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Abstract 

The purpose of this paper is to discuss the recent developments in multi-axial spectral methods, 
used for estimating fatigue damage of multi-axial random loadings from Power Spectral Density 
(PSD) data. The difference between time domain and frequency domain approaches in multi-axial 
fatigue is first addressed, the main advantages of frequency domain approach being pointed out. 
The paper then critically reviews some categories of multi-axial spectral methods: approaches based 
on uniaxial equivalent stress (strength criteria, “equivalent von Mises stress”, multi-axial rainflow 
counting), critical plane criteria (Matake, Carpinteri-Spagnoli, criterion based on resolved shear 
stress on critical plane), stress-invariants based criteria (Crossland, Sines, “Projection-by-
Projection”). The “maximum variance” method and the Minimum Circumscribed Circle/Ellipse 
formulations defined in the frequency domain are also discussed. The paper critically analyses also 
non-proportional multi-axial loadings and the role of material fatigue parameters (e.g. S/N curves 
for bending/torsion) in relation to specific methods. The paper concludes with general comments on 
advantages and possible limitations in the use of multi-axial spectral methods, with special focus on 
the assumption of stationarity and Gaussianity in modelling multi-axial random loadings. 
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1 Introduction 

The estimation of fatigue life under multi-axial loading has been an active research topic in the last 

fifty years and the activity has further increased in the last decades [1]. One reason may be the 

increased use of Finite Element (FE) analysis in the design of mechanical components. Nowadays, 

any FE software is capable to afford the analysis of complex component geometries under any type 

of loading (e.g. variable amplitude or random). The software outputs are the time histories of the 

full stress tensor (multi-axial stress) at each node in the model [2]. 

In the literature, a large number of theories and criteria have been proposed to estimate fatigue life 

under multi-axial loading [3-5]. Such theories can be classified as “time domain” approaches, as 

they apply deterministic algorithms directly to digitalised samples of stress time histories obtained 

from FE analysis [6-10]. Such deterministic algorithms can be used, for example, to locate the 

critical plane or to measure the amplitude of the second invariant of the stress deviator [5,9]. 

Despite continuous improvements [11-15], the computation time of the existing algorithms remains 

high and it increases exponentially with the number of sample points being processed. The 

computation time can even become excessive when processing random time-histories of thousands 

of points, which are simulated in finely discretised three-dimensional FE models with a huge 

number (e.g. hundreds of thousands) of nodes [8,16,17]. This could be a severe limitation in 

situations (for example, in industrial practice) where multi-axial FE analysis has to be completed in 

the shortest time possible.  

The “frequency domain” (or spectral) approach seems to offer this advantage and it has been 

suggested as a possible alternative to time domain one for the analysis of multi-axial random 

stresses [18]. In frequency domain approach, multi-axial random stresses are conveniently 

characterised in the frequency domain by a set of Power Spectral Density (PSD) functions [19,20].  

Methods for estimating the fatigue life from PSD functions have been developed, compared with 

time domain results and then confirmed by laboratory experiments mainly for uniaxial random 

loadings. Although deriving spectral methods for multi-axial random loading may appear as an 

obvious step forward from uniaxial solutions, it is instead a challenging task that has been the major 

activity for several research groups over the last decades. Despite the complexity of the spectral 

approach in multi-axial fatigue, however, some underlying principles are beginning to emerge, 

which this paper tries to codify by a critical analysis of several theories from the literature. 

Experience in the development of spectral methods for uniaxial random loadings is also considered 

in the comparison with the multi-axial case. 



   

pag. 3 of 40 

This paper is not intended to be neither a simple review of the existing literature, nor merely a 

comparison of spectral methods. Instead, its main purpose is to exploit a literature survey to 

recognise general principles in spectral fatigue analysis and, hopefully, to identify those methods 

that are theoretically well founded and more accurate. 

2 Motivation for spectral analysis in multi-axial fatigue 

While multi-axial fatigue criteria developed as in time domain approaches are generally well 

known, multi-axial spectral methods in frequency domain has often been viewed with suspicion. 

Engineers are often tempted to question whether frequency domain approach can really provide 

some advantages compared to time domain analysis. A possible answer can be given by looking at 

the type of loading (deterministic or random) and the computation time in multi-axial fatigue 

analysis. 

A first important distinction is between deterministic and random loadings. In deterministic loads 

(e.g. constant amplitude loadings), future values can be calculated exactly from present or past 

values. In random loadings (e.g. the road excitation in a car, the action of wind or waves on 

structures), future values cannot be exactly predicted from present or past values, but only estimated 

by probabilistic methods [21]. A statistical approach is then needed to correctly analyse the 

outcomes of multi-axial criteria applied to random loadings. 

For example, if life estimation has to be carried out on a component, subjected to service loads that 

are stationary random over significant periods, statistical methods will have to be used. A large FE 

model will be normal and even with the best algorithms the computational load will be substantial. 

Using FE encourages the use of multi-axial theories, which further increases this computational 

load. Most commercial FE suites include frequency domain analysis, but this is normally used only 

to estimate the response of the loaded component.  

Fatigue life estimation under uniaxial load from frequency domain data is now an accepted practice 

in some branches of engineering though, and there are reports of some successful applications to the 

multi-axial case [22,23]. If stationary random records of service loading are available, a designer 

may be able to choose to work in the time domain or in the frequency domain. Computational 

efficiency will then be the main criterion for selecting the most useful approach. 

In time domain approach, step-by-step algorithms are directly applied to random multi-axial stress 

time-histories (obtained by measurements or FE simulations). Results depend on the particular set 

of time-histories being analysed, which are not exactly identical from one record to the other. 
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Therefore, time domain results from replicated time-history records show a statistical variability, as 

it will be shown by the example discussed in Section 3.2.  

Replicated records or very long time-histories are thus needed to assure that results are statistically 

stable [20,24]. Simulating long time-histories in large or even medium size FE models usually 

increases the computation time, especially when non-linearity or contact elements are included [20]. 

Also the processing time for multi-axial fatigue analysis may become prohibitive, when analysing 

time-histories in each node of FE model (in critical plane approach, for example, a huge number of 

planes have to be scanned in the whole FE model) [20]. In FE multi-axial fatigue analysis, the time-

history length is then a trade-off between statistical scatter and processing time. 

The above issues can be overcome by using a frequency domain (spectral) approach to multi-axial 

fatigue, where multi-axial random time-histories are characterised by a Power Spectral Density 

(PSD) matrix S(ω), which is formally defined as the Fourier transform of the autocorrelation matrix 

R(δ) (Wiener-Khinchine theorem) [19, 25]: 






   d)()( ieRS   (1) 

where δ is a time lag and i is the imaginary unit. PSD functions are normally estimated directly 

from digitalized time-history records by well-known techniques (e.g. Welch’s method) [25]. 

Spectral fatigue analysis in frequency domain has several advantages compared to time domain 

analysis. For example, the scatter in the estimated PSD tends to be less relevant, because only 

average quantities (e.g. spectral moments λn and bandwidth parameters) are used in multi-axial 

spectral methods. For instance, [26] studied the uncertainty in spectral parameters which results 

from the particular technique used to estimate the PSD (e.g. Blackman–Tukey, FFT with various 

segment averaging, maximum entropy). The study considered spectral parameters used in ocean 

engineering, which are, however, very similar to the parameters used in spectral fatigue. The results 

showed how spectral parameters that depend on the overall PSD are not influenced by the particular 

spectral estimation procedure; instead, tapering the time-history before PSD estimation has some 

influence [26]. 

One advantage of the frequency domain approach is that it can apply the random process theory to 

derive important properties of random signals. For a stationary Gaussian uniaxial stress, for 

example, several quantities used in fatigue analysis (e.g. peaks/valleys distribution, frequency of 

peaks and upward crossings, irregularity factor) can be calculated from the stress PSD by simple 
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analytical expressions [27-29]. In uniaxial random signals, spectral methods also allow analytical 

expression to be used for estimating the rainflow cycle distribution and fatigue damage directly 

from PSD data [27-29]. With multi-axial random loadings, this theoretical framework can be 

extended to allow time domain multi-axial criteria to be re-formulated in the frequency domain 

[19]. This makes the spectral approach very powerful especially with FE simulations, where it can 

be combined with frequency domain dynamic analysis to obtain a quick fatigue life assessment of 

the component, which is particularly convenient at the early design stage [20]. 

3 Survey on selected multi-axial spectral methods 

Multi-axial spectral methods are generally obtained as frequency domain re-formulations of time 

domain criteria. Adopting the same classification scheme used for time domain criteria, among all 

existing criteria we can distinguish: criteria based on equivalent uniaxial stress, critical plane 

criteria, methods based on stress-invariants. This Section provides a survey on some selected multi-

axial spectral methods following this classification. General remarks on some special features are 

discussed in Section 4. 

3.1 Criteria based on equivalent uniaxial stress 

This class of criteria transforms a multi-axial stress into a uniaxial equivalent stress, which is 

assumed to cause the same amount of fatigue damage as the multi-axial stress. The use of a uniaxial 

equivalent stress is particularly convenient, as it opens up the possibility to use spectral methods for 

uniaxial random loadings to estimate the fatigue damage of multi-axial loadings. Some well-known 

methods are the “narrow-band formula”, Dirlik expression, TB method, “single-moment” method, 

just to cite a few examples [27-32]). 

The accuracy of the estimation depends, of course, on the particular definition of equivalent stress 

and on the accuracy of the uniaxial spectral method that is adopted. Among the multitude of 

uniaxial spectral methods now available in the literature, some methods (Dirlik, TB method) have 

shown a far superior accuracy (especially with wide-band random loading), as confirmed by 

numerical comparisons carried out by several independent studies [33-35].   

 

Please insert here Figure 1 
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The significant point, though, is not which uniaxial formula gives good life predictions but whether 

or not a particular proposal for “equivalence” allows those expressions to make good estimates. 

Niesłony et al. [36] report tests showing successful use of Dirlik and TB formulae following 

application of one particular equivalence criterion. Figure 1 shows the results. 

Note that also the C-S criterion described in Section 3.2.2 can be classified, to some extent, as a 

criterion based on equivalent stress, as it computes an equivalent PSD based on the PSDs of normal 

and shear stress acting on the critical plane, see Eq. (11).  

3.1.1 Generalisation of strength criteria to random loadings 

Macha and co-workers were perhaps the first to re-formulate static strength criteria in the frequency 

domain to define multi-axial spectral methods for random loadings; Refs. [19,37] provides a survey 

on such criteria. Among them, some noteworthy examples are: criterion of the maximum normal 

stress, normal strain or shear stress in the fracture plane, criterion of the maximum principal stress 

(Galileo’s hypothesis), Tresca and von Mises stress. 

Such criteria define an equivalent uniaxial stress σeq(t) that is a combination of the components σi(t) 

of the stress vector. The relationship between σeq(t) and σi(t) is established by the expression of the 

static strength theory, or it is a function of some direction cosines that locate a physical plane (e.g. 

the fracture plane). 

Depending on the type of criterion, the relationship between σeq(t) and σi(t) can be linear or non-

linear. For linear criteria (e.g. maximum normal stress, normal strain and shear stress on the fracture 

plane) the equivalent uniaxial stress is defined as: 
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where ai are direction cosines. The linear relationship in Eq. (2) allows also the PSD of the 

equivalent stress Seq(ω) to be calculated by linear combination of stress PSDs.  

Instead, some other criteria (e.g. criterion of the maximum principal stress, von Mises stress) are 

expressed by non-linear equations, which cause the frequency spectrum to be distorted (e.g. the 

equivalent stress has a wider frequency band than the stress components). Furthermore, a non-linear 

equation transforms Gaussian stress components into a non-Gaussian equivalent stress. The 

limitations of using a non-linear expression for von Mises stress criterion in the frequency domain 

have been solved by the approach proposed by Preumont et al., discussed in the next Section. 
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The definition of an equivalent uniaxial stress makes also possible to apply the “variance method” 

[38,39,40] to identify the fracture plane, as the plane where the equivalent stress reaches its 

maximum variance (the variance method is also adopted by the criterion described in Section 3.1.4).   

3.1.2 “Equivalent von Mises stress” 

This is perhaps the most popular multi-axial spectral method based on equivalent stress. The 

frequency domain formulation comes from the definition of von Mises stress, which for a biaxial 

state of stress is: 
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Owing to the quadratic form of Eq. (3), the von Mises stress is a random process that is always 

positive, non-Gaussian, nor zero-mean, even if all stress components are zero-mean and Gaussian 

[37]. Furthermore, the frequency content of σvm(t) is not consistent with that of stress components. 

In fact, in Eq. (3) the squared terms give frequency peaks at twice the frequencies (doubling) of the 

original PSDs, while the cross-product σxx(t)·σyy(t) gives additional contributions by a frequency 

shift of the original PSDs of σxx(t) and σyy(t). Therefore, the PSD of the von Mises stress cannot be 

obtained by a simple linear combination of PSDs of the components of stress. 

To overcome these inconsistencies, Preumont et al. introduced an “equivalent von Mises stress” 

(EVMS) σeq(t), which is a uniaxial Gaussian random stress with the following PSD (Q is a matrix 

of constants) [41,42]: 

    )(3)(Re)()()(trace)( xyyyxx,xxxxvm  SSSSS  SQ   (4) 

The EVMS σeq(t) must not be confused with the von Mises stress in Eq. (3), as the EVMS follows 

from the PSD defined in (4) and thus it has all the properties we were looking for: it is zero-mean 

and Gaussian, with variance equal to the sum of the variances of the stress components.  

The basic assumption of the EVMS criterion is that the equivalent stress σeq(t) causes the same 

fatigue damage as the multi-axial stress σxx(t), σyy(t), τ xy(t). The fatigue damage of σeq(t) can be 

estimated by the spectral methods for uniaxial stress. 

Thanks to its simplicity and its ease of use, the EVMS method has found wide use in academic and 

applied research [42-47]. In addition, the theoretical framework of EVMS criterion was also used to 
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reformulate in the frequency domain other multiaxial fatigue criteria (e.g. multiaxial rainflow 

counting, Crossland and Sines criteria), which will be discussed in Sections 3.1.3 and 3.3. 

Although not explicitly mentioned, the EVMS is based on to inherent hypotheses: i) the S-N fatigue 

lines for normal and shear stress have equal inverse slopes kσ=kτ, ii) the fatigue limits σ∞-1, τ∞-1 (or, 

equivalently, the fatigue strengths σA, τA at NA=2·106 cycles) under fully-reversed bending and 

torsion are exactly scaled by 3 . When such hypotheses are not satisfied, the EVMS criterion can 

lead to large errors in damage estimation, as it will be extensively discussed in Section 4.1.  

These potential drawbacks of Preumont's EVMS criterion were firstly pointed out in [48] and then 

in [49] (which also proposed a modified version of EVMS in deviatoric space). Other modifications 

of the original Preumont's EVMS suggested by Braccesi [50] and Niesłony [51,52] provide 

improved estimations [53]. The version of Niesłony has been shown to provide good estimates 

compared to experimental results for bending-torsion random loading, see Figure 1. 

3.1.3 Multi-axial rainflow counting 

The rain-flow method is now recognised as the best counting method in uniaxial variable amplitude 

and random loadings. Over the last decades, several attempts have been proposed to codify a multi-

axial rainflow counting, which extends the rain-flow method also to multi-axial loadings [54-59].  

Among them, the method proposed in [54,56] suggests to count the rain-flow cycles and to compute 

the fatigue damage on an equivalent uniaxial stress, which is defined as a linear combination of 

stress components. For a biaxial stress σxx(t), σyy(t), τxy(t), the equivalent stress is: 

)()()()( xy3yy2xx1m tctctct    (5) 

where the constants satisfy 12
3

2
2

2
1  ccc . The method scans all possible linear combinations and 

seeks the one that leads to the largest value of calculated fatigue damage. 

Thanks to linearity, the method based on expression (5) has been re-formulated in the frequency 

domain in [42]. In particular, the same theoretical framework of the EVMS criterion is used to 

compute the PSD of the equivalent stress σm(t) as: 

 )(trace)( *
m  SQS  (6) 

where Q* is a matrix that contains the constants c1, c2, c3. The PSD in (6) allows the damage of the 

equivalent stress to be estimated by the spectral methods for uniaxial loadings. This frequency 
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domain formulation then allows a quick scan of all possible linear combinations, to identify the 

most critical one. 

3.1.4 Resolved shear stress on critical plane 

This is a critical plane criterion that can also be classified in equivalent-stress based criteria, as it 

looks at the shear stress resolved along a specified direction on the critical plane [60]. 

This criterion is formulated by considering a Cartesian reference frame Oxyz with origin O, which 

is a point in a body where crack initiation may occur, see Figure 2. The axes x, y define a plane Π 

with normal z. Now consider a material plane Δ with normal n, and define a local reference frame 

Oabn, where a and b are unit vectors. Figure 2 shows that the plane Δ is uniquely defined by the 

two angles θ and φ. The interest is now on a generic direction m on plane Δ, which is identified by 

the angle α between vectors a and m. 

 

Please insert here Figure 2 

 

This multi-axial spectral method looks at the shear stress τm(t) on plane Δ and resolved along m. 

For a biaxial state of stress, the stress τm(t) is calculated by the scalar product [60,61]: 

)()(m tt xq                   

 
 































)sin()2cos()cos()2sin()2sin()sin(
2

1

)sin()2sin()sin()cos()2sin()sin(
2

1

)cos()2sin()sin()cos()2sin()sin(
2

1

2

2
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where q is a constant vector of direction cosines (which only depends on the angles that locate the 

plane Δ) and x(t)=(σxx(t), σyy(t),τ xy(t)) is the stress vector (note that previous expression (7) can also 

be extended to a three-dimensional state of stress [62]). 

For random loading, the resolved shear stress τm(t) is a uniaxial random process. Therefore, the 

critical plane Δ* can be identified in a statistical sense, by looking at the plane where stress τm(t) 

reaches its maximum variance. The variance of τm(t) can be calculated as: 

  qCqT
m )(Var t  (8) 



   

pag. 10 of 40 

where C is the covariance matrix of the stress. The position of the direction m on the plane Δ only 

depends on the angles θ, φ, α, which define vector q. Then, the variance Var(τm(t)) in (8) depends 

on angles θ, φ, α as well. The direction of maximum variance of stress τm(t) can be found by solving 

a problem of maximum for Var(τm(t)), according to the “variance method” [38,39,40]. 

When the critical plane, located by angles (θ*, φ*, α*), has been identified, the multi-axial stress is 

transformed to the uniaxial stress τm(t)), which is then assumed to cause the same fatigue damage as 

the multi-axial stress. This transformation allows the use of uniaxial spectral methods to estimate 

the fatigue damage of τm(t) for a multi-axial stress. 

Ref. [60] applied this multi-axial spectral method to the fatigue durability assessment of a vehicle in 

a virtual bench test (four post test rig), simulating a driving test over a road pavé. In the bench test, 

the vehicle is subjected to vertical displacement histories, which reproduce the experimental 

accelerations of a 60-sec driving test at an average speed of 35 km/h. The vehicle dynamic response 

and the stress histories were calculated by a Multi-Body/Finite Element analysis in time domain.  

The peculiarity of this example is that the input displacements applied to the vehicle slightly 

deviated from the Gaussian probability distribution (i.e. they were non-Gaussian). As a result, also 

the local multi-axial stress and the resolved shear stress τm(t) were non-Gaussian. This situation was 

solved by applying the TB method for non-Gaussian random loadings [63,64].  The simulations in 

Ref. [60] confirmed a quite good agreement between frequency domain and time domain results. 

3.2 Critical plane criteria 

This class of multi-axial criteria looks at the physical plane where crack nucleation and propagation 

is likely to occur. This plane usually experiences the highest shearing stress in crack initiation and 

the highest normal stress in crack propagation. Most multi-axial damage expressions in critical 

plane criteria then contain a shearing stress τ, a normal stress σ, or their combination. The ratio σ/τ 

will depend on the instantaneous values of the loads on the two (or three) axes, in addition to the 

variation due to planar orientation. 

In random loading, the normal component σ is a uniaxial scalar random stress, which can be 

characterised in the frequency domain with no particular effort. The shearing stress, instead, is a 

vector process τ(t) and calculating its amplitude τa in frequency domain is a more challenging task. 

The tip of τ(t) describes a curve Ψ called “loading path”, which is closed for periodic loading, not 

closed for non-periodic ones, whereas it is an irregular coiled curve for random loading, see Figure 

3. 
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Please insert here Figure 3 

 

Defining the maximum amplitude τa of the loading path Ψ is a non-trivial problem, which is solved 

by adopting conventional definitions [9]. For example, in the Minimum Circumscribed Circle 

(MCC) method the shear amplitude τa is measured by the radius of the minimum circle 

circumscribing the loading path [9]. The same circle, however, can enclose loading paths having 

quite different shapes (e.g. same length but different widths), which are then not correctly 

discriminated. An alternative definition that can distinguish such situations, measuring both the 

length and width of loading path, is the Minimum Circumscribed Ellipse (MCE), which defines the 

amplitude τa by a quadratic sum of the semi-axes of the enclosing ellipse [65], see Figure 3(a). 

 

 

Please insert here Figure 4 

 

The MCC/MCE definitions are usually implemented in step-by-step algorithms, which are applied 

directly to a sample path Ψ to calculate the amplitude τa [12,13]. Of course, the calculated value of 

τa strictly depends on the circle/ellipse circumscribing the particular path Ψ that has been processed; 

the amplitude τa is then a univocal property of Ψ. 

In deterministic loading, the sample path Ψ is uniquely defined (deterministic); then, only one 

circle/ellipse is found and the amplitude τa takes a unique value. In random loading, instead, the 

sample path Ψ is scattered, as shown in the examples of Figure 4. This means that small differences 

are always observed even among sample curves Ψ that are obtained from replicated simulations or 

measurements under virtually identical conditions. Such differences in replicated samples of Ψ then 

lead to differences in the calculated MCC/MCE and then to a scatter in the obtained values of τa, 

which is then a random variable.  

The scatter in time domain results is confirmed by the results in Figure 4 and Table 1. Figure 4 

compares three replicated simulations of random paths Ψ of two multi-axial loadings with different 

correlation (r=0.0, r=0.99). The variance of each shear stress component is Var(τ1(t))=Var(τ2(t))=1. 

The load path has 218 points. Although the statistical properties remain unchanged, the time domain 

results are similar but not exactly identical, see Table 1. 
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Please insert here Table 1 

 

A frequency domain re-formulation of MCC/MCE definitions has been proposed for random 

loading, to provide a statistical measure of the amplitude τa. For example, an expected radius E[R] 

based on the “maximum variance” concept is an intuitive measure of the expected amplitude 

E[τa]=E[R] on the critical plane, see Figure 3(b). The critical plane is then defined as the plane with 

the maximum expected radius E[τa]=E[R]. This leads to the definition of the Expected Minimum 

Circumscribed Circle (EMCC) [66].  

The expected radius E[R] is estimated by Davenport’s formula, which gives the largest maximum 

(in time interval T) of the projection si(t) of loading path along the direction of maximum variance: 
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where i,0i,2i0,    is the frequency of mean up-ward crossings of the mean value E[si(t)], 

which is estimated from the spectral moments λ0,i , λ2,i of si(t). 

The result in expression (9) has been used in Refs. [67,68] to extend also the MCE definition to the 

frequency domain. In the Expected Minimum Circumscribed Ellipse (EMCE) definition, two semi-

axes E[R1] and E[R2] are combined to define the expected shear stress amplitude as 
2

2
2

1a ][][][ REREE  , to include the effect of non-proportional loading paths. The minor semi-

axis E[R2] is taken along the direction of minimum variance of Ψ, see Figure 3(b). 

The expression (9) is based on the hypothesis that adjacent maxima are independent and it tends to 

overestimate the extreme value for a narrow-band process [69,70]. Corrections of Davenport’s 

formula (9) can also be used to account for bandwidth effects [69,70], without however altering the 

basic definition of EMCM/EMCE approach. 

In some cases, MCC/MCE algorithms in time domain are so much influenced by the local shape of 

the loading path Ψ, that the calculated circle/ellipse curves are very close together, if not even 

coincident. This would give an incorrect measure of the real shape of Ψ (i.e. wrong measure of the 

degree of non-proportionality). Time domain results are also scattered, as already observed. The 

EMCC/EMCE definitions in frequency domain, instead, have the advantage to depend only on the 

statistical properties of the multi-axial random loading, summarised by its spectral parameters. This 
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clearly makes such spectral definitions definitively more stable and not affected by the statistical 

scatter observed in time domain results, see Figure 4. 

The frequency domain definition of EMCC is used to define the critical plane orientation in the 

frequency domain formulation of Matake spectral method [66], described in Section 3.2.1. The 

spectral definition of EMCE has been used, instead, in the frequency domain formulation of Sines 

criterion [71], discussed in Section 3.3.2. 

3.2.1 Matake criterion 

This infinite life criterion is expressed as a linear combination of the amplitude of shear stress and 

the maximum of normal stress acting on the critical plane. The critical plane, located by two Euler 

angles (γ*,φ*), is defined as the plane where the amplitude of shear stress *
a  reaches its maximum 

value. In random loading, the amplitude *
a  is a random variable and the critical plane is identified 

by using the EMCC definition discussed in Section 3.2.  

The definition of Matake criterion for random loading requires a probabilistic approach, which is a 

very complicated problem with no exact analytical solution, and which can be approached only by 

Monte Carlo simulations [66]. As a solution, Preumont et al. [66] proposed the following 

approximation: 

    
1

*
a

*
m

*
a 




 EE
  (10) 

which considers the expected values of the amplitude of shear stress,  *
aE , and normal stress 

 *
aE  on the critical plane; *

m  is the mean value of the normal stress, which is zero for a zero-

mean multi-axial random loading.  

In expression (10), 1)2( 11    , 1  are material parameters derived from fatigue 

limits σ∞-1, τ∞-1 in fully-reversed bending and torsion. Even if the existence of a fatigue limit has 

been called into question [72-75], we assume that a fatigue limit exists, since a debate on this topic 

would be outside the scope of this discussion. In the expression (10), the material fatigue properties 

(e.g. fatigue limits σ∞-1, τ∞-1, or equivalently the fatigue strengths σA, τA at NA cycles) are treated as 

deterministic quantities. For example, the fatigue strength could be referred to a given survival 

probability (e.g. Ps=90% or 97.7%) and estimated by statistical analysis of experimental data. 
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Instead, the expected values in (10) are further specialised by a frequency domain approach [66]. In 

particular, Davenport’s formula, as that in expression (9), is used to estimate the expected 

amplitudes of shear  *
aE  and normal stress  *

aE .  

The numerical results in [66] for a L-shaped beam under random accelerations showed that Matake 

frequency domain formulation “produces slightly conservative values when compared to those 

obtained with time domain simulations” [66]. In particular, [66] reports a general close agreement 

for the calculated maximum shear stress in frequency domain, which was only 7 MPa in higher 

average compared to time domain results (with a maximum difference of 15 MPa). On the other 

hand, in the analysis of L-shaped beam the frequency domain formulation was able to reduce of 

three orders of magnitude the computation time (which strongly depends on the number of scanned 

planes). 

3.2.2 Carpinteri-Spagnoli (C-S) method 

In the original time domain version of this criterion [76,77], the critical plane is linked to the 

average principal stress directions 1̂ , 2̂ , 3̂ . In the case of multi-axial random loading, the average 

principal directions are identified by a statistical approach, formulated in the frequency domain. 

The concept of “maximum variance” is used in the frequency domain C-S criterion to locate the 

critical plane [78].  

The principal frame 1̂ , 2̂ , 3̂  is the starting point to find the critical plane. The normal w to the 

critical plane is located by a rotation δ about the axis 2̂ , where δ is an off-angle that is a function of 

the ratio of fatigue limits σ∞-1, τ∞-1 for fully-reversed normal and shear stress. A further rotation γ 

around the w-axis is finally necessary to find the directions u, v on the critical plane, which 

experiences the maximum and minimum variance of the stress, respectively [76-78].  

Once the reference frame (u, v, w) on the critical plane has been identified (with a sequence of five 

rotations), the PSDs Sw,w(ω), Svw,vw(ω) of the normal and shear stress, σw and τvw, are considered by 

simple matrix algebra. By this approach, the multi-axial stress has been transformed to a biaxial 

state of stress on the critical plane. As a final step, the biaxial stress on critical plane is condensed 

into a uniaxial equivalent normal stress σeq(t), with PSD: 

)()()( vwvw,
1-

1
ww,eq 


 SSS 












   (11) 
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Having defined the PSD Seq(ω), spectral methods for uniaxial loadings can be used to estimate the 

fatigue damage directly from Seq(ω). 

It is interesting to note that the equivalence rule in Eq. (11) correlates the frequency content of the 

uniaxial stress to the fatigue limits σ∞-1, τ∞-1 for both normal and shear stress; this allows any 

combination of fatigue limits to be taken into account. On the other hand, the possible influence of 

the inverse slopes of S/N curve on the definition of the equivalent PSD Seq(ω) (as it will be 

discussed in Section 4.1) is a matter that could be worth investigating.  

Compared to its time domain original formulation, the frequency domain C-S spectral method 

provides a great simplification when searching the critical plane, thus reducing the computation 

time and increasing efficiency. Secondly, the definition of an equivalent stress on the critical plane, 

of course, allows using spectral methods for uniaxial stress (in [78] the TB method was used, but 

nothing prevent to adopt any other uniaxial spectral method). 

3.3 Criteria based on stress invariants 

3.3.1 Crossland criterion 

Among stress-invariant based criteria, Crossland criterion was probably the first that has been re-

formulated in frequency domain. This infinite-life criterion is expressed as a linear combination of 

the maximum amplitude of the second invariant of the stress deviator, a2,J , and the maximum 

value of the hydrostatic stress, max[σH(t)]. In random loading, a2,J  and max[σH(t)] are random 

variables and the criterion has to be re-formulated by a probabilistic approach that relies on 

probability density functions of both variables. As for Matake criterion, the probabilistic definition 

of Crossland criterion is a very complicated problem that cannot be solved analytically. Preumont et 

al. then proposed a simple approximation using expected values: 

    
1

))(max(a2, 



 tEJE H   (12) 

Two different versions of expression (12) exist in the frequency domain [42,66]. In the first 

proposal [42], the expected value  a2,JE  was approximated by the expected largest maximum of 

the “equivalent von Mises stress” (EVMS), already discussed in Section 3.1.2. The largest 

maximum is determined by Davenport’s formula (9), or its corrections [69,70]. The same formula is 
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also used to estimate the expected maximum value of hydrostatic stress σH(t). This approach leads 

to the following expression [42]: 

 


 ))(())((31 HHeqEVMS tVartVar 
  (13) 

where ηEVMS , ηH are, respectively, the peak factors for the EVMS and hydrostatic stress, which are 

given by Davenport’s formula [69,70] (the peak factor is defined as the extreme value of the 

process normalised to the standard deviation; simple formulae for the peak factor are given in [70]).  

In expression (13), 3)3( 11     and 1   are material parameters, defined from the 

fatigue limits σ∞-1, τ∞-1 in fully-reversed bending and torsion.  

Although the frequency domain expression (13) showed a quite good agreement with time domain 

results [42], a modified version next proposed in [66] was presumed to give estimations more 

accurate than expression (13). This new formulation keeps the same approximation of the maximum 

hydrostatic stress; it proposes, instead, a different approximation for  a2,JE , based on the 

expected amplitude of a loading path, by the formalism of the EMCC definition discussed in 

Section 3.2. The expected amplitude is equal to the expected radius of the smallest hyper-sphere 

circumscribed to the random loading path, described by the tip of a four-dimensional Gaussian 

vector process [66]. 

Numerical results for an L-shaped beam subjected to random accelerations showed that time 

domain calculations were in very close agreement with frequency domain estimations, obtained 

with both versions of Crossland criterion reviewed in this Section. 

3.3.2 Sines criterion 

As it is well known, Sines criterion is identical to Crossland one, except that it considers the mean 

value of hydrostatic stress, not the maximum value. This close similarity would allow the 

theoretical framework of Crossland criterion (discussed in Section 3.3.1) to be adapted also to re-

formulate Sines criterion in the frequency domain, with very minor changes (the expected 

maximum of hydrostatic stress  ))(max( tE H  should only be replaced by the mean value 

 )(tE H ). 

The frequency domain formulation of Sines criterion here discussed is based, instead, on a different 

and quite interesting approach, developed by Lambert et al. [71]. The approach develops a 
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reliability model which estimates the probability density function of the random variable a2,J , and 

which also includes the uncertainty of material fatigue properties. 

In random loading, the amplitude of the second invariant a2,J  is a random variable, as in 

Crossland criterion. The probability distribution of a2,J  is, however, not known. Results of 

numerical simulations allow [71] to suggest a Gumbel distribution:  
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with mode    5772.0a2,  JE  and dispersion parameter  2,a

6
JVar


  . Then, the 

probability distribution (14) only depends on the mean  a2,JE  and variance  2,aJVar  of the 

amplitude a2,J . Since the variance is      2a2,

2

a2,a2, JEJEJVar 



 , the expression (14) is 

only a function of  a2,JE  and   
 2

a2,JE . In Ref. [71], the mean value  a2,JE  is calculated 

numerically by solving a non-linear equation, which is derived analytically. In this equation, the 

quantity   
 2

a2,JE  is expressed as function of the expected semi-axes E[Ri] of the smallest hyper-

ellipse enclosed to the loading path in the deviatoric space. Even if not mentioned explicitly in [71], 

the semi-axes E[Ri] are identified by the same definition of EMCE proposed in [67,68] and 

discussed in Section 3.2 (the only difference is that [71] uses the Daveponrt’s formula with 

bandwidth correction, as suggested in [69]). 

The expected semi-axes E[Ri] define the directions of a “principal reference frame” in deviatoric 

space, which is located by solving an eigenvalue problem; this is actually the same approach 

proposed in [49,79,80], which represents the theoretical framework of “Projection-by-Projection” 

spectral method [81] (see next Section 3.3.3). 

In Ref. [71], the frequency domain Sines criterion is applied to the finite element analysis of a trail 

bike suspension arm subjected to a Gaussian random loading (vertical and lateral loading, torque) at 

wheel connection, which simulate the action of the road irregularity. A linear analysis allows the 

stress PSD matrix at each note in the finite element model to be calculated from the PSD matrix of 

the input load. The reliability model based on Sines’s criterion is able to provide an overall picture 

of the most stressed areas in the finite element model, with the associated reliability levels. 
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3.3.3 “Projection-by-Projection” (PbP) criterion 

This multi-axial criterion was first formulated in the time domain [79] and then re-formulated in the 

frequency domain [80-82]. Without going into the theoretical details, which can be found in other 

references [81,82], it is useful to recall here only the main idea behind the PbP criterion. 

The “Projection-by-Projection” method owes its etymology to the approach used to process a 

loading path Ψ, which is projected along fixed directions of a “principal reference frame” in the 

deviatoric space. The directions of the principal frame are found by solving an eigenvalue problem 

UCUC T
0   for the covariance matrix C of the stress deviator. In the principal frame, the 

covariance matrix C0 is diagonal, which means that the stress projections are totally uncorrelated. 

The procedure of projecting the loading path then transforms a multi-axial random stress x(t) into 

another multi-axial random stress )(tΨ  in deviatoric space, with uncorrelated stress components. 

Each stress projection is a uniaxial random process and its damage can be estimated by spectral 

methods for uniaxial processes. As a final step, the damage of each stress projection Ψi is summed-

up by a non-linear damage rule, to obtain the damage of the multi-axial random stress x(t). 

The method provides a closed form analytical expression to compute the fatigue damage of multi-

axial stress, which depends on the uniaxial spectral method used to estimate damage d(Ψi) for each 

projection. For example, by using the TB method, the damage is: 
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    (15) 

It is worth noting that the theoretical framework of PbP criterion is very general and it does not 

impose any choice on the particular spectral method used to compute the damage of each stress 

projection. Therefore, the damage expression in (15) can easily be rewritten in terms of any other 

uniaxial spectral methods (e.g. Dirlik expression).  

The PbP criterion has been applied to study an L-shaped steel beam under band-limited acceleration 

[82]. A comparison of results by PbP method and EVMS criterion is shown in Figure 8 and 

commented in Section 4.1. 
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4 Special features of multi-axial spectral methods 

4.1 Importance of material fatigue properties 

A quick survey on experimental data from the literature confirms that almost every material or 

component has different S/N lines for axial/bending and torsion loading, see Table 2. Two distinct 

S/N lines must then be defined: one for normal stress and one for shear stress. In Figure 5, σA, τA 

are the fatigue strengths at NA=2·106 cycles and kσ, kτ the inverse slopes. 

 

Please insert here Table 2 

 

Please insert here Figure 5 

 

A multi-axial loading has usually both normal and shear stress components. A uniaxial stress can 

thus be viewed as the limiting case of a multi-axial loading having just one stress component. For a 

uniaxial stress, of course, the fatigue life can be estimated directly form S/N data. We can thus 

expect that, if a uniaxial loading (e.g. bending or torsion) is considered, multi-axial criteria will 

estimate the same fatigue life as that given by uniaxial S/N data.  

This requirement is a sort of “prerequisite” that must be satisfied by (and then considered when 

formulating) any multi-axial criterion, otherwise inconsistencies or estimation errors may occur. For 

example, the Matake and Crossland criteria depend on both fatigue limits σ∞-1, τ∞-1 for fully-

reversed bending and torsion; such criteria are thus consistent with results for uniaxial stress. For 

infinite life criteria, the fatigue limits provide the necessary information, as the finite-life portion of 

S/N curves is not of interest. For finite-life criteria, instead, also the inverse slope is information 

required to fully characterise the finite-life portion of the S/N line, which is necessary to estimate 

the number of cycles to failure. For example, the PbP method considers a reference S/N line, which 

is interpolated from S/N lines for bending and torsion. The EVMS criterion, instead, only refers to 

the S/N line for normal stress. The S/N line for normal stress is also used by the C-S method, which 

however combines the fatigue limits for bending and torsion to define the PSD of the equivalent 

stress, see Eq. (11). 
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It is then interesting to investigate in much more detail whether only a single S/N line (e.g. normal 

stress) is sufficient, or two S/N lines (e.g. normal and shear stress) are instead necessary to obtain 

accurate damage estimates. 

An answer can be provided by considering, as said before, the limiting case of uniaxial loading. A 

peculiar example is represented by the Preumont’s EVMS discussed in Section 3.1.2. A recent 

paper [90] tested the accuracy of the Preumont's EVMS criterion against a uniaxial random normal 

and shear stress, as in bending or torsion loading. For normal stress, the damage deq estimated by 

EVMS criterion agrees exactly with the damage dσ obtained from the S/N line for normal stress. For 

a uniaxial shear stress, instead, the damage deq deviates from the damage dτ calculated with the S/N 

line for shear stress, the deviation being measured by the ratio: 
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  (16) 

which depends on all parameters of S/N lines for normal and shear stress (see Figure 5), as well as 

on the variance Vτ of the applied random shear stress. In expression (16), the damage dτ has to be 

interpreted as the “true” estimation, as it is obtained from the S/N line pertinent to shear stress. A 

damage ratio rd=1 means an exact damage estimation by EVMS criterion, regardless of the 

parameter values in Eq. (16).

 

 

A sensitivity analysis has been carried out in Ref. [90] to emphasise the dependence of rd on the 

S/N parameters, expressed as ratios kτ/kσ and σA/τA. The results revealed that exact estimations are 

obtained only at values kσ=kτ and AA 3   (a condition that in metallic materials is usually an 

exception, rather than a rule), while very large errors are obtained elsewhere. The numerical results 

pointed out, in particular, the strong influence of the inverse slopes kσ, kτ on the accuracy of damage 

estimation. 

Equation (16) applies also to notched components, provided that the S/N parameters (slope, fatigue 

strength) are those pertinent to the component S/N line. As it is well known, a notch in a body 

reduces the fatigue strength and then modifies the S/N parameters of the plain material. The 

strength reduction is quantified by the fatigue notch factor (or fatigue strength reduction factor) Kf.  

For the same notched component, different fatigue notch factors Kf,a, Kf,b, Kf,t have to be introduced 

to distinguish between axial, bending and torsion loading. For example, the fatigue strengths of the 

notched component for bending and torsion are σA,n=σA/Kf,a and τA,n= τA/Kf,t where σA, τA are the 
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fatigue strengths of the plain material (un-notched). Also the inverse slopes of the notched 

component kσ,n, kτ,n are different from those of plain material.  

It may then occur that the S/N line of plain material satisfies the condition kσ=kτ , σA=√3τA, while 

the S/N line of the notched body does not, i.e. kσ,n≠kτ,n , σA,n≠√3τA,n. In this particular case, the 

accuracy of EVMS criterion would change from plain material to notched component.  

Of course, one may argue that the estimation error of EVMS criterion measured by (16) might not 

actually represent the error for a complex multi-axial loading, as this equation applies only to a 

uniaxial random shear stress (pure torsion). From one hand, this might be correct, as a pure torsion 

loading is not a multi-axial loading. On the other hand, we can expect that the estimation error for a 

multi-axial loading cannot be lower than the error obtained with a pure torsion loading. 

Unfortunately, no analytical solution is available to measure the accuracy of EVMS criterion with a 

multi-axial loading, even for the simple case of biaxial state of stress. Ref. [90] attempted to 

interpolate the damage ratio for uniaxial random loadings to check the accuracy of EVMS criterion 

for a combined biaxial normal and shear stress, by introducing the following interpolating function: 

 rddd 5.0exp)1( vrri   (17) 

where rd is the damage ratio (16) for pure torsion loading and vr=Var(τ)/Var(σ) is the variance ratio 

of shear to normal stress. 

 

Please insert here Figure 6 

 

Figure 6 shows a comparison of the index error id over a wide range of vr values, for different types 

of materials with plain and notched geometries. A very large error characterises those materials, 

which have fatigue properties that strongly deviate from the condition kσ=kτ and σA=√3τA. An 

interesting case is represented by welded structural details, where the S/N lines (for the nominal 

stress approach) have slope kσ=3 for normal stress (e.g. bending or tension/compression) and kτ=5 

for shear stress (e.g. torsion loading), as reported in several design codes (e.g. IIW 

recommendations [91], BS 7608 [92], Eurocode 3 [93]). An example is the welded detail in Figure 

7, which has recently been investigated in [88,89]. According to IIW [91], this joint has a FAT 

category Δσ= 45 MPa for bending (with slope 3) and Δτ=80 for torsion (with slope 5). For this 

joint, the EVMS would give an estimation error rd=373 for pure torsion loading, see Figure 6. 
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Please insert here Figure 7 

 

The accuracy of damage estimations with complex multi-axial loading were investigated in [82], 

which analysed the location of the most damage point in an L-shaped beam as a function of material 

fatigue properties and local multi-axial state of stress. The damage maps shown in Figure 8 were 

calculated by the PbP method and the EVMS criterion, by assuming that the L-shaped beam is 

made of two materials (Material 1, Material 2) having different combinations of S/N curves for 

bending and torsion loading. The numerical results confirmed that the EVMS is unable to shift the 

expected location of the most damaged point, when the fatigue properties are changed from one 

material to another, as shown in Figure 8. This further confirmed the possible inaccuracy of EVMS 

criterion. Other approaches, as the PbP method, are capable instead to account of any combination 

of bending and torsion fatigue properties. 

 

Please insert here Figure 8 

 

The errors of Preumont's criterion pointed out in Eq. (16) can be explained by considering that only 

the S/N line for normal stress is used in fatigue damage computation for the equivalent stress σeq(t), 

while the torsion fatigue properties are not considered. A simple way to overcome this limitation 

and to include any combination of material fatigue properties could be the use of a "reference S/N 

line" calibrated on the S/N lines for both normal and shear stress in a so-called Modified Wöhler 

Diagram (MWD), see Figure 5, invented by Susmel and Lazzarin [5,94]. As an example, the PbP 

criterion adopts this formalism and it is shown to provide more consistent results [82]. Another 

example recently proposed is the criterion using the equivalent Lemaitre stress [95].  

4.2 Rotation of principal direction of stress 

Multi-axial fatigue analysis has recognised the importance of principal directions of stress. The 

analysis of a multi-axial loading is further complicated when the principal axes of stress at a point 

rotate. A very simple example is represented by a cylindrical component subjected to combined 

bending MB and torsion MT. Conventional calculations give the normal and shear stress at any point 

on the cross section. The orientation of principal stresses will depend, at any time instant, on the 



   

pag. 23 of 40 

ratio of normal stress to shear stress, which in turn depends on the ratio MT/MB at that instant. If 

both bending and torsion follow in-phase sinusoidal cycles with same frequency, this ratio will not 

vary and principal directions are then fixed (the loading is called proportional). Instead, introducing 

a phase shift φ between bending and torsion causes the ratio MT/MB to vary with time, thus giving 

rotating principal axes (the loading is called non-proportional). In constant amplitude loading, the 

phase shift φ between two harmonic (sinusoidal) loadings at same frequency gives a simple measure 

of the degree of non-proportionality: a phase angle φ=0 defines “in-phase” (proportional) loading, a 

phase angle φ≠0 (typically φ=90°) defines “out-of-phase” (non-proportional) loading.  

The loading path of proportional loading is a straight line, while for non-proportional loading it is a 

circle or ellipse, depending on the relative magnitude of the amplitude of normal and shear stress, 

respectively. In both cases, the stresses are periodic and the loading path is a closed curve. 

This simple definition, however, cannot be applied to random loading. In fact, random loading can 

be viewed as a superposition of many harmonics, each having a different frequency and phase shift 

(which are usually spread over a wide interval). Looking at the multitude of phase angles, a random 

stress would always appear as non-proportional.  

In addition, the loading path of random loading is very different to that observed in deterministic 

(sinusoidal) signals. For example, Figure 9 shows that even highly correlated random loadings 

(which have, in average, peaks and valleys at same time instants) give a loading path which is all 

but a perfect straight line; some small deviation (scatter) is present. Not correlated random loading 

(where peaks and valleys, in average, are shifted) give a loading path which is not a circle, instead it 

is a coiled and highly irregular curve. 

 

Please insert here Figure 9 

 

The simple example in Figure 9 confirms the need for a statistical approach to describe the phase 

shift in random loading and to discriminate between proportional and non-proportional loadings. In 

random loading, phase angles are not suitable to quantify the degree of proportionality and they 

have to be replaced by their statistical counterpart (i.e. the correlation coefficient). 

The correlation coefficient for xh(t), xk(t) is defined as khhkhk / VVCr  , where 

 )(,)( khhk txtxCovC 
 
is the covariance between xh(t) and xk(t) (which is equal to the area of the 

“co-spectrum”), and Vh=Var(xh(t)), Vk=Var(xk(t)) are the variances. Proportional loading have 
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highly correlated stress components and thus rhk=+1 (the principal axes of stress are fixed in 

“average”), while non-proportional loading have not correlated stress components and thus have 

rhk≠1 (principal axes rotate over time), with typical values rhk=0 and rhk=-1. 

The variances Vh, Vk are the areas of the auto-PSDs Sh(ω), Sk(ω), which characterise the two 

random stresses xh(t), xk(t) in the frequency domain. The information on the correlation between the 

two random stresses, instead, is provided by the covariance Chk=Cov(xh(t), xk(t)), which is the area 

of the cross-PSD Shk(ω). Note that Shk(ω) in general is a complex function of ω; its real part is the 

“co-spectrum” (which is symmetric in ω), while its imaginary part is the “quad-spectrum” (which is 

an odd function of ω). 

While in constant amplitude loading the angle θ defining the orientation of principal axes is a 

periodic function of time, in random loading θ takes random values at each time instant, i.e. θ(t) is a 

random process. 

This explains why, even in proportional loading (rhk=+1), the principal axes are never exactly fixed 

(the angle θ is not constant over time); they are fixed only in “average”, with only small changes 

around a mean value (see the loading path in Figure 9). In non-proportional loadings (rhk=0) the 

values of angle θ are spread over a wider interval. The statistical properties of process θ(t) depend 

on the statistical properties of the multi-axial random loading. 

The degree of non-proportionality of a multi-axial loading can vary from point to point in a 

mechanical component. This creates a demand for methods that allow a rapid scan of FE models, to 

measure the orientation of principal stress directions. Spectral methods seem to be very promising. 

For example, Ref. [66] developed a spectral approach to compute the probability distribution of the 

angle θ between the principal direction and the x-axis of a local reference frame (the third principal 

direction z is orthogonal to the xy-plane). Rearranging the equations (44), (47) in [66] into a single 

expression, the probability distribution θ for a biaxial state of stress can be written as: 
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(18) 

where Vxx, Vyy, Vxy are the variances and Cxx,yy, Cxx,xy, Cyy,xy the covariances of the multi-axial 

random stress. The function pθ(θ) is clearly periodic of π/2, which confirms that principal stress 

directions are mutually orthogonal.  
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It is interesting to study the behaviour of pθ(θ) for some simple states of stress and especially for the 

limiting case of uniaxial stress. Figure 10 shows the trends of pθ(θ) when using the statistical 

parameters in Table 3. 

 

Please insert here Table 3 

 

Please insert here Figure 10 

 

For a normal stress σxx(t) the function pθ(θ) is peaked around θ=0, while for a pure shear stress  

τxy(t) it is peaked around θ=45°, results that are consistent with principal directions found by 

Mohr’s circles. For highly correlated (rxx,xy=0.9) normal σxx(t) and shear stress τxy(t) the peak moves 

around 32.5°.  

In the simple loading cases in Table 3 the variance of normal and shear stress are close to, but not 

exactly zero. In fact, it has to be remarked that the function pθ(θ) does not cover the limiting cases 

of uniaxial stress (e.g. only normal stress σxx(t) or σyy(t), only shear stress τxy(t)). In fact, for such 

limiting cases the function goes to infinite. This can be explained by considering that, for these 

uniaxial stress states, the angle θ(t) is no longer a random process. For example, when only the 

stress σxx(t) is present, the principal direction is known to be the x-axis, irrespective of the variance 

Vxx of σxx(t). This result follows from Mohr’s circles. Therefore, for this uniaxial normal stress the 

principal direction is constant at any time instant θ(t)=0 (i.e. it is a deterministic quantity). 

In [66], the expression (18) was applied to scan principal stress orientation in an L-shaped beam 

under random vertical acceleration, see Figure 11. The analysis showed that principal stress 

directions can vary considerably within the same component. For example, the principal directions 

in element no. 381 tend to be fixed (the distribution is peaked near θ=0), while in element no. 105 

they rotate. 

 

Please insert here Figure 11 

 

The information on the evolution of principal stress directions can also be very useful to 

discriminate among multi-axial criteria. For example, the literature seems to suggest that critical 
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plane criteria are most suitable when principal stress directions are fixed, as the physical plane 

subjected to the maximum shear stress remains fixed in space during loading. On the contrary, 

criteria based on stress invariants can also be applied when principal stress directions rotate. 

On the other hand, a common believe is that the rotation of principal directions causes a change in 

the rate of damage accumulation, with a strong influence on crack patters and on the fatigue 

strength of engineering materials. It seems, however, that no general rule can be established, as 

documented in the literature for constant amplitude loading. For example, it has been observed that 

out-of-phase loadings do not always determine a decrease of the fatigue strength, as it is commonly 

presumed (see [5]). A complex interaction occurs among the cyclic change of principal stress 

directions, cyclic plasticity at microscopic level and the material ductility, which makes difficult to 

draw general conclusions. 

Similar conclusions seem to apply also to random loading; for instance, some experimental data 

show either a decrease or even an increase in fatigue life for different degrees of correlation among 

stress components [96-98]. These remarks make one more time clear that "only by running 

appropriate experiments can the actual material response to non-proportional loading be correctly 

evaluated" [5]. 

4.3 Analogies between multi-axial and uniaxial spectral methods 

In recent years, some analogies between spectral methods for uniaxial and multi-axial random 

loading have been investigated. Two recent papers [99,100] suggested the use of multi-axial 

spectral methods as new tools for estimating the fatigue damage of uniaxial wide-band random 

stress. The approach proposed in [99,100] requires that the PSD S(ω) of a uniaxial wide-band stress 

x(t) is first divided into an infinite set of narrow-band PSDs Si(ω), i=1,...,∞, each one centered 

around the central frequency ωi, see Figure 12. A uniaxial narrow-band random stress xi(t) is 

associated to each Si(ω); all processes xi(t) are mutually not-correlated, as their PSDs Si(ω) are 

jointly not overlapped. 

 

Please insert here Figure 12 

 

The damage of each xi(t), which is estimated by the “narrow- band formula” [27], is then properly 

combined to get an expression that is used to estimate the fatigue damage of x(t). The damage 

expression actually depends on the combination rule used, then a different combination rule would 
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lead to a different damage expression [99-101]. For example, by using the non-linear damage sum 

of PbP method in Eq. (15), Ref. [99,100] obtained the damage expression of the “single moment 

method” for uniaxial random processes: 
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SM 2
1

2

2 








 

k

c
d   (19) 

This expression correlates the fatigue damage to just one spectral moment 2/k (where k, c are the 

S/N parameters) and it is an “empirical” solution that originally was “postulated” from observed 

simulation trends [30,31]. Ref. [99,100] were thus able to provide a mathematical proof of the 

“single moment” spectral method. Apart from this result, however, the most relevant outcome of 

Ref. [99,100] was to establish a formal analogy between uniaxial and multiaxial spectral criteria, 

which allows the PSD decomposition, followed by a non-linear damage combination rule, to be 

used as a new approach for fatigue damage estimation in uniaxial wide-band random loading. This 

new proposal really opens up a new perspective in the fatigue analysis of uniaxial wide-band 

random processes, as improved spectral methods may be obtained by suitable calibration of the 

non-linear combination rule in the underlying multi-axial environment after PSD spectral 

decomposition. 

The PSD decomposition and damage combination can also be viewed as a sort of “equivalence 

criterion”, which transforms a uniaxial random stress to a multi-axial one, i.e. the opposite way used 

by some multi-axial criteria (see Section 3.1), which transform a multi-axial stress to a uniaxial 

equivalent stress. 

5 Conclusions 

The discussion in the previous Sections emphasised how multi-axial spectral methods can offer 

several advantages compared to time domain approaches in the analysis of multi-axial random 

loadings. For example, spectral methods permit a strong reduction of computational cost, as they 

allow fatigue damage and life to be estimated directly from PSD data. The “variance method” could 

be a useful tool to quickly scan the orientation of the critical plane, especially in large FE models. 

Other multi-axial spectral methods, instead, allow a fast estimate of the fatigue damage directly 

from the spectral properties (e.g. PSD matrix) of the multi-axial random time-histories of stress.  

Spectral analysis can also be used to formulate a probabilistic approach in multi-axial fatigue 

criteria for random loadings. Interesting examples are the frequency domain EMCC/EMCE spectral 
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definitions in Section 3.2, which provide a statistical measure of the shear stress amplitude on the 

critical plane, not affected by the scatter observed in time domain results. Other noteworthy 

examples discussed in this paper are the frequency domain re-formulations of some multi-axial 

criteria, e.g. of Matake (Section 3.2.1), Carpinteri-Spagnoli (Section 3.2.2) and Sines (Section 

3.3.2). The frequency domain approach also offers a simple way to formulate spectral solutions for 

multi-axial criteria based on equivalent uniaxial stress, as discussed in Section 3.1 

The frequency domain approach is also particularly useful with FE analysis, where spectral methods 

can replace time domain multi-axial criteria, which have to be applied to the time-histories in each 

node of the model. The frequency domain approach also allows using a spectral analysis to compute 

the stress PSDs in each node of the FE model, instead of performing time-consuming simulations 

necessary to determine the multi-axial stress time-histories. 

The purpose of this article, though, was not to convince designers and engineers that a spectral 

approach is the best solution for any application, as it might wrongly appear from the previous 

discussion. The engineering judgment must always be used to discriminate among different 

situations. A critical analysis and some remarks on potential limitations of spectral fatigue analysis 

are mentioned here, as it is appropriate in Conclusions to list likely sources of error in the proposed 

methods. 

A hypothesis implicitly assumed in spectral analysis is that random time-histories are stationary or 

almost stationary, which means that they have stable statistical properties over time (this allows a 

PSD to be defined). Another hypothesis often introduced is that a stationary random history is also 

Gaussian, as this greatly simplifies the theoretical analysis and allows closed-form expressions to be 

derived.  

One may question, however, to what extent the time-histories measured on real components are 

close to a stationary Gaussian random process – in other words: does the model fit reality? For 

example, no measured multi-axial time-history is strictly stationary; it can be stationary, however, if 

considered over a relatively short time period (which may be seconds, hours or even days, 

depending on the application). Overloads (e.g. vehicle travelling on a pot-hole) are examples of 

local deviation from stationarity. Also the hypothesis of Gaussian process is seldom observed in 

reality, because signals often are intrinsically non-Gaussian (e.g. waves in shallow water), or 

because a structural non-linearity can transform a Gaussian input loading into a non-Gaussian 

output stress.  
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It seems, however, that no spectral solution has been devised so far for non-stationary multi-axial 

loading, as the existing attempts are only limited to special classes of uniaxial loadings [102, 103]. 

Instead, spectral solutions for uniaxial non-Gaussian loadings [63,64,104,105] can be extended to 

multi-axial spectral methods, for example when the fatigue damage of an equivalent uniaxial 

process has to be estimated (see Sections 3.1.1 and 3.1.4). 

Other sources of error in multi-axial spectral methods arise from the use of Palmgren-Miner 

hypothesis, which is applied almost universally for damage summation when estimating component 

life, in spite of its known weaknesses. In multi-axial spectral fatigue, Palmgren-Miner rule is used 

each time spectral methods are applied to estimate the fatigue damage of a uniaxial stress (as almost 

all the multi-axial criteria discussed in this paper). 

Although non-linear damage rules exist [106], spectral methods for uniaxial random loadings rely 

on the Palmgren-Miner rule because of its simplicity, which allows closed-form analytical damage 

expressions to be obtained [27]. An empirical correction of the linear rule (Serensen-Kogayev 

hypothesis) has been used [96], whereas, to the authors’ knowledge, only one example of non-linear 

damage rule has been proposed so far in the literature [107] (at present, non-linear damage 

accumulation seems far from being solved by spectral fatigue analysis). 

On the other hand, non-linear damage rules require that sequence effect in cycle counting is 

included in damage accumulation, which is a subject that has to be solved in both time domain and 

frequency domain approaches. The use of a critical damage value less than one (0.5 or even 0.3, as 

suggested in IIW recommendations [91]) is a practical solution to compensate the errors in 

Palmgren-Miner rule. 

In summary, the above discussion emphasised that, to apply multi-axial spectral methods, some 

hypotheses or assumptions have to be taken as just first approximations of what observed in reality. 

Designers and engineers must verify the validity of the hypotheses behind the spectral methods that 

they are using, to avoid large errors in estimations. 

Last, but not least, the importance of experimental testing with different types of multi-axial random 

loading, as a benchmark to validate the accuracy of spectral approaches, must always be 

emphasised. Some results are now available in the literature [19,23,36], although further testing has 

to be carried out to extend the existing experimental database. 
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FIGURE CAPTIONS 

Figure 1. Comparison of experimental results with theoretical estimations obtained by the 

equivalent strain related to the Smith-Watson-Topper (SWT) and two spectral methods: 

(a) Dirlik; (b) Tovo-Benasciutti (TB). (Reprinted from Niesłony A et al. Int J Fatigue 

2012;44:74–88, with permission from Elsevier). 

Figure 2. Symbols used to identify the physical plane Δ in the critical plane criterion developed in 

Ref. [60]. 

Figure 3. Minimum Circumscribed Circle (MCC) and Minimum Circumscribed Ellipse (MCE) 

definitions for: (a) periodic loading path; (b) random loading path. The Expected 

Minimum Circumscribed Circle (EMCC) and Minimum Circumscribed Ellipse (MCE) 

definitions are also shown for the random loading path. 

Figure 4. Comparison of Minimum Circumscribed Circle/Ellipse (MCC/MCE) with Expected 

Minimum Circumscribed Circle/Ellipse (EMCC/EMCE) calculated for three replicated 

random loading paths, having the same correlation between 1 and 2 stress components : 

(a)-(c) r12=0.0 (non-proportional); (d)-(f) r12=0.99 (proportional).  

Figure 5. A scheme of the Modified Wöhler Diagram, with the S/N lines for normal and shear 

stress and the reference line for a multi-axial loading. 

Figure 6. Damage index id in Eq. (17) for different types of plain material and notched specimen. 

Figure 7. Tube-flange welded joint studied in Ref. [88,89] (Reprinted from Bertini L et al, Int J 

Fatigue 2014;68:178–85, with permission from Elsevier). 

Figure 8. Damage maps given by PbP method (a)-(b) and EVMS criterion (c)-(d) applied to a L-

shaped beam under random acceleration. Comparison of two different materials: (a)-(c) 

material 1, (b)-(d) material 2. 

Figure 9. Example of a biaxial random stress, with different degree of correlation: rστ=0.99 

(proportional loading), rστ=0.0 (non-proportional loading). The stress variance is 

Var(σ(t))=3, Var(τ(t))=1. 

Figure 10. Trends of the probability density function pθ(θ) of the angle θ(t) of principal directions 

for several states of stress. 
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Figure 11. Probability distribution pθ(θ) at two different locations in the L-shaped beam under 

random excitation shown in (a). The local stress is: (b) non-proportional; (c) 

proportional. (Reprinted from Pitoiset X et al. Fatigue Fract Eng Mater Struct 

2001;24:715–27, with permission from Wiley & Sons). 

Figure 12. Decomposition of the one-sided PSD S(ω) into an infinite set of narrow-band 

infinitesimal spectra S1(ω), S2(ω), …, Si(ω),…. 
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TABLES 

 

  Deterministic (time domain)  Statistical (frequency domain) 

    MCC MCE    EMCC EMCE 

r12 Case Ra Rb τa,eq τa,eq  E[Ra] E[Rb] E[τa] E[τa] 

0 1 4.19 4.19 4.19 5.92  4.06 4.06 4.06 5.74 

 2 4.36 4.36 4.36 6.16      

 3 4.99 4.47 4.99 6.70      

 4 4.40 4.18 4.40 6.07      

 5 4.27 4.27 4.27 6.05      

           

0.5 1 4.79 4.79 4.79 6.78  4.97 2.87 4.97 5.74 

 2 4.65 4.65 4.65 6.58      

 3 4.73 4.17 4.73 6.31      

 4 4.80 4.80 4.80 6.78      

 5 4.63 4.63 4.63 6.54      

           

0.99 1 5.36 1.14 5.36 5.48  5.73 0.41 5.73 5.74 

 2 6.00 0.43 6.00 6.02      

 3 5.80 0.47 5.80 5.82      

 4 5.52 4.15 5.52 6.90      

 5 5.85 1.12 5.85 5.95      

 

 

Table 1. Results of numerical simulations of multi-axial random stresses: comparison between time domain (deterministic) simulations 
and frequency domain (statistical) estimations. For each correlation value r12, five replicated loading paths are simulated in time domain.   
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Type of 
geometry 

Material code Material type Ref. 
Type of 

loading a 

Fatigue strength 
amplitude 

at NA=2·106 cycles 
Inverse slope  

A/A k/ k 
rd by Eq. 

(16) 
A (MPa) A (MPa) k k 

Plain AlCuMg1  aluminium alloy [83] B, T 161 97 7.027 6.868 1.66 0.98 1.109 

Plain C40 (SAE1040) carbon steel [84] A, T 264.2 195.8 17.09 18.2 1.35 1.06 382 

Plain 
CSN 41 1523 
(S355 type) 

structural steel [86] B, T 231.7 144.5 21.21 15.04 1.60 0.71 0.003 

Plain 34CrMo4 medium alloy steel [85], see [86] B, T 375 261.1 15.33 11.36 1.44 0.74 0.008 

Plain 
S20C (AISI 1020 

type) 
low-alloy steel [83] B, T 227 97.8 6.17 6.06 2.32 0.98 0.142 

Plain D-30  aluminium alloy [83] B, T 180 120 10.753 9.174 1.5 0.85 0.615 

Plain 
18G2A 

(S255 J0) 
structural steel [52] B, T 189.6 141.9 7.9 12.3 1.34 1.56 5·103 

Plain CuZn40Pb2 brass [83] B, T 216 187 5.857 17.172 1.16 2.93 2·109 

V-notched 
(r=0.5 mm) 

C40 (SAE1040) carbon steel [84] A, T 117.8 152.8 4.62 8.2 0.77 1.77 5·104 

Notched 
(r=5 mm) 

Ck 45 (SAE1045) carbon steel [87], see [51] B, T 357 226 7.7 13.4 1.58 1.74 105 

tube-flange 
weld 

S355JR steel structural steel [88,89] B, T 45 b 80 b 3 5 0.56 1.67 374 

a A=axial, B=bending, T=torsion 
b stress ranges 

 

Table 2. S/N parameters for several plain materials, notched specimens and a tube-flange welded joint. 
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Table 3. Statistical parameters of the multi-axial random stress, which are used in the comparison shown in Figure 11. The last two columns show the expected 

value and standard deviation of process (t), calculated from Eq. (18). 

Case # Description Vxx Vyy Vxy rxx,yy rxx,xy ryy,xy E[θ] (deg) std[θ] (deg) 

1 pure normal stress σxx 1 0.001 0.001 0 0 0 1.5 9.98 

2 pure shear stress τxy 0.005 0.005 1 0 0 0 43.3 10.05 

3 
biaxial normal + shear stress 

σxx, τxy 
1 0.001 1 0 0.9 0 30.1 14.39 

4 
biaxial normal stress σxx¸ σyy 

+ uniaxial shear stress τxy 
1 1 1 0 0 0 24.9 25.87 
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