the Breit-Wigner parameters of the K�

0ð1430Þ.
We fix these parameters (M;Γ; F;ϕF; R;ϕR; a; r) to the
BABAR and Belle results [43]. These parameters are
summarized in Table IV.
The f0ð980Þ is parametrized with the Flatté formula [44]

Pf0ð980Þ ¼
1

M2
f0ð980Þ −m2 − iðgππρππðm2Þ þ gKK̄ρKK̄ðm2ÞÞ ;

ð18Þ

where gππ;KK̄ are the coupling constants to individual final
states. The parameters are fixed to be gππ ¼ ð0.165�
0.010� 0.015Þ GeV2=c4, gKK̄ ¼ ð4.21� 0.25� 0.21Þgππ ,
and M ¼ 0.965 GeV=c2, as reported in Ref. [44]. The
Lorentz invariant phase space factors ρππðsÞ and ρKK̄ðsÞ are
given by

ρππ ¼
2

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
π�

m2

s
þ 1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
π0

m2

s
;

ρKK̄ ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
K�

m2

s
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
K0

m2

s
: ð19Þ

Figure 5(a) shows the Dalitz plot of M2
K0

Sð1Þπþ
versus

M2
K0

Sð2Þπþ
of the selected DT candidates from the data

samples, where K0
Sð1Þ and K0

Sð2Þ are randomly selected
from two indistinguishable K0

S candidates. The vertical and
horizontal bands around 0.8 GeV2=c4 indicate the decay
Dþ → K0

SK
�ð892Þþ. We choose this process as a reference

so that magnitudes and phases of other amplitudes are
defined relative to it. Other possible contributions from
the resonances such as f0ð980Þ, f0ð1370Þ, K�

2ð1430Þþ,
a0ð1450Þ0, K�

0ð1680Þþ, and Kπ S-wave are added to the fit
one at a time. The statistical significance of each resonance
is calculated from the change of the log-likelihood taking
the variation in the number of degrees of freedom into
account. Different combinations of these resonances are

TABLE IV. The KπS-wave parameters, obtained from the fit to
the D0 → K0

Sπ
þπ− Dalitz plot distribution in the BABAR and

Belle experiments [43]. Uncertainties are statistical only.

M ðGeV=c2Þ 1.441� 0.002
Γ ðGeVÞ 0.193� 0.004
F 0.96� 0.07
ϕFð∘Þ 0.1� 0.3
R 1 (fixed)
ϕRð∘Þ −109.7� 2.6
a ðGeV=c2Þ 0.113� 0.006
r ðGeV=c2Þ −33.8� 1.8
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also tested. In addition to the reference amplitude Dþ →
K0

SK
�ð892Þþ, the amplitude for Dþ → K0

SðK0
Sπ

þÞS−wave is
found to have a significance larger than 10σ. No other
contribution has a significance larger than 3σ. The signifi-
cance of the f0ð980Þ contribution is less than 1σ. The
Dalitz plot of the signal MC sample generated based on
the result of the amplitude analysis is shown in Fig. 5(b).
The mass projections of the fit are shown in Fig. 6. The fit
quality is determined as χ2=NDF ¼ 113.1=125 using an
adaptive binning of the M2

K0
SK

0
S
versus MK0

Sπ
þ , where the

Dalitz plot that each bin requires must contain at least ten
events.
The contribution of the nth amplitude relative to the

total BF is quantified by the fit fraction (FF) defined as
FFn ¼

R jρnAnj2dR3=
R jMj2dR3. The FFs and the phase

difference relative to the reference process are listed in
Table V. The sum of the two FFs is 102.2%. The sum of
these FFs is generally not unity due to net constructive or
destructive interference.

VI. SYSTEMATIC UNCERTAINTY OF THE
AMPLITUDE ANALYSIS

The systematic uncertainties for the amplitude analysis
results, including the phase and FFs, can be categorized
into the following sources: (I) input parameters, (II) radii of
the mesons, (III) background, (IV) efficiency, (V) fit bias,
(VI) insignificant amplitudes. For each kind of source, the
related parameters are varied and the results of the new fit
are compared to the results of the nominal fit, considering
the difference as the corresponding uncertainty. The results
of the systematic uncertainties for phase and FFs are
summarized in Table VI, where the uncertainties are given
in units of the corresponding statistical uncertainties. The
total uncertainties are obtained by adding these contribu-
tions in quadrature.

(I) Input parameters: In the nominal fit, mass and
width of the K�ð892Þþ are fixed to the values from

PDG [29]. The parameters of the LASS model are
fixed according to Ref. [43]. To estimate the corre-
sponding systematic uncertainties, the fit procedure
is repeated by varying one by one each of the fixed
parameters by�1σ. The quadratic sum of the largest
relative variations for each parameter is taken as the
systematic uncertainty.

(II) Radii of the mesons: The radii of the Blatt-
Weisskopf barrier factors are varied from their
nominal values of 5 and 3 GeV−1 (for the Dþ
meson and the intermediate resonances, respec-
tively) by �1 GeV−1.

(III) Background: The uncertainties from the background
size is studied by varying the signal fraction (equiv-
alent to the fraction of background), i.e. ωsig in
Eq. (4), by �1σ. Another source of systematic
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uncertainty comes from the modelization of the
background shape, which is estimated by varying
the parameter of RooNDKeysPDF describing the
smoothness of the shape from 1.5 to 2 or 1, and
extracting the shape with two different variables
(M2

K0
SK

0
S
and M2

K0
Sπ

þ). The largest difference from the

nominal results is considered as the uncertainty.
(IV) Efficiency: The systematic uncertainty from the γϵ

factor in Eq. (10), which corrects for data-MC
differences in tracking, PID and K0

S reconstruction
efficiencies, is evaluated by performing the fit after
varying the γϵ factor by �1σ.
Tracking and PID efficiencies of πþ are studied by

the control samples of D0 → K−πþ, D0 → K−πþπ0,
D0 → K−πþπþπ− versus D̄0 → Kþπ−, D̄0 →
Kþπ−π0, D̄0 → Kþπ−π−πþ, and Dþ → K−πþπþ

versus D−→Kþπ−π−. The K0
S reconstruction

efficiency is studied by the control samples from
ψð3770Þ → D0D̄0=DþD− and selected by DT
method. The tag modes are D̄0 → K−πþ, D̄0 →
K−πþπ0, D̄0 → K−πþπþπ−, D− → Kþπ−π− and
the signal modes are D0→K0

Sπ
þπ−, D0 →

K0
Sπ

þπ−π0, D0 → K0
Sπ

0, Dþ→K0
Sπ

þ, Dþ →
K0

Sπ
þπ0, Dþ → K0

Sπ
þπþπ−.

(V) Fit bias: To tudy the possible bias from the fit
procedure, an ensemble of 300 signal MC samples is
generated according to the results of the amplitude

analysis. The fit procedure is repeated for each
signal MC sample, and the pull distributions of
the amplitude results are fitted by a Gaussian. The
obtained mean values are assigned as the correlated
systematic uncertainties.

(VI) Insignificant amplitudes: The intermediate resonan-
ces with statistical significances less than 5σ are
added to the model one by one. The largest variation
from the nominal result is taken as the corresponding
systematic uncertainty.

VII. BRANCHING FRACTION MEASUREMENT

The BF of Dþ → K0
SK

0
Sπ

þ is measured with the DT
technique using the same tag modes and event selection
criteria as the ones in the amplitude analysis. The BF is
given by

Bsig ¼
NnetP

αN
ST
α ϵDTα =ϵSTα

; ð20Þ

where α runs over the various tag modes. The DTefficiency
(ϵDTα ) is the signal selection efficiency for an event with a
D− in the αth tag mode. The ST yields (NST

α ) and
ST efficiencies (ϵSTα ) for each tag mode are obtained by
fitting the corresponding Mtag

BC distributions individually.
The corresponding ϵDTα , NST

α , and ϵSTα are summarized in
Table VII. The DTyield Nnet is listed in Table III. In the fits
to the Mtag

BC distributions, the signal shape is modeled with
the MC-simulated shape convolved with a double-Gaussian
function. The background is parametrized as an ARGUS
function [36] with an end point parameter fixed at
1.8865 GeV=c2. Figure 7 shows the fit results. The
candidates with Mtag

BC within ð1.863; 1:877Þ GeV=c2 for
each tag mode are kept for further analysis. The corre-
sponding DT efficiencies ϵDTα;sig are obtained by analyzing
the signal MC samples, with the signal events for
Dþ → K0

SK
0
Sπ

þ generated based on the results of the
amplitude analysis. After correcting for the differences
in π� tracking, PID, and K0

S reconstruction efficiencies

TABLE V. The obtained FFs and phase difference to the
reference amplitude. The first and the second uncertainties are
statistical and systematic, respectively.

Amplitude Phase FF (%)

Dþ → K0
SK

�ð892Þþ 0.0 (fixed) 97.8� 1.0� 0.4
Dþ → K0

SðK0
Sπ

þÞS−wave 1.4� 0.2� 0.1 4.4� 1.0� 0.5

TABLE VI. Systematic uncertainties on the phase ϕ and FFs
for different amplitudes in units of the corresponding statistical
uncertainties. (I) input parameters, (II) radii of the mesons, (III)
background, (IV) efficiency, (V) fit bias, (VI) insignificant
amplitudes. The total systematic uncertainties are obtained by
summing up all contributions in quadrature.

Dþ → K0
SK

�ð892Þþ Dþ → K0
SðK0

Sπ
þÞS−wave

Source FF Phase ϕ FF

I 0.12 0.15 0.06
II 0.12 0.14 0.06
III 0.13 0.12 0.10
IV 0.04 0.40 0.13
V 0.07 0.06 0.08
VI 0.34 0.38 0.43

Total 0.41 0.60 0.47

TABLE VII. The ST yields ðNST
α Þ, ST efficiencies ðϵSTα Þ, and

DT efficiencies ðϵDTα Þ for six tag modes. The BFs of the
subparticle (K0

S; π
0) decays are not included. The uncertainties

are statistical only.

Tag mode α NST
α ϵSTα ð%Þ ϵDTα ð%Þ

Kþπ−π− 2164074� 1571 51.17� 0.01 11.00� 0.01
Kþπ−π−π0 689042� 1172 25.50� 0.01 4.83� 0.01
K0

Sπ
− 250437� 524 50.63� 0.02 10.83� 0.02

K0
Sπ

−π0 558495� 930 26.28� 0.01 4.98� 0.01

K0
Sπ

−π−πþ 300519� 669 28.97� 0.01 4.94� 0.01

KþK−π− 187379� 541 41.06� 0.02 8.75� 0.02
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between data and MC simulation, we determine the BF
to be ð2.97� 0.09stat � 0.05systÞ × 10−3. The systematic
uncertainty will be discussed in the following section.

VIII. SYSTEMATIC UNCERTAINTY
OF BF MEASUREMENT

Most systematic uncertainties related to the efficiency of
reconstructing the D� mesons on the tag side are canceled
due to the DT method. The following sources are taken into
consideration to evaluate the systematic uncertainties in the
BF measurement. The total systematic uncertainties are
summarized in Table VIII. Adding them in quadrature
results in a total systematic uncertainty of 1.6% in the BF
measurement.

(I) ST D− yield: The systematic uncertainty in the ST
yield has been estimated by varying the signal and
background shapes in the fit. This systematic un-
certainty is assigned to be 0.1%.

(II) Tracking and PID efficiencies: The data-MC effi-
ciency ratios for π− tracking and PID efficiencies are
determined to be 0.998� 0.001 and 0.998� 0.001
for this decay channel by using the same control
samples used for the amplitude analysis uncertain-
ties. After correcting the MC efficiencies to data by
these factors, the statistical uncertainties of the
correction parameters are assigned as the systematic
uncertainties, which are 0.1% for both π� PID and
tracking.

(III) 2D fit: The uncertainty associated with the signal
and background shapes in the 2D fit to the DT MBC

distribution is 1.1%, determined by varying the
mean value and the resolution of the smeared
Gaussian function by �1σ and varying the ARGUS
end point by �0.2 MeV=c2.

(IV) K0
S reconstruction: The data-MC efficiency ratio for

K0
S reconstruction is determined to be 0.990� 0.004

by using the same control samples used for the
amplitude analysis uncertainties. After correcting
the efficiency by this factor for the two K0

S mesons,
we assign 0.8% as the systematic uncertainty from
the reconstruction of each K0

S.
(V) Amplitude model: The uncertainty from the signal

MC model based on the results of the amplitude
analysis is studied by varying the fit parameters
according to the covariance matrix. The change of
signal efficiency is estimated to be 0.2%.

(VI) Peaking background estimation: According to
Eq. (2), in the nominal analysis, the normalization
factor for the peaking backgrounds (i.e. the ratio of
the background yields between the K0

S signal and the
sideband 1 regions) is assumed to be 0.5. The BF is
recalculated with alternative normalization factors
determined by MC simulation. The corresponding
change on the BF, 0.7% for Dþ → K0

SK
0
Sπ

þ, is
assigned as the systematic uncertainty associated
with the peaking background normalization. We
have also examined the contributions of the side-
band 2 region, but since the effects on the net
number of events are negligible, we ignore them in
this work.

(VII) Quoted B: In this measurement, the BF of K0
S →

πþπ− is quoted from the PDG [29], which is
BðK0

S → πþπ−Þ ¼ ð69.20� 0.05Þ%. The associated
uncertainty is assigned to be 0.1%.

(VIII) ΔE requirement: Considering the possible difference
between data and MC simulation, we examine
the ΔEsig cut efficiency after smearing a double-
Gaussian function for signal MC sample, and we
take the change of this efficiency, 0.5%, as the
systematic uncertainty.
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FIG. 7. Fits to the Mtag
BC distributions of the ST D− candidates.

The data samples are represented by points with error bars, the
total fit results by solid blue lines, and the red dashed curves
describe the fitted combinatorial background shapes. The pair of
red arrows indicate the MBC signal window.

TABLE VIII. Systematic uncertainties for the BF measurement.

Source Uncertainty (%)

ST D− yield 0.1
PID efficiency 0.1
Tracking efficiency 0.1
2D fit 1.1
K0

S reconstruction 0.8
Amplitude model 0.2
Peaking background estimation 0.7
Quoted B 0.1
ΔE requirement 0.5

Total 1.6
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IX. SUMMARY

Based on eþe− collision data corresponding to an
integrated luminosity of 7.93 fb−1 collected with the
BESIII detector at the center-of-mass energy 3.773 GeV,
the first amplitude analysis of the decay Dþ → K0

SK
0
Sπ

þ is
performed. The fit results are listed in Table V. In addition,
with the detection efficiency obtained from the signal MC
sample generated based on the amplitude analysis results,
we obtain the BF BðDþ → K0

SK
0
Sπ

þÞ ¼ ð2.97� 0.09stat�
0.05systÞ × 10−3. The BF for Dþ → K0

SK
�ð892Þþ is calcu-

lated as FF × BðDþ → K0
SK

0
Sπ

þÞ=BðK�ð892Þþ → K0
Sπ

þÞ
to be BðDþ→K0

SK
�ð892ÞþÞ¼ð8.72�0.28stat�0.15systÞ×

10−3, which is consistent with the previous BESIII meas-
urement [11] but with improved precision.
Compared to the theoretical expectations of Table I, this

result deviates from those in Refs. [2,13] by more than 5
standard deviations, while it is consistent with that based
on the theoretical expectations [12,14] within 2 standard
deviations and the predictions in Ref. [1] within 3 standard
deviations.
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