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This study presents a comprehensive approach to designing sound absorption metamaterials, aiming to achieve
broadband absorption capabilities while maintaining a compact thickness, starting from an exceptionally low
frequency of 100 Hz. By employing a parallel arrangement of resonators with varying lengths, the proposed
approach exploits the envelopes of absorption frequencies to realize broad-spectrum sound absorption.

An analytical model is utilized in the geometric optimization phase, accounting for inlet losses and thermo-
viscous losses near the walls. The absorption for multiple ducts coupled in parallel is derived using the series
and parallel impedance method. A geometric parameterization procedure is implemented to maximize normal
incidence acoustic absorption, leading to design optimization for both broadband and octave-band absorbers.
Design maps are established to assess acoustic performance and physical space requirements, facilitating
informed decision-making in metamaterial design.

Prototype fabrication and experimental validation involve 3D printing of optimized geometries using poly-
lactic acid, followed by testing within impedance tubes according to ISO 10534-2 standards. The results
demonstrate the effectiveness of the proposed method in achieving broadband sound absorption across specified

frequency ranges.

1. Introduction

Low-frequency sound attenuation is currently garnering significant
interest for various reasons. Low-frequency noise not only contributes to
health problems but also poses challenges in attenuation due to the
intrinsic loss mechanisms of conventional sound-absorbing materials
[1]. Conventional sound absorption methods can be categorised into
two main types: porous and fibrous sound absorption materials, and
resonant sound absorption materials. Porous materials are well-
described by propagation models and generally perform well in the
mid- and high-frequency ranges but exhibit inefficiency at low fre-
quencies [1,2]. Achieving better absorption performance with porous
materials often requires increased thickness, which limits their potential
applications. On the other hand, resonant absorption materials such as
Helmholtz resonators [3-7], micro-perforated panels [8-10], and
coiled-up channels [11-15] demonstrate excellent absorption perfor-
mance in the mid- to low-frequency range due to vibration resonance
effects, but they have narrow bandwidth absorption.

In the past decade, researchers have explored various absorption
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strategies to achieve broadband absorption, aiming to combine excellent
low-frequency absorption with limited thickness. To effectively address
the challenge of low-frequency noise, numerous studies have investi-
gated different approaches. For example, optimising micro-perforated
panels (MPP) can enhance their sound absorption performance
[13,16]. Additionally, various types of acoustic metamaterials have
emerged, including locally resonant sonic crystals [17,18], decorated
membranes [19,20], split tubes [21,22], quarter-wave resonators
[23-25], and Helmholtz resonators (HR) with extended and spiral necks
[3-5], among others. These materials possess periodic structures and
thicknesses smaller than the wavelength of the incident acoustic wave,
with their acoustic characteristics primarily determined by geometry
rather than the base material. However, as the sound absorption per-
formance of these metamaterials primarily relies on resonance, they
operate within a narrow frequency range centred around their resonant
frequency, significantly limiting their applicability.

Recent works have proposed solutions to achieve broadband ab-
sorption by introducing multiple absorbers with different peaks. For
instance, Peng et al. [26] introduced a honeycomb composite subsurface
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plate with a sound absorption rate of 90 % and a thickness of less than
30 mm in the range of [600 — 1000] Hz. Yingli Li et al. [27] proposed
multiscale porous material with coiled-up channels and employed a
parallel-coupling method to achieve broadband absorption at low fre-
quencies, exceeding 50 % above the range of [211 — 3000] Hz, with a
subwavelength dimension of 1/16. Yipu Wang et al. [28] proposed a
coupled structure of four coiled-up space cores embedded in a porous
material (CSPMs), which achieved over 75 % sound absorption perfor-
mance within the frequency range of [195 — 600] Hz. Therefore, it ap-
pears necessary to combine different material types or employ parallel
or series configurations of different resonators [12,29] to achieve
effective broadband sound absorption.

Building upon these previous works, this study proposes a geometric
optimisation procedure for sound absorption metamaterials, based on
the appropriate sizing of parallel-coupled quarter-wave resonators. In
addition to this, the objective is to develop an innovative system that
does not require the use of distinct materials, for example CSPM system,
but rather depends solely on the precise sizing of these resonators,
starting from a remarkably low frequency (100 Hz). A quarter-wave
resonator consists of a closed-ended tube that generates a resonant
standing wave at the fundamental frequency and odd harmonics. The
resonance frequencies of the system are solely determined by the tube
length according to the theoretical formula:

co(2n—1)

fres = Ty (1)

where ¢ is the sound speed of the fluid inside the resonator and n =
1,2, 3--- indicates the number of harmonics [30]. The acoustic behav-
iour of the coiled-up resonator is governed by two primary loss mech-
anisms: thermal loss, primarily caused by heat diffusion from the sound
field at the boundaries, and viscosity loss, which occurs when the fluid
experiences friction at the boundaries. Additionally, while the length of
the tube determines the resonance frequencies, dissipative phenomena
play a crucial role in determining the amplitude of the absorption peaks
relative to the frequency and system porosity [31,32]. These phenomena
remain significant even in broadband multifrequency systems since the
envelope of the resonance peak curve strongly depends on dissipation.
The analytical model detailed earlier has been substantiated through
experimental validation, as outlined in reference [33] and discussed in
depth in the referenced article [30]. The validation process covered both
single resonator scenarios and configurations involving a parallel
coupling of resonators.

Therefore, in the initial phase of this study, this model was utilised to
forecast the absorption profile of the coiled-up metamaterial, both for
individual resonators and for resonators coupled in parallel. This model
encompasses the definition of radiation impedances arising from surface
irregularities, inlet hole losses, and the visco-thermal theoretical for-
mulations along the resonator path, as previously described [30]. Upon
detailing the analytical model and the various metamaterials obtained
(both broadband and octave band absorbers), the entire analytical
process will be examined from a broader standpoint. The overarching
objective is to create investigative tools to aid the design of these sound-
absorbing systems.

Via a geometric optimisation process, a configuration comprising
nine parallel-coupled straight tubes, each of varying lengths, was
developed. The objective was to maximise broadband sound absorption,
spanning from a minimum frequency of 100 Hz to higher frequencies.
Additionally, apart from the broadband metamaterial, the sizing of the
absorbers targeting specific octave bands will be presented. These spe-
cialised systems are optimised to absorb sound within distinct octave
bands, demonstrating enhanced efficiency compared to the broadband
absorbers as they necessitate fewer resonators to achieve higher effi-
ciency. Specifically, two absorbers designed for octave bands of 125 Hz
and 250 Hz will be shown.

Upon completing the simulation of the optimal geometry, 3D sam-
ples were produced through 3D printing using plastic (PLA) material. In
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order to evaluate the authentic acoustic behaviour of the metamaterial,
an impedance square section tube was devised and manufactured. This
experimental setup aims to corroborate the findings from simulations
and provide tangible evidence for the efficiency of the designed
metamaterial.

2. Theoretical analysis: Analytical model

To accurately predict the acoustic behaviour of the investigated
metamaterial, an analytical model was developed to determine the
acoustic absorption coefficient at normal incidence. This was achieved
by modifying the key geometric parameters of the coiled-up quarter-
wave resonators. The analysis began by examining the different con-
tributions of acoustic losses, and visco-thermal loss models [34] were
employed to define sound absorption in narrow tubes. In such struc-
tures, energy loss due to viscosity and thermal conduction plays a sig-
nificant role in determining absorption. These losses occur within the
viscous and thermal boundary layers near the walls of the duct. When
the cross-sectional dimensions of the acoustic domain are much larger
than the thickness of the boundary layer, the influence of visco-thermal
loss is mainly confined to the boundary layer [35]. It is important to
underline that in all studies on the acoustic propagation of ducts the
surface roughness is not considered, since in the hypothesis of linear
acoustics the laminar fluid dynamic regime is assumed and in this case
the friction factor is independent of this parameter.

For a comprehensive theoretical discussion on the acoustic losses
generated within the ducts and their impact on the acoustic behaviour of
these resonators, please refer to a previously published article [30],
which outlines all the steps and assumptions made in defining the
analytical model. However, a brief overview of the analytical model
employed for the acoustic modelling of the individual resonators and
their subsequent parallel coupling will be provided.

The sound-absorbing metamaterial under investigation consists of a
coiled-up quarter-wave resonator, as depicted in Fig. la. The system
comprises an “inlet” region characterised by a square-section hole with a
side length of d and a thickness of . It also includes a coiled-up
quarter-wave tube with a length of [ and a front mask to facilitate
positioning of the resonator within the measurement setup. Fig. la il-
lustrates the adapter used for normal incidence sound absorption mea-
surements [33], which were conducted in an impedance tube with a
diameter of D = 45.0 mm. Additionally, square-section quarter-wave
resonators were chosen to simplify the fabrication process using a 3D
printer, compared to using circular cross-sections.

Certain aspects within the analytical model were not considered;
specifically, the coiled-up tubes were treated as straight tubes, and no
corrections were made, neglecting their curvature. Indeed, finite
element simulations were conducted using a model previously validated
through experimental measurements [36]. These simulations demon-
strated that the comparison between rectilinear and curvilinear ducts
does not result in changes in the sound absorption coefficient for normal
incidence. This is illustrated in Fig. 2a, where the trends are compared
for both the analytical AM model (solid red line) and the two simulations
for rectilinear (dashed black line) and curvilinear (dotted blue line)
configurations. Additionally, Fig. 2 displays the simulated geometries:
Fig. 2b illustrates the FEM-simulated rectilinear geometry, while Fig. 2¢
depicts the FEM-simulated coiled-up geometry. Both figures display the
impedance tube (yellow volume), where the sound field develops and
the sound pressure is measured in accordance with the standard [33],
and the two simulated ducts (blue volumes).

The inlet hole is modelled as a dissipative fluid to account for energy
losses resulting from the narrowing of the section. Similar to the case of
perforated panels [37-41], a dissipative fluid is introduced inside the
hole using the well-known Johnson-Champoux-Allard (JCA) model. This
allows the resonant systems to be modelled by assigning complex
properties of sound speed and density that depend on appropriate
physical parameters. These properties capture the losses near the inlet
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Fig. 1. (a) A 3D sound absorption coiled quarter-wave resonator, (b) diagram of a straight tube with all the main geometric quantities.
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Fig. 2. Comparison of analytical model (AM) and numerical model (FEM): straight duct (b) and coiled duct (c).

due to the sudden variation in the section where the acoustic wave in-
teracts with the perforated surface. The JCA model requires five
descriptive physical parameters, which are dependent on the geometry
of the duct:

o Airflow resistivity o: this represents the ratio of the real resistive part
of the hole surface impedance to its thickness [37-39]. The airflow
resistivity is a combination of two resistive terms: one accounting for
the viscous effects within the hole and the other representing dissi-
pation at the edges due to the distortion of the acoustic flow. It is a
function of the angular frequency w and is related to the hole
porosity ¢ and the unit cell perforation ratio ¢s., which is the ratio of
the cross-sectional area of the tube A; to the unit cell area Ay. The
specific airflow resistance R; is calculated as R, =1./2nwp,, where
is the air dynamic viscosity and py is the air density. The value of ¢ is
divided by the unit cell perforation ratio ¢s., taking into account the
increase in flow velocity at the inlet hole due to the sudden change in
cross section. A factor a; = 4 is empirically multiplied by the specific
airflow resistance R to account for the viscous surface effects caused
by sharp edges [41].

Equivalent radius A and A’: the parameters A and A’ are equal to the
equivalent radius r,q of the hole, assuming the condition of straight
cylindrical pores [30]. The equivalent radius re; is obtained by
comparing the cross-sectional area of a circular tube with that of a
square tube.

Tortuosity aq,: the tortuosity parameter a, is set to 1.

Table 1 provides the most reliable expressions for the five parameters
described above, which are required by the JCA model to predict the
acoustic performance. In the remaining length [ of the duct, the Low

Table 1

JCA inlet hole parameters used in this formulation.
c Airflow resistivity [ (% 4 1) asRs 1 ] 1 {@]

Teq & linter | Psec m?

¢ Porosity 1 [-]
Qoo Tortuosity 1 [-]
A Viscous characteristic length Teq [m]
A Thermal characteristic length Teq [m]

Reduced Frequency model (LRF) was employed to describe the sound
wave propagation inside narrow tubes, considering the visco-thermal
loss. According to the theory presented in the previous publication
[30], the surface acoustic impedance at a specific point (1) inside the
tube, beyond the inlet hole region, for the narrow tube with a rigid back
wall as illustrated in Fig. 1, can be expressed as follows:

2(1) = —jZacot(kal,) @

where Z, = PegiCer 18 its effective impedance and k. =-2 is the

Ceff
effective complex wave number of the tube, p, the effective density that
includes inertial and viscous contributions and c the effective speed of
sound and these quantities can be derived using the LRF model [30]. The
surface acoustic impedance at the inlet hole (section 1,), with reference
to Fig. 1, can be derived as:

7]2( 1 )COt (kclu.rm l['llef) + ZCIuJCA
lasca . )
“ Z(l) _./Zvlﬂch COt(kflu/cA li’llff)

Z(1,) = Z, 3

. K.
with = ,/2& ar
’ t Cuca Pica are

respectively the effective impedance, the effective complex wave num-
ber of the inlet hole and the effective speed of sound, modelled as a

[0
CJCcA

where Z,,,, = pscaCica and ke, =



C. Marescotti and F. Pompoli

porous substrate with the JCA model. The input surface acoustic
impedance, which refers to the front section of the system, can be

|:M:|
Z

Prec
absorbing coefficient of the system is determined:

calculated as Z;, =

[12], and finally the normal incidence sound

4Re(Z;,)

a=—s [€))
|Ziw|* + 2Re(Z;,) + 1

where Z, = p,co is the air specific acoustic impedance with the air
density p, and the speed of sound c,.

In the particular case of multiple coiled-up quarter-wave resonators
of different tube lengths and the same cross-section assembled in parallel
(Fig. 3b), the surface acoustic impedance can be obtained using the
concept of the parallel equivalent circuit [42] as:

-1

bt b |
2(a) 200
(=) (%)

where Z(1,) and Z(2,) are the characteristic acoustic impedances at
1, and 2, for the tubes 1 and 2, and ¢,.; = ¢,,., is the ratio between the
cross-sectional area of tube 1 and 2. Furthermore, in this particular case,
the unit cell perforation ratio, necessary to calculate the inlet hole
effective parameters, will be given by ¢,,. = %f, where N is the number

Zror,,, = (5)

of identical tubes, and A the cross-sectional area of the single tube.
Then the absorption coefficient can be attained by:
o 4Re(Z,,,)
Zuora|” + 2Re(Ziy) + 1

(6)

When multiple quarter-wave resonators are coupled in parallel,
additional considerations need to be taken into account regarding the
overall effect. The absorption peaks in the frequency response corre-
spond to the resonant frequencies of the individual quarter-wave reso-
nators. The presence of multiple resonators leads to a collective
behaviour, where the peaks are determined by the resonant frequencies
of each resonator. Furthermore, the analytical model was further vali-
dated at low frequencies. As depicted in Fig. 4, sound absorption mea-
surements were conducted for normal incidence, employing a 45.0 mm
diameter impedance tube, as delineated in reference [33]. In these ex-
periments, a quarter-wave resonator with a duct length tailored to yield
a resonant frequency of 110 Hz was utilised. Fig. 5 shows a compelling
comparison between the analytical model, represented by the contin-
uous red curve, and the corresponding experimental measurement,

(a)

Impedance tube:
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Fig. 4. Normal incidence sound absorption coefficient — experimental mea-
surement setup according to standard.

depicted by the dashed black curve. The striking congruence between
these two trends underscores the good alignment between the pre-
dictions generated by the analytical model and the actual experimental
outcomes. A subtle frequency shift of 2 % is discernible in the compar-
ison. This displacement can be ascribed to the simultaneous influence of
two factors. Firstly, the most prominent factor is the approximation of
the equivalent duct length. In the analytical model, a linear duct with a
precisely defined length is taken into account, whereas in the coiled duct
configuration, the same length is applied to the equivalent pathway
along the duct axis. The second factor pertains to potential alterations in
the duct dimensions that might arise during the 3D moulding process of
the resonator. This validation process at low frequencies serves to
bolster the reliability and accuracy of the analytical model in capturing
the intricate dynamics of the quarter-wave resonators.

Furthermore, the dissipation characteristics are influenced by the
perforation ratio, which refers to the ratio between the cross-sectional
area of the tube and the unit cell area. Increasing the perforation ratio
can enhance the acoustic damping capacity of the metamaterial. Pre-
vious experimental studies [31,32,43] have demonstrated that the
perforation ratio affects the level of damping, resulting in three distinct
regimes: under-damping, optimal damping, and over-damping. Under-
damping occurs when the system has insufficient damping, leading to
incomplete absorption at resonant frequencies. Optimal damping refers

K
—
ﬂ.._ T
| — 11
) 11 Tubel d
=] 1
2 —
o
s D
Y —
] il
b= 11 Tube2 d
o — 1 1
c 1
—
_Y I2
Iinlet I1

(b)

Fig. 3. (a) A 3D of 18 quarter-wave resonators in parallel, (b) schematic representation of the system of two quarter-wave resonators in parallel.
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Fig. 5. Normal incidence sound absorption coefficient — comparison between analytical (AM - solid red line) and experimental measurements (EXP — dashed

black line).

to a balanced damping level that maximises absorption performance
within the desired frequency range. Over-damping happens when the
system is excessively damped, leading to reduced absorption and a wider
bandwidth. Therefore, the perforation ratio is a crucial factor in
achieving the desired acoustic damping characteristics, and their opti-
misation is necessary to achieve the desired broadband sound absorp-
tion behaviour.

Thus, summarising the acoustic behaviour of these resonators is
influenced by two main geometric parameters. Firstly, the length [ of the
duct determines the resonant frequency at which the absorption peak
and subsequent higher-order harmonics occur, as described by Equation
(1). Secondly, the porosity of the system, which represents the ratio of
the inlet section of the duct (corresponding to the “empty” area) to the
section of the specimen in which it is inserted (corresponding to the
“solid” area), affects the damping of the resonator and, consequently,
the amplitude of the absorption peak. Fig. 6 illustrates this aspect, where
the resonator length [ is kept constant at a resonant frequency of 100 Hz,
and the side length of the duct section d is varied within the range of
[0.011 - 0.045] m, resulting in a change in the perforation ration ¢s. It
can be observed that the absorption amplitude increases as the side
length of the duct section increases, reaching a maximum value at 0.04
m, and then decreases again.

This behaviour highlights the importance of selecting appropriate
geometric parameters for achieving the desired absorption performance.
By optimising the resonator length and the porosity of the system, it is

0.8 -

0.6 -

0.4

0.2

Sound Absorption Coefficient

possible to enhance the absorption characteristics of the coiled-up
quarter-wave resonators, particularly in the low-frequency range.

2.1. Geometric optimisation process: General design considerations

The procedure adopted in the study aims to achieve excellent
broadband sound absorption while limiting the thickness of the meta-
material: all steps are schematically shown in Fig. 6.

Fig. 7 illustrates an example of the above procedure. Ten resonators,
logarithmically spaced within the frequency range from f,;;; of 100 Hz to
3-fmin, delineated here by blue dashed lines, are depicted in grayscale.
The red curve illustrates the trajectory of the global absorption coeffi-
cient, derived from the envelope of the ten resonators arranged in
parallel.

In the context of an absorber designed to operate within a specific
octave band, when compared to the optimisation procedure defined for
the broadband system, there is a reduction in the frequency range over
which the n resonators are effectively coupled in parallel. Specifically,
we observe that given the central frequency of the designated band f,,
the limits for fi;;; and fiqy are established in accordance with Equation
(7). Consequently, the frequency interval for accommodating n parallel
resonators spans from fpn to fmax, Where fiqx equates to twice fpin.

f max

7 )

Je :f;nin'\/z =

—0.3%
—1.0%

O‘..l...l...l...l

90 92 94 96 98

100 102 104 106 108 110

Frequency [Hz]

Fig. 6. Amplitude of absorption coefficient for normal incidence as the perforation ration ¢, changes (100 Hz resonator with a specimen cross section of 0.2 x

0.2 m).
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Phase 1: single resonator
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Phase 2: multi-resonators

005
°'04
"'03
o2

s
301
¥ 0.0

1 Tl

I

min

= 13
10 100 MIN
Frequency [Hz]

Broadband coiled-up metamaterial:
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higher harmonics to produce a
broadband absorption pattern.
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Fig. 7. Design procedure for a broadband coiled-up metamaterial.

Fig. 9 illustrates the dimensioning procedure for an absorber centred
in the 250 Hz octave band. Similar to Fig. 8, ten resonators (depicted in
grayscale) were logarithmically spaced between fp;, of 177 Hz and
2-fmin- The design frequency range was adjusted in accordance with
Equation (7), with the overall absorption emphasised in red, repre-
senting the result obtained from the envelope of the ten individual
curves.

Once both the analytical model describing the acoustic behaviour
and the design procedure have been established, the various interactions
between the individual geometrical parameters and the acoustic ab-
sorption coefficient for normal incidence were analysed, evaluating how
to modify the geometry of the metamaterial in order to have the best
system in terms of both absorption efficiency and overall dimensions.
Trying to extend as far as possible the considerations that have arisen
from the specific geometries presented, some guidelines are extrapo-
lated that may help in the design of a metamaterial for broadband ab-
sorption, an aspect that is rarely treated and reported in the literature.

To achieve this, a comprehensive analysis was undertaken. Within
this analysis, a metamaterial was considered with a fixed front surface
dimension of D = 0.20 m and a consistent total thickness of 0.20 m,
while simultaneously varying the number of ducts n coupled in parallel
and the side length d of the square duct inlet section. The geometric
dimensions related to both the frontal surface area of the metamaterial
and its thickness were determined while considering materials
commonly employed in the civil sector, thus taking into consideration
potential practical applications. It is worth noting that, in the scenario of
an absorber with an fpi, of 100 Hz and, consequently, a straight duct
length of 0.858 m, the ability to confine the entire structure within a
maximum thickness of 0.20 m would result in a reduction of overall
dimensions by approximately one-fifth.

Fig. 10 illustrates a colour-coded map depicting the average value of
the sound absorption coefficient for normal incidence, computed across

1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0.0

Sound Absorption Coefficient

10

Frequency [Hz]

Fig. 8. Normal incidence sound absorption measurements of ten single reso-
nators (grayscale curves) and of the broadband parallel system (red solid line).

203
Bo02
3
o1
0.0

10 100 frnin
Frequency [Hz]

Fig. 9. Normal incidence sound absorption measurements of ten single reso-
nators (grayscale curves) and of the octave band parallel system (red solid line).

a frequency range spanning from 90 Hz to 2000 Hz. The analysis is
conducted on a metamaterial with a minimum absorption frequency
fmin = 100 Hz, consequently the ducts are spaced logarithmically up to a
maximum frequency of 3-fii, = 300 Hz, which is necessary to obtain a
broadband absorber as explained at the beginning of this section. The
depicted section of the graph only includes feasible geometric configu-
rations, where the total surface area of the ducts is smaller than the
frontal surface area of the hosting metamaterial. This delineation is
crucial as it defines the limits within which workable metamaterial
configurations can be designed and constructed. Furthermore, the black
dot represents the optimised geometry (which will be presented later),
which exhibits an average absorption coefficient exceeding 0.7. The
selection of this combination of the number of ducts n and their side
cross-section d, leading to an average absorption of 0.7 and not
exceeding it, was made while consistently considering the overall sys-
tem dimensions. These dimensions account for the minimum thickness
required for the ducts to be viable and the thickness limitation imposed
on the entire system.

From the observations drawn from Fig. 10, several general design
considerations can be made for metamaterials that utilise the parallel
coupling of quarter-wave resonators to achieve broadband absorption:

o keeping the side of the duct cross-section d constant and increasing
the number of ducts n results in higher sound absorption coefficients
for normal incidence.

e Asthe number of ducts n increases, the available space for coiling the
ducts reduces. This decrease in available space causes an increase in
the overall size of the absorber, particularly in terms of its total
thickness.

Considering these insights, designing such a system involves striking
a balance between the absorption efficiency of the metamaterial,
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Fig. 10. Average sound absorption coefficient — design map for a broadband metamaterial with a square-section side equal to D = 0.2 m and a fy;;; = 100 Hz.

quantified by the absorption amplitude, and the physical constraints,
particularly concerning the available thickness for accommodating the
ducts: to facilitate this balance, the presented map in Fig. 10 offers a
versatile tool for designing absorbers of various sizes while maintaining
a desired average absorption coefficient.

Certainly, the same principles and considerations for design can be
extended to octave band absorbers as well. Fig. 11, similar to Fig. 10,
demonstrates the average absorption coefficient map, but for an octave
band absorber designed to operate in the 250 Hz frequency range. The
number of parallel ducts n and the side of the inlet section d are repre-
sented on the abscissa and ordinate, respectively. The average coeffi-
cient is calculated over the specified frequency range [157 Hz — 375 Hz].
This map allows you to understand how variations in these parameters
affect the acoustic performance of the metamaterial within the specific
octave band. The black dot represents the optimisation geometry that
will be presented in Section 2.3, with the geometric parameters in
Table 3.

The maps in Fig. 10 and Fig. 11 are designed specifically for the given
frequency ranges (broadband absorption from 100 Hz to 300 Hz in
Fig. 10 and octave band absorption around 250 Hz in Fig. 11). As you
decrease the minimum frequency fn, or select different octave bands,
the resonant frequencies of the quarter-wave resonators and their in-
teractions will change. Therefore, these maps will not be directly
applicable to different frequency ranges.

Table 2
Optimisation geometry — broadband metamaterial with double parallel
resonators.

Total thickness D [m] d [m] n [-] Fe, /4 liot [m]

[m] [Hz]

0.200 0.200 0.028 9x2=18 100.0 0.858
113.0 0.759
127.7 0.672
144.2 0.595
162.9 0.527
184.1 0.466
208.0 0.412
235.0 0.365
265.5 0.323

2.2. Geometric optimisation process: Broadband coiled-up metamaterial

In the forthcoming section, we will embark on a more detailed
exploration, focusing specifically on the optimisation of a broadband
absorber. This optimisation process commences with a prescribed min-
imum frequency, denoted of fy;; = 100 Hz, and we will highlight all the
challenges encountered while trying to reconcile compact geometric
dimensions with optimal acoustic performance. This process, imple-
mented within the Matlab environment [44,45], is schematised in
Fig. 12.

When considering the dimensional constraints, the optimised
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Table 3
Optimisation geometry — 250 Hz octave band metamaterial with 8 parallel
resonators.

250 Hz octave band metamaterial - 8 parallel resonators

Total thickness [m] D [m] d [m] n [-] Fc, /4 [Hz] liot [m]

0.200 0.100 0.014 8 177.00 0.485
195.50 0.439
215.94 0.397
238.51 0.360
263.45 0.326
290.98 0.295
321.40 0.267
355.00 0.242

geometry, indicated by the black dot in Fig. 10, possesses the following
geometric parameters: the frontal section of the metamaterial with a
side length of D = 0.2 m, the frontal section of the ducts with a side
length of d = 0.04 m and a total of n = 9 resonators. However, with a
total thickness of 20.0 cm that takes into account potential practical
applications, this geometry cannot be accommodated within the pre-
scribed physical constraints. The constraints arise primarily from two
factors: the side length of the cross-section of the duct d, which defines
the amplitude of absorption, and the number of resonators n, which
influences the variation in absorption amplitude. Fig. 13 illustrates the
trend of the absorption coefficient as the number of resonators n
changes: Fig. 13a illustrates a surface plot with consistent metamaterial
porosity (characterised by D = 0.2 m and d = 0.04 m) and a uniform
minimum absorption frequency (100 Hz). In detail, the x-axis displays
frequency, the y-axis indicates the number n of resonators aligned in
parallel across the frequency spectrum under examination and loga-
rithmically spaced (ranging from 100 Hz to the first higher harmonic at
300 Hz), while the colour gradient denotes the extent of absorption.
Fig. 13b illustrates the evolution of absorption curves as the number of
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resonators n varies. Specifically, the curves depict scenarios with 2, 8,
14, and 20 resonators coupled in parallel.

It can be observed that as the number of resonators increases, the
envelope of the absorption coefficient becomes less fluctuating. This
phenomenon occurs because with more ducts, the absorption peaks
occur at frequencies closer together, leading to a more stable and
heightened absorption trend. The absorber becomes more efficient due
to the multiple ducts working at frequencies in close proximity, thus
elevating the average absorption coefficient.

In summary, the number of resonators coupled in parallel has a
significant impact on the trend of the absorption coefficient in the
metamaterial. In this context, with a given duct section side length d =
0.04 m and a front section for the metamaterial D = 0.2 m, the upper
limit for the number of resonators that can be accommodated amounts
to n = 24. It’s imperative to acknowledge that these resonators can be
positioned in parallel solely if they are treated as straight, as there would
not be adequate space available to coil them, consequently yielding an
absorber that is highly effective yet oversized. Hence, the determination
of the suitable value for n, the number of resonators to be integrated,
must be predicated on the desired trade-off between absorption effi-
ciency and the maximum overall dimensions of the envisaged system.

Therefore, when attempting to compact the optimised geometry by
coiling the channels, it becomes challenging to simultaneously retain the
necessary dimensions for achieving effective broadband absorption.
Balancing the size constraints imposed by coiling and the requirements
for optimal absorption performance is a complex task that needs to be
carefully considered during the design process. In an effort to pursue
these objectives, an alternative solution was pursued using double res-
onators. Initially, the side length of the duct section was reduced from d
= 0.040 m to d’ = 0.028 m. This reduction was achieved while main-
taining the same duct area. In the first case, there is a single duct, while
in the second case, there are two resonators of the same length: math-
ematically, this can be expressed as &# = 2-(d ’)2. This approach allows
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for a reduction in the cross-sectional area of the channels, enabling them
to fit within the specified thickness limits due to their slimmer cross-
section. Simultaneously, by doubling the number of channels, the ratio
between the areas remains constant, preventing a collapse in the ab-
sorption amplitude. Consequently, the number of resonators n goes from
9 single resonators to 9 double resonators within the frequency range of
100 - 300 Hz, resulting in a total of 18 resonators when considering the
doubled configuration. Therefore, the optimisation geometry of the
double-resonator metamaterial has the geometrical characteristics of
Table 2, where D is the length of the square-section of the front mask,
where there is the incident sound field and where resonators, with the
side length of the duct section equal to d, are placed. n is the number of
resonators, remembering that there are 9 different resonators which
have been doubled to maintain an efficient ratio of full area to empty
area. Resonators are logarithmically spaced with the frequencies of
column 4, from which the ,; duct lengths in column 5 were determined
using the formula in Equation (1).

2.3. Geometric optimisation process: Octave band coiled-up metamaterial

The optimisation analysis was not limited to the study of a broad-
band metamaterial, recognising that when compactness is a priority,
such a design might yield reduced efficiency. As highlighted in the
opening section, the central challenge of these systems resides in
addressing lower frequencies. To this end, an evaluation of absorbers
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functioning within specific octave bands was also analysed. These
octave band absorbers, operating within narrower frequency spans
compared to their broadband counterparts, exhibit heightened efficacy
while affording the potential for exceptional compactness. All design
considerations are presented in Section 2.1 and illustrated in Fig. 10.

Parallel to the comprehensive study on the broadband absorber,
similar analyses were conducted on two metamaterials tuned to octave
band absorbers, with central frequencies of 125 Hz and 250 Hz,
respectively. Illustrated in Fig. 14, the progression of the absorption
coefficient for normal incidence is charted against varying counts of
absorbers. This portrayal is pertinent to both the 125 Hz octave band
absorber (Fig. 14a) and the 250 Hz version (Fig. 14b).

In contrast to the broadband configuration, the octave band systems
demonstrate a reduced demand for resonators to attain notable effi-
ciency. With merely 10 resonators, the absorption amplitude spans from
0.7 to 1.0 for the 125 Hz absorber and from 0.8 to 1.0 for the 250 Hz
counterpart. Additionally, an intriguing aspect emerges: as fy;; esca-
lates, given a constant number of resonators n, the system can be further
compacted. This is attributed to the fact that higher f;;;; values corre-
spond to shorter duct lengths, consequentially diminishing the total
thickness of the system.

To execute experimental measurements in accordance with the
stipulated standard [33], leveraging an impedance tube already housed
within the acoustics laboratory at the University of Ferrara, a geometry
optimisation was undertaken. Specifically, an absorber was optimised
for operation within the 250 Hz octave band. Notably, the absorber was
tailored to possess a circular cross-section equal to the diameter of the
measurement tube itself, measuring 100.0 mm. This optimised absorber
configuration encompasses the incorporation of 8 resonators, coupled in
parallel. To provide a comprehensive view, the key geometrical pa-
rameters of this optimised setup are presented in Table III, where D is the
diameter of the front mask, where there is the incident sound field and
where resonators, with the side length of the duct section equal to d, are
placed. n is the number of resonators coupled in parallel. The resonators
are logarithmically spaced with the frequencies of column 4, from which
the l duct lengths in column 5 were determined using the formula in
Equation (1). The comparison curves between the analytical model and
the finite element model will be presented in Section 3.

3. Experimental validation
3.1. Prototype realisation

Using the analytical model, the optimisation geometry of the double-
resonator metamaterial was defined, which has the geometrical char-
acteristics of table 2. The fabrication of the 3D prototype of the meta-
material, shown in the CAD drawing in Fig. 16a for the broadband
metamaterial and in 16c¢ for the octave band material, was done by 3D
printing, using the Original Prusa i3 MK3S + 3D printer with PLA plastic
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Fig. 14. Influence of the number of resonators n coupled in parallel for octave band absorbers: (a) 125 Hz octave band absorber, (b) 250 Hz octave band absorber.
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material. All ducts were moulded by dividing them into two half-shells
so as to avoid supporting materials, which are difficult to remove
(Fig. 15b and c). In each half-shell, a male-female coupling system was
made so as to ensure the correct union between the two halves and to
avoid leakage inside the duct as much as possible, making the acoustic
behaviour of the resonator totally inefficient. For the same purpose, the
two halves were joined using glue and held together in a press for at least
12 h. Following multiple tests, it was observed that altering the per-
centage of wall filling did not affect the acoustic performance of the
ducts. Consequently, a 20 percent fill was chosen for printing the solid
components of the geometry. This observation underscores that the
primary concern is the connection between the two halves forming the
moulded ducts. It is imperative to exercise utmost care during the gluing
process to prevent any leakage. Once the 18 resonators are printed, they
are placed in parallel within the front mask to compose the final meta-
material, as shown in Fig. 15a.

The same procedure was employed for the fabrication of the opti-
mised metamaterial for the 250 Hz octave band, with the corresponding
geometric dimensions listed in Table 3. Fig. 16 depicts photographs of
the two fabricated and tested metamaterials. Specifically, Fig. 16a shows
the CAD of the broadband metamaterial with the real prototype in
Fig. 16b, while Fig. 16¢ and d features the one designed for the octave
band.

3.2. Measurement setup

To measure the optimised metamaterial, a customised measurement
tube was designed and fabricated in accordance with the guidelines
outlined in the standard [33]: it has a lower limit measurement fre-
quency of f,in = 50 Hz and an upper limit frequency of fyq = 1000 Hz.

The tube was made of transparent acrylic (Fig. 17a), which has an
inner square section with a side length of D = 0.2 m, thickness of 0.01 m
and total length of [, = 1.5 m. On the axis of the upper surface, 3 holes,
spaced by a minimum amount of sp;; = 0.05 m, were drilled and the 2
microphones needed to perform the measurement were placed inside
them. The sound source is placed at one end of the tube, while the
material to be tested is placed at the opposite end. The material is sealed
at the side edges using mastic, to avoid possible leakage given by the
tube-metamaterial coupling.

Fig. 17b illustrates the experimental setup: the sound source
(depicted in red) is powered via a sine sweep signal and the calibration
of both microphones in amplitude and phase adheres to the directives
outlined in the standard [33]. The metamaterial (rendered in blue) is
mounted at the terminal opposite the sound source, utilising internal
mastic and external tape to mitigate leakage with the impedance tube.
Stiffeners (depicted in green) are introduced on the lateral surfaces of
the duct. This measure is undertaken to minimise flexural vibrations
within the duct, which could potentially induce alterations in the
measured sound absorption coefficient.

(b) (©

Fig. 15. (a) 3D printing phase of a resonator; (b + c) two half-shells of a res-
onators with the male-female coupling system.
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3.3. Experimental measurement: Broadband coiled-up metamaterial

With the aim of validating the analytical and numerical model and
evaluating the actual acoustic performance of this innovative meta-
material, experimental measurements were conducted to determine the
absorption coefficient at normal incidence, according to the ISO
10534-2:2023 standard [33]. This method is based on the fact that the
complex reflection coefficient R can be determined by measuring the
transfer function Hy, between two positions, placed at a distance x; and
X5 from the test sample. By measuring p; and p», that is the total pressure
in the microphone positions given by the sum of the incident and re-
flected contributions, we obtain the transfer function Hy» which repre-
sents the entire acoustic field and from this we can calculate the surface
impedance, the reflection coefficient and finally the sound absorption as
a=1 —|R\2. Using the sizing formulas in the standard [33] and the
above dimensions of the measuring tube, this is characterised by an
experimental frequency interval of 50 < fo, < 1000[Hz].

Fig. 18 displays the comparison between the curve generated
through the analytical model (AM - solid red line) and the experimental
curve (EXP — dashed black line). Observing the amplitude, it is evident
that the experimental curve slightly exceeds the analytical trend, indi-
cating a marginally enhanced real absorption capacity of the meta-
material. Regarding frequency, a minor shift exists between the two
trends, presumably attributed to potential imperfections that might arise
during the 3D printing process. This manufacturing technique, while
effective, might not exhibit the highest precision in terms of dimensional
tolerances [46]. Collectively, it can be asserted that a commendable
alignment exists between the two curves, confirming the predictions
provided by the analytical model. In this case, the frequency shift be-
tween the analytical model and experimental data at the first absorption
frequency is 1.1 %.

The proposed system exhibits significant drops in the absorption
coefficient trend. This is primarily due to the necessity of limiting the
number of ducts n to adhere to the predetermined maximum thickness of
20.0 cm, in conjunction with the choice of setting a minimum absorption
frequency of 100 Hz. As the value assigned to fp,;, increases, the required
length of the ducts decreases, following an inverse proportionality
relationship as defined in Equation (1). For instance, transitioning from
an fmin of 100 Hz to 200 Hz results in a reduction of the maximum duct
length from 0.858 m to 0.429 m. This leads to solutions that can either
be more compact with the same number of resonators or maintain the
same thickness while incorporating more ducts in parallel, thus
achieving greater sound absorption efficiency. Fig. 19 illustrates this
aspect well by presenting a metamaterial with fp,;; = 200 Hz. It shows
both the solution analogous to the 100 Hz metamaterial, with 9 reso-
nators in parallel (duct section side d = 0.04 m) and the solution with an
additional 5 resonators.

3.4. Experimental measurement: Octave band coiled-up geometry

The same measurement procedure was employed to assess the per-
formance of the optimised metamaterial within the 250 Hz octave band.
The sole deviation from the measurement setup used for the broadband
metamaterial lies in the impedance tube. As elucidated in section 2.3,
this absorber was designed for evaluation within an impedance tube
situated within the acoustic laboratory of the University of Ferrara.
Notably, this impedance tube boasts a circular internal cross-section
with a diameter of 100.0 mm. Additionally, a distinct sound source
was chosen, designed specifically to be placed in the front of the tube, as
illustrated in Fig. 20.

Fig. 21 presents the comparative analysis between the analytical
model (AM - solid red line) and the experimental curve (EXP — dashed
black line). The same observations can be drawn here as those articu-
lated for the broadband metamaterial, encompassing both the absorp-
tion amplitude (slightly elevated in the experimental outcome) and the
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(©)

(d)

Fig. 16. Measurement prototypes: (a) broadband coiled-up metamaterial; (b) 250 Hz octave coiled-up band metamaterial.
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frequency shift. The degree of agreement remains highly satisfactory,
reaffirming the predictive capabilities of the analytical model.

Notably, while the metamaterial’s primary design objective revolves
around sound absorption within the 250 Hz octave band, it is essential to
acknowledge the presence of duct higher-order harmonics, which result
in a form of residual absorption at higher frequencies. This phenomenon
is chiefly attributed to the optimisation of these higher harmonics within
the confines of the particular octave band, thereby mitigating their
impact on absorption amplitudes beyond the designated frequency
range.

11

4. Conclusion

An endeavour was undertaken to explore the prospects of achieving
an efficient broadband absorber by devising metamaterials composed of
multiple quarter-wave resonators while simultaneously striving to
curtail overall thickness. Beginning with the analysis of individual res-
onators, an analytical model was formulated to predict the acoustic
behaviour of these entities when coupled in parallel configurations.
Initiating with the definition of losses within the individual duct, the
separation of the inlet’s contribution, modelled as an equivalent fluid
using the JCA model, from the thermo-viscous losses at the duct walls,
modelled with the Narrow Region model, is undertaken. Utilizing the
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theory of series and parallel impedances, the total system impedance
and normal incidence absorption coefficient were determined, facili-
tating a systematic exploration of absorption effects by varying geo-
metric parameters.

This exploration resulted in the construction of comprehensive maps
and the derivation of design guidelines, contributing to a relatively
unexplored area in existing literature. Optimized geometries for both
broadband and octave-band metamaterials were fabricated via 3D
printing, with polylactic acid utilized as the plastic material. Attention
to detail in design and assembly was crucial to avoid potential acoustic
performance degradation due to leakage.

Experimental testing within impedance tubes revealed a slight
discrepancy between analytical predictions and experimental results,
attributed to potential imperfections in the 3D printing process and
differences in duct layout between analytical models and CAD designs.
Nonetheless, the alignment between analytical and experimental results
confirmed the reliability of the analytical model.

In summary, the study showcases the potential of the proposed
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metamaterial systems as acoustic absorbers, offering customization op-
tions for minimum absorption frequency, broadband absorption, and
adaptability to various geometries and dimensions. The possibility of
“coiling up” channels allows for considerable reduction in overall di-
mensions, with approximately one-fifth reduction achieved in this study
compared to straight-line lengths associated with minimum absorbing
frequencies. This research not only contributes to the advancement of
metamaterial-based acoustic absorbers but also underscores the efficacy
of analytical modeling in designing and optimizing such systems.
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