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A B S T R A C T   

The instantaneous kinematics of a mechanism can be fully described through the instantaneous 
screw axes (ISAs) associated to the relative motions between mechanism’s links. Characterizing 
the instantaneous kinematics of a mechanism includes its singularity analysis, which is the 
identification of mechanism configurations (singularities) where the instantaneous degrees-of- 
freedom (DOFs) of the mechanism “somehow” change. In single-DOF mechanisms with time- 
independent either holonomic or first-order non-holonomic constraints, the locations of the 
instantaneous screw axes only depend on the mechanism configuration. This property is fully 
exploited in planar single-DOF mechanisms where all the singularity conditions have been 
associated to the coincidence of particular instant centers (ICs), thus making the singularity 
identification possible with a simple analysis of the mechanism configuration. Differently, for 
single-DOF spatial mechanisms, the geometric conditions on ISAs that identify a singular 
configuration have not been enunciated for the general case, yet. This paper fills this lack by 
providing the explicit expressions of all the possible instantaneous input-output relationships, the 
exhaustive enumeration of the geometric conditions on the ISAs that identify singular configu
rations and a geometric and analytic technique for the singularity analysis of spatial single-DOF 
mechanisms, which is the natural extension of the IC-based ones conceived for planar single-DOF 
mechanisms.   

1. Introduction 

The vast majority of mechanisms have time-independent (scleronomic) constraints that are either holonomic constraints or non- 
holonomic constraints whose dependence on motion-variables’ rates is linear (i.e, they are first-order non-holonomic constraints) 
[1]. These constraints model the mechanism’s instantaneous kinematics through equations, which are linear and homogeneous in the 
motion-variable rates, with coefficients that uniquely depend on the mechanism configuration (i.e., on the mechanism’s generalized 
coordinates, which usually coincide with the actuated-joint variables). Such an equation system can be regarded as a linear and 
homogeneous input-output model where the rates of the generalized coordinates are the inputs, whose number is equal to the 
mechanism’s DOFs, and the rates of all the other (secondary) motion variables are the outputs, whose number is equal to the number of 
equations. Hereafter, this system will be referred to as instantaneous input-output relationship (IOR) and, for the sake of brevity, the 
term “mechanism” will refer to a mechanism with scleronomic constraints that are either holonomic or first-order non-holonomic. 

At a given mechanism configuration, if, in the IOR, the two coefficient matrices (Jacobians) that multiply the tuple collecting all the 
inputs and the tuple collecting all the outputs, respectively, are not rank deficient, the IOR allows the computation of a unique solution 
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for the output tuple when the input tuple is assigned and vice versa. The determination of the input tuple (of the output tuple) for an 
assigned output tuple (input tuple) is named instantaneous inverse (forward) kinematic (IIK (IFK)) problem. The mechanism con
figurations where one or the other or both of the two above-mentioned Jacobians are rank deficient are singular configurations 
(singularities), which make the IIK problem or the IFK problem or both the problems undetermined [2–6]. Accordingly, in the 
literature [2], three types of singularities have been identified: (I) those where the IIK problem is indeterminate, also named serial 
singularities, (II) those where the IFK problem is indeterminate, also named parallel singularities, (III) those where both the IIK and the 
IFK problems are indeterminate. 

The indeterminacy of the IIK problem kinematically means that the actuated-joint rates (i.e., the inputs) can be different from zero 
even though the links (output links) the secondary motion-variable rates refer to are locked, that is, at a serial singularity, the number 
of actuated-joints that affect the output-links’ motion is reduced, which brings to the conclusion that the instantaneous DOFs of the 
output links are lower than the ones they have at a non-singular configuration. Such a condition can only occur at the boundaries of the 
variation range (workspace) of the secondary variables that make the configuration singular. Moreover, the duality [7] that the virtual 
work principle states between kinematics and statics brings one to conclude that, at a serial singularity, some external loads applied to 
the output links are directly equilibrated by the mechanism structure without any contribution of the generalized torques in the 
actuated joints. 

The indeterminacy of the IFK problem kinematically means that the output links can have an elementary motion even though the 
actuated joints are locked, that is, at a parallel singularity, the number of actuated-joints necessary to fully control the output-links’ 
motion increases, which brings to the conclusion that the instantaneous DOFs of the output links are more than the ones they have at a 
non-singular configuration. Such a condition may occur [2] only when the mechanism contains closed kinematic chains and, usually, 
inside the workspace boundaries of the secondary variables that make the configuration singular. Moreover, the duality [7] between 

Nomenclature 

DOF degree of freedom 
Hel helical motion 
Tra translational motion 
IFK instantaneous forward kinematic 
IIK instantaneous inverse kinematic 
IOR instantaneous input-output relationship 
SISO single-input-single-output 
SIMO single-input-multiple-output 
VC velocity coefficient 
a coefficient that multiplies the output variable in the IOR 
b coefficient that multiplies the input variable in the IOR 
q generalized coordinate of the single-DOF mechanism 
s a secondary variable of the single-DOF mechanism 
ISAji instantaneous screw axis (Fig. 1) of the relative motion between links j and i 
Aji a point lying on ISAji 
uji unit vector parallel to ISAji 
pji pitch of the relative motion between links j and i 
ωjiuji angular velocity of the relative motion between links j and i; ωji is its signed magnitude 
τjk unit vector parallel to the translation direction of the relative motion between links j and k, which is an instantaneous 

pure translation 
νjkτjk translation velocity of the relative motion between links j and k, which is an instantaneous pure translation; νjk is its 

signed magnitude 
(P, w) line passing through point P and parallel to unit vector w; according to these notations, (Aji, uji) is another way to 

denote ISAji 
P position vector locating the generic point P in a Cartesian reference 
ivP | j velocity of point P when the point is fixed to link j and the velocity is measured from link i 
Qji, Q′ji points lying on ISAji that are intersections between ISAji and a line that is perpendicular to ISAji and to another ISA (see 

Figs. 2 and 3) 
hji (= (Qji − Q′

ji) ⋅ uji) signed distance between Qji and Q′ji 
njir unit vector of the common normal to ISAji and ISAir, if the relative motions ji and ir are both helical motions, or of a line 

perpendicular to ISAji and τir, if the relative motions ji and ir are an helical motion and a translational motion, 
respectively (see Fig. 2) 

yji,ir (= (Qir − Qji) ⋅ njir) signed distance between Qir and Qji (see Fig. 2) 
αji,ir angle between ISAji and ISAir, if the relative motions ji and ir are both helical motions, or between ISAji and τir, if the 

relative motions ji and ir are an helical motion and a translational motion, respectively (see Fig. 2)  
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kinematics and statics brings one to conclude that, at a parallel singularity, some external loads applied to the output links need infinite 
generalized torques in the actuated joints to be equilibrated, that is, the mechanism breaks down when it tries to reach a parallel 
singularity. 

Hunt [8] introduced the concept of “stationary configuration” and “uncertainty configuration” to classify singularities according to 
instantaneous DOFs (instantaneous mobility) of the studied mechanism. In particular, stationary configurations are mechanism 
configurations where at least one joint variable of a non-actuated joint is inactive (i.e., has a null rate) even though all the 
actuated-joint rates are different from zero (i.e., the inactive joint variable has reached an absolute or local extreme of its variation 
range, which implies that the instantaneous mobility of the mechanism is decreased). Differently, uncertainty configurations are 
mechanism configurations where at least one joint variable of a non-actuated joint can have a rate different from zero even though all 
the actuated joints are locked (i.e., the actuated joints are not sufficient to fully control that joint variable, which implies that the 
instantaneous mobility of the mechanism is increased). Roughly speaking (see [9] pp. 302-303), stationary and uncertainty config
urations correspond to the above-defined serial and parallel singularities, respectively. 

Whatever be the adopted classification of mechanism singularities, their identification, during the mechanism design, and their 
avoidance, during the mechanism life, is a primary requirement to satisfy through suitable mechanism sizing and motion control 
[10–12]. That is the reason why the singularity analysis has become a mandatory step during the design of a novel mechanism and 
there is an ample literature on singularities (see, for instance, [13–21]. 

In single-DOF mechanisms, the IOR is a linear single-input-multiple-output (SIMO) model. Any linear SIMO model can be seen as a 
number of independent linear single-input-single-output (SISO) models that work in parallel. Accordingly, the IOR analysis for a 
single-DOF mechanism can be conducted by separately analyzing the independent SISO systems into which it can be broken down. The 
two IOR Jacobians of a SISO system reduce themselves to two scalar coefficients, whose values depend on the mechanism configu
ration: one that multiplies the actuated-joint rate and the other that multiplies the rate of the output joint (secondary) variable. As a 
consequence, the ratios between the rates of any secondary motion variable and of the actuated joint only depend on the mechanism 
configuration (i.e., on the generalized coordinate of the mechanism), which also brings the conclusion that, in single-DOF mechanisms, 
the ratios between motion-variables rates always depend only on the mechanism configuration. Such ratios are named [22,23] velocity 
(or influence) coefficients (VCs). 

In a SISO system, the analysis of the VC relating the rate of the output variable and the rate of the input variable can fully replace the 
analysis of its IOR to identify all its singularities. In single-DOF planar mechanisms, such a VC can always be analytically expressed as a 
function of the locations of three or, at most, four instant centers (ICs) [24]; this feature made it possible to devise general geometric 
and analytic techniques for their singularity analysis based on the IC locations [8,25–28]. Recently, in [29], this author has addressed 
the determination of the instantaneous screw axes (ISAs) in single-DOF spatial mechanisms by taking advantage from the fact that, in 
single-DOF mechanisms, the ISA locations depend only on the mechanism configuration. The focus and the main result of Ref. [29] has 
been the deduction of a technique that extends the techniques, used in single-DOF planar mechanisms for the IC determination, to the 
ISA determination in single-DOF spatial mechanisms. Incidentally, in [29], this author, while devising this technique, has also deduced 
the analytic and geometric expressions of the above-mentioned VC as a function of the locations of three or, at most, four ISAs, which 
generalize the ones based on the IC locations that hold for planar mechanisms. In this paper, such expressions, firstly, are integrated 
with other general expressions to cover all the possible cases; then, are analyzed to provide the exhaustive enumeration of all the 
geometric conditions on ISAs that identify singular configurations; eventually, the deduced exhaustive enumeration of singularity 
conditions is used to devise a general analytic and geometric technique for the singularity analysis of single-DOF spatial mechanisms 
that is based on the locations of the ISAs. The proposed technique is the natural extension of the ones proposed for planar single-DOF 
mechanisms that are based on the IC locations and, as those techniques, it has the merit of making singularity configurations iden
tifiable through a simple analysis of its 3D-CAD representation. As far as this author is aware this approach is novel and the exhaustive 
enumeration of all the geometric conditions on ISAs that identify singular configurations of single-DOF spatial mechanisms is pre
sented for the first time in the literature. 

The paper is organized as follows. Section 2 provides the necessary background materials, deduces the additional general ex
pressions of the VCs, and illustrates the method. Section 3 presents the application of the method to a relevant case study. Then, 
Section 4 discusses the results and, eventually, Section 5 draws the conclusions. 

2. Materials and methods 

Here, firstly the adopted notations will be defined and some necessary background concepts will be reminded. Then, the general 
expressions of the IOR for a SISO mechanism will be deduced and, finally, the proposed singularity-analysis method will be presented. 

In a mechanism with m links, the relative motions between link pairs1 are m × (m–1)/2 and the instantaneous screw axes, ISAji 
(–––ISAij) with j,i∈{1,…,m | (j∕=i)&(j >i)}, that identify their instantaneous status are as many. Nevertheless, if the mechanism has f 
DOFs, the number of independent relative motions is the minimum value between (m–1) and f since, if (m–1) relative motions are 
known, the remaining ones can be determined by means of the relative motion theorems [30], that is, at most (m–1) relative motions 
are independent in the worst case, which is the one where the m links are not connected through kinematic pairs. 

1 Here, for a generic link pair constituted by links i and j, the motion of link i with respect to link j and its inverse motion (i.e., the motion of link j 
with respect to link i) are considered the same relative motion since the velocity fields associated to the two motions are immediately obtained from 
one another through a change of sign. 
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Hereafter, with reference to the motion of link j with respect to link i (Fig. 1), the ISAji will be geometrically identified by the 
ordered couple (Aji, uji) where Aji is a point belonging to ISAji and uji is a unit vector parallel to ISAji; the angular velocity, ωji, will be 
put equal to ωjiuji and will be assigned through its signed magnitude ωji. In addition, if ωji∕=0, that is, the relative motion is a helical 
motion (Hel), the velocity2, ivAji| j, of point Aji (∈ISAji) will be put equal to ωjipjiuji and assigned through the pitch pji of the Hel; 
otherwise (i.e., if ωji=0), the relative motion will be a translational motion (Tra) and its translation velocity will be put equal to νjiτji 
where νji is the signed magnitude of the translation velocity and τji is the unit vector that gives the positive direction of translation3. 

With these notations, the following relationships hold:  

(a) if ωji∕=0 (Hel), then Aji=Aij, uji=uij, pji=pij and ωji=− ωij;  
(b) if ωji=0 (Tra), then τji=τij and νji=− νij. 

Therefore, the instantaneous relative motion between links j and i is fully defined when, in the case ωji∕=0 (Hel), ISAji (i.e., the 
ordered couple (Aji, uji)), pji and ωji or, in the case ωji=0 (Tra), νji and τji are known. Hereafter, the pure rotation, which occurs when 
ωji∕=0 and pji=0, will be considered only a special case of Hel (i.e., the one with pji=0) and dealt with the formulas deduced for the Hel 
case. Accordingly, the links of a mechanism can perform only two types of instantaneous spatial motions (i.e., Hel and Tra) and, 
consequently, if only the instantaneous motions of the input and the output links are considered, only four types of SISO models can be 
identified for single-DOF spatial mechanisms:  

• The Hel-Hel where both the input link and the output link perform an helical motion;  
• The Hel-Tra where the input link performs an helical motion and the output link performs a translational motion;  
• The Tra-Hel where the input link performs a translational motion and the output link performs an helical motion;  
• The Tra-Tra where both the input link and the output link perform a translational motion. 

The spatial version of the Aronhold-Kennedy theorem [29,31–36] states that “In a system of three bodies the three ISAs of the three 
possible relative motions share a common normal.” With the above notations, this author, in [29], deduced the following formulas for a 
three-body system (i, o and f denote the indices of the input link, of the output link and of the remaining third link (frame), 
respectively):  

(i) for the Hel-Hel case (here (Afi, ufi), pfi and ωif ((Aof, uof), pof and ωof) are the input-motion (output-motion) data (see Fig. 2a and 
remind the relative motion theorems [30])) 

ωof

ωif
=

nofi ⋅
(
uif × uoi

)

nofi ⋅
(
uof × uoi

) ≡

(
uof ⋅ uoi

)
−
(
uif ⋅ uoi

)(
uif ⋅ uof

)

(
uof ⋅ uoi

)(
uof ⋅ uif

)
−
(
uif ⋅ uoi

) ⇒
ωof

ωif
=

sinαoi,if

sinαoi,of
≡

cosαoi,of − cosαoi,if cosαof ,if

cosαoi,of cosαof ,if − cosαoi,if
(1a)  

pof = pfi +

yof ,oi

[(
ωof
ωif

)
−
(
uof ⋅ ufi

)]
+
(
yof ,fi − yof ,oi

)
[
(
uof ⋅ ufi

)
−
(

ωof
ωif

)− 1
]

‖ uof × ufi ‖
(1b)  

poi = pfi +
yof ,oi

[(
ωof
ωif

)
−
(
uof ⋅ ufi

)]
+ yof ,fi

(
uof ⋅ ufi

)

‖ uof × ufi ‖
⇒

ωof

ωif
=

(
poi − pfi

)
‖ uof × ufi ‖ +yif ,oi

(
uof ⋅ ufi

)

yof ,oi
(1c)  

ωoiuoi = ωof uof − ωif uif
ωoiuoi = ωoguog − ωiguig

}

⇒

iff uog ∕= ±uig
↓ ωof uof ⋅

(
uog × uig

)
= ωif uif ⋅

(
uog ×uig

)
⇒

ωof

ωif
=

uif ⋅
(
uog × uig

)

uof ⋅
(
uog × uig

) (1d)   

where, the angle αjk,ln (see Fig. 2a) with jk,ln∈{oi, of, if | jk∕=ln} is the angle counterclockwise with respect to nofi that goes from ujk to 
uln; Eq. (1b) and (1c) have been obtained from those reported in [29] through simple algebraic manipulations; also, the following 
definitions have been introduced (see Fig. 2a) 

nofi =
uof × ufi

‖ uof × ufi ‖
; yof ,fi =

(
Qfi − Qof

)
⋅ nofi =

(
Afi − Aof

)
⋅ nofi; yof ,oi =

(
Qoi − Qof

)
⋅ nofi =

(
Aoi − Aof

)
⋅ nofi (2a)  

yif ,oi =
(
Qoi − Qif

)
⋅ nofi =

(
Aoi − Aif

)
⋅ nofi = yof ,oi − yof ,fi (2b)  

2 Hereafter, ivP | j will denote the velocity of point P when the point is fixed to link j and the velocity is measured from link i.  
3 In the case of a translation, the ISAji is the line at infinity (ideal line) that is the geometric locus of the points at infinity of the planes 

perpendicular to the translation direction. 
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and link g of Eq. (1d), which is an expression of the VC alternative to Eq. (1a), is any fourth link chosen so that uog ∕= ±uig.  

(ii) for the Hel-Tra case (here (Aif, uif), pif and ωif (νof =− νfo and τof =τfo) are the input-motion (output-motion) data (see Fig. 2b)) 

vof

ωif
=

(
Aoi − Aif

)
⋅
(
uif × τof

)

τof ⋅
[
uif ×

(
uif × τof

)] ≡
yif ,oi ‖ uif × τof ‖
(
uif ⋅ τof

)2
− 1

≡ −
yif ,oi

‖ uif × τof ‖
≡ −

yif ,oi

sinαif ,of
(3a)  

Fig. 1. Two links, named i and j, whose relative motion is a helical motion: notations.  

Fig. 2. Three-body system: (a) both the of and fi motions are helical motions, (b) the of motion is a translational motion and the if motion is a helical 
motion, (c) the of motion is a helical motion and the if motion is a translational motion, (d) both the of and if motions are translational motions. 

R. Di Gregorio                                                                                                                                                                                                          



Mechanism and Machine Theory 189 (2023) 105438

6

poi = pif −
vof

ωif

(
τof ⋅ uif

)
≡ pif + yif ,oi

(
τof ⋅ uif

)

‖ uif × τof ‖
≡ pif +

yif ,oi

tanαif ,of
(3b)  

nifo =
uif × τfo

‖ uif × τfo ‖
; yif ,oi =

(
Qoi − Qif

)
⋅ nifo =

(
Aoi − Aif

)
⋅ nifo (3c)  

ωoiuoi = ωof uof − ωif uif
ωof = 0

}

⇒
{

ωoi = − ωif = ωfi
uoi = uif

(3d)    

(iii) for the Tra-Hel case (here νif=− νfi and τif =τfi ((Aof, uof), pof and ωof) are the input-motion (output-motion) data (see Fig. 2c)) 

ωof

vif
=

τif ⋅
[
uof ×

(
uof × τif

)]

(
Aoi − Aof

)
⋅
(
uof × τif

) ≡

(
uof ⋅ τif

)2
− 1

yof ,oi ‖ uof × τif ‖
≡ −

‖ uof × τif ‖

yof ,oi
≡ −

sinαof ,if

yof ,oi
(4a)  

pof = poi +

(
ωof

vif

)− 1(
τif ⋅ uof

)
≡ poi − yof ,oi

(
τif ⋅ uof

)

‖ uof × τif ‖
≡ poi −

yof ,oi

tanαof ,if
(4b)  

nofi =
uof × τfi

‖ uof × τfi ‖
; yof ,oi =

(
Qoi − Qof

)
⋅ nofi =

(
Aoi − Aof

)
⋅ nofi (4c)  

ωoiuoi = ωof uof − ωif uif
ωif = 0

}

⇒
{

ωoi = ωof
uoi = uof

(4d)    

(iv) for the Tra-Tra case (here νif =− νfi and τif =τfi (νof =− νfo and τof =τfo) are the input-motion (output-motion) data (see Fig. 2d)) 

vof

vif
=

τof ⋅
[(

Ajo − Ajf
)
× ujf

][(
ujf ⋅ τif

)2
− 1

]

τif ⋅
[(

Aji − Ajf
)
× ujf

][(
ujf ⋅ τof

)2
− 1

] ≡
yjf ,jo ‖ ujf × τfi ‖

yjf ,ji ‖ ujf × τfo ‖
≡

yjf ,josinαjf ,if

yjf ,jisinαjf ,of
(5a)  

njfi =
ujf × τfi

‖ ujf × τfi ‖
; yjf ,ji =

(
Qji − Qjf

)
⋅ njfi =

(
Aji − Ajf

)
⋅ njfi (5b)  

njfo =
ujf × τfo

‖ ujf × τfo ‖
; yjf ,jo =

(
Qjo − Qjf

)
⋅ njfo =

(
Ajo − Ajf

)
⋅ njfo (5c)  

ivP|o =
f vP|o −

f vP|i = νof τof − νif τif ⇒ νoiτoi = νof τof − νif τif ⇒

⎧
⎪⎨

⎪⎩

τof =
νoiτoi + νif τif

‖ νoiτoi + νif τif ‖

νof = νoi
(
τoi ⋅ τof

)
+ νif

(
τif ⋅ τof

)
(5d)  

ωjiuji = ωjf ujf − ωif uif

ωif = 0

}

⇒

{
ωji = ωjf

uji = ujf

ωojuoj = ωof uof − ωjf ujf

ωof = 0

}

⇒

{
ωoj = − ωjf = ωfj

uoj = ujf

⎫
⎪⎪⎬

⎪⎪⎭

⇒
{

ωji = ωjf = − ωoj
uji = ujf = uoj

(5e)   

where P is a generic point and link j is any fourth link chosen so that it performs an helical motion with respect to link f with an ISAjf (i. 
e., (Ajf, ujf) with ujf =uji=ujo since links i and o translate with respect to link f) that is neither parallel to τfi nor parallel to τfo (it is worth 
noting that such a choice is always possible since link j can be any link). 

2.1. The general input-output instantaneous relationship 

The general expression of the input-output instantaneous relationship (IOR) of a SISO mechanism is 

a(q) q̇ = b(q) ṡ (6)  

where q is the chosen generalized coordinate of the single-DOF mechanism, q̇ and ṡ are respectively the input rate and the output rate of 
the IOR, and a and b are two scalar functions of the mechanism configuration (i.e., of q), which, here, play the role of 1 × 1 Jacobians of 
the IOR. 
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If the motion of both the input, i, and the output, o, links are referred to the same reference link, say link f, the analytic and 
geometric expressions of a and b can be directly deduced from the VC explicit expressions given by Eqs. (1), (3), (4), and (5) for all the 
possible cases (i.e., Hel-Hel, Hel-Tra, Tra-Hel, Tra-Tra). In general, the motion of the input link could be referred to a link different from 
the one used as reference for the motion of the output link. Accordingly, the most general expressions of a and b must be deduced for a 
system of four links, hereafter named i (input link), o (output link), f (reference link for the motion of link i), and r (reference link for the 
motion of link o). The relative motions of a four-link system are 6 (=4(4− 1)/2), that is, the if, of, ir, or, oi, and rf relative motions. In the 
following part of this subsection the general analytic and geometric expressions of a and b for the four possible cases will be deduced. 

2.1.1. Hel-Hel case 
In this case, q̇ and ṡ are ωif and ωor, respectively. Fig. 3 shows the general spatial disposition of the six ISAs associated to the six 

possible relative motions for the Hel-Hel case. In Fig. 3, the six blue lines (Ajk, ujk) with jk∈{if, of, ir, or, oi, rf} are the six ISAjk and the 
following definitions have been introduced 

hjk =
(
Qjk − Q′

jk
)

⋅ ujk jk ∈ {if , of , ir, or, oi, rf} (7a)  

njkl =
ujk × ukl

‖ ujk × ukl ‖
j, k, l ∈ {i, o, f , r|j ∕= k ∕= l ∕= j} (7b) 

Also, with reference to Fig. 3, the following further definitions can be introduced: 

ykj,kl =
(
Qkl − Qkj

)
⋅ njkl =

(
Akl − Akj

)
⋅ njkl j, k, l ∈ {i, o, f , r|j ∕= k ∕= l ∕= j} (8) 

Eqs. (1) and (2) hold for the subset of three bodies {o, i, f}. The same formulas can be written for the three-body subset {o, i, r} by 
replacing index f with index r in Eqs. (1) and (2) as follows: 

ωor

ωir
=

nori ⋅ (uir × uoi)

nori ⋅ (uor × uoi)
≡

(uor ⋅ uoi) − (uir ⋅ uoi)(uir ⋅ uor)

(uor ⋅ uoi)(uor ⋅ uir) − (uir ⋅ uoi)
⇒

ωor

ωir
=

sinαoi,ir

sinαoi,or
≡

cosαoi,or − cosαoi,ircosαor,ir

cosαoi,orcosαor,ir − cosαoi,ir
(9a)  

por = pri +

yor,oi

[(
ωor
ωir

)
− (uor ⋅ uri)

]
+
(
yor,ri − yor,oi

)
[

(uor ⋅ uri) −
(

ωor
ωir

)− 1
]

‖ uor × uri ‖
(9b)  

poi = pri +
yor,oi

[(
ωor
ωir

)
− (uor ⋅ uir)

]
+ yor,ir(uor ⋅ uir)

‖ uor × uir ‖
⇒

ωor

ωir
=

(poi − pri) ‖ uor × uir ‖ +yir,oi(uor ⋅ uir)

yor,oi
(9c)  

nori =
uor × uri

‖ uor × uri ‖
; yor,ri = (Qri − Qor) ⋅ nori = (Ari − Aor) ⋅ nori; yor,oi = (Qoi − Qor) ⋅ nori = (Aoi − Aor) ⋅ nori (9d) 

The relative motion theorems [30] bring one to write the following relationships (see Fig. 3 and Eqs. (7) and (8)): 

Fig. 3. General spatial disposition of the six ISAs associated to the six possible relative motions of a four-body system for the Hel-Hel case: the six 
blue lines (Ajk, ujk) with jk∈{if, of, ir, or, oi, rf} are the six ISAjk. 
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ωoiuoi = ωof uof − ωif uif
ωoiuoi = ωoruor − ωiruir

}

⇒

iff uof ∕= ±uir
↓ ωoruor ⋅

(
uof ×uir

)
= − ωif uif ⋅

(
uof ×uir

)
⇒

ωor

ωif
=

uof ⋅
(
uif × uir

)

uor ⋅
(
uof × uir

) (10a)  

ωoiuoi = ωof uof − ωif uif
ωoiuoi = ωoruor − ωiruir

}

⇒ ωof
(
uof ⋅ uoi

)
− ωif

(
uif ⋅ uoi

)
= ωor(uor ⋅ uoi) − ωir(uir ⋅ uoi) ⇒

ωor

ωif
=

ωof
ωif

(
uof ⋅ uoi

)
−
(
uif ⋅ uoi

)

(uor ⋅ uoi) −
ωir
ωor

(uir ⋅ uoi)
(10b)  

poiωoiuoi =
ivQoi |o ≡

ivQ′oi |o
ivQoi |o =

rvQoi |o −
rvQoi |i

rvQoi |o = ωor[poruor + uor × (Qoi − Qor)]
rvQoi |i = ωir[piruir + uir × (Qoi − Q′

ir)]

(Qoi − Qor) = − yoi,ornior

(Qoi − Q′
ir) = − yoi,irnoir

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

⇒ poiωoi = ωor

{
[
por(uoi ⋅ uor) − yoi,or ‖ uoi ×uor ‖

]
−

ωir

ωor

[
pir(uoi ⋅ uir) − yoi,ir ‖ uoi × uir

‖
]
}

(10c)  

poiωoiuoi =
ivQoi |o ≡

ivQ′oi |o
ivQ′oi |o =

f vQ′oi |o −
f vQ′oi |i

f vQ′oi |o = ωof
[
pof uof + uof ×

(
Q′

oi − Qof
)]

f vQ′oi |i = ωif
[
pif uif + uif ×

(
Q′

oi − Q′
if
)]

(
Q′

oi − Qof
)
= − yoi,of niof(

Q′
oi − Q′

if
)
= − yoi,if noif

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

⇒ poiωoi = ωif

{
ωof

ωif

[
pof

(
uoi ⋅ uof

)
− yoi,of ‖ uoi × uof ‖

]
− pif

(
uoi ⋅ uif

)
+ yoi,if ‖ uoi × uif

‖

}

(10d) 

Eq. (10a) and (10b), where expressions (1c) and (9c) replace 
(

ωof
ωif

)
and 

(
ωor
ωir

)
, respectively, yield the following two alternative 

expressions for the IOR of the Hel-Hel case 

ωor
[
uor ⋅

(
uof × uir

)]
= ωif

[
uof ⋅

(
uif × uir

)]
(11a)  

ωor

ωif
=

{[(
poi − pfi

)
‖ uof × ufi ‖ +yif ,oi

(
uof ⋅ ufi

)](
uof ⋅ uoi

)
− yof ,oi

(
uif ⋅ uoi

)}[
(poi − pri) ‖ uor × uir ‖ +yir,oi(uor ⋅ uir)

]

yof ,oi
{
(uor ⋅ uoi)

[
(poi − pri) ‖ uor × uir ‖ +yir,oi(uor ⋅ uir)

]
− yor,oi(uir ⋅ uoi)

} (11b)  

which come to have the canonical form of Eq. (6) with the following positions 

q̇ = ωif ; ṡ = ωor ; (12a)  

Eq. (11a) ⇒ a(q) = uof ⋅
(
uif × uir

)
; b(q) = uor ⋅

(
uof × uir

)
; (12b)  

Eq.(11b) ⇒
{

a(q) =
{[(

poi − pfi
)
‖ uof × ufi ‖ +yif ,oi

(
uof ⋅ ufi

)](
uof ⋅ uoi

)
− yof ,oi

(
uif ⋅ uoi

)}[
(poi − pri) ‖ uor × uir ‖ +yir,oi(uor ⋅ uir)

]

b(q) = yof ,oi
{
(uor ⋅ uoi)

[
(poi − pri) ‖ uor × uir ‖ +yir,oi(uor ⋅ uir)

]
− yor,oi(uir ⋅ uoi)

}

(12c) 

In addition, the introduction of the expression of pri obtained from Eq. (9c) into Eq. (9b) gives 

por = poi +

(
yor,oi − yor,ri

)(ωor
ωir

)− 1
− yor,oi(uor ⋅ uri)

‖ uor × uri ‖
(13)  

and, finally, the introduction of the explicit expression of poi provided by Eq. (1c) into Eq. (13) yields 

por = pfi +
yof ,oi

[(
ωof
ωif

)
−
(
uof ⋅ ufi

)]
+ yof ,fi

(
uof ⋅ ufi

)

‖ uof × ufi ‖
+

(
yor,oi − yor,ri

)(ωor
ωir

)− 1
− yor,oi(uor ⋅ uri)

‖ uor × uri ‖
(14)  

where the explicit expressions of 
(

ωof
ωif

)
and 

(
ωor
ωir

)
are given by Eqs. (1a) and (9a), respectively. 

Eq. (14) completes the IOR of the Hel-Hel case (i.e., Eq. (11)) by providing the pitch, por, of the output helical motion as a function 
of the pitch, pfi, of the input helical motion and of the spatial disposition of the six ISAs (i.e., of the mechanism configuration) shown in 
Fig. 3. 
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2.1.2. Hel-Tra case 
In this case, q̇ and ṡ are ωif and νor, respectively. Fig. 4 shows the general spatial disposition of the six ISAs associated to the six 

possible relative motions for the Hel-Tra case, which, now, are one ideal line plus five finite lines. 
In this case, the translation condition for the output link, that is, ωor=0, and Eq. (3) when written for the set of three bodies {i, o, r} 

together with the relative motion theorems [30] yield (Fig. 4) 

vor

ωir
=

(Aoi − Air) ⋅ (uir × τor)

τor ⋅ [uir × (uir × τor)]
≡

yir,oi ‖ uir × τor ‖

(uir ⋅ τor)
2
− 1

≡ −
yir,oi

‖ uir × τor ‖
≡ −

yir,oi

sinαir,or
(15a)  

poi = pir −
vor

ωir
(τor ⋅ uir) ≡ pir + yir,oi

(τor ⋅ uir)

‖ uir × τor ‖
≡ pir +

yir,oi

tanαir,of
(15b)  

niro =
uir × τro

‖ uir × τro ‖
; yir,oi = (Qoi − Qir) ⋅ niro = (Aoi − Air) ⋅ niro; (15c)  

ωoiuoi = ωoruor + ωriuri

ωor = 0

ωof uof = ωoruor + ωrf urf

⎫
⎪⎪⎬

⎪⎪⎭

⇒

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ωoi = ωri = − ωir

uoi = uri = uir

ωof = ωrf = − ωfr

uof = urf = ufr

ωoiuoi = ωof uof − ωif uif

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

⇒ − ωiruoi = ωof uof − ωif uif ⇒ ωir = ωif

[

uif −

(
ωof

ωif

)

uof

]

⋅ uoi (15d)  

nfir =
uif × uir

‖ uif × uir ‖
; nofi =

uof × uif

‖ uof × uif ‖
; nfro =

ufr × τro

‖ ufr × τro ‖
; yrf ,of =

(
Qof − Qrf

)
⋅ nfro =

(
Aof − Arf

)
⋅ nfro; (15e) 

The introduction of the expressions provided by Eqs. (1c) or (1d) for the VC 
(

ωof
ωif

)
into Eq. (15d) gives 

Eq.(1c) ⇒ ωir = ωif

(
pif − poi

)
‖ uof × uif ‖

(
uof ⋅ uoi

)
+
(
uif ⋅ uoi

)
yof ,oi − yif ,oi

(
uof ⋅ uif

)(
uof ⋅ uoi

)

yof ,oi
(16a)  

Eq.(1d)⇒

iff uog ∕= ±uig
↓ ωir = ωif

(
uog × uig

)
⋅
[(

uif × uof
)
× uoi

]

uof ⋅
(
uog × uig

) (16b)  

whose introduction into Eq. (15a) respectively yields the following two alternative IORs for the Hel-Tra case 

Fig. 4. General spatial disposition of the six ISAs (five finite lines and one ideal line) associated to the six possible relative motions of a four-body 
system for the Hel-Tra case: the five blue lines (Ajk, ujk) with jk∈{if, of, ir, oi, rf} are the five finite ISAjk; whereas, the ideal line, ISAor, associated to 
the or translation is the ideal line shared by all the parallel planes that are all perpendicular to τor. 
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− vor
‖ uir × τor ‖

yir,oi
= ωif

(
pif − poi

)
‖ uof × uif ‖

(
uof ⋅ uoi

)
+
(
uif ⋅ uoi

)
yof ,oi − yif ,oi

(
uof ⋅ uif

)(
uof ⋅ uoi

)

yof ,oi
(17a)  

− vor
‖ uir × τor ‖

yir,oi
= ωif

(
uog × uig

)
⋅
[(

uif × uof
)
× uoi

]

uof ⋅
(
uog × uig

) (17b)  

which come to have the canonical form of Eq. (6) with the following positions 

q̇ = ωif ; ṡ = νor; b(q) = −
‖ uir × τor ‖

yir,oi
(18a)  

Eq. (17a) ⇒ a(q) =
(
pif − poi

)
‖ uof × uif ‖

(
uof ⋅ uoi

)
+
(
uif ⋅ uoi

)
yof ,oi − yif ,oi

(
uof ⋅ uif

)(
uof ⋅ uoi

)

yof ,oi
; (18b)  

Eq. (17b) ⇒ a(q) =
(
uog × uig

)
⋅
[(

uif × uof
)
× uoi

]

uof ⋅
(
uog × uig

) (18c)  

2.1.3. Tra-Hel case 
In this case, q̇ and ṡ are νif and ωor, respectively. The formulas and the spatial disposition of the ISAs of this case (Fig. 5) can be 

immediately deduced from those of the Hel-Tra case (i.e., those reported in Section 2.1.2 and in Fig. 4) by exchanging the link indices i 
and o and the link indices f and r. So doing, Eqs. (15a), (15b) and (17) yield the following relationships: 

− vif
‖ uof × τif ‖

yof ,oi
= ωor

(por − poi) ‖ uir × uor ‖ (uir ⋅ uoi) + (uor ⋅ uoi)yir,oi − yor,oi(uir ⋅ uor)(uir ⋅ uoi)

yir,oi
(19a)  

− vif
‖ uof × τif ‖

yof ,oi
= ωor

(
uog × uig

)
⋅ [(uor × uir) × uoi]

uir ⋅
(
uog × uig

) (19b)  

pof = poi +
vif

ωof

(
τif ⋅ uof

)

vif

ωof
= −

yof ,oi

‖ uof × τif ‖

⎫
⎪⎪⎬

⎪⎪⎭

⇒ poi = pof + yof ,oi

(
τif ⋅ uof

)

‖ uof × τif ‖
≡ pof +

yof ,oi

tanαof ,if
(19c)  

with 

ωoiuoi = ωof uof − ωif uif
ωif = 0
ωiruir = ωif uif + ωfrufr

⎫
⎬

⎭
⇒

⎧
⎪⎪⎨

⎪⎪⎩

ωoi = ωof
uoi = uof
ωir = ωfr = − ωrf
uir = ufr = urf

(20a)  

nrof =
uor × uof

‖ uor × uof ‖
; niro =

uir × uor

‖ uir × uor ‖
; nrfi =

urf × τif

‖ urf × τif ‖
; yfr,ir =

(
Qir − Qfr

)
⋅ nrfi =

(
Air − Afr

)
⋅ nrfi; (20b) 

Eq. (19a) and (19b) are the two alternative IORs of the Tra-Hel case and come to have the canonical form of Eq. (6) with the 
following positions 

q̇ = νif ; ṡ = ωor; a(q) = −
‖ uof × τif ‖

yof ,oi
; (21a)  

Eq. (19a) ⇒ b(q) =
(por − poi) ‖ uir × uor ‖ (uir ⋅ uoi) + (uor ⋅ uoi)yir,oi − yor,oi(uir ⋅ uor)(uir ⋅ uoi)

yir,oi
; (21b)  

Eq. (19b) ⇒ b(q) =
(
uog × uig

)
⋅ [(uor × uir) × uoi]

uir ⋅
(
uog × uig

) (21c) 

Moreover, Eq. (19c) combined with Eqs. (9a), (9b), (9c) and (20a) yields 

por = pof + yof ,oi

(
τif ⋅ uoi

)

‖ uoi × τif ‖
−

(
yor,ri − yor,oi

) niro ⋅(uor×uoi)
niro ⋅(uir×uoi)

+ yor,oi(uor ⋅ uri)

‖ uor × uri ‖
(22)  

2.1.4. Tra-Tra case 
In this case, q̇ and ṡ are νif and νor, respectively, and the relative motion theorems [30] bring one to write: 
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ωoiuoi = ωof uof − ωif uif

ωif = 0

ωiruir = ωif uif + ωfrufr

⎫
⎪⎪⎬

⎪⎪⎭

⇒

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ωoi = ωof

uoi = uof

ωir = ωfr = − ωrf

uir = ufr = urf

ωoiuoi = ωoruor + ωriuri

ωor = 0

ωof uof = ωoruor + ωrf urf

⎫
⎪⎪⎬

⎪⎪⎭

⇒

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ωoi = ωri = − ωir

uoi = uri = uir

ωof = ωrf = − ωfr

uof = urf = ufr

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⇒

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ωif = ωor = 0

ωoi = ωof = ωri = ωrf

uoi = uof = uir = urf ⇒

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

nfro =
urf × τor

‖ urf × τor ‖
=

uir × τor

‖ uir × τor ‖
= niro

nrif =
uir × τif

‖ uir × τif ‖
=

uof × τif

‖ uof × τif ‖
= nofi

(23) 

Therefore, the general spatial disposition of the ISAs, which now are four parallel finite lines and two ideal lines, is the one shown in 
Fig. 6. 

In this case, Eqs. (4a) and (4b) separately written for the four sets of three links {i, f, o}, {o, r, i}, {r, f, i}, and {r, f, o} yield 

ωof = − vif
‖ uof × τif ‖

yof ,oi
; ωir = − vor

‖ uir × τor ‖

yir,oi
; (24a)  

ωrf = − vif
‖ urf × τif ‖

yrf ,ri
; ωfr = − vor

‖ ufr × τor ‖

yfr,of
; (24b)  

pof = poi − yof ,oi

(
τif ⋅ uof

)

‖ uof × τif ‖
; pir = poi − yir,oi

(τor ⋅ uir)

‖ uir × τor ‖
; (24c)  

prf = pir − yrf ,ri

(
τif ⋅ urf

)

‖ urf × τif ‖
; pfr = pof − yfr,of

(
τor ⋅ ufr

)

‖ ufr × τor ‖
. (24d) 

By considering that ωof = ωrf = − ωfr = ωri = − ωir and that uoi = uof = uir = urf (see Eq. (23)), formulas (24) provide the following 
relationships 

vif ‖ uoi × τif ‖ yrf ,of = − vor ‖ uoi × τor ‖ yrf ,ri (25a)  

pof = poi − yof ,oi

(
τif ⋅ uoi

)

‖ uoi × τif ‖
; pir = poi − yir,oi

(τor ⋅ uoi)

‖ uoi × τor ‖
; (25b) 

Fig. 5. General spatial disposition of the six ISAs (five finite lines and one ideal line) associated to the six possible relative motions of a four-body 
system for the Tra-Hel case: the five blue lines (Ajk, ujk) with jk∈{of, ir, or, oi, rf} are the five finite ISAjk; whereas, the ideal line, ISAif, associated to 
the if translation is the ideal line shared by all the parallel planes that are all perpendicular to τif. 
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prf = pir − yrf ,ri

(
τif ⋅ uoi

)

‖ uoi × τif ‖
; pfr = pof − yfr,of

(τor ⋅ uoi)

‖ uoi × τor ‖
. (25c)  

(
Aoi − Aof

)
⋅
(
uoi × τif

)
=

(
Ari − Arf

)
⋅
(
urf × τif

)
⇒ yrf ,ri = yof ,oi (25d)  

(
Aof − Afr

)
⋅
(
urf × τor

)
= (Aoi − Air) ⋅ (uir × τor) ⇒ yfr,of = yir,oi (25e) 

Eq. (25a) is the sought-after IOR of the Tra-Tra case and comes to have the canonical form of Eq. (6) with the following positions: 

q̇ = νif ; ṡ = νor; a(q) =‖ uoi × τif ‖ yrf ,of ; b(q) = − ‖ uoi × τor ‖ yrf ,ri (26) 

Eventually, by taking into account formulas (25d) and (25e), the subtraction of Eqs. (25c) from Eqs. (25b) yields 

pof − prf − poi + pir = 0 (27)  

2.2. Singularity conditions 

Eq. (6) is the general form of the IOR of a single-DOF mechanism with only one output variable (SISO system). After having 
simplified the expressions of coefficients a and b in Eq. (6) by eliminating all their common factors, a type-I (serial) singularity (i.e., the 
IIK is indeterminate) occurs for each q value that makes either coefficient a equal to zero or coefficient b equal to infinity; a type-II 
(parallel) singularity (i.e., the IFK is indeterminate) occurs for each q value that makes either coefficient b equal to zero or coeffi
cient a equal to infinity; finally, a type-III singularity (i.e., both the IIK and the IFK are indeterminate) occurs for each q value that 
makes both the coefficients a and b equal to zero. In the previous part of this section, the explicit expressions that relate the coefficients 
a and b to the mechanism configuration through the spatial disposition of the involved ISAs have been deduced for all the possible cases 
(i.e., Hel-Hel, Hel-Tra, Tra-Hel, and Tra-Tra). Such expressions are summarized in Tables 1 and 2. In the following part of this section, 
they will be analyzed to identify all the geometric conditions on the ISAs that correspond to mechanism singularities. 

2.2.1. Hel-Hel case 
In this case, if link f coincides with link r, then q̇ and ṡ are ωif and ωof, respectively, and formulas (1a), (1c) and (1d) must be 

considered according to the particular disposition of the ISAs (see Table 1 and Fig. 2a); otherwise (i.e., if r∕=f), q̇ and ṡ are ωif and ωor, 
respectively, and formulas (10a) and (10b) together with the accompanying relationships (1c) and (9c) must be considered according 
to the ISA disposition (see Table 2 and Fig. 3). 

If link r coincides with link f, there are only three links, that is, links i, o, and f; therefore, the three possible relative motions (i.e., if, 
of and io motions) among these links are associated to three ISAs that must share a common normal [29] with the direction of unit 
vector nofi (Fig. 2a). Moreover, the relative-motion theorems [30] impose that, if two out of these ISAs are parallel to each other, also 
the remaining third must be parallel to them; accordingly, either the three ISAs are all parallel or none of them is parallel to any other. 
As a consequence, the expressions of coefficients a and b deduced from Eq. (1a) either are both different from zero when there is no 
parallelism among the ISAs or are both equal to zero when the ISAs are all parallel; accordingly, Eq. (1a) can be used only when the 
ISAs are not parallel at a non-singular configuration. Indeed, it always provides an indeterminate expression (–––0/0) when the ISAs are 

Fig. 6. General spatial disposition of the six ISAs (four finite parallel lines and two ideal lines) associated to the six possible relative motions of a 
four-body system for the Tra-Tra case: the four parallel blue lines (Ajk, ujk) with jk∈{of, ir, oi, rf} are the four finite ISAjk; whereas, the ideal line ISAif 
(ISAor) associated to the if (or) translation is the ideal line shared by all the parallel planes that are all perpendicular to τif (to τor). 
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all parallel, and, when the ISAs are not parallel, it always provides values of coefficients a (= sinαoi,if ) and b (= sinαoi,of ) that are 
different from zero4. Differently, Eq. (1c) can take into account both the cases provided that the three ISAs have not a common 
intersection and the two involved pitches are not equal to one another; such a condition always is not satisfied, for instance, in 
spherical mechanisms. The geometric conditions not-covered by Eq. (1c) are covered by Eq. (1d), which, unfortunately, needs a fourth 

Table 1 
Coefficients a and b of Eq. (6) and geometric/kinematic conditions on ISAs that are valid when the motion of both the input, i, and the output, o, links 
are referred to the same reference link, f.  

Case q̇ ṡ a b Geometric&Kinematic 
Conditions on ISAs 

Hel-Hel(*) ωif ωof nofi ⋅ (ufi × uoi)

or 
(poi − pfi) ‖ uof × ufi ‖ + yif,oi(uof ⋅ ufi)

or 
uif ⋅ (uog × uig)

nofi ⋅ (uof × uoi)

or 
yof,oi 

or 
uof ⋅ (uog × uig)

ωof

ωif
=

(poi − pfi) ‖ uof × ufi ‖ +yif,oi(uof ⋅ ufi)

yof,oi       

Hel-Tra ωif νof − yif ,oi ‖ uif × τof‖
{

ωoi = − ωif = ωfi
uoi = uif       

Tra-Hel νif ωof ‖ uof × τif‖ − yof,oi 
{

ωoi = ωof
uoi = uof       

Tra-Tra(**) νif νof yjf,jo ‖ ujf × τfi ‖ yjf,ji ‖ ujf × τfo ‖
{

ωji = ωjf = − ωoj
uji = ujf = uoj  

(*) Link g is any fourth link chosen so that uog ∕= ±uig 
(**) Link j is any fourth link chosen so that it performs a helical motion with respect to link f with an ISAjf that is neither parallel to τif nor parallel to 

τof. 

Table 2 
Coefficients a and b of Eq. (6) and geometric/kinematic conditions on ISAs that are valid when the motion of the input link, i, is referred to link f and 
the motion of the output link, o, is referred to link r.  

Case q̇ ṡ a b Geometric&Kinematic 
Conditions on ISAs 

Hel-Hel ωif ωor uof ⋅ (uif × uir)
(*) 

or 
1st formula of Eq. (12c) 

uor ⋅ (uof × uir)
(*) 

or 
2nd formula of Eq. (12c) 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ωor

ωif
=

ωof

ωif
(uof ⋅ uoi) − (uif ⋅ uoi)

(uor ⋅ uoi) −
ωir

ωor
(uir ⋅ uoi)

with
ωof

ωif
=

(poi − pfi) ‖ uof × ufi ‖ +yif,oi(uof ⋅ ufi)

yof ,oi

ωor

ωir
=

(poi − pri) ‖ uor × uir ‖ +yir,oi(uor ⋅ uir)

yor,oi       

Hel-Tra ωif νor (uog × uig) ⋅ [(uif × uof ) × uoi]

uof ⋅ (uog × uig)
(**) 

or 

Eq. (18b) 

−
‖ uir × τor‖

yir,oi 

⎧
⎪⎪⎨

⎪⎪⎩

ωoi = ωri = − ωir
uoi = uri = uir

ωof = ωrf = − ωfr
uof = urf = ufr       

Tra-Hel νif ωor 
−

‖ uof × τif‖

yof ,oi 
Eq. (21b) 
or 
(uog × uig) ⋅ [(uor × uir) × uoi]

uir ⋅ (uog × uig)
(**) 

⎧
⎪⎪⎨

⎪⎪⎩

ωoi = ωof
uoi = uof
ωir = ωfr = − ωrf
uir = ufr = urf       

Tra-Tra νif νor ‖ uoi × τif‖yrf,of − ‖ uoi × τor‖yrf,ri 
⎧
⎨

⎩

ωif = ωor = 0
ωoi = ωof = ωri = ωrf
uoi = uof = uir = urf  

(*) This expressions hold if and only if uof ∕= ±uir 
(**) Link g is any fifth link chosen so that uog ∕= ±uig  

4 This is due to the particular way Eq. (1a) was deduced in [29] (i.e., the dot product of the relationship ωoiuoi = ωof uof + ωfiufi by (nofi × uoi)), 
which, in practice, excluded singular configurations (i.e., where nofi is indeterminate) and ISAs’ parallelism (i.e., where uoi‖ uof ‖ufi). 
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link, link g, with uog ∕= ±uig to be used. The analysis of Eq. (1c) reveals that, if uof ∕= ±ufi (i.e., the ISAs are not parallel), coefficient a is 
equal to zero (i.e., a serial singularity occurs) at mechanism configurations that satisfy the following condition 

tanαof ,if ≡
‖ uof × ufi ‖

uof ⋅ ufi
=

yif ,oi

pif − poi
; (28)  

whereas, coefficient b is equal to zero (i.e., a parallel singularity occurs) when yof ,oi = 0, that is, at mechanism configurations where 
ISAof and ISAoi intersect one another. Moreover, the same analysis reveals that, if uof = ±ufi (i.e., the ISAs are all parallel), Eq. (1c) 
becomes 

ωof

ωif
=

yif ,oi

yof ,oi
; (29)  

thus, coefficient a is equal to zero (i.e., a serial singularity occurs) when yif ,oi = 0, that is, at mechanism configurations where ISAif 
coincides with ISAoi; whereas, coefficient b is equal to zero (i.e., a parallel singularity occurs) when yof ,oi = 0, that is, at mechanism 
configurations where ISAof coincides with ISAoi. It is worth noting that Eq. (29) generalizes the one that holds for planar single-DOF 
mechanisms, where the signed distances yif,oi and yof,oi are computed through the positions of the instant centers (see Eq. (5a) of 
Ref. [27]), since it only needs equal pitches (i.e., non-necessarily, the pitches must be all equal to zero as it happens in planar 
mechanisms) and parallel ISAs to be valid. Eventually, the analysis of Eq. (1d), which holds even in the cases where Eq. (1c) is not valid 
(i.e., ISAif, ISAof and ISAoi share a common intersection (i.e., Qif ≡ Qof ≡ Qoi) and, at the same time, pif = poi), reveals that coefficient a 
is equal to zero (i.e., a serial singularity occurs) when uif ⋅ (uog × uig) = 0, that is, at mechanism configurations where ISAif, ISAog and 
ISAig are all coplanar; whereas, coefficient b is equal to zero (i.e., a parallel singularity occurs) when uof ⋅ (uog × uig) = 0, that is, at 
mechanism configurations where ISAof, ISAog and ISAig are all coplanar. It is worth noting that Eq. (1c) generalizes the one that holds 
for spherical single-DOF mechanisms (see Eq. (6) of Ref. [37]). 

If link r is different from link f, there are four links, which yield six relative motions and as many ISAs. Therefore, there are four 
triplets of links, that is, {i, o, f}, {i, o, r}, {i, r, f}, and {o, r, f}. Each of these triplets of links identifies a triplet of ISAs, associated to their 
relative motions, that must share a common normal [29] and, as a consequence, can be all either parallel or not parallel. Accordingly, 
the condition of being “all parallel” or “all not parallel” holds only for each of the following four sets of ISAs: {ISAoi, ISAof, ISAif}, {ISAoi, 
ISAor, ISAir}, {ISAir, ISAif, ISArf}, and {ISAor, ISAof, ISArf}. Since these ISA sets always share one ISA that is different for each couple of 
ISA triplets, the parallelism of all the six ISAs is a particular geometric condition that can occur if and only if, simultaneously, two of 
these ISA triplets have parallel ISAs. 

In this case, Eq. (11a), which comes from Eq. (10a), holds provided that uof ∕= ±uir, which, in particular, excludes the parallelism of 
all the six ISAs (e.g., it does not hold for single-DOF planar mechanisms); whereas, Eq. (11b), which comes from Eqs. (10b), (1c) and 
(9c), holds for the geometric conditions where Eq. (11a) is not valid, but it gives an indeterminate expression (i.e., it is not valid) when 
the condition (poi = pri = pfi)&(ISAoi, ISAof, and ISAif share a common intersection)&(ISAoi, ISAor, and ISAir share a common inter
section) is true (e.g., it does not hold for single-DOF spherical mechanisms). The analysis of Eq. (11a), reveals that coefficient a is equal 
to zero (i.e., a serial singularity occurs) when uof ⋅ (uif × uir) = 0, that is, at mechanism configurations where ISAif, ISAof and ISAir are 
all parallel to one plane; whereas, coefficient b is equal to zero (i.e., a parallel singularity occurs) when uor ⋅ (uof × uir) = 0, that is, at 
mechanism configurations where ISAof, ISAor and ISAir are all parallel to one plane. It is worth noting that Eq. (11a) generalizes the one 
that holds for spherical single-DOF mechanisms (see Eq. (5) of Ref. [37] and its equivalent expressions). The analysis of Eq. (11b) 
reveals that, if uof ∕= ±uir (i.e., the ISAs are not all parallel), coefficient a is equal to zero (i.e., a serial singularity occurs) at mechanism 
configurations that satisfy one or the other of the following two conditions 

[(
poi − pfi

)
‖ uof ×ufi ‖ + yif ,oi

(
uof ⋅ ufi

)](
uof ⋅ uoi

)
= yof ,oi

(
uif ⋅ uoi

)
⇒

[(
poi − pfi

)
tanαof ,if + yif ,oi

]
cosαof ,if cosαof ,oi = yof ,oicosαif ,oi

(30a)  

(poi − pri) ‖ uor ×uir ‖ +yir,oi(uor ⋅ uir) = 0 ⇒ tanαor,ir ≡
‖ uor × uir ‖

uor ⋅ uir
=

yir,oi

pri − poi
; (30b)  

whereas, coefficient b is equal to zero (i.e., a parallel singularity occurs) at mechanism configurations that satisfy one or the other of the 
following two conditions 

yof ,oi = 0 (31a)  

(uor ⋅ uoi)
[
(poi − pri) ‖ uor × uir ‖ + yir,oi(uor ⋅ uir)

]
= yor,oi(uir ⋅ uoi) ⇒

[
(poi − pri)tanαor,ir + yir,oi

]
cosαor,ircosαor,oi = yor,oicosαir,oi (31b) 

Moreover, the same analysis reveals that, if the six ISAs are all parallel, Eq. (11b) becomes 

ωor

ωif
=

yir,oi
(
yif ,oi − yof ,oi

)

yof ,oi
(
yir,oi − yor,oi

) ≡
yir,oiyif ,of

yof ,oiyir,or
(32)  

thus, coefficient a is equal to zero (i.e., a serial singularity occurs) when either yir,oi = 0 (i.e., when ISAir coincides with ISAoi) or yif ,of 
= 0 (i.e., when ISAif coincides with ISAof); whereas, coefficient b is equal to zero (i.e., a parallel singularity occurs) when either yof ,oi 
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= 0 (i.e., when ISAof coincides with ISAoi) or yir,or = 0 (i.e., when ISAir coincides with ISAor). It is worth noting that Eq. (32) generalizes 
the one that holds for planar single-DOF mechanisms, where the parameters yir,oi, yif,of, yof,oi and yir,or are computed through the po
sitions of the instant centers on the motion plane (see Eq. (6) of Ref. [27]). 

2.2.2. Hel-Tra case 
In this case, if link r coincides with link f, then q̇ and ṡ are ωif and νof, respectively, and Eq. (3a) must be considered together with the 

particular disposition of the ISAs (see Table 1 and Fig. 2b); otherwise (i.e., if r∕=f), q̇ and ṡ are ωif and νor, respectively, and Eqs. (17a) 
and (17b) must be considered according to the ISA disposition (see Table 2 and Fig. 4). 

If link r coincides with link f, the analysis of Eq. (3a) reveals that coefficient a is equal to zero (i.e., a serial singularity occurs) when 
yif ,oi = 0, that is, at mechanism configurations (see Eq. 3c) where ISAif coincides with ISAoi; whereas, coefficient b of Eq. (3a) is equal to 
zero (i.e., a parallel singularity occurs) when ‖ uif × τof‖= 0, that is, at mechanism configurations where ISAif is parallel to the 
translation direction of the output link (i.e., where uif = ±τof ). 

If link r is different from link f, the six relative motions among the four links are associated to the ideal line ISAor and to the five 
finite lines ISAir, ISAfr, ISAoi, ISAof, and ISAif that must satisfy the following geometric conditions (see Fig. 4 and formulas (15d)):  

- ISAof must be parallel to ISArf;  
- ISAoi must be parallel to ISAir;  
- the three lines ISAoi, ISAof and ISAif must share a common normal and can be either all parallel or all not parallel since they are 

associated to the relative motion among the triplet of links {i, o, f} [29]. 

Eq. (17a) covers all the possible ISAs’ dispositions, but the one where ISAoi, ISAof and ISAif share a common intersection and, at the 
same time, pif = poi, since coefficient a of Eq. (17a) becomes indeterminate (–––0/0) when this condition occurs. As a consequence, Eq. 
(17b), which has the same coefficient b as Eq. (17a), must be analyzed only with reference to this special case and uniquely to 
determine further singularities related to coefficient a. The analysis of Eq. (17a) reveals that a parallel singularity occurs (i.e., coef
ficient b is equal to zero or coefficient a goes to infinity) either if ‖ uir ×τor‖= 0 (i.e., at mechanism configurations where uir = ±τor) or 
if yof ,oi = 0 (i.e., at mechanism configurations where ISAof and ISAoi intersect one another); whereas, the same analysis brings one to 
the conclusion that a serial singularity occurs (i.e., coefficient b goes to infinity or coefficient a is equal to zero) either if yir,oi = 0 (i.e., at 
mechanism configurations where ISAoi coincides with ISAir) or if 

(
uif ⋅ uoi

)

(
uof ⋅ uoi

)yof ,oi − yif ,oi
(
uof ⋅ uif

)
=

(
poi − pif

)
‖ uof ×uif ‖ ⇒

cosαoi,if

cosαoi,of
yof ,oi − yif ,oicosαof ,if =

(
poi − pif

)
sinαof ,if (33) 

It is worth stressing that, if the five finite ISAs are all parallel5 (e.g., as it happens in planar single-DOF mechanisms), Eq. (17a) 
becomes 

− vor
‖ uir × τor ‖

yir,oi
= ωif

yof ,oi − yif ,oi

yof ,oi
≡ ωif

yof ,if

yof ,oi
⇒ − vor ‖ uir × τor ‖ yof ,oi = ωif yir,oiyof ,if (34)  

which generalizes the IOR of single-DOF planar mechanisms (see Eq. (11’) and (27) of Ref. [27]) where any translation direction (i.e., 
any τor) lies on the motion plane and the ISAs are all perpendicular to the same plane, that is, ‖ uir ×τor‖ is always equal to 1. 

Eventually, if ISAoi, ISAof and ISAif share a common intersection and, at the same time, pif = poi, the analysis of coefficient a of Eq. 
(17b) reveals that the conditions uog ∕= ±uig and uof ⋅ (uog ×uig) ∕= 0 can be always satisfied by suitably choosing link g. Therefore, 
coefficient a of Eq. (17b) never goes to infinity and is equal to zero (i.e., a further serial singularity occurs) if ISAoi, ISAof and ISAif are all 
parallel, which, in this case, implies that they lie on the same finite line. 

2.2.3. Tra-Hel case 
In this case, if link r coincides with link f, then q̇ and ṡ are νif and ωof, respectively, and Eq. (4a) must be considered together with the 

particular disposition of the ISAs (see Table 1 and Fig. 2c); otherwise (i.e., if r∕=f), q̇ and ṡ are νif and ωor, respectively, and Eqs. (19a) and 
(19b) must be considered according to the ISA disposition (see Table 2 and Fig. 5). 

If link r coincides with link f, the analysis of Eq. (4a) reveals that coefficient a is equal to zero (i.e., a serial singularity occurs) when 
‖ uof × τif‖= 0, that is, at mechanism configurations where ISAof is parallel to the translation direction of the input link (i.e., where uof 

= ±τif ); whereas, coefficient b of Eq. (4a) is equal to zero (i.e., a parallel singularity occurs) when yof ,oi = 0, that is, at mechanism 
configurations (see Eq. 4c) where ISAof coincides with ISAoi. 

If link r is different from link f, the six relative motions among the four links are associated to the ideal line ISAif and to the five finite 
lines ISAir, ISAor, ISAoi, ISAof, and ISAfr that must satisfy the following geometric conditions (see Fig. 5 and formulas (20a)):  

- ISAoi must be parallel to ISAof; 

5 It is worth stressing that, since ISAof is parallel to ISArf and ISAoi is parallel ISAir, if ISAoi, ISAof and ISAif are all parallel, then all the five ISAs 
must be parallel. 
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- ISAir must be parallel to ISAfr;  
- the three lines ISAoi, ISAor and ISAir must share a common normal and can be either all parallel or all not parallel since they are 

associated to the relative motion among the triplet of links {i, o, r} [29]. 

Eq. (19a) holds for all the possible ISAs’ dispositions, but the one where ISAoi, ISAor and ISAir share a common intersection and, at 
the same time, por = poi, since coefficient b of Eq. (19a) becomes indeterminate (–––0/0) when this condition occurs. As a consequence, 
Eq. (19b), which has the same coefficient a as Eq. (19a), must be analyzed only with reference to this special case and uniquely to 
determine further singularities related to coefficient b. The analysis of Eq. (19a) reveals that a serial singularity occurs (i.e., coefficient 
a is equal to zero or coefficient b goes to infinity) either if ‖ uof ×τif‖= 0 (i.e., at mechanism configurations where uof = ±τif ) or if yir,oi 

= 0 (i.e., at mechanism configurations where ISAir and ISAoi intersect one another); whereas, the same analysis brings one to the 
conclusion that a parallel singularity occurs (i.e., coefficient a goes to infinity or coefficient b is equal to zero) either if yof ,oi = 0 (i.e., at 
mechanism configurations where ISAoi coincides with ISAof) or if 

(uor ⋅ uoi)

(uir ⋅ uoi)
yir,oi − yor,oi(uir ⋅ uor) = (poi − por) ‖ uir ×uor ‖ ⇒

cosαoi,or

cosαoi,ir
yir,oi − yor,oicosαir,or = (poi − por)sinαir,or (35) 

It is worth stressing that, if the five finite ISAs are all parallel6 (e.g., as it happens in planar single-DOF mechanisms), Eq. (19a) 
becomes 

− vif
‖ uof × τif ‖

yof ,oi
= ωor

yir,oi − yor,oi

yir,oi
≡ ωor

yir,or

yir,oi
⇒ − vif ‖ uof × τif ‖ yir,oi = ωoryof ,oiyir,or (36)  

which generalizes the IOR of single-DOF planar mechanisms (see Eqs. (16’) and (29) of Ref. [27]) where any translation direction (i.e., 
any τif) lies on the motion plane and the ISAs are all perpendicular to the same plane, that is, ‖ uof ×τif‖ is always equal to 1. 

Eventually, if ISAoi, ISAor and ISAir share a common intersection and, at the same time, por = poi, the analysis of coefficient b of Eq. 
(19b) reveals that the conditions uog ∕= ±uig and uir ⋅ (uog ×uig) ∕= 0 can be always satisfied by suitably choosing link g. Therefore, 
coefficient b of Eq. (19b) never goes to infinity and is equal to zero (i.e., a further parallel singularity occurs) if ISAoi, ISAor and ISAir are 
all parallel, which, in this case, implies that they lie on the same finite line. 

2.1.4. Tra-Tra case 
In this case, if link r coincides with link f, then q̇ and ṡ are νif and νof, respectively, and Eq. (5a) must be considered together with the 

ISAs’ disposition (see Table 1 and Fig. 2d); otherwise (i.e., if r∕=f), q̇ and ṡ are νif and νor, respectively, and Eq. (25a) must be considered 
together with the ISAs’ disposition (see Table 2 and Fig. 6). 

If link r coincides with link f, the analysis of Eq. (5a), where link j is any fourth link chosen so that it performs a helical motion with 
respect to link f with an ISAjf that is neither parallel to τif nor parallel to τof, reveals that coefficient a is equal to zero (i.e., a serial 
singularity occurs) only when yjf ,jo = 0, that is, at mechanism configurations where ISAjf coincides with ISAjo; whereas, coefficient b of 
Eq. (5a) is equal to zero (i.e., a parallel singularity occurs) only when yjf ,ji = 0, that is, at mechanism configurations where ISAjf 
coincides with ISAji. 

If link r is different from link f and cannot be freely chosen, the analysis of Eq. (25a) reveals that coefficient a is equal to zero (i.e., a 
serial singularity occurs) when either yrf ,of = 0 (i.e., at mechanism configurations where ISArf coincides with ISAof) or ‖ uoi ×τif‖= 0 (i. 
e., at mechanism configurations where uoi =±τif ); whereas, coefficient b of Eq. (25a) is equal to zero (i.e., a parallel singularity occurs) 
when either yrf ,ri = 0 (i.e., at mechanism configurations where ISArf coincides with ISAri) or ‖ uoi ×τor‖= 0 (i.e., at mechanism con
figurations where uoi = ±τor). 

2.3. Procedure for determining the singularities 

The serial-/parallel-singularity conditions identified in Section 2.2 are all the possible ones that can occur in a single-DOF spatial 
mechanism. They include also all the special cases in which the mechanism is of a particular type (e.g., spherical or planar). Of course, 
a mechanism configuration that simultaneously satisfies a parallel-singularity condition and a serial-singularity condition is a type-III 
singularity [2]. Such conditions are listed in Table 3 for the case r = f and in Table 4 for the case r ∕= f. 

These conditions are geometric and analytic at the same time, since they are written by using geometric parameters of ISAs’ lo
cations that can be implicitly or explicitly expressed as functions of the generalized coordinate, q, of the single-DOF mechanism. 
Accordingly, they can be used by implementing either geometrically or analytically the following singularity analysis procedure:  

i) according to the IOR type (i.e., Hel-Hel, Hel-Tra, Tra-Hel, Tra-Tra) that must be analyzed, the specific singularity conditions are 
selected among the ones reported in Tables 3 and 4 and the ISAs that appear in them are identified;  

ii) the geometric parameters of the ISAs identified at step (i) are geometrically (e.g., through a 3D drawing of a CAD system) or 
analytically (e.g., by solving the closure equations of the mechanism) related to the mechanism configuration; 

6 It is worth stressing that, since ISAir is parallel to ISArf and ISAoi is parallel ISAof, if ISAoi, ISAor and ISAir are all parallel, then all the five ISAs 
must be parallel. 
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iii) the singular configurations of the studied mechanism are identified by imposing the singularity conditions selected at step (i) 
either geometrically (e.g., by moving the 3D model of the mechanism in the CAD system) or analytically (i.e., by using the 
singularity conditions to write equations with the generalized coordinate, q, as unknown and, then, solving such equations). 

3. Results 

The proposed technique for identifying singular configurations of single-DOF spatial mechanisms is applied to an RCCC mechanism 
(Fig. 7). An RCCC mechanism features four binary links sequentially connected through one revolute (R) pair and three cylindrical (C) 
pairs to form a single loop. In the literature [29,36], RCCC mechanisms are somehow a benchmark for testing ISA-based algorithms 
since they have been extensively studied (see, for instance, Refs. [38–41]). 

With reference to Fig. 7, links 2 and 4 are chosen as input and output links, respectively; link 1 is chosen as reference link both for 
the input and the output links, and link 3, which imposes u43 ∕= ±u32 by construction (see Fig. 7), plays the role of the possible fourth 
link to use when applying the above-deduced formulas. In short, the above-reported formulas can be particularized to the studied case 
with the following positions: i=2, o=4, f=r=1, and g=3; also, ω21 and ω41 are the input and output rates, respectively. The step-by-step 
implementation of the procedure presented in Section 2.3 is reported below. 

3.1. Step (i) 

Since f=r=1, and since the involved kinematic pairs impose that the input motion (i.e., motion 21) and the output motion (i.e., 
motion 41) are both helical motions, the singularity conditions to apply must be sought in the row of the Hel-Hel case of Table 3. 
Moreover, the availability of link 3 with u43 ∕= ±u32 brings one to select, in Table 3, condition (s3.3), as serial-singularity condition, 
which, in the studied case, becomes 

u21 ⋅ (u43 × u32) = 0, (37)  

and condition (p3.2), as parallel-singularity condition, which, in the case under study, becomes 

u41 ⋅ (u43 × u32) = 0 (38) 

The analysis of Eqs. (37) and (38) reveals that they involve the following ISAs: ISA21, ISA41, ISA32, and ISA43. 

3.2. Step (ii) 

Since the four ISAs (i.e., ISA21, ISA41, ISA32, and ISA43) identified in step (i) are all joint axes, their poses are immediately found 
either geometrically through a simple inspection of the mechanism drawing (Fig. 7) or analytically after having solved the system of 
constraint equations of the mechanism. 

From a geometric point of view, Fig. 7 implements this step since it shows both the mechanism configuration and how these four 
ISAs are related to the mechanism configuration. From an analytic point of view, the constraint-equation system of an RCCC mech
anism can be solved in closed form as reported, for instance, in [29,42] and provides at most two solutions; the solution of the 
constraint-equation system immediately gives the locations of the sought-after ISAs. 

3.3. Step (iii) 

From a geometric point of view, Eq. (37) is satisfied (i.e., a serial-singularity occurs), if u21 (i.e., ISA21), u32 (i.e., ISA32), and u43 (i. 
e., ISA43) are all parallel to a unique plane. With reference to Fig. 7, such a condition can occur, if and only if n123 =±n432. Fig. 8 shows 
an RCCC configuration where this condition is satisfied. 

Differently, Eq. (38) is satisfied (i.e., a parallel-singularity occurs), if u41 (i.e., ISA41), u32 (i.e., ISA32), and u43 (i.e., ISA43) are all 

Table 3 
Enumeration of the singularity conditions for the case in which link r coincides with link f (i.e., r = f).  

r = f 
Case Serial-Singularity Conditions Parallel-Singularity Conditions 

Hel-Hel 
s3.1)(uof ∕= ±ufi)&

(‖ uof × ufi‖

uof ⋅ ufi
=

yif ,oi

pif − poi

)

s3.2)(uof = ±ufi)&(yif,oi = 0)
s3.3)(uog ∕= ±uig)&(uif ⋅ (uog × uig) = 0)

p3.1)yof ,oi = 0 
p3.2)(uog ∕= ±uig)&(uof ⋅ (uog × uig) = 0)

Hel-Tra s3.4)yif ,oi = 0 (i.e., ISAif ≡ ISAoi) p3.3)uif = ±τof    

Tra-Hel s3.5)uof = ±τif p3.4)yof ,oi = 0 (i.e., ISAof ≡ ISAoi)

Tra-Tra s3.6)yjf,jo = 0 (i.e., ISAjf ≡ ISAjo) p3.5)yjf,ji = 0 (i.e., ISAjf ≡ ISAji)

R. Di Gregorio                                                                                                                                                                                                          



Mechanism
andMachineTheory189(2023)105438

18

Table 4 
Enumeration of the singularity conditions for the case in which link r is different from link f (i.e., r ∕= f).  

r ∕= f 
Case Serial-Singularity Conditions Parallel-Singularity Conditions 

Hel-Hel s4.1)(uof ∕= ±uir)&(uof ⋅ (uif × uir) = 0)

s4.2)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

¬((poi = pri = pfi)&(Q′
oi ≡ Q′

if ≡ Qof )&(Qoi ≡ Q′
ri ≡ Qor))

&

(uof ∕= ±uir)

&
⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

(poi − pfi) ‖ uof × ufi ‖ +yif ,oi(uof ⋅ ufi) = yof ,oi
uif ⋅ uoi

uof ⋅ uoi

∨

‖ uor × uir‖

uor ⋅ uir
=

yir,oi

pri − poi

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

s4.3)

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

¬((poi = pri = pfi)&(Q′
oi ≡ Q′

if ≡ Qof )&(Qoi ≡ Q′
ri ≡ Qor))

&
(uif‖uof‖uoi‖uir‖ uor ‖)

&
((yir,oi = 0) ∨ (yif,of = 0))

p4.1)(uof ∕= ±uir)&(uor ⋅ (uof × uir) = 0)

p4.2)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

¬((poi = pri = pfi)&(Q′
oi ≡ Q′

if ≡ Qof )&(Qoi ≡ Q′
ri ≡ Qor))

&

(uof ∕= ±uir)

&
(

(yof ,oi = 0) ∨
(

(poi − pri) ‖ uor × uir ‖ +yir,oi(uor ⋅ uir) = yor,oi
uir ⋅ uoi

uor ⋅ uoi

))

p4.3)

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

¬((poi = pri = pfi)&(Q′
oi ≡ Q′

if ≡ Qof )&(Qoi ≡ Q′
ri ≡ Qor))

&
(uif‖uof‖uoi‖uir‖ uor ‖)

&
((yof ,oi = 0) ∨ (yir,or = 0))

Hel-Tra 
s4.4)(yir,oi = 0) ∨

(
(uif ⋅ uoi) yof,oi

(uof ⋅ uoi)(uof ⋅ uif )
− yif ,oi = (poi − pif )

‖ uof × uif‖

(uof ⋅ uif )

)

s4.5)ISAif ≡ ISAoi ≡ ISAof 

p4.4)(uir = ±τor) ∨ (yof,oi = 0)

Tra-Hel s4.6)(uof = ±τif ) ∨ (yir,oi = 0)
p4.5)(yof ,oi = 0) ∨

( (uor ⋅ uoi) yir,oi

(uir ⋅ uoi)(uir ⋅ uor)
− yor,oi = (poi − por)

‖ uir × uor‖

(uir ⋅ uor)

)

p4.6)ISAir ≡ ISAoi ≡ ISAor    

Tra-Tra s4.7)(yrf,of = 0) ∨ (uoi = ±τif ) p4.7)(yrf ,ri = 0) ∨ (uoi = ±τor)
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parallel to a unique plane. With reference to Fig. 7, such a condition can occur, if and only if n341 = ±n432. Fig. 9 shows an RCCC 
configuration where this condition is satisfied. 

From an analytic point of view, u21 and u41 are known constant unit vectors, since ISA21 and ISA41 are lines fixed to link 1 (see 
Fig. 7). The solution of the constraint-equation system (i.e., step (ii)) has provided the explicit expressions of u32 and u43 as functions of 
the joint variable of the R-pair, say θ21, which, here, plays the role of input variable. Such explicit expressions, which are reported in 
[29], when introduced into Eq. (37) (Eq. (38)) together with u21 (u41), transform Eq. (37) (Eq. (38)) into one scalar equation in one 
unknown (i.e., θ21) whose solution provides the values of θ21 corresponding to the serial (parallel) singularities. 

4. Discussion 

In the above-presented case study, at a serial singularity, since a=0, ω41 (i.e., the output rate) is equal to zero whatever be the value 
of ω21 (i.e., the input rate), which brings the conclusion that, the C-pair connecting links 4 and 1 either makes link 4 translate with 

Fig. 7. An RCCC mechanism at a non-singular configuration (the six blue lines are the six ISAs associated to the six possible relative motions among 
the four links of the mechanism). 

Fig. 8. An RCCC mechanism at a configuration that satisfies Eq. (37) (i.e., at a serial singularity).  
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respect link 1 with τ41–––u41 and ν41∕=0, or keeps link 4 at rest with respect to link 1. Consequently (see Figs. 2b and 8), at a serial 
singularity, ISA42 and ISA21 must be parallel with ω42=− ω21 for the relative motion theorems [30]. Differently, at a parallel singularity, 
since b=0, ω21 (i.e., the input rate) is equal to zero whatever be the value of ω41 (i.e., the output rate), which brings the conclusion that 
the R-pair connecting link 2 and 1 is idle. Consequently (see Figs. 2c and 9), at a parallel singularity, ISA42 and ISA41 must be parallel 
with ω42=ω41 for the relative motion theorems [30]. 

This result can be generalized to all the Hel-Hel cases with f=r as follows: by including condition νof=0 (νif=0) among the possible 
translations, Fig. 2b, that is, ISAoi || ISAif and ωoi=− ωif, (Fig. 2c, that is, ISAoi || ISAof and ωoi=ωof,) geometrically identifies a serial 
(parallel) singularity that satisfies condition (s3.3) (condition (p3.2)) of Table 3. 

In addition, the analysis of the singularity conditions reported in Tables 3 and 4 reveals that most of them correspond to possible 
intersections or parallelisms or even coincidences of two or more ISAs. This observation is coherent and extends to spatial single-DOF 
mechanisms what is reported in the literature for planar and spherical single-DOF mechanisms [8,9,25–27,37]. 

Regarding the implementation of step (ii), sometimes, among the ISAs that are necessary to identify the singularity conditions, 
some ISAs, named “secondary” ISAs [29], that are not immediately localizable through a simple inspection of the mechanism 
configuration (e.g., ISA42 and ISA31 in Fig. 7) might be included. In these cases, the geometric or analytic relationships that relate them 
to the mechanism configuration and how they move during the mechanism motion are determinable directly through the technique 
illustrated in [29] or, indirectly, through the other ISA-determination techniques presented in the literature [35,36,43,44] 

Moreover, since, in a single-DOF mechanism with holonomic and scleronomic constraints, any secondary variable, s, can be 
implicitly or explicitly expressed as a function, s(q), of the unique generalized coordinate q, the following relationship holds (see Eq. 
(6)) 

ṡ =
ds
dq

q̇ ⇒
ds
dq

=
ṡ
q̇
=

a(q)
b(q)

(39)  

which leads to the conclusion that serial (parallel) singularities correspond to the extreme values of the output (input) variable7. As a 
consequence, the proposed methodology can be used to identify the extreme poses of the output (input) link during design of spatial 
single-DOF mechanisms and extends those techniques already used for planar single-DOF mechanisms (see, for instance, Refs. [25, 
26]). The determination of links’ or joints’ extreme positions is a relevant problem in mechanism synthesis and, for single-DOF 
mechanisms, it could be considered the main practical application of their singularity analysis. For the determination of such 
extrema in single-DOF spatial mechanisms, the literature provides a great number of ad-hoc analyses devoted to particular mechanism 

Fig. 9. An RCCC mechanism at a configuration that satisfies Eq. (38) (i.e., at a parallel singularity).  

7 The fact that single-DOF mechanisms’ singularities correspond to extreme positions of links or joints was first stressed by Hunt’s works (see [8] 
for details and Refs.). 
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types (see, for instance, Refs. [45–54]) and a few of general techniques [55–60]. Most of the proposed techniques algebraically ma
nipulates the mechanism closure equations to obtain a unique polynomial equation that contains only two motion variables, say q 
(input variable) and s (output variable); then, they determine the conditions that make two or more solutions of this equation, f(s,q)=0, 
coincide (e.g., by equating to zero the discriminant of a quadratic equation). Such a procedure is cumbersome to implement even for a 
specific mechanism type and cannot be generalized to all the mechanisms. Differently, by exploiting the fact that, at an extreme 
position, the output link stops (i.e., ṡ = 0) and inverts its motion, Baker et al. [55–57] formulated general techniques that use 
velocity-loop equations and screw systems to write them for any mechanisms. Since velocity-loop equations are always linear and 
homogeneous in the motion-variable rates, they are easy to manipulate for eliminating the rates of the motion variables that are 
neither input nor output variables, thus finding the analytic condition that identifies the extreme. With respect to these approaches, the 
one proposed in this paper further facilitates the determination of extrema by providing the exhaustive enumeration of the geometric 
conditions ISAs have to satisfy at extreme positions, which allows purely geometric analyses based on 3D CAD systems. 

Eventually, it is worth stressing that the case study clearly shows that the exhaustive enumeration of singularity conditions reported 
in Tables 3 and 4 makes the proposed technique really fast to implement by using 3D drawings generated through a CAD system. 

5. Conclusions 

The fact that the poses of instantaneous screw axes (ISAs) depend only on the mechanism configuration in single-DOF mechanisms 
has been exploited to devise a geometric and analytic technique for identifying the singular configurations of these mechanisms. 

The proposed technique extends to spatial single-DOF mechanisms those techniques, proposed for single-DOF planar mechanisms 
that are based on instant centers’ locations. As far as this author is aware, this extension is novel. 

In particular, the exhaustive enumeration of all the singularity conditions of these mechanisms has been deduced and used to 
identifies singularities either through 3D drawings or through analytic computations. To better illustrate the proposed technique, it has 
been applied to identify the singularities of an RCCC mechanism. 

The proposed methodology facilitates the determination of the extreme poses of links in spatial single-DOF mechanisms, which 
makes it of particular interest in mechanism synthesis. 
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