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ARTICLE INFO ABSTRACT

Keywords: The instantaneous kinematics of a mechanism can be fully described through the instantaneous
Spatial mechanisms screw axes (ISAs) associated to the relative motions between mechanism’s links. Characterizing
Kinematics

the instantaneous kinematics of a mechanism includes its singularity analysis, which is the
identification of mechanism configurations (singularities) where the instantaneous degrees-of-
freedom (DOFs) of the mechanism “somehow” change. In single-DOF mechanisms with time-
independent either holonomic or first-order non-holonomic constraints, the locations of the
instantaneous screw axes only depend on the mechanism configuration. This property is fully
exploited in planar single-DOF mechanisms where all the singularity conditions have been
associated to the coincidence of particular instant centers (ICs), thus making the singularity
identification possible with a simple analysis of the mechanism configuration. Differently, for
single-DOF spatial mechanisms, the geometric conditions on ISAs that identify a singular
configuration have not been enunciated for the general case, yet. This paper fills this lack by
providing the explicit expressions of all the possible instantaneous input-output relationships, the
exhaustive enumeration of the geometric conditions on the ISAs that identify singular configu-
rations and a geometric and analytic technique for the singularity analysis of spatial single-DOF
mechanisms, which is the natural extension of the IC-based ones conceived for planar single-DOF
mechanisms.

Velocity analysis
Instantaneous screw axis

1. Introduction

The vast majority of mechanisms have time-independent (scleronomic) constraints that are either holonomic constraints or non-
holonomic constraints whose dependence on motion-variables’ rates is linear (i.e, they are first-order non-holonomic constraints)
[1]. These constraints model the mechanism’s instantaneous kinematics through equations, which are linear and homogeneous in the
motion-variable rates, with coefficients that uniquely depend on the mechanism configuration (i.e., on the mechanism’s generalized
coordinates, which usually coincide with the actuated-joint variables). Such an equation system can be regarded as a linear and
homogeneous input-output model where the rates of the generalized coordinates are the inputs, whose number is equal to the
mechanism’s DOFs, and the rates of all the other (secondary) motion variables are the outputs, whose number is equal to the number of
equations. Hereafter, this system will be referred to as instantaneous input-output relationship (IOR) and, for the sake of brevity, the
term “mechanism” will refer to a mechanism with scleronomic constraints that are either holonomic or first-order non-holonomic.

At a given mechanism configuration, if, in the IOR, the two coefficient matrices (Jacobians) that multiply the tuple collecting all the
inputs and the tuple collecting all the outputs, respectively, are not rank deficient, the IOR allows the computation of a unique solution
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Nomenclature

DOF degree of freedom

Hel helical motion

Tra translational motion

IFK instantaneous forward kinematic

IIK instantaneous inverse kinematic

IOR instantaneous input-output relationship

SISO single-input-single-output
SIMO single-input-multiple-output

vC velocity coefficient

a coefficient that multiplies the output variable in the IOR

b coefficient that multiplies the input variable in the IOR

q generalized coordinate of the single-DOF mechanism

s a secondary variable of the single-DOF mechanism

ISA;; instantaneous screw axis (Fig. 1) of the relative motion between links j and i

Aji a point lying on ISA;;

uj; unit vector parallel to ISA;;

Dji pitch of the relative motion between links j and i

ojilj; angular velocity of the relative motion between links j and i; wj; is its signed magnitude

Tjk unit vector parallel to the translation direction of the relative motion between links j and k, which is an instantaneous
pure translation

VikTik translation velocity of the relative motion between links j and k, which is an instantaneous pure translation; vj is its

signed magnitude

(P, w) line passing through point P and parallel to unit vector w; according to these notations, (Aj;, uj;) is another way to
denote ISA;

p position vector locating the generic point P in a Cartesian reference

Ve velocity of point P when the point is fixed to link j and the velocity is measured from link i

Qji, Qi  points lying on ISA|; that are intersections between ISA;; and a line that is perpendicular to ISA;; and to another ISA (see
Figs. 2 and 3)

h;; (=(Qi — Q'ﬁ) - u;;) signed distance between Q;; and Q'j;

nj; unit vector of the common normal to ISA;; and ISA;y, if the relative motions ji and ir are both helical motions, or of a line
perpendicular to ISA;; and 1, if the relative motions ji and ir are an helical motion and a translational motion,
respectively (see Fig. 2)

Yiiir (= (Qr — Qi) - njp) signed distance between Q; and Qj; (see Fig. 2)

i ir angle between ISA;; and ISA;,, if the relative motions ji and ir are both helical motions, or between ISA;; and 1;, if the
relative motions ji and ir are an helical motion and a translational motion, respectively (see Fig. 2)

for the output tuple when the input tuple is assigned and vice versa. The determination of the input tuple (of the output tuple) for an
assigned output tuple (input tuple) is named instantaneous inverse (forward) kinematic (IIK (IFK)) problem. The mechanism con-
figurations where one or the other or both of the two above-mentioned Jacobians are rank deficient are singular configurations
(singularities), which make the IIK problem or the IFK problem or both the problems undetermined [2-6]. Accordingly, in the
literature [2], three types of singularities have been identified: (I) those where the IIK problem is indeterminate, also named serial
singularities, (II) those where the IFK problem is indeterminate, also named parallel singularities, (III) those where both the IIK and the
IFK problems are indeterminate.

The indeterminacy of the IIK problem kinematically means that the actuated-joint rates (i.e., the inputs) can be different from zero
even though the links (output links) the secondary motion-variable rates refer to are locked, that is, at a serial singularity, the number
of actuated-joints that affect the output-links’ motion is reduced, which brings to the conclusion that the instantaneous DOFs of the
output links are lower than the ones they have at a non-singular configuration. Such a condition can only occur at the boundaries of the
variation range (workspace) of the secondary variables that make the configuration singular. Moreover, the duality [7] that the virtual
work principle states between kinematics and statics brings one to conclude that, at a serial singularity, some external loads applied to
the output links are directly equilibrated by the mechanism structure without any contribution of the generalized torques in the
actuated joints.

The indeterminacy of the IFK problem kinematically means that the output links can have an elementary motion even though the
actuated joints are locked, that is, at a parallel singularity, the number of actuated-joints necessary to fully control the output-links’
motion increases, which brings to the conclusion that the instantaneous DOFs of the output links are more than the ones they have at a
non-singular configuration. Such a condition may occur [2] only when the mechanism contains closed kinematic chains and, usually,
inside the workspace boundaries of the secondary variables that make the configuration singular. Moreover, the duality [7] between
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kinematics and statics brings one to conclude that, at a parallel singularity, some external loads applied to the output links need infinite
generalized torques in the actuated joints to be equilibrated, that is, the mechanism breaks down when it tries to reach a parallel
singularity.

Hunt [8] introduced the concept of “stationary configuration” and “uncertainty configuration” to classify singularities according to
instantaneous DOFs (instantaneous mobility) of the studied mechanism. In particular, stationary configurations are mechanism
configurations where at least one joint variable of a non-actuated joint is inactive (i.e., has a null rate) even though all the
actuated-joint rates are different from zero (i.e., the inactive joint variable has reached an absolute or local extreme of its variation
range, which implies that the instantaneous mobility of the mechanism is decreased). Differently, uncertainty configurations are
mechanism configurations where at least one joint variable of a non-actuated joint can have a rate different from zero even though all
the actuated joints are locked (i.e., the actuated joints are not sufficient to fully control that joint variable, which implies that the
instantaneous mobility of the mechanism is increased). Roughly speaking (see [9] pp. 302-303), stationary and uncertainty config-
urations correspond to the above-defined serial and parallel singularities, respectively.

Whatever be the adopted classification of mechanism singularities, their identification, during the mechanism design, and their
avoidance, during the mechanism life, is a primary requirement to satisfy through suitable mechanism sizing and motion control
[10-12]. That is the reason why the singularity analysis has become a mandatory step during the design of a novel mechanism and
there is an ample literature on singularities (see, for instance, [13-21].

In single-DOF mechanisms, the IOR is a linear single-input-multiple-output (SIMO) model. Any linear SIMO model can be seen as a
number of independent linear single-input-single-output (SISO) models that work in parallel. Accordingly, the IOR analysis for a
single-DOF mechanism can be conducted by separately analyzing the independent SISO systems into which it can be broken down. The
two IOR Jacobians of a SISO system reduce themselves to two scalar coefficients, whose values depend on the mechanism configu-
ration: one that multiplies the actuated-joint rate and the other that multiplies the rate of the output joint (secondary) variable. As a
consequence, the ratios between the rates of any secondary motion variable and of the actuated joint only depend on the mechanism
configuration (i.e., on the generalized coordinate of the mechanism), which also brings the conclusion that, in single-DOF mechanisms,
the ratios between motion-variables rates always depend only on the mechanism configuration. Such ratios are named [22,23] velocity
(or influence) coefficients (VCs).

In a SISO system, the analysis of the VC relating the rate of the output variable and the rate of the input variable can fully replace the
analysis of its IOR to identify all its singularities. In single-DOF planar mechanisms, such a VC can always be analytically expressed as a
function of the locations of three or, at most, four instant centers (ICs) [24]; this feature made it possible to devise general geometric
and analytic techniques for their singularity analysis based on the IC locations [8,25-28]. Recently, in [29], this author has addressed
the determination of the instantaneous screw axes (ISAs) in single-DOF spatial mechanisms by taking advantage from the fact that, in
single-DOF mechanisms, the ISA locations depend only on the mechanism configuration. The focus and the main result of Ref. [29] has
been the deduction of a technique that extends the techniques, used in single-DOF planar mechanisms for the IC determination, to the
ISA determination in single-DOF spatial mechanisms. Incidentally, in [29], this author, while devising this technique, has also deduced
the analytic and geometric expressions of the above-mentioned VC as a function of the locations of three or, at most, four ISAs, which
generalize the ones based on the IC locations that hold for planar mechanisms. In this paper, such expressions, firstly, are integrated
with other general expressions to cover all the possible cases; then, are analyzed to provide the exhaustive enumeration of all the
geometric conditions on ISAs that identify singular configurations; eventually, the deduced exhaustive enumeration of singularity
conditions is used to devise a general analytic and geometric technique for the singularity analysis of single-DOF spatial mechanisms
that is based on the locations of the ISAs. The proposed technique is the natural extension of the ones proposed for planar single-DOF
mechanisms that are based on the IC locations and, as those techniques, it has the merit of making singularity configurations iden-
tifiable through a simple analysis of its 3D-CAD representation. As far as this author is aware this approach is novel and the exhaustive
enumeration of all the geometric conditions on ISAs that identify singular configurations of single-DOF spatial mechanisms is pre-
sented for the first time in the literature.

The paper is organized as follows. Section 2 provides the necessary background materials, deduces the additional general ex-
pressions of the VCs, and illustrates the method. Section 3 presents the application of the method to a relevant case study. Then,
Section 4 discusses the results and, eventually, Section 5 draws the conclusions.

2. Materials and methods

Here, firstly the adopted notations will be defined and some necessary background concepts will be reminded. Then, the general
expressions of the IOR for a SISO mechanism will be deduced and, finally, the proposed singularity-analysis method will be presented.

In a mechanism with m links, the relative motions between link pairsl are m x (m-1)/2 and the instantaneous screw axes, ISA;;
(=ISAy) with j,ie{1,...,m | G#D)&( >0}, that identify their instantaneous status are as many. Nevertheless, if the mechanism has f
DOFs, the number of independent relative motions is the minimum value between (m-1) and f since, if (m-1) relative motions are
known, the remaining ones can be determined by means of the relative motion theorems [30], that is, at most (m-1) relative motions
are independent in the worst case, which is the one where the m links are not connected through kinematic pairs.

1 Here, for a generic link pair constituted by links i and j, the motion of link i with respect to link j and its inverse motion (i.e., the motion of link j
with respect to link i) are considered the same relative motion since the velocity fields associated to the two motions are immediately obtained from
one another through a change of sign.
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Hereafter, with reference to the motion of link j with respect to link i (Fig. 1), the ISA;; will be geometrically identified by the
ordered couple (Aj;, u;;) where Aj; is a point belonging to ISA;; and w;; is a unit vector parallel to ISA;; the angular velocity, @;;, will be
put equal to wj;u;; and will be assigned through its signed magnitude wj;. In addition, if ®;70, that is, the relative motion is a helical
motion (Hel), the velocityz, iy sl of point Aj; (€ISA;j;) will be put equal to w;pju;; and assigned through the pitch p;; of the Hel;
otherwise (i.e., if @;;=0), the relative motion will be a translational motion (Tra) and its translation velocity will be put equal to vj;;
where yj; is the signed magnitude of the translation velocity and 1;; is the unit vector that gives the positive direction of translation”.

With these notations, the following relationships hold:

(a) if (x)jﬁéo (Hel), then Aﬁ:Aij, Wji=uyj, pji=pij and Wji=—04j;
(b) if w;=0 (Tra), then t;=T; and vj=—vy.

Therefore, the instantaneous relative motion between links j and i is fully defined when, in the case w;;7#0 (Hel), ISAj; (i.e., the
ordered couple (Aj;, u;)), pji and wj; or, in the case w;=0 (Tra), vj; and t;; are known. Hereafter, the pure rotation, which occurs when
;70 and p;;=0, will be considered only a special case of Hel (i.e., the one with p;=0) and dealt with the formulas deduced for the Hel
case. Accordingly, the links of a mechanism can perform only two types of instantaneous spatial motions (i.e., Hel and Tra) and,
consequently, if only the instantaneous motions of the input and the output links are considered, only four types of SISO models can be
identified for single-DOF spatial mechanisms:

The Hel-Hel where both the input link and the output link perform an helical motion;

The Hel-Tra where the input link performs an helical motion and the output link performs a translational motion;
The Tra-Hel where the input link performs a translational motion and the output link performs an helical motion;
The Tra-Tra where both the input link and the output link perform a translational motion.

The spatial version of the Aronhold-Kennedy theorem [29,31-36] states that “In a system of three bodies the three ISAs of the three
possible relative motions share a common normal.” With the above notations, this author, in [29], deduced the following formulas for a
three-body system (i, o and f denote the indices of the input link, of the output link and of the remaining third link (frame),
respectively):

(i) for the Hel-Hel case (here (Ag, us), ps and o ((Aof, Uop), Pof and ) are the input-motion (output-motion) data (see Fig. 2a and
remind the relative motion theorems [30]))

Doy Mo - (wy X w5) _ (ugy - u) — (- uy0) (wy - uy) o Do _ SiNGoijy _ COSoior — COSyirCOSyy iy

- = - = (1a)
O Nyp (g X y) (g ) (g ) — (W) T @ SINQigr  COS;grCOSQp i — COSiif
-1
Yot oi [(:f) = (g “ﬂ')] + (Vorst = Yoran) {(“«Jf “uy) — (3;) }
—p, + 1b
e o | aw
@y, |
oy = +yof.oi [(J) - (uof uﬁ)] +yof.ﬁ(uaf .uf,-) - Wy (poi —pﬂ) | wyy x g || +yif.of(uof .uﬁ,) 10
S ooy < ug | oy Yot

iff Wy 7 Uy, ( )

Woily; = Woflyr — WirWip 1 Wop Wy (Upg X Wy
= Doy - (Wpe X W) = @ - (Wye X Uz, ) = == 1d
Woily; = Wpglpg — WigWig } o ( 8 'g) thnd ( 8 Ig) Wi Uy - (ll,,g X u,-g) ad

where, the angle oy 1, (see Fig. 2a) with jk,Ine{oi, of, if | jk#In} is the angle counterclockwise with respect to no5 that goes from uj to
upy; Eq. (1b) and (1¢) have been obtained from those reported in [29] through simple algebraic manipulations; also, the following
definitions have been introduced (see Fig. 2a)

U, X U
N, = M; Yoffi = (Qﬁ - Qu/) My = (Aﬁ _Aaf) *Nosis Vofoi = (Qm‘ - Qof) Ny = (Aui _Aqf') s My (2a)
(| ey > ug ||
Yifoi = (Qm‘ - szf) Ny = (Aui _Az_'f) *Mofi = Yofoi — Yof fi (2b)

2 Hereafter, ivp |j will denote the velocity of point P when the point is fixed to link j and the velocity is measured from link i.
% In the case of a translation, the ISA;; is the line at infinity (ideal line) that is the geometric locus of the points at infinity of the planes
perpendicular to the translation direction.



R. Di Gregorio Mechanism and Machine Theory 189 (2023) 105438

Fig. 1. Two links, named i and j, whose relative motion is a helical motion: notations.
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Fig. 2. Three-body system: (a) both the of and fi motions are helical motions, (b) the of motion is a translational motion and the if motion is a helical
motion, (c) the of motion is a helical motion and the if motion is a translational motion, (d) both the of and if motions are translational motions.

and link g of Eq. (1d), which is an expression of the VC alternative to Eq. (1a), is any fourth link chosen so that u,, 7# F-uy.

(ii) for the Hel-Tra case (here (A, w;p), pir and oy (Vor =—Vy, and Tor =Tp,) are the input-motion (output-motion) data (see Fig. 2b))

vor _ (Ao = Ay) - (W X Tor) _ yipor [l wy X T || _ Yiroi  _ __Yioi (3a)

(27 B Tof * [uif X (u,-, X Taf)] (u,f . tqf)z —1 g x| sinag,
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Vof _ Tor " W) _ Yif 0i
Poi = Dif — o (Tof . uif) =py +YEf,oz ( 0f i ) =py if ,0i (3b)
Wy [l wi X T || tanay
e X Ty
Ny, = i i = (Qoi = Q) My = (Ao —Ay) -1y, (30
H W X Tp H

Wyily; = Wolor — WipWis = Wi = —Wir = Wy .
Wy =0 u, = uy

(iii) for the Tra-Hel case (here vi=—v5; and Ty =75 ((Aop, Uop), Pos and wyy) are the input-motion (output-motion) data (see Fig. 2c))

2 .
@ _ Ty [ X (U X Ty)| (W) =1 Juy x| sinayy (4a)
Vi, (Ao —Agr) - (Wor X Tyr)  Yopoi || Uor X Tr || Yof oi Yof oi
Dor = Doi + Do 71(TA..uv):p.,y _M:p_, Yof oi (4b)
of oi Ve it~ Uof) = Poi qf‘mH u, <t | P anayy
U, X T,
n,; = Mv Yofoi = (Q()i - Qof) ‘D = (Ao[ 7Aof) cMys (4C)
[l g x T ||
WoiWy; = Woflpr — Wir Wi = WDoi = Wof (4d)
Wiy = 0 U,; = Uy

(iv) for the Tra-Tra case (here vir =—vg and Ty =15 (Vof =—Vy, and Tor =1y,) are the input-motion (output-motion) data (see Fig. 2d))

2
Vor Tof [(Aja - j/‘) x “ff} [(“Jf : Tif) - 1] _ Virdo | uy x g || _ YViroSingyp

- = = - (52)
Vi - (A — Ay) X uy] [(u]f 1)’ - 1] Yiri 10 X o (| yirjisinage of
Wi X Ty
=y = (0 — Q) -y = (A —Ay) my (5b)
[l vy > s ||
Uy X T,
Ny, = M% Yifjo = (ij - ij) My, = (Ajo _Aj/') - Mypp (50
[y x 1 |
T — VpiToi + VT
. of —
’Vp‘o :fvP\o — /VP|,' = L/UfTOf — l/,'fT,-f = VpiToi = l/uf’tof — l/,'fT,'f = H VoiToi + l/ifT‘:[ ” (5d)
Vor = Voi (T Tor) + i (T - Top)
Wjillji = WjrWi — Wi Wiy } N {wji = Wy
0y =0 u; = uy Wy = wF = —a, 5e)

- {
a},,,-u(,j = a},,fu(,,- — (l)]fllj/' } N { a)(,j = —LUjf = a)ﬁ uﬁ - ujf - u”j

@y =0 u, = uy

where P is a generic point and link j is any fourth link chosen so that it performs an helical motion with respect to link f with an ISA;¢ (i.
e., (Aj, wj) with ujr =u;=uj, since links i and o translate with respect to link f) that is neither parallel to 15 nor parallel to s, (it is worth
noting that such a choice is always possible since link j can be any link).

2.1. The general input-output instantaneous relationship

The general expression of the input-output instantaneous relationship (IOR) of a SISO mechanism is
a(q) g =b(q)$ (6)

where q is the chosen generalized coordinate of the single-DOF mechanism, g and s are respectively the input rate and the output rate of
the IOR, and a and b are two scalar functions of the mechanism configuration (i.e., of q), which, here, play the role of 1 x 1 Jacobians of
the IOR.
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If the motion of both the input, i, and the output, o, links are referred to the same reference link, say link f, the analytic and
geometric expressions of a and b can be directly deduced from the VC explicit expressions given by Eqs. (1), (3), (4), and (5) for all the
possible cases (i.e., Hel-Hel, Hel-Tra, Tra-Hel, Tra-Tra). In general, the motion of the input link could be referred to a link different from
the one used as reference for the motion of the output link. Accordingly, the most general expressions of a and b must be deduced for a
system of four links, hereafter named i (input link), o (output link), f (reference link for the motion of link i), and r (reference link for the
motion of link 0). The relative motions of a four-link system are 6 (=4(4—1)/2), that is, the if, of, ir, or, oi, and rf relative motions. In the
following part of this subsection the general analytic and geometric expressions of a and b for the four possible cases will be deduced.

2.1.1. Hel-Hel case

In this case, ¢ and s are o and ,, respectively. Fig. 3 shows the general spatial disposition of the six ISAs associated to the six
possible relative motions for the Hel-Hel case. In Fig. 3, the six blue lines (Aj, wy) with jke{if, of, ir, or, oi, rf} are the six ISAjx and the
following definitions have been introduced

i = (Qx—Qu) - i jk € {if, of, ir, or, oi, 1f} (7a)
Wy X Uy . ; ; i

n, =+ —"*_ ke {i, o, f, k#1 7b

ki ” W X uy ” J {t, o f FV 7£ 76 #J} ( )

Also, with reference to Fig. 3, the following further definitions can be introduced:

yigu = (Qu — Qy) - nju = (Au — Ay) - ny Bk ledi, o f, rli £k #1#]j} ®
Egs. (1) and (2) hold for the subset of three bodies {o, i, f}. The same formulas can be written for the three-body subset {o, i, r} by

replacing index f with index r in Egs. (1) and (2) as follows:

Oor My (Wi X Wpi) (W - W) = (Wi - W) (Wi W) | @ SINGiir _ COSApisor — COSpiir COSor iy (9a)

@iy B n,; (uor X uoi) (uar : uoi)(uor ° uir) - (uir ° uoi) iy - Sinaui.or - COSQyj,orCOSAyr iy — COSUy ir

-1
Yorai | (2) = or < 0)| + (rci = Yorer) {(u,,, ‘) - (2) }

or = Pri + 9b
por =P T e
Yor,oi {(Z),W) - (uar : uir):| +yor,ir(uor . uir) ) (p . _P) H u,. X u; H +yi '(ll e )

S ir o Lor _ \Poi ri or ir ir,0i \Wor ir (9¢)

Poi Pr H U, X W H Wiy Yor,oi
Uy X Wy . - = =
n,;, = m, Yorsi = (Qri = Qor) *Mori = (Asi = Apr) * Doris Yoroi = (Qoi — Qor) * My = (Aoi = Aor) * Dori (9d)
or ri

The relative motion theorems [30] bring one to write the following relationships (see Fig. 3 and Egs. (7) and (8)):

> \
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Fig. 3. General spatial disposition of the six ISAs associated to the six possible relative motions of a four-body system for the Hel-Hel case: the six
blue lines (Aj, w) with jke{if, of, ir, or, oi, rf} are the six ISAj.
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iff Uyr 7 U,

WoiWy; = Worlyr — Wi Wiy

@, U =, — @il , U,r - (W X W;
oithoi = of Uof i | 1 Dyl - (uof « u,-r) = —wyuy - (ugf x u‘_’_) = Do :M (10a)
Woillyi = Doy, — D 0y u, - (uy x )
Wof
Woilly; = Dol — Wil ® o, (g - w51) — (uy - ug;)
of ol e ol ’f} = 0o (U - U1) — 0 (U - Uy) = @0 (U, - U,) — @ (W - 0y) = —2 =22 (10b)

o (U - ) — 2= (w;, - 0y)

Poi®oilloi = Vo, 10 = Vg 1,

Vo,lo = Voulo = Voui

"Voulo = @or[Porller + Wor X (Qi — Qor)]
"Vouli = Qi [Pty + Wi X (Qor — Q’ir)}
(Qm‘ - Q,ar) = —YoiorDior

(Qoi = Qir) = —YoiirMoir

Dir

= PoiWoi = a)or{ [pvr(um’ . uﬂr) — Yoior H Uy X Uy, H ] - Py

1}

[pir(um' . uir) — Yoiir ” U, X W,

or

(10c¢)

Poi®oilloi = Vo0 = Vg,

Voulo ="Va,10 = Vo,

fVQ'(,,-\u = Wof [qu“rzf + Uy X (Q’ﬂi - Qﬂf )]
g, = 0 [pruy +uy x (Qoi — Q)]
(Q/ui - Qof) = —Yoiof Miof

(Q/ai - Q/[f) = —Yoi,it Moif

o
= Poiloi = w[f{wfqr [pof (uoi . uof) — Yoiof H Uy X Uy H } — Pir (llm' . Ug[) + Yoiif H Uy X Wyr
if

I}

Eq. (10a) and (10b), where expressions (1c) and (9¢) replace (Z—"j) and (ﬂ‘:r’), respectively, yield the following two alternative

(10d)

;

expressions for the IOR of the Hel-Hel case

Wor [uur . (uof X uir)} = Wi [uuf . (uif X uir)] (11a)
Dor _ {[(Poi - pfi) [| wr X g || +yiroi (uuf uﬁ)] (uof . uoi) — Yof 0i (uif : uai)} [(pui —Pri) || U X W || i i (W - uir)] (11b)
wif yaf.m{(llur ) [(Pm‘ = Pri) || Wor X Wi || +9ir0i (Wor - uir)} — Yor.oi (W 'Um’)}

which come to have the canonical form of Eq. (6) with the following positions

q = Wy; § = Woy; (12a)

Eq. (11a) = a(q) = u, - (“if X u,,); b(g) =u, - (u,zf X u,-,); (12b)

a(g) = {[(Poi —Pﬁ) I Uy X Uy I FVif 0i (uuf 'uﬁ)] (lqu . Um‘) = Yof i (sz : llm')} [(Pm‘ — i) || Wor X W | +yiroi (o - uir)]
Eq.(11b) =
b(f]) = yo[,o[{(uar . uo[) [(po[ 7pr[) H Uy X Wy H +y[r,oi(u0r : ll,',)] - yor,ﬂi(uir . uo[)}
(12¢)
In addition, the introduction of the expression of p,; obtained from Eq. (9¢) into Eq. (9b) gives
-1
(yor.oi - ynr.ri) (Z‘> — Yoroi (Wor - Wyi) (13)
Por = Poi [l uar x ||
and, finally, the introduction of the explicit expression of p,; provided by Eq. (1c) into Eq. (13) yields
-1
Yof i [(‘”—'f/> - (llo/ 'llﬁ)] + Yorfi (uof : ufi) (yor.ni - yvr‘ri) (Z) — Yoroi(Uor - Uy;)
Por = Pfi + + (14)

[ uy x g || | o X wy; ||

where the explicit expressions of (m—"f> and (Z)Tr) are given by Egs. (1a) and (9a), respectively.

!A)l/
Eq. (14) completes the IOR of the Hel-Hel case (i.e., Eq. (11)) by providing the pitch, p,;, of the output helical motion as a function
of the pitch, pj, of the input helical motion and of the spatial disposition of the six ISAs (i.e., of the mechanism configuration) shown in
Fig. 3.



R. Di Gregorio Mechanism and Machine Theory 189 (2023) 105438

2.1.2. Hel-Tra case

In this case, ¢ and s are wj and v, respectively. Fig. 4 shows the general spatial disposition of the six ISAs associated to the six

possible relative motions for the Hel-Tra case, which, now, are one ideal line plus five finite lines.

In this case, the translation condition for the output link, that is, w,,=0, and Eq. (3) when written for the set of three bodies {i, o, r}

together with the relative motion theorems [30] yield (Fig. 4)

Yor _ (Aoi — A) - (uy X T,) _ Yiroi | wir X Tor || _ Yir,oi __ Yirei
Dir Tor Wi X (W X Tor)] (- Tpr)” — 1 lw X Tor |~ singeqr
P RS R
p(}l plr a)lr or i - plr ylr,()l“ ulr >< T’Jr || - plr tanair‘{{f
u;, X T,
n;, = m; Yiroi = (Qoi = Qir) * Mirg = (Api —Air) * Ny

Wi = Wy = —Wjr
Woilly; = Worlyr + Wyl
U, = U, = W

Wor =0 = Wof
Wy = Wy = =W (= ~Oirlloj = DopUlyr — Wil = Djr = Dy | Wiy — o )| Wi
) ) »

Woflop = WoUgr + WUy u u u
of = W = Yy

Wyilly; = Worlyr — WirWjp

Wy X W, Uyr X Wy u;, X T,
= . = . —_r- m . = — . —(A,—A,) - .
H Wy X W H7 o H Uy X W H7 e H Uy X Ty H Yt (Q“f Q#) e ( ! yf) e

Dy

The introduction of the expressions provided by Egs. (1c) or (1d) for the VC (”—"f) into Eq. (15d) gives

i

(pif - poi) ['agr x uyz || (“of : “m‘) + (uif : uoi)yof.oi — Yifoi (uof : uif) (uuf . uoi)
yuf,oi

Eq.(lc) = 0, = oy

iff Uy 7 FWg

Eq.(1d)= ' P (o x wie) - [y x uyy) X uy
Uof - (“05 x “ig)

whose introduction into Eq. (15a) respectively yields the following two alternative IORs for the Hel-Tra case

: R
\ A h, ;o7
\ (O //'v/'sirf;r
\ > .
\ }lrf,,ljfév/ e
Qi N\ "4 =

= — -
—

- e \llm/': /

Voo =VorT,

or Yor

(15a)

(15b)

(15c¢)

(15d)

(15e)

(16a)

(16b)

Fig. 4. General spatial disposition of the six ISAs (five finite lines and one ideal line) associated to the six possible relative motions of a four-body
system for the Hel-Tra case: the five blue lines (A, uj) with jke{if, of, ir, oi, 7f} are the five finite ISA;i; whereas, the ideal line, ISA,;, associated to

the or translation is the ideal line shared by all the parallel planes that are all perpendicular to T,
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_ OrH u; X Ty ” = wy (Pij _pai) H Uy X Wiy ” (uof : uui) + (uif ‘ uui)yo i — Yif.oi (uof ° uif) (u"f ) ll(,,‘) (173)
Yir,oi Yof oi

,va Wiy X Tor H = wy (uﬂg X uig) ) [(ulf X uﬂf) X u”"} (17b)
Yiroi ' uy - (U X uyg)

which come to have the canonical form of Eq. (6) with the following positions
G =05 § = v lg) = 22T ] (18
Eq. (17a) = alq) = (Pi/' - poi) H Uyr X Wyr H (“of : uoi) +y(uif : uni))’o/.oi - yif.oi(un/ . ui/) (uof : uoi); (18b)
of ,oi
Eq. (17b) = a(q) = (1o X i) - [(ty X ) x ] (18¢)

Uy - (ll[)g X ll,'g)

2.1.3. Tra-Hel case

In this case, ¢ and s are vy and w,r, respectively. The formulas and the spatial disposition of the ISAs of this case (Fig. 5) can be
immediately deduced from those of the Hel-Tra case (i.e., those reported in Section 2.1.2 and in Fig. 4) by exchanging the link indices i
and o and the link indices f and r. So doing, Eqs. (15a), (15b) and (17) yield the following relationships:

v [l uor > Ty || —w (Por = Poi) || Wir X Wy || (Wi - 0o7) + (Wor - Woi)Yiroi — Yoroi (Wir = or) (Wi - Uy;) (192)
v yrzf,oi . Yir,oi

ey x| (o X w) - (X wy) X wy (19b)
7 Yof oi ” u; - (uog X u[g)

Vit
Pof = Poi + w— (Ty - uy)

o ) Yofoi
= Doi = Dor + = Por (19¢)
Vi _ Yoo Poi = Pof T Yof gy X T || Pef tand, i
Wof [l uor x Ty ||
with
Wi = @
Doillyi = Wy llyy — Wiy w o)
wy =0 = { T T T (20a)
Wiy = Wf = — Wy
;W = Wiy + OpUy w, =, =uy
ir T r
U, X U, u;, X u, ;X T
Do = b Yy, = i = 7Y rir = (O — Op) * s = (A — Ap) * Mg (20Db)
[ wor X ug || [ wir x u, || | wy > T ||

Eq. (19a) and (19b) are the two alternative IORs of the Tra-Hel case and come to have the canonical form of Eq. (6) with the
following positions

of X T
g ="vy; §=w,; alq) = 7M; (21a)
yaf,m'
Eq (193) = b(q) _ (Par 7pﬂi) H U X Uy, H (u[r ° uui) +y(.uo.r ° uﬂi)yir.ﬂi - yﬂr.oi(uir 3 uar)(uir ° uoi); (21b)
Uy, X U, < (W X W) X Wy
Eq. (190) = b(g) — {er ) [l X 0] v @10
u;, - (U X uy)
Moreover, Eq. (19¢) combined with Egs. (9a), (9b), (9¢) and (20a) yields
iro* (Wor XWo; )
(t,-f . u(,,») (yur.ri - yur,m') :“17“) + Yoroi (Wor * Uri)
Por = Dof + Yofoi - o (22)
4 ! H Wy X T H ” Wy X Uy H

2.1.4. Tra-Tra case
In this case, ¢ and s are vy and v, respectively, and the relative motion theorems [30] bring one to write:

10
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Fig. 5. General spatial disposition of the six ISAs (five finite lines and one ideal line) associated to the six possible relative motions of a four-body
system for the Tra-Hel case: the five blue lines (Aj, uj) with jke{of, ir, or, oi, rf} are the five finite ISAjx; whereas, the ideal line, ISAj;, associated to
the if translation is the ideal line shared by all the parallel planes that are all perpendicular to ;.

Wpi = Wof
Wyilly; = Worlyr — Wirlyr
U, = Uy
Wiy = Wp = — Wy

Wi W = Oy + Oy
U = Up = Uy

Wyj = Wy = —Wjr
Woilly; = WorUyy + WUy

U, = Uy = W,
Wor = 0 =

Wof = Wyy = —Wyyr
Doy = Worlor + Wyl

llgf = U,f = llfr

Wi = Wy =0

Wy = Wof = Wyj = Wy

ng;, =
Uy = Uy = W; = Uy =
n,; =

Wy X T, w, X T,
= = Ny,
H Wy X Ty ” H W X Tpr H
W X Ty Uy X Ty
= = Ny
e x g ||l wey x Ty ||

(23)

Therefore, the general spatial disposition of the ISAs, which now are four parallel finite lines and two ideal lines, is the one shown in

Fig. 6.

U,y X Ty u, X7T
Vif“ of if ” w, = —V,,,” ir or H

Wop = —
i ) Yof i T Yiroi ’

X T - X T,
oy — x|

Vrfri Yfr.of

Tir - U,
Pof = Poi — yo_[,ai%; Dir = Poi — Yir.oi
ey ,(Tff'“rf). o

R R S T )

(Tor - W)
H Wir X Tor H

(Tor - uy)

In this case, Egs. (4a) and (4b) separately written for the four sets of three links {i, f, o}, {o, r, i}, {r, f, i}, and {r, f, o} yield

(24a)

(24b)

(24¢)

(24d)

By considering that o, = 0y = —0f = @ = —0; and that u,; = u,r = u; = uy (see Eq. (23)), formulas (24) provide the following

relationships
Vi | o X T || Vopor = —Vor | Wi X Tor || Vi
gy ) ‘
pof Poi y:;f,mH u,; X T,f ”7 Pir Poi ylr.oxH Wi X Ty ”7

(Tm‘ * Uy, )

11

(25a)

(25b)
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ir,or
u= . if u,~u.,
rf ir A:; 7 .ﬂ"' '% \ : T
- < Qrf . n }\ A
- _3\ ~ rif of
X~ Yifior ~ Q'
_ - ~ N - \»,5_ N n(vﬁ nm 7% !
e \I - - \ 2 n
Yy s St
_ - N, TR S0
e e Qof S Q or
o - o - ~
ir,or \Tm 4 - - VP\ofvor‘cor - -
R Cicie N 1~ u,=u f .
s ; \ - \m ir VP‘IZV”-T”- - -
" .\/\ , _ \| P
&< :../__ . A ~ A al]‘ if - - yoi,of

f; —
Vo=V, T o
Pli— it ‘/ 7 \ CTQuS. T 8
]VP\o:V T Tir N 2‘”

or Yor

Fig. 6. General spatial disposition of the six ISAs (four finite parallel lines and two ideal lines) associated to the six possible relative motions of a
four-body system for the Tra-Tra case: the four parallel blue lines (Aj, wj) with jke{of, ir, oi, rf} are the four finite ISA;,; whereas, the ideal line ISA;¢
(ISA,;) associated to the if (or) translation is the ideal line shared by all the parallel planes that are all perpendicular to T (to o).

o (Tif : uoi) . _ ) (Tor * Uoi)
P = Pir — y#,rimy Pfr = Pof — yfr,ofm- (25¢)
(Ao = Au) - (s X ) = (Ai = Ay) - (g X Ty) = Vipi = Vorn (25d)
(AO_[ 7A[») ‘ (ll,./ X Tur) = (Aai 7Air) : (uir X Tur) = Yfrof = Yiroi (256)

Eq. (25a) is the sought-after IOR of the Tra-Tra case and comes to have the canonical form of Eq. (6) with the following positions:
q= Virs ez ll(‘]) :H Uy X Tjr H Vit of 3 b(q) = H Uy X Ty H Yrf i (26)
Eventually, by taking into account formulas (25d) and (25e), the subtraction of Egs. (25¢) from Egs. (25b) yields

Pof — Pif — Poi +pir = 0 (27)

2.2. Singularity conditions

Eq. (6) is the general form of the IOR of a single-DOF mechanism with only one output variable (SISO system). After having
simplified the expressions of coefficients a and b in Eq. (6) by eliminating all their common factors, a type-I (serial) singularity (i.e., the
IIK is indeterminate) occurs for each g value that makes either coefficient a equal to zero or coefficient b equal to infinity; a type-II
(parallel) singularity (i.e., the IFK is indeterminate) occurs for each g value that makes either coefficient b equal to zero or coeffi-
cient a equal to infinity; finally, a type-III singularity (i.e., both the IIK and the IFK are indeterminate) occurs for each q value that
makes both the coefficients a and b equal to zero. In the previous part of this section, the explicit expressions that relate the coefficients
a and b to the mechanism configuration through the spatial disposition of the involved ISAs have been deduced for all the possible cases
(i.e., Hel-Hel, Hel-Tra, Tra-Hel, and Tra-Tra). Such expressions are summarized in Tables 1 and 2. In the following part of this section,
they will be analyzed to identify all the geometric conditions on the ISAs that correspond to mechanism singularities.

2.2.1. Hel-Hel case

In this case, if link f coincides with link r, then ¢ and s are wy and w,y, respectively, and formulas (1a), (1c) and (1d) must be
considered according to the particular disposition of the ISAs (see Table 1 and Fig. 2a); otherwise (i.e., if r#£f), ¢ and s are w; and wor,
respectively, and formulas (10a) and (10b) together with the accompanying relationships (1¢) and (9¢) must be considered according
to the ISA disposition (see Table 2 and Fig. 3).

If link r coincides with link f, there are only three links, that is, links i, o, and f; therefore, the three possible relative motions (i.e., if,
of and io motions) among these links are associated to three ISAs that must share a common normal [29] with the direction of unit
vector nyg (Fig. 2a). Moreover, the relative-motion theorems [30] impose that, if two out of these ISAs are parallel to each other, also
the remaining third must be parallel to them; accordingly, either the three ISAs are all parallel or none of them is parallel to any other.
As a consequence, the expressions of coefficients a and b deduced from Eq. (1a) either are both different from zero when there is no
parallelism among the ISAs or are both equal to zero when the ISAs are all parallel; accordingly, Eq. (1a) can be used only when the
ISAs are not parallel at a non-singular configuration. Indeed, it always provides an indeterminate expression (=0/0) when the ISAs are

12
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Table 1
Coefficients a and b of Eq. (6) and geometric/kinematic conditions on ISAs that are valid when the motion of both the input, i, and the output, o, links
are referred to the same reference link, f.

Case q N a b Geometric&Kinematic
Conditions on ISAs

Hel-Hel"’ oy o Nofi - (W X Uoi) Nop; - (U X Uoi) Dof _ (Poi = P) || Yoy X Uz || +if.0i (Wor - uz)
or or wif Yof o
(Poi = Pfi) [l Wor X ug || + Yifoi (Uof - up) Yofoi
or or
Uy - (0o X Ujg) Uys - (Ugg X Ujg)
Hel-Tra o Vof — Yifoi g x Tof| Woj = —0 = Wp
Ui = W
Tra-Hel Vi Wof [l ugr x Tyl — Yof.oi Woi = Wof
Ui = Uyp
Tra-Tra" "’ v Vof Yirjo |l Wi x T4 || Yirji | wr % o || wji = W = —wy
Ui = Wy = Uy

© Link g is any fourth link chosen so that u,g # +uy
) Link j is any fourth link chosen so that it performs a helical motion with respect to link f with an ISAjt that is neither parallel to T; nor parallel to
Tof-

Table 2
Coefficients a and b of Eq. (6) and geometric/kinematic conditions on ISAs that are valid when the motion of the input link, i, is referred to link f and
the motion of the output link, o, is referred to link r.

Case q S a b Geometric&Kinematic
Conditions on ISAs

* 9
Hel-Hel W Wor Uof - (X uyr) Uor - (Uop X Wyr) ”L’f(uof i) — (U - Ug0)
or or Dor _ Wif
15 formula of Eq. (12¢) 2™ formula of Eq. (12¢) Dif - (uy - ) — O (uir - ugi)
@or
with
@of _ (Poi = Pfi) || Wor X Wi || +¥ig0i (Wor - i)
wif Yof oi
@or _ (Poi — Pri) || Wor X Wir || +Yir.oi (Wor - uir)
Wir Yor.oi
Hel-Tra o Vor (ugg X uig) - [(Wi X Uof) X i) ~lwir X Tor| Woi = Wi = —Wir
U, - (Uog X Ujg) Yiroi Ui = Uy = U
or Wof = Wyf = —Op
Upr = Uf = Uge
Eg. (18b)
Tra-Hel Vg Wor B [agr x Ty | Eq. (21b) wa.i f Wof
Yofoi Uoi = Uof
or Wir = Ofy = —Wrf
(uog X Wig) - [(Wor X Wir) X Uoi (s Uir = Ufr = Urf
ur -+ (Uog X Ujg)
Tra-Tra vie Vor [l 'woi X Tigllyry.or =l woi X Tor|lyrssi o = 0or =0
Woi = Wof = Wri = Wrf
Ugi = Upf = Uy = Uy

) This expressions hold if and only if Uy # Fuy
¢ Link g is any fifth link chosen so that u, # +uy

all parallel, and, when the ISAs are not parallel, it always provides values of coefficients a (= sina,;;) and b (= sina,; o) that are
different from zero”. Differently, Eq. (1c) can take into account both the cases provided that the three ISAs have not a common
intersection and the two involved pitches are not equal to one another; such a condition always is not satisfied, for instance, in
spherical mechanisms. The geometric conditions not-covered by Eq. (1c) are covered by Eq. (1d), which, unfortunately, needs a fourth

4 This is due to the particular way Eq. (1a) was deduced in [29] (i.e., the dot product of the relationship w,itlsi = @orter + @aug by (Mo X o)),
which, in practice, excluded singular configurations (i.e., where n,g is indeterminate) and ISAs’ parallelism (i.e., where u| uyf [Jug).

13
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link, link g, with u,g # Fuj, to be used. The analysis of Eq. (1c) reveals that, if u,s # Fug (i.e., the ISAs are not parallel), coefficient a is
equal to zero (i.e., a serial singularity occurs) at mechanism configurations that satisfy the following condition

_ ey > o (28)

tana,]/_;/ ]
Uy - Up Pir — Poi

whereas, coefficient b is equal to zero (i.e., a parallel singularity occurs) when y,¢,; = 0, that is, at mechanism configurations where
ISAof and ISA,; intersect one another. Moreover, the same analysis reveals that, if u,s = +ujg (i.e., the ISAs are all parallel), Eq. (1c)
becomes

@Dof if oi
£ e, 29
(7 Yof 0i

thus, coefficient a is equal to zero (i.e., a serial singularity occurs) when yy,; = O, that is, at mechanism configurations where ISA;¢
coincides with ISA.;; whereas, coefficient b is equal to zero (i.e., a parallel singularity occurs) when y,r,; = 0, that is, at mechanism
configurations where ISAf coincides with ISAy;. It is worth noting that Eq. (29) generalizes the one that holds for planar single-DOF
mechanisms, where the signed distances yiso; and y,f0; are computed through the positions of the instant centers (see Eq. (5a) of
Ref. [27]), since it only needs equal pitches (i.e., non-necessarily, the pitches must be all equal to zero as it happens in planar
mechanisms) and parallel ISAs to be valid. Eventually, the analysis of Eq. (1d), which holds even in the cases where Eq. (1c¢) is not valid
(i.e., ISAjf, ISAof and ISA,; share a common intersection (i.e., Qf = Qo = Q) and, at the same time, py = p,;), reveals that coefficient a
is equal to zero (i.e., a serial singularity occurs) when uy - (upg X u) = 0, that is, at mechanism configurations where ISA;f, ISA,g and
ISA;g are all coplanar; whereas, coefficient b is equal to zero (i.e., a parallel singularity occurs) when u, - (us x uz) = 0, that is, at
mechanism configurations where ISA,y, ISA,g and ISA;; are all coplanar. It is worth noting that Eq. (1c) generalizes the one that holds
for spherical single-DOF mechanisms (see Eq. (6) of Ref. [37]).

If link r is different from link f, there are four links, which yield six relative motions and as many ISAs. Therefore, there are four
triplets of links, that is, {i, o, f}, {i, o, r}, {i, 1, f}, and {o, r, f}. Each of these triplets of links identifies a triplet of ISAs, associated to their
relative motions, that must share a common normal [29] and, as a consequence, can be all either parallel or not parallel. Accordingly,
the condition of being “all parallel” or “all not parallel” holds only for each of the following four sets of ISAs: {ISA;, ISAof, ISAif}, {ISAoi,
ISAor, ISAr}, {ISAir, ISA;g ISAc}, and {ISA,;, ISAqf, ISAf}. Since these ISA sets always share one ISA that is different for each couple of
ISA triplets, the parallelism of all the six ISAs is a particular geometric condition that can occur if and only if, simultaneously, two of
these ISA triplets have parallel ISAs.

In this case, Eq. (11a), which comes from Eq. (10a), holds provided that u, # 4u;,, which, in particular, excludes the parallelism of
all the six ISAs (e.g., it does not hold for single-DOF planar mechanisms); whereas, Eq. (11b), which comes from Eqgs. (10b), (1c) and
(9c¢), holds for the geometric conditions where Eq. (11a) is not valid, but it gives an indeterminate expression (i.e., it is not valid) when
the condition (po; = pri = Pa)&(ISA,;, ISAsf, and ISAjf share a common intersection)&(ISAi, ISAo;, and ISA;; share a common inter-
section) is true (e.g., it does not hold for single-DOF spherical mechanisms). The analysis of Eq. (11a), reveals that coefficient a is equal
to zero (i.e., a serial singularity occurs) when uy - (uy x u;) = 0, that is, at mechanism configurations where ISA;f, ISAyf and ISA;; are
all parallel to one plane; whereas, coefficient b is equal to zero (i.e., a parallel singularity occurs) when u, - (uy x u;) = 0, that is, at
mechanism configurations where ISA¢, ISA,; and ISA;; are all parallel to one plane. It is worth noting that Eq. (11a) generalizes the one
that holds for spherical single-DOF mechanisms (see Eq. (5) of Ref. [37] and its equivalent expressions). The analysis of Eq. (11b)
reveals that, if u, # +u;- (i.e., the ISAs are not all parallel), coefficient a is equal to zero (i.e., a serial singularity occurs) at mechanism
configurations that satisfy one or the other of the following two conditions

[(Poi = P) 1 o X W5 |+ igoi (Uer - 05) ] (Uer - Woi) = Yoroi (W o) = [(Poi — D) a0y 7+ Vi 0] COSy i COSUag o0 = Yoy 0iCOS it
(30a)
_ H U,r X Wy H Yir,oi

(Poi = Pri) || Wor X Wiy || +Yiroi (Wor - W) = 0 = tana,,.;, = TR —— (30b)

whereas, coefficient b is equal to zero (i.e., a parallel singularity occurs) at mechanism configurations that satisfy one or the other of the
following two conditions

Yofoi = 0 (31a)

(uor . uai) [(poi _pri) H u,, X W, H +yir,oi(uor : uir)} = yor,(/i(uir . uoi) = [(pai _pri)tanaor.ir +yir,0i] COSQyy,irCOSAor.0i = Yor,0iCOSir pi (Slb)

Moreover, the same analysis reveals that, if the six ISAs are all parallel, Eq. (11b) becomes

Wor  Viroi (Yz:fm - y"f-,ui) _ YiroiYif.of

wlf yof,ai (yir,o[ - yor.ai) B YI{f,uiyir.ar

(32)

thus, coefficient a is equal to zero (i.e., a serial singularity occurs) when either y;-o; = 0 (i.e., when ISA;; coincides with ISAq;) or yir o
= 0 (i.e., when ISAj¢ coincides with ISA); whereas, coefficient b is equal to zero (i.e., a parallel singularity occurs) when either y,s o
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= 0 (i.e., when ISA¢ coincides with ISA;) or yir o = O (i.e., when ISA;; coincides with ISA,,). It is worth noting that Eq. (32) generalizes
the one that holds for planar single-DOF mechanisms, where the parameters yi,oi, Yifof Yof,oi and Yir,or are computed through the po-
sitions of the instant centers on the motion plane (see Eq. (6) of Ref. [27]).

2.2.2. Hel-Tra case

In this case, if link r coincides with link f, then ¢ and s are wjrand v,y, respectively, and Eq. (3a) must be considered together with the
particular disposition of the ISAs (see Table 1 and Fig. 2b); otherwise (i.e., if r#f), ¢ and s are w;r and vy, respectively, and Egs. (17a)
and (17b) must be considered according to the ISA disposition (see Table 2 and Fig. 4).

If link r coincides with link f, the analysis of Eq. (3a) reveals that coefficient a is equal to zero (i.e., a serial singularity occurs) when
Yiroi =0, thatis, at mechanism configurations (see Eq. 3c) where ISA;¢ coincides with ISA.;; whereas, coefficient b of Eq. (3a) is equal to
zero (i.e., a parallel singularity occurs) when || uy x Tl = O, that is, at mechanism configurations where ISA; is parallel to the
translation direction of the output link (i.e., where uy = £1,).

If link r is different from link f, the six relative motions among the four links are associated to the ideal line ISA,; and to the five
finite lines ISAj;, ISAg, ISAq;, ISAos, and ISAjf that must satisfy the following geometric conditions (see Fig. 4 and formulas (15d)):

- ISA,¢ must be parallel to ISA,¢

- ISA,; must be parallel to ISA;;

- the three lines ISA;, ISAof and ISAjf must share a common normal and can be either all parallel or all not parallel since they are
associated to the relative motion among the triplet of links {i, o, f} [29].

Eq. (17a) covers all the possible ISAs’ dispositions, but the one where ISA,;, ISA,r and ISAjf share a common intersection and, at the
same time, py = po;, since coefficient a of Eq. (17a) becomes indeterminate (=0/0) when this condition occurs. As a consequence, Eq.
(17b), which has the same coefficient b as Eq. (17a), must be analyzed only with reference to this special case and uniquely to
determine further singularities related to coefficient a. The analysis of Eq. (17a) reveals that a parallel singularity occurs (i.e., coef-
ficient b is equal to zero or coefficient a goes to infinity) either if || u; X7,r||= 0 (i.e., at mechanism configurations where u; = +1,,) or
if yof0i = O (i.e., at mechanism configurations where ISA.f and ISA,; intersect one another); whereas, the same analysis brings one to
the conclusion that a serial singularity occurs (i.e., coefficient b goes to infinity or coefficient a is equal to zero) either if y; ,; = 0 (i.e., at
mechanism configurations where ISA,; coincides with ISA;;) or if

(uy - u,)

(uy-u -)y oroi = Viroi (Wor W) = (poi = pir) || r X 0y || T
o * Ui

cos aoiiofyqf,oi — Vi 0i€OSop i = (Poi — Piy) SNy i (33)

It is worth stressing that, if the five finite ISAs are all parallel® (e.g., as it happens in planar single-DOF mechanisms), Eq. (17a)
becomes

or

[l wir X T || Yofoi = Yifoi Yof i
T = wy of0i il — a),;fﬂ =S Vo || Wi X Tor || Yoroi = @ipYiroiVor.ir (34)
Yir,oi Yof 0i Yof 0i

which generalizes the IOR of single-DOF planar mechanisms (see Eq. (11°) and (27) of Ref. [27]) where any translation direction (i.e.,
any 7T, lies on the motion plane and the ISAs are all perpendicular to the same plane, that is, || uy x| is always equal to 1.

Eventually, if ISA,;, ISAof and ISA;f share a common intersection and, at the same time, py = p,;, the analysis of coefficient a of Eq.
(17b) reveals that the conditions u,g # Fu; and uy - (e Xu;) # 0 can be always satisfied by suitably choosing link g. Therefore,
coefficient a of Eq. (17b) never goes to infinity and is equal to zero (i.e., a further serial singularity occurs) if ISA;, ISA¢ and ISA;js are all
parallel, which, in this case, implies that they lie on the same finite line.

2.2.3. Tra-Hel case

In this case, if link r coincides with link f, then ¢ and s are virand oy, respectively, and Eq. (4a) must be considered together with the
particular disposition of the ISAs (see Table 1 and Fig. 2c); otherwise (i.e., if r#f), ¢ and s are vjrand w,r, respectively, and Egs. (19a) and
(19b) must be considered according to the ISA disposition (see Table 2 and Fig. 5).

If link r coincides with link f, the analysis of Eq. (4a) reveals that coefficient a is equal to zero (i.e., a serial singularity occurs) when
| ugs x Ty || =0, that is, at mechanism configurations where ISA,y is parallel to the translation direction of the input link (i.e., where u,
= +1y); whereas, coefficient b of Eq. (4a) is equal to zero (i.e., a parallel singularity occurs) when y,r,; = 0, that is, at mechanism
configurations (see Eq. 4c) where ISA.¢ coincides with ISA;.

If link r is different from link f, the six relative motions among the four links are associated to the ideal line ISA;¢ and to the five finite
lines ISA;;, ISAqr, ISAy;, ISAyg, and ISAg that must satisfy the following geometric conditions (see Fig. 5 and formulas (20a)):

- ISA,; must be parallel to ISA.g

5 It is worth stressing that, since ISA. is parallel to ISA,s and ISA; is parallel ISA;, if ISA,;, ISAor and ISA; are all parallel, then all the five ISAs
must be parallel.
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- ISA;; must be parallel to ISAg;
- the three lines ISA,;, ISA; and ISA;; must share a common normal and can be either all parallel or all not parallel since they are
associated to the relative motion among the triplet of links {i, o, r} [29].

Eq. (19a) holds for all the possible ISAs’ dispositions, but the one where ISA,;, ISA,; and ISA;; share a common intersection and, at
the same time, p,r = poi, since coefficient b of Eq. (19a) becomes indeterminate (=0/0) when this condition occurs. As a consequence,
Eq. (19b), which has the same coefficient a as Eq. (19a), must be analyzed only with reference to this special case and uniquely to
determine further singularities related to coefficient b. The analysis of Eq. (19a) reveals that a serial singularity occurs (i.e., coefficient
a is equal to zero or coefficient b goes to infinity) either if || uys xTy||= O (i.e., at mechanism configurations where u,s = +7y) or if y;- i
=0 (i.e., at mechanism configurations where ISA;; and ISA,; intersect one another); whereas, the same analysis brings one to the
conclusion that a parallel singularity occurs (i.e., coefficient a goes to infinity or coefficient b is equal to zero) either if y,r,; = 0 (i.e., at
mechanism configurations where ISA,; coincides with ISAy¢) or if

(uor N uo[) COSUyj or .
————Wiroi — Yor,oi(Wir * Uor) = (Poi — Por) || Wir X Uy, = ————Viroi — Yor,0i€COSiror = (Poi — Por )SMQiror 35
W, ) Y ( ) = (Poi =por) | I cosa,,, el e or = (Poi = Por)sina, (35)

It is worth stressing that, if the five finite ISAs are all parallel® (e.g., as it happens in planar single-DOF mechanisms), Eq. (19a)

becomes
Uy X Ty Yiroi — Yor,oi
[y x Ty || 0, _

yaf.ui Yir,oi o Yir,oi

‘ Yir.or
Vi G

= —Vir H U,r X TL_'[ H Yiroi = @orYof 0iYir.or (36)

which generalizes the IOR of single-DOF planar mechanisms (see Egs. (16°) and (29) of Ref. [27]) where any translation direction (i.e.,
any T;) lies on the motion plane and the ISAs are all perpendicular to the same plane, that is, || u, X7yl is always equal to 1.

Eventually, if ISA;, ISA,r and ISA;; share a common intersection and, at the same time, p,, = poi, the analysis of coefficient b of Eq.
(19b) reveals that the conditions u,; # +u;; and u; - (ugg xuy) # 0 can be always satisfied by suitably choosing link g. Therefore,
coefficient b of Eq. (19b) never goes to infinity and is equal to zero (i.e., a further parallel singularity occurs) if ISAyj, ISAor and ISA;; are
all parallel, which, in this case, implies that they lie on the same finite line.

2.1.4. Tra-Tra case

In this case, if link r coincides with link f, then g and s are virand vy, respectively, and Eq. (5a) must be considered together with the
ISAs’ disposition (see Table 1 and Fig. 2d); otherwise (i.e., if r#f), ¢ and s are virand v,, respectively, and Eq. (25a) must be considered
together with the ISAs’ disposition (see Table 2 and Fig. 6).

If link r coincides with link f, the analysis of Eq. (5a), where link j is any fourth link chosen so that it performs a helical motion with
respect to link f with an ISAj; that is neither parallel to 1 nor parallel to 1, reveals that coefficient a is equal to zero (i.e., a serial
singularity occurs) only when y;r;, = 0, that is, at mechanism configurations where ISAj¢ coincides with ISA;o; whereas, coefficient b of
Eq. (5a) is equal to zero (i.e., a parallel singularity occurs) only when yj; = 0, that is, at mechanism configurations where ISA;
coincides with ISA;;.

If link r is different from link f and cannot be freely chosen, the analysis of Eq. (25a) reveals that coefficient a is equal to zero (i.e., a
serial singularity occurs) when either y,f o = O (i.e., at mechanism configurations where ISA;f coincides with ISAg) or || us xTy[|= 0 (i.
e., at mechanism configurations where u,; = +1y); whereas, coefficient b of Eq. (25a) is equal to zero (i.e., a parallel singularity occurs)
when either y,; = 0 (i.e., at mechanism configurations where ISAf coincides with ISAy) or || uy; xTer[|= 0 (i.e., at mechanism con-
figurations where u,; = +T,).

2.3. Procedure for determining the singularities

The serial-/parallel-singularity conditions identified in Section 2.2 are all the possible ones that can occur in a single-DOF spatial
mechanism. They include also all the special cases in which the mechanism is of a particular type (e.g., spherical or planar). Of course,
a mechanism configuration that simultaneously satisfies a parallel-singularity condition and a serial-singularity condition is a type-III
singularity [2]. Such conditions are listed in Table 3 for the case r = f and in Table 4 for the case r # f.

These conditions are geometric and analytic at the same time, since they are written by using geometric parameters of ISAs’ lo-
cations that can be implicitly or explicitly expressed as functions of the generalized coordinate, g, of the single-DOF mechanism.
Accordingly, they can be used by implementing either geometrically or analytically the following singularity analysis procedure:

i) according to the IOR type (i.e., Hel-Hel, Hel-Tra, Tra-Hel, Tra-Tra) that must be analyzed, the specific singularity conditions are
selected among the ones reported in Tables 3 and 4 and the ISAs that appear in them are identified;

ii) the geometric parameters of the ISAs identified at step (i) are geometrically (e.g., through a 3D drawing of a CAD system) or
analytically (e.g., by solving the closure equations of the mechanism) related to the mechanism configuration;

® 1t is worth stressing that, since ISA;; is parallel to ISA,¢ and ISA,; is parallel ISA,y, if ISA.i, ISA,, and ISA;, are all parallel, then all the five ISAs
must be parallel.
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Table 3
Enumeration of the singularity conditions for the case in which link r coincides with link f (i.e., r = f).
r=f
Case Serial-Singularity Conditions Parallel-Singularity Conditions
Hel-Hel I| s x ug]| o P3.1)Yof0i =0
of 1Al Yif oi of ,oi
$3.1)(ues # i“ﬁ>&( Uy Uz Dy — Do P3.2)(ugg # Fuig) & (U - (Ugg X W) = 0)
$3.2)(ugr = +uz)&(yiror = 0)
53.3)(ugg 7 Fuje)&(uys - (Ugg X ) = 0)
Hel-Tra $3.4)yiroi =0 (ie.,ISAjr = ISAy) p3.3)uy = £y
Tra-Hel s3.5)uy = +Ty¢ P3.4)Yor0i =0 (ie.,ISAor = ISAqi)
Tra-Tra $3.6)yjrjo =0 (i.e.,ISAjr = ISAo) pP3.5)yjri =0 (ie.,ISA; = ISA;)

iii) the singular configurations of the studied mechanism are identified by imposing the singularity conditions selected at step (i)
either geometrically (e.g., by moving the 3D model of the mechanism in the CAD system) or analytically (i.e., by using the
singularity conditions to write equations with the generalized coordinate, g, as unknown and, then, solving such equations).

3. Results

The proposed technique for identifying singular configurations of single-DOF spatial mechanisms is applied to an RCCC mechanism
(Fig. 7). An RCCC mechanism features four binary links sequentially connected through one revolute (R) pair and three cylindrical (C)
pairs to form a single loop. In the literature [29,36], RCCC mechanisms are somehow a benchmark for testing ISA-based algorithms
since they have been extensively studied (see, for instance, Refs. [38-41]).

With reference to Fig. 7, links 2 and 4 are chosen as input and output links, respectively; link 1 is chosen as reference link both for
the input and the output links, and link 3, which imposes u43 # +usy by construction (see Fig. 7), plays the role of the possible fourth
link to use when applying the above-deduced formulas. In short, the above-reported formulas can be particularized to the studied case
with the following positions: i=2, 0=4, f=r=1, and g=3; also, my; and ®4; are the input and output rates, respectively. The step-by-step
implementation of the procedure presented in Section 2.3 is reported below.

3.1. Step (i)

Since f=r=1, and since the involved kinematic pairs impose that the input motion (i.e., motion 21) and the output motion (i.e.,
motion 41) are both helical motions, the singularity conditions to apply must be sought in the row of the Hel-Hel case of Table 3.
Moreover, the availability of link 3 with u43 # +usy brings one to select, in Table 3, condition (s3.3), as serial-singularity condition,
which, in the studied case, becomes

W - (03 X uz) =0, (37)

and condition (p3.2), as parallel-singularity condition, which, in the case under study, becomes
wy - (U Xup) =0 (38)
The analysis of Eqs. (37) and (38) reveals that they involve the following ISAs: ISAyq, ISA41, ISA3p, and ISA4s.

3.2. Step (ii)

Since the four ISAs (i.e., ISAg1, ISA41, ISA3, and ISA43) identified in step (i) are all joint axes, their poses are immediately found
either geometrically through a simple inspection of the mechanism drawing (Fig. 7) or analytically after having solved the system of
constraint equations of the mechanism.

From a geometric point of view, Fig. 7 implements this step since it shows both the mechanism configuration and how these four
ISAs are related to the mechanism configuration. From an analytic point of view, the constraint-equation system of an RCCC mech-
anism can be solved in closed form as reported, for instance, in [29,42] and provides at most two solutions; the solution of the
constraint-equation system immediately gives the locations of the sought-after ISAs.

3.3. Step (iiD)

From a geometric point of view, Eq. (37) is satisfied (i.e., a serial-singularity occurs), if uy; (i.e., ISA21), usz (i.e., ISAsz), and u4s (i.
e., ISA43) are all parallel to a unique plane. With reference to Fig. 7, such a condition can occur, if and only if njo3 = +n43;. Fig. 8 shows
an RCCC configuration where this condition is satisfied.

Differently, Eq. (38) is satisfied (i.e., a parallel-singularity occurs), if us; (i.e., ISA41), usy (i.e., ISA3z), and uyg (i.e., ISA43) are all
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Table 4
Enumeration of the singularity conditions for the case in which link r is different from link f (i.e., r # f).
r#f
Case Serial-Singularity Conditions Parallel-Singularity Conditions
Hel-Hel s4.1)(ugr # Fuyr )& (uof - (uy X uy) = 0) p4.1)(uyr # Fuyr)&(uor - (Ugr X wyr) = 0)
~((Poi = Pri :pﬁ)&(Q'm = Q’if = Qof)&(Qoi = Q= Qor)) ~((Poi =Pri =Ps)&(Qoi = Qi = Qof)&(Qoi = Qri = Qur))
& &
(o # i) p4.2) (o # Fuir)
& &
s4.2) Ujr - Ug;
Ujf - Ug; - C_p. . S cus) — .
) 1 | g )= (0= 00 (2o =) e e | et ) = Yororg =) )
v =((poi = Pri =pﬁ)&(Q’oi = Qy = Qo) &(Qoi = Qi =Qu))
&
| vor X wirl| — Yiroi
f7or- "ol __Jomot 4.3 N g,
Uor - Wy Pri = Poi p43) (“lf‘luof‘lutg‘u"“ vor )
. . . (Yofoi = 0) V iror = 0))
((poi = Pri = P7)&(Qoi = Qir = Qo )&(Qui = Qri = Qor)) oo e
&
54.3) (uir [y i [[uir | wor 1)
&
(Wirot = 0) V (Yiror = 0))
Hel-Tra Wi - 0, Wor X W P4 D (wr = £Tr) V (Yofoi = 0)
54.4)(Yiroi = 0) V < i Voi) Yofoi Yifoi = (Poi — pv)w
(s - g7) (Ugf - llf) (ugf - )
s4.5)ISA;s = ISAyi = ISA¢
Tra-Hel 54-6)(“of = i"7if) V (Yiroi = 0) (Wor  Uoi) Yiroi I wir X ugr||
p4.5)(}'of.oi = ( (U - o) (U - Uor) — Yoroi = (Poi — Por) (Ugr - Ur) >
P4.6)ISA;; = ISAyi = ISA,,
Tra-Tra

S4.7)YVef.of = 0) V (oi = £75f)

P4 Vrfri = 0) V (Uoi = £Tor)

0LI032.4D 10 Y

84S0 (£20Z) 681 £1091], JUIYIDIA PUD WISTUDYIIN
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Fig. 7. An RCCC mechanism at a non-singular configuration (the six blue lines are the six ISAs associated to the six possible relative motions among
the four links of the mechanism).

parallel to a unique plane. With reference to Fig. 7, such a condition can occur, if and only if n34; = +nys,. Fig. 9 shows an RCCC
configuration where this condition is satisfied.

From an analytic point of view, up; and u4; are known constant unit vectors, since ISAy; and ISA4; are lines fixed to link 1 (see
Fig. 7). The solution of the constraint-equation system (i.e., step (ii)) has provided the explicit expressions of usy and uy3 as functions of
the joint variable of the R-pair, say 021, which, here, plays the role of input variable. Such explicit expressions, which are reported in
[29], when introduced into Eq. (37) (Eq. (38)) together with uy; (u41), transform Eq. (37) (Eq. (38)) into one scalar equation in one
unknown (i.e., 621) whose solution provides the values of 62; corresponding to the serial (parallel) singularities.

4. Discussion

In the above-presented case study, at a serial singularity, since a=0, w4; (i.e., the output rate) is equal to zero whatever be the value
of wy; (i.e., the input rate), which brings the conclusion that, the C-pair connecting links 4 and 1 either makes link 4 translate with

-
—~ s
: “h
N, -
Q4z,)\'> “
e ~ -
7
o Qu1 s
ke ‘S BN
7 . N
Ag Varar >~ A~_ .- Yaras~. :
u »>" h !

. 41 .
! Wi e~ Q4\1.\ \.l?l Q43

. o
A41 N |\‘
LLEYY

Fig. 8. An RCCC mechanism at a configuration that satisfies Eq. (37) (i.e., at a serial singularity).
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Fig. 9. An RCCC mechanism at a configuration that satisfies Eq. (38) (i.e., at a parallel singularity).

respect link 1 with T47=u4; and v4;#0, or keeps link 4 at rest with respect to link 1. Consequently (see Figs. 2b and 8), at a serial
singularity, ISA45 and ISA,; must be parallel with m4o=—w2; for the relative motion theorems [30]. Differently, at a parallel singularity,
since b=0, wy; (i.e., the input rate) is equal to zero whatever be the value of w4; (i.e., the output rate), which brings the conclusion that
the R-pair connecting link 2 and 1 is idle. Consequently (see Figs. 2c and 9), at a parallel singularity, ISA42 and ISA4; must be parallel
with w4o=04; for the relative motion theorems [30].

This result can be generalized to all the Hel-Hel cases with f=r as follows: by including condition vo=0 (v;/=0) among the possible
translations, Fig. 2b, that is, ISAy; || ISAjr and wo=—aj; (Fig. 2¢, that is, ISAo; || ISAor and wei=0of,) geometrically identifies a serial
(parallel) singularity that satisfies condition (s3.3) (condition (p3.2)) of Table 3.

In addition, the analysis of the singularity conditions reported in Tables 3 and 4 reveals that most of them correspond to possible
intersections or parallelisms or even coincidences of two or more ISAs. This observation is coherent and extends to spatial single-DOF
mechanisms what is reported in the literature for planar and spherical single-DOF mechanisms [8,9,25-27,37].

Regarding the implementation of step (ii), sometimes, among the ISAs that are necessary to identify the singularity conditions,
some ISAs, named “secondary” ISAs [29], that are not immediately localizable through a simple inspection of the mechanism
configuration (e.g., ISA4; and ISA3; in Fig. 7) might be included. In these cases, the geometric or analytic relationships that relate them
to the mechanism configuration and how they move during the mechanism motion are determinable directly through the technique
illustrated in [29] or, indirectly, through the other ISA-determination techniques presented in the literature [35,36,43,44]

Moreover, since, in a single-DOF mechanism with holonomic and scleronomic constraints, any secondary variable, s, can be
implicitly or explicitly expressed as a function, s(q), of the unique generalized coordinate g, the following relationship holds (see Eq.
(6))

_ds . N ds s alq)

7 R 7 R 1P ¢
which leads to the conclusion that serial (parallel) singularities correspond to the extreme values of the output (input) variable’. As a
consequence, the proposed methodology can be used to identify the extreme poses of the output (input) link during design of spatial
single-DOF mechanisms and extends those techniques already used for planar single-DOF mechanisms (see, for instance, Refs. [25,
26]). The determination of links’ or joints’ extreme positions is a relevant problem in mechanism synthesis and, for single-DOF
mechanisms, it could be considered the main practical application of their singularity analysis. For the determination of such
extrema in single-DOF spatial mechanisms, the literature provides a great number of ad-hoc analyses devoted to particular mechanism

7 The fact that single-DOF mechanisms’ singularities correspond to extreme positions of links or joints was first stressed by Hunt’s works (see [8]
for details and Refs.).
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types (see, for instance, Refs. [45-54]) and a few of general techniques [55-60]. Most of the proposed techniques algebraically ma-
nipulates the mechanism closure equations to obtain a unique polynomial equation that contains only two motion variables, say q
(input variable) and s (output variable); then, they determine the conditions that make two or more solutions of this equation, f(s,q)=0,
coincide (e.g., by equating to zero the discriminant of a quadratic equation). Such a procedure is cumbersome to implement even for a
specific mechanism type and cannot be generalized to all the mechanisms. Differently, by exploiting the fact that, at an extreme
position, the output link stops (i.e., s = 0) and inverts its motion, Baker et al. [55-57] formulated general techniques that use
velocity-loop equations and screw systems to write them for any mechanisms. Since velocity-loop equations are always linear and
homogeneous in the motion-variable rates, they are easy to manipulate for eliminating the rates of the motion variables that are
neither input nor output variables, thus finding the analytic condition that identifies the extreme. With respect to these approaches, the
one proposed in this paper further facilitates the determination of extrema by providing the exhaustive enumeration of the geometric
conditions ISAs have to satisfy at extreme positions, which allows purely geometric analyses based on 3D CAD systems.

Eventually, it is worth stressing that the case study clearly shows that the exhaustive enumeration of singularity conditions reported
in Tables 3 and 4 makes the proposed technique really fast to implement by using 3D drawings generated through a CAD system.

5. Conclusions

The fact that the poses of instantaneous screw axes (ISAs) depend only on the mechanism configuration in single-DOF mechanisms
has been exploited to devise a geometric and analytic technique for identifying the singular configurations of these mechanisms.

The proposed technique extends to spatial single-DOF mechanisms those techniques, proposed for single-DOF planar mechanisms
that are based on instant centers’ locations. As far as this author is aware, this extension is novel.

In particular, the exhaustive enumeration of all the singularity conditions of these mechanisms has been deduced and used to
identifies singularities either through 3D drawings or through analytic computations. To better illustrate the proposed technique, it has
been applied to identify the singularities of an RCCC mechanism.

The proposed methodology facilitates the determination of the extreme poses of links in spatial single-DOF mechanisms, which
makes it of particular interest in mechanism synthesis.
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