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ABSTRACT. We define and study the fractional Laplacian and the fractional
perimeter of a set in Carnot groups and we compare the perimeter with the
asymptotic behaviour of the fractional heat semigroup.

1. Introduction. The aim of this paper is to define the fractional perimeter of a
set in Carnot groups and to investigate some relations between fractional perimeter
and the asymptotic behaviour of the fractional heat semigroup (i.e., the semigroup
generated by the fractional Laplacian in L?) as t — 0. Our results generalise those
in [21, 2, 7, 1], where semigroups generated by local elliptic operators are considered.
We discuss in an informal way the case of R™ in this introduction. The proofs are
given in the more general case of Carnot groups.
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2 FRACTIONAL PERIMETER AND HEAT SEMI-GROUP

In the whole paper « is a parameter in (0,1). We start by defining the Gagliardo
seminorm of f:R™ - R

= [ W dedy, 1<p< oo, 1)
the fractional perimeter of a Borel set ¥ C R” is
Po(E) = 1[)(E]%}[/a/z,z = / _ dzxdy, (2)
2 Bxke |2 —y|mte

where xg is the characteristic function of F and E¢ = R™ \ E, and the fractional
Laplacian is

(=A)* = ﬁ /OOO (e'* —1d) tl%, [(—a) = *w’ (3)

where e'? is the classical heat semigroup generated by A. As usual in functional
calculus (see [29]), definition (3) is motivated by the elementary equality

1 =Xt dt
4 I'(=a) /o (e ) tlta’ A0

A%er way of defining the fractional Laplacian is via the Fourier transform,
(=A)f = \f|2o‘f, but the inversion formula (up to a constant depending on n
and «) leads formally to a convolution against the singular kernel |z|~("*+2%) the
inverse Fourier transform of the symbol |£|?¢. Nevertheless, it is possible to put the
fractional Laplacian into a classical PDE framework. Indeed, according to [9, 29],
the nonlocal operator (—A)% can be recovered from a boundary value problem con-
cerning a (degenerate) local operator as follows. Let f € dom((—A)*). Consider
the extension problem

div(y'72*Vu) =0 in R™ x (0,400) 4
u(z,0) = f in R, (4)

which is the Euler equation of the functional
J(u) = / (|Dul® + [9yul®) y*—>* dady, (5)
R xR+
u in the space W12(R" x RT, dx @ y' ~2%dy) defined by
WHA(R"xRT, dz@y' 2 dy) = {u € VVé’f(R”XRJF) :/ (Jul® + |Dul? + |0yul?) y' ~>* dady < oo},

R™» xR+

under the constraint u(-,0) = f(-). A solution of (4) is given by the Poisson type
formula

2a (&)
__Y tA —y?/4t di
ue) = s [ et e (6)
and the following limit relation
. _ 20T (—a)
1 12« — 2N A
i,y dyu(z,y) T (a) (=A)*f(x) (7)

holds in L?(R™). From (6), computing the derivative in (7) gives

1@) - @),

(=A)*f(z) =C(n,a) P.V. mppTEET Y, (8)

Rn
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where the integral has to be understood in the usual principal value sense, i.e.,

oy [ f@ - f@) = ),

e Jo -y T2 e

e>0 J(B(ae)e 1T =Y
and the constant C(n, «) is
4°T'(n/2 + «)

/20 (—a)

Integrating (8) the following equalities easily follow

-2 gy = [ -8 7o =Cne) [ o) [ AD= I ayas
o)

C(n, |f(z) = fl)? C(n,a) .o
- S5 [ L e = S5

Multiplying the differential equation in (4 ) by its solution w and integrating by parts
leads to

[Tyez =2C(n,0)7" | f(=A)"fdx (10)

R

C(n,a) =

n/2
- aFF((:/);a) inf{J(u)7 ue WRA(R™ x RY, dr © y'~2%dy), u(-,0) = f(.)},
so that the Gagliardo seminorm of f comes from a minimum problem. We refer to
[18] for much more on the subject. Now, it is time for the fractional heat semigroup
to come into play. Let h,(t, z) be the fundamental solution of the fractional heat
equation in Ry x R”
u + (—A)%u = 0. (11)

Setting ha(2) = ha(l, 2), he is known to satisfy

/ holt,2)dz=1 Yt >0, ha(t,2) = ho(t™1292)  (12)
and (t.2) o
. ha t,lL’ o n,o
BT T e (13)

see [3, Theorem 2.1], where the exact value of the constant is given. The fractional
heat semigroup that gives the solution of (11) with initial datum f is given by

e A f(a) = /n ha(t,y)f(x —y)dy,  feL'(R"),

and, since the kernel h, has integral one, we have

N @)= 1) = [ halt) (o =) = @) dy.

Recalling (9), we may consider the following quantity

2
Q= [ halt)(fe =) - @) dody
R’Il XR’!‘L
Using the previous asymptotics on the fractional heat kernel allows us to get

hm Qt?(f) = Cn,a [f]%/VQ,Z(Rn).

t—0
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Hence we have that f € W*2(R") if and only if
lim QL(JC) < o0
t—0 t
Let us mention that similar results have been obtained in a stochastic analysis
framework in [12].

The starting point of our investigation is the remark that all the previous relations
between the fractional seminorms and perimeters on one hand and the fractional
heat semigroups on the other rely on the asymptotic behaviour of the fundamental
solution h,, given in (13) and on the asymptotic behaviour of the kernel |z|~(7+2¢)
, which appears in (1) and elsewhere, as z — 0. Therefore, we were wondering
whether similar computations can be done when suitable kernels exhibiting the
same asymptotic behaviour are available. This is possible in Carnot groups, even
though a limit relation as (13) seems not to be available and it has to be replaced
by a two-sides estimate, see Section 3.

Notation. Henceforth, we denote by c all the constants that depend only on o and
the dimension of the space. The value of ¢ can vary from line to line.

2. Preliminary results. A connected and simply connected stratified nilpotent
Lie group (G, -) is said to be a Carnot group of step k if its Lie algebra g admits a
step k stratification, i.e., there exist linear subspaces V7, ..., Vi such that

g=Vi®o..eV,, [WV]=Via, Vi#{0}, Vi={0}ifi>EF, (2.1)

where [V1, V;] is the subspace of g generated by the commutators [X,Y] with X € V;
and Y € V.

In the last few years, Carnot groups have been largely studied in several respects,
such as differential geometry [10], subelliptic differential equations [4, 17, 16, 27],
complex variables [28].

For a general introduction to Carnot groups from the point of view of the present
paper and for further examples, we refer, e.g., to [4, 17, 28].

Set m; = dim(V;), for i = 1,...,k and h; = my + - - - + my, so that hy = n. For
sake of simplicity, we write also hg = 0, m := m;. We denote by @) the homogeneous
dimension of G, i.e., we set

k
Q=) _idim(V;).
i=1

We choose now a basis eq,...,e, of R™ adapted to the stratification of g, i.e.,
such that ep; ,41,...,en,; is a basis of V; for each j = 1,... k. Moreover, let
X ={X1,..., Xy} be the family of left invariant vector fields such that X;(0) = e,,
1=1,...,n.

The sub-bundle of the tangent bundle T'G that is spanned by the vector fields
Xi,..., X, plays a particularly important role in the theory, it is called the hori-
zontal bundle HG; the fibers of HG are

H,G = span{X1(z),..., Xn(x)}, zeG.

We can endow each fiber of HG with an inner product (-, -) and with a norm |-| that
make the basis X1 (z),..., X (z) an orthonormal basis. The sections of HG are
called horizontal sections and a vector of H,G a horizontal vector. Each horizontal
section is identified by its canonical coordinates with respect to this moving frame
X1(z),..., Xm(x). This way, a horizontal section ¢ is identified with a function
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= (d1,-.,0m) : R" = R™. For any x € G, the (left) translation 7, : G — G is
defined as

TeZ =1+ 2.
For any A\ > 0, the dilation 0y : G — G, is defined as
Oa(1, o) = (N1, ..., AFEL), (2.2)

where z = (&1,...,&) ER™ x ... x R™ =G.

The Haar measure of G = (R™,-) is the Lebesgue measure in R". If A C G is
Lebesgue measurable, we write |A| to denote its Lebesgue measure.

Once an orthonormal basis X7, ..., X,, of the horizontal layer is fixed, we define,
for any function f : G — R for which the partial derivatives X f exist, the horizontal
gradient of f, denoted by Vg f, as the horizontal section

m
Vef = Z(Xif)Xu
i=1
whose coordinates are (X1 f, ..., X;nf).Given Xq,..., X,,, we denote by L the asso-
ciated positive sub-Laplacian, namely

L:=— iXJZ
j=1

Let || - || : G — [0,00) denote a symmetric homogeneous norm on G [4]. Since any
two continuous homogeneous norm are equivalent [4], from now on we denote by
||| any one of them; all the estimates that we give are then the same up to changes
in the constants. We denote by

B(z,r)={yeG: |y -zl <r}
the ball centred at « € G with radius r > 0 and by B(r) = B(0,r).

2.1. Heat kernels and norms. Consider G := R x G as a Carnot group, where
the group operation in the first coordinate is the usual addition, the dilations are
dn(t,z) = (N2, 8x(2)), and its Lie algebra g admits the stratification

Gg=VieVa - eV, (2.3)

where V3 = span {T, 1} and T = ;. Since the basis {X1,...,Xm} of V] has been
already fixed once and for all, the associated basis for V; is {T, X1,...,Xm}. The
heat operator in G:

H:=0,+L
is translation invariant, homogeneous of degree 2, i.e., H(u o SA) = AHu, and
hypoelliptic. It is well known (see [17]) that H admits a fundamental solution h,

usually called the heat kernel in G. In the following theorem we collect the main
properties of h, the proofs can be found in [17, 4].

Theorem 2.1. There exists a function h defined in G such that:
(i) h € C=(G\{(0,0)});
(i) h(N?t,6x(x)) = A\"Qh(t,z) for everyt >0, x € G and \ > 0;
(ii) h(t,z) =0 for every t <0 and [ h(t,z)dx =1 for every t > 0;
(iv) h(t,z) = h(t,z=1) for every t > 0 and z € G;
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(v) there exists ¢ > 0 such that for every x € G and t > 0

2 2
—1,-Q/2 _ [Edl; < < 4—Q/2 _ [E4] )
¢t exp( = ) < h(z,t) <ct exp( <) (2.4)

As in the Euclidean case, we can introduce the heat semigroup by
e fa) = [ Mty D), feG). (25)

Then for every f € LY(G) and t > 0, we have e '*f € C°(G), the function
v(t,z) = e ¢ f(z) solves Hv = 0 in (0,00) x G, v(t,z) — f(x) strongly in L'(G)
ast — 0 and —L is the infinitesimal generator of e~*~. As proved in [5, Proposition
3.2.1], the heat semigroup preserves one-sided bounds, namely

f<Cae inG—= e_t’cf <Cae. inG, Vt >0. (2.6)
As in [15], for every a > 0 we define

o ® ey 1 ® o g
ST /0 CELL Row) = far /0 13 Uh(t, 2)dt.
(2.7)
As pointed out in [15], R, and R,, are smooth functions in G \ {0} and LRy, =
R_,. In addition, R, is positive and homogeneous of degree —a — Q. Moreover,
using (iv) and (v) in Theorem 2.1 we get

Ro(z) =

Ro(x) = Ro(z71), (2.8)
and
el 79 < Ra(z) < e "9 Vo eG. (2.9)
We define
Jolla = (Ra(z)) (2.10)

which turns out to be a homogeneous symmetric norm, smooth out of the origin.
Using (2.9), we find a constant ¢ > 0 depending only on « such that for every z € G
-1
|zl < lzfla < cllz]]-

Remark 1. If (G, ) = (R",+) then for every a > 0

Ra (l‘) = _L% /Oo tmo/2mn/2= 1= ‘i‘tg dt.
2 (=a/2) (4m)% Jo

Changing variables we obtain:

~ o 4%"'% o 1+a « 4%"'
RO( = - —a—n 2 _yd = —
@) =~ 3r ey amz @ /0 YO YT TN (a2) (4m)

P(@E) e,

[NENSE

‘ NR

(63

Setting ¢ := — T (—a/2)

F(%), we get

[

Ry(z) = c——— and ||xHa=c_ﬁ|x\.

|$|n+o¢

~
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2.2. Fractional Sobolev Spaces. The theory of fractional Besov and Sobolev
spaces in Carnot groups is well developed and is presented in [16], [26]. Let o € (0,1)
and p > 1. In analogy with the Euclidean case, we consider the fractional Gagliardo
seminorm in G defined by

._ |f(z) = fy)I?

xG [y~
and the corresponding norm defined by

1
1fllapi = (1£10 ) + 1% ) ™

Let W*P(G) be the space of measurable functions f : G — R such that || f{|a.pc <
oo. Following [17] and [26] it is readily seen that (W*?(G),| - |la,p:c) is a Banach
space and the Schwartz space S(G) is a subspace of W*P(G).

We can also define, for o € (0,1) and p > 1 the space

Ha’p(G) = m“'ua,p;ﬁ.

By the preceding discussion, H*P?(G) is a Banach space. For G = R this space is
consistent with the usual fractional space W*P(R™), see [8]. As in the Euclidean
case, we have the equality W*?(G) = H*P(G), see [16, Theorem (4.5)].

2.3. Fractional Laplacian. From now on, we deal only with the case p = 2, where
the theory of fractional perimeters is settled.

As L is a self-adjoint operator on L?(G), we can define the operator £ :
W22(G) = D(LY) C L*(G) — L?(G) by functional calculus (see e.g. [30, §1X.11]
and [16, §3] for the present case) as in (3)

]. > —tL dt
¢ = —1d . 2.11

£ I'(—a) /0 (€ ) tit+a (2.11)
Notice that the operator L™ can be equivalently defined via the spectral resolution
{E(\)} of £ in L%(G),

£ = e() /0 T AT dE) (2.12)

for a suitable constant ¢(«).

Let us recall that on smooth functions £ has a pointwise representation. In
view of (2.12), the proof of the following result is contained in [15, Theorem 3.11],
where the kernel is written with a different notation.

Proposition 1. For every u € S(G) and a € (0,1) it holds
u(z) — uly)
LY(z) = P.V./ ——dy
eyt 2|
Since £ is self-adjoint and £ o £ = £ we immediately have
125 ) = [ F)2 f@hdo. v € S(@)
Remark 2. As for the Euclidean case (4), the equation £Lu(z) = f(z) in G is

related to the following elliptic degenerate problem
divs(y?Vev) =0 in G x (0, +00)
(2.13)
v(z,0) = f in G x {0},

B =1 —2a. Precisely, the following result has bee proved in [15].
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Theorem 2.2. Let u € W2*2(G) be given, u > 0 and L = 0 in an open set
Q CG. Let us define

v(y) == ux* Pe(-y) (2.14)

where Pg(-,y) is as in [15, Theorem 4.4]. We denote by o the function on G obtained
continuing v by parity across {y = 0}. Then,
(i) © = 0;
(i) v € Wé:foc(fl,yl’%‘d:ﬂ ® dy) where Q = Q x (—=1,1);
(iit) © is a weak solution of divg(y' ~2*Vgv) =0 in Q.
In the following proposition we show another expression of the fractional Lapla-

cian.

Proposition 2. If u € S(G) then

o v L ful@-y) tule-y!) —2u(z)
LY%(z) = 2/@ TGRS dy, (2.15)

Proof. We proceed as in [14]. By definition,

L%%(z) = —P.V./ Mdy,

G llyt- )@t
by choosing z 1=y~ 'z we get
. _1 —
LoU(x) = —P.V./ ue Q)Ha“(x) dz. (2.16)
¢ alla

Moreover, by substituting w = z~! and using (iv) in Theorem 2.1, we have

P.V./G e 2 —ulz), P.V./Gu(x ) —ulw)

(Bl o =1+

:P.V./ ule - w) — uz) (2.17)
G

[l

Relabeling w = z and adding (2.16) and (2.17) we have

2L%(z) = fP.V,/ u(e - 271 +ule - 2) - 2u(z)

dz.
G 2| g+

To conclude it suffices to prove that for every z € G the map G : G — R defined by

u(r - 27 +u(x - 2) — 2u(r)
‘aQ+2a

G(z) =

2]

belongs to LY(G). In [15, Theorem 3.1] it is proved that for every x € G the maps

G1 :G—-R
e u(z - z) —ulx) — wqgi)QiVGu(x),wz(z»
ll2]|&
and
GQ :G—=R

u(z- 271 —u(z) —wz™h) (Veu(z), mp(271))

Z =
(B ’
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where 7, denotes the orthogonal projection on H,G, belong to L'(G), where w(x)
denotes the characteristic function of the ball {y € G | |ly~! - z||» < 1}. By using

(iv) in Theorem 2.1 and the fact that || - ||, is a homogeneous norm we get
w(z™) (Veu(@), ma(27")  w(z) (Veu(), m(2))
[ 211§ >
therefore G = G1 + Gy € LY(G). O

Proposition 3. For any u € S(G) the following statement holds:
lim (1 — a)L%(z) = Lu(x), vz € G.

a—1-
Proof. Using the change of variables ¢ = t17% in (2.11) we get

1 & P 1
1—a)L%(x :7/ e ¢ T Fu(x) — u(x))E T Ta dE. 2.18
(1 —a)L%(x) F(—a)o( (z) —u(x)) (2.18)
Clearly, if 0 < € < 1 then lim,_,;- £T= = 0. Since u € S(G) then by [16, (ii) in
Theorem 3.1] (notice that D(G) is L>°-dense in S(G)) we have

e hly —u

W + Lu

—0 ash—0. (2.19)

L>=(6)
Set ¢ = 1/T(—a) = —a/T'(1 — a). We claim that for every z € G

lim ¢ / (e‘fﬁﬁu(:ﬂ) — u(z))¢" T dE = Lu(). (2.20)
0

a—1—

Indeed, denoting by fa () := (e=¢™ " Lu(x) — u(z))¢ " T+ and using (2.19) we get
fax(§) = —Lu(z) VreG. (2.21)

Moreover,

1

o€ = (7€ Eulr) — ufa))e s

1 T,
= —e 7 2.22
‘fﬁ /0 dTe u(z)dr| ( )

— ’ 1
s
where in the last inequality we used v € S(G) and (2.6). Thus, (2.20) follows using
the definition of ¢, (2.21) and (2.22). Furthermore, using (2.6), we obtain

L et _1 o 1-—
c /1 (7" Cua) —u(@)) g™ =7 de < 20lfull 1~ (e /1 3 1ad§=—r((1_°2)||u|m<®

1
5m
| erteu@ar] < 2ulie e,
0

and the thesis follows letting @ — 17. O

3. Fractional heat semigroup and perimeter. This section is devoted to the
presentation of our main results. After describing the relevant properties of the
fractional heat semigroup in G and of the related kernel, we define the fractional
perimeter and show their connections, as sketched in the Introduction.

We start by recalling a few properties of the semigroups generated by fractional
powers of generators of strongly continuous semigroup and refer to [30, §IX.11] for
more information and the missing proofs. To this aim, let {e/4; ¢ > 0} be an
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equicontinuous semigroup of class C in a Banach space X, whose generator is the
operator A: D(A) C X — X. For 0 > 0,t > 0, € (0,1) we define the function

1 o+1i00 I )
T € dZ, if A>0
ft7a()\) — T Jo—ico

0 if A <O0.
We define {e*“=; ¢ >0}, a new equicontinuous semigroup of class Cp, as follows

ethoy = / fra(s)e*tuds, u€ X. (3.1)
0

The infinitesimal generator A, of et4* is the corresponding fractional power of the
generator of et i.e., A, = —(—A)%, where (—A)® is defined as in (2.11). Moreover,
et4e is a holomorphic semigroup and a change of variable in the integral shows that

ethay = / fl,a(T)eTtl/aAu dr. (3.2)
0

Let us come to the heat semigroup. In this case, £L* is defined in (2.11), its domain
is W2*2(G) and we may write

o) = [ gl ([ o) s we @)

so that using (3.2) we have

ey (z) = /0 b e Lu(a) fra(r)dr = /O N ( /@ h(rtt/e yt! ~x)u(y)dy) fra(r)dr

_jg</oooh(rt1/“,y1~x)f1,a(7)d7) u(y)dy.

Thus, the function

halty) = [ hlrth ) a(r)dr (33)
0
is the integral kernel of the semigroup e*“”, i.e.,
el () = / ho(t,y tz)u(y) dy, u € L*(G). (3.4)
G
Remark 3. If & is the classical heat kernel in R™, i.e.,
1 2 1 ~
ht,y) = ———me W/ = t 3.5
(1) = Grgyre® e V). (35)

where h(r) = e’Tz, we get

hatts) = [ TR0, g) fra(r)dr = / OO( !

2rrtl/a)n/2

1

t’n/2a BO‘ (t_1/2ay)7

e WP/t ¢ ()dr =
where, according to (12),

hale) = [ Grrrae 0 ()

277 )n/2

Some more estimates are available, and we are going to exploit some of them.
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Remark 4. Recalling (2.4) we can give Gaussian type estimate of h,. Indeed, let
us argue on the upper estimates; we get:

o0
halty) = [ BTt ) ()i
0
[e’e) 2
< c/ T*%t*%exp (||y|| >f1,oé(7)d7
0

1
cTtw

oo 2
= ct*%/ T*%exp <— Iyl > fra(m)dr
0

1
cTtw

where the integral above converges thanks to [30, Proposition 1X.11.3]. Arguing in
the same way for the lower estimates, we eventually get

oo 2 00 2
c*lt*%/ e (~ Y f, o ()i < alty) Scf%/ 2 exp () £y (ryar
0 cTte 0 ctt~

(3.6)

Beside the above Gaussian estimates, we recall that the following also hold, (see

[11]):

¢t (t—Q/Za A ) < ho(t,2) < c(t_Q/QO‘ A L) (3.7)

]| @2 [|2]|@+2
Let us now introduce a notion of a-horizontal perimeter.

Definition 3.1. For a Borel set E C G and « € (0,1) the fractional a«—horizontal
perimeter of F is

1
Per, c(F Z:// ——duxdy.
7@( ) 5 . Hyil .x||g+04 Y

We say that E C G has finite fractional a—horizontal perimeter if Per, g(E) < co.

In the following Proposition we collect some elementary properties of the frac-
tional a—horizontal perimeter.

Lemma 3.2. Let a € (0,1).
(i) (Subadditivity) Let E,F C G be Borel sets, then

Peryg(EUF) < Pery g(E) + Pery g (F).
(i) (Translation invariance) Let E C G be a Borel set; for any z € G we have
Peroa ¢(72(E)) = Pery g(E).
(#ii) (Scaling) Let E C G be a Borel set; for any A > 0 we have
Pera g(0x(E)) = A9 “Pery g (E).

() (Equivalence with the fractional norm) Let E C G be a Borel set and p > 1;
if Perq g(E) < oo then

1
Pera,G(E) = 5 [XE}p%,p;G'
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Proof. (i). If E and F are Borel sets, then

1
Per o(E U F) :/ / — dudy
* (sor) Jorye [yt 2l §F
1 1
<  dudy+ / / 7d:vdy
//EUF)c —1. g @t pur)e |ly—1 - z||§T
// ” ”QJradxdy—i—// ”Q+adacdy
c y c -

= Pera,G( ) + Pera@(F).
(i) and (iii) follow from a change of variables, noticing that for every A > 0 and

2 € G, 6x(E) = (0A(F))¢ and 7, (E°) = (1.(E))".
(iv). By definition

Ixe(®) — x5
bl pmG*// y~1 x||Q+°‘ dady

//\XE 1\” // IxE(z dedy
Glly=t- xHQ“‘ Jo |yt xIIQm

1
= 2/ / —————dzdy = 2Per,, ¢(E).
b o g1 2l9

The function
wumzégmmwumw*m—m@WMy
X

allows us to present a relationship between the fractional heat semigroup and the
fractional perimeter.

The following Lemma is equivalent to saying that the embedding of Besov spaces
BS,(G) C BS . (G) is continuous, see [26, Th. 9 and 14]. We use it in the proof of
Theorem 3.4 below.

Lemma 3.3. Letu € Wo‘/2 2(G); then there exists co > 0 such that for all z € G,
denoting by Tu(z) := u(z~1z), there holds

lu(z) —u(w™"' - x)|?
T2t — ull72 @) < call2]® /GXG Twaa dzdw.

The following results relates the fractional perimeter with the short-time be-
haviour of the fractional heat semigroup, as sketched in the Introduction.

Theorem 3.4. There are constants c1(a), ca(a) > 0 such that for every Borel set
E there holds

05/2( Ot/2(

c1(a)Pery g(F) < liminf tixE) < limsup 7XE)
’ t—0 t—0 t

< co(@)Pery g (E). (3.8)
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Proof. Let us start from the upper estimate. By (3.7) and Lemma 3.3 we immedi-
ately get

?/Z(XE) :/G Gha/2(t,z)|xE(zfl cx) — xg(x)|dzdz
X

=/ hay2(t, 2)|m=xE = XBlL2(c)d2 +/ haya(t, 2)|ImxE = XE72(6)d
B(tt/«) Be(tl/«)
: (=" 2) ~ xp(e)
<cot Q/a/ 21X )2 e dercQt/ dxdz
B(t'/«) wer Be(tl/*)xG HZHQ+a
_1 . j—

<2tey| B(1)[Perag(E) + czt/ (2 $Q)+QXE(JU)|dde

Be(tl/e)xG (Kl
Scz(a)tPera@(E).

Let us come to the lower bound. By (3.7), since on the complement of the ball
B(t"*), we have the estimate

t
hasa(t,y) > qW’

we deduce that

O72(y ) = /G st ) e (™" ) = xe(a) dedy
X

> / hal(t,y) / X - z) - xp(@)|dedy
G\B(t"/*) G

_1. J—
th/ / Ix(y JSZHQXE(QC)‘dxdy
G\B(tY*) JG lyll

71. —_
ch(a)t/ / Xy $EQ+QXE(x)|dxdy.
G\B(t"/*) JG vl
a/2

71. - 71. —
Cl(a)/ Ix(y x)QMXE(xN :limcl/ /Ix(y ngXE(xﬂ §liminfw
GxG lylla =0 Je\B@ve) Je lylls 0 t

It follows

and the proof is complete. O

The same kind of result can be extended for functions in W2(G) considering
the quantity

Q= [ oty 2) - u(e)dedy,
GxG
Notice that since xg(y~' - ) — xg(z) € {-1,0,1}, then |xg(y~ ' z) — xp(z)| =
Ixe(y~! 2) — xg(r)|? and then Q% (u) coincides with Q% (xx)
Theorem 3.5. There are constants c1(a) and ca() such that for any u € L*(G)
Qf (u)

- . Qf (u)
cr(@)[u]g g6 < liminf == < lim sup == < e(a)ufi e
then u € W*2(G) if and only if
lim sup @ (w) < +o0.
t—0 t

Proof. The proof is exacly the same as in the proof of Theorem 3.4 by using esti-
mates (3.7). O
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4. Open Problems. As mentioned in the Introduction one of the main motivation
of the present paper was to study the asymptotic behaviour of the heat semigroup
in a non-Euclidean context. By using similar techniques, one could probably intro-
duce and study the fractional perimeter on Riemannian manifolds. Another line of
research are asympotics. Indeed, it is well known (see [6, 13, 25]) that for every
bounded Borel set £ C R™ of finite perimeter it holds:

lim (1 - a)Pa(E) = C,,P(E) (4.1)

where P(FE) is the perimeter of E and C), is a positive constant depending only on n.
Similar results have been proved also for different notions of fractional perimeters,
see [22, 23, 24, 19, 20]. We conjecture that a similar property is satisfied also by
Pery g(-). A similar limit when o — 07 could be investigated. Another interesting
question is to understand whether or not in a general Carnot group the function
heq satisfies a relation similar to (13). We plan to investigate this question in the
Heisenberg group.
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