ON THE CESARO AVERAGE OF THE “LINNIK NUMBERS”

MARCO CANTARINI

ABsTRACT. Let A be the von Mangoldt function and rq (n) = Zm1+mg+m§:n A (m1) be the counting function for

the numbers that can be written as sum of a prime and two squares (that we will call “Linnik numbers”, for brevity).
Let N a sufficiently large integer and let
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where J, (u) denotes the Bessel function of complex order v and real argument u. We prove that

k
3" g (n) % = My (N, k) + Mz (N, k) + Mz (N, k) + My (N, k) + O (Nk“)
n<N

for k > 3/2, where p runs over the non-trivial zeros of the Riemann zeta function ¢ (s). We also prove that with this
technique the bound k > 3/2 is optimal.

1. INTRODUCTION

We continue the recent work of Languasco and Zaccagnini on additive problems with prime summands. In [9]
and [10] they study the Cesaro weighted explicit formula for the Goldbach numbers (the integers that can be written
as sum of two primes) and for the Hardy-Littlewood numbers (the integers that can be written as sum of a prime
and a square). In a similar manner, we will study a Cesaro weighted explicit formula for the integers that can be
written as sum of a prime and two squares. We will obtain an asymptotic formula with a main term and more
terms depending explicitly on the zeros of the Riemann zeta function.
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where J, (u) is the Bessel function of complex order v and real argument u (see below). The main result of this
paper is the following

Theorem 1. Let N be a sufficient large integer. We have

N — n)F
> rg(n) (r(kﬁ) = M; (N, k) + My (N, k) + Mz (N, k) + My (N, k) + O (N*)
n<N
for k > 3/2, where p runs over the non-trivial zeros of the Riemann zeta function ¢ (s) and J, (u) is the Bessel
function of complex order v and real argument w. Furthermore the bound k > 3/2 is optimal using this technique.

The study of these numbers is classical. For example Hardy and Littlewood in [7] studied the number of solutions

of the equation
n=np+a’+0b

and Linnik in [13] derived an asymptotic formula for the number of representations of these numbers. Similar
averages of arithmetical functions are common in literature, see, e.g., Chandrasekharan - Narasimhan [2] and
Berndt [1] who built on earlier classical work. For our work we will need the Bessel functions J, (u) of complex
order v and real argument u. For their definition and main properties we refer to Watson [15], but we recall that
they were introducted by Daniel Bernoulli and they are the canonical solution of the differential equation

d%J dJ
2d2+ du +( UZ)J:O

for any complex number v. In particular, equation (8) on page 177 of [15] gives the Sonine representation

2)” 2
(5) Jy (u) = LL/ ) / e®s Ve /(49) gg
(a)

211
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where the notation f(a) means f;j;o As noted by Languasco and Zaccagnini in [10] the estimates of such Bessel
functions are harder to perform than the ones already present in the Number Theory literature (as far as we know,
Bessel functions of complex order arise in a similar problem for the first time in [10]) since the real argument and
the complex order are both unbounded while, in the previous papers, either the real order or the complex argument
is bounded. The method we will use in this additive problem is based on a formula due to Laplace [11], namely

1
(6) — v %e"dv =
270 J(a) T (s)

with Re(s) > 0 and a > 0 (see, e.g., formula 5.4 (1) on page 238 of [4]). As in [10], we combine this approach
with line integrals with the classical methods dealing with infinite sum over primes and integers. Similarly as [10]
the problem naturally involves the modular relation for the complex Jacobi #3 function; the presence of the Bessel
functions in our statement strictly depends on such modularity relation.

I thank A. Zaccagnini and A. Languasco for their contributions and the conversations on this topic and Lior
Silberman of Mathoverflow.net for his precious ideas for Lemma 5. This work is part of the Author’s Ph.D. thesis.

2. PRELIMINARY DEFINITIONS AND LEMMAS

Let z=a+ iy, a >0, and

(7) b3(2) =) "

meZ

(8) S(z) =Y A(m)e™

m>1

(9) wy(z) =Y e

m>1
and we can see that
(10) O3 (2) =14 2ws (2).

Furthermore we have the functional equation (see, for example, the proposition VI1.4.3 of Freitag-Busam [5] page
340)

(11) 03 (2) = (g)m 0 (”;) ,Re(z) >0

and so
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A trivial but important estimate is

(13) |wa (2)] < w2 (a) < /0 e~ dt = 2\\//7; <a V2

Let us introduce the following

Lemma 2. Let z=a+ 1y, a >0 and y € R. Then
~ 1 B
(14) S(Z)=;—Zz T (p) + E(a,y)
P

where p = B + iy runs over the non-trivial zeros of ¢ (s) and

L, lyl <a

Ela,y) < 1/2
@9 <EN 1108 (0l /0), Iyl > a.
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(For a proof see Lemma 1 of [9]. The bound for F (a,y) has been corrected in [8]). So in particular, taking
z= %—&—iy we have

~ 1 1 1
S(z)+E(N,y>‘<<N+|Z|+‘E<N,y>‘

: lyl <1/N
< 1/2, 2
N+ |z[""log” (2N [y[), [y[ > 1/N.

Now we have to recall that the Prime Number Theorem (PNT) is equivalent, via Lemma 2, to the statement

(15)

S(a) ~a~', when a — 0"

(see Lemma 9 of [7]). For our purposes it is important to introduce the Stirling approximation

(16) [T (@ + ig)| ~ V2memWI/2 [y /2
(see for example §4.42 of |14]) uniformly for = € [z1, 23], 1 and x4 fixed, and the identity
(17) 27| = \z|7Re(w) exp (Im (w) arctan (y/a)) .

We now quote Lemmas 2 and 3 from [9]:

Lemma 3. Let 8 + iy run over the non-trivial zeros of the Riemann zeta function and let « > 1 be a parameter.

The series g
B—1/2 _ Y
Z ~ / exp (—varctan (1/u)) —atB

p;v>0
converges provided that « > 3/2. For a < 3/2 the series does not converge. The result remains true if we insert in
the integral a factor log® (u), for any fized ¢ > 0.

Lemma 4. Let 8+ iy run over the non-trivial zeros of the Riemann zeta function, let z = a+1iy, a € (0,1), y € R

and o > 1. We have
ZMB—W/ exp ('yarctan( ) - *I |) - |a+5 La @
P

where Y1 = {y € R: vy <0} and Yo = {y € [—a,a] : yy > 0}. The result remains true if we insert in the integral
a factor log® (|y| /a), for any fized ¢ > 0.

YUY

We now establish an important Lemma. We will use it to prove that there is a limitation in our technique.
Essentially the lower bound of & is linked to the number of squares in the problem. We have

Lemma 5. Let B + iy run over the non-trivial zeros of the Riemann zeta-function, let N, d be positive integers,
||| the euclidean norm in R% and k > 0 be a real number. Then the series

S Syt [Le VI b,
1€(0,00)% v>0

where

ISP I I 3

1€(0,00)? 1>21102>1 lg>1

converges if k > d — 1/2 and this result is optimal.
Proof. From (10) we have that

o E (man

Hence
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= Y / e NI/ v gy
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Now, using the functional equation (11) we have that

d
_ 1 d d m T m—k—3/2 m 7T272 —v, k+B—m
I =24 Z: (m) (-1 Nm/2 Z’y 03 Nz )€Y dv

m=0 v>0
d
1 d d m T m/2 m—k—3/2

say. Now we claim that

2.2
7wy
o5 (2 ) =1,
where the notation f (x) < ¢ (z) means g (x) < f(z) < g (), since 03 () is a continuous function in the interval

{%2700) (i.e. the range of 1/v?) and
lim 03 (z) =1

T—r00

'y,m - Z,ym k— 3/2/ —U,Uk-‘rﬁ—mdv

v>0

so we have

and now assuming k 4+ S —m + 1 > 0 we have

¥
/ e VRt ay < 1
0

and so
I’y,m = Z,ym—k—3/2
>0
and the last series converges if k > m — 1/2. Since m = 0,...,d for a global convergence we must have k > d —1/2
and this result is optimal. O

Let us introduce another lemma

Lemma 6. Let p = B + iy run over the non-trivial zeros of the Riemann zeta function, let z = % +iiy, N > 1
natural number, y € R and a > 3/2. We have

ST [ N e o o] < N
p (1/N)

Proof. Put a = 4. Using the identity (17) and (16) we get that the left hand side in the statement above is

Sl [ exp (varetan (7) = 5 bl)
18 t .
(18) P [ e (rareton () = 1) s

p
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and so by Lemma 4 (18) is <, a~% in Y; U Ys. For the other part we can see that

o d
276—1/2/ exp ( v arctan (a>> ayﬂj
P a ||

_ ,—a—p+1 B—1/2 _ -
=a Ep ~y /1 eXp( 7y arctan (u)> o+P

since
- a”t |yl <a,
(19) s
vl ™ lyl>a,
and so by Lemma 3 we have the convergence if o > 3/2. O

3. SETTINGS

Using (7), (8) and (9 ) it is not hard to see that
506t = X X X A (i) 2 Y g e
mi1>1me>1ms>1 n>1

so let z =a 41y, a > 0 and let us consider

1  —k—1a 1 2, —nz
27”,/(&)6]\' P 1S(z)w§(z)dz—%/ Nz,=k= 127"@ dz.

n>1

Now we prove that we can exchange the integral with the series. From (13) and the Prime Number Theorem in the
form quoted above we have

Z [rg (n)e™™| = S (a)w? (a) < a2

n>1

/( ) ‘eNZz_k_l‘ ‘5(2) w3 (z)‘ |dz| <a 2eNe (/ a Fldy + 2/ y_k_ldy>

hence

<<ka—2—keNa
assuming k > 0. So finally we have
(N — n)k 1 Nz _—k-13 2
(20) rg(n) ——— ez S (z) w; (2) dz.
2" T(k+1) 21 2

n<N

Now, using (14), we can write (20) as

N-n)* 1 e ~ 5
ZTQ(n)(F(kJri) %(a)ez k= ( Zz I ( )wz(z)dz—l—

n<N

o 40 ( [l g el e |dz|>

and the error term can be estimated, using Lemma 2, (13) and (19) as

a~telNe (/ a”Ftdy +/ y K12 (1 + log? (y/a)) dy) < eNagTk-t

assuming k > 1/2. Hereafter we will consider a = 1/N. We have

k
Z rq (n) m 271m . eNzy=h=t (i - Zp: 27T (p)) w3 (z)dz + O (N*1)
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and now, using the functional equation (12), we get
S g W L[ i (Los o)) () 1) e
1 Ne —k—1 [ 1 —p T o 2
— ? - = r — — ) d
+27ri /(I/N)e z (z zp:z (p) swa () dz
+L/ eNzy—k—1 l —Zz_pf( ) (I)I/Q -1 (E)lmw 12 dz
21 Sy z p P z z 2\ 2

JrO (NkJrl)
=L+ L+ I3+ 0 (N,
say.
4. EVALUATION OF I

From I we will find the main terms M; (N, k) and Mz (N, k) of our asymptotic formulae. We have

1 1/2 2
I =— elVzy k=2 ((W) — 1) dz
87TZ (1/N) z

1 e B N\ 1/2 2
~%m )eN z7k lgz pF(p)((z> —1) dz

(1/N
=1 — I,

say. From I; ; we have

1
Iy = L eNe R 3y 4 7/ eNegh=2g, T - / Nz =k=5/2q,
871 (1/N) 8mi (1/N) 47 (1/N)

so, if we put Nz = s, ds = Ndz and use (6) we have immediately

Nk+2 Nk—i—l 1 Nk+3/2
I 1 _r - / e’s F3ds + — eSs 245 — T - / eSs k524
T4 2m Jy 4 27 Jq) 2 2m (

=M, (N, k).

From I, 5 we have

T
Lo =— Nz, =h=2 27 PT (p)dz

8mi J(1/N) zp: v
1 Nz _—k—1 -

+— eV Fz 27T (p)dz
87TZ (l/N) ;
1/2

—i eNszkf‘g/ZZz*pF (p)dz
47 (1/N) P

=7 + 1, - 1s,

say. We observe that by Lemma 6 we have the absolute convergence of these integrals if, respectively, we have
k> —1/2,k>1/2and k > 0. Hence for & > 1/2 we have

T 1 h—o_ T T (p)
Iy =— r — eNey=h=2=pq, — _ W Nk
! 4%: (P) 3 (1/M) 4%:F(k;+2+p)



ON THE CESARO AVERAGE OF THE “LINNIK NUMBERS”

1 1 1 1 T (p)
Iy = - I'(p) — eNzy=h=1=rq, = = — W Nkt
7.1_1/2 1 7r1/2 T (,0)
Is=—) T(p)— eNo k327, = NFFEEe,
5. EVALUATION OF I,
We have
T Neo—ke3 2 (T
Iy =— eV 2T  Pwy | — ) dz
27TZ (1/N) z
2
™ Nz _—k—2 —p 2 (T
- ez 27T (p)w () dz
211 (1/N) Xp: 2 z
=11 — L2 9,
say.
Evaluation of I ;. We have that
2
Iy = o eNzZ—k—3w§ <7T> ds — L Nz, —k=3 Z e lin?/z Z a7z | 4
2t J 1Ny z 2mi Jaywny 1L>1 12>1

so let us prove that we can exchange the integral with the series. Let us consider

—k—3 1252 7T2
Ay = Z / z| 2] e~ lim*Re(1/2) wWo <Z)‘ |dz| .

Lh>1
From
N N lyl <1/N
22 1 >
(22) Re(1/2) =30 Nap2 {1/ (Ny?) |yl >1/N
we have
UN ~I2N o o~/ (Ny?)
A1<<Z/ | k+3 dy+N Z/ T k+3 :U1+U2
1h>1 z| 1hi>1 2]
hence, recalling (13) and (19),
Uy < NF202 (N) « NF+1
and from (19) (with a = 1/N) we get
U, < N1/2 Z > 7l /(Ny )d < Nk?/?-‘rl Z k)/2—1/2 ~Udu <
2 k+2 Y lk+1 (& U <
n>17 /N S
k+1Y kjoen k/2+1
<I‘( : )N/ ZTH<<HV/
1>171

assuming k > 0. Now we have to study the convergence of
Ay = Z Z/ N2 |2 7E2 ¢~1inRe(1/2) B Re(1/2) | 1|
L>11>1
and again from (19) we have

VN —(13+13)

T i I

11>115>1 11>110:>1 |2
=Vi+ V.

T+3)/(Ny?)
513 dy
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For V; we can repeat the same reasoning of Uy
Vi < NFF242 (N) < NFH
and for V3, assuming k > 1, we have
(3+12)/(Ny?)

%«ZZ/*—ﬁﬁfwammw

11 >11>1
Then finally we have

™ 2 2,72
Io i = — Nz —k 3 7(l +15 ) /zd _ Nk+2 / sg —k— 3¢ l 1+l )71' N/sd
“17 2w Z /I/N) " Z Z 2mi

L>11>1 L>115>1
from which, recalling the definition of the Bessel functions (5) we have, taking u = 27 (I3 + [3) Y2 N1/2 and assuming
k>1,
Nk/2+1 Jk+2 (27T (l% + l%)1/2 N1/2)

k+1 2 2 k/2+1
m L>11>1 (3 +15)

Jo1 =

Evaluation of I >. We have to calculate

’/T Nz ,_,—k—2 - —127% )2 —1272%)2
Ipo = 5 )e z Zz T (p) Ze 1 Ze 2 dz

(1/N p 11>1 Ip>1

and again we have to prove that is possible to exchange the integral with the series. So let us consider

2
A= 30 [ e [ e o) e or (21
1/N —l2N —13/(Ny?) 11/ (Ny?)

L>17 (/N) 0
1/2 N3/2 1/2
Az < N Z/ » |k+2 / Z/ T dy + N Z/ ylog® 2Ny)Wdy

Now using (15) and (13) we have
h>1 I >1 Lh>1

1272Re(1/2)

=W+ Wy + Ws.
For W; and W5 we can easily see that
Wi < NFF3/245 (N) « NF+1
and taking u = {3/ (Ny?)

o) 7lf/(Ny2)
Wo e N2 Y [y
L>17 /N Yy
<<Nk/2+3/2z / e~k 2 gy <, NF/2+3/2

I1>1 1
assuming k > 1. We have now to check W;. Taking again u = I3/ (Ny?) we have, assuming k > 3/2,
IIN 2
W3 <<Nk:/2*1/4 Z 1 / ! 10g2 4Nll efuuk/275/4du
0 u

172
L>1h

< N¥/2.

k/2—1/4
SNMEVEY D e
L>1h

Let us consider
eflffrzRe(l/z)eflgﬂ'QRe(l/z) |dZ|

A 722/ V7| [

11211222

> 27T (p)
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and again for the estimation of ‘Zp z=PT (p)’ we have, using (15),

1N, —(13+13) (134+13)/(Ny?)
meN 3 [ e Sy [ e
11>115>2 |2 11>115>2 2]
6*(114‘12)/( Yy )
+> ) / log? (2Ny) —— 57—y
11>11:>1 ||

=R, + Ry + Rs,

say. So we have immediately
Ry < N¥2,%(N) « NF+!
and, if we take u = (13 +13) / (Ny?), we obtain
(13413)/(Ny?)
mey Y [ - i

11>21122>1

for k> 1. So it remains to evaluate R3. Again we take u = (If +13) / (Ny?) and we have

1/2
log? (4N (3 +13)) [U+E) "N
k/2+1/4 —u, k/2—3/4
R N S S / et /2=8/ A gy
1= 22

(12+12)"*N
—NHERA Z Z 2 | 12 k/2+1/4 / log” (u) e~ "uF /=3 dy
($413)

1 >1 l2>1

and the convergence follows if k& > 3/2. Note that the estimation of Rs is optimal. For proving it, take ¢ =
(2 +13) /N, assume k < 3/2 and y > 1. We have

—c/y* —c/y?
=3 [ togt V) fpdn = Y 5 o 28) Sy
1>11,>1 1>11>1
Now, since y > 1 we have log? (2Ny) > log? (2N) and since k < 3/2 we have

$ > log (2V) ZZ/ k+3/2dy>1og (2NV) 22/

11211221 11211221

—f/y

‘) _ Nlog (2N) (1—e2/N)
—1og(2N) Y Y o (1) > ZZQHQ
11>112>1 L>11>1 i
and the last double series diverges since
1 1

Zzl2+l2—z Z 527

L>11:>1 L>11<l,<ly L>1
Now we have to estimate

Ay = Z Z Z |F |/ Nz| |ka72| |pr| efl§w2Re(1/z)eflgﬂ'QRe(l/z) |dZ| )
L>11>1 p

Using (16) and (17) we have

A5 <Y D D eI / 2757 2177 exp (y arctan (Ny)) e IR0/ B Re0/2) g,
11>115>1 p,y>0 1/N
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Let Qx = supg {I‘ (g + g + %)} and assume y < 0. Using the obvious bound v arctan (Ny) —v5 < —y% we have

Ay KNFHLNT o BN N7 omBN N NBemm/2,6-1/2

1>1 12>1 p,y>0
7r'y/2 B—1/2

g k

(23) NEHEQE YD Y o 2 N <N
T1)/2
[o1he1 (G + 12 (@ +13)*7e py>0 (13 +13)
for k > 1, where (23) follows from the density estimate 7, ~ 2% where 7,, is the imaginary part of the m-th
log(m)

non trivial zeros of the Riemann zeta function. If y > 0 we have

N -
As <<Z Z Z e ™20 1/2/ Nk+2+»3@*(lf+l§)Ndy

11>2112>1 p:y>0
ef(lerl%)/(Ngf)

+ Z Z Z aa 1/2/ exp (’y (arctan (Ny) — g)) W—2+5dy

11>2112>1 p:y>0

and by a well-known trigonometric identity follows that

k1 B—1/2 1 e (+3)/(Nv?)
A5 <N + Z Z Z Y eXp -y arctan Niy yk:+—2+ﬂdy

11>112>1 p:y>0
k1 B-1/2 s B+ _jop
<N + Z Z Z 0 exp N Nz y dy
11>2112>1 p:y>0 Yy Yy

and if we put Niy = v we get

As <<Nk+1+z Z Z ,Yﬁ 1/2/ e—ve—(Nyz(lf+l§)/,yz> (%)7k727ﬁ ﬁdv

11 >115>1 piy>0
@ N S S ks [T e () )
11 >115>1 piy>0

Now we can observe that we are in the situation of Lemma 5 with d = 2 and so we can conclude immediately that
we have the convergence for k > 3/2 and this result is optimal.
We studied the convergence, so we finally have, using again the identity (5), that

Tt 1+4p (2” (B3 +13)" N1/2>
l2 +l%)(k+1+P)/2

I _ 71_—ka/2+1/2 Z Np/2 Z Z
P

11211221

6. EVALUATION OF I3

We have
2

Iy 2i7rz Nz k-1 (Z;;Q () Zzpr —7+Zz oL ( )(( )1/2w2<7;)>dz

(1/N)
1

2 2
21 (1/N) z 2 (1/N ; >
1 Ne—k-s/2,, [T 1 / Nz ,—k-3/2 —p 2
— z o - > F L d
2”1/2i/(1/w>e : w7 )T o (1/N)e o ;Z (p)ws | — ) dz

=I31 —I32 —I33+ I34.



ON THE CESARO AVERAGE OF THE “LINNIK NUMBERS” 12

Evaluation of I3 ;. We have
1 2 1
-[3 P— eNzZ—k:—?)wQ <7T> dz = — Nz —k 3 Z —m2n /zd
20 Sy : 20 Jam) 1
hence we have to establish the convergence of
T O N [ L]
m2>1 (1/N)

Using (13), (19) and (22) we have

(25) Ag <NF+3/2 4 Z/ ~k=3o=m?/(NY*) g\ NF+3/2

m>1
for kK > —1. So we obtain, recalling (5), that

p NF/2+1 Jhto (QmﬂN1/2)
3,1

> mh+l mk+2
m>1

Evaluation of I3 3. We have

1 2_2
I — Nz _—k—5/2 —meT /zd
83 = 5173, /(1/N) ez g e 2

m>1
so we have to establish the convergence of
Z / Nz| |Z|—/€—5/2 e—m2Re(1/z) ‘le
m>1 (1/N)

and so using the same argument that we used for the estimation of I3; we have the convergence for k > —1/2 and
S0

Nk/2+3/4 Jk:+3/2 (Qmﬂ'Nl/Q)
I35 = | Z mk+3/2

m>1

Evaluation of I3 2. We have to establish the convergence of

A7 = Z/ }eNz| |z*k*2| Zz*pf (p)

P
so using (13), (19), (22) and (15) we get

‘67m2772/z

|dz|

A <<Nk+1/2+NZ/ 7k72€7m2/(Ny2)dy

m2>1
+1log? (2N) Z/ k_3/26_m2/(Ny2)dy
m>1
+ Z/ log? ( k73/267m2/(Ny2)dy.

m>1

Now if we put m?/ (Ny?) = u we have

k+1
N Z/ —k—267m2/(Ny2)dy <<Nk/2+3/2r( ‘2|' ) Z m k1

m>1

which converges if k£ > 0. With the same substitution we get
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log? (2N) Z/ *kfs/Qe’mQ/(N?f)dy < log? (2N)Nk/2+1/4f( )ka 1/2

m>1 m>1

and so the convergence for k£ > 1/2. For the estimation of the last integral in the bound of A7 we observe that if
we take € > 0 we have

Z / log —k— 3/2 —m? Ny dy < Z / 7k73/2+ee—m2/(Ny2)dy
m>1 1 m>1
and so, arguing analogously as we did for (25), we get
k1 €
Nk/2+1/A=e2p (B L€ —k—1/2+¢
< 5 + 13 Z m

m>1
and for the arbitrariness of € we have the convergence for & > 1/2. We have now to study

A= ST e | e

m>1 p

|dz] .

By symmetry we may assume that v > 0. If y < 0 we have yarctan (y/a) — 5y < —%~ and so using (16) and (17)

we get
0 —-1/N —mz/(Nyz)
_ 7r —m? e
As«:§:§:vﬁ1“@m<—2v>(/“/ w0
—-1/N — Yy

m>1~v>0 o

B—1/2
k+3/2 k/2+1/2 B8/ T T k+3/2
< NFF3/2 L Nh2H20, 37 k+1§jN/ ——exp (—57) < NFFY

m>1 ~¥>0

provided that k > 0 and Qx = supg {I‘ (g + 5 + 5)} . Let y > 0. We have

1/N
E E P12 T k+2+8 —m>N
Ag < y exp( 47)/0 N e Vdy

m>1~v>0
2 2
o\ e/ (Ny )
+ Z Z,y 1/2/ exp (7 arctan (Ny) — 57) Wdy
m>1~vy>0
=L1 + La,

say. From (13) and (19) we have
Ll < Nk+l § efmzN E Nﬂ,yﬁfl/Q exp( 4zy> < Nk+3/2

m>1 ~+>0

and again by a well-known trigonometric identity and taking v = m/ (N 1 2y) we have
2
-1/2 S mty Ay
e X5 [ e () et

m>1~v>0
Nﬂ/ mvN v
Z ~B=1/2 v 2 kB
mk+1 /0 exp( N/2m Y )U dv

N(k+1)/2 Z
and now since e~*"vF = Oy (1) if k > 0 we have, taking s = v/ (N'/2m),

m>1

K Nk/2+1 Z ZNﬂ *3/2/ exp (—s) s7ds < N#/2+2

m>1 ~+>0

for k > 1. Now we can exchange the series with the integral and so we have



ON THE CESARO AVERAGE OF THE “LINNIK NUMBERS” 14

Jk+1+/) (2m7rx/ﬁ>
_—kar(k+1)/2 —p ATP/2
Igp=n""N DT NPEE(p) D k1t

p m>1

Evaluation of I3 4. We have to establish the convergence of

1 w2
1. —__— Nz _—k—3/2 -rT A
34 2711/24 ,/(1/1\/) < zp:z (p)es z “

and so we have the similar situation of I3 5. Then arguing analogously as we did for estimating I3 > we obtain the
condition £ > 1. We can exchange the series with the integral and obtain

Jrr1/2+ (me/ﬁ)
Iyq =m~ FNFEE Z T PNT (p) Z 1:+1/2+p
m

p m>1
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