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ABSTRACT

We study the nonlinear almost compressible 2D Oberbeck-Boussinesq system, characterized by an extra buoyancy term where the density
depends on the pressure, and a corresponding dimensionless parameter f3, proportional to the (positive) compressibility factor o. The local
in time existence of the perturbation to the conductive solution is proved for any “size” of the initial data. However, unlike the classical
problem where By = 0, a smallness condition on the initial data is needed for global in time existence, along with smallness of the Rayleigh
number. Removing this condition appears quite challenging, and we leave it as an open question.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5102063

I. INTRODUCTION
In modeling convective phenomena, almost all available results of existence and stability are achieved in the Oberbeck-Boussinesq
(O-B) approximation."” 1121718 Ag js well known, in spite of the need of compressibility to produce convection, the peculiarity of this

approximation consists in keeping the incompressibility hypothesis V - ¥ = 0 (with ¥ velocity field of the fluid), while allowing for (lin-
ear) variation of density with temperature only in the term involving the external force (gravity). It must be noted that the O-B model
is pretty accurate even for gas flow although the corresponding instability prediction occurs at a threshold lower than that suggested by
experiments.

However, in the recent paper,”'” it was shown that the O-B model presents some basic drawbacks. In the first place, it was noted that any
change in the density would be at odds with the Gibbs law if dependence on p was not taken into account; in addition, such a dependence was
also necessary in order to avoid instability in wave propagation.

Thus, in order to make the O-B model more “natural” and accurate, in Ref. 9, among other things, it was proposed a rather general
approach, consistent with thermodynamical principles, that includes an extra buoyancy term depending on the pressure field. In other words,
the variation of the density, p, in the gravity force has the following expression:

p =po(1 —ao(T = To) + Po(p — po))

where T and p are the temperature and pressure fields, respectively. Moreover, po, To, and po are (constant) gauge density, tem-
perature, and pressure, respectively, while ag and fy are, respectively, the thermal expansion coefficient and the compressibility. We
assume that they are positive constants depending on the material. The classical O-B approximation is then reobtained by setting
Bo=0.

One important consequence of this more comprehensive scheme is that the well-posedness of the associated mathematical problem
requires now the pressure field to be treated as an independent unknown, satisfying a suitable elliptic problem and subject to Robin boundary
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conditions (see Ref. 3),
Vp-#i+Bop =0, on 0Q,

where 7 is the outer normal.

It is just this feature that makes the problem particularly interesting and more difficult than the classical one.*®

In order to test some significant aspects of the generalized model, in the joint paper,'® the second author has investigated its stability
predictions in the simple physical setting of the classical Bénard problem of a horizontal layer of fluid heated from below. Here, the basic state
So = (U, T, p)o consists of the fluid at rest, subject to a constant temperature gradient and a suitable corresponding pressure distribution. More
precisely, denoting by z the vertical coordinate, h the thickness of the layer, g the gravity, and T and To — 6T < T the temperatures at the
bottom and the top of the layer, we have that Sy is characterized by

v =0, T(z):To—a—Tz
- 1 (X()(ST — 1 (Xo(ST _ (11)
2) = po + py e P8R 4 2007 (] _ grushoz ——( z+1—eP"gﬁ"Z),
p(2) = po+py 7 Pogh( ) 5\

where the constant py is a gauge pressure, while py, is a prescribed value arising from the appropriate boundary condition on p. Note that this
basic solution is peculiar of the new model and reduces to that of the O-B one formally taking o: the first bracket tends asymptotically to
the first term of the second bracket. The main result proved in Ref. 3 states that, in the linear stability framework, convective rolls set in at
a Rayleigh number (basically, temperature gradient) less than the critical value predicted by the classical model. This result is shown under
“stress-free” boundary conditions on ¥, which we shall also adopt throughout this paper.

The main objective of this article is to perform a nonlinear analysis of the stability of the basic flow (1.1) and, as a necessary requirement,
to investigate the well-posedness of the associated initial-boundary value problem for the perturbation fields. We shall be concerned with 2D
perturbations. The reason of this choice is because, unlike the analogous problem for the classical O-B model, this case already presents an
unusual feature. More precisely, the proof of global existence of strong solutions can be seemingly obtained only by restricting the size of the
energy—namely, the L?-norm—of the initial data (and, of course, of the relevant dimensionless parameters). As a matter of fact, even the
existence of weak solutions appears difficult to establish because of the lack of a uniform bound of the energy on a time interval of arbitrary
length. The reason for this unexpected, somehow, situation is due to the fact, mentioned earlier on, that the pressure is now an independent
unknown satisfying a suitable elliptic problem under Robin boundary conditions. More importantly, it enters the linear momentum equation
no longer just in a gradient form [see (2.1),]. We leave it as an interesting open question whether global weak and/or strong solutions can be
obtained without restricting the size of the initial data. In fact, it would be of some interest to find out whether smallness of the initial energy
is just a mathematical requirement or else a necessary physical property.

It is worth remarking that the extension of our result to the 3D case, under analogous restrictions on the initial data, does not present
conceptual difficulties and will be treated elsewhere.'

The plan of this paper is as follows: In Sec. I1, we formulate the nonlinear stability problem; moreover, we recall some previous findings
and prove a number of basic properties for the pressure field. In particular, we show unique solvability for the pressure equation, on a condition
that the material constant 3 is less than 27. Note that such a restriction was also needed in the linear analysis.” In Sec. 111, we devote our effort
to the proof of existence for the nonlinear perturbation problem. We exploit the usual techniques of functional analysis applied to the study of
these types of questions.””-'»!* In particular, we derive several a priori “energy” estimates and couple them with the classical Gélerkin method
with a special basis to prove the existence of solutions. For all Rayleigh numbers and initial data of arbitrary “size,” it is shown that a strong
solution (in the sense of Ladyzhenskaya; see, e.g., Ref. 12) does exist for some time interval [0, T'), where T can be estimated in terms of the
initial data. However, if only the L*-norm of these data is sufficiently small and the Rayleigh number is below a certain constant, then we can
take T = oo. Furthermore, we show that, in such a case, all solutions must decay to zero, as time increases, exponentially fast, thus also proving
the nonlinear stability of the state (1.1).

Il. PRELIMINARY RESULTS

We begin to introduce some notation. We recall that the layer is bounded in the z (vertical) direction and unbounded and invariant in
the x-direction. The observed convective rolls are also invariant in the y-direction and can be described by x-periodic functions. Then, the
relevant region of flow can be written in nondimensional variables as

Q:={(x,y.2) € R’ :z¢(0, 1)}.

Since we are interested in 2D flow, we restrict the spatial domain to the periodicity cell Qo = {(x, z) € (0, 1) x (0, 1)}.

Definition 2.1. (Mean value of f)

1

(f):mfﬂof(x,z,t)dxdz
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For the derivates, we write O:¢ := g—‘g(:: ¢¢) for any variable & € {x, z, t} and analogously for higher order derivates. We denote the

material derivate by % or by a superposed dot.The starting point of our analysis is the (nondimensional) system governing the evolution of
the perturbation (9, 7, P) to the basic state (1.1) (see Ref. 3, p. 5),

V-0 =0,
(% +9- VD) = ~VP - pPk+ Av + Rark, @.1)
%+17 Vr-Ar=%-k

where k is the upward unit vector and P = p — p(z), with p(z) given in (1.1). Moreover, Pr := % and Ra := “”gghj are Prandtl and Rayleigh

numbers, and D is the diffusivity, while 8 := pogBoh.
We endow the above system with stress-free boundary conditions for the velocity field ¥ and (homogeneous) the Dirichlet boundary
condition for 7. Thus, we obtain the following set of side requirements:

v°(x,0,t) = v°(x,1,¢) = 0, (2.2)
v3(x,0,t) = v5(x,1,¢) = 0, (2.3)
7(x,0,t) = 7(x,1,¢) = 0. (2.4)

By taking the divergence of (2.1),, one necessarily get an equation for P as unknown
1
AP+ BP, = V" (¥ - V) + Raty, (2.5)
r

with Robin’s boundary conditions
P.(x,0,1) + fP(x,0,1) = P.(x,1,t) + BP(x, 1,1) = 0. (2.6)

Herein, we are going to show that the existence of a solution P for this problem is also sufficient to solve (2.1). To this end, as done in Ref. 3,
we set IT = Pe® and face the system

AT - BIL, = - LV - (3 V) + Rae 1,

(90 +5- V) - A = ~V(e #II) - Pe PIIk + Rark, 2.7)
%+17-VT—AT=’U-];,
still with conditions (2.9), (2.2), and (2.4) and with Neumann conditions for IT on 9€),

I1:(x,0,¢) = TII(x, 1,£) = 0. (2.8)

We underline that one cannot get rid of (2.5) in the present context, which is a full coupling context, so that (2.5) has to be inserted in system
(2.1). Note that ¢ is just a parameter for the elliptic problem given by (2.7); and (2.8) for data (9, 7).
In addition, we shall assume periodicity in the x-direction. Finally, we append the initial conditions

(9(x,2,0), 7(x, 2,0)) = (Vo(x, 2), To (%, 2)). (29)
We are going to prove the existence for IT in
F:={peL*(Qo): (p) =0, periodicin x, &JI[=0 in z=0,1}.

In F for (m, n) € Ny x N, we have the basis

i _ | cos(2mmyx) cos(nnz), if i=1,
Pun(%,2) = { sin(2nmx) cos(nnz), if i=-1. (2.10)
Remark 2.1. All the functions in this basis have mean value zero.
For the “temperature” field 7 and the stream function ¢, associated with ¥ by
X z
v =-¢; V= Px,
J. Math. Phys. 60, 113101 (2019); doi: 10.1063/1.5102063 60, 113101-3
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we can use
fi (6.2) = cos(2mmx) sin(nnz), if i=1, 1)
%) = sin(2nimx) sin(nnz), if i=-1. ’

In the periodicity cell, which is bounded, we use the Lebesgue and Sobolev spaces which are denoted by L? (with the norm |.||,) and whd
(with the norm ||.{|;,).

We construct Sobolev spaces starting from bases (2.10) and (2.11). We define W’Ifj’z(Qo), k =0, 1, 2 as the closure with respect to the
W*2(Qp)-norm of finite combinations of elements of the basis (2.10). We denote by Wj? the subspace generated by the closure of the linear
hull of (2.11) in the Wk’z(Qo)-norm, for k = 0, 1, 2. Analogously, we denote by )/VIBZ(QO) with k = 0, 1, 2 the linear hull of the vectorial
divergence-free functions obtained from (2.11) taken as stream functions and afterward closed by the W*52(Qo)-norm for k=0, 1, 2. Ifk = 0,

we denote these spaces as Hp(Qo) and Hp(Q), respectively.
As customary, in L*(Qp), we use the scalar product

(u,v) := / uv dxdz.
Qo

We recall the Bochner spaces L((0, T); W™ (Qy)), i.e., LI functions on the interval (0, T) defined in the Sobolev space W"?(Qo) with norm

T . ;
il gy ::( fo ||u(t)”m)de) ,

[t]co,mp :=ess sup |u(t)]mp.
te[0,T]

We also recall some inequalities, holding true in Qg: the Poincaré inequality (Ref. 3, p. 12) for I,

I < o |vr]

25— 2

the Poincaré inequality for the vectorial field ¥, which can be found in Ref. 5,
19]2 < [ VD2,

and for 7 (see Ref. 3),

1
Il < —=— [Vl

Moreover, in order to deal with the nonlinearities in two dimensions, use will be made of Ladyzhenskaya’s inequality (see Ref. 5),

R 1 ia; L
194 < 7 1315 vl -

Moreover, we know that the norms of Oxx, 0,y are equivalent to the full set of the second derivatives. In particular,
< 1a5s < |D%]2 < § Jas] (.12)
—|AD|2 < |D7V|2 < —|AD2, .
16 2 254 2

and the same for 7. The proof can be found in Ref. 3.

Still in Ref. 3, the reduced system,
{ ATI-BIL =é7f  in Qo 213

I1,(x,0) =II,(x,1) =0 for xeRR,

allows for zero mean value periodic solutions in Wyx*(Qo) if (f) = 0; in this way, the linear differential operator is invertible. We give here a
shorter proof under more general conditions than in Ref. 3.

Theorem 2.1. Letfe L2 (Q), and assume 0 < B < 2m. Then, problem (2.13) with homogeneous Neumann conditions has a unique x-periodic
solution T1 € W>*(Qyo) such that (I1) = 0 and the following estimates hold true:

2

oo 1 1. (2.14)

|vi), <

2 JATI]|> <

1
eﬂz
—/5H f

2
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Proof. We introduce the test function space

H:= {(p e W(Qo) : /QO(P = 0}.

By multiplying both sides (2.13); by ¢ € H, integrating by parts over Q (x-periodicity) and taking into accounts the boundary conditions, we
formally obtain

a(IL, 9) = (VIL, Vo) + f(IL, ¢) = (¢ f,9) forall ¢eH. (2.15)
This is a weak form of (2.13), and a(Il, ¢) is a bounded bilinear form because
(VIL V) + (L, ¢) < [ VIT|2|Voll2 + B[ VIT[2 [ < C[TT]12] ¢]12.
Furthermore, by Cauchy-Schwarz and Poincaré inequalities,
a(IL II) = (VIL, VII) + B(IL,, IT) > (VII, VII) - B(IL,, IT), (2.16)
> vnf- £ HZ:(1—£) I
2 VI - | VII[; o )1val:
Existence and uniqueness then come from (2.16) by the Lax-Milgram theorem if § < 27. O

In Sec. I1], to construct the solution of the full system, we need an explicit expression of the solution IT of problem (2.13) and we can use
the corresponding coefficients of the basis functions (2.10) as given in Ref. 3 since the data verify the condition ( f) = 0. Actually, the property
holds true because if the data of (2.13) are taken from the full system, then from the boundary conditions one sees

() = 5 {V (8- VD)) + Rafr.) = 0. (2.17)
Now, we prove a further estimate as follows:
Lemma 2.1. Assume 3 < 21 and let T € W**(Q) be the unique zero mean value solution of
AT - BII, = &V - w, (2.18)
with Neumann conditions at z = 0, 1 and x—periodic conditions: if w-n =0 and 0 € W1’2(Qo), then
ITT]2 < c(B) | ]2, (2.19)
where c(f) is a constant increasing with 3 and bounded from below.

Proof. We choose test functions such that

(AII - BIL, y) = (IL, Ay + Byz). (2.20)
Actually,
(AIL y) - B(IL,, ) = (2.21)
o(ITy)
/Q 0 [v (YVIL-TI7Y) - f= ] + (I, Ay) + AL y2). (2.22)

Once the Neumann conditions on IT are stated, then the boundary term vanishes in two cases: if y verify Robin’s conditions
Vy-i+py=0, z=0,1,

on both boundaries and if v is constant, this last possibility is irrelevant: actually if we want to estimate the L*-norm of a zero mean value
function by the Riesz theorem, then constant test functions give no contribution since they lie in the kernel of the functional.
Therefore, we just need to show that R(f8) > 0 exists such that

[Tz = sup |(ILg)[ = sup |[(IL¢ ~{p))[ = sup [(IL, Ay + fyz)| (2.23)
lgll<1 lll2<1 lvl22<R
because (I1, (¢)) = (@)(II) = 0. Hence, let us look for y verifying Ay + By, := ¢ — (¢) with Robin’s boundary condition. If we make the
substitution ¥ = e "y, by Ref. 3, the equation above with Robin’s condition is equivalent to (2.13) with Neumann conditions. Hence, from
Theorem 2.1, a mean value zero solution ¥ exists and is unique. In this way, we proved (2.23): for all ¢, we can write y = ¢*¥.
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Now, we want to estimate the left-hand side of (2.20) by the right-hand side of Eq. (2.18) tested by y € W**(Qy),
(A1 - BIL, y) = (V - (") - B w?, v)
fﬂ V- (ll/eﬁzw) dQo - (eljzlf), Vy) - (ﬂeﬁzwz, V).

S+ plallyia.

IN

Here, the boundary term vanishes by the hypothesis on .
Finally, we can write

)2 = H SHUP |(TL Ay + Byz)| < ” SHHP L+ Plw]2 vl < 1+ PR| w2 (2.24)
¥l22<R ¥l22<R

(|
Remark 2.2. If the right-hand side of (2.18) contains terms of the kind W = ¥ - VU with stress-free and impermeability conditions on ¥

(besides of the periodicity in x), their inner product with y € W>*(Qo) allows several applications of the Gauss theorem with boundary integrals
each time vanishing. One easily sees

/(;Oeﬁzv.(ﬁ.vﬁ)l//:—fgoeﬂzﬁv.(vzﬁ)w+v-(q7®ﬁ)-VV,] _
- fQ P B y + 28075 - Vy + 5 - (DPy) - 7]

< B+ 1°5]3]]2e. (2.25)

The estimate so obtained is the generalization of the classical one

lplz < clali

holding at 8 = 0 for the classical O-B approximation. This is due to the particular boundary conditions and the particular domain (bounded in
one direction and with flat boundaries).

Finally, estimate (2.14) too can slightly be changed by considering f = V - w with @ - 7 = 0 at the boundary,

()

II|, <
Ivrls < 572

|| (2.26)

Remark 2.3. In Ref. 3, it was observed that system (2.1) with the boundary conditions (2.2) and (2.3) is satisfied if ¥ = ¢, 7=0,andI1=0
so that for all ¢ > 0, it is the basic solution. The constant c is an arbitrary real number so that this class of solutions corresponds to the Galilean
invariance of the equation, and we can call it null solution (although it is not exactly the rest state).

In fact, if we define a subspace by the condition Il = 0,0x = 0 and 1, = 0, the full-system projects in such a subspace since it becomes
linear. For any size of the dimensionless parameters and of the initial data, one can find particular solutions of (2.1) in the form (I1,9, 1)
= (G(z, 1), A(z, )i, T (z, t)). Such solutions have to verify

Y ag _ aT
94 - B% -Rad* L

2
%% _ % -0 (2.27)

T _ &T _

ot oz2

Actually, for any Ra, Pr, and 8 positive, problem (2.1) with arbitrary f, g € Wm’Z(O, 1and meN,
v (%,2,0) = f(2),
v*(x,2,0) = 0,

7(x, 2,0) = g(2),
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has a unique global solution

5 e L™((0,00); W™(0,1)),

T e L((0,00); W™*(0,1)).

Such solutions are clearly

= Zi (folf(s) cos(nms) ds) cos(nﬂz)e—pmzﬂzr.

n=1
For T and G, we can write as in Ref. 16

T= Zi ([0 1g(5) sin(nms) ds) sin(nﬂz)e—nzﬂzt.

n=1
g= e_ﬁzl//, where W _ Rad*T
so that
oo —nzﬂzt 1
G=Gy+ 2Raz Ay (/ g(s) sin(nms) ds) (/3 sin(nmnz) + nn(eiﬂz - cos nnz)), (2.28)
0
where G is a constant.
11l. BASIC APRIORI ESTIMATES
A. First a priori estimate
This estimate leads, as we prove in Sec. I1I B, to a solution such that
I € L*(0, T; L*(0, T)),
¥ € L™ (0, T; H(Q0)) N L*(0, T; Wi (Q)),
7€ L (0, T; H(0)) 1 L*(0, T; W5 (Q0)),
for bounded T which becomes unbounded as 8 goes to 0.
From the estimate (2.19) and by the Remark 2.2, we have
1.
It < Cp) 5 1913 + Ral ol | G

where we denote by C(f3) any, possibly different, function of § such that éirr(} C(B) =ceR,.

As customary, we introduce the energy

Now, we formally test (2.1) with (%, 7), and then, we multiply the third equation by Ra; we use Ladyzhenskaya and Poincaré inequalities and
sum

d —pz z z
SEO+ V5|3 + Ra| V|3 = -Ble*II,v%) + 2Ra(r, v")

< BIT2[[9]2 + 2Ra 7]2 [

/3C ﬁ
|5]3]5]> + Ra(BC(B) +2) | ]2 5]
C2 ) Vv B2 7|)?
ﬁzp 2[3 H H‘21+ H 5 HZ +(/3C(ﬁ)+2)Ra ” 2”2 + ” 2”2 )
Finally,
dE(t \%
IVOL: | pajye|2 < ) + ), (32)
dt 2
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(3.3)

Now, choosing a positive € < 1 and disregarding the positive definite functions on the left-hand side, we can integrate the inequality and the

outcome is
EQEO0) +1) _
EQ)E@®)+1) ~

It follows
ct E(0) !
EO)+1 ~ E(t)+1’

ct 1/c
¢ E(0) [(E(O)+1)]
Et) s ————— Vit < 2T :=1 . 34
e O < 6|\ "E©) (34)
Now, E(t) is bounded as follows:
E(0)(E(0)+1
E(t) < OEO+D . vygoy  veefo,1]. (3.5)
1+ E(0) — VE(0)(E(0) + 1)
Then, by inserting (3.5) in (3.2) and integrating in [0, T],
T 2C E(0) + 1 )]*c
2 2 2
dt < —————— ! E(0) := N 3.6
S vl 1veidde < ot (e Mtog| (Fp )] B0 =M (6)
where we put T as defined in (3.4), M is as in (3.5) and tends to 0 if E(0) does.
B. Second a priori estimate
This estimate gives further regularity to any solution verifying the first one. In particular,
I e L*((0, T); L*(0, T)),
¥ € L ((0, T W5 (Q0)) 0 L*((0, T W5 (Q0)),
oo 1,2 2 2,2
7€ L7((0, T); Wp"(Q0)) n L7((0, T); W5 (Q0)).
Now, we test with AY and A7 and we again insert (3.1),
14 I8]2 + |A3]2 = (5 - Vo, A6) - Be PTTk, AT) ~ Ra(rh, AD), (3.7)
2Pr dt Pr
1d 2 2 - z
5 71Vl + A7l = (- v, A7) - (0, A). (3.8)
Next, we focus on the nonlinear terms; for arbitrary positive ¢, one can write
1
(@ v5,00) <[5l Vol a3l < Z=191" Vo121 4313
T STt
3
Dl RTINS
4/2¢4 42
. - | - -
@ Va0 < [olaVelalarl < =019 31 Vel arl”
S 12 o2 2
BIVBIVe: | 3 e
44/2¢* 42
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=112 2
D(t) = Vo3 +Ra HVT”z'
2Pr 2

We can write
d
dt

3
D) + (1 - & 52) |AB 3 + +(1 - Ra|At|; < G [[3[3D%(t) + CsD(1), 3.9

3 84/3)
4/2Pr 42

where the last two terms on the left-hand side are positive provided ¢ is sufficiently small, while C; depends on §, Pr, ¢, and C3 depends on Ra,
Pr, 3, e

By (3.5), we know that |||3 is uniformly bounded in [0, T], and by (3.6), one also has D(t) € L*(0, T). As a consequence, by using a
generalized Gronwall argument,

%D(t) < CeMDA(t) + C3D(t) := Mo(D*(t) + D(2)), (3.10)

where M, depends on Pr, Ra, f, and E(0). As we did to get (3.5), we obtain

D(0)(D(0) +1) .
D(t) < 1+D00) - VDOBO 1D M(D(0)). (3.11)

We put (3.11) in (3.9), and after integration we also achieve

EW0)+1
E(0)

fOT(HATn; +|AG]2) dt < Co(ME + M) log [( )]7 +D(0) = Ms, (.12)

where C4 depends on Ra, Pr, B¢, and E(0).

C. Third a priori estimate

Here, we show that the solution is in fact a Ladyzhenskaya solution. One gets
¥ € L*((0, T); Hp(Qo)),

7 € L((0, T); Hp(Qo)),

which implies, as a consequence,

T-VD e L*(0, T;L*(Qo)) sothat ITe L*(0, T; Wx*(Qo)).

In order to prove this, we test (2.1), with % and the nonlinear convective term vanishes by the boundary condition. Next, we apply Cauchy-
Schwarz and Ladyzhenskaya inequalities (when using (3.1) for the pressure) and get

1712 < (18015 + 9131 Vo5 + 7]1), (3.13)
where C depends on Ra, Pr, and f8. Analogously, for 7;, we simply have
Il < 201al3 + [3]3).

Now, since the norms on the right-hand side are bounded or integrable, we integrate the inequality in ¢ € [0, T] so getting

T 56
f (||T;t||§+||Tt||§)dt<C2(M4+MM1+Mlog(LOHl) )
0 E(0)

Finally, we prove two further energy inequalities allowing the existence of a global in time regular and stable solution for Ra and initial data
sufficiently small.
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Let us formally test (2.1) with (9, 7), and then, we multiply the third equation by Ra; we use Ladyzhenskaya and Poincaré inequalities and
sum to get

/5/3)

d . D]
b0+ ol R ol < 20 P ool « g+ S+ L2

In comparison with the first estimate, here we have just changed what comes from the II-term, i.e.,

#3151 < =51 95lal51: < = 121 913
At the end, for ¢ € (0, 1), we obtain
2
B0+ (1- B Gy - BEED D o a1 - SEDED g o 6.1

Now, we can prove

Lemma 3.1. Let the initial data for (2.7) belong to L3(Qo), B <2m Ra< (/3C(/3)+2)2 ,and E(0) < 16[32C2(/3)’ then one has
E(t) < e “'E(0),
+oo
Co [T (v3I5 + Raveld) e < ECO) (3.15)

where Cy = min{ =" — 28C(8)\/E(0),1}.

Proof. By the Poincaré inequality (since 1 < 572), for € € (0, 1), from (3.14), we get

dE(t) (P —ﬁC(ﬁ)\/_ W)

By taking Ra sufficiently small to have

W | 2 e+ )22 e <o (3.16)

RaPr(BC(B)+2) Pr (
N 2¢2 T 2e?

26’ -~ Ra(BC(P) +2)) > —
we achieve

dE o3 R
a0 (% - 2pcp /) Hsz + 2= 2(B0B) +2) 2 1l <. (3.17)

Just to fix the ideas, £ = 1/1/(BC(f) + 2) is compatible with all the previous restrictions and implies 2 — & (BC(B) +2) = 1. If moreover

2BCEVED) < - (3.18)

then

C(t) = min{% — 2BCBIVE®), 1}

is such that C(0) > 0. Therefore, by continuity, a maximal ¢* > 0 exists such that C(¢) is non-negative for ¢ € (0, t*). Inequality (3.17) now reads

dE
— +C(t)E(t) <0 (3.19)
dt
and implies that for ¢ € (0, t*),
E(t) < E(0). (3.20)
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By definition, if £* is a finite number, then C(¢*) = 0; this means that

BOBWER) = 2. (321)

2
If we put (3.21) in (3.18), we obtain

E(t") > E(0),

which is an absurdum since one could at most have E(t*) = E(0). We have so proved that since C(¢) is bounded from below as

0< 2 2pCp)VED) < 2 - 2pcp)V/ED,

then for all ¢ > 0,

% +CE®) <0, (3.22)

where Cy = C(0) is the minimum of C(t). Hence, the exponential decay follows and can finally be used to integrate (3.14) in (0, co) so getting

3.15). O

Remark 3.1. If B = 0, which is the classic O-B Bénard problem, the restriction on the initial data E(0) is unnecessary to get the exponential
decay.

Remark 3.2. Note that the rate of decay decreases as 3 increases.

We are now going to prove a last inequality by still making use of a positive arbitrary e together with the previous results. In order to do
this, we need the following:

Remark 3.3. The present boundary conditions imply a Poincaré-like inequality with the gradients bounded by the Laplacians. Actually,
|V32 = -(@,AD) < |5]2] A2 < [V5]2| A2, (323)

and analogously for T,

1
V7]3 = ~(1,A7) < 7] At]2 < T Ivelalacle (3.24)

Hence, (3.23) and (3.24) are Poincaré inequalities for the gradients.

Lemma 3.2. Let the initial data for (2.7) belong to Wh2(Qo), B <27, and E(0) < %&m, then if Ra < min{ (‘BC(/51)+2)2’ 64(257t4+§)5(7;;C2(ﬁ)+1) 1

it follows that T* and Ce > 0 exist, only depending on Pr, such that

SE(0)

D(t) < e " D(0), (3.25)
D() < e “'D(T”), Vt>T", (3.26)
where Cs depends on Ra, Pr, and f.
+oo
¢ [ (a3 + Ralar]3) di < DO), (3.27)
0

where C; depends on E(0), Pr, Ra, B, D(0), and T~.

Proof. We prove (3.25) by starting from an inequality which is the analogous of (3.9): we get it by just applying Poincaré inequality to
the gradients which is possible because of remark 3.3,
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d ( 3 4/3 ( 2 -2 )Ra) — 12 ( 3 4/3 ( 1 ) 2) 2
—D(t)+ (1- e’ - C +1)—=||AY|3+ [1- —=¢"" - |1+ —— |)¢" |Ra|AT
DO+ (1o e (FC@ a1 ) Sl (1- —== )¢ Ralacl3

d
< G330 (8). (3.28)

We first note that if € < min{1, Pr*"*},

3 45 8-3V2 1
> =
4/2Pr 8 4
1——3 64/3> 873\/5 > l,
42 8 4
and so (3.28) also implies
d 1 Ra R 1 1 _
S0+ (Z - (ﬁ2C2(ﬂ) + 1)?2) 1A3]2 + (Z - (1 b )sz)RanATHg < Ca32D% ). (3.29)
Next, if we also impose & < m, then (3.29) implies
—D(t)+ (7 - (/3 AP + 1) )HAUHZ + LRaar|? < G5 2D, (3.30)

Just for simplicity, we choose £* = 5»and so if Ra < and by Lemma 3.1, we get

o asmt
8(25n4+1 32(257*+1)(B2 C*(B)+1)

‘Zi; < GE(0)D*(t)  Vte(0,00).

Then, from (3.15) by using the same Gronwall arguments as for (3.12), we have

DY) < eczfo‘”E(o)D(t)dtD(O) < e%’EZ(O)D(O).
Next, since E(0) and Ra satisfy the hypotheses of Lemma 3.1 and since by Remark 3.3, one can use Poincaré inequality on the left-hand
side of (3.30), we can write

d
PO+ a(t)|AB3 + c2(H)Ra|| Az < 0, (3.31)

257

where with the further restriction Ra < ABADECH )
1 _
a(t) i= ¢ — GEO)D(O)e Gt

and
o(f) = é — C,PrE(0)D(0)e” ",

We wish to prove that for sufficiently large ¢, both ¢ (¢) and c,(¢) are bounded from below by positive constants.
Since
1
lim ¢1(t) = lim () = =,
t—+o00 t—+00 8

by continuity, T* exists such that for t > T*, both ¢;(¢) and c,(¢) are positive. Furthermore,

sup ci1(t) = sup c(t) =

te(0,00) t€(0,00)

@ | =

As a consequence, for ¢ > T*, we have the following inequality:

d 57T2 2 2 d
EDU) + T(”VUHZ + RaHVTHz) < —D(t (HA’U”Z + Ra|A7|3 )
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Thus, on the one side,
D(t) < e “'D(T™),

i

= min{Pr, 1}; on the other side, by integrating from T* to oo,

where Cg =
1 free 2 "
ng* (|AB|3 + Ra|| AT|3) dt < D(T*). (3.32)

In (0, T*), we do not know about the sign of ¢; and c,. However, we come back to (3.30) and use (3.25) (showing the boundedness of D)
together with Lemma 3.1,

T 4 1 rT* T
[ Spwdie ¢ [ (avli+Ralarde <€ [ jalED @t

dt
e 1T 2 T e 2.2
D(T*) + 5 (|A%|5 + Ra||A||5)dt < C, e ™ E(0)c;D*(0)dt + D(0), (3.33)
0 0
2Cs 2
where ¢4 = e O, By summing (3.33) and (3.32), then (3.27) follows. O

IV. EXISTENCE RESULTS FOR THE FULL NONLINEAR SYSTEM
Actually, we apply the operator Vx to (2.1); from the identity V x V = 0, we get
ATT - BIT, = —22[(92)* = gaxgz] + Ra o,
5 (%2 - det(ve, VAfP)) - N =-pe Il +Raty, 4.1)
% +det(Vo, V1) — AT = @s.

In order to get equivalent problems, the initial conditions

(P(x) Z>O) = (PO(-x> Z)a
{ 7(x, 2,0) = T0(x, 2), (x,2) € Q (4.2)

must be of the kind ¢ € le),z(QO) and 19 € WIIV’Z(QO). The full set of boundary conditions associated with (4.1) becomes

IT(x,0,t) = [T(x, 1,£) = 0,
Ap(x,0,t) = Agp(x, 1,t) =0, for (x,t) € R x (0, 00). (4.3)
7(x,0,1t) = 7(x, 1,t) = 0,

Theorem 4.1. Let 3 < 27, Ra, and Pr be arbitrary. If ¥ € WBZ(QO) and 19 € Wll)’z(Qo), then a finite T > 0 exists such that system (2.1) is
fulfilled a.e. in space-time by a unique solution,
e L'(0, T; Wy*(Q)),
€ L(0, T; W5 (Q0)) n L*(0, T; W5 (Q)),
7€ L%(0, T; Wi (Q0)) n L*(0, T; W5 ().
If moreover Ra and the initial data ||To |2, ||70||2 fulfill the conditions in Lemma 3.2, then the solution exists for all t in the class,
T € (0, 003 Wi (Q0)),
¥ € L (0, 003 W5 (Q0)) N L*(0, 00 WE* (),
7€ L (0, 00; Wi*(Q0) N L*(0, 003 W(Q0)),

and decays exponentially fast in the norm of W"*(Qy).
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Proof. The statement simply follows by proving the existence of a weak solution by the first estimate, and then the other properties are
an easy consequence of Lemmas 3.1 and 3.3.
For weak solution, we mean that (I, 9, 7) has to verify

(VIL Vo) + [J’(HZ,Q)——[ (5 - v,ve) - p(*5 - Vv ,Q)] Ra(e**1, Q)

(g; +0- VD, 1//) +(V, V) = —Ble L, §) + Ra(1, ),

(%9) +(3-V1,9) +(Vr, V9) = (v°,9), (4.4)
for all @ € Wy (Qo), § € W52(Qo), and 9 € WH(Qo).

Now, we look for Galerkin approximation solutions, which solve the projection of the system in finite dimension spaces.

We begin the proof by defining such approximation solutions

N . .
= Z Z Almn‘f;nm
i=1,2 m,n=1
N . :
= Z Z Bzmnﬁbtmm
i=1,2 m,n=1

N i i
(PN _ _ z Z Cmnfmn’ (45)

i=1,2 mp=1 %mn

where the coefficients A, = AL, (), Bun = Bun(£), Chyy = Chy(£) are unknowns.

As customary, we define the Galerkin approximation solutions as the solutions of the projection of the PDE system in a finite dimensional
subspace (whose dimension is in our case 2N?), in such a way that the coefficients of the finite sums verify for all valuesof iand m, k=1 ...
N an ordinary differential equation (ODE) system.

In the present case, the system is constrained by the pressure equation which, in order to get a Galerkin solution, has to be also projected,
as an algebraic equation, in the same finite subspace where we write the ODE system. To this end, we recall the explicit expressions in Ref. 3,

y i m ﬂ Ra ii'i"
Z Binn nk = 772AmnMnk + 72 Z Crsclersnlmk>
n=1 Emk pn=1 tt”nl 1
where
i 25¢i nli" ¢ 27 nl)? 4
Qb = (% bl 2GS g (46)
Ars Xnl Ars Qpl

i 2 240" ce—i oy 2 7
nsdy 4mnE, . 2nri&y 2 nli” ¢y
Qrs Xpl Ors Apl

s~k + ﬁeﬁzsbiqk), (4.7)

-2 (- + -5 ) ifn+kodd
D" - Ak k= n-k/” > 4.8
k= O + /3{ 0, ifn + keven, (4.8)
My = mn((-1)"""e 1) . + : : (4.9)
m(m+k?2+p> mi(n-k)?+p?
Finally for 8 < 27, the constraint can be substituted in the Galerkin balance momentum equation in this form
i ﬁ Ra jii"
ij Z AmlMlk + FZ Z Crs Clersnlmk (D ) (410)
Omj \ k=1 Lirin pi=1
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By the second equation in (4.1),

: N s M
Coj+4>. > C;lCI,nG’,;;;m]+ProchCm]—27szPr([J’Z./\/JkBmk RaAm]), (4.11)

il\i" s,Lr,n=1

where

_ +j +k) _k)
- T W )

By the third equation in (4.1), we obtain

. N A Y . C
Apj+dy ( > AQzC’mG'rLs'zmj) + QA = —Iﬂ (4.12)

i'i" \sLr,n=1 Xmj

where
Ir;lsllm] = (det](fmrfsl) gm])

The algebraic equations (4.10) leading to the differential equations (4.11) and (4.12) are a constraint for a first order ODE system in
normal form. Namely,

A=C-ho(A) + Ar(A) + A2(0),
&= C-Co(0) + C1(C) + Ca(A) + Cs(B), (4.13)
B= (A) + C'Bl(é),

where A;, B, and C;, with i = 0, 1, 2, 3, are linear operators. Once the expression of Bis directly substituted in the system, its right-hand side
is at most quadratic in the “space” variables so that it can be treated by Peano’s Theorem.

Finally, we can give a standard proof that from the sequence of the approximation solutions, one can always extract a subsequence weakly
converging to a weak solution (4.4). Concerning the linear terms in (4.4), the weak convergence is trivially implied by the uniform bounds in
(3.5), (3.6), (3.11), and (3.12), which are fulfilled by the Galerkin solutions too. In fact, they are bounded by the projections of the initial data
in the respective finite dimensional spaces.

The nonlinear terms are all convective-like so that the scheme of the weak convergence can be sketched once for all by writing, for
instance, (4.4); in the integral form

L G, + = fo '@yt + fo "(vevide - - B [0 " Tk, §)dt + Ra /0 "k, )t + (50, 9), (4.14)

+7
Pr Pr
T T
/T}N-V’T}N—‘f v - V.
0 0

Since coefficients Ch',(t), defined in (4.5), are uniformly bounded and uniformly continuous, this follows by the convergence to zero a.e.
intof

so we want

((Un = 9) - VON, §) + (0 V(N = 0), ) < [On = 0|4 VON[2]§]4 + (@ @ ¢, V(0N = D).

Since Oy € L= ((0, T), W *(Qy)), Vo is bounded because of the a priori estimate and ¢ ® ¥ is allowed as a test function, being in L*((0, T),
L*(Qy)), then the sum tends to zero as N — oo. O

Remark 4.1. Since the solution in Theorem 4.1 is found as a limit of a regular divergence-free function, it is divergence-free (as announced).
We have so proved that systems (2.1) and (2.7) are equivalent in that class of solutions.
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